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Abstract

We study a class of polaron-type Hamiltonians with sufficiently regular form factor in the
interaction term. We investigate the strong-coupling limit of the model, and prove suitable
bounds on the ground state energy as a function of the total momentum of the system. These
bounds agree with the semiclassical approximation to leading order. The latter corresponds
here to the situation when the particle undergoes harmonic motion in a potential well whose
frequency is determined by the corresponding Pekar functional. We show that for all such
models the effective mass diverges in the strong coupling limit, in all spatial dimensions.
Moreover, for the case when the phonon dispersion relation grows at least linearly with
momentum, the bounds result in an asymptotic formula for the effective mass quotient,
a quantity generalizing the usual notion of the effective mass. This asymptotic form agrees
with the semiclassical Landau—Pekar formula and can be regarded as the first rigorous confir-
mation, in a slightly weaker sense than usually considered, of the validity of the semiclassical
formula for the effective mass.

Keyword Polaron - Effective mass - Semiclassical limits of quantum fields - General
polaron models - Landau—Pekar approximation - Bose polaron

1 Introduction and Main Results
1.1 The Model

The polaron problem concerns the motion of a quantum particle of mass m exchanging energy
and momentum with a large environment modeled by a bosonic field. The model has a long
history tracing back to the thirties [1-4] but due to its basic character it remains a model
of reference in many problems, and is still under active investigation in condensed matter
physics; we refer to [5,6] for an overview and further references. The models under study
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here are defined by the Hamiltonian

1 . . _ .
H=—— A, +f e(k)a) apdk + J&/ (v(k)ake’k'x + v(k)a,je—’k'X) dk. (1.1)
2m Rd RA

This operator acts on L*(R?) @ F with F the bosonic Fock space over L*(R?), and with
ay, az the usual annihilation and creation operators. The phonon dispersion relation € is
a positive function, v quantifies the interaction of the particle with the field modes and is
referred to as the form factor, and « is a positive coupling constant, traditionally appearing
in (1.1) under the square root. We assume that inf; s €(k) > O and v € L2(R?), in which
case (1.1) is well-defined as a self-adjoint operator on the intersection of the domains of A
and the field energy f e(k)aZakdk, respectively. Moreover, we can then readily define two
functions naturally related to this Hamiltonian: the Pekar kernel

— 1 U(k) ik-x
h(x) := )i /]I‘Qd me dk (1.2)

and the position space potential

. 1 ik-x
n(x) 1= W/Rd v(k)elF* dk. (1.3)

We shall impose further regularity assumptions on / and 1, namely that /4 is in the Sobolev
space W22(R?) and that n is in WL2(RY). Equivalently, the functions k +— v(k)(1 +
ke(k)™1/% and k +— v(k)(1 + k*)'/? are in L2(R?). For simplicity, we shall also assume
that the form factor and the dispersion relation depend on |k| only, and that the latter is a
continuous function of |k|. If all these conditions are satisfied, we call H regular.

Our main interest lies in the strong-coupling limit of very large «, and its connection to
the semiclassical limit described below. This problem has been studied in the mathematical
physics literature [7-9] in the special case of the Frohlich model corresponding to d = 3,
v(k) = (v2r k)"t and e(k) = 1in appropriate units. It corresponds to the original polaron
problem addressing the important problem of electronic conductivity in ionic crystals. Our
goal here is to analyze the strong-coupling limit in the regular case, where, on the one hand,
one does need to worry about the UV divergences as in the Frohlich model, but at the same
time the useful scaling properties found therein are lost. We believe that performing the
strong-coupling analysis for polaron models other than the original Frohlich Hamiltonian
may be of relevance as various versions of the polaron problem, with more general choices
of the form factor and the dispersion relation, are being considered in the literature, mostly
in the context of the physics of cold atoms, e.g. in the Bose polaron model and its analog,
the angulon model [6,10-13]. The rigorous results obtained, even if proved for simplified
versions of the problem, may be practically useful e.g., as a reference point for numerical
calculations. At the same time, the regularity enables us to prove new results concerning
the validity of the semiclassical approximation to the effective mass, which constitutes an
outstanding open problem. Our result on the effective mass is applicable in the case of a
dispersion relation growing at least linearly in |k| as in the case of the Bose polaron, thus
excluding the Frohlich polaron, although we expect that our methods can serve as a starting
point in future investigations on this problem also in this case.
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1.2 Basic Considerations and Definitions

Because of translation invariance, the Hamiltonian (1.1) commutes with the total momentum

v, +/ka,jak dk (14)
————
=Py
and it can be cast, using a transformation due to Lee, Low and Pines [14], in the unitarily
equivalent form

1 . 2

%(—zvx—Pf) +F+ VoV (1.5)
where F = f e(k)aZakdk and V = f(v(k)ak + v(k)aZ)dk. This can be easily diagonalized
in the L2 part of the domain, so that one has the fiber decomposition H =~ f @ Hpd P with a
family of Hamiltonians acting only on Fock space

1
Hp = %(P— P2 +F + JaV (1.6)

describing the system moving with momentum P € R¢. In this work, we are concerned with
the ground state energies at fixed momentum,

E(P) := inf spec Hp (1.7)
and the absolute ground state energy

Ey = inf spec H = i%f E(P). (1.8)

The following terminology concerning the dispersion relation will be useful below.
1. We say that € is massive if A := inf; e(k) > 0.

2. € is subadditive if € (k) + k2) < e(ky) + €(kp) for all k;, kp € R4,

3. Moreover, we say that € is of superfluid type if

e(k)
inf —= =:¢>0. 1.9
kerd k| ¢ (1.9)

The number c is called the critical velocity.

Prime examples of the above are optical phonons (with constant dispersion relation) for a
massive and subadditive field and acoustic phonons (where € (k) is linear in |k|) for a field
of superfluid type. Physically, the first case is encountered in the original Frohlich polaron
model, while a superfluid-type field is found in the Bose polaron. If the dispersion relation is
massive and subadditive, E'(P) is an isolated, simple eigenvalue for P2 < 2mA. Moreover,
infp E(P) = E(0), and E(P) is an analytic function close to P = 0 [15,16]. The effective
mass is then defined as

1
Mg := = lim

1.1
2 P—0 (1.10)

E(P)— E0)\ !
(“75)

In other words, E(P) ~ E(0)+ % for small P, and the system is envisioned as behaving,
for sufficiently small momenta, like a free particle of mass Mg called the polaron, whence
the entire model bears its name. We also introduce the function
1 (E(P) - E(O))‘1

M(P) = = >3

> (1.11)
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which we call the effective mass quotient. Itis well-defined for all P s.t. E(0) # E(P),andcan
be viewed as a global measure of the curvature of E(P), in contrast to Megs = limp_,o M (P)
which quantifies this curvature locally at P = 0. The validity of the polaron picture can be
also expressed as a statement that M (P) is asymptotically a constant function for sufficiently
small momenta. We find this picture useful below, where we shall consider both the case of
P vanishingly small as well as admitting values from a specified range.

1.3 Motivation and Statements of the Results

We shall provide bounds on the above quantities in the limit of large «. These bounds agree
with the semi-classical approximation, which we now briefly recall. To do so, let us first
observe from (1.6) that the presence of the particle induces non-trivial correlations between
the modes of the field; if these are ignored, the problem is easily solvable. Indeed, in the case
m = oo, the spectrum of H p is equal to that of the operator F — «||A]|?, with ground state
energy —a/||h||?. This corresponds to a free bosonic field fluctuating on top of a classical
deformation profile induced by a point impurity. The ground state is simply the coherent
state |¢) with

k
axlp) = —J&%m Vk e RY. (1.12)

The evaluation of H on pure tensor products of the form 1 ® ¢, where ¢ is a coherent state,
amounts to replacing the creation and annihilation operators by complex numbers, which
is equivalent to treating the boson field in a classical way. In fact, as is well known (we
reproduce the argument in the proof of the upper bound in Theorem 1 below), this coherent
state ansatz is optimal over all product trial states. In other words, for polaron models, the
adiabatic limit (corresponding to a product trial state) and the strong-coupling limit coincide.
The adiabatic limit can certainly be expected to be asymptotically correct if the mass of the
particle is large. At the same time, it is well known that the adiabatic limit is asymptotically
correct as @« — oo in the Frohlich case, indirectly through energy estimates [7] and also
as far as the dynamics is concerned [17,18]. If we were, therefore, to assume that the same
conclusion is valid in more generality, our regular case included, we expect that

lim 20— — A% (1.13)

a—>00
Moreover, one can readily postulate how the next order correction should look like: since the
leading order corresponds to the picture of a classical point particle situated at the bottom of
a potential well created by the phonons, the next order correction should stem from the zero-
point oscillations in this well. If we replace the annihilation operators in H by the numbers

—Ja % (and a,I by its complex conjugate) and expand the ¢!f* factors to second order, we
arrive at the one-particle Schrodinger operator

A 2
e AL A BTN (1.14)
2m 2

2a
w=,/—I|Vhl|, (L.15)
dm

where
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with well-known ground state energy dT” — al|k||*>. We hence expect the subleading term to
be dw/2, and thus of order a!/2. That these considerations are correct is the content of our
first theorem.

1.3.1 Ground State Energy Asymptotics

Theorem 1 Let H be regular. Then we have

d
—alhl? + /2 V) > infspec H >
2m
d dVal* d ||AR|? (10
o 0
> —alhl? + ) ZLyopy - S0 € .
= el IV = 5 S T s v
In particular, for Eg = inf spec H, (1.13) holds, and

. _ d
lim o~ '/2 (Eo-l-ozllhllz):\/%lwhll. (1.17)

o—>00

Remark 1.1 As recalled in detail in the proof, the semiclassical limit naturally gives rise to
the Pekar functional

1
ek = %/wocnzdx —a/ Y () Pg(x — MY (Pdxdy,  (1.18)

where
2
g(x):/Meik"Cdk:(ﬁ*h)(x), (1.19)
e(k)
and
Eop < EP¢ .= inf £P%(y). 1.2
0 < 1//:“111;”:1505 ¥) (1.20)

In the Frohlich case, where g(x) = |71‘, one has inf Sgek(w) = o?inf Srek(w) = q2ePek,
in particular the contribution of the kinetic energy f V|2 to 5§ek is not negligible in this

limit. Existing results [7] show that in this particular case
P > a2 Ey > Pk — ca™!3 (1.21)

for some C > 0 and « large. If instead of R? one considers a sufficiently regular subset 2
thereof (suitably rescaled to be of linear size @~ '), with the corresponding modification of
n involving the Laplacian on €2, then also the subleading correction to Eq, being of order
o, has been rigorously established [9,19]. Adapting some of the methods in that proof to
improve the control on the UV divergence of the model, the exponent —1/5 in the lower
bound (1.21) can be slightly improved to —20/73 [20].

In our case, we lose the scaling properties of the original Frohlich model, and the semi-
classical energy is a more general function of «; our result captures the first two terms that
emerge from the expansion of the kernel (1.19) of the Pekar functional around its maximum.

Remark 1.2 1t can be argued that the O(1) correction in (1.16) is optimal as far as the order
of magnitude is concerned. These O (1) corrections can be attributed to two sources: the
quantum fluctuations of the field and a purely classical effect of anharmonicity of the actual
potential well that accompanies the particle’s motion. We do not know how to obtain the
sharp O(1) correction to Eg, however.
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Remark 1.3 While the lower bound in Theorem 1 holds for all values of the parameters in the
problem, it is optimal only in our case of interest, i.e., for large o with m fixed. However, our

analysis leads to a distinct result in the opposite regime with m large at « fixed. In this case our
[VhA|*
IVl

ground state energy at infinite mass —c||4||2 in the lower bound. Perturbation theory predicts
here —a || + & [ “OL gk 4 o(n="). Clearly || VA[I* < | V1] (f k2 ‘”(k>‘2dk), with

technique yields a positive term 57 as aleading-order finite mass correction to the exact

e(k)? €(k)?
equality in the case a constant dispersion relation, but even in this case the resulting correction
is off by a factor of two with respect to the result from perturbation theory.

The proof of Theorem 1 will be given in Sect. 2.1. The upper bound relies on a straight-
forward expansion of the kernel of the Pekar functional. For the lower bound we closely
follow the approach of Lieb and Yamazaki [21] in their analysis of the Frohlich model. In
the regular case considered here, the obtained bounds turn out to be sharp, however.

1.3.2 Divergence of the Effective Mass

Our further results concern the effective mass problem (for other rigorous work concerning
this problem, we refer to [22-25] and references therein). First, we present a generalization
of [25] by showing that the effective mass diverges as « — 00, in all spatial dimensions, and
for all regular polaron models with massive fields. This is to be expected from the fact that
the strong-coupling limit and the adiabatic limit coincide: while the particle’s mass is fixed,
the relevant dynamical degrees of freedom behave like a free particle with very large mass,
which leads to the effective separation of timescales of the field and of the particle.

Theorem 2 Let H satisfy the assumptions of Theorem 1, with a dispersion relation that is
massive and subadditive. Then there exists a constant C > 0 s.t. for all « > 1 we have

Mee > Ca'/%. (1.22)

Remark 1.4 The assumption of subadditivity of € is only used to ensure the existence of a
ground state of H, which is proved in [16].

Remark 1.5 We emphasize that the result holds regardless of the spatial dimension, assuming,
of course, the required regularity of H. On the other hand, in the physics literature the effective
mass of a polaron has been investigated numerically also for various different polaron-type
models [12,13,26], and it appears that for some of these models one can expect different
behavior of the effective mass in different dimensions.

Our proof takes the formula for the inverse of the effective mass from second-order
perturbation theory as a starting point, and provides an upper bound on this quantity. The
proof of this bound relies heavily on Theorem 1. It can be shown that the same conclusion can
be reached with the method from [25]. The regularity enables us to simplify the argument,
and also to provide an explicit estimate on the rate of the divergence. However, based on
the semiclassical analysis, we expect that the effective mass should actually, in the regular
case, diverge much faster, namely linearly in «. We perform this semiclassical analysis
subsequently (see also [10]) before stating our last result, which addresses the effective mass
quotient at non-zero P.
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1.3.3 Semiclassical Analysis of the Effective Mass

As discussed above, the behavior of the system at strong coupling can be expected to be
inferable from the semiclassical functional

1
- / IV (0)2dx + 2/aRe / o(P)o(P)py (P)dp + / cPlo(piPdp  (123)

with py (p) = f | (x)|2eP*dx and ¢ : R? — C the classical field, which carries momen-
tum f ple(p) |2d p. We wish to minimize (1.23) under the constraint that the total momentum
of the system be P. With u a Lagrange multiplier (which can be interpreted as the velocity),
the relevant functional to be minimized is thus

1 N
Hp(. g, 1) = / (Ple(p)Pdp + -~ / PRI (p)Pdp+
(124)
+ w&%e/ o(P)e(P)py (p)dp +u (P - / P (le)P + 1)) dp) :

We expect continuity and accordingly u — 0 as P — 0; we also suppose that to leading
order in |u|, the particle moves with velocity # while maintaining its waveform, i.e., the ¥
minimizing (1.24) is approximately

Ju(p) = eimryPek () = G2k (p — ) (1.25)

where wgek minimizes (1.18). Plugging this into (1.24), we minimize with respect to the
field, with the result that

Pek
pg < (P)v(p)
Pu(p) = —Ja— (1.26)
€(p)—u-p
with pPek = pyrek. Accordingly, the Lagrange multiplier u has to be chosen such that
2) Pek (|2
P=mu+a / pwdp. (1.27)
(e(p) —u-p)
Expanding this to leading order in u, we have
2 2) Pek (|2
p— m+£/pzw . (1.28)
d e(p)?

We further evaluate the energy Hp (Y, ¢y, u) and expand it to second order in P, with the
result that

4 2, Pek 2
Hp (W, g, ) ~ EPX 4 (2m + 22 p2—|v(p)| Lol
d e(p)’

with EPeX defined in (1.20). We are thus led to the definition of the Pekar mass formula

-1
dp) P> (1.29)

2
20 2 [ Hleg™ )
Pek . Pek /.y (2 Pek (. \ (2 2
M, = ;/ [Vg " COI"R(x — VY™ (W[7dxdy = 3/17 Z(T
(1.30)
where R(x) = [ M@i”'xdp, ¥Pek minimizes (1.18) and ¢F®* is the corresponding

minimizing field. If we evaluate the above expression for the original Frohlich model, in
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which case wolj"'k(x) = o/ 21//})el<(()zx) and R(x) = 4m8(x — y), we obtain the celebrated
Landau—Pekar mass formula [27]

8
M = 7a4nwf’ek I%- (1.31)

In the regular case we expect, given Theorem 1, that W(Sek |2 tends to a §-function as @ — 00,
and accordingly that

L 2 lv(p)?
lim o~ ' MPk = f/ 2 dp =: MP 1.32
ot—)ooa « d P 6([7)3 P ( )
holds true. This leads us to the following
Conjecture 3 Let H be regular. Then
2 2 2
lim o~ My = MP = = f Lalltols (1.33)
a—00 d e(p)

This conjecture generalizes the one for the original Frohlich model, where one expects that
liMy—soo @ * Megr = 87” I Ilffek ||3, c.f.Eq. (1.31), as suggested by a calculation by Landau and
Pekar [27]. A proof of this prediction remains an outstanding open problem. In the physics
literature one also encounters discussions beyond the Frohlich case that lead to Conjecture
3 [10] (see also [11, Eq. 12]) and also to the linear dependence of the effective mass on « at
strong coupling [6].

While we are unable to prove Conjecture 3, we are able to prove a related result that can be
regarded as a confirmation of the validity of the semiclassical approximation in the effective
mass problem. Recall the definition of the effective mass quotient in (1.11). Instead of the
limit limg_, oo &~ limp_, g M (P), we consider the combined limit

o« — 00, |P|— oo with |P|/a — 0, |P|/a'?— cc. (1.34)
which we denote as

lim
o—> 00
a2« Pl<a

Then we have
Theorem 4 Let H be regular, and assume that € is massive and of superfluid type. Then

lim o 'M(P) = MPk (1.35)

oa—>00
o2« Pl<a

with MP defined in (1.32). In particular, we have for H satisfying the assumptions of
Theorem 1 and for all P with |P| < Cua for some C > 0 independent of P and «,

2

d
EP) < —alh*+ 52 + +0(Pla™h), (1.36)

2 20 MPek

where w is defined in (1.15). If in addition the dispersion relation is assumed to be of superfluid
type, we have for all P such that |P| < C'a with C" > 0 small enough,

dw P2 d IVnl? d IARI?
E(P) > —af[h]? + 52 + 41Vl d_ Akl

_ _ — 0P 4 1 PPa?).
2 T oamPE T2 wnE " smwnp O T T IPTe)

(1.37)
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Note that (1.36) and (1.37) are non-zero momentum analogs of the bounds in Theorem 1. In
combination, they readily imply (1.35). We conjecture that (1.35) holds without the restriction
that | P| > «!/? (and hence, in particular, in the case when P — 0 before « — 00).

Since the limit (1.34) may at first sight appear artificial, let us briefly explain its origin.
Theorem 4 states that E(P) — E(0) is, for large «, and in a suitable window of momenta,
asymptotically a parabolic curve with a coefficient determined by the semiclassical approx-
imation. This can be regarded as a statement on the global curvature of E(P) — E(0), in
contrast to the local curvature at P = 0 described by the effective mass. The size of the
window of momenta for which this asymptotic form holds depends on «: the lower margin
|P| > «'/? ensures that we look at E(P) in the regime when the kinetic energy of the
center-of-mass motion is much larger than the O (1) energetic error determining the accuracy
of our knowledge of the ground state energy, as expressed in Theorem 1 and the bounds
(1.36) and (1.37). The upper margin | P| < « is natural in view of the following discussion.
Typically, one can expect that E(P) has a parabolic shape for sufficiently small momenta,
and this parabolic shape is in general lost when E (P) approaches the bottom of the essential
spectrum Eegs(P). There is a formula for the latter [15,16],

Eess(P) = inf (E(P — k) +€(k)). (1.38)

and in particular Ecs(P) < E(0) + €(P). Hence E(P) ~ E(0) + %; certainly ceases
to be valid for P2 2 Megre(P). Since €(P) > c|P| by assumption, this is thus the case if
|P| 2 Mg ~ a.

Theorem 4 may be regarded as our principal novel contribution to the existing literature.
Its proof utilizes, in particular, a new trial state in order to obtain the upper bound (1.36),
which is essentially the extension of the very simple bound £(0) < infy, Sgek () to non-zero
momenta. The lower bound relies, on the other hand, on an extension of the techniques used
in the lower bound of Theorem 1, and is thus also ultimately rooted in [21].

In the remainder of the article we give the proofs of our results. The symbol C denotes a
positive constant, independent of « and P, whose exact value may change from one instance
to the other.

2 Proofs
2.1 Proof of Theorem 1
2.1.1 Upper Bound

Proof For any normalized ¢ € F, we have

(plajac|g) = [(placp)l* Yk e RY 2.1
with equality if and only if ¢ is a coherent state, i.e., an eigenstate of all the ax. Thus

inf (Y ® ¢|H|Y ® ¢) = inf H(Y, ¢) 22

v 0.y

where H is the classical functional

1
HOW, @) = %/IVw(X)Ide-I-Z\/&fRB/v(p)w(p)pw(p)dp+/6(P)I<ﬂ(p)|2dp
2.3)
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with py (p) = [ ¥ (x)|*¢!P*dx. Minimizing with respect to the field ¢ and passing to
position space, we obtain the Pekar functional

£Pk (y) / V() Pdx —a f WP — Iy Pdxdy,  (2.4)

with g(x) = [ %ei’”dk. Since H is isotropic, g(x) = [ |"6((kk))| cos(k - x)dk. By the

. . 2
elementary inequality cosx > 1 — % we have

EPRK () < —allh)? + Lo (W) (2.5)
with the functional
|| VA

1
Lo(W) = E/wu)ﬁdw / [¥ 12 (x — )Y (»)|Pdxdy

: SPINC] hn2 2.2 2\
= %/ww(xn dx + y fIW(x)| X — <fx|1p(x)| dx> . (2.6)

It follows from the Heisenberg uncertainty principle that the infimum of £, equals dw/2,
with w in (1.15). This leads to the claimed upper bound. O

2.1.2 Lower Bound

Proof Our starting point is the inequality, valid for all A € R and all R € R?,
1
VelPy+ R, [V, Pr+ RIT < o~ (Pp + R)? — 2mi*a[Pf + R, V] 2.7)
. m .

which can be easily proved using the Cauchy—Schwarz inequality (the minus sign on the
right-hand side stems from the fact that [Py, V] is anti-hermitian). We have the identity

MPs+ R.[V, Py + Rl = A[Py. [V, Py] = —2 / K2 (va] + v ) k. 28)

We conclude that for all P € R?, the operators H p in (1.6) are bounded below, uniformly in
P, by

Hp > H, :=F + JaW; 4 2ma’a[P;, VI (2.9)
with
_ 2 AT
W, = /(1 Y (v(k)ak n v(k)ak) dk. (2.10)
Given that H is unitarily equivalent to f @ Hpd P, this clearly implies that
inf spec H > sup inf spec Hj. (2.11)
A
Let
wy (k) = (1 — kv (k) (2.12)

and observe that our assumptions on v and €, i.e., h € Wz*z(]Rd ) and € massive, imply that

wye~! € L*(R?). We may thus apply the unitary shift operator U with the property that

UaqUT = a, — f“;*(,((];) for all k € R? to Hj,. We obtain

U (F+ VaW,)UT =F — a|hl* + 2xal|VA|I* — X2a| AR|2. (2.13)
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Furthermore

ULPy VU = /kv(k) (ath) — " Pw®ew) ) dk—/k@@ — ', (e ™") dk
= [P}, V] (2.14)

since f kv(k)wy, (k)e(k)~'dk € R. We are thus left with providing a lower bound to the
operator

F 4 2ma’a[ Py, V. (2.15)

Since n € W'2(R?) by assumption, we can introduce the bosonic operators, for i =
lL,...,d,

d
b = Vd_ / ki v(k)agdk (2.16)
Vol
with [b;, b}] = 8;. Then
V|2 &
g v = TS, — by @.17)
i=1
Let
Va2
— . 2.18
Vh|? .
We claim that
d
F>EY blb. (2.19)
i=1

To prove this, it is enough to show that for every one-phonon vector ® € L?(R%)

d 2
dE —
/e(k)lcb(k)lzdk > e Z /k,-v(k)d>(k)dk (2.20)
-
For any y € L?(R?) and d orthonormal functions ¢; we have by Bessel’s inequality
d L 2
[ weora= Y| [ @@ war @21
i=1

Using this for ¥ (k) = /e(k)® (k) and ¢; (k) = (d V2| Vh|)~k; J”% yields (2.20). More-

over, since
(bi — b)) = (bi +b))> —4b]b; —2 > —4b b; — 2 (2.22)

we conclude that (2.15) is bounded below by —4m22a|| vl? provided that

[ a 1
Al < ho= - 223
=20 = VA = 2me (2.23)
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In particular,

inf spec H > —a||2|* +a sup (2AVAI? — A2 AR|* — 4mA? | Vyl?) .  (2.24)
[A[=%o

The choice A = X yields the lower bound in (1.16). This choice for A is in fact optimal
as long as

d (4m| V|2 + | AR|2\>
OtZam'—f<m” nll= + |l II) (2.25)

T 8m VA3

For @ < a,, the optimal choice of A is rather A = I VA|Z(@4m | Vy|> + ||AR|?) ™", which
yields the improved lower bound mentioned in Remark 1.3 in this case. O

2.2 Proof of Theorem 2

Proof Under the stated assumptions on v and €, there exists an isolated eigenvalue at the
bottom of the spectrum of Hy, and a unique corresponding ground state ¢o [16]. Using
second-order perturbation theory and rotation invariance, one arrives at the formula

1 1 1
= — — —(po|Pf———P 2.26
My~ 2m  dm? {¢ol ' Ho — Eq r1¢0) (2.26)
for the effective mass M. defined in (1.10). Note that (¢o| Pr|po) = 0, hence Q Pr|¢po) =
Prl¢o), where Q is the projection onto the orthogonal complement of the ground state of
H, and Hy — Eo is strictly positive and invertible on the range of Q. Therefore, by the
Cauchy—Schwarz inequality,

m 2 {0l PF1bo)?

<1l-— . (2.27)
Mese dm {¢o| Py(Ho — Eo) Prleo)
We exploit the fact that ¢ is the ground state of Hy and arrive at the identity
1
(ol Pr(Ho — Eo)Prlo) = §<¢0|[va [Ho, Prlllgo)- (2.28)
A simple computation shows that the double commutator equals
1 R
E[Pf, [Ho, Prll =W := —\/7& / k> (v(k)ak + v(k)a,i) dk. (2.29)
Define for A > —ﬁ and u € R
H, n) := Hy + AP]% + uW,  Eo(A, u) = inf spec H(A, u). (2.30)
By the variational principle,
Eo(k, 1) < Eo + 2(¢o| P7I¢ho) + (o[ Wigho). (2.31)
We have the lower bound
2 2
k2 \ " k)|
Eo(0, u) > — 1 —— dk 2.32
00, ) = 04/( 2) < (2.32)

@ Springer



Polaron Models with Regular Interactions... Page130f24 5

which is finite because of our assumption iz € W22 (R%). Combining the last two inequalities
with the upper bound on Ey from Theorem 1, we conclude that for all negative p

dma? n 4 lv(k)|2 1dw
W < —a— | kK'——dk —nu ' —. 2.33
oWl < 5~ [ KO a1 233)
Optimizing over 1 < 0 yields the bound
dma?
(¢0Wigo) = — (1+Ca™'/%) (2.34)
for C = ||AR|m~ 4 (d/2)V/*||Vh|| 732
In a similar fashion we conclude from (2.31) that for all > > —ﬁ
v(k)|? dw
/\<¢o|Pﬁ|¢o> > Eo(A,0) — Eg = Eo(2,0) + « L@l dk — — (2.35)
e(k) 2
where we again used the upper bound from Theorem 1. Now, a lower bound on Ey(A, 0) is
provided by Theorem 1 for a particle with mass a&iixm) :
(k) ? do d |VnlI*  d(1+2xm) |Ah|?
Eo(A,0) > — dk + —~1+2m — — — .
0. 0) = —a | =oamdk A v+ 2hm = o e 8m V|2
(2.36)

In particular, for any A > 0,

dme (dw(«/1+2m}»—1 )) 1+ A
—_——m

(ol P1g0) = —— + | > - —C—= (2.37)

2

for suitable C > 0. For small X, the second term on the right-hand side behaves like wA,
hence the optimal choice of A is of the order w2 ~ @71/4 and we arrive at the bound

dmw
(@0l PFlg0) = === (1= Ca™'%)  fora > 1. (2.38)

Combining (2.27), (2.34) and (2.38), we arrive at the claimed lower bound on the effective
mass. O

2.3 Proof of Theorem 4
2.3.1 Lower Bound

Proof Recall our assumption € (k) > c|k| for some ¢ > 0. Pick u € R? with |u| < ¢, and
write

P;—P 2
HP:P.u_ﬂuz_l_w

+TF, + JaV (2.39)
2 2m

where

F, = / (e(k) — u - k) aj adk. (2.40)
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We proceed as in the proof of Theorem 1 and use (2.7), this time for R = P — mu. This
gives the lower bound

E(P) =P -u—Zu’ —allh, |’
+ sup [inf spec(l, + 2man2[Py. VI2} + 24al|Vh, |2 — 32a| Ah, ||2] (2.41)
reR
with
1 v(k)
Q)2 ) Jek) —u-k

Without loss of generality, we can assume that P = | P|e1, where ey is the unit vector pointing
in the first coordinate direction, and we shall also pick u to point along e;. The functions

kiv(k) _ kiv(k)
Vel —u-k  Jek) — ulky

hy(x) = e*x dk. (2.42)

;' (k) =

(2.43)

are then orthogonal, and

. 2_1/k2|u(k)|2 2/ kv (o)
07 =5 ] —ewr T ] cwried — ik

1 [ K2vk)|? u?
<l dk<1+c(c—|u|>) 249

where we used € (k) > c|k| > c|kq| in the last step. Bessel’s inequality

d 2
1 _
/ WPk =Y / g1y (kydk (2.45)
i=1 i
thus yields
_ uz —1 d ;
F,>({14+ —— E b b; 2.46
><+c(c—|u|)) ;l (2.46)

with E defined in (2.18). Arguing as in the proof of the lower bound in Theorem 1, we
conclude that

inf spec{lF, + 2mar’[Py, VI*} > —4mi*a||Vn]|* (2.47)
as long as
N (R (2.48)
- c(c—|ul) 2mow’ ’

We choose the maximally allowed value of A (i.e., equality in (2.48)), and arrive at the lower
bound

m 5 2
E(P)>P -u— U —allhyl

2 —1/2 2 2
u [ad d |Vnll d |[Ahy|l
1+ — VR, |? - = - — . 2.49
* ( - clc— |u|)> 2m IVhul 2|IVR|?  8m ||[Vh|? (249
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We are left with estimating the norms appearing in (2.49). We have

lv(k)|? <1 (u - k)*
e(k) (k) (e(k) —u-k)

Pek

M
) dk < ||h|* + u*———— (2.50)

hyll? =
Vol 2(1 — ul/c)

where we used the definition of MP°* in (1.32) and e(k) > c|k|. Similarly,

2 _ |k|4|v(k)|2( (k) ) 2( ”2>
| AR _/ o U ez ) s 1P (14 s )

2.51)

For the remaining term, we simply bound
kv (k)| -k)?
e :/ LGy R CAL)) dk = | Vh|>. (2.52)
e(k) ek) (ek) —u-k)

We are still free to choose u (subject to the constraint |#| < c¢) and the leading terms to
optimize are simply P - u — au?MPK /2. We therefore choose

P
U= o M Pek
which yields the desired bound (1.37). O

(2.53)

Remark 2.1 By choosing u simply O(1), the bound (2.49) implies that under the same
assumptions on v and e, there exist y > 0 and F,, € R such that for all P € R?,

E(P) = y|P| + Fu. (2.54)

From this and from the analyticity of E(P) in a neighborhood of its global minimum at
P = 0 one can deduce that there exists a P* > 0 such that

E(P)=E*(P), VP:0<|P|< P¥, (2.55)
where E* denotes the convex envelope of E, i.e., the largest convex function not exceeding

E. One can verify that

E*(P) = sup <SP + inf (E(Q) — vQ)) ; (2.56)
QeRd

seRd

using the Lee—-Low—Pines transformation, this can be cast into the form

E*(P) = sup (s - P +infspec (H—s - Pg)) (2.57)
seRd
where Py = —iV, + Py. In particular, for any ¢ € Lz(Rd) and any L2-normalized

¥ € H'(RY) we have E*(P) < sup, Hp (¥, ¢, 5), where Hp (Y, ¢, s) is defined in (1.24).
Choosing

Pek Pek p-1
= , = 4+ ——— 2.58
V=1, o(p) =@y (P) < + e(p)Moljek) (2.58)
one easily arrives at

2
2Pk

E*(P) < EP* 4 VP e RY, (2.59)
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and hence
2

2MPk

E(P) < EP* 4+ VP with |P| < P¥, (2.60)

where EPeK is the infimum of the Pekar functional (1.18), and MP®X is given by the Pekar
mass formula (1.30). If we knew that | P*| ~ &, we could already deduce the main statement
of Theorem 4, Eq. (1.35). Without this knowledge, we need to find an upper bound directly
on E(P) by using an appropriate trial state for H p, with is the topic of the next section. The
resulting bound holds for all |P| < «, and is hence sufficient for our purpose. Let us also
emphasize that for the upper bound in (2.60) via the equality (2.55) the superfluid property of
€ is crucial. In fact, for a constant dispersion relation (and hence, in particular, in the Frohlich
case) E*(P) = E(0) and hence P* = 0. On the other hand, the proof of the upper bound
that we shall now give holds for all regular polaron Hamiltonians, without the restriction that
€ be superfluid.

2.3.2 Upper Bound

Proof Thetrialstate: Let Y € L?(R?) be real-valued, with Fourier transform in H'!(R?),
and let ¢ € L?>(R?). We denote by |¢) the coherent state corresponding to ¢, satisfying
arle) = @(k)|g) for all k € RY. Explicitly, [¢) = e* ©)~4@)|Q) with |2)—the vacuum on
F. We choose a trial state (on F) of the form (comp. [28,29])

lpp) = ¥ (P — Py)lp). (2.61)

This state corresponds to the P-momentum fiber of the product state ¥ ® |¢). It appears
that this particular form of a trial state for Hp was first considered, for the case P = 0, by
Nagy [28], who in this way obtained the bound E(0) < EP®* directly on . This form is
also behind the intuition of the trial state in [29], where its linearized version is considered.
In these cases ¥ and ¢ were chosen to be the momentum space minimizers of the Pekar
functional. We shall rather choose functions related to the ones mentioned in the preceding
Remark, i.e., (2.58), in particular ¢ will have an additional explicit P-dependence. Thanks
to the regularity, we can sligthly simplify their form using the intuition from Theorem 1,
which facilitates the computations. Note that (2.61) induces non-trivial correlations between
different modes of the field, in contrast to the full product state. One of the main points of the
analysis below is to show that these correlations lead to subleading corrections to the desired
energy expression, which naturally appears for our choice of ¥ and ¢. We proceed with the
details and start by rewriting the expected value of the energy and the norm of our trial state
in a suitable way.
Preliminary computations: We have the identity

apy (P — Pg) =¥ (P — p— Pyla, (2.62)

whence we deduce the relations

V(P — Pp)Viy (P — Py) = /dp v(PY (P — Py — p)¥ (P — Py)ap +hc. (2.63)
as well as

Y(P — POFY(P - Pp) = / e(paly (P — Py — p)aydp. (2.64)

@ Springer



Polaron Models with Regular Interactions... Page170f24 5

Consequently
(¢p[Hplgp) =ﬁ<w|<P — Pp)*y(P — Pp)’lg) + / dp (P)le(P) (@Y (P — Py — p)*lp)
+2/aRe / dp v(P)p(p) |y (P — Py — p)Yr(P — Pp)lg). (2.65)
Define
Gy.o(R) = (¢l¥ (R — Pr)*|p). (2.66)

In particular, (¢p|¢pp) = Gy ,(P). Using the properties of the Weyl operator e“-“(“’)_”(‘/’),
we compute

{ple™* 7 |p) = exp ( / lp(p) P (e — 1)dp) (2.67)
and obtain
Gy.p(R) = ﬁ / dx py (x)ef O=FOFiRx (2.68)
where
py (x) = / [ () Pe* dk (2.69)
and
F(x) := py(x) = / lo(p) e~ dp. (2.70)

In a similar fashion, we obtain

fo,)w(R» S) == (@Y (R — Pp)y(S — Py)lg)

1 .
= Gy / Py (i R — §)e! el 0=F0) g 2.71)
with
# ) = [wlowie -y ak. @72)
Finally,
1 1 iP. _
5 (el(P = Py’ (P — Py)le) = e f Ty () PP O FO gy (273)
where
1 .
Ty () = o / K2y (k)2 e~k dk. (2.74)
We shall now specify our choice of 1 and ¢. We choose
k2
Y(k) =e 2o (2.75)
where w is defined in (1.15). With this choice of v, we have
,olzﬁ(x; p) = (mrw)?? e‘ﬁpze_%xe_m%xz, (2.76)
Py (0) = pf (x; 0) = () =5, @77
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and

2
Ty (x) = (mmw)?? (‘{Tw — %)ﬁ) e &%, (2.78)

For ¢, we choose

Jav(p) p-P
=— 1 ) 2.79
@(p) <) M () (2.79)
In particular, by the definition of MP®X in (1.32),
/plw(p)lzdp =P (2.80)
and
) lv(p)I? P?
dp = d . 2.81
/e<p>|<p(p>| » a/ DLy + s 281)
Furthermore, for this choice of ¢ we have
1
MReF(x) = ad(x) + —Kp(x) (2.82)
o
where
2
J(x) = 'v(p)|2 cos(p - x)dp (2.83)
e(p)
and
1 lv(p)I? 2
K = P- -x)d 2.84
p(x) (Mpek)Z/ 6(17)4( p)-cos(p - x)dp (2.84)
as well as
mFG) = —Pox— — [ROF —p-x)dp=—P-x+A4
mF(x) = T | )3 (p-P)(sin(p-x) —p-x)dp = ~x +Ax)
(2.85)
where we used (2.80). As a consequence,
Gy.o(R) = Ny / o™ Hon REF (W) i (R=P)2+A00) g
. (2.86)
= Ny / e TV REFW) (og (R — P) - x + A(x)) dx
where
(mrw)?? e F O, (2.87)

Ny = 2yl

We finally evaluate

mo R—29)-
G (R.S) = Na/e*im*)ze*ﬂzeme”x) cos (A(x) (R—py.x— B : ) x) dx.

(2.88)
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In the next step, we perform an asymptotic analysis of the integrals appearing in the definitions
of G, G@ for large values of «.
Estimationof the weight integrals: Let

= Na/e*%“*e%”x) dx; (2.89)

since Re F'(x) < ReF(0), thisintegral is well-defined. We can hence introduce the probability
measure

N —fwx iﬂeF (x)
m(x)dx =~ dx. (2.90)
Note that all moments of this distribution exist. We denote the expectation value with respect
to this distribution by (-), which should not be confused with the usual Dirac notation also
employed here. The following lemma shows that m (x) is essentially a Gaussian distibution
with effective support on a lengthscale x ~ «~!/2 dictated by F (x).

Lemma5 For all r > 0 there exist positive constants C " , Cg) such that for all o large
enough and all P with | P|/a small enough we have

Cfr)a—(urd)/z < e—F(O)/|x| e—%wzemw(x)dx < Cér)a—(r+d)/2. (2.91)

Proof Ascosx < 1 — 1x?+ L x*, we clearly have, with J defined in (2.83),
J(x) < J(0) — Ax> +0)x|* (2.92)

with A = 55 [ p!?}ig’;‘ dpand 0 = 5 [ |"|€‘(;()§)‘ dp. These integrals are finite by our

assumptions on v and €. Moreover the function K p, defined in (2.84), satisfies Kp(x) <
K p(0) and hence
ReF(x) < F(0) — arx? + af|x|*. (2.93)

Let us choose ¢ such that 0 < & < A, and let § = 5. We have that J(x) < J(0) for any x

with |x| > §. By the Riemann-Lebesgue Lemma, J is continuous and vanishes at infinity. It
follows that there exists & > 0 such that

J(x) <JO0)—&, Vx:l|x|>8. (2.94)

Note that since J is independent of « and P, so are § and &. From (2.94) and from Kp(x) <
K p(0) we conclude that

ReF(x) < FO) —a& Vx:|x| > 4. (2.95)

We thus obtain the upper bound

m o2 m, .2  m. .2
/|x| e~ Gox eD‘ieF(x)dx:/ x| e~ F o eEReF(x)dx_l_/ x| e~ G eReF () g
[x|<8

|x|>68
< eF(O)/ |x|re—a(k—£)x2—%wx2dx + eF(O)—(IS/ |x|re—%wx2dx (296)
R4 R4
—(r+d)/2 —(r+d)/2
e (oo 1) e () )
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where C, = [ lul e ™ du = 27921 (44) /T (4). Since @ ~ /& and £ > 0, the desired
upper bound follows.
For a lower bound we simply use cosx > 1 — %xz, and consequently

PZ
ReF (x) > F(0) — (m + —M) x2 (2.97)
o
where
1 4lv(p)?
e —— d 2.98
M 20 (M2 / P <) (2.98)
Thus we can directly bound
m F(O)C
/ Ix|fe™ Fox* eReF@ gy > ¢ T —. (2.99)
2

(otk + %ZM + %w)

Again, sincew ~ /a,andsince | P| < Ca by assumption, we arrive at the desired conclusion.

]
The lemma implies the bounds
(r) )
%a—’/z <(lxI") < %a—’/z. (2.100)
C2 Cl

With these preliminary computations and results at hand, we shall now estimate the various
terms in (2.65), as well as the norm of ¢p.
Bound on the norm: Note that for all R € R?

Gy.o(R) = Ny / e FOP W o (R - P) . x + A(x)) dx <1  (2.101)

with I defined in (2.89). Since (¢pldpp) = Gy ,»(P), Gy o (P) is positive. Using cosx >
1 — Jx? again, we have

GyoP)=21—-J (2.102)
where
1 m
J = 5N / e T RF ) g ()2 g, (2.103)
Since | sinx — x| < Clx|? and [ %W‘dp is finite, we have
|A(x)| < CalP||x (2.104)
for some constant C4 > 0, independent of P and «. Therefore
T CZ P2 P2
T =C (2.105)
by (2.100). Hence, if « is large and | P| < «, J /I is small and we can conclude that
1 1 1 P?
= <-(1+C— (2.106)
(drldp)  Gyo(P) — 1 o

for suitable C > 0. This bound on the norm is sufficient for our purpose.
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Bound onthe field energy Using the definitions, we can express the expected value of
the field energy in our trial state as

(pp|Flgp) / w o(P —p)
—— " dp. 2.107
rlbp) e(p)le(p)I* w(P) 14 ( )
Using now (2.101), (2.102) and (2.105), we have
Gyo(P =) P
Gyy(P) <1+C o3 (2.108)
and hence
(¢r|Flpp) lv(p)|? P2 P2
7<¢P|¢P> <« ) p+ 2o MK +C? (2.109)

for | P| < a, where we used (2.81).
Bound ontheinteraction energy: We have

(@pIVIgp) =2Re f v(p)e(P)G Yy, (P — p. P)dp. (2.110)

By plugging in (2.76), we obtain

@r1V10) =20, [ [ vpropre o e cos (4w - 25) NF dxap.
(2.111)

Let V denote the above expression without the coupling between p and x under the cosine,
ie.,

mw

1% =2Na/v(p)(p(p)e—ﬁpzdp/ —HE% G ReF () cos A(x) dix. (2.112)

Using the definition of G, and plugging in our choice of ¢, we obtain

2
V= —2G¢,¢(P)ﬁ/ %ew’fw dp. (2.113)

Note that the contribution of the P-dependent part of ¢ vanishes here by rotation invariance.
By e > 1 — x and the definition of w in (1.15), this gives

(7 2
VoV, [l de (2.114)

@rlor) — ) e P4

We are left with estimating the difference IGl/,,g,(P)’l((¢p|V|¢p) — V). We apply the
elementary inequality

‘cos (A(x) - %) — cos A(x)‘ < | cos(A(O))| cos(p - x/2) — 1] + | sin A(x)|| sin(p - x/2)|

(2.115)
< (p 8)6) FAG )llpllxl

where we used |cosz — 1| = 2|sin® z/2| < z%/2. Recalling our choice of ¢ in (2.79), this
gives

VaG(PY ™ (@plVigp) = V) < L+ 1+ 1o+ 11 (2.116)
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with the following terms to estimate:

_ 20Ny |v(l7)|2 efﬁpze—%xze%eﬂx) (p- x)z dxdp

‘TGP €(p) 8 (2.117)
<05Not pzlv(p)lzd / 2 7M, 2 %eF(X)dx 1+Ciz _mw2 <x2> 1+Ci2 .
=414 46([)) P 38 o3

where we have used (2.106), the rotation-invariance of |v|2 /€, and the definition of ® in
(1.15);

2 2
I, = 2Ny [P - pllv(p)l wp2€7"§walemeF(X) (p-x) dxdp
G(P) MPeke(p)? 2.118)
PRI (L IpP@P N (L P P '
— 4MPek e(p)? p 3 )7«
by (2.100);
2 N maw
_ 2ala Iv(p)l P B RF (W) 4 )||p|| x| dxdp
G(P) e(p) 211
5 ) (2.119)
4 [pllv(p)l P |P|
< Caa|P| (|x]") —————dp||(1+C—= )= C—
e(p) o
by (2.104) and again (2.100); finally
2N, P 2 o
Ilb = G(;) | MPIZL'IE([;g' _sze_sz %QF(X)|A(X)|dedp
€ (2.120)

P? lv(p)*Ip? P? P?

Combining all the estimates, we conclude that in the regime of large o and small |P |/« we
have
(opIVigp) lv(p)I? do  mo* | P|
Va——"" < 2q dp+ —+ —x)+C—. (2.121)
(opldp) €(p) 4 8 o
Bound onthe kinetic energy: By plugging (2.78) into (2.73), we see that the first term
in (2.65) is given by
L {¢plI(P — P)’lgp) _do  mw® (x*cos A()) 2.122)
2m (opldP) 4 8 (cosA(x)) ’ '
where (¢p|¢pp) = Gy, ,(P) = I{cos A(x)) and, in particular, 0 < {cos A(x)) < 1. We have,
by (2.104),

(x%cos A(x)) > (x%) — CP>(|x|®), (2.123)
and thus
(x% cos A(x))
(cos A(x))
using (2.100). In particular,
1 P — Pp)? d % (x? p?
1 {erl( £)1p) _ <do_mo (x9) +cl (2.125)
2m (oploPp) 4 8 o
Upon adding (2.125), (2.121), and (2.109), we arrive at the claimed upper bound. O

> (x2) — CP*(x%) > (x3) — cP?a™* (2.124)
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