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Abstract We define and study the existence of very stable Higgs bundles on
Riemann surfaces, how it implies a precise formula for the multiplicity of
the very stable components of the global nilpotent cone and its relationship to
mirror symmetry. The main ingredients are the Bialynicki-Birula theory of C*-
actions on semiprojective varieties, C* characters of indices of C*-equivariant
coherent sheaves, Hecke transformation for Higgs bundles, relative Fourier—
Mukai transform along the Hitchin fibration, hyperholomorphic structures on
universal bundles and cominuscule Higgs bundles.
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1 Introduction

Drinfeld [21] and Laumon [46] call a vector bundle on a smooth complex
projective curve C of genus g a very stable bundle if there is no non-zero
nilpotent Higgs field ® € H 0(C; End(E)®K) on E. Laumon [46, Proposition
3.5] proved that a very stable bundle is semi-stable for g > 0 and stable for
g > 1in the sense of Mumford and that very stable bundles form a non-empty
open subset in the moduli space of stable bundles on C.

We will assume g > 1,d € Zandn € 7Z.. Let M := MZ denote the
moduli space of semi-stable rank n degree d Higgs bundles on C i.e. pairs
(E, ®) with ® € H°(C; End(E) ® K). It was constructed in Hitchin [40] by
gauge theoretic and in [57,64] by algebraic geometric techniques. Pauly and
Péon-Nieto [58] proved that E is very stable if and only if

UE={(E,<I>)|<DEHO(C;End(E)®K)}CM (1.1)
is closed in M.

There is a generalization of Ur C M for more general Higgs bundles.
Recall that there is a T-action on M by (E, ®) > (E,A®d) for L € T. For a
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Very stable Higgs bundles, equivariant multiplicity... 895

stable Higgs bundle £ = (E, ®) € M*! fixed by the T-action we define its
upward flow as

Wi = {(E',®) e M| lim (E', 29') = (E. ®)). (1.2)

In particular, for a rank n degree d vector bundle £ we have W(EO) = Ug
from (1.1).

We define a T-fixed stable Higgs bundle £ € M*7 to be a very stable Higgs
bundle if the only Higgs bundle (E’, ®') € W/ with nilpotent Higgs field is
E. Our first result is a generalization of [58, Theorem 1.1].

Theorem 1.1 £ € M*7 is very stable if and only ifWgJr C M is closed.

From Laumon’s result we know that a generic rank »n vector bundle is very
stable, thus there always exists a very stable Higgs bundle of the form (E, 0)
with E very stable, that is, very stable Higgs bundles in the subvariety N €
7o(M7) parametrizing semi-stable vector bundles on C.

There are however many other fixed point components. Namely, when E =
E; ® ---® Ej is a direct sum of vector bundles and ®|g, — E; 11K C EK.
We call

(rank(E1), rank(E>), ..., rank(E))
—an ordered partition of n—the type of the T-invariant semistable Higgs
bundle (E, ®). For example, for a rank n semistable bundle E the semistable

Higgs bundle (E, 0) € M7 is of type (n).
In this paper we classify all type (1, ..., 1) very stable Higgs bundles:

Theorem 1.2 Let
E=Lo®---® L,y

be a direct sum of line bundles L; on C. Furthermore, let the Higgs field be
given by

@, =bi:Li-1 - L;K C EK,
where
b; € Hom(L;_1, L;iK) = H*(C; L |L;K).
Assume that (E, @) is stable. Then (E, ®) is very stable if and only if

b=b,_10---0by € H(C; L{L,_1K"™")
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896 T. Hausel, N. Hitchin

has no repeated zero.

The proof of this proceeds by first verifying it in the case when b has no
zeroes. The corresponding Higgs bundle is called a uniformising Higgs bundle,
the upward flow from which is nothing but a Hitchin section [38], which was
already observed to be closed in [38]. In particular when Lo = Oc¢ then we
get the canonical uniformising Higgs bundle

So=Oc®K '@ @K " O =1: K" > K7®K). (1.3)

Then we apply Hecke transformations at points of the curve to these Hitchin
sections, and observe that we can reach all type (1, ..., 1) upward flows with
subsequent Hecke transformations, and can infer Theorem 1.2 in turn. This
argument is detailed in Sect. 4.2.

From Theorem 1.2 we deduce that in every type (1,...,1) component
F e mo(MT7) there exists a very stable Higgs bundle. Thus when n = 2 every
component, being either of type (2) or type (1, 1), contains very stable Higgs
bundles. However, already for rank n = 3 there are type (1, 2) components
F e mo(M7) which contain no very stable Higgs bundles. This can be seen by
computing the multiplicity of a very stable component of the nilpotent cone,
which we now explain.

We recall the Hitchin map [37]

h: M — A=@&_HC; K
(E, D) — det(® — x)

given by the characteristic polynomial. It is a proper completely integrable
system [37,57] with respect to a natural symplectic structure on M. In par-
ticular, dim(A) = dim(M)/2 and the fibres of & are Lagrangian subvarieties.
The generic fibre is isomorphic to an Abelian variety—the Jacobian of a spec-
tral curve—while the most singular fibre N := h~1(0), the so-called nilpotent
cone, is non-reduced as a subscheme. Its components can be understood from
the core of M. Namely, for F € mo(M?7) one defines the downward flow

Wy = {(E', ®') € M| lim (E',A®') € F}.
A—00

Note that the Hitchin map is proper and T-equivariant with an appropriate
weighted T-action on A. It follows that the core

C= |J WiZ=New
Femg(MT)
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Very stable Higgs bundles, equivariant multiplicity... 897

is a proper subvariety isomorphic to N,.q; the reduction of the nilpotent
cone. Thus each component N of the nilpotent cone N is labelled by

F emy (MT) and its reduction is isomorphic t0 Ng,.q = W . We denote by
mr = £(On, n;,) the multiplicity of the component Nr C N. We have the
following

Theorem 1.3 Let £ € M*! be a very stable Higgs bundle. Denote by TgJr <
Te M the positive part of the T-module Te M and by Fg the T-fixed point
component containing £. We have

1. the pushforward h*((’)Wg) is a locally free sheaf on A

2. the multiplicity of the corresponding component N, of the nilpotent cone
equals

xT(Sym(TS))

1.4
xT(Sym(A") | _, (4

mr, = rank(h*(OWg)) =

3. for generic a € A the intersection Wg’ N h~Ya) is transversal and has
cardinality mp,.

Here for a positive T-module V with weight space decomposition V =
®).~0V, we have denoted the T-character of its symmetric algebra by

1
xr(Sym(vV™)) = AZ()dim(Sym(V*»)f* = H Ty € 2.

where ¢ denotes the T-character of weight —1. The computation of (1.4) is
straightforward and when it is non-integer valued we deduce the non-existence
of very stable Higgs bundles in a given component. This is the case for certain
types of (1, 2) components in rank 3, see Remark 5.12. However the integrality
of mf, is not a complete obstruction for existence of very stable bundles as
examples in Remark 5.13 for type (1, 3) in rank 4 show.

It is straightforward to compute (1.4) for a very stable Higgs bundle. Conse-
quently, we deduce the multiplicity of type (n) and type (1, ..., 1) components
of the nilpotent cone.

Corollary 1.4 The multiplicity of N, the moduli space of semi-stable rank n
degree d bundles, in the nilpotent cone is

my = 23733373 p@n=De=D),

Moreover let N, be the component of the nilpotent cone for atype (1, ..., 1)
Higgs bundle £ € M*" as in Theorem 1.2. Let m; = deg(b;). Then its multi-
plicity in the nilpotent cone is
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898 T. Hausel, N. Hitchin

n—1 n m;
mre =[] ( _l,) .

i=1

The main motivation of this paper was to try to understand the mirror of
upward flows (1.2) in the framework of Kapustin and Witten [43]. Fixing

M = MM ODETD e expect that the mirror of the structure sheaf (’)Wgr

of the Lagrangian upward flow W; C M will be a hyperholomorphic vector
bundle on M if and only if £ is very stable, in which case we expect the mirror
to be of rank m .

More precisely, for any £ € M*T we introduce the virtual multiplicity

xT(Sym(T ™))

, 1.5
X1 (Sym(A™) (1-3)

me(t) ;=

which is a priori a rational function in ¢. In the course of proving Theorem 1.3
we find that for a very stable £ the pushforward h*((’)wg) is a T-equivariant

vector bundle on A, with T-equivariant fibre at O satisfying xT <h*(0wg)o> =

mg(t). In particular, for a very stable £ the quantity mg(¢) is a polynomial in
t, which we call the equivariant multiplicity.

Its significance for mirror symmetry is that we expect (see Remark 6.13)
that the mirror, denoted Ag, of a very stable upward flow Oy,+ should be a

T-equivariant vector bundle on M whose restriction to the canonical Hitchin
section is isomorphic to /i, ((’)Wg) and therefore its fibre at the canonical uni-

formising Higgs bundle &) should have T-character
xt(Aglgy) = me(t). (1.6)
In particular, its rank should be
rank(Ag) = dim(A¢lg)) = meg(l) = mp,

the multiplicity of N, in the nilpotent cone N.

In the case of type (1, ..., 1) fixed points, where we have a complete clas-
sification of very stable Higgs bundles in Theorem 1.2, we find a candidate
for the mirror, which is supported by the following results sketched below. For
details see Sect. 6.

Let 8§ = (80, 81, ..., 8,—1) with 8¢ := co1 + - - - + com, a divisor of degree
¢, where we assume that either c¢o; € C or —cp; € C. Fori > 0 we have
the effective divisor §; = ¢;j1 + -+ + Cim; € clmil of degree m; > 0, where
cij € C are points. This data gives rise to a type (1, ..., 1) Higgs bundle as in
Theorem 1.2 by setting
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Very stable Higgs bundles, equivariant multiplicity... 899

Li:=@0+8 +-+8)K™"
and
bi :==s5 € HY(C; LY LK) = H(C; Oc(5)))

the defining section of O¢(8;). We denote this Higgs bundle by &;. Let us
assume that & € M*T is very stable, i.e. it is stable and the divisor §; + - - - +
dn—1 1s reduced. Then W5+a C M is a closed Lagrangian, and we denote its
structure sheaf

Ls = OWE;.

We construct

n—1 m;

As = Q) Q) A" (Ee,)). (1.7)

i=0 j=0

using a certain (twisted by a gerbe and appropriately normalised) universal
Higgs bundle (E, ®) on C x M?* and denote [Ec,-, = E|ms x{c;;) When¢;j € C
and [Eco, = [E*|Ms><{_c()j}, when —cp; € C. When n divides Z?:_ll (n—i)ym;
(1.7) is a well-defined vector bundle of rank mg;.

For simplicity we assume that

C[/

n—1

d=nt+ Z(n —im; —nn —1)(g — 1) = —n(n —1)(g — 1).
i=1

In this case for a generic a € A* C A we can identify A~ (a) = J(C,) with
the Jacobian of the smooth spectral curve C, C T*C. Define

it M - M
(E, ®) — (E*K'™ oT)’

which on 2~!(a) will induce the inverse map. In particular, we will have
1(&5) = Es where 8 = (83,01, ...,6,_1) = (=8p—1—---—380,8p—1,...,01).

For M* := h=1(A") we construct a relative Poincaré bundle P on the fibre
product M* x A# M* which has fibre J(C,) x J(C,) overa € A*. We then
have the following

Theorem 1.5 Let & € M®T be a very stable Higgs bundle of type (1, ..., 1)
and degree —n(n — 1)(g — 1). The relative Fourier—Mukai transform over At
satisfies
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900 T. Hausel, N. Hitchin

S(Ls|pp#) = (02) (T} (Lslpgr) ® P) = Al e

and
S(As| ) = Ls[—n*(g — 1) — 1]| v

Moreover, As extends to a vector bundle with a hyperholomorphic connec-
tion on M?*.

This theorem gives the mirror of Ls as a hyperholomorphic vector bundle of
rank m Fe, - The following will give evidence of the mirror relationship globally,
in particular over the nilpotent cone. To motivate it recall that mirror symmetry
should be an equivalence of categories. Not just objects should match but
morphisms between them. If two objects have a T-equivariant structure so
will the vector space of morphisms between them. Thus its T-character should
agree with the T-character of the vector space of morphisms between the mirror
objects.

To formalise this for two T-equivariant coherent sheaves 7 and F, on M
we denote the equivariant Euler pairing as

v (M; Fi, Fp) =y dim(H* (R Hom (Fy, F))) (—DAe ™
k,

which on a semi-projective variety like M we expect to be a Laurent series in

Z((1)).

Theorem 1.6 Let &, Ey € M*T be two type (1, ..., 1) very stable Higgs
bundles of degree —n(n — 1)(g — 1). Then there exist T-equivariant structures
on all coherent sheaves of the form Ls and A such that

X1 (M; Lsr, As) = x7(det(C1 @ A xt (M; Ay, La[—n*(g — 1) — 1]).

Thus up to the g-power x(det(C; ®.A*)), where C; denotes the weight 1 T-
character, we find that the T-character of morphisms between our Lagrangian
and hyperholomorphic branes agree with that of the conjectured mirror branes.

The content of the paper is as follows. In Sect. 2 we work out from scratch
the Bialynicki-Birula theory for a semi-projective variety, to conclude that the
upward flows and the core of a semiprojective variety with a homogeneity 1
symplectic form are Lagrangian. Here we introduce very stable upward flows
and prove some properties including the general form of Theorem 1.1.In Sect. 3
we determine which Higgs bundles belong to which upward and downward
flows in the moduli space of Higgs bundles. In Sect. 4 we discuss very stable
Higgs bundles and prove part 1 of Theorem 1.3. Then we examine in detail
the Hecke transformation of a type (1, ..., 1) T-fixed Higgs bundle and apply
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Very stable Higgs bundles, equivariant multiplicity... 901

this to classify all very stable Higgs bundles of this type proving Theorem 1.2.
Moreover we show that the Hecke transform takes a Lagrangian subvariety to
another in general. In Sect. 5 we investigate the multiplicity of a very stable
component of the nilpotent cone, by deriving an explicit linear algebra formula
for it, and study the implications. Here we prove the rest of Theorem 1.3 and
Corollary 1.4. In Sect. 6 we study the relative Fourier—Mukai transform of our
type (1, ..., 1) very stable upward flows proving the first part of Theorem 1.5,
and prove an agreement of T-equivariant Euler forms for pairs of mirror branes
settling Theorem 1.6. In Sect. 7 using the twistor space construction of the
moduli space of Higgs bundles we endow the universal bundle at a point in C
with a hyperholomorphic connection and from the expression (1.7) prove the
second part of Theorem 1.5.

In the final Sect. 8 we discuss three issues relevant to further progress. First
in Sect. 8.1 we compute the virtual multiplicity (1.5) for the analogue of the
type (1,..., 1) fixed points for a simple group G instead of GL,. This is
the case where the T-action at the fixed point set has the same form as the
Hitchin section for the group G as in [38], which is of course a closed upward
flow. The b; which we studied for the general linear group are now replaced
by sections by, ..., by of line bundles associated to the simple roots of G.
We find that unlike the GL,, case considered in the body of this paper, the
virtual multiplicity is rarely a polynomial. We prove in Proposition 8.1 that
for cominuscule Higgs bundles where b; are nonvanishing sections except at
cominuscule roots itis in fact a polynomial. In this case we offer Conjecture 8.2
that under precise conditions these are very stable and find a potential mirror in
terms of the minuscule representations of the Langlands dual group, satisfying
the expectation of (1.6). Secondly in Sect. 8.2 we study the first non-trivial
wobbly type (1, 1) SL; Higgs bundle where b has a single double 0. We find
the closure of its upward flow and formulate a conjecture about the mirror of
the universal SO3 bundle in the adjoint representation. Finally in Sect. 8.3 we
discuss the problem of the mirror of a very stable cotangent fibre to the moduli
of semi-stable vector bundles. We relate this to considerations of Donagi—
Pantev and to Drinfeld—Laumon in the geometric Langlands correspondence.

2 Bialynicki-Birula partition and decomposition

2.1 Bialynicki-Birula theory for semi-projective varieties

Let M be a normal, complex, semi-projective algebraic variety. Semi-
projective means that M is quasi-projective and we have a T := C* action on

M such that the fixed point locus M is projective and for every x € M there
isa p € M" such that lim;_,g Ax = p. By the latter we mean that there exists
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902 T. Hausel, N. Hitchin

a T-equivariant morphism g : Al — M with g(1) = x and g(0) = p, where
T acts on Al in the standard way.

Examples of semi-projective varieties include cotangent bundles of smooth
projective varieties, moduli spaces of Higgs bundles and Nakajima quiver
varieties.

For every a € M denote by

W= {x € M| lim Ax = a}
r—0
the upward flow from o and
W, ={x e M| lim Ax =«a}
A—00

the downward flow from «. We also define for connected components F €
mo(M Ty of the fixed point locus

W= Uger Wy
the attractor of F and
WF_ = UO[EFW()[_

the repeller of F.

Let M* C M denote the smooth locus of M. Leta € M*! be a smooth fixed
point. Then T acts linearly on the tangent space T,, M. We can decompose this
representation into weight spaces Ty, M = @Dyecz(Ty M)y, where (TuM); <
T, M denotes the isotypical component, where A € T acts as multiplication
by A*. We will denote by T M = @®y~0(Ty M)y the positive and by T, M =
®r<0(Ty M) the negative part of this decomposition. Let TO?M = (TyM)g
denote the zero weight component then we have the decomposition

T MET M ST M @ T, M.

Proposition 2.1 For a smooth fixed point o € M*" the upward and downward
flows W, and W, are T-invariant locally closed subvarieties in M. Further-
more we have W7 = T, M and W, = T, M as varieties with T-action.

Proof This is proved in [8] for a smooth complete M. The statement above
could be reduced to that case by equivariantly compactifying M (see below or
[68, Theorem 3]) and equivariantly resolving the singularities of the compact-
ification ([69, Corollary 7.6.3]).

For completeness, and to prepare the ground for the proof of Proposi-
tion 2.10, we present a proof inspired by the approach of [7, Lemma 2.2] see
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also [22,81]. Leta € M*T. As the singular locus Sing(M) C M is T-invariant
and closed we have W;” C M®. Take « € Uy C M* a T-invariant open affine
neighbourhood (using [68, Corollary 2]). In particular, Uy is smooth. The
T-action on Uy induces a Z-grading on C[Uy] = H(Uy, Oy,), defined by
setting f € C[Up); if and only if

FOp) =1 f(p) (2.1)

for all A € T and p € Up. In this case we will say that f is homogeneous of
degree deg(f) = i.

Let my < C[Up] be the maximal ideal of functions vanishing at «. As «
is T-fixed m, is a homogeneous ideal. We can find homogeneous elements
X1,...,Xp € myg C C[Upl, where n = dim(M) such that their image in
ma/mg = T;M form a basis. The one-forms dx, ..., dx, C H(U,, Qu,)
then form a basis at « and we let U be the complement of the divisor of zeroes
of the section dxi A --- Adx, € HO(UO, Q" (Up)). It is a T-invariant affine
open subset U C Uy, where dxy, ..., dx, remains a basis at every point. In
particular, U is non-singular. As U is invariant under the T-action and the
closure of any T-orbit in M \ U is still contained in M \ U, as it is closed, we
have

WEcu.
Therefore we can prove Proposition 2.1 only working in U.

Let A := C[U] and A = @, 7A, be the grading induced by the T-action.
Let Ay = @pez_yAn and A_ = Pyecz_,A,. Thus in particular A = A_ @
Ao @ A. First we observe that

Lemma2.2 U = V(f|f € Ay + A_) C U i.e. the subvariety of zeroes of
homogenous f of non-zero degree. Thus ClU"] = A/(A4, A_).

Proof Clearly if p € UT, f € A; withi € Z\ {0} and A € T such that A’ # 1
then

f(p)= fOp) =21 f(p)=0.

On the other hand if p € U is such that f(p) = O for all f € A; with
i € Z\ {0} then the maximal ideal at p satisfies (A4 + A_) C m, and som,,
is a homogenous ideal, thus p € U T, O

Let F := U and, as above, W;r = ]_[ﬂeF W/;" ={peUl|limy_oip € F}
the attractor of F in U. Then we have
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904 T. Hausel, N. Hitchin

Lemma 2.3 W;,L = V(f|f € A_)i.e. the subvariety of zeroes of homogenous
f of negative degree. Thus (D[W;f] =A/(AL).

Proof Again itis clear that if p € W;“ then f(p) = O0for f € A_. Namely if
f € A; fori <0 then

f(lim hp) = lim f(3p) = lim 27 £ (p)

implies that f(p) = 0.
On the other hand assume that for some p € U we have f(p) = 0 for all
feA_.Thenletm,: A — A/m, = C and define

g: A - Clx]
didi =Y ”p(“i)xi

where we write every element in A in the form of a finite sum of homogeneous
elements ) ; a; where a; € A;. Because f(a;) = 0 fori < 0, the definition
makes sense. We see that g is a graded ring homomorphism. Observe also that
forz e Al = Spec(Cl[x]) the composition

(7 0 8) (Z a,-> = mpla.

When z = 1 we see that ker(my o g) = m, and that ker(mp o g) =
(ker(mplay), A—, A;) is a maximal ideal containing A_ and A, thus corre-
sponds to a fixed point of the T-action. Indeed the ring homomorphism g gives
a T-equivariant map A! — U, suchthat g(1) = p and g(0) = limy_,oAp € F
by definition. Thus p € W}'. The result follows. O

Remark 2.4 We can build a map 7 : WI}L — F by sending p € W;f to
limy_.0Ap € F. By the construction above we see that the maximal ideal of
m(p)is (ker(mwpla,), A—, Ay) < A. Thus we see that 7 is induced by the map

a*: A/(AL,A_) — AJ(AD) 2.2)
amod (A4, A_) > apmod (A_)’ ’
where a = Zi <7 @; is the sum of homogeneous elements a; € A;. It is
straightforward to check that 7 * is a well-defined graded ring homomorphism
and that (n*)*l(ker(np)) = (ker(mplayg), A—, Ap).

Next we determine the tangent spaces of F, W, W~ F, W, and W . To
do this we will denote by 9; € H O(U, TU) the dual basis to dx;. Recall that
A € T acts on the function x; € C[U] via the formula
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Very stable Higgs bundles, equivariant multiplicity... 905

A-xi(p) = (A p) = AT 9y (p),

ie. A-x; = A~9e8() x; which should not be confused with the transformation
rule in (2.1). In particular, the induced action on one-forms gives

K- dxi = (my)s(dx;) = 2900 dx;, (2.3)
where m denotes the action isomorphisms:

my:U—> U
p > Ap

for A € T. One can compare' 2.3 to

mi(dx;) = d(m}(x;)) = 298 dx;.
This way we see that 9; will have weight deg(x;) in the sense that

(M) (8) = Ty (8;) = A% (@), (2.4)
As areality check for A € T we compute, using (2.1)

dxj(Tm;.(3;)) = mj(dx;)(9;) = d(x; o my)(9;)
= )Ldengdxj (8,‘) = )\dengai,j,
showing (2.4).

Lemma 2.5 For B € F we have
TpF = (TgU)" = span(d;|g| deg(x;) = 0) C TgU.

In particular, F C U is a non-singular subvariety.
Proof Dually, we will prove that the kernel of the surjective map g : TEU —
TG F is

span(dx;|g| deg(x;) # 0) < TE‘U.

! There seems to be a related confusion in [7, Definition 1.1]. Their definition of elliptic T-
action should either require the existence of limit points in the #+ — 0 limit as in this paper, or
replace the definition of positive weight using (/) instead of m;. In fact, when they use the
definition of positive weight in the displayed line after (2.1) on page 2613 of [7], they use the
correct (my) instead of m} as in [7, Definition 1.1].
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It is clear that dx;|g € ker(g) when deg(x;) # 0, because g is a map
of T-modules when we endow T/;‘F with the trivial T-module structure. Let

n e (Tf}"U )T N ker(g). We can represent 5 = dyy with the homogeneous
degree 0 element yp € mg y < A. We will denote by

Yoemgp<A/(A+, A_) = C[F]

the image of yg m the quotient A/(A+, A_). By assumption 0 = g(n) =
dyg thus yg € mﬁ 7 Thus there exists some ¢;, d; € mg F such that yg =
Zl ¢id;. Denoting by ¢; and d; some lift of ¢; and d; in mg y, we get that
Yo — Zi cid; € (A4, A_). We can assume that ¢; and d; are homogeneous
and in turn thatdeg(c;) = deg(d;) = 0. Wehavesomea; € A;,b; € A_such
that )’O_Zi cid; = Zj ajbj. We can assume thata; and b; are homogeneous
of non-zero degree and in turn that deg(a ;) +deg(b;) = 0. Denoting wg(a;) =
ri€A/mgy =Candng(bj) = u; € A/mgy = C we getthata; — A; and
bj — pj are in mg y. Thus we conclude that

Yo — (Zajﬂj -f—)\.jbj) S mé’u.
J
As m/zg y 1s a homogeneous ideal we deduce that yp € m?, y proving the first
claim.

Finally, we deduce that dlm(mﬂ U/mﬁ y) = #{dx;| deg(x;) = 0} is inde-
pendent of 8 € F, thus indeed F is non-singular. m|

Lemma 2.6 Forp € W;r we have TPWF = span(9;|,|deg(x;) > 0) < T,U.
Similarly for p € Wy we have T, W, = span(9;|,|deg(x;) <0) < T,U.
Proof Again, we will prove dually that the kernel of the surjective map & :
TXU — TyWf is

span(dx;|p|deg(x;) < 0) < T;U.

By Lemma 2.3 for deg(x;) < 0 the function x; vanishes on W;f and thus dx; |,
is in the kernel of 4. Assume now that Zdegxizo a;dx;i|, € ker(h) for some
«; € C. This means that

2
o (X; — TTp(X; em .
> el —mpln) em

deg x; >0

It follows that there are c;, d; € m), y such that

Y ailxi — () — Y _cjdj € (AL).

deg x; >0 j
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So we have homogeneous a; € A_ and r; € A such that

2
Z o (xi — 7 (x;)) — Zrkak €m .

F
deg x; >0 k

By writing ry = ry — (i) + 7, (r) and noting that 7, (ax) = Oas p € W;f
and a; € A_ we get

2
E ai(xi—np(xi))—E Prax e m’ .,
k P

deg x;>0

where By = m,(ry) € C. In other words

0= Y adxl,— Y Bdarl, € Tr(U). (2.5)
k

deg x; >0

Our final observation is that for deg(x;) > 0 the function 9; (a;) has degree
—deg(x;) + deg(ax) < 0. This is because day = Z]- 0;(ar)dx  therefore

dag Adxy A - Adxi—] Adxipy A Adxy = (=1 719 (ap)dxy A - Adxy.

Thus 0; (ax) vanishes on W;r. This means that day|, is a linear combination
of the dx; with deg(x;) < 0 and so Zdegxzo a;dx;|p and ), Brdagl, are
linearly independent. Thus (2.5) implies that }_ ., >0 @idxi|p = 0. The first
statement follows.

The proof of the second statement on the downward flows is the same as
above for the inverse action of T on U. O

Lemma 2.7 Fora € F,and p € W} we have T,W; = span(9;|,| deg(x;) >
0) < TpU. Similarly, for p € Wy we have T,W, = span(9;|,|deg(x;) <
0) <T,U.

Proof First we note that the locus of zeroes of (x,...,x,) in U is zero
dimensional, because dxy, ..., dx, is a basis at every point. Also this locus
is invariant by T, they are thus fixed points in F. All non-negative degree
elements vanish on F therefore the zeroes of the 0 degree elements

Xo := {x;| deg(x;) = 0}
on F are precisely the zeroes of (xy,...,x,)onU.
By construction one such common zero is & and so W, is a connected

component of the variety of zeroes of x¢ on W}'. In particular, W;” C U is
closed and thus it is locally closed in M.
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Thus we have that W, is a connected component of Spec(A/(A_, x¢)). For
p € W,/ we determine the kernel of the surjective map f : TyU — TyW,.
All functions in A_ and X restrict to Wo‘f as zero thus dx;|, is in the kernel
when deg(x;) < 0. Let now Zdegx,->0 a;dx;|, € ker(f). This means that

2
D il —mp)) €my
deg x; >0

hence there are ¢, dj € m, y such that

D il — () — Y _cjdj € (A, xp).
j

deg x; >0

In turn, this means that there are homogeneous elements a; € A_ and scalars
B; € C such that

0= Y adxil,—) dal,— > Bjdxjl, € Tr(U). (2.6)
k

deg x; >0 degx;=0

Just as in the proof of Lemma 2.6 above we can argue that as a(p) = 0 for
alla € A_,dayi|p, € span(dx;|p|degx; < 0), thus the linear independence of
{dxilp,...,dx,|p} and (2.6) implies that Zdegx,->0 a;dx;|, = 0 proving the
first claim.

The second claim again follows from the first by inverting the T-action on
U. O

To finish the proof of Proposition 2.1 we define the map

fo: Wi =TS 2.7)
sending
p— Y x(pd
deg(x;)>0

where 0; € T, M is the dual basis of dx1, ..., dx, at . By Lemma 2.7 the
derivative of f, is an isomorphism, thus it is étale and so open. Furthermore f,,
is T-equivariant and its image is an open T-invariant subvariety in the positive
T-module T M, containing the origin, thus f, is surjective. As T, M is simply
connected, it follows that f, is a trivial covering, and W being connected
implies that f, is an isomorphism. m|
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Remark 2.8 If we put the maps f, in a family over F' we get a T-equivariant
isomorphism f : W;’ = T+ F showing that U }a C M isalocally trivial affine
fibration, another main result of [8].

Definition 2.9 We call M = [ [, W, the Bialynicki-Birula partitionand M =
[1r W;f the Bialynicki-Birula decomposition. Define also

c=[[ws= [I wr (2.8)

aeMT Femg(MT)
to be the core of M.

Additionally, in all our examples (M*, w) with w € Q%(M) will be sym-
plectic s.t.

A () = . (2.9)

Then we have

Proposition 2.10 Let M be a normal, semi-projective complex variety with
(M?, w) symplectic with w € Q2(M*). Assume (2.9) that w is homogeneous
of weight 1. For a smooth point « € M*" the subspaces T, M, TO,SOM =
TO?M & T, M < TyM and subvarieties W, , Wi C M?* are Lagrangian.

Proof Asa € M*T the tangent space T, M is a T-module. Let X, Y € T, X be
homogeneous with weight v; and v, respectively. That means that A-X = AV X
and A - X = A"2Y. Then from (2.9)

Ao (X, Y) = M) (X, Y) =w(h - X, A+ Y) = AT 20 (X, Y).

Consequently w (X, Y) = O unless v; + v» = 1. Thus w is trivial on Tj and
Tafo. AsTyM =T & TaSO both subspaces are Lagrangian.

Recall the construction of U C M?, the T-invariant affine neighbourhood of
a € U from the proof of Proposition 2.1 above. Let w = ij fi,jdxi Ndx;
for some unique f; ; € C[U]. As w, x; and x; are homogeneous so is f; ;
and deg f; ; = 1 — deg(x;) — deg(x;). Let now p € W,'. By Lemma 2.7 the
tangent vectors d|, € T,U with positive weights will be a basis for T, W' .
Take two such 9|, 9/, € Ty W(j and compute

@ (Olp, Alp) = Zfi,jdxi ANdxjOklp, dlp) = fra(p).

i<j

The degree of x; and x; are positive, so the degree of fi; is negative. In
particular, fi; vanishes on Wo‘f. Thus f;(p) = 0, and TPWJ C T,U is
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isotropic, and half-dimensional as T, W, = T,” < T, M is Lagrangian. Thus
W is indeed Lagrangian in U C M?®. Similarly we can prove that Wy is
Lagrangian in M*. The result follows. O

Remark 2.11 Our approach in the proof of Proposition 2.10 above was inspired
by [7, §2.2]. Similar results were mentioned in [55, Proposition 7.1].

2.2 Very stable upward flows

Definition 2.12 Let @ € M*7. We say that « is very stable if the only point in
its upward flow which is also in the core C of (2.8) is «:

wirnc = {a).

Remark 2.13 The origin of the term very stable is in the work of Drinfeld
[21] and Laumon [46], which was applied to vector bundles on curves (see
Sect. 4). However there is an accidental coincidence in terminology. Namely,
Bialynicki-Birula [9] using terminology of Smale [66, I1.2] calls our upward
flow W, the stable subscheme of « while our downward flow W, is called
the unstable subscheme of «. Our definition above can be formulated to say
that the stable subscheme W, is very stable if and only if it disjoint from the
unstable subschemes Wy for B # «.

Proposition 2.14 o € M*" is very stable if and only if W C M is closed.

Proof 1f « is not very stable then there exists 8 # o« € W5 NC in the upward
flow of «. Then lim) (A - B) € M T is fixed by the T-action. Moreover a
linearized T-action on a very ample line bundle on M (which exists, because
M is normal and quasi-projective and [18, Corollary 7.2]) embeds it equiv-
ariantly in some projective space M C PV with linear T-action, where the
closure of every non-trivial T-orbit is linear, thus has two distinct T-fixed
points. Consequently,

Jim - B) # im(@- ) = o

and thus W is not closed.
Assume now that @ € M*T is very stable i.e.

wrnce={a}
as sets. Then we will determine the image of W \ C in the geometric quotient

Z=(M\C)/T.
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By construction it is
PWe) =W\ {a}/TC Z
isomorphic to the weighted projective space P(7,") = (7, \ {0})/T. By the

construction of [34, (1.2.3)] (c.f. also [65, §11] and [30] in the Higgs moduli
space case) we have the compactification

M=MxC)/)T=MxC\Cx{0)/T=MuUZ.
We see that the geometric quotient
PWS xC) = (W) xO)\ (2, 0) /T=WSuPW))CcMuzZ=M

is also a weighted projective space, thus projective, thus closed in M . Tt follows
that all boundary points of the closure U in M lie on the divisor at infinity
Z C M\ M, thus W is closed in M. m

3 Bialynicki-Birula theory on the moduli space of Higgs bundles

Fix C a smooth complex projective curve of genus g > 1. Recall that a vector
bundle E on C is called stable (resp. semi-stable) if for all proper subbundles
FCE

deg(F) - deg(E)
rank(F)  rank(E)

3.1

(resp. deg(F) /rank(F) < deg(FE)/rank(E)).

Similarly, a Higgs bundle (E, ®) where ® € H*(End(E) ® K), is stable
(resp. semi-stable) if (3.1) holds for ®-invariant proper subbundles F C E.

We fixintegersn € Z > 0 andd € Z. The moduli space of semistable Higgs
bundles M := Mg of rank n and degree d was constructed by [36] by gauge-
theoretic and by [57] and [62] by algebraic geometric methods. At its smooth
points it carries a hyperkéhler metric, in particular an algebraic symplectic
structure. It is a normal [63, Corollary 11.7] quasi-projective variety. The open
subset M* C M of stable points is precisely the smooth locus. It is a coarse
moduli space, but carries a universal Higgs bundle étale locally on M?* [62,
Theorem 4.5.(4)].

For a Higgs bundle (£, ®) we can compute the characteristic polynomial of
the Higgs field as det(t — ) = " +at" '+ .+a,, wherea; € H(C; KY).
This leads to the map

h:M— ! HC; K",
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912 T. Hausel, N. Hitchin

a proper, completely integrable Hamiltonian system [37,57,64] in particular,
the fibres are Lagrangian at their smooth points.

The moduli space M carries a C*-action defined by (E, ®) — (E, A D)
for A € C*. If we let C* act with weight i on H%(C; K?) then h becomes
C*-equivariant. As & is proper and all the weights on &} | H 0(C; K) are
positive, we deduce that M is semi-projective with respect to this T-action.

Finally, we recall that there is a canonical symplectic structure on M?*
originally arising as part of its hyperkihler structure. The tangent space at
(E, ®) € M°® can be identified (see e.g. [10])

Tig.oyM°® = H! (C; End(E) "% End(E) ® K> . (3.2)

Serre duality will give an isomorphism between this hypercohomology and its
dual. This defines a symplectic form on T(g ¢). To see that it gives rise to a
closed form w, we recall [10, Theorem 4.3] that w = d6 where

6 :H (C; End(E) "% End(E) ® K) S C

is given by first mapping to H'(C; End(E)) and then using Serre duality to
pair this element with ® € H 0(C; End(E) ® K). With respect to the T-action
we clearly have that A*(0) = A6 and thus A*(w) = Aw is also of weight 1.

In this paper we will study the upward and downward flows of the Bialynicki-
Birula partition on M.

3.1 Fixed points of the T-action M*7

First we recall a parametrisation of M. If (E, ®) € M*T is a stable Higgs
bundle fixed by the T-action then we have for every A € T

(E, A®) = (E, ®).

The isomorphism above gives a vector bundle automorphism f; : £ — E
making the diagram

E2% Ek
fid I fi (3.3)
E-2 EK

commutative. These define a fibrewise T-actionon E.Let E = Lo®--- D Ly
be the weight space decomposition of this T-action, for subbundles L; < E

@ Springer



Very stable Higgs bundles, equivariant multiplicity... 913

and0 <k <n —1.LetT acton L; by weight w; € Z, in other words f; acts
on L; as multiplication by A"i. From the diagram (3.3) we see that ® maps the
weight w; space to the w; — 1 weight space. Using an overall scaling we can
assume that w; = —i. Then ®(L;) C L;+1 K. We call the ordered partition
(rank(Ly), ..., rank (L)) of n the type of the fixed point (E, ®) € M7,
Similarly we can talk about the type of a component of the fixed point set
F € mo(M*7) as the type is locally constant on M?*". The latter can be seen
by noting that étale locally we have a T-equivariant universal bundle on M*
and on the connected component F € (M*") the weight space for a given
weight of the T-action forms a vector bundle.

Example 3.1 For example when E = L the type is (n) and ® = 0, thus E is
a semistable bundle. We will denote by N the moduli space of rank n degree
d semistable bundles which is embedded N' ¢ MU, the component of MT of

type (n).

Example 3.2 At the other extreme are the fixed points of type (1, ..., 1). Let
(E, ®) € M*Tbeatype (1, ..., 1) fixed point of the T-action. In other words
E=Ly®---® Ly is adirect sum of line bundles and the Higgs field ®
satisfies ®(L;_1) C L;K. Such a Higgs bundle is determined by L¢ and the
choice of non-zero

b; :=®|,_, € H'(C; L} |L;K).
Note that the isomorphism class of such a Higgs bundle only depends on the
effective divisors §; := div(b;) € C™il where m; = deg(L?_,L;K),and Lo.
To simplify notation we will choose a divisor 8¢ so that Ly = O(8p). We will

write § = (8¢, 81, ..., 0,—1). We also denote by & the type (1, ..., 1) Higgs
bundle for which

Li = @So+8 +--+8-DK ™!
and
bi :=s5 € H'(C; 0(8)) = H(C; L}_|LiK)
the defining section of O(§;).
Let £ := deg(Lg) = deg(dp) and m := (my,...,m,_1) where m; =
deg(b;) = deg(8;). Then the ambient component & € Fy ,, € mo(MT7) of the
fixed point set M" is isomorphic to

Fom = Jo(C) x CMil s ¢lmal, (3.4)
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Here the Jacobian J;(C) means the moduli space of degree ¢ divisors on C
modulo principal ones, when we represent its elements by degree £ divisors
8o, or equivalently J;(C) can mean the moduli space of degree ¢ line bundles
when we represent its elements by the line bundle L.

Remark 3.3 For rank n = 2 we have just two different types. The type (2)
fixed point component is N' C M the moduli space of semistable bundles
with zero Higgs field. The type (1, 1) components Fy ,,, = Jo(C) x Cl™1]
parametrise Higgs bundles of the form £ = Ly @ L and

00
v~ (30):
where Lo and L; are line bundles of degrees £o := ¢ and ¢ respectively,
be H'(C; LyL 1K) and m; = deg(b) = £1 — £o + 2g — 2. For stability we
needm| < 2g—2. Whend = £9+£; isfixedthen2¢g = d —m |+ (2g—2) and
we will abbreviate F;,;,, := Fy ,,. We then have g — 1 type (1, 1) fixed point

components F, F3, ..., Fo,_3 whend isodd and g — 1 of them Fp, ..., Foo_4
when d is even.

3.2 Upward flows on M

We now describe the upward flows in the Bialynicki-Birula partition of M. We
know from Proposition 2.1 that the upward flow W5+ for & € MU isisomorphic
to a vector space modelled on TgL . The following proposition describes which
Higgs bundles belong to W; .

Proposition 3.4 Let £ = (E, ®) € M then
lim (E, A®) = (E', ') (3.5
r—0
for some (E', ®') € MV if and only if the following hold
1. there exists a filtration
O=FEyCE|C---Ex_1CE;=E 3.6)

by subbundles such that
2. foralli

P(E;) C Eit1K (3.7
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3. and the induced maps
gro(®) : Ei/Eit1 — Eit1/Eit2K
satisfy

(E1/Eo ® E2/E1® - ® Er/Ex—1, gro(P)) = (gr(E), gro(P))
= (E', D). (3.8)

Furthermore the filtration (3.6) with these properties is unique.

Proof The proof is by a Higgs bundle analogue of the Rees construction. The
vector bundle version is discussed in [3,29,35].

First let us assume that we have a filtration (3.6) which is compatible with
the Higgs field i.e. (3.7) holds for all i. We denote by E’ := gr(E) and
@’ = gro(®) and assume that (E’, @) € M*T is a stable Higgs bundle.

We can define a vector bundle E over C x C = Spec(C[x]) x C given by
the Z-graded O¢[x] -module

E=Fx"E, (3.9)
ieZ

on C, where x acts via the embedding xPE_; C x_i+1E_i+1. Here E; = E
fork > nand Ey = 0 for k£ < 0. Note, that we only have non-positive weights
in the Z-graded module (3.9).

We also get the vector bundle homomorphism & : E—>E®K by @ :
x'E; - x'T1E; | ®K givenby ®| g, . Furthermore the Z-grading (3.9) defines
a T-action on E covering the standard action of T on C = Spec (€D, eZ0 x7.

Under this T-action A € T sends ® to A~!®. This gives us a family of Higgs
bundles over C parametrized by C. Over {1} x C we get the vector bundle

E/x—DEZE
back on C, while ® will induce precisely ®, yielding our original Higgs bundle
(E, ®)(1)xc = (E, ®)

The T-equivariant structure on (E , CT>) shows that over {A} x C forQ £ X € C
we get

(E, ®)pyxc = (E, D). (3.10)
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Over {0} x C € C the vector bundle E restricts as
E/(x)E = gr(E) =
while ® restricts as gro(®) = @/, giving the Higgs bundle
(E, ®)oyxc = (E', D). (3.11)
As M is a coarse moduli space we have a morphism f : C — M such that

(E, A®) when A # 0,
S = { (E', ®) when A =0, (3.12)
which exactly means (3.5).

For the other direction we assume (3.5) and note that as (E’, ®') is a stable
Higgs bundle (E, A®) is stable too, because stability is an open condition (c.f.
[62, Lemma 3.7] or [57, Proposition 3.1]). Let us assume the existence of a
map like f. Then, as the obstruction in H 2(M?*, T) vanishes on f(C), we get
a family of stable Higgs bundles (E CTD) over C x C with the properties (3.10)
and (3.11). Asin §6.3.2 and [33, §4] we can construct a T- equlvarlant structure
on E where A € T acts on ® as 2~ !®. In other words if v € E then

D(r(v) = A(D(v)),

where the T-action on EK is induced from the T-action on E and the weight
one action on K, i.e. for € K A(w) := Aw; compare it with (6.27). Denote

by

={ve E=E|y gin}),\",\(v) exists}. (3.13)

Note that

AA(D () = M A(D]1 (1) = A DP(A(V) = DA A(v).  (3.14)
So if v € E; then limy_0AA(v) exists and so does limy_,o A/ A(D(v)).
Recalling that A acts on K with weight one, we see that ®(v) € E;; K.
As the construction is locally trivial over C, we get an increasing filtration

E; C E;;1 C E by subbundles of E. Furthermore ®(E;) C E;;+1K thus &
is compatible with the filtration. For © € T we compute

p(lim Aa(v) = lim M) =p™ Ali_r)r%)(u?»)’(u/\)(v)

= w7 lim APA(v).
Wm0
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This way we get a map

i E; — (E|{0})'—i
" limps o A A (V)

from E; to the weight —i T-isotypical component of the vector bundle with
T-action E|g, on C. The kernel of this map consists of those v € E; for which

lim A'A(v) = 0,
r—0

i.e there exists a section s € I'(C, E|@X{ﬂ(v)}), where m : E — C is the
projection of the vector bundle, s (0) = Oands(X) = A4 (v). Then we can write
s = As’ for another s’ € T'(C, E~|@X{ﬂ(v)}) and so lim; .o A~ 1A(v) = 5/(0)
exists showing ker(f;) = E;_1. Thus f; induces

fi  Ei/Ei_1 — (Elj0)i C Eljo),

and if we put them together we get f : gr(E) < E| {0 aninjective bundle map
between vector bundles of the same rank, which thus must be an isomorphism.
Finally, we note that (3.14) implies that for v € E; we have

fir1 (@) = @lo(fi (v))

thus

(g7 (E), gro(®)) = (Elj0), @l(0))

completing the proof of existence of the required compatible filtration.

In order to prove the uniqueness of the filtration we start with a compat-
ible filtration (4.4) as in the first part of the proof. Then we construct the
T-equivariant family of stable Higgs bundles E over C x C as in (3.9).
Then we will show that the original filtration agrees with the one con-
structed in the second part of the proof with the definition (3.13). First we
reformulate (3.13) by saying that E” ; C E is the subsheaf whose sections
s € HO(U, E',) C HO(U, E) on open subsets U C C satisfy the con-
dition that the section A~A(s) € HY(C* x U, E) extends to a section in
HO(C x U, E). We note that the C[x, x']-module H*(C* x U, E) is the
localization of the C[x]-module €, x"'E_; at x, thus

H(C* x U Ey=@x"" | @ H'WU: E_iy))

ieZ JE€EZ>9
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We see that the T-invariant section A(s) € HO(C* x U; E)T agrees with
s = xUs in this description and so the section A 'A(s) € H(C* x U; E)
agrees with x ~’s in this description also. Finally, we see that x ~’s extends to a
section over C x U if and only it is in the image of the restriction map H°(C x
U, E) — HY(C*x U, E). This happens exactly when s € HO(U:; E_;). Thus
E’ ; = E_;. Therefore the filtration in (4.4) satisfying (3.8) is unique.

The proof of the Proposition is complete. O

Remark 3.5 When n = 2 and (E, ®) € M then we can find the filtration in
Proposition 3.4, giving the limiting Higgs bundle lim;_,o(E, A®) € M" as
follows. If E is semistable then the limiting Higgs bundle is simply (E, 0).
When E is not stable then it has a unique (maximal) destabilizing subbundle
L C E. The compatibility condition (3.7) in this case is vacuous, and thus
the limiting Higgs bundle is &, 5, where L = O(8p), 61 = div(b) with b :=
d|,:L—-> (E/L)®K.

Remark 3.6 If we projectivise the total space of the T-equivariant vector bun-
dle E as [P(E ), then the map [P(E" ) — C will be proper, and T-equivariant
with respect to the induced T-action on [P(E ). If follows that this T-action on
P(E) is semi-projective. The fixed point set of the action is

(PENT = UiP(El0))i)-
The Bialynicki-Birula decomposition IP(E ) =U; Wl.+ gives
P(E)\P(Ei—1) = W NPE) |y,

which follows from the proof of Proposition 3.4. Thus, amusingly, the filtration
E; C E;+1 C E in Proposition 3.4 describing the Bialynicki-Birula upward
flows on M, can be recovered from the Bialynicki-Birula decomposition on
P(E).

In fact, one can construct the Bialynicki-Birula partition on the total space
of the projectivised equivariant universal bundle (which always exists over
the stable locus, and extends over the whole of M using Simpson’s framed
moduli Higgs moduli space [62, Theorem 4.10], see (4.19) for k = 1) on
M x C which will contain the information on the filtration in Proposition 3.4
which determines the limiting Higgs bundle.

Remark 3.7 In a differential geometric language Proposition 3.4 appeared in
[17, Proposition 4.2]. Also a closely related partition of the de Rham moduli
space of holomorphic connections Mpr appeared in [64]. In fact the algorithm
in [64] can be used verbatim to find the filtration in Proposition 3.4 producing
the limiting Higgs bundle.
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Remark 3.8 Letus recall the construction of a section of the Hitchin map from
[38]. Leta = (ai, ...,ay) € HY(C; K) @ ---® HY(C; K") = A be a point
in the Hitchin base. For a line bundle L on C let

E, =LOLK '@ ... LK™

Take the Higgs field &, : Ep — Er K given by the companion matrix:

00 0 —dy
10 0 —ay—1

o, |01 ... 0 —ans ], (3.15)
00 ... 1 —a

Denote the Higgs bundle &£, , := (EL, ®,). Define E; := L @ LK '@
LK~*! The filtration 0 C Ey--- C E, = E, satisfies ®,(E;) C Eis1K
and the associated graded is (gr(EL), gro(®,)) = (Er, o) = €. It is
straightforward to check this is stable. We call £ o a uniformising Higgs
bundle*. Now Proposition 3.4 applies and shows that €L .q 18 stable too and
lim; o(EL, 2®,) = (Er, ®o) = &L . Thus we have amap s : A — M
givenbya — &,.By construction (€. ,) = athus s is asection of the Hitchin
map h : M — A. Thus we see that A = s(A) C W(;“L , 18 a subvariety of an
affine variety which is isomorphic to a vector space of the same dimension,
therefore s (A) = W;L o and so the upward flow WgLL o is just a Hitchin section.

In particular, this implies that if £ € W;L ,» 1-e. it has a full filtration as in
Proposition 3.4 such that the associated graded is isomorphic to &1, o, then it
has to be isomorphic to a Higgs bundle of the form (Er, ®,). For example,
the underlying bundle must split as a direct sum of line bundles.

If we choose L = O¢ then we have

ol
SO = SOc,O = EOC —9 EOC ® K (316)

the canonical uniformising Higgs bundle. This will give a canonical section
Wg(') C M of the Hitchin map, corresponding to the structure sheaves of the
spectral curves under the BNR correspondence, see (5.20).

2 The terminology is motivated by the n = 2 case when the PGL, Higgs bundle associated to
our uniformising Higgs bundle corresponds by non-abelian Hodge theory to the representation
71(C) — PGL,(R) C PGL;(C) giving the uniformising hyperbolic metric on C.
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3.3 Downward flows on M

Recall that the core of M is defined as C := [[, W, = [[p W, . From
Proposition 2.10 we know that W, C M?® is a Lagrangian subvariety. Thus
the core C is Lagrangian at its smooth points.

By recalling the T-equivariant map & : M — A where T acts on A with
positive weights we see that the core of A is the origin 0 € A, and so C C
h~1(0). On the other hand # is proper, therefore A~ (0) is projective, thus
h~1(0)  C. The zero fibre of the Hitchin map ~~!(0) is called the nilpotent
cone, because h(E, ®) = 0 if and only if ® is nilpotent. We will think of the
nilpotent cone N := h~'(0) as a subscheme of M. In particular, we will see
later that most of its components are non-reduced. The argument above then
implies

Proposition 3.9 The reduced scheme of the nilpotent cone coincides with the
core: Nyoq = C.

Remark 3.10 The core is a Lagrangian subvariety. Thus Proposition 3.9 shows
that the nilpotent cone is Lagrangian, which is a result of Laumon [46, Theorem
3].

We finish with the analogue of Proposition 3.4 for the downward flow.

Proposition 3.11 Let £ = (E, ®) € M then
lim (E, »®) = (E/, d')
A—00
for some (E', ®') € MV if and only if the following hold
1. there exists a filtration
O=EyCE|{C---Ex_1CEL=E (3.17)

by subbundles
2. such that for all i

®(Ei+1) C EiK
3. and the induced maps groo(®) : E;/Ei—1 — Ei_1/E;i_»K satisfy

(E1\/Eo® - @ Ex—1/Er—2 ® Ex/Er—1, 8roo(P)) = (gr(E), groo(P))
= (E', D).

Additionally, the fibration (3.17) with these properties is unique.

@ Springer



Very stable Higgs bundles, equivariant multiplicity... 921

Proof The proofis an appropriate modification of the proof of Proposition 3.4.
Just as in Remark 3.6 we can think of the filtration (3.17) on the Higgs bundle
induced from the downward flows on the projectivised universal bundle. 0O

4 Very stable Higgs bundles
4.1 Definition and basic properties

Drinfeld and Laumon in [46, Definition 3.4] call a vector bundle E on C very
stable if the only nilpotent Higgs field ® € H°(End(E) ® K) is the trivial one.
[46, Proposition 3.5] proves that a rank n very stable bundle is stable, and that
very stable bundles form an open dense subset of the moduli space of stable
bundles.

Definition 4.1 Let £ € M*! be a stable T-invariant Higgs bundle. We call £
a very stable Higgs bundle if and only if the only nilpotent Higgs bundle in
Wg“ is £. On the other hand we call £ wobbly, when it is not very stable.

Remark 4.2 A vector bundle which is very stable is stable, as shown in [46,
Proposition 3.5]. For Higgs bundles we have to impose it as the definition uses
upward flows in the semistable moduli space M. We could also define very
semistable bundles for strictly semistable bundles in the same way as above.
These could also be interesting to study.

In this language [46, Proposition 3.5] implies

Theorem 4.3 There exist very stable type (n) Higgs bundles €& € M*T. In
fact, they form an open dense subset of N' € wo(M*7).

The following was proved for very stable bundles E (in our context Higgs
bundles with zero Higgs field) in [58, Theorem 1.1].

Lemma 4.4 The stable Higgs bundle & € M®V is very stable if and only if
the upward flow W; C M is closed.

Proof This is Proposition 2.14 applied to the semi-projective variety M. O

Remark 4.5 Recall from Remark 3.8 that the upward flow ngL o, C M of the
uniformising Higgs bundle &, ¢ is a Hitchin section /4 : W;L 0 = s(A). Thus
Wi nh o) = {€L.0}. Therefore the Higgs bundle &7 o is very stable. In

€L
particular, by the lemma above, Wgt o C M is closed. This also follows from

the fact that it is a section of the Hitchin map, which was already pointed out
in [38, p. 454].
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Lemma 4.6 When £ € M7 is very stable then h : W; — A is finite, flat,
surjective and generically étale. In particular, when € € M7 is very stable
then h*((’)W;) is locally free.

Proof As W; C M is closed by Lemma 4.4 the restriction of the Hitchin
map h : Wgr — A is proper. Furthermore since & : Wgr — A is a map
between affine varieties (cf. Proposition 2.1), it is quasi-finite. As a proper
and quasi-finite map it is finite (c.f [28, Theorem 8.11.1]). Finally, it is a map
between smooth equidimensional varieties and so by miracle flatness (c.f. [51,
Corollary 23.1]) & is flat. Thus #4 is finite and flat thus h*((’)Wg) is locally free.

Finally, as & : W; — A is finite and between equidimensional varieties, it
is surjective, and thus generically smooth, and so generically étale. O

4.2 Hecke transformations

For a point ¢ € C recall the exact sequence of sheaves
0= Oc(—c) 3% Oc — O, — 0, (4.1)

where s. € H(C; Oc(c)) = Hom(O¢(—c), O¢)) is the defining section.
Let E — C be a vector bundle. By abuse of notation we will also denote by
E its locally-free sheaf of sections. Tensoring (4.1) with E gives

0= E(—c)—E 5 (E,), — 0. 4.2)

Here E. denotes the fibre of the vector bundle E at ¢ and for any vector space
U we denote U, := U ® O,. In particular, (E;). = E® O,. If now V < E,
then V., C (E.). is a subsheaf and if W := E_./V then W, is a quotient sheaf
of (E.).. Denoting by 7y : (E.). — W, the quotient map and fy = f oy
we make the following

Definition 4.7 Let E be a vector bundle on the curve C. Let V < E_. be a
subspace at a point ¢ € C. The Hecke transform of E at V is defined to be
Ey :=ker fy.

Equivalently, the following short exact sequence of sheaves defines the Hecke
transformed vector bundle:

0— EV—>Eﬁ> W, — 0.
As a subsheaf of a torsion free sheaf, Ey is torsion free and so a locally free

sheaf, i.e. the sheaf of sections of a vector bundle which we also denote by Ey
or sometimes E' = Ey .
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Remark 4.8 By construction E(—c) C Evy is a subsheaf and fits into a short
exact sequence

0— E(—¢)—E'—-V.— 0.

This way we get a surjective map E. — V. Denote by V' < E its kernel.
Then we see that £}, = E(—c).

Example 4.9 When V = E, then the exact sequence (4.2) shows that Ey =
E(—c). More generally, if a vector bundle £ @ F on a curve is a direct sum of
two subbundles and we choose the subspace E. < (E & F). then the Hecke
transfrom of E @ F at E satisfies

(E® F)g, ZE(—c)®F.

This can be seen by adding the trivial sequence 0 — F S F5050t
(4.2).

Let now (E, ®) be a Higgs bundle and let V < E. be a ®.-invariant
subspace. Consider the quotient W := E./V. Denote by ®. the morphism
W, — W, ® K induced by ®. This data induces a unique Higgs bundle
(E’, ®') making the following diagram commutative.

0—>E’—>Ef—V>WC—>O

] Dl D : (4.3)
0—- FEK—EK—W.K—-0

Definition 4.10 Let (£, ®) be a Higgs bundle on the curve C and V < E.
a @ -invariant subspace at ¢ € C. The Hecke transform of (E, ®) at
V < E. is the unique Higgs bundle (E’, ®') making the diagram (4.3)
commutative. Sometimes we will denote it Hy(E, ®) = (E’, V') or by
(Ey, dy) = (E', D).

Remark 4.11 As in Remark 4.8, the Hecke transformation will produce a sub-
space V' < E/ such that the Hecke transform of E’ at V' is E(—c). We note
that the Hecke transformed Higgs field ®” : E(—c) — E(—c)K as a section
of End(E(—c))K = End(E)K agrees with ® € End(E)K away from c, and
so agrees everywhere. Thus the Hecke transform of (E’, ®’) at V' is the Higgs
bundle (E(—c), ®).

Remark 4.12 We also note that as ®" and ® agree away from c so their char-
acteristic polynomial will also agree away from c, therefore h(®') = h(®) €
" H 0(C; KY). Therefore the Hecke transformation is along the fibers of the
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Hitchin fibration. In the case of a point @ € A for which the spectral curve
C, is smooth, the fibre is isomorphic to the Jacobian of C,. At a generic point
¢ € C the subspace V < E. is a sum of eigenspaces of ®.. Since C, is the
curve of eigenvalues this is an effective divisor D. In the notation of Sect. 5.2
the Hecke transform takes the line bundle U on C, corresponding to (E, )
to the line bundle U (— D) corresponding to (E’, ®').

Example 4.13 Assume that the Higgs bunde (E, ®) is such that £ = E| &
-+ @ FE, a direct sum of subbundles, and ®(E;) C E;+1K. Then for any
l<j<k-1wehaveV = (Ej;1 ®---® Ep)c < Eis O invariant.
Then we can determine the Hecke transform (E’, ®’) at V by definition as
E'=E|®---®E suchthat E] = E;(—c) unlessi > j when E; = E; from
Example 4.9. The modified Higgs field then satisfies

®'|g = Dlp; € HY(C; E*El,\K) = H(C; EfEi11K)
for all i excepti = j when
' —0) = PlE;se € HO(C: Ef (OEi1K).

Here s, is the defining section in (4.1). In particular, (&’ Ej(—c)) vanishes at c.
Furthermore V' of Remark 4.11 willbe V' = E{ @ --- @ E//.Ic < E/, so that
the Hy/ (E’, ®') = (E(—c), ®) as expected. ‘

Doing the Hecke transformation backwards we get that if the Higgs bundle
(E, ®) has acompatible decomposition £ = E|®- - -@ Ef suchthat (E;) C
E; 11K and &, is zero on (Ej)c,then V = (E1 @ --- @ Ej)|. < E. is ®.-
invariant. Then the Hecke transform Hy (E, ®) has the chain form?

(o] (o2} () D1/ D; [0
E1 —1> E2 —_— - L> Ej—l j—>c EJ'(—C) —j> e —> Ek(—c),

where ®; := ®|g, : E; — E;11K.

Note that in both cases above the Higgs bundles are T-fixed and so are the
Hecke transformed Higgs bundles (when all of them are stable). However if
the & -invariant subspace is not a direct sum of the E;|.’s then the Hecke
transform will not be T-fixed. Such examples will play a crucial rule in the
only if part of the proof of Theorem 4.16.

4.2.1 The Hecke transform of a full compatible filtration

Here we investigate what happens to a compatible full filtration on a Higgs
bundle, when we perform a Hecke transformation at a point ¢ € C where the

3 Where arrows represent morphisms twisted by K.
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Higgs field on the fibre of the graded Higgs bundle at ¢ is regular nilpotent.
This is equivalent with b(c) # 0 using the notation (4.7) below.
Let a rank n Higgs bundle (E, ®) carry a full filtration

O0=EyCEC---CE,=E (4.4)
by rank(E;) = i subbundles, such that
®(E)) CEi+1®K. (4.5)
Then we have the induced maps
bj=E;/E,_1 —> E.1/E;®K (4.6)
between line bundles, and the composition
b=bp_10---0by:El— E/Ep,_1 @ K"\ 4.7

Suppose that b does not vanish at ¢ € C. This means that for all i the map
@, : Eilc > Eit+1lc ® K|, does not preserve E;|.. To perform the Hecke
transformation we choose a ®.-invariant subspace V < E. of dim(V) =k <
n. We need the following linear algebra

Lemma4.14 Let 0 = Uy < Uy < ... U, < U be a full flag of subspaces
of an n-dimensional complex vector space U. Furthermore let A be a linear
transformation A : U — U suchthat A(U;) < Uj41 but U; is not A-invariant.
IfV < U ofdim(V) = k < nis A-invariant, then dim(V NU;) = max (0, k +
i—n).

Proof By assumption U; + A(U;) = U;41. Thus V + U; = V + U;4 if and

only if V + U; is invariant under A. On the otherhand V + U; = V + U4 in
turn implies V + U; = V 4+ U,, = U. Thus we see that the chain of subspaces

V=V+U<V+U =<---=V+U,1 =V+U,=U

must be strictly increasing until it reaches the whole ambient space U. There-
fore dim(V + U;) = min(k + i, n), which implies the result. O

The @ -invariant subspace V < E. induces a map of sheaves fy : £ —
W, where W := E./V. This induces the Hecke transformed Higgs bundle
(E', d'):

00— E — E ﬁ/) W, —0
¥ @y D
0—- EK—EK— W.K—0

@ Springer



926 T. Hausel, N. Hitchin

Each subbundle E; will also induce a Hecke transformed line bundle with
respect to the subspace V; := E;|. NV < E;|.. Denoting W! := E;|./V; we
get a new vector bundle E; from the kernel of the map fy, : E; — W..In
other words we have the top row of the following commutative diagram

fv; .
0—- E — E — w! -0
) I I
, Figr i1
0— E, — Eu — Wit -0 (4.8)
4 4 4

SVl

f . .
0— E/ |/E] — Eiy1/E; iy (Wit wh, = 0

Here the embedding E; < E;_, is uniquely induced from the rest of the
first two top rows of the diagram. The quotient maps connecting the second
and third rows of the diagram are the ones making the columns into short
exact sequences. The last row, and in particular the map ?Vi , is then uniquely
induced from the rest of the diagram to make it commutative.

From Lemma 4.14 we have

i i 1 fori <n—k
: i+1 i s
dim(W'™ /W') = {0 fori >n — k. (4.9)
Thus from the bottom row of (4.8) we obtain
/ 1~ ) (Eix1/Ei)(—c) fori <n—k,
i+1/Ei - { (Eiv1/E}) fori >n—k. (4.10)

In particular, E; 1/ E!is aline bundle, and so E! C E] 41 is asubbundle. Thus
we get a full filtration of E’ by subbundles:

Ey=0CE|C---CE,=E. 4.11)

By construction it is compatible with @’ i.e.
®'(E)) C E|, K. 4.12)
Finally we will determine the maps b; : E//E;_| — E; ,/E, ® K induced

from ®’. We have the commutative diagram

0— EJ/E_, — E/E., = (W/wiT, 50
b; | bi | bi |

Vit1

7 : .
0_)(E1{+1/E,{)®K_>(Ei+1/Ei)®K N (Wl+l/Wl)c®K—>0
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Here b; is induced from ®.. When i > n — k then from (4.9) we see that b;
maps between zero-dimensional spaces, which shows that

b; =bj € HO(C; (E}/E]_)*(E,\/EDK) = HO(C: (Ei/Ei—1)*(Ei11/EDK). (4.13)

When i < n — k then b; is induced from an isomorphism of 1-dimensional
vector spaces, and we get again the agreement (4.13).

Furthermore, when i = n — k then W!/W/~! is one-dimensional and
Wit/ W' = 0. This implies that b, = b;s. where s is the defining (4.1)
section vanishing at c.

Finally by tracing the kernel of the induced maps on the fibres at ¢ in
the diagram (4.8) and using (4.9) we see that V' = (E|_,). < E_. Thus
Hy (E', ®') = (E(—c), D).

We proved the following

Proposition 4.15 Let a Higgs bundle (E, ®) carry a full (4.4) and compatible
(4.5) filtration, such that b (4.7) does not vanish at c. Let V < E. be a k-
dimensional and ®.-invariant subspace. Then the Hecke transformed Higgs
bundle Hy (E, ®) = (E’, ®') carries an induced full filtration (4.11) which is
compatible with ®' (4.12). Furthermore we have (4.10) and bl’. = b; unlessi =
n —k whenb;,_, = by_ySc acquires a simple zero at c. Finally, the subspace
of Remark 4.11is V' = (E, ;)¢ < E_. Thus Hy/(E', ') = (E(—c), ).

4.2.2 Very stable Higgs bundles via Hecke transformations

For 8 = (80, 81, ...,8n—1) € Jo(C) x CMl 5 ... 5 Clmn-1l1et & € M*T be
atype (1, ..., 1) fixed point of the T-action constructed in Example 3.2.

Theorem 4.16 Let & € M*! be a type (1, ..., 1) fixed point of the T-action.
Then Es is very stable if and only ifb = byo- - -ob,_1 € H(C:; LiL,1K) has
no repeated zero, i.e. if and only if the effective divisor div(b) = 61+ - -+8,—1
is reduced.

Proof First we prove the “if” part. The proof is by induction on deg(b). When
b has no zeroes, then £ = £ o are the uniformising Higgs bundles from
Remark 3.8. Thus ng is a Hitchin section. In particular & is its intersection

with the nilpotent cone h=1(0) (c.f. Remark 4.5). Thus & is very stable when
deg(b) = 0.

Let & € M*T be such that b has no repeated zero, but at least one zero say
¢ € C with b(c) = 0. Assume that it is bg(c) = 0. Then V := (Lo ® --- &
Ly—1)c < E. is ®. invariant. We see from Example 4.13 that Hy (&) = Ey
where 8! = §; i.e. b = b; exceptif i = k when b} = by/s.i.e. 8, =& —c.In
particular, b’ does not vanish at c. We will make frequent use of the following

O

@ Springer



928 T. Hausel, N. Hitchin

Lemma 4.17 Let & € M such that by(c) = 0. Let V := (Lo ® -+ @
Ly—1)c < E.. Then Ey := Hy (Es) has the chain form

b b br—1 bi/s bi+41 bn—1
Lo—> L1 3 S Ly 5 L(—o) = .. 5 L (o)

and it is a stable Higgs bundle.

Proof As by assumption & is stable all proper ®-invariant subbundles have
slope less than the slope of E. As the only ®-invariant subbundles are L; &
---@® L,_1 C E,we have forevery 0 <i <n — 1 the following inequality:

i+ -+ <£0+"'+£n—1
n—i n '

To see that £y is stable we check that

G+ 4 4l i+l —min(n—i,n—k)

n—i n—i
o+ + Ly min(n — i, n — k)
< - -
<g6+...+£;71—|—n—k_min(n—i,n—k) <€6—|—...—|—Z;71
n n—i n
because
n—k <m1n(n—l,n—k)‘
n - n—i
O

Assume now that we have a nilpotent Higgs bundle £ = (E, ®) € Wg(; .
From Proposition 3.4 let E; C --- C E, = E be the ®-invariant filtration
inducinglimy g A-& = &.Let V := (Ey). < E., which by the assumption of
br(c) = 0is d.-invariant. As we saw in the previous subsection Hy (E, ®) =
(E’, @') is nilpotent in the upward flow of Hy, (£5) = Ey, because & is
stable by Lemma 4.17. But deg(b’) = deg(b) — 1 and so by induction we can
assume that E is very stable and hence the nilpotent (E’, ®') in its upward
flow should be isomorphic to it: (E’, ®’) = Ey. Now b'(c) # 0 therefore @/,
is regular nilpotent. Hence there is a unique ®/.-invariant (n — k)-dimensional
subspace of E’, namely Vk/,n—l = (Lp)e® - ®(L,—1)c. The Hecke transform
of (E', ") = Ey at this subspace gives (E(—c), ®) = &5_., where
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§—ci= (8 —C 81, . 8n1).

This shows that & is also very stable. This proves the “if”” part of the theorem.

For the “only if” part, when b has repeated zeroes, the strategy will be
to produce a Hecke curve [56]—a one-parameter family of Higgs bundles
produced as Hecke transforms of a fixed Higgs bundle—in the intersection of
the nilpotent cone and the upward flow Wg{; originating at &;.

Take a multiple zero ¢ of b. Assume that by (c) = 0.Then V := (Lo ®--- @
Lx—1)c < E. is & -invariant. The Hecke transformed Higgs bundle from
Example 4.13 Hy (&) = Ey = (E’, ®') has b'(c) = 0 otherwise Hy(Es)
would have b(c) = 0 a simple zero from Proposition 4.15.

Thus b'(¢) = 0 and as before in Lemma 4.17 Ey is still stable. Now however
the nilpotent @/, is no longer regular due to ' (c) = 0. This implies that, besides
V' = (L,®---®L)_,), thereis more than one ®_-invariant n —k-dimensional
subspace in E... By [61, Theorem 6] the subvariety S, (®.) C Gr,—¢(E.) of
&/ -invariant (n — k)-dimensional subspaces in the Grassmannian of (n — k)-
planes in E/. is connected. The connectedness of S, () also follows from
[42, Theorem 6.2] as one can think of S, (®7.) as the support of the fixed point
scheme of the unipotent group action of G, = {exp(r ®..)} on the Grassmannian
Gryp—x (Eé) .

We will finda curvein S, ¢ (®..), leading to a Hecke curve in M by studying
a natural T-action on the projective variety S,_i(®.). We note that & =
(E’, ®') is T-invariant, meaning that

(E',®) = (E', LD (4.14)

for all A € C. The isomorphism in (4.14) is induced by an automorphism of
(E',®").Let Tacton E' = Ly & --- & L _, with weight —i on L. This
T-action induces the weight —1 action of T on @', showing (4.14). Restricting
this T-action to E/. we get an action of T on Gr,_(E.). We note that ®/.(A -
v) = A - ®/(v) and thus if V C E is a ®.-invariant subspace then A - V is
also @ -invariant. Therefore this T-action leaves S, (®..) invariant. We have
Su—k(®)T C Gry_i(E.)Y. Fixed points of the T-action on Gr,_x(E") are of
the form (L;, & ---® L;, ,). for any (n — k)-element subset {i1, ..., i,—x} C
{0,...,n — 1}. We have

V'i=(Ljy.oos L e € Sy (L)' C Gry—i(EL).
By Remark 4.11 we have that Hy/(E’, ®') = (E(—c), ®) = 5.
As S, (®.) is projective, connected and contains more than one point,

thereis V' # V € S, (P.) such that lim, oAV = V'. Let

Voo := lim A-V € 8,1 (®))".
A— 00
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As the T-action on S,_x(®.) is linear we see that V' # Vu. Let Voo =
(Liy ®---®Lj, ) for some

{k,....n—=1}#{i1,...,ink} C{0,...,n —1}. (4.15)

We thus have a map P! — Sp—k(®)) sending 0to V', 00to Voo and & € T to
A - V. We will denote the corresponding subspaces V; for t € C U oo.
First we need the following

Lemma 4.18 Hy__ (Es) is a T-fixed stable Higgs bundle.
Proof LetHy, (Ey) = (E”, ®"). Then E” = L{®---®L, | where L = L]

wheni € {i1,...,i,—¢}and L] = L;(—c) wheni ¢ {i{, ..., i,—t}. Thus
"o.__ "o E; wheni € {i],...,in,k}
b = deg(L;) = {z; 21 wheni ¢ {ir,....in ) 4.16)

The only ®"-invariant subbundles of E” are of the form L} & --- @ L, _,.
Thus to prove stability we check

L R - L4+, —max(0,k — i) =g,-+~.+zn,l—(n—i)
n—i - n—i n—i
o+ Fl—n L+

< =
n n

O

Let V € S, _1(E.) and denote V5 := A - V. Denote by f; : E/ — E’

the automorphism induced by our T-action on E’ as in (3.3). Finally identify
(K): = C. We now have the commutative diagram:

EyK ——— E'’K ———— (E;/V),

/

)uiyr

E}, > E'

f{’l fxl
E, K E'K
7| S 4
A
Ey, > E'
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The map f;' : E{, — Ej, is defined uniquely so as to make the diagram
commutative. The diagram shows that f;" induces (E| X CIJ’VA) = (Ey, A-D).

Therefore Hy, (£s) is stable for all ¢ since stability is an open condition
for Higgs bundles (c.f. [62, Lemma 3.7] or [57, Proposition 3.1]). Finally, we
note that Hy, (&) = E— Z Hy, (Es) because there exists an i such that
deg(L;’) # deg(L;(—c)) because of (4.15) and (4.16). Thus we found a T-
invariant family of nilpotent stable Higgs bundles in M* parametrized by P!
connecting &_. and Hy_ (£s). Thus ng N h~1(0) is not trivial. Therefore
Es—c and so &s is not very stable. The theorem follows. O

Corollary 4.19 There is a very stable Higgs bundle in every type (1, ..., 1)
component Fy ,, € mo (M) from (3.4). In fact, they form a dense open subset.

Proof From Theorem 4.16 the very stable locus in Fy ,, are Higgs bundles &
where b has no repeated zero. Thus they form the complement of some divisor.
The result follows. O

4.2.3 Example in rank 2

Let Lo and L be line bundles on C and £ = Lo & L; together with a
00 .
bo ) Withb = b1 € H(C; LiL1K).

Assume that deg(b) < 2g — 2 so that (E, ®) is stable. Suppose further that
b= sgb” has a double zero at ¢ € C where b” € HO(C; LiL1K(—2c)). Let
V .= (Lo)e < E.. Itis ®.-invariant as . = 0. We have

lower triangular Higgs field: ® =

E'=Ly®Ly=Lo® Li(—c)

and V' = Vo = (L))c. As b’ = scb” still vanishes at ¢, @, = 0. Thus
S1(®.) = P(E.) the whole P!. Let Voo = (Lo). < E., which is ®/-invariant.
Fix basis vectors (v;) = (L/l)c and (vp) = (L’Z)C then let V; = (tv; +
v2). We obtain lim;—gV; = V' and lim;_. o V; = V. Then we see that
Hy/ (E', &) = (E(—c), ®) and Hy_ (E', ®') = (E", ”). Here

E' = Lg &) L/ll =Lo® L1(—2¢)
00

and ®” = (b” 0
direct sums but extensions

> . For t # 0, oo the Hecke transforms E Q,, are no longer

0— Lo(—c) — E/V, — Li(—c) — 0, (4.17)
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or
0— Li(=2c) = Ey, — Lo — 0. (4.18)

The first one corresponds to the modification of E{ = L{ = Lo in EJ,. In
other words (4.17) is the modified filtration of Proposition 4.15. This shows
that

lim % - Hy, (', @) = (E(=¢), ®).

In particular, as the latter is stable so is Hy, (E’, ®').

The second extension (4.18) is induced from L{(—2c¢) C EQ,t the Hecke
modification of the subbundle L} = Li(—c) C E’. As ®' was trivial on
L, the modification CD/V, will be trivial on Lj(—2c¢). Thus (D/V, will be given
by projection to Lg in (4.18) followed by b” : Ly — Li(—2¢)K. As in
Proposition 3.11 this shows that

lim A-Hy,(E', ®) = (E", ®").
A—00

Thus Hy, (E’, ®') is a T-equivariant family of stable nilpotent Higgs bundles
parametrized by t € P! = C U oo, connecting Hy, (E’, ') = (E(—c), ®)
and Hy, (E', ®') = (E", ®").

This shows that (E(—c), ®) and thus (E, ®) are not very stable.

4.2.4 Hecke transforms of Lagrangians

We have seen above how the different upward flows of type (1, .. ., 1) very sta-
ble Higgs bundles are related by Hecke transforms. We also showed they were
Lagrangian in Proposition 2.10. It is a general fact that the Hecke transform
takes Lagrangians to Lagrangians, as we show next.

Simpson constructed [62, Theorem 4.10] the fine moduli space R° of stable
rank n degree d Higgs bundles, framed at the point ¢ € C. The group GL,
acts on the framing with quotient M* so that R®* — M?®* is a PGL,-principal
bundle, associated to the projective universal bundle P(E,) restricted to c. Let
H; C GL, be the stabilizer of CK < C"—a maximal parabolic subgroup of
GL,,. The quotient GL,, / Hy is isomorphic to the Grassmannian of k-planes in
C" and we can construct the Grassmannian bundle

Gri(E.) := R’/ Hy (4.19)

over M?*.
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By identifying K. = C, étale locally the universal Higgs field &, restricted
to ¢ gives an endomorphism ®. € H%(M?*; End(E.)). We will denote the set
of ®.-invariant k-dimensional subspaces of E. by

H ={V < [E((E7¢)7C)|(E, ®) € M*,dim(V) =k and ®.(V) C V}.

The subset H®* C Gri(E.) has the structure of a variety, as étale-locally in
M?* we can assume that some A € C is never an eigenvalue of ®. in other
words det(®. — ) # 0. That means that ®. — X is invertible and thus acts
on Gry(E.) and H* in this étale neighbourhood is the fixed point variety of a
morphism. By construction

7 H — M (4.20)

is a proper map.

A point of H?* is represented by a pair ((E, ), V) € H°® of a Higgs bundle
(E, ®) and k-subspace V € Gr¢(E,.) such that ®.(V) C V. We also consider
SHS C ‘H* the subset of points ((E, ®), V) € H® where V € Gri(E,) such
that Hy (E, @) is stable. As stability is an open condition for Higgs bundles
SHS < H* is an open subset. Further we define M* C M the open subset
where the spectral curve is smooth and the Higgs field ®. at the point ¢ € C
has distinct eigenvalues. Then we set H* := 71 (M*) C H* an open subset.
The Hecke transform does not change the spectral curve, and when it is smooth
the Higgs bundle is automatically stable. Thus H* c SH?.

By abuse of notation we will still denote 7 : H* — M?* the restriction
of (4.20). If M = M, 4 then we denote M’ := Mz_k so that Hy (E, ©) €
M’ when ((E, ®), V) € *H*. This defines 7’ : H* — M'*. We have the
following

Proposition 4.20 The map (7', ) : H* — M™ x M* is injective.

Proof When the Higgs field @, has n distinct eigenvalues A;, a Hecke trans-
form depends on the choice of a k-element subset or equivalently a subspace
C* < C" spanned by the corresponding eigenspaces. If the equation of the
spectral curve is given by det(x — ®) = 0 and (E, ®) is the direct image
of the line bundle U on C, then the Hecke transform is the direct image of
U(—D) where D is the effective divisor (A;,, ¢) + (A, ¢) + - - + (X, ©).

The map will be injective if for two choices of subspace the divi-
sor classes Dp, D, are distinct. This will follow if dim H°(C,, O(D)) =
1. By Riemann-Roch and Serre duality this condition is equivalent to
dim H°(C,, Kc,(—=D)) = g — k where g is the genus of C,, or alternatively
if the restriction H%(C,,, Kc,) — HOD, Kc,) = C* is surjective.

By adjunction on the total space of K, which has trivial canonical bundle,
we have K¢, = 7*K" and hence sections of 7* K" are of the form ap +ax +
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<o 4 ap_1x" ! where qg; is the pullback of a section of HO(C, K" %). This
space has dimension n>(g — 1) + 1 = g and so represents uniquely every
section of K¢, . Restricting to D gives (vy, ..., vx) where

U = ao(c) + a1 ()i, + -+ an_1 (A",

Since the A; are distinct, Lagrange interpolation provides a polynomial of

degree (n — 1) which agrees with any (vy, ..., vx) and because K  on C has
no base points, there exist sections a; agreeing at ¢ with the coefficients of the
polynomial. Hence restriction is surjective. m|

We can define a correspondence on M’ x M?* by saying that two
points (m,m’) are equivalent if they are represented by Higgs bundles
(E, @), (E’, ®') where (E’, @) isrelated to (E, ®) by a k-plane Hecke trans-
formation at c. Then, from Proposition 4.20, at a generic point this is locally
given by the graph of a map and hence has a dense open set which is a manifold
of half the dimension.

Recall that a Lagrangian correspondence between symplectic manifolds
M1, M> is a Lagrangian submanifold M| x M, with respect to the symplectic
form pjw; — pjw;, for example the graph of a symplectic transformation.
Then points in M> corresponding to those in a Lagrangian in M will, under
transversality conditions, form a Lagrangian submanifold. The following result
was already discussed in [43, pp.185-186].

Theorem 4.21 The Hecke correspondence on M’ x M9 is Lagrangian at a
generic point.

Proof We use a differential-geometric approach and assume that ®. has dis-
tinct eigenvalues. As defined above, when we have a rank n vector bundle £
on the curve C and a point ¢ € C the Hecke transform E’ is the vector bundle
defined by the kernel subsheaf of a homomorphism # : O(E) — (’)2’_" with
the kernel at ¢ the vector space V.

Let vy, ..., v, be alocal basis of sections of E with vy, ..., vt spanning V
at c. Using a local coordinate where c is z = 0, a local basis for E’ is given by
ui,...,u, where v; = u; fori > k and v; = zu; for 1 <i < k. We shall use

these two local bases to make calculations.

Varying V C E,. gives a variation of the holomorphic structure on E’ as
in [56]. A first order deformation of V in a parameter ¢ is described by local
holomorphic sections of the form

n
v, +10; =v; +t Z aijv;j
j=k+1
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for 1 < i < k. The variation of a local basis of the subsheaf is then

n

) 1

U = — E ajjj.
<

j=k+1

The matrix a = q;; in the basis uy, ..., u, for E " gives the section

00
a/z 0
over a punctured disc.

For a fixed holomorphic structure on E, this is a Cech cocycle for a class
in H'(C; End(E’)) defining the variation of the holomorphic structure on the
Hecke transform corresponding to a(c) € Hom(V, E./ V), atangent vector to
the Grassmannian. Here however we need to vary E also and it is convenient
to use a Dolbeault representative A € QO1(C; End(E)). We may make the
assumption that the deformation of holomorphic structure on E is trivial in a
neighbourhood of ¢ so that we can take A = 0 in this neighbourhood, extend
a to a C™ section supported in a neighbourhood of ¢ and holomorphic in
a smaller one and take A + 94 /z € Q%1(C; End(E")) giving the combined
deformation of holomorphic structure on E’.

Let (A, ) be a first order deformation of a Higgs bundle preserving the
deformation of the subsheaf. A local section of End(E) can be written in
block matrix form with respect to the subspaces spanned by vy, ..., vx and

Uk+1, - - - » Uy TESpEctively as
P Q
RS

and in the basis uy, ..., u, it becomes

P zO
(z—lR S). 4.21)

From this we see explicitly thata Higgs field ® € H 0(C; End(E)®K) extends
to End(E’) ® K if and only if the entry R is divisible by z, i.e. ® preserves V
at ¢, which is the definition of H?.

To preserve the subsheaf to first order we need (P + th) (v +ta(w)) =
w +ta(w) modulo 72 for v and w linear combinations of vy, . . ., vg. It follows
that ® + [®, a] preserves the subspace V at c.
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o-(39) 5-(29)

Since A = 0 in a neighbourhood the entries are holomorphic. Then

Write

P-Qa 0
R+Sa—aP S—aQ)"

<i>+[c1>,a]=(

This preserves V, so R+ Sa —a P must be divisible by z. Since ®.. has distinct

eigenvalues A; we can take the basis vectors v; to be eigenvectors of ® in a

neighbourhood and then the condition is that Ri i+ (A - Aj)aij be divisible
by z and accordingly a;;(0) is uniquely determined by ®.

In the basis for E’ we have

. P — Qa 0z

O +[®,al= ((R +Sa —aP)z7! S—aQ) ’

which is now holomorphic in a neighbourhood of c.

Let (A, ) € Q%1(C; End(E)) & 2'°(C, End(E)) be a Dolbeault repre-
sentative of a tangent vector to M?®. The holomorphic symplectic form  is
defined by

/ tr(A D7) — tr(Ar ).
c
With A’ = A + da/z as above we obtain
/ tr(A} ) = / tr(A1®2) + tr(da1 Q2/2) — trdar[®, azl/z.
c c

But Q> is holomorphic on the support of a; and divisible by z so by Stokes’
theorem the second term vanishes. By the Jacobi identity tr(a;[®, az]) —
tr(ax[ P, a1]) = tr(Play, az]) but the off-diagonal matrices aj, a; commute
so trda [P, al/z=1tr dar[ D, ail/z. Then

/ (A db) = / (A, b2)
C C

and the two symplectic structures coincide. O
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5 Multiplicities in the nilpotent cone
5.1 Multiplicities of very stable components

Let £ € MT c h~'(0) be a very stable Higgs bundle. Denote by
Fe € my(M?") the component of the T-fixed point set containing £. Let
N := h~'(0) € M denote the subscheme of nilpotent Higgs bundles,
the so called (global) nilpotent cone. Then the corresponding subvariety
Nyea = C C M is isomorphic to the core of M. Denote by Cr, := WI,,?E
the closure of the downward flow from Fg, which is an irreducible component
of C. Denote by Np, C N the corresponding irreducible component of the
subscheme N.

Definition 5.1 The multiplicity of the component N, in the subscheme N
is defined to be the length of the local ring Oy n; o ata generic point and is
denoted by mp, := E((’)N,NF‘g ).

Let k € Z be an integer. For a T-module U = P, ; U, with finite dimen-
sional weight spaces dim(U,) < oo corresponding to A € Hom(T,T) = Z
we denote its character by

xT(U) = X:dim(U;L)t_A e Z((1)). S.D
A<k

For a finite dimensional positive T-module V = @,V the character of the
symmetric algebra Sym(V*) = B, _o Sym(V*), of its dual satisfies

XT(Sym(V¥) =) dim(Sym(V*))t
A<0

1
— 1‘[ T e Z[[11]. (5.2)

A>0

In particular, the equivariant Euler characteristic (see §6.3.1 for more details)
of the structure sheaf Oy on V can be computed as

xt(V; Oy) =Y (=Dt dim H Oy )
ik

=Y M dim HO(Oy) = xr(Sym(V*),  (5.3)
k

where we recall that T acts on s € H°(Oy) with non-positive weights by the
formula (A - s)(v) = s(A~! - v).
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Finally, we let Tgr M < Tg¢ M denote the part of the T-module Te M with
positive weights. Then T¢ Wg” = T£+ M which we will abbreviate as Tg” .

Theorem 5.2 When & € M*' C N is a very stable Higgs bundle then the
multiplicity of the component N, in the nilpotent cone N satisfies

) _ xu(Sym(TF)
mre = rank (h(Oy)) = =2t P ,:1'

Moreover, for a generic a € A the intersection Wgr N h~Y(a) is transversal
and has cardinality m,.

Proof We shall use basic properties of the K-theory of coherent sheaves with
supports as developed in e.g. [5,24,59]. For Z C X a closed algebraic subset
of a complex algebraic variety we will denote by K7 (X) (resp. by K Z(X))
the Grothendieck group of bounded complexes of locally free sheaves (resp.
coherent sheaves) with homology supported in Z.

We shall compute the intersection product

[ONIN Oyl € Ko(1E) =2 (5.4

in two different ways. Here [On] = h*([Oo]) € K(M), where [Op] €

W+
K (A) and [(’)Wg] € K, ¢ (M), where W; C M is closed by Lemma 4.4.
Thus the intersection product

.
[ON] N[Oy ] =[O ®F Oyl € Ko (M) = Ko((€) = 7

is defined. The last isomorphism is given by the Euler characteristic y :
K.({&) — Z.

First we note that Wgr intersects C = N4 transversally at the single point
&, since both Wgr and C are smooth at £ and the tangent spaces Tg+ and TgSO are
complementary. This also follows from Bialynicki-Birula’s local description
of the upward flow (see Remark 2.8). Then [67, Lemma 42.14.3] implies that
the intersection multiplicity

i(M, WS- CAEY = i(M, WF - Cpe, {E)) = 1. (5.5)

We can also find an affine open neighbourhood Spec(R) of £ € M so that
Owg |spec(r) 1s represented by the R-algebra A and ONFS by the R-algebra
B. As N, is irreducible B has a unique minimal prime ideal /,,;, < B which
corresponds to the generic point of Ng, and coincides with the nilradical of
B. In particular, the reduced ring Byoq = B/ I, and
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Spec(Breqa) = Cre N Spec(R). (5.6)

By [13, Theorem 2 of IV.1.4] we know that B as a B-module has a composition
series

0=B, CB,_1C---CBy=B
with factors B;j/Bj11 = B/P;, where P; < B are prime ideals. Moreover

we know from loc. cit. that the factor B/I,;, appears £(By, ) times in this
composition series, which further agrees with

K(Blmin) = E(ON,NFg) - mFg-

Now OW; of ONFg has support {£}. The Euler characteristic of its stalk
at {€} is given by Serre’s Tor formula

X(Alg, Big) = Y (=1)'£(Tor; (A, Big)),

where I¢ <1 R is the maximal ideal corresponding to the point £ € Spec(R) C
M. Computing this further

Y (=1 e(Tori(Asg, Bi)) = Y . Y (=D (Tori(Ase, (B/Pj)ie))

t J

= x(Ae. (B/P)ig).
J

We know that P; D Iyi,. When P; # I, then dim(B/P;) < dim(B/Iyin)
and so Serre’s [60, Theorem C.1.1.a] shows that x (A, (B/Pj)1;) = 0 in
this case. Thus the Euler characteristic of the stalk of (’)Wg L ONFg at {£}

equals
XA, Big) =mpg x(Agg, (B/Inin)ig) = mFg,
as
X(Algs (B/Inmin)ig) = x(Alg, (Brea)g) = i(M, W - Cpe, (€D =1
from (5.5), (5.6) and [60, Theorem C.1.1.b]. This implies that

X([Owr1N[OND = mF. (5.7)
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On the other hand, by the projection formula in K -theory [59, (1)]
h([ON] N [Oyy+]) = [O0] N h (O ]) € KA. (5.8)
By Lemma 4.6 h*([(’)wg]) is locally free and we compute

Xx[ONIN Oy D) = x (e [ON] N[Oz D) = X ([O0] N 2 ([Oyy D)
= X ([h«([Oy Do) = rank (7. (O 1))-

Thus the multiplicity m g, in (5.7) agrees with rank (5 (Owg)) the rank of the
locally free sheaf h*(OW;).

To determine this rank, we notice that W; is T-invariant. We compute the
equivariant Euler characteristic of Owg as

x1Ow1) = x1(Org) = xt(Sym(T™)) € Z((1)) (5.9)

since the T-action on Wgr is modelled on the T-module T£+ ie. Wiz T; are
T-equivariantly isomorphic (c.f. (2.7)).

On the other hand because 4 : Wgr — A is finite the T-equivariant sheaf
h*((’)Wg) is locally free. By the equivariant Serre conjecture proved for T in

[49] the T-equivariant locally free sheaf h*(OWg) on the affine space A is
trivial. In other words

1Oy 1) = (O )0 x A, (5.10)

where the T-action on the O fibre /., (Owg )o is inherited from the T-equivariant
structure on h*(OWg) and the T action on A is the standard one. Thus we
compute

X1(Oy) = X1 (Rh(Oy2) = 11 (R Oy 1))
= X1 (h=(Oy)0)xr(Sym(AD) € (). (5.1D)

Here Xv(h*(OW;)o) of (5.1) is thought of as the T-equivariant Euler char-

acteristic over the point 0 € A. Comparing (5.9) and (5.11) we see that the
equivariant Euler characteristic of the T-module h*(OWg)o can be expressed
as

xT(Sym(T:™))

Xv(h*((')wg)o) = 2 Gym(AD)

€ Z((1)). (5.12)
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In particular, the dimension of h*(OWg)O is

xT(Sym(TZ™))

This proves the first statement. For the second statement note that when £ €
MU is very stable then Wgr C M is closed and fora € A
h (O 1N [ @) = [h(Oyyz) N O]

= [h*(owg)a]

=mp. € K({a}) = Z. (5.13)
When a € A generic then by Lemma 4.6 the intersection of Wgr and h~(a)
is transversal and thus has cardinality m . from (5.13). O
Definition 5.3 For £ € M*! define the rational function

x1(Sym(TF™))
X1 (Sym(A*))

We call it the virtual equivariant multiplicity or virtual multiplicity for short.

mg(t) := € Z((1)).

Corollary 5.4 When& € M*Visvery stable mg (1) is a palindromic and monic
polynomial with non-negative integer coefficients, such that mg(1) = mp, is
the multiplicity of the component Nr, C N in the nilpotent cone.

Proof When & is very stable by (5.12) mg(t) is the Laurent polynomial
XT (h*(owg)()) € Z[t,t~ '], the character of the finite dimensional T-module

h*(OWg)O- In particular, mg(¢) has non-negative coefficients.

When all the weights of T on a finite dimensional T-module V are positive,
then 1/x7(Sym(V*)) is a monic Laurent series i.e.

1
- =1
(Xv(Sym(V*))),:o

from (5.2). It follows that mg(¢) € Z[¢t] is a polynomial and mg(0) = 1.
As

1_[ (1 _ tk)d1m(VA) — (_1)d1m VtZ)Ldim(V)L) l_[ (1 _ t*)\)dim(V)L)
A>0 >0

we get

me(t) = mg(t—l)tz)\(dim(.Al)—dim((Tg)A)) _ mg(t—l)tdeg(mg(t)) (5.14)
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where
deg(me (1)) = Y A (dim(A) — dim((T")))

is the degree of the polynomial m ¢ (¢). Thus mg(¢) is palindromic. As mg(0) =
1 it is monic too. The result follows. O

Remark 5.5 In Sect. 8 we shall see that, in the cases considered there, mg (12)
is a product of Poincaré polynomials of compact homogeneous spaces and
hence monic and palindromic by Poincaré duality.

Remark 5.6 For a very stable £ € M*T we have mg (1) = xt (h*(owg)O) and
so T acts on the vector space h*(OWg)o with non-positive weights and the
multiplicity of the trivial character of T is 1 in h*(OWg)o.

Definition 5.7 When £ € M*7 is very stable we call mg(t) the equivariant
multiplicity of Np, C N.

Remark 5.8 Note that by the T-equivariant analogue of the projection formula
(5.8) we see that the equivariant multiplicity at a very stable Higgs bundle
satisfies

me(t) = [ON]' N[Oy+]" € KJ(ED = Z[r.17').

Hence the name.

Remark 5.9 We know from [46, Proposition 3.5] that very stable rank »n vector
bundles E € N, exist. Then & = (E, 0) is a very stable Higgs bundle, and
Tg+ = T;N and T acts with weight one. Thus

1
a- t)nz(g—l)-i—l

xT(Sym(T™)) = (5.15)

while

1

XT(Sym(A*)) - (1 —1)8(1 — 12)38_3(1 — [3)5g—5 —— tn)(Zn—l)(g—l) '

Thus the equivariant multiplicity in this case is

+
xTSym(Te™) _ RPE3EPES L 2 DD

, (5.16
xT(Sym(A*)) ' 10

me(t) =
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where

n

=14t4- 41"
1—1t

[n]; =

are the quantum integers. So by Theorem 5.2 the multiplicity of the component
of the nilpotent cone N whose reduced subvariety is isomorphic with A/, the
moduli space of rank n stable bundles, is

my = 23873356=5 ., n=D(g=D)

This number was also computed in [6] as the degree of the dominant map
h~'a) — N. We will see in Sect. 8.3 below that this is not a coincidence.
Finally, we note that for any other F € M7

Xt (Sym(T¢™))

ZI1]
Xt (Sym(T£%))

is a polynomial from the definition (5.2), thus we can deduce the following.

Corollary 5.10 For F € M?*" very stable, the equivariant multiplicity divides
(5.16):

3g—3r,15¢—5 .

T (51] PA PR K R 1) P

In particular, it is a product of cyclotomic polynomials.

Remark 5.11 Let n = 2. By Corollary 4.19 and Theorem 4.3 we know that
there exists a very stable Higgs bundle £ in every component N/, F; € mo(M>3)
of the fixed point set of the T-action on M (see Remark 3.3). We see that
Tgr = V, @ V| has only weights 1 and 2 and V| = T*F;, thus

1
(1 _ t)dim Fi(l _ t2)dim./vl/2—dim F;
. 1
(1 = )it — r2)38—i=3

XT(Sym(Tg™)) =

On the other hand

1
(1 =081 =133

x1(Sym(A")) =
Consequently

xT(Sym(T))

me) = 2 Sym(A)

=(1+0" =21

@ Springer



944 T. Hausel, N. Hitchin

Thus from Theorem 5.2 we get that

mp, =2".

This result was proved in [40, Proposition 6] for SL, Higgs bundles (i even)
and for twisted SL, Higgs bundles (i odd) in [33].

Remark 5.12 One can compute the rational function )(W(Sym(Tg+ *))/
x1(Sym(A*)) for every £ € M*T, which by Corollary 5.4 equals the polyno-
mial mg(t), when £ is very stable. This quantity depends only on the ambient
Fe € ng (MF) and when it is not a polynomial, we deduce that there exists no
very stable Higgs bundle in Fg.

As an example recall [26] that a type (1, 2) fixed point £ of the T-action has
underlying rank 3 vector bundle of the form £ = L @ V, where L is arank 1
and V is a rank 2 vector bundle on C and the Higgs field only non-trivial in
HO(C; L*VK).If ¢ = deg(L) and v = deg(V) then d = deg(E) = £ + v.
It is shown in [26, Proposition 2.5] that there is a stable Higgs bundle of this
formifd/3 <€ <d/3+ g — 1orequivalently 0 < 2¢ —v < 3g — 3.

We can easily compute the weight spaces of the T-module TgL . It has
two weights 1 and 2, and we can compute the 2-weight space isomorphic
to HO(C; V*LK) whose dimension is 2¢ — v + 2g — 2 from Hirzebruch-
Riemann-Roch and the fact that H'(C; V*LK) = HY(C; VL*)* = 0 from
[26, proof of Proposition 4.2]. Because of the homogeneity 1 symplectic form,
the weight 2 space is isomorphic with the dual of the weight —1 space, thus
2¢ — v 4 2g — 2 also agrees with half of the Morse index of the ambient fixed
point component, matching [26, Proposition 4.2.i]. It follows that

1
iy
xT(Sym(T™)) = (1 — 1)%—8-2g—2+20=v) (] _ (2)2l—v+2g—2"
This implies
me(t) = M =1+ t)g—1—25+v(1 L4 t2)5g—5 (5.17)
ST T Sym(A) S

This is a polynomial in ¢ if and only if 2¢ — v < g — 1. This shows that the
type (1, 2) components of M;T where g — 1 < 2¢ —v < 3g — 3 do not contain
very stable Higgs bundles.

In fact, we can see this fact directly as follows. Our fixed point is L & V
with Higgs field ¢ : L — V K. Assume for simplicity that the rank 3 bundle
has degree 0. The upward flow consists of extensions L — E — V where ®
acting on L and projecting to V is ¢.
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LetU C V betheline bundle generated by ¢, ortheimageof¢ : LK* — V.
Then

deglU >degL —degK =¢ — (2g — 2).

Its annihilator is (V/U)* C V* which has degree deg U —degV = deg U + ¢
so the degree of L(V/U)*K is

degU + 20+ 2g —2) > 3¢.

If¢ > (g—1)/3 then L(V/U)*K always has a non-trivial section y» which
we can think of as lyingin Hom(V, LK).Then (¢, V) : L&V — (VAL)RK
is a Higgs field on L @ V and (¢, ) = 0 means it is nilpotent.

Remark 5.13 For rank 2 we know that every component of M" contains a
very stable Higgs bundle, thus every component of the nilpotent cone is very
stable (see Remark 5.11). When a bundle is not very stable, the current term
for it is wobbly. So for rank 3 above we found type (1, 2) wobbly components
of the nilpotent cone by computing mp(¢) in (5.17) and finding that it is
not a polynomial. Interestingly, precisely in the case when m () was not a
polynomial we found wobbly directions in Wgr .Infact for rank 3 we conjecture
that all other type (1, 2) components of the nilpotent cone are very stable. As
the type (2, 1) fixed points behave similarly to the type (1, 2) ones by duality,
for rank 3 we can formulate the conjecture that a component F € mo(M*")
contains a very stable Higgs bundle if and only if m¢(¢) (which is independent
of £ € F)is apolynomial fora & € F.

Adapting the argument for the type (1, 2) wobbly fixed point components
above to the rank 4 case we find that all stable type (1, 3) T-fixed Higgs bundle
are wobbly. However, the corresponding mg(¢) is a polynomial, using the
description in [23, Example 6.6]. Thus the obstruction of integrality of mg(¢)
for very stable Higgs bundles discussed in Remark 5.12 is not sufficient. In
particular, already for rank 4 we do not have a conjectured list of very stable
components of the nilpotent cone.

Remark 5.14 We know from Theorem 4.16 that all type (1, ..., 1) compo-
nents of the nilpotent cone are very stable and we can explicitly compute
XT(Sym(T;*))/XW(Sym(A*)) for a fixed point £ € M*7 of type (1, ..., 1).
In thiscase E = Lo ® ---® L, and ®(L;_1) C L;K is determined
by b := ®|;, , : Li-1 — L;K non-zero. We denote ¢; = deg(L;) and
m; =2¢ —2—¥€; + {£;iy1. As b; is non-zero m; > 0.
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By (3.2) the tangent space Tg to M? at this point is the hypercohomology
group

Te = H! (End(E) ) End(E) ® K)

k=n
d
= P v | P Homwi, L)' @ Hom(LiL)®K
k=—n+1 i—j=k i—j=k—1

indexed according to the weights of the T action on 7¢. Thus we see that
k=n
TS = @(Ts)k
k=1

k=n
—PH | @ Hom@Li L)Y @ HomLiL)®K

i—j=k i—j=k—1

Because of the stability of the Higgs bundle £ [31, Theorem 4.3] we get that
the zeroth and second hypercohomology of all the complexes vanish, thus

dimTf = — Y x(Hom(Li, L))+ Y  x(Hom(L;,Lj)® K)
i—j=k i—j=k—1
== Y (“Litg+l-g9+ Y (—Lit+Li+g-1)
i—j=k i—j=k—1

=Q@n—-2k+1D(g—1) — &+ Ly—k+1
=QRk—-1D(g—1) +mg ks,

where

b

Y a<j<pmj whena <b,

Mg p = 0 whena = b,
b

— 2 h<j<q™j Whena >b.

Then a straightforward computation gives

xT(Sym(T5™))
xT(Sym(A*))
IT; r"w(l — ¢y

n—1 m;
n
— 7 . =1 [i]z . (5.18)

[T,Z,(1 = g7ymin=ist i=1

me(t) =
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Here

is the quantum binomial coefficient, in particular a polynomial. Incidently, this
is the Poincaré polynomial of the Grassmanian Gr (C"). This coincidence will
be further discussed in Sect. 8.1.

We thus see that the rational function in (5.18) is always a polynomial. The
polynomiality also follows from the existence of very stable Higgs bundles in
each type (1,1, ..., 1) component of M7, as proved in Corollary 4.19.

We obtain immediately

Corollary 5.15 For a fixed point component Fe € mo(MT) of type
(1, 1, ..., 1) as in Remark 5.14 the multiplicity of N, in the nilpotent cone N
is

n—1 m;
mrpe =me(1) =[] (':) .

i=1
Another consequence is the following

Corollary 5.16 For & € MST very stable the following are equivalent

1. mp, =1,

2. mpg (1) =1,

3. & is a uniformising Higgs bundle, of Remark 3.8
4. Wgr is a section of the Hitchin map h.

Proof Corollary 5.4 implies that mg(t) € Zso[t] is palindromic with non-
negative coefficients showing 1. = 2. By Definition 5.3 mg(¢) = 1 implies
that there are n distinct weights in the T-module T5+ , to match those in A. This
implies in turn that £ is of type (1, ..., 1). Foratype (1, ..., 1) £ we will have
mg(t) = 1if all m; = 0 from (5.18). This only happens for a uniformising
Higgs bundle. This shows 2. = 3. From Remark 3.8 for a uniformising Higgs
bundle W; is a section of the Hitchin map. This shows 3. = 4. Finally the
second part of Theorem 5.2 implies 4. = 1. O

5.2 Intersection of upward flows with generic fibres of &

Leta = (ai,...,a,) € HY(C; K) @ --- ® H%(C; K™") = A be coefficients
that define a smooth spectral curve C, C T*C. Assume that div(d) for £ of
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type (1, ..., 1) avoids the ramification divisor of 7, : C, — C. In other words
over any zero ¢ € C of b we have |7, I(¢)| has n distinct preimages of ¢ in
C,.

We recall that the spectral curve is a subscheme of 7*C defined as

C, = det(x*® — x)~1(0),

where 7 : T*C — C is the projection and x € HO(T*C; n*(K)) is the
tautological section. For (E, @) € h~1(a) denote by

*
w,; d—x

U := coker(n(E ® K1) “= "1} (E)). (5.19)

Then by [37, §5.1] and [6, §3.7] we have the following proposition, which
we prove for completeness as the proof is not readily available in the literature.

Proposition 5.17

1. The direct image of the trivial bundle
(12)+(Oc, = mH(K)) = Eopa = (Eoe. ®a) € W (5.20)

defines the canonical section Wé: of the Hitchin map (see (3.16)).
2. If a Higgs bundle (E, ®) is the direct image of a line bundle U :

()« (U > U @ m(K)) = (E, ). (5.21)

then on C, we have the exact sequence

0> URmHK™ - a(EQ K™Y ﬂ:{i_x 7 (E)—>U—0. (5.22)

Proof To prove (5.20) we note that the pushforward (,).(Oc,) is the Oc-
algebra Sym(K ~!)/Z where the ideal sheaf Z is generated by the image of
u: K™ — Sym(K~!) the sum of a; : K" — K "% Thus we see that as
a sheaf (17,)«(Oc) = £o. and the algebra structure on it induces the Higgs
field @, (3.15) the companion matrix of a.

For the proof of the second statement we also denote by

/ * —1 g P—x *
U :=ker(n,(EQK™) — mn,(E))
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the kernel. Then the pushforward of the middle square of the diagram

*¢_
0— U’ — 7HE®K™h Ta THE) — U -0
x| x| x x|

d—
0> U @rK)—> 7E) ‘> n*E®K)—> U K)—0

is the middle square of the following diagram:

v ldpg, ®@P—®u®ldyy-1 s

0— EK™" — Eo.®EK™! — Eo., ®E = E —0

@ . @Idp .@1dp ¥ @

IdEOC QP—®Idy -1
—

0> EK" % Eo.®F Eo. ® EK 3 EK — 0

The rest of the diagram is given by the maps

Wy

2 1 2
v = . EK" > EK "®EK “®p---EK™"

Wy
with
U, =" 4" oy, ildgg—n EKT" — EK™!

and E = (Ey,82,...,By) : EQEK '@ .- ® EK™™ — E is the
map given by 8; = &' : EK'"! — E. It is straightforward to check
that the second diagram commutes due to the Cayley-Hamilton identity 0 =
®"+a;d" 4. ..+a,Idg . Therefore the second diagram is the pushforward
of the first. This implies (5.21) and that U" = U @, (K ~"). The result follows.

O

Now let £ be, as in Remark 5.14, a very stable Higgs bundle of type
(1,1,...,1). We know from Proposition 3.4 that (E, ®) € W(}L if and only
if there exists a filtration with a full flag of subbundles as in (4.4) which is
compatible with the Higgs field (4.5). Recall the maps b; and b from (4.6) and
(4.7) respectively.

Assume that (E, ®) € W; N h~1(a). Denote by fi : n)(E;) — U the
composition of the embedding 7 (E;) C n;(E) and projection 7 (E) — U
arising from the definition (5.19) of U. Furthermore, denote by U; = im(f;)
the image sheaf. As a non-trivial subsheaf of the invertible sheaf U it is itself
an invertible sheaf. We have thus constructed a filtration
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uicUc---cU,_ycU,=U

by invertible subsheaves. Denote the induced map f, : Ui — U and by
A; = d1v(f,) the divisor of zeroes of ﬁ e HO(C; U?U). Note that the
divisor A determines

U = n;(E1)(A),

and so in turn by (5.21) it also determines our Higgs bundle (E, ®) € Wg
h=1(a). We get the chain of divisors on C

Proposition 5.18 Let £ € M*T be a type (1, ..., 1) very stable Higgs bundle.
Leta € A be such that the spectral curve C, C K is smooth and div(b) avoids
the ramification divisor of 7.

1. If (E,®) € W; N h’l(a) then the effective divisor A; — Ajy1 > 0 s
reduced and supported on (n — i) preimages in C, of m, over each zero
of b; in C. More precisely if c € C is a zero of b; then ®. leaves (E;).
invariant and ¢ € n;l(c) is in the support of A; — Aj41 if and only if
¢ € K¢ is not an eigenvalue for ®.|(g,). : (Ei)e — (Ej)c K.

2. On the other hand for any choice of an (n — i) element subset of Lo
for all zeroes c of all the b;, there is a unique (E, ®) € W; Nh=Y(a) such
that the corresponding invertible sheaf on the spectral curve C, has the
formU = n;(E1)(A1) for Ay effective and reduced and supported at our
chosen points in C,,.

3. Finally, any two distinct choices of such (n — i) element subsets of L(c)
over all zeroes of b; for all i gives non-isomorphic Higgs bundles. In par-
ticular,

n—1 n mi
W nh '@ =]] (l) ,
i=1

where deg(b;) = m;.

Proof First we prove that A; — A; 1 > 0 is supported at precisely (n — i)
preimages in C, over each zero of b; in C with no multiplicity, i.e. A; — A4
is reduced.

Note that ®(E;) C E;;+1 K thus we have the map

pi =1, (®) —x 1w (E;K*) — 7 (Eiy1).
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Let im(p;) < m}(E;+1) denote the subbundle which is the saturation of the
subsheaf im(p;) C )} (E;4+1). Let Vi41 1= n}(E;+1)/im(p;) be the quotient
bundle and

gi+1 : 7y (Eiv1) = Vip

the quotient map. Another way to think about V; 1 is that it is the quotient of
the sheaf coker(p;) by its torsion:

Vi1 = coker(py)/ T (coker(p:)).
As p; is generically an embedding V;4 is a line bundle. We have a map
hi - Vi — Vi1
This can be seen by noting that the embedding 7 (E;) C n)}(E;4+1) induces

a map coker(p;) — coker (p;+1) which induces a map on the quotients by
torsion. By chasing around definitions we see that

8i+1
my(Eiv1) = Vip

4 Ty (5.23)
TrE) S

is commutative. We define Vi := nrJ(E1) and hy : Vi — V; as 82lmx(Ey) SO
that the diagram (5.23) is still commutative for i = 1. Finally, we have a map
hy : V, = U induced by the map

coker(p,—1) — coker(n;(®) —x) = U.

This induces the commutative diagram

Vi
&n hin (5.24)
e . N

7 (E) —— U
If we denote by
hsj:=hyo---0h; : V; = U,

then we see from the commutativity of the diagrams (5.23) and (5.24) that
fi = h>;og;.Because g; is surjective we can deduce im(h>;) = im(f;) = U;.
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In particular, h>; : V; — U, is surjective and thus an isomorphism. Thus
Aj = Ajgy = div(h;).

The map gi+1lxx () : wy(E;) — Vi41 vanishes at ¢ = (c,A) € Cq
provided that

7, (Ei)e C pi(m (EiK*)z).
This happens when
(Ei)e C (P —Mdp)(EiK™)e).
As (E;). and (E; K*). are of the same dimension this is equivalent to
(Ei)e = (@ — Mdp)(EiK™)). (5.25)

This implies ® ((E;).) C (E;K)¢,1.e. that (E;). is -invariant, which implies
that (b;), = 0. As by assumption ¢ avoids the ramification divisor of 7, we
see that @, has distinct eigenvalues, i.e. it is regular semisimple. Finally, when
A is not an eigenvalue of ®|g,;), then (& — AIdE) is injective so gives an
isomorphism between (E; K*). and (E;). and thus (5.25) holds.

Thus we see that g;+1|xx(k;) vanishes at n — i preimages of each zero of
b, the ones corresponding to the eigenvectors of ®. not in (E;).. From the
commutativity of (5.23) and surjectivity of g; we see that the same follows for
h;.

We compute

n—1 n—1 n—1
deg(Ay) =) " deg(A; — Aiy1) = ) deg(hi) = ) mi(n — i) = deg(A).
i=1 i=1 i=1

Indeed, by assumption div(b;) is reduced, deg(div(b;)) = m;, so deg(h;) >
m;(n — i) and we have

n—1 n—1
D omin—i) =Y (=i +Liy1+28 —2)(n — i)
i=1 i=1

n—1

= —nl; + Zﬁi +nn—1(g—-1)
i=1

= —ndeg(E) + deg(E) + deg(K(;))
= —degn;(E;) + deg(U) = deg(A).
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Here weuseddeg(E) = deg(U)—deg(K(g)) for which see [6, §4]. It follows
that A; —A;_1 > Oisreduced. Over a zero of b; the morphism 4; : V; — V44
is zero at precisely those points which correspond to eigenvectors of ®, not
in (E;).. This proves the first part of the statement.

For the second part of Proposition 5.18, we will construct a Higgs bundle
such that A1 C C, is the union of the prescribed choices of an (n — i) tuple
inm, L(¢) over every zero c¢ of every b;. The construction is by induction on
deg(b;). When deg(b;) = O then U = x(E;) is unique and given by the
Higgs bundle &g, , defined in Remark 3.8.

Recall the notation & foratype (1, ..., 1) Higgs bundle from Example 3.2.
Suppose that we have constructed a Higgs bundle in (£, ®) € ng Nh~(a) for

any choice of an (n—i) tuple in ! (¢) over every zero c of every b;. Letc € C
be a point which avoids the ramification divisor of 7, and b(c) # 0. Denote
by b’j :=bj and 5} := div(b;) except when j = i, when we let b, := b;s or
equivalently 8/ := &; + c. Assume that & is still stable. Then @, is regular
semisimple and we can take an i-dimensional ® .-invariant subspace V; C E.
corresponding to any i element subset of 77, I(¢). Then by Proposition 4.15 the
Hecke transform Hy, (E, ®) = (E’, ®’) will be contained in Wgy Nh~ ),
and b; (c) = 0 so that @/, leaves (E;). invariant. By induction the second part
of the proposition follows.

For the last part we note that there are (" l.)mi = (’;)mi choicesfor A; —A;_j.

This gives us []/Z} (7)™ possibilities for A;. In theory, two distinct divisors
could represent the same line bundle, but in our case, this cannot happen.
Namely, a Higgs bundle (E, ®) € ng N h~'(a) will have a unique filtration
yielding the limiting Higgs bundle £s from Proposition 3.4. Then in turn the
filtration defines a unique subset A; C C, as above in the proof of part one of

the proposition. The result follows. O

Remark 5.19 When £ € M*U is very stable then WgL C M is closed and we
have (5.13). When £ is of type (1, ..., 1) from Corollary 5.15 and Proposi-
tion 5.18 we get that |W§r N h_l(a)| = mg, provided that C, is smooth and
div(b) avoids the ramification divisor of m,. Consequently, in this case Wgr
and h~1 (@) intersect transversally.

Similarly as above in Proposition 5.18 one can prove that IWSJr Nh~ )| <
mg when b has repeated 0’s. The second part of Theorem 5.2 implies that such
type (1, ..., 1) Higgs bundles must be wobbly. This gives an alternative proof
of the “only if ” part of Theorem 4.16.
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6 Mirror of upward flows

In this section we consider the mirror of (’)Wg the structure sheaf of a very stable

type (1, ..., 1) upward flow. We recall that we work with GL,-Higgs bundles.
Because GL, is its own Langlands dual we expect the mirror of Oy, + to be a
coherent sheaf on M, or a complex of sheaves which — generically at least—
should be a fibrewise Fourier—Mukai transform on the self-dual Jacobian of a
smooth spectral curve. We start by recalling these notions.

6.1 Jacobians, duality, Fourier—Mukai transform

The Jacobian J := Jo(C) of a smooth complex projective curve C is the
moduli space of degree O line bundles on C. It is an Abelian variety with
multiplication of line bundles. Its dual Abelian variety is defined as Pic%(J)
the moduli space of translation invariant line bundles on J. One can identify
Pic®(J) with J in two different ways yielding the same isomorphism between
the two.

First, we fix a point ¢ € C and define the Abel-Jacobi map as at¢, : C — J
by

ac(c) == O(c — cp).
Then it turns out [11, Lemma 11.3.1] that the restriction map
* . pia0
o, : Pic J)y—>J (6.1)

is an isomorphism.
Another isomorphism between Pic?(J) and J is given by £ the line bundle
of the Theta divisor ®. One defines

br : J — Pic%(J) (6.2)

by L — t; (L) ® L*, where t; : J — J is translation by L. The map (6.2)
is an isomorphism as £ defines a principal polarization on J. It follows from
[11, Proposition 11.3.5] that —¢, = (ajo)_l. Thus —¢, and oej.‘o defines the
same isomorphism between J and Pic®(J). In particular, o, is independent of
the choice of ¢y € C. We will identify J with Pic®(J) using this isomorphism
below.

We have the Poincaré bundle P on J x Pic®(J) unique with the properties
that

Plyxiy =L (6.3)
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for every L € Pic®(J) and
[Pl{OC}XPiCO(J) = OPico(J)'
For L € J we will denote the line bundle
Pr:= [Pl{L}xPicO(J)

on Pic®(J) = J, where we identified Pic®(J) and J with a;"o. This translation
invariant line bundle on Pic®(J) is characterised by the property that

ozjo([PL) =L. (6.4)
In particular, for L1, L, € J we have
Pri, =Pr,  Pp,, (6.5)
and
Po. =0,.
Using the Poincaré bundle P on J X PicO(J ) = J x J we can define the

Fourier—Mukai transform [45]. For a bounded complex F* € Df on(J) of
coherent sheaves on J we denote by

S(F*) := (m)«(7F (F*) @L P) € D, (1),

coh

where 71 and m, are the projections of J x J to the two factors. Then S is
called the Fourier—Mukai transform of F*. For example we have

SOr) =Pr.

We recall three properties of the Fourier—Mukai transform. First by [45,
Theorem 3.13.1] for any F* € Dfoh(./)

S(S(F*) = (=D*(F)[-gl (6.6)

where —1 : J — J denotes the inverse map on the abelian variety J and
g = dim(J) is the genus of C. The second [45, Theorem 3.13.4]

S(F*) = (=D*S(F*)"[gl. (6.7)
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Here (F*)Y := RHom(F*, Oy) is the derived dual complex. Finally, by
proper base change and (6.3) we see that the restriction of the Fourier—Mukai
transform to the identity satisfies

S(Focy = R (F*), (6.8)

where 7 : J — {Oc} is the projection to the point.
We can pull back

L := (e, x o )*(P) (6.9)
the Poincaré bundle on J x Pico(J) to C x J via the map
Qeo xozjo_l :C x J — J x Picy(J)
to get a universal line bundle on C x J satisfying
Licxqy = L (6.10)

for all L € J and normalized by an isomorphism

B: Llcoixs — Oy. 6.11)

Remark 6.1 As a universal line bundle on C x J the line bundle L is not
unique as we can tensor it with the pull back of any line bundle on J, and the
universal property still holds. However (L, 3) is the unique universal object
for the functor assigning to a scheme 7 families of framed line bundles (L, ),
where L is aline bundle on C x T and B : Llic)xr = Or.

If ¢, € C is another point, then L ® 7} ([PO(CO_%O lieg > = Oy;. This

is because I]_|{C£)}X = (a(’)kfl)*ﬂDO(Cé_co) from (6.4). Therefore the universal
bundle normalised at ¢ is given by

U =187 (Pow-—cp) - (6.12)

Finally, we denote by 7 : C — C a finite morphism of smooth projective

curves, by J the Jacobian of C and P denotes the Poincaré bundle on J x J.
Then, in this setting, we have the norm map Nm,, : J—J by

L > det(m.(M)) ® det(.(O¢)) ", (6.13)

which is a group homomorphism.
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Lemma 6.2 For M € J we have 7*(M) € J and

[Pn*(M) = Nm; (ﬂDM)

Proof Fix ¢y € Calift suchthat co = (o). Thenby [11, p. 331] the diagram

Lol
Pico(J) = J
Nmj 1 ™

. OlCO
Pico(J) = J
commutes. Thus

az, (NmZ (Py) = 77 (e (Py)) = n*(M).

€0

By (6.4) this implies the statement. O

6.2 Fourier-Mukai transform of OW;

In this section we will fix d = —n(n — 1)(g — 1) the degree of our Higgs
bundles. This will ensure that the line bundle U defined in (5.19) on a spectral
curve corresponding to our Higgs bundle will have degree 0. In particular,
the canonical uniformising Higgs bundle &y € M and the canonical Hitchin
section Wg; C M will be contained in our Higgs moduli space M.

Consider now a very stable type (1, ..., 1) Higgs bundle & € M*T. That
means § = (80,81, ..., 8,—1) € Jo(C) x CIMl x ... x Clmi-1] ¢ M such
that & is very stable.

6.2.1 Construction of Ag from universal bundles

The proposed mirror of (’)Wg will be a vector bundle A on M?* constructed

from universal Higgs bundleSs whose existence was proved in [64]. We will
have to overcome two difficulties in the construction. One is that the individual
universal Higgs bundles will only be sheaves in a twisted sense, and they will
become untwisted vector bundles only if an appropriate number of them is
tensored together. Thus we will first construct universal bundles in an étale
covering of M?® and only when an appropriate number will be tensored together
the obstruction to glue will vanish. The second difficulty will be in that the
universal Higgs bundles are only unique up to tensoring with line bundles
pulled back from M?. Thus in order to construct well defined universal bundles
we will have to normalise them appropriately.
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Etale locally U; — M® we can define [62, Theorem 4.7.(4)] universal Higgs
bundles (Ey,, ®y,) on U; x C. More precisely, choosing a pointcy € C, we use
the framed moduli space R* [62, Theorem 4.10]. Then C x R carries a unique
universal framed Higgs bundle (Ers, ® s, Brs), where Exs is a rank n vector
bundle on C x R*, the universal Higgs field ®s € HO(CxR*; End(Ers®K))

and the universal framing Brs : Ers|ico)xRrs i O%s. We can take slices
U; C R’ of the PGL,,-principal bundle R®* — M?* by Luna’s slice theorem
[48, Theorem ITI.1] such that U; — M isétaleand | [ U; — M covers M*.
Then (Ey;, ®y,) is just the Higgs bundle part of the family of framed Higgs
bundles (Ey,, ®y,, By,) which is obtained as the pull back of the universal
framed Higgs bundle (Ers, ®rs, frs) from C x RS,

The local universal framings (3, can be used to normalise our local universal
Higgs bundles. For this denote the normalized determinant

Norm(E) :=det(E) ® kG

for a vector bundle (or a family of vector bundles) on C. Fixing an isomor-
phism K., = C, a framing 8 : E,, — C" gives rise to a framing Norm(f) :
Norm(E)|¢, = C of the line bundle Norm(E). Then (Norm(Ey; ), Norm(8y;))
is a U;-family of framed degree O line bundles on C, thus unique from
Remark 6.1. This gives our local normalisation

¢: : Norm(Ey,) — Norm*(L), (6.14)
where L is the line bundle of (6.9) and Norm : M — J is given by
Norm(E, &) := Norm(E). (6.15)

We will now attempt to glue our normalised local Higgs bundles together.
On the overlap U; x ps U;j of two of our étale covers [33, (4.2)] implies that
we get a line bundle L;; € Pic(U; x a5 Uj) which satisfies

(Ey;, @u;) = (Lijky;, @u;)-

Passing to a refinement of the étale covering if necessary we can assume that
all L;; are trivial. It is obvious how to do this in the analytic topology, the €tale
version which we need is more complicated. Namely, we can trivialise L;;
on U; x ps Uj even on a Zariski covering, and then we can use [2, Theorem
4.1] (see also [52, Lemma I11.2.19]) to refine the original coverings so that the
connecting line bundles will trivialise on the overlaps.

This way we can assume that

(Ey;, @uy) = (Ry;, Puy)
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on U; x pqs Uj for all ij. Taking such an isomorphism

b

¢ij : Ly, — Ly,
and recalling the fixed isomorphisms (6.14) we consider
¢; o Norm(¢;;) o ¢i_1 : Norm™ (L) — Norm*(L).
By passing to an étale cover if needed we can assume that this function has an

nth root (for this we use again [2, Theorem 4.1]), and thus we can rescale ¢;;
so that we can assume that

¢; o Norm(¢j) 0 ¢ = IdNorm*(L)-

The isomorphisms ¢;; with this property are unique only up to multiplying
with an nth root of unity, but we can make sure that ¢ ;; = ¢i; ! Thus Djk © Pij

agrees with ¢;; up to an nth root of unity, which we denote by 6;x € p, C C*
so that

®jk © Pij = bijkPik.

We compute

6ijxOkii1dE y, =0ijk Pik © OntiPri = P © Pij © i © P € HOU; x s Uj x ps U x A U End(Eg))

and similarly

ijlelijld[EU] =i 0 Pjk o Pijo Pl € HO(U,' X s Uj X ps U X pqs Up; End(By, ).

These two scalar endomorphisms are conjugate by ¢y; and therefore the scalars
agree:

i jkOkti = Ojxi101ij-

It follows that the nth roots of unity 6; j; form a Cech 2-cocycle 6, thus define
a cohomology class [0] € H (M5, lUn), that is a pj,-gerbe. By definition [16,
§1.2] the data of the vector bundles Ly, andvqb,- j constitute a 6-twisted vector
bundle F on M* x C, when 6 is considered a Cech 2-cocycle for the sheaf O% ;
via the embedding p, C C*. We can multiply ¢;; by o;; € pj, for a 1-cocycle
representing [«] € H I (M®; wp), i.e. an order n line bundle, then all of the
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above will hold. Thus the twisted bundle E constructed above is well-defined
up to tensoring with an order n line bundle on M?* but normalized such that

Norm(E) = Norm™(L). (6.16)

We also note that the 2-cocycle 8 does not change if we rescale with the 1-
cocycle o as above.

For a rank n vector bundle E and line bundle M we have A/(ME) =
MIAY(E). Tt follows that A!(E) is naturally a 0'-twisted sheaf. For
€, my,....my_1) € ZxZspand 8 = (80,81, ...,8,—1) € Jo(C) x Clml x
oo x Clmn1l with 8o = cop + -+ comy Where cp; € C or —cgj € Cisa
pointinC and §; = c¢j1+---+cim; € Clmil for points ¢;; € C we consider 4

n—1 m;

As = Q) Q) A (Ee,)). (6.17)

i=0 j=1

where E¢;; = E|msx(c;} when ¢;; € C and k), = [E*lMsX{_Coj}, when
—cpj € C. Then for a line bundle M on M?* we have

n—1 m; n—1 m;
QRN M) =M @R N (E).  ©1)
i=0 j=1 i=0 j=1
where
n
D=nt+Y (n—im. (6.19)

i=l

Thus Ag in (6.17) is a 6P-twisted sheaf on M*. In particular, when n|D the
2-cocycle 0P = 1is trivial, thus in this case (6.17) descends as a vector bundle
to C x M?. Additionally, when n| D the ambiguity of tensoring E with an order
n line bundle disappears, and so (6.17) is a well-defined vector bundle on M?,
which is normalised such that

m

4 Ttis easy to check (6.24) that ®j
line bundle O(8p) and not on the choice of divisor 8y = co1 + - - - + Comy-

0 A" (Egy;) = Norm* (Pos)—¢cq)) depends only on the
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n—1 m;
det(As) = det [ (X)) A" (Ec;))
i=0 j=1
n—1 m; (n—l
= Norm* [ @ Q) Le; " | - (6.20)
i=0 j=1

To study the dependence of the vector bundle A s on the base pointcg € C let
¢y, € C be another point. The twisted vector bundle E’ := E® Norm™* (7} Pp),
where L" = O(co — ¢;,), will be a twisted universal bundle normalised at c(, in
the sense that Norm(E’) = Norm™* (L"), where L’ is the universal line bundle
(6.12) normalised at c6. When D = 0, which we are assuming in this section,
we see from (6.18) that As does not depend on the choice of the base point
coeC.

6.2.2 Fourier—Mukai transform over the good locus

We shall compute the relative Fourier—Mukai transform of (’)Wgr over a certain

)
open subset of .A. Denote by C C T*C x A the universal spectral curve. We
denote by A* C A the open subset of characteristic equations a € A* for
which the following properties hold:

1. C, is smooth,
2. div(b) avoids the ramification divisor of the spectral cover n, : C; — C .

We let

Cc* c 1*C x A*
denote the family of spectral curves over A*. By the BNR correspondence
we can identify M* := h~1(A*) with the relative Jacobian of the family
Cc* - A%

M* = (AP,

We shall denote the relative Poincaré bundle on
J(C*JA*) x g J(C* /A"
by P. In this section we will determine the relative Fourier-Mukai transform
SOy L) = ()i Oy |pan) @ F)

over A*.
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Recall that § = (8¢, 81, ..., 8,—1) € Jo(C) x CIMil 5 ... 5 Clmn1l = M
such that & is very stable. In other words 81 + - -- + 8,1 is reduced, and
we denote §; = ¢j1 + -+ + Cim,;, for points ¢;; € C or —co; € C. We also
introduce the notation

£5 = (’)Wg:s

for the structure sheaf of the Lagrangian upward flow of £5. We recall that in
this section we setd = —n(n — 1)(g — 1) for our Higgs bundles and clearly
d=D—n(m—1)(g—1)of (6.19) thus D = 0 and

n—1 m;

As =R A" (Ee,)

i=0 j=1

constructed in Sect. 6.2.1 together with the normalisation (6.20) is a well-
defined vector bundle on M?*. With this notation we have

Theorem 6.3 The relative Fourier—Mukai transform over A* satisfies
S(£8|M#) - AaIM#. (621)

Proof First we check the theorem fibrewise along h. We let a € A* so that
C, is smooth, div(b) avoids the ramification divisor of the spectral cover
7w, : C, — C and where Wgr N h~Y(a) is transversal.

As & is a very stable type (1, ..., 1) Higgs bundle, we have from The-
orem 4.16 that b = b,,_1 o --- o b1 has no repeated 0. We will denote by
c,l,.. . Cim; the m; zeroes of b;. For1 <i <n—1and 1 < j < m; denote
by ¢ cl TIREEE Efj C C, the n points in the preimage 7, e ) of the zero ¢;; of
b;. From Proposition 5.18 we see that L € W; Nhla) = WgL N J(C,)
is a degree O line bundle on C, of the form L = n*(E;)(A1) where
Al = Z:’:—ll A; — Aj+1. We know all possibilities for the divisor A; — A;j1q
on C,; namely it is effective and reduced and it has the form

n—i

klj
A1 = C Cij

where 1 < kilj <. < k?j_i < n. Thus we see that

Owgri-tia) = D

{1k}, <-<kfi <n}

© o (6.22)
1<j<m; n*<E1><Z;’;I‘ AR 450 )

Jj=17ij
1<i<n

is a direct sum of skyscraper sheaves.
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Fixingaliftcy € C, of ¢g € C we can compute the Fourier—Mukai transform
of (6.22) as follows:

S(Owgmfrl @)

= a5 slo i
. . 7(E n—1 M~ 1/+ +~ 2
{15k}j<m<k;’/f’5n]}§i’;’"' ¢ ‘)(Z: J=16)

= P slo A =
1<j<m; *(El)((zl (n—i)mi)Co+Y 1, lzl 15,,” —Co+- +c —50>

1 n—i
[lfkij<~~ <k1/ =n}hZig,

n—1 m;
= @ Prx ()~ nlfo)®®®u> K ®---QF i
1<j<m; i=1 j=1 (L,j —Co) (~,jj —Co)

1 n—i
(I=kj; <--<k; " =n} 52,

n—1 m;
= PrrE)) (—nté) ® ® ® AT (")(5}, i@ ® [P@}—EO))

i=1 j=1

We see that

Pt —an = Hicoxidy

where L is a universal Poincaré bundle on J (Cp) x C, normalized at ¢y as
defined in (6.9). Furthermore,

Pz @ @ P@—z) = T D)lh-1 0 xfay)- (6.23)

and (Jr*(lf_), Dp-1(4y) With @p 1) 1= T (x : L>L® 7*(K)) is a universal
Higgs bundle on 4~ (a) x C.

Lemma 6.4 For L € J(C,) let Nm : J(Cy) — J(C) given by Nm(L) =
det(my (L)) ® K the usual norm map. Then on J(C,) x C we have

Norm((77,) (L)) = Nm*(L),

where L is a universal line bundle on J (Cy) x éa normalized at ¢ € Ca and
L is a universal line bundle on J(C) x C normalized at co = 1,(Cp).

Proof For L € J(C,) we have
Nm*(L)|zxc = Nm(L) = Norm(m.(D)l{2)xc
On the other hand for ¢ € C we have
Nm* ()] s(cyxfey = Nm* (L] (0)x(e}) = Nm* (P e—gp))-
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While for the other side

Norm (7. (1) | 7¢c,yx (e} = det(ma (D) 7,y x(e))
= det (ﬂ5<51_50) +eeet ﬂs(en—eo)) = Pr(c—co)

where 771 (¢c) = {¢1, ..., &)
Now Lemma 6.2 implies that

det (. (D)1 s (coyxte) = det* (L] co)xfe)-
The result follows. O

The norm map Nm : J(C,) — J(C) in Lemma 6.4 agrees with the one
restricted from the normalised determinant map in (6.15) to A~ La) = J(Cy).
Thus Norm(n*([l_)) = Norm™(L) and therefore n*([L) >~ [E on A~ (a). Fur-
thermore

Prs(E1)(—nezy) = Norm™ (P g, (—ecp))

from Lemma 6.2. By the normalisation (6.16), the definition (6.9) and E; =
O(80) = O(co1 + - - - + comy) We get

mo
Norm* (P g, (~ee)) = () A" (Eey;)- (6.24)
j=1

Thus (6.23) and Lemma 6.4 verify Theorem 6.23 on A~ ! (a).

By noting that étale-locally on A" we have sections of the universal spectral
curve corresponding to the preimages of zeroes of b and cg, we see that the
same argument can be repeated relative to étale neighbourhoods U; — A*,
proving Theorem 6.3 étale-locally, which as argued above glue together to
prove Theorem 6.3. O

Remark 6.5 As a sanity check we can see what this gives for § = 0. Then
Ly = OWJ is the structure sheaf of the canonical Hitchin section. We expect

its mirror to be the structure sheaf of the whole space M?. Indeed, choosing
the representative 0 = ¢ + —c for the trivial divisor on C we get Ay =
A" (E) @ A"(E-c) = A"(Ee) ® A"(ED) = Opgs.

More generally, we can determine Ag inthe case whend; = --- =§,_1 =0
and £ = 0, i.e. when & is a uniformising Higgs bundle and L5 = W;
is the structure sheaf of a Hitchin section. We see from (6.24) that As =
Norm*(Pos,)) is a line bundle on M? pulled back from the Jacobian J.
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Remark 6.6 Vector bundle duality defines a natural involution

Lt M - M

(E, @) — (E>i<1(l—n7 (DT) (625)
where ®7 is the induced action of ® on E*. This is well-defined as
deg(E*K'™") = —deg(E) —n(n — 1)2(g — 1) = —n(n — 1)(g — 1). From
the exact sequence (5.22) we see that (77,)«(U*) = ((E, ®) and therefore
¢ restricts to the abelian variety h='(a) = J(C,) as the inverse map —1. If
£ € M we will denote &' := ((£), then L(Wg_) = ng.

For example for a type (1,...,1) very stable Higgs bundle & we can
determine & = &, where 8 = (84,67,...,6,_) = (=8 — 8 — -+ —
8n—1,0n—1, - - ., 81). We thus see that the skew involutive property (6.6) of the
Fourier—Mukai transform yields

S(Asl ) = La[—n*(g — 1) — 1] . (6.26)

6.3 An agreement for T-equivariant Euler forms

As a motivation recall that mirror symmetry should be an equivalence of cat-
egories. Not only objects should match but morphisms between them. If two
objects have T-equivariant structure so will the vector space of morphisms
between them. Thus its T-character should agree with the T-character of the
vector space of morphisms between the mirror objects. In this subsection we
find the agreement of these T-characters (aka Euler pairing) for our mirror
pairs of branes. Incidently, it is easier to pair a Lagrangian brane with a hyper-
holomorphic one because the computation reduces to a computation on the
Lagrangian support which in our case is just a vector space.

6.3.1 T-equivariant Euler characteristics and Euler forms

Recall that for a T-equivariant coherent sheaf F on a semiprojective variety
M the equivariant Euler characteristic is defined by

XT(M; F) :=y (=) dim(H' (M; F)/)i
ij

when the weight spaces H'(M; F)/, where T acts with weight j, are finite
dimensional. The finiteness condition holds for smooth semiprojective vari-
eties and then 1 (M; F) € Z((t)),i.e. H (M; F)/ = 0fori sufficiently large.
More generally for a T-equivariant bounded complex of coherent sheaves F*
we define x7(M; F*) = (—=DF 3 xv(M; FY).
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Furthermore, given two T-equivariant coherent sheaves F1 and F, on M
we define the equivariant Euler pairing as

XT(M; Fi, Fa) = Y dim(H* (RHom(Fi, F2)) ) (=Dt~
k,l

= Z dim (Homeh(M) (F1, fz[k])l> (_l)kt_l
k.l

=Y dim(Extt (M: 71, F))(— D
k,l

As xt(M; Fr1, Fr) = x1(M,; .7-"1v oL F>), where .7-"1\/ is the derived dual
and ® is the derived tensor product, we expect that xt(M; Fi, F2) € Z((t))
on a semiprojective variety M.

We note that the upward flow W7 for & € M*T is invariant under the
T-action and we shall endow (’)Wgr with the trivial T-equivariant structure.

6.3.2 T-equivariant universal bundles

On the other hand we would like to endow the sheaf (6.17), when n|D, on
M x C with a T-equivariant structure. For this we need

Lemma 6.7 We can choose the étale cover | [; U; — M so that the U; are T-
equivariant and the local universal Higgs bundle (Ey,, ®y,) on U; x C carries
a T-equivariant structure with T acting on ®y, with weight —1. Furthermore
the isomorphism (6.14) is T-equivariant with some T-equivariant structure on

L.

Proof First we note that over R x C there exists, from [62, Theorem 4.10],
the universal framed Higgs bundle (Fr, ®%, Br). We have the T-action on R
multiplying the Higgs field and we denote the morphism m, : R — R given
by scaling the Higgs field with A € T. Then

(m} (ER), A~'m}(PR), m} (Br))
is also a universal framed Higgs bundle and as ‘R is a fine moduli space with

a unique universal object we get that Er = m}(Ex) canonically, inducing
fir : Er = Er covering m; and making the diagram

Er ﬂ%} Er ® K
fd L (6.27)

-1
Er k—q))R Er ® K
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commute. This will endow E with a canonical T-equivariant structure which
acts on P with weight —1.

Now we take a point £ € M* such that the orbit TE € M is closed.
This means that either & € MST or that neither lim; 0 AE nor (if it exists)
lim)_, o, A€ is stable. We take a lift £ € R®. Recall that PGL,, acts freely on R*®
by changing the framing and T acts by multiplying the Higgs field. The PGL,
quotient p : R* — M is T-equivariant. It follows that for G := T x PGL,
the orbit GE C R* is closed. We let Gz C G denote the stabilizer which
projects injectively into T as PGL,, acts freely. We apply Luna’s slice theorem
[48, Theorem III.1] for the action of G on R* around the point £. This way
we get a locally closed Gg-invariant affine slice £ € V C R*, such that the
map G XGg V — RS is étale and whose image U C R’ is a saturated affine
open G-invariant subset, the morphism

V/Gz — U/G (6.28)
is also étale and the natural morphism induces
G xg; V =U xysc V/Gg (6.29)

a G-isomorphism. We let V' := T xXg, V = (G XGg V)/PGL,, then V'/T =
V/Gg and dividing (6.29) by PGL,, gives

V=T xGg V = U/PGLy xyc V/Gg.

By base change of the étale morphism (6.28) by U/PGL,, — U/G =
(U/PGL,)/T

V' — U/PGL, C M* (6.30)

is also étale and T-equivariant. Finally, the T-equivariant universal Higgs bun-
dle (Eg, ®R) restricts to the T-equivariant V' — R giving T-equivariant
universal bundles (Ey/, ®y-) étale locally (6.30) around £ € U/PGL,,.
Finally, we note that a T-invariant open covering of the closed T-orbits in
M covers the whole M?* and so the result follows. O

Thus we have local T-equivariant universal Higgs bundles on Uy — M?.
On overlaps C x Uy x pqs Uj they differ by a T-equivariant line bundle by [33,
(4.2)]. Thus the T-equivariant projective bundles PEy; and PEy,; are canoni-
cally isomorphic over the overlap. Therefore they descend as a T-equivariant
projective bundle PE over C x M?.
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Lemma 6.8 Inthe notation of (6.17) whenn|D = nﬁ—l—z 1 (n i)m; thereis

a T-equivariant structure on the vector bundle As = Q);_, ® AT i (Ec;;)
normalised such that

n—1 m; ) n—1 m;
®®A"—1(Lﬁ)) ~ Norm* ®®[Lc;;' ! (6.31)
i=0 j=1 i=0 j=1

(n —i— l

as equivariant line bundles, where the line bundle [ on J is endowed

with a weight (" ) - (), ! ) T-action.

n—i—1

Proof Similarly to PE above, we can argue that ®?:_01 ®']"’:l AH(Ey, lei; x )
on Uy — M carries a T-equivariant structure, and they differ by a T- equiv-
ariant line bundle on the overlaps. Thus the total space of the projective bundle

<® ® L A"THE,, j)> descends to M* with a T-equivariant structure.
When n|D = Z i;ol (n — i)m; then we saw before Theorem 6.3 that even the
vector bundle @?:_Ol ®'Jn’:1 AU, ;) descends to M?®. Thus the projective
bundle P <®7:_01 ®']"’:1 A ([Ec,-,-)) has a sheaf O(1) on it, such that

n—1 nm;

(O = Q) Q) A" (Ee,)) (6.32)

i=0 j=1

By [14, Theorem 4.2.2] the T-action on P <®1:01 ®;"’:1 A”_"([ECU
O(1) because Pic(T) is trivial and thus the last map in [14, (12)] is an isomor-
phism. Thus we have a T-equivariant structure on ®?:_(} ®']"’:1 A”_i([Ecii)
from (6.32).

We can modify this T-equivariant structure by tensoring with a T -
equivariant structure on O ,s. We can choose it such that at the canonical uni-
formising Higgs bundle & = o0 we get that ®l’-’;01 ®;"’:1 A (Ec;;)lg
has only non-positive weights and non-trivial weight O space. We can endow
Eo, =0@® K~ '@ ... @® K"*! with a T-action which acts by weight —i
on the ith summand K ~'. This will act on ®( with weight —1. Therefore any
T-equivariant family of stable Higgs bundles containing &y will restrict to &
as this T-equivariant structure, up to a rescaling of the T-action by an over-
all 1-dimensional T-module. Therefore our normalisation of the T-action on
Rz Ly A" (E,,;) will satisfy

_)) lifts to
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n—1 m; m;
xR Q) A" ’(Ec,,>>|go)—1_[[ } : (6.33)

i=0 j=1

which incidently also agrees with the equivariant multiplicity mg; (¢) of (5.18).
This will be related to mirror symmetry in (6.37).

A straightforward computation checks that this normalisation of the T-action

will induce the one on the determinant as claimed in the Lemma. O

The following is an indication that the mirror relationships (6) and (6.26)
over A" hold over the whole A.

Theorem 6.9 Fors = (89,81, ...,8u—1) € J¢(C)x Cl"™Ix...x -1l gpg
=(8',8},....8 e J@(C) x CImil .o il fer £5, €5 € MST
be two very stable type (1, ..., 1) Higgs bundles. Then

XT (M Ly, As) = x1(det(Cy ® A*))xr (M; Ay, Ls[—n*(g — 1) — 1])
— (_1)n2(g—1)+1t(4n+1)(n—1)n(g—1)/6x_ﬂ_ (M, AB’y Eal) i

Proof We compute
XT (M Ly, As) = xr (M: £ @5 As)
= v (Wif s detNy )= = 1) = 11® Asly ).

where in the last equation we used [41, Corollary 3.40] and the simplified
notation W; = ng
As det(N W+) ® A5 | W is a T-equivariant vector bundle on the affine space

W ; its T-equivariant 1ndex can be computed as

v (W5 ety ) @ Asly s ) =xr (detVyy ) @ Aol ) xr(Wyf: Oy,
The same argument as above for (6.33) gives
xT(Asley) = me;(1).
From Definition 5.3 we have
xT(Wy'; W;) = meg, (1) xT(Sym(A")).
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Finally N wi ley = 555,0 consequently

xr(det(Ny+)le, ) = x7(det(T52))

8/

as dim A = dim ng = dim M /2. Thus for the left hand side we have

X (M Ly, Ag) = (=)™ Ameg, (me,, () x7(Sym(A™) xr (det(T))).  (6.34)
For the other side we compute similarly
XT(M; Ay, Ly) = x1(M; Ay @ Ly)
= x1(Wsis Aglys)
= xt(AJle) xT(Wyt; OW;L)
= me,, (1~ Ymey () xr(Sym(A*)) (6.35)

_ xr(det) )
N pr(det(TE;))mgé/ (B)mey (1) xT(Sym(A™))

xr(det(TZ))

= o GolC, & A7) (e D xT(Sym(AY).

where in the fourth equation we used (5.14). For the last equation we can
argue as follows. As ¢ of (6.25) is a T-equivariant isomorphism, it follows that
Ts,sl = ng and thus mgj, (1) = mg,(t). Using the homogeneity 1 symplectic
form on Tg,, we see that x1(C_1 ® det(Té?; D) XT (det(TgSB,O)) = 1. This implies
the last equation. Comparing (6.34) and (6.36) implies the first equation in the
Theorem.

For the second equation we note that dim.A = Y 7_, dim H(C; K') =
n?(g — 1) + 1 and that a straightforward computation gives

x7(C) ® A*) = (Xili=DdimA _ iy =1 dim HO(C; K
_ X =DQi=D(g=1) _ ;@n+Dn—Dn(g—1/6

The result follows. O

Remark 6.10 We proved in Theorem 6.3 that the relative Fourier—Mukai
transform S(Ls) = Ag holds over A* and in Remark 6.6 that S(As) =
E(g:[—nz(g — 1) — 1] also holds over A*. The above theorem would be a
consequence of a T-equivariant extension of the mirror symmetry conjecture
in the “classical limit” as in [19, Conjecture 2.5].
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Remark 6.11 Similar agreement of T-equivariant Euler pairings between cer-
tain conjectured mirror pairs of Lagrangian and hyperholomorphic branes
of [39] were observed in [32, §7], when n = 2. When n = 2 we have
x7(C1 ® A*) = 13873 in Theorem 6.9 which we cannot get rid of by just
renormalising the T-action on our branes when 3g — 3 is odd. The same phe-
nomenon was observed in [32, Remark 7.7].

In fact, one can also pair certain n = 2 analogues of the mirror pairs of this
paper with the ones in [32] and find the expected agreement.

Remark 6.12 Justasin[32, Corollary 4.11] we get a clearly symmetric expres-
sion in § and &8’ if we compute, equivalently as in (6.34),

XT(M; Ly @ As) = me,, ()me; (1) xr(Sym(AY)). (6.36)

When deriving the agreement of the corresponding Euler forms [32, Corollary
7.1] we basically argued that it follows from the fact that both of the branes £;
and A j were self-dual. In our present situation Ly is self-dual (up to a shift)
for the trivial reason that it is supported on an affine space. On the other hand
As is typically not self-dual, rather it satisfies Aj = (*(As) = As using the
normalised inverse map ¢ of Remark 6.6. However in [32] both types of our
branes £; and A ; were secretly invariant under ¢ as well. In general, what (6.6)
tells us is that self-dual branes should be mirror to branes invariant under V o..
The former is satisfied by L£s and the latter by As.

Remark 6.13 1t is instructive to take 8’ = 0 = (0,0, ..., 0) in (6.36). Then
& = Eopc.0 is the canonical uniformising Higgs bundle of (3.16). It has
meg,(t) = 1and Ly = (’)WJr is the structure sheaf of the canonical Hitchin

section, while Ag = O s. We get
xT(M; (’)W; ® Ag) = mey (1) xT(Sym(A™)).
On the other hand

XT(M; C’)WO+ ® As) = XTF(OWOH Aslyyr) = xT(Asley) xT(Sym(A")).

Thus x7(M; OW; ® Ag) = x1(M; OW0+ ® As) (or the equivalent Theo-
rem 6.9) implies that

X1(Asley) = megs(1). (6.37)

This was observed already in (6.33), but here we derived it as a consequence
of mirror symmetry. Indeed such a relationship is expected from the mirror in
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general. Because of the restriction property (6.8) of the Fourier—Mukai trans-
form to the identity we expect from the fibrewise Fourier—Mukai transform
that the mirror of a bounded complex of coherent sheaves F* on M should
restrict to the canonical Hitchin section as 2*(h(F*®)). The latter was com-
puted for the upward flow of a very stable Higgs bundle in (5.10) and (5.12).
Thus (6.37) verifies this expectation from the mirror of L.

Remark 6.14 We can also generalise these ideas further for very stable upward
flows of type not (1,...,1). For & € M*! a very stable Higgs bundle let
Lg = OW; denote the structure sheaf of its upward flow and A¢ denote its

mirror, which we expect to be a T-equivariant vector bundle on M?* of rank
me. If F € M*V is another very stable Higgs bundle then denote by

me F(t) = x1(AelF) € Z[1]

the T-character of the fibre A ¢ |7, which we expect to contain only non-positive
weights. In particular, by (6.37) we have mg g,(t) = mg(t) the equivariant
multiplicity. As above from mirror symmetry we expect

XTM; Le @ Ar) = x1(M; L ® Ag)
which in turn leads to the identity

me(mz.e(t) = mr(t)me (1). (6.38)

When both £ and F are of type (1, ..., 1) then mg #(t) = mg(t) is just the
equivariant multiplicity as Ag|r = Aglg, and so (6.38) holds. If only F is
of type (1, ..., 1) we know what A r should be and how it restricts to any £
giving a formula for m  ¢(t) only depending on the type of £. From (6.38)
we can deduce

me(t)mg (1)

me F(t) = o

As it is again expected to be a polynomial in # we get more obstructions on &
being very stable.

To illustrate the above take the example of n =2 and d = —2(g — 1) and
let £ be a very stable Higgs bundle of type (2), i.e. a very stable bundle E
together with the zero Higgs field. For some 0 < i < glet F € Fjo; bea
very stable type (1, 1) Higgs bundle. Then A r is a tensor product of universal
bundles restricted to points of C. By carefully following the normalisation of
the T-action on the tensor product of these restricted universal bundles given
by Lemma 6.31 we find that
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mre(t) = xr(Arle) = 271

By (6.38) we get that
mg(t)ymg g(t)
me 7 (1) = ——m2 52
mg(t)
(1403322 3g—3-2i
= : =27 (1 +1)% L 6.39
e (141) (6.39)

Thus even though we do not know (see 8.3 for more on this) what vector
bundle Ag the mirror of the cotangent fibre at E should be we can infer its
T-character at type (1, 1) fixed points from (6.39).

7 Hyperkihler aspects
7.1 Hyperholomorphic connections

Thus far we have considered M as a variety with a holomorphic symplectic
structure in which the upward flows are complex Lagrangian subvarieties. At
this point we bring into play the hyperkdhler metric on M. This is a met-
ric which is Kéhler with respect to complex structures /, J, K which obey
the quaternionic relations /> = J> = K? = IJK = —1. It exists as a
consequence of the theorem [36,62,63] that a stable Higgs bundle admits a
Hermitian metric, unique up to gauge equivalence, satisfying the equation
Fg+ [P, o*]=0.

Within this context, mirror symmetry predicts that a BAA-brane should cor-
respond to a BBB-brane on the mirror of M, which is to be understood as the
statement that to a flat vector bundle on a complex Lagrangian on M there
should exist a hyperholomorphic connection on a vector bundle over a hyper-
kihler submanifold of the mirror. A hyperholomorphic connection is a unitary
connection whose curvature is of type (1, 1) with respect to each complex
structure in the hyperkéhler family of complex structures x1/ + x2J + x3K
with (x1, x2, x3) € §? C R3. At this point in time, we have few construc-
tions of hyperholomorphic connections on M so verifying the predictions is
an important issue.

Since the fibration structure of M gives a natural setting for the Strominger—
Yau-Zaslow approach to mirror symmetry, it is the Fourier—Mukai transform
approach which can be applied. In the original SYZ context of a special
Lagrangian fibration Arinkin and Polishchuk [1] showed how areal Lagrangian
can describe a holomorphic bundle on the mirror. This could be applied to the
current situation but would give at most a hyperholomorphic connection rela-
tive to the semi-flat hyperkihler metric which is defined over the regular locus
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in A and is only an approximation to the actual metric. We have described the
Fourier—Mukai transform of the trivial bundle over an upward flow Lagrangian
in terms of universal bundles over the mirror moduli space, so to verify the
prediction we need to construct a hyperholomorphic connection, using the
genuine hyperkéhler metric, on a universal bundle over the mirror of the mod-
uli space. Since we are working with G L, (C) Higgs bundles here, and this
group is isomorphic to its Langlands dual, the mirror is the same moduli space.
Twistor theory allows us to express this by holomorphic means using the direct
analogy of the Atiyah-Ward description of instantons [4,50] — a hyperholo-
morphic connection on R* is precisely an anti-self-dual connection.

Recall that the twistor space Z of a hyperkéhler manifold M is the man-
ifold M x S? endowed with a complex structure such that the fibre over
(x1, x2,x3) € $2 is M with complex structure x1 I + x2J + x3K. The projec-
tion onto the second factor is a holomorphic fibration p : Z — P! with a real
structure o covering the antipodal map on S? and each 2-sphere (m, S?) is a
real holomorphic section, called a twistor line. Then a unitary hyperholomor-
phic connection on a vector bundle is equivalent to a holomorphic bundle on
Z which is trivial on each twistor line and real with respect to o.

A description of the twistor space for Higgs bundles due to Deligne
and Simpson [65] is phrased in terms of A-connections. A holomorphic A-
connection on a vector bundle E is a differential operator D : E — E ® K
satisfying D(fs) = fDs + As ® df for a local holomorphic section s and
function f.If A # 0 then A~ D is a holomorphic, and therefore flat, connec-
tion and for A = O this is a Higgs field. There is an algebraic construction
of a moduli space My, of stable A-connections and the parameter A gives a
projection to C.

A solution to the Higgs bundle equations gives rise to a d-operator Vg’l +
¢ d* = 34 + ¢ O* parametrized by ¢ € C which commutes with 794 + P, so
defining a A-connection with A = ¢ for the holomorphic structure on E defined
by the d-operator. This is a holomorphic section of Myoq — C and the twistor
space Z is constructed so as to extend this to { = co € P! and make this a
twistor line. It is defined by taking the moduli space of A-connections and the
corresponding one for the conjugate complex structure on C, and identifying
with the moduli space of flat connections over ¢ € C* C P! by means of the
holonomy, the representation of 771(C) in GL,(C), which is independent of
any holomorphic structure. Then identifying A = ¢ on one side with A = ¢!
on the other gives Z.

When ¢ # 0 we have the flat connection

Va+¢ '+ co* (7.1)
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and as ¢ tends to 0o, 4 4+ ¢ ~' @ defines a holomorphic structure with respect
to the conjugate complex structure on C and £ ~'d4 + ®* a A-connection for
A = ¢~!. This defines a section of the fibration p : Z — P!.

Since A is a unitary connection the antilinear involution ¢ +— —a* on
End(E) coupled with the antipodal map ¢ — —1/¢ acting on P! transforms
V:"O +c 'dto Vg’l + ¢ ®* and so a solution to the Higgs bundle equations
defines a real section, and this corresponds to a point of M.

7.2 The connection on a universal bundle

As described above, the Fourier—Mukai transform of the upward flow of a very
stable fixed point of type (1,1, ..., 1) can be expressed as a tensor product
of exterior powers of the universal bundle corresponding to points ¢ € C. A
hyperholomorphic connection on the universal bundle will then induce one on
the associated tensor or exterior powers.

In the complex structure ¢ # 0, oo there is a straightforward description of
the universal bundle: given a framing of a bundle E at c, the holonomy of a
flat connection on E around closed curves with base point ¢ defines a homo-
morphism from 71 (C, ¢) to GL,(C). We denote Rg = Hom(m(C,c) —
GL,(C)), and the open locus of irreducible representations Ry. We have the
action of GL,(C) on Rp by conjugation, and denote the affine quotient by
My, the character variety. Over the open subset M} = R3/GL,(C) C Mp
the variety R} is a principal PGL,, (C)-bundle, representing irreducible local
systems framed at the point ¢ € C.

As described in Sect. 6, there is an obstruction in H 2(/\/1‘1;, Z,) to lifting to
a principal GL, (C)-bundle. Given local liftings over open sets U;, the obstruc-
tion class is represented by a flat line bundle L;; over U; NU; with L?; trivial —
the data for a gerbe 6. If the universal vector bundle E does not exist globally, it
does over the neighbourhoods U;, and a connection is a locally defined notion.
Moreover tensoring with a flat line bundle L;; acts trivially on the curvature
and so takes a local hyperholomorphic connection to another one, so the notion
of hyperholomorphic passes over to the situation where we need to twist by a
flat gerbe.

For the complex structure { = 0 or oo, the moduli space of framed
Higgs bundles was constructed by Simpson in [62, Theorem 4.10], and in
[65, Proposition 4.1] he outlined, by the same approach, a construction for
A-connections. We denote by Rj, , the framed moduli space of stable A-
connections. This carries a GL,, (C)-action on the framing, so that it becomes
a principal PGL,,(C)-bundle over M3, ,. Over A = 0 this principal bundle
Ritoa = Mioq TeStricts to Ry, — M, = M? the framed moduli space of
stable rank n degree 0 Higgs bundles, which is a PGL,, (C)-principal bundle
over M°*.
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When A # 0 we have the complex analytically equivalent alternative
description R}, — M, of the framed moduli space in terms of the character
variety, using the holonomy of the flat connection. This is clearly compatible
with the identification in the construction of the twistor space Z, so we have a
holomorphic PGL,, (C)-bundle over Z. The final point is to show this is trivial
on a real twistor line.

A real twistor line is defined by a solution to the Higgs bundle equations
which, as ¢ varies, is a pair 94 + ¢ ®*, 94 + P on the same C* vector
bundle E. A basis eq, ..., e, of the fibre E. then defines a framing for all
holomorphic structures and we need this to be holomorphic in ¢. But from the
integrability theorem of the holomorphic structure 3, 4¢ ®* we can find a basis
of local sections 51, . . ., s, in a neighbourhood of ¢ with (E_) A+ DP*)s; = 0and
these vary holomorphically with ¢. Then evaluation at ¢ gives a frame which
is holomorphic in ¢ and similarly using the conjugate complex structure for

¢ #0..

Remark 7.1 A formal explanation for the existence of the hyperholomorphic
connection is provided by the infinite-dimensional hyperkihler quotient con-
struction of M itself [36]. This considers the action of the group G of unitary
gauge transformations on the infinite-dimensional flat hyperkidhler manifold
which is the cotangent bundle of the space 2 of d-operators d4 on the under-
lying C* vector bundle E. The zero set of the hyperkdhler moment map for
this action consists of pairs (A, ®) satisfying the Higgs bundle equations.
This space is formally a principal G/ U (1) bundle over the quotient M and
the restriction of the flat L? metric on T*2 defines a distribution orthogonal
to the orbit directions, and this is a connection on the principal bundle. In
any hyperkéhler quotient this is hyperholomorphic. Now given a framing at
¢, the evaluation map gives a homomorphism from G/U (1) to PU (n) and an
associated hyperholomorphic connection on the universal bundle.

Thus we have proved the following.

Theorem 7.2 There is a hyperholomorphic connection on the PGL,,(C) bun-
dle Ry, on M?, which is associated to the projective bundle P(L.). Moreover,
there is a hyperholomorphic structure on the vector bundle E, on M® twisted
by the gerbe 0.

7.3 The universal Higgs field

For each point ¢ € C we obtain the universal bundle £, with a hyperholomor-
phic connection on M, and so C itself is the parameter space for a family of
such bundles with connection. Equivalently, these correspond to holomorphic
bundles on the twistor space Z. In particular, considering first order deforma-
tions, there is a natural map from the tangent space of C atcto H 1(Z, End(E,)).
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This space can be interpreted in terms of variations of hyperholomorphic con-
nections by using the Penrose transform in the current quaternionic context
[50]. It is isomorphic to the first cohomology group of an elliptic complex
generalizing the deformation complex for anti-self-dual connections in four
dimensions in [4].

Since M is the moduli space of pairs (E, ®) the universal bundle should
have a universal Higgs field to accompany it and indeed a global construction of
the universal pair can be found in [31] for the (d, n) = 1 case and [62, Theorem
4.5] for a local construction in general. Given the role of the universal bundle,
the reader may wonder how the universal Higgs field at c enters the picture. We
shall see here that it defines the infinitesimal variation of the hyperholomorphic
connection on the universal bundle.

The starting point is the observation that the space Hom (77 (C, ¢), PGL, (C))
is independent of c¢. More accurately, choosing a path from c to y, there is a
biholomorphism between the two spaces which only depends on the homotopy
class of the path. In our situation it is the holonomy of the flat connection along
that path which identifies the two. We have a flat connection when ¢ # 0 or oo
and this suggests that the deformation class in H!(Z, End(E.)) is supported
on the fibres Zy, Zo, C Z over these two points in Pl

Given a tangent vector X € T.(C), we can contract with the Higgs field
o, € (End(E) ® K),. to obtain ®(X) which is a section of the universal
bundle End(E.) over the moduli space of Higgs bundles M which we now
think of as the fibre Zy over { = 0 in the twistor space. Similarly —®* defines
a holomorphic section —®*(X) over Z,, the moduli space for the conjugate
complex structure. Let s be the pullback to Z — P! of the holomorphic section
¢d/dc of TP = O(2) on P!, then we have an exact sequence of sheaves on
Z:

0 — O(End(E,)) A O(End(E.)(2)) = Ozy+z., (End(E.)(2)) — 0.

The vector field d/d¢ trivializes O(2) at { = 0 and similarly at infinity so
the pair (®(X), —®*(X)) may be regarded as a section of End(E.)(2) over
Zo + Z~o. Then we have:

Proposition 7.3 The map TC. — H'(Z, End(E,)) defining the first order
deformation of the universal bundle at ¢ is §(®(X), —P*(X)) where ®
is the universal Higgs field at ¢ and § : H%Zo + Zoo, End(E,)(2)) —
HY'(Z, End(E,)) is the connecting homomorphism in the cohomology of the
above exact sequence.

Proof For y € C in a neighbourhood of ¢, parallel translation of a
flat connection takes the principal bundle Hom(m(C, ¢), PGL,(C)) to
Hom(m(C, y), PGL,(C)). This is an isomorphism of the universal bundle
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at ¢ to the universal bundle at y, and to first order at c it is the horizontal lift
of a tangent vector X to the universal bundle over M x C, the lift defined by
the connection. This is a trivial deformation of holomorphic principal bundles
where M has the complex structure of the moduli space of flat connections,
so since ¢ # 0, oo describes the points of Z via flat connections, it gives a
trivialization of the deformation of the universal bundle on this part of Z. The
flat connection is d4 + /¢ and so the trivialization does not extend to { = 0.

We may consider the first order deformation of the universal bundle as the
Kodaira-Spencer class for the deformation of complex structure of the principal
bundle P, — Z as ¢ € C varies. In Cech cohomology, the deformation class
in H'(Z, End(E.)) C H'(P., T) is given using an open covering {U; }, taking
local lifts X; of the tangent vector X and defining the cocycle X ; — X;, a section
of End(E.) over U; N U;. In our case, for { # 0, there is a global lift given
by the horizontal space of the connection d4 4+ ®/¢. If we multiply by ¢ then
this is global for all ¢. Repeating this process near { = oo shows that the class
maps to zero in H 1(Z, (End(E,)) S H! (Z,End(E,)(2)) and consequently
is in the image of the coboundary map 6 : H 9(Zo + Zoo, (End(E.)(2)) —
H'(Z, (End(E,)).

But the polar part of 94 + ®/¢ at ¢ = 01is ®(X) and we see that the class is
given by extending @ (X) and —®*(X) as sections of End(E.)(2) and dividing
by s, which is the coboundary map in Cech cohomology. m|

8 Further issues
8.1 Simple Lie groups

The simplest example of a very stable upward flow of type (1,1, ...1) is, as
we have seen, the canonical section of the Hitchin fibration. In fact the moduli
space of Higgs bundles for any simple Lie group G admits a corresponding
section, constructed in [38]. For the adjoint group this is unique. This points
towards a generalization of the (1, 1, ...1) type in this context, where the mirror
should be a hyperholomorphic bundle on the moduli space for the Langlands
dual group GV.

The key point in [38] is to use the principal three-dimensional subgroup of
G [44]. The fixed point £ is then obtained from the canonical uniformising SL,
Higgs bundle via the homomorphism SL, — G. At a fixed point the scalar
action on the Higgs field arises from the action of a subgroup of the adjoint
group of G and in this case it is the action of the image of C* C SL;.

The characteristic feature of the subgroup is that it breaks up the Lie algebra
g into ¢ irreducible components where £ is the rank of G and the dimensions
are 2d; — 1 where the d; are the degrees of a basis of invariant polynomials.
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These are odd-dimensional and hence representations of SO3. Therefore t € T
acts through ¢, 1,¢) c SOs.

The Higgs field has homogeneity one with respect to the T-action. Each
irreducible representation of SO3 has a single weight one subspace so the
Higgs field must take values in an ¢-dimensional subspace of g. From [44,
Lemma 5.2], the action has weight 1 on the root spaces of the £ simple roots
o1, ..., op which therefore form a basis for this subspace. In the case of the
general linear group treated in this paper the simple roots are x;; — x; which
correspond to line bundles L; 1L} and we dealt with sections b; of L; 1 LK.
The direct analogue for the group G of the (1, 1, ..., 1) type fixed point is
then a line bundle L, for each simple root and a section b; of Ly, K. Writing
any root ¢ in terms of simple roots then defines by tensor product a line bundle
L, and a Lie algebra bundle

Ho @D La.

aEA

where H is a trivial rank ¢ bundle associated to the Cartan subalgebra. For
the canonical fixed point & in the moduli space of G-bundles each b; is non-
vanishing and the upward flow is a section of the Hitchin fibration, and in
particular is closed. We shall discuss next the case of a Higgs bundle £ when
b; is of degree m; > 0 by studying the virtual multiplicity

_ xrSym(T )
me) = SymA") |

Here TgJr is the sum of root space line bundles for roots of positive weight
under the C*-action. Since the weight is 1 on the simple roots, these are the
positive roots. If « = cjo; + -+ - + cpoep in terms of the simple roots then
w(a) =c1 + -+ cg. Since m; = deg Ly; K we have

12
deg Ly = Y ci(@)(m;i — (2g —2)).

i=l

Following the procedure of Remark 5.12 we obtain

XT(TE) =Zr—w<“>( Y. —(egLg+(1—g) + deg(La+(g—1)))

a>0 w(a)=k w(a)=k—1
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or

4 14
xT(Td) = Zt‘“’("”( oY —micie+ Yy Zmic,»(a)) +(g = DN(®).

a>0 w(a)=k i=1 w(o)=k—1i=1

When all the m; = 0, the multiplicity is 1 because then we have an equivariant
section of A — M (one may also easily do the calculation — see below
the generating function for N;) so the (g — 1)N(¢) term above cancels the
denominator x7(Sym(.A4*)) and the multiplicity reduces to

l‘w(a)+1 mic,-(a)
me(t) = ]_[ ]_[ @ . (8.1)

i=la>0

By experimentation one finds that this is rarely a polynomial. In the case of G;
this happens independently of the m;, supposing they are not identically zero,
for other groups there are constraints on the m;. So there is a distinct difference
from the case of GL,, or SL,,. One case however always gives a polynomial as
we see next.

A simple root «; is called cominuscule if the coefficient ¢; («) = 0, £1 for
every root «. Every simple root of SL,, has this property but for other types
they are special or non-existent. The coroot o, in the dual root system, the
root system of the Langlands dual group, is called minuscule (see for example
[15]) and this corresponds to an irreducible representation: the exterior powers
of the vector representation for SL,, the vector representation for Sp,,,, the
spin representation for Spin,, , | and the vector and two spin representations
for Spin,,,.

Suppose then that «; is cominuscule and the Higgs field has m; = 0 for
j # i and m; = 1. The formula (8.1) is multiplicative in m; so this case is
sufficient. Since c; (o) = 0, 1 for a positive root, the multiplicity is

1_[ (1 _ tw(oz)—i—l)
_ rw(w) ’
a>0,¢; (a)#0 1 f

Consider this product over all the positive roots of G:

1 — tw(a)+1
1_[ 1 _ tw(a) '

a>0
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Let N; be the number of root spaces of weight j, then this expression is

1 —¢/+!

N;j
ac() =] (ﬁ) = [Ja—Hmm.

j=1 j=1

The Lie algebra g splits under the SO3-action into £ irreducibles of dimen-
sion 2d; — 1 where d; is the degree of a basis element of the ring of
invariant polynomials. In each irreducible of dimension 2d; — 1, there is a
one-dimensional space of weight 1,2, ...d; — 1. Then

14 14

2 _ 2 di-1y _ X _di—1
Nix + Nax +-~—;(x+x + o 4x )_(1—x)21:(1 x4,

So the generating function for Nj_| — N; is —€x + Z‘f x%  hence

¢
g6(t) = (1=~ [Ta —%). (8.2)

j=1

Associated to each cominuscule root is a maximal parabolic subgroup P
whose Levi subgroup L is obtained by deleting «; from the Dynkin diagram of
G to produce a semisimple group and has an additional C* factor correspond-
ing to the coroot ;¥ (see [15] for example). All simple roots of type Ay are
minuscule and we have dealt with those in the main body of the paper. For the
other groups the deleted Dynkin diagram is connected and so we get a simple
group. The roots for which c;(«¢) = 0 are the roots of L. The T-action has
weight one on the simple root spaces of G and hence also on those of L. This
means that T acts with weight one on a linear combination ) i Mjea; of root
vectors. From [44] if A; # 0, this is a principal nilpotent in the Levi subal-
gebra and so T acts as a semisimple element in a principal three-dimensional
subgroup of the Levi group L.

Let n; be the degrees of generators of the invariant polynomials on L. The
rank of L is £ and the simple component £ — 1. Then

£—1
gLt) =1 -~ [Ja—-)

j=1
and

_ L= 1@\ o) =1
met)y =[] ( YT )_ 7 _j]:[lm (8.3)

a>0,c¢; ()#0
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Proposition 8.1 The virtual multiplicity me(t) in equation (8.3) is a polyno-
mial.

Proof From [12, Theorem 26.1] if K, U are compact Lie groups of the same
rank then the Poincaré polynomial of K /U is

1 =)0 —=1%2)--- (1 =1%)

PK/U, 1D = (1 =ty —¢t2) - (1 —tre)

where s; — 1, r; — 1 are the degrees of generators of the cohomology of K, U.
Taking K and U to be the maximal compact subgroups of P, L then 5; =
2dj,rj =2njand P(K/U,t) is a polynomial Q(tz). Then me(t) = Q(¢). O

A theorem (which also follows from the geometric Satake theorem of [53], c.f.
[25, Theorem 1.6.3]) of B.Gross [27, Corollary 6.4] states that the Lefschetz
action of SL; on the cohomology of the flag variety G/P is isomorphic to the
representation of the principal SL; of the Langlands dual GY on the represen-
tation given by the minuscule weight dual to «;. In the light of our results on
exterior powers for the linear group this suggests the following.

Conjecture 8.2 Let «;,, ..., a; be distinct cominuscule roots and suppose
that the corresponding sections b; i of Ly i K have m distinct zeros x1, . .., X,
and for other simple roots b; has no zero. Then the fixed point is very stable
and the mirror of its upward flow is the tensor product of the vector bundles
associated to the universal principal bundle for the Langlands dual group at
X in the corresponding minuscule representation.

Remark 8.3 The referee has observed a further example beyond the general
linear group supporting this conjecture. The cominuscule root for Sp,,, gives
a fixed point which is a rank 2n symplectic Higgs bundle of the form

1 1 1 b _ 1 1 _ 1 _
L1—>L2—>---—>Ln—">Lnl—>---—>L21—>L11

and if b, has no multiple zeros this is very stable as an SLj,-bundle and a
fortiori as an Sp,,,-bundle.

On the upward flow from this point, the Higgs field ® at a zero of b,, preserves
a Lagrangian subspace. At a regular point the eigenspaces of & lie in pairs
in n 2-dimensional symplectic subspaces so there are 2" invariant Lagrangian
subspaces which should correspond to a basis for the spin representation of
the Langlands dual group Spin,,, ;.

8.2 Multiple zeros

We showed in Theorem 1.2 that a necessary and sufficient condition for a
fixed point of type (1,1, ..., 1) to be very stable is that b should have no
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multiple zeros. It is natural to ask what happens when we do have a multiple
zero. What is the closure of the upward flow, and is there a corresponding
hyperholomorphic bundle on the mirror moduli space?

We already know from Remark 5.15 that the intersection of the upward flow
with a generic fibre has fewer points than the situation where b has simple zeros.
We also see in the proof of Lemma 4.13 that a multiple zero leads to a Hecke
curve in the closure — the closure of the flow tangent to a nilpotent Higgs field.

We illustrate this here with the simplest example of this situation in rank 2,
for the group SL,. Let £ be a fixed point of the T-action defined by the vector
bundle L & L* and the off-diagonal Higgs field » : L — L*K, defining a
section of L™2K which we assume has a single double zero at ¢ € C, and
hence L = K!/2(—c). The upward flow is given by Higgs bundles (E, ®)

where E is an extension L — E - L*, trd = 0 and b = pd:L— L*K.

The spectral curve C, is defined by det(x — ®) = x> 4+ det® = 0 and
o (x) = —x is the covering involution. Then if C, is smooth, as we have seen,
E = 7, U where the line bundle U is the cokernel of x — ® : 7*(E ® K*) —
n*E. The inclusion L ¢ E € H%(C; Hom(L, E)) is canonically defined by
the direct image construction as a section of the line bundle Hom(z*L, U) on
Cq.

Now b vanishes at ¢ € C and suppose further that det ®(c) # 0. Since L
is preserved by @ at ¢, it maps to zero in the cokernel of & — x for one of
the two eigenvalues x. Then p = (x,¢) € C, or o (p) = (—x, ¢) are zeros
of the holomorphic section of (w*L)*U. Since & : C, — C is unramified at
these points, these zeros have multiplicity 2 since b has a double zero at c.

The bundle A2E is trivial which implies U = M7 *K /2 where 0*M = M*
(i.e. M lies in the Prym variety) and so since L = KY2(—¢), n*L*U = M(c)
which has degree 2. But we have a section which vanishes with multiplicity
2 hence M(c) ~ 2p or 20 (p) as divisors, or, since ¢ ~ p + o(p), M ~
+(p — o(p)). Thus the intersection with the generic fibre consists of two
points in the Prym variety whereas if b had two distinct zeros the intersection
would be four points.

Note that if g(c) = 0 and C, is smooth, there is a single point p with
m(p) = c and 7 locally has the form z — z2. Since b has a double zero at c,
the section of 7*L*U has a simple zero which is a contradiction since it has
degree 2. Thus the upward flow does not intersect these fibres, but as we shall
see next, the closure does.

Suppose (E, ®) is a limit point of the upward flow. There is still a non-zero
homomorphism K !/>(—¢) — E but its image may not be an embedding. It
will generate a subbundle Lg of larger degree. Since it has positive degree by
stability it cannot be invariant by the Higgs field ®¢ so there is a nonvanishing
section of ngK. But deg Lo > deg K'/>(—c) = g —2 hence deg LEZK <0.
The existence of a section means that we have equality and Ly = K!/2, so
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the bundle is an extension K!/2 — E — K~1/2 and b is an isomorphism.
But from [36, Proposition 3.3] the extension is trivial and the limit lies on
the canonical section. Since det ® € H(C, K?) parametrizes the section the
limit lies on the (3g — 4)-dimensional linear subspace consisting of sections
which vanish at c.

Consider now the uniformising Higgs bundle K'/> @ K~/ with Higgs
field 1 : K2 — K~1/2K. The downward flow from this point consists of
extensions K~1/2 — E — K!/2 with the same nilpotent Higgs field map-
ping the quotient to the subbundle. This is a Lagrangian submanifold and the
extensions are parametrized by aclasse € H L(c, K*) (of dimension (3 g—3)
= dim M /2). The section s of O(c) vanishing at ¢ defines a homomorphism
s+ K'2(=c) — K2 which lifts to E if se = 0 € H'(C, K*). Equiv-
alently e = 8(u) for u € H%c, O.(K*)) = C where § is the connecting
homomorphism in the cohomology exact sequence.

In Dolbeault terms with a C™ splitting K/ @ K ~!/? we have

= (0dv/s (01
7 (07) 2= 00)

where (as in 4.1.4) v is a local extension of u, zero outside a neighbour-
hood and holomorphic in a smaller one. Then the embedding of K'/2(—c)
E is (v, —s) so that ®(—v,s) = (s,0) and the skew form on E gives
((v, —s), (s,0)) = s2. This is equivalent to projecting onto the quotient and
clearly has a double zero at c. Then each extension E lies on the upward flow
from £ and has as limit the canonical fixed point. This is a projective line in
the closure, a Hecke curve.

We see therefore that the union of the upward flow W, from ¢ and W, from
the canonical point is a closed subspace, and the symplectic form vanishes at
smooth points.

Conjecture 8.4 The mirror of the closed Lagrangian cycle WOJr U W is the
universal adjoint bundle for c in the SO3 moduli space.

Here is some motivation. The subvariety WJF U W intersects a generic
fibre in three points and so the Fourier—Mukai transform is generically a rank
3 vector bundle. The virtual multiplicity m¢(¢) for adouble zero of b is the same
as for two distinct zeros and, from the point of view of the previous subsection
this is (1 4 £)2, from the Poincaré polynomial of P! x P!. Moreover the
Lefschetz action of SL, on the cohomology is the actionon V ® V where V is
the defining 2-dimensional representation. This is the direct sum of the adjoint
and the trivial one-dimensional representation so on the adjoint component the
action is consistent with the conjecture.

Now the adjoint bundle for SOz is a rank 3 bundle V and ® : K* — V is
injective when @ is regular at each point of C, i.e. when the spectral curve is
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smooth. Trivializing K at c, the universal bundle admits a homomorphism from
the trivial bundle. It follows that the canonical section, which corresponds to
the trivial line bundle on the spectral curve, forms a component of the support
of the inverse transform. The other component clearly relates to the quotient
sheaf which is generically a rank 2 bundle.

One point to note is that the hyperholomorphic connection on the universal
bundle is not reducible (its Pontryagin class is a generator of H*(M, R)) and
this casts a question mark over the issue of whether the mirror of the closure
of W actually has a hyperholomorphic connection.

More generally, there is a Hecke correspondence for every irreducible rep-
resentation of the Langlands dual group, which has a natural compactification
(see [43, §9]). In our case, the image of the Hitchin section in the SL, Higgs
moduli space under this compactified Hecke correspondence, attached to the
adjoint representation of SO3, is precisely our Lagrangian cycle WO+ Uwrt.
Its mirror then should be the universal adjoint bundle at c. The T-equivariant
index of its structure sheaf then should be 1 + 7 + #2, which is also the T-
character of the mirror adjoint bundle at the canonical uniformising Higgs
bundle. Incidently, it also matches the intersection Poincaré polynomial of a
certain weighted projective space, which is the closure of the space of Hecke
modifications at a point in our case (c.f. [43, 9.2]). In fact, from the geometric
Satake correspondence [25,53] this generalises to the general case of simple
(even reductive) groups, and we expect the analoguous results to hold there
too.

8.3 The cotangent fibre

The upward flow from a very stable bundle (£, 0) is an important example. We
have calculated the rank of its transform in Remark 5.9 using the multiplicity
formula. The alternative method, as in [6] is to argue that if there are no
nilpotent Higgs fields then locally the moduli space is given by the vanishing
of invariant polynomials. For a simple Lie group this is therefore the vanishing
of 2d; — 1)(g — 1) functions of degree d; fori = 1, ..., £ and so the rank of
this bundle is

L
1_[ dl.(Zdi_l)(g_l),
1

which Laumon in [47, Remark 6.2.3] called the global analogue of the order
of the Weyl group. The structure of this bundle even for the 23873 case of
SL, is largely unknown, and less so a way to construct a hyperholomorphic
connection on it. In (6.39) we offered evidence from mirror symmetry for a
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conjecture of the T-character of the fibre of this bundle with a T-equivariant
structure at the fixed points of type (1, 1).

It is an important example as it relates to the work of Donagi—Pantev [20]
on the geometric Langlands programme, where they proposed a geometric
approach of constructing automorphic sheaves on the moduli stack of bundles,
which was, in fact, also the motivation of Drinfeld [21] and Laumon [46]
for the introduction of very stable bundles, see also [47, Conjecture 6.2.1].
This programme aims to associate to a point m € M, the mirror of the
Higgs bundle moduli space M, a flat connection on A/, the moduli space of
stable bundles, with singularities on the “wobbly locus”. A generic point in the
mirror consists of a spectral curve C, and (according to the SYZ procedure)
a line bundle L over its Jacobian. In M, the spectral curve defines a fibre
of the Hitchin fibration. This fibre over a € A intersects T*N C M in the
complement of a subvariety and the projection to N extends to a rational
map as in [6]. The idea is that the vector bundle V on N is associated to a
direct image of L, and the canonical 1-form on the cotangent bundle T*N\
defines a Higgs field on V, a section of End(V) ® T*. Then, using the higher
dimensional nonlinear Hodge theory due to Simpson and Mochizuki [54], one
hopes to obtain a flat connection.

What is the link with this paper? The complement of the wobbly locus in A/
is the set of very stable vector bundles E. The fibre of V at a generic [E] € N
is the direct sum of the fibres of L over the intersection of the upward flow
of (E, 0) with the Hitchin fibre. Put another way, if NS C N denotes the
moduli space of very stable bundles, then the Fourier—-Mukai transform of the
upward flows over V'S defines a bundle on A'V* x MV . In this paper we have
been concerned with the restriction to [E] x MY, for Donagi and Pantev it is
the restriction to NV x {m}.

In fact what we have encountered is a miniature version of this in the case
of very stable Higgs bundles of type (1, 1, ..., 1). Instead of the T-fixed point
set N/ we have another component: a subvariety defined by the zero set of
(b1, ..., by—1) in the product of symmetric products CI11 x Clm2l » ... x
Clmn—tl Moreover we have explicitly identified the wobbly locus, namely
where the product by ... b,_1 has multiple zeroes. This includes the various
diagonals. The hyperholomorphic bundle we identified as a tensor product of
exterior powers of universal bundles corresponding to the zeros of the b;. By
nonlinear Hodge theory on C, a point m € M defines a flat connection on
the curve C and hence also on the product C"*! x C™2 x - - - x C™»~1_invariant
by the action of the product of symmetric groups, hence descending to a flat
connection, but with singularities over the diagonals.
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