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Abstract We define and study the existence of very stable Higgs bundles on
Riemann surfaces, how it implies a precise formula for the multiplicity of
the very stable components of the global nilpotent cone and its relationship to
mirror symmetry. Themain ingredients are the Bialynicki-Birula theory ofC∗-
actions on semiprojective varieties, C∗ characters of indices of C∗-equivariant
coherent sheaves, Hecke transformation for Higgs bundles, relative Fourier–
Mukai transform along the Hitchin fibration, hyperholomorphic structures on
universal bundles and cominuscule Higgs bundles.
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1 Introduction

Drinfeld [21] and Laumon [46] call a vector bundle on a smooth complex
projective curve C of genus g a very stable bundle if there is no non-zero
nilpotentHiggs field� ∈ H0(C;End(E)⊗K ) on E . Laumon [46, Proposition
3.5] proved that a very stable bundle is semi-stable for g > 0 and stable for
g > 1 in the sense of Mumford and that very stable bundles form a non-empty
open subset in the moduli space of stable bundles on C .

We will assume g > 1, d ∈ Z and n ∈ Z>1. Let M := Md
n denote the

moduli space of semi-stable rank n degree d Higgs bundles on C i.e. pairs
(E, �) with � ∈ H0(C;End(E)⊗ K ). It was constructed in Hitchin [40] by
gauge theoretic and in [57,64] by algebraic geometric techniques. Pauly and
Péon-Nieto [58] proved that E is very stable if and only if

UE = {(E, �)|� ∈ H0(C;End(E)⊗ K )} ⊂M (1.1)

is closed in M.
There is a generalization of UE ⊂ M for more general Higgs bundles.

Recall that there is a T-action on M by (E, �) �→ (E, λ�) for λ ∈ T. For a
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Very stable Higgs bundles, equivariant multiplicity... 895

stable Higgs bundle E = (E, �) ∈MsT fixed by the T-action we define its
upward flow as

W+E := {(E ′, �′) ∈M| lim
λ→0

(E ′, λ�′) = (E, �)}. (1.2)

In particular, for a rank n degree d vector bundle E we have W+(E,0) = UE
from (1.1).

We define a T-fixed stable Higgs bundle E ∈MsT to be a very stable Higgs
bundle if the only Higgs bundle (E ′, �′) ∈ W+E with nilpotent Higgs field is
E . Our first result is a generalization of [58, Theorem 1.1].

Theorem 1.1 E ∈MsT is very stable if and only if W+E ⊂M is closed.

From Laumon’s result we know that a generic rank n vector bundle is very
stable, thus there always exists a very stable Higgs bundle of the form (E, 0)
with E very stable, that is, very stable Higgs bundles in the subvariety N ∈
π0(MT) parametrizing semi-stable vector bundles on C .

There are however many other fixed point components. Namely, when E =
E1 ⊕ · · · ⊕ E j is a direct sum of vector bundles and �|Ei → Ei+1K ⊂ EK .
We call

(rank(E1), rank(E2), . . . , rank(E j ))

—an ordered partition of n—the type of the T-invariant semistable Higgs
bundle (E, �). For example, for a rank n semistable bundle E the semistable
Higgs bundle (E, 0) ∈MT is of type (n).

In this paper we classify all type (1, . . . , 1) very stable Higgs bundles:

Theorem 1.2 Let

E = L0 ⊕ · · · ⊕ Ln−1

be a direct sum of line bundles Li on C. Furthermore, let the Higgs field be
given by

�|Li−1 = bi : Li−1→ Li K ⊂ EK ,

where

bi ∈ Hom(Li−1, Li K ) = H0(C; L∗i−1Li K ).

Assume that (E, �) is stable. Then (E, �) is very stable if and only if

b = bn−1 ◦ · · · ◦ b1 ∈ H0(C; L∗0Ln−1Kn−1)
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896 T. Hausel, N. Hitchin

has no repeated zero.

The proof of this proceeds by first verifying it in the case when b has no
zeroes. The correspondingHiggs bundle is called a uniformisingHiggs bundle,
the upward flow from which is nothing but a Hitchin section [38], which was
already observed to be closed in [38]. In particular when L0 ∼= OC then we
get the canonical uniformising Higgs bundle

E0 := (OC ⊕ K−1 ⊕ · · · ⊕ K−n+1,�|K−i+1 = 1 : K−i+1 → K−i ⊗ K ). (1.3)

Then we apply Hecke transformations at points of the curve to these Hitchin
sections, and observe that we can reach all type (1, . . . , 1) upward flows with
subsequent Hecke transformations, and can infer Theorem 1.2 in turn. This
argument is detailed in Sect. 4.2.

From Theorem 1.2 we deduce that in every type (1, . . . , 1) component
F ∈ π0(MT) there exists a very stable Higgs bundle. Thus when n = 2 every
component, being either of type (2) or type (1, 1), contains very stable Higgs
bundles. However, already for rank n = 3 there are type (1, 2) components
F ∈ π0(MT)which contain no very stable Higgs bundles. This can be seen by
computing the multiplicity of a very stable component of the nilpotent cone,
which we now explain.

We recall the Hitchin map [37]

h : M → A = ⊕n
i=1H0(C; K i )

(E, �) �→ det(�− x)

given by the characteristic polynomial. It is a proper completely integrable
system [37,57] with respect to a natural symplectic structure on M. In par-
ticular, dim(A) = dim(M)/2 and the fibres of h are Lagrangian subvarieties.
The generic fibre is isomorphic to an Abelian variety—the Jacobian of a spec-
tral curve—while the most singular fibre N := h−1(0), the so-called nilpotent
cone, is non-reduced as a subscheme. Its components can be understood from
the core of M. Namely, for F ∈ π0(MT) one defines the downward flow

W−F := {(E ′, �′) ∈M| lim
λ→∞(E ′, λ�′) ∈ F}.

Note that the Hitchin map is proper and T-equivariant with an appropriate
weighted T-action on A. It follows that the core

C :=
⋃

F∈π0(MT)

W−F ∼= Nred
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Very stable Higgs bundles, equivariant multiplicity... 897

is a proper subvariety isomorphic to Nred the reduction of the nilpotent
cone. Thus each component NF of the nilpotent cone N is labelled by

F ∈ π0(MT) and its reduction is isomorphic to NFred
∼= W−F . We denote by

mF := �(ON ,NF ) the multiplicity of the component NF ⊂ N . We have the
following

Theorem 1.3 Let E ∈MsT be a very stable Higgs bundle. Denote by T+E <

TEM the positive part of the T-module TEM and by FE the T-fixed point
component containing E . We have
1. the pushforward h∗(OW+E

) is a locally free sheaf on A
2. the multiplicity of the corresponding component NFE of the nilpotent cone

equals

mFE = rank(h∗(OW+E
)) = χT(Sym(T+∗E ))

χT(Sym(A∗))

∣∣∣∣∣
t=1

(1.4)

3. for generic a ∈ A the intersection W+E ∩ h−1(a) is transversal and has
cardinality mFE .

Here for a positive T-module V with weight space decomposition V =
⊕λ>0Vλ we have denoted the T-character of its symmetric algebra by

χT(Sym(V ∗)) =
∑

λ≤0
dim(Sym(V ∗)λ)t−λ =

∏

λ>0

1

(1− tλ)dim(Vλ)
∈ Z[[t]],

where t denotes the T-character of weight −1. The computation of (1.4) is
straightforward andwhen it is non-integer valuedwe deduce the non-existence
of very stable Higgs bundles in a given component. This is the case for certain
types of (1, 2) components in rank 3, see Remark 5.12. However the integrality
of mFE is not a complete obstruction for existence of very stable bundles as
examples in Remark 5.13 for type (1, 3) in rank 4 show.

It is straightforward to compute (1.4) for a very stable Higgs bundle. Conse-
quently, we deduce themultiplicity of type (n) and type (1, . . . , 1) components
of the nilpotent cone.

Corollary 1.4 The multiplicity of N , the moduli space of semi-stable rank n
degree d bundles, in the nilpotent cone is

mN = 23g−335g−5 . . . n(2n−1)(g−1).

Moreover let NFE be the component of the nilpotent cone for a type (1, . . . , 1)
Higgs bundle E ∈MsT as in Theorem 1.2. Let mi = deg(bi ). Then its multi-
plicity in the nilpotent cone is
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898 T. Hausel, N. Hitchin

mFE =
n−1∏

i=1

(
n

n − i

)mi

.

The main motivation of this paper was to try to understand the mirror of
upward flows (1.2) in the framework of Kapustin and Witten [43]. Fixing
M :=M−n(n−1)(g−1)

n we expect that the mirror of the structure sheaf OW+E
of the Lagrangian upward flow W+E ⊂M will be a hyperholomorphic vector
bundle onM if and only if E is very stable, in which case we expect the mirror
to be of rank mFE .

More precisely, for any E ∈MsT we introduce the virtual multiplicity

mE(t) := χT(Sym(T+∗E ))

χT(Sym(A∗)) , (1.5)

which is a priori a rational function in t . In the course of proving Theorem 1.3
we find that for a very stable E the pushforward h∗(OW+E

) is a T-equivariant
vector bundle onA, with T-equivariant fibre at 0 satisfying χT(h∗(OW+E

)0) =
mE(t). In particular, for a very stable E the quantity mE(t) is a polynomial in
t , which we call the equivariant multiplicity.

Its significance for mirror symmetry is that we expect (see Remark 6.13)
that the mirror, denoted �E , of a very stable upward flow OW+E

should be a
T-equivariant vector bundle on M whose restriction to the canonical Hitchin
section is isomorphic to h∗(OW+E

) and therefore its fibre at the canonical uni-
formising Higgs bundle E0 should have T-character

χT(�E |E0) = mE(t). (1.6)

In particular, its rank should be

rank(�E) = dim(�E |E0) = mE(1) = mFE

the multiplicity of NFE in the nilpotent cone N .
In the case of type (1, . . . , 1) fixed points, where we have a complete clas-

sification of very stable Higgs bundles in Theorem 1.2, we find a candidate
for the mirror, which is supported by the following results sketched below. For
details see Sect. 6.

Let δ = (δ0, δ1, . . . , δn−1) with δ0 := c01 + · · · + c0m0 a divisor of degree
�, where we assume that either c0 j ∈ C or −c0 j ∈ C . For i > 0 we have
the effective divisor δi = ci1 + · · · + cimi ∈ C [mi ] of degree mi ≥ 0, where
ci j ∈ C are points. This data gives rise to a type (1, . . . , 1) Higgs bundle as in
Theorem 1.2 by setting
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Very stable Higgs bundles, equivariant multiplicity... 899

Li := (δ0 + δ1 + · · · + δi )K
−i

and

bi := sδi ∈ H0(C; L∗i−1Li K ) ∼= H0(C;OC(δi ))

the defining section of OC (δi ). We denote this Higgs bundle by Eδ . Let us
assume that Eδ ∈MsT is very stable, i.e. it is stable and the divisor δ1+ · · ·+
δn−1 is reduced. Then W+Eδ

⊂ M is a closed Lagrangian, and we denote its
structure sheaf

Lδ := OW+Eδ

.

We construct

�δ :=
n−1⊗

i=0

mi⊗

j=0
�n−i (Eci j ), (1.7)

using a certain (twisted by a gerbe and appropriately normalised) universal
Higgs bundle (E, �) on C ×Ms and denote Eci j = E|Ms×{ci j } when ci j ∈ C

and Ec0 j = E∗|Ms×{−c0 j }, when −c0 j ∈ C . When n divides
∑n−1

i=1 (n − i)mi
(1.7) is a well-defined vector bundle of rank mEδ .

For simplicity we assume that

d = n�+
n−1∑

i=1
(n − i)mi − n(n − 1)(g − 1) = −n(n − 1)(g − 1).

In this case for a generic a ∈ A# ⊂ A we can identify h−1(a) = J (Ca) with
the Jacobian of the smooth spectral curve Ca ⊂ T ∗C . Define

ι : M → M
(E, �) �→ (E∗K 1−n, �T )

,

which on h−1(a) will induce the inverse map. In particular, we will have
ι(Eδ) = Eδι where δι = (δι

0, δ
ι
1, . . . , δ

ι
n−1) = (−δn−1−· · ·−δ0, δn−1, . . . , δ1).

ForM# := h−1(A#) we construct a relative Poincaré bundle P̃ on the fibre
productM# ×A# M#, which has fibre J (Ca)× J (Ca) over a ∈ A#. We then
have the following

Theorem 1.5 Let Eδ ∈MsT be a very stable Higgs bundle of type (1, . . . , 1)
and degree−n(n− 1)(g− 1). The relative Fourier–Mukai transform overA#

satisfies
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900 T. Hausel, N. Hitchin

S(Lδ|M#) = (π2)∗(π∗1 (Lδ|M#)⊗ P̃) = �δ|M#

and

S(�δ|M#) = Lδι[−n2(g − 1)− 1]|M#

Moreover, �δ extends to a vector bundle with a hyperholomorphic connec-
tion on Ms .

This theorem gives the mirror ofLδ as a hyperholomorphic vector bundle of
rankmFEδ

. The followingwill give evidence of themirror relationship globally,
in particular over the nilpotent cone. Tomotivate it recall that mirror symmetry
should be an equivalence of categories. Not just objects should match but
morphisms between them. If two objects have a T-equivariant structure so
will the vector space of morphisms between them. Thus its T-character should
agreewith theT-character of the vector space ofmorphisms between themirror
objects.

To formalise this for two T-equivariant coherent sheaves F1 and F2 on M
we denote the equivariant Euler pairing as

χT(M;F1,F2) =
∑

k,l

dim(Hk(RHom(F1,F2))l)(−1)kt−l,

which on a semi-projective variety likeM we expect to be a Laurent series in
Z((t)).

Theorem 1.6 Let Eδ, Eδ′ ∈ MsT be two type (1, . . . , 1) very stable Higgs
bundles of degree−n(n−1)(g−1). Then there exist T-equivariant structures
on all coherent sheaves of the form Lδ and �δ such that

χT (M;Lδ′, �δ) = χT(det(C1 ⊗A∗))χT
(M;�δ′,Lδι[−n2(g − 1)− 1]) .

Thus up to the q-powerχT(det(C1⊗A∗)), whereC1 denotes theweight 1T-
character, we find that the T-character of morphisms between our Lagrangian
and hyperholomorphic branes agree with that of the conjecturedmirror branes.

The content of the paper is as follows. In Sect. 2 we work out from scratch
the Bialynicki-Birula theory for a semi-projective variety, to conclude that the
upward flows and the core of a semiprojective variety with a homogeneity 1
symplectic form are Lagrangian. Here we introduce very stable upward flows
andprove someproperties including the general formofTheorem1.1. InSect. 3
we determine which Higgs bundles belong to which upward and downward
flows in the moduli space of Higgs bundles. In Sect. 4 we discuss very stable
Higgs bundles and prove part 1 of Theorem 1.3. Then we examine in detail
the Hecke transformation of a type (1, . . . , 1) T-fixed Higgs bundle and apply
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this to classify all very stable Higgs bundles of this type proving Theorem 1.2.
Moreover we show that the Hecke transform takes a Lagrangian subvariety to
another in general. In Sect. 5 we investigate the multiplicity of a very stable
component of the nilpotent cone, by deriving an explicit linear algebra formula
for it, and study the implications. Here we prove the rest of Theorem 1.3 and
Corollary 1.4. In Sect. 6 we study the relative Fourier–Mukai transform of our
type (1, . . . , 1) very stable upward flows proving the first part of Theorem 1.5,
and prove an agreement ofT-equivariant Euler forms for pairs of mirror branes
settling Theorem 1.6. In Sect. 7 using the twistor space construction of the
moduli space of Higgs bundles we endow the universal bundle at a point in C
with a hyperholomorphic connection and from the expression (1.7) prove the
second part of Theorem 1.5.

In the final Sect. 8 we discuss three issues relevant to further progress. First
in Sect. 8.1 we compute the virtual multiplicity (1.5) for the analogue of the
type (1, . . . , 1) fixed points for a simple group G instead of GLn . This is
the case where the T-action at the fixed point set has the same form as the
Hitchin section for the group G as in [38], which is of course a closed upward
flow. The bi which we studied for the general linear group are now replaced
by sections b1, . . . , b� of line bundles associated to the simple roots of G.
We find that unlike the GLn case considered in the body of this paper, the
virtual multiplicity is rarely a polynomial. We prove in Proposition 8.1 that
for cominuscule Higgs bundles where bi are nonvanishing sections except at
cominuscule roots it is in fact a polynomial. In this casewe offer Conjecture 8.2
that under precise conditions these are very stable and find a potential mirror in
terms of the minuscule representations of the Langlands dual group, satisfying
the expectation of (1.6). Secondly in Sect. 8.2 we study the first non-trivial
wobbly type (1, 1) SL2 Higgs bundle where b has a single double 0. We find
the closure of its upward flow and formulate a conjecture about the mirror of
the universal SO3 bundle in the adjoint representation. Finally in Sect. 8.3 we
discuss the problem of the mirror of a very stable cotangent fibre to the moduli
of semi-stable vector bundles. We relate this to considerations of Donagi–
Pantev and to Drinfeld–Laumon in the geometric Langlands correspondence.

2 Bialynicki-Birula partition and decomposition

2.1 Bialynicki-Birula theory for semi-projective varieties

Let M be a normal, complex, semi-projective algebraic variety. Semi-
projective means that M is quasi-projective and we have a T := C× action on
M such that the fixed point locus MT is projective and for every x ∈ M there
is a p ∈ MT such that limλ→0 λx = p. By the latter we mean that there exists
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902 T. Hausel, N. Hitchin

a T-equivariant morphism g : A1 → M with g(1) = x and g(0) = p, where
T acts on A1 in the standard way.

Examples of semi-projective varieties include cotangent bundles of smooth
projective varieties, moduli spaces of Higgs bundles and Nakajima quiver
varieties.

For every α ∈ MT denote by

W+α := {x ∈ M | lim
λ→0

λx = α}

the upward flow from α and

W−α := {x ∈ M | lim
λ→∞ λx = α}

the downward flow from α. We also define for connected components F ∈
π0(MT) of the fixed point locus

W+F := ∪α∈FW+α

the attractor of F and

W−F := ∪α∈FW−α .

the repeller of F .
Let Ms ⊂ M denote the smooth locus of M . Let α ∈ MsT be a smooth fixed

point. Then T acts linearly on the tangent space TαM . We can decompose this
representation into weight spaces TαM ∼= ⊕k∈Z(TαM)k , where (TαM)k <

TαM denotes the isotypical component, where λ ∈ T acts as multiplication
by λk . We will denote by T+α M = ⊕k>0(TαM)k the positive and by T−α M =
⊕k<0(TαM)k the negative part of this decomposition. Let T 0

α M = (TαM)0
denote the zero weight component then we have the decomposition

TαM ∼= T+α M ⊕ T 0
α M ⊕ T−α M.

Proposition 2.1 For a smooth fixed point α ∈ MsT the upward and downward
flows W+α and W−α are T-invariant locally closed subvarieties in M. Further-
more we have W+α ∼= T+α M and W−α ∼= T−α M as varieties with T-action.

Proof This is proved in [8] for a smooth complete M . The statement above
could be reduced to that case by equivariantly compactifying M (see below or
[68, Theorem 3]) and equivariantly resolving the singularities of the compact-
ification ([69, Corollary 7.6.3]).

For completeness, and to prepare the ground for the proof of Proposi-
tion 2.10, we present a proof inspired by the approach of [7, Lemma 2.2] see
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also [22, §1]. Let α ∈ MsT. As the singular locus Sing(M) ⊂ M is T-invariant
and closed we have W+α ⊂ Ms . Take α ∈ U0 ⊂ Ms a T-invariant open affine
neighbourhood (using [68, Corollary 2]). In particular, U0 is smooth. The
T-action on U0 induces a Z-grading on C[U0] ∼= H0(U0,OU0), defined by
setting f ∈ C[U0]i if and only if

f (λp) = λi f (p) (2.1)

for all λ ∈ T and p ∈ U0. In this case we will say that f is homogeneous of
degree deg( f ) = i .

Let mα � C[U0] be the maximal ideal of functions vanishing at α. As α

is T-fixed mα is a homogeneous ideal. We can find homogeneous elements
x1, . . . , xn ∈ mα ⊂ C[U0], where n = dim(M) such that their image in
mα/m2

α
∼= T ∗α M form a basis. The one-forms dx1, . . . , dxn ⊂ H0(U0, �U0)

then form a basis at α and we letU be the complement of the divisor of zeroes
of the section dx1 ∧ · · · ∧ dxn ∈ H0(U0, �

n(U0)). It is a T-invariant affine
open subset U ⊂ U0, where dx1, . . . , dxn remains a basis at every point. In
particular, U is non-singular. As U is invariant under the T-action and the
closure of any T-orbit inM \U is still contained inM \U , as it is closed, we
have

W±α ⊂ U.

Therefore we can prove Proposition 2.1 only working in U .

Let A := C[U ] and A = ⊕n∈ZAn be the grading induced by the T-action.
Let A+ = ⊕n∈Z>0 An and A− = ⊕n∈Z<0 An . Thus in particular A = A− ⊕
A0 ⊕ A+. First we observe that

Lemma 2.2 UT = V ( f | f ∈ A+ + A−) ⊂ U i.e. the subvariety of zeroes of
homogenous f of non-zero degree. Thus C[UT] = A/(A+, A−).

Proof Clearly if p ∈ UT, f ∈ Ai with i ∈ Z \ {0} and λ ∈ T such that λi �= 1
then

f (p) = f (λp) = λi f (p) = 0.

On the other hand if p ∈ U is such that f (p) = 0 for all f ∈ Ai with
i ∈ Z \ {0} then the maximal ideal at p satisfies (A+ + A−) ⊂ mp and so mp
is a homogenous ideal, thus p ∈ UT. ��

Let F := UT and, as above,W+F =
∐

β∈F W+β = {p ∈ U | limλ→0 λp ∈ F}
the attractor of F in U . Then we have
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904 T. Hausel, N. Hitchin

Lemma 2.3 W+F = V ( f | f ∈ A−) i.e. the subvariety of zeroes of homogenous
f of negative degree. Thus C[W+F ] = A/(A−).

Proof Again it is clear that if p ∈ W+F then f (p) = 0 for f ∈ A−. Namely if
f ∈ Ai for i < 0 then

f ( lim
λ→0

λp) = lim
λ→0

f (λp) = lim
λ→0

λi f (p)

implies that f (p) = 0.
On the other hand assume that for some p ∈ U we have f (p) = 0 for all

f ∈ A−. Then let πp : A→ A/mp
∼= C and define

g : A → C[x]∑
i ai �→

∑
i πp(ai )xi ,

where we write every element in A in the form of a finite sum of homogeneous
elements

∑
i ai where ai ∈ Ai . Because f (ai ) = 0 for i < 0, the definition

makes sense. We see that g is a graded ring homomorphism. Observe also that
for z ∈ A1 = Spec(C[x]) the composition

(πz ◦ g)
(
∑

i

ai

)
=
∑

i

πp(ai )z
i .

When z = 1 we see that ker(π1 ◦ g) = mp and that ker(π0 ◦ g) =
(ker(πp|A0), A−, A+) is a maximal ideal containing A− and A+ thus corre-
sponds to a fixed point of the T-action. Indeed the ring homomorphism g gives
a T-equivariant map A1→ U , such that g(1) = p and g(0) = limλ→0 λp ∈ F
by definition. Thus p ∈ W+F . The result follows. ��
Remark 2.4 We can build a map π : W+F → F by sending p ∈ W+F to
limλ→0 λp ∈ F . By the construction above we see that the maximal ideal of
π(p) is (ker(πp|A0), A−, A+) � A. Thus we see that π is induced by the map

π∗ : A/(A+, A−) → A/(A−)

a mod (A+, A−) �→ a0 mod (A−)
, (2.2)

where a = ∑
i∈Z ai is the sum of homogeneous elements ai ∈ Ai . It is

straightforward to check that π∗ is a well-defined graded ring homomorphism
and that (π∗)−1(ker(πp)) = (ker(πp|A0), A−, A+).

Next we determine the tangent spaces of F , W+F , W−F , W+α and W−α . To
do this we will denote by ∂i ∈ H0(U, TU ) the dual basis to dxi . Recall that
λ ∈ T acts on the function xi ∈ C[U ] via the formula
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λ · xi (p) = xi (λ
−1 p) = λ− deg(xi )xi (p),

i.e. λ · xi = λ−deg(xi )xi which should not be confused with the transformation
rule in (2.1). In particular, the induced action on one-forms gives

λ · dxi = (mλ)∗(dxi ) = λ−deg(xi )dxi , (2.3)

where mλ denotes the action isomorphisms:

mλ : U → U
p �→ λp

for λ ∈ T. One can compare1 2.3 to

m∗λ(dxi ) = d(m∗λ(xi )) = λdeg(xi )dxi .

This way we see that ∂i will have weight deg(xi ) in the sense that

(mλ)∗(∂i ) = Tmλ(∂i ) = λdeg(xi )(∂i ). (2.4)

As a reality check for λ ∈ T we compute, using (2.1)

dx j (Tmλ(∂i )) = m∗λ(dx j )(∂i ) = d(x j ◦ mλ)(∂i )

= λdeg x j dx j (∂i ) = λdeg x j δi, j ,

showing (2.4).

Lemma 2.5 For β ∈ F we have

TβF = (TβU )T ∼= span(∂i |β | deg(xi ) = 0) ⊂ TβU.

In particular, F ⊂ U is a non-singular subvariety.

Proof Dually, we will prove that the kernel of the surjective map g : T ∗βU →
T ∗β F is

span(dxi |β | deg(xi ) �= 0) < T ∗βU.

1 There seems to be a related confusion in [7, Definition 1.1]. Their definition of elliptic T-
action should either require the existence of limit points in the t → 0 limit as in this paper, or
replace the definition of positive weight using (mt )∗ instead of m∗t . In fact, when they use the
definition of positive weight in the displayed line after (2.1) on page 2613 of [7], they use the
correct (mt )∗ instead of m∗t as in [7, Definition 1.1].
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906 T. Hausel, N. Hitchin

It is clear that dxi |β ∈ ker(g) when deg(xi ) �= 0, because g is a map
of T-modules when we endow T ∗β F with the trivial T-module structure. Let

η ∈ (T ∗βU )T ∩ ker(g). We can represent η = dy0 with the homogeneous
degree 0 element y0 ∈ mβ,U � A. We will denote by

ȳ0 ∈ mβ,F � A/(A+, A−) ∼= C[F]
the image of y0 in the quotient A/(A+, A−). By assumption 0 = g(η) =
d ȳ0 thus ȳ0 ∈ m2

β,F . Thus there exists some c̄i , d̄i ∈ mβ,F such that ȳ0 =∑
i c̄i d̄i . Denoting by ci and di some lift of c̄i and d̄i in mβ,U , we get that

y0 −∑
i ci di ∈ (A+, A−). We can assume that ci and di are homogeneous

and in turn that deg(ci ) = deg(di ) = 0.We have some a j ∈ A+, b j ∈ A− such
that y0−∑i ci di =

∑
j a j b j . We can assume that a j and b j are homogeneous

of non-zero degree and in turn that deg(a j )+deg(b j ) = 0. Denotingπβ(a j ) =
λ j ∈ A/mβ,U

∼= C and πβ(b j ) = μ j ∈ A/mβ,U
∼= C we get that a j −λ j and

b j − μ j are in mβ,U . Thus we conclude that

y0 − (
∑

j

a jμ j + λ j b j ) ∈ m2
β,U .

As m2
β,U is a homogeneous ideal we deduce that y0 ∈ m2

β,U proving the first
claim.

Finally, we deduce that dim(mβ,U/m2
β,U ) = #{dxi | deg(xi ) = 0} is inde-

pendent of β ∈ F , thus indeed F is non-singular. ��
Lemma 2.6 For p ∈ W+F we have TpW

+
F = span(∂i |p| deg(xi ) ≥ 0) < TpU.

Similarly for p ∈ W−F we have TpW
−
F = span(∂i |p| deg(xi ) ≤ 0) < TpU.

Proof Again, we will prove dually that the kernel of the surjective map h :
T ∗pU → T ∗p W+F is

span(dxi |p| deg(xi ) < 0) < T ∗pU.

By Lemma 2.3 for deg(xi ) < 0 the function xi vanishes onW
+
F and thus dxi |p

is in the kernel of h. Assume now that
∑

deg xi≥0 αi dxi |p ∈ ker(h) for some
αi ∈ C. This means that

∑

deg xi≥0
αi (xi − πp(xi )) ∈ m2

p,W+F
.

It follows that there are c j , d j ∈ mp,U such that

∑

deg xi≥0
αi (xi − πp(xi ))−

∑

j

c j d j ∈ (A−).
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So we have homogeneous ak ∈ A− and rk ∈ A such that

∑

deg xi≥0
αi (xi − πp(xi ))−

∑

k

rkak ∈ m2
p,W+F

.

By writing rk = rk −πp(rk)+πp(rk) and noting that πp(ak) = 0 as p ∈ W+F
and ak ∈ A− we get

∑

deg xi≥0
αi (xi − πp(xi ))−

∑

k

βkak ∈ m2
p,W+F

,

where βk = πp(rk) ∈ C. In other words

0 =
∑

deg xi≥0
αi dxi |p −

∑

k

βkdak |p ∈ T ∗p (U ). (2.5)

Our final observation is that for deg(xi ) ≥ 0 the function ∂i (ak) has degree
− deg(xi )+ deg(ak) < 0. This is because dak =∑

j ∂ j (ak)dx j therefore

dak ∧ dx1 ∧ · · · ∧ dxi−1 ∧ dxi+1 ∧ · · · ∧ dxn = (−1)i−1∂i (ak)dx1 ∧ · · · ∧ dxn .

Thus ∂i (ak) vanishes on W+F . This means that dak |p is a linear combination
of the dxi with deg(xi ) < 0 and so

∑
deg xi≥0 αi dxi |p and

∑
k βkdak |p are

linearly independent. Thus (2.5) implies that
∑

deg xi≥0 αi dxi |p = 0. The first
statement follows.

The proof of the second statement on the downward flows is the same as
above for the inverse action of T on U . ��
Lemma 2.7 Forα ∈ F, and p ∈ W+α we have TpW+α = span(∂i |p| deg(xi ) >

0) < TpU. Similarly, for p ∈ W−α we have TpW−α = span(∂i |p| deg(xi ) <

0) < TpU.

Proof First we note that the locus of zeroes of (x1, . . . , xn) in U is zero
dimensional, because dx1, . . . , dxn is a basis at every point. Also this locus
is invariant by T, they are thus fixed points in F . All non-negative degree
elements vanish on F therefore the zeroes of the 0 degree elements

x0 := {xi | deg(xi ) = 0}
on F are precisely the zeroes of (x1, . . . , xn) on U .

By construction one such common zero is α and so W+α is a connected
component of the variety of zeroes of x0 on W+F . In particular, W+α ⊂ U is
closed and thus it is locally closed in M .
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908 T. Hausel, N. Hitchin

Thus we have thatW+α is a connected component of Spec(A/(A−, x0)). For
p ∈ W+α we determine the kernel of the surjective map f : T ∗pU → T ∗p W+α .
All functions in A− and x0 restrict to W+α as zero thus dxi |p is in the kernel
when deg(xi ) ≤ 0. Let now

∑
deg xi>0 αi dxi |p ∈ ker( f ). This means that

∑

deg xi>0

αi (xi − πp(xi )) ∈ m2
p,W+α

,

hence there are c j , d j ∈ mp,U such that

∑

deg xi>0

αi (xi − πp(xi ))−
∑

j

c j d j ∈ (A−, x0).

In turn, this means that there are homogeneous elements ak ∈ A− and scalars
β j ∈ C such that

0 =
∑

deg xi>0

αi dxi |p −
∑

k

dak |p −
∑

deg x j=0
β j dx j |p ∈ T ∗p (U ). (2.6)

Just as in the proof of Lemma 2.6 above we can argue that as a(p) = 0 for
all a ∈ A−, dak |p ∈ span(dxi |p| deg xi < 0), thus the linear independence of
{dx1|p, . . . , dxn|p} and (2.6) implies that

∑
deg xi>0 αi dxi |p = 0 proving the

first claim.
The second claim again follows from the first by inverting the T-action on

U . ��
To finish the proof of Proposition 2.1 we define the map

fα : W+α → T+α (2.7)

sending

p �→
∑

deg(xi )>0

xi (p)∂i

where ∂i ∈ TαM is the dual basis of dx1, . . . , dxn at α. By Lemma 2.7 the
derivative of fα is an isomorphism, thus it is étale and so open. Furthermore fα
is T-equivariant and its image is an open T-invariant subvariety in the positive
T-module T+α M , containing the origin, thus fα is surjective.As T+α M is simply
connected, it follows that fα is a trivial covering, and W+α being connected
implies that fα is an isomorphism. ��
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Remark 2.8 If we put the maps fα in a family over F we get a T-equivariant
isomorphism f : W+F ∼= T+F showing thatUs

Fα
⊂ M is a locally trivial affine

fibration, another main result of [8].

Definition 2.9 WecallM =∐
α W+α theBialynicki-Birula partition andM =∐

F W+F the Bialynicki-Birula decomposition. Define also

C :=
∐

α∈MT

W−α =
∐

F∈π0(MT)

W−F (2.8)

to be the core of M .

Additionally, in all our examples (Ms, ω) with ω ∈ �2(M) will be sym-
plectic s.t.

λ∗(ω) = λω. (2.9)

Then we have

Proposition 2.10 Let M be a normal, semi-projective complex variety with
(Ms, ω) symplectic with ω ∈ �2(Ms). Assume (2.9) that ω is homogeneous
of weight 1. For a smooth point α ∈ MsT the subspaces T+α M, T≤0α M :=
T 0

α M ⊕ T+α M < TαM and subvarieties W+α ,W−Fα
⊂ Ms are Lagrangian.

Proof As α ∈ MsT the tangent space TαM is a T-module. Let X, Y ∈ TαX be
homogeneouswithweight ν1 and ν2 respectively. Thatmeans thatλ·X = λν1X
and λ · X = λν2Y . Then from (2.9)

λω(X, Y ) = λ∗(ω)(X, Y ) = ω(λ · X, λ · Y ) = λν1+ν2ω(X, Y ).

Consequently ω(X, Y ) = 0 unless ν1 + ν2 = 1. Thus ω is trivial on T+α and
T≤0α . As TαM = T+α ⊕ T≤0α both subspaces are Lagrangian.

Recall the construction ofU ⊂ Ms , theT-invariant affine neighbourhood of
α ∈ U from the proof of Proposition 2.1 above. Let ω =∑

i< j fi, j dxi ∧ dx j
for some unique fi, j ∈ C[U ]. As ω, xi and x j are homogeneous so is fi, j
and deg fi, j = 1− deg(xi )− deg(x j ). Let now p ∈ W+α . By Lemma 2.7 the
tangent vectors ∂k |p ∈ TpU with positive weights will be a basis for TpW+α .
Take two such ∂k |p, ∂l |p ∈ TpW+α and compute

ω(∂k |p, ∂l |p) =
∑

i< j

fi, j dxi ∧ dx j (∂k |p, ∂l |p) = fk,l(p).

The degree of xl and xk are positive, so the degree of fk,l is negative. In
particular, fk,l vanishes on W+α . Thus fk,l(p) = 0, and TpW+α ⊂ TpU is
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910 T. Hausel, N. Hitchin

isotropic, and half-dimensional as TαW+α = T+α < TαM is Lagrangian. Thus
W+α is indeed Lagrangian in U ⊂ Ms . Similarly we can prove that W−F is
Lagrangian in Ms . The result follows. ��
Remark 2.11 Our approach in the proof of Proposition 2.10 abovewas inspired
by [7, §2.2]. Similar results were mentioned in [55, Proposition 7.1].

2.2 Very stable upward flows

Definition 2.12 Let α ∈ MsT. We say that α is very stable if the only point in
its upward flow which is also in the core C of (2.8) is α:

W+α ∩ C = {α}.
Remark 2.13 The origin of the term very stable is in the work of Drinfeld
[21] and Laumon [46], which was applied to vector bundles on curves (see
Sect. 4). However there is an accidental coincidence in terminology. Namely,
Bialynicki-Birula [9] using terminology of Smale [66, II.2] calls our upward
flow W+α the stable subscheme of α while our downward flow W−α is called
the unstable subscheme of α. Our definition above can be formulated to say
that the stable subscheme W+α is very stable if and only if it disjoint from the
unstable subschemes W−β for β �= α.

Proposition 2.14 α ∈ MsT is very stable if and only if W+α ⊂ M is closed.

Proof If α is not very stable then there exists β �= α ∈ W+α ∩ C in the upward
flow of α. Then limλ→∞(λ · β) ∈ MT is fixed by the T-action. Moreover a
linearized T-action on a very ample line bundle on M (which exists, because
M is normal and quasi-projective and [18, Corollary 7.2]) embeds it equiv-
ariantly in some projective space M ⊂ PN with linear T-action, where the
closure of every non-trivial T-orbit is linear, thus has two distinct T-fixed
points. Consequently,

lim
λ→∞(λ · β) �= lim

λ→0
(λ · β) = α

and thus W+α is not closed.
Assume now that α ∈ MsT is very stable i.e.

W+α ∩ C = {α}
as sets. Then we will determine the image ofW+α \C in the geometric quotient

Z = (M \ C)/T.
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Very stable Higgs bundles, equivariant multiplicity... 911

By construction it is

P(W+α ) = W+α \ {α}/T ⊂ Z

isomorphic to the weighted projective space P(T+α ) = (T+α \ {0})/T. By the
construction of [34, (1.2.3)] (c.f. also [65, §11] and [30] in the Higgs moduli
space case) we have the compactification

M = (M × C)//T = (M × C \ C × {0}) /T ∼= M � Z .

We see that the geometric quotient

P(W+α × C) = (
(W+α × C) \ (α, 0)

)
/T = W+α � P(W+α ) ⊂ M � Z = M

is also a weighted projective space, thus projective, thus closed inM . It follows
that all boundary points of the closure Uα in M lie on the divisor at infinity
Z ⊂ M \ M , thus W+α is closed in M . ��

3 Bialynicki-Birula theory on the moduli space of Higgs bundles

Fix C a smooth complex projective curve of genus g > 1. Recall that a vector
bundle E on C is called stable (resp. semi-stable) if for all proper subbundles
F ⊂ E

deg(F)

rank(F)
<

deg(E)

rank(E)
(3.1)

(resp. deg(F)/rank(F) ≤ deg(E)/rank(E)).
Similarly, a Higgs bundle (E, �) where � ∈ H0(End(E) ⊗ K ), is stable

(resp. semi-stable) if (3.1) holds for �-invariant proper subbundles F ⊂ E .
We fix integers n ∈ Z > 0 and d ∈ Z. Themoduli space of semistableHiggs

bundlesM :=Md
n of rank n and degree d was constructed by [36] by gauge-

theoretic and by [57] and [62] by algebraic geometric methods. At its smooth
points it carries a hyperkähler metric, in particular an algebraic symplectic
structure. It is a normal [63, Corollary 11.7] quasi-projective variety. The open
subset Ms ⊂M of stable points is precisely the smooth locus. It is a coarse
moduli space, but carries a universal Higgs bundle étale locally on Ms [62,
Theorem 4.5.(4)].

For a Higgs bundle (E, �)we can compute the characteristic polynomial of
the Higgs field as det(t−�) = tn+a1tn−1+· · ·+an , where ai ∈ H0(C; K i ).
This leads to the map

h :M→⊕n
i=1H

0(C; K i ),
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912 T. Hausel, N. Hitchin

a proper, completely integrable Hamiltonian system [37,57,64] in particular,
the fibres are Lagrangian at their smooth points.

The moduli space M carries a C×-action defined by (E, �) �→ (E, λ�)

for λ ∈ C×. If we let C× act with weight i on H0(C; K i ) then h becomes
C×-equivariant. As h is proper and all the weights on ⊕n

i=1H0(C; K i ) are
positive, we deduce that M is semi-projective with respect to this T-action.

Finally, we recall that there is a canonical symplectic structure on Ms

originally arising as part of its hyperkähler structure. The tangent space at
(E, �) ∈Ms can be identified (see e.g. [10])

T(E,�)Ms ∼= H1
(
C;End(E)

ad(�)→ End(E)⊗ K

)
. (3.2)

Serre duality will give an isomorphism between this hypercohomology and its
dual. This defines a symplectic form on T(E,�). To see that it gives rise to a
closed form ω, we recall [10, Theorem 4.3] that ω = dθ where

θ : H1
(
C;End(E)

ad(�)→ End(E)⊗ K

)
→ C

is given by first mapping to H1(C;End(E)) and then using Serre duality to
pair this element with � ∈ H0(C;End(E)⊗ K ). With respect to the T-action
we clearly have that λ∗(θ) = λθ and thus λ∗(ω) = λω is also of weight 1.

In this paperwewill study theupward anddownwardflowsof theBialynicki-
Birula partition onM.

3.1 Fixed points of the T-action MsT

First we recall a parametrisation of MT. If (E, �) ∈MsT is a stable Higgs
bundle fixed by the T-action then we have for every λ ∈ T

(E, λ�) ∼= (E, �).

The isomorphism above gives a vector bundle automorphism fλ : E → E
making the diagram

E
λ�−→ EK

fλ ↓ ↓ fλ

E
�−→ EK

(3.3)

commutative. These define a fibrewise T-action on E . Let E = L0⊕· · ·⊕ Lk
be the weight space decomposition of this T-action, for subbundles Li < E
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Very stable Higgs bundles, equivariant multiplicity... 913

and 0 ≤ k ≤ n − 1. Let T act on Li by weight wi ∈ Z, in other words fλ acts
on Li as multiplication by λwi . From the diagram (3.3) we see that�maps the
weight wi space to the wi − 1 weight space. Using an overall scaling we can
assume that wi = −i . Then �(Li ) ⊂ Li+1K . We call the ordered partition
(rank(L0), ..., rank(Lk)) of n the type of the fixed point (E, �) ∈ MsT.
Similarly we can talk about the type of a component of the fixed point set
F ∈ π0(MsT) as the type is locally constant on MsT. The latter can be seen
by noting that étale locally we have a T-equivariant universal bundle on Ms

and on the connected component F ∈ π0(MsT) the weight space for a given
weight of the T-action forms a vector bundle.

Example 3.1 For example when E = L0 the type is (n) and � = 0, thus E is
a semistable bundle. We will denote by N the moduli space of rank n degree
d semistable bundles which is embeddedN ⊂MT, the component ofMT of
type (n).

Example 3.2 At the other extreme are the fixed points of type (1, . . . , 1). Let
(E, �) ∈MsT be a type (1, ..., 1) fixed point of the T-action. In other words
E = L0 ⊕ · · · ⊕ Ln−1 is a direct sum of line bundles and the Higgs field �

satisfies �(Li−1) ⊂ Li K . Such a Higgs bundle is determined by L0 and the
choice of non-zero

bi := �|Li−1 ∈ H0(C; L∗i−1Li K ).

Note that the isomorphism class of such a Higgs bundle only depends on the
effective divisors δi := div(bi ) ∈ C [mi ], where mi = deg(L∗i−1Li K ), and L0.
To simplify notation we will choose a divisor δ0 so that L0 = O(δ0). We will
write δ = (δ0, δ1, . . . , δn−1). We also denote by Eδ the type (1, . . . , 1) Higgs
bundle for which

Li := (δ0 + δ1 + · · · + δi−1)K−i+1

and

bi := sδi ∈ H0(C;O(δi )) ∼= H0(C; L∗i−1Li K )

the defining section of O(δi ).
Let � := deg(L0) = deg(δ0) and m := (m1, . . . ,mn−1) where mi =

deg(bi ) = deg(δi ). Then the ambient component Eδ ∈ F�,m ∈ π0(MT) of the
fixed point setMT is isomorphic to

F�,m
∼= J�(C)× C [m1] × · · · × C [mn−1]. (3.4)
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Here the Jacobian J�(C) means the moduli space of degree � divisors on C
modulo principal ones, when we represent its elements by degree � divisors
δ0, or equivalently J�(C) can mean the moduli space of degree � line bundles
when we represent its elements by the line bundle L0.

Remark 3.3 For rank n = 2 we have just two different types. The type (2)
fixed point component is N ⊂ M the moduli space of semistable bundles
with zero Higgs field. The type (1, 1) components F�,m1

∼= J�(C) × C [m1]
parametrise Higgs bundles of the form E = L0 ⊕ L1 and

� =
(
0 0
b 0

)
,

where L0 and L1 are line bundles of degrees �0 := � and �1 respectively,
b ∈ H0(C; L∗0L1K ) and m1 = deg(b) = �1 − �0 + 2g − 2. For stability we
needm1 < 2g−2.When d = �0+�1 is fixed then 2�0 = d−m1+(2g−2) and
we will abbreviate Fm1 := F�,m1 . We then have g − 1 type (1, 1) fixed point
components F1, F3,…, F2g−3 when d is odd and g−1 of them F0, . . . , F2g−4
when d is even.

3.2 Upward flows on M

Wenow describe the upward flows in the Bialynicki-Birula partition ofM.We
know fromProposition 2.1 that the upward flowW+E forE ∈MT is isomorphic
to a vector space modelled on T+E . The following proposition describes which
Higgs bundles belong to W+E .

Proposition 3.4 Let E = (E, �) ∈M then

lim
λ→0

(E, λ�) = (E ′, �′) (3.5)

for some (E ′, �′) ∈MsT if and only if the following hold

1. there exists a filtration

0 = E0 ⊂ E1 ⊂ · · · Ek−1 ⊂ Ek = E (3.6)

by subbundles such that
2. for all i

�(Ei ) ⊂ Ei+1K (3.7)
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Very stable Higgs bundles, equivariant multiplicity... 915

3. and the induced maps

gr0(�) : Ei/Ei+1→ Ei+1/Ei+2K

satisfy

(E1/E0 ⊕ E2/E1 ⊕ · · · ⊕ Ek/Ek−1, gr0(�)) ∼= (gr(E), gr0(�))

∼= (E ′, �′). (3.8)

Furthermore the filtration (3.6) with these properties is unique.

Proof The proof is by a Higgs bundle analogue of the Rees construction. The
vector bundle version is discussed in [3,29,35].

First let us assume that we have a filtration (3.6) which is compatible with
the Higgs field i.e. (3.7) holds for all i . We denote by E ′ := gr(E) and
�′ = gr0(�) and assume that (E ′, �′) ∈MsT is a stable Higgs bundle.

We can define a vector bundle Ẽ over C× C = Spec(C[x])× C given by
the Z-graded OC [x] -module

Ẽ :=
⊕

i∈Z
x−i E−i (3.9)

on C , where x acts via the embedding x−i E−i ⊂ x−i+1E−i+1. Here Ek = E
for k ≥ n and Ek = 0 for k ≤ 0. Note, that we only have non-positive weights
in the Z-graded module (3.9).

We also get the vector bundle homomorphism �̃ : Ẽ → Ẽ ⊗ K by �̃ :
xi Ei → xi+1Ei+1⊗K given by�|Ei . Furthermore theZ-grading (3.9) defines
a T-action on Ẽ covering the standard action of T on C ∼= Spec(

⊕
i∈Z≤0 x

−i ).
Under this T-action λ ∈ T sends �̃ to λ−1�̃. This gives us a family of Higgs
bundles over C parametrized by C. Over {1} × C we get the vector bundle

Ẽ/(x − 1)Ẽ ∼= E

back onC , while �̃will induce precisely�, yielding our originalHiggs bundle

(Ẽ, �̃){1}×C ∼= (E, �)

The T-equivariant structure on (Ẽ, �̃) shows that over {λ}×C for 0 �= λ ∈ C
we get

(Ẽ, �̃){λ}×C ∼= (E, λ�). (3.10)
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916 T. Hausel, N. Hitchin

Over {0} × C ∈ C the vector bundle Ẽ restricts as

Ẽ/(x)Ẽ ∼= gr(E) = E ′

while �̃ restricts as gr0(�) = �′, giving the Higgs bundle

(Ẽ, �̃){0}×C ∼= (E ′, �′). (3.11)

AsM is a coarse moduli space we have a morphism f : C→M such that

f (λ) =
{

(E, λ�) when λ �= 0,
(E ′, �′) when λ = 0,

(3.12)

which exactly means (3.5).
For the other direction we assume (3.5) and note that as (E ′, �′) is a stable

Higgs bundle (E, λ�) is stable too, because stability is an open condition (c.f.
[62, Lemma 3.7] or [57, Proposition 3.1]). Let us assume the existence of a
map like f . Then, as the obstruction in H2(Ms,T) vanishes on f (C), we get
a family of stable Higgs bundles (Ẽ, �̃) over C×C with the properties (3.10)
and (3.11). As in §6.3.2 and [33, §4] we can construct aT-equivariant structure
on Ẽ where λ ∈ T acts on �̃ as λ−1�̃. In other words if v ∈ Ẽ then

�̃(λ(v)) = λ(�̃(v)),

where the T-action on Ẽ K is induced from the T-action on Ẽ and the weight
one action on K , i.e. for ω ∈ K λ(ω) := λω; compare it with (6.27). Denote
by

Ei = {v ∈ E ∼= Ẽ |{1}| lim
λ→0

λiλ(v) exists}. (3.13)

Note that

λiλ(�(v)) = λiλ(�̃|{1}(v)) = λi�̃(λ(v)) = �̃(λiλ(v)). (3.14)

So if v ∈ Ei then limλ→0 λiλ(v) exists and so does limλ→0 λiλ(�(v)).
Recalling that λ acts on K with weight one, we see that �(v) ∈ Ei+1K .
As the construction is locally trivial over C , we get an increasing filtration
Ei ⊂ Ei+1 ⊂ E by subbundles of E . Furthermore �(Ei ) ⊂ Ei+1K thus �

is compatible with the filtration. For μ ∈ T we compute

μ( lim
λ→0

λiλ(v)) = lim
λ→0

λiμ(λ(v)) = μ−i lim
λ→0

(μλ)i (μλ)(v)

= μ−i lim
λ→0

λiλ(v).
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This way we get a map

fi : Ei → (Ẽ |{0})−i
v �→ limλ→0 λiλ(v)

from Ei to the weight −i T-isotypical component of the vector bundle with
T-action Ẽ |{0} onC . The kernel of this map consists of those v ∈ Ei for which

lim
λ→0

λiλ(v) = 0,

i.e there exists a section s ∈ �(C, Ẽ |C×{π(v)}), where π : E → C is the
projectionof the vector bundle, s(0) = 0 and s(λ) = λiλ(v). Thenwecanwrite
s = λs′ for another s′ ∈ �(C, Ẽ |C×{π(v)}) and so limλ→0 λi−1λ(v) = s′(0)
exists showing ker( fi ) = Ei−1. Thus fi induces

fi : Ei/Ei−1 ↪−→ (Ẽ |{0})i ⊂ Ẽ |{0},

and ifwe put them togetherwe get f : gr(E) ↪−→ Ẽ |{0} an injective bundlemap
between vector bundles of the same rank, which thus must be an isomorphism.

Finally, we note that (3.14) implies that for v ∈ Ei we have

fi+1(�(v)) = �̃|0( fi (v))

thus

(gr(E), gr0(�)) ∼= (Ẽ |{0}, �̃|{0})
completing the proof of existence of the required compatible filtration.

In order to prove the uniqueness of the filtration we start with a compat-
ible filtration (4.4) as in the first part of the proof. Then we construct the
T-equivariant family of stable Higgs bundles Ẽ over C × C as in (3.9).
Then we will show that the original filtration agrees with the one con-
structed in the second part of the proof with the definition (3.13). First we
reformulate (3.13) by saying that E ′−i ⊂ E is the subsheaf whose sections
s ∈ H0(U, E ′−i ) ⊂ H0(U, E) on open subsets U ⊂ C satisfy the con-

dition that the section λ−iλ(s) ∈ H0(C∗ × U, Ẽ) extends to a section in
H0(C × U, Ẽ). We note that the C[x, x−1]-module H0(C∗ × U, Ẽ) is the
localization of the C[x]-module

⊕
i∈Z x−i E−i at x , thus

H0(C∗ ×U, Ẽ) ∼=
⊕

i∈Z
x−i

⎛

⎝
⊕

j∈Z≥0
H0(U ; E−i+ j )

⎞

⎠ .
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918 T. Hausel, N. Hitchin

We see that the T-invariant section λ(s) ∈ H0(C∗ × U ; Ẽ)T agrees with
s = x0s in this description and so the section λ−iλ(s) ∈ H0(C∗ × U ; Ẽ)

agrees with x−i s in this description also. Finally, we see that x−i s extends to a
section over C×U if and only it is in the image of the restriction map H0(C×
U, Ẽ)→ H0(C∗×U, Ẽ). This happens exactly when s ∈ H0(U ; E−i ). Thus
E ′−i = E−i . Therefore the filtration in (4.4) satisfying (3.8) is unique.
The proof of the Proposition is complete. ��

Remark 3.5 When n = 2 and (E, �) ∈M then we can find the filtration in
Proposition 3.4, giving the limiting Higgs bundle limλ→0(E, λ�) ∈MT as
follows. If E is semistable then the limiting Higgs bundle is simply (E, 0).
When E is not stable then it has a unique (maximal) destabilizing subbundle
L ⊂ E . The compatibility condition (3.7) in this case is vacuous, and thus
the limiting Higgs bundle is Eδ0,δ1 where L = O(δ0), δ1 = div(b) with b :=
�|L : L → (E/L)⊗ K .

Remark 3.6 If we projectivise the total space of the T-equivariant vector bun-
dle Ẽ as P(Ẽ), then the map P(Ẽ) → C will be proper, and T-equivariant
with respect to the induced T-action on P(Ẽ). If follows that this T-action on
P(Ẽ) is semi-projective. The fixed point set of the action is

(P(Ẽ))T = ∪iP((Ẽ |{0})i ).

The Bialynicki-Birula decomposition P(Ẽ) = ∪iW+i gives

P(Ei ) \ P(Ei−1) = W+−i ∩ P(Ẽ)|{1},

which follows from the proof of Proposition 3.4. Thus, amusingly, the filtration
Ei ⊂ Ei+1 ⊂ E in Proposition 3.4 describing the Bialynicki-Birula upward
flows on M, can be recovered from the Bialynicki-Birula decomposition on
P(Ẽ).

In fact, one can construct the Bialynicki-Birula partition on the total space
of the projectivised equivariant universal bundle (which always exists over
the stable locus, and extends over the whole of M using Simpson’s framed
moduli Higgs moduli space [62, Theorem 4.10], see (4.19) for k = 1) on
M×C which will contain the information on the filtration in Proposition 3.4
which determines the limiting Higgs bundle.

Remark 3.7 In a differential geometric language Proposition 3.4 appeared in
[17, Proposition 4.2]. Also a closely related partition of the de Rham moduli
space of holomorphic connectionsMDR appeared in [64]. In fact the algorithm
in [64] can be used verbatim to find the filtration in Proposition 3.4 producing
the limiting Higgs bundle.
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Remark 3.8 Let us recall the construction of a section of the Hitchin map from
[38]. Let a = (a1, . . . , an) ∈ H0(C; K )⊕ · · · ⊕ H0(C; Kn) = A be a point
in the Hitchin base. For a line bundle L on C let

EL := L ⊕ LK−1 ⊕ · · · ⊕ LK 1−n.

Take the Higgs field �a : EL → ELK given by the companion matrix:

�a :=

⎛

⎜⎜⎜⎜⎜⎝

0 0 . . . 0 −an
1 0 . . . 0 −an−1
0 1 . . . 0 −an−2
...

...
. . .

...
...

0 0 . . . 1 −a1

⎞

⎟⎟⎟⎟⎟⎠
. (3.15)

Denote the Higgs bundle EL ,a := (EL , �a). Define Ei := L⊕ LK−1⊕· · ·⊕
LK−i+1. The filtration 0 ⊂ E1 · · · ⊂ En = EL satisfies �a(Ei ) ⊂ Ei+1K
and the associated graded is (gr(EL), gr0(�a)) = (EL , �0) = EL ,0. It is
straightforward to check this is stable. We call EL ,0 a uniformising Higgs
bundle2. Now Proposition 3.4 applies and shows that EL ,a is stable too and
limλ→0(EL , λ�a) = (EL , �0) = EL ,0. Thus we have a map s : A → M
given bya �→ Ea . By construction h(EL ,a) = a thus s is a section of theHitchin
map h :M→ A. Thus we see that A ∼= s(A) ⊂ W+EL ,0

is a subvariety of an
affine variety which is isomorphic to a vector space of the same dimension,
therefore s(A) = W+EL ,0

, and so the upward flowW+EL ,0
is just a Hitchin section.

In particular, this implies that if E ∈ W+EL ,0
, i.e. it has a full filtration as in

Proposition 3.4 such that the associated graded is isomorphic to EL ,0, then it
has to be isomorphic to a Higgs bundle of the form (EL , �a). For example,
the underlying bundle must split as a direct sum of line bundles.

If we choose L = OC then we have

E0 := EOC ,0 = EOC

�0→ EOC ⊗ K (3.16)

the canonical uniformising Higgs bundle. This will give a canonical section
W+E0 ⊂M of the Hitchin map, corresponding to the structure sheaves of the
spectral curves under the BNR correspondence, see (5.20).

2 The terminology is motivated by the n = 2 case when the PGL2 Higgs bundle associated to
our uniformising Higgs bundle corresponds by non-abelian Hodge theory to the representation
π1(C)→ PGL2(R) ⊂ PGL2(C) giving the uniformising hyperbolic metric on C .
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3.3 Downward flows on M

Recall that the core of M is defined as C := ∐
α W−α =

∐
F W−F . From

Proposition 2.10 we know that W−F ⊂Ms is a Lagrangian subvariety. Thus
the core C is Lagrangian at its smooth points.

By recalling the T-equivariant map h :M → A where T acts on A with
positive weights we see that the core of A is the origin 0 ∈ A, and so C ⊂
h−1(0). On the other hand h is proper, therefore h−1(0) is projective, thus
h−1(0) ⊂ C. The zero fibre of the Hitchin map h−1(0) is called the nilpotent
cone, because h(E, �) = 0 if and only if � is nilpotent. We will think of the
nilpotent cone N := h−1(0) as a subscheme of M. In particular, we will see
later that most of its components are non-reduced. The argument above then
implies

Proposition 3.9 The reduced scheme of the nilpotent cone coincides with the
core: Nred = C.
Remark 3.10 The core is a Lagrangian subvariety. Thus Proposition 3.9 shows
that the nilpotent cone is Lagrangian,which is a result of Laumon [46, Theorem
3].

We finish with the analogue of Proposition 3.4 for the downward flow.

Proposition 3.11 Let E = (E, �) ∈M then

lim
λ→∞(E, λ�) = (E ′, �′)

for some (E ′, �′) ∈MsT if and only if the following hold

1. there exists a filtration

0 = E0 ⊂ E1 ⊂ · · · Ek−1 ⊂ Ek = E (3.17)

by subbundles
2. such that for all i

�(Ei+1) ⊂ Ei K

3. and the induced maps gr∞(�) : Ei/Ei−1→ Ei−1/Ei−2K satisfy

(E1/E0 ⊕ · · · ⊕ Ek−1/Ek−2 ⊕ Ek/Ek−1, gr∞(�)) ∼= (gr(E), gr∞(�))

∼= (E ′, �′).

Additionally, the fibration (3.17) with these properties is unique.
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Proof The proof is an appropriate modification of the proof of Proposition 3.4.
Just as in Remark 3.6 we can think of the filtration (3.17) on the Higgs bundle
induced from the downward flows on the projectivised universal bundle. ��

4 Very stable Higgs bundles

4.1 Definition and basic properties

Drinfeld and Laumon in [46, Definition 3.4] call a vector bundle E on C very
stable if the only nilpotent Higgs field� ∈ H0(End(E)⊗K ) is the trivial one.
[46, Proposition 3.5] proves that a rank n very stable bundle is stable, and that
very stable bundles form an open dense subset of the moduli space of stable
bundles.

Definition 4.1 Let E ∈MsT be a stable T-invariant Higgs bundle. We call E
a very stable Higgs bundle if and only if the only nilpotent Higgs bundle in
W+E is E . On the other hand we call E wobbly, when it is not very stable.

Remark 4.2 A vector bundle which is very stable is stable, as shown in [46,
Proposition 3.5]. For Higgs bundles we have to impose it as the definition uses
upward flows in the semistable moduli space M. We could also define very
semistable bundles for strictly semistable bundles in the same way as above.
These could also be interesting to study.

In this language [46, Proposition 3.5] implies

Theorem 4.3 There exist very stable type (n) Higgs bundles E ∈ MsT. In
fact, they form an open dense subset of N ∈ π0(MsT).

The following was proved for very stable bundles E (in our context Higgs
bundles with zero Higgs field) in [58, Theorem 1.1].

Lemma 4.4 The stable Higgs bundle E ∈ MsT is very stable if and only if
the upward flow W+E ⊂M is closed.

Proof This is Proposition 2.14 applied to the semi-projective varietyM. ��
Remark 4.5 Recall from Remark 3.8 that the upward flow W+EL ,0

⊂M of the

uniformising Higgs bundle EL ,0 is a Hitchin section h : W+EL ,0
∼= s(A). Thus

W+EL ,0
∩ h−1(0) = {EL ,0}. Therefore the Higgs bundle EL ,0 is very stable. In

particular, by the lemma above, W+EL ,0
⊂M is closed. This also follows from

the fact that it is a section of the Hitchin map, which was already pointed out
in [38, p. 454].
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Lemma 4.6 When E ∈ MT is very stable then h : W+E → A is finite, flat,
surjective and generically étale. In particular, when E ∈ MT is very stable
then h∗(OW+E

) is locally free.

Proof As W+E ⊂ M is closed by Lemma 4.4 the restriction of the Hitchin
map h : W+E → A is proper. Furthermore since h : W+E → A is a map
between affine varieties (cf. Proposition 2.1), it is quasi-finite. As a proper
and quasi-finite map it is finite (c.f [28, Theorem 8.11.1]). Finally, it is a map
between smooth equidimensional varieties and so by miracle flatness (c.f. [51,
Corollary 23.1]) h is flat. Thus h is finite and flat thus h∗(OW+E

) is locally free.

Finally, as h : W+E → A is finite and between equidimensional varieties, it
is surjective, and thus generically smooth, and so generically étale. ��

4.2 Hecke transformations

For a point c ∈ C recall the exact sequence of sheaves

0→ OC(−c) sc→ OC → Oc → 0, (4.1)

where sc ∈ H0(C;OC (c)) ∼= Hom(OC (−c),OC)) is the defining section.
Let E → C be a vector bundle. By abuse of notation we will also denote by
E its locally-free sheaf of sections. Tensoring (4.1) with E gives

0→ E(−c)→E
f→ (Ec)c → 0. (4.2)

Here Ec denotes the fibre of the vector bundle E at c and for any vector space
U we denote Uc := U ⊗Oc. In particular, (Ec)c = E ⊗Oc. If now V < Ec
then Vc ⊂ (Ec)c is a subsheaf and if W := Ec/V then Wc is a quotient sheaf
of (Ec)c. Denoting by πV : (Ec)c → Wc the quotient map and fV = f ◦ πV
we make the following

Definition 4.7 Let E be a vector bundle on the curve C . Let V < Ec be a
subspace at a point c ∈ C . The Hecke transform of E at V is defined to be
EV := ker fV .

Equivalently, the following short exact sequence of sheaves defines the Hecke
transformed vector bundle:

0→ EV→E
fV→ Wc → 0.

As a subsheaf of a torsion free sheaf, EV is torsion free and so a locally free
sheaf, i.e. the sheaf of sections of a vector bundle which we also denote by EV
or sometimes E ′ = EV .
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Remark 4.8 By construction E(−c) ⊂ EV is a subsheaf and fits into a short
exact sequence

0→ E(−c)→E ′→Vc → 0.

This way we get a surjective map E ′c → V . Denote by V ′ < E ′c its kernel.
Then we see that E ′V ′ = E(−c).
Example 4.9 When V = Ec then the exact sequence (4.2) shows that EV =
E(−c). More generally, if a vector bundle E ⊕ F on a curve is a direct sum of
two subbundles and we choose the subspace Ec < (E ⊕ F)c then the Hecke
transfrom of E ⊕ F at Ec satisfies

(E ⊕ F)Ec
∼= E(−c)⊕ F.

This can be seen by adding the trivial sequence 0 → F
∼=→ F → 0 → 0 to

(4.2).

Let now (E, �) be a Higgs bundle and let V < Ec be a �c-invariant
subspace. Consider the quotient W := Ec/V . Denote by �c the morphism
Wc → Wc ⊗ K induced by �. This data induces a unique Higgs bundle
(E ′, �′) making the following diagram commutative.

0→ E ′ → E
fV→ Wc → 0

�′ ↓ � ↓ �c ↓
0→ E ′K → EK → WcK → 0

. (4.3)

Definition 4.10 Let (E, �) be a Higgs bundle on the curve C and V < Ec
a �c-invariant subspace at c ∈ C . The Hecke transform of (E, �) at
V < Ec is the unique Higgs bundle (E ′, �′) making the diagram (4.3)
commutative. Sometimes we will denote it HV (E, �) = (E ′, V ′) or by
(EV , �V ) = (E ′, �′).

Remark 4.11 As in Remark 4.8, the Hecke transformation will produce a sub-
space V ′ < E ′c such that the Hecke transform of E ′ at V ′ is E(−c). We note
that the Hecke transformed Higgs field �′′ : E(−c)→ E(−c)K as a section
of End(E(−c))K = End(E)K agrees with � ∈ End(E)K away from c, and
so agrees everywhere. Thus the Hecke transform of (E ′, �′) at V ′ is the Higgs
bundle (E(−c), �).

Remark 4.12 We also note that as �′ and � agree away from c so their char-
acteristic polynomial will also agree away from c, therefore h(�′) = h(�) ∈
⊕n

i=1H0(C; K i ). Therefore the Hecke transformation is along the fibers of the
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Hitchin fibration. In the case of a point a ∈ A for which the spectral curve
Ca is smooth, the fibre is isomorphic to the Jacobian of Ca . At a generic point
c ∈ C the subspace V < Ec is a sum of eigenspaces of �c. Since Ca is the
curve of eigenvalues this is an effective divisor D. In the notation of Sect. 5.2
the Hecke transform takes the line bundle U on Ca corresponding to (E, �)

to the line bundle U (−D) corresponding to (E ′, �′).

Example 4.13 Assume that the Higgs bunde (E, �) is such that E = E1 ⊕
· · · ⊕ Ek , a direct sum of subbundles, and �(Ei ) ⊂ Ei+1K . Then for any
1 ≤ j ≤ k − 1 we have V := (E j+1 ⊕ · · · ⊕ Ek)c < Ec is �c invariant.
Then we can determine the Hecke transform (E ′, �′) at V by definition as
E ′ = E ′1⊕· · ·⊕ E ′k such that E ′i = Ei (−c) unless i > j when E ′i = Ei from
Example 4.9. The modified Higgs field then satisfies

�′|E ′i = �|Ei ∈ H0(C; E ′∗i E ′i+1K ) ∼= H0(C; E∗i Ei+1K )

for all i except i = j when

�′|E j (−c) = �|E j sc ∈ H0(C; E∗i (c)Ei+1K ).

Here sc is the defining section in (4.1). In particular, (�′|E j (−c)) vanishes at c.
Furthermore V ′ of Remark 4.11 will be V ′ = E ′1 ⊕ · · · ⊕ E ′j |c < E ′c, so that
theHV ′(E ′, �′) = (E(−c), �) as expected.

Doing the Hecke transformation backwards we get that if the Higgs bundle
(E, �) has a compatible decomposition E = E1⊕· · ·⊕Ek such that�(Ei ) ⊂
Ei+1K and �c is zero on (E j )c, then V = (E1 ⊕ · · · ⊕ E j )|c < Ec is �c-
invariant. Then the Hecke transform HV (E, �) has the chain form3

E1
�1−→ E2

�2−→ · · · � j−2−→ E j−1
� j−1/sc−→ E j (−c) � j−→ · · · �k−→ Ek(−c),

where �i := �|Ei : Ei → Ei+1K .
Note that in both cases above the Higgs bundles are T-fixed and so are the

Hecke transformed Higgs bundles (when all of them are stable). However if
the �c-invariant subspace is not a direct sum of the Ei |c’s then the Hecke
transform will not be T-fixed. Such examples will play a crucial rule in the
only if part of the proof of Theorem 4.16.

4.2.1 The Hecke transform of a full compatible filtration

Here we investigate what happens to a compatible full filtration on a Higgs
bundle, when we perform a Hecke transformation at a point c ∈ C where the

3 Where arrows represent morphisms twisted by K .
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Higgs field on the fibre of the graded Higgs bundle at c is regular nilpotent.
This is equivalent with b(c) �= 0 using the notation (4.7) below.

Let a rank n Higgs bundle (E, �) carry a full filtration

0 = E0 ⊂ E1 ⊂ · · · ⊂ En = E (4.4)

by rank(Ei ) = i subbundles, such that

�(Ei ) ⊂ Ei+1 ⊗ K . (4.5)

Then we have the induced maps

bi =: Ei/Ei−1→ Ei+1/Ei ⊗ K (4.6)

between line bundles, and the composition

b = bn−1 ◦ · · · ◦ b1 : E1→ E/En−1 ⊗ Kn−1. (4.7)

Suppose that b does not vanish at c ∈ C . This means that for all i the map
�c : Ei |c → Ei+1|c ⊗ K |c does not preserve Ei |c. To perform the Hecke
transformation we choose a �c-invariant subspace V < Ec of dim(V ) = k <

n. We need the following linear algebra

Lemma 4.14 Let 0 = U0 < U1 < . . .Un < U be a full flag of subspaces
of an n-dimensional complex vector space U. Furthermore let A be a linear
transformation A : U → U such that A(Ui ) < Ui+1 butUi is not A-invariant.
If V < U of dim(V ) = k < n is A-invariant, then dim(V ∩Ui ) = max(0, k+
i − n).

Proof By assumption Ui + A(Ui ) = Ui+1. Thus V +Ui = V +Ui+1 if and
only if V +Ui is invariant under A. On the other hand V +Ui = V +Ui+1 in
turn implies V +Ui = V +Un = U . Thus we see that the chain of subspaces

V = V +U0 ≤ V +U1 ≤ · · · ≤ V +Un−1 ≤ V +Un = U

must be strictly increasing until it reaches the whole ambient spaceU . There-
fore dim(V +Ui ) = min(k + i, n), which implies the result. ��

The �c-invariant subspace V < Ec induces a map of sheaves fV : E →
Wc, where W := Ec/V . This induces the Hecke transformed Higgs bundle
(E ′, �′):

0→ E ′ → E
fV→ Wc → 0

�′ ↓ � ↓ �c ↓
0→ E ′K → EK → WcK → 0

.
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926 T. Hausel, N. Hitchin

Each subbundle Ei will also induce a Hecke transformed line bundle with
respect to the subspace Vi := Ei |c ∩ V < Ei |c. Denoting Wi := Ei |c/Vi we
get a new vector bundle E ′i from the kernel of the map fVi : Ei → Wi

c . In
other words we have the top row of the following commutative diagram

0→ E ′i → Ei
fVi→ Wi

c → 0↪→ ↪→ ↪→
0→ E ′i+1 → Ei+1

fVi+1→ Wi+1
c → 0� � �

0→ E ′i+1/E ′i → Ei+1/Ei

f Vi+1→ (Wi+1/Wi )c → 0

(4.8)

Here the embedding E ′i ↪→ E ′i+1 is uniquely induced from the rest of the
first two top rows of the diagram. The quotient maps connecting the second
and third rows of the diagram are the ones making the columns into short
exact sequences. The last row, and in particular the map f Vi , is then uniquely
induced from the rest of the diagram to make it commutative.

From Lemma 4.14 we have

dim(Wi+1/Wi ) =
{
1 for i < n − k,
0 for i ≥ n − k.

(4.9)

Thus from the bottom row of (4.8) we obtain

E ′i+1/E ′i ∼=
{

(Ei+1/Ei )(−c) for i < n − k,
(Ei+1/Ei ) for i ≥ n − k.

(4.10)

In particular, E ′i+1/E ′i is a line bundle, and so E ′i ⊂ E ′i+1 is a subbundle. Thus
we get a full filtration of E ′ by subbundles:

E ′0 = 0 ⊂ E ′1 ⊂ · · · ⊂ E ′n = E . (4.11)

By construction it is compatible with �′ i.e.

�′(E ′i ) ⊂ E ′i+1K . (4.12)

Finally we will determine the maps b′i : E ′i/E ′i−1 → E ′i+1/E ′i ⊗ K induced
from �′. We have the commutative diagram

0→ E ′i/E ′i−1 → Ei/Ei−1
f Vi→ (Wi/Wi−1)c → 0

b′i ↓ bi ↓ bi ↓
0→ (E ′i+1/E ′i )⊗ K → (Ei+1/Ei )⊗ K

f Vi+1→ (Wi+1/Wi )c ⊗ K → 0

.
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Very stable Higgs bundles, equivariant multiplicity... 927

Here bi is induced from �c. When i > n − k then from (4.9) we see that bi
maps between zero-dimensional spaces, which shows that

b′i = bi ∈ H0(C; (E ′i /E ′i−1)∗(E ′i+1/E ′i )K ) = H0(C; (Ei /Ei−1)∗(Ei+1/Ei )K ). (4.13)

When i < n − k then bi is induced from an isomorphism of 1-dimensional
vector spaces, and we get again the agreement (4.13).

Furthermore, when i = n − k then Wi/Wi−1 is one-dimensional and
Wi+1/Wi = 0. This implies that b′i = bi sc where sc is the defining (4.1)
section vanishing at c.

Finally by tracing the kernel of the induced maps on the fibres at c in
the diagram (4.8) and using (4.9) we see that V ′ = (E ′n−k)c < E ′c. Thus
HV ′(E ′, �′) = (E(−c), �).

We proved the following

Proposition 4.15 Let a Higgs bundle (E, �) carry a full (4.4) and compatible
(4.5) filtration, such that b (4.7) does not vanish at c. Let V < Ec be a k-
dimensional and �c-invariant subspace. Then the Hecke transformed Higgs
bundleHV (E, �) = (E ′, �′) carries an induced full filtration (4.11) which is
compatible with�′ (4.12). Furthermore we have (4.10) and b′i = bi unless i =
n − k when b′n−k = bn−ksc acquires a simple zero at c. Finally, the subspace
of Remark 4.11 is V ′ = (E ′n−k)c < E ′c. ThusHV ′(E ′, �′) = (E(−c), �).

4.2.2 Very stable Higgs bundles via Hecke transformations

For δ = (δ0, δ1, . . . , δn−1) ∈ J�(C)×C [m1] × · · · ×C [mn−1] let Eδ ∈MsT be
a type (1, ..., 1) fixed point of the T-action constructed in Example 3.2.

Theorem 4.16 Let Eδ ∈MsT be a type (1, ..., 1) fixed point of the T-action.
Then Eδ is very stable if and only if b = b1◦· · ·◦bn−1 ∈ H0(C; L∗0Ln−1K ) has
no repeated zero, i.e. if and only if the effective divisor div(b) = δ1+· · ·+δn−1
is reduced.

Proof First we prove the “if” part. The proof is by induction on deg(b). When
b has no zeroes, then Eδ

∼= EL0,0 are the uniformising Higgs bundles from
Remark 3.8. Thus W+Eδ

is a Hitchin section. In particular Eδ is its intersection
with the nilpotent cone h−1(0) (c.f. Remark 4.5). Thus Eδ is very stable when
deg(b) = 0.

Let Eδ ∈MsT be such that b has no repeated zero, but at least one zero say
c ∈ C with b(c) = 0. Assume that it is bk(c) = 0. Then V := (L0 ⊕ · · · ⊕
Lk−1)c < Ec is �c invariant. We see from Example 4.13 that HV (Eδ) = Eδ′
where δ′i = δi i.e. b′i = bi except if i = k when b′k = bk/sc i.e. δ′k = δk − c. In
particular, b′ does not vanish at c. We will make frequent use of the following

��
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928 T. Hausel, N. Hitchin

Lemma 4.17 Let Eδ ∈ MsT such that bk(c) = 0. Let V := (L0 ⊕ · · · ⊕
Lk−1)c < Ec. Then Eδ′ := HV (Eδ) has the chain form

L0
b1→ L1

b2→ · · · bk−1→ Lk−1
bk/sc→ Lk(−c) bk+1→ · · · bn−1→ Ln−1(−c)

and it is a stable Higgs bundle.

Proof As by assumption Eδ is stable all proper �-invariant subbundles have
slope less than the slope of E . As the only �-invariant subbundles are Li ⊕
· · · ⊕ Ln−1 ⊂ E , we have for every 0 ≤ i ≤ n − 1 the following inequality:

�i + · · · + �n−1
n − i

<
�0 + · · · + �n−1

n
.

To see that Eδ′ is stable we check that

�′i + · · · + �′n−1
n − i

= �i + · · · + �n−1 −min(n − i, n − k)

n − i

<
�0 + · · · + �n−1

n
→−min(n − i, n − k)

n − i

<
�′0 + · · · + �′n−1 + n − k

n
− min(n − i, n − k)

n − i
<

�′0 + · · · + �′n−1
n

because

n − k

n
≤ min(n − i, n − k)

n − i
.

��
Assume now that we have a nilpotent Higgs bundle E = (E, �) ∈ W+Eδ

.
From Proposition 3.4 let E1 ⊂ · · · ⊂ En = E be the �-invariant filtration
inducing limλ→0 λ·E = Eδ . Let V := (Ek)c < Ec, which by the assumption of
bk(c) = 0 is�c-invariant. As we saw in the previous subsectionHV (E, �) =
(E ′, �′) is nilpotent in the upward flow of HV1k (Eδ) = Eδ′ , because Eδ′ is
stable by Lemma 4.17. But deg(b′) = deg(b)− 1 and so by induction we can
assume that Eδ′ is very stable and hence the nilpotent (E ′, �′) in its upward
flow should be isomorphic to it: (E ′, �′) ∼= Eδ′ . Now b′(c) �= 0 therefore �′c
is regular nilpotent. Hence there is a unique �′c-invariant (n− k)-dimensional
subspace of E ′, namely V ′k,n−1 = (Lk)c⊕· · ·⊕(Ln−1)c. The Hecke transform
of (E ′, �′) ∼= Eδ′ at this subspace gives (E(−c), �) ∼= Eδ−c, where
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Very stable Higgs bundles, equivariant multiplicity... 929

δ − c := (δ0 − c, δ1, . . . , δn−1).

This shows that Eδ is also very stable. This proves the “if” part of the theorem.
For the “only if” part, when b has repeated zeroes, the strategy will be

to produce a Hecke curve [56]—a one-parameter family of Higgs bundles
produced as Hecke transforms of a fixed Higgs bundle—in the intersection of
the nilpotent cone and the upward flow W+Eδ

originating at Eδ .
Take a multiple zero c of b. Assume that bk(c) = 0. Then V := (L0⊕· · ·⊕

Lk−1)c < Ec is �c-invariant. The Hecke transformed Higgs bundle from
Example 4.13 HV (Eδ) = Eδ′ = (E ′, �′) has b′(c) = 0 otherwise HV ′(Eδ′)
would have b(c) = 0 a simple zero from Proposition 4.15.

Thus b′(c) = 0 and as before in Lemma 4.17 Eδ′ is still stable. Now however
the nilpotent�′c is no longer regular due to b′(c) = 0. This implies that, besides
V ′ = (L ′k⊕· · ·⊕L ′n−1)c, there ismore thanone�′c-invariantn−k-dimensional
subspace in E ′c. By [61, Theorem 6] the subvariety Sn−k(�′c) ⊂ Grn−k(E ′c) of
�′c-invariant (n − k)-dimensional subspaces in the Grassmannian of (n − k)-
planes in E ′c is connected. The connectedness of Sn−k(�′c) also follows from
[42, Theorem6.2] as one can think of Sn−k(�′c) as the support of the fixed point
schemeof the unipotent group actionofGa

∼= {exp(t�′c)}on theGrassmannian
Grn−k(E ′c).

Wewill find a curve in Sn−k(�′c), leading to aHecke curve inM by studying
a natural T-action on the projective variety Sn−k(�′c). We note that Eδ′ =
(E ′, �′) is T-invariant, meaning that

(E ′, �′) ∼= (E ′, λ�′) (4.14)

for all λ ∈ C. The isomorphism in (4.14) is induced by an automorphism of
(E ′, �′). Let T act on E ′ = L ′0 ⊕ · · · ⊕ L ′n−1 with weight −i on L ′i . This
T-action induces the weight−1 action of T on �′, showing (4.14). Restricting
this T-action to E ′c we get an action of T on Grn−k(E ′c). We note that �′c(λ ·
v) = λ · �′c(v) and thus if V ⊂ E ′c is a �c-invariant subspace then λ · V is
also�c-invariant. Therefore this T-action leaves Sn−k(�′c) invariant. We have
Sn−k(�′c)T ⊂ Grn−k(E ′c)T. Fixed points of the T-action on Grn−k(E ′c) are of
the form (Li1 ⊕· · ·⊕ Lin−k )c for any (n− k)-element subset {i1, . . . , in−k} ⊂
{0, . . . , n − 1}. We have

V ′ = (L ′k, . . . , L ′n−1)c ∈ Sn−k(�′c)T ⊂ Grn−k(E ′c).

By Remark 4.11 we have that HV ′(E ′, �′) = (E(−c), �) = Eδ−c.
As Sn−k(�′c) is projective, connected and contains more than one point,

there is V ′ �= V ∈ Sn−k(�′c) such that limλ→0 λV = V ′. Let

V∞ := lim
λ→∞ λ · V ∈ Sn−k(�′c)T.
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930 T. Hausel, N. Hitchin

As the T-action on Sn−k(�′c) is linear we see that V ′ �= V∞. Let V∞ =
(Li1 ⊕ · · · ⊕ Lin−k )c for some

{k, . . . , n − 1} �= {i1, . . . , in−k} ⊂ {0, . . . , n − 1}. (4.15)

We thus have a map P1→ Sn−k(�′c) sending 0 to V ′,∞ to V∞ and λ ∈ T to
λ · V . We will denote the corresponding subspaces Vt for t ∈ C ∪∞.

First we need the following

Lemma 4.18 HV∞(Eδ′) is a T-fixed stable Higgs bundle.

Proof LetHV∞(Eδ′) = (E ′′, �′′). Then E ′′ ∼= L ′′0⊕· · ·⊕L ′′n−1 where L ′′i ∼= L ′i
when i ∈ {i1, . . . , in−k} and L ′′i ∼= L ′i (−c) when i /∈ {i1, . . . , in−k}. Thus

�′′i := deg(L ′′i ) =
{

�′i when i ∈ {i1, . . . , in−k}
�′i − 1 when i /∈ {i1, . . . , in−k} (4.16)

The only �′′-invariant subbundles of E ′′ are of the form L ′′i ⊕ · · · ⊕ L ′′n−1.
Thus to prove stability we check

�′′i + · · · + �′′n−1
n − i

≤ �′i + · · · + �′n−1 −max(0, k − i)

n − i
= �i + · · · + �n−1 − (n − i)

n − i

<
�0 + · · · + �n−1 − n

n
= �′′0 + · · · + �′′n−1

n

��
Let V ∈ Sn−k(Ec) and denote Vλ := λ · V . Denote by fλ : E ′ → E ′

the automorphism induced by our T-action on E ′ as in (3.3). Finally identify
(K )c ∼= C. We now have the commutative diagram:

E ′V K E ′K (Ec/V )c

E ′V E ′ (Ec/V )c

E ′Vλ
K E ′K (Ec/Vλ)c

E ′Vλ
E ′ (Ec/Vλ)c

λ�′V

f ′′λ

λ�′ λ�
′
c

f ′′λ

�′Vλ �′

f ′λ f
′
λc

f ′λ f
′
λc

�
′
c

.
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Very stable Higgs bundles, equivariant multiplicity... 931

The map f ′′λ : E ′V → E ′Vλ
is defined uniquely so as to make the diagram

commutative. The diagram shows that f ′′λ induces (E ′Vλ
, �′Vλ

) ∼= (E ′V , λ·�′V ).
Therefore HVt (Eδ) is stable for all t since stability is an open condition

for Higgs bundles (c.f. [62, Lemma 3.7] or [57, Proposition 3.1]). Finally, we
note that HV0(Eδ) ∼= Eδ−c � HV∞(Eδ) because there exists an i such that
deg(L ′′i ) �= deg(Li (−c)) because of (4.15) and (4.16). Thus we found a T-
invariant family of nilpotent stable Higgs bundles in Ms parametrized by P1

connecting Eδ−c and HV∞(Eδ). Thus W
+
Eδ−c ∩ h−1(0) is not trivial. Therefore

Eδ−c and so Eδ is not very stable. The theorem follows. ��

Corollary 4.19 There is a very stable Higgs bundle in every type (1, . . . , 1)
component F�,m ∈ π0(MsT) from (3.4). In fact, they form a dense open subset.

Proof From Theorem 4.16 the very stable locus in F�,m are Higgs bundles Eδ

where b has no repeated zero. Thus they form the complement of some divisor.
The result follows. ��

4.2.3 Example in rank 2

Let L0 and L1 be line bundles on C and E = L0 ⊕ L1 together with a

lower triangular Higgs field: � =
(
0 0
b 0

)
with b = b1 ∈ H0(C; L∗0L1K ).

Assume that deg(b) < 2g − 2 so that (E, �) is stable. Suppose further that
b = s2c b

′′ has a double zero at c ∈ C where b′′ ∈ H0(C; L∗0L1K (−2c)). Let
V := (L0)c < Ec. It is �c-invariant as �c = 0. We have

E ′ = L ′0 ⊕ L ′1 = L0 ⊕ L1(−c)

and V ′ = V0 = (L ′1)c. As b′ = scb′′ still vanishes at c, �′c = 0. Thus
S1(�′c) = P(Ec) the whole P1. Let V∞ = (L0)c < E ′c, which is�′c-invariant.
Fix basis vectors 〈v1〉 = (L ′1)c and 〈v2〉 = (L ′2)c then let Vt := 〈tv1 +
v2〉. We obtain limt→0 Vt = V ′ and limt→∞ Vt = V∞. Then we see that
HV ′(E ′, �′) = (E(−c), �) and HV∞(E ′, �′) = (E ′′, �′′). Here

E ′′ = L ′′0 ⊕ L ′′1 = L0 ⊕ L1(−2c)

and �′′ =
(

0 0
b′′ 0

)
. For t �= 0,∞ the Hecke transforms E ′Vt are no longer

direct sums but extensions

0→ L0(−c)→ E ′Vt → L1(−c)→ 0, (4.17)
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932 T. Hausel, N. Hitchin

or

0→ L1(−2c)→ E ′Vt → L0→ 0. (4.18)

The first one corresponds to the modification of E ′1 = L ′0 = L0 in E ′Vt . In
other words (4.17) is the modified filtration of Proposition 4.15. This shows
that

lim
λ→0

λ ·HVt (E
′, �′) = (E(−c), �).

In particular, as the latter is stable so is HVt (E
′, �′).

The second extension (4.18) is induced from L1(−2c) ⊂ E ′Vt the Hecke
modification of the subbundle L ′1 ∼= L1(−c) ⊂ E ′. As �′ was trivial on
L ′1 the modification �′Vt will be trivial on L1(−2c). Thus �′Vt will be given
by projection to L0 in (4.18) followed by b′′ : L0 → L1(−2c)K . As in
Proposition 3.11 this shows that

lim
λ→∞ λ ·HVt (E

′, �′) = (E ′′, �′′).

ThusHVt (E
′, �′) is aT-equivariant family of stable nilpotentHiggs bundles

parametrized by t ∈ P1 = C ∪ ∞, connecting HV0(E
′, �′) = (E(−c), �)

and HV∞(E ′, �′) = (E ′′, �′′).
This shows that (E(−c), �) and thus (E, �) are not very stable.

4.2.4 Hecke transforms of Lagrangians

Wehave seen above how the different upward flows of type (1, . . . , 1) very sta-
ble Higgs bundles are related by Hecke transforms. We also showed they were
Lagrangian in Proposition 2.10. It is a general fact that the Hecke transform
takes Lagrangians to Lagrangians, as we show next.

Simpson constructed [62, Theorem 4.10] the fine moduli spaceRs of stable
rank n degree d Higgs bundles, framed at the point c ∈ C . The group GLn
acts on the framing with quotientMs so thatRs →Ms is a PGLn-principal
bundle, associated to the projective universal bundle P(Ec) restricted to c. Let
Hk ⊂ GLn be the stabilizer of Ck < Cn—a maximal parabolic subgroup of
GLn . The quotient GLn/Hk is isomorphic to the Grassmannian of k-planes in
Cn and we can construct the Grassmannian bundle

Grk(Ec) := Rs/Hk (4.19)

overMs .
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Very stable Higgs bundles, equivariant multiplicity... 933

By identifying Kc
∼= C, étale locally the universal Higgs field �c restricted

to c gives an endomorphism �c ∈ H0(Ms;End(Ec)). We will denote the set
of �c-invariant k-dimensional subspaces of Ec by

Hs := {V < E((E,�),c)|(E, �) ∈Ms, dim(V ) = k and �c(V ) ⊂ V }.
The subset Hs ⊂ Grk(Ec) has the structure of a variety, as étale-locally in
Ms we can assume that some λ ∈ C is never an eigenvalue of �c in other
words det(�c − λ) �= 0. That means that �c − λ is invertible and thus acts
on Grk(Ec) and Hs in this étale neighbourhood is the fixed point variety of a
morphism. By construction

π : Hs →Ms (4.20)

is a proper map.
A point ofHs is represented by a pair ((E, �), V ) ∈ Hs of a Higgs bundle

(E, �) and k-subspace V ∈ Grk(Ec) such that�c(V ) ⊂ V . We also consider
sHs ⊂ Hs the subset of points ((E, �), V ) ∈ Hs where V ∈ Grk(Ec) such
that HV (E, �) is stable. As stability is an open condition for Higgs bundles
sHs ⊂ Hs is an open subset. Further we define M# ⊂ M the open subset
where the spectral curve is smooth and the Higgs field �c at the point c ∈ C
has distinct eigenvalues. Then we setH# := π−1(M#) ⊂ Hs an open subset.
TheHecke transform does not change the spectral curve, andwhen it is smooth
the Higgs bundle is automatically stable. Thus H# ⊂ sHs .

By abuse of notation we will still denote π : H# → M# the restriction
of (4.20). If M =Mn,d then we denote M′ :=Md−k

n so that HV (E, �) ∈
M′s when ((E, �), V ) ∈ sHs . This defines π ′ : H# → M′#. We have the
following

Proposition 4.20 The map (π ′, π) : H# →M′# ×M# is injective.

Proof When the Higgs field �c has n distinct eigenvalues λi , a Hecke trans-
form depends on the choice of a k-element subset or equivalently a subspace
Ck < Cn spanned by the corresponding eigenspaces. If the equation of the
spectral curve is given by det(x − �) = 0 and (E, �) is the direct image
of the line bundle U on Ca then the Hecke transform is the direct image of
U (−D) where D is the effective divisor (λi1, c)+ (λi2, c)+ · · · + (λik , c).

The map will be injective if for two choices of subspace the divi-
sor classes D1, D2 are distinct. This will follow if dim H0(Ca,O(D)) =
1. By Riemann-Roch and Serre duality this condition is equivalent to
dim H0(Ca, KCa (−D)) = g̃ − k where g̃ is the genus of Ca , or alternatively
if the restriction H0(Ca, KCa )→ H0(D, KCa )

∼= Ck is surjective.
By adjunction on the total space of K , which has trivial canonical bundle,

we have KCa
∼= π∗Kn and hence sections of π∗Kn are of the form a0+a1x+
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934 T. Hausel, N. Hitchin

· · · + an−1xn−1 where ai is the pullback of a section of H0(C, Kn−i ). This
space has dimension n2(g − 1) + 1 = g̃ and so represents uniquely every
section of KCa . Restricting to D gives (v1, . . . , vk) where

vm = a0(c)+ a1(c)λim + · · · + an−1(c)λn−1im
.

Since the λi are distinct, Lagrange interpolation provides a polynomial of
degree (n − 1) which agrees with any (v1, . . . , vk) and because K i on C has
no base points, there exist sections ai agreeing at c with the coefficients of the
polynomial. Hence restriction is surjective. ��

We can define a correspondence on M′s × Ms by saying that two
points (m,m′) are equivalent if they are represented by Higgs bundles
(E, �), (E ′, �′)where (E ′, �′) is related to (E, �) by a k-plane Hecke trans-
formation at c. Then, from Proposition 4.20, at a generic point this is locally
given by the graph of amap and hence has a dense open set which is a manifold
of half the dimension.

Recall that a Lagrangian correspondence between symplectic manifolds
M1, M2 is a Lagrangian submanifold M1×M2 with respect to the symplectic
form p∗1ω1 − p∗2ω2, for example the graph of a symplectic transformation.
Then points in M2 corresponding to those in a Lagrangian in M1 will, under
transversality conditions, formaLagrangian submanifold. The following result
was already discussed in [43, pp.185-186].

Theorem 4.21 The Hecke correspondence onM′s ×Ms is Lagrangian at a
generic point.

Proof We use a differential-geometric approach and assume that �c has dis-
tinct eigenvalues. As defined above, when we have a rank n vector bundle E
on the curve C and a point c ∈ C the Hecke transform E ′ is the vector bundle
defined by the kernel subsheaf of a homomorphism h : O(E)→ On−k

c with
the kernel at c the vector space V .

Let v1, . . . , vn be a local basis of sections of E with v1, . . . , vk spanning V
at c. Using a local coordinate where c is z = 0, a local basis for E ′ is given by
u1, . . . , un where vi = ui for i > k and vi = zui for 1 ≤ i ≤ k. We shall use
these two local bases to make calculations.

Varying V ⊂ Ec gives a variation of the holomorphic structure on E ′ as
in [56]. A first order deformation of V in a parameter t is described by local
holomorphic sections of the form

vi + t v̇i = vi + t
n∑

j=k+1
ai jv j
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for 1 ≤ i ≤ k. The variation of a local basis of the subsheaf is then

u̇i = 1

z

n∑

j=k+1
ai j u j .

The matrix a = ai j in the basis u1, . . . , un for E ′ gives the section

(
0 0
a/z 0

)

over a punctured disc.
For a fixed holomorphic structure on E , this is a Čech cocycle for a class

in H1(C;End(E ′)) defining the variation of the holomorphic structure on the
Hecke transform corresponding to a(c) ∈ Hom(V, Ec/V ), a tangent vector to
the Grassmannian. Here however we need to vary E also and it is convenient
to use a Dolbeault representative Ȧ ∈ �0,1(C;End(E)). We may make the
assumption that the deformation of holomorphic structure on E is trivial in a
neighbourhood of c so that we can take Ȧ = 0 in this neighbourhood, extend
a to a C∞ section supported in a neighbourhood of c and holomorphic in
a smaller one and take Ȧ + ∂̄ ȧ/z ∈ �0,1(C;End(E ′)) giving the combined
deformation of holomorphic structure on E ′.

Let ( Ȧ, �̇) be a first order deformation of a Higgs bundle preserving the
deformation of the subsheaf. A local section of End(E) can be written in
block matrix form with respect to the subspaces spanned by v1, . . . , vk and
vk+1, . . . , vn respectively as

(
P Q
R S

)

and in the basis u1, . . . , un it becomes

(
P zQ

z−1R S

)
. (4.21)

From thiswe see explicitly that aHiggs field� ∈ H0(C;End(E)⊗K ) extends
to End(E ′)⊗ K if and only if the entry R is divisible by z, i.e. � preserves V
at c, which is the definition of Hs .

To preserve the subsheaf to first order we need (� + t�̇)(v + ta(v)) =
w+ ta(w)modulo t2 for v andw linear combinations of v1, . . . , vk . It follows
that �̇+ [�, a] preserves the subspace V at c.
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936 T. Hausel, N. Hitchin

Write

� =
(
P Q
R S

)
�̇ =

(
Ṗ Q̇
Ṙ Ṡ

)
.

Since Ȧ = 0 in a neighbourhood the entries are holomorphic. Then

�̇+ [�, a] =
(

Ṗ − Qa Q̇
Ṙ + Sa − aP Ṡ − aQ

)
.

This preserves V , so Ṙ+Sa−aP must be divisible by z. Since�c has distinct
eigenvalues λi we can take the basis vectors vi to be eigenvectors of � in a
neighbourhood and then the condition is that Ṙi j + (λi − λ j )ai j be divisible
by z and accordingly ai j (0) is uniquely determined by �̇.

In the basis for E ′ we have

�̇+ [�, a] =
(

Ṗ − Qa Q̇z
(Ṙ + Sa − aP)z−1 Ṡ − aQ

)
,

which is now holomorphic in a neighbourhood of c.
Let ( Ȧ, �̇) ∈ �0,1(C;End(E)) ⊕ �1,0(C,End(E)) be a Dolbeault repre-

sentative of a tangent vector to Ms . The holomorphic symplectic form ω is
defined by

∫

C
tr( Ȧ1�̇2)− tr( Ȧ2�̇1).

With Ȧ′ = Ȧ + ∂̄a/z as above we obtain

∫

C
tr( Ȧ′1�̇′2) =

∫

C
tr( Ȧ1�̇2)+ tr(∂̄a1Q2/z)− tr ∂̄a1[�, a2]/z.

But Q2 is holomorphic on the support of a1 and divisible by z so by Stokes’
theorem the second term vanishes. By the Jacobi identity tr(a1[�, a2]) −
tr(a2[�, a1]) = tr(�[a1, a2]) but the off-diagonal matrices a1, a2 commute
so tr ∂̄a1[�, a2]/z = tr ∂̄a2[�, a1]/z. Then

∫

C
tr( Ȧ′1�̇′2) =

∫

C
tr( Ȧ1�̇2)

and the two symplectic structures coincide. ��
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5 Multiplicities in the nilpotent cone

5.1 Multiplicities of very stable components

Let E ∈ MsT ⊂ h−1(0) be a very stable Higgs bundle. Denote by
FE ∈ π0(MT) the component of the T-fixed point set containing E . Let
N := h−1(0) ⊂ M denote the subscheme of nilpotent Higgs bundles,
the so called (global) nilpotent cone. Then the corresponding subvariety

Nred
∼= C ⊂ M is isomorphic to the core of M. Denote by CFE := W−Fε

the closure of the downward flow from FE , which is an irreducible component
of C. Denote by NFE ⊂ N the corresponding irreducible component of the
subscheme N .

Definition 5.1 The multiplicity of the component NFE in the subscheme N
is defined to be the length of the local ring ON ,NFE at a generic point and is
denoted by mFE := �(ON ,NFE ).

Let k ∈ Z be an integer. For a T-module U =⊕
λ≤k Uλ with finite dimen-

sional weight spaces dim(Uλ) < ∞ corresponding to λ ∈ Hom(T,T) ∼= Z
we denote its character by

χT(U ) :=
∑

λ≤k
dim(Uλ)t

−λ ∈ Z((t)). (5.1)

For a finite dimensional positive T-module V = ⊕λ>0Vλ the character of the
symmetric algebra Sym(V ∗) =⊕

λ≤0 Sym(V ∗)λ of its dual satisfies

χT(Sym(V ∗)) =
∑

λ≤0
dim(Sym(V ∗)λ)t−λ

=
∏

λ>0

1

(1− tλ)dim(Vλ)
∈ Z[[t]]. (5.2)

In particular, the equivariant Euler characteristic (see §6.3.1 for more details)
of the structure sheaf OV on V can be computed as

χT(V ;OV ) =
∑

i,k

(−1)i t−k dim Hi (OV )k

=
∑

k

t−k dim H0(OV )k = χT(Sym(V ∗)), (5.3)

where we recall that T acts on s ∈ H0(OV ) with non-positive weights by the
formula (λ · s)(v) = s(λ−1 · v).
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938 T. Hausel, N. Hitchin

Finally, we let T+E M < TEM denote the part of the T-module TEM with
positive weights. Then TEW+E ∼= T+E M which we will abbreviate as T+E .

Theorem 5.2 When E ∈ MsT ⊂ N is a very stable Higgs bundle then the
multiplicity of the component NFE in the nilpotent cone N satisfies

mFE = rank(h∗(OW+E
)) = χT(Sym(T+∗E ))

χT(Sym(A∗))

∣∣∣∣∣
t=1

.

Moreover, for a generic a ∈ A the intersection W+E ∩ h−1(a) is transversal
and has cardinality mFE .

Proof We shall use basic properties of the K-theory of coherent sheaves with
supports as developed in e.g. [5,24,59]. For Z ⊂ X a closed algebraic subset
of a complex algebraic variety we will denote by K ◦Z (X) (resp. by K Z◦ (X))
the Grothendieck group of bounded complexes of locally free sheaves (resp.
coherent sheaves) with homology supported in Z .

We shall compute the intersection product

[ON ] ∩ [OW+E
] ∈ K◦({E}) ∼= Z (5.4)

in two different ways. Here [ON ] = h∗([O0]) ∈ K ◦C(M), where [O0] ∈
K ◦{0}(A) and [OW+E

] ∈ K
W+E◦ (M), where W+E ⊂M is closed by Lemma 4.4.

Thus the intersection product

[ON ] ∩ [OW+E
] = [ON ⊗L OW+E

] ∈ K
C∩W+E◦ (M) ∼= K◦({E}) ∼= Z

is defined. The last isomorphism is given by the Euler characteristic χ :
K◦({E})→ Z.
First we note that W+E intersects C = Nred transversally at the single point

E , since bothW+E and C are smooth at E and the tangent spaces T+E and T≤0E are
complementary. This also follows from Bialynicki-Birula’s local description
of the upward flow (see Remark 2.8). Then [67, Lemma 42.14.3] implies that
the intersection multiplicity

i(M,W+E · C, {E}) = i(M,W+E · CFE , {E}) = 1. (5.5)

We can also find an affine open neighbourhood Spec(R) of E ∈M so that
OW+E

|Spec(R) is represented by the R-algebra A and ONFE by the R-algebra
B. As NFE is irreducible B has a unique minimal prime ideal Imin � B which
corresponds to the generic point of NFE and coincides with the nilradical of
B. In particular, the reduced ring Bred = B/Imin and
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Spec(Bred) ∼= CFE ∩ Spec(R). (5.6)

By [13, Theorem 2 of IV.1.4] we know that B as a B-module has a composition
series

0 = Bk ⊂ Bk−1 ⊂ · · · ⊂ B0 = B

with factors Bj/Bj+1 ∼= B/Pj , where Pj � B are prime ideals. Moreover
we know from loc. cit. that the factor B/Imin appears �(BImin ) times in this
composition series, which further agrees with

�(BImin ) = �(ON ,NFE ) = mFE .

Now OW+E
⊗L ONFE has support {E}. The Euler characteristic of its stalk

at {E} is given by Serre’s Tor formula

χ(AIE , BIE ) =
∑

(−1)i�(Tori (AIE , BIE )),

where IE � R is the maximal ideal corresponding to the point E ∈ Spec(R) ⊂
M. Computing this further

∑

i

(−1)i�(Tori (AIE , BIE )) =
∑

i

∑

j

(−1)i�(Tori (AIE , (B/Pj )IE ))

=
∑

j

χ(AIE , (B/Pj )IE ).

We know that Pj ⊃ Imin . When Pj �= Imin then dim(B/Pj ) < dim(B/Imin)

and so Serre’s [60, Theorem C.1.1.a] shows that χ(AIE , (B/Pj )IE ) = 0 in
this case. Thus the Euler characteristic of the stalk of OW+E

⊗L ONFE at {E}
equals

χ(AIE , BIE ) = mFEχ(AIE , (B/Imin)IE ) = mFE ,

as

χ(AIE , (B/Imin)IE ) = χ(AIE , (Bred)IE ) = i(M,W+E · CFE , {E}) = 1

from (5.5), (5.6) and [60, Theorem C.1.1.b]. This implies that

χ([OW+E
] ∩ [ON ]) = mFE . (5.7)
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On the other hand, by the projection formula in K -theory [59, (1)]

h∗([ON ] ∩ [OW+E
]) = [O0] ∩ h∗([OW+E

]) ∈ K {0}◦ (A). (5.8)

By Lemma 4.6 h∗([OW+E
]) is locally free and we compute

χ([ON ] ∩ [OW+E
]) = χ(h∗([ON ] ∩ [OW+E

])) = χ([O0] ∩ h∗([OW+E
]))

= χ([h∗([OW+E
])0]) = rank (h∗(OW+E

)).

Thus the multiplicitymFE in (5.7) agrees with rank(h∗(OW+E
)) the rank of the

locally free sheaf h∗(OW+E
).

To determine this rank, we notice that W+E is T-invariant. We compute the
equivariant Euler characteristic of OW+E

as

χT(OW+E
) = χT(OT+E

) = χT(Sym(T+∗E )) ∈ Z((t)) (5.9)

since the T-action onW+E is modelled on the T-module T+E i.e.W+E ∼= T+E are
T-equivariantly isomorphic (c.f. (2.7)).

On the other hand because h : W+E → A is finite the T-equivariant sheaf
h∗(OW+E

) is locally free. By the equivariant Serre conjecture proved for T in
[49] the T-equivariant locally free sheaf h∗(OW+E

) on the affine space A is
trivial. In other words

h∗(OW+E
) ∼= h∗(OW+E

)0 ×A, (5.10)

where theT-action on the 0 fibre h∗(OW+E
)0 is inherited from theT-equivariant

structure on h∗(OW+E
) and the T action on A is the standard one. Thus we

compute

χT(OW+E
) = χT(Rh∗(OW+E

)) = χT(h∗(OW+E
))

= χT(h∗(OW+E
)0)χT(Sym(A∗)) ∈ Z((t)). (5.11)

Here χT(h∗(OW+E
)0) of (5.1) is thought of as the T-equivariant Euler char-

acteristic over the point 0 ∈ A. Comparing (5.9) and (5.11) we see that the
equivariant Euler characteristic of the T-module h∗(OW+E

)0 can be expressed
as

χT(h∗(OW+E
)0) = χT(Sym(T+∗E ))

χT(Sym(A∗)) ∈ Z((t)). (5.12)
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In particular, the dimension of h∗(OW+E
)0 is

rank(h∗(OW+E
)) = dim(h∗(OW+E

)0) = χT(Sym(T+∗E ))

χT(Sym(A∗))

∣∣∣∣∣
t=1

.

This proves the first statement. For the second statement note that when E ∈
MsT is very stable then W+E ⊂M is closed and for a ∈ A

h∗([OW+E
] ∩ [h−1(a)]) = [h∗(OW+E

) ∩Oa]
= [h∗(OW+E

)a]
= mFE ∈ K ({a}) ∼= Z. (5.13)

When a ∈ A generic then by Lemma 4.6 the intersection of W+E and h−1(a)

is transversal and thus has cardinality mFE from (5.13). ��
Definition 5.3 For E ∈MsT define the rational function

mE(t) := χT(Sym(T+∗E ))

χT(Sym(A∗)) ∈ Z((t)).

We call it the virtual equivariant multiplicity or virtual multiplicity for short.

Corollary 5.4 WhenE ∈MsT is very stablemE(t) is a palindromicandmonic
polynomial with non-negative integer coefficients, such that mE(1) = mFE is
the multiplicity of the component NFE ⊂ N in the nilpotent cone.

Proof When E is very stable by (5.12) mE(t) is the Laurent polynomial
χT(h∗(OW+E

)0) ∈ Z[t, t−1], the character of the finite dimensional T-module
h∗(OW+E

)0. In particular, mE(t) has non-negative coefficients.
When all the weights of T on a finite dimensional T-module V are positive,

then 1/χT(Sym(V ∗)) is a monic Laurent series i.e.
(

1

χT(Sym(V ∗))

)

t=0
= 1

from (5.2). It follows that mE(t) ∈ Z[t] is a polynomial and mE(0) = 1.
As

∏

λ>0

(1− tλ)dim(Vλ) = (−1)dim V t
∑

λ dim(Vλ)
∏

λ>0

(1− t−λ)dim(Vλ)

we get

mE(t) = mE(t−1)t
∑

λ
(
dim(Aλ)−dim((T+E )λ)

)
= mE(t−1)tdeg(mE (t)) (5.14)
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942 T. Hausel, N. Hitchin

where

deg(mE(t)) =
∑

λ
(
dim(Aλ)− dim((T+E )λ)

)

is the degree of the polynomialmE(t). ThusmE(t) is palindromic. AsmE(0) =
1 it is monic too. The result follows. ��
Remark 5.5 In Sect. 8 we shall see that, in the cases considered there, mE(t2)
is a product of Poincaré polynomials of compact homogeneous spaces and
hence monic and palindromic by Poincaré duality.

Remark 5.6 For a very stable E ∈MsT we havemE(t) = χT(h∗(OW+E
)0) and

so T acts on the vector space h∗(OW+E
)0 with non-positive weights and the

multiplicity of the trivial character of T is 1 in h∗(OW+E
)0.

Definition 5.7 When E ∈ MsT is very stable we call mE(t) the equivariant
multiplicity of NFE ⊂ N .

Remark 5.8 Note that by the T-equivariant analogue of the projection formula
(5.8) we see that the equivariant multiplicity at a very stable Higgs bundle
satisfies

mE(t) = [ON ]T ∩ [OW+E
]T ∈ KT◦ ({E}) ∼= Z[t, t−1].

Hence the name.

Remark 5.9 We know from [46, Proposition 3.5] that very stable rank n vector
bundles E ∈ Nn exist. Then E = (E, 0) is a very stable Higgs bundle, and
T+E ∼= T ∗EN and T acts with weight one. Thus

χT(Sym(T+∗E )) = 1

(1− t)n2(g−1)+1
(5.15)

while

χT(Sym(A∗)) = 1

(1− t)g(1− t2)3g−3(1− t3)5g−5 · · · (1− tn)(2n−1)(g−1)
.

Thus the equivariant multiplicity in this case is

mE(t) = χT(Sym(T+∗E ))

χT(Sym(A∗)) = [2]
3g−3
t [3]5g−5t · · · [n](2n−1)(g−1)t , (5.16)
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where

[n]t := 1− tn

1− t
= 1+ t + · · · + tn−1

are the quantum integers. So by Theorem 5.2 themultiplicity of the component
of the nilpotent cone N whose reduced subvariety is isomorphic with N , the
moduli space of rank n stable bundles, is

mN = 23g−335g−5 · · · n(2n−1)(g−1).

This number was also computed in [6] as the degree of the dominant map
h−1(a)→ N . We will see in Sect. 8.3 below that this is not a coincidence.

Finally, we note that for any other F ∈MsT

χT(Sym(T+∗E ))

χT(Sym(T+∗F ))
∈ Z[t]

is a polynomial from the definition (5.2), thus we can deduce the following.

Corollary 5.10 ForF ∈MsT very stable, the equivariant multiplicity divides
(5.16):

mF (t)|[2]3g−3t [3]5g−5t · · · [n](2n−1)(g−1)t .

In particular, it is a product of cyclotomic polynomials.

Remark 5.11 Let n = 2. By Corollary 4.19 and Theorem 4.3 we know that
there exists a very stableHiggs bundle E in every componentN , Fi ∈ π0(M2)

of the fixed point set of the T-action on M (see Remark 3.3). We see that
T+E = V2 ⊕ V1 has only weights 1 and 2 and V1 ∼= T ∗Fi , thus

χT(Sym(T+∗E )) = 1

(1− t)dim Fi (1− t2)dimM/2−dim Fi

= 1

(1− t)i+g(1− t2)3g−i−3
.

On the other hand

χT(Sym(A∗)) = 1

(1− t)g(1− t2)3g−3
.

Consequently

mE(t) = χT(Sym(T+∗E ))

χT(Sym(A∗)) = (1+ t)i = [2]it .
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944 T. Hausel, N. Hitchin

Thus from Theorem 5.2 we get that

mFi = 2i .

This result was proved in [40, Proposition 6] for SL2 Higgs bundles (i even)
and for twisted SL2 Higgs bundles (i odd) in [33].

Remark 5.12 One can compute the rational function χT(Sym(T+∗E ))/

χT(Sym(A∗)) for every E ∈MsT, which by Corollary 5.4 equals the polyno-
mial mE(t), when E is very stable. This quantity depends only on the ambient
FE ∈ π0(MT) and when it is not a polynomial, we deduce that there exists no
very stable Higgs bundle in FE .

As an example recall [26] that a type (1, 2) fixed point E of the T-action has
underlying rank 3 vector bundle of the form E = L ⊕ V , where L is a rank 1
and V is a rank 2 vector bundle on C and the Higgs field only non-trivial in
H0(C; L∗V K ). If � = deg(L) and v = deg(V ) then d = deg(E) = � + v.
It is shown in [26, Proposition 2.5] that there is a stable Higgs bundle of this
form if d/3 < � < d/3+ g − 1 or equivalently 0 < 2�− v < 3g − 3.

We can easily compute the weight spaces of the T-module T+E . It has
two weights 1 and 2, and we can compute the 2-weight space isomorphic
to H0(C; V ∗LK ) whose dimension is 2� − v + 2g − 2 from Hirzebruch-
Riemann-Roch and the fact that H1(C; V ∗LK ) ∼= H0(C; V L∗)∗ ∼= 0 from
[26, proof of Proposition 4.2]. Because of the homogeneity 1 symplectic form,
the weight 2 space is isomorphic with the dual of the weight −1 space, thus
2�− v+ 2g− 2 also agrees with half of the Morse index of the ambient fixed
point component, matching [26, Proposition 4.2.i]. It follows that

χT(Sym(T+∗E )) = 1

(1− t)9g−8−(2g−2+2�−v)(1− t2)2�−v+2g−2 .

This implies

mE(t) = χT(Sym(T+∗E ))

χT(Sym(A∗)) = (1+ t)g−1−2�+v(1+ t + t2)5g−5. (5.17)

This is a polynomial in t if and only if 2� − v ≤ g − 1. This shows that the
type (1, 2) components ofMT

3 where g−1 < 2�−v < 3g−3 do not contain
very stable Higgs bundles.

In fact, we can see this fact directly as follows. Our fixed point is L ⊕ V
with Higgs field φ : L → V K . Assume for simplicity that the rank 3 bundle
has degree 0. The upward flow consists of extensions L → E → V where �

acting on L and projecting to V is φ.
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LetU ⊂ V be the line bundle generated byφ, or the imageofφ : LK ∗ → V .
Then

degU ≥ deg L − deg K = �− (2g − 2).

Its annihilator is (V/U )∗ ⊂ V ∗ which has degree degU −deg V = degU +�

so the degree of L(V/U )∗K is

degU + 2�+ (2g − 2) ≥ 3�.

If � > (g−1)/3 then L(V/U )∗K always has a non-trivial sectionψ which
we can think of as lying inHom(V, LK ). Then (φ, ψ) : L⊕V → (V⊕L)⊗K
is a Higgs field on L ⊕ V and 〈φ, ψ〉 = 0 means it is nilpotent.

Remark 5.13 For rank 2 we know that every component of MT contains a
very stable Higgs bundle, thus every component of the nilpotent cone is very
stable (see Remark 5.11). When a bundle is not very stable, the current term
for it is wobbly. So for rank 3 above we found type (1, 2) wobbly components
of the nilpotent cone by computing mF (t) in (5.17) and finding that it is
not a polynomial. Interestingly, precisely in the case when mF (t) was not a
polynomialwe foundwobbly directions inW+E . In fact for rank 3we conjecture
that all other type (1, 2) components of the nilpotent cone are very stable. As
the type (2, 1) fixed points behave similarly to the type (1, 2) ones by duality,
for rank 3 we can formulate the conjecture that a component F ∈ π0(MsT)

contains a very stable Higgs bundle if and only ifmE(t) (which is independent
of E ∈ F) is a polynomial for a E ∈ F .

Adapting the argument for the type (1, 2) wobbly fixed point components
above to the rank 4 case we find that all stable type (1, 3) T-fixed Higgs bundle
are wobbly. However, the corresponding mE(t) is a polynomial, using the
description in [23, Example 6.6]. Thus the obstruction of integrality of mE(t)
for very stable Higgs bundles discussed in Remark 5.12 is not sufficient. In
particular, already for rank 4 we do not have a conjectured list of very stable
components of the nilpotent cone.

Remark 5.14 We know from Theorem 4.16 that all type (1, . . . , 1) compo-
nents of the nilpotent cone are very stable and we can explicitly compute
χT(Sym(T+∗E ))/χT(Sym(A∗)) for a fixed point E ∈MsT of type (1, . . . , 1).
In this case E = L0 ⊕ · · · ⊕ Ln−1 and �(Li−1) ⊂ Li K is determined
by bi := �|Li−1 : Li−1 → Li K non-zero. We denote �i = deg(Li ) and
mi = 2g − 2− �i + �i+1. As bi is non-zero mi ≥ 0.
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By (3.2) the tangent space TE to Ms at this point is the hypercohomology
group

TE ∼= H1
(
End(E)

ad(�)→ End(E)⊗ K

)

∼=
k=n⊕

k=−n+1
H1

⎛

⎝
⊕

i− j=k
Hom(Li , L j )

ad(�)→
⊕

i− j=k−1
Hom(Li , L j )⊗ K

⎞

⎠

indexed according to the weights of the T action on TE . Thus we see that

T+E =
k=n⊕

k=1
(TE)k

=
k=n⊕

k=1
H1

⎛

⎝
⊕

i− j=k
Hom(Li , L j )

ad(�)→
⊕

i− j=k−1
Hom(Li , L j )⊗ K

⎞

⎠ .

Because of the stability of the Higgs bundle E [31, Theorem 4.3] we get that
the zeroth and second hypercohomology of all the complexes vanish, thus

dim T k
E = −

∑

i− j=k
χ(Hom(Li , L j ))+

∑

i− j=k−1
χ(Hom(Li , L j )⊗ K )

= −
∑

i− j=k
(−�i + � j + 1− g)+

∑

i− j=k−1
(−�i + � j + g − 1)

= (2n − 2k + 1)(g − 1)− �k + �n−k+1
= (2k − 1)(g − 1)+ mk,n−k+1,

where

ma,b =

⎧
⎪⎨

⎪⎩

∑b
a≤ j<b m j when a < b,

0 when a = b,
−∑b

b≤ j<a m j when a > b.

Then a straightforward computation gives

mE(t) = χT(Sym(T+∗E ))

χT(Sym(A∗))

=
∏n−1

j=� n2 �(1− t j+1)mn− j, j+1

∏� n2 �
j=1(1− t j )m j,n− j+1

=
n−1∏

i=1

[
n
i

]mi

t
. (5.18)
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Here

[
n
k

]

t
=

k∏

j=1

1− tn− j+1

1− t j

is the quantum binomial coefficient, in particular a polynomial. Incidently, this
is the Poincaré polynomial of the Grassmanian Grk(Cn). This coincidence will
be further discussed in Sect. 8.1.

We thus see that the rational function in (5.18) is always a polynomial. The
polynomiality also follows from the existence of very stable Higgs bundles in
each type (1, 1, . . . , 1) component of MT, as proved in Corollary 4.19.

We obtain immediately

Corollary 5.15 For a fixed point component FE ∈ π0(MT ) of type
(1, 1, ..., 1) as in Remark 5.14 the multiplicity of NFE in the nilpotent cone N
is

mFE = mE(1) =
n−1∏

i=1

(
n

i

)mi

.

Another consequence is the following

Corollary 5.16 For E ∈MsT
n very stable the following are equivalent

1. mFE = 1,
2. mFE (t) = 1,
3. E is a uniformising Higgs bundle, of Remark 3.8
4. W+E is a section of the Hitchin map h.

Proof Corollary 5.4 implies that mE(t) ∈ Z≥0[t] is palindromic with non-
negative coefficients showing 1. ⇒ 2. By Definition 5.3 mE(t) = 1 implies
that there are n distinct weights in the T-module T+E , to match those inA. This
implies in turn that E is of type (1, . . . , 1). For a type (1, . . . , 1) E wewill have
mE(t) = 1 if all mi = 0 from (5.18). This only happens for a uniformising
Higgs bundle. This shows 2.⇒ 3. From Remark 3.8 for a uniformising Higgs
bundle W+E is a section of the Hitchin map. This shows 3. ⇒ 4. Finally the
second part of Theorem 5.2 implies 4.⇒ 1. ��

5.2 Intersection of upward flows with generic fibres of h

Let a = (a1, . . . , an) ∈ H0(C; K ) ⊕ · · · ⊕ H0(C; Kn) = A be coefficients
that define a smooth spectral curve Ca ⊂ T ∗C . Assume that div(b) for E of
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948 T. Hausel, N. Hitchin

type (1, . . . , 1) avoids the ramification divisor ofπa : Ca → C . In other words
over any zero c ∈ C of b we have |π−1a (c)| has n distinct preimages of c in
Ca .

We recall that the spectral curve is a subscheme of T ∗C defined as

Ca = det(π∗�− x)−1(0),

where π : T ∗C → C is the projection and x ∈ H0(T ∗C;π∗(K )) is the
tautological section. For (E, �) ∈ h−1(a) denote by

U := coker(π∗a (E ⊗ K−1)
π∗a�−x−→ π∗a (E)). (5.19)

Then by [37, §5.1] and [6, §3.7] we have the following proposition, which
we prove for completeness as the proof is not readily available in the literature.

Proposition 5.17

1. The direct image of the trivial bundle

(πa)∗(OCa

x→ π∗a (K )) ∼= EOC ,a = (EOC , �a) ∈ W+E0 (5.20)

defines the canonical section W+E0 of the Hitchin map (see (3.16)).
2. If a Higgs bundle (E, �) is the direct image of a line bundle U:

(πa)∗(U
x→ U ⊗ π∗a (K )) = (E, �). (5.21)

then on Ca we have the exact sequence

0→ U ⊗ π∗a (K−n)→ π∗a (E ⊗ K−1)
π∗a �−x→ π∗a (E)→ U → 0. (5.22)

Proof To prove (5.20) we note that the pushforward (πa)∗(OCa ) is the OC -
algebra Sym(K−1)/I where the ideal sheaf I is generated by the image of
u : K−n → Sym(K−1) the sum of ai : K−n → K−n+i . Thus we see that as
a sheaf (πa)∗(OC) ∼= EOC and the algebra structure on it induces the Higgs
field �a (3.15) the companion matrix of a.

For the proof of the second statement we also denote by

U ′ := ker(π∗a (E ⊗ K−1)
π∗a�−x→ π∗a (E))
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the kernel. Then the pushforward of the middle square of the diagram

0→ U ′ → π∗a (E ⊗ K−1)
π∗a �−x→ π∗a (E) → U → 0

x ↓ x ↓ x ↓ x ↓
0→ U ′ ⊗ π∗a (K )→ π∗a (E)

π∗a �−x→ π∗a (E ⊗ K )→ U ⊗ π∗a (K )→ 0

is the middle square of the following diagram:

0→ EK−n �→ EOC ⊗ EK−1
I dEOC

⊗�−�a⊗I dEK−1−→ EOC ⊗ E
�→ E → 0

� ↓ �a⊗I dE ↓ �a⊗I dE ↓ � ↓
0→ EK−n+1 �→ EOC ⊗ E

IdEOC
⊗�−�a⊗I dEK−1−→ EOC ⊗ EK

�→ EK → 0

.

The rest of the diagram is given by the maps

� =

⎛

⎜⎜⎜⎝

�1
�2
...

�n

⎞

⎟⎟⎟⎠ : EK−n → EK−1 ⊕ EK−2 ⊕ · · · ⊕ EK−n

with

�i = �n−i + a1�
n−i−1 + · · · + an−i I dEK−n : EK−n → EK−i

and � = (�1, �2, . . . , �n) : E ⊕ EK−1 ⊕ · · · ⊕ EK−n+1 → E is the
map given by �i = �i−1 : EK i−1 → E . It is straightforward to check
that the second diagram commutes due to the Cayley-Hamilton identity 0 =
�n+a1�n−1+· · ·+an IdE . Therefore the second diagram is the pushforward
of the first. This implies (5.21) and thatU ′ ∼= U⊗π∗a (K−n). The result follows.

��
Now let E be, as in Remark 5.14, a very stable Higgs bundle of type

(1, 1, . . . , 1). We know from Proposition 3.4 that (E, �) ∈ W+E if and only
if there exists a filtration with a full flag of subbundles as in (4.4) which is
compatible with the Higgs field (4.5). Recall the maps bi and b from (4.6) and
(4.7) respectively.

Assume that (E, �) ∈ W+E ∩ h−1(a). Denote by fi : π∗a (Ei ) → U the
composition of the embedding π∗a (Ei ) ⊂ π∗a (E) and projection π∗a (E)→ U
arising from the definition (5.19) of U . Furthermore, denote by Ui = im( fi )
the image sheaf. As a non-trivial subsheaf of the invertible sheaf U it is itself
an invertible sheaf. We have thus constructed a filtration
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950 T. Hausel, N. Hitchin

U1 ⊂ U2 ⊂ · · · ⊂ Un−1 ⊂ Un = U

by invertible subsheaves. Denote the induced map f̃i : Ui → U and by
�i := div( f̃i ) the divisor of zeroes of f̃i ∈ H0(C;U∗i U ). Note that the
divisor �1 determines

U = π∗a (E1)(�1),

and so in turn by (5.21) it also determines our Higgs bundle (E, �) ∈ W+E ∩
h−1(a). We get the chain of divisors on C

�1 ≥ �2 ≥ · · · ≥ �n−1 ≥ �n = 0.

Proposition 5.18 Let E ∈MsT be a type (1, ..., 1) very stable Higgs bundle.
Let a ∈ A be such that the spectral curve Ca ⊂ K is smooth and div(b) avoids
the ramification divisor of πa.

1. If (E, �) ∈ W+E ∩ h−1(a) then the effective divisor �i − �i+1 ≥ 0 is
reduced and supported on (n − i) preimages in Ca of πa over each zero
of bi in C. More precisely if c ∈ C is a zero of bi then �c leaves (Ei )c
invariant and c̃ ∈ π−1a (c) is in the support of �i − �i+1 if and only if
c̃ ∈ Kc is not an eigenvalue for �c|(Ei )c : (Ei )c → (Ei )cKc.

2. On the other hand for any choice of an (n − i) element subset of π−1a (c)
for all zeroes c of all the bi , there is a unique (E, �) ∈ W+E ∩ h−1(a) such
that the corresponding invertible sheaf on the spectral curve Ca has the
form U = π∗a (E1)(�1) for �1 effective and reduced and supported at our
chosen points in Ca.

3. Finally, any two distinct choices of such (n− i) element subsets of π−1a (c)
over all zeroes of bi for all i gives non-isomorphic Higgs bundles. In par-
ticular,

|W+E ∩ h−1(a)| =
n−1∏

i=1

(
n

i

)mi

,

where deg(bi ) = mi .

Proof First we prove that �i − �i+1 ≥ 0 is supported at precisely (n − i)
preimages in Ca over each zero of bi in C with no multiplicity, i.e. �i −�i+1
is reduced.

Note that �(Ei ) ⊂ Ei+1K thus we have the map

pi := π∗a (�)− x : π∗a (Ei K
∗)→ π∗a (Ei+1).
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Let im(pi ) ≤ π∗a (Ei+1) denote the subbundle which is the saturation of the
subsheaf im(pi ) ⊂ π∗a (Ei+1). Let Vi+1 := π∗a (Ei+1)/im(pi ) be the quotient
bundle and

gi+1 : π∗a (Ei+1)→ Vi+1

the quotient map. Another way to think about Vi+1 is that it is the quotient of
the sheaf coker(pi ) by its torsion:

Vi+1 = coker(pi )/T (coker(pi )).

As pi is generically an embedding Vi+1 is a line bundle. We have a map

hi : Vi → Vi+1.

This can be seen by noting that the embedding π∗a (Ei ) ⊂ π∗a (Ei+1) induces
a map coker(pi ) → coker (pi+1) which induces a map on the quotients by
torsion. By chasing around definitions we see that

π∗a (Ei+1)
gi+1→ Vi+1

↪→ ↑hi
π∗a (Ei )

gi→ Vi

(5.23)

is commutative. We define V1 := π∗a (E1) and h1 : V1 → V2 as g2|π∗a (E1) so
that the diagram (5.23) is still commutative for i = 1. Finally, we have a map
hn : Vn → U induced by the map

coker(pn−1)→ coker(π∗a (�)− x) = U.

This induces the commutative diagram

Vn

π∗a (E) U

hngn

fn

(5.24)

If we denote by

h≥i := hn ◦ · · · ◦ hi : Vi → U,

then we see from the commutativity of the diagrams (5.23) and (5.24) that
fi = h≥i ◦gi . Because gi is surjectivewe can deduce im(h≥i ) = im( fi ) = Ui .
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In particular, h≥i : Vi → Ui is surjective and thus an isomorphism. Thus
�i −�i+1 = div(hi ).

The map gi+1|π∗a (Ei ) : π∗a (Ei ) → Vi+1 vanishes at c̃ = (c, λ) ∈ Ca
provided that

π∗a (Ei )c̃ ⊂ pi (π
∗
a (Ei K

∗)c̃).

This happens when

(Ei )c ⊂ (�− λI dE )((Ei K
∗)c).

As (Ei )c and (Ei K ∗)c are of the same dimension this is equivalent to

(Ei )c = (�− λI dE )((Ei K
∗)c). (5.25)

This implies�((Ei )c) ⊂ (Ei K )c, i.e. that (Ei )c is�-invariant, which implies
that (bi )c = 0. As by assumption c avoids the ramification divisor of πa we
see that�c has distinct eigenvalues, i.e. it is regular semisimple. Finally, when
λ is not an eigenvalue of �|(Ei )c then (� − λI dE ) is injective so gives an
isomorphism between (Ei K ∗)c and (Ei )c and thus (5.25) holds.

Thus we see that gi+1|π∗a (Ei ) vanishes at n − i preimages of each zero of
bi , the ones corresponding to the eigenvectors of �c not in (Ei )c. From the
commutativity of (5.23) and surjectivity of gi we see that the same follows for
hi .

We compute

deg(�1) =
n−1∑

i=1
deg(�i −�i+1) =

n−1∑

i=1
deg(hi ) ≥

n−1∑

i=1
mi (n − i) = deg(�1).

Indeed, by assumption div(bi ) is reduced, deg(div(bi )) = mi , so deg(hi ) ≥
mi (n − i) and we have

n−1∑

i=1
mi (n − i) =

n−1∑

i=1
(−�i + �i+1 + 2g − 2)(n − i)

= −n�1 +
n−1∑

i=1
�i + n(n − 1)(g − 1)

= −n deg(E1)+ deg(E)+ deg(K (n2))

= − degπ∗a (E1)+ deg(U ) = deg(�1).
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Hereweuseddeg(E) = deg(U )−deg(K (n2)) forwhich see [6, §4]. It follows
that�i−�i−1 ≥ 0 is reduced. Over a zero of bi themorphism hi : Vi → Vi+1
is zero at precisely those points which correspond to eigenvectors of �c not
in (Ei )c. This proves the first part of the statement.

For the second part of Proposition 5.18, we will construct a Higgs bundle
such that �1 ⊂ Ca is the union of the prescribed choices of an (n − i) tuple
in π−1a (c) over every zero c of every bi . The construction is by induction on
deg(bi ). When deg(bi ) = 0 then U = π∗a (E1) is unique and given by the
Higgs bundle EE1,a defined in Remark 3.8.

Recall the notation Eδ for a type (1, . . . , 1)Higgs bundle from Example 3.2.
Suppose thatwe have constructed aHiggs bundle in (E, �) ∈ W+Eδ

∩h−1(a) for
any choice of an (n−i) tuple inπ−1a (c) over every zero c of every bi . Let c ∈ C
be a point which avoids the ramification divisor of πa and b(c) �= 0. Denote
by b′j := b j and δ′j := div(b j ) except when j = i , when we let b′i := bi sc or
equivalently δ′i := δi + c. Assume that Eδ′ is still stable. Then �c is regular
semisimple and we can take an i-dimensional �c-invariant subspace Vi ⊂ Ec
corresponding to any i element subset of π−1a (c). Then by Proposition 4.15 the
Hecke transform HVi (E, �) = (E ′, �′) will be contained in W+Eδ′ ∩ h−1(a),
and bi (c) = 0 so that �′c leaves (Ei )c invariant. By induction the second part
of the proposition follows.

For the last partwenote that there are
( n
n−i

)mi = (n
i

)mi choices for�i−�i−1.
This gives us

∏n−1
i=1

(n
i

)mi possibilities for �1. In theory, two distinct divisors
could represent the same line bundle, but in our case, this cannot happen.
Namely, a Higgs bundle (E, �) ∈ W+Eδ

∩ h−1(a) will have a unique filtration
yielding the limiting Higgs bundle Eδ from Proposition 3.4. Then in turn the
filtration defines a unique subset �1 ⊂ Ca as above in the proof of part one of
the proposition. The result follows. ��
Remark 5.19 When E ∈MsT is very stable then W+E ⊂M is closed and we
have (5.13). When E is of type (1, . . . , 1) from Corollary 5.15 and Proposi-
tion 5.18 we get that |W+E ∩ h−1(a)| = mE , provided that Ca is smooth and
div(b) avoids the ramification divisor of πa . Consequently, in this case W+E
and h−1(a) intersect transversally.

Similarly as above in Proposition 5.18 one can prove that |W+E ∩h−1(a)| <
mE when b has repeated 0’s. The second part of Theorem 5.2 implies that such
type (1, . . . , 1) Higgs bundles must be wobbly. This gives an alternative proof
of the “only if ” part of Theorem 4.16.
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6 Mirror of upward flows

In this sectionwe consider themirror ofOW+E
the structure sheaf of a very stable

type (1, ..., 1) upward flow. We recall that we work with GLn-Higgs bundles.
Because GLn is its own Langlands dual we expect the mirror of OW+E

to be a
coherent sheaf onM, or a complex of sheaves which – generically at least—
should be a fibrewise Fourier–Mukai transform on the self-dual Jacobian of a
smooth spectral curve. We start by recalling these notions.

6.1 Jacobians, duality, Fourier–Mukai transform

The Jacobian J := J0(C) of a smooth complex projective curve C is the
moduli space of degree 0 line bundles on C . It is an Abelian variety with
multiplication of line bundles. Its dual Abelian variety is defined as Pic0(J )

the moduli space of translation invariant line bundles on J . One can identify
Pic0(J ) with J in two different ways yielding the same isomorphism between
the two.

First, we fix a point c0 ∈ C and define the Abel-Jacobi map as αc0 : C → J
by

αc0(c) := O(c − c0).

Then it turns out [11, Lemma 11.3.1] that the restriction map

α∗c0 : Pic0(J )→ J (6.1)

is an isomorphism.
Another isomorphism between Pic0(J ) and J is given by L the line bundle

of the Theta divisor �. One defines

φL : J → Pic0(J ) (6.2)

by L �→ t∗L(L) ⊗ L∗, where tL : J → J is translation by L . The map (6.2)
is an isomorphism as L defines a principal polarization on J . It follows from
[11, Proposition 11.3.5] that −φL = (α∗c0)

−1. Thus −φL and α∗c0 defines the
same isomorphism between J and Pic0(J ). In particular, α∗c0 is independent of
the choice of c0 ∈ C . We will identify J with Pic0(J ) using this isomorphism
below.

We have the Poincaré bundle P on J × Pic0(J ) unique with the properties
that

P|J×{L} ∼= L (6.3)
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for every L ∈ Pic0(J ) and

P|{OC }×Pic0(J )
∼= OPic0(J ).

For L ∈ J we will denote the line bundle

PL := P|{L}×Pic0(J )

on Pic0(J ) ∼= J , where we identified Pic0(J ) and J with α∗c0 . This translation
invariant line bundle on Pic0(J ) is characterised by the property that

α∗c0(PL) ∼= L . (6.4)

In particular, for L1, L2 ∈ J we have

PL1L2
∼= PL1 ⊗ PL2, (6.5)

and

POC = OJ .

Using the Poincaré bundle P on J × Pic0(J ) ∼= J × J we can define the
Fourier–Mukai transform [45]. For a bounded complex F• ∈ Db

coh(J ) of
coherent sheaves on J we denote by

S(F•) := (π2)∗(π∗1 (F•)⊗L P) ∈ Db
coh(J ),

where π1 and π2 are the projections of J × J to the two factors. Then S is
called the Fourier–Mukai transform of F•. For example we have

S(OL) = PL .

We recall three properties of the Fourier–Mukai transform. First by [45,
Theorem 3.13.1] for any F• ∈ Db

coh(J )

S(S(F•)) = (−1)∗(F•)[−g], (6.6)

where −1 : J → J denotes the inverse map on the abelian variety J and
g = dim(J ) is the genus of C . The second [45, Theorem 3.13.4]

S(F•∨) ∼= (−1)∗S(F•)∨[g]. (6.7)
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Here (F•)∨ := RHom(F•,OJ ) is the derived dual complex. Finally, by
proper base change and (6.3) we see that the restriction of the Fourier–Mukai
transform to the identity satisfies

S(F•)|{OC } ∼= Rπ∗(F•), (6.8)

where π : J → {OC } is the projection to the point.
We can pull back

L := (αc0 × α∗−1c0 )∗(P) (6.9)

the Poincaré bundle on J × Pic0(J ) to C × J via the map

αc0 × α∗−1c0 : C × J → J × Pic0(J )

to get a universal line bundle on C × J satisfying

L|C×{L} ∼= L (6.10)

for all L ∈ J and normalized by an isomorphism

˛ : L|{c0}×J
∼=→ OJ . (6.11)

Remark 6.1 As a universal line bundle on C × J the line bundle L is not
unique as we can tensor it with the pull back of any line bundle on J , and the
universal property still holds. However (L, ˛) is the unique universal object
for the functor assigning to a scheme T families of framed line bundles (L , β),
where L is a line bundle on C × T and β : L|{c0}×T ∼= OT .

If c′0 ∈ C is another point, then L ⊗ π∗2
(
PO(c0−c′0)

)
|{c′0}×J ∼= OJ . This

is because L|{c′0}×J ∼= (α∗−10 )∗PO(c′0−c0) from (6.4). Therefore the universal
bundle normalised at c′0 is given by

L′ = L⊗ π∗2
(
PO(c0−c′0)

)
. (6.12)

Finally, we denote by π : C → C a finite morphism of smooth projective
curves, by J̃ the Jacobian of C and P̃ denotes the Poincaré bundle on J̃ × J̃ .
Then, in this setting, we have the norm map Nmπ : J̃ → J by

L �→ det(π∗(M))⊗ det(π∗(OC))−1, (6.13)

which is a group homomorphism.
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Lemma 6.2 For M ∈ J we have π∗(M) ∈ J̃ and

P̃π∗(M)
∼= Nm∗π(PM).

Proof Fix c̃0 ∈ C a lift such that c0 = π(c̃0). Then by [11, p. 331] the diagram

Pic0( J̃ )
α∗c̃0→ J̃

Nm∗π ↑ ↑ π∗

Pic0(J )
α∗c0→ J

commutes. Thus

α∗c̃0(Nm
∗
π(PM)) = π∗(α∗c (PM)) = π∗(M).

By (6.4) this implies the statement. ��

6.2 Fourier–Mukai transform of OW+
E

In this section we will fix d = −n(n − 1)(g − 1) the degree of our Higgs
bundles. This will ensure that the line bundleU defined in (5.19) on a spectral
curve corresponding to our Higgs bundle will have degree 0. In particular,
the canonical uniformising Higgs bundle E0 ∈M and the canonical Hitchin
section W+E0 ⊂M will be contained in our Higgs moduli spaceM.

Consider now a very stable type (1, . . . , 1) Higgs bundle Eδ ∈MsT. That
means δ = (δ0, δ1, . . . , δn−1) ∈ J�(C) × C [m1] × · · · × C [mn−1] ⊂M such
that Eδ is very stable.

6.2.1 Construction of �δ from universal bundles

The proposed mirror of OW+Eδ

will be a vector bundle �δ on Ms constructed

from universal Higgs bundles whose existence was proved in [64]. We will
have to overcome two difficulties in the construction. One is that the individual
universal Higgs bundles will only be sheaves in a twisted sense, and they will
become untwisted vector bundles only if an appropriate number of them is
tensored together. Thus we will first construct universal bundles in an étale
covering ofMs and onlywhen an appropriate numberwill be tensored together
the obstruction to glue will vanish. The second difficulty will be in that the
universal Higgs bundles are only unique up to tensoring with line bundles
pulled back fromMs . Thus in order to constructwell defined universal bundles
we will have to normalise them appropriately.
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Étale locallyUi →Ms wecan define [62, Theorem4.7.(4)] universalHiggs
bundles (EUi , �Ui ) onUi×C .More precisely, choosing a point c0 ∈ C , we use
the framedmoduli spaceRs [62, Theorem 4.10]. ThenC×Rs carries a unique
universal framed Higgs bundle (ERs , �Rs , ˛Rs ), where ERs is a rank n vector
bundle onC×Rs , the universalHiggsfield�Rs ∈ H0(C×Rs;End(ERs⊗K ))

and the universal framing ˛Rs : ERs |{c0}×Rs
∼=→ On

Rs . We can take slices
Ui ⊂ Rs of the PGLn-principal bundle Rs →Ms by Luna’s slice theorem
[48, Theorem III.1] such thatUi →Ms is étale and

∐
Ui →Ms coversMs .

Then (EUi , �Ui ) is just the Higgs bundle part of the family of framed Higgs
bundles (EUi , �Ui , ˛Ui ) which is obtained as the pull back of the universal
framed Higgs bundle (ERs , �Rs , ˛Rs ) from C ×Rs .

The local universal framings˛Ui can be used to normalise our local universal
Higgs bundles. For this denote the normalized determinant

Norm(E) := det(E)⊗ K (n2)

for a vector bundle (or a family of vector bundles) on C . Fixing an isomor-
phism Kc0

∼= C, a framing β : Ec0 → Cn gives rise to a framing Norm(β) :
Norm(E)|c0 ∼= C of the line bundleNorm(E). Then (Norm(EUi ),Norm(˛Ui ))

is a Ui -family of framed degree 0 line bundles on C , thus unique from
Remark 6.1. This gives our local normalisation

φi : Norm(EUi )
∼=→ Norm∗(L), (6.14)

where L is the line bundle of (6.9) and Norm :Ms → J is given by

Norm(E, �) := Norm(E). (6.15)

We will now attempt to glue our normalised local Higgs bundles together.
On the overlap Ui ×Ms U j of two of our étale covers [33, (4.2)] implies that
we get a line bundle Li j ∈ Pic(Ui ×Ms U j ) which satisfies

(EUi , �Ui )
∼= (Li jEUj , �Uj ).

Passing to a refinement of the étale covering if necessary we can assume that
all Li j are trivial. It is obvious how to do this in the analytic topology, the étale
version which we need is more complicated. Namely, we can trivialise Li j
on Ui ×Ms U j even on a Zariski covering, and then we can use [2, Theorem
4.1] (see also [52, Lemma III.2.19]) to refine the original coverings so that the
connecting line bundles will trivialise on the overlaps.

This way we can assume that

(EUi , �Ui )
∼= (EUj , �Uj )
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Very stable Higgs bundles, equivariant multiplicity... 959

on Ui ×Ms U j for all i j . Taking such an isomorphism

φi j : EUi

∼=→ EUj

and recalling the fixed isomorphisms (6.14) we consider

φ j ◦ Norm(φi j ) ◦ φ−1i : Norm∗(L)→ Norm∗(L).

By passing to an étale cover if needed we can assume that this function has an
nth root (for this we use again [2, Theorem 4.1]), and thus we can rescale φi j
so that we can assume that

φ j ◦ Norm(φi j ) ◦ φ−1i = IdNorm∗(L).

The isomorphisms φi j with this property are unique only up to multiplying
with an nth root of unity, but we can make sure that φ j i = φ−1i j . Thus φ jk ◦φi j

agrees with φik up to an nth root of unity, which we denote by θi jk ∈ —n ⊂ C×
so that

φ jk ◦ φi j = θi jkφik .

We compute

θi jkθkli IdEUk
=θi jkφik ◦ θkliφki = φ jk ◦ φi j ◦ φli ◦ φkl ∈ H0(Ui ×Ms U j ×Ms Uk ×Ms Ul ;End(EUk ))

and similarly

θ jklθli j I dEUl
=φkl ◦ φ jk ◦ φi j ◦ φli ∈ H0(Ui ×Ms U j ×Ms Uk ×Ms Ul ;End(EUl )).

These two scalar endomorphisms are conjugate byφkl and therefore the scalars
agree:

θi jkθkli = θ jklθli j .

It follows that the nth roots of unity θi jk form a Čech 2-cocycle θ , thus define
a cohomology class [θ ] ∈ H2(Ms;—n), that is a —n-gerbe. By definition [16,
§1.2] the data of the vector bundles EUi and φi j constitute a θ -twisted vector
bundleE onMs×C , when θ is considered a Čech 2-cocycle for the sheafO∗Ms

via the embedding —n ⊂ C×. We can multiply φi j by αi j ∈ —n for a 1-cocycle
representing [α] ∈ H1(Ms;—n), i.e. an order n line bundle, then all of the
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960 T. Hausel, N. Hitchin

above will hold. Thus the twisted bundle E constructed above is well-defined
up to tensoring with an order n line bundle on Ms but normalized such that

Norm(E) ∼= Norm∗(L). (6.16)

We also note that the 2-cocycle θ does not change if we rescale with the 1-
cocycle α as above.

For a rank n vector bundle E and line bundle M we have �i (ME) =
Mi�i (E). It follows that �i (E) is naturally a θ i -twisted sheaf. For
(�,m1, . . . ,mn−1) ∈ Z×Z≥0 and δ = (δ0, δ1, . . . , δn−1) ∈ J�(C)×C [m1] ×
· · · × C [mn−1] with δ0 = c01 + · · · + c0m0 where c0 j ∈ C or −c0 j ∈ C is a
point in C and δi = ci1+ · · · + cimi ∈ C [mi ] for points ci j ∈ C we consider 4

�δ :=
n−1⊗

i=0

mi⊗

j=1
�n−i (Eci j ), (6.17)

where Eci j = E|Ms×{ci j } when ci j ∈ C and Ec0 j = E∗|Ms×{−c0 j }, when−c0 j ∈ C . Then for a line bundle M on Ms we have

n−1⊗

i=0

mi⊗

j=1
�n−i (MEci j ) = MD

n−1⊗

i=0

mi⊗

j=1
�n−i (Eci j ), (6.18)

where

D = n�+
n∑

i=1
(n − i)mi . (6.19)

Thus �δ in (6.17) is a θD-twisted sheaf on Ms . In particular, when n|D the
2-cocycle θD = 1 is trivial, thus in this case (6.17) descends as a vector bundle
toC×Ms . Additionally, when n|D the ambiguity of tensoringEwith an order
n line bundle disappears, and so (6.17) is a well-defined vector bundle onMs ,
which is normalised such that

4 It is easy to check (6.24) that ⊗m0
j=1�n(Ec0 j ) ∼= Norm∗

(
PO(δ0−�c0)

)
depends only on the

line bundle O(δ0) and not on the choice of divisor δ0 = c01 + · · · + c0m0 .
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det(�δ) ∼= det

⎛

⎝
n−1⊗

i=0

mi⊗

j=1
�n−i (Eci j ))

⎞

⎠

∼= Norm∗
⎛

⎝
n−1⊗

i=0

mi⊗

j=1
L
( n−1
n−i−1)
ci j

⎞

⎠ . (6.20)

To study the dependence of the vector bundle�δ on the base point c0 ∈ C let
c′0 ∈ C be another point. The twisted vector bundle E′ := E⊗Norm∗(π∗2PL),
where Ln ∼= O(c0−c′0), will be a twisted universal bundle normalised at c′0 in
the sense that Norm(E′) = Norm∗(L′), where L′ is the universal line bundle
(6.12) normalised at c′0. When D = 0, which we are assuming in this section,
we see from (6.18) that �δ does not depend on the choice of the base point
c0 ∈ C .

6.2.2 Fourier–Mukai transform over the good locus

We shall compute the relative Fourier–Mukai transform ofOW+Eδ

over a certain

open subset of A. Denote by C ⊂ T ∗C ×A the universal spectral curve. We
denote by A# ⊂ A the open subset of characteristic equations a ∈ A# for
which the following properties hold:

1. Ca is smooth,
2. div(b) avoids the ramification divisor of the spectral cover πa : Ca → C .

We let

C# ⊂ T ∗C ×A#

denote the family of spectral curves over A#. By the BNR correspondence
we can identify M# := h−1(A#) with the relative Jacobian of the family
C# → A#:

M# ∼= J (C#/A#).

We shall denote the relative Poincaré bundle on

J (C#/A#)×A# J (C#/A#)

by P̃. In this section we will determine the relative Fourier–Mukai transform

S(OW+Eδ

|M#) = (π2)∗(π∗1 (OW+Eδ

|M#)⊗L P̃)

over A#.
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962 T. Hausel, N. Hitchin

Recall that δ = (δ0, δ1, . . . , δn−1) ∈ J�(C)× C [m1] × · · · × C [mn−1] ⊂M
such that Eδ is very stable. In other words δ1 + · · · + δn−1 is reduced, and
we denote δi = ci1 + · · · + cimi , for points ci j ∈ C or −c0 j ∈ C . We also
introduce the notation

Lδ := OW+Eδ

for the structure sheaf of the Lagrangian upward flow of Eδ . We recall that in
this section we set d = −n(n − 1)(g − 1) for our Higgs bundles and clearly
d = D − n(n − 1)(g − 1) of (6.19) thus D = 0 and

�δ :=
n−1⊗

i=0

mi⊗

j=1
�n−i (Eci j )

constructed in Sect. 6.2.1 together with the normalisation (6.20) is a well-
defined vector bundle on Ms . With this notation we have

Theorem 6.3 The relative Fourier–Mukai transform over A# satisfies

S(Lδ|M#) = �δ|M# . (6.21)

Proof First we check the theorem fibrewise along h. We let a ∈ A# so that
Ca is smooth, div(b) avoids the ramification divisor of the spectral cover
πa : Ca → C and where W+E ∩ h−1(a) is transversal.

As Eδ is a very stable type (1, . . . , 1) Higgs bundle, we have from The-
orem 4.16 that b = bn−1 ◦ · · · ◦ b1 has no repeated 0. We will denote by
ci1, . . . , cimi the mi zeroes of bi . For 1 ≤ i ≤ n − 1 and 1 ≤ j ≤ mi denote
by c̃1i j , . . . , c̃

n
i j ⊂ Ca the n points in the preimage π−1a (ci j ) of the zero ci j of

bi . From Proposition 5.18 we see that L ∈ W+E ∩ h−1(a) ∼= W+E ∩ J (Ca)

is a degree 0 line bundle on Ca of the form L ∼= π∗(E1)(�1) where
�1 =∑n−1

i=1 �i −�i+1. We know all possibilities for the divisor �i −�i+1
on Ca; namely it is effective and reduced and it has the form

�i −�i+1 =
mi∑

j=1
c̃
k1i j
i j + · · · + c̃

kn−ii j
i j

where 1 ≤ k1i j < · · · < kn−ii j ≤ n. Thus we see that

OW+E ∩h−1(a) =
⊕

{1≤k1i j<···<kn−ii j ≤n}
1≤ j≤mi
1≤i≤n

O
π∗(E1)

(
∑n−1

i=1
∑mi

j=1 c̃
k1i j
i j +···+c̃

kn−ii j
i j

) (6.22)

is a direct sum of skyscraper sheaves.
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Fixing a lift c̃0 ∈ Ca of c0 ∈ C wecan compute theFourier–Mukai transform
of (6.22) as follows:

S(OW+E ∩h−1(a))

=
⊕

{1≤k1i j<···<kn−ii j ≤n}
1≤ j≤mi
1≤i≤n

S

⎛

⎜⎝O
π∗(E1)

(
∑n−1

i=1
∑mi

j=1 c̃
k1i j
i j +···+c̃

kn−ii j
i j

)

⎞

⎟⎠

=
⊕

{1≤k1i j<···<kn−ii j ≤n}
1≤ j≤mi
1≤i≤n

S

⎛

⎜⎝O
π∗(E1)

(
(
∑n

i=1(n−i)mi )c̃0+∑n−1
i=1

∑mi
j=1 c̃

k1i j
i j −c̃0+···+c̃

kn−ii j
i j −c̃0

)

⎞

⎟⎠

=
⊕

{1≤k1i j<···<kn−ii j ≤n}
1≤ j≤mi
1≤i≤n

P̃π∗(E1)(−n�c̃0) ⊗
n−1⊗

i=1

mi⊗

j=1
P̃

(c̃
k1i j
i j −c̃0)

⊗ · · · ⊗ P̃
(c̃

kn−ii j
i j −c̃0)

= P̃π∗(E1)(−n�c̃0) ⊗
n−1⊗

i=1

mi⊗

j=1
�n−i (P̃(c̃1i j−c̃0) ⊕ · · · ⊕ P̃(c̃ni j−c̃0)

)

We see that

P̃(c̃ki j−c̃0) = L̃|J (Ca)×{c̃ki j },

where L̃ is a universal Poincaré bundle on J (Ca) × Ca normalized at c̃0 as
defined in (6.9). Furthermore,

P̃(c̃1i j−c̃0) ⊕ · · · ⊕ P̃(c̃ni j−c̃0) = π∗(L̃)|h−1(a)×{ci j }, (6.23)

and (π∗(L̃), �h−1(a)) with �h−1(a) := π∗(x : L̃→ L̃⊗ π∗(K )) is a universal
Higgs bundle on h−1(a)× C . ��
Lemma 6.4 For L ∈ J (Ca) let Nm : J (Ca) → J (C) given by Nm(L) =
det(π∗(L))⊗ K (n2) the usual norm map. Then on J (Ca)× C we have

Norm((πa)∗(L̃)) = Nm∗(L),

where L̃ is a universal line bundle on J (Ca)× C̃a normalized at c̃0 ∈ C̃a and
L is a universal line bundle on J (C)× C normalized at c0 = πa(c̃0).

Proof For L ∈ J (Ca) we have

Nm∗(L)|{L}×C = Nm(L) = Norm(π∗(L̃))|{L}×C .

On the other hand for c ∈ C we have

Nm∗(L)|J (Ca)×{c} = Nm∗(L|J (C)×{c}) = Nm∗(P(c−c0)).
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964 T. Hausel, N. Hitchin

While for the other side

Norm(π∗(L̃))|J (Ca)×{c} = det(π∗(L̃)|J (Ca)×{c})

= det
(
P̃(c̃1−c̃0) + · · · + P̃(c̃n−c̃0)

)
= P̃π∗(c−c0)

where π−1(c) = {c̃1, . . . , c̃n}.
Now Lemma 6.2 implies that

det(π∗(L̃))|J (Ca)×{c} = det∗(L)|J (Ca)×{c}.

The result follows. ��
The norm map Nm : J (Ca) → J (C) in Lemma 6.4 agrees with the one
restricted from the normalised determinant map in (6.15) to h−1(a) ∼= J (Ca).
Thus Norm(π∗(L̃)) = Norm∗(L) and therefore π∗(L̃) ∼= E on h−1(a). Fur-
thermore

P̃π∗(E1)(−n�c̃0)
∼= Norm∗(PE1(−�c0))

from Lemma 6.2. By the normalisation (6.16), the definition (6.9) and E1 ∼=
O(δ0) = O(c01 + · · · + c0m0) we get

Norm∗(PE1(−�c0))
∼=

m0⊗

j=1
�n(Ec0 j ). (6.24)

Thus (6.23) and Lemma 6.4 verify Theorem 6.23 on h−1(a).
By noting that étale-locally onA# we have sections of the universal spectral

curve corresponding to the preimages of zeroes of b and c0, we see that the
same argument can be repeated relative to étale neighbourhoods Ui → A#,
proving Theorem 6.3 étale-locally, which as argued above glue together to
prove Theorem 6.3. ��
Remark 6.5 As a sanity check we can see what this gives for δ = 0. Then
L0 = OW+0

is the structure sheaf of the canonical Hitchin section. We expect
its mirror to be the structure sheaf of the whole space Ms . Indeed, choosing
the representative 0 = c + −c for the trivial divisor on C we get �0 =
�n(Ec)⊗�n(E−c) = �n(Ec)⊗�n(E∗c) ∼= OMs .

More generally, we can determine�δ in the casewhen δ1 = · · · = δn−1 = 0
and � = 0, i.e. when Eδ is a uniformising Higgs bundle and Lδ = W+δ
is the structure sheaf of a Hitchin section. We see from (6.24) that �δ =
Norm∗(PO(δ0)) is a line bundle on Ms pulled back from the Jacobian J .
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Remark 6.6 Vector bundle duality defines a natural involution

ι : M → M
(E, �) �→ (E∗K 1−n, �T )

. (6.25)

where �T is the induced action of � on E∗. This is well-defined as
deg(E∗K 1−n) = − deg(E)− n(n − 1)2(g − 1) = −n(n − 1)(g − 1). From
the exact sequence (5.22) we see that (πa)∗(U∗) = ι(E, �) and therefore
ι restricts to the abelian variety h−1(a) ∼= J (Ca) as the inverse map −1. If
E ∈M we will denote E ι := ι(E), then ι(W+E ) = W+E ι .

For example for a type (1, . . . , 1) very stable Higgs bundle Eδ we can
determine E ι

δ = Eδι , where δι = (δι
0, δ

ι
1, . . . , δ

ι
n−1) = (−δ0 − δ1 − · · · −

δn−1, δn−1, . . . , δ1). We thus see that the skew involutive property (6.6) of the
Fourier–Mukai transform yields

S(�δ|M#) = Lδι[−n2(g − 1)− 1]|M# . (6.26)

6.3 An agreement for T-equivariant Euler forms

As a motivation recall that mirror symmetry should be an equivalence of cat-
egories. Not only objects should match but morphisms between them. If two
objects have T-equivariant structure so will the vector space of morphisms
between them. Thus its T-character should agree with the T-character of the
vector space of morphisms between the mirror objects. In this subsection we
find the agreement of these T-characters (aka Euler pairing) for our mirror
pairs of branes. Incidently, it is easier to pair a Lagrangian brane with a hyper-
holomorphic one because the computation reduces to a computation on the
Lagrangian support which in our case is just a vector space.

6.3.1 T-equivariant Euler characteristics and Euler forms

Recall that for a T-equivariant coherent sheaf F on a semiprojective variety
M the equivariant Euler characteristic is defined by

χT(M;F) :=
∑

i j

(−1)i dim(Hi (M;F) j )t− j ,

when the weight spaces Hi (M;F) j , where T acts with weight j , are finite
dimensional. The finiteness condition holds for smooth semiprojective vari-
eties and thenχT(M;F) ∈ Z((t)), i.e. Hi (M;F) j = 0 for i sufficiently large.
More generally for a T-equivariant bounded complex of coherent sheaves F•
we define χT(M;F•) = (−1)k ∑k χT(M;Fk).
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966 T. Hausel, N. Hitchin

Furthermore, given two T-equivariant coherent sheaves F1 and F2 on M
we define the equivariant Euler pairing as

χT(M;F1,F2) =
∑

k,l

dim(Hk(RHom(F1,F2))
l)(−1)kt−l

=
∑

k,l

dim
(
HomDcoh(M)(F1,F2[k])l

)
(−1)kt−l

=
∑

k,l

dim(Extk(M;F1,F2)
l)(−1)kt−l .

As χT(M;F1,F2) = χT(M;F∨1 ⊗L F2), where F∨1 is the derived dual
and⊗L is the derived tensor product, we expect that χT(M;F1,F2) ∈ Z((t))
on a semiprojective variety M .

We note that the upward flow W+E for E ∈ MsT is invariant under the
T-action and we shall endow OW+E

with the trivial T-equivariant structure.

6.3.2 T-equivariant universal bundles

On the other hand we would like to endow the sheaf (6.17), when n|D, on
Ms × C with a T-equivariant structure. For this we need

Lemma 6.7 We can choose the étale cover
∐

i Ui →Ms so that theUi areT-
equivariant and the local universal Higgs bundle (EUi , �Ui ) onUi×C carries
a T-equivariant structure with T acting on �Ui with weight −1. Furthermore
the isomorphism (6.14) is T-equivariant with some T-equivariant structure on
L.

Proof First we note that over R × C there exists, from [62, Theorem 4.10],
the universal framed Higgs bundle (ER, �R, ˛R). We have the T-action onR
multiplying the Higgs field and we denote the morphism mλ : R→ R given
by scaling the Higgs field with λ ∈ T. Then

(m∗λ(ER), λ−1m∗λ(�R),m∗λ(˛R))

is also a universal framed Higgs bundle and as R is a fine moduli space with
a unique universal object we get that ER ∼= m∗λ(ER) canonically, inducing
fλ : ER→ ER covering mλ and making the diagram

ER
�R−→ ER ⊗ K

fλ ↓ ↓ fλ

ER
λ−1�R−→ ER ⊗ K

(6.27)
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Very stable Higgs bundles, equivariant multiplicity... 967

commute. This will endow ER with a canonical T-equivariant structure which
acts on �R with weight −1.

Now we take a point E ∈ Ms such that the orbit TE ⊂ Ms is closed.
This means that either E ∈ MsT or that neither limλ→0 λE nor (if it exists)
limλ→∞ λE is stable.We take a lift Ẽ ∈ Rs . Recall that PGLn acts freely onRs

by changing the framing and T acts by multiplying the Higgs field. The PGLn
quotient p : Rs →Ms is T-equivariant. It follows that for G := T × PGLn
the orbit GẼ ⊂ Rs is closed. We let GẼ ⊂ G denote the stabilizer which
projects injectively into T as PGLn acts freely. We apply Luna’s slice theorem
[48, Theorem III.1] for the action of G on Rs around the point Ẽ . This way
we get a locally closed GẼ -invariant affine slice Ẽ ∈ V ⊂ Rs , such that the
map G ×GẼ V → Rs is étale and whose image U ⊂ Rs is a saturated affine
open G-invariant subset, the morphism

V/GẼ → U/G (6.28)

is also étale and the natural morphism induces

G ×GẼ V ∼= U ×U/G V/GẼ (6.29)

a G-isomorphism. We let V ′ := T×GẼ V = (G×GẼ V )/PGLn then V ′/T =
V/GẼ and dividing (6.29) by PGLn gives

V ′ = T×GẼ V ∼= U/PGLn ×U/G V/GẼ .

By base change of the étale morphism (6.28) by U/PGLn → U/G =
(U/PGLn)/T

V ′ → U/PGLn ⊂Ms (6.30)

is also étale and T-equivariant. Finally, the T-equivariant universal Higgs bun-
dle (ER, �R) restricts to the T-equivariant V ′ → R giving T-equivariant
universal bundles (EV ′, �V ′) étale locally (6.30) around E ∈ U/PGLn .

Finally, we note that a T-invariant open covering of the closed T-orbits in
Ms covers the wholeMs and so the result follows. ��

Thus we have local T-equivariant universal Higgs bundles on Uk →Ms .
On overlaps C×Uk ×Ms Ul they differ by a T-equivariant line bundle by [33,
(4.2)]. Thus the T-equivariant projective bundles PEUi and PEUj are canoni-
cally isomorphic over the overlap. Therefore they descend as a T-equivariant
projective bundle PE over C ×Ms .
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Lemma 6.8 In the notation of (6.17)when n|D = n�+∑n−1
i=1 (n−i)mi there is

a T-equivariant structure on the vector bundle�δ =⊗n−1
i=0

⊗mi
j=1 �n−i (Eci j )

normalised such that

det

⎛

⎝
n−1⊗

i=0

mi⊗

j=1
�n−i (Eci j ))

⎞

⎠ ∼= Norm∗
⎛

⎝
n−1⊗

i=0

mi⊗

j=1
L
( n−1
n−i−1)
ci j

⎞

⎠ (6.31)

as equivariant line bundles, where the line bundle L
( n−1
n−i−1)
ci j on J is endowed

with a weight
(n−i

2

)− (n
2

)( n−1
n−i−1

)
T-action.

Proof Similarly toPE above,wecan argue that
⊗n−1

i=0
⊗mi

j=1 �n−i (EUk |ci j×Uk )

on Uk →Ms carries a T-equivariant structure, and they differ by a T- equiv-
ariant line bundle on the overlaps. Thus the total space of the projective bundle

P
(⊗n−1

i=0
⊗mi

j=1 �n−i (Eci j )
)
descends toMs with a T-equivariant structure.

When n|D =∑n−1
i=0 (n − i)mi then we saw before Theorem 6.3 that even the

vector bundle
⊗n−1

i=0
⊗mi

j=1 �n−i (Eci j ) descends to Ms . Thus the projective

bundle P
(⊗n−1

i=0
⊗mi

j=1 �n−i (Eci j )
)
has a sheaf O(1) on it, such that

π∗(O(1))∗ ∼=
n−1⊗

i=0

mi⊗

j=1
�n−i (Eci j ). (6.32)

By [14, Theorem 4.2.2] the T-action on P
(⊗n−1

i=0
⊗mi

j=1 �n−i (Eci j )
)
lifts to

O(1) because Pic(T) is trivial and thus the last map in [14, (12)] is an isomor-
phism. Thus we have a T-equivariant structure on

⊗n−1
i=0

⊗mi
j=1 �n−i (Eci j )

from (6.32).
We can modify this T-equivariant structure by tensoring with a T -

equivariant structure onOMs . We can choose it such that at the canonical uni-
formising Higgs bundle E0 = EOC ,0 we get that

⊗n−1
i=0

⊗mi
j=1 �n−i (Eci j ))|E0

has only non-positive weights and non-trivial weight 0 space. We can endow
EOC = O ⊕ K−1 ⊕ · · · ⊕ K−n+1 with a T-action which acts by weight −i
on the i th summand K−i . This will act on �0 with weight −1. Therefore any
T-equivariant family of stable Higgs bundles containing E0 will restrict to E0
as this T-equivariant structure, up to a rescaling of the T-action by an over-
all 1-dimensional T-module. Therefore our normalisation of the T-action on⊗n−1

i=0
⊗mi

j=1 �n−i (Eci j ) will satisfy
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χT(

n−1⊗

i=0

mi⊗

j=1
�n−i (Eci j ))|E0) =

n−1∏

i=0

[
n

n − i

]mi

t
, (6.33)

which incidently also agrees with the equivariant multiplicitymEδ (t) of (5.18).
This will be related to mirror symmetry in (6.37).

A straightforward computation checks that this normalisationof theT-action
will induce the one on the determinant as claimed in the Lemma. ��

The following is an indication that the mirror relationships (6) and (6.26)
over A# hold over the whole A.

Theorem 6.9 For δ = (δ0, δ1, . . . , δn−1) ∈ J�(C)×C [m1]×· · ·×C [mn−1] and
δ′ = (δ0

′, δ′1, . . . , δ′n−1) ∈ J�′(C)× C [m′1] × · · · × C [m′n−1] let Eδ, Eδ′ ∈MsT

be two very stable type (1, . . . , 1) Higgs bundles. Then

χT (M;Lδ′, �δ) = χT(det(C1 ⊗A∗))χT
(M;�δ′,Lδι[−n2(g − 1)− 1])

= (−1)n2(g−1)+1t (4n+1)(n−1)n(g−1)/6χT (M;�δ′,Lδι) .

Proof We compute

χT (M;Lδ′, �δ) = χT

(
M;L∨δ′ ⊗L �δ

)

= χT

(
W+

δ′ ; det(NW+
δ′
)[−n2(g − 1)− 1] ⊗�δ|W+

δ′

)
,

where in the last equation we used [41, Corollary 3.40] and the simplified
notation W+

δ′ := W+Eδ′ .
As det(NW+

δ′
)⊗�δ|W+

δ′
is a T-equivariant vector bundle on the affine space

W+
δ′ its T-equivariant index can be computed as

χT

(
W+

δ′ ; det(NW+
δ′
)⊗�δ|W+

δ′

)
=χT

(
(det(NW+

δ′
)⊗�δ)|Eδ′

)
χT(W+

δ′ ;OW+
δ′
).

The same argument as above for (6.33) gives

χT(�δ|Eδ′ ) = mEδ (t).

From Definition 5.3 we have

χT(W+
δ′ ;OW+

δ′
) = mEδ′ (t)χT(Sym(A∗)).
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Finally NW+
δ′
|Eδ′
∼= T≤0Eδ′ consequently

χT(det(NW+
δ′
)|Eδ′ )) = χT(det(T≤0Eδ′ ))

as dimA = dim T+Eδ′ = dimM/2. Thus for the left hand side we have

χT (M;Lδ′ ,�δ) = (−1)dimAmEδ
(t)mEδ′ (t)χT(Sym(A∗))χT(det(T≤0Eδ′

)). (6.34)

For the other side we compute similarly

χT (M;�δ′,Lδι) = χT(M;�∨δ′ ⊗L Lδι)

= χT(W+δι ;�∨δ′ |W+
δι
)

= χT(�∨δ′ |Eδι
)χT(W+δι ;OW+

δι
)

= mEδ′ (t
−1)mEδι

(t)χT(Sym(A∗)) (6.35)

= χT(det(A))

χT(det(T+Eδ′ ))
mEδ′ (t)mEδι

(t)χT(Sym(A∗))

=
χT(det(T≤0Eδ′ ))

χT(det(C1 ⊗A∗))mEδ′ (t)mEδι
(t)χT(Sym(A∗)),

where in the fourth equation we used (5.14). For the last equation we can
argue as follows. As ι of (6.25) is a T-equivariant isomorphism, it follows that
T+Eδι
∼= T+Eδ

and thus mEδι
(t) = mEδ (t). Using the homogeneity 1 symplectic

form on TEδ′ we see that χT(C−1⊗ det(T+Eδ′ ))χT(det(T≤0Eδ′ )) = 1. This implies
the last equation. Comparing (6.34) and (6.36) implies the first equation in the
Theorem.

For the second equation we note that dimA = ∑n
i=1 dim H0(C; K i ) =

n2(g − 1)+ 1 and that a straightforward computation gives

χT(C1 ⊗A∗) = t
∑

i (i−1) dimAi = t
∑n

i=1(i−1) dim H0(C;Ki )

= t
∑n

i=1(i−1)(2i−1)(g−1) = t (4n+1)(n−1)n(g−1)/6.

The result follows. ��
Remark 6.10 We proved in Theorem 6.3 that the relative Fourier–Mukai
transform S(Lδ) = �δ holds over A# and in Remark 6.6 that S(�δ) =
Lδι[−n2(g − 1) − 1] also holds over A#. The above theorem would be a
consequence of a T-equivariant extension of the mirror symmetry conjecture
in the “classical limit” as in [19, Conjecture 2.5].
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Remark 6.11 Similar agreement of T-equivariant Euler pairings between cer-
tain conjectured mirror pairs of Lagrangian and hyperholomorphic branes
of [39] were observed in [32, §7], when n = 2. When n = 2 we have
χT(C1 ⊗ A∗) = t3g−3 in Theorem 6.9 which we cannot get rid of by just
renormalising the T-action on our branes when 3g − 3 is odd. The same phe-
nomenon was observed in [32, Remark 7.7].

In fact, one can also pair certain n = 2 analogues of the mirror pairs of this
paper with the ones in [32] and find the expected agreement.

Remark 6.12 Just as in [32, Corollary 4.11]we get a clearly symmetric expres-
sion in δ and δ′ if we compute, equivalently as in (6.34),

χT(M;Lδ′ ⊗�δ) = mEδ′ (t)mEδ (t)χT(Sym(A∗)). (6.36)

When deriving the agreement of the corresponding Euler forms [32, Corollary
7.1] we basically argued that it follows from the fact that both of the branes Li
and � j were self-dual. In our present situation Lδ′ is self-dual (up to a shift)
for the trivial reason that it is supported on an affine space. On the other hand
�δ is typically not self-dual, rather it satisfies �∨δ = ι∗(�δ) = �δι using the
normalised inverse map ι of Remark 6.6. However in [32] both types of our
branesLi and� j were secretly invariant under ι as well. In general, what (6.6)
tells us is that self-dual branes should be mirror to branes invariant under∨◦ ι.
The former is satisfied by Lδ′ and the latter by �δ .

Remark 6.13 It is instructive to take δ′ = 0 = (0, 0, . . . , 0) in (6.36). Then
E0 = EOC ,0 is the canonical uniformising Higgs bundle of (3.16). It has
mE0(t) = 1 and L0 ∼= OW+0

is the structure sheaf of the canonical Hitchin
section, while �0 ∼= OMs . We get

χT(M;OW+δ
⊗�0) = mEδ (t)χT(Sym(A∗)).

On the other hand

χT(M;OW+0
⊗�δ) = χT(OW+0

;�δ|W+0 ) = χT(�δ|E0)χT(Sym(A∗)).

Thus χT(M;OW+δ
⊗ �0) = χT(M;OW+0

⊗ �δ) (or the equivalent Theo-
rem 6.9) implies that

χT(�δ|E0) = mEδ (t). (6.37)

This was observed already in (6.33), but here we derived it as a consequence
of mirror symmetry. Indeed such a relationship is expected from the mirror in
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general. Because of the restriction property (6.8) of the Fourier–Mukai trans-
form to the identity we expect from the fibrewise Fourier–Mukai transform
that the mirror of a bounded complex of coherent sheaves F• on M should
restrict to the canonical Hitchin section as h∗(h∗(F•)). The latter was com-
puted for the upward flow of a very stable Higgs bundle in (5.10) and (5.12).
Thus (6.37) verifies this expectation from the mirror of Lδ .

Remark 6.14 We can also generalise these ideas further for very stable upward
flows of type not (1, . . . , 1). For E ∈ MsT a very stable Higgs bundle let
LE := OW+E

denote the structure sheaf of its upward flow and �E denote its

mirror, which we expect to be a T-equivariant vector bundle on Ms of rank
mE . If F ∈MsT is another very stable Higgs bundle then denote by

mE,F (t) := χT(�E |F ) ∈ Z[t]

theT-character of the fibre�E |F , whichwe expect to contain only non-positive
weights. In particular, by (6.37) we have mE,E0(t) = mE(t) the equivariant
multiplicity. As above from mirror symmetry we expect

χT(M;LE ⊗�F ) = χT(M;LF ⊗�E)

which in turn leads to the identity

mE(t)mF,E(t) = mF (t)mE,F (t). (6.38)

When both E and F are of type (1, . . . , 1) then mE,F (t) = mE(t) is just the
equivariant multiplicity as �E |F ∼= �E |E0 and so (6.38) holds. If only F is
of type (1, . . . , 1) we know what �F should be and how it restricts to any E
giving a formula for mF,E(t) only depending on the type of E . From (6.38)
we can deduce

mE,F (t) = mE(t)mF,E(t)

mF (t)
.

As it is again expected to be a polynomial in t we get more obstructions on E
being very stable.

To illustrate the above take the example of n = 2 and d = −2(g − 1) and
let E be a very stable Higgs bundle of type (2), i.e. a very stable bundle E
together with the zero Higgs field. For some 0 ≤ i < g let F ∈ Fl,2i be a
very stable type (1, 1) Higgs bundle. Then �F is a tensor product of universal
bundles restricted to points of C . By carefully following the normalisation of
the T-action on the tensor product of these restricted universal bundles given
by Lemma 6.31 we find that

123



Very stable Higgs bundles, equivariant multiplicity... 973

mF,E(t) = χT(�F |E) = 22i t i .

By (6.38) we get that

mE,F (t) = mE(t)mF,E(t)

mF (t)

= (1+ t)3g−322i t i

(1+ t)2i
= 22i t i (1+ t)3g−3−2i . (6.39)

Thus even though we do not know (see 8.3 for more on this) what vector
bundle �E the mirror of the cotangent fibre at E should be we can infer its
T-character at type (1, 1) fixed points from (6.39).

7 Hyperkähler aspects

7.1 Hyperholomorphic connections

Thus far we have considered M as a variety with a holomorphic symplectic
structure in which the upward flows are complex Lagrangian subvarieties. At
this point we bring into play the hyperkähler metric on M. This is a met-
ric which is Kähler with respect to complex structures I, J, K which obey
the quaternionic relations I 2 = J 2 = K 2 = I J K = −1. It exists as a
consequence of the theorem [36,62,63] that a stable Higgs bundle admits a
Hermitian metric, unique up to gauge equivalence, satisfying the equation
FA + [�, �∗] = 0.
Within this context, mirror symmetry predicts that a BAA-brane should cor-

respond to a BBB-brane on the mirror ofM, which is to be understood as the
statement that to a flat vector bundle on a complex Lagrangian on M there
should exist a hyperholomorphic connection on a vector bundle over a hyper-
kähler submanifold of the mirror. A hyperholomorphic connection is a unitary
connection whose curvature is of type (1, 1) with respect to each complex
structure in the hyperkähler family of complex structures x1 I + x2 J + x3K
with (x1, x2, x3) ∈ S2 ⊂ R3. At this point in time, we have few construc-
tions of hyperholomorphic connections on M so verifying the predictions is
an important issue.

Since the fibration structure ofM gives a natural setting for the Strominger–
Yau–Zaslow approach to mirror symmetry, it is the Fourier–Mukai transform
approach which can be applied. In the original SYZ context of a special
LagrangianfibrationArinkin andPolishchuk [1] showedhowa realLagrangian
can describe a holomorphic bundle on the mirror. This could be applied to the
current situation but would give at most a hyperholomorphic connection rela-
tive to the semi-flat hyperkähler metric which is defined over the regular locus
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inA and is only an approximation to the actual metric. We have described the
Fourier–Mukai transform of the trivial bundle over an upward flowLagrangian
in terms of universal bundles over the mirror moduli space, so to verify the
prediction we need to construct a hyperholomorphic connection, using the
genuine hyperkähler metric, on a universal bundle over the mirror of the mod-
uli space. Since we are working with GLn(C) Higgs bundles here, and this
group is isomorphic to its Langlands dual, the mirror is the samemoduli space.
Twistor theory allows us to express this by holomorphic means using the direct
analogy of the Atiyah-Ward description of instantons [4,50] – a hyperholo-
morphic connection on R4 is precisely an anti-self-dual connection.

Recall that the twistor space Z of a hyperkähler manifold M is the man-
ifold M × S2 endowed with a complex structure such that the fibre over
(x1, x2, x3) ∈ S2 is M with complex structure x1 I + x2 J + x3K . The projec-
tion onto the second factor is a holomorphic fibration p : Z → P1 with a real
structure σ covering the antipodal map on S2 and each 2-sphere (m, S2) is a
real holomorphic section, called a twistor line. Then a unitary hyperholomor-
phic connection on a vector bundle is equivalent to a holomorphic bundle on
Z which is trivial on each twistor line and real with respect to σ .
A description of the twistor space for Higgs bundles due to Deligne

and Simpson [65] is phrased in terms of λ-connections. A holomorphic λ-
connection on a vector bundle E is a differential operator D : E → E ⊗ K
satisfying D( f s) = f Ds + λs ⊗ d f for a local holomorphic section s and
function f . If λ �= 0 then λ−1D is a holomorphic, and therefore flat, connec-
tion and for λ = 0 this is a Higgs field. There is an algebraic construction
of a moduli space Ms

Hod of stable λ-connections and the parameter λ gives a
projection to C.

A solution to the Higgs bundle equations gives rise to a ∂̄-operator ∇0,1
A +

ζ�∗ = ∂̄A + ζ�∗ parametrized by ζ ∈ C which commutes with ζ∂A +�, so
defining a λ-connectionwith λ = ζ for the holomorphic structure on E defined
by the ∂̄-operator. This is a holomorphic section ofMHod → C and the twistor
space Z is constructed so as to extend this to ζ = ∞ ∈ P1 and make this a
twistor line. It is defined by taking the moduli space of λ-connections and the
corresponding one for the conjugate complex structure on C , and identifying
with the moduli space of flat connections over ζ ∈ C∗ ⊂ P1 by means of the
holonomy, the representation of π1(C) in GLn(C), which is independent of
any holomorphic structure. Then identifying λ = ζ on one side with λ = ζ−1
on the other gives Z .

When ζ �= 0 we have the flat connection

∇A + ζ−1�+ ζ�∗ (7.1)
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and as ζ tends to∞, ∂A + ζ−1� defines a holomorphic structure with respect
to the conjugate complex structure on C and ζ−1∂̄A +�∗ a λ-connection for
λ = ζ−1. This defines a section of the fibration p : Z → P1.

Since A is a unitary connection the antilinear involution a �→ −a∗ on
End(E) coupled with the antipodal map ζ �→ −1/ζ̄ acting on P1 transforms
∇1,0

A + ζ−1� to ∇0,1
A + ζ̄�∗ and so a solution to the Higgs bundle equations

defines a real section, and this corresponds to a point of M.

7.2 The connection on a universal bundle

As described above, the Fourier–Mukai transform of the upward flow of a very
stable fixed point of type (1, 1, . . . , 1) can be expressed as a tensor product
of exterior powers of the universal bundle corresponding to points c ∈ C . A
hyperholomorphic connection on the universal bundle will then induce one on
the associated tensor or exterior powers.

In the complex structure ζ �= 0,∞ there is a straightforward description of
the universal bundle: given a framing of a bundle E at c, the holonomy of a
flat connection on E around closed curves with base point c defines a homo-
morphism from π1(C, c) to GLn(C). We denote RB = Hom(π1(C, c) →
GLn(C)), and the open locus of irreducible representations Rs

B. We have the
action of GLn(C) on RB by conjugation, and denote the affine quotient by
MB, the character variety. Over the open subset Ms

B = Rs
B/GLn(C) ⊂MB

the variety Rs
B is a principal PGLn(C)-bundle, representing irreducible local

systems framed at the point c ∈ C .
As described in Sect. 6, there is an obstruction in H2(Ms

B,Zn) to lifting to
a principal GLn(C)-bundle. Given local liftings over open setsUi , the obstruc-
tion class is represented by a flat line bundle Li j overUi ∩Uj with Ln

i j trivial –
the data for a gerbe θ . If the universal vector bundle E does not exist globally, it
does over the neighbourhoodsUi , and a connection is a locally defined notion.
Moreover tensoring with a flat line bundle Li j acts trivially on the curvature
and so takes a local hyperholomorphic connection to another one, so the notion
of hyperholomorphic passes over to the situation where we need to twist by a
flat gerbe.

For the complex structure ζ = 0 or ∞, the moduli space of framed
Higgs bundles was constructed by Simpson in [62, Theorem 4.10], and in
[65, Proposition 4.1] he outlined, by the same approach, a construction for
λ-connections. We denote by Rs

Hod the framed moduli space of stable λ-
connections. This carries a GLn(C)-action on the framing, so that it becomes
a principal PGLn(C)-bundle over Ms

Hod. Over λ = 0 this principal bundle
Rs

Hod →Ms
Hod restricts to Rs

Dol →Ms
Dol =Ms the framed moduli space of

stable rank n degree 0 Higgs bundles, which is a PGLn(C)-principal bundle
overMs .
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When λ �= 0 we have the complex analytically equivalent alternative
description Rs

B →Ms
B of the framed moduli space in terms of the character

variety, using the holonomy of the flat connection. This is clearly compatible
with the identification in the construction of the twistor space Z , so we have a
holomorphic PGLn(C)-bundle over Z . The final point is to show this is trivial
on a real twistor line.

A real twistor line is defined by a solution to the Higgs bundle equations
which, as ζ varies, is a pair ∂̄A + ζ�∗, ζ∂A + � on the same C∞ vector
bundle E . A basis e1, . . . , en of the fibre Ec then defines a framing for all
holomorphic structures and we need this to be holomorphic in ζ . But from the
integrability theoremof the holomorphic structure ∂̄A+ζ�∗we canfind a basis
of local sections s1, . . . , sn in a neighbourhood of cwith (∂̄A+ζ�∗)si = 0 and
these vary holomorphically with ζ . Then evaluation at c gives a frame which
is holomorphic in ζ and similarly using the conjugate complex structure for
ζ �= 0. .

Remark 7.1 A formal explanation for the existence of the hyperholomorphic
connection is provided by the infinite-dimensional hyperkähler quotient con-
struction ofM itself [36]. This considers the action of the group G of unitary
gauge transformations on the infinite-dimensional flat hyperkähler manifold
which is the cotangent bundle of the space A of ∂̄-operators ∂̄A on the under-
lying C∞ vector bundle E . The zero set of the hyperkähler moment map for
this action consists of pairs (A, �) satisfying the Higgs bundle equations.
This space is formally a principal G/U (1) bundle over the quotient M and
the restriction of the flat L2 metric on T ∗A defines a distribution orthogonal
to the orbit directions, and this is a connection on the principal bundle. In
any hyperkähler quotient this is hyperholomorphic. Now given a framing at
c, the evaluation map gives a homomorphism from G/U (1) to PU (n) and an
associated hyperholomorphic connection on the universal bundle.

Thus we have proved the following.

Theorem 7.2 There is a hyperholomorphic connection on the PGLn(C) bun-
dleRs

Dol onMs , which is associated to the projective bundleP(Ec). Moreover,
there is a hyperholomorphic structure on the vector bundle Ec onMs twisted
by the gerbe θ .

7.3 The universal Higgs field

For each point c ∈ C we obtain the universal bundle Ec with a hyperholomor-
phic connection on M, and so C itself is the parameter space for a family of
such bundles with connection. Equivalently, these correspond to holomorphic
bundles on the twistor space Z . In particular, considering first order deforma-
tions, there is a naturalmap from the tangent spaceofC at c to H1(Z,End(Ec)).
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This space can be interpreted in terms of variations of hyperholomorphic con-
nections by using the Penrose transform in the current quaternionic context
[50]. It is isomorphic to the first cohomology group of an elliptic complex
generalizing the deformation complex for anti-self-dual connections in four
dimensions in [4].

Since M is the moduli space of pairs (E, �) the universal bundle should
have a universalHiggs field to accompany it and indeed a global construction of
the universal pair can be found in [31] for the (d, n) = 1 case and [62, Theorem
4.5] for a local construction in general. Given the role of the universal bundle,
the reader maywonder how the universal Higgs field at c enters the picture.We
shall see here that it defines the infinitesimal variation of the hyperholomorphic
connection on the universal bundle.

The startingpoint is the observation that the spaceHom(π1(C, c),PGLn(C))

is independent of c. More accurately, choosing a path from c to y, there is a
biholomorphism between the two spaces which only depends on the homotopy
class of the path. In our situation it is the holonomy of the flat connection along
that path which identifies the two.We have a flat connection when ζ �= 0 or∞
and this suggests that the deformation class in H1(Z,End(Ec)) is supported
on the fibres Z0, Z∞ ⊂ Z over these two points in P1.

Given a tangent vector X ∈ Tc(C), we can contract with the Higgs field
�c ∈ (End(E) ⊗ K )c to obtain �(X) which is a section of the universal
bundle End(Ec) over the moduli space of Higgs bundles M which we now
think of as the fibre Z0 over ζ = 0 in the twistor space. Similarly−�∗ defines
a holomorphic section −�∗(X) over Z∞, the moduli space for the conjugate
complex structure. Let s be the pullback toZ → P1 of the holomorphic section
ζd/dζ of TP1 ∼= O(2) on P1, then we have an exact sequence of sheaves on
Z:

0→ O(End(Ec))
s→ O(End(Ec)(2))→ OZ0+Z∞(End(Ec)(2))→ 0.

The vector field d/dζ trivializes O(2) at ζ = 0 and similarly at infinity so
the pair (�(X),−�∗(X)) may be regarded as a section of End(Ec)(2) over
Z0 + Z∞. Then we have:

Proposition 7.3 The map TCc → H1(Z,End(Ec)) defining the first order
deformation of the universal bundle at c is δ(�(X),−�∗(X)) where �

is the universal Higgs field at c and δ : H0(Z0 + Z∞,End(Ec)(2)) →
H1(Z,End(Ec)) is the connecting homomorphism in the cohomology of the
above exact sequence.

Proof For y ∈ C in a neighbourhood of c, parallel translation of a
flat connection takes the principal bundle Hom(π1(C, c),PGLn(C)) to
Hom(π1(C, y),PGLn(C)). This is an isomorphism of the universal bundle
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at c to the universal bundle at y, and to first order at c it is the horizontal lift
of a tangent vector X to the universal bundle overM× C , the lift defined by
the connection. This is a trivial deformation of holomorphic principal bundles
where M has the complex structure of the moduli space of flat connections,
so since ζ �= 0,∞ describes the points of Z via flat connections, it gives a
trivialization of the deformation of the universal bundle on this part of Z . The
flat connection is ∂A+�/ζ and so the trivialization does not extend to ζ = 0.

We may consider the first order deformation of the universal bundle as the
Kodaira-Spencer class for the deformation of complex structure of the principal
bundle Pc → Z as c ∈ C varies. In Čech cohomology, the deformation class
in H1(Z,End(Ec)) ⊂ H1(Pc, T ) is given using an open covering {Ui }, taking
local lifts Xi of the tangent vector X and defining the cocycle X j−Xi , a section
of End(Ec) over Ui ∩ Uj . In our case, for ζ �= 0, there is a global lift given
by the horizontal space of the connection ∂A +�/ζ . If we multiply by ζ then
this is global for all ζ . Repeating this process near ζ = ∞ shows that the class
maps to zero in H1(Z, (End(Ec))

s→ H1(Z,End(Ec)(2)) and consequently
is in the image of the coboundary map δ : H0(Z0 + Z∞, (End(Ec)(2)) →
H1(Z, (End(Ec)).
But the polar part of ∂A+�/ζ at ζ = 0 is �(X) and we see that the class is

given by extending�(X) and−�∗(X) as sections of End(Ec)(2) and dividing
by s, which is the coboundary map in Čech cohomology. ��

8 Further issues

8.1 Simple Lie groups

The simplest example of a very stable upward flow of type (1, 1, ...1) is, as
we have seen, the canonical section of the Hitchin fibration. In fact the moduli
space of Higgs bundles for any simple Lie group G admits a corresponding
section, constructed in [38]. For the adjoint group this is unique. This points
towards a generalization of the (1, 1, ...1) type in this context, where themirror
should be a hyperholomorphic bundle on the moduli space for the Langlands
dual group G∨.

The key point in [38] is to use the principal three-dimensional subgroup of
G [44]. The fixed point E is then obtained from the canonical uniformising SL2
Higgs bundle via the homomorphism SL2 → G. At a fixed point the scalar
action on the Higgs field arises from the action of a subgroup of the adjoint
group of G and in this case it is the action of the image of C× ⊂ SL2.

The characteristic feature of the subgroup is that it breaks up the Lie algebra
g into � irreducible components where � is the rank of G and the dimensions
are 2di − 1 where the di are the degrees of a basis of invariant polynomials.
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These are odd-dimensional and hence representations of SO3. Therefore t ∈ T
acts through (t−1, 1, t) ⊂ SO3.

The Higgs field has homogeneity one with respect to the T-action. Each
irreducible representation of SO3 has a single weight one subspace so the
Higgs field must take values in an �-dimensional subspace of g. From [44,
Lemma 5.2], the action has weight 1 on the root spaces of the � simple roots
α1, . . . , α� which therefore form a basis for this subspace. In the case of the
general linear group treated in this paper the simple roots are xi+1− xi which
correspond to line bundles Li+1L∗i and we dealt with sections bi of Li+1L∗i K .
The direct analogue for the group G of the (1, 1, . . . , 1) type fixed point is
then a line bundle Lαi for each simple root and a section bi of Lαi K . Writing
any root α in terms of simple roots then defines by tensor product a line bundle
Lα and a Lie algebra bundle

H ⊕
⊕

α∈�
Lα,

where H is a trivial rank � bundle associated to the Cartan subalgebra. For
the canonical fixed point E0 in the moduli space of G-bundles each bi is non-
vanishing and the upward flow is a section of the Hitchin fibration, and in
particular is closed. We shall discuss next the case of a Higgs bundle E when
bi is of degree mi ≥ 0 by studying the virtual multiplicity

mE(t) = χT(Sym(T+E
∗
))

χT(Sym(A∗)) .

Here T+E is the sum of root space line bundles for roots of positive weight
under the C×-action. Since the weight is 1 on the simple roots, these are the
positive roots. If α = c1α1 + · · · + c�α� in terms of the simple roots then
w(α) = c1 + · · · + c�. Since mi = deg Lαi K we have

deg Lα =
�∑

i=1
ci (α)(mi − (2g − 2)).

Following the procedure of Remark 5.12 we obtain

χT(T+E ) =
∑

α>0

t−w(α)

⎛

⎝
∑

w(α)=k
−(deg Lα + (1− g)) +

∑

w(α)=k−1
deg(Lα + (g − 1))

⎞

⎠
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or

χT(T+E ) =
∑

α>0

t−w(α)

⎛

⎝
∑

w(α)=k

�∑

i=1
−mici (α)+

∑

w(α)=k−1

�∑

i=1
mici (α)

⎞

⎠+ (g − 1)N (t).

When all themi = 0, the multiplicity is 1 because then we have an equivariant
section of A → M (one may also easily do the calculation – see below
the generating function for N j ) so the (g − 1)N (t) term above cancels the
denominator χT(Sym(A∗)) and the multiplicity reduces to

mE(t) =
�∏

i=1

∏

α>0

(
1− tw(α)+1

1− tw(α)

)mici (α)

. (8.1)

By experimentation one finds that this is rarely a polynomial. In the case of G2
this happens independently of the mi , supposing they are not identically zero,
for other groups there are constraints on themi . So there is a distinct difference
from the case of GLn or SLn . One case however always gives a polynomial as
we see next.

A simple root αi is called cominuscule if the coefficient ci (α) = 0,±1 for
every root α. Every simple root of SLn has this property but for other types
they are special or non-existent. The coroot α∨i in the dual root system, the
root system of the Langlands dual group, is calledminuscule (see for example
[15]) and this corresponds to an irreducible representation: the exterior powers
of the vector representation for SLn , the vector representation for Sp2n , the
spin representation for Spin2n+1 and the vector and two spin representations
for Spin2n .

Suppose then that αi is cominuscule and the Higgs field has m j = 0 for
j �= i and mi = 1. The formula (8.1) is multiplicative in mi so this case is
sufficient. Since ci (α) = 0, 1 for a positive root, the multiplicity is

∏

α>0,ci (α)�=0

(
1− tw(α)+1

1− tw(α)

)
.

Consider this product over all the positive roots of G:

∏

α>0

(
1− tw(α)+1

1− tw(α)

)
.

123



Very stable Higgs bundles, equivariant multiplicity... 981

Let N j be the number of root spaces of weight j , then this expression is

qG(t) =
∏

j≥1

(
1− t j+1

1− t j

)N j

=
∏

j≥1
(1− t j )N j−1−N j .

The Lie algebra g splits under the SO3-action into � irreducibles of dimen-
sion 2di − 1 where di is the degree of a basis element of the ring of
invariant polynomials. In each irreducible of dimension 2di − 1, there is a
one-dimensional space of weight 1, 2, . . . di − 1. Then

N1x + N2x
2 + · · · =

�∑

i=1
(x + x2 + · · · + xdi−1) = x

(1− x)

�∑

1

(1− xdi−1).

So the generating function for N j−1 − N j is −�x +∑�
1 x

di , hence

qG(t) = (1− t)−�
�∏

j=1
(1− td j ). (8.2)

Associated to each cominuscule root is a maximal parabolic subgroup P
whose Levi subgroup L is obtained by deleting αi from the Dynkin diagram of
G to produce a semisimple group and has an additional C× factor correspond-
ing to the coroot αi

∨ (see [15] for example). All simple roots of type A� are
minuscule and we have dealt with those in the main body of the paper. For the
other groups the deleted Dynkin diagram is connected and so we get a simple
group. The roots for which ci (α) = 0 are the roots of L. The T-action has
weight one on the simple root spaces of G and hence also on those of L. This
means that T acts with weight one on a linear combination

∑
j �=i λ j eα j of root

vectors. From [44] if λ j �= 0, this is a principal nilpotent in the Levi subal-
gebra and so T acts as a semisimple element in a principal three-dimensional
subgroup of the Levi group L.

Let n j be the degrees of generators of the invariant polynomials on L. The
rank of L is � and the simple component �− 1. Then

qL(t) = (1− t)−�

�−1∏

j=1
(1− tn j )

and

mE(t) =
∏

α>0,ci (α)�=0

(
1− tw(α)+1

1− tw(α)

)
= qG(t)

qL(t)
=

�∏

j=1

(1− td j )

(1− tn j )
. (8.3)

123



982 T. Hausel, N. Hitchin

Proposition 8.1 The virtual multiplicity mE(t) in equation (8.3) is a polyno-
mial.

Proof From [12, Theorem 26.1] if K ,U are compact Lie groups of the same
rank then the Poincaré polynomial of K/U is

P(K/U, t) = (1− t s1)(1− t s2) · · · (1− t s�)

(1− tr1)(1− tr2) · · · (1− tr�)
.

where si − 1, ri − 1 are the degrees of generators of the cohomology of K ,U .
Taking K and U to be the maximal compact subgroups of P,L then s j =
2d j , r j = 2n j and P(K/U, t) is a polynomial Q(t2). Then mE(t) = Q(t). ��
A theorem (which also follows from the geometric Satake theorem of [53], c.f.
[25, Theorem 1.6.3]) of B.Gross [27, Corollary 6.4] states that the Lefschetz
action of SL2 on the cohomology of the flag variety G/P is isomorphic to the
representation of the principal SL2 of the Langlands dual G∨ on the represen-
tation given by the minuscule weight dual to αi . In the light of our results on
exterior powers for the linear group this suggests the following.

Conjecture 8.2 Let αi1, . . . , αik be distinct cominuscule roots and suppose
that the corresponding sections bi j of Lαi j

K have m distinct zeros x1, . . . , xm,
and for other simple roots bi has no zero. Then the fixed point is very stable
and the mirror of its upward flow is the tensor product of the vector bundles
associated to the universal principal bundle for the Langlands dual group at
x j in the corresponding minuscule representation.

Remark 8.3 The referee has observed a further example beyond the general
linear group supporting this conjecture. The cominuscule root for Sp2n gives
a fixed point which is a rank 2n symplectic Higgs bundle of the form

L1
1→ L2

1→ · · · 1→ Ln
bn→ L−1n

1→ · · · 1→ L−12
1→ L−11

and if bn has no multiple zeros this is very stable as an SL2n-bundle and a
fortiori as an Sp2n-bundle.

On theupwardflowfrom this point, theHiggsfield� at a zeroofbn preserves
a Lagrangian subspace. At a regular point the eigenspaces of � lie in pairs
in n 2-dimensional symplectic subspaces so there are 2n invariant Lagrangian
subspaces which should correspond to a basis for the spin representation of
the Langlands dual group Spin2n+1.

8.2 Multiple zeros

We showed in Theorem 1.2 that a necessary and sufficient condition for a
fixed point of type (1, 1, . . . , 1) to be very stable is that b should have no
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multiple zeros. It is natural to ask what happens when we do have a multiple
zero. What is the closure of the upward flow, and is there a corresponding
hyperholomorphic bundle on the mirror moduli space?

We already know fromRemark 5.15 that the intersection of the upward flow
with a generic fibre has fewer points than the situationwhereb has simple zeros.
We also see in the proof of Lemma 4.13 that a multiple zero leads to a Hecke
curve in the closure – the closure of the flow tangent to a nilpotent Higgs field.

We illustrate this here with the simplest example of this situation in rank 2,
for the group SL2. Let E be a fixed point of the T-action defined by the vector
bundle L ⊕ L∗ and the off-diagonal Higgs field b : L → L∗K , defining a
section of L−2K which we assume has a single double zero at c ∈ C , and
hence L ∼= K 1/2(−c). The upward flow is given by Higgs bundles (E, �)

where E is an extension L → E
p→ L∗, tr� = 0 and b = p� : L → L∗K .

The spectral curve Ca is defined by det(x − �) = x2 + det� = 0 and
σ(x) = −x is the covering involution. Then if Ca is smooth, as we have seen,
E = π∗U where the line bundleU is the cokernel of x −� : π∗(E ⊗ K ∗)→
π∗E . The inclusion L ⊂ E ∈ H0(C;Hom(L , E)) is canonically defined by
the direct image construction as a section of the line bundle Hom(π∗L ,U ) on
Ca .

Now b vanishes at c ∈ C and suppose further that det�(c) �= 0. Since L
is preserved by � at c, it maps to zero in the cokernel of � − x for one of
the two eigenvalues ±x . Then p = (x, c) ∈ Ca or σ(p) = (−x, c) are zeros
of the holomorphic section of (π∗L)∗U . Since π : Ca → C is unramified at
these points, these zeros have multiplicity 2 since b has a double zero at c.

The bundle�2E is trivial which impliesU ∼= Mπ∗K 1/2 where σ ∗M ∼= M∗
(i.e. M lies in the Prym variety) and so since L ∼= K 1/2(−c), π∗L∗U ∼= M(c)
which has degree 2. But we have a section which vanishes with multiplicity
2 hence M(c) ∼ 2p or 2σ(p) as divisors, or, since c ∼ p + σ(p), M ∼
±(p − σ(p)). Thus the intersection with the generic fibre consists of two
points in the Prym variety whereas if b had two distinct zeros the intersection
would be four points.

Note that if q(c) = 0 and Ca is smooth, there is a single point p with
π(p) = c and π locally has the form z �→ z2. Since b has a double zero at c,
the section of π∗L∗U has a simple zero which is a contradiction since it has
degree 2. Thus the upward flow does not intersect these fibres, but as we shall
see next, the closure does.

Suppose (E, �) is a limit point of the upward flow. There is still a non-zero
homomorphism K 1/2(−c) → E but its image may not be an embedding. It
will generate a subbundle L0 of larger degree. Since it has positive degree by
stability it cannot be invariant by the Higgs field �0 so there is a nonvanishing
section of L−20 K . But deg L0 > deg K 1/2(−c) = g−2 hence deg L−20 K ≤ 0.
The existence of a section means that we have equality and L0 = K 1/2, so
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the bundle is an extension K 1/2 → E → K−1/2 and b is an isomorphism.
But from [36, Proposition 3.3] the extension is trivial and the limit lies on
the canonical section. Since det� ∈ H0(C, K 2) parametrizes the section the
limit lies on the (3g − 4)-dimensional linear subspace consisting of sections
which vanish at c.

Consider now the uniformising Higgs bundle K 1/2 ⊕ K−1/2 with Higgs
field 1 : K 1/2 → K−1/2K . The downward flow from this point consists of
extensions K−1/2 → E → K 1/2 with the same nilpotent Higgs field map-
ping the quotient to the subbundle. This is a Lagrangian submanifold and the
extensions are parametrized by a class e ∈ H1(C, K ∗) (of dimension (3g−3)
= dimM/2). The section s of O(c) vanishing at c defines a homomorphism
s : K 1/2(−c) → K 1/2 which lifts to E if se = 0 ∈ H1(C, K ∗). Equiv-
alently e = δ(u) for u ∈ H0(c,Oc(K ∗)) ∼= C where δ is the connecting
homomorphism in the cohomology exact sequence.

In Dolbeault terms with a C∞ splitting K 1/2 ⊕ K−1/2 we have

∂̄ +
(
0 ∂̄v/s
0 0

)
� =

(
0 1
0 0

)

where (as in 4.1.4) v is a local extension of u, zero outside a neighbour-
hood and holomorphic in a smaller one. Then the embedding of K 1/2(−c) ⊂
E is (v,−s) so that �(−v, s) = (s, 0) and the skew form on E gives
〈(v,−s), (s, 0)〉 = s2. This is equivalent to projecting onto the quotient and
clearly has a double zero at c. Then each extension E lies on the upward flow
from E and has as limit the canonical fixed point. This is a projective line in
the closure, a Hecke curve.

We see therefore that the union of the upward flowW+c from c andW+0 from
the canonical point is a closed subspace, and the symplectic form vanishes at
smooth points.

Conjecture 8.4 The mirror of the closed Lagrangian cycle W+0 ∪ W+c is the
universal adjoint bundle for c in the SO3 moduli space.

Here is some motivation. The subvariety W+0 ∪ W+c intersects a generic
fibre in three points and so the Fourier–Mukai transform is generically a rank
3 vector bundle. The virtualmultiplicitymE(t) for a double zero ofb is the same
as for two distinct zeros and, from the point of view of the previous subsection
this is (1 + t)2, from the Poincaré polynomial of P1 × P1. Moreover the
Lefschetz action of SL2 on the cohomology is the action on V ⊗V where V is
the defining 2-dimensional representation. This is the direct sum of the adjoint
and the trivial one-dimensional representation so on the adjoint component the
action is consistent with the conjecture.

Now the adjoint bundle for SO3 is a rank 3 bundle V and � : K ∗ → V is
injective when � is regular at each point of C , i.e. when the spectral curve is
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smooth. Trivializing K at c, the universal bundle admits a homomorphism from
the trivial bundle. It follows that the canonical section, which corresponds to
the trivial line bundle on the spectral curve, forms a component of the support
of the inverse transform. The other component clearly relates to the quotient
sheaf which is generically a rank 2 bundle.

One point to note is that the hyperholomorphic connection on the universal
bundle is not reducible (its Pontryagin class is a generator of H4(M,R)) and
this casts a question mark over the issue of whether the mirror of the closure
of W+c actually has a hyperholomorphic connection.

More generally, there is a Hecke correspondence for every irreducible rep-
resentation of the Langlands dual group, which has a natural compactification
(see [43, §9]). In our case, the image of the Hitchin section in the SL2 Higgs
moduli space under this compactified Hecke correspondence, attached to the
adjoint representation of SO3, is precisely our Lagrangian cycle W+0 ∪ W+c .
Its mirror then should be the universal adjoint bundle at c. The T-equivariant
index of its structure sheaf then should be 1 + t + t2, which is also the T-
character of the mirror adjoint bundle at the canonical uniformising Higgs
bundle. Incidently, it also matches the intersection Poincaré polynomial of a
certain weighted projective space, which is the closure of the space of Hecke
modifications at a point in our case (c.f. [43, 9.2]). In fact, from the geometric
Satake correspondence [25,53] this generalises to the general case of simple
(even reductive) groups, and we expect the analoguous results to hold there
too.

8.3 The cotangent fibre

The upward flow from a very stable bundle (E, 0) is an important example.We
have calculated the rank of its transform in Remark 5.9 using the multiplicity
formula. The alternative method, as in [6] is to argue that if there are no
nilpotent Higgs fields then locally the moduli space is given by the vanishing
of invariant polynomials. For a simple Lie group this is therefore the vanishing
of (2di − 1)(g − 1) functions of degree di for i = 1, . . . , � and so the rank of
this bundle is

�∏

1

d(2di−1)(g−1)
i ,

which Laumon in [47, Remark 6.2.3] called the global analogue of the order
of the Weyl group. The structure of this bundle even for the 23g−3 case of
SL2 is largely unknown, and less so a way to construct a hyperholomorphic
connection on it. In (6.39) we offered evidence from mirror symmetry for a
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conjecture of the T-character of the fibre of this bundle with a T-equivariant
structure at the fixed points of type (1, 1).

It is an important example as it relates to the work of Donagi–Pantev [20]
on the geometric Langlands programme, where they proposed a geometric
approach of constructing automorphic sheaves on the moduli stack of bundles,
which was, in fact, also the motivation of Drinfeld [21] and Laumon [46]
for the introduction of very stable bundles, see also [47, Conjecture 6.2.1].
This programme aims to associate to a point m ∈ M∨, the mirror of the
Higgs bundle moduli space M, a flat connection on N , the moduli space of
stable bundles, with singularities on the “wobbly locus”. A generic point in the
mirror consists of a spectral curve Ca and (according to the SYZ procedure)
a line bundle L over its Jacobian. In M, the spectral curve defines a fibre
of the Hitchin fibration. This fibre over a ∈ A intersects T ∗N ⊂ M in the
complement of a subvariety and the projection to N extends to a rational
map as in [6]. The idea is that the vector bundle V on N is associated to a
direct image of L , and the canonical 1-form on the cotangent bundle T ∗N
defines a Higgs field on V , a section of End(V )⊗ T ∗. Then, using the higher
dimensional nonlinear Hodge theory due to Simpson andMochizuki [54], one
hopes to obtain a flat connection.

What is the link with this paper? The complement of the wobbly locus inN
is the set of very stable vector bundles E . The fibre of V at a generic [E] ∈ N
is the direct sum of the fibres of L over the intersection of the upward flow
of (E, 0) with the Hitchin fibre. Put another way, if N vs ⊂ N denotes the
moduli space of very stable bundles, then the Fourier–Mukai transform of the
upward flows overN vs defines a bundle onN vs ×M∨. In this paper we have
been concerned with the restriction to [E] ×M∨, for Donagi and Pantev it is
the restriction to N vs × {m}.

In fact what we have encountered is a miniature version of this in the case
of very stable Higgs bundles of type (1, 1, . . . , 1). Instead of the T-fixed point
set N we have another component: a subvariety defined by the zero set of
(b1, . . . , bn−1) in the product of symmetric products C [m1] × C [m2] × · · · ×
C [mn−1]. Moreover we have explicitly identified the wobbly locus, namely
where the product b1 . . . bn−1 has multiple zeroes. This includes the various
diagonals. The hyperholomorphic bundle we identified as a tensor product of
exterior powers of universal bundles corresponding to the zeros of the bi . By
nonlinear Hodge theory on C , a point m ∈M∨ defines a flat connection on
the curveC and hence also on the productCm1×Cm2×· · ·×Cmn−1 , invariant
by the action of the product of symmetric groups, hence descending to a flat
connection, but with singularities over the diagonals.
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discussions. Most of all we are grateful for a long list of very helpful comments by the referee.
We would also like to thank the organizers of the Summer School on Higgs bundles in Hamburg
in September 2018, where the authors and Richard Wentworth were giving lectures and where
the work in this paper started by considering the mirror of the Lagrangian upward flows W+E
investigated in [17]. The second author wishes to thank EPSRC and ICMAT for support.

Funding Information Open access funding provided by Institute of Science and Technology
(IST Austria).

Open Access This article is licensed under a Creative Commons Attribution 4.0 International
License, which permits use, sharing, adaptation, distribution and reproduction in any medium
or format, as long as you give appropriate credit to the original author(s) and the source, provide
a link to the Creative Commons licence, and indicate if changes were made. The images or other
third party material in this article are included in the article’s Creative Commons licence, unless
indicated otherwise in a credit line to the material. If material is not included in the article’s
Creative Commons licence and your intended use is not permitted by statutory regulation or
exceeds the permitted use, youwill need to obtain permission directly from the copyright holder.
To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

1. Arinkin, D., Polishchuk, A.: Fukaya category and Fourier transform (in Winter school on
mirror symmetry, vector bundles and Lagrangian Submanifolds (Cambridge, MA, 1999)),
AMS/IP Stud. Adv. Math., 23, AMS, 261–274 (2001)

2. Artin, M.: On the joins of Hensel rings. Adv. Math. 7, 282–296 (1971)
3. Asok, A.: Equivariant vector bundles on certain affine G-varieties, Pure Appl. Math. Q. 2

(2006), no. 4, Special Issue: In honor of Robert D. MacPherson. Part 2, pp. 1085–1102
4. Atiyah, M.F., Hitchin, N.J., Singer, I.M.: Self-duality in four-dimensional Riemannian

geometry. Proc. R. Soc. Lond. Ser. A 362, 425–461 (1978)
5. Baum, P., Fulton, W., MacPherson, R.: Riemann–Roch and topological K-theory for sin-

gular varieties. Acta Math. 143, 155–192 (1979)
6. Beauville, A., Narasimhan, M.S., Ramanan, S.: Spectral curves and the generalised theta

divisor. J. Reine Angew. Math. 398, 169–179 (1989)
7. Bellamy, G., Dodd, C., McGerty, K., Nevins, T.: Categorical cell decomposition of quan-

tized symplectic algebraic varieties. Geom. Topol. 21(5), 2601–2681 (2017)
8. Białynicki-Birula, A.: Some theorems on actions of algebraic groups. Ann. Math. 2(98),

480–497 (1973)
9. Białynicki-Birula, A.: Some properties of the decompositions of algebraic varieties deter-

mined by actions of a torus. Bull. Acad. Polon. Sci. Sér. Sci. Math. Astronom. Phys. 24(9),
667–674 (1976)

10. Biswas, I., Ramanan, S.: An infinitesimal study of the moduli of Hitchin pairs. J. Lond.
Math. Soc. 49(2), 219–231 (1994)

11. Birkenhake, C., Lange, L.: Complex Abelian Varieties. Grundlehren Math. Wiss., 2nd edn.
Springer, Berlin (2004)

12. Borel, A.: Sur la cohomologie des espaces fibrés principaux et des spaces homogènes de
groupes de Lie compacts. Ann. Math. 57, 115–207 (1953)

13. Bourbaki, N.: Commutative Algebra, Chapters 1–7. Elements of Mathematics, Springer,
Berlin (1989)

14. Brion, M.: Linearization of algebraic group actions, Handbook of group actions. Vol. IV,
291–340, Adv. Lect. Math. (ALM), 41, Int. Press, Somerville, MA (2018)

123

http://creativecommons.org/licenses/by/4.0/


988 T. Hausel, N. Hitchin

15. Buch, A., Samuel, M.: K-theory of minuscule varieties. J. Reine Angew. Math. 719, 133–
171 (2016)

16. Caldararu, A.: Derived categories of twisted sheaves on Calabi-Yau manifolds, Thesis
(Ph.D.) Cornell University (2000)

17. Collier, B., Wentworth, R. : Conformal limits and the Bialynick-Birula stratification of the
space of lambda-connections, Adv. Math. 350, 1193–1225 (2019). arXiv:1808.01622

18. Dolgachev, I.: Lectures on Invariant Theory. Springer, Berlin (2004)
19. Donagi, R., Pantev, T.: Langlands duality for Hitchin systems. Invent. Math. 189(3), 653–

735 (2012)
20. Donagi, R., Pantev, T.: Geometric Langlands and Non-Abelian Hodge Theory. Surv. Differ.

Geom., pp. 85–116. Int. Press, Somerville, MA (2009)
21. Drinfeld, V.G.: Letter to P. Deligne June (1981)
22. Drinfeld, V.: On algebraic spaces with an action of Gm . preprint arXiv:1308.2604
23. García-Prada, O., Heinloth, J., Schmitt, A.: On the motives of moduli of chains and Higgs

bundles. J. Eur. Math. Soc. 16(12), 2617–2668 (2014)
24. Gillet, H., Soulé, C.: Intersection theory usingAdams operations. Invent.math. 90, 243–277

(1987)
25. Ginzburg, V.: Perverse sheaves on a loop group and Langlands’ duality. preprint

arXiv:alg-geom/9511007
26. Gothen, P.B.: The Betti numbers of the moduli space of rank 3 Higgs bundles. Internat. J.

Math. 5, 861–875 (1994)
27. Gross, B.: On minuscule representations and the principal SL2. Represent. Theory 4, 225–

244 (2000)
28. Grothendieck, A.: Éléments de géométrie algébrique (rédigés avec la collaboration de Jean

Dieudonné) : IV. Étude locale des schémas et des morphismes de schémas, Troisième partie
. Publications Mathématiques de l’IHÉS, 28, 5–255 (1966)

29. Halpern-Leistner, D.: On the structure of instability in moduli theory. arXiv:1411.0627
30. Hausel, T.: Compactification of moduli of Higgs bundles. J. Reine Angew. Math. 503,

169–192 (1998)
31. Hausel, T.: Vanishing of intersection numbers on the moduli space of Higgs bundles. Adv.

Theor. Math. Phys. 2(5), 1011–1040 (1998)
32. Hausel, T., Mellit, A., Pei, D.: Mirror symmetry with branes by equivariant Verlinde for-

mulas. In: Andersen, J.E., et al. (eds.) Geometry and Physics, vol. I, pp. 189–218. Oxford
University Press, Oxford (2018)

33. Hausel, T., Thaddeus, M.: Generators for the cohomology ring of the moduli space of rank
2 Higgs bundles. Proc. Lond. Math. Soc. 88, 632–658 (2004)

34. Hausel, T., Villegas, R.F.: Cohomology of large semiprojective hyperkähler varietie.
Astérisque 370, 113–156 (2015)

35. Heinloth, J.: Hilbert-Mumford stability on algebraic stacks and applications to G-bundles
on curves, Épijournal Geom. Algébrique 1 (2017), Art. 11

36. Hitchin, N.: The self-duality equations on aRiemann surface. Proc. Lond.Math. Soc. 3(55),
59–126 (1987)

37. Hitchin, N.: Stable bundles and integrable systems. Duke Math. J. 54(1), 91–114 (1987)
38. Hitchin, N.: Lie groups and Teichmüller space. Topology 31(3), 449–473 (1992)
39. Hitchin, N.: Higgs bundles and characteristic classes. In: Arbeitstagung Bonn: in Memory

of Friedrich Hirzebruch. Progress in Mathematics, Birkhäuser 2016, pp. 247–264 (2013)
40. Hitchin, N.: Critical loci for Higgs bundles. Commun.Math. Phys. 366(2), 841–864 (2019)
41. Huybrechts, D.: Fourier–Mukai Transforms in Algebraic Geometry. Oxford Mathematical

Monographs, Oxford University Press, Oxford (2006)
42. Horrocks, G.: Fixed point schemes of additive group actions. Topology 8, 233–242 (1969)
43. Kapustin, K., Witten, E.: Electric-magnetic duality and the geometric Langlands program.

Commun. Number Theory Phys. 1(1), 1–236 (2007)

123

http://arxiv.org/abs/1808.01622
http://arxiv.org/abs/1308.2604
http://arxiv.org/abs/alg-geom/9511007
http://arxiv.org/abs/1411.0627


Very stable Higgs bundles, equivariant multiplicity... 989

44. Kostant, B.: The principal three-dimensional subgroup and the Betti numbers of a complex
simple Lie group. Am. J. Math. 81, 973–1032 (1959)

45. Mukai, S.: Duality between D(X) and D(X̂)with its application to Picard sheaves. Nagoya
Math. J. 81, 153–175 (1981)

46. Laumon, G.: Un analogue du cone nilpotent. Duke Math. J. 2(57), 647–671 (1988)
47. Laumon, G.: Faisceaux automorphes liés aux séries d’Eisenstein, in Automorphic forms,

Shimura varieties, and L-functions, Vol. I (Ann Arbor, MI, 1988), pp. 227–281, Perspect.
Math., 10, Academic Press, Boston, MA (1990)

48. Luna, D.: Slices étales, Mémoires de la S. M. F., Tome 33, 81–105 (1973)
49. Masuda,M.,Moser-Jauslin, L., Petrie, T.: The equivariant Serre problem for abelian groups.

Topology 35(2), 329–334 (1996)
50. Mamone-Capria, M., Salamon, S.M.: Yang–Mills fields on quaternionic spaces. Nonlin-

earity 1, 517–530 (1988)
51. Matsumura, H.: Commutative Ring Theory. Cambridge Studies in AdvancedMathematics,

2nd edn. Cambridge University Press, Cambridge (1989)
52. Milne, J.: Étale Cohomology. PrincetonMathematical Series, vol. 33. Princeton University

Press, Princeton (1980)
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