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1 INTRODUCTION

1.1 Background and context

Mirror symmetry, first observed by physicists studying string theory, posits that Calabi–Yau man-
ifolds exist in pairs (𝑋, 𝑋̆), where the symplectic geometry of 𝑋 controls the complex geometry of
𝑋̆ and vice versa. This phenomenon has received a great deal of attention from mathematicians
over the last 30 years, and has been given a compelling categorical formulation by Kontsevich [34]
known as homological mirror symmetry. Although still conjectural, homological mirror symme-
try serves as an important organizing principle in the field, and suggests answers to many funda-
mental questions. For example, given a Calabi–Yau manifold 𝑋, how can we construct the mirror
manifold 𝑋̆?
Homological mirror symmetry implies that, in good circumstances, the homogeneous coordi-

nate ring of the mirror 𝑋̆ should be isomorphic to the degree-zero part of the symplectic cohomol-
ogy 𝑆𝐻0(𝑋) [44]. Proving this is challenging, because tools for computing symplectic cohomology
— which encodes part of the Floer theory of 𝑋 — are still in their infancy. Indeed, so far sym-
plectic cohomology has been computed to verify manifestations of homological mirror symmetry
only in a handful of cases, in the situation of 2-dimensional Liouville domains [43]. In this paper,
we investigate it in the first known case where 𝑋 is not a Liouville domain: the Tate curve, a
family

𝑇⟶ Specℂ�𝑢�

with generic fiber a smooth elliptic curve and central fiber a cycle 𝑇0 of 𝑏 rational curves, for a
fixed integer 𝑏.
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F IGURE 1 . 1 Outline of correspondences

Our work builds directly on the Gross–Siebert program [22, 29], which aims at an algebro-
geometric understanding of mirror symmetry. This program ismotivated by the Strominger–Yau–
Zaslow (SYZ) conjecture, suggesting that a mirror pair (𝑋, 𝑋̆) of Calabi–Yau manifolds should
carry dual special Lagrangian torus fibrations 𝑋 → 𝐵, 𝑋̆ → 𝐵 over the same base 𝐵 [46]. A key
ingredient in theGross–Siebert approach is tropical geometry, which one should think of as occur-
ring on the base 𝐵 of the fibration— this is viewed as the ‘tropicalization’ of a degenerate limit of
𝑋 (or 𝑋̆).
From the point of view of the Gross–Siebert program, the homogeneous coordinate ring of the

mirror to the open Calabi–Yau manifold 𝑇 ⧵ 𝑇0 — or rather, the mirror to the log Calabi–Yau
pair (𝑇, 𝑇0) — arises as a ring of theta functions [22, 28]. Structure constants in this ring count
maps from algebraic curves into 𝑇 that satisfy prescribed tangency conditions [27]: these are the
punctured log Gromov–Witten invariants defined by Abramovich–Chen–Gross–Siebert [3]. Our
contribution is to establish the correct notion of tropicalization for such curves in this setting.
We introduce tropical objects, called corals, that morally speaking arise as the tropical limits of
punctured log curves in 𝑇. We then prove a correspondence between punctured log Gromov–
Witten invariants of 𝑇 and counts of corals (Theorems 8.9 and 9.4).
On the other hand, the discussion in Subsection 5.2 expresses structure constants of the sym-

plectic cohomology 𝑆𝐻0(𝑇 ⧵ 𝑇0) in terms of counts of holomorphic polygons in 𝐸, and further
in terms of counts of combinatorial objects called tropical Morse trees introduced by Abouzaid–
Gross–Siebert [6, Section 8]. By establishing a correspondence between tropical Morse trees and
corals (Theorem 5.12), we verify that the product structure in the degree-zero part of symplectic
cohomology 𝑆𝐻0(𝑇 ⧵ 𝑇0) agrees with the one in the homogeneous coordinate ring of the mirror
to 𝑇 ⧵ 𝑇0, given by the ring of theta functions.

1.2 Outline of the paper

We now give a more detailed overview of the argument, following the outline in Figure 1.1.
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1.2.1 The symplectic cohomology of 𝑇 ⧵ 𝑇0

By definition, symplectic cohomology is a version of Hamiltonian Floer theory for Liou-
ville domains [8, 13, 14, 44]. In Subsection 5.2, we investigate the symplectic cohomology
of the open Calabi–Yau manifold 𝑇 ⧵ 𝑇0. Topologically, 𝑇 ⧵ 𝑇0 is the mapping cylinder of
the Dehn twist 𝜏 ∶ 𝐸 → 𝐸 on the elliptic curve; it is not a Liouville domain. Nonetheless
one can define (a version of) the symplectic cohomology ring 𝑆𝐻⋆(𝑇 ⧵ 𝑇0) — see Subsec-
tion 5.2 [12, 37]. Based on discussions with Pomerleano–Tonkonog and Abouzaid–Siebert, we
have

𝑆𝐻0(𝑇 ⧵ 𝑇0) ≅
⨁
𝑘∈ℤ

𝐻𝐹0(𝐿(0), 𝐿(𝑘)), (1.1)

where𝐻𝐹 stands for Lagrangian Floer cohomology and 𝐿(𝑘) ⊂ 𝐸 is the Lagrangianwhich lifts to a
line of slope 𝑘 on the universal cover of 𝐸. Thus, the ring structure on 𝑆𝐻0(𝑇 ⧵ 𝑇0) is isomorphic
to the ring structure on Lagrangian Floer cohomology of the elliptic curve 𝐸. In particular, the
product rule in 𝑆𝐻0(𝑇 ⧵ 𝑇0) can be described by counts of holomorphic polygons in 𝐸 bounded
by Lagrangians.

1.2.2 Holomorphic polygons in 𝐸 and tropical Morse trees

Gross has established a correspondence between holomorphic polygons in 𝐸 and tropical Morse
trees [6, Section 8]. This is discussed in detail in Subsection 5.3, but roughly speaking a tropical
Morse tree is a map 𝜙 ∶ → 𝑆1, where  is a ribbon graph, whose edges are decorated with
integer weights. The map 𝜙 is asked to satisfy a balancing condition in terms of these weights and
lengths of the images of edges of. This enables us to construct a holomorphic polygon in 𝐸 from
a tropical Morse tree. The correspondence between tropical Morse trees in 𝑆1 and holomorphic
polygons in 𝐸, together with (1.1), allows us to describe the ring structure on 𝑆𝐻0(𝑇 ⧵ 𝑇0) using
counts of tropical Morse trees.
From the SYZ point of view onmirror symmetry, the target 𝑆1 of a tropical Morse tree 𝜙 ∶ →

𝑆1 should be thought of as the SYZ base 𝐵 for the elliptic curve 𝐸. Below we will also consider
tropical Morse trees 𝜙 ∶ → ℝ with target ℝ, and these ℝ should be thought of as the SYZ base
for the algebraic torus ℂ×.

1.2.3 Unfolding the Tate curve

Up to this point, we have considered the Tate curve 𝑇 → Specℂ�𝑢� with generic fiber a
smooth elliptic curve and special fiber 𝑇0 given by a cycle of rational curves. In what fol-
lows, it will be convenient to consider the unfolded Tate curve 𝑇 → Specℂ[𝑢] with general
fiber an algebraic torus ℂ× and special fiber 𝑇0 given by an infinite chain of rational curves.
We describe in Subsection 8.5 how to pass from statements about the unfolded Tate curve
(𝑇, 𝑇0) to the corresponding statements for the Tate curve (𝑇, 𝑇0), by taking an appropriate
quotient.
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F IGURE 1 . 2 A tropical coral in the truncated cone 𝐶ℝ over ℝ

1.2.4 Tropical corals

The main new objects introduced in this paper are tropical corals. These, unlike tropical Morse
trees, are tropical objects for which one can obtain a geometric interpretation in terms of certain
log maps, as explained below. Roughly, tropical corals are balanced trees contained in the trun-
cated cone 𝐶ℝ ∶= ℝ × [1,∞), and which satisfy some additional conditions where they meet the
boundary of the truncated cone. A tropical coral is given by a map

ℎ ∶ Γ⟶ 𝐶ℝ

from an edge-weighted graph Γ that satisfies a balancing condition at the images of the ver-
tices of Γ. Tropical corals are similar to usual tropical curves in the plane [38, 41], except
that the unbounded edges meeting the truncated cone at its boundary get cut off, and more-
over we require these edges to lie on lines passing through the origin. Figure 1.2 shows the
image of a tropical coral in the truncated cone 𝐶ℝ; for more details on tropical corals, see
Subsection 4.1.
A tropical coral has a degree, which is the set of vectors in ℤ2 defined by the (weighted) direc-

tions of unbounded edges together with the directions of the edges that meet the boundary of the
truncated cone. We set up a well-defined counting problem for tropical corals in Subsection 4.5,
by considering tropical corals of a fixed degree Δ that satisfy a constraint 𝜆; here 𝜆 specifies the
position of all but one unbounded edge. We define the multiplicity of a tropical curve (Defini-
tion 4.33), and set𝑁trop

Δ,𝜆
to be the number of tropical corals of degreeΔ that satisfy 𝜆, counted with

multiplicity.

Theorem 1.1 (see Lemma 4.31 and Theorem 4.36 for details). For a general constraint 𝜆, chosen
from a non-empty set called the stable range, the corresponding count of tropical corals𝑁trop

Δ,𝜆
is inde-

pendent of 𝜆.

From the SYZ point of view on mirror symmetry, the target 𝐶ℝ of a tropical coral ℎ ∶ Γ → 𝐶ℝ
should be thought of as the SYZ base 𝐵 for the total space of the unfolded Tate curve 𝑇. That is,
corals are tropical curves in the tropicalization of a degenerate limit of 𝑇 (see Theorem 3.2 and
Proposition 7.4).
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1.2.5 Tropical corals and tropical Morse trees

In Subsection 5.4, we show that a tropical coralℎ∶ Γ → 𝐶ℝwithout horizontal edges determines a
tropical Morse tree 𝜙∶ → ℝ. Roughly speaking, the coral itself defines the ribbon graph, and
the map 𝜙 is defined by taking an unbounded edge of Γ to its direction in ℙ1(ℝ) = 𝑆1. Conversely
a general (trivalent) tropical Morse tree can be lifted to a tropical coral — see Theorem 5.12. Thus,
we obtain the following theorem.

Theorem 1.2 (see Theorem 5.12 and Corollary 5.13 for details). There is a surjection

Ψ ∶  ⟶   (1.2)

ℎ⟼ 𝜓ℎ

from the set  of tropical corals with no horizontal edges to the set of tropical Morse trees   . The
fiber over 𝜙 ∈   is the set of tropical corals of a fixed type determined by 𝜙. In particular, fixing
appropriate constraints for the corals, we obtain a bijective correspondence between tropical Morse
trees and tropical corals.

This allows us to describe the ring structure on 𝑆𝐻0(𝑇 ⧵ 𝑇0) through counts of tropical corals
𝑁
trop
Δ,𝜆

.

1.2.6 Tropical corals and log corals

We now turn to the geometric curve-counting problem of which tropical corals give the tropi-
calization: this involves counting certain log curves. As a first step we introduce an intermediate
space, which one can think of as a degeneration of the total space of the unfolded Tate curve.
Consider the unfolded Tate curve as a family over Specℂ[𝑢], and take the base change 𝑌 of this
family along the map

Specℂ[𝑠, 𝑡] → Specℂ[𝑢]

given by 𝑢 = 𝑠𝑡. The general fiber of the degeneration given by the composition 𝑌 →
Specℂ[𝑠, 𝑡] → Specℂ[𝑡] is the total space 𝑇 of the unfolded Tate curve. The degenerate limit of
𝑇, given by the central fiber of 𝑌 → Specℂ[𝑡] over 𝑡 = 0, is 𝑇0 × 𝔸1. We consider the total space
of 𝑌 as a log scheme, equipping it with the divisorial log structure with respect to the central fiber
𝑇0 × 𝔸

1, and equipping the central fiber itself with the pullback log structure.
A log coral, defined in Section 6, is a log map to 𝑇0 × 𝔸1 from a marked nodal genus-zero

log curve 𝐶 that may have non-compact components. The non-compact components here are
required to be parallel, that is, they project dominantly to 𝔸1 and project to a single smooth point
in𝑇0. In Section 6,we set up awell-defined counting theory for log corals.We consider log corals of
fixed degreeΔ, which satisfy an asymptotic constraint 𝜆 and a log constraint 𝜌; here the asymptotic
constraint is the same data as the tropical constraint 𝜆 considered above, and the log constraint 𝜌,
defined as in Definition 6.17, imposes additional incidence conditions at marked points. We write
𝑁
log

Δ,𝜆,𝜌
for the number of log corals of degree Δ which satisfy the asymptotic constraint 𝜆 and the

log constraint 𝜌. The main result of Section 8 is the following correspondence theorem for (log)
corals.
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Theorem 1.3 (see Theorem 8.7 for details). For general asymptotic constraint 𝜆 in the stable range
and any choice of log constraint 𝜌, we have

𝑁
log

Δ,𝜆,𝜌
= 𝑁

trop
Δ,𝜆
.

In particular, the counts𝑁log
Δ,𝜆,𝜌

are log Gromov–Witten invariants of the (unfolded) Tate curve, inde-
pendent of 𝜆 and 𝜌.

This is the technical heart of the paper. We argue as follows. We consider an open subset 𝑈0 ⊂
𝑇0 × 𝔸

1 which contains the images of all log corals contributing to𝑁log
Δ,𝜆,𝜌

. Extending the truncated

cone, we obtain a compact space 𝑈0 which contains 𝑈0 and has an additional component 𝑍0
(which corresponds to the origin in the plane). Then, extending the edges of a tropical coral which
meet the boundary of the truncated cone, so that they pass through the origin defines a tropical
curve in the plane, and byNishinou–Siebert [41] this corresponds to amap from a (compact) curve
𝐶̃ → 𝑈0 that satisfies certain tangency conditions.
Restricting this map 𝐶̃ → 𝑈0 to land in 𝑇0 × 𝔸1 defines a tropical coral𝐶 → 𝑇0 × 𝔸1. The curve

𝐶̃ is obtained from 𝐶 by, for each non-compact component of 𝐶, compactifying it to ℙ1 and then
gluing on an additional rational component whichmeets ℙ1 at the compactifying point at infinity
and which maps to 𝑍0. The map from the additional rational components to 𝑍0 is standard, and
is determined by the log constraint 𝜌. Thus, our construction gives a bijective correspondence
between log corals and tropical corals.
There is an important technical point here, which is discussed further in Subsection 8.4.

Nishinou–Siebert establish their correspondence theorem under a restrictive hypothesis, called
toric transversality, that fails here. Lemma 8.6 shows that their theorem in fact holds under
weaker hypotheses, which include the case of the (unfolded) Tate curve. This is likely to have
broader application.

1.2.7 Log corals and punctured log maps

As discussed in Section 9, deleting all non-compact components of the source curve gives a one-to-
one correspondence† between log corals𝐶 → 𝑇0 × 𝔸1 and punctured logmaps𝐶′ → 𝑇, as defined
in [3]. The image of such a punctured log map is necessarily contained in the central fiber 𝑇0 ⊂ 𝑇.
Since punctured logGromov–Witten theory is unobstructed in this case, this implies the following
theorem.

Theorem 1.4 (see Theorem 9.4 for details). The count of log corals 𝑁log
Δ,𝜆,𝜌

is a punctured log
Gromov–Witten invariant of 𝑇.

These punctured log invariants give the structure constants of the ring of theta functions, that
is, of the homogeneous coordinate ring of the mirror to the Tate curve 𝑇 [27]. This completes
the connection between the mirror to the Tate curve and the degree-zero symplectic homology
𝑆𝐻0(𝑇 ⧵ 𝑇0).

† By Subsection 8.5, we can consider either the Tate curve (𝑇, 𝑇0) or the unfolded Tate curve (𝑇, 𝑇0) here.
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1.3 Related work and future aspects

The correspondences in Figure 1.1 are expected to generalize to higher dimensional Calabi–Yau
varieties. Nonetheless a higher dimensional tropical Morse category, which would be needed for
this generalization, has not been worked out so far. Similarly, we lack a suitable log deformation
theory for log corals, generalizing [41, Section 7], that would allow us to write concretely defor-
mations of log corals as solutions of the Floer equation. These solutions are punctured Riemann
surfaceswith asymptotic cylindrical ends,which can be visualized as thickenings of tropical corals
on 𝐶𝑆1. Such punctured Riemann surfaces with several asymptotic cylindrical ends arise in the
context of involutive Lie bialgebras, and capture an 𝐼𝐵𝐿∞-structure [7, 9, 10, 40] on symplectic
cohomology. In general, one should see algebro-geometric analogues of this and similar struc-
tures arising in the ring of theta functions.

Conventions.We fix

𝑁 = ℤ𝑛, 𝑁ℝ = 𝑁 ⊗ℤ ℝ, 𝑀 = Hom(𝑁,ℤ), 𝑀ℝ = 𝑀 ⊗ℤ ℝ.

If Σ is a fan in 𝑁ℝ, then 𝑋(Σ) denotes the associated toric ℂ-variety with big torus Int𝑋(Σ) ≃
𝔾(𝑁) ⊂ 𝑋(Σ), whose complement is referred to as the toric boundary of 𝑋(Σ). For a subset Ξ ⊂
𝑁ℝ, 𝐿(Ξ) ⊂ 𝑁ℝ denotes the linear space associated to Ξ, which is the linear subspace spanned by
differences 𝑣 − 𝑤 for 𝑣, 𝑤 in Ξ. Given a monoid 𝑃, define the monoid ring

ℂ[𝑃] ∶=
⨁
𝑝∈𝑃

ℂ𝑧𝑝,

where multiplication is determined by 𝑧𝑝 ⋅ 𝑧𝑝′ = 𝑧𝑝+𝑝′ .

2 THE TATE CURVE 𝑻

The Tate curve 𝑇 is a curve over the complete discrete valuation ring 𝑅 ∶= ℂ�𝑢�, where ℂ�𝑢� is
the ring of formal power series in 𝑢 with coefficients in ℂ. Topologically it is a family

𝑇 → Specℂ�𝑢�

of elliptic curves degenerating into a nodal elliptic curve. The construction of the Tate curve is a
special case of a construction of Mumford for degenerations of abelian varieties [39]. For details
of the construction, see also [6, Subsection 8.4]. We describe the Tate curve torically, obtained as
a quotient of its unfolding in the next section.

2.1 The Tate curve as a ℤ-quotient of its unfolding 𝑻̃

In this section, we construct the unfolded Tate curve and its degeneration, as a particular case of
a toric degeneration of a toric variety [23, 41]. The Tate curve will then be obtained as a quotient
of the unfolded Tate curve by an action of ℤ. The initial data to construct the unfolded Tate curve
consist of the pair (ℝ,P𝑏), where ℝ is viewed as an integral affine manifold [21, Definition 2.2],
which we will denote by 𝐵 andP𝑏, 𝑏 ∈ ℤ>0 is a b-periodic polyhedral decomposition of ℝ defined
as follows.
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F IGURE 2 . 1 The toric fan for the unfolded Tate curve

Definition 2.1. Let

Ξ𝑗 ∶= [𝑗𝑏, (𝑗 + 1)𝑏], 𝑗 ∈ ℤ

be a closed interval of integral length 𝑏 in ℝ. Let

Ξ′𝑗 ∶= Ξ𝑗 ∩ Ξ𝑗+1

be a common face of two such intervals. The integral b-periodic polyhedral decomposition P𝑏 of
ℝ is the covering

P𝑏 ∶= {Ξ𝑗} ∪ {Ξ
′
𝑗}

of ℝ, where 𝑗 ∈ ℤ. We refer to each Ξ𝑗 and Ξ′𝑗 as a cell of P𝑏. The maximal cells of P𝑏 are the
faces Ξ𝑗 , 𝑗 ∈ ℤ, and the vertices ofP𝑏 are the 0-faces Ξ′𝑗 , 𝑗 ∈ ℤ.

For each cell Ξ𝑗 ∈P𝑏, we define the convex polyhedral cone

𝐶(Ξ𝑗) = ℝ⩾0 ⋅ (Ξ𝑗 × {1}).

We use the cone 𝐶(Ξ𝑗) to define the toric fan

Σ̃P𝑏
∶= {𝜎 a face of 𝐶(Ξ𝑗) | Ξ𝑗 ∈P𝑏} (2.1)

associated toP𝑏. The fan Σ̃P𝑏
has support in (ℝ × ℝ>0) ∪ {(0, 0)}. The projectionℝ2 → ℝ2∕ℝ = ℝ

onto the second factor defines a map of fans Σ̃P𝑏
→ {0, ℝ⩾0} which induces the morphism

𝜋 ∶ 𝑇⟶ 𝔸1 (2.2)

referred to as the unfolded Tate curve. We illustrate the map of fans in Figure 2.1. We can find
the general and central fibers of 𝜋 ∶ 𝑇 → 𝔸1 by examining the pre-images of the cones {0} and
ℝ⩾0 in the fan for 𝔸1 under the height function (see [41, Lemma 3.4, Proposition 3.5] for details).
Since each Ξ𝑗 ∈P𝑏 is bounded, we obtain the asymptotic fan ΣP𝑏

as the fan consisting of the
single point (0, 0) ∈ ℝ2 [41, Definition 3.1]. Therefore, the degeneration 𝜋 ∶ 𝑇 → 𝔸1 associated to
(ℝ,P𝑏) satisfies

𝜋−1(𝔸1 ⧵ {0}) = 𝔾𝑚 × (𝔸
1 ⧵ {0}), (2.3)
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where 𝔾𝑚 is the algebraic torus and hence the general fiber of 𝜋 ∶ 𝑇 → 𝔸1 is 𝑇𝑡 = 𝔾𝑚. For details
of the construction of the general fiber, we refer to [41, Lemma 3.4].
The central fiber 𝑇0 of 𝜋 ∶ 𝑇 → 𝔸1 is determined as follows. For each vertex 𝑣 ∈P𝑏 let

Σ𝑣 = {ℝ⩾0 ⋅ (Ξ − 𝑣) ⊂ ℝ | Ξ ∈P , 𝑣 ∈ Ξ}.

So, Σ𝑣 is the fan of the toric variety 𝑇𝑣 = ℙ1. Similarly, each closed interval Ξ ∈P𝑏 defines a fan
ΣΞ for the toric variety 𝑇Ξ which is a point of intersection of 𝑇𝑣 and 𝑇𝑣′ , where 𝑣 and 𝑣′ denote
the vertices adjacent to Ξ. Hence, we obtain 𝑇0 as an infinite chain of projective lines ℙ1, glued
pairwise together along an 𝐴𝑏−1 singularity in 𝑇.
Before proceedingwith the definition of theTate curve,wewould like to describe an affine cover

for the total space of the unfolded Tate curve. For this, fix a 𝑏-periodic polyhedral decomposition
P𝑏 of ℝ and let Ξ ∶= [𝑎, 𝑎 + 𝑏] ⊂ ℝ be a maximal cell of P𝑏, so that

𝐶(Ξ) = 𝐶((𝑎, 1), (𝑎 + 𝑏, 1)) ⊂ 𝑁ℝ, (2.4)

where we describe the cone𝐶(Ξ) overΞ in terms of the integral ray generators (𝑎, 1) and (𝑎 + 𝑏, 1)
of its edges. We will use an analogous notation throughout this section.

𝐶(Ξ)∨ = 𝐶((1, −𝑎), (−1, 𝑎 + 𝑏)) ⊂ 𝑀ℝ. (2.5)

The generators of the monoid ring ℂ[𝐶(Ξ)∨ ∩ 𝑀] associated to 𝐶(Ξ)∨ are

{𝑧(1,−𝑎), 𝑧(−1,𝑎+𝑏), 𝑧(0,1)}.

The isomorphism

𝜑 ∶ ℂ[𝐶(Ξ)∨ ∩ 𝑀]⟶ ℂ[𝑥, 𝑦, 𝑢]∕(𝑥𝑦 − 𝑢𝑏)

𝑧(1,−𝑎) ⟼ 𝑥

𝑧(−1,𝑎+𝑏) ⟼ 𝑦

𝑧(0,1) ⟼ 𝑢

gives us an affine cover for the total space of the unfolded Tate curve, given by a countable number
of copies of

Specℂ[𝑥, 𝑦, 𝑢]∕(𝑥𝑦 − 𝑢𝑏) (2.6)

Now to define the Tate curve, first define

̂̃𝑇 = lim
⟶
𝑇𝑘 = (𝑇0, lim⟵

𝑇∕𝑢
𝑘+1),

where 𝑇𝑘 is the 𝑘th order thickening of 𝜋−1(0), that is, the subscheme of the unfolded Tate curve
𝜋 ∶ 𝑇 → Specℂ[𝑢] defined by the equation 𝑢𝑘+1 = 0. There is an action ofℤ on ̂̃𝑇, induced by the
action of ℤ on the fan Σ̃P𝑏

, given by translation by 𝑏, taking a ray ℝ⩾0(𝑖, 1) to ℝ⩾0(𝑖 + 𝑑, 1). This
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has the effect of acting on the big torus orbit (ℂ∗)2 ⊆ 𝑇, with coordinates 𝑧, 𝑢 by

(𝑧, 𝑢) ↦ (𝑧𝑢𝑏, 𝑢).

Hence, if we fix a non-zero value of 𝑢, the action on the ℂ∗ parameterized by 𝑧 is 𝑧 ↦ 𝑧 ⋅ 𝑢𝑏. As
explained in [6, Subsection 8.4.1], the quotient ̂̃𝑇∕ℤ makes sense as a formal scheme. There is a
map of formal schemes ̂̃𝑇∕ℤ → 𝔸̂ induced by 𝜋. Here, 𝔸̂ = Spfℂ�𝑢�. Since, there is an ample line
bundle over ̂̃𝑇∕ℤ [6, p. 620], Grothendieck’s Existence Theorem [30, EGA III, 5.4.5] ensures that
̂̃𝑇∕ℤ arises as the formal completion of a scheme

𝑇 → Specℂ�𝑢� (2.7)

which we refer to as the Tate curve. Note that the generic fiber of the Tate curve, is an elliptic
curve over ℂ((𝑢)) and the central fiber 𝑇0 is a nodal elliptic curve with a 𝐴𝑏−1 singularity, whose
resolution (obtained by adding all rays connecting the origin to all integral points in 𝐵 = ℝ in
Figure 2.1) is a cycle of 𝑏 rational curves — see[6, Subsection 8.4.1]. In Subsection 8.5, we will see
that the invariants that we compute on the Tate curve lift uniquely to the unfolded Tate curve.
Therefore, for computational convenience we will disregard the ℤ-quotient in the next sections.

Remark 2.2. Whenworking in the analytic category, since theℤ-action on the unfolded Tate curve
𝜋 ∶ 𝑇 → 𝔸1 is properly discontinuous in the analytic topology once restricting to the unit disc

𝐷 = {𝑢 ∈ ℂ | |𝑢| < 1},
we can define the analytic Tate curve

𝑇an ⟶ 𝐷 (2.8)

with fiber 𝑇an𝑢 over 𝑢 ∈ 𝐷 ⧵ {0} the elliptic curve

𝐸 ∶= ℂ∗∕(𝑧 ∼ 𝑢𝑏 ⋅ 𝑧),

viewed as a complex manifold. The central fiber, 𝑇an
0
again a cycle of 𝑏 rational curves. Note that

the complement of the analytic Tate curve 𝑇an ⧵ 𝑇an
0
is the mapping cylinderMap(𝜏) of the Dehn

twist 𝜏∶ 𝐸 → 𝐸 of an elliptic curve along a meridian. We use this description while investigating
the symplectic cohomology ofMap(𝜏) in Subsection 5.2

3 A TORIC DEGENERATION OF 𝑻̃ OBTAINED FROM THE
TRUNCATED CONE 𝑪ℝ

In this section, we construct a toric degeneration 𝜋̃ ∶ 𝑌 → 𝔸2 of the unfolded Tate curve𝑇 defined
in Subsection 2.1. This construction is similar to the construction of the unfolded Tate curve from
(𝐵,P𝑏). However, rather than 𝐵, we obtain the degeneration of the total space by from the trun-
cated cone 𝐶𝐵 over 𝐵, defined as in [25, Definition 3.14] as an integral affinemanifold with bound-
ary. We first review the construction of the truncated cone, and describe the polyhedral decom-
position on it, induced from the one on 𝐵. For details, we refer to [25].
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Let 𝐵 be an integral affine manifold, endowed with a polyhedral decomposition P . For a cell
Ξ ∈P , let 𝐶(Ξ) be the closure of the cone spanned by Ξ × {1} in 𝑁ℝ × ℝ:

𝐶(Ξ) ∶=
{
𝑎 ⋅ (𝑛, 1) || 𝑎 ⩾ 0, 𝑛 ∈ Ξ}. (3.1)

Define the cone 𝐶(𝐵) over 𝐵 as the polyhedral decomposition

𝐶(𝐵) =
⋃
Ξ∈P

𝐶(Ξ)

with cells 𝐶(Ξ) for Ξ ∈P . Note that 𝐶(𝐵) ⊆ 𝑁ℝ × ℝ admits an integral affine structure with a
singularity at the origin in 𝑁ℝ × ℝ [19, Construction 4.11].

Definition 3.1. The truncated cone 𝐶𝐵 over 𝐵 ⊂ 𝑁ℝ is the manifold with boundary with under-
lying topological space

𝐶𝐵 ∶= {(𝑥, ℎ) ∈ 𝐶(𝐵) | ℎ ⩾ 1}
in the cone 𝐶(𝐵), endowed with the induced affine structure. It admits a polyhedral decomposi-
tion 𝐶P with cells

𝐶Ξ ∶= {(𝑥, ℎ) ∈ 𝐶(Ξ) | ℎ ⩾ 1, Ξ ∈P}.

The maximal cells of 𝐶P are the cells 𝐶Ξ such that Ξ is a maximal cell of P .

In what follows, focusing attention to the case 𝐵 = ℝ, we construct the degeneration of the
unfolded Tate curve from the pair (𝐶ℝ, 𝐶P𝑏). Here, 𝐶ℝ is the truncated cone over ℝ endowed
with the polyhedral decomposition𝐶P𝑏 withmaximal cells𝐶Ξ, whereP𝑏 is the 𝑏-periodic poly-
hedral decomposition of ℝ. We identify ℝ, with the line given by 𝑦 = −𝑥 + 1, 𝑧 = 1 in ℝ3, and let
𝐶(𝐶Ξ) be the cone over the truncated cone 𝐶Ξ. Define the toric fan

Σ̃
𝐶P𝑏

∶= {𝜎 a face of 𝐶(𝐶Ξ) | 𝐶Ξ ∈ 𝐶P𝑏}

and let 𝑌 be the toric variety associated to Σ̃
𝐶P𝑏

. The projection map

(pr2, pr3) ∶ ℝ × ℝ × ℝ⟶ ℝ×ℝ

(𝑥, 𝑦, 𝑧)⟼ (𝑦, 𝑧)

onto the second and third factors defines a map of fans

(pr2, pr3) ∶ Σ̃𝐶P𝑏
⟶ {0,ℝ⩾0} × {0, ℝ⩾0} (3.2)

which induces a morphism

𝜋̃ ∶ 𝑌 → Specℂ[𝑠, 𝑡]

referred to as the degeneration of the unfolded Tate curve. As in Subsection 2.1, 𝑌 viewed over
Specℂ[𝑡] defines a toric degeneration, this time of the Tate curve 𝑇 into

𝑌0 ∶= 𝔸
1
𝑠 × 𝑇0,
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F IGURE 3 . 1 The ray generators (in red) of the cone over the truncated cone over a maximal cell Ξ
identified with [(𝑎, 1, 0), (𝑎 + 𝑏, 1, 0)]

where 𝑌0 is the central fiber of 𝑌 → Specℂ[𝑠, 𝑡] → Specℂ[𝑡] over 𝑡 = 0. In a moment we will
define an affine cover for 𝑌.
Let Ξ ∶= [𝑎, 𝑎 + 𝑏] be a maximal cell of P𝑏. Then, the set of ray generators the cone over the

truncated cone over Ξ is given by {(𝑎, 1, 1), (𝑎 + 𝑏, 1, 1), (𝑎 + 𝑏, 1, 0), (𝑎, 1, 0)} as illustrated in Fig-
ure 3.1;

𝐶(𝐶(Ξ)) = 𝐶((𝑎, 1, 1), (𝑎 + 𝑏, 1, 1), (𝑎 + 𝑏, 1, 0), (𝑎, 1, 0)).

Its dual 𝐶(𝐶(Ξ))
∨
is given by

𝐶(𝐶(Ξ))
∨
= 𝐶((0, 1, −1), (−1, 𝑎 + 𝑏, 0), (0, 0, 1), (1, −𝑎, 0)). (3.3)

The isomorphism

𝜑 ∶ ℂ[𝐶(𝐶Ξ)∨ ∩ (𝑀 ⊕ ℤ)]⟶ ℂ[𝑥, 𝑦, 𝑠, 𝑡]∕(𝑥𝑦 − (𝑠𝑡)𝑏)

𝑧(1,−𝑎,0) ⟼ 𝑥

𝑧(−1,𝑎+𝑏,0) ⟼ 𝑦

𝑧(0,1,−1) ⟼ 𝑠

𝑧(0,0,1) ⟼ 𝑡
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defines an affine cover for the total space 𝑌 of the degeneration of the unfolded Tate curve, given
by a countable number of copies of

Specℂ[𝑥, 𝑦, 𝑠, 𝑡]∕(𝑥𝑦 − (𝑠𝑡)𝑏). (3.4)

Theorem 3.2. The degeneration 𝜋̃ ∶ 𝑌 → Specℂ[𝑠, 𝑡] of the unfolded Tate curve is obtained from
the unfolded Tate curve 𝜋 ∶ 𝑇 → Specℂ[𝑢] by the base change 𝑢 ↦ 𝑠𝑡.

Proof. Let Ξ ∶= [𝑎, 𝑎 + 𝑏] ⊂ ℝ be a maximal cell ofP𝑏 and let 𝐶P𝑏 be the corresponding maxi-
mal cell in 𝐶Ξ. Then, the projection map

(pr1, pr2) ∶ 𝑁ℝ × ℝ × ℝ⟶ 𝑁ℝ × ℝ

𝐶(𝐶Ξ)⟼ 𝐶(Ξ)

defines a map of fans from the fan Σ̃P𝑏
defined in (2.1) and Σ̃

𝐶P𝑏
defined in (3.2). Hence, the

compatibility of the gluing of affine patches follows. The dual of (pr1, pr2) induces the embedding

𝑗 ∶ 𝐶(Ξ)∨ ↪ 𝐶(𝐶Ξ)∨

(𝑚1,𝑚2) ↦ (𝑚1,𝑚2, 0).

From Equations (2.5) and (3.3), it follows that

𝐶(𝐶Ξ)∨ = 𝑗(𝐶(Ξ)∨) + ℝ⩾0(0, 1, −1) + ℝ⩾0(0, 0, 1).

Let

𝜙𝑗 ∶ ℂ[𝐶(Ξ)
∨ ∩ 𝑀] → ℂ[𝐶(𝐶Ξ)

∨
∩ 𝑀 ⊕ℤ]

be the map induced by 𝑗 ∶ 𝐶(Ξ)∨ ↪ 𝐶(𝐶Ξ)
∨
on the level of monoid rings. Explicitly, we have

𝜙𝑗 ∶ ℂ[𝐶(Ξ)
∨ ∩ 𝑀]⟶ ℂ[𝐶(𝐶Ξ)

∨
∩ 𝑀 ⊕ℤ]

𝑥 ∶= 𝑧(1,−𝑎) ⟼ 𝑧(1,−𝑎,0) = 𝑥

𝑦 ∶= 𝑧(−1,𝑎+𝑏) ⟼ 𝑧(−1,𝑎+𝑏,0) = 𝑦

𝑢 ∶= 𝑧(0,1) ⟼ 𝑧(0,1,0) = 𝑧(0,1,−1) ⋅ 𝑧(0,0,1) = 𝑠𝑡.

Hence, we get

𝜑◦𝜙𝑗◦𝜑 ∶ ℂ[𝑥, 𝑦, 𝑢]∕(𝑥𝑦 − 𝑢
𝑏)⟶ ℂ[𝑥, 𝑦, 𝑠, 𝑡]∕(𝑥𝑦 − (𝑠𝑡)𝑏)

𝑥 ⟼ 𝑥

𝑦⟼ 𝑦

𝑢⟼ 𝑠𝑡,
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where 𝜑 is the isomorphism defined in (2.6) and 𝜑 is the isomorphism defined in (3.4). Thus,
𝜋̃ ∶ 𝑌 → Specℂ[𝑠, 𝑡] is obtained from 𝜋 ∶ 𝑇 → Specℂ[𝑢] by the base change 𝑢 ↦ 𝑠𝑡. □

4 TROPICAL CORALS ON 𝑪ℝ

4.1 Tropical corals

Throughout this section, we fix 𝑁 = ℤ2, and denote by 𝑁0, 𝑁>0 and 𝑁<0, the set of elements
𝑛 ∈ 𝑁 with pr2(𝑛) = 0, pr2(𝑛) > 0, and pr2(𝑛) < 0, respectively, where pr2 is the projection map
onto the second component. We also set the following conventions. Given a simplicial complex Γ̄,
we denote by

𝑉(Γ̄) the set of vertices of Γ̄
𝑉𝑘(Γ̄) the subset of vertices of valency 𝑘 in 𝑉(Γ̄)
𝐸(Γ̄) the set of edges of Γ̄
𝜕𝑒 the set of vertices adjacent to an edge 𝑒 ∈ 𝐸(Γ̄).

A bilateral graph is a finite, connected 1-dimensional simplicial complex Γ̄ such that:

(i) Γ̄ has no divalent vertices;
(ii) there is a partition

𝑉(Γ̄) = 𝑉+(Γ̄) ⨿ 𝑉0(Γ̄) ⨿ 𝑉−(Γ̄)

of the set of vertices into positive vertices 𝑉+(Γ̄), interior vertices 𝑉0(Γ̄) and negative vertices
𝑉−(Γ̄)We assume that 𝑉+(Γ̄) and 𝑉−(Γ̄) are of non-empty;

(iii) all positive vertices are univalent, and no interior vertices are univalent:

𝑉1(Γ̄) = 𝑉
−
1 (Γ̄) ⨿ 𝑉

+(Γ̄);

(iv) denoting by 𝓁 + 1 the cardinality of 𝑉+(Γ̄), we have a fixed labeling

𝑣+
0
, … , 𝑣+𝓁

of the positive vertices. Denoting by𝑚 the cardinality of 𝑉−(Γ̄), we have a fixed labeling

𝑣−1 , … , 𝑣
−
𝑚

of the negative vertices;
(v) the first Betti number of Γ̄ is zero.

In the remaining part of this section, we omit the case where the cardinalities of both 𝑉−
1
(Γ̄)

and of 𝐸(Γ̄) are one, as this case can be treated easily in all the arguments that are used.

Definition 4.1. A coral graph Γ is the geometric realization (that is, the underlying topological
space [11, Definition 1.39]) |Γ̄| of a bilateral graph Γ̄, with positive vertices removed:

Γ ∶= |Γ̄| ⧵ 𝑉+(Γ̄).
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We call an edge 𝑒 a half-edge if 𝜕𝑒 is a single vertex. Note that a coral graphΓ contains half-edges

𝐸+(Γ) ∶= {𝑒 | 𝑒 = 𝑒+ ⧵ {𝑣+}, where 𝑒+ ∈ 𝐸(Γ̄), 𝑣+ ∈ 𝑉+(Γ̄) such that 𝜕𝑒+ = {𝑣+}}
referred to as the set of positive edges or unbounded edges of Γ. The fixed labeling of the positive
vertices induces a fixed labeling

𝑒+
0
, … , 𝑒+𝓁

of the positive edges.
The set

𝐸𝑏(Γ) ∶= 𝐸(Γ) ⧵ 𝐸+(Γ)

is referred to as the set of bounded edges of Γ, and the set

𝑉−(Γ) ∶= 𝑉−(Γ̄)

is referred to as the set of negative vertices of Γ. A weighted graph Γ is a graph endowed with a
weight function 𝑤Γ ∶ 𝐸(Γ) → ℕ ⧵ {0}. The image 𝑤Γ(𝑒) of 𝑒 ∈ 𝐸(Γ) under 𝑤Γ is referred to as the
weight of the edge 𝑒.

Definition 4.2. A (parameterized) tropical coral in 𝐶ℝ is a propermap

ℎ ∶ Γ → 𝐶ℝ ,

where Γ is a weighted coral graph, satisfying the following.

(i) For all 𝑒 ∈ 𝐸(Γ), the restriction ℎ|𝑒 is an embedding and ℎ(𝐸) is contained in an integral
affine submanifold of 𝐶ℝ.

(ii) For all 𝑣 ∈ 𝑉0(Γ̄),

ℎ(𝑣) ∈ 𝐶ℝ ⧵ 𝜕𝐶ℝ,

where 𝜕𝐶ℝ denotes the boundary of the truncated cone 𝐶ℝ. Moreover, the following balanc-
ing condition holds:

𝑘∑
𝑗=1

𝑤Γ(𝑒𝑗)𝑢𝑗 = 0,

where {𝑒1, … , 𝑒𝑘} ⊂ 𝐸(Γ) is the set of edges adjacent to 𝑣, 𝑤Γ(𝑒𝑗) ∈ ℕ ⧵ {0} is the weight on 𝑒𝑗
and 𝑢𝑗 ∈ 𝑁 is the primitive integral vector emanating from ℎ(𝑣) in the direction of ℎ(𝑒𝑗) for
𝑗 = 1,… , 𝑘.

(iii) For all 𝑣 ∈ 𝑉−(Γ), we have ℎ(𝑣) ∈ 𝜕𝐶ℝ and there exists𝑤𝑣 ∈ ℕ ⧵ {0} associated to 𝑣, referred
to as the weight on 𝑣, such that the following balancing condition holds:

𝑤𝑣 ⋅ 𝑢𝑣 +
𝑘∑
𝑗=1

𝑤Γ(𝑒𝑗)𝑢𝑗 = 0,

where {𝑒1, … , 𝑒𝑘} ⊂ 𝐸(Γ) is the set of edges adjacent to 𝑣 and 𝑢𝑣 ∈ 𝑁 is the primitive integral
vector emanating from ℎ(𝑣) in the direction of the origin in 𝑁ℝ.
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(iv) For all 𝑒 ∈ 𝐸+(Γ), the restriction to ℎ(𝑒) of the projection map

pr2 ∶ 𝐶ℝ → [1,∞)

onto the second factor is proper.
(v) For all 𝑣 ∈ 𝑉(Γ); ℎ(𝑣) ∈ 𝑁ℚ = 𝑁 ⊗ℤ ℚ, where ℚ is the set of rational numbers.

We illustrate the image of a tropical coral in Figure 1.2. An isomorphism of tropical corals
ℎ ∶ Γ → 𝐶ℝ and ℎ′ ∶ Γ′ → 𝐶ℝ is a homeomorphism Φ ∶ Γ → Γ′ respecting the weights of the
edges and such that ℎ = ℎ′◦Φ. A tropical coral is an isomorphism class of parameterized tropical
corals.

The definition of a tropical coral can be generalized to tropical corals in 𝐶𝐵, for any integral
affine manifold 𝐵. Indeed in Subsection 8.5, to study the invariants of the Tate curve, we shall
apply the quotient given by the ℤ-action on (ℝ,P𝑏) and work over

𝐵 ∶= 𝐶(ℝ∕ℤ) = 𝐶𝑆1.

Then, condition (iv) of the Definition 4.2 ensures that there is no infinite wrapping of the
unbounded edges of tropical corals in 𝐶𝑆1.

Definition 4.3. We call a tropical coral ℎ ∶ Γ → 𝐶ℝ general if all interior vertices of Γ are trivalent
and all negative vertices are univalent. Otherwise it is called degenerate.

4.2 Incidences for tropical corals

Definition 4.4. For Γ a coral graph, we denote by

𝐹(Γ) = {(𝑣, 𝑒) | 𝑒 ∈ 𝐸(Γ) and 𝑣 ∈ 𝜕𝑒}
the set of flags of Γ.
A type is a pair (Γ, 𝑢) consisting of a weighted coral graph Γ and a map

𝑢 ∶ 𝐹(Γ) ⨿ 𝑉−(Γ)⟶ 𝑁

𝐹(Γ) ∋ (𝑣, 𝑒)⟼ 𝑢𝑣,𝑒

𝑉−(Γ) ∋ 𝑣⟼ 𝑢𝑣,

where 𝑢𝑣 and 𝑢𝑣,𝑒 are primitive integral vectors in 𝑁.

Definition 4.5. The type of a tropical coral ℎ ∶ Γ → 𝐶ℝ is the type (Γ, 𝑢), where the map 𝑢 ∶
𝐹(Γ) ⨿ 𝑉−(Γ) → 𝑁 is given by assigning to each (𝑣, 𝑒) ∈ 𝐹(Γ) the primitive integral vector 𝑢𝑣,𝑒 ∈
𝑁 emanating from ℎ(𝑣) in the direction of ℎ(𝑒) and assigning to each 𝑣 ∈ 𝑉−(Γ) the primitive
integral vector 𝑢𝑣 ∈ 𝑁 emanating from ℎ(𝑣) in the direction of the origin. We denote the set of
tropical corals of type (Γ, 𝑢) by𝔗(Γ,𝑢).
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To set up our counting problem for tropical corals, we define tropical incidence conditions,
given by degree and asymptotic constraints defined as follows.

Definition 4.6. A degree with 𝓁 + 1 positive and𝑚 negative entries is a tuple

Δ ∶= (Δ, Δ) ∈ 𝑁𝓁+1 × 𝑁𝑚

of elements in the lattice 𝑁, where Δ = (Δ
0
, … , Δ

𝓁
), and Δ = (Δ1, … , Δ𝑚), with

pr2(Δ
𝑖
) > 0

pr2(Δ
𝑗) < 0

for all 0 ⩽ 𝑖 ⩽ 𝓁 and 1 ⩽ 𝑗 ⩽ 𝑚, where pr2 ∶ 𝑁 = ℤ⊕ ℤ → ℤ is the projection onto the second fac-
tor.

Definition 4.7. Let (Γ, 𝑢) be a type where Γ has 𝓁 + 1 positive edges and𝑚 negative vertices. The
degree of (Γ, 𝑢) is the degree

Δ = (Δ, Δ) ∈ 𝑁𝓁+1 × 𝑁𝑚,

where, for every 0 ⩽ 𝑖 ⩽ 𝓁, denoting 𝜕𝑒+
𝑖
= {𝑣𝑖},

Δ
𝑖
∶= 𝑤Γ(𝑒

+
𝑖
) ⋅ 𝑢𝑣𝑖,𝑒+𝑖

and, for every 1 ⩽ 𝑗 ⩽ 𝑚,

Δ𝑗 ∶= 𝑤𝑣−
𝑗
⋅ 𝑢𝑣−

𝑗
.

Definition 4.8. The degree of a tropical coral ℎ ∶ Γ → 𝐶ℝ is the degree of its type.

Definition 4.9. Let Δ be a degree with 𝓁 + 1 positive and 𝑚 negative entries. An asymptotic
constraint for Δ is a 𝓁-tuple

𝜆 = (𝜆1, … , 𝜆𝓁) ∈

𝓁∏
𝑖=1

𝑁ℚ∕(ℚ ⋅ Δ
𝑖
) .

Definition 4.10. Let Δ be a degree with 𝓁 + 1 positive entries, and 𝜆 an asymptotic constraint
for Δ. We say that a tropical coral ℎ ∶ Γ → 𝐶ℝmatches(Δ, 𝜆) if the degree of ℎ ∶ Γ → 𝐶ℝ is Δ, and
for every 1 ⩽ 𝑖 ⩽ 𝓁, the image of ℎ(𝑒+

𝑖
) under the quotient map 𝑁ℚ⟶𝑁ℚ∕ℚ ⋅ Δ

𝑖
is 𝜆𝑖 .

Remark 4.11. An asymptotic constraint 𝜆 constrains the positive edges 𝑒+
1
, … , 𝑒+𝓁 , but not the pos-

itive edge 𝑒+
0
.

Definition 4.12. Let Δ be a degree. We say that an an asymptotic constraint 𝜆 for Δ is general if
every tropical coral matching (Δ, 𝜆) is general as in Definition 4.3.
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For a type (Γ, 𝑢) of degree Δ, and 𝜆 a general asymptotic constraint for Δ, we denote the set of
tropical corals of type (Γ, 𝑢)matching (Δ, 𝜆) by𝔗(Γ,𝑢)(𝜆).

Remark 4.13. A non-general tropical coral can always be deformed into a general tropical coral
analogously to the case of tropical curves [38, Section 2]. This is possible since non-general tropical
corals are obtained by taking the limit of the lengths of some edges in general tropical corals to
zero. It follows that the non-general tropical corals of a given type (Γ, 𝑢) form a lower dimensional
strata of the moduli space𝔗(Γ,𝑢) [38, Proposition 2.14]. Hence, the types of the non-general corals
form a nowhere dense subset in the space of constraints. This ensures the existence of general
asymptotic constraints.

4.3 Extending a tropical coral to a tropical curve

We first explain how the notions of degree and asymptotic constraints introduced in the previous
sections for tropical corals can be interpreted as degree and asymptotic constraints for tropical
curves as in [41].

Definition 4.14. Let Δ be a degree as in Definition 4.6. Let ℎ̃ ∶ Γ̃ → ℝ2 be a tropical curve as in
[41], with (𝓁 + 1 +𝑚)-unbounded edges which are labeled 𝑒+

0
, … , 𝑒+𝓁 , 𝑒

−
1
, … , 𝑒−𝑚. We say that the

tropical curve ℎ̃ ∶ Γ̃ → ℝ2 is of degree Δ if for every 0 ⩽ 𝑖 ⩽ 𝓁, denoting 𝜕𝑒+
𝑖
= {𝑣𝑖},

Δ
𝑖
= 𝑤Γ̃(𝑒

+
𝑖
) ⋅ 𝑢𝑣𝑖,𝑒+𝑖

and for every 1 ⩽ 𝑗 ⩽ 𝑚, denoting 𝜕𝑒−
𝑗
= {𝑣𝑗},

Δ𝑗 = 𝑤Γ̃(𝑒
−
𝑗 ) ⋅ 𝑢𝑣𝑗,𝑒−𝑗

.

Definition 4.15. Let Δ be a degree and 𝜆 an asymptotic constraint for Δ as in Defini-
tion 4.9. Let ℎ̃ ∶ Γ̃ → ℝ2 be a tropical curve as in [41], with (𝓁 + 1 +𝑚)-unbounded edges which
are labeled 𝑒+

0
, … , 𝑒+𝓁 , 𝑒

−
1
, … , 𝑒−𝑚. We say that ℎ̃ ∶ Γ̃ → ℝ2 matches (Δ, 𝜆) if it is of degree Δ,

and:

(i) for every 1 ⩽ 𝑖 ⩽ 𝓁, the image of ℎ̃(𝑒+
𝑖
) under the quotient map 𝑁ℚ → 𝑁ℚ∕ℚ ⋅ Δ

𝑖
is 𝜆𝑖;

(ii) for every 1 ⩽ 𝑗 ⩽ 𝑚, the image of ℎ̃(𝑒−
𝑗
) under the quotient map 𝑁ℚ → 𝑁ℚ∕ℚ ⋅ Δ𝑗 is 0.

We then explain how to extend tropical corals to tropical curves.

Definition 4.16. We define the extension of a tropical coral ℎ ∶ Γ → 𝐶ℝ as the following tropical
curve ℎ̃ ∶ Γ̃ → ℝ2 in the sense of [41]:

(i) Γ̃ is obtained from Γ by first adding for each negative vertex 𝑣−
𝑗
∈ 𝑉−(Γ) an unbounded edge

𝐸𝑣−
𝑗
incident to 𝑣−

𝑗
and then by adding a 2-valent vertex 𝑉𝑣−

𝑗
on each 𝐸𝑣−

𝑗
;

(ii) the weight function is extended to Γ̃ by 𝑤Γ̃(𝐸𝑣−
𝑗
) = 𝑤𝑣−

𝑗
, where 𝑤𝑣−

𝑗
is the weight on 𝑣−

𝑗
as in

Definition 4.2(iii);
(iii) ℎ̃ extends ℎ by mapping 𝐸𝑣−

𝑗
onto the half-line emanating from ℎ(𝑣−

𝑗
) and passing through

the origin 0 in ℝ2, in such a way that ℎ(𝑉𝑣−
𝑗
) = 0.
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F IGURE 4 . 1 A tropical coral and its extension

Note that the primitive integral direction of ℎ(𝐸𝑣−
𝑗
) emanating from ℎ(𝑣−

𝑗
) is 𝑢𝑣−

𝑗
as in Def-

inition 4.2(iii), and so the balancing condition for the tropical curve ℎ̃ ∶ Γ̃ → ℝ2 at the vertex
𝑣−
𝑗
follows from the balancing condition in Definition 4.2(iii) for the tropical coral ℎ ∶ Γ → 𝐶ℝ.

For details of this construction see [5, Subsection 2.3]. The tropical curve ℎ̃ ∶ Γ̃ → ℝ2 contains
(𝓁 + 1 +𝑚)-unbounded edges, that we label 𝑒+

0
, … , 𝑒+𝓁 , 𝑒

−
1
, … , 𝑒−𝑚, where 𝑒

+
𝑖
∶= 𝑒+

𝑖
for 0 ⩽ 𝑖 ⩽ 𝓁

and 𝑒−
𝑗
= 𝐸𝑣−

𝑗
for 1 ⩽ 𝑗 ⩽ 𝑚. By construction, the tropical curve ℎ̃ ∶ Γ̃ → ℝ2 matches (Δ, 𝜆) as in

Definition 4.15.

Example 4.17. In Figure 4.1, we illustrate a tropical coral on the truncated cone𝐶ℝ and its exten-
sion to a tropical curve in ℝ2.

4.4 Tropical corals of a fixed type

In this section, we show that the space (Γ,𝑢) of isomorphism classes of general tropical corals
of given type (Γ, 𝑢) forms a convex polyhedron of dimension 𝑙 − 1, where 𝑙 is the number of
unbounded edges of Γ.

Proposition 4.18. The set of general tropical corals of type (Γ, 𝑢) is embedded into ℝ𝑙−1
>0
, where 𝑙 is

the number of unbounded edges of Γ.

Proof. Let (ℎ ∶ Γ → 𝐶ℝ) ∈ 𝔗(Γ,𝑢) be a general tropical coral of type (Γ, 𝑢)with 𝑙 unbounded edges.
Assume Γ has 𝑚 negative vertices. Since ℎ is general, Γ has 𝑚 + 𝑙 − 2 interior vertices and 𝑙 − 2
among them, which we will denote by

{𝑣01, … , 𝑣
0
𝑙−2
} ⊂ 𝑉0(Γ)

are not adjacent to any negative vertex of Γ.
For any vertex 𝑣 ∈ 𝑉0(Γ), let 𝜌(𝑣) = pr2(ℎ(𝑣)), where pr2 ∶ ℝ2 ⟶ ℝ is the projectionmap onto

the second factor. Fix an interior vertex

𝑣 ∈ 𝑉0(Γ) ⧵ {𝑣01, … , 𝑣
0
𝑙−2
}
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which is adjacent to a negative vertex, and define

Φ ∶ 𝔗(Γ,𝑢) ↪ ℝ
𝑙−1
>0

ℎ ↦ (𝜌(𝑣), 𝜌(𝑣01), … , 𝜌(𝑣
0
𝑙−2
)).

We will show that fixing (𝜌(𝑣), 𝜌(𝑣0
1
), … , 𝜌(𝑣0

𝑙−2
)) ∈ ℝ𝑙−1

>0
determines ℎ ∈ 𝔗(Γ,𝑢) uniquely. First,

observe that the positions of images of all negative vertices 𝑉−(Γ) under ℎ are fixed by the degree
of (Γ, 𝑢). The position of ℎ(𝑣) is also fixed since 𝑣 is connected to a negative vertex 𝑣− ∈ 𝑉−(Γ),
and we also had fixed the type of Γ. Proceeding inductively, we can determine the images of all
vertices of Γ under ℎ. Hence, Φ is injective, and the result follows. □

We next describe how to obtain a tropical coral by a gluing construction of coral blocks, which
are more general objects than tropical corals, defined as follows.

Definition 4.19. Let Γ𝑚,𝑙 be a coral graph with 𝑚 negative vertices and 𝑙 positive edges.
A coral block is a proper map ℎ ∶ Γ𝑚,𝑙 → ℝ2 which satisfies all conditions of Definition 4.2,
except item (iv). We furthermore require 0 ∉ ℎ(𝑒) for any 𝑒 ∈ 𝐸+(Γ), where 0 denotes the origin
in ℝ2.

We call a coral block ℎ ∶ Γ𝑚,𝑙 → ℝ2 general if all vertices 𝑣 ∈ 𝑉0(Γ𝑚,𝑙) are trivalent, and all
vertices 𝑣 ∈ 𝑉−(Γ𝑚,𝑙) are univalent. Note that tropical corals are particular types of coral blocks,
in which the image of all unbounded edges lie in 𝐶ℝ and the projection of each unbounded edge
onto the second factor is proper.
The type of a coral block ℎ ∶ Γ𝑚,𝑙 → ℝ2 analogously as the type of a tropical coral and denoted

by (Γ𝑚,𝑙, 𝑢). The set of isomorphism classes of coral blocks of a given type (Γ𝑚,𝑙, 𝑢) is denoted by
𝔗(Γ𝑚,𝑙 ,𝑢).

Construction 4.20. We describe the gluing of coral blocks as follows. Let

(ℎ1 ∶ Γ
1
𝑚1,𝑙1

→ ℝ2) ∈ 𝔗(Γ𝑚1,𝑙1 ,𝑢1)

(ℎ2 ∶ Γ
2
𝑚2,𝑙2

→ ℝ2) ∈ 𝔗(Γ𝑚2,𝑙2 ,𝑢2)

be two coral blocks, and assume there exists edges

𝑒1 ∈ 𝐸
+(Γ𝑚1,𝑙1 ) such that 𝑒1 is adjacent to 𝑣1 ∈ 𝑉

0(Γ𝑚1,𝑙1 )

𝑒2 ∈ 𝐸
+(Γ𝑚2,𝑙2 ) such that 𝑒2 is adjacent to 𝑣2 ∈ 𝑉

0(Γ𝑚2,𝑙2 ).

Let

𝑤1 ∶ 𝐸(Γ𝑚1,𝑙1 ) → ℕ ⧵ {0} and 𝑤2 ∶ 𝐸(Γ𝑚2,𝑙2 ) → ℕ ⧵ {0}

be the weight functions on edges of Γ𝑚1,𝑙1 and Γ𝑚2,𝑙2 , respectively, and assume we have 𝑤1(𝑒1) =
𝑤2(𝑒2). Assume furthermore that

𝑢𝑒1 = −𝑢𝑒2 ,
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where 𝑢𝑒𝑖 denotes the primitive integral vector emanating from 𝑣𝑖 in the direction of 𝑒𝑖 . Let

𝑁ℝ∕ℝ𝑢 ∶= 𝑁ℝ∕ℝ𝑢𝑒1 = 𝑁ℝ∕ℝ𝑢𝑒2 .

Then, for 𝑖 ∈ {1, 2} the maps

𝑓𝑖 ∶ 𝔗(Γ𝑚1,𝑙1 ,𝑢1)
→ 𝑁ℝ∕ℝ𝑢𝑒1

ℎ𝑖 ↦ [ℎ𝑖(𝑣𝑖)]

induce the map

𝑓 ∶ 𝔗(Γ𝑚1,𝑙1 ,𝑢1)
× 𝔗(Γ𝑚2,𝑙2 ,𝑢2)

→ 𝑁ℝ∕ℝ𝑢

(ℎ1, ℎ2) ↦ [ℎ1(𝑣1) − ℎ2(𝑣2)].

Assume

𝑓(ℎ1, ℎ2) = 0 ∈ 𝑁ℝ∕ℝ𝑢

and

ℎ(𝑣1) − ℎ(𝑣2) = 𝜆 ⋅ 𝑢1 for 𝜆 ∈ ℝ>0.

Then we can define a glued coral block ℎ12 ∶ Γ𝑚,𝑙 → ℝ2 as follows. Define the vertex set 𝑉(Γ𝑚,𝑙)
as the disjoint union

𝑉(Γ𝑚,𝑙) ∶= 𝑉(Γ1) ⨿ 𝑉(Γ2)

and the edge set 𝐸(Γ𝑚,𝑙) as

𝐸(Γ𝑚,𝑙) ∶= 𝐸(Γ1) ⧵ {𝑒1} ⨿ 𝐸(Γ2) ⧵ {𝑒2} ⨿ {𝑒12},

where 𝑒12 is the edge such that 𝜕𝑒12 = {𝑣1, 𝑣2}. Define 𝐸12 to be the line segment in 𝐶ℝ such that
𝜕𝐸12 = {ℎ(𝑣1), ℎ(𝑣2)}. Define the weight function 𝑤12 ∶ 𝐸(Γ𝑚,𝑙) → ℕ ⧵ {0} by

𝑤12 ∶=

⎧⎪⎨⎪⎩
𝑤1 on 𝐸(Γ1

𝑚1,𝑙1
) ⧵ {𝑒1}

𝑤1(𝑒1) = 𝑤2(𝑒2) on 𝑒12

𝑤2 on 𝐸(Γ2
𝑚2,𝑙2
) ⧵ {𝑒2}.

Define the coral block ℎ12 ∶ Γ𝑚,𝑙 → ℝ2 by

ℎ12 ∶=

⎧⎪⎨⎪⎩
ℎ1 on 𝑉(Γ1

𝑚1,𝑙1
) ∪ 𝐸(Γ1

𝑚1,𝑙1
) ⧵ {𝑒1}

𝐸12 on 𝑒12

ℎ2 on 𝑉(Γ2
𝑚2,𝑙2
) ∪ 𝐸(Γ2

𝑚2,𝑙2
) ⧵ {𝑒2}.

We say ℎ12 ∶ Γ𝑚,𝑙 → ℝ2 is obtained by gluing ℎ1 and ℎ2 along the edges 𝑒1 and 𝑒2.

The following is an immediate corollary of Construction 4.20.
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F IGURE 4 . 2 A tropical coral obtained by gluing two coral blocks along the labeled edges

Lemma 4.21. Any coral block (ℎ12 ∶ Γ𝑚,𝑙 → ℝ2) ∈ 𝔗(Γ𝑚,𝑙 ,𝑢), where𝑚 > 1, can be obtained by glu-
ing coral blocks (Figure 4.2)

ℎ1 ∈ 𝔗(Γ𝑚1,𝑙1 ,𝑢1)
and ℎ2 ∈ 𝔗(Γ𝑚2,𝑙2 ,𝑢2)

,

where

𝑚 = 𝑚1 +𝑚2 and 𝑙 = (𝑙1 − 1) + (𝑙2 − 1) = 𝑙1 + 𝑙2 − 2.

Now, we are ready to prove the following main theorem of this section.

Theorem 4.22. Let (Γ, 𝑢) be a general type of tropical corals of fixed degree Δ with 𝑙 unbounded
edges

𝑒1, … , 𝑒𝑙

with 𝜕𝑒𝑖 = 𝑣𝑖 for 𝑣𝑖 ∈ 𝑉(Γ).† Let 𝑢𝑖 be the primitive integral vector in 𝑁ℝ emanating from 𝑣𝑖 in the
direction of ℎ(𝑒𝑖). Assume𝔗(Γ,𝑢) is non-empty. Then for any sequence of indices 1 ⩽ 𝑖1 < … < 𝑖𝑘 ⩽ 𝑙
with 𝑘 ⩽ 𝑙 − 1 the map

ev𝑖1,…,𝑖𝑘 ∶ 𝔗(Γ,𝑢) ⟶

𝑘∏
𝜇=1

𝑁ℝ∕(ℝ ⋅ 𝑢𝑖𝜇 )

ℎ ⟼
(
[ℎ(𝑣𝑖1 )], … , [ℎ(𝑣𝑖𝑘 )]

)
(4.1)

is an integral affine submersion.

Proof. We will prove the theorem for coral blocks of general type (Γ𝑚,𝑙, 𝑢) of degree Δ. Since a
tropical coral is a special type of a coral block the result will follow. By Lemma 4.21, any coral
block

(ℎ ∶ Γ𝑚,𝑙 → ℝ
2) ∈ (Γ𝑚,𝑙 ,𝑢)

is obtained by gluing two coral blocks ℎ1 ∈ 𝔗(Γ𝑚1,𝑙1 ,𝑢1) and ℎ2 ∈ 𝔗(Γ𝑚2,𝑙2 ,𝑢2) along edges 𝑒1 ∈
𝐸+(Γ𝑚1,𝑙1 , 𝑢1) with 𝜕𝑒1 = 𝑣1 and 𝑒2 ∈ 𝐸

+(Γ𝑚2,𝑙2 , 𝑢2) with 𝜕𝑒2 = 𝑣2, so that

𝐸(Γ𝑚,𝑙, 𝑢) = 𝐸(Γ𝑚1,𝑙1 , 𝑢1) ⧵ {𝑒1} ⨿ 𝐸(Γ𝑚2,𝑙2 , 𝑢2) ⧵ {𝑒2} ⨿ 𝑒

†Not all 𝑣𝑖 may be distinct, repetitions are allowed.
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with 𝜕𝑒 = {𝑣1, 𝑣2}. Let

{𝑒1} ∪ {𝑒𝑖𝑟 , … , 𝑒𝑖𝑟 | 𝑟 ⩽ 𝑙1 − 1} ⊆ 𝐸+(Γ𝑚1,𝑙1 , 𝑢1)
{𝑒2} ∪ {𝑒𝑖𝑟+1 , … , 𝑒𝑖𝑘 | 𝑘 − 𝑟 ⩽ 𝑙2 − 1} ⊆ 𝐸+(Γ𝑚2,𝑙2 , 𝑢2)}.

We will use induction on 𝑙. For 𝑙 = 1, we need to have a unique negative vertex. Let 𝑣 be the
negative vertex and 𝑒 ∈ 𝐸(Γ𝑚,𝑙) be the edge with 𝜕𝑒 = 𝑣. Extend 𝑒, to obtain the tropical curve
ℎ̃ ∶ Γ̃𝑚

𝑙
→ ℝ2. In this case, the result follows from [38, Proposition 2.14], or [41, Proposition 2.4].

Assume the theorem is true for any 2 ⩽ 𝑙𝑖 < 𝑙. Let 𝑢𝑖 be the direction vector for 𝑒𝑖 , that is the
primitive integral vector emanating from ℎ𝑖(𝑣𝑖) in the direction of ℎ𝑖(𝑒𝑖) for 𝑖 = 1, 2. Define the
direction vectors 𝑢𝑖𝜇 for the unbounded edges 𝑒𝑖𝜇 analogously. Then, by the induction hypothesis,
we have submersions

(Γ𝑚1,𝑙1 ,𝑢1)
⟶

𝑟∏
𝜇=1

𝑁ℝ∕(ℝ ⋅ 𝑢𝑖𝜇 )

ℎ1 ⟼ ([ℎ1(𝑣𝑖1 )], … , [ℎ1(𝑣𝑖𝑟 )])

(Γ𝑚2,𝑙2 ,𝑢2)
⟶ 𝑁ℝ∕ℝ ⋅ 𝑢2 ×

𝑘∏
𝜇=𝑟+1

𝑁ℝ∕(ℝ ⋅ 𝑢𝑖𝜇 )

ℎ2 ⟼
(
[ℎ2(𝑣2)], ([ℎ2(𝑣𝑖𝑟+1)], … , [ℎ2(𝑣𝑖𝑘 )])

)
.

Hence, we obtain a submersion

 ∶ 𝔗(Γ𝑚1,𝑙1 ,𝑢1)
×𝑁ℝ∕(ℝ⋅𝑢) 𝔗(Γ𝑚2,𝑙2 ,𝑢2)

⟶

𝑟∏
𝜇=1

𝑁ℝ∕(ℝ ⋅ 𝑢𝑖𝜇 ) ×
𝑘−1∏
𝜇=𝑟+1

𝑁ℝ∕(ℝ ⋅ 𝑢𝑖𝜇 )

(ℎ1, ℎ2) ⟼
(
[ℎ1(𝑣𝑖1 )], … , [ℎ1(𝑣𝑖𝑟 )], [ℎ2(𝑣𝑖𝑟+1)], … , [ℎ2(𝑣𝑖𝑘−1)]

)
,

where

𝑁ℝ∕(ℝ ⋅ 𝑢) ∶= 𝑁ℝ∕(ℝ ⋅ 𝑢1) = 𝑁ℝ∕(ℝ ⋅ 𝑢2)

and the fibered coproduct is defined via the morphisms 𝑓𝑖 in Construction 4.20. Define

 ∶ 𝔗(Γ𝑚1,𝑙1 ,𝑢1)
×𝑁ℝ∕ℝ𝑢 𝔗(Γ𝑚2,𝑙2 ,𝑢2)

⟶ ℝ

(ℎ1, ℎ2) ⟶ 𝜆,

where 𝜆 ∈ ℝ is defined by

ℎ(𝑣2) − ℎ(𝑣2) = 𝜆 ⋅ 𝑢𝑒1 .

Then, by the construction of gluing of coral blocks we obtain

𝔗(Γ𝑚,𝑙 ,𝑢) = −1(ℝ>0). (4.2)
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Hence, the inclusion −1(ℝ>0) ⊂ 𝔗(Γ𝑚1,𝑙1 ,𝑢1)
×𝑁ℝ∕ℝ𝑢 𝔗(Γ𝑚2,𝑙2 ,𝑢2)

followed by the submersion 

gives the desired submersion ev𝑖1,…,𝑖𝑘 . □

Corollary 4.23. The set𝔗(Γ,𝑢) of isomorphism classes of general tropical corals of a given type (Γ, 𝑢)
forms the interior of a convex polyhedron of dimension 𝑙 − 1, where 𝑙 is the number of unbounded
edges of Γ.

Proof. We will first prove the result for the set 𝔗(Γ𝑚,𝑙 ,𝑢) of isomorphism classes of general coral
blocks of a given type (Γ𝑚,𝑙, 𝑢). The fact that 𝔗(Γ𝑚,𝑙 ,𝑢) is a convex polytope follows by the Equa-
tion (4.2) and the induction hypothesis. By Theorem 4.22, we obtain a submersion

 |−1(ℝ>0) ∶ (Γ,𝑢) ⟶ 𝑘∏
𝑖=1

𝑁ℝ∕(ℝ ⋅ 𝑢𝑖),

where 1 ⩽ 𝑘 ⩽ 𝑙 − 1. Hence, for 𝑘 = 𝑙 − 1 the result follows. Since tropical coral is a special type
of a coral block in which all unbounded edges have direction vectors satisfying condition (iv) in
Definition 4.2 the result follows. □

Remark 4.24. From Theorem 4.22 and Corollary 4.23, it follows that there is no linear dependence
among general asymptotic constraints. Hence, if the type (Γ, 𝑢) is of degree Δ and 𝜆 is a general
asymptotic constraint forΔ, then the set𝔗(Γ,𝑢)(𝜆) of labeled tropical corals of type (Γ, 𝑢)matching
(Δ, 𝜆) is either empty of a cardinality 1.

4.5 The count of tropical corals

In this section, we define the count of tropical corals matching (Δ, 𝜆), where Δ is a degree as in
Definition 4.6 and 𝜆 is a general asymptotic constraint for Δ as in Definition 4.9.

Proposition 4.25. There are only finitely many types of tropical corals of a fixed degree Δ.

Proof. By Subsection 4.3, every tropical coral ℎ ∶ Γ → 𝐶ℝ uniquely extends to a tropical curve ℎ̃ ∶
Γ̃ → ℝ2 in the sense of [41, Section 1]. The degree of ℎ̃ isΔ as in Definition 4.14. By [41, Proposition
2.1], there are only finitely many types of tropical curves of degree Δ. Since ℎ is obtained by the
restriction of ℎ̃, the result follows immediately. □

Definition 4.26. For Δ be a degree with 𝓁 + 1 positive entries. We denote by Δ ⊂ 𝑁ℝ the cone
spanned by Δ

0
,… , Δ

𝓁
. Let 𝜆 = (𝜆1, … , 𝜆𝓁) be an asymptotic constraint for Δ. We say that 𝜆 is good

if for every 1 ⩽ 𝑖 ⩽ 𝓁,

𝜆𝑖 ∈ int(Δ∕(ℝ ⋅ Δ
𝑖
)) ⊂ 𝑁ℝ∕(ℝ ⋅ Δ

𝑖
) . (4.3)

Remark 4.27. If Δ
𝑖
∈ int(Δ), then Δ∕(ℝ ⋅ Δ

𝑖
) = 𝑁ℝ∕(ℝ ⋅ Δ

𝑖
) and so (4.3) is automatically sat-

isfied. But if Δ
𝑖
∈ 𝜕(Δ), then Δ∕(ℝ ⋅ Δ

𝑖
) is a half-space in 𝑁ℝ∕(ℝ ⋅ Δ

𝑖
) and so (4.3) is a non-

trivial condition.
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F IGURE 4 . 3 Tropical corals appearing after rescaling of asymptotic constraints

Remark 4.28. For a given degree Δ, general asymptotic constraints exist by Remark 4.13. Since,
good constraints form an open set inside the set of constraints, the existence of general and good
asymptotic constraints for Δ follows.

Let (Γ, 𝑢) be a type of degree Δ and 𝜆 an asymptotic constraint for Δ. Even if we assume that
the set of tropical corals of type (Γ, 𝑢) matching (Δ, 𝜆) is empty, after rescaling 𝜆 by 𝑠 ∈ ℚ⩾1, it is
possible to obtain a non-empty set of tropical corals of type (Γ, 𝑢)matching (Δ, 𝜆) as illustrated in
Figure 4.3. To obtain 𝜆-independent counts of tropical corals, we want to choose our constraints
such that we also avoid the possibility of obtaining new tropical corals after rescaling. This is done
by the notion of stable range of constraints introduced in Definition 4.30.

Lemma 4.29. Let (Γ, 𝑢) be a type of degree Δ and 𝜆 a general asymptotic constraint for Δ. Then one
of the following holds.

(i) ∀𝑠 ∈ ℚ⩾1,𝔗(Γ,𝑢)(𝑠 ⋅ 𝜆) = ∅.
(ii) ∃𝑠0 ∈ ℚ⩾1 such that ∀𝑠 ⩾ 𝑠0, |𝔗(Γ,𝑢)(𝑠 ⋅ 𝜆)| = 1.
Proof. By Remark 4.24, for all 𝑠 ∈ ℚ⩾1, we have either 𝔗(Γ,𝑢)(𝑠 ⋅ 𝜆) = ∅ or |𝔗(Γ,𝑢)(𝑠 ⋅ 𝜆)| = 1. If
there exists a tropical coral ℎ ∈ (Γ,𝑢)matching a general constraint 𝜆, then the rescaled coral 𝑠 ⋅ ℎ
with 𝑠 ⩾ 1 matches 𝑠 ⋅ 𝜆. This operation clearly does not change the type. Moreover, since 𝜆 is
general for ℎ, 𝑠 ⋅ 𝜆 is also general for 𝑠 ⋅ ℎ. Hence, the result follows. □

Definition 4.30. Let Δ be a degree. We define the stable range of constraint Δ as the set of
asymptotic constraints 𝜆 for Δ such that:

(i) 𝜆 is a good general asymptotic constraint for Δ;
(ii) for every type (Γ, 𝑢) of degree Δ, if𝔗(Γ,𝑢)(𝜆) = ∅, then𝔗(Γ,𝑢)(𝑠 ⋅ 𝜆) = ∅, ∀𝑠 ∈ ℚ⩾1.

Lemma 4.31. For every degree Δ, the stable range of constraints Δ is non-empty.

Proof. By Remark 4.28, the set of good general asymptotic constraints for Δ is not empty. Fix
a good general asymptotic constraint 𝜆 for Δ. By Proposition 4.25, there are finitely many types
of tropical corals (Γ1, 𝑢1), … , (Γ𝑛, 𝑢𝑛) of degree Δ. By Lemma 4.29, for each type (Γ𝑖, 𝑢𝑖), either
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𝔗(Γ,𝑢)(𝑠 ⋅ 𝜆) = ∅ for all 𝑠 ∈ ℚ⩾1 and in this case we set 𝑠𝑖 ∶= 1, or there exists 𝑠𝑖 ∈ ℚ⩾1 such that
for every 𝑠 ⩾ 𝑠𝑖 , |𝔗(Γ,𝑢)(𝑠 ⋅ 𝜆)| = 1. By construction, if we consider the maximum

𝑠0 = max{𝑠𝑖 | 𝑖 = 1, … , 𝑛} ,
we have 𝑠0 ⋅ 𝜆 ∈ Δ. □

Definition 4.32. Let ℎ ∶ Γ → 𝐶ℝ be a general tropical coral as in Definition 4.3; in particular all
interior vertices of Γ are trivalent. The multiplicity of ℎ ∶ Γ → 𝐶ℝ is defined as in [38, Definition
2.16] by

Mult(Γ, ℎ) ∶=
∏

𝑣∈𝑉0(Γ)

Mult(𝑣) , (4.4)

where the product is over interior vertices, and for every interior vertex 𝑣 ∈ 𝑉0(Γ), choosing two
arbitrary edges 𝑒1, 𝑒2 adjacent to 𝑣, denoting 𝑢1, 𝑢2 the primitive integral vectors emanating from
ℎ(𝑣) in the direction of ℎ(𝑒1) and ℎ(𝑒2), and 𝑤Γ(𝑒1), 𝑤Γ(𝑒2) the weights of 𝑒1 and 𝑒2,

Mult(𝑣) ∶= 𝑤Γ(𝑒1) ⋅ 𝑤Γ(𝑒2) ⋅ |det(𝑢1, 𝑢2)| . (4.5)

Definition 4.33. If ℎ ∶ Γ → 𝐶ℝ is a tropical coral with 𝓁 + 1 unbounded edges 𝑒+
0
, … , 𝑒+𝓁 and𝑚

negative vertices 𝑣−
1
, … , 𝑣−𝑚, we define themodified multiplicity of ℎ ∶ Γ → 𝐶ℝ by

M̃ult(Γ, ℎ) ∶=
1∏𝓁

𝑖=1 𝑤Γ(𝑒
+
𝑖
)

1∏𝑚
𝑗=1 𝑤𝑣−𝑗

Mult(Γ, ℎ) (4.6)

=
1∏𝓁

𝑖=1 𝑤Γ(𝑒
+
𝑖
)

1∏𝑚
𝑗=1 𝑤𝑣−𝑗

∏
𝑣∈𝑉0(Γ)

Mult(𝑣) ,

where 𝑤Γ(𝑒+𝑖 ) are the weights of the positive edges 𝑒
+
1
, … , 𝑒+𝓁 (all of them except 𝑒+

0
) and 𝑤𝑣−

𝑗
are

the weights on the negative vertices 𝑣−
𝑗
.

We are ready to define the count of tropical corals. Let Δ be a degree and 𝜆 an asymptotic
constraint in the stable range Δ. By Proposition 4.25 and Remark 4.24, there are finitely many
tropical corals ℎ𝑖 ∶ Γ𝑖 → 𝐶ℝ, 1 ⩽ 𝑖 ⩽ 𝑛, matching (Δ, 𝜆). They are all general, as 𝜆 is general by
Definition 4.30 of Δ, and so they all have a modified multiplicity defined by Definition 4.33.
Then, the tropical count of tropical corals is defined by

𝑁
trop
Δ,𝜆
∶=

𝑛∑
𝑖=1

M̃ult(Γ𝑖, ℎ𝑖) . (4.7)

Remark 4.34. Note that in the definition (4.6) of the modified multiplicities M̃ult(Γ, ℎ), we have
the factors given by the weights 𝑤Γ(𝑒+𝑖 ) and 𝑤𝑣−𝑗 . The reason to divide out the multiplicities with
these weights in (4.7) is that in the next sections of this article the constraints we will be impos-
ing on the stable maps will be on the boundary divisor, rather than in the dense torus orbit of
the Tate curve. This is the same set-up as in [20], and tropically amounts to modifying the usual
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Mikhalkin multiplicity, by dividing out the weights on labeled unbounded edges as explained in
[20, Appendix].

The notion of good constraint is ultimately justified by the following key Lemma, which allows
us to reduce the study of tropical corals to the study of tropical curves.

Lemma 4.35. Let Δ be a degree and 𝜆 a good general asymptotic constraint for Δ. Then, every
tropical curve ℎ̃ ∶ Γ̃ → ℝ2 matching (Δ, 𝜆) as in Definition 4.15 is obtained after a possible rescaling
as an extension in the sense of Subsection 4.3 of a tropical coral ℎ ∶ Γ → 𝐶ℝmatching (Δ, 𝜆).

Proof. It is enough to show that the images ℎ̃(𝑉(Γ̃)) of vertices of Γ̃ lie inside the cone Δ defined
in 4.26, since then either

ℎ̃(𝑉(Γ̃)) ⊂ 𝐶ℝ ∩ Δ

and the restriction of ℎ̃ is already a tropical coral, or by rescaling ℎ̃ with some 𝑠 ∈ ℝ⩾1, we can
ensure all vertices will be in 𝐶ℝ ∩ Δ.
Now assume there exist a vertex 𝑣 of Γ̃ such that ℎ(𝑣) ∉ Δ. Then, it follows that there exists at

least one unbounded edge 𝑒 of Γ̃ with direction vector 𝑢𝑒 emanating from ℎ(𝑣) in the direction of
ℎ(𝑒)with𝑢𝑒 ∉ Δ. If 𝑣 is the only vertex of Γ̃withℎ(𝑣)not included inΔ then this is obvious by the
balancing condition at 𝑣. If not, then take a longest path from 𝑣 to a vertex 𝑣′ of Γ̃ such that ℎ(𝑣′) ∉
Δ, which exists since Γ is connected. In this case, 𝑣′ must be adjacent to an unbounded edge 𝑒
of Γ̃ such that the direction vector 𝑢𝑒 ∉ Δ by the balancing condition at 𝑣′. But the existence of
such an edge 𝑒 contradicts that ℎ̃ ∶ Γ̃ → ℝ2 has degree Δ. Hence, the result follows. □

Let Δ be a degree with 𝓁 + 1 positive and 𝑚 negative entries, and 𝜆 an asymptotic constraint
in the stable range Δ. By [38, 41], there are finitely many general tropical curves ℎ̃𝑖 ∶ Γ̃𝑖 → ℝ2
matching (Δ, 𝜆) as in Definition 4.15. Recall that the unbounded edges of such tropical curve ℎ̃ ∶
Γ̃ → ℝ2 are labeled 𝑒+

0
, … , 𝑒+𝓁 , 𝑒

−
1
, … , 𝑒−𝑚 and we define itsmodified multiplicity as in (4.6):

Mult(Γ̃, ℎ̃) ∶=
1∏𝓁

𝑖=1 𝑤Γ̃(𝑒
+
𝑖
)

1∏𝑚
𝑗=1 𝑤Γ̃(𝑒

−
𝑗
)

∏
𝑣∈𝑉(Γ̃)

Mult(𝑣) , (4.8)

where𝑤Γ̃(𝑒) are the weights of the labeled edges 𝑒 ∈ 𝔼̃, and the multiplicitiesMult(𝑣) of trivalent
vertices are given by (4.5) Then, the tropical count of tropical curves is defined by

𝑁̃
trop
Δ,𝜆
∶=

𝑛∑
𝑖=1

Mult(Γ̃𝑖, ℎ̃)𝑖 . (4.9)

Theorem 4.36. Let Δ be a degree and 𝜆 an asymptotic constraint in the stable range Δ. Then, the
extension

(ℎ ∶ Γ → 𝐶ℝ) ↦ (ℎ̃ ∶ Γ̃ → ℝ2)

of Subsection 4.3 defines a bijection between tropical corals matching (Δ, 𝜆) and tropical curves
matching (Δ, 𝜆). This bijection preserves the modified multiplicities:

M̃ult(Γ, ℎ) = M̃ult(Γ̃, ℎ̃)
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and so the count of tropical corals coincides with the count of tropical curves:

𝑁
trop
Δ,𝜆
= 𝑁̃

trop
Δ,𝜆
.

Moreover, the count of tropical corals𝑁trop
Δ,𝜆

is independent of the choice of the asymptotic constraint
𝜆 in the stable range Δ.

Proof. The fact that the tropical extension defines a bijection when the asymptotic constraint 𝜆 is
in the stable range Δ follows from Lemma 4.35. Multiplicities agree by the explicit description of
the tropical extension in Subsection 4.3. Finally, the count of tropical curves 𝑁̃trop

Δ,𝜆
is independent

of the choice of 𝜆 by [15] and so the count of log corals 𝑁trop
Δ,𝜆

is also independent of 𝜆 as long as 𝜆
is in the stable range Δ. □

5 A TROPICAL APPROACH TOHOMOLOGICALMIRROR
SYMMETRY

5.1 The ring of theta functions 𝑹̂

The program developed by Gross and Siebert in the last 20 years aims at an algebro-geometric
approach to the Strominger–Yau–Zaslow conjecture [46] inmirror symmetry, and provides a tech-
nique to construct the homogeneous coordinate ring for themirror to a family of Calabi–Yau vari-
eties, referred to as the ring of theta functionsusing tropical and log geometric techniques [22]. This
construction is generalized to a large class of families in [19], and it is shown that the underlying
vector space of this coordinate ring admits a canonical basis given in terms of theta functions —
for previous work in this direction in 2-dimensional cases, see also [18].
In this section, we investigate the product rule in the ring of theta functions, focusing attention

on themirror to the Tate curve— for details we refer to [6, Subsection 8.4.2]. We first fix an ample
line bundle → 𝑋 over the unfolded Tate curve, as in [6, Subsection 8.4.1] (where the unfolded
Tate curve is denoted by 𝑋Σ), which is obtained from the data of a piecewise-linear function

𝜙 ∶ ℝ⟶ ℝ (5.1)

𝑥 ⟼ 𝑖𝑥 −
𝑖(𝑖 + 1)

2
,

which has slope 𝑖 on the interval [𝑖, 𝑖 + 1] for 𝑖 ∈ ℤ. The upper convex hull of the graph of 𝜙,
denoted by Δ is depicted in [6, figure 24], and it is shown that the normal fan to Δ is the toric fan
to the unfolded Tate curve, illustrated in Figure 2.1. A basis for the sections of ⊗𝑛 is represented
by integral points of 𝑛Δ. Moreover, there is a ℤ-action on

∞⨁
𝑛=0

𝐻0(𝑋,⊗𝑛).

A generator of this action, for any non-negative integer 𝑛 ⩾ 0 is given by the map

𝑇𝑛(𝑥, 𝑦) ∶=

(
𝑥 + 𝑛𝑏, 𝑥𝑏 + 𝑦 +

𝑏(𝑏 − 1)

2
𝑛

)
, (5.2)
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where 𝑏 ∈ ℤ>0 is fixed, so that the action of ℤ on the toric fan for the unfolded Tate curve is given
by translations by 𝑏, as in Section 2 (in [6, Subsection 8.4.1] 𝑏 is denoted by 𝑑). Taking the quotient
with respect to the ℤ action obtained on  given by by (5.2), we obtain an ample line bundle

̂→ 𝑇 (5.3)

on the Tate curve (in [6], the Tate curve 𝑇 is denoted by ̂). A basis for the sections of basis of
sections of𝐻0(𝑇, ̂⊗𝑛) is given by the theta functions

𝜃𝑛,𝑝 ∶=

𝑠=∞∑
𝑠=−∞

𝑧𝑇
𝑠
𝑛(𝑛𝑝,𝑛𝜙(𝑝)), (5.4)

where 𝑇𝑛 is defined as in (5.2), 𝜙 is the PL function defined in (5.1), and 𝑝 ∈ 𝐵((1∕𝑛)ℤ). The ring
of theta functions is a 𝐶�𝑢�-algebra,

𝑅̂ =

∞⨁
𝑛=0

𝐻0(𝑇, ̂⊗𝑛) (5.5)

and the set of 𝐶�𝑢�-module generators is given by

{1} ∪ {𝜃𝑛,𝑝 | 𝑝 ∈ 𝐵((1∕𝑛)ℤ), 𝑛 ⩾ 1}
as explained in [6, Subsection 8.4.1]. The product in 𝑅̂ is given by

𝜃𝑛1,𝑝1 ⋅ 𝜃𝑛2,𝑝2 =
𝛼=∞∑
𝛼=−∞

𝜃
𝑛1+𝑛2,

𝑛1𝑝1+𝑛2(𝑝2+𝛼𝑏)

𝑛1+𝑛2

𝑢deg(𝑝1,𝑝2+𝛼𝑏), (5.6)

where 𝑏 ∈ ℤ>0 is fixed as in Section 2, and for any 𝑝1 ∈
1

𝑛1
ℤ, 𝑝2 ∈

1

𝑛2
ℤ,

deg(𝑝1, 𝑝2) ∶= 𝑛1𝜙(𝑝1) + 𝑛2𝜙(𝑝2) − (𝑛1 + 𝑛2)

(
𝑛1𝑝1 + 𝑛2(𝑝2 + 𝛼𝑏)

𝑛1 + 𝑛2

)
(5.7)

as defined in [6, 8.4.2]. It is shown in [6, 8.4.2], that the multiplication in the ring of theta func-
tions 𝑅̂ for the Tate curve, defined in (5.5), agrees with the Floer multiplication in the Lagrangian
Floer cohomology ring associated to the elliptic curve. This is shown by working with a com-
binatorial analogue of the Fukaya category, introduced by Abouzaid–Gross–Siebert as tropical
Morse category, where the product is described by counts of tropical Morse treeswhich correspond
to holomorphic discs bounded by Lagrangian submanifolds in the elliptic curve. We describe
tropical Morse trees, and show the correspondence of such trees with tropical corals in the next
sections.

5.2 A view toward symplectic cohomology

The ring of theta functions 𝑅̂ defined as in (5.5) is proposed to be the coordinate ring to the mirror
of 𝑇 ⧵ 𝑇0, the complement of the central fiber 𝑇0 in the Tate curve [19]. The mirror to the Tate
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curve 𝑇 is then analogously obtained by a compactification, as explained in [19, Section 4]. Note
that in the analytic category there is an elliptic fibration on 𝑇 ⧵ 𝑇0 over the punctured disc 𝐷∗.
The mirror as proposed by Strominger–Yau–Zaslow of 𝑇 ⧵ 𝑇0 is also a fibration over 𝐷∗ formed
by dual elliptic curves — for a survey of SYZ mirror symmetry, see, for instance, [17]. Hence,
𝑇 ⧵ 𝑇0 is in this sense self-mirror. It is proposed by homological mirror symmetry that the mirror
to 𝑇 ⧵ 𝑇0 is given by the Spec of the degree-zero part of the symplectic cohomology ring of it. Note
that, topologically 𝑇 ⧵ 𝑇0 is the mapping cylinder of the Dehn twist 𝜏∶ 𝐸 → 𝐸 of an elliptic curve
along a meridian

Map(𝜏) ∶=
𝐸 × [0, 1] × ℝ

(𝑒, 0, 𝑞) ∼ (𝜏(𝑒), 1, 𝑞)
.

Although symplectic cohomology is described for open manifolds with a Liouville structure [44],
andMap(𝜏) does not fall into this category, we nevertheless can define an appropriate modifica-
tion symplectic cohomology in this set-up. Similar descriptions of the symplectic cohomology for
mapping cylinders of Hamiltonian symplectomorphisms can be found in [12]. In a related context,
for a study of the Floer homology of Dehn twists, see also [31].
We equipMap(𝜏) with the symplectic form 𝜔𝐸 + 𝑑𝑝 ∧ 𝑑𝑞, where 𝜔𝐸 is the symplectic form on

𝐸 and 𝑝 and 𝑞 are the coordinates on the second and third factors of 𝐸 × [0, 1] × ℝ, and choose
a tame almost complex structure on Map(𝜏), such that the projection 𝜋 ∶ Map(𝜏) → ℝ × 𝑆1 is
holomorphic. We then consider a Hamiltonian function, given by the composition of 𝜋 with the
projection to the first factor, whose time 1-periodic orbits after suitable perturbations are non-
degenerate, and thus we obtain a well-defined Floer complex, which allows us to describe the
symplectic cohomology ring for 𝑇 ⧵ 𝑇0 as

𝑆𝐻⋆(𝑇 ⧵ 𝑇0) ≅
⨁
𝑘∈ℤ

𝐻𝐹⋆(𝜏𝑘),

where𝐻𝐹⋆ denotes the Hamiltonian Floer cohomology ring. Details of this construction, as well
as checking maximum principle for the perturbations of the Hamiltonians require a rather large
set-up of a symplectic geometric framework, which beyond the scope of this paper, and will be
the focus of future work. Focusing attention at the degree-zero piece, we obtain an isomorphism⨁

𝑘∈ℤ

𝐻𝐹0(𝜏𝑘) ≅
⨁
𝑘∈ℤ

𝐻𝐹0(𝐿(0), 𝐿(𝑘)), (5.8)

where𝐻𝐹 on the right-hand side denotes the Lagrangian Floer cohomology. Based on discussions
with Abouzaid–Siebert and Pomerleano–Tonkonog, the isomorphism (5.8) follows by showing
both sides are isomorphic to the wrapped Floer cohomology𝐻𝑊0(𝐿(0) × ℝ, 𝐿(0) × ℝ). To do this,
one needs to observe that the closed open map

𝑆𝐻0 ≅
⨁
𝑘∈ℤ

𝐻𝐹0(𝜏𝑘)⟶ 𝐻𝑊0(𝐿(0) × ℝ, 𝐿(0) × ℝ)

is an isomorphism analogous to [43, Proposition 7.2]. This shows that the product in the sym-
plectic cohomology of 𝑇 ⧵ 𝑇0, can be understood from the product in the Lagrangian Floer coho-
mology of the elliptic curve, which agrees with the product in the ring of theta functions by [6,
Subsection 8.4.2].
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Our contribution in this paper is to interpret the structure constants contributing to the Floer
product for the elliptic curve, namely holomorphic polygons bounded by Lagrangians, on the
algebro-geometric side by counts of certain punctured curves defined using log geometric tech-
niques. To pass from holomorphic polygons to punctured log curves, we are using the correspon-
dences summarized in Figure 1.1. In particular, use combinatorial analogues of these holomorphic
polygons, given by tropical Morse trees, as defined in the next section.

Remark 5.1. It is worthwhile emphasizing that, comparing algebraic and symplectic virtual funda-
mental classes on the moduli of punctured log curves is highly technical. Generally, to relate the
symplectic and algebraic formalisms there are various approaches — see [47] for instance. Thus,
the isomorphism between the ring of theta functions [19] and symplectic cohomology ring, is so
far conjectural [26].

5.3 Tropical Morse trees

The product in the Lagrangian Floer cohomology is, roughly, determined by counting holomor-
phic polygons bounded by Lagrangians. Such polygons, capturing the product rule in Floer coho-
mology for the case of the elliptic curve 𝐸 correspond to tropicalMorse trees on 𝑆1, as shown in [6,
Subsection 8.4.4]. Tropical Morse trees, introduced by Abouzaid–Gross–Siebert, are tropical ana-
logues of the gradient flow trees in Morse theory. In the remaining part of this section, we review
the definition of tropical Morse trees along with examples illustrating their correspondence to
holomorphic polygons. For details we refer to [6, Section 8].
A rooted ribbon tree  is a connected tree with a finite number of vertices and edges, with no

divalent vertices, together with the additional data of a cyclic ordering of edges at each vertex and
a distinguished vertex referred to as the root vertex. We call the univalent vertices of  external
and the other vertices internal, and insist that the root is an external vertex. We orient all edges
toward the root vertex, referring to the root vertex as the outgoing vertex and all other external
vertices as incoming vertices or leaves. We refer to edges adjacent to a vertex 𝑣 as incoming edges if
the assigned direction points toward 𝑣 and outgoing edges otherwise. Let be a rooted ribbon tree
with 𝑑 + 1 external vertices, for 𝑑 > 0. There is a unique isotopy class of embeddings of into the
unit disc 𝐷 ⊂ ℝ2 such that each external vertex maps to 𝑆1 ⊂ 𝐷. This embedding divides 𝐷 into
𝑑 + 1 regions, each of which meets the boundary 𝑆1 in a segment. We label the regions by 0, … , 𝑑,
proceeding anticlockwise around 𝑆1 from the root vertex, and assign distinct integers 𝑛0, … , 𝑛𝑑
to these regions. We then also assign to each edge 𝑒𝑖,𝑗 , separating regions labeled by 𝑖 and 𝑗, the
integer

𝑛𝑒𝑖,𝑗 ∶=

{
𝑛𝑗 − 𝑛𝑖 on 𝑒𝑖𝑗 for 0 < 𝑖, 𝑗 < 𝑑

𝑛𝑑 − 𝑛0 on 𝑒𝑑,0
(5.9)

called the acceleration of 𝑒𝑖,𝑗 . A rooted ribbon tree whose edges are labeled with accelerations is
called decorated. We also label each external vertex of a decorated ribbon tree by 𝑣[𝑖][𝑗], where
the unique edge incident to the vertex lies between regions 𝑖 and 𝑗, and the square brack-
ets indicate that we take the indices 𝑖 and 𝑗 modulo 𝑑 + 1. Note that the vertex labels are
𝑣0,1, 𝑣1,2, … , 𝑣𝑑−1,𝑑, 𝑣𝑑,0.
Now,we are ready to define tropicalMorse trees asmaps from→ 𝑆1. Note that wewill denote

the points on 𝑆1 = ℝ∕𝑑ℤ with coordinates in 1
𝑛
ℤ by 𝑆1( 1

𝑛
ℤ) as in [6, Section 8].
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Definition 5.2. Let be a rooted ribbon tree with 𝑑 + 1 external vertices, 𝑑 > 0, and 𝑛0, … , 𝑛𝑑 ∈
ℤ be the set of integers describing a decoration on . Identify each edge 𝑒 of  with [0,1] with
coordinate 𝑠 and the orientation on 𝑒 pointing from 0 to 1. A tropical Morse tree is a map 𝜙 ∶ →
𝑆1 satisfying the following.

(i) For any external vertex 𝑣𝑗,𝑖 of,

𝑝𝑗,𝑖 ∶= 𝜙(𝑣𝑗,𝑖) ∈ 𝑆
1

(
1

𝑛𝑒𝑖,𝑗
ℤ

)
,

where 𝑛𝑒𝑖,𝑗 is the acceleration associated to the edge adjacent to 𝑣𝑗,𝑖 , defined as in (5.9).
(ii) For an edge 𝑒 of, 𝜙(𝑒) is either an affine line segment or a point in 𝑆1.
(iii) For each edge 𝑒, there is a section 𝑣𝑒 ∈ Γ(𝑒, (𝜙|𝑒)∗𝑇𝑆1), called velocity of 𝑒, satisfying:

(1) 𝑣𝑒(𝑣) = 0 for each external vertex 𝑣 adjacent to the edge 𝑒;
(2) for each edge 𝑒 ≅ [0, 1] and 𝑠 ∈ [0, 1], we have 𝑣𝑒(𝑠) is tangent to 𝜙(𝑒) at 𝜙(𝑠), pointing

in the same direction as the orientation on 𝜙(𝑒) induced by that on 𝑒. By identifying
(𝜙|𝑒)∗𝑇𝑆1 with the trivial bundle over 𝑒 using the affine structure on 𝑆1, we have

𝑑

𝑑𝑠
𝑣𝑒(𝑠) = 𝑛𝑒𝜙∗

𝜕

𝜕𝑠
;

(3) for any internal vertex 𝑣 of  the following balancing condition holds. Let 𝑒1 … , 𝑒𝑝 be
the incoming edges and let 𝑒out be the outgoing edge adjacent to 𝑣. Then,

𝑣𝑒out (𝑣) =

𝑝∑
𝑖=1

𝑣𝑒𝑖 (𝑣). (5.10)

Remark 5.3. We can generalize the definition of a tropicalMorse tree in 𝑆1, to a tropicalMorse tree
in any affine manifold as in [25, Definition 4.1]. For computational convenience, in the remaining
part of this article, we indeed consider lifts of tropical Morse trees 𝜙 ∶ → 𝑆1 to tropical Morse
trees in 𝜙 ∶ → ℝ, which by abuse of notation are also denoted by 𝜙 ∶ → ℝ.

Definition 5.4. A tropical Morse tree 𝜙 ∶ → ℝ is called general if all interior vertices of are
trivalent and at any vertex 𝑣 of  there is at most one adjacent edge to 𝑣 is contracted under 𝜙.
We denote the set of general tropical Morse trees by   .

Remark 5.5. Let 𝜙 ∶ → ℝ be a tropical Morse tree. The condition 𝑣𝑒(𝑣) = 0 on all external ver-
tices 𝑣 in Definition 5.2 can be interpreted as follows. Assume 𝑣 is an external vertex that is not the
root vertex, start with zero velocity 𝑣𝑒(𝑣) = 0, and then increase it while tracing the orientation
toward the root vertex until the last vertex adjacent to the root, where the velocity will evaluate
positively. Hence, to achieve zero velocity also at the root vertex we need to have negative acceler-
ation at the edge adjacent to it. This describes a systematic procedure to contract certain external
edges under 𝜙, to achieve 𝑣𝑒(𝑣) = 0—see [1; 25, p. 35]. Hence, the edges that are contracted under
𝜙 correspond to the following ones:

(i) edges 𝑒 adjacent to an incoming vertex if 𝑛𝑒 < 0;
(ii) the outgoing edge adjacent to the root vertex if 𝑛𝑒 > 0.
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F IGURE 5 . 1 A tropical Morse tree in blue and the corresponding triangle

Note that there exists always at least one external edge which is contracted under 𝜙, and at least
one external edge which is not contracted under 𝜙 by studying all possible algebraic inequalities
between the integers 𝑛𝑖 and 𝑛𝑗 determining the acceleration 𝑛𝑒 = 𝑛𝑗 − 𝑛𝑖 on the edges of.

Remark 5.6. To each tropicalMorse tree, we associate a sign, which agrees with the sign associated
to a holomorphic polygon, and is defined as in [6, Subsection 8.3.3]. It follows from [6, Subsection
8.4.4] that there is a bijective correspondence between tropical Morse trees 𝜙 ∶ → ℝ of a fixed
sign, and holomorphic polygons 𝑃 in ℝ2, such that:

(i) if has 𝑑-external vertices 𝑣0,1, … , 𝑣𝑑,0 with 𝜙(𝑣𝑖,𝑗) = 𝑝𝑖,𝑗 , then 𝑃 has 𝑑-vertices 𝑝̃0,1, … , 𝑝̃𝑑,0
such that under the vertical projection map each 𝑝̃𝑖,𝑗 maps to 𝑝𝑖,𝑗;

(ii) the points 𝑝̃0,1, 𝑝̃1,2, … , 𝑝̃𝑑,0 on the boundary of 𝑃 are oriented cyclically in a counter-
clockwise fashion;

(iii) if is decorated with {𝑛0, … , 𝑛𝑑}, then each edge 𝐿𝑖 of 𝑃 has slope 𝑆𝐿𝑖 = −𝑛𝑖 for 𝑖 ∈ {1, … , 𝑑}.

In the following examples, we illustrate tropical Morse trees and the corresponding poly-
gons, assuming that signs are chosen, so that the orientation of the boundary traced in counter-
clockwise fashion is compatible with the ordering of the tuple (𝐿0, … 𝐿𝑑).

Example 5.7. Let 𝜙 ∶ → 𝐵 be a tropical Morse tree, where is a rooted ribbon tree decorated
with

𝑛0 = 0, 𝑛1 = 3, 𝑛2 = 5,

so that separates the unit disc into three regions each labeled by 𝑛𝑖 , as illustrated in Figure 5.1.
The acceleration vectors on the edges 𝑒𝑖𝑗 of, adjacent to the external vertices 𝑣𝑖,𝑗 are given by

𝑛𝑒0,1 = 𝑛1 − 𝑛0 = 3, 𝑛𝑒1,2 = 𝑛2 − 𝑛1 = 2 𝑛𝑒0,2 = 𝑛2 − 𝑛0 = 5.

Hence, by Remark 5.5, the edge 𝑒0,2 gets contracted under 𝜙. We let

𝜙(𝑣0,1) = 𝑝0,1 = 2, 𝜙(𝑣1,2) = 𝑝1,2 = −3 𝜙(𝑣0,2) = 𝑝0,2 = 0,
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F IGURE 5 . 2 A tropical Morse tree and the associated polygon

so that the balancing condition in Definition 5.2 holds. We illustrate the corresponding polygon
to 𝜙 on the right-hand side in Figure 5.1.

Example 5.8. Let  be the decorated ribbon tree illustrated in Figure 5.2. The accelerations
𝑛𝑒𝑖,𝑗 = 𝑛𝑖 − 𝑛𝑗 on the external edges 𝑒𝑖,𝑗 are given by

𝑛𝑒0,1 = −2, 𝑛𝑒1,2 = 3, 𝑛𝑒2,3 = 2, 𝑛𝑒3,4 = −8, 𝑛𝑒4,0 = −5.

Let 𝜙 ∶ → ℝ be a tropical Morse tree with

𝜙(𝑣0,1) = 𝑝0,1 = 8, 𝜙(𝑣1,2) = 𝑝1,2 = 12, 𝜙(𝑣2,3) = 𝑝2,3 = 0, 𝜙(𝑣3,4) = 𝑝3,4 = 6.

Note that, by Remark 5.5, two external edges, that are not adjacent to the root vertex, which have
negative acceleration are contracted. Furthermore, as the image of the edges of  overlap, we
illustrate them in Figure 5.2 on three copies of the real line, and we label on each of them the
associated acceleration.
Denote by 𝑤 the vertex adjacent to the root vertex. We have a 1-parameter family of choices

for 𝜙(𝑤), for which balancing condition in Definition 5.2 is satisfied. Choosing 𝜙(𝑤) = 7, from
the balancing condition we get 𝑝04 =

28

5
∈ 1
5
ℤ. For details, see [5, Example 8.8]. We illustrate the

associated polygon one the right-hand side of Figure 5.2.
Note that the holomorphic discs contributing to the structure constants in the product in the

Floer cohomology ring for the elliptic curve, in 0-dimensional moduli spaces always have convex
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corners. However, the polygon, corresponding to the tropical Morse tree in this example is in a 1-
dimensional moduli space, as there is a 1-parameter choice of the image of the vertex𝑤 ∈ . This
is expected in situations when there is more than one edge of the ribbon graph contracted. Indeed,
it is shown in [45, Subsection 2.3] that tropical Morse trees corresponding to convex polygons are
those in which precisely one edge of gets contracted.

5.4 Tropical corals from tropical Morse trees

In this section, we show how to lift tropical Morse trees on 𝑆1 to good types of tropical corals on
the truncated cone 𝐶𝑆1 over 𝑆1 and vice versa.

Definition 5.9. Let (Γ, 𝑢) be the type of a coral graph as in Definition 4.4. We say (Γ, 𝑢) is of good
type if for all edges 𝑒 ∈ 𝐸(Γ), the direction vector 𝑢(𝑒) projects to a non-zero element of ℝ under
the projection map pr2 ∶ ℝ2 ⟶ ℝ onto the second component.

A tropical coral ℎ ∶ Γ → 𝐶ℝ of type (Γ, 𝑢), of good type, uniquely determines a tropical Morse
tree 𝜙 ∶ → ℝ, which we refer to as the tropical Morse tree associated to ℎ. We construct 𝜙 from
ℎ as follows. First, set be the ribbon tree isomorphic to Γ. Note that the orientation on Γ induces
an orientation on Γ, and hence determines an orientation on. We refer to the orientation on an
edge 𝑒 positive if ℎ(𝑒) points away from the boundary 𝜕𝐶ℝ and negative if it points toward the
truncated cone. Endow the edges of  with accelerations given by 𝑛𝑒 = 𝑤Γ(𝑒) if the orientation
on the edge 𝑒 is positive, and 𝑛𝑒 = −𝑤Γ(𝑒) otherwise, where 𝑤Γ ∶ 𝐸(Γ) → ℕ ⧵ {0} is the weight
function on Γ. Without loss of generality assuming 𝑛0 = 0, this determines the decoration on.
For any vertex 𝑣 ∈ 𝑉 ⧵ 𝑉−(Γ̄), set

𝑢𝑣,𝑒 ∶= (𝑢
1, 𝑢2)

the direction vector as in Definition 4.5. Identify 𝜕𝐶ℝ with ℝ, and define the tropical Morse tree
𝜙 ∶ → ℝ, by setting

𝜙(𝑣) =

{
ℎ(𝑣) if 𝑣 ∈ 𝑉−(Γ̄)

𝑢1∕𝑢2 if 𝑣 ∈ 𝑉 ⧵ 𝑉−(Γ̄).

Example 5.10. In Figure 5.3, we illustrate a tropical coral and whose associated tropical Morse
tree is the one in Figure 5.2.

Conversely, from a tropical Morse tree, we first deduce a coral graph, together with its type, in
the following result.

Lemma 5.11. A tropicalMorse tree𝜙 ∶ → ℝ uniquely determines (Γ, 𝑢), where Γ is a coral graph,
and 𝑢 is the type of a tropical coral, as in Definition 4.5.

Proof. Let 𝜙 ∶ → ℝ be a tropical Morse tree as in Definition 5.2. Assume has 𝑑 + 1 external
vertices {𝑣𝑗𝑖} with 𝜙(𝑣𝑗𝑖) = 𝑝𝑗𝑖 . Denote by 𝑒𝑖𝑗 the edge of  lying between regions 𝑖 and 𝑗. The
graph defines a bilateral graph Γ, where the partition on the set of vertices 𝑉(Γ̄) = 𝑉(), into
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F IGURE 5 . 3 A tropical coral for which the associated tropical Morse tree is as in Figure 5.1

sets of negative, positive and interior vertices are obtained as follows:

𝑉−(Γ̄) = {𝑣 | 𝑣 is an external vertex of, adjacent to an edge which is contracted under 𝜙 };
𝑉+(Γ̄) = {𝑣 | 𝑣 is an external vertex of adjacent to an edge which is not contracted under 𝜙 };

𝑉0(Γ̄) = {𝑣 | 𝑣 is an internal vertex of }.
We set Γ = |Γ̄| ⧵ 𝑉+(Γ), and define a weight function on 𝐸(Γ) by

𝑤Γ(𝑒) = |𝑛𝑒|,
where 𝑛𝑒 is the acceleration of 𝑒.
Let 𝐶ℝ be the truncated cone over ℝ defined as in Definition 3.1. For any tropical Morse tree

𝜙 ∶ → ℝ, we identifyℝ = 𝜕𝐶ℝ, so that 𝜙() ⊂ 𝐶ℝ. Without loss of generality we assume, after
translating 𝜙 if necessary, that 𝜙 maps the root vertex, denoted by 𝑣0𝑑, to (0, 1). Let 𝑣 ∈ 𝑉0(Γ),
and

𝑝 = 𝜙(𝑣) ∈ 𝜕𝐶ℝ.

Define the direction vector 𝑢(𝑣,𝑒) assigned to the flag (𝑣, 𝑒) ∈ 𝐹(Γ) by

𝑢(𝑣,𝑒) ∶=

{ ⟨𝑝, 1⟩ if 𝑒 is an outgoing edge adjacent to 𝑣

− ⟨𝑝, 1⟩ if 𝑒 is an incoming edge adjacent to 𝑣,

For a negative vertex 𝑣𝑖𝑗 ∈ 𝑉−(Γ), define 𝑢𝑣𝑖𝑗 = −⟨𝑝𝑖𝑗, 1⟩, where 𝑝𝑖𝑗 = 𝜙(𝑣𝑖𝑗). The direction vec-
tors {𝑢(𝑣,𝑒)} and {𝑢𝑣𝑖𝑗 } determine the type (Γ, 𝑢) of the coral graph Γ, hence the type of a tropical
coral. □

Theorem 5.12. Let  be the set of tropical corals in 𝐶ℝ which are of good type. For any tropical
coral ℎ, denote by 𝜓ℎ the tropical Morse tree obtained from ℎ. Then, the map

Ψ ∶  ⟶   (5.11)

ℎ⟼ 𝜓ℎ
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is a surjection, and the fiber over 𝜙 ∈   is the set of tropical corals of type (Γ, 𝑢) determined by
𝜙.

Proof. We show this for the general case (which suffices for our purposes in this paper, since we
set up the tropical counting problem for general tropical corals in Section 4). The proof for non-
general cases follows analogously. Let 𝜙 ∶ → ℝ be a general tropical Morse tree and let (Γ, 𝑢)
be the type of the coral graph determined by 𝜙 by Lemma 5.11. Note that (Γ, 𝑢) is a good type. We
will construct a general tropical coral (ℎ ∶ 𝐶ℝ → ℝ) ∈ (Γ,𝑢) with Ψ(ℎ) = 𝜙. Let 𝑙 be the number
of positive vertices of Γ and let

(𝑟0, … , 𝑟𝑙−2) ∈ ℝ
𝑙−1
>0

be an arbitrary 𝑙 − 1-tuple of positive real numbers. Note that there always exists at least one exter-
nal edge which is contracted under 𝜙— see Remark 5.5. We fix a negative vertex 𝑣 ∈ 𝑉−(Γ) with
ℎ(𝑣) = (𝑝, 1) ∈ 𝐶ℝ. Let 𝑣0 be the interior vertex of Γ adjacent to 𝑣 and let {𝑣1, … , 𝑣𝑙−1} be the set
of interior vertices of Γ not adjacent to any negative vertex𝑉−(Γ). Or aim is to construct a tropical
coral ℎ ∶ Γ → 𝐶ℝ with

Φ(ℎ) = (𝜌(𝑣0), 𝜌(𝑣1), … , 𝜌(𝑣𝑙−2)) = (𝑟0, … , 𝑟𝑙−2),

whereΦ is themap defined in the proof of Proposition 4.18.Wewill in amoment determine ℎ(𝑣0).
Let 𝜋𝑢 be the canonical projection mapℝ2 → ℝ2∕ℝ ⋅ 𝑢, where 𝑢 = (𝑝, 1), and write 𝑅𝑝 for the ray
in 𝐶ℝ which maps to [𝑝] under 𝜋𝑢.† Fix ℎ(𝑣0) on 𝑅𝑝 with 𝜌(ℎ(𝑣0)) = 𝑟1 ∈ ℝ>0. Construct the
rest of ℎ inductively. Let 𝑣′ be an interior vertex of Γ such that ℎ(𝑣′) is already determined, let
𝑣′′ be a vertex adjacent to 𝑣′. Assume 𝑣′′ is also adjacent to a negative vertex 𝑣′−. Then knowing
the type and the positions of ℎ(𝑣′−) and ℎ(𝑣′) determines ℎ(𝑣′′) uniquely (note that we initially
choose 𝑟0 ∈ ℝ>0, so that ℎ(𝑣′′) ∈ 𝐶ℝ). If 𝑣′′ is not adjacent to any negative vertex then 𝑣′′ = 𝑣𝑘
for some 𝑣𝑘 ∈ {𝑣1, … , 𝑣𝑙−1}. In this case, ℎ(𝑣′′) is determined uniquely by 𝜌(𝑣𝑘). Hence, the choice
of (𝑟0, … , 𝑟𝑙−2) determines ℎ ∈ (Γ,𝑢) uniquely. Note that the balancing condition for ℎ (4.2(ii))
follows from the equation (5.10). Thus, the result follows. □

The following is an immediate corollary of Theorem 5.12.

Corollary 5.13. Let 𝜆 be a general constraint in the stable range as in Definition 4.30, for a good
type (Γ, 𝑢). Then, there is a bijective correspondence between tropical Morse trees in 𝑆1, and tropical
corals of type (Γ, 𝑢), which is determined as in Lemma 5.11 from the tropical Morse trees, matching 𝜆
(Figure 5.4).

Note that the choice of a constraint in the stable range in Corollary 5.13 has also a Floer theoretic
interpretation. Indeed, while defining the symplectic cohomology the fact that we restrict to the
stable range, will impose certain energy bounds on Floer trajectories. Further details of these
symplectic aspects will be studied in future work.

†Note that the broken lines appearing in the scattering procedure in [18] are the rays in 𝐶ℝ obtained as the inverse image
of [𝑝𝑗𝑖] under 𝜋𝑢 , where 𝑢 = (𝑝𝑗𝑖 , 1) ∈ 𝜕𝐶ℝ and 𝑝 = 𝜙(𝑣) for an external vertex 𝑣𝑗𝑖 of.
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F IGURE 5 . 4 A tropical coral obtained from the tropical Morse tree in Figure 5.2

6 COUNTS OF LOG CORALS

Throughout this section, we assume basic familiarity with log geometry [32, 42]. We denote a log
scheme (𝑋,𝑋) by 𝑋† and the structure homomorphism of 𝑋† by

𝛼𝑋 ∶𝑋 → 𝑋.

We refer to𝑋 ∶=𝑋∕
×
𝑋
as the ghost sheaf on 𝑋. We use 𝑠∗ for the sections of a log structure

𝑋 , defined by themonomial functions indicated in the subscript. The corresponding sections of
𝑋 are denoted by ∗̄.
If 𝑋 is a toric variety associated to a fan Σ in𝑁ℝ,then there is a canonical divisorial log structure

𝑋 =(𝑋,𝐷), where 𝐷 ⊂ 𝑋 is the toric boundary divisor [16, example 3.8]. Note that for any
𝜎 ∈ Σ, we have the affine toric subset

𝑈𝜎 = Specℂ[𝜎
∨ ∩ 𝑀]

of 𝑋, and the divisorial log structure𝑋 is locally generated by the monomial functions on this
open subset. That is, the canonical map

𝜎∨ ∩𝑀⟶ ℂ[𝜎∨ ∩𝑀], (6.1)

𝑚⟼ 𝑧𝑚

is a chart for the log structure, as in [32, Definition 2.9(1)], on 𝑈𝜎.

Proposition 6.1. For any 𝑥 ∈ 𝑇𝜎 the toric chart (6.1) induces a canonical isomorphism

𝜎∨ ∩𝑀∕𝜎⟂ ∩𝑀
𝜎
⟶𝑋,𝑥.

Proof. The proof is straight forward and can be found in [5, Proposition A.30]. □

6.1 The log structure on the Tate curve

Fix 𝑏 ∈ ℤ>0, and let 𝜋̃ ∶ 𝑌 → Specℂ[𝑠, 𝑡] be the degeneration of the unfolded Tate curve, obtained
from (𝐶ℝ, 𝐶P𝑏) as in Section 3. We endow 𝑌 with the divisorial log structure 𝛼𝑌 ∶𝑌 → 𝑌 ,
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TABLE 1 Stalks of𝑌0

Points 𝒑𝒊 𝒀𝟎,𝒑𝒊

𝑝1 ∈  ⧵ {(𝑦 = 0) ∪ (𝑠 = 0)} ⟨𝑡⟩
𝑝′
1
∈  ⧵ {(𝑥 = 0) ∪ (𝑠 = 0)} ⟨𝑡⟩

𝑝2 =  ∩ (𝑥 = 𝑦 = 0) ⟨𝑥, 𝑦, 𝑡 | 𝑥𝑦 = 𝑡𝑏⟩
𝑝3 =  ∩ (𝑥 = 𝑠 = 0) ⟨𝑥, 𝑠, 𝑡 | 𝑥 = 𝑠𝑡𝑏⟩
𝑝′
3
=  ∩ (𝑦 = 𝑠 = 0) ⟨𝑦, 𝑠, 𝑡 | 𝑦 = 𝑠𝑡𝑏⟩

𝑝4 =  ∩ (𝑥 = 𝑦 = 𝑠 = 0) ⟨𝑥, 𝑦, 𝑠, 𝑡 | 𝑥𝑦 = (𝑠𝑡)𝑏⟩
where

𝐷̃ ∶= 𝜋̃−1(𝑠𝑡 = 0) ⊂ 𝑌

The affine cover (3.4) for 𝑌 induces an affine cover of 𝑌0 by restricting to 𝑡 = 0, which is given by
a countable union of the open sets

 = Specℂ[𝑥, 𝑦, 𝑠]∕(𝑥𝑦)

A toric chart for the log structure𝑌0
is given by Proposition 6.1. The stalks of𝑌0

are classified
in Table 1,where we present a monoid with a set of generators 𝐺 and relations 𝑅 among elements
of 𝐺 by ⟨𝐺 | 𝑅⟩.
6.2 Log curves

Gromov–Witten theory has a generalization to the setting of logarithmic geometry [2, 24]. In log
Gromov–Witten theory, oneworks over a base log scheme (𝑆,𝑆). The scheme 𝑆 in practice could
be the spectrum of a discrete valuation ring with the log structure induced by the closed point (1-
parameter degeneration), or it could be Spec 𝕜, for 𝕜 an algebraically closed field of characteristic
zero, endowed with the trivial log structure (absolute situation), or Spec 𝕜 endowed with the stan-
dard log structure (central fiber of 1-parameter degeneration). The standard log structure up to
isomorphism is given uniquely by a monoid 𝑄 with 𝑄× = {0} giving rise to the log structure

𝑄⊕ 𝕜× ⟶ 𝕜, (𝑞, 𝑎)⟼

{
𝑎, 𝑞 = 0

0, 𝑞 ≠ 0

on Spec 𝕜. We will restrict our attention to the latter case and take the log point endowed with the
standard log structure as a base scheme. Throughout this paper we assume

𝕜 = ℂ and 𝑄 ∶= ℕ

and denote the standard log point by

Specℂ† ∶= (Specℂ, ℕ ⊕ ℂ×).

One generalizes the notion of a stable map to the log setting as follows. Consider an ordinary
stable map with a number, say 𝓁, of marked points. Thus, we have a proper curve 𝐶 with at most
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nodes as singularities, a regular map 𝑓 ∶ 𝐶 → 𝑋, a tuple 𝐱 = (𝑥1, … , 𝑥𝓁) of closed points in the
non-singular locus of 𝐶. Moreover, the triple (𝐶, 𝐱, 𝑓) is supposed to fulfill the stability condition
of finiteness of the group of automorphisms of (𝐶, 𝐱) commuting with 𝑓. To promote such a stable
map to a stable log map amounts to endow all spaces with (fine, saturated) log structures and lift
all morphisms to morphisms of log spaces. Then, 𝐶 → Specℂ is promoted to a smooth morphism
of log spaces

𝜋 ∶ 𝐶† ⟶ Specℂ†.

and we have a log morphism 𝑓 ∶ 𝐶† ⟶ 𝑋†, where 𝑋† = (𝑋,𝑋) and 𝐶† = (𝐶,𝐶) are log
schemes. Given a morphism of log spaces 𝑓 ∶ 𝐶† ⟶ 𝑋†, we denote by 𝑓 ∶ 𝐶⟶ 𝑋 the under-
lying morphism of schemes. Throughout this paper we will assume that the arithmetic genus of
the domain curve 𝐶 is zero and thus will work on the Zariski site, rather than the étale site which
would be needed for more general cases.
Let 𝑥 ∈ 𝑋 be a closed point in and let 𝑓♭𝑥 ∶𝑋,𝑓(𝑥) →𝐶,𝑥 be the morphism of monoids

induced by 𝑓 ∶ 𝐶† ⟶ 𝑋†. Then, by the definition of a log morphism [16, p. 99] we obtain the
following commutative diagram on the level of stalks

(6.2)

Let 𝜅 ∶𝑋

∕×
𝑋

³³³³→𝑋 be the quotient homomorphism. By the commutativity of the above dia-
gram there is a morphism induced by 𝑓 on the level of ghost sheaves, denoted by

𝑓
♭

𝑥 ∶𝑋,𝑓(𝑥) →𝐶,𝑥

for a closed point 𝑥 ∈ 𝐶. By abuse of notation, we denote the morphism 
g𝑝

𝑋,𝑓(𝑥) →
g𝑝

𝐶,𝑥 on

group level is also by 𝑓
♭

𝑥.
We demand the morphism 𝑓 ∶ 𝐶† → Specℂ† to be log smooth [16, Definition 3.23]. We further-

more demand that the regular points of 𝐶 where 𝜋 is not strict are exactly the marked points. We
will recall the precise shape of such log structures on nodal curves instantly.

Remark 6.2. After a moment of thought one may conclude that an algebraic stack based on this
notion of a log smoothmap over the log point (Specℂ, 𝑄 ⊕ ℂ×) can never be of finite type, because
for a given log map one can always enlarge the monoid 𝑄, for example by embedding 𝑄 into
𝑄⊕ ℕ𝑟. To solve this issue, a basic insight in [2, 24] is that there is a universal, minimal choice
of 𝑄. In this basic monoid there are just enough generators and relations to lift 𝑓 ∶ 𝐶 → 𝑋 to
a morphism of log spaces while maintaining log smoothness of 𝐶† → Specℂ†. After the usual
fixing of topological data (genus, homology class, degree) the corresponding stack of basic stable
log maps turns out to be a proper Deligne–Mumford stack. For the present paper, this general
theory is both a bit too general and still a bit too limited. It is too general because we will end
up with a finite list of unobstructed stable log maps over the standard log point. In particular, we
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have a 1-parameter smoothing of log maps and there is always a distinguished morphism

(Specℂ, ℕ) → (Specℂ,𝑄)

just coming from our degeneration situation as in [41]. Therefore, throughout this paper we com-
fortably assume the basic monoid 𝑄 is given by the natural numbers. Moreover, there is no need
for working with higher dimensional moduli spaces or with virtual fundamental classes, as the
moduli space of the stable log maps over Specℂ† form a proper Deligne–Mumford stack of finite
type [24, Corollary 2.8]. The general theory is also too restricted because we will have to admit
non-complete domains. The presence of non-complete components requires an ad hoc treatment
of compactness of our moduli space that is special to our situation.

Definition 6.3. A log smooth curve over the standard log point Specℂ† consists of a fine saturated
log scheme 𝐶† ∶= (𝐶,𝐶) with a log smooth, integral morphism 𝜋 ∶ 𝐶† → Specℂ† of relative
dimension 1 such that every fiber of 𝜋 is a reduced and connected curve.

Note that we do not demand𝐶 to be properwhich is the case in [24, Definition 1.3]. If we specify
a tuple of sections 𝐱 ∶= (𝑥1, … , 𝑥𝑙) of 𝜋, so that over the non-critical locus 𝑈 ⊂ 𝐶 of 𝜋 we have

𝐶|𝑈 ≃ 𝜋∗Specℂ† ⊕
⨁
𝑖

𝑥𝑖∗ℕSpecℂ,

then we call the log smooth curve 𝐶† marked and denote it by (𝐶∕Specℂ†, 𝐱). Before going
throughmore detailswewould first like tomake a few remarks on the local structure of log smooth
curves over Specℂ†. Let 0 ∈ Specℂ be the closed point. Then, we have an isomorphism

Specℂ,0 ⟶ ℕ

𝑡
𝑎
⟼ 𝑎

Let 𝜎 ∶ ℕ →Specℂ,0 be the chart for the log structure on Specℂ around 0 ∈ Specℂ, given by

𝜎(𝑞) =

{
1 if 𝑞 = 0
0 if 𝑞 > 0.

The following crucial theorem is a special case of [33, p. 222], as we restrict our attention only to
log smooth curves over the standard log point Specℂ†.

Theorem 6.4. Locally 𝐶 is isomorphic to one of the following log schemes 𝑉 over Specℂ.

(i) Spec(ℂ[𝑧]) with the log structure induced from the homomorphism

ℕ⟶ 𝑉, 𝑞⟼ 𝜎(𝑞).

(ii) Spec(ℂ[𝑧]) with the log structure induced from the homomorphism

ℕ⊕ ℕ⟶ 𝑉, (𝑞, 𝑎)⟼ 𝑧𝑎𝜎(𝑞).
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(iii) Spec(ℂ[𝑧, 𝑤]∕(𝑧𝑤 − 𝑡)) with 𝑡 ∈ 𝔪, where𝔪 is the maximal ideal in ℂ and with the log struc-
ture induced from the homomorphism

ℕ⊕ℕ ℕ
2 ⟶ 𝑉, (𝑞, (𝑎, 𝑏))⟼ 𝜎(𝑞)𝑧𝑎𝑤𝑏.

Here,ℕ → ℕ2 is the diagonal embedding andℕ → ℕ, 1 ↦ 𝜌𝑞 is some homomorphism uniquely
defined by 𝐶 → Specℂ. Moreover, 𝜌𝑞 ≠ 0.

In this list, the morphism 𝐶† → Specℂ† is represented by the canonical maps of charts ℕ → ℕ, ℕ →
ℕ⊕ ℕ and ℕ → ℕ⊕ℕ ℕ2, respectively, where we identify the domain ℕ always with the first factor
of the image.

In Theorem 6.4, cases (i), (ii)and(iii) correspond to neighborhoods of general points, marked
points and nodes of𝐶, respectively. Nodes andmarked points of a log smooth curve𝐶† → Specℂ†
are referred to as special points of 𝐶. Now we are ready to generalize in the next section the notion
of a log map over Specℂ† as in [24, Section 1] to the case where the domain includes some special
non-complete components.

6.3 Log corals

Let 𝑌0 = 𝑇0 × 𝔸1 be the central fiber of the degeneration of the unfolded Tate curve defined in
Subsection 2.1. In this section, we define and discuss the properties of a special kind of log maps
on 𝑌0, with non-complete components.

Definition 6.5. Let (𝐶∕ Specℂ†, 𝐱) be a marked log smooth curve. A morphism of log schemes
𝑓 ∶ 𝐶† → 𝑌†

0
is called a log map if the following holds.

(i) The morphism 𝑓 fits into the following commutative diagram

(ii) For each non-complete irreducible component 𝐶′ ⊂ 𝐶, there is an isomorphism 𝐶′ ≅ 𝔸1.
(iii) The map 𝑠◦𝑓|𝐶′ ∶ 𝐶′ → 𝔸1 is dominant, where 𝑠 ∶ 𝑌0 → 𝔸1𝑠 is the projection map.
(iv) For each marked point 𝑝𝑖 ∈ 𝐶, we have 𝑓(𝑝𝑖) ∈ (𝑌0)𝑠=0, where (𝑌0)𝑠=0 is the fiber over 0 ∈

𝔸1𝑠 under the map 𝑠 ∶ 𝑌0 → 𝔸
1.

(v) The stability condition holds, that is, the automorphism groupAut(𝐶∕Specℂ†, 𝐱, 𝑓) is finite.

To set up the log counting problem in the next section, analogously as in the tropical counting
problem, we restrict our attention to general log maps defined as follows.

Definition 6.6. A log map 𝑓 ∶ 𝐶† → 𝑌0† is called general if each non-complete component
𝐶′ ⊂ 𝐶 has only one special point and each complete component contains at most three special
points.



44 ARGÜZ

For a general log map if a non-complete component 𝐶′ ⊂ 𝐶 has a unique special point which
is a marked point, then by the connectivity of the domain 𝐶 will have only one component 𝐶′.
As this case can be treated easily throughout the next sections, we omit it and assume the unique
special point on each non-complete component on a general coral is a node.

Remark 6.7. Let 𝐶′ ⊂ 𝐶 be a non-complete component with generic point 𝜂. Denote the function
field of 𝐶′ = 𝔸1 by

𝐶′,𝜂 = 𝑘(𝑧).

Recall the log structure on 𝑌0 from Subsection 6.1. Let 𝑍 ⊂ 𝑌0 be the smallest toric stratum con-
taining 𝑓(𝐶′). Then, we have one of the two following cases.

(i) dim𝑍 = 2: In this case, we call 𝑓 transverse at 𝐶′. A chart for the log structure𝑌0
around

𝑓(𝜂) is given by

𝑌0
| →𝑌0

|
𝑡 ↦ 𝑠𝑡 (6.3)

for an open neighborhood of 𝑓(𝜂). Note that on we have either 𝑦 ≠ 0 or 𝑥 ≠ 0. Through-
out this section, without loss of generality we assume we are in the former case. Recall the
log structure on 𝑌0 described in Subsection 6.1. The morphism

𝑓♭𝜂 ∶𝑌0,𝑓(𝜂)
⟶𝐶,𝜂

𝑠𝑥 ⟼ 𝜑𝑥(𝑧)

𝑠𝑠 ⟼ 𝜑𝑠(𝑧)

is only determined by 𝜑𝑥, 𝜑𝑠 ∈ 𝑘(𝑧) ⧵ {0}. Note that as 𝑠 is invertible on  , we have 𝑓♯𝜂(𝑠𝑠) =
𝑓♭𝜂(𝑠𝑠), where 𝑓

♯
𝜂 ∶ 𝑌0,𝑓(𝜂) → 𝐶,𝜂 is themorphism on stalk level induced by the scheme the-

oretic map 𝑓. Moreover, as dim𝑍 = 2, it is not contained in the double locus of 𝑌0 and hence
the restriction of the morphism (𝑌0,𝑌0

) → Specℂ† to the complement of the double locus
in 𝑍 in Definition 6.5 is strict, which means𝑌0

is isomorphic to the log structure induced
by the pull-back of the log structure on Specℂ† and hence the image of 𝑠𝑡 is determined as
𝑓♭𝜂(𝑠𝑡) = 𝑠𝑡.

(ii) dim𝑍 = 1: In this case, we call 𝑓 non-transverse at 𝐶′. As 𝑠𝑥𝑠𝑦 = 𝑠𝑏𝑠𝑏𝑡 , where 𝑠 ∈ ×
𝑌0
( ) is

invertible, a chart for the log structure𝑌0
around 𝑓(𝜂) is given by

𝑌0
|

⟶𝑌0

|


𝑥 ⟼ 𝑠𝑥

𝑦 ⟼ 𝑠−𝑏𝑠𝑦

𝑡 ⟼ 𝑠𝑡
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for an open neighborhood of 𝑓(𝜂), where 𝑥 ⋅ 𝑦 = 𝑡𝑏. The morphism

𝑓♭𝜂 ∶𝑌0,𝑓(𝜂)
⟶𝐶,𝜂

𝑠𝑥 ⟼ 𝜑𝑥(𝑧) ⋅ 𝑡
𝛼

𝑠𝑦 ⟼ 𝜑𝑦(𝑧) ⋅ 𝑡
𝛽

𝑠 = 𝑠𝑠 ⟼ 𝜑𝑠(𝑧) (6.4)

is determined by 𝜑𝑥, 𝜑𝑦, 𝜑𝑠 ∈ 𝑘(𝑧) ⧵ {0} and 𝛼, 𝛽 ∈ ℕ ⧵ {0} such that 𝛼 + 𝛽 = 𝑏 and 𝜑𝑥𝜑𝑦 =
𝜑𝑏𝑠 .

The following condition will be crucial while showing in the upcoming Theorem 7.6, the nec-
essary balancing requirements of the tropical analogues of the log invariants we work with in this
paper.

Definition 6.8. Let 𝑓 ∶ 𝐶† → 𝑌†
0
be a log map and let 𝐶′ be a non-complete component of 𝐶. Let

𝑣𝑎𝑙∞ ∶ 𝑘(𝑧) → ℤ be the valuation at 𝑧 = ∞. We call 𝑓 parallel at 𝐶′ if the following holds.

(i) 𝑣𝑎𝑙∞(𝜑𝑥) = 0 if 𝑓 is transverse at 𝐶′.
(ii) 𝑣𝑎𝑙∞(𝜑

𝛽
𝑥∕𝜑

𝛼
𝑦 ) = 0 if 𝑓 is non-transverse at 𝐶

′,

where 𝜑𝑥, 𝜑
𝛽
𝑥, 𝜑

𝛼
𝑦 are defined as in Remark 6.7.

Definition 6.9. A log map 𝑓 ∶ 𝐶† → 𝑌0† is called a log coral if 𝑓 is parallel at each non-complete
component of 𝐶.

We will sometimes replace 𝑌0 by an open subset of it containing im𝑓 or by the ℤ-quotient of it
in Section 8. The definition of log corals then still makes sense with the obvious modifications.

6.4 The count of log corals

In this section, we define the count of log corals 𝑓 ∶ 𝐶† → 𝑌0†. We assume the charts for the log
structure𝑌0

are given as in Subsection 6.1. We define charts for𝐶 using Theorem 6.4. Note
that, for generic points we have the isomorphism


g𝑝

𝐶,𝜂 → ℤ

𝑡𝑎 ↦ 𝑎

and for marked points 𝑝 of 𝐶 have the isomorphism


g𝑝

𝐶,𝑝 → ℤ⊕ ℤ

(𝑡𝑎, 𝑧̄𝑏) ↦ (𝑎, 𝑏).
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We denote by

pr𝑖 ∶
g𝑝

𝐶,𝑝 → ℤ (6.5)

the projection to the 𝑖th factor for 𝑖 = 1, 2, and consider the following charts for𝐶 .

(i) For a generic point 𝜂 of an irreducible component of 𝐶,

𝐶,𝜂 ⟶𝐶,𝜂

𝑡 ⟼ 𝑠𝑡.

(ii) For a marked point 𝑝 of 𝐶,

𝐶,𝑝 ⟶𝐶,𝑝

𝑡 ⟼ 𝑠𝑡

𝑧̄ ⟼ 𝑠𝑧

To define the count of log corals, we describe incidence conditions given by a degree Δ and an
asymptotic constraint 𝜆. For this, given a log coral 𝑓 ∶ 𝐶† → 𝑌†

0
, we first discuss how to assign an

element of 𝑁 to marked points and to non-complete irreducible components of 𝐶, following the
general scheme in [24].

Proposition 6.10. Let 𝑓 ∶ 𝐶† → 𝑌†
0
be a log coral.

(i) For eachmarked point𝑝𝑖 of𝐶, there is a corresponding element𝑢𝑖 ∈ 𝑁 recording the logarithmic
contact order of 𝑝𝑖 with 𝑌0.

(ii) Each non-complete component𝐶′ ≃ 𝔸1 of𝐶 determines an integral point in the boundary of the
truncated cone 𝐶ℝ.

Proof. Recall the charts for the log structure on 𝑌0 from Subsection 6.1. First, given a marked
point 𝑝𝑖 , define the associated element of 𝑁 as follows. Let Ξ ∈ ℝ be the interval such that the
corresponding toric chart

(𝐶(𝐶Ξ))∨ ∩ (𝑀 ⊕ ℤ)⟶ Γ(𝑈Ξ,𝑌)

covers 𝑓(𝑝𝑖). Taking the composition with 𝑓♭𝑝𝑖 , yields a homomorphism of monoids

(𝐶(𝐶Ξ))∨ ∩ (𝑀 ⊕ ℤ)⟶𝑌0,𝑓(𝑝𝑖)

𝑓♭𝑝𝑖
⟶𝐶,𝑝𝑖

= ℕ ⊕ ℕ.

The two factors of ℕ⊕ ℕ in𝐶,𝑝𝑖
are generated by the smoothing parameter 𝑠𝑡 and by the equa-

tion defining 𝑝𝑖 in𝐶, respectively. Taking the composition with the projection to the second factor
thus defines a homomorphism

𝑢𝑖 ∶ (𝐶(𝐶Ξ))
∨ ∩ (𝑀 ⊕ ℤ)⟶ ℕ,
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that is, an element of 𝐶(𝐶Ξ). Since by definition this homomorphism maps (0, 1) ∈ 𝑀 ⊕ ℤ
to 0, it lies in (0, 1)⟂ = 𝑁 ⊕ {0} ⊂ 𝑁 ⊕ ℤ. Note that, identifying 𝑁 ⊕ {0} with 𝑁, the inter-
section of 𝐶(𝐶Ξ) with 𝑁ℝ ⊕ {0} agrees with the asymptotic fan of 𝐶ℝ, endowed with the
polyhedral decomposition 𝐶P . We have thus defined, for each marked point 𝑝𝑖 ∈ 𝐶, an ele-
ment 𝑢𝑖 ∈ 𝑁, which is contained in the cone of the relevant cell of the asymptotic fan. The
fact that 𝑢𝑖 records the contact orders follows basically from definitions (see, for instance,
[26, p. 12]).
To show the second part, given a non-complete component 𝐶′ ≃ 𝔸1 ⊂ 𝐶, with generic point 𝜂,

we define a point in 𝜕𝐶ℝ as follows. Let Ξ ∈ ℝ be the interval with the corresponding log chart
containing 𝑓(𝜂). The composition with 𝑓♭𝜂 defines a homomorphism

𝜙𝜂 ∶ (𝐶(𝐶Ξ))
∨ ∩ (𝑀 ⊕ ℤ)⟶𝑌,𝑓(𝜂)

𝑓♭𝜂
⟶𝐶,𝜂 = ℕ. (6.6)

Since 𝑓 is a log morphism relative to the standard log point, 𝜙𝜂(0, 1) = 1. Thus, viewed as an
element of 𝑁 ⊕ℤ, we have 𝜙𝜂 ∈ 𝑁 ⊕ {1}. □

Let 𝑓 ∶ 𝐶† → 𝑌0† be a log coral and𝐶′ ⊂ 𝐶 be a non-complete irreducible component of𝐶with
generic point 𝜂. Let

𝑢𝜂 = 𝜙𝜂 − (0, 1) (6.7)

as an element of𝑁 = 𝑁 ⊕ {0} ⊂ 𝑁 ⊕ ℤ, where 𝜙𝜂 is the map in (6.6). We will define the degree by
multiplying 𝑢𝜂 with the branching order at infinity, whichwe discuss in amoment. The restriction
𝑓|𝐶′ ∶ 𝐶′ → 𝑌0 factors over an irreducible component𝔸1 × ℙ1 ⊂ 𝑌0. Hence, we have amorphism
𝑓′ ∶ 𝐶′ → 𝔸1 × ℙ1 satisfying

𝜄◦𝑓′ = 𝑓|𝐶′ , (6.8)

where 𝜄 ∶ 𝔸1 ↪ ℙ1 ⊂ 𝑌0 is the inclusion map. Let

𝜑 ∶= pr1◦𝑓
′ ∶ 𝐶′ → 𝔸1

𝜙 ∶= pr2◦𝑓
′ ∶ 𝐶′ → ℙ1,

where pr1 and pr2 are the projection maps from 𝔸1 × ℙ1 onto the first and second factors,
respectively. The map 𝜑 ∶ 𝔸1 → 𝔸1 is identically equal with 𝑠◦𝑓|𝐶′ as in 6.5, so it is dominant.
Thus, it extends uniquely to a morphism 𝜑̃ ∶ ℙ1 → ℙ1, where the domain of 𝜑̃ is the completion
{∞𝐶′} ∪ 𝐶

′ ≅ ℙ1 of 𝐶′ along the point at infinity on 𝐶′ ≅ 𝔸1. We compactify 𝔸1 × ℙ1 ⊂ 𝑌0 to
ℙ1 × ℙ1 along the divisor at infinity 𝐷∞ = ℙ1, and refer to

𝑞∞ = 𝜑̃(∞𝐶′) ∈ 𝐷∞.

as the point at infinity. ByHurwitz’s formula, 𝜑̃ ∶ ℙ1 → ℙ1 is a covering totally branched at infinity.
The branching order at infinity is defined as follows.
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Definition 6.11. Let 𝑓 ∶ 𝐶† → 𝑌†
0
be a log coral with a non-complete component 𝐶′ ⊂ 𝐶 of

generic point 𝜂 and let 𝜑 = 𝑠◦𝑓|𝐶′ be the map defined in Definition 6.5(iii). We say 𝐶′ has branch-
ing order 𝑤𝜂 ∈ ℕ ⧵ {0} if the degree of the covering 𝜑̃ ∶ ℙ1 → ℙ1 equals 𝑤𝜂. Given 𝐶′ ⊂ 𝐶†, the
branching order at infinity is obtained by pulling back 𝑠 ∈ (𝑌), to 𝐶′ and taking the negative of
the valuation at the point at infinity,∞𝐶′ , of 𝐶′:

𝑤𝜂 = −val∞(𝑓
♯(𝑠)). (6.9)

Note that 𝑤𝜂 ∈ ℕ ⧵ {0} since 𝑓♯(𝑠) is a non-constant regular function on 𝐶′ ≃ 𝔸1.

Remark 6.12. Let

𝜐 ∶ Specℂ[𝑤] ⧵ {0} → Specℂ[𝑧] ⧵ {0}

𝑤 ↦
1

𝑧

and

𝜐∗ ∶ ℂ(𝑧) → ℂ(𝑤)

𝑟 ↦ 𝑟◦𝜐

be the morphism on fraction fields induced by 𝜐. Let 𝜑𝑥 and 𝜑
𝛽
𝑥∕𝜑

𝛼
𝑦 be defined as in Remark 6.7.

Then, the position of 𝑞∞ ∈ 𝐷∞, referred to as the virtual position at infinity, is given by:

(i) 𝜐∗(𝜑𝑥)(0) if 𝑓 is transverse at 𝐶′;
(ii) 𝜐∗(𝜑𝛽𝑥∕𝜑𝛼𝑦 )(0) if 𝑓 is non-transverse at 𝐶

′.

Now, we can define our log constraints.

Definition 6.13. LetΔ be a degree as in Definition 4.6 with 𝓁 + 1 positive and𝑚 negative entries.
A log coral 𝑓 ∶ 𝐶† → 𝑌0† with 𝓁 + 1marked points

𝑝0, 𝑝1, … , 𝑝𝓁

and𝑚 non-complete components

𝐶′1, … , 𝐶
′
𝑚

is said to be of degree Δ if the following conditions hold.

(i) For each marked point 𝑝𝑖 of 𝐶, the composition

pr2◦𝑓
♭

𝑝𝑖
∶

g𝑝

𝑌0,𝑓(𝑝𝑖)
→

g𝑝

𝐶,𝑝𝑖
→ ℤ,

where pr2 is the projection map to the second factor defined as in (6.5), equals Δ
𝑖
.

(ii) For each non-complete component𝐶′
𝑗
⊂ 𝐶 with generic point 𝜂𝑗 , we have𝑤𝜂𝑗 ⋅ 𝑢𝜂𝑗 equalsΔ

𝑗 ,
where 𝑤𝜂𝑗 and 𝑢𝜂𝑗 are defined as in (6.7) and (6.9).
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Definition 6.14. LetΔ be a degree as in Definition 4.6 with 𝓁 + 1 positive and𝑚 negative entries.
Let 𝜆 be an asymptotic constraint for Δ, as in Definition 4.9. We say that a log coral 𝑓 ∶ 𝐶† → 𝑌0†
matches (Δ, 𝜆) if it is of degreeΔ, and denoting 𝑝0, … , 𝑝𝓁 the marked points of 𝐶, and 𝜂0, … , 𝜂𝓁 the
generic points of the irreducible components 𝐶0, … , 𝐶𝓁 of 𝐶 containing 𝑝0, … , 𝑝𝓁 , the image of

(𝑓𝜂𝑗 ∶𝑌0,𝑓(𝜂𝑗)
→𝐶,𝜂𝑗

≅ ℕ) ∈ 𝑁

under the quotient map

𝑁 → 𝑁∕(𝑁 ∩ ℝΔ
𝑗
)

is equal to 𝜆𝑗 for all 𝑗 = 1,… ,𝓁.

Remark 6.15. An asymptotic constraint 𝜆 constrains the marked points 𝑝1, … , 𝑝𝓁 , but not the
marked point 𝑝0.

Discussion 6.16. Let Δ be a degree with 𝓁 + 1 positive and 𝑚 negative entries, 𝜆 an asymptotic
constraint for Δ, and 𝑓 ∶ 𝐶† → 𝑌†

0
a log coral matching (Δ, 𝜆). For every 1 ⩽ 𝑖 ⩽ 𝓁, let 𝐶𝑖 ⊂ 𝐶

be the complete irreducible component containing the marked point 𝑝𝑖 . Let 𝜆̃𝑖 ∈ 𝑁ℚ be a lift
of 𝜆𝑖 under the quotient homomorphism 𝑁ℚ → 𝑁ℚ∕ℚ ⋅ Δ

𝑖
. Then, the pair (Δ

𝑖
, 𝜆𝑖) defines the

two-plane

𝐻
Δ
𝑖
,𝜆𝑖
= ℝ ⋅ (Δ

𝑖
, 0) + ℝ ⋅ (𝜆̃𝑖 , 1) ⊂ 𝑁ℝ ⊕ ℝ.

Let 𝑚
Δ
𝑖
,𝜆𝑖
span the rank one subgroup 𝐻⟂

Δ
𝑖
,𝜆𝑖

∩ (𝑀 ⊕ ℤ) of 𝑀 ⊕ℤ. To fix signs we ask 𝑚
Δ
𝑖
,𝜆𝑖
to

evaluate positively on (1,0,0). The rational function 𝑧
𝑚
Δ
𝑖
,𝜆𝑖 on 𝑌 induces a section, denoted by

𝑠
Δ
𝑖
,𝜆𝑖
∈ Γ(𝑌0,

gp
𝑌0
).

Since𝑚
Δ
𝑖
,𝜆𝑖
spans𝐻⟂

Δ
𝑖
,𝜆𝑖

∩ (𝑀 ⊕ ℤ), we have 𝑓♭𝑝(𝑠Δ𝑖,𝜆𝑖
) ∈ ×

𝐶,𝑝
. It thus makes sense to evaluate at

𝑝𝑖 to obtain a non-zero complex number

𝑓♭𝑝(𝑠Δ
𝑖
,𝜆𝑖
)(𝑝𝑖) ∈ ℂ

× .

Similarly, for every 1 ⩽ 𝑗 ⩽ 𝑚, we consider the non-complete component 𝐶′
𝑗
⊂ 𝐶, which deter-

mines a point 𝑣−
𝑗
∈ 𝜕𝐶ℝ by Proposition 6.10. Then, we take the two-plane spanned by (Δ𝑗, 0) and

(𝑣−
𝑗
, 1). Analogously, as above we denote the monomial obtained from the pair (Δ𝑗, 𝑣

−
𝑗
) by𝑚Δ𝑗,𝑣−𝑗

and the corresponding section by 𝑠Δ𝑗,𝑣−𝑗 . Now a log coral 𝑓 ∶ 𝐶† → 𝑌†
0
with a non-complete com-

ponent 𝐶′
𝑗
⊂ 𝐶 with generic point corresponding to 𝑣−

𝑗
is parallel, as in Definition 6.8 if and only

if 𝑓♭(𝑠Δ𝑗,𝑣−𝑗 ) extends over the point at infinity of 𝐶
′
𝑗
. In this case we can thus obtain a well-defined

complex number as

𝑓♭𝑝(𝑠Δ𝑗,𝑣
−
𝑗
)(∞𝐶′

𝑗
) ∈ ℂ× .
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Indeed, 𝑓♭𝑝(𝑠Δ𝑗,𝑣−𝑗 ) = 𝜑𝑥 if 𝑓 is transverse at 𝐶
′
𝑗
and 𝑓♭𝑝(𝑠Δ𝑗,𝑣−𝑗 ) = 𝜑𝑥𝛽∕𝑦𝛼 if 𝑓 is non-transverse at

𝐶′, where 𝜑𝑥 and 𝜑𝑥𝛽∕𝑦𝛼 are defined as in Remark 6.7, respectively.

Definition 6.17. We call a tuple

𝜌 = (𝜌
𝓁
, 𝜌𝑚) ⊂ (ℂ×)

𝓁
× (ℂ×)

𝑚

a log constraint of order (𝓁, 𝑚). A log coral 𝑓 ∶ 𝐶† → 𝑌0
†
with 𝓁 + 1 marked points and 𝑚 non-

complete components, for 𝓁, 𝑚 ∈ ℕ ⧵ {0}matches a log constraint of order (𝑙,𝑚) if the following
holds.

(i) 𝐶 has 𝓁 + 1marked points 𝑝0, … , 𝑝𝓁 such that

𝑓♭𝑝𝑗
(𝑠
Δ
𝑖
,𝜆𝑖
)(𝑝𝑖) = 𝜌𝑖

for 1 ⩽ 𝑖 ⩽ 𝓁, that is for all but one marked points.
(ii) 𝐶 has𝑚 non-complete components 𝐶′

1
, … , 𝐶′𝑚 with generic points 𝜂𝑗 and

𝑓♭𝜂𝑗
(𝑠Δ𝑗,𝑣

−
𝑗
)(∞𝐶′

𝑗
) = 𝜌

𝑗

for 1 ⩽ 𝑗 ⩽ 𝑚, where∞𝐶′
𝑗
is the point at infinity on 𝐶′

𝑗
,

where 𝑠
Δ
𝑖
,𝜆𝑖
and 𝑠Δ𝑗,𝑣−𝑗 are defined as in Discussion 6.16.

Note that the degree and the asymptotic constraint for log corals can be interpreted tropically
as the tropical degree and asymptotic constraint for tropical corals. This will be obvious once we
explain tropicalizations of log corals as tropical corals in Section 7. To get a well-defined count, we
assume we fix the degeneration order of log corals, so that after tropicalizing the corresponding
tropical corals match asymptotic constraints that are inside the stable range defined in Defini-
tion 4.30.

Definition 6.18. Let Δ a degree with 𝓁 + 1 positive and 𝑚 negative entries, 𝜆 an asymptotic
constraint forΔ and 𝜌 a log constraint of order (𝓁, 𝑚). We say that a log coral 𝑓 ∶ 𝐶† → 𝑌†

0
matches

(Δ, 𝜆, 𝜌) if it matches (Δ, 𝜆) as in Definition 6.14 and 𝜌 as in Definition 6.17.
Let 𝔏Δ,𝜆,𝜌 be the set of all log corals 𝑓 ∶ 𝐶† → 𝑌

†
0
matching (Δ, 𝜆, 𝜌). Define 𝑁log

Δ,𝜆,𝜌
to be the

cardinality of 𝔏Δ,𝜆,𝜌:

𝑁
log

Δ,𝜆,𝜌
∶= |𝔏Δ,𝜆,𝜌| . (6.10)

If 𝑁log
Δ,𝜆,𝜌

is finite this defines a number giving us a count of log corals. In Theorem 8.7 we will
see that, indeed it is a finite number which equals the tropical count defined in Section 4.5.

Remark 6.19. A priori, 𝔏Δ,𝜆,𝜌 has the structure of a stack, and it is a closed substack of a larger
algebraic stack of log maps with some non-complete components. In the present case, we are in
the comfortable situation that due to unobstructedness of deformations, 𝔏Δ,𝜆,𝜌 turns out to be a
reduced scheme over ℂ of finite length, hence really does not carry more information than the
underlying set.
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7 TROPICALIZATIONS OF LOG CORALS

In this section, we prove that the tropicalization of a log coral is a tropical coral. We first recall the
associated tropical space to a log scheme constructed as in [24, Appendix B].

Definition 7.1. Let 𝑋† be a log scheme endowed with the Zariski topology. The tropical space
associated to 𝑋† denoted by Trop(𝑋) referred to as the tropicalization of 𝑋† is defined as

Trop(𝑋) ∶=
⎛⎜⎜⎝
∐
𝑥∈𝑋

Hom(𝑋,𝑥, ℝ⩾0)
⎞⎟⎟⎠
/
∼,

where the disjoint union is over all scheme-theoretic points 𝑥 of 𝑋 and the equivalence relation
is generated by the identifications of faces given by dualizing generization maps𝑋,𝑥 →𝑋,𝑥′

when 𝑥 is a specialization of 𝑥′ [24, Appendix B]. One then obtains for each 𝑥 a map

𝑖𝑥 ∶ Hom(𝑋,𝑥, ℝ⩾0) → Trop(𝑋) ,

which is injective since𝑋 is fine in the Zariski topology.

The tropicalization of log schemes is functorial. Indeed, if 𝑓∶ 𝑋†
1
→ 𝑋†

2
is a map of log

schemes, then for every closed point 𝑥 ∈ 𝑋1, the map 𝑓♭𝑥 ∶𝑋2,𝑓(𝑥)
→𝑋1,𝑥

induces a mor-
phism Hom(𝑋1,𝑥

, ℝ⩾0) → Hom(𝑋2,𝑓(𝑥)
, ℝ⩾0). These morphisms are compatible with the

equivalence relations defining Trop(𝑋1) and Trop(𝑋2), and so we obtain a morphism

𝑓trop ∶ Trop(𝑋1) → Trop(𝑋2)

referred to as the tropicalization of 𝑓.
Now, we restrict our attention to the current case of interest in this paper, and consider 𝑌0, the

fiber over 𝑡 = 0 of the degeneration of the unfolded Tate curve 𝑌 → Specℂ[𝑠, 𝑡], and a log coral
𝑓 ∶ 𝐶† → 𝑌0

†. By functoriality of the tropicalization applied to the the commutative diagram in
Definition 6.5, and using that Trop(Specℂ†) = ℝ⩾0 by Definition 7.1, we obtain a commutative
diagram

(7.1)

We describe below Trop(𝐶) and Trop(𝑌0) explicitly. First, define the dual graph Γ of C as fol-
lows.

Construction 7.2.

(i) Define the set of vertices 𝑉(Γ), so that there is a vertex 𝑣𝑗 ∈ 𝑉(Γ) for each irreducible com-
ponent 𝐶𝑗 ⊂ 𝐶. We denote by𝑉−(Γ) ⊂ 𝑉(Γ) the set of vertices 𝑣 such that the corresponding
component 𝐶𝑣 is non-complete.
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(ii) Define the set of bounded edges 𝐸𝑏(Γ), so that an edge 𝑒𝑖𝑗 ∈ 𝐸𝑏(Γ) connecting two vertices
𝑣𝑖 and 𝑣𝑗 exists if and only if the corresponding irreducible components 𝐶𝑖 ⊂ 𝐶 and 𝐶𝑗 ⊂ 𝐶
intersect.

(iii) Define the set of unbounded edges denoted by 𝐸+(Γ), so that for each edge 𝑒𝑗 ∈ 𝐸+(Γ) adja-
cent to a vertex 𝑣𝑗 ∈ 𝑉(Γ) there exist a marked point 𝑝𝑗 ∈ 𝐶𝑗 ⊂ 𝐶 on the irreducible compo-
nent 𝐶𝑗 corresponding to 𝑣𝑗 .

Note that the dual graph Γ of 𝐶 has a natural structure of coral graph as in Definition 4.1, where
𝐸+(Γ) is the set of positive edges and 𝑉−(Γ) is the set of negative vertices.

Proposition 7.3. Let 𝑓 ∶ 𝐶† → 𝑌†
0
be a log coral. Then, the tropicalization Trop(𝐶) of the domain

𝐶† is the cone 𝐶(Γ) over the dual graph Γ of 𝐶.

Proof. Recall from Theorem 6.4 that there are three possibilities of closed points 𝑥 ∈ 𝐶, with
the stalk 𝐶,𝑥 is either ℕ, ℕ⊕ ℕ or ℕ⊕ℕ ℕ2, for 𝑥 a generic point, a marked point or a node,
respectively. Then, the vertices of  correspond to generic points 𝜂, unbounded edges (or the flags
of the graph ) correspond to the marked points and bounded edges correspond to nodes. So, the
result is a direct consequence of the Definition 7.1. □

Proposition 7.4. Let𝑌 → Specℂ[𝑠, 𝑡] be the degeneration of the unfolded Tate curve, and𝑌0 be the
central fiber over 𝑡 = 0. Then,

(i) the tropicalization Trop(𝑌) of 𝑌 is the cone 𝐶(𝐶ℝ) over the truncated cone 𝐶ℝ endowed with
the polyhedral decomposition 𝐶P𝑏;

(ii) Trop(𝑌) = Trop(𝑌0).

Proof. Recall from Section 3 that 𝑌 is the toric variety associated to (𝐶P𝑏, 𝐶ℝ). Since the log
structure on Y is fine and constant along any open toric strata it follows from Definition 7.1 that
Trop(𝑌) is the cone over the fan associated to 𝑌. Note that this holds for any toric variety, hence
in particular for 𝑌. This proves (i). To show (ii), observe that, given any closed point 𝑥 ∈ 𝑌, we
have 𝑥 ∩ 𝑌0 ≠ ∅. Hence, (ii) follows. □

Let 𝑓 ∶ 𝐶† → 𝑌†
0
be a log coral. As Trop(𝐶) = 𝐶(Γ) by Proposition 7.3 and Trop(𝑌0) = 𝐶(𝐶ℝ)

by Proposition 7.4, the restriction over 1 ∈ ℝ⩾0 of 𝑓trop in the diagram in (7.1) defines a
map

ℎ∶ Γ → 𝐶ℝ . (7.2)

We also define a weight function 𝑤 on Γ as follows.

Construction 7.5.

(i) Let 𝑒𝑞 ∈ 𝐸𝑏(Γ) be a bounded edge corresponding to a node 𝑞 ∈ 𝐶. By Theorem 6.4(iii), the log
structure of 𝐶 at 𝑞 is determined by a positive integer 𝜌𝑞. Let 𝑣1, 𝑣2 ∈ 𝑉(Γ) be the two vertices
of 𝑒𝑞. Then, there exists 𝑢𝑞 ∈ 𝑁 such that ℎ(𝑣1) − ℎ(𝑣2) = 𝜌𝑞𝑢𝑞, and we define the weight
𝑤Γ(𝑒𝑞) as the divisibility of 𝑢𝑞 in𝑁, that is the biggest positive integer such that 𝑢𝑞∕𝑤Γ(𝑒𝑞) ∈
𝑁 (for details, see [24, Subsection 1.4]).
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(ii) Let 𝑒𝑝 ∈ 𝐸+(Γ) be an unbounded edge corresponding to amarked point 𝑝 ∈ 𝐶. Let 𝑢𝑝 ∈ 𝑁 be
the corresponding element given by Proposition 6.10 and recording the logarithmic contact
order of 𝑝 with 𝑌0. Then, we define the weight𝑤Γ(𝑒𝑝) as the divisibility of 𝑢𝑝 in𝑁, that is the
biggest positive integer such that 𝑢𝑝∕𝑤Γ(𝑒𝑝) ∈ 𝑁.

Let 𝑓 ∶ 𝐶† → 𝑌†
0
be a log coral. Then, we refer to the map ℎ∶ Γ → 𝐶ℝ in (7.2) as the tropi-

calization of the log coral 𝑓 ∶ 𝐶† → 𝑌†
0
, where Γ is the coral graph defined as dual graph of 𝐶 in

Construction 7.2, and where we view Γ endowed with the weight function𝑤 defined in Construc-
tion 7.5. Now, we are ready to prove the main theorem of this section.

Theorem 7.6. The tropicalization ℎ ∶ Γ → 𝐶ℝ of a log coral 𝑓 ∶ 𝐶† → 𝑌†
0
is a tropical coral.

Proof. In order to show that ℎ ∶ Γ → 𝐶ℝ satisfies the Definition 4.2 of a tropical coral, it
remains to check the balancing condition at each vertex of Γ. The balancing condition at
the interior vertices follows from the balancing result of [24, Subsection 1.4]. It remains to
prove the balancing condition for the negative vertices of Γ, mapped by ℎ to the bound-
ary 𝜕𝐶ℝ of the truncated cone 𝐶ℝ. Let 𝑣 ∈ 𝑉−(Γ) a negative vertex, and 𝐶′ ⊂ 𝐶 the cor-
responding non-proper irreducible component. We have ℎ(𝑣) ∈ 𝜕𝐶ℝ. Define the quotient
map

𝜋𝑣 ∶ 𝑁 → 𝑁 ∕ (ℝ ⋅ ℎ(𝑣) ∩ 𝑁) .

So, 𝜋𝑣 gives an element𝑚𝑣 ∈ Hom(𝑁,ℤ) = 𝑀. Define

𝑥𝑣 ∶= 𝑧
𝑚𝑣 ∈ ℂ[𝑀] .

Observe that 𝑓∗(𝑥𝑣) = 𝑓∗(𝑥) if 𝑓 is transverse at 𝐶′ and 𝑓∗(𝑥𝑣) = 𝑓∗(𝑥𝛽)∕𝑓∗(𝑦𝛼) if 𝑓 is non-
transverse at 𝐶′, where 𝑥 and 𝛼, 𝛽 are as in Remark 6.7. In any case, we have∑

𝑧∈𝐶′

𝑣𝑎𝑙𝑧(𝑓
∗𝑥𝑣) =

∑
𝑧∈ℙ1⧵{∞}

𝑣𝑎𝑙𝑧(𝑓
∗𝑥𝑣) = 0

since from the parallelness condition in Definition 6.8 we know 𝑣𝑎𝑙∞(𝑓∗𝑥𝑣) = 0 and the sum of
orders of poles and zeroes of the rational function 𝑓∗𝑥𝑣 on ℙ1 is zero.
Let 𝑧1, … , 𝑧𝑘 ∈ 𝐶′ be the special points and let 𝜉1, … , 𝜉𝑘 be the direction vectors (with weights)

of the corresponding edges emanating from 𝑣. Note that if 𝑧𝑖 is amarked point 𝑝, then 𝜉𝑖 = 𝑢𝑝 and
if 𝑧𝑖 is a node 𝑞, then 𝑧𝑖 = 𝑢𝑞, where 𝑢𝑝, 𝑢𝑞 are defined as in Construction 7.5 (where 𝑢𝑞 is defined
emanating from 𝑣). Then, 𝜋𝑣(

∑𝑘
𝑖=1 𝜉𝑖) =

∑
𝑧∈𝐶′ 𝑣𝑎𝑙𝑧(𝑓

∗𝑥𝑣) = 0 and hence the tropical balancing
condition (4.2(iii)) at negative vertices is also satisfied. □

8 PROOF OF THEMAIN THEOREM

In this section, we prove our main result, showing that the count of tropical corals equals the
count of log corals.
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8.1 Set-up

Let Δ be a degree as in Definition 4.6 with 𝓁 + 1 positive and𝑚 negative entries, and 𝜆 an asymp-
totic constraint in the stable range Δ as in Definition 4.30. Let Δ,𝜆 be the set of tropical corals
ℎ ∶ Γ → 𝐶ℝmatching (Δ, 𝜆). This set is finite by Proposition 4.25 and Remark 4.24.

Construction 8.1. AsΔ,𝜆 is finite, we can rescale𝑁 such that for every (ℎ ∶ Γ → 𝐶ℝ) ∈ Δ,𝜆 the
following conditions hold.

(i) For every vertex 𝑣 ∈ 𝑉(Γ), we have ℎ(𝑣) ∈ 𝑁.
(ii) For every bounded edge 𝑒 ∈ 𝐸𝑏(Γ), connecting vertices 𝑣1, 𝑣2 ∈ 𝑉(Γ), ℎ(𝑣1) − ℎ(𝑣2) is divis-

ible in 𝑁 by the weight 𝑤Γ(𝐸).
(iii) For every negative vertex 𝑣 ∈ 𝑉−(Γ), ℎ(𝑣) is divisible in 𝑁 by 𝑤𝑣 (where 𝑤𝑣 is as in Defini-

tion 4.2(iii)).
(iv) For every 1 ⩽ 𝑖 ⩽ 𝓁, 𝜆𝑖 ∈ 𝑁∕(𝑁 ∩ ℚΔ

𝑖
).

We fix 𝑏 ∈ ℕ ⧵ {0} and we still denote by 𝐶ℝ and 𝐶P𝑏 the truncated cone and the polyhedral
decomposition in the rescaled ℝ2. The toric degeneration defined by the rescaled pair (𝐶ℝ, 𝐶P𝑏)

only differs from the toric degeneration defined by the original pair (𝐶ℝ, 𝐶P𝑏) by a base change
𝑡 ↦ 𝑡𝑛 for some positive integer 𝑛. We still denote by 𝑌0 the central fiber: the base change does
not change the scheme structure of 𝑌0 and only scales the log structure.

It follows from the description of the tropicalization in Section 7 that if ℎ ∶ Γ → 𝐶ℝ is the trop-
icalization of a log coral 𝑓 ∶ 𝐶† → 𝑌†

0
, then ℎ ∶ Γ → 𝐶ℝ matches (Δ, 𝜆) as in Definition 4.10 if

and only if 𝑓 ∶ 𝐶† → 𝑌†
0
matches (Δ, 𝜆) as in Definition 6.14. In addition, let us fix a log con-

straint 𝜌 ∈ (ℂ×)𝓁 × (ℂ×)𝑚 of order (𝓁, 𝑚) as in Definition 6.17. Our main result is a correspon-
dence between the count with multiplicities 𝑁trop

Δ,𝜆
of the log corals matching (Δ, 𝜆), as in (4.9),

and the count 𝑁log
Δ,𝜆,𝜌

of log corals in 𝑌0 matching (Δ, 𝜆, 𝜌), as in (6.10).

8.2 Extending the unfolded Tate curve

As Δ,𝜆 is finite, we can choose a big enough bounded closed interval 𝐼 ⊂ ℝ such that for every
(ℎ ∶ Γ → 𝐶ℝ) ∈ Δ,𝜆, the image ℎ(Γ) of the tropical coral is contained in 𝐶𝐼 ⊂ 𝐶ℝ. Define a
polyhedral decomposition P𝐼 ⊂P𝑏 such that cells 𝜎′ ∈P𝐼 are given by 𝜎′ = 𝜎 ∩ 𝐼 for a cell
𝜎 ∈P . Let𝐶P𝐼 be the polyhedral decomposition of the truncated cone over 𝐼, as inDefinition 3.1,
induced by P𝐼 . Let 𝑈 → 𝔸1, be the toric degeneration associated to (𝐶P𝐼 , 𝐶𝐼). The central fiber
of this degeneration,𝑈0, is an open subset of 𝑌0 such that the image of any log coral 𝑓 ∶ 𝐶† → 𝑌

†
0

whose tropicalization is ℎ ∶ Γ → 𝐶ℝ lies inside 𝐶𝐼 ⊂ 𝐶ℝ.
Corresponding to each vertex in the interior of the interval 𝐼, we have an irreducible component

of𝑈0 given byℙ1 × 𝔸1, and corresponding to the vertices that are endpoints of the interval 𝐼, there
are irreducible components of 𝑈0 given by 𝔸1 × 𝔸1. The open subset 𝑈0 ⊂ 𝑌0 is a union of these
components pairwise glued along affine lines. See Figure 8.1 for an illustration.
We define a compact variety 𝑈0 obtained from 𝑈0 by extending the polyhedral decomposition

𝐶P𝐼 of 𝐶𝐼 to a polyhedral decomposition P̃ of ℝ2 by applying the following steps: First add the
horizontal line 𝜕𝐶ℝ to |𝐶P𝐼|. Then, extend each half line meeting 𝜕𝐶ℝ to a line which passes
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F IGURE 8 . 1 The truncated cone 𝐶𝐼 together with the polyhedral decomposition 𝐶P𝐼 on the left and its
dual, corresponding to the momentum map images of components of 𝑈0 on the right

F IGURE 8 . 2 The extended polyhedral decomposition P̃ obtained from 𝐶P𝐼 in Figure 8.1 and a union of
the momentum map images of the components of 𝑈0

through the origin, and insert additional 2-cells bounded by any of the new 1-cells. The new poly-
hedral decomposition P̃ is called the extended polyhedral decomposition of 𝐶P , and defines a
toric degeneration𝑈 → Specℂ[𝑠, 𝑡], whose fiber over 𝑡 = 0 is𝑈0. See Figure 8.2 for an illustration
of the extended polyhedral decomposition.Note that𝑈0 is not dense in𝑈0, as𝑈0 has an additional
irreducible component 𝑍0 corresponding to the vertex at the origin of the polyhedral decomposi-
tion P̃ . So, 𝑍0 is a complete toric variety associated to the fan in ℝ2 whose 1-dimensional cones
are given by 𝑛 lines passing through the origin, where 𝑛 is the number of vertices of P̃ contained
in the interval 𝐼, that is, all vertices of P̃ except the origin. As illustrated in Figure 8.2, topologi-
cally 𝑈0 is given by the union of 𝑛 copies of ℙ1 × ℙ1 glued to 𝑍0 along with a union of projective
lines

𝑈0 =

(⋃
𝑛

ℙ1 × ℙ1

) ⋃
∪𝑛ℙ

1

𝑍0.

We endow 𝑈 with the divisorial log structure as usual, by considering the divisor 𝑈0 ⊂ 𝑈. We
define a log structure on the central fiber𝑈0 over 𝑡 = 0, by pulling back the divisorial log structure
on 𝑈.
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8.3 Extending log corals to log maps

We show that log corals on the central fiber of the degeneration of the unfolded Tate curve, 𝑌0,
defined as in Section 3 can be extended to log maps in 𝑈0, the central fiber of the degeneration
defined Subsection 8.2. Note that log maps to 𝑈0 are maps from a complete log smooth curve,
which we require to be log smooth over the standard log point throughout this section. For details
of the theory of log maps we refer to [24, Section 1].

Definition 8.2. Let (ℎ ∶ Γ → 𝐶ℝ) ∈ Δ,𝜆 be a tropical coral in 𝐶ℝ. Let 𝑓 ∶ 𝐶† → 𝑌
†
0
be a log

coral with tropicalization ℎ ∶ Γ → 𝐶ℝ, and let ℎ̃ ∶ Γ̃ → ℝ2 be the extension of ℎ ∶ Γ → 𝐶ℝ as a
tropical curve inℝ2, defined as in Subsection 4.3. A log map 𝑓 ∶ 𝐶̃† → 𝑈

†

0 is called a log extension
of 𝑓 if the following holds.

(i) The tropicalization of 𝑓, defined analogously as for a log coral in Section 7, is ℎ̃ ∶ Γ̃ → ℝ2.
(ii) Viewing 𝐶 ⊂ 𝐶̃ as the non-complete subcurve of 𝐶 whose tropicalization is Γ ⊂ Γ̃, we have
𝑓|𝐶 = 𝑓.

Definition 8.3. Let Δ be a degree with 𝓁 + 1 positive and 𝑚 negative entries, 𝜆 an asymptotic
constraint for 𝜆, and 𝜌 a log constraint of order (𝓁, 𝑚). We say that a log map 𝑓 ∶ 𝐶̃† → 𝑈

†

0 with
(𝓁 + 1) + 𝑚marked points 𝑝0, … , 𝑝𝓁 , … , 𝑞1, … , 𝑞𝑚matches (Δ, 𝜆, 𝜌) if:

(i) for each marked point 𝑝𝑖 , the composition

pr2◦𝑓
♭

𝑝𝑖
∶

g𝑝

𝑈0,𝑓(𝑝𝑖)
→

g𝑝

𝐶̃,𝑝𝑖
→ ℤ,

equals Δ
𝑖
, where pr2 is the projection map to the second factor defined as in (6.5);

(ii) for each marked point 𝑞𝑗 , the composition

pr2◦𝑓
♭

𝑞𝑗
∶

g𝑝

𝑈0,𝑓(𝑞𝑗)
→

g𝑝

𝐶̃,𝑞𝑗
→ ℤ,

equals Δ𝑗 , where pr2 is the projection map to the second factor defined as in (6.5);
(iii) for each marked point 𝑝𝑖 with 1 ⩽ 𝑖 ⩽ 𝓁, let 𝐶𝑖 be the irreducible component of 𝐶̃ containing

𝑝𝑖 , of generic point 𝜂𝑖 . Then, the image of

( ̄̃𝑓𝜂𝑖 ∶𝑈0,𝑓(𝜂𝑖)
→𝐶̃,𝜂𝑖

≅ ℕ) ∈ 𝑁

under the quotient map

𝑁 → 𝑁∕(𝑁 ∩ ℝΔ
𝑖
)

is equal to 𝜆𝑖;
(iv) for each marked point 𝑞𝑗 , let 𝐶𝑗 be the irreducible component of 𝐶̃ containing 𝑞𝑗 , of generic

point 𝜂𝑗 . Then, the image of

( ̄̃𝑓𝜂𝑗 ∶𝑈0,𝑓(𝜂𝑗)
→𝐶̃,𝜂𝑗

≅ ℕ) ∈ 𝑁
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under the quotient map

𝑁 → 𝑁∕(𝑁 ∩ ℝΔ𝑗)

is equal to 0;
(v) for 1 ⩽ 𝑖 ⩽ 𝓁, 𝑓♭𝑝𝑖 (𝑠Δ𝑖,𝜆𝑖

)(𝑝𝑖) = 𝜌𝑖 , where 𝑠Δ𝑖,𝜆𝑖
is defined as in Discussion 6.16;

(vi) for 1 ⩽ 𝑗 ⩽ 𝑚, 𝑓♭𝑞𝑗 (𝑠Δ𝑗,𝑣−𝑗 )(𝑞𝑗) = 𝜌𝑗 , where 𝑠Δ𝑗,𝑣−𝑗 is defined as in Discussion 6.16.

By construction of the tropicalization, if a log map 𝑓 ∶ 𝐶̃† → 𝑈
†

0 matches (Δ, 𝜆, 𝜌) as in Defini-
tion 8.3, then its tropicalization ℎ̃ ∶ Γ̃ → ℝ2 matches (Δ, 𝜆) as in Definition 4.15.

Lemma 8.4. Let 𝑈0 and 𝑈0 be defined as in Subsection 8.2, and let 𝑓 ∶ 𝐶̃† → 𝑈
†

0 be a log map
matching (Δ, 𝜆, 𝜌). Then, the projection from the fiber product 𝑓 ×𝑈0 𝑈0 → 𝑈0 composed with the
open embedding𝑈0 ↪ 𝑌0 is a log coral matching (Δ, 𝜆, 𝜌).

Proof. The result follows immediately by comparison of Definitions 6.18 and 8.3. □

Theorem 8.5. The forgetful map

𝔏̃(Δ,𝜆,𝜌) → 𝔏(Δ,𝜆,𝜌)

from the set of isomorphism classes of log maps matching (Δ, 𝜆, 𝜌), to the set of isomorphism classes
of log corals matching (Δ, 𝜆, 𝜌) is bijective.

Proof. Let (ℎ ∶ Γ → 𝐶ℝ) ∈ Δ,𝜆 be a tropical coral in 𝐶ℝ. Let 𝑓 ∶ 𝐶† → 𝑌
†
0
be a log coral with

tropicalizationℎ ∶ Γ → 𝐶ℝ, and let ℎ̃ ∶ Γ̃ → ℝ2 be the extension ofℎ ∶ Γ → 𝐶ℝ as a tropical curve
in ℝ2, defined as in Subsection 4.3. We have to show that there exists a unique log map 𝑓 ∶ 𝐶̃† →
𝑈
†

0 which is a log extension of 𝑓 as in Definition 8.2.
We first show that there exists a unique log curve 𝐶̃† compatible with Definition 8.2. From the

description of Γ̃ in Subsection 4.3 and the description of tropicalization in Section 7, we deduce
that at the scheme level, 𝐶̃ is given as follows. Let 𝐶′

1
, … , 𝐶′𝑚 be the non-proper components of 𝐶.

Let 𝐶 be the proper curve obtained from 𝐶 by adding a point at infinity∞𝐶′
𝑗
to each 𝐶′

𝑗
. For every

1 ⩽ 𝑗 ⩽ 𝑚, let ℙ1
𝑗
be a copy of ℙ1 with two marked points 𝑃1𝑗 , 𝑃2𝑗 . Then 𝐶̃ is obtained by gluing

together 𝐶 and the𝑚 copies ℙ1
𝑗
of ℙ1: for every 1 ⩽ 𝑗 ⩽ 𝑚, we glue transversally the marked point

𝑃1𝑗 ∈ ℙ
1 with∞𝐶′

𝑗
∈ 𝐶. The resultingmarked curve 𝐶̃ is unique up to isomorphism. In fact, anal-

ogously as in construction [41, Construction 4.4], we also need to attach further ℙ1-components,
corresponding to divalent vertices not mapping to the origin, which correspond to the intersec-
tion points of the image of ℎ̃ with polyhedral decomposition P̃ on ℝ2, described in Subsection
8.2. However, the image of these components can be determined as in [41], and as it does not effect
the current proof, we ignore these further components.
The log structure 𝐶̃ is also uniquely determined by Definition 8.2. Indeed, as we want the

marked curve 𝐶̃ to be log smooth over the standard log point Specℂ†, the log structure on 𝐶̃
must be of the form given by Theorem 6.4 and the only choices are the parameters 𝜌𝑞 of the log
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structures at the nodes. All nodes of 𝐶̃ distinct from the nodes ∞𝐶′
𝑗
are nodes of 𝐶 and so the

log structure there is already fixed by Definition 8.2(ii). On the other hand, by Definition 8.2(i)
and the description of tropicalization in Section 7, for every 1 ⩽ 𝑗 ⩽ 𝑚, the parameter 𝜌∞𝐶′

𝑗

of the

node∞𝐶′
𝑗
has to be equal to the the divisibility in𝑁 of ℎ(𝑣−

𝑗
)∕𝑤𝑣−

𝑗
where 𝑣−

𝑗
is the negative vertex

of Γ corresponding to 𝐶′
𝑗
and 𝑤𝑣−

𝑗
is the weight at 𝑣−

𝑗
as in Definition 4.2(iii). Note that we have

indeed ℎ(𝑣−
𝑗
)∕𝑤𝑣−

𝑗
∈ 𝑁 by our choice of rescaling of 𝑁 in Construction 8.1(iii). Hence, we have a

uniquely determined log structure𝐶̃ on 𝐶̃ and we denote 𝐶̃† ∶= (𝐶̃,𝐶̃). By construction, the
log curve 𝐶̃† is log smooth over the standard log point Specℂ†.
Next, we show that there exists a unique stable map extension 𝑓 ∶ 𝐶̃ → 𝑈0 compatible with

Definition 8.2. We have to define 𝑓 at each of the added components ℙ1
𝑗
of 𝐶̃ for 1 ⩽ 𝑗 ⩽ 𝑚.

First, note that from the tropical picture, such a component maps into the complete toric vari-
ety 𝑍0 ⊂ 𝑈0, as in (8.1). Also, recall fromDiscussion 6.16 that such a ℙ1 component ℙ1

𝑗
determines

a monomial𝑚Δ𝑗,𝑣−𝑗 and hence a section

𝑠Δ𝑗,𝑣
−
𝑗
∈ Γ(𝑌0,

gp
𝑌0
)

with the property that 𝑓♭(𝑠Δ𝑗,𝑣−𝑗 ) is invertible at the point at infinity, ∞𝐶′𝑗 . Moreover, the corre-
sponding log constraint 𝜌𝑗 is the value

𝑓♭(𝑠Δ𝑗,𝑣
−
𝑗
)(∞𝐶′

𝑗
) ∈ ℂ× .

As a rational function, 𝑧
𝑚Δ𝑗,𝑣

−
𝑗 is defined on 𝑍0 ⊂ 𝑈0 and has to restrict to the constant function

on ℙ1
𝑗
, with value the log constraint 𝜌𝑗 ∈ ℂ×. We deduce 𝑓|ℙ1

𝑗
∶ ℙ1 → 𝑍0 is a cover of the line

{𝜌𝑗} × ℙ1 ⊂ ℂ× × ℙ1

fully branched over the two intersection points with the toric boundary of𝑍0. The covering degree
agrees with the weight of the edges adjacent to the vertex of Γ̃ corresponding to ℙ1. Hence, it is
determined completely by the tropical extension ℎ̃, and in fact equal to𝑤𝑣−

𝑗
. Conversely, 𝑧

𝑚Δ𝑗,𝑣
−
𝑗 =

𝜌𝑗 defines a rational curve in 𝑍0, and the 𝑤𝑣−
𝑗
-fold branched cover defines the extension 𝑓 on ℙ1

𝑗
.

This way we determine uniquely the image of each inserted ℙ1 component ℙ1
𝑗
, and hence we

determine the stable map 𝑓 ∶ 𝐶̃ → 𝑈0.
It remains to show that 𝑓 can be uniquely promoted to a log map 𝐶̃† → 𝑈

†

0. As 𝐶̃ is log smooth
over the standard log point, it follows analogously as in the torically transverse case from the
proof of [41, Proposition 7.1] that the extension of 𝑓 away from the nodes is uniquely determined
by strictness. For the extension at the node∞𝐶′

𝑗
, it follows from the proof of [41, Proposition 7.1]

that there are locally 𝑤𝑣−
𝑗
ways to extend 𝑓 as a log map in a neighborhood of the node. These

𝑤𝑣−
𝑗
choices are parameterized by a choice of𝑤𝑣−

𝑗
th root of unity. However, there is also an action

of the Galois group ℤ∕𝑤𝑣−
𝑗
ℤ of the 𝑤𝑣−

𝑗
-fold cyclic branched cover ℙ1

𝑗
→ 𝑓(ℙ1

𝑗
)which acts simply

transitively on the set of such choices. Thus, we obtain globally a unique extension of 𝑓 as a log
map 𝐶̃† → 𝑈

†

0. □
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8.4 Reduction to the torically transverse case

A correspondence theorem between tropical curves and log maps is proved in [41], in torically
transverse situations. Toric transversality [41, Definition 4.1] means that the image of a log map is
disjoint from toric strata of codimension larger than one. The tropicalization of such a map then
maps to the 1-skeleton of the polyhedral decomposition defining the considered degeneration.
The following general result will allow us to treat situations that are not torically transverse.

Lemma 8.6. LetP be an integral polyhedral decomposition of𝑁ℝ andP ′ an integral refinement.
Denote by 𝜋 ∶ 𝑋 → 𝔸1 and 𝜋′ ∶ 𝑋′ → 𝔸1 be the associated toric degenerations of toric varieties.
Assume that P and P ′ are regular, that is, they support strictly convex piecewise affine functions.
Then, there is a 2-parameter degeneration

𝜋̃ ∶ 𝑋̃ ⟶ 𝔸2

with restrictions to 𝔸1 × 𝔾𝑚 and to 𝔾𝑚 × 𝔸1 equal to 𝜋 × id𝔾𝑚 and to id𝔾𝑚 ×𝜋
′, respectively.

Proof. Let 𝜑, 𝜑′ be strictly convex, piecewise affine functions with corner loci (or non-
differentiability loci) P , P ′, respectively (by this we mean that the non-extendable domains of
linearity of 𝜑, 𝜑′ coincide with the maximal cells of P , P ′, respectively). We can assume 𝜑, 𝜑′
are defined over the rational numbers and hence, after rescaling, that they are defined over the
integers. Denote by Φ ∶ 𝑁ℝ ⊕ ℝ>0 → ℝ the homogenization of 𝜑:

Φ ∶ 𝑁ℝ⟶ ℝ, Φ(𝑥, 𝜆) = 𝜆 ⋅ 𝜑
(
𝑥

𝜆

)
.

Note that Φ is the restriction of a linear function on the cone 𝐶(𝜎) for any 𝜎 ∈P . Now the fan
Σ = 𝐶(P) can be defined by the corner locus of Φ, that is, the maximal elements of Σ are the
domains of linearity of 𝜑. Similarly, we define the homogenization Φ′ of 𝜑′.

Φ′ ∶ 𝑁ℝ⟶ ℝ, Φ′(𝑥, 𝜇) = 𝜇 ⋅ 𝜑′
(
𝑥

𝜇

)
.

To define a 2-parameter degeneration, we use the fan Σ̃ in𝑁ℝ ⊕ ℝ⊕ℝ defined by the corner locus
of the following piecewise linear function:

Ψ(𝑥, 𝜆, 𝜇) ∶= Φ(𝑥, 𝜆) + Φ′(𝑥, 𝜇).

Now if

(𝑥, 𝜆, 𝜇) ∈ |Σ̃|,
then Ψ is linear on

(𝑥, 𝜆, 𝜇) + {0} × ℝ2
⩾0.

Thus, the projection

𝑁ℝ ⊕ ℝ
2 → ℝ2
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induces a map of fans from Σ̃ to the fan of 𝔸2. Define 𝑋̃ as the toric variety defined by Σ̃ and

𝜋̃ ∶ 𝑋̃ → 𝔸2

as the toric morphism defined by the map of fans just described. The restriction of 𝜋̃ to 𝔸1 ×
𝔾𝑚 is described by the intersection of Σ̃ with 𝑁ℝ × ℝ × {0}. This intersection is the corner
locus of

Ψ|𝑁ℝ×ℝ×{0}.
But

Ψ(𝑥, 𝜆, 0) = Φ(𝑥, 𝜆),

so this corner locus defines 𝐶(P). Thus,

𝜋̃|𝔸1×𝔾𝑚 = 𝜋 × id𝔾𝑚 .
Analogously, we conclude

𝜋̃|𝔾𝑚×𝔸1 = id𝔾𝑚 ×𝜋′. □

With the construction of Lemma 8.6 we are now in position where we can refer to [41] to show
main result in the following theorem.

Theorem 8.7. Let Δ be a degree as in Definition 4.6 with 𝓁 + 1 positive and 𝑚 negative entries,
𝜆 an asymptotic constraint in the stable range Δ as in Definition 4.30, and 𝜌 a log constraint of
order (𝓁, 𝑚) as in Definition 6.17. Let 𝑁trop

Δ,𝜆
be the count with multiplicities of tropical corals in 𝐶ℝ

matching (Δ, 𝜆), defined as in (4.7), and let𝑁log
Δ,𝜆,𝜌

be the count of log corals in𝑌0 matching (Δ, 𝜆, 𝜌),
defined as in (6.18). Then,

𝑁
trop
Δ,𝜆
= 𝑁

log

Δ,𝜆,𝜌
.

Moreover, this count is a log Gromov–Witten invariant of the (unfolded) Tate curve.

Proof. Let𝑓 ∶ 𝐶† → 𝑌0† be a log coral with tropicalizationℎ∶ Γ → 𝐶ℝ. By Theorem 8.5, it extends
uniquely to a log map 𝑓 ∶ 𝐶̃† → 𝑈

†

0 with tropicalization ℎ̃ ∶ Γ̃ → ℝ
2, where ℝ2 is endowed with

the extended polyhedral decomposition P̃ defined at the beginning of this subsection. This poly-
hedral decomposition is regular by inspection.
Our aim is to achieve the toric transversality as in [41], to use the correspondence theorem

between tropical curves and log maps shown in [41, Section 8]. For this we need to ensure that the
image of ℎ̃ remains inside the 1-skeleton of the polyhedral decomposition P̃ refine P̃ accordingly.
To obtain an appropriate refinementwe simply add Γ̃ to the 1-skeleton of P̃ .We do this refinement
to P̃ simultaneously for all tropical curves ℎ̃𝑖 ∶ Γ̃𝑖 → ℝ2 of degreeΔmatching 𝜆 and of type (Γ, 𝑢).
Note that by Subsection 4.5, there are finitely many such tropical curves. This way obtain a new
polyhedral decomposition P̃ ′ of ℝ2. By further refinement and rescaling we may assume that
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P̃ ′ is integral and regular. Denote by𝑊0 the fiber over 𝑡 = 0 of the toric degeneration associated
to P̃ ′. So,𝑊0 carries the natural log structure 𝑊0

obtained by the pull-back of the divisorial
log structure on the total space given by the divisor 𝑊0 ⊂ 𝑊. Then, by Lemma 8.6 we obtain a
2-parameter degeneration

𝜋̃ ∶ 𝑋̃ ⟶ 𝔸2

isomorphic to 𝜋 ∶ 𝑈 → 𝔸1 over {1} × 𝔸1 and to the degeneration 𝜋′ ∶ 𝑊 → 𝔸1 defined by P̃ ′

over𝔸1 × {1}. For the latter degeneration, all log curves in the central fiber (𝑊0,𝑊0
) are torically

transverse. Note that the log constraints 𝜌 translate into point constraints alongwithmultiplicities
along toric divisors on the general fiber of 𝜋′, which is the situation treated in the refinement [20]
of [41]. In this refined case, the tropical count differs from the count in [41], by dividing theweights
on the unbounded edges of Γ̃ as shown in [20, Appendix]. Hence, from [20, Theorems 3.4, 4.4],
the logmaps on the central fiber of𝜋′matching analogous incidence conditions is a finite set with
cardinality equal to 𝑁̃trop

Δ,𝜆
we defined in (4.9). By deformation invariance of log Gromov–Witten

invariants we obtain the same virtual count for logmaps on the central fiber𝑈
†

0 of𝜋, as a log space
over the standard log point. By Theorem 8.5, this count of log maps coincides with the count of
log corals, and so

𝑁̃
trop
Δ,𝜆
= 𝑁

log

Δ,𝜆,𝜌
.

Finally, by Theorem 4.36 relating tropical corals and tropical curves, we have 𝑁̃trop
Δ,𝜆
= 𝑁

trop
Δ,𝜆

, and
so

𝑁
trop
Δ,𝜆
= 𝑁

log

Δ,𝜆,𝜌
.

Since we are in the situation where the total space 𝑌 is toric, it follows analogously as in [41,
Proposition 7.3] that this count is a log Gromov–Witten invariant of the general fiber of 𝑌, which
is the unfolded Tate curve. □

8.5 Lifting log corals on the Tate curve to its unfolding

Recall that 𝑌0 is the central fiber of the degeneration of the unfolded Tate curve, and by taking
the ℤ-quotient

𝜋 ∶ 𝑌0
∕ℤ
³³→ 𝑇0 × 𝔸

1

we obtain the central fiber of the degeneration of the Tate curve, as explained in Subsection 2.1.
Given a log coral 𝑓 ∶ 𝐶† → 𝑌0†, one naturally obtains a log coral

𝑓 = 𝜋◦𝑓 ∶ 𝐶
†
⟶ (𝑇0 × 𝔸

1)† .

In the following theorem, we show that given a log coral 𝑓 ∶ 𝐶
†
→ (𝑇0 × 𝔸

1)† there is a lift of it
to a log coral 𝑓 ∶ 𝐶† → 𝑌0†.
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Theorem 8.8. Let 𝑓 ∶ 𝐶
†
→ (𝑇0 × 𝔸

1)† be a log coral fitting into the following Cartesian diagram

(8.1)

The fiber product 𝐶 ×𝑇0×𝔸1 𝑌0 is isomorphic to a disjoint union of copies of 𝐶, that is

𝐶 ×𝑇0×𝔸1 𝑌0 =
∐
ℤ

𝐶

and 𝑓 =
∐
𝑛∈ℤ Φ𝑛◦𝑓, where Φ𝑛 ∶ 𝑌0 → 𝑌0 is the ℤ-action on 𝑌0 induced by the ℤ-action on the

Mumford fan defined as in Subsection 2.1.

Proof. It is enough to show that each connected component 𝐶′ ⊂ 𝐶 ×𝑇0×𝔸1 𝑌0 is isomorphic to
𝐶. This will follow from the fact that any étale proper map from a connected curve to a nodal
rational curve is an isomorphism. The map 𝜋 ∶ 𝐶 ×𝑇0×𝔸1 𝑌0 → 𝐶 is étale since 𝑌0 → (𝑇0 × 𝔸

1) is
étale, hence it is a local isomorphism in the étale topology.
We claim that 𝐶′ has finitely many irreducible components. Let Γ𝐶′ and Γ𝐶 be the dual graphs

of 𝐶′ and 𝐶, respectively, defined as in Construction 7.2. The map 𝜋|𝐶′ ∶ 𝐶′ → 𝐶 induces a map
Γ𝜋 ∶ Γ𝐶′ → Γ𝐶

which is a local isomorphism. So, for every vertex 𝑣 ∈ Γ𝐶′ , the restriction Γ𝜋|𝑆𝑡𝑎𝑟(𝑣) is an isomor-
phism onto 𝑆𝑡𝑎𝑟(Γ𝜋(𝑣)). Here, for any vertex 𝑣, 𝑆𝑡𝑎𝑟(𝑣) denotes the subgraph consisting of the
vertex v, edges containing 𝑣 and their vertices. Since Γ𝐶′ is connected and Γ𝐶 is a tree, Γ𝜋 is a cov-
ering map. As any covering map factors through the universal covering and 𝜋1(Γ𝐶) = 0, it follows
that Γ𝜋 is an isomorphism. Hence, the number of vertices of Γ𝐶′ is finite and the claim follows.
This shows that the map 𝜋|𝐶′ ∶ 𝐶′ → 𝐶 is proper.
By the Hurwitz formula we have 𝜋∗𝜔

𝐶
= 𝜔𝐶′ , where 𝜔𝐶 and 𝜔𝐶′ denote the canonical bundles

over 𝐶 and 𝐶′, respectively. Applying the Riemann-Roch theorem for nodal curves, we obtain

2g − 2 = deg𝜔𝐶′ = 𝑑 ⋅ deg(𝜔𝐶) = −2𝑑

where g = g(𝐶′) = 0 as each component of 𝐶′ is a copy of ℙ1 and the dual graph is a tree. Hence,
𝑑 = 1. Therefore, 𝜋|𝐶′ ∶ 𝐶′ → 𝐶 is an isomorphism. □

We will now discuss how to translate the equivalence of the tropical and log counts stated in
Theorem 8.7 on the (degenerate) unfolded Tate curve to the ℤ-quotient 𝑇0 × 𝔸1. Let us first set up
the counting problem on the tropical side. Denote the corresponding affine manifold by 𝐵 = 𝐶𝑆1,
which topologically is 𝑆1 × ℝ⩾0.
Each direction of positive or negative ends (the directions associated to positive edges, or to

the edges adjacent to negative vertices of a coral graph, respectively) that enter the definition of
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the degree of a tropical coral is now only defined up to the ℤ-action. Thus, specifying a degree
Δ on 𝐵 amounts to choosing an equivalence class under the ℤ-action of the corresponding data
on 𝐵 = 𝐶ℝ. Given a degree Δ and asymptotic constraint 𝜌 on 𝐵, there are either zero or infinitely
many tropical corals with a fixed number of ends and with each direction and asymptotic con-
straint restricted only to an equivalence class under the ℤ-action. Indeed, given any tropical coral
fulfilling the given constraints on its ends, the compositionwith the action of any integer on𝐵will
produce another one. These tropical corals related by the ℤ-action induce equal tropical objects
on 𝐵. Thus, we should rather restrict to ℤ-equivalence classes of tropical corals. A simple way to
break the ℤ-symmetry is to choose one representative of the ℤ-equivalence class of directions of
one of the ends.
Another source of infinity in the count is more fundamental and is part of the nature of the

problem. It is related to the fact that the counting problem in symplectic cohomology produces an
infinite sum with single terms weighted by the symplectic area of the pseudo-holomorphic curve
with boundary. The logarithmic analogue runs as follows. For a log coral 𝑓 ∶ 𝐶† → 𝑌†

0
look at the

underlying scheme theoretic morphism and take the composition

𝐶⟶ 𝑌0⟶ 𝑇0 × 𝔸
1,

where𝑇0 is the central fiber of the Tate curve as in Subsection 2.1. Thismorphismextends uniquely
to a morphism

𝐶⟶ 𝑇0 × ℙ
1

from a complete curve 𝐶 to 𝑇0 × ℙ1. The algebro-geometric analogue of the symplectic area is the
degree of the composition

𝐶⟶ 𝑇0 × ℙ
1 ⟶ 𝑇0 .

Since ‘degree’ is already taken for something else, let us call the degree of 𝐶̃ → 𝑇0 the log area of
the log coral. We denote by

𝑁Δ,𝜆,𝜌(𝐴)

the cardinality of the set of log corals of fixed log area𝐴, given degree Δ, matching the asymptotic
constraint 𝜆 and the log constraint 𝜌. We will see in (8.2) that 𝑁Δ,𝜆,𝜌(𝐴) is finite.
The tropical analogue of the area is given by a tropical intersection number as follows [4]. For

each vertex (𝑎 ⋅ 𝑏, 1) of P𝑏 we have the line

𝐿𝑎 = ℝ ⋅ (𝑎, 1) ⊂ 𝑁ℝ

through the origin. Each tropical coral has a well-defined intersection number with 𝐿𝑎. Define
the tropical area of a tropical coral as the sum of the intersection numbers of its extension as a
tropical curve in𝑁ℝ with 𝐿𝑎, for all 𝑎 ∈ ℤ. The tropical intersection number bounds the number
of crossings of the tropical coral with unbounded 1-cells of the polyhedral decomposition 𝐶P𝑏 of
𝐶ℝ, defined in Section 3. Hence, with the ℤ-action modded out as before, we also obtain a finite
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tropical count

𝑁
trop
Δ,𝜆
(𝐴)

of tropical corals in 𝐶𝑆1 of fixed tropical area 𝐴 of fixed degree Δ and matching a general asymp-
totic constraint 𝜆. Using the fact that the tropical area of the tropicalization of a log coral is the
log area of the log coral, Theorems 8.7 and 8.8, readily gives

𝑁
trop
Δ,𝜆
(𝐴) = 𝑁

log

Δ,𝜆,𝜌
(𝐴) (8.2)

for any𝐴 ∈ ℕ,Δ, 𝜆 and 𝜌. This shows in particular that𝑁log
Δ,𝜆,𝜌
(𝐴) is finite. Introducing generating

series summing over 𝐴 ∈ ℕ:

𝑁
log

Δ,𝜆,𝜌
(𝑇0 × 𝔸

1) =
∑
𝐴∈ℕ

𝑁Δ,𝜆,𝜌(𝐴)𝑞
𝐴 ∈ ℂ�𝑞� ,

𝑁
trop
Δ,𝜆
(𝐶𝑆1) =

∑
𝐴∈ℕ

𝑁
trop
Δ,𝜆
(𝐴)𝑞𝐴 ∈ ℂ�𝑞� ,

and using the analogous unobstructedness results in [41, Section 7], we obtain the following the-
orem.

Theorem 8.9. 𝑁log
Δ,𝜆,𝜌
(𝑇0 × 𝔸

1) = 𝑁
trop
Δ,𝜆
(𝐶𝑆1) and this count is a log invariant of the Tate curve.

9 PUNCTURED LOG CURVES

The theory of log Gromov–Witten invariants [2, 24], provides a vast generalization of the the-
ory of relative Gromov–Witten invariants [35, 36]. While in relative Gromov–Witten theory con-
straints are imposed relative to a smooth divisor, in log Gromov–Witten theory this is done relative
to more general divisors, including normal–crossing divisors. Abramovich–Chen–Gross–Siebert,
introduced punctured log Gromov–Witten theory, in which one could also consider allow negative
tangency orders with the divisors.
Recall thatwe introduced log corals on𝑌0, the central fiber of the degeneration of the (unfolded)

Tate curve. We show in this section that log corals correspond to punctured log maps on 𝑇0, the
central fiber of the (unfolded) Tate curve, defined as in Subsection 2.1. As discussed in Subsection
8.5, since log corals on the Tate curve lift to the unfolded Tate curve, for convenience we again
work on the unfolded case.

Remark 9.1. From Proposition 6.10, it follows that given a log coral 𝑓 ∶ 𝐶† → 𝑌†
0
, the tangency

order (or contact order) at a marked point 𝑝 ∈ 𝐶 is given as the image of the composition of the
following maps

𝑌0,𝑓(𝑝)
→𝐶,𝑝 = ℕ ⊕ ℕ

pr2
³³³→ ℕ ,

where the equality𝐶,𝑝 = ℕ ⊕ ℕ follows from Theorem 6.4(ii), and pr2 is the projection on the
second factor. To achieve negative tangency orders, the idea in punctured log Gromov–Witten
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theory is to modify the log structure on the domain, so that we would have𝐶,𝑝 ⊆ ℕ ⊕ ℤ, and
hence projecting to the second factor would give elements in ℤ capturing the tangency order,
which could be negative (for details, see [3]). Such marked points 𝑝, where one allows negative
contact orders are referred to as punctured points. For the case of the Tate curve recall that the
domain of a log coral𝑓 ∶ 𝐶† → 𝑌†

0
onto the central fiber of a degeneration of the Tate curve admits

non-complete components.Wewill obtain punctured logmaps from log corals by trading the non-
complete components by punctured points.

Let 𝑓 ∶ 𝐶† → 𝑌0† be a log coral and let 𝔸1𝑘 ⊂ 𝐶 for 𝑘 = 1,… ,𝑚 be the non-complete compo-
nents of 𝐶 such that

𝐶 =

𝑚∐
𝑘=1

𝔸1
𝑘
⨿𝑞𝑘 𝐶̃, (9.1)

where 𝑞𝑘 ⊂ 𝔸1𝑘 is a nodal intersection point of the non-complete component with another irre-
ducible component. We omit all the non-complete components from 𝐶, and define a punctured
log map

𝑓 ∶ (𝐶̃,◦
𝐶̃
) → (𝑇0,𝑇0

),

where the log structure 𝛼◦ ∶◦
𝐶̃
→ 𝐶̃ is obtained bymodifying the log structure on𝐶 as pointed

in Remark 9.1. For a detailed of this modification we refer to [3, Subsection 2.1.4].
Recall from Subsection 2.1, that 𝑌0 is obtained as the product of the affine line with 𝑇0. We

will first show that, given a log coral 𝑓 ∶ 𝐶† → 𝑌0†, by projecting the image of non-complete
component𝔸1 ⊂ 𝑌0 onto 𝑇0, we obtain a single point in 𝑇0— this will correspond to a punctured
point.

Proposition 9.2. Let 𝑓 ∶ 𝐶† → 𝑌0† be a general log coral and let 𝐶′ ⊂ 𝐶 be a non-complete com-
ponent. Then, the map

pr2 ◦𝑓|𝐶′ ∶ 𝐶′ ≅ 𝔸1 → ℙ1, (9.2)

defined as in Equation 6.8, is constant.

Proof. Let 𝑓(𝑧) ∶ ℙ1 → ℙ1 be the extension of pr2 ◦𝑓|𝐶′ ∶ 𝐶′ ≅ 𝔸1 → ℙ1 as in 6.8. If 𝑓 is non-
transverse at 𝐶′, the result follows trivially. Assume 𝑓 is transverse at 𝐶′, then(

𝑓|𝐶′(𝐶′) ∩ (𝑌0)𝑠=0) ⊂ ℙ1 ⧵ {0,∞},
where by {0,∞} we denote the lower dimensional toric strata in ℙ1. Furthermore, by the parallel
condition in Definition 6.8(i), the point at infinity intersects the divisor at infinity at a point

𝑓𝐶′(∞𝐶′) = 𝑞∞ ∈ ℂ
× ⊂ ℙ1.

Hence, we have 𝑓(𝐶′ ∪ {∞𝐶′}) ∈ ℙ1 ⧵ {0}. The result follows, since a morphism from a complete
variety to an affine variety is constant. □
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Proposition 9.2 shows that the non-complete components 𝐶′ ⊂ 𝐶 do not carry any additional
information except at the position of the nodal point 𝑞∞. By trading any non-complete component
𝐶′ by the point pr2 ◦𝑓|𝐶′(𝐶′) defined as in (9.2), we obtain a restriction of a log coral in 𝑌0 to 𝑇0 =
(𝑌0)𝑠=0. On the tropical side this amounts to restricting the corresponding tropical coral on the
truncated cone 𝐶ℝ, obtained by tropicalization of a log coral, to the interior of the truncated cone.
We define incidence conditions for punctured maps 𝑓 ∶ (𝐶̃,◦

𝐶̃
) → (𝑇0,𝑇0

) analogously to
the case of extended log corals, as explained in Subsection 8.3.

Definition 9.3. Let Δ be a degree with 𝓁 + 1 positive and 𝑚 negative entries, 𝜆 an asymp-
totic constraint for Δ, and 𝜌 a log constraint of order (𝓁, 𝑚). We say that a punctured log map
𝑓 ∶ (𝐶̃,◦

𝐶̃
) → 𝑇†

0
with 𝓁 + 1marked points 𝑝0, … , 𝑝𝓁 and𝑚 punctured points 𝑞1, … , 𝑞𝑚matches

(Δ, 𝜆, 𝜌) if:

(i) for each marked point 𝑝𝑖 , the composition

pr2◦𝑓
♭

𝑝𝑖
∶

g𝑝

𝑇0,𝑓(𝑝𝑖)
→

◦,g𝑝
𝐶̃,𝑝𝑖
→ ℤ

equals Δ
𝑖
, where pr2 is the projection map to the second factor;

(ii) for each punctured point 𝑞𝑗 , the composition

pr2◦𝑓
♭

𝑞𝑗
∶

g𝑝

𝑇0,𝑓(𝑞𝑗)
→

◦,g𝑝
𝐶̃,𝑞𝑗
→ ℤ

equals Δ𝑗 , where pr2 is the projection map to the second factor;
(iii) for each marked point 𝑝𝑖 with 1 ⩽ 𝑖 ⩽ 𝓁, let 𝐶𝑖 be the irreducible component of 𝐶̃ containing

𝑝𝑖 , of generic point 𝜂𝑖 . Then, the image of

( ̄̃𝑓𝜂𝑖 ∶𝑇0,𝑓(𝜂𝑖)
→

◦
𝐶̃,𝜂𝑖
≅ ℕ) ∈ 𝑁

under the quotient map

𝑁 → 𝑁∕(𝑁 ∩ ℝΔ
𝑖
)

is equal to 𝜆𝑖;
(iv) for each punctured point 𝑞𝑗 , let 𝐶𝑗 be the irreducible component of 𝐶̃ containing 𝑞𝑗 , of

generic point 𝜂𝑗 . Then, the image of

( ̄̃𝑓𝜂𝑗 ∶𝑇0,𝑓(𝜂𝑗)
→

◦
𝐶̃,𝜂𝑗
≅ ℕ) ∈ 𝑁

under the quotient map

𝑁 → 𝑁∕(𝑁 ∩ ℝΔ𝑗)

is equal to 0.
(v) for 1 ⩽ 𝑖 ⩽ 𝓁, 𝑓♭𝑝𝑖 (𝑠𝑢,𝜆)(𝑝𝑖) = 𝜌𝑖 , where 𝑠𝑢,𝜆 is defined as in Discussion 6.16;
(vi) for 1 ⩽ 𝑗 ⩽ 𝑚, 𝑓♭𝑞𝑗 (𝑠Δ𝑗,𝑣−𝑗 )(𝑞𝑗) = 𝜌𝑗„ where 𝑠Δ𝑗,𝑣−𝑗 is defined as in Discussion 6.16.
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Denote the set of punctured logmaps𝑓 ∶ (𝐶̃,◦
𝐶̃
) → 𝑇†

0
matching (Δ, 𝜆, 𝜌) by𝔏◦Δ,𝜆,𝜌. It follows

fromProposition 9.2 that given a puncturedmap 𝑓 ∶ (𝐶̃,◦
𝐶̃
) → 𝑇†

0
, we can extend it to a log coral

𝑓 ∶ 𝐶† → 𝑌0
†, defined by

𝑓 =

{
𝑓 on 𝐶̃ ⊂ 𝐶
𝑓(𝑞𝑘) on 𝔸1

𝑘
⊂ 𝐶

(9.3)

for each 𝑘 ∈ {1, … ,𝑚}, where 𝑞𝑘 and𝔸1𝑘 are as in (9.1). Themap𝑓 naturally lifts to a logmorphism,
similarly as in the proof of [3, Theorem 3.1.3]. Hence, we obtain the following result.

Theorem 9.4. The forgetful map

𝔏Δ,𝜆,𝜌 ⟶ 𝔏◦
Δ,𝜆,𝜌

𝑓 ↦ 𝑓

is a bijection. Thus, the count of log corals 𝑁log
Δ,𝜆,𝜌

in Theorem 8.7 is a punctured log Gromov–
Witten invariant.

The deformation theorywith punctured point constraints has beenworked out in a preliminary
version of [3], and in this particular case for the Tate curve it follows that the punctured stable
maps in 𝔏◦

Δ,𝜆,𝜌
are unobstructed — for details on this, we refer to [3, Section 4]. Therefore, from

the bijection in Lemma 9.4 we conclude the equality of the count of log corals on the central fiber
of the degeneration of the (unfolded) Tate curve with a punctured Gromov–Witten invariant in
the sense of [3] on the central fiber of the (unfolded) Tate curve.
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