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Abstract

We consider infinite-dimensional properties in coarse geometry for hyperspaces con-
sisting of finite subsets of metric spaces with the Hausdorff metric. We see that several
infinite-dimensional properties are preserved by taking the hyperspace of subsets with
at most n points. On the other hand, we prove that, if a metric space contains a sequence
of long intervals coarsely, then its hyperspace of finite subsets is not coarsely embed-
dable into any uniformly convex Banach space. As a corollary, the hyperspace of finite
subsets of the real line is not coarsely embeddable into any uniformly convex Banach
space. It is also shown that every (not necessarily bounded geometry) metric space
with straight finite decomposition complexity has metric sparsification property.
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1 Introduction

Asymptotic dimension introduced by Gromov [17] and coarse embeddability into a
Hilbert space (abbr. CE) are fundamental in coarse geometry. In fact, it was proved
by Yu [33,34] that every proper metric space with finite asymptotic dimension (abbr.
FAD) and every bounded geometry metric space with CE satisfy the coarse Baum—
Connes conjecture. Every metric space with FAD satisfies CE, and the following
notions between FAD and CE are well-known: asymptotic property C (abbr. APC)
[12]; finite decomposition complexity (abbr. FDC) [18,19]; weak finite decomposition
complexity (abbr. wFDC) [19]; APC-decomposition complexity (abbr. APCDC) [4];
straight finite decomposition complexity (abbr. sFDC) [13]; property A [34]; metric
sparsification property (abbr. MSP) [8]. The definitions of these notions can be found
in Definition 2.3. Among these properties, the following implications hold for metric
spaces. Here we consider the Higson—Roe condition for property A (abbr. A(HR))
which is equivalent to the original definition of property A for metric spaces of bounded
geometry [20, Lemma 3.5].

FAD — 2~ APC A(HR)

| A

FDC wFDC APCDC sFDC MSP CE
3 5 11(LF)
()

Implications 1, 6, 7 and 10 were proved in [19, Theorem 4.1], [4, Appendix A],
[14, Theorem 4.2] and [9, Proposition 2.10], respectively. Equivalence 9 is obtained
by theorems in [7] and [30, Theorem 4.1] for metric spaces of bounded geometry.
Implication 11 was proved in [7, Corollary 3.5 and Theorem 3.8] for locally finite
metric spaces. Implications 2, 3, 4 and 5 are immediate from their definitions. In
Appendix, we show that implication 8 holds for every metric space. To the best of
authors’ knowledge, it is unknown whether there is a relationship between APC and
(w)FDC and whether arrows 3, 4, 5, 6, 7 and 8 can be reversed or not (see [27, Open
Questions 2.7.8 and 2.7.9] and [26, Question in 9.4]).

Let (X, d) be a metric space and n a positive integer. In this paper we consider the
above properties of the hyperspace [X]=® consisting of all non-empty finite subsets
of X with the Hausdorff metric (see Sect. 2 for the definition) and its metric subspace
[X]S" consisting of all non-empty subsets of X with at most n points.

Radul and Shukel’ [28] proved the inequality asdim [X ]<" < nasdim X holds
whenever X has FAD (see also [21, Theorem 4.6] and [2, Theorem 24.2 and Example
24.15]). In particular, if X has FAD, then [X ]<" has FAD. On the other hand, Dran-
ishnikov and Zarichnyi [14, Proposition 3.6] proved that if X satisfies sFDC, then
so does [X ]<" by means of coarsely m-to-1 maps (for the definition, see Sect. 2).

@ Springer



Coarse infinite-dimensionality... 337

Actually, they proved that there exists a coarsely n"-to-1 surjective map from the n-th
product X" of a metric space X to [X]S” (see Theorem 4.1) and apply the following
two theorems.

(1) sFDC is preserved under taking finite products (which follows from [5, Theorem
5.2]).
(2) sFDC is preserved through coarsely m-to-1 maps [16, Theorems 8.4 and 8.7].

In Sect. 3, we show that wFDC and APCDC are preserved under taking finite products
by applying theorems in [4], and that they are also preserved through coarsely m-to-1
maps. Applying these results and theorems in [5,10,14,16], we obtain that APC, MSP,
wFDC and APCDC are closed under taking hyperspaces of subsets with at most n
points in Sect. 4.

Concerning the hyperspace [X]<¢, it was proved in [11, Proposition 2.3] that if X
is a metric space of asymptotic dimension zero, then so is [ X]=“. The situation is com-
pletely different if a metric space X has positive dimension. In that case, asdim X" > n
as Banakh proved in [1], and thus asdim [X]<® = oo using the above-mentioned
coarsely n”-to-1 surjective map from X" to [X]S". Moreover, in Sect. 5, we prove
that if a metric space X contains a sequence of long intervals coarsely, then [X]=® is
not coarsely embeddable into any uniformly convex Banach space, and hence [ X]~¢
does not satisfy CE (Corollary 5.4). For example, every unbounded geodesic space
contains a sequence of long intervals coarsely.

Note that every metric space containing a sequence of long intervals coarsely has
positive asymptotic dimension. In Sect. 6, we show that the converse does not hold in
general by giving an example of a locally finite metric space of positive asymptotic
dimension which does not contain a sequence of long intervals coarsely.

2 Preliminaries

Foraset A andn € N, let |A|, [A]<® and [A]S" denote the cardinal number of a set
A, the set of all non-empty finite subsets of A, and the set {F € [A]~”:|F| < n},
respectively. By R we denote the real line with the usual metric. Let R> (resp.
Z, N) be the set of all non-negative real numbers (resp. integers, positive integers),
respectively. Throughout this paper, every subset of a metric space is assumed to be
its metric subspace.

Let X be a metric space. For the sake of simplicity, the metric on X will be denoted
by dy if it is not specified. Let B(x, R) denote the open ball centred at x € X with
radius R > 0. For every pair of subsets Y, Z € X and every R > 0, denote

dist (Y, Z) = inf{dx(y,z) : y €Y,z € Z}, diamY =sup{dx(y,y") :y,y €Y},
NY,R)=Nx(Y,R)={xe X:3yeY (dx(y,x) <R}

For R > 0, a family U of subsets of X is said to be R-disjoint if dist (U, V) > R for
every U, V € U with U # V. The metric space X

e is locally finite if | B(x, R)| is finite for every x € X and R € R3;
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e has bounded geometry if there exist R € R3¢ and §: Ry — N such that, for
every x € X and S € R, the ball B(x, S) can be covered by at most §(S) balls
of radius R.

We assume that the set [X]<® is equipped with the Hausdorff metric d": [X]<® x
[X]=“ — Ry defined as follows: for every ¥, Z € [X]=¢,

d(Y,z)=inf {[R>0:Y S N(Z,R), ZS N, R)}.

Note that the inclusioni: X — [X]~¢, defined by letting i (x) = {x}, foreveryx € X,
is an isometric embedding. For n € N we assume that [X]S” is the metric subspace of
[X]<®. Because of the previous observation, for every n € N, [X]S” contains a copy
of X.

For metric spaces X1, ..., X,, the product set ]_[;‘=1 X; is assumed to have the
maximum metric d defined by

d(x,y) =max{dy, (x;,y;) i €{1,2,...,n}}

forx = (x;), y = (v) € [ Xi.
A family of metric spaces is called a metric family. For a metric family X, let

mesh X = sup {diam X : X € X}.

Then X is uniformly bounded if mesh X < oo.

By amap F: X — Y between metric families X and Y, we mean a set of maps
f: Xy — Yrsuchthat {Xp:f € F} = Xand {Y;:f € F} C Y. A restriction
G: X' — Y ofamap F: X — Y between metric families is itself a map between
metric families such that, for every g € G, there exists f € F satisfying X;, C Xy,
Yé CYrandg = f[xé.Amap F: X — Yissaid to be

e bornologous if there exists a non-decreasing function p4 : R>¢ — R>¢ such that
for every f € F and for every x, x' € X f» we have

dy, (f (x), f(x") < p1(dx, (x, X)),

e acoarse embedding if it is bornologous and there exists a non-decreasing function
p—: R>9 — Ry such that lim;_, o p_(#) = oo and for every f € F and for
every x, x'€ Xy, we have p_(dx , (x, x")) < dy,(f(x), f(x')),

e coarsely surjective if there exists S > 0 such that for every Y € Y there exists
f € FsatisfyingY =Yy = N(f(Xy),S),

e a coarse equivalence if it is a coarsely surjective coarse embedding, and

e coarsely n-to-1 if it is bornologous and there exists a non-decreasing function
c: Ryg — Ryo such that for every f € F, for every y € Yy and for every
R > 0, there exist n points x1,...,x, € X such that f~YB(y,R) <
U, B(xi, c(R)).
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The functions p4, p— and c above are called control functions. For metric spaces X and
Y,amap f: X — Y is said to be bornologous (resp., a coarse embedding, coarsely
surjective, a coarse equivalence, coarsely n-to-1) if so is the map { f}: {X} — {Y}.

A metric family X (resp., a metric space X) is said be coarsely embeddable into a
metric family Y (resp., a metric space Y) if there exists a coarse embedding F: XX — Y
(resp., f: X — Y). A metric family X is said to refine a metric family Y (or X < Y)
if for every X € X there exists Y € Y such that X C Y. Foramap F: X — Y and
Z<Ylet F ' Q) ={f12): feF,Ze2 Z Yy}

Proposition 2.1 For metric spaces X and Y and a map f: X — Y, define
[ [XT=? — [Y]= by letting f(A) = {f(a):a € A} for A € [X]=“. Then the
following hold:

(1) f is bornologous if and only if f is;

(2) f is a coarse embedding if and only if f is;
(3) f is coarsely surjective if and only if f is;
(4) f is a coarse equivalence if and only if f is.

Proof (1) To show the “only if” part, assume that f is bornologous and let p4 be
the control function. Define ,0;: R>o — Ry by pf‘_(t) = inf {p4(s):t < s} for
t € Rx. Then we have d}} (f(A), f(B)) < p/.(d¥(A, B)) for any A, B € [X]=°.
The “if” part is obvious. Item (2) can be proved similarly. Item (3) is straightforward.
Item (4) follows from (2) and (3). O

Example 2.2 For any k € N, [RF]<< is coarsely equivalent to [ZF1<®, and [R>0]=¢
is coarsely equivalent to [N]<®. Moreover, for every k,n € N, [RF]S" is coarsely
equivalent to [Z¥]S", and [R}o]g” is coarsely equivalent to [N]S”.

Let us recall the definitions of properties cited in the introduction. For n € N, a
metric space X is said to have asymptotic dimension at most n (asdim X < n) if, for
every R > 0, there exist n + 1 uniformly bounded families Uy, . .., U, of subsets
of X such that U?:o U; covers X and U; is R-disjoint for every i € {0,...,n}.

For k € N and R > 0, a metric family X is said to be (k, R)-decomposable over a
(k,R)

metric family Y [19], denoted by X —— Y, if for every X € X there exist k + 1
subfamilies ‘zjg e H,f C Y such that Uf»c:() HZX covers X and ’jix is R-disjoint for
every i € {0, ..., k}. Note that, for n € N, a metric space X satisfies asdim X < n if

and only if, for every R € R, there exists a uniformly bounded family Y of subsets

of X such that { X} M Y.For (R;) € RI\;O, ametric family X is said to be uniformly

R; . .
(R;)-decomposable over a metric family Y [4], denoted by X u) Y, if there exists
k € N such that for every X € X there exist subfamilies Hé‘ s H,’f C Y such that

Uf:() in covers X and ‘éiX is R;-disjoint for every i € {0, ..., k}. Let B be the class
of uniformly bounded metric families and set ©¢9 = w®o = €y = B. For an ordinal
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a > 0, define classes Dy, w9, and €, of metric families recursively by letting

@a:{x:VR>03ﬁ<aaye©ﬂ(xﬂ>9)},
wi)a:{x:ElkeNVR>OEl,8<a3‘jewi)5(fx@>9)},

Co={X:V(R) eRY 3B <a3Y ey (XL y)).

For a set X, let £1(X) denote the Banach space of all functions f: X — R such that
the £;-norm || | defined by D"y | f(x)] is finite. For f € £;(X), the set supp f is
defined as {x € X : f(x) > 0}. Let £1(X) + denote the set of all functions f € £1(X)
such that || f|| = 1 and f(x) > O for any x € X. Every u € £1(X)1 4+ is identified
with a probability measure on X by letting u(A) = > ., u(x) for A C X. If X is
countable, then £1(X); 4 is the set of all Borel probability measures on X with the
discrete topology.

Definition 2.3 A metric space X is said to have

(1) finite asymptotic dimension (or FAD) if asdim X < m for some m € N,
(2) asymptotic property C (or APC) if {X} € €4, that is, for any (R;) € Rgo there

exist k € N and uniformly bounded families Uy, . .., Ux of X such that U{'c:o U;
covers X and U; is R;-disjoint for every i € {0, ..., k},

(3) finite decomposition complexity (or FDC) if {X} € ©, for some ordinal c,

(4) weak finite decomposition complexity (or wFDC) if {X} € w®,, for some ordinal
o,

(5) APC-decomposition complexity (or APCDC) if {X} € &, for some ordinal «,

(6) straight finite decomposition complexity (or sFDC) if for any (R;) € Rgo there

(L,Ry)

exist k € N and families Vy, ..., V; of subsets of X such that {X} ——
1 1, . .
2 LR LR, V. and Vy is uniformly bounded,

(7) metric sparsification property (or MSP) if there exist ¢ > 0 and a function
s: Ryp — Ryq such that for every R > 0 and for every u € £;(X)y +
there exists an R-disjoint family ‘W of subsets of X such that u((JW) > ¢
and meshW < s(R),

(8) the Higson—Roe condition for property A (or A(HR)) if, for every ¢ > 0 and for
every R > 0, there exist § > O and amap £: X — £1(X) such that |E(x)| = 1
and supp &(x) € B(x, S) for every x € X, and that ||§(x) — &(y)]|| < ¢ for every
x,y € X withdx(x,y) <R.

Remark 2.4 A(HR) and MSP are equivalent to the original definition of property A of
Yu [34] for metric spaces of bounded geometry according to [20, Lemma 3.5] (see
also [32, Proposition 3.2], [27, Theorem 4.2.1]), [7] and [30, Theorem 4.1].

Remark 2.5 Dydak and Virk in [16, Theorem 8.4] proved that a metric space X has
sFDC if and only if it is of countable asymptotic dimension [15, Definition 7.1], that
is, there exists (n;) € NV such that for any (R;) € Rgo there exist k € N and families
(n1,Ry) v, (2,R2) (. Re)

Vi, ..., Vi of subsets of X satisfying {X}
Vi is uniformly bounded.

V) where
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3 Preservation under products and coarsely n-to-1 maps

In this section, we show facts on preservation of some coarse infinite-dimensional
properties (especially, WFDC and APCDC) under products and coarsely n-to-1 maps,
which will be applied in Sect. 4.

Bell, Glodkowski and Nagérko in [4] proved the following.

Theorem 3.1 Let o be an ordinal.

(1) ([4, Theorem 3.1]) If Y € €4 and a metric family X is coarsely embeddable into
Y, then X € €. In particular, if Y € &€, and X <Y, then X € €,,.

(2) ([4, Fibering Permanence]) If'Y € €y and a metric family X admits a bornologous
map F: X — Y and an ordinal y such that F~(B) € &, for every uniformly
bounded B <Y, then X € €, 4.

By a similar argument as in Theorem 3.1, we also have the following.

Lemma 3.2 Let o be an ordinal.

(1) If Y € w®y and a metric family X is coarsely embeddable into Y, then X € wD,.
In particular, if Y € wOy and X <Y, then X € wD,,.

2) IfY € w9 and a metric family X admits a bornologous map F: X — Y and an
ordinal y such that F~'(B) e w®,, for every uniformly bounded B <Y, then
X e W@V.l’_a.

The following lemma follows from [25, Lemma 3.6] and [16, Lemma 2.7].

Lemma 3.3 Let X and Y be metric spaces, f: X — Y a coarsely n-to-1 map with a
control functionc: Rxo — Rx, and R > 0. Let Ube a 2¢(2n R+ 1)-disjoint family of
subsets of X. Then there exist n families V1, V3, ..., "V, of subsets of Y such that each
V; is R-disjoint, f(JW) = JU;_, Vi and J!_,; Vi < {Ny(f(U),2nR) : U € U}.

Proof For the sake of convenience, we give a direct proof based on [25, Lemma 3.6]
(see also [6, Lemma 3]) and [16, Lemma 2.7]. For U € U, define gy: ¥ — R by
letting gy (y) = dist ({y}, Y \ N(f(U), 2nR)), y € Y. For A € [U]=%, let

Wa={yeY min{ga(y): AecA}>sup{gu(y):U cU\A}},
va={ver(Uu): Bo. B < Wal.

Fori € {1,2,...,n},setV; = {Vg4:A € [U]™®,|A| = i}. We show that V;,

i e{l,2,...,n} are the required families.
To show that each V; is R-disjoint, it suffices to show that the family {W4 : A €
[UI=®, |A| = i} consists of pairwise disjoint subsets. Let A, A" € [U]<® with

|A| = |A'| =iand A # A . Thenwecantake A € A\ A’and A’ €¢ A’ \ A.Ify € Wy,
then we have g4 (y) > ga’(y), which implies y ¢ W 4. Hence Wg4 N W4/ =02.

To show that f(JUW) = JU;_; Vi, lety € f({JU). Choose U, € U satisfying
y € f(Uy). Then gy, (y) = 2nR. Let Ay = {U € U: gy (y) > 0}. Since f: X — Y
is a coarsely n-to-1 map with the control function ¢: Ryo — Ry, there exist n
points x1, ..., x, € X satisfying f~'(B(y,2nR + 1)) € U/_; B(x;,c2nR + 1)).
Forevery A € Ay, we have g4(y) > 0, which implies y € N(f(A), 2nR), and hence
f(A) N B(y,2nR + 1) # @. Thus
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Ayl < {U e U: f(U)NB(y,2nR + 1) # T}
=H{U eU:UN f~YB(y,2nR + 1)) # o}

< HU eu:UmOB(x,-,c(ZnRH)) ;é@”
i=l1

n

< ZHU eWU:UNBG,cnR+ 1) ;é@” <n,
i=1

where the last inequality follows from the fact that U is 2c(2n R + 1)-disjoint. Since
gu, (y) = 2nR and there are at most n elements of {g4(y): A € U} between 0 and
gu, () in R, there exists Ao S Ay such that

min {ga(y): A € Ao} —sup{gu(y):U € U\ Ao} > 2R.

Then we have B(y, R) € W,,and hence y € V4. This and |Ag| < |Ay| < n imply
that y € (JUJ7_, Vi, and hence f(JW) =UJ Ui, Vi.

Finally, we show that ( J]_, V; < {Ny(f(U),2nR) : U € U}. Let V € |J/_, V.
Then V = V4 for some A € [U]S". Fix A € A. Then A € U, and forevery y € W4,
we have g4(y) > 0, and hence y € N(f(A),2nR). Thus V = Vy, € Wy C
N(f(A),2nR). Therefore | J/_, V; < {Ny(f(U),2nR):U € U}. m|

Theorem 3.4 Letn € N and let a be an ordinal.

(1) If X and Y are metric families with a coarsely n-to-1 coarsely surjective map
F: X — Ysuchthat X € WDy, then' Y € w,,.

(2) If X and Y are metric families with a coarsely n-to-1 coarsely surjective map
F: X — Ysuchthat X € €,, then'Y € ¢,.

Proof (1) We prove it by transfinite induction on «. The conclusion for ¢ = 0 holds
since, if X is uniformly bounded and F': X — Y is bornologous and coarsely surjec-
tive, Y is uniformly bounded.

Suppose that & > 0 and (1) holds for every 8 < «. Let X and Y be metric families
with a coarsely n-to-1 coarsely surjective map F: X — Y such that X € w®,.
Let p+ and ¢ be two control functions of F being bornologous and coarsely n-to-1,
respectively. Since F is coarsely surjective, Y is coarsely embeddable into the family
F(X) ={f(Xyf): f € F}. Indeed, take S > 0 so that, for every ¥ € Y, there exists
fr € F satisfying ¥ = Ny(fy(Xy,),S). Then, for every ¥ € Y, we can choose
a function gy: Y — fy(Xy) such that d(gy(y),y) < S forany y € Y. Then
{gy : Y € Y} is a coarse embedding from Y into F (X). Thus, by (1) of Lemma 3.2, it
suffices to show that F(X) € w3,.

Since X € w®,, there exists k € N satisfying

VR>03p <a3X ewdy (X L8 @,

k —
Let R > 0. We want to find 8 < o and Y’ € wDg satisfying F(X) (ADn—LR),

(k,2¢(2nR=+1))
—

Y.

In order to do that, take B < « and X' € wDg with X X',
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Let f € F. Since Xy e X, there are uf,u{,...,u,{ C X’ such that
Xy = UULO U;f and each Ulf is ¢(2nR)-disjoint. Applying Lemma 3.3, for
each i € {0,...,k}, choose families V‘lf’i, V{’i, . V,{l of subsets of Y, sat-
isfying £ (U u{) = UU'}ZIV;J, each Vf’i is R-disjoint and (Jj_, V{’i <
{Ny,(f(U),2nR):U € u{'}. Foreach U € Uf:o u,.f, let fy be the restriction map

fly: U — Ny, (f(U),2nR).
Set

k k n
=y Uw. y=UJUyyv/,

feFi=0 feFi=0 j=1

k
V= [Nyf(f(U),2nR) feF,Ue Uulf} and F'= {fy : U € W}.
i=0

Then Y < V. Since U € X' € wDg, we have U € wDg by (1) of Lemma 3.2. It
is easy to see that F': U — 'V is coarsely n-to-1 with the control functions p, and
¢ and coarsely surjective with respect to the constant 2nR. Thus, by the induction
hypothesis, we have V € w®g. This and Y’ < V imply Y’ € wDg.

To show F(X) D10, Y. let f € F. Then the families V{’i cY,ice
{0,...,k}and j € {1, ..., n}, are all R-disjoint and

rexo=r(UUW ) =Ur(Un)) ~-UUU "

i=0j=1

k —
Therefore F (X) w Y, and we have F(X) € wDy.

We can also prove (2) by a similar argument. O

As an immediate consequence of Theorem 3.4, the following result descends.

Corollary 3.5 Letn € N, and f: X — Y be a coarsely n-to-1 coarsely surjective map
between metric spaces. Then

(1) Y has wFDC whenever X has wFDC;
(2) Y has APCDC whenever X has APCDC.

Using Lemma 3.2 we can also prove the following result concerning finite products.

Proposition3.6 Lern € N.
(1) If a metric space X has wFDC, then so does X".
(2) If a metric space X has APCDC, then so does X".

Proof (1) Assume that X has wFDC. We prove that X" has wFDC by induction on
n. The case n = 1 is trivial. Assume that n > 1 and X"~! has wFDC. Then there
exist ordinals  and B such that {X"~1} € w®, and {X} € wDg. Let p: X" — X
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be the n-th projection. To apply (2) of Lemma 3.2, let F = {p}: {X"} — {X}
and let B be a uniformly bounded metric family with B < {X}. Then F~1(B) =
{(X""!'x B:B € B}. Foreach B € B, let gg: X"~! x B — X"~! be the projection
and let G = {gp:B € B}. Then G: F~'(B) — {X"} is a coarse embedding with
the control function p_, p4: R>o — R defined by p_(#) = max {t — mesh B, 0}
and p,(t) = t, for every t € Rx¢. Thus, by (1) of Lemma 3.2 and the fact that
(X"} € wD,, we have F~1(B) € w®,. Therefore, by (2) of Lemma 3.2, we have
{X"} € WDy p, and hence X" has wFDC.

We can also prove (2) by the same argument as above applying Theorem 3.1. O

Concerning MSP, we have the following lemma on finite products which follows
from [16, Theorem 7.9].

Lemma 3.7 Letn € N. If a metric space X has MSP, then so does X".

Proof We give a direct proof for the sake of convenience. Assume that X has MSP.
Let c and s: R>9 — R be a positive constant and a function for X being MSP,
respectively. We claim that ¢ and s are as required for X” being MSP by induc-
tion on n. The case n = 1 is obvious. Suppose that the claim holds for n — 1.
To show that ¢ and s are as required for X", let R > 0 and u € £1(X")1 4.
Define pu; € El(X”_l)H_ by letting wi(x) = pn({x} x X) for each x € x"1
Then, by induction hypothesis, there exists an R-disjoint family U; of X"~! such
that 1 ((JU;) > ¢"~! and meshU; < s(R). Define uy € £1(X); 4 by letting
o (x) = (U x {x})/n1(JUy) for each x € X. Since X has MSP, there exists
an R-disjoint family Uy of X such that ur(( JUz) > ¢ and meshU,; < s(R).
Let W = {U; xUy : Uy € Uy,Up; € Up}. Then W is an R-disjoint family of
X" such that ((UW) = pw(UUW x UU2) = wi(UUD pa(UU2) > ¢" and
mesh W < s(R). O

4 Infinite-dimensionality of hyperspaces of subsets with at most n
points

Let n € N. In the introduction we have already recalled that, if a metric space X
satisfies FAD, then [X]S” satisfies FAD [28] and, if X satisfies sSFDC, then so does
[X ]g" [14]. In particular, in the proof of the last result Dranishnikov and Zarichnyi
proved the following.

Theorem 4.1 (see [14, Proposition 3.6]) Let f: X" — [X]<” be the map defined by
fx1,x2, ..., xp) = {x1,x2, ..., x,} for (x1,x2,...,x,) € X". Then f is coarsely
n'"*-to-1 and surjective.

By the same argument as in the proof of [14, Proposition 3.6], we also have the
following corollary as a consequence of theorems in [5], [10], [16], Theorem 4.1, and
results proved in Sect. 3.

Corollary 4.2 Letn € N.
(1) If a metric space X satisfies APC, then so does [X]S".
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(2) If a metric space X satisfies MSP, then so does [X]S".

(3) If a metric space X satisfies WFDC, then so does [X]S".

(4) If a metric space X satisfies APCDC, then so does [ X 1sn,

(5) If a metric space X with bounded geometry satisfies property A, then so does
[X]S".

Proof (1) Assume that a metric space X has APC. Then, by [5, Theorem 3.1] or [10,
Theorem 3.1], so is X". This, [16, Theorem 6.2] and Theorem 4.1 imply that [X]S"
has APC.

Item (2) follows from Lemma 3.7, Theorem 4.1 and [16, Theorem 7.9].

Items (3) and (4) can be shown, similarly to the previous items, applying Proposi-
tion 3.6 and Corollary 3.5.

Item (5) follows from (2) and the equivalence 9 in () in the introduction (see
Remark 2.4) since, if X has bounded geometry, then so does [ X ]g”. |

Question4.3 Let n € N and let X be a (not necessarily bounded geometry) metric
space with A(HR). Does [X ]gn have A(HR)?

Question4.4 Let n € N and let X be a metric space with FDC. Does [X 15" have
FDC?

Question 4.5 Let n € N and let X be a metric space being CE. Is [X]S" CE?

5 Infinite-dimensionality of hyperspaces of finite subsets

As already mentioned in the introduction, the following dichotomy descends from
Theorem 4.1.

Corollary 5.1 Let X be a metric space. Then:

(1) asdim X = 0 if and only if asdim [X]=® = 0;
(2) asdim X > 0 if and only if asdim [X]=* = oo.

Proof Item (1) is proved in [11, Proposition 2.3] and also implies the “if”” implication
in (2). Suppose now that asdim X > 0. According to [1, Theorem 1], asdim X" > n.
Letnow f: X" — [X]S" be the coarsely n”-to-1 surjective map defined in Theorem
4.1. Since f is also bornologous, [16, Theorem 6.1] implies that n < asdim X" <
asdim [X]S". Thus asdim [X]<® = oo as, for everyn € N, [X]S" is a subspace of
[X]=«. O

Forasequence { X }xen of metric spaces, ametric space X is said to contain { X }xen
coarsely if the family {Xy :k € N} is coarsely embeddable into {X}. Moreover, the
space X is said to contain a coarse disjoint union of { X }xen if there exists a coarse
embedding {ix: Xy — X :k € N} such that dist (i,,(X,,), ix (Xx)) = coasm, k —
00. A sequence {I;}xen is called a sequence of long intervals if each Iy is a closed
interval in R and diam I; — oo. In this section, we shall prove the following.

Theorem 5.2 If a metric space X contains a sequence of long intervals coarsely, then
[X1=? contains a coarse disjoint union of any sequence of finite metric spaces.
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Example 5.3 A metric space X is said to be geodesic if forevery x, y € X there exists a
isometricembedding y : [0, dx (x, y)] — X suchthaty (0) = x and y (dx (x, y)) = y.
It is easy to see that every unbounded geodesic metric space contains a sequence of
long intervals coarsely. Thus, if an unbounded geodesic metric space can be coarsely
embedded into a metric space X, then X contains a sequence of long intervals coarsely.
Every box space of a finitely generated residually finite infinite group (see [29, Defi-
nition 11.24] for definition) also contains a sequence of long intervals coarsely.

Recall that a Banach space (X, || - ||) is uniformly convex if, for every 0 < ¢ < 2
there exists § > 0 so that for any two vectors with ||x| = ||y]| = 1, the condition
llx —y|l = ¢ implies that ||(x + y)/2| < 1 —§. Lafforgue [23] constructed a sequence
{X1}xen of expander graphs such that no uniformly convex Banach space contains
{ Xk }xen coarsely. Since every Hilbert space is a uniformly convex Banach space, this
and Theorem 5.2 yield the following.

Corollary 5.4 Let X be a metric space containing a sequence of long intervals coarsely.
Then [X]=% is not coarsely embeddable into any uniformly convex Banach space. In
particular, [X]=® is not CE.

To prove Theorem 5.2, we will apply the following lemmas:

Lemma5.5 Let X be a metric space containing a sequence {Ii }ren of long intervals
coarsely. Then X contains a coarse disjoint union of a sequence of long intervals.

Proof Let us fix a coarse embedding {ix: Ix — X : k € N}. Let p_: R>9 — R0 be
a non-decreasing function such that lim;_, o, p—(#) = oo and for every k € N and for
every x, x’ € I, we have p_(dj, (x, x")) < dx(irx(x), ir(x")).

By induction on n, we find k,, € N and a subinterval J,, € I, satisfying diam J,, =
n and, for every m < n, we have k,, < k,, and dist (ix,, (Ji.), ix, (Jn)) = n. Indeed, let
ki = 1and J; = I, and assume that J,, C I, has been defined for m < n. Since
limy o0 p—(t) = o0, there is #t, € Ryq satisfying diam N({,,_,, ix,, (Jm). n) <
p—(t,). Since diam Iy — oo, we can take k, € N satisfying diam Iy, > 3 max{n, t,}.
Then we have diam i k_n ! (N (U, <n it (Jm), n)) < t,. Thus there is a closed subinterval
Jo € Ii, of diameter n such that J, N i,;l(N(UnKn i, (Jm),n)) = &, and hence
ik,,(-ln) N N(Um<n . (Jm)sn) = @.

Then the sequence {J,},en and the coarse embedding {iy, | oI > X:neN}
are as required. O

Lemma5.6 Foreveryr > Oandm € Nthere exists M > 0 such that the product space
[—r, r]™ with the maximum metric can be isometrically embedded into [[0, M]]=?.

Proof Foreveryr > O0andm € N, let M = 4mr + m + r and define ¢: [—r, r]" —
([0, M]]=“ by
dx)={j@r+D+xj:je{l,2,....m}}, x=(x1,x2,...,%p) € [—r,r]".

Forx = (x1,x2, ..., Xm),y =1, Y2, ..., ¥m) € [—r,rI"and i, j € {1,2,...,m},
wehave |x; —y;| < 2rand i (4r+1)+x; —(G@r+D+y;)| = 4r+1—|x;—y;| = 2r+1
whenever i # j. Thus dH (¢ (x), ¢ () = max {|x; —y;|:j € {1,2,...,m}}, which
shows that ¢ is isometric. O
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Lemma 5.7 Every finite metric space X can be isometrically embedded into [—diam X,
diam XX with the maximum metric.

Proof Fix xo € X. Then the Kuratowski embedding [22] ¢¥: X — [—diam X,
diam XX defined by v/ (x) = (dx (x, z)—dx (x0, 2))zex. X € X,showsthelemma. O

By Lemmas 5.6 and 5.7, we have the following.

Corollary 5.8 For every finite metric space X, there exists M > 0 such that X can be
isometrically embedded into [[0, M]]=?.

Proof of Theorem 5.2 Let X be a metric space containing a sequence of long intervals
coarsely and {X}ren a sequence of finite metric spaces. By Lemma 5.5, X contains
a coarse disjoint union of a sequence {1, },,cn of long intervals coarsely. Take a coarse
embedding {i,, : I, — X : n € N}suchthatdist (i,,(1;,), i,,(I,)) = ccasm,n — o0.
Foreachn € N, let i, : [1,]°%° — [X]<® be the map defined by in(A) = i, (A) for
A € [I,]=“. By the same reason as in Proposition 2.1, we have that {in: ,]°¢ —
[X]=? : n € N} is a coarse embedding. By Corollary 5.8 and the fact that diam 1,, —
00, we can take a strictly increasing sequence {ny }rcn in N and isometric embeddings
or: Xk = [1,, 17, k € N. Since

dist ((l_nk o ¢r) (Xy), (l_nm o ¢m)(Xm)) > dist (ink (Ink)a inm (In,,l))

for k,m € N, the coarse embedding {fnk opr: Xi — [X]=® : k € N} is as
required. o

Note that, if a metric space X contains a sequence of long intervals coarsely, then
asdim X > 0. In the next section, we show that the converse does not hold in general.

6 A metric space of positive asymptotic dimension which does not
contain a sequence of long intervals coarsely

Let X be a metric space and R € R>. A finite sequence {x;}" , of points in X is
called an R-path of length m connecting xo and x,, if d(x;—1, xj) < R for every
i € {1,...,m}. The space X is called R-connected if, for every x,y € X, there
exists an R-path of finite length connecting x and y. Note that, for a metric space X,
asdim X > 0 if and only if there exists R € R>¢ such that, for every S € R, there
exists an R-connected subset A of X satisfying diam A > S.

In this section, we give an example of an unbounded 1-connected locally finite
metric space which does not contain a sequence of long intervals coarsely. Before
providing the example, let us recall a standard construction. A weighted non-directed
graph is a triple I'y, = (V, E, w) where (V, E) is a non-directed graph and w is a
weight function,i.e.,amap w: E — R>¢. For the sake of simplicity, we write w(x, y)
instead of w({x, y}), for every {x,y} € E.If Ty, = (V, E, w) is a weighted graph
and (V, E) is connected (i.e., for every pair of points there exists a path connecting
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them), we can define the weighted path metric on V as follows: for every x, y € V,
dr, (x,y)

m
=inf{2w(x,-,xl-+1) DV ... om), {xiot xi) € B, X0 = X, X = y}.
i=0

In the sequel, we identify the graph I';, with its vertex set V.

Example 6.1 We construct an unbounded 1-connected locally finite metric space I'
which does not contain a sequence of long intervals coarsely.

In order to define I', we first need to define some special subspaces I' "), where m e
N\ {1}. FixthenmeN\{l} Foreveryi € {0,...,m — 1}andk € {0, ..., m — 1},

let l"m e Xz 0 s, x l} be the weighted complete graph of m + 1 vertices with

the weight function wg’ i defined as follows: for every 0 < j; < jo <

myi (. m,i _m,i m—i if j2=j1+1,
w (e X ) = . _
ko Yk k.j2 m —i+1 otherwise,
where we let {0, ..., m — 1}° = {g} with the empty word . Moreover, let
m—1
(m) __ m,i
reo=(U W)/

with respect to the equivalence relation ~ defined as follows: for every i € {0, ...,
m —2}and (ko, ..., ki) € {0, ..., m — 1}t

m,i+1 m,i m,i+1 ~ i
Kook 0 5 Xhg ke AN X R

Note that the equivalence & agrees with the weights of the edges since m > 2. Finally,
define the non-directed graph I' = (|_| meN\ (1) F(’”)) /=, where = is the equivalence

m,0 ~ m

relation defined as follows: for every m € N\ {1}, x;,"" = x +1.0 . By gluing together
the weight functions of the single pieces, also the edges of the non-directed connected
graph I' can be endowed with a weight function, and so we can equip I with its
weighted path metric. With that choice, I is a locally finite, unbounded metric space.
Moreover, one can easily check that it is I-connected; as an illustrative example,
consider the following chain of elements connecting xg 0 and x13’0

3,0 3.0, 32 3,2 3,2 32 31, 32
Xo' ® Xolo  X0l0,0 > 00,1 — X0,0,2 ™ %0.0,3 ~ X0.1 ~ X0,1,0 ™
3,2 3,1 3,0

T X3 X3 XY

where — indicates a jump of length 1. For the sake of simplicity, in the sequel we
identify all T"0™), Fg and xZI ! with their images in T, respectively.

»J
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Form e N\ {1},i €{0,...,m —1}andk € {0, ..., m — 1}/, set

Ug“' = {xli"’f: i<j<m—1,1€f0,....om—1Y* 11, 1y =kjU {ng;;},

where k € {0,...,m — 1_}i is also considered as the map k: {0, 1,...,i — 1} —
{0,...,m —1}. Then Ukl"” coincides with the set

Uiy i<i<m—1,1e(0,....m =111y =k

in I", and

m—i+1
diam U™ <2 di<m—i+2)> 6.1)
j=1

We also observe that, if kK, k' € {0,...,m — 1} and U%”’i N Ukﬁ/’i = o, then

dist (Ukin’i, Ug'i) > m + 1 — i. Note that U™ coincides with '™ and Ukl"’i_l =

U Up forevery i € {1.....m — 1jandk € (0.....m — 1)\,

We want to prove that asdimI" = 1. Since I' is 1-connected and unbounded,
asdimI" > 0. In order to show that asdimI" < 1, fix an arbitrary R € N. We are
using a different but equivalent definition of asymptotic dimension, namely, we want
to construct a uniformly bounded cover U of I" such that, forevery x € I', {U € U :
B(x, R)NU # o} < 2 (see, for example, [3, Theorem 2.1.2]). Let Uy = Uizfz ro,
Then the cover

U = {Up) U {Ukl”””*” :m > 2R, kef0,...,m— 1)" 2K}

satisfies the desired properties. In fact, |{U € U : B(x, R) N U # @} < 2 for every
x €T, and, by (6.1), U is uniformly bounded.

Finally, we want to show that I does not contain a sequence {I,,},en of long
intervals coarsely. Suppose, by contradiction, that there exists a coarse embedding
{fm: In — T : m € N} with control functions p_ and p,. Since I" is unbounded
and lim;_, o p—(f) = oo, there exists R € N such that S = [p4+(R)] > 1,
and £k € N such that k¥ > S and p_(kR) > 4(S + 2)2. Since diam I,, — oo
and lim;—o p—(f) = oo, there is /[ € N satisfying diam (U]]H:% F(j)) + S +
p+(kR) < p_(diam [;) < diam (f;(];)). Then we can take x,y € [; satisfying
py(kR) < dr(fi(x). fi(y)and fi([x. y) N3 T = & Note that |x — y| > kR
since p4(kR) < dr(fi(x), fi(y)) < p4+(Jx — y]). Thus fi(fx,x + R,..., x ¥+
kR}) C T\ U];i% rv - Um>k+2r(M) = Um>k+2 UEE{O,...,m—]}’”*S kal,m* '
Since { f7(x —l—jR)}’J‘.:0 is an S-path connecting f;(x) and f;(x +kR)in "\ Ul;i% r
and dr (f(x), f(x + kR)) > p_(kR) > 4(S +2)> > 4diam Ukin’m_s for every
m >k+2andk € {0, ..., m—1}""5 there existn > k+2,1 € {0,...,m—1}"~5"!
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and j € {1,...,m — 2} such that

fillx, oo x FRRY UM 2 00 fillw, o x + kRD OO,

nnS

Thus, in particular, f;({x, ..., x + kR}) entirely crosses U , and an S-path doing
that needs at least n + 1 — 2 = n — 1 points; more premsely, |fifx,....x +kR})HN
U;Jn S| > n— 1. However, this leads to a contradiction since | f;({x, ..., x +kR})| <
k+1<n—1.

Concerning Theorem 5.2, we may ask the following question.

Question 6.2 s it true that, if a metric space X satisfies asdim X > 0, then the space
[X]=® contains a coarse disjoint union of any sequence of finite metric space coarsely?

In particular, we do not know whether the following specialisation of Question 6.2
holds.

Question 6.3 For the metric space I' in Example 6.1, does [I']=“ contain a coarse
disjoint union of any sequence of finite metric space coarsely?

Question 6.4 Let X be a metric space with bounded geometry satisfying asdim X > 0.
Does X contain a sequence of long intervals coarsely?

Appendix: Straight finite decomposition complexity implies metric
sparsification property

According to [14] and [7], every bounded geometry metric space with sFDC satisfies
MSP. In this appendix, we show that the assumption of bounded geometry can be
dropped in this fact.

Theorem 6.5 Let X be a metric space with sSFDC. Then X satisfies MSP.

Proof Let R > 0. Since X has sFDC, there exist families X1, ..., X,, of subsets of X
such that

2R 23R

{X}—)DCl i N — ()
and X, is uniformly bounded. Let
S = mesh X, + 2"T3R (%)

and fix an arbitrary p € £1(X)1 +. Set XY = X, Ag = {0} and X0 = {X§ o€ Ap} =
{X}. Obviously, X{ is R-disjoint.
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Claim 1 Foreveryi € {1,...,n}, thereexistDC? = {Xg ca € A C Xjandmi: A; —
A;_1 such that for every a € A;_1,
0 _ 0
1) Xy = Uﬁen;‘(a) X, and
(2) there are BY, Bl C A; such that ni_l(a) = BYUB), BN B! = & and
{Xg : B € BL} is 213 R-disjoint for each | € {0, 1}.
Proof of Claim 1 We construct DC? and 7; by induction on i. Assume that X?fl =
i+3

{Xg :a € A;j_1} has been obtained. Let « € A;_;. Since Xg e_x,-_l TR X;, there
exist X0, XL € X; such that X% = (J (X% U X)) and X/, is 2/*3 R-disjoint for each
1 € {0, 1}. We may assume X3 N XL = & by replacing X! with X} \ X0.

Let A; = UaeA,-,l{“} X (362 U f)Cé) and define 7;: A; — A;_1 by letting
wi((a, X)) = «a for (o, X') € A;. Set Xg = X’ for each B = (a, X') € A,
X9 = {Xg:ﬂ € A;j}and B, = {(a, X') € A;: X € XL} for each @ € A;_; and

[ € {0, 1}. Then DC? and m; satisfy (1) and (2). O
Foreachi, j € {0,1,...,n} withi < j, let
nl.j =miy10---omji: Aj = A;

and let n,? 1 A; — A; be the identity map.

Claim2 For every k € {1,...,n} andi € {k,k + 1,..., n}, there exist a family
I)Cf = {X§ ra € A;} of subsets and a subset Zy in X such that

(D Xg = Uﬂenifl(a) ngoreverya € Ai_1ifi >k,
2) {Xllg :B € BL}is (213 — Z’;Zl 2772\ R-disjoint for every o € A;_y and | €
{0, 13},
P
(3) mesh X* < meshX,, + > 2/12R,
(4) X% is R-disjoint,
() UXET c UXK U Zy, and
(6) w(Zp) <27+

Proof of Claim 2 We construct f)Cﬁ, e, Xﬁ by induction on k. The families X0 ...,
DCS taken above satisfy (1)—(4). Assume that families T)C],Z:}, R X’,‘,_l satisfying (1)—
(4) have been defined. For j € {1,2,3, ..., 251}, let

W = (N< U X’;—l,jR) \N( Ux G- l)R)) NXEL de A,

yeBg yeBg

j
wi=J wi.
reAk_q

Note that the family {W/‘{ 1A € Ar—1} is R-disjoint since so is X’,i:%, and the family

(W;:je{l,2,3,..., 2¢+11} is a family of pairwise disjoint subsets of X. Since
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23:11 w(Wj) = ,U«(U] | W]) w(X) = 1, there exists jx € {1,2,3,...,2¢1
such that u(W;,) < 27%!. Fori € {k,k+1,...,n} and B € A;, let . = n,é_l(ﬂ)
and

o N(Xk LGk —DR)N X5 if 7l (B) € BY,
ﬁ Xk l N Xk 1 R f i Bl
\ (UyeBg y s Jk ) 1 ﬂk(ﬁ) € b, .

Note that

Xp S NXG ', Gk — DR) € N(xp ' 271R). (%)

Set X = {xk B € A;}fori € {k,k+1,...,n}and Zx = W;,. Then Z; satisfies
(6).
To show (1), suppose thati > kandow € A;_1.LetA = n (a) Smcen (a) €

T ') = B0 U B1 either nl Ya) e BO or nk ") e B){. If 7'[,‘c ") e BO, then

XE=NXEL G- DR NXST! = N( U x5 G- 1)R> nxk!
per; (@)
= |J NxELGe-DR)NXT = U x5
per; @) pern; (@)

If 7/~ (@) € B, then

— — : k—1 — .
xt=xih o (Uxsar) = U xgon( U xae)
yeB) per (@) yeB)
k
U x5

per; (@)
Fora € A;_1,1 € {0, 1} and B, B’ € B, with B # p’, because of (**), we have

dist (Xﬁ, ﬁ/) > dist (N(X,'é_l, Zk'HR), N( xk-1 2k+1R))

ﬁ/ 9
k—1 k
> <2i+3 _ 22]+2)R —2. 2k+1R — <2i+3 _ Zz]+2>R
j=1 j=1
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which shows (2). For ¢ € A,,, we have

k—1
diam Xg < diam N(Xfl_l, 2k+1R) < meshX, + Z /2R 42 . 2k HIR
j=1
k
< meshX, + ZZHZR,
j=1

which implies (3).
To show (4), let B, B’ € A with B #£ B If i (B) # 7 (B'), then

dist (Xf, X}) > dist (X5 ), X5

e (B)’ ﬂk(ﬂ)) R.

If 7 (B) = me(B'), B € B and B’ € Bl fora = mi(B), then dist (X%, X ,) R since
Xp < N(X,’g”, (x — DR) and X%, N N(Uyepo X574 jkR) = 2. Ifnk(,B) = ()
and B, B’ € B, fora = my(B) and ! € {0, 1}, then dist (X/’;, xg,) > R since {X}
Bl}is k3 — 2 2F2)R- disjoint by (2) and (243 — Y5 _ 21+ R = 23R > R.
To show (5), let x € U?C 1 and assume x ¢ Zj. Slnce x € ka 1> there
is A € Ai_; such that x € X’/{ I = Uﬂen; ) /3 : Choose 8 € T
satisfying x € Xg_l. Since x ¢ Zi, we have x ¢ WAJ". This and x € Xl;_l
imply either x ¢ N(UyeBg X571 jkR) or x € N(U, epo XL (e = DR). I
x ¢ N(Uyepo Xy jkR), then p € B} and x € X~ \N(U,cpo X jsR) =
X/’; C JXX. Suppose x € N(UyeBg X’;’], (je — DR). Then there exists y € B}
such that x € N(X5~!, (ji — 1)R). This and x € Xl imply x € x5 <X
Thus the families f)C xk NP Xﬁ satisfy (1)—(6). O
Since X, satisfies (3) and (4) in Claim 2, mesh X! < S (see (*) for the definition of
S), and the family X7 is R-disjoint. By (5), we have X = [J X = JX? UU]_; Z.

This and (6) imply 1 = w(X) < u(UXP?) + X5 w(Z) < w(UXE) + 27", and
hence M(U DCZ) > 27! Therefore X satisfies MSP. O
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