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Abstract In order to study integral points of bounded log-anticanonical height on weak del Pezzo surfaces,
we classify weak del Pezzo pairs. As a representative example, we consider a quartic del Pezzo surface of
singularity type Aj + A3 and prove an analogue of Manin’s conjecture for integral points with respect
to its singularities and its lines.
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1. Introduction

Del Pezzo surfaces over Q often contain infinitely many rational points. Over the past 20
years, Manin’s conjecture [16, 22] for the asymptotic behavior of the number of rational
points of bounded anticanonical height has been confirmed for some smooth and many
singular del Pezzo surfaces (see [4, 5, 6] for some milestones and [1, §6.4.1] for many
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1260 U. Derenthal and F. Wilsch

further references), in most cases using universal torsors, often combined with advanced
analytic techniques.

In recent years, a conjectural framework for the density of integral points has emerged
in the work of Chambert-Loir and Tschinkel [7]. The purpose of this paper is to initiate
a systematic investigation of integral points of bounded height on del Pezzo surfaces.
Only a few of them are covered by general results for equivariant compactifications
of vector groups [8] or the incomplete work on toric varieties [9] (see also [25]); most
del Pezzo surfaces are out of reach of this harmonic analysis approach since they are
not equivariant compactifications of algebraic groups [13, 14]. Del Pezzo surfaces are
inaccessible to the circle method, which gives asymptotic formulas for integral points
only on high-dimensional complete intersections [3], [7, §5.4]. Therefore, we adapt the
universal torsor method to integral points in order to confirm new cases of an integral
analogue of Manin’s conjecture. See also [24] for a three-dimensional example.

As rational and integral points coincide on a projective variety X, the study of the
latter becomes interesting on its own on an integral model of the complement X \ Z of an
appropriate boundary Z. Our first result (Theorem 10 in Section 2) is a general treatment
of possible boundaries on singular del Pezzo surfaces of low degree. For singular cubic
surfaces, Z must be an A-singularity; for singular quartic del Pezzo surfaces, Z must
be an A-singularity or a line passing only through A-singularities. Furthermore, A;-
singularities behave differently than other A-singularities.

Therefore, a good starting point seems to be a quartic del Pezzo surface that contains
an A;- and an Ajz-singularity and three lines, which is neither toric [12, Remark 6] nor a
compactification of G2 [13]. For each boundary Z admissible in the sense of Theorem 10,
we get an associated counting problem and prove an asymptotic formula of the shape

cB(log B)*~1

(Theorem 1), encountering a range of different phenomena when dealing with the
different types of boundary. These asymptotic formulas admit a geometric interpretation
(Theorem 2). In particular, the leading constant ¢ consists of Tamagawa numbers as
defined in [7] and combinatorial constants (analogous to the constant « defined by Peyre
for rational points) as defined in [9] for toric varieties and studied in greater generality in
[25]; this is the first result applying this combinatorial construction in a nontoric setting.

1.1. The counting problem
Let S C ]P’fé_) be the quartic del Pezzo surface defined by

2 2
TH+Tors+Toxs =x1x3— 25 =0 (1)

over Q, with an A-singularity @1 =(0:1:0:0:0) and an As-singularity Q2 =(0:0:0:
0:1). Let S C P be its integral model defined by the same equations over Z.

The closure of every rational point P € S(Q) is an integral point P € S(Z); both are
represented (uniquely up to sign) by coprime (zo,...,74) € Z5\ {0} satisfying the defining
equations (1). Recall that studying integral points becomes interesting only when we
choose a boundary Z to consider integral points on S\ Z, and that the types of boundaries
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in Theorem 10 for our case are the singularities and the lines; we start with the former.
To do so, let Z; =Q1, Z5 = Q5; in addition to these, we study the boundary Z3 = Q1 UQ>,
which goes beyond the setting of weak del Pezzo pairs described in the beginning of the
following section. Let Z; = Z; and U; = S\ Z;. Hence, P lies in Usz(Z), say, if and only if
it is does not reduce to one of the singularities modulo any prime p. In other words, a
representative (zo,...,z4) of a point in U;(Z) satisfies the integrality condition

ged(zo,22,73,74) = 1, iti=1,
ged(zo,x1,20,23) =1,  ifi=2, or (2)
ged(xo,x2,23,24) =1 and  ged(zo,z1,22,23) =1, ifi=3.

Since the sets U;(Z) of integral points are clearly infinite, we consider integral points of
bounded height. We work with the height functions

Hy(P) = max{|zol, |22, 3], |za]},
HQ(?) :max{‘xo‘v ‘x1|7|x2|7|$3|}7 and (3)
P

H3(P) = max{|zo|, [z2|, 23], min{|z1], |4} }

because they can be interpreted as log-anticanonical heights on a minimal desingulariza-
tion, as we shall see below (Lemma 14).

It turns out that the number of integral points of bounded height is dominated by the
integral points on the three lines

L1:{$0:$2:$3:0}, LQZ{LL'O:LL'l:l‘QZO}, L3:{l‘0+$3:$1 :{)32:0}; (4)

in fact, there are infinitely many integral points of height 1 on some of them. Therefore, we
count integral points only in their complement V' = S\ {x3 = 0}. Hence, we are interested
in the asymptotic behavior of

Ni(B) =#{P eUi(Z)nV(Q) | H;(P) < B}, (5)

the number of integral points of bounded log-anticanonical height that are not contained
in the lines. Explicitly, this is

Ni(B) = #{(z0,...,24) € Z2\ {0} | (1), (2), 22 >0, Hi(zo:---:24) <B}.  (6)

Recall that the second type of boundary is a line, resulting in Zy = L1,Z5 = Lo, Zg= L3
with the notation in equation (4). Let Z; = Z; in S and U; = S\ Z; for i = 4,5,6.
Analogously to the first three cases, a point (zqg:---:x4) € S with coprime x,...,z4 € Z
lies in U;(Z) if and only if

ng($0,I27$3) = 1, ifi = 4,
ged(zo,x1,22) =1, ifi=25, or (7)
ged(xg + x3,21,22) = 1, if i =6.
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We work with the heights
Hy(P) = max{|zol, |v2|, |23},
Hy(P
Hg(P) = max{|zo + 3|, |z1],|22]},

) = max{|xo|,|z1], |22}, and

which will again turn out to be log-anticanonical on a minimal desingularization. Let
N;(B) for i =4,5,6 be defined as in equation (5). They satisfy descriptions as in equation
(6), with the integrality condition (2) replaced by condition (7).

Our second result consists of asymptotic formulas for these counting problems.

Theorem 1. As B — oo, we have

13 5
Ny(B) = 1320 (H <1 — 1+p>> B(log B)® 4+ O(B(log B)*loglog B),
P
B

No(B) = o (1;[ <1zlo> ( ;)>

(log B)* +O(B(log B)*loglog B),

)) B(log B)? + O(B(log B)?loglog B),

1 1
H <1 — p> (1 + p)) B(log B)? 4+ O(Blog Bloglog B), and
P

N5(B) = Ng¢(B) = % <H (1 - ;) (1—!— Z)) B(log B)* 4+ O(B(log B)*loglog B).

Cases 5 and 6 are symmetric: the involutive automorphism
(w0,71,%2,%3,24) > (X0 + T3, — T1,T2, — 3,24) (8)

of S exchanges the lines Lo and L3 and the height functions Hs and Hg, while leaving
V = S\ {z2 =0} invariant, whence N5(B) = Ng(B).

1.2. The expected asymptotic formula

Similarly to the case of rational points [2, 22], our asymptotic formulas for the number
of integral points of bounded height should be interpreted on a desingularization p: S
S. Here, S is a weak del Pezzo surface, that is, a smooth projective surface whose
anticanonical bundle wg is big and nef (but not ample in our case).

To interpret the number of points on U; = S\ Z;, we study a desingularization U;=S \D;
of U;, where D; = p~1(Z;) is a reduced effective divisor with strict normal crossings. In
the context of integral points, the log-anticanonical bundle wg(Di)v assumes the role of
the anticanonical bundle. From this point of view, Theorem 1 can be interpreted in the
framework described in [7].
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The minimal desingularization p: S — S is an iterated blowup of ]P’é in five points. The

analogous blowup of PZ results in an integral model p: S8 (see section Section 3 for
more details). Then Dy, Dy are the divisors above Q1,Q2, respectively, and D3 = D1 + Do
is the one over both; see Figure 1 for their dual graph (Dynkin diagram). Our discussion
is simplified by the fact that the pairs (S,D;) are split, in the sense that Pic.S — Pic Sg is
an isomorphism and [18, Definition 1.6] holds, and by the fact that we are working over Q.
Let Iz,lj{z be the complement of D;, D; in S ,g , respectively, where D; is the Zariski closure
of D; in S. The preimage of the complement V' of the lines on S is the complemenent 1%
of all negative curves on S.
This leads to the reinterpretation of our counting problem as

Ni(B) = #{P € Ui(Z)nV(Q) | Hi(p(P)) < B}

on the minimal desingularization, and we prove in Lemma 14 that H;op is a log-
anticanonical height function on #4;(Z) N V(Q). Note that the log-anticanonical bundle
wg(D;)Y is big and nef for i =1,2,4,5,6 but big and not nef for i =3 (Lemma 12); the
unusual shape of Hj is clearly related to this.

From the shape of asymptotic formulas in previous results [9, 8, 23, 24] and the study
of volume asymptotics in [7], we expect that

N;(B) ~ Ci7ﬁnCi,OoB(10gB)bi71,

where the leading constant can be decomposed into a finite part ¢; s, and an Archimedean
part ¢; o, that we shall describe and determine in Section 6 precisely.
The finite part

1 rk PicU; _
com=T1(1-2) 7.0 Gl )

» p

which behaves similarly as in the case of rational points, is defined as an Euler product
of convergence factors and p-adic Tamagawa numbers. We compute the latter as p-adic
integrals over U;(Z,) (Lemma 24); they turn out to be simply #U; (F,)/p¥™ 5. This reflects
the fact that integral points should be distributed evenly in the set L~{Z-(Zp), which has
positive and finite volume with respect to the modified Tamagawa measure T(3,Di)p
defined in [7]. (However, we do not prove such an equidistribution result here.)

On the other hand, 100% of the integral points are arbitrarily close to the boundary
with respect to the real-analytic topology, ordered by height. This makes the analysis of
¢i,co much more delicate than for rational points. More precisely, the points close to the
minimal strata of the boundary—that is, the intersection of a maximal set of intersecting
components of D;—should dominate the counting function. These strata are encoded in
the (analytic) Clemens complex C&"(D;). For a split surface, the vertices of this Clemens
complex correspond to the irreducible components of the boundary divisor D;, and there
is an edge for each intersection point of two divisors. The Archimedean constant

Ci, 00 :Zai,ATi,DA,oo(DA(R)) (10)
A
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A, Ay

Figure 1. The Clemens complex of D3 is the disjoint union of those of D (left) and D2 (right). It is the
Dynkin diagram of the A;- and Agz-singularities Q1,Q2.

Figure 2. Integral points on Uy of height < 90. The boundary divisor is the central vertical line. Some
horizontal and diagonal lines look accumulating, but in fact are not: They contain ~ ¢’ B points, which
is less than the cB(log B)® points on U; the constants ¢/ can however be up to 2, while the constant ¢ in
our main theorem is numerically ~ 0.0003.

is a sum over the faces A of maximal dimension of the Clemens complex, which correspond
to the minimal strata D4 of D;. For each maximal-dimensional face A, we have a
product of a rational factor «; 4 and an Archimedean Tamagawa number 7 p, oo (Da(R))
coming from a residue measure as defined in [7]. This measure can be interpreted as
a real density, which is supported on D4(R) and should measure the distribution of
points in neighborhoods of open subsets of D4 (R). From another point of view, the set
S(R) has infinite volume with respect to a modified measure T(3,D:),00 a5 above, and
Ti.Da,00(Da(R)) appears in the leading constant of the asymptotic volume of height balls
with respect to said measure (cf. [7, Propositions 2.5.1, 4.2.4]).

In the first case, the Clemens complex consists of only one vertex corresponding to
the boundary divisor above the A;i-singularity ()1, and integral points accumulate near
it (Figure 2). In the second and third case, the maximal-dimensional faces Aj, Ay of
the Clemens complex correspond to the two intersection points D4,,D 4, of the divisors
above the Agz-singularity, and ‘most’ integral points are very close to these two intersection
points (Figure 3). Correspondingly, the Archimedean Tamagawa number is the volume
of the boundary divisor in the first case, and it is the volume of the two intersection
points in the second and third cases. In the remaining cases, it similarly is a volume of
intersection points (Lemma 25).
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Figure 3. Integral points on Us of height < 60 in neighborhoods of Dy, (left) and D4, (right). Most
points are close to the three boundary divisors, which are the central horizontal line and two vertical
lines here.

The rational factor oy 4 is particularly interesting in our examples. It is introduced in
[9] for toric varieties and generalized in [25] to be

;4 =vol{z € (B Ui 4)" | (w,wg(D:)" |5, ) =1}, (11)

where 17,», 4 is the subvariety consisting of U; and the divisors corresponding to A. For
vector groups [8] and wonderful compactifications [23], the effective cone is generated by
the boundary divisors and simplicial, which makes the treatment of this factor easy. In
[24], it behaves similarly as Peyre’s « for projective varieties since the boundary has just
one component; it is also much simpler since the Picard number is 2. Our second and
following cases behave in a different way since the Clemens complex is not a simplex,
providing the first nontrivial treatment of this factor for a nontoric variety. Here, it turns
out that the resulting polytopes for the different maximal faces fit together to one polytope
whose volume appears in the leading constant of the counting problem (Lemma 28). In
case 4, one of the polytopes has volume 0, making this an example for the obstruction
[25, Theorem 2.4.1 (i)] to the existence of integral points near the corresponding minimal
stratum of the boundary (Remark 27).
The exponent of log B is expected to be b; — 1, where

b; = rkPicU; — rkQ[U;]/Q* + dimC3" (D;) + 1. (12)

Here, dimC3"(D;) +1 is the maximal number of components of the boundary divisor
D; that meet in the same point, and Q[U;]* = Q™ in each case. While the obstruction
described in [25] can lead to this number being smaller than expected if it affects all
maximal-dimensional faces of the Clemens complex, this does not happen in our fourth
case as there are three unobstructed faces remaining.

We can reformulate Theorem 1 as follows.
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Theorem 2. Forie€ {1,...,6}, we have
Ni(B) = ¢;,00¢i.5nB(log B)" ~1 (1 +0(1)) (13)

as B — 0o, where the constants ¢; «, Cian and b; are as in equations (9), (10) and (12),
respectively.

This confirms the expectations extracted from [7, 9, 25].

1.3. Strategy of the proof

In Section 2, we define and classify weak del Pezzo pairs (§,D), which have big and nef
log-anticanonical bundle wg(D)Y (Theorem 10).

In Section 3, we describe a universal torsor on the minimal desingularization of S, we
show that our height functions are log-anticanonical, and we describe them in terms of
Cox coordinates. This leads to a completely explicit counting problem on the universal
torsor (Lemma 15), with a (2"%Fi¢Ui : 1)-map to our set of integral points of bounded
height: roughly, the torsor variables corresponding to the boundary divisors must be +1,
and in the case of a big and base point free (whence nef) log-anticanonical class, the
height function H; is given by monomials in the Cox ring of log-anticanonical degree.
The third case seems to be one of the first examples of the universal torsor method with
respect to a height for a divisor class that is big and not nef.

In Section 4, we estimate the number of points in our counting problem on the universal
torsor using analytic techniques. Here, we approximate summations over the torsor
variables by real integrals V; o(B); the coprimality conditions lead to an Euler product
that agrees with ¢; n (Lemmas 16 and 17). This step is similar to the case of rational
points treated in [11]; hence, we shall be very brief.

In Section 5, to complete the proof of Theorem 1, our goal is to transform V; o(B) into
2:kPicls . B(log B)% 1, where C; is the product of the volume of a polytope (which turns
out to be >y 4) and a real density (which agrees with the Archimedean Tamagawa
numbers 7; p, «(Da(R))), up to a negligible error term. In the first case, there is a
complication due to an inhomogeneous expression (with respect to the grading by the
Picard group) in the domain of V; ¢ (Lemma 18 and more importantly Lemma 19); here,
a subtle estimation is necessary. In the third case, we modify the height function Hj to
HY (which coincides essentially with Hs) as in Lemma 20. These extra complications have
never appeared in the universal torsor method for rational points; we believe that they
are typical for integral points and nonnef heights.

In Section 6, we prove Theorem 2 by explicitly computing the expected constants
discussed in Section 1.2.

2. Classification of weak del Pezzo pairs

For us, a weak del Pezzo pair (§,D) consists of a smooth projective surface S with a
reduced effective divisor D with strict normal crossings such that the log-anticanonical
bundle wg(D)Y is big and nef. The aim of this section is to study the possible choices of
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divisors D on a weak del Pezzo surface S that render the pair (S,D) weak del Pezzo in
this sense.

Remark 3. Considering pairs (X, D) is standard when studying integral points: While
rational and integral points coincide on complete varieties as a consequence of the
valuative criterion for properness, the study of integral points becomes a distinct problem
on an integral model U of a noncomplete variety U. Then one passes to a compactification,
more precisely, a smooth projective variety X containing U such that the boundary
D = X\U is a reduced effective divisor with strict normal crossings. In particular, the
pair (X, D) is smooth and divisorially log terminal.

The goal is then to count the number of points on U of bounded log-anticanonical height
(that is, with respect to wx (D)"), excluding any strict subvarieties (or, more generally,
thin subsets) whose points would contribute to the main term. Setting D = 0 then recovers
the setting of Manin’s conjecture on rational points.

Remark 4. In its original form [16, 21], Manin’s conjecture makes a prediction about
the number of rational points on smooth Fano wvarieties: smooth projective varieties
whose anticanonical bundle is ample. These conditions can be relaxed—for example,
only requiring that the anticanonical be big and nef, viz. to weak Fano varieties and
the two-dimensional varieties thereof, weak del Pezzo surfaces. Weak del Pezzo surfaces
S are precisely the smooth del Pezzo surfaces S =S and the minimal desingularizations
p: S — S of del Pezzo surfaces with only ADE-singularities [10].

Since p is a crepant resolution—that is, wg = p*ws—counting points on S of bounded

anticanonical height amounts to counting points on S of bounded anticanonical height
after excluding points on the exceptional locus. By [2, 22], an asymptotic formula for
the number of rational points on S should be interpreted in terms of its minimal
desingularization §; for example, the Picard rank p of S appears in the expected
asymptotic formula. The number of rational points of bounded height has been shown
to conform to the same prediction as in Manin’s conjecture for many weak del Pezzo
surfaces (see the references in [1, §6.4.1]).

Generalizing the question even further, it suffices to assume that the anticanonical
bundle is big to guarantee that the number of rational points of bounded anticanonical
height outside a suitable divisor is finite. Adding some conditions that make Peyre’s
constant well-defined leads to the notion of an almost Fano variety [22, Définition 3.1],
for which it makes sense to ask whether Manin’s conjecture holds. While this is known
to be the case for some of them, Lehmann, Sengupta, and Tanimoto showed that one
cannot expect the conjecture to be true in general in this widest setting [19, Remark 1.1,
Example 5.17].

To simplify the exposition, let S be a weak del Pezzo surface whose degree d is at
most 7. Let D=3 ., D, CS be a reduced and effective divisor with strict normal
crossings and irreducible components D,,.

\

Lemma 5. The log-anticanonical bundle wg(D)" is nef if and only if all of the following

conditions hold:
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(i) If Eis a (—2)-curve and Do .E >0 for some o € A, then E C D.

(i) If E is an arbitrary negative curve meeting two different Do,Dg or one D, C D
with multiplicity D.E > 2 (with o, 8,y € A), then E C D.

(iii) If E is a negative curve, then

Z D,.E <2.

acA
Do2E

Proof. Recall that a divisor is nef if its intersection with all negative curves is
nonnegative. If F is a (—2)-curve, then

(-K-D)E=-K.E-D.E=0+2gcp— Y_ Da.E,

acA
Do#E

and this number is nonnegative if and only if (i) and (iii) hold for E. If F is a (—1)-curve,

then
(-K-D)E=-K.E-DE=1+0pcp— » Da.E,
acA
Do#E
and this number is nonnegative if and only if (ii) and (iii) hold for FE. O

Remark 6. If p: S — S is the minimal desingularization of a singular del Pezzo surface,
then Lemma 5 shows: If one of the (—2)-curves above a singularity @ € S is in D, then
by Lemma 5 (i) all curves above this singularity must be in D. Similarly, if a (—1)-curve
whose image in S contains a singularity @ is in D, then all (—2)-curves above ) must be
in D. By Lemma 5 (iii), @ must be an A-singularity in both cases.

The surface S can be described by a sequence of r =9 — degg blowups
S =80 Try gr=1) 5 ... 5 g(1) 1, §(0) — p2,

where 7; is the blowup in a point p; that does not lie on a (—2)-curve on SE=1) Let
7: S — P2 be their composition. Let £y = 7*¢, where ¢ is the class of a line on P2, and
for 1 <i<r, let £; = (miy1- --m)*E(i)7 where E( is the exceptional divisor of the ith
blowup ;. Then the Picard group of S is freely generated by the classes {,...,¢.. The
intersection form is given by ¢;.0; =0 for i # j, /3 =1, and ¢? = —1 for i > 1. Let P be the
image of an exceptional divisor of one of the the blowups in P? and np be the number of
exceptional curves mapped to P. Then these negative curves form a chain, the first np —1
of which are (—2)-curves whose classes have the form ¢;, —¥,,, ..., ¢;._, —¢;_ followed by a
(—1)-curve whose class has the form ¢;_. The anticanonical class is 3¢g —¢; —--- —£,, and
we fix an anticanonical divisor —K. Denote by [F] the class of a divisor or line bundle F'
in the Picard group. For Lq,Ls € Pic(g)R, we write L1 < Lg if their difference Lo — L4 is
in the effective cone.
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Lemma 7. Let L € Pic(S).

(1) IfL< Z1gjgraj£j for some as,...,a, € Z, then L is not big.
(ii) If L < flg—¥; for some i > 1, then L is not nef or not big.

Proof. For the first statement, we just have to note that —elo+ 32, ;4 a;¢; is not
effective for any € > 0. Turning to the second statement, assume for contradiction that L
is big and nef. Note that ¢y — ¢; has nonnegative intersection with all (—1)-curves.

If 4o — ¢; has (strictly) negative intersection with a (—2)-curve E, then this curve needs
to have class [E] = ¢; —{; for some j # 1 (cf. [20, Theorem 25.5.3]). Writing ¢y —¥¢; = L+ [F]
with effective F, we get F.E <0,s0 EC F,and L </{y—{; —[E] ={y—{;. The only negative
curves that could have negative intersection with o —¢; have class ¢; —£. As curves of
classes {; —{;, {; — L}, etc., are contracted to a single point by 7, we can eventually find an
£ with L < {y—¥¢; and such that ¢y — ¢;; has nonnegative intersection with all negative
curves. Then fo — £ is nef. But (o — ¢;)> = 0, whence it cannot be big. O

Proposition 8. Assume that deg§ <4. If wg(D)" is big and nef, then D is contained
in the union of all negative curves.

Proof. Assume for contradiction that D contains a nonnegative curve C, but that — K — D
is big and nef. In particular, —K — D’ is big for all D’ C D. Since C' is nonnegative, it is
the strict transform of a curve Cy on P2. Then

[C] = deo - Zai&,
i=1

where d = degCy and a; = C.¥;.

We first reduce to the case of Cy being a line. If d > 3, then [-K —C] <>, ., ., ails,
which is not big by Lemma 7 (i). If Cy is a nondegenerate conic, then a,...,a, < 1 since
Cy has multiplicity < 1 in all images of the exceptional divisors. Moreover, since C? > 0,
at most four of the a; are nonzero. It follows that [-K —C] < /£y —{;, so —K — D is not
big or not nef by Lemma 7 (ii).

Let Cy be a line. As the self-intersection of C is nonnegative, [C] = ¢, — ¢, for some j or
[C] = £p. In the first case, Cy contains the center P =y ---m;(p;) of a blowup. If np > 1,
then 7=1(P) contains (—2)-curves. Appealing to Lemma 5 (i), the first (—2)-curve must
be contained in D, as must the remaining (—2)-curves by repeated applications. Let Ey
be the sum of these (—2)-curves. Then C' = C+ Ey C D is of class [C'] = £y — £}/, where
¢;: is the class of the final (—1)-curve in the chain. If np =1 or [C] = 4y, set Ey =0 and
C’' = C; in the first case, set j' = j; in the latter case, fix an arbitrary j' and note that
[C] < ly—4£. Then C’ satisfies the conditions in Lemma 5 for all negative curves in the
preimage of P by this construction, and it does the same for all other curves contracted
by 7 as it does not meet them. For what remains, we distinguish three cases.

Case 1. The curve C does not meet any of the remaining (—2)-curves, and C.E <1
for all remaining (—1)-curves. Then (—K — C’) is nef by Lemma 5. But (—K —C")? <
4—(r—1) <0, so it cannot be big.
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Case 2. The curve C' meets one of the remaining (—2)-curves E. Then E C D by
Lemma 5 (i). Since E is the strict transform of a curve in P2, its class satisfies [E] =
lo—1li; —li, — iy for some pairwise different iy,i2,i3 or [E] > 20y + > a;l; for some a; €
Z. In the first case, [-K — C — E] < g — ¥l for k # 4;,i9,i3,7, and in the second case,
[-K—-C—FE] <> ,.a{;. In both cases, —K — D is not big or not nef by Lemma 7
(ii) or (i), respectively.

Case 3. The curve C meets a (—1)-curve E with C.E > 2. By Lemma 5 (ii), E C D. As
E is the strict transform of a curve on P2, its class verifies [E] > [F] for a (—2)-class [F]

of the same shape as in the previous case; hence, —K — D is not big or not nef. O

Remark 9. The assumption deg§ <4 in Proposition 8 is necessary: Let S be a smooth
del Pezzo surface of degree at least 5 that is a blowup of P2 in at most 4 points in general
position. Then the strict transform D of a line that meets precisely one of these points is
an example of a nonnegative curve such that wg(D)V is big and nef.

Theorem 10. Let S be a weak del Pezzo surface of degree d < 4. Precisely the following
choices of a reduced effective divisor D make (S,D) a weak del Pezzo pair.

(i) The divisor D can be zero.

(ii) If 3 <d <4, then D can consist of all (—2)-curves corresponding to one A-
singularity.

(i) If d = 4, then D can consist of a (—1)-curve and all (—2)-curves corresponding
to all singularities on its image in the anticanonical model, provided that those
singularities are A-singularities and all curves in D form a chain.

Proof. Let D be a reduced effective divisor such that —K — D is big and nef. By
Proposition 8, D = > E; has to be supported on negative curves. Consider the complete
subgraph G of the Dynkin diagram on the vertices corresponding to components of D.
By Lemma 5 (iii), each of its connected components is a path or a cycle. Let Ny be the
number of (—1)-curves in D, and N be the number of (—2)-curves. Then v = N + N is
the number of vertices of G, and denote by e its number of edges.

The self-intersection of the log-anticanonical divisor is

(-K—-Dy’=K>+Y E}+2> E,.K+2) E.E
i i i<j
As —K.FE is zero for (—2)-curves and 1 for (—1)-curves, we get
(-K —D)*>=d+2(e—v)— Ny. (14)

Since —K — D is big and nef, this self-intersection must be positive.

If G is connected and not a cycle, then e=v—1, so d—2— Ny > 0. In case d =4, this
leaves us with Ny <1, in case d = 3 with N; =0, and in case d < 2 with an immediate
contradiction. In each case, the resulting divisors satisfy the asserted description using
Remark 6 and that the graph is a path.

It remains to prove that G has to be connected and not a cycle. If G is not connected
and does not contain a cycle, then (—K —D)? =d—4— N; <0, so —K — D cannot be
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big, leaving only the case of graphs G containing a cycle, in which case d — N7 > 0 for
—K — D to be big.

For N; = 0, we note that only Dynkin diagrams of type A, D, and E appear as
intersection graphs of (—2)-curves, and these do not contain double edges nor more general
cycles.

If Ny =1, then d > 2. The sum E5 of the (—2)-curves in D forms a (—2)-class since
E3=-2Ny+2(s—1)=—2 and —K.E; =0. As the Weyl group acts transitively on (—1)-
curves and leaves the intersection pairing invariant, we can assume that [Eq] = ¢;. Now
01.[E5] > 2, and so the (—2)-class needs to have the form 3¢y —2¢; — 5 —--- — £5. But such
a class does not exist if d > 2 (cf. [20, Theorem 25.5.3]).

If N1 =2, then d > 3. In this case, the anticanonical model contracts (—2)-curves and
maps (—1)-curves to lines. The resulting two lines then need to intersect with multiplicity
2, an impossibility.

Finally, if N1 = 3, then d = 4. In this case, the anticanonical model ¢: S— 8= Q1N
Q2 C P* is a (possibly singular) intersection of two quadrics, still contracting all (—2)-
curves and mapping all (—1)-curves to lines. The resulting three lines need to intersect
pairwise. If they were contained in a plane P, this plane would intersect @); in three
lines, an impossibility. So the three lines intersect in a point @. The tangent space at @
needs to contain each plane containing two of these lines, whence @ is singular. Then
S — S factors through the blowup Y of P* in Q. The strict transforms of the lines do
not intersect on Y, and thus the (—1)-curves on S do not intersect. It follows that each
of them intersects a (—2)-curve above Q. Hence, the (—2)-curves are contained in D, and
at least one of them needs to intersect three other negative curves in D. Now, Lemma 5
(iii) implies that —K — D cannot be nef.

Conversely, if D is one of the divisors in the statement, then it is nef by Lemma 5, and
its self-intersection is positive by equation (14); hence, it is also big. O

3. Passage to a universal torsor

As in the introduction, let S C ]P’jlQ be the singular quartic del Pezzo surface defined by
the equations (1). By [12, 15] (but using the notation and numbering of [11, Section 8]),
a Cox ring of its minimal desingularization S is

R=Qln, - mo) / (o + 1218 + 14315 m7) (15)
with grading
degn =05, degmny =4~y degns=~0y—~l;—Ly— 15,
degny = {1 — Ly, degns =4{3, degne = {2 — {3, (16)
degnr =Llo— Ll —lo— L3, degns=1Lo—Lls, degng=~Lyo—{s
for a certain basis ¢,...,¢5 of Pic S. See Figure 4 for the dual graph of the divisors F;
corresponding to 7;.

The minimal desingularization S can be described as a certain sequence of five iterated
blowups of ]P’%g in rational points [11]: first blow up three points Py, P2, Py on a line I3,
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Figure 4. Configuration of the divisors F; and the faces A; of the Clemens complexes. The (—1)-curves
are represented by squares and the (—2)-curves by circles.

resulting in exceptional curves Ey, By and EJ; then blow up the intersection of E} with
a line l7, resulting in an exceptional curve Ef; then blow up the intersection of E§ with
the strict transform of I7, resulting in an exceptional curve E5. With this description, F3
is the strict transform of I3, E, that of E}, Fs that of E}, E7 that of I, Eg that of a
general line through P, and Eg that of a line through P; such that Er, Eg, Fy meet in one
point, recovering the above grading using a basis as before Lemma 7.

With a point of view coming from S, the divisor D; = Ex is the (—2)-curve on S above
the singularity @1 on S, the divisor Dy = E5+ E4+ Eg is the sum of the (—2)-curves
above @2, the divisor D3 = Dy + Dy = E3+ E4+ Eg + E7 is the sum of all (—2)-curves, and
Es,F», FE; are the (—1)-curves that are the strict transforms of the three lines Ly, Lo, L3
on S as in equation (4), respectively, while Fg and Eg correspond to the two further
generators of the Cox ring. The divisors

Dy=FE3+---+F;, Ds=Fy+FE3s+FE,+FEs, and Dg=FE|+FE3+FEs+ Eg

lie above the lines L1, Ly and Lg, respectively. Since V' C S is the complement of the lines,
which contain the singularities, its preimage V C S is the complement of the negative
curves Fy,...,E7.

The irrelevant ideal of R is Iy = [[(7:,7;), where the product runs over all pairs i < j
such that there is no edge between E; and Ej; in Figure 4. The sections

Lo = {nansnansnenzns, Minsnsmine Mmn3nanzngnz, N3ninsnenz. Nnsme } (17)

have anticanonical degree and define the morphism p : S 8.

As in [17, Proposition 4.1(i)], let S be the integral model defined by the corresponding
sequence of blowups of PZ, and recall Zj{l =S —D;. Consider the open subscheme ) of the
spectrum of

Ry = Zln,..., 1]/ (19 + 1128 +nam3ngng)
defined as the complement of V(Ii;y N Rz). By [17, Proposition 4.1(ii)], Y is a G, ;-torsor

over S via a morphism 7: ) — S ; here, the action of (G?m , on Y is given by the degrees of

the coordinates (71, ...,79) in PicS 2 Z5 in equation (16); see [17, Construction 3.1] for
details. This torsor defines an explicit parametrization of integral points by lattice points.
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Lemma 11. Leti€{1,...,6}, and Vi =n'(Us) CY. Thent: Vi = U is a G$, 5-torsor.
This morphism induces a 25-to-1-correspondence

ViZ) N7 (V)(Q) = U(Z) NV (Q),
and we have

Yi(Z)n7  (V)(Q) = {n € Z°| (18), (19), (20) hold, my -1z #0,},

where
M9 + 1218 + Nanzngnr =0, (18)
ged(ni,m;) =1 if E; and E; do not share an edge in Figure 4, and (19)
Injl =1 if E; C |Dyl. (20)

Proof. Since 7 is a an’ ,-torsor so are its restrictions to the open subschemes U. Integral
points ) € Spec Ry, are lattice points (11,...,m9) € Z° satisfying the equation in the Cox
ring. Such a point is integral on the complement of V(Ii,) = [JV(n;,n;)—the union
running over all 4,5 which do not share an edge in Figure 4—if it does not reduce to
any of the V(n;,n;) for any prime, that is, if the ged-condition (19) holds.

Integral points on J; C Y are precisely those which do not reduce to 7=1(E7) = V(1)
at any place; that is, they are those points satisfying n; € {£1}. Analogously, integral
points on Vs are those satisfying n3,n4,m6 € {£1}, integral points on Vs are those satisfying
N3:04,16,m7 € {=1} and similarly for Yy, )s,Vs. The preimage of V in the universal torsor
is the complement of 7y ---n7 = 0. O

We now turn to studying the log-anticanonical bundles and the height functions
associated with them. Recall that the case Dg can be reduced to D5 by symmetry as
in (8).

Lemma 12. The only nonzero reduced effective divisors D C S such that o.)g(D)v is big
and nef are D; for i € {1,2,4,5,6}. Consider the sets

My = {11210370a705 060, 1 123174 15103 13714 115 M3 17, 1s 1o 3

Mo = {112115177 105 03775 114 a3 o 17 3

My = {nans,muansnansne,nanzngne},  and

Ms = {05708, 11 23114 303 167}
of monomials in the Cox ring R of degree wg(D;)" for i =1,2,4,5, respectively. Forn € VA
satisfying equation (19), none of these sets can vanish simultaneously modulo a prime p.
The respective log-anticanonical bundles are base point free.

The log-anticanonical bundle W§(D3)V is big, but not nef, whence not base point free.

It has a representation wg(D3)Y = L1 ® Ly as a quotient of the nef bundles L1 and Ly
whose sections are elements of degree 46y — €1 — o and 30y — €1 — £ — {3 in the Cox ring,
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respectively. Consider the sets of Cox ring elements

Lo =mnaLoU{ninSngns} of degree Lo,
L3 = {n2nsns, mn2nsnanz e, nanangnr of degree wg(Ds), and
Ly = Lo Ly U {nnin3nansne } of degree L.

Then neither Ly nor Lo can vanish simultaneously modulo a prime p.

Proof. The first statement is a special case of Theorem 10.

For the first set, assume that p | nsno for a prime p. Then p 4 n3---ng, since the
corresponding divisors Fjs,...,FEg share an edge with neither Eg nor Ey in Figure 4,
while at most one of 11,772,177 can be divisible by p. Hence, the second or third section is
not divisible by p.

For the second set, assume that p | nansnzns. If p | nsm7, then ptnininana; if p | nans and
ptnz7, then pfnanin2n;. Regarding the case i = 4, if p | nang, then ptninEnin;. For i =5,
assutne p | nsn7ns. I p [ 957, then pfnfnanina if p|ns and p{ oz, then pfmnznaninenr.

Turning to Lo, we know that the anticanonical sections in equation (17) cannot
be divisible by p simultaneously, so for all sections in Ly to be be divisible by p
simultaneously, p | n172. But then p{n2nSnin3.

Lastly, assume that the monomials in L; are divisible by p so that p in particular
divides all monomials in LyL3. Since p cannot divide all monomials in Lo, it has to
divide all monomials in Ls. If follows that p | nansns. If p | 72, then the last monomial in
L3 cannot be zero modulo p. If p | ns, then p can divide only one of 7y or 77 but none of
the remaining variables in the latter two sections of L3, so one of those two sections is
nonzero modulo p. So p | 5. Now p can divide at most one of 76 and 77 but none of the
remaining variables, and so the last section of L is nonzero modulo p, a contradiction.

By the same arguments (replacing vanishing modulo p by vanishing over Q), the log-
anticanonical bundles wg(Dl-) for i =1,2,4,5 and the bundles £; and L, are base point
free, whence nef. On the other hand, wg(D3)Y is not nef since its intersection number
with Fy is —1. O

Lemma 13. Fori€ {l,...,5}, the morphism p: S — S induces bijections
U(Z)NV(Q) = U(Z) NV (Q)-

Proof. Consider the morphism f: } — P4 defined by n > (so(n) : -+ : s4(n)) with the
anticanonical sections s; in equation (17). We only have to show that equation (19) holds
for m if and only if the corresponding ged-condition in (2), resp. in (7), holds for f(n).
To this end, we note that 71m2m314m21677 is in the radical of the ideal generated by M,
as in Lemma 12, so the gcd-condition (2) can be rewritten as

In7lged{m(n) [m € M1} =1 and |n3nne|ged{m(n)|m € Mz} = 1.

By Lemma 12, these geds are one, and so the claim follows for ¢ € {1,2}. Since Uz and
Z/~{3 are the intersections of the respective open subschemes within the first two cases, the
assertion follows for ¢ = 3. The cases i =4 and i =5 can be proved using an analogous
reformulation of the first two conditions in equation (7). O
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These sets of sections define adelic metrics on line bundles isomorphic to wg(D;)" for
i € {1,2,4,5} and the line bundles £ and Lo, and the latter two metrics induce one
on £1® Ly =wg(D3)Y. The metrics on the bundles isomorphic to the log-anticanonical

bundles then induce log-anticanonical height functions H; forie {1,...,5}.
Lemma 14. For n = (n1,...,m9) € R® satisfying (18) and (20), let

max{|n2n3nan5M6ns | M n2n3n3nENg | Insninand ), nsmel b, i =1

max{|n2nsnzns|, i3, [n5n7 ]} i=2
Hi(n) =  max{|nansnsl|, Inimen2, Ind], min{|nin3 |, [nsnol}}, i=3;
max{|nzns|, [mnzl, 1}, i=4;
max{|n¢], [mngnz|, nsnems|}, 1=5

For n € Y;(Z)Na~ Y (V)(Q), we have H;(n) = H(n(n)) = H;(p(r(n))), where H; is the
height in equation (3) and HZ s the log-anticanonical height on S(Q) induced by the
sections in Lemma 12.

Proof. For i € {1,2,4,5}, the metrics induce height functions H;(x) = Hpw, (f;(z))
verifying f;(w(n)) = (mo(n) : --- : mn,(n)) for the sections my,...,my, € M; constructed
in Lemma 12, so

H max{\m Mot

By the same lemma, the p-adic contributions to this product are 1, whence H;(w(n)) =
Hi(n).

To check that these height functions coincide with the ones defined in the intro-
duction, we note that, for example, for a point in Y;(Z) we have n; € {£1}, and
thus |[92n3nansnens| = [m2nsnansnenns| = |xo]. We get analogous identities for the other
coordinates and cases. There is no section corresponding to xo in the second height
function, but, for integral points on Vs, we have |zo| = \/|n3n3|[nin2| = \/|z123]; hence,
it can never contribute to the maximum.

The case i = 3 is more complicated. The log-anticanonical height function H; induced
by the metrics on £ and Ly satisfies

FI (77(77)) = M = max max|5(rl)| M
3 maXsecr, |5(77)‘ s€Ls ’ maXser, |S('r,)|

by an analogous argument as in the previous cases. Now note that, for n € Y3(Z)N
7~ 1(V)(Q), we can simplify this to
Hs(m(n)) = max{|nznsns|, [mnzn3], [ns], min{ [n¥n3 |, [nsna|}}- (21)
Indeed, ns,n4,m6,m7 have absolute value 1 and the remaining variables absolute value at
least one. Then
[min3n3nansns|
maXser, |$(1)]

< min{|nn3|, [nsmol}
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follows from n3m3n3n3ne,M1n2n7MsNe € Lao. Now assume that n?n3 is larger than the other
three terms in the maximum in equation (21); then the maximum over Lo can only be
attained by nn3ninine or mn2n7nsne, and the inverse inequality follows.

Finally, we note that [|ns| = |m| = |ns| = |n7| = 1 implies |ninf| = |z1| and

[n8mo| = |74

Lemma 15. Forie€{l,...,5}, we have

1o #0, Hi(m, ..o me) < B

where #D; denotes the number of irreducible components of D;.

1
Ni(B) = m# {(771-~~,779) ez’

(18), (19) hold, n; =1 if E; C Di,}

Proof. We combine Lemma 11 and Lemma 14. The #D; coordinates 7; belonging

to irreducible components E; C D; satisfy |n;| = 1. By symmetry, we can further
assume that 7n; = 1, making the 20_to-1-correspondence from Lemma 11 a 26-#Di_to-1-
correspondence. O

4. Counting

In our counting process, we treat 79 as a dependent variable using the torsor equation
from (15), which we regard as a congruence modulo the coefficient n; of 9. First, we sum
over ng and then over the remaining variables. Since this is similar to the case of rational
points in [11], we shall be brief.

In this section, we use the notation

(1715 -576), 1=1

(M1,m2,m5,m7), 1= 2;
= mj)jes = (M,12,m5), 1=3;

(11,m2)s =4

(11,m5,77), i=5
for (7—#D;)-uples indexed by

We write H;(n,1g) for H;(n1,...,m9), where n; = 1 whenever E; C D; and where 7y is
expressed in terms of 7y,...,ns using the torsor equation (18), assuming 7, # 0.

Lemma 16. Foriec {1,...,5}, we have

1 i i
N;(B) = 56-#D, Z 01(n)V;1(n'Y; B)+O(Blog B)
Tl(i)EZ;Z'O
with
; d
Valn®:) = [ e
Hi(n,ns)<B ||
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and
77(Z H91 p
where Ip(n(i)) ={jeJi|p|n;} and

1, I= (07{1}7{2}’{7};
I- %7 I= {4}’{5}a{6}7{1’3}7{2’3}7{&4}; {476}a{5’6}7{577}§
1-2 1={3}

0, otherwise.

91,1,([) =

Proof. The proof is as in [11, Lemma 8.4], with slightly different height functions and
some 7; = 1, which leads to different error terms. In the first case, using the second height
condition, the error term is

< Z Qw(ﬂ3)+W(773774n5n5) < Z
N15--+576 n2,..

9w(n3)+w(nsnansne) B

[nan3n3nang|

< BlogB.

In the second case, using the second and the third height conditions, it is

ow(ns) B
< Y e« Z < BlogB.

n1,M2,M5,M7 71,15

In the third case, using the second height condition, it is

2“-’(775)
< Y em« Z < BlogB.
1,M2,75 n1,M5
The remaining cases are very similar. O
Lemma 17. Forie€{l,...,5}, we have
N;(B) = 56 #D (Hw1p> B)+ O(B(log B)"~2loglog B)
with
ViolB) = [ Vi (n: B dn®
n;|>1 VjieJ
and
6—#D; o _
(1-2) (1+£21), e {1,2,456);
wihe = 1)? 21 .
(1-1) (1+2-%), i=3.
Proof. In the first case, by equation (18), the last height condition is
|(n2ng +nansngns) /m| < B. (23)

https://doi.org/10.1017/51474748022000482 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748022000482

1278 U. Derenthal and F. Wilsch

Hence, by [11, Lemma 5.1(4)],

B/2 B B -1/2
Vi1(m,...,ne; B) < = ( ) .
[mn2|'/2  |mnansnansne| \ [mn2n3nining|

In the second case, we use

B

Va,1(1,m2,m5,m7; B) < 7.
[mm2nsn7|

In the third case, we use

B

Va.1(m,m2,ms; B) < ———.
|771772775|

Therefore, [11, Proposition 4.3, Corollary 7.10] gives the result in the first three cases.
The final cases are similar to the second and third cases. O

5. Volume asymptotics

We must show that the real integrals V; o(B) in Lemma 17 grow of order B(log B)b~1.

In the first and third case, this is more subtle than for rational points.

Lemma 18. We have |V{ o(B) —V1,0(B)| < B(log B)*, where

d?’]l...dUGdng
/ —
VLO(B)_/ [72],--0s |m6| > 1

""" ||
Hy(n15,m6,m8) < B

with

, |772773774775776778|a |77177277§7ﬁ7752)77(2;|a
Hl(ﬂla"'vﬂGanS) = max .

Insmanang |, In2nd /mls Inam3nining|

Proof. We must show that adding the condition |n2n2n3n2n2| < B, removing the
condition |n;| > 1, and replacing equation (23) by |n2n2/m1| < B in the integration domain
changes the integral by < B(log B)*.

Adding the condition |nen3nininZ| < B does not change Vi o(B) since this inequality
follows from |n;| > B and the second height condition. Afterwards, we can remove the

condition || > 1 from V; o(B) since this changes the integral by

d’lhd’ﬂﬁd’f]g Bl/zdnl...dnﬁ
m1I<1, [nal.e... 6] 21 S Jiml<1, el Inol>1 iz
2.2 2 2

Ha(nn,eerrmor1s) < B m| S el e 112
In2n3nzning|<B B

where we estimate the integral over ng as in the proof of Lemma 17. Now we observe that
the new condition |n2n2n3n2n2| < B together with |na|,...,|ns| > 1 implies |n2],...,|n6| < B;

all these conditions and |7;| < 1 allow us to bound the error as required.
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Finally, we must replace equation (23) by |n2n2/m| < B. A comparison of H; in Cox
coordinates (Lemma 14) with H; as in equation (3) motivates the transformation

B B
=0y, M= "5 5 3 542 (24)
T1273747)576 N2M374M576
which turns 9978 jpto  Bdzedz, , and the transformation n3 = — —B x3, which turns
[71] [z2m2m374M5 76| NiNsNe
% into ‘ ‘ These transformations turn Hi(n1,...,m6,1s) < B into

|zol,|z2l,|z3], |20 (00 +73) /2] < 1.

Furthermore, they turn |nz| > 1 and [nan3ningng| < B (which imply [noningng| < B)
into a condition X3 < |z3| < X4 for certain X3 and X}, whose values (depending on
72,M4,75,M5, B) will not matter to us. Altogether, this shows that

Bdns dny dns dne

4
Vio(B) = /772| [m4]s 175 ], [m6] 21 W (214,115,116, B) 72147576 +OB(log BY)
[nzningng|<B
with
d$0d$2 d$3
W (n2,m4,m5,m6, B) = /;1;0| |z2], |$3| \zo(zo+z3)/m2|<1 |zox3]

X3<]zs|<

Now the following Lemma 19 shows that we can replace |zo (o +23)/22| <1 by |23 /20| <1
with an error of O(1). We plug this back into V; ¢(B) and observe that the integral of
O(1)- B/|nanansne| is < B(log B)*, while the inverse of our previous transformations turn
the main term into V/ ((B) since they turn |23 /x| < 1 into |[n2ng/m| < B and since we
can remove the condition |n2n3nZnZ| < B, which is implied by the others. O

To complete the proof of Lemma 18, we show:

Lemma 19. We have W (n2,n4,15,m6,B) = W' (n2,14,15,m6, B) + O(1), where

dl‘o dl‘g dl‘g
w’ B) = b U et
(T]25n47775a7767 ) jx()' |22, 23], ‘zo/z2‘<l |.’I}2.’E3|
X3<|z3|<
Proof. As a first step, we integrate over x5 to get
dl’odl’g
W(7727n437757n633) = /wo(wo+;t3)|§1(7210g |IIZ’0| - QIOg |I0 +IIZ’3|)7 (25)
|ol, 23] <1 |23
X3<|w3|<Xy

and shall integrate the two terms individually.
To determine the integral over the first one, we remove the condition |zo(zo+23)| <1,
introducing an error of at most

d$0d$3
g zo

|R1(n2’n4’n5’n6’3)| = 4[607|z3|ﬁl,$o>0
|zo(zo+x3)[>1

by using the symmetry in the signs of g and x3. The last inequality implies that x3 has
a distance of at least 1/|zg| (which is > 1) from —z. Since zg > 0 and x3 > —1, it cannot
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be smaller, and thus —xg+1/2¢ <23 <1 holds. We thus get

dzx
|R1(n27774777557767B)| <</ *IOgIO / =8 dl’o
0<zo<1 —zo+ & <w3<1 |3

1
< / log g log (mo + >
0<mo< Y21 To

We can now integrate the first term in equation (25) over xy and get

d.’ﬂo < 1.

d.’ﬂod.’[g - d.%g
/IO|7|13H930(930+$3)|S17210g‘x0| 3] */ eoi<t A TOW: (26)
X3<|wg| <X} X3<|z3| <X}

To treat the second term, we begin with a change of variables z(, = 2o+ z3 and add the
condition |z(| < 1, introducing an error of at most

dxf dz
|R2(7727774777577767B)| S/ 410gz6|2773‘3

zy—x3),|zs|, |zo (wg—w3)|<1
a:f)>1

)

again using the symmetry of the integral. The third condition implies |z3 —z(| < 1/|xg| <
1—that is, 2 — 1/2( < z3—and thus we get

1
d
log z, / 3 dx;,

Y|
e

| R2(112,14,m5,m6, B)| <</

z(>1 xg

1
< / log z, [log (gcf) - ,)
l<z)<2 Lo

(For the second inequality, note that , —1/x( < 1 implies x{, < 2.) Thus, the second term
of equation (25) is

doy < 1.

dafdzs

|z3]

—2log || +0(1).

/%(%—m)%|16|,|$6—$3|7lr3|§1
X3<|zs|<X3
The condition |z((z( — z3)] <1 is implied by the second and third condition, so we can
remove it. Removing |z{, —x3| < 1 introduces an error of at most

dz} dzs
‘RS(n23n47n5anﬁvB)| Sﬁc(),\m\gl _210g$6 |U |
|z —z3|>1 3
wézo

by the symmetry of the integral. The conditions imply —1 < z3 <z — 1 and thus

wefl dz
‘R3(7]23774,77577767B)|<</ 710gx/0 / -3 diL’6
0<z,<1 -1 |3

<</ log zg log |z, — 1] dzg < 1.
0<a)<1
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Thus, the integral of the second summand of equation (25) is

dz) dz dx
- f 0 3 = 73
/lxe\,wg 2log|zo| == TOM) / i<t A OO (27)
Xs<lrsl<Xg Xa<[ws] <X
Since

dzod
/ wodwy 8, (28)

(ol w2, |23 /eal<1  |T2]
adding equations (26) and (27) yields the desired result. O

Lemma 20. We have |V3 o(B) —Vs,0(B)| < B(log B)?, where

dny dno dns dns

!/ _ S

V3>0(B) _/|771|,\772|7|715|217 ||
H5(n1,m2,m5,m8) < B

with
/ _ 20 14 |,,2,.2
Hi (mm2,15,m8) = max{[monsns|, [mnans |, 05, [ning | }-
Proof. The difference that we must estimate is the integral over

(n2m3 +n3ns)/m| < B < |nin3|.

Using the condition |(n2n3 +n8ns)/m1| < B in [11, Lemma 5.1(4)], we have

Inansns|, [mnnz |, [nal,

B2 dny dna dns
/
|‘G’0(B)—V3,O(B)| < /7]1|7|712\=\775|21 |77 7 |1/2
|min2ns|<B e

The remaining conditions imply |n;[,|n2| < B. Now the result follows by integrating first
over |ns| < (B/|mnz|)*/? and then over 1 < |n;],|n2| < B. O

Lemma 21. We have
V{ o(B) =2°C1B(log B)®, Vao(B) =2°CyB(log B)*, V4 o(B)=2C3B(log B)?,
Vio(B) =2CyB(logB)?, and Vso(B)=2?C5B(log B)*

with,

[

Cy = 8vol! (ta,... ts) € RS _ B
' {(2 6) € R tg+ 2ty +4ts + 3ts < 1 4320

to + 2t3 + 2t + 25 + 2t < 1,} 13

1
Co = 4vol{(ty,ta,ts,t7) ERLy | 2ty + 2t <1, A5 +2t7 <1} = 3
1
Cs =4V01{(t1,t2,t5) € R%O I 2t1 + 2ty < 1, 4t5 < 1} = g,
Cy= 4V01{(t1,t2) S RQZO | t1+12 < 1} =2, and

7
Cs =4vol{(ty,ts,t7) ERL | 261 <1, 8y +25+t7 < 1} = T
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Proof. Again, we apply the coordinate change (24), which shows that

Bdnadnsdnsdns dns / dzodzs
lzol, |22, |2d/z2|<1

Vi o(B) —/
1,0 >1
; Imal, 113 [nal. |75, 6| > [2m314m576] |2
Insminsng s In2nznansns| <B

The integral over zg,x2 is 8 by equation (28). Restricting to positive 7; introduces a factor
of 2°. Substituting n; = B% turns dn;/n; into log Bdt;, and we thus arrive at

‘/1/70(B) = 25/ t21t37t47t57t620 SB(IOgB)5 dthtg dt4dt5 dtﬁ.
t34+2t4+4ts+3t6<1
to+2t3+2t4+2t5+2t6 <1
This integral can be interpreted as the volume of a polytope, which we compute using
Magma.
For the second case, using the first height condition yields

Bdn, dnydns d
‘/Q,O(B):2/ 71 dn2dn)s 777.
el s e |21, (202l lndn2|<B [Mn2nsm7|

We proceed as in the first case; here, we can compute the volume by hand. The final two
cases are analogous.

For the third case, we observe that |17272| can be ignored in the definition of H} since
it is the geometric average of [nn3| and |n3|. Now the computation is very similar to the
second case. O

Plugging this into Lemma 17 (after applying Lemma 18 and Lemma 20 in the first and
third cases) completes the proof of Theorem 1.

6. The leading constant

We show that Theorem 1 can be abstractly formulated as Theorem 2. Part of the leading
constants (9) are p-adic Tamagawa volumes T(g’Di)’p(LN{i(Zp)) as defined in [7, §§2.1.10,
2.4.3]. These measures are similar to the usual Tamagawa volumes studied in the context
of rational points, except for factors [|1p, ||, that are constant and equal to 1 on the set
of p-adic integral points at almost all places (in fact, at all finite places in our cases).
Over the reals, the analogous volumes, when evaluated on the full space of real points,
would be infinite. Instead, residue measures 7; p, o supported on minimal strata D 4(R)
of the boundary divisors appear in the leading constant (10), cf. [7, §2.1.12]. These
can be interpreted as a density function for the set of integral points (100% of which
are in arbitrarily small real-analytic neighborhoods of the boundary; hence, a density
function has to be supported on the boundary), cf. [8, 3.5.8], or the leading constant of
an asymptotic expansion of the volume of height balls with respect to T(3,D;),00° cf. [7,
Theorem 4.7].

In addition, we have to compute factors a; 4 as in equation (11) (cf. [25]), similar to
Peyre’s in the case of rational points [22]. Again, there is one of these factors associated
with any minimal stratum A of the boundary.
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In order to compute the Tamagawa volumes, we work with the chart

f: V' =S\ V(mnansmansne) — A,

e e e e e n316 1
(Mim2inzinains:ne:nring:ng)— (17 s -
nin2ms3 m11M3M4"576

and its inverse g: A?@ -9 ,
(zy)—(1:1:1:1:1:1:z:y:—x—y).
Note that the two elements
M 1

e and ng- ———
1213 71M3M4M5M6

have degree 0 in the field of fractions of the Cox ring. The rational map they define is
thus invariant under the torus action and descends to S.

Lemma 22. The images of the sets of p-adic integral points are
FU(Z) V' (Qp) = {(29) € Q| 2] 2 1 or |y®| > 1,
FUe(Zy)NV'(Qp)) = {(zy) € Q| [yl <1 or [ay?| <1 or [z +y| < 1}
={lyl <13U{lyl > 1, loy? < 1FU{lyl > 1, |z +y <1},
FWUs(Zp) NV (Qp)) = f(U(Zp) NV (Qp)) N f (Ua(Zp) NV (Qp))
={lyl <1, 2| > 1}U{lyl > 1, Jay?| = 13 U{Jy| > 1, |z +y| < 1},
fUAZp) NV (@) = {2 = LIyl < 1}U{ly[ > L]z +y| <1}, and
FWUs(Zp)NV'(Qp)) = {lal, [y < 1FU{lyl > 1, [ay?| < 13 U{lyl > L |z +y| < 1}
Here, the unions are disjoint.
Proof. Consider the image (z,y) of an integral point m(n1,...,1m9) € L?l(Zp). Assume
|z| < 1. Then ns € Z,; or ne ¢ Z,’ (since n7 € Z,;). In both cases, the coprimality conditions
imply 7g € Z, and thus |2y?| = |n70g /ninanznine| > 1.
On the other hand, let us consider a point (z,y) in the above set and construct

an integral point (11,...,m9) on the torsor with f(w(n1,...,m9)) = (z,y). If |2| < 1, we
distinguish two cases for |yl:

() If 1/|z|Y? < |y| < 1/|z|, let n5 = 2y, ng = 1/xy?, n9 = —1 —x/y and the remaining
coordinates be 1. Then ng € —1+pZ, C ZX since |z/y| < [z['/? < 1, and thus the
coprimality conditions are satisfied.

(ii) If1/|z| <|yl,let ny=1/zy, ne = x, ng = —1—x/y, and let all the other coordinates be
1. Since |z /y| < |x|* <1, we again have 19 € —1+pZ, C Z, and thus the coprimality
conditions hold.

If |x| > 1, we distinguish three cases for |y|.

(i) If |yl <1, let o =1/x, ns =y, ng = —1 —y/x and the remaining coordinates be 1.
Then ng € —1+pZ, C Z; since |y/z| < 1.
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(i) If 1 <|y| < |z|, let n3 =1/y, ne =y/x, ng = —1 —y/x and the remaining coordinates
be 1. Again, we have |y/z| <1 so that ng € —1+pZ, CZ).

(iii) Finally, if |z| <|y|, let n3 = 1/x, ns = x/y, m = —1 —x/y and the remaining
coordinates be 1. If |y| > |z|, we have n; € —1+pZ, C Z,; if |z = |y|, we have
N4 € Z,; . In both cases, the coprimality conditions on the torsor are satisfied.

We now turn to Us. Let (z,y) be in the image of the set of integral points. If |y| > 1,
we have either |ns| < 1 or |n;| < 1. In the first case, we get |xy?| = |nn3/n3n2| = 7| < 1
(since all other variables have to be units); for the second case, we note that

_ gt nens _ mino
11273747576 11M2M3M4M6 ’

T+y

and thus |z +y| = |ng| <1 (since all other variables have to be units).

On the other hand, let (z,y) be in the set on the right-hand side in the statement of
the lemma. We want to construct an integral point on the torsor lying above (z,y). If
ly] <1 and |z| <1, let ns =y, 9y =, n9 = —x —y and the remaining variables be 1,
which satisfies the coprimality conditions. If |y| <1 and |z| > 1, let ns =y, 7o = 1/,
19 = —1—y/z and the remaining variables be 1. Then g € —1—pZ, C Z,', so (n1,...,79)
is integral. Let now |y| > 1. If |zy?| <1, let 05 = 1/y, 97 = 29%, n9 = —1 — 2y and the
remaining variables be 1; again, 99 € Z;; . Finally, if [z +y| <1, let gy =1/z, ng = —z —y,
7g = —mmno — 1 and the remaining variables be 1. Then 1g € Z), so (n1,...,79) is integral,
and, since ng/n = (—mno —1)/m = x+y—x =y, it indeed lies above (z,y). For the
disjoint union description of U, we just have to observe that ly| > 1 and |zy?| < 1 implies
|z| = |y| =2 < 1, while |y| > 1 and |z +y| <1 implies |z| = |y| > 1.

The third set consists of points that are integral with respect to both @1 and @s.
Therefore, we obtain it as the intersection of the previous two sets. For the description of
L~{3 as a disjoint union, we start with the one of Z]g and intersect each set with Zjl. Here,
ly| <1 implies |z| > 1 since otherwise |zy?| < 1. Furthermore, |y| > 1 and |xy?| < 1 implies
|z| < 1; hence, |zy?| > 1 must hold. Finally, |y| > 1 and |z +y| < 1 implies |z| = |y| > 1.

The final two cases are analogous. O

Lemma 23. Let v be a place of Q. For the measures T3, i) defined in [7, §2.4.3], we

have
o 1 dzdy
*T(g = 7
(8.000 ~ [z[max{Jy[, 1, ]z[,Jy(y + )]}
1
dfr = = _dzdy,
fT(S,D2)>U max{|zy|,1,|z2|} o
1
df.r s = dody,
575, 04),0 [efmax{Jyl Lz M(z.p)}
1
d *T(g = dzd ’ !
fT(S,D4)7U |x\max{|y|717 |l‘|} v o
1

df*T(g’D5)7U dz dy,

~ max{|zyl,1, |z|}
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where
. yle+y)| |[z+y -
M(m,y):mm{l ( 3 )l,‘ ‘,|y($+y)|,x 1|},
|| |z|
and all absolute values are |-| = |-|,.
Proof. In the first case, we have
dfiT5 pyw = |(dzeAdy)®1E, ||;S}(D))dedy. (29)

To make sense of this, we need a metric on the log-canonical bundle, not just on a line
bundle isomorphic to it. To this end, we consider the isomorphism between the canonical
bundle wg and the line bundle whose meromorphic sections are elements of degree wg
of the field of fractions of the Cox ring that maps dz Ady to 1/n?n3n3n3ne; in addition,
we consider the isomorphisms between O(FE;) and the line bundles whose sections are
elements of the Cox ring mapping 1g, to 7. Together, these induce an isomorphism from
each wgz(D1) to the line bundle whose sections are functions of the Cox ring of degree
wgz(Dy), and we can pull back the adelic metric we constructed along this isomorphism
(and similarly for the log-canonical bundles in the remaining cases). In Cox coordinates,
the norm in equation (29) at a point 7 is

[nEn3n3nins|
2,:2,,2,,2 2,,4,.3 : (30)
|77 max{|n2nsnansnens | (mmen3ninzng |, nsninsnenz | nsne |}

In the second case, we can analogously determine the norm
-1
(A dy) ® 15, @ 1, © L, 1 iy 0
in Cox coordinates:

1 [nEn3m3nine|
2,,2,.2 4,221 ° (31)
[n3nane| max{|nansnzns |, [ningmsnal, |nansngnz |}

In the third case, the norm
||(d$(} A dy) ® 1E3 ® 1E4 ® 1E6 ® 1E7 H;;(p@)v

at a point 7 in Cox coordinates is

1 [nin3n3nines|
5 ) (32)
[n3manenz| max{|nensns|, [mn2nsnaninel, [nansmgnz|, Mo(n) }

with

. ‘77%77377%774778779 |

Mo(m) = e s {ls ()T}
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Then My(g(x,y)) = M(x,y) as above after removing terms that can never contribute to
the minimum.
In the remaining two cases, the norms of interest are

1 [ n3n3nine| and
[n3nansnen7| max{nans, mn2nananse, nangng }
! [ n3n3nine|
[n2n3mame| max{|nsnens|, [ngn2ngnal, mnsnangnenr|}’
respectively. O
Lemma 24. Let p be a finite prime. Then
~ 14 8=#Di  ;_1945:
(5,0, UiZp)) = {1 2 M1 3, o
T 1T
Proof. We compute
@ ps Gz = [ 4175 b (3)
FU(Zp)NV7(Qp))
for i € {1,...,5}. For ¢ = 1, the previous two lemmas transform this into
1
dxdy.

z,y€Q 1
I N e (TRNEN R

Subdividing the domain of integration into the regions with |z| > |y/, |z| = |y|, and |z| < |y|
in order to simplify the denominator, we get

1 1
———————dzd dazd
/y|<|x| |z| max{|x|,|zy|} “ y+/y\:|r\ |z| max{|x|,|y(y+z)|} vy
|z]>1 || =1

1
+/z|<|y\ 7] 10

ley?|>1

(34)

after simplifying the description of the domains (|z| < 1 would imply |zy?| < |z|> <1 in
the first two cases; |y|? < 1/|x| would imply |y|? < 1/|z| <1 < |z|? < |y|? in the third case).
The first of the integrals in equation (34) is

1 / 1 1 1 1
— 7dydx:/ —s ,_,_/ —dy | dz
/w21 |z[? ly|<|z] max{1,|y|} || >1 |z[2 (p 1< |y|<|z] lyl

A e

6>0

while the second integral is

1 1
1 N 36
/y-&-xléé ||2 +/ lytel21 |ry(z+y)| 0

|| >1 lz] 21, |y|=|=|
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The first integral in equation (36) is % fl L dx = 1%. Turning to the second one, we

z|>1 |z|?
note that |z| = |y| is implied by the ultra‘r;let‘rilc triangle inequality if |z +y| < |x|. The
set of y € Q, with |x+y| = |z| and |y| = |z| has volume |z| — 2|z|/p since the two sets
{y||ly—0| <|z|} and {y | |y +z| < |z|} have volume |z|/p and are disjoint (because |y| < |z|
implies |y + x| = |z|). We thus get

1 1\ p° ( 2) ||
— I—= )=+ (1-=) 5 | dz
/|z|>1 || 2 ( p)p5 p) |zl

0<o<|v(x)]

:/ 12((1—1>|v(x)|—|—(1—2)>dx=1—|—1—2:1—17
lzi>1 7] p P P p p

computing the integral over z similarly as in equation (35). The second integral in
equation (34) thus evaluates to 1. Finally, the third integral in equation (34) is

1 / 1 1 1
— —dxdy:/ — (1) dy
/|y|2 1ly2<|z| <yl |Z] yi>1 1Y Z P

—2Jv(y)|<<|v(y)|
:/ (1_1> Bo(y)l _ 3
ly|>1 p |?J|2 p’

again computed analogously to the previous ones. Adding the three terms in equation
(34), we arrive at our claim for i = 1.
For i =2, we get

1
/ — dxdy
ly|<1, |zy2|<1, or |z4y|<1 |.’1?‘1’I1&X{|y|,|$ MIE‘}
1 1
:/ 7dxdy+/ fdxdy—k/ dxdy
max{1,|z2 lyl>1  |y2 ly|>1
st max{L =]} o V] j#I<1/Iy1?
for the integral (33) (since |z| = |y| in the second case). The first integral is then
1 1

1 +/ —rde =14,

|z|>1 ‘l’ ‘ p

while the other two integrals are

1 1
.
>t Y2 p

For i = 3, we compute the integral on the right hand side of equation (33) to be

1
dxdy
/f(z%(zgmv«@g) |z[ max{|y|,1,|z|, M (g(z,y))}

1 1
:/ —dzder/ —dxder/ dxdy
2 lyl>1  |y2 ly|>1
st o1 7] o V] jal =1/l
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(again using that |z| = |y| in the second case). The first integral is then

1
/ 72(1‘(5:1,
|z|>1 |22
1 1
R
wi>1 192 P
1 / 1 1 1
1—- — dy=-——.
( p) wi>1 193 p p?

The final two cases are similar: for ¢ =4, the integrals over the two disjoint sets in Lemma
22 are 1 and p—!, respectively, while, for i = 5, the integrals over the three disjoint sets
are 1, p~! and p~!, respectively. O

while the second one is

and the third one is

The remaining parts of the constant are associated with maximal faces of the Clemens
complex. Recall from Section 1.2 and Figure 1 that the Clemens complex of the
geometrically irreducible divisor D; consists of just one vertex E7. For Dy, we have
three vertices corresponding to its components, and two 1-simplices 4; = {E3,E,} and
Ao ={E,,Eg} between the intersecting exceptional curves (Figures 1 and 4). The Clemens
complex for D3 = D1+ D5 is the disjoint union of the previous two cases; its maximal-
dimensional faces are again A; and As. For Dy, they are Ay,..., Ay, and for Dj, they are
A1, Ag, A5 (Figure 4).

For a face A of the Clemens complexes associated with D;, we set Dy = (g4 E
and Aja=D;—> pea - For a maximal-dimensional face A of a Clemens complex,
the adjunction isomorphism and a metric on the log-canonical bundle wg(D;) induce a
metric on the bundle wp, ® Og5(A; 4)|p, on Da. Since A is maximal, the canonical
section 1a, , does not have a pole on D4, so since Dy(R) is compact, the norm
is bounded on D4 (R) for any metric. Hence,

||1A1‘,A|DA‘ Og(Ai,A)‘DA’OO

-1
Hw@lAi’A|O§HWDA®(’)§(A1,A)\DA,OO |UJ| = HlAi,A|DAHO§(A7.’1A)‘DA,OOTDA,OO

(where the equality holds for any choice of metrics on wp, and Og(A; 4)|p, compatible
with the one on their tensor product) defines a finite measure on D 4(R), independent of
the choice of a form w € wp . We further normalize this measure with a factor cﬂ? - 27 A
call it residue measure and denote it by 7; p,, 0. See [7, §§2.1.12, 4.1] for details on this
construction.

Lemma 25. We have
T17E77OO(E7(R)) = 8 and Ti,DA,oo(DA(R)) =4

forie{2,....5} and every maximal-dimensional face A of the Clemens complex for D;.
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Proof. Following [7, 2.1.12], we can compute the unnormalized Tamagawa volume of E7
by integrating

—1 . —1
layll5E, oo = lim (J2lli(de A dy) @15, )12 ) )

Again evaluating equation (30) in the image of (x,y), we get the volume

o Bo(B) = [ 1

i ] dy
r2—0 [z|max{1,|z|,|yl,|y(y +z)|}

1
= [ Ay =14,
/Rmax{l’yQ}

which we normalize by multiplying with cg = 2.

For the second and third cases, we work in neighborhoods of the two intersection points
Da, =E3sNE; and Dg, = E4N Eg. The Tamagawa measures on these points are simply
real numbers. In order to compute them, we consider the charts

g’:Aé—>§, (a,b)—~ (1:1:a:b:1:1:1:1:-1-5b) and
g”:Aé%ﬁ (d)—(1:1:1:¢c:1:d:1:1:—1—cd).
We have r =1/a=d, y=1/ab=1/cd for these charts. Since
I da Ady]| = | det(J7oy )| | da A b,
we can use equation (31) to compute the norms
[(daAdb) © 15, @15, @15, |lw,(Dy),00 = max{|a®b?|,abl,|ab®|} and
[(dendd) ®1p, ®@1E, @ 15wz (Da)c0 = max{|c?d|,|cd|,|c?d?|}.
Analogously to the first case, we now arrive at

= lim lab] =
(a,b)—(0,0) max{|a3b?|,|ab],|ab?|}

1

/
T27DA1700 ’

and, similarly, 7'2” Dagio0 = 1 for the unnormalized measures on the points D 4, (R), which
we multiply with ¢& = 4.

In the third case, using the same change of variables and the description (32) of the
metric in Cox coordinates, we get

H(da’/\db> ®lg, ®1lp, ®lg, ®1E7Hw§(D3)7oo = |ab|max{1, |CLb|, |b|,M0(g'(a,b))}

with My(¢’'(ab)) — 0, as (a,b) — (0,0), whence Té7DA17OO =1 for the unnormalized measure.
Finally,

H(dc/\dd) ®1E3 ® ].E4 ® 1E6 X 1E7||w§(D3),oo = |cd|max{1, |Cd|, |Cd2|vM0(g"(c,d))},

where again My(g”(c,d)) — 0, and we get 73 D00 = 1 for the unnormalized measure.

Again, we multiply both measures with cZ = 4.
The computations in the cases ¢ = 4,5 are analogous. O
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These Tamagawa numbers are multiplied with rational numbers o; 4, where A is a
maximal-dimensional face of the Clemens complex for D;, depending on the geometry of
certain effective cones, as in equation (11). Following [25, §2.2],

Ua=X\ |J B (37)
EjCD“
EB;¢A
is the complement of all boundary components not belonging to A, and Eff (71 A C

(PicU; ) is its effective cone; all volume functions are normalized as in [25, Remark
2.2.9 (iv)].

Lemma 26. We have

g+ 2ty +4t5+3tg < 1 34560’

to+2t3+ 2ty +2t5+2t6 < 1 13
a1 B, :VOI{(tQ,...,t(;) €R5>0 2 3 4 ° 6 } =
g, 4, = vol{(t1,t2,ts5,t7) E R [ty 412 < 2t5+t7, 4ts +2t7 < 1} =1/256,
g, 4, = Vol{(t1,ta,ts,t7) € RE( | 1+t > 25+ b7, 2t1 42ty < 1} =1/256,
a3 A, = {(t t2,t5) €R>O |t1 + 1ty < 25, 4t5<1}:1/96

(

3,4, = vol{(t1,t2,t5) € R | 81+ 1o > 25, 201 + 2t <1} =1/48,
ay 4, =0,

oy 4, = vol{(t1,t )ER>0|t1—|—t2<1/2}—1/8

oy, 44 = vol{(t1,t2) € 20 [1/2<t;+12<2/3} =7/72,

oy 4, = vol{(t1,t2) €R% | 2/3 <1+t <1} =5/18,

as a4, = vol{(t1,t5,t7) € R? Soltn <25 +t7, 4t +2t7 <1} =1/48,
5,4, = vol{(t1,t5,t7) ERL [ 81 > 2t5+17, 2t <1} =1/96, and
5,45 = vol{(t1,t5,t7) € R |ty +2t5 +t7 < 1, dt5+ 267 > 1} =1/24.

Proof. To compute a; 4, we choose jo € {1,...,7} such that E;, € A and such that the
classes of E; for j € {1,...,7} \ {jo} form a basis of PicS. The latter holds for jy €
{1,2,3,6,7} since the data in [12] show that PicS has rank 6 and is generated by the
classes of the negative curves Ey,...,FEr, where

Ey+Ey+ Ey—2Es — Eg— Er (38)

is a principal divisor. An inspection of Figure 4 shows that E;, € A for some j, € {3,6,7}.

Hence, there are unique linear combinations ZJ# a;jE; of class wg(D;)Y and
Zj?éjo b;E; of the same class as I ; the coefficients a;,b; € Z can be computed using
equation (38) and the fact that 2F; +2Es + 3FE3 + 2E, + Eg has anticanonical class by
equation (17). For the following computations, it is useful to know that

2E4+4Fs +3F¢+2E7, 2E1+2Es+3E;+2Ey, E1+ Es+2Es+2F,+2F5+2Eg
(39)

have class wg(Ej,)" for jo = 3,6,7, respectively (expressed without using Ej,).
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Let J={je{l,....,7} | E; C Dy, E; ¢ A} and J' = {1,...,7}\ (JU{jo}). By definition
(37),

PicU; 4 = (PicS)/(E; | j € J);

hence, a basis is given by the classes of E; for j € J' modulo the classes of Ej; for j € J,
and its effective cone is generated by the classes of E; for j € J'U{jo} modulo the classes
of E; for j € J. Working with the dual basis, we obtain

QG A = vol (tj) S R‘;O | Z ajtj = 1, Z bjtj Z 0
jeJ’ jeJ’
If A={FE,,,E;, } is a 1-simplex, then j; € J, and the next step is to eliminate the variable
t;, using the equation, which gives a description of o; 4 as the volume of a polytope in
RZ, with J; as in equation (22) defined by two inequalities.
In the first case, we have U LB, = S and corresponding effective cone Eff S , whose dual

is the nef cone of S. Working with the dual basis of the classes of Ej,...,Eg and using
descriptions (38) and (39) for E7 and wg(D1)Y, we obtain

t+to+ts—2ts—tg >0 }

ay =vol{ (t1,...,tg) € RS
! {(1’ 5) € R0 b1 4 Lo + 25+ 2ty + 25 + 2 = 1

and eliminate t;.

In the second case, there are two constants as 4, associated with the maximal faces
Ay ={FEs5,E4} and Ay = {E4,FEg} of the Clemens complex. The subvarieties used in their
definition are 1727,41 = 5\ Eg and [727142 = 5\ Es. In the first case, we have .J = {6}, choose
jo =3 and obtain J' = {1,2,4,5,7}. Therefore, the Picard group of Ua, is (PicS)/(Eg)
with a basis is given by the classes of F1,Fs, Ey, E5, E7 modulo Eg, and its effective cone
is generated by the classes of Ey,...,FE5 E7 modulo Eg. Since E3 has the same class as
—F1 — Ey+2E5+ Eg+ E7 in Pic S by equation (38), while Ey +4FE5+2Fg +2E7 has class
wz(D2)Y by equation (39), we obtain (working modulo Eg)

—tl—t2+2t5+t720}

Qg 4, =vol{ (t1,ta,ta,ts,t7) € RS
24 {(1 2lotstr) €R 0 | L a1

and eliminate t4.

The computation of ag 4, is similar. Here, we choose jo = 6, and our basis is given
by the classes of Ei,FEs, E4,E5,E7 modulo E3. The divisor Eg has the same class as
E1 —|—E2 —|—E3 — 2E5 — E7, Whlle 2E1 + 2E2 + 2E3 + E4 has class (U§(D2)v. Therefore,

)

t1+t2—2t5—t720}

a9, 4, = vol{ (t1,ta,ta,ts,t7) € RS
24 {(1 2o tr) €Rzg %)+ Uyt 1y =1

again, we eliminate t4.
The further cases are analogous. The only exceptional case is the computation of oy, 4, .
Working with J = {5,6,7}, jo =3 and J' = {1,2,4}, a similar computation as for az 4,
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_tl_tZZov
ty= ’

which clearly has volume 0 in the hyperplane ¢4 = 1. O

shows

Qg A, = vol { (tl,tg,t4) e Rgo

Remark 27. This last phenomenon ay, 4, = 0 is an instance of the obstruction described
in [25, Theorem 2.4.1 (i)]: The regular function
g — 1273
NsMe77

on ﬁ4 is also regular on [747 A, - On the one hand, this regular function induces the relation
[E1]+[E2] =0 in Pic(a7A4), while both classes on the left are nonzero; this makes the
pseudo-effective cone fail to be strictly convex, and the resulting polytope has volume 0.
On the other hand, s vanishes on Dy 4, = {13 = n4 = 0} so that |s| <1 on a sufficiently
small real-analytic neighborhood W of Dy 4,; but W is integral on ZZ;(Z) and nonzero on
V =S\ (Ey+---+E7), so |s| > 1 on the set V(Q)NUy(Z) counted by Ny. It follows that
any sufficiently small analytic neighborhood of Dy 4, (R) cannot contribute to Ny, which
is reflected by the vanishing of the corresponding part of the expected leading constant.

Lemma 28. For i € {1,...,5}, the Archimedean contributions to the expected constants
are

Cioe = 9 @i,Ti,Ds,0(Da(R)) = Ciy
A
where the sum runs through the mazximal faces A of the Clemens complex, with C; as in
Lemma 21.

Proof. This follows from Lemma 25 and Lemma 26. For i = 2,...,6, we observe that
the polytopes of volumes a; 4 in Lemma 26 fit together to the one appearing in the
description of C; in Lemma 21. ]

We conclude by noting that the classes of Fs3, Fy, Fg, E7 in Pic S are linearly independent;
hence, rk Pic U; =1tk Pic S — #D; (with #D; as in Lemma 15). This observation, Lemma 24
and Lemma 28 allow us to reformulate Theorem 1 as Theorem 2 for i € {1,...,5}. For
the final case, we equip the log-anticanonical bundle wg(Dg)¥ with the metric pulled
back from wg(Ds)" along the isomorphism 8; since all constructions in this section are
invariant under metric-preserving isomorphisms, the theorem follows for i = 6.
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