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Abstract

We investigate the BCS critical temperature 7. in the high-density limit and derive an
asymptotic formula, which strongly depends on the behavior of the interaction poten-
tial V on the Fermi-surface. Our results include a rigorous confirmation for the behavior
of T, at high densities proposed by Langmann et al. (Phys Rev Lett 122:157001, 2019)
and identify precise conditions under which superconducting domes arise in BCS the-
ory.
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1 Introduction

The Bardeen—Cooper—Schrieffer (BCS) gap equation [2]

_ 1 (') Eaulg)
A= <2n>3/2/RsV(” q)EA,Mq)tanh( 2T >dq’ M

with dispersion relation Ex ,,(p) = +/(p? — )2 + |A(p)|?, has played an impor-
tant role in physics since its introduction. The function A is interpreted as the order
parameter describing paired fermions (Cooper pairs) interacting via the local pair
potential 2V, which we assume to be integrable, i.e. V € LI(RS). In this case,
17(p) = Qn) 32 fR3 V(x)e~'P"*dx denotes its Fourier transform. The positive
parameters T and p are the temperature and the chemical potential, respectively, where
the latter controls the density of fermions. Whenever the temperature 7' is below a
certain critical temperature 7, (see Definition 1), the gap equation (1) admits non-
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trivial solutions, above it does not. Physically, this corresponds to the system being in
a superconducting state (T < T,) or a normal state (T > T,).

BCS theory has previously been studied in the weak-coupling limit [6,9] and low-
density limit [10,18]. In the weak-coupling limit one considers a potential AV for a
fixed potential V for small coupling constant A — 0. In this limit, it was shown by
Hainzl and Seiringer [9] that the critical temperature satisfies 7, ~ A exp(—B/A) for
explicit constants A, B > 0. In the low-density limit, © — 0, it is shown, again by
Hainzl and Seiringer [10], that 7, ~ A exp(—B/,/it) for some (different) explicit
constants A, B > 0 (see Eq. (9)).

In this paper we are interested in the critical temperature for the existence of non-
trivial solutions of the BCS gap equation (1) in the high-density limit, i.e. © — oo.
Studying the high-density limit of the critical temperature is especially relevant for
explaining superconducting domes [3,5,14,20,21,24], i.e. a non-monotonic T.(u)
exhibiting a maximum value at finite i and going to zero for large w. In a recent paper
[16], the authors claim the ubiquity of superconducting domes in BCS theory, but only
for pure s-wave superconductivity (i.e. angular momentum ¢ = 0, see Remark 3).
Their result disproves the conventional wisdom, that the presence of a superconduct-
ing dome necessarily indicates some kind of exotic superconductivity, e.g. resulting
from competing orders. BCS theory containing a non-monotonic behavior of 7,. (i) is
in particular relevant for understanding superconducting domes in doped band insu-
lators [24] and magic-angle graphene [3], where no competing orders occur, and thus
a more conventional explanation is desirable.

There is a simple physical picture arising from an interplay of length scales, that
explains the ubiquitous appearance of superconducting domes (see [16]). If the effec-
tive range & of the interaction is much smaller than the mean interparticle distance
w12 ie & « u~/2, the critical temperature 7, increases by increasing s as pre-
dicted by standard BCS theory [2] and rigorously justified in [10]. At high densities,
i.e.if £ > p~1/2, the pairing of electrons near the Fermi surface (with approximately
opposite momenta), which is responsible for the superconducting behavior, becomes
weaker with increasing p due to the decay of the interaction in Fourier space, sup-
pressing 7. towards zero. Therefore, at some intermediate density, where & ~ = 1/2,
a superconducting dome arises. This simple argument is reflected in our results by the
presence of the operator V,,, defined in Eq. (2), acting on functions on the (rescaled)
Fermi surface.

Our results in Sect. 2 are threefold: first, we confirm a proposed asymptotic formula
from [16] for the critical temperature at high densities for s-wave superconductivity
(to leading order) by proving a more general result for radially symmetric interaction
potentials V (Theorem 2); second, we provide a counterexample, showing that the
assumptions on V from [16] are not quite sufficient to conclude a non-monotonic
behavior of 7, and need to be slightly strengthened (Proposition 4); third, we use
these strengthened assumptions to improve the asymptotics obtained in Theorem 2 to
second order with the aid of perturbation theory, and obtain an analogous formula to
the ones proven in the weak-coupling and low-density limit (Theorem 7). All proofs
are given in Sect. 3.
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2 Main Results
2.1 Preliminaries

It was proven in [8] (see also [12] for a more recent review) that the critical temper-
ature for the existence of non-trivial solutions of the BCS gap equation (1) can be
characterized as follows.

Definition 1 (Critical Temperature) Let i > 0, V € L3/?(R?) be real-valued and
K., denote the multiplication operator in momentum space

|p? — ul
p2—ul\
tanh( T )

The critical temperature for the BCS gap equation (1) is given by

KT,;L([)) =

T.=inf {T > 0| K7 .(p) + V(x) = 0} .

One might think of the operator K7, (p) + V (x) as the Hessian in the BCS functional
of superconductivity at a normal state (see [12]), where the positivity corresponds
to the “stability" of this normal state, which is directly related to the existence of a
non-trivial solution of the BCS gap equation (1). Note that the continuous spectrum of
K7, starts at 2T and thus 7, is well defined by Sobolev’s inequality [19, Thm. 8.3]
since K, ~ p? for large | p|.

Moreover, note that K7, takes its minimum value 27 on the codim — 1 submanifold
{ p* = ). Thus, similarly to the weak coupling situation [6] and as pointed out by
Laptev, Safronov and Weidl [17] (see also [11]), the spectrum of K7, + V is mainly
determined by the behavior of V near { p> = j }, i.e. the Fermi sphere. More precisely,
as emphasized in the introduction, a crucial role for the investigation of 7 in the high-
density limit is played by the (rescaled) operator V,, : L2(S?) — L*(S?) where

1 N
(Vuu) (p) = G /sz V(/i(p = q)ulq) do(q) . @)

Here dw denotes the uniform (Lebesgue) measure on the unit sphere S?. The pointwise
evaluation of V (and thus also on a codim — 1 submanifold) is well defined since 1%
is continuous for V € L'(R3). See Remark 9 for a discussion of the assumption
Vell (R3) (cf. also [4]). The lowest eigenvalue of V,,, which we denote by

e, =infspecV),

will be of particular importance. Note, that V,, is a compact operator (so ¢, < 0),
which is in fact trace class (see the argument above Eq. (3.2) in [6]) with

1
tr(VM) = 271_2 /%3 V(x)dx .
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The case e;, < 0 will be important for our main results as it corresponds to an attractive
interaction between (some) electrons on the Fermi sphere. Since V), is trace class, a
sufficient condition for e, < 0 is that the trace of V), is negative, ie. [V < 0.
Moreover, by considering a trial function that is concentrated on two small sets on
the rescaled Fermi sphere S? separated by a distance |p| < 2, one can easily see that
ey < 0if [V(p)| > V(0) for some |p| < 2. /1.

In this work, we restrict ourselves to the special case of radial potentials V depending
only on x|, where the spectrum of V), can be determined more explicitly (see, e.g.,
Sect. 2.1 in [6]). Indeed, if V is radially symmetric, the eigenfunctions of V), are
spherical harmonics and the corresponding eigenvalues are

/R Ve (je/ED) d, 3)

22

with £ € Ngy and where j, denotes the fth-order spherical Bessel function. A few
important properties of the spherical Bessel functions used in our proofs are collected
in Proposition 16. By Eq. (3), the lowest eigenvalue e, is thus given by

1
w=5 inf_/ V(0 (el d
o JR3

If additionally V < 0, the minimal eigenvalue is attained for the constant eigenfunction
(i.e. the spherical harmonic with £ = 0) by the Perron—Frobenius Theorem and we
thus have the more concrete expression
1 sin xD\?
e, == V(x) —(\/ﬁ| D dx 4)
272 Jpo Nt

We refer to Remark 8 for a discussion of the radiality assumption on V.

2.2 Results

As desribed in the introduction, our results are threefold: First, we show an asymptotic
formula for radial potentials V (Theorem 2), including the rigorous confirmation
of the result from [16] to leading order. Afterwards, we provide a counterexample
showing that the assumptions made in [16] are not quite sufficient to conclude a non-
monotonic behavior of T, i.e. a superconducting dome (Proposition 4). Finally, by
slightly strengthening the assumptions on V, we provide an asymptotic formula for
the critical temperature valid to second order (Theorem 7). All proofs are given in
Sect. 3.

Theorem2 Let V. e LY (R3) N L3%*(R3) be real-valued and radially symmetric.
Assume that there exists 1o > 0 such that for all @ > o we have e, < 0. Then
T.() > O for all sufficiently large u and

lim /e, 1og%:—1. (5)
C

JL—> 00
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Or in other words, we have the asymptotic behavior

T, = Me(1+o(1))/(ﬁ€u) (6)

in the limit of large w. Note, that the right hand side is the same formula as in the
weak-coupling case [6,9] but we have coupling parameter A = 1.

Remark 3 (Connection to the result from [16]) Assume that V € L'(R?) N L3/2(R3)
is real-valued, radially symmetric and additionally satisfies V < 0and V(0) < 0
(the latter implies that e, < O for all . > 0). Note that these conditions, which are
identical to the ones required in [16], are included in the more general conditions of
Theorem 2. Then we have, using the notation from [16], that

2
sin 1 fooy4
ﬁeuzilé V(x)wdxzjw = —A,
2% JR3 x| 4 4/

where the first equality follows by Eq. (4) and after inserting the definition of the
function f_,y from [16], the second equality is a simple computation using Fubini.
By means of Theorem 2, we thus confirmed the validity of Eq. (6) in [16] in the
high-density limit to leading order, i.e.

T, = pe~ (o)

In full generality, the asymptotic formula proposed in Eq. (6) in [16] reads

2e” I =,
Tc=7uexp —X—i—z(:)ank ,
n=

where y ~ 0.577 denotes the Euler—Mascheroni constant and (a,,),>0 is a sequence of
explicit constants determined by an iterative procedure. The quantity A is understood
as an intrinsic small parameter which encodes either a weak-coupling, low-density, or
high-density limit, or an appropriate combination.

In order to obtain a meaningful asymptotic formula of the critical temperature at high
densities in a rigorous way, the question to be addressed now is the behavior of /e,
in the limit 4 — oo. In the following Proposition we present a special family of
interaction potentials (V) showing that the conditions of Theorem 2 (which include
the more restricted conditions from [16]) not necessarily lead to a non-monotonic
behavior of 7. as claimed in [16], since | /e, | > log(u)’1 in the limit of large u
for this family of potentials. More precisely, the L3/ (R?)-condition, which essentially
concerns the behavior of the interaction potential near the origin, is not quite sufficient
to obtain a dome-shaped behavior of 7.(u). Since the potentials (V,,) are perfectly
well behaved away from the origin and decay rapidly at infinity, they illustrate the
significance of the behavior of interaction potentials near the origin for the asymptotics
of the critical temperature. It is natural that the critical temperature is sensitive to the
short range behavior of the interaction potential, since the interparticle distance as the
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physically relevant length scale that depends on the particle density tends to zero in
the high-density limit.

Proposition4 Let o € (1/3,1/2) and set

exp(—[x|)

Ve (x) = — .
O = P (o) + 1)

Then the critical temperature T, associated with K1, + Vi approaches infinity as
n—> 00.

Our observations from Proposition 4 lead to the following definition of “admissible
potentials”, that are slightly better behaved at the origin and, in particular, allow for an
analysis of e, (and also all the other eigenvalues of 1V, ) by requiring certain definiteness
conditions of V (cf. Lemmas 12 and 13).

Definition 5 (Admissible Potentials) Let V. € LY(R3) N L3/2(R?) be a real-valued
radial function and define

s* = sup {s >0:]-" Vs € Ll(R3)} §* 1= min(st, %), %)

where V3 = max{£V, 0} are the positive and negative parts of V. We call V an
admissible potential if the following is satisfied:

(a) There exists a > 0 such that
.1 1 N
supqr >0: lim — Vi(x)dx =0; =sup{r >0: lim — Vilp (x)dx =0¢ ,
e—0 g’ B, e—0g" B, a

where Vi|% p, denotes the symmetric decreasing rearrangement of Vi|p,, the
restriction of Vi to the ball of radius a around 0,

(b) if | - |72V ¢ L'(R?), we have s* = s* < s*,if |- |72V e L'(R?), we have
ng%dx <0,

(¢) s* > 1,and

(d) if s* > 53/27, we have V € L?(R3) for some p > 5/3.

Condition (d) can be dropped, whenever we have control on the ground state space of
V. in the following sense: There exists po > 0 and £ C Ny with |£] < oo, such that
for all u > po, the ground state space of V,, is contained in the subspace of L%(S?)
spanned by the spherical harmonics with angular momentum ¢ € L.

In a nutshell, an admissible potential is a radial potential V € LY (R3) N L32(R3),
which satisfies the following:

(i) There exists some a > 0 such that both, positive and negative part, have their
strongest singularity in B, at the origin.
(ii) It has a dominating attractive part (for short distances), i.e. s* < s resp.

V(x)
Jrs o dx < 0.
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(iii) Itis slightly less divergent at the origin than allowed by the L3/?(R?)-assumption,
ie. s* > 1.

The most relevant examples for admissible potentials are the attractive Yukawa and
Gaussian potential, i.e.

—lx|

32 _ix?
Vukawa (¥) = — and  Vgauss(x) = —(2m) 3/2e=1xI7/2

47| x|

Remark 6 (On condition (d) for admissible potentials) The additional L?(R3)-
assumption with p > 5/3 for s* > 53/27 in condition (d) is due to technical reasons
and will we be explained during the proof of Theorem 7, which is formulated below.
Note that, since s* > 53/27 and V € LI(R3), this condition is essentially about
regularity away from 0 and infinity. However, our proof would work without change
if we only had p > f(s*), where f has some complicated (explicit) expression (see
Lemma 12 and Eq. (26)) and is strictly monotonically increasing between 53 /27 and
2, and satisfies f(53/27) = 3/2 and f(s*) = 5/3 for all s* > 2. We do not state
Theorem 7 with this slight generalization for simplicity. Whenever we have some
control on the ground state space of V,,, the L? (R3)-assumption is not necessary. For
example, in the special case V <0, one can choose £ = {0} by means of Eq. (4) and
completely drop condition (d).

We will show in Lemma 13 that for any admissible potential ¢, < O for p large
enough. Moreover, for any radial potential V € LY(R3) N L32(R3) with e, <0
and s* > 1 (in particular any admissible potential), by application of Theorem 2, the
critical temperature decays exponentially fast as u — oo since

sup

N A
BEC A ®)
L! teNy L

1 Vv
IVmey| < 2 |1
fors € (1, s*) and the term involving jy is finite as long as s < 5/3 by uniform decay
of spherical Bessel functions (see Proposition 16 (iii)). A slightly different bound as
given in Lemma 12 allows to improve this threshold. Note that the class of interaction
potentials from Proposition 4 is not admissible since s* = 1 for these potentials.

The existence of a maximal critical temperature at some intermediate density
(superconducting dome), can now be obtained by combining the decay of 7. in the
high-density limit from Eqs. (6) and (8) for admissible potentials in the sense of
Definition 5 to the decay of T, in the low-density limit, where

Te=n (gey2 + 0(1)> /@) ©

as shown in [10]. This result was obtained for (not necessarily radially symmetric) real
valued interaction potentials V, with V(x)(1 + |x]) € L! (R3) N L3/2(R3), negative
scattering length a, and in the absence of bound states. Thus, we rigorously confirmed
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the ubiquity of superconducting domes in BCS theory for a general class of interaction
potentials, as claimed in [16].

As our next result, we shall derive the second order correction to Eq. (6), i.e. we
shall compute the constant in front of the exponential for admissible potentials. For

this purpose we define the operator W,(LK) onu € L*(S?) via its quadratic form

il =i [ el (2T [ ot (e

llpI? —

+ —loW/mp/1PDP)] mgjﬁ /S i dw<p>|¢<¢ﬁp/|p|>|2) (10)

for fixed « > 0 (cf. Eq. (13) in [9] for an analogous definition in the weak coupling
case with k = 0). Here, we denote ¢(p) = (2m) 7/ [, V(p—J/rq)u(g)do(q), and
(Ipl, @(p)) € (0, 00) x S? are spherical coordinates for p € R3. Since V e L' (R?),
the map |p| — sz dw(p)|¢(p)|? is Lipschitz continuous for any u € L*(S?), such
that the radial integral in Eq. (10) is well defined even in the vicinity of |p| ~ 1.
For large |p| the integral converges since V € L3/%(R?). Although we formulate our
result in Theorem 7 only for k = 0, the case of a positive parameter k > 0 is crucial in
the proof of this statement, as it ensures, e.g., that the first term in the decomposition
of the Birman—Schwinger operator associated with K7 , + V is small (cf. Eq. (15)).
Whenever it does not lead to confusion, we refer to some «-dependent quantity at
k = 0 by simply dropping the («)-superscript.
Now, we define the operator

w0 _ T )
B =5 (- wi0) . (1

which measures the strength of the interaction potential near the Fermi surface up to
second order and let b,(f) denote its lowest eigenvalue,

bff) = inf spec Bff) . (12)

We introduced the factor 7/2 in Eq. (11) since b, = bg)) has the interpretation of
an effective scattering length, which is best illustrated in the case of small u (see
Proposition 1 in [9]). Moreover, we will see in the proof of Theorem 7 thatif e, < 0
then also b,(f) < O for large enough p. With the aid of b,(f) we can now state our second

main result concerning the asymptotic formula for the critical temperature valid up to
second order.

Theorem7 Let V be an admissible potential. Then the critical temperature T, is
positive and satisfies

lim (log —

—> 00

Zfb ) =2—y —log(8/m).
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In other words,
8 , 2 2./pb
T.=p| —e”"2 +o(l) | ™/ &/rbw
T

in the limit 4 — oo. Similarly to Theorem 2, this formula is in complete analogy
to the weak-coupling case [9] (replace V — AV and take the limit A — 0) but we
have coupling parameter A = 1 here. As discussed in the introduction, this analogy
is not entirely surprising. In physical terms, only those fermions with momenta close
to the Fermi surface {p> = u} contribute to the superconductivity. Therefore, due to
the decay of the interaction V in Fourier space, the high-density limit, ©u — o0, is
effectively a weak-coupling limit.

The constant in front of the exponential is in particular relevant for obtaining the
universality of the ratio of the critical temperature and the energy gap, which is achieved
in [13], where a similar asymptotic formula for the energy gap is proven.

Remark 8 (Radiality) The assumption of the interaction potential being radially sym-
metric enters the proofs of our main theorems in a crucial way. On the one hand, the
radial symmetry allows an additional averaging over the sphere S? in position space
in the proof of Theorem 2, which leads to a “decoupling” of the position variables x
and y (cf. Eq. (19)) as the arguments of integral kernels of operators that appear after
employing the Birman—Schwinger principle [6,8,12]. Without this averaging the sup-
posed error terms in Eq. (15) could not be concluded to be small. On the other hand, the
radial symmetry enables us to obtain useful bounds on the quantity e;, (cf. Lemma 11,
Lemma 12, and Lemma 13), which naturally appears in the obtained asymptotics in
Theorem 2 and Theorem 7. Although the assumption of a radial potential is a loss
of generality compared to the weak coupling [6,9] and low density [10] situation, the
case of an isotropic interactions seems physically the most relevant and natural.

Remark 9 (Potentials with slow decay at infinity) The recent work [4] by Cuenin
and Merz indicates how to generalize our results to interaction potentials with slow
decay at infinity, i.e. which fail to satisfy V e L!(R?). The main idea is to employ
the Tomas—Stein Theorem to define the Fourier transform of the potential on the
codim—1 submanifold S*> ¢ R? having non-vanishing curvature. Moreover, by using
the methods from [7], where Gontier, Hainzl, and Lewin originally studied a lower
bound on the Hartree—Fock energy of the electron gas, one can see that

T, < Cypexp (~Co ) (13)

for any real-valued potential V satisfying | - |V € L>®(R3). A detailed proof of this
estimate is given in Sect. 3. Note that for an admissible potential V that satisfies
||V e L®(R?), we have s* > 2 and infer by Eq. (8) that the bound provided by Eq.
(13) is not optimal. Although these results indicate that it is mathematically possible
to deal with slow decay at infinity, it seems physically natural to assume fast decay at
infinity, at least in the high-density limit for an effective interaction potential, when
the phenomenon of screening plays an important role.

@ Springer
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3 Proofs

The most important tool for our proofs will be the Birman—Schwinger principle (see
[6,8,12]). According to this principle, 7, is determined by the fact that for 7 = 7 the
smallest eigenvalue of

—yI2__ 2
KT,;L

equals —1. Here, we used the notation V)2 = sgn(V(x))|V(x)|1/2. The main
simplification is that the study of the spectrum of the unbounded operator K, + V
reduces to identifying the singular part of the compact Birman—Schwinger operator.
With this in mind, our proofs will build on a convenient decomposition of Br , in a
dominant singular term and other error terms.

Let§, : L'(R*) — L2(S?) denote the rescaled Fourier transform restricted to S?
with

1 .
Gt) () = s [V e,

which is well-defined by the Riemann—Lebesgue Lemma. Since V € L!'(R?), the
multiplication with |V|!/ 2 is a bounded operator from L*(R3) to L' (R3), and hence
SulVl 1/2 is abounded operator from L2(R3) to L%(S?). A further important ingredient
in our proofs is to study the asymptotic behavior of

| 1 1
m (1) = / ( S )dp
4 s K7 ,.(p) p+kpn

forfixed« > 0, which was done in a similar way for the low-density and weak-coupling
limit of the critical temperature and the energy gap (see [9,10,12,18]). Indeed, using
Lemma 1 from [9] one can easily see that

8 T
mg()(T)zﬂ(log%+y—2+log;+x5+o(1)> (14)

aslong as T /u — 0. Using the definitions above, we arrive at our convenient decom-
position, which we define as

1
12 1/2 (k) 12~ 7 1/2 ()
B =V VI mP M VIS VY A, (1)

for k > 0, where A )u is implicitly defined. For the first term to be small, we need
that « > 0. For the second term, note that

VI/ZSMTSMIVII/Z
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isisospectral to V,, = §,V§ MT. In fact, the spectra agree at first except possibly at 0,
but 0 is in both spectra as the operators are compact on an infinite dimensional space.

This second term will be the dominant term, which is how the quantity e,, appears
in the asymptotic formulas in our main theorems, whereas the first and third term are
negligible error terms in the limit & — oco. Showing this, is the objective of the proofs
of Theorems 2 and 7.

A priori, it is not clear, how T, behaves at high densities. Therefore, before we go
to the proofs of Theorems 2 and 7, let us fix the following

Lemma10 7, < O(u) as u — o<.

Proof Since tanh(¢) < min(1, ¢) for r > 0, we have

I
Kry+V =5 (197 —ul+27) +v

1
> §<p2+u+2v>+(T—,u).
The first term is non-negative for sufficiently large u by application of Sobolev’s
inequality [19, Thm. 8.3] using V e L3?(R?). Thus, by Definition 1, we obtain
T. < . O

In the proof of Theorem 2 below, we will in fact show that 7. = o(u), so Eq. (14)
gives the correct asymptotic behavior.

3.1 Proof of Theorem 2

Proof of Theorem 2 Fix k > 0. As outlined above, the strategy of the proof is to show
that the first and the third term in the decomposition (15) vanish in operator norm in
the high-density limit and thus the asymptotic behavior is entirely determined by the

spectrum of the operator in the second term. We discuss this in detail now.

e~ /ilx|
. . . . |X| ’

up to a constant. Thus the Hilbert—-Schmidt norm || - ||gs, which is always an upper

bound for the operator norm || - [|op, is given by

2 e~ 26 /Al
=cf dx/ dy |V ()| S [V ).
HS R3 R3

lx — ¥l

For the first term, note that the Fourier transform of 24_# is given by

1
Hvl/z - - |V|1/2
) 2l a0

This vanishes as u — oo by an application of the dominated convergence theorem
in combination with the Hardy-Littlewood—Sobolev inequality [19, Thm. 4.3]. Here
and in the following, we shall use the notation ¢ and C for generic positive small
resp. large constants, possibly having a different value in each appearance. If we want
to emphasize the dependence on a certain parameter, we add a subscript, e.g. by writing
csor Cp 4.

For the third term, we will heavily use the radiality of V. In fact, since V is radi-
ally symmetric, every eigenfunction of K7 , and thus By will have definite angular
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3 Page120f27 J. Henheik

momentum and we can focus on f, g € L%(R3) of the form f(x) = FUxDY(X)
resp. g(x) = g(|x|)Y£'7/()2), with a slight abuse of notation, where X = x/|x| denotes

the unit vector in direction x. Now we aim to bound ( f |A(TK)M |g), uniformly in (¢, £')

(and (m, m")). As A(TK)M has integral kernel

) _cvl2 12 / ( o1 ) i(e=y) _ G-y
A ,y)=CV \% dp,
ARE) OV | e~ e (e e )

and using the radial symmetry of V we arrive at
() > 2 [ 27 1/2 1/2
(AR ule) =€ [ aiel 1R [ alstyR Fpv 2 ashivashi Redsh) a6

1 1
d - 17
x /Rs P (Kr,ﬂ(p) p2+/<2u> (an

X / da)(x)/ da)(y)?Zn()E)YK’f”(j;) (eiP'(X—y) _eiﬁﬁ~(x—>‘)) .
s? s?
(18)

Note that the angular integrals of x and y can be performed first only by the
radial symmetry of V. If V were not radially symmetric, we would have had
to compute the angular integral of p first and would have ended up with com-
pletely different integrals to estimate. Now, using the plane wave expansion ¢! =
4 Y2 o S i eIplIxD Y (P)YY (%), the last line (18) evaluates to

1672 (=) (e plIxDje (1pIIyD — e (VEIXD jor (VYD) Y3 (DY (). (19)

In order to get a non-zero angular p-integral from the second line (17), we need to
have ¢ = ¢/ and m = m’, by orthogonality of spherical harmonics. We can hence
focus on that case and write x, y, and p instead of |x/[, |y|, and | p|, respectively, such
that (17) and (18) combine to (a constant times)

00 2( 1 B 1 ) . . o . 2
/O dpp ki) P iein (Je(px)je(py) = je (Vi) je(Vmy)) - (20)

After changing the integration variable p — p/./w and inserting =+ j¢(p./1Lx)

Je(/ky), we use the uniform Lipschitz continuity and the uniform decay of spherical
Bessel functions (Proposition 16 (ii) and Proposition 16 (iii)) to obtain
1

1
- =1 <—+1)
Krju1(p)  p*+« p De
x (Ije(l?«/ﬁx)ll_m/5 + Ijz(ﬁX)|1_115/5> (|je(pﬁy)|1—lls/5
Hie ')

o
20)] < Cﬂl/z/ dp p? 5
0
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for any ¢ € (0,2/11). Using that and by employing Hoélder for the integrals over x
and y in Eq. (16), we get

(£1A%) 1g)] < Clifil ||g||sz°odp‘ Lo ! ‘|p—1|8 <i+1> p?
" 0 Kr/u1(p)  p* 4«2 pe
1)
x ul/2 ng dx [VOOL (1ie(p/iIXDE25 4 o (e P27
(22)

In Lemma 11 below (as ¢ < 2/11 we have 2 — 22¢/5 > 6/5), we show that the last
line (22) can be estimated by

(22) =< (l + 1) lo(D)[,
p

where o(1) is some function of w that vanishes as . — o0. Thus, we arrive at

1

1—e I+e
- lp—1°p 5+ p' %),
Kr/u1(p)  p?+«?2

o0
(£145,[g)] < CloINfI ||g||Lz/0 dp

where the integral is uniformly bounded (since ¥k > 0) as long as 7 < Cp and we
conclude

=0,

: (x)
limsup sup HAT,M on

pn—00 0<T<Cpu

since all bounds above are uniform in £. Therefore, aslong as T, = O (), the spectrum
of the Birman—Schwinger operator approaches the spectrum of the operator in the
second term in Eq. (15) as © — oo.

Summarizing our considerations above, we get that, since by assumption e, < 0
for u > po, T, > O for all sufficiently large w. This is because the second term in the
decomposition (15) can be made arbitrarily negative by taking 7T — 0, whereas the
first and the third term are bounded uniformly in 7 < Cu. Thus we get with the aid
of Lemma 10 that

—1= uli_)moo m(T) ey .

In order to obtain Eq. (5) by means of Eq. (14), it remains to show that 7, = o(u).
Since it is already shown in Lemma 10 that 7, = O (w), we assume that 7, = ©(u),
i.e. there exist 0 < ¢ < C such that cu < T, < Cpu. This means that mff)(Tc) is of
order ,/u, which leads to a contradiction since /iwe, = o(1) by Lemma 11 below.
So, Eq. (14) implies Eq. (5) as desired. O

Lemma 11 Let V € L3*(R3) and a > 6/5. Then

lim sup /i sup A; dx |V (x)] |jz(«/l_t|x|)’“ =0.

H—>00 teNy

@ Springer



3 Page140f27 J. Henheik

Proof We estimate

VI sup /H; dx V! [e(/alxD|* < c\/ﬁfm dx |V ()|

rery (ﬂlxl)Sa/ﬁ +—1 ,

(23)

where the inequality follows from the uniform decay of spherical Bessel functions
(see Proposition 16 (iii)). By using Holder, we can further bound

(23) = CIIlV = 9l 32

1
|- P+ 13

+C M/ dx [p(X) | ————
N s (ﬁ|x|)5a/6+l

for any ¢ € C§° (R3). Since @ > 6/5, the second term vanishes as u — 00 by
dominated convergence using ¢ € C°(R?), and the first term can be made arbitrarily
small as C3° (R3) is dense in L3/2(R3). Thus, we have proven the claim. ]

3.2 Proof of Proposition 4

Proof of Proposition 4 We check that V, satisfies the assumptions of Theorem 2. First,
Vy is radial and clearly satisfies V,, € LY(R3). V, € L32(R3) follows since & > 1/3.
Next, we calculate the derivative of |x||Vy(x)| w.r.t. |x| as

( (log(|x|) + )? 1—a? ) exp(—|x|)
2 + 2 + 1 2
Ix|(og?(JxD) + 1) |x|(log?(|x]) + 1) Ix|(log?(|x]) + 1)

and conclude that |x |V, (x) is monotonically increasing in |x|, since @ < 1/2. There-
fore, by using the radiality of V,, and the argument from Eq. (4) in [23], we find that
V, < 0 and infer

_ sin(y/flx)) | ?
ey = 27_[—2 - Va(x) (W) dx <0

by Eq. (4). Thus, V,, satisfies all conditions of Theorem 2. In order to obtain a lower
bound on 7,(u) we estimate

Vi/2 sin(x)>2 1
Vel > c/ dx >c
Ve 0 x2|log(x/ /12)[> [ log ()|

for some ¢ > 0 and p large enough. Using Theorem 2, this yields
T, 2 wexp(—log(u)**/c) — oo
as . — oo since o < 1/2. O
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3.3 Proof of Theorem 7

The proof of Theorem 7 is based on the following two Lemmas providing the necessary
estimates for a perturbation theoretic argument yielding the next order correction to
the asymptotics obtained in Theorem 2. While Lemma 12 improves the upper bounds
on integrals of the interaction potential against spherical Bessel functions obtained in
Lemma 11 and Eq. (8), in particular for s* > 5/3, Lemma 13 provides a lower bound
on e, for admissible potentials. We postpone the proofs of Lemmas 12 and 13 until
the end of this Section.

Lemma 12 Ler V € L'(R3) N LP(R3) for some p € [3/2,9/4] with dual g = 27 €
[9/5, 3]. Assume that s* > 1, with s* as in Definition 5 and set

%

{% for s* e (1,5/3]

- ((q+Ds*=4 | 1 10g—11 "
m1n<—+2, T2g—T4 for s*>5/3.

(24)

3gs*—1

Note that ,3; depends continuously on s* and is (strictly) monotonically increasing
(between 1 and 2), and ,3; < min(s*, 2)/2 for any s* > 1. Then for any § > 0 there
exists an g9 > 0 such that for all € € [0, gg] we have

lim sup p/» = sup / dx|V (@) je(lxDP~¢ = 0.

H—>00 teNy JR

For admissible potentials that satisfy the L? (R3)-assumption in condition (d) from
Definition 5, we will use this Lemma with

5 for s* € (1,5/3]
pro Y1 for s* € (5/3,53/27)
min (2= + 4. §) +6, for 57 =53/27,

for some 6, > 0 since p > 5/3. For our perturbation theoretic argument to work in
the general case, where we have no control on the ground state space of V,,, it turns
out to be necessary that

3minGs*,2) 1
4,3*—%—5”), (25)

which is why we need the L? (R?)-assumption in Definition 5 for s* > 53/27. The
function f(s*) from Remark 6 can explicitly be determined by requiring that

in(s*, 2 1
3min(s™, )——=O. (26)

4'37’(5*) B 2 2
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Lemma 13 Let V be an admissible potential (cf. Definition 5, condition (d) can be
dropped). Then for any § > 0 there exists cs > 0 such that
lim inf |Mmin(s*+5,2)/2

e >cCs.
=00 p,|_5

In particular, for admissible V, we have e, < 0 for j large enough.

The proof of Theorem 7 is divided in two parts. In the first part, Lemma 14, we provide
an asymptotic formula for 7 with parameter x > 0. In the second part, Lemma 15, we

asymptotically compare 1/ (\/ﬁb,(f)) with 1/(,/ub,,). By combining these formulas,
we obtain Theorem 7.

Lemma 14 Let V be an admissible potential and fix k > 0. Then the critical temper-
ature T, is positive and satisfies

lim (log &+ —"— ) =2 -y —x 2 ~log(8/m). @7
H—>00 T. ZﬁbuK 2

Lemma 15 Let V be an admissible potential and k > 0. Then

|

T
lim = 28
1= 00 (2\/7, 2\/ﬁb,(f)) (28)

Proof of Theorem 7 By combining Lemma 14 with Lemma 15 we obtain

lim (lo ) lim (log 2 + T
i — i —_—t —
s 2fb e O

J—>00

T
+
i (Zf b 2ﬂbff)>

=2—y—fc5—10g(8/7r)+/c%=2—y—10g(8/71).

The rest of this Section is devoted to the proofs of the four Lemmas above. We begin
with Lemmas 14 and 15.

Proof of Lemma 14 Fix k > 0. We first assume condition (d) from Definition 5 and
discuss the changes for the special case afterwards. Similarly to the proof of Theorem 2,
we show that the first and the third term in the decomposition (15) vanish in operator
norm.

For the first term, we need to improve the estimate from Theorem 2, where we
employed the easily accessible Hilbert—Schmidt norm as an upper bound to the oper-
ator norm. Indeed, using the radial symmetry of V, similarly to the bound of A(TK)M in

Eq. (22), the operator norm of the compact operator L(K) = VI2(p2 4kt~ v|1/?
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can be estimated as

2
], SCu1/2/0 dp—E—; sup/ dx|V OOl Le(VEPIDE . (29)

D7+ K geN, JR3

which is bounded by ;= /248 for any § > 0 by means of Lemma 12 (note that the
p-integral is finite since s* > 1). Recall from the prove of Theorem 2 (in particular

Eq. 22) that
<C/00d ‘ ! ! | 1|5(i+1> 2
oo = Jo Kr/u1(p)  p*>+«? P pe P

x ul’? sup/ ax IVl (eI P27 4 o (VRIDIE 25/
£eNy JR3
(30)

for any ¢ € (0,5/11). Again by Lemma 12 we may bound the x-integral by
u P (14 p=F*+9) forany § > 0 and the p-integral is finite as longas0 < T < Cp.
We now define, analogously to Eq. (28) in [9],

and combine the bounds (29) and (30) from above to obtain

V120

T;4|V|1/2

. *_ —_
lim sup ph =128 sup
n—>0o0 0<T<Cn

=0 31)
op

for any § > 0. Also, since V1/2§L§M|V|l/2 is isospectral to V,,, so its eigenvalues are
given by Eq. (3), one can easily see, using Lemma 12 again, that

lim sup £~ ” VI2EEL V|2 Hop —0 32)

L—>00

for any § > 0. In particular, since s* > 1, the bound (31) implies that 1 +
V1/2M(K) |V |/2 is invertible for any 0 < T < Cu and j large enough.

We can thus, following the argument around Eq. (30) in [9], conclude that the
Birman—-Schwinger operator Br , having an eigenvalue —1 is equivalent to the self-
adjoint operator

m;(f)(T) 1/2 %+
() e
L+ VI2mg V12

FulvIV? (33)

acting on L?(S?) having an eigenvalue —1. At T = T,, —1 is the smallest eigenvalue
of Br ., hence (33) has an eigenvalue —1 for this value of 7. By continuity and

monotonicity of m () (T) one can in fact show that —1 is the smallest eigenvalue of
(33) in this case (cf. the discussion below Eq. (31) in [9]).
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Since §, VSL = V) (see Eq. (2)) and ¢, = infspec)), < 0 by Lemma 13, it
immediately follows that

1= Bim i (k) — 1 (1)
1= ulimw inf spec V), mu" (T, = Mlimw eﬂm; (T,),

which, in combination with the asymptotics (14) and the argument for 7, = o(u)
from the proof of Theorem 2, reproves (5) resp. (6), i.e. the asymptotic formula for 7,
to leading order. To obtain the next order, we employ first order perturbation theory
as in the proof of Theorem 1 in [9] (in particular, see Eq. (32)).

Indeed, using Eqs. (31) and (32), we can expand the geometric series in Eq. (33)
to first order and employ first order perturbation theory to arrive at

—1
(K)( T,) =
T e = T3,V M, VELlul + OGu st 272w72v)
(34)

for any § > 0. Here, u is the normalized eigenfunction corresponding to the lowest
negative eigenvalue e, of the compact operator V,, = V%L (see Lemma 13). In
case of (finite!) degeneracy, one has to choose the ground state u of V), that minimizes
the second term in the denominator of (34). The error term in Eq. (34) is twofold. The
first part comes from expanding the geometric series. The second part comes from
first order perturbation theory, where we made use of the fact that

Ve = cs M—min(s*+8,2)/2+l/2 and
sup x/_”Su M(K) V& ”0 < Cs lfzﬂ*+1+s
0<T<Cn P
(35)

for any § > 0 by Lemma 13 resp. Egs. (32) and (31) (recall 7, = o(n) from above).
The error from the series expansion is of order O (u3F7+3/2+8) and the error from the
perturbation argument is of order O (y~4F"+min(s*.2)/2+3/248 and hence dominates,
since B* < min(s*, 2)/2.

Equation (34) is an implicit equation for 7. By the second estimate in Eq. (35) and
since To — 0 as u — 00, we need to evaluate the limit of (u|§,V M(K) VST lu) as
T — 0. By the same arguments as used in Eq. (35) in [9] (dominated convergence
and Lipschitz continuity of the angular integrals), this yields

Jim (u[§,,V M,V |u) = (u Wi lu).

uniformly in u € L?(S?) with |Ju]| 122y = 1, where W,(f) was defined in (10). Using
that T, is exponentially small (in some positive power of (1) as © — o0 by application
of Theorem 2 in combination with Eq. (8), we obtain

e[ 80V 7, V) = (W )| < Cop™ (36)
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for any D > 0, uniformly in u € L2(S?) with [|ul| r2s?) = 1. Combining the second
estimate in Eq. (35) with Eq. (36) we thus get

lealc) < C5M725*+1/2+3 37)

op

— min(s*+8,2)+1/2

for any 8 > 0. Since | /1we,| > cs , we have that whenever ¢, < 0

also bi(f) < 0 for large enough i (recall Egs. (11) and (12)). In particular, combining
Egs. (34), (36) and (37), we have shown that

1 T * : *
—m(K)(TC) + _ O(M_4ﬁ +3 min(s ,2)/2+1/2+8) ,

w -
VI 2. /mby

for any § > 0. Since 48 — 3 min(s*, 2)/2 — 1/2 > 0 (see Eq. (25)), we conclude Eq.
(27) by employing the asymptotics (14).

In case that there exists ug > 0 and £L C Ny with [£]| < oo, such that for all
i = Lo, the ground state space of V), is contained in the finite-dimensional subspace

Ir = span{Y[m lel, |m|l< K}

of L?(S?), spanned by the spherical harmonics with angular momentum ¢ € £, we
can drop condition (d) from Definition 5. In order to see this, take Ylf" with £ € £ and
|m| < £ and estimate

2 . 2
HIVI‘/ZSLY;" H =C | vl [ V<Yl (p)do(p)| dx
L? R3 s2

=C fR . [V ()| Ge (VEIXD) dx < Cp s~ minG"248

for any § > 0. The second equality follows by the radiality of V and the final estimate
by the decay of spherical Bessel functions (see the first bound in Proposition 16 (iii)).
Using Eq. (31) with 83 2 instead of 8* by means of Lemma 12, this implies that

sup VR (u[Fu VM) V] fu)| < Cpppammne I (3g)
ueZy  |lull =1

for any § > 0 (and u large enough). Therefore, since 83 n = min(s*, 2)/2, the error
from the geometric expansion dominates the error from the perturbation theory in Eq.
(34) and we get

1 —1
_m(K)(Tc) = (k) T —3B%,4+3/2+8
ey — \/ﬁ<u}SMVMTC,uVSM|”) + o rnr )

, (39
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for any § > 0, instead. Moreover, using Eqgs. (38) and (36), we get

—B5,—min(s*,2)/24+1/2+8
W01z, |, = CoanPinmmine vty (40)

for any § > 0. By combining Egs. (39), (36) and (40) with |,/ue,| >

cs M—min(s*+6,2)+l/2’ we find

1 T * Tk
(k) _ —3B5 ,+min(s*,2)+1/2+4
—m, (T;) + ———= =0u 32 )
N/ /Lb,(f)

for any 6 > 0, and the proof comes to an end in the same way as above by realizing
that 3/8;‘/2 — min(s*,2) — 1/2 > 0. O

Proof of Lemma 15 The proof follows a similar perturbation theoretic argument as in
the proof of Lemma 14. We first assume condition (d) from Definition 5 and discuss the
changes for the special case afterwards. To begin with, we derive a bound on [ W, [lop.
For this purpose, we take a normalized u € L2(S?) and estimate

eVl = [ Vi) = {9 )
o e 3V M7, VL) = (VR )|+ [V M), V)]

The second term is smaller than any inverse power of i by Eq. (36). Using Eqgs. (31)
and (32), the third term is bounded by p=2#"+1/24% for any § > 0, uniformly in
u € L*(S?). Since

> pl? n
o ) = i [t (1= I s =< ol

(41)

we infer by means of Eq. (31) that also the first term is bounded by u 2B
uniformly in u € L2(S?), and we thus have

< G212+ (42)

[Willop =

for any 8 > 0. In particular, since |\/fte,| > c5 pu~ M HEDH2 for any § >
0, this shows that, whenever e, < 0 also b, < 0 for large enough . Moreover,
using |,/ie,| > cs o~ minG*+8.2)+1/2 ooether with Eqs. (37) and (42), first order
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perturbation theory implies

T v T bff) _ bM
2Jiby 2y 2 yabO,
(e = (W |u) = (e = (/| W) + O (u4#THminG" 272437243
- JHE, + O (u2F+149)
=k O min 2124 3

As in the proof of Lemma 14, u resp. u’ is a (the) normalized eigenfunction correspond-
ing to the lowest eigenvalue e;, of VV,,. In case of (finite!) degeneracy, one has to choose
the ground state u resp. u’ of V,, that minimizes the second term in each bracket (- - - )
in Eq. (43). A priori, u and u’ could be different. But, by application of Eq. (41) we get
that WW,, and Wl(f) differ only by the constant (k7 ﬁei) /2 on the ground state space
of V,,. Therefore, u = u’ and the last equality in Eq. (43) follows by Eq. (41) in com-
bination with | /fte, | > c5 = M6 FE2+1/2 Since 48% — 3min(s*,2)/2—1/2 > 0
(see Egs. (25)), (43) implies Eq. (28).

In case that there exists ug > 0 and £ C Ny with |[£]| < oo, such that for all
M > o, the ground state space of V), is contained in the finite-dimensional subspace

Ip :=span{Y}' : L€ L, |m| < ¢}

of L?(S?), spanned by the spherical harmonics with angular momentum £ € £, we can
drop condition (d) from Definition 5. In order to see this, we use Eq. (3) and estimate

= sup
P teL

! ; 2 — min(s*,2)+3
[Vilz, = fR V0 (je(IxD)* dx| < Cp g p ™0

for any § > 0 (and u large enough) by means of Proposition 16 (iii). Combining this
with Eq. (38) and using 3 = min(s*, 2)/2, we get by the same argument as above
that

Wu |I < Cc’,;,u_/géf/z—min(f-,2)/2+1/2+6 44)
cllop

for any § > 0. Using first order perturbation theory, Eqgs. (44) and (41) together with
| el = cs = ™MD imply

T _ * : *
K=+ 0(u 3ﬂ3/2+m1n(s ,2)+1/2+5)

7 b4 B
2 /uby 2 bl 2
for any § > 0. Since 3,3;‘/2 — min(s*, 2) — 1/2 > 0 we conclude the desired. O

Finally, we give the proofs of Lemmas 12 and 13.
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Proof of Lemma 12 For s* € (1,5/3] the statement easily follows from the uniform
decay of spherical Bessel functions (see Proposition 16 (iii)). For s* > 5/3 choose

5 -7 59g-17
o = max , € (0,1) 45)
3gs* —7 6q —7

and for (small) § > 0 set s := min(s*, 2) — §/a. Recall that g = p/(p — 1) denotes
the dual of p € [3/2, 9/4]. We now employ Holder’s inequality to obtain

sup [R A |V ()l e (Vilx P

£eNg
-«
vl - © gas . 4o\ 1
<C|—| VI sup f dox x =0 T2 | j, (/jax) | 7= 278
Ll £eNy \Jo
3(1-0)/ V¢ 00 1=
_ast3(-a)/g _ qas . q 7
=Cu S IV sup (/ dxx T2 ()| e @ ”) .
-1 0L teNg \JO

For £(8) > 0 small enough, the integral is finite by the uniform L”-integrability of
spherical Bessel functions (see Proposition 16 (iv)) since « < (5¢ —7)/(3¢gs —7) and
thus the claim follows since 09/ = g% _ 5/2 (cf. Eq. (24) for the definition
of 8%, and Eq. (45)). O

Proof of Lemma 13 To begin with the proof, we have two important observations.
First, recall the definition of s% from Eq. (7). We aim to prove that »} = s%, where

ri ::sup{rzO:ii_r}noglr/Bg Vi(x)dx=0} .
For this purpose, we define

s*(a) = sup {s >0 ] [Velp € Ll(R3)}
and

|
111'%87 /BE Vilp, (x)dx = 0}

E—>

ri(a) :=sup {r >0:

for the same a > 0, for which we assumed that r} = r} (a) in Definition 5.

Notethatr} > s by definition. Using that |-|~* is equal to its symmetric decreasing
rearrangement, we can employ the basic rearrangement inequality [19, Thm. 3.4] to
obtain s§ > s} (a). Therefore, since r} = r}(a) by assumption, we have

ri(a)=ri>si>si(a).
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In order to see ri = s it is sufficient to prove that s} (a) > ri(a). Assume the
contrary, i.e. si(a) < ri(a),andletr, r + 46 € (si(a),ri(a)) for some § > 0. We
denote Vi , = Vi|p for short. By definition of s% and %, we thus have

V*
/ T"‘lfx)dx >c¢ and / Vi (x)dx = o(e"). (46)
e :

&

The first integral actually equals infinity, but we only need that it is uniformly bounded
from below by some ¢ > 0. Since V} , is symmetric-decreasing and thus one-sided
limits exist, the auxiliary quantity

ti(a) := inf {t >0: ll‘im0|x|’ Vi (x) = 0}
X|—>

is well defined. By definition of ¢} (a) we thus get

Cy
|x|ti(a)+v

_ & Vi o(x) <
|x|ti(a)—v = "+a -

for any v > 0 and |x| small enough. Inserting this in Eq. (46) we arrive at

83—ti(a)—r—v -

ey and gTER@-r=iv <o)
which yields a contradiction by choosing v € (0, §/2). Therefore, ri (a) = si(a),

which proves that r§ = s.
Second, note that for any f € L!(R?) we have

/ f(x)(sin(nlxl))2dx = l/ f(x)(1 —cos(2n|x|))dx —> l/ f(x)dx
R3 2 R3 2 R3

as n — oo by the Riemann-Lebesgue Lemma.
In order to prove Lemma 13, we study the asymptotic behavior of the integral

. 2
R3 Vilx|

in three different cases.
Case 1. If | - |72V € LY(R?), we get by our second observation that

(1 V(x) _
— ! 1
V= ( /3 e dx+0(1)> < —cu ",

which immediately proves the claim.
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Case 2.If | - |72V ¢ L' (R?) and s* < 2 we take some r € (0, 1/2) and estimate

: 2
/ V) (M) dx
R3

Vx|
. 2 . 2
- / V@) (M) dr — / V() (M) dx
B, x| B, x|
+o@u™h.
The first term can be bounded by ,u_si/ 2+8 for any 8 > 0. The second term can be

estimated from below as

. 2 . 2
/ V_(x) <M) dx Zf V_(x) (M) dx
. \/ﬁ'-x' B\Lf \/ﬁlx|

> Cr/ V_o(x)dx > ¢p g2
B_r
-
for any § > 0. Since s* = s* < s7, we get that v, < —csu
6> 0.
Case 3. If | - |72V ¢ L'(R3) and s* = 2 we have that | - |72V, € L'(R3) but
|-]72V_ ¢ L'(R3) since s* = s* < s% . On the one hand, this implies that

sinwmxn)z L
\% —F— | d K
/Rs *(x)< gl ) ER

for some K > 0 by means of our second observation. On the other hand, let r > 0
and estimate

sin(/z1x]) \ 2 / (sin(ﬁ|x|)>2 ,Hool/ V_(x)
M/]R3 V_(x) (7\/ﬁ|x| > dx > p 5 V_(x) 7\/ﬁ|x| dx — 2 /e 7|x|2 dx

— min(s*+4,2)/2 for any

By taking  — 0 the right hand side can be made arbitrarily large, in particular greater
than K. This implies that v, < —Cu~ ! forany C > 0. O

3.4 Properties of Spherical Bessel Functions

Proposition 16 (Properties of spherical Bessel functions [1,15,22]) The spherical
Bessel functions (je)een, satisfy the following properties:

(i) uniform boundedness, i.e. Supycn, SUpyq [je(x)| < 1,
(ii) uniform Lipschitz continuity, i.e. SUPgen, SUPy>0 |jé )] <1,
(iii) (uniform) decay, i.e. for every £ € Ny, we have sup,~q |x je(x)| < Cy for some
Cy¢ > 0, and sup,¢p, SUp,>g 1x3/6 jy(x)| < C for some universal C > 0,
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(iv) uniform LP-integrability, i.e. for p € (0,00) anda € (—1,p—1)if p € (0, 4] or
ae(—1,5p/6 —1/3)if p € (4, 0), we have

o0
SUP/ [je()[Pxdx < Cpa
£eNy JO

for some universal constant Cp, 4 > 0.

Proof The first statement (i) is an elementary property of the spherical Bessel func-
tions. The second statement (ii) follows from the uniform boundedness in (i) and the
recursion relation [1, Eq. 10.1.20]

1
= ——— i1 — L+ 1)j .
Je 26—1—1(”1 €+ 1 jes1)

By noticing that je(x) = +/7/(2x)J¢+1/2(x), the third (iii) and the fourth statement
(iv) are easy consequence of [1, Eq. 9.2.1], [15, Eq. 1], and [22, Eq. 3], respectively,
where analogous estimates for the standard Bessel functions J,, with v > 0 are proven.

|

3.5 Proof of Equation (13)

Proof of Equation (13) We note that K7, (p)+V (x) > Oisequivalentto K7, 1(p)+
%V(x /+/i) = 0 and estimate

1 1 2T 1
K + Vi = 5 (12 = 114 20) = v
I 2 M u
2§<|P —1|+7—;V_(x/\/ﬁ)(e +m|x|))
>1<| 2+ 2y (e_mlx +m>>
=2\” Y WY

for any m > 0. By definition of 7, we have the bound

w. 5 2 e—mlx|
T. < ——infspec| |p —1|——|||~|V||Loo< +m .
¢=Tp P ( Ji x|

After taking m = (const.)u!/*e™V 7/ @IV '™ gpg using the estimate above Eq.
(15) in [7], we get

T
T < €X — T —— 1/4 .
ekt p( 200 Vi
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