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1 | INTRODUCTION
1.1 | Background and context

Mirror symmetry, first observed by physicists studying string theory, posits that Calabi-Yau man-
ifolds exist in pairs (X, X), where the symplectic geometry of X controls the complex geometry of
X and vice versa. This phenomenon has received a great deal of attention from mathematicians
over the last 30 years, and has been given a compelling categorical formulation by Kontsevich [34]
known as homological mirror symmetry. Although still conjectural, homological mirror symme-
try serves as an important organizing principle in the field, and suggests answers to many funda-
mental questions. For example, given a Calabi-Yau manifold X, how can we construct the mirror
manifold X?

Homological mirror symmetry implies that, in good circumstances, the homogeneous coordi-
nate ring of the mirror X should be isomorphic to the degree-zero part of the symplectic cohomol-
ogy SH(X) [44]. Proving this is challenging, because tools for computing symplectic cohomology
— which encodes part of the Floer theory of X — are still in their infancy. Indeed, so far sym-
plectic cohomology has been computed to verify manifestations of homological mirror symmetry
only in a handful of cases, in the situation of 2-dimensional Liouville domains [43]. In this paper,
we investigate it in the first known case where X is not a Liouville domain: the Tate curve, a
family

T — Spec C[[u]

with generic fiber a smooth elliptic curve and central fiber a cycle T, of b rational curves, for a
fixed integer b.
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FIGURE 1.1 Outline of correspondences

Our work builds directly on the Gross-Siebert program [22, 29], which aims at an algebro-
geometric understanding of mirror symmetry. This program is motivated by the Strominger-Yau-
Zaslow (SYZ) conjecture, suggesting that a mirror pair (X,X) of Calabi-Yau manifolds should
carry dual special Lagrangian torus fibrations X — B, X — B over the same base B [46]. A key
ingredient in the Gross-Siebert approach is tropical geometry, which one should think of as occur-
ring on the base B of the fibration — this is viewed as the ‘tropicalization’ of a degenerate limit of
X (or X).

From the point of view of the Gross-Siebert program, the homogeneous coordinate ring of the
mirror to the open Calabi-Yau manifold T \ T, — or rather, the mirror to the log Calabi-Yau
pair (T, T,) — arises as a ring of theta functions [22, 28]. Structure constants in this ring count
maps from algebraic curves into T that satisfy prescribed tangency conditions [27]: these are the
punctured log Gromov-Witten invariants defined by Abramovich-Chen-Gross-Siebert [3]. Our
contribution is to establish the correct notion of tropicalization for such curves in this setting.
We introduce tropical objects, called corals, that morally speaking arise as the tropical limits of
punctured log curves in T. We then prove a correspondence between punctured log Gromov-
Witten invariants of T and counts of corals (Theorems 8.9 and 9.4).

On the other hand, the discussion in Subsection 5.2 expresses structure constants of the sym-
plectic cohomology SH(T \ T,) in terms of counts of holomorphic polygons in E, and further
in terms of counts of combinatorial objects called tropical Morse trees introduced by Abouzaid-
Gross—Siebert [6, Section 8]. By establishing a correspondence between tropical Morse trees and
corals (Theorem 5.12), we verify that the product structure in the degree-zero part of symplectic
cohomology SHY(T \ T,) agrees with the one in the homogeneous coordinate ring of the mirror
to T \ T\, given by the ring of theta functions.

1.2 | Outline of the paper

We now give a more detailed overview of the argument, following the outline in Figure 1.1.
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1.2.1 | The symplectic cohomology of T \ T,

By definition, symplectic cohomology is a version of Hamiltonian Floer theory for Liou-
ville domains [8, 13, 14, 44]. In Subsection 5.2, we investigate the symplectic cohomology
of the open Calabi-Yau manifold T \ T,,. Topologically, T \ T, is the mapping cylinder of
the Dehn twist 7 : E - E on the elliptic curve; it is not a Liouville domain. Nonetheless
one can define (a version of) the symplectic cohomology ring SH*(T \ T,) — see Subsec-
tion 5.2 [12, 37]. Based on discussions with Pomerleano-Tonkonog and Abouzaid-Siebert, we
have

SHO(T \ Ty) = @ HF(L(0), L(k)), (L.1)
kez

where HF stands for Lagrangian Floer cohomology and L(k) C E is the Lagrangian which lifts to a
line of slope k on the universal cover of E. Thus, the ring structure on SH(T \ T,) is isomorphic
to the ring structure on Lagrangian Floer cohomology of the elliptic curve E. In particular, the
product rule in SH(T \ T,) can be described by counts of holomorphic polygons in E bounded
by Lagrangians.

1.2.2 | Holomorphic polygons in E and tropical Morse trees

Gross has established a correspondence between holomorphic polygons in E and tropical Morse
trees [6, Section 8]. This is discussed in detail in Subsection 5.3, but roughly speaking a tropical
Morse tree is a map ¢ : R — S!, where R is a ribbon graph, whose edges are decorated with
integer weights. The map ¢ is asked to satisfy a balancing condition in terms of these weights and
lengths of the images of edges of R. This enables us to construct a holomorphic polygon in E from
a tropical Morse tree. The correspondence between tropical Morse trees in S and holomorphic
polygons in E, together with (1.1), allows us to describe the ring structure on SH(T \ T,) using
counts of tropical Morse trees.

From the SYZ point of view on mirror symmetry, the target S of a tropical Morse tree ¢ : R —
S! should be thought of as the SYZ base B for the elliptic curve E. Below we will also consider
tropical Morse trees ¢ : R — R with target R, and these R should be thought of as the SYZ base
for the algebraic torus C*.

1.2.3 | Unfolding the Tate curve

Up to this point, we have considered the Tate curve T — SpecC[u] with generic fiber a
smooth elliptic curve and special fiber T, given by a cycle of rational curves. In what fol-
lows, it will be convenient to consider the unfolded Tate curve T — Spec C[u] with general
fiber an algebraic torus C* and special fiber T,, given by an infinite chain of rational curves.
We describe in Subsection 8.5 how to pass from statements about the unfolded Tate curve
(T, T;) to the corresponding statements for the Tate curve (T,T,), by taking an appropriate
quotient.
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FIGURE 1.2 A tropical coral in the truncated cone CR over R

1.2.4 | Tropical corals

The main new objects introduced in this paper are tropical corals. These, unlike tropical Morse
trees, are tropical objects for which one can obtain a geometric interpretation in terms of certain
log maps, as explained below. Roughly, tropical corals are balanced trees contained in the trun-
cated cone CR := R X [1, 00), and which satisfy some additional conditions where they meet the
boundary of the truncated cone. A tropical coral is given by a map

h:T— CR

from an edge-weighted graph I' that satisfies a balancing condition at the images of the ver-
tices of T'. Tropical corals are similar to usual tropical curves in the plane [38, 41], except
that the unbounded edges meeting the truncated cone at its boundary get cut off, and more-
over we require these edges to lie on lines passing through the origin. Figure 1.2 shows the
image of a tropical coral in the truncated cone CR; for more details on tropical corals, see
Subsection 4.1.

A tropical coral has a degree, which is the set of vectors in Z? defined by the (weighted) direc-
tions of unbounded edges together with the directions of the edges that meet the boundary of the
truncated cone. We set up a well-defined counting problem for tropical corals in Subsection 4.5,
by considering tropical corals of a fixed degree A that satisfy a constraint 4; here 1 specifies the
position of all but one unbounded edge. We define the multiplicity of a tropical curve (Defini-
tion 4.33), and set Nz’ip to be the number of tropical corals of degree A that satisfy 4, counted with
multiplicity.

Theorem 1.1 (see Lemma 4.31 and Theorem 4.36 for details). For a general constraint A, chosen
from a non-empty set called the stable range, the corresponding count of tropical corals Nzip isinde-
pendent of A.

From the SYZ point of view on mirror symmetry, the target CRofa tropical coral h : ' — CR
should be thought of as the SYZ base B for the total space of the unfolded Tate curve T. That is,
corals are tropical curves in the tropicalization of a degenerate limit of T (see Theorem 3.2 and
Proposition 7.4).
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1.2.5 | Tropical corals and tropical Morse trees

In Subsection 5.4, we show thata tropicalcoralh: T — CR without horizontal edges determines a
tropical Morse tree ¢ : R — R. Roughly speaking, the coral itself defines the ribbon graph R, and
the map ¢ is defined by taking an unbounded edge of T to its direction in P'(R) = S'. Conversely
a general (trivalent) tropical Morse tree can be lifted to a tropical coral — see Theorem 5.12. Thus,
we obtain the following theorem.

Theorem 1.2 (see Theorem 5.12 and Corollary 5.13 for details). There is a surjection

Y:T —TMT 1.2)
h— 9,

from the set T of tropical corals with no horizontal edges to the set of tropical Morse trees T MT . The
fiber over ¢ € T MT is the set of tropical corals of a fixed type determined by ¢. In particular, fixing
appropriate constraints for the corals, we obtain a bijective correspondence between tropical Morse
trees and tropical corals.

This allows us to describe the ring structure on SH(T \ T,)) through counts of tropical corals

trop
N AL

1.2.6 | Tropical corals and log corals

We now turn to the geometric curve-counting problem of which tropical corals give the tropi-
calization: this involves counting certain log curves. As a first step we introduce an intermediate
space, which one can think of as a degeneration of the total space of the unfolded Tate curve.
Consider the unfolded Tate curve as a family over Spec C[u], and take the base change Y of this
family along the map

SpecC[s, t] — Spec Clu]

given by u =st. The general fiber of the degeneration given by the composition Y —
Spec C[s, t] — Spec C[t] is the total space T of the unfolded Tate curve. The degenerate limit of
T, given by the central fiber of Y — Spec C[t] over ¢t = 0, is T, x Al. We consider the total space
of Y as a log scheme, equipping it with the divisorial log structure with respect to the central fiber
T, x Al, and equipping the central fiber itself with the pullback log structure.

A log coral, defined in Section 6, is a log map to T, X A! from a marked nodal genus-zero
log curve C that may have non-compact components. The non-compact components here are
required to be parallel, that is, they project dominantly to A and project to a single smooth point
in T,y In Section 6, we set up a well-defined counting theory for log corals. We consider log corals of
fixed degree A, which satisfy an asymptotic constraint 1 and a log constraint p; here the asymptotic
constraint is the same data as the tropical constraint A considered above, and the log constraint p,
defined as in Definition 6.17, imposes additional incidence conditions at marked points. We write
NlAO,i’p for the number of log corals of degree A which satisfy the asymptotic constraint A and the
log constraint p. The main result of Section 8 is the following correspondence theorem for (log)
corals.
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Theorem 1.3 (see Theorem 8.7 for details). For general asymptotic constraint A in the stable range
and any choice of log constraint p, we have

log _ Astrop
NA,/l,p - NA,/I :

In particular, the counts NIAOi ,are log Gromov-Witten invariants of the (unfolded) Tate curve, inde-
pendent of A and p.

This is the technical heart of the paper. We argue as follows. We consider an open subset U, C
T, x Al which contains the images of all log corals contributing to N lei o Extending the truncated

cone, we obtain a compact space U, which contains U, and has an additional component Z,
(which corresponds to the origin in the plane). Then, extending the edges of a tropical coral which
meet the boundary of the truncated cone, so that they pass through the origin defines a tropical
curve in the plane, and by Nishinou-Siebert [41] this corresponds to a map from a (compact) curve
C — U, that satisfies certain tangency conditions.

Restricting this map C — U, toland in T, x A! defines a tropical coral C — T, x Al. The curve
C is obtained from C by, for each non-compact component of C, compactifying it to P! and then
gluing on an additional rational component which meets P! at the compactifying point at infinity
and which maps to Z,. The map from the additional rational components to Z is standard, and
is determined by the log constraint p. Thus, our construction gives a bijective correspondence
between log corals and tropical corals.

There is an important technical point here, which is discussed further in Subsection 8.4.
Nishinou-Siebert establish their correspondence theorem under a restrictive hypothesis, called
toric transversality, that fails here. Lemma 8.6 shows that their theorem in fact holds under
weaker hypotheses, which include the case of the (unfolded) Tate curve. This is likely to have
broader application.

1.2.7 | Log corals and punctured log maps

Asdiscussed in Section 9, deleting all non-compact components of the source curve gives a one-to-
one correspondence’ between log corals C — T, X A! and punctured log maps C’ — T, as defined
in [3]. The image of such a punctured log map is necessarily contained in the central fiber T, C T.
Since punctured log Gromov-Witten theory is unobstructed in this case, this implies the following
theorem.

Theorem 1.4 (see Theorem 9.4 for details). The count of log corals Nfip is a punctured log
Gromov-Witten invariant of T.

These punctured log invariants give the structure constants of the ring of theta functions, that
is, of the homogeneous coordinate ring of the mirror to the Tate curve T [27]. This completes
the connection between the mirror to the Tate curve and the degree-zero symplectic homology
SHO(T \ T,).

By Subsection 8.5, we can consider either the Tate curve (T, T,) or the unfolded Tate curve (T, T;) here.
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1.3 | Related work and future aspects

The correspondences in Figure 1.1 are expected to generalize to higher dimensional Calabi-Yau
varieties. Nonetheless a higher dimensional tropical Morse category, which would be needed for
this generalization, has not been worked out so far. Similarly, we lack a suitable log deformation
theory for log corals, generalizing [41, Section 7], that would allow us to write concretely defor-
mations of log corals as solutions of the Floer equation. These solutions are punctured Riemann
surfaces with asymptotic cylindrical ends, which can be visualized as thickenings of tropical corals
on CS!. Such punctured Riemann surfaces with several asymptotic cylindrical ends arise in the
context of involutive Lie bialgebras, and capture an IBL -structure [7, 9, 10, 40] on symplectic
cohomology. In general, one should see algebro-geometric analogues of this and similar struc-
tures arising in the ring of theta functions.

Conventions. We fix
N=7", Ny =N®,R, M =Hom(N,Z), My =M ®, R.

If 2 is a fan in N, then X(X) denotes the associated toric C-variety with big torus IntX(XZ) ~
G(N) c X(%), whose complement is referred to as the toric boundary of X(X). For a subset & C
Ng, L(E) C N denotes the linear space associated to E, which is the linear subspace spanned by
differences v — w for v, w in E. Given a monoid P, define the monoid ring

clp] := @z,

pEP

where multiplication is determined by z? - zP = gPtr,

2 | THE TATE CURVET

The Tate curve T is a curve over the complete discrete valuation ring R := C[u], where C[u] is
the ring of formal power series in u with coefficients in C. Topologically it is a family

T — SpecC[u]

of elliptic curves degenerating into a nodal elliptic curve. The construction of the Tate curve is a
special case of a construction of Mumford for degenerations of abelian varieties [39]. For details
of the construction, see also [6, Subsection 8.4]. We describe the Tate curve torically, obtained as
a quotient of its unfolding in the next section.

2.1 | The Tate curve as a Z-quotient of its unfolding T

In this section, we construct the unfolded Tate curve and its degeneration, as a particular case of
a toric degeneration of a toric variety [23, 41]. The Tate curve will then be obtained as a quotient
of the unfolded Tate curve by an action of Z. The initial data to construct the unfolded Tate curve
consist of the pair (R, &7,), where R is viewed as an integral affine manifold [21, Definition 2.2],
which we will denote by B and &, b € Z., is a b-periodic polyhedral decomposition of R defined
as follows.



MIRROR SYMMETRY FOR THE TATE CURVE VIA TROPICAL AND LOG CORALS 9

SNV

—4b =% bN\—b

FIGURE 2.1 The toric fan for the unfolded Tate curve

Definition 2.1. Let

be a closed interval of integral length b in R. Let

[1]

[1]
1]

inN

, .
i j j+1

be a common face of two such intervals. The integral b-periodic polyhedral decomposition &), of
R is the covering

Py 1= {E}UE)

of R, where j € Z. We refer to each E; and E; as a cell of &,. The maximal cells of &7} are the

—_

faces & s J € Z, and the vertices of &7, are the 0-faces z;., JEZ.
For each cell E; € &, we define the convex polyhedral cone
C(E)) =Ry - (E; X {1}).
We use the cone C(E)) to define the toric fan
£, :={oaface of C(E)) | E; € #} 21

associated to &2;. The fan & 2, hassupportin (R X R. () U{(0,0)}. The projection R> - R?/R = R
onto the second factor defines a map of fans Py ™ {0, R} which induces the morphism

7:T— Al (2.2)

referred to as the unfolded Tate curve. We illustrate the map of fans in Figure 2.1. We can find
the general and central fibers of 7 : T — A! by examining the pre-images of the cones {0} and
R, in the fan for A under the height function (see [41, Lemma 3.4, Proposition 3.5] for details).
Since each &; € & is bounded, we obtain the asymptotic fan = 5, as the fan consisting of the
single point (0,0) € R? [41, Definition 3.1]. Therefore, the degeneration 7 : T — A! associated to
(R, &) satisfies

7 ' (AT\ {0}) = G, x (A1 \ {0}), (2.3)
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where G, is the algebraic torus and hence the general fiber of 7 : T — Alis T, = G,,,. For details
of the construction of the general fiber, we refer to [41, Lemma 3.4].
The central fiber T, of 7 : T — Al is determined as follows. For each vertex v € &, let

Z,={R,-(E-V)CR|E€ Z,veEEL

So, T, is the fan of the toric variety T, = P!. Similarly, each closed interval E € £, defines a fan
¥ for the toric variety Tz which is a point of intersection of T, and T, where v and v’ denote
the vertices adjacent to Z. Hence, we obtain T, as an infinite chain of projective lines P!, glued
pairwise together along an A,_; singularity in T.

Before proceeding with the definition of the Tate curve, we would like to describe an affine cover
for the total space of the unfolded Tate curve. For this, fix a b-periodic polyhedral decomposition
Z, of Randlet E := [a,a + b] C R be a maximal cell of #7;, so that

C(E)=C({(a,1),(a+b,1)) C N, (24)

where we describe the cone C(E) over E in terms of the integral ray generators (a, 1) and (a + b, 1)
of its edges. We will use an analogous notation throughout this section.

C(®)Y =C((1,-a),(-1,a + b)) C M. (2.5)
The generators of the monoid ring C[C(E)" N M] associated to C(E)Y are

{700 g(-Latb) SOy

The isomorphism

¢ : C[C(E) N M] — C[x,y,ul/(xy —u®)
27D s x

Z(—l,a+b) —y

zZOV —u

gives us an affine cover for the total space of the unfolded Tate curve, given by a countable number
of copies of

SpeCC[X,y,u]/(x}’ - ub) (26)
Now to define the Tate curve, first define

T = lim T = (T, lim Oz /u*1),
where T¥ is the kth order thickening of 771(0), that is, the subscheme of the unfolded Tate curve

7 : T — Spec C[u] defined by the equation u¥*! = 0. There is an action of Z on f~", induced by the
action of Z on the fan i@b’ given by translation by b, taking a ray R.(i, 1) to Ry4(i + d, 1). This
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has the effect of acting on the big torus orbit (C*)? C T, with coordinates z, u by
(z,u) ~ (zu®, u).

Hence, if we fix a non-zero value of u, the action on the C* parameterized by z is z = z - u’. As
explained in [6, Subsection 8.4.1], the quotient ?/ Z makes sense as a formal scheme. There is a
map of formal schemes 7%/ Z — A induced by 7. Here, A = SpfC[u]. Since, there is an ample line
bundle £ over T /Z [6, p. 620], Grothendieck’s Existence Theorem [30, EGA II1, 5.4.5] ensures that
7%/ Z arises as the formal completion of a scheme

T — Spec C[u] (2.7)

which we refer to as the Tate curve. Note that the generic fiber of the Tate curve, is an elliptic
curve over C(u) and the central fiber T, is a nodal elliptic curve with a A;_; singularity, whose
resolution (obtained by adding all rays connecting the origin to all integral points in B = R in
Figure 2.1) is a cycle of b rational curves — see[6, Subsection 8.4.1]. In Subsection 8.5, we will see
that the invariants that we compute on the Tate curve lift uniquely to the unfolded Tate curve.
Therefore, for computational convenience we will disregard the Z-quotient in the next sections.

Remark 2.2. When working in the analytic category, since the Z-action on the unfolded Tate curve
7 : T — Al is properly discontinuous in the analytic topology once restricting to the unit disc

D={uecC||ul <1},
we can define the analytic Tate curve
T8 — D (2.8)
with fiber T%" over u € D \ {0} the elliptic curve
E:=C"/(z~ub2),

viewed as a complex manifold. The central fiber, T" again a cycle of b rational curves. Note that
the complement of the analytic Tate curve T%" \ T" is the mapping cylinder Map(r) of the Dehn
twist 7 : E — E of an elliptic curve along a meridian. We use this description while investigating
the symplectic cohomology of Map(t) in Subsection 5.2

3 | ATORIC DEGENERATION OF T OBTAINED FROM THE
TRUNCATED CONE CR

In this section, we construct a toric degeneration # : Y — A? of the unfolded Tate curve T defined
in Subsection 2.1. This construction is similar to the construction of the unfolded Tate curve from
(B, Z;,). However, rather than B, we obtain the degeneration of the total space by from the trun-
cated cone CB over B, defined as in [25, Definition 3.14] as an integral affine manifold with bound-
ary. We first review the construction of the truncated cone, and describe the polyhedral decom-
position on it, induced from the one on B. For details, we refer to [25].
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Let B be an integral affine manifold, endowed with a polyhedral decomposition &2. For a cell
E e Z,let C(E) be the closure of the cone spanned by E X {1} in N X R:

CE :={a-(n,1)|a>0,neE}. 3.1)
Define the cone C(B) over B as the polyhedral decomposition

C(B) = U C(B)

EeZ

with cells C(E) for E € . Note that C(B) C N X R admits an integral affine structure with a
singularity at the origin in N X R [19, Construction 4.11].

Definition 3.1. The truncated cone CB over B C Ny, is the manifold with boundary with under-
lying topological space

CB :={(x,h) € C(B) | h > 1}

in the cone C(B), endowed with the induced affine structure. It admits a polyhedral decomposi-
tion C & with cells

CE :={(x,h)€eCE)|h>1Ee 2}

The maximal cells of C 2 are the cells CE such that E is a maximal cell of 2.

In what follows, focusing attention to the case B = R, we construct the degeneration of the
unfolded Tate curve from the pair (ER,E@b). Here, CR is the truncated cone over R endowed
with the polyhedral decomposition C 22, with maximal cells CE, where 2, is the b-periodic poly-
hedral decomposition of R. We identify R, with the line given by y = —x + 1,z = 1in R3, and let
C(EE) be the cone over the truncated cone CE. Define the toric fan

ZE@,, :={cafaceof C(CE) | CE € CH}}

and let Y be the toric variety associated to EE 2, The projection map
(pry,pr3) : RXRXR — RXR
(x,,2) — (¥,2)
onto the second and third factors defines a map of fans
(Pra. pr3) : Sz, — {10, Ry0} X {0, Ry} 3.2)

which induces a morphism

7 .Y — SpecC[s, t]

referred to as the degeneration of the unfolded Tate curve. As in Subsection 2.1, Y viewed over
Spec C[t] defines a toric degeneration, this time of the Tate curve T into



MIRROR SYMMETRY FOR THE TATE CURVE VIA TROPICAL AND LOG CORALS 13

(a+5,1,1)

(0,0,0)

FIGURE 3.1 The ray generators (in red) of the cone over the truncated cone over a maximal cell £
identified with [(a, 1,0), (a + b, 1, 0)]

where Y, is the central fiber of Y — SpecC[s, t] — SpecC[t] over ¢t = 0. In a moment we will
define an affine cover for Y.

Let E := [a,a + b] be a maximal cell of &7,. Then, the set of ray generators the cone over the
truncated cone over E is given by {(a,1,1),(a + b, 1,1),(a + b, 1,0), (a, 1, 0)} as illustrated in Fig-
ure 3.1;

C(C(®) = C((a,1,1),(a +b,1,1),(a + b,1,0),(a, 1,0)).
Its dual C(E(E))v is given by
C(E(E))V =C((0,1,-1),(-1,a + b,0),(0,0,1), (1, —a,0)). (3.3)
The isomorphism
¢ : CIC(CE)' n(M @ 2)] — CIx,y,5,t]/(xy — (st)")
Z—a0)
Z(-Lavb0) |y,
ZOL-D ¢

200D
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defines an affine cover for the total space Y of the degeneration of the unfolded Tate curve, given
by a countable number of copies of

SpecClx,y,s,t]/(xy — (sH)?). (3.4)

Theorem 3.2. The degeneration 7 : Y — Spec C[s, t] of the unfolded Tate curve is obtained from
the unfolded Tate curve r : T — Spec C[u] by the base change u + st.

Proof. LetE :=[a,a + b] C R be a maximal cell of & and let C 2, be the corresponding maxi-
mal cell in CE. Then, the projection map

(pry,pry) : Ng XRXR — N XR
C(CE) — C(B)

defines a map of fans from the fan 2, defined in (2.1) and EE 2, defined in (3.2). Hence, the

compatibility of the gluing of affine patches follows. The dual of (pr;, pr,) induces the embedding
j: C(E)Y < c(Cr)Y
(my,my) = (my,m,,0).
From Equations (2.5) and (3.3), it follows that
C(CE)Y = j(C(E)") + Ry0(0,1,—1) + R5((0,0,1).
Let

$; 1 CIC®)” nM] - C[C(CE) nM @ 7]
be the map induced by j : C(E)" < C(EE)V on the level of monoid rings. Explicitly, we have

$; : CICE)" nM] — C[C(CE) NnM & Z]
x 1= z1m) 5 F(1-a0) _
y 1= z(-batb) , p(-Latb0) —

u =70, 010 _ ,01-1) 00D _ o
Hence, we get

5o¢j°¢) : C[x’y’u]/(xy - ub) — C[X,y, S, t]/(xy - (St)b)
XH— X
y—y

u —> st,
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where ¢ is the isomorphism defined in (2.6) and @ is the isomorphism defined in (3.4). Thus,
7 .Y — SpecCls, t] is obtained from 7 : T — Spec C[u] by the base change u > st. O

4 | TROPICAL CORALS ON CR
4.1 | Tropical corals

Throughout this section, we fix N = 72, and denote by N,,, N, and N_,, the set of elements
n € N with pr,(n) = 0, pr,(n) > 0, and pr,(n) < 0, respectively, where pr, is the projection map
onto the second component. We also set the following conventions. Given a simplicial complex T,
we denote by

V() the set of vertices of T'

V,(T) the subset of vertices of valency k in V/(T')

E() thesetofedges of T

de the set of vertices adjacent to an edge e € E(T).

A bilateral graph is a finite, connected 1-dimensional simplicial complex I such that:

(i) T has no divalent vertices;
(ii) there is a partition

V@O =vHT) Uver) U v—()

of the set of vertices into positive vertices V*(I'), interior vertices V°(T') and negative vertices
V~(I') We assume that V*(I') and V~(T) are of non-empty;
(iii) all positive vertices are univalent, and no interior vertices are univalent:

V(D) = Vi (O L VD),

(iv) denoting by # + 1 the cardinality of V*(T), we have a fixed labeling

of the negative vertices;
(v) the first Betti number of T is zero.

In the remaining part of this section, we omit the case where the cardinalities of both V1 @O
and of E(T') are one, as this case can be treated easily in all the arguments that are used.

Definition 4.1. A coral graph T is the geometric realization (that is, the underlying topological
space [11, Definition 1.39]) || of a bilateral graph T, with positive vertices removed:

I = |0\ VD).
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We call an edge e a half-edge if de is a single vertex. Note that a coral graph I' contains half-edges
EY(T) :={e|e=e" \{v'}, whereet € E(T'), vt € V(') such that det = {v*}}

referred to as the set of positive edges or unbounded edges of I'. The fixed labeling of the positive
vertices induces a fixed labeling

of the positive edges.
The set

E(T) := E(1) \ E*(D)
is referred to as the set of bounded edges of T', and the set
VT =V (D)

is referred to as the set of negative vertices of I'. A weighted graph T is a graph endowed with a
weight function wp : E(T') — N\ {0}. The image wr(e) of e € E(T') under wy- is referred to as the
weight of the edge e.

Definition 4.2. A (parameterized) tropical coral in CRisa proper map
h:T—CR R

where I is a weighted coral graph, satisfying the following.

(i) For all e € E(T), the restriction h|, is an embedding and h(E) is contained in an integral
affine submanifold of CR.
(ii) Forallv € VO(T),

h(v) € CR \ 4CR,

where dCR denotes the boundary of the truncated cone CR. Moreover, the following balanc-
ing condition holds:

k
Z wr(ej)uj =0,
j=1

where {ey, ..., e} C E(T) is the set of edges adjacent to v, wr(e;) € N\ {0} is the weight on e;
and u; € N is the primitive integral vector emanating from h(v) in the direction of h(e j) for
j=1,..,k. _

(iii) Forallv € V~(I'), we have h(v) € JCR and there exists w, € N \ {0} associated to v, referred
to as the weight on v, such that the following balancing condition holds:

k
w, Uy, + Q) wrle)u; =0,
j=1

where {e,, ..., e} C E(T) is the set of edges adjacent to v and u, € N is the primitive integral
vector emanating from h(v) in the direction of the origin in Ng.
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(iv) For all e € E*(T'), the restriction to h(e) of the projection map
pr, : CR - [1, 00)

onto the second factor is proper.
(v) Forallv € V(I'); h(v) € Ny = N ®, Q, where Q is the set of rational numbers.

We illustrate the image of a tropical coral in Figure 1.2. An isomorphism of tropical corals
h:T - CRand h' : T/ > CR is a homeomorphism ® : T — I respecting the weights of the
edges and such that h = h/o®. A tropical coral is an isomorphism class of parameterized tropical
corals.

The definition of a tropical coral can be generalized to tropical corals in CB, for any integral
affine manifold B. Indeed in Subsection 8.5, to study the invariants of the Tate curve, we shall
apply the quotient given by the Z-action on (R, &7,) and work over

B :=C(R/Z) =CS".

Then, condition (iv) of the Definition 4.2 ensures that there is no infinite wrapping of the
unbounded edges of tropical corals in CS?.

Definition 4.3. We call a tropical coral h : T — CR general if all interior vertices of I are trivalent
and all negative vertices are univalent. Otherwise it is called degenerate.

4.2 | Incidences for tropical corals
Definition 4.4. For I' a coral graph, we denote by
F(T) ={(v,e)| e € E(T'") and v € de}

the set of flags of T
A type is a pair (T, u) consisting of a weighted coral graph I" and a map

u:F@ UV ()— N
F() > (v,e) — u,,

V=T) 3 v+— u,,
where u, and u,, , are primitive integral vectors in N.

Definition 4.5. The type of a tropical coral h : T — CR is the type (T, u), where the map u :
F(I') I V=(T') — N is given by assigning to each (v, e) € F(T') the primitive integral vector u, , €
N emanating from h(v) in the direction of h(e) and assigning to each v € V—(T') the primitive
integral vector u, € N emanating from h(v) in the direction of the origin. We denote the set of
tropical corals of type (', u) by Z(r ).
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To set up our counting problem for tropical corals, we define tropical incidence conditions,
given by degree and asymptotic constraints defined as follows.

Definition 4.6. A degree with £ + 1 positive and m negative entries is a tuple
A :=(AA) ENHEXNT
. . re —0 — 1 .
of elements in the lattice N, where A = (A, ...,A ),and A = (A", ...,A™), with
Prz(zl) >0
pry(a’) <0

forall0 i< Zandl < j < m,wherepr, : N =Z@ Z — Zisthe projection onto the second fac-
tor.

Definition 4.7. Let (I', u) be a type where I" has ¢ + 1 positive edges and m negative vertices. The
degree of (I', u) is the degree

A=(AA)eNTEXN™,

where, for every 0 < i < ¢, denoting cBe;r = {v;},

—i
. +
A = wr(el. )'uvi’e?—

and, forevery1 < j < m,

Aj:=w_—-u—.

Definition 4.8. The degree of a tropical coralh : T — CR is the degree of its type.

Definition 4.9. Let A be a degree with # + 1 positive and m negative entries. An asymptotic
constraint for A is a £-tuple

4 .
A=(y,nh) € [[No/(@- ).

i=1

Definition 4.10. Let A be a degree with # + 1 positive entries, and 1 an asymptotic constraint
for A. We say that a tropical coral i : I' - CRmatches(A, A) if the degreeof h : ' -» CRis A, and

forevery 1 < i < 7, the image of h(el.+) under the quotient map Ng — N /Q - Ais A

Remark 4.11. An asymptotic constraint A constrains the positive edges ef s s e;, but not the pos-
itive edge e .

Definition 4.12. Let A be a degree. We say that an an asymptotic constraint A for A is general if
every tropical coral matching (A, 1) is general as in Definition 4.3.
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For a type (T, u) of degree A, and 1 a general asymptotic constraint for A, we denote the set of
tropical corals of type (I, u) matching (A, 1) by Zr,,)(4).

Remark 4.13. A non-general tropical coral can always be deformed into a general tropical coral
analogously to the case of tropical curves [38, Section 2]. This is possible since non-general tropical
corals are obtained by taking the limit of the lengths of some edges in general tropical corals to
zero. It follows that the non-general tropical corals of a given type (T, u) form a lower dimensional
strata of the moduli space -, [38, Proposition 2.14]. Hence, the types of the non-general corals
form a nowhere dense subset in the space of constraints. This ensures the existence of general
asymptotic constraints.

4.3 | Extending a tropical coral to a tropical curve

We first explain how the notions of degree and asymptotic constraints introduced in the previous
sections for tropical corals can be interpreted as degree and asymptotic constraints for tropical
curves as in [41].

Definition 4.14. Let A be a degree as in Definition 4.6. Let h : I — R2 be a tropical curve as in
[41], with (Z + 1 + m)-unbounded edges which are labeled ég s e”;, é’,...,€ . We say that the
tropical curve n:T > R?isof degree A if for every 0 < i < 7, denoting 6€i+ = {0},

A= wr(e") - U, ot
and for every 1 < j < m, denoting 6éj‘ = {Uj},

A = wp(E) - Ug, e -
Definition 4.15. Let A be a degree and A an asymptotic constraint for A as in Defini-
tion 4.9. Let h : T — R? be a tropical curve as in [41], with (# 4+ 1 + m)-unbounded edges which

are labeled e”g,...,e”;,él_,...,e”r_n. We say that & : T — R? matches (A, Q) if it is of degree A,
and:

i < ¢, the image of fz(e”lf) under the quotient map Ng — Ng/Q - Ki isA;;
J < m, the image of Fl(e”j_) under the quotient map N = No/Q - A/ is 0.

(i) forevery1
(ii) for every 1

VAN/AN

We then explain how to extend tropical corals to tropical curves.

Definition 4.16. We define the extension of a tropical coral i : T’ — CR as the following tropical
curve h : T — RZ?in the sense of [41]:

(i) Tisobtained from T by first adding for each negative vertex v, € V~(T') an unbounded edge
E,Jj— incident to Ch and then by adding a 2-valent vertex ij— on each E,Jj—;
(ii) the weight function is extended to T by wf(Ev;) = wU;, where wv; is the weight on vj_ asin
Definition 4.2(iii);
(iii) h extends h by mapping Evj— onto the half-line emanating from h(vj_) and passing through
the origin 0 in R?, in such a way that h(VUI_—) =0.
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" (0,0)

FIGURE 4.1 A tropical coral and its extension

Note that the primitive integral direction of h(E,-) emanating from h(vj_) is u,~ as in Def-
J J

inition 4.2(iii), and so the balancing condition for the tropical curve h : T > R? at the vertex
vy follows from the balancing condition in Definition 4.2(iii) for the tropical coral h : T —» CR.

For details of this construction see [5, Subsection 2.3]. The tropical curve i : I' - R? contains

(Z + 1 + m)-unbounded edges, that we label ég, ...,e”;, ér,..,e,, where él.+ = ei+ for0<i<?

and éj_ = E,- for 1 < j < m. By construction, the tropical curve i : T' — R? matches (A, 1) as in
J

Definition 4.15.

Example 4.17. In Figure 4.1, we illustrate a tropical coral on the truncated cone CR and its exten-
sion to a tropical curve in R

4.4 | Tropical corals of a fixed type

In this section, we show that the space 7, of isomorphism classes of general tropical corals
of given type (T, u) forms a convex polyhedron of dimension [ — 1, where [ is the number of
unbounded edges of T

Proposition 4.18. The set of general tropical corals of type (T, u) is embedded into IRZ; L wherel is
the number of unbounded edges of T.

Proof. Let(h : T — CR) € < () be a general tropical coral of type (T', u) with [ unbounded edges.
Assume I' has m negative vertices. Since h is general, I" has m + [ — 2 interior vertices and [ — 2
among them, which we will denote by
{0}, ...,v) ,}cviD)
are not adjacent to any negative vertex of I'.
For any vertexv € VO(I), let p(v) = pr,(h(v)), where pr, : R? — R is the projection map onto
the second factor. Fix an interior vertex

veViM\{),.., v?_z}
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which is adjacent to a negative vertex, and define

b : Q:(r,u) i Rl;()l
h e (p(0), o9, ... o).

We will show that fixing (o(v), p(v9), ..., p(v?_z)) € IR‘>_01 determines h € 1,y uniquely. First,
observe that the positions of images of all negative vertices V~(I") under h are fixed by the degree
of (T, u). The position of h(v) is also fixed since v is connected to a negative vertex v~ € V—(T),
and we also had fixed the type of I'. Proceeding inductively, we can determine the images of all
vertices of I' under h. Hence, @ is injective, and the result follows. O

‘We next describe how to obtain a tropical coral by a gluing construction of coral blocks, which
are more general objects than tropical corals, defined as follows.

Definition 4.19. Let I',,; be a coral graph with m negative vertices and [ positive edges.
A coral block is a proper map h : T, — R? which satisfies all conditions of Definition 4.2,
except item (iv). We furthermore require 0 ¢ h(e) for any e € E*(I'), where 0 denotes the origin
in R2.

We call a coral block h : T, ; — R? general if all vertices v € VO(T',,,;) are trivalent, and all
vertices v € V~(T',,, ;) are univalent. Note that tropical corals are particular types of coral blocks,

in which the image of all unbounded edges lie in CR and the projection of each unbounded edge
onto the second factor is proper.

The type of a coral block h : T, ; — R? analogously as the type of a tropical coral and denoted
by (T, ;> ). The set of isomorphism classes of coral blocks of a given type (T, ;, u) is denoted by

T, 0
Construction 4.20. We describe the gluing of coral blocks as follows. Let

.11 2
(l’ll . levll - R )E ‘E(le,ll’u])

(hy : T2 | > R)e I

my,ly my,ly Up)

be two coral blocks, and assume there exists edges

e; € E*(Ty, ;) such that e, is adjacent to v; € VO(T,, 1)
e, € E+(rm2,lz) such that e, is adjacent to v, € VO(FmZ,zz)-
Let

wy @ E(Ty,, ;) > N\ {0} and w, : E(T,, ;) — N\ {0}

be the weight functions on edges of I',,, ; and T’
w,(e,). Assume furthermore that

m,.l, » Tespectively, and assume we have w, (e;) =
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where u, denotes the primitive integral vector emanating from v; in the direction of ¢;. Let
Ng/Ru = Ng/Ru, = Ng/Ru,,.
Then, for i € {1, 2} the maps
fi : S(le,ll,ul) - NR/Ruel
hi = [h(v)]

induce the map

f : s(le,ll ’ul) X E:;:(sz,lz’uz) - NR/IR“

(hy, hy) = [hy(v)) = By (V)]

Assume
and

h(vy) — h(v,) = A - u, for A € Ry,

Then we can define a glued coral block hy, : T',,; — R? as follows. Define the vertex set V(T ;)
as the disjoint union

V(L) = V() LV(T,)
and the edge set E(T), ;) as
E(Ty,) 1= ET) \{eg} HE(T,) \ {e;} Udep,},

where e, , is the edge such that de,, = {v,,v,}. Define E;, to be the line segment in CR such that
0E;, = {h(vy), h(v,)}. Define the weight function wy, : E(T,,;) — N\ {0} by

1
w, on BT, )\ fer}
Wy t=ywi(e) = wy(ey) oneyp,
2
w, on B, )\ fe,h

Define the coral block hy, : T, ; - R? by

hl on V(Flnl,ll) U E(F}nlsll) \ {el}
hy, :=4E;, onep,
h, on V(rfn 2’lz) U E(rfnz’lz) \ {e,}.

We say hy, : I',,; — R?is obtained by gluing h, and h, along the edges ¢, and e,.

The following is an immediate corollary of Construction 4.20.
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/ \ \
/ \ \

FIGURE 4.2 A tropical coral obtained by gluing two coral blocks along the labeled edges

Lemma 4.21. Any coral block (hy, : T,,; - R?) € Z(r,, ) Where m > 1, can be obtained by glu-
ing coral blocks (Figure 4.2) ’

g [s3
hl (S ~(T, ) and ]’l2 (S ~(1—*m2,12’u2),

vt

where

Now, we are ready to prove the following main theorem of this section.

Theorem 4.22. Let (T',u) be a general type of tropical corals of fixed degree A with | unbounded
edges

€1,...,€]

with de; = v; for v; € V(T)." Let u; be the primitive integral vector in Ny, emanating from v; in the
direction of h(e;). Assume v ,,) is non-empty. Then for any sequence of indices 1 < i; < ... < i <
with k <1 — 1 the map

B (@)L [, )1) (4D
is an integral affine submersion.
Proof. We will prove the theorem for coral blocks of general type (T, ;, u) of degree A. Since a
tropical coral is a special type of a coral block the result will follow. By Lemma 4.21, any coral
block
(I’l . Fm,l e d Rz) (S ,r(rm,l,u)

is obtained by gluing two coral blocks h; € s(rmm uy) and hy € Ez(sz,lz’“Z

E*(Ty,, 1> w) with 0e; = v, and e, € E* (T, ;,, u,) with de, = v,, so that

) along edges ¢, €

BT 010) = E(y 1 un) \ e} LET,,, 1) \ feo} Ll e

T Not all v; may be distinct, repetitions are allowed.
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with de = {v;, v,}. Let
feijule,.oe |7 <L =13 CET(T,, ;,u)

{efule e Tk—r<L -1} C ET (T, 1> o)}
We will use induction on I. For I = 1, we need to have a unique negative vertex. Let v be the
negative vertex and e € E(T',, ;) be the edge with de = v. Extend e, to obtain the tropical curve
h: 1:7‘ — R2. In this case, the result follows from [38, Proposition 2.14], or [41, Proposition 2.4].

Assume the theorem is true for any 2 < [; < I. Let u; be the direction vector for e;, that is the
primitive integral vector emanating from #;(v;) in the direction of h;(e;) for i = 1, 2. Define the
direction vectors U, for the unbounded edges e, analogously. Then, by the induction hypothesis,
we have submersions

.
T = LI Na/@® )

u=1
hy — ([ ()], ..., TRy (0;)])
k
7’(Fm2,lzyu2) — Ng/R-u; X H N /(R - uy,)
u=r+1

By — (T (Aot s [0 D) ).

Lr41
Hence, we obtain a submersion

r k—1
F X, o XN/ Ty, — [ [ Ne/@-u)x [T Na/@-uy)
u=1 u=r+1

(s hy) = (U)o, Uy, Dy, o [y, )Y,
where
Ng/(R-u) 1= Ng/(R-u;) = Ng /(R u,)
and the fibered coproduct is defined via the morphisms f; in Construction 4.20. Define
Q . S(F

53 RN
my,ly uy) XNR/R“' ~(Fm2,12 ) R

(hy,hy) — 4,
where 1 € R is defined by
h(v,) —h(vy) =1 U, -
Then, by the construction of gluing of coral blocks we obtain

() = G H(Rop) (4.2)
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Hence, the inclusion G7'(R,,) C Zr XNy /Ru s(rmm,uz) followed by the submersion F

g

my,l sul)
gives the desired submersion ev;

Corollary 4.23. The set T,y of isomorphism classes of general tropical corals of a given type (I', u)
forms the interior of a convex polyhedron of dimension | — 1, where [ is the number of unbounded
edges of T.

Proof. We will first prove the result for the set ‘E(F w) of isomorphism classes of general coral
blocks of a given type (T, ;, u). The fact that T T, u) is a convex polytope follows by the Equa-
tion (4.2) and the induction hypothesis. By Theorem 4.22, we obtain a submersion

k

Fle-1m.g) = Towy — l_INuqz/(IR “Uy),
i=1

where 1 < k <1 — 1. Hence, for k = [ — 1 the result follows. Since tropical coral is a special type
of a coral block in which all unbounded edges have direction vectors satisfying condition (iv) in
Definition 4.2 the result follows. O

Remark 4.24. From Theorem 4.22 and Corollary 4.23, it follows that there is no linear dependence
among general asymptotic constraints. Hence, if the type (T, u) is of degree A and 4 is a general
asymptotic constraint for A, then the set 1. ,,y(4) of labeled tropical corals of type (I, u) matching
(A, A) is either empty of a cardinality 1.

4.5 | The count of tropical corals

In this section, we define the count of tropical corals matching (A, 1), where A is a degree as in
Definition 4.6 and 1 is a general asymptotic constraint for A as in Definition 4.9.

Proposition 4.25. There are only finitely many types of tropical corals of a fixed degree A.

Proof. By Subsection 4.3, every tropical coral & : T’ — CR uniquely extends to a tropical curve /1 :
I - R2in the sense of [41, Section 1]. The degree of & is A as in Definition 4.14. By [41, Proposition
2.1], there are only finitely many types of tropical curves of degree A. Since h is obtained by the
restriction of ﬁ, the result follows immediately. O

Definition 4.26. For A be a degree with # + 1 positive entries. We denote by C, C N the cone

—
spanned by ZO, ..,A .Letd = (4,,..,4,) be an asymptotic constraint for A. We say that 4 is good
ifforevery1 <i<?¢,

2, €int(C, /(R -B)) C Ny /(R -B). 43)
Remark 4.27. If A € int(C,), then CA/(IR A ) =Ni/(R- A ) and so (4.3) is automatically sat-

isfied. But if A' € 9(C,), then C, /(R - A) is a half-space in N /(R - A) and so (4.3) is a non-
trivial condition.
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Rescale

FIGURE 4.3 Tropical corals appearing after rescaling of asymptotic constraints

Remark 4.28. For a given degree A, general asymptotic constraints exist by Remark 4.13. Since,
good constraints form an open set inside the set of constraints, the existence of general and good
asymptotic constraints for A follows.

Let (', u) be a type of degree A and A an asymptotic constraint for A. Even if we assume that
the set of tropical corals of type (T, u) matching (A, 1) is empty, after rescaling A by s € Q.,, it is
possible to obtain a non-empty set of tropical corals of type (I, u) matching (A, 1) as illustrated in
Figure 4.3. To obtain A-independent counts of tropical corals, we want to choose our constraints
such that we also avoid the possibility of obtaining new tropical corals after rescaling. This is done
by the notion of stable range of constraints introduced in Definition 4.30.

Lemma 4.29. Let (', u) be a type of degree A and A a general asymptotic constraint for A. Then one
of the following holds.

(1) Vs € @21, C’!’(F,u)(s . /1) =0.
(il) sy € Q,q such thatVs > so, [Fry)(s- )| = 1.

Proof. By Remark 4.24, for all s € Q;,, we have either T (s 1) =@ or |F (s )| =1. If
there exists a tropical coral h € 71 ,,) matching a general constraint 4, then the rescaled coral s - h
with s > 1 matches s - A. This operation clearly does not change the type. Moreover, since 4 is
general for h, s - A is also general for s - h. Hence, the result follows. O

Definition 4.30. Let A be a degree. We define the stable range of constraint S, as the set of
asymptotic constraints A for A such that:

(i) Aisagood general asymptotic constraint for A;

(i) for every type (T',u) of degree A, if T (1) = @, then T (s - 1) =@, Vs € Q.

Lemma 4.31. For every degree A, the stable range of constraints S, is non-empty.

Proof. By Remark 4.28, the set of good general asymptotic constraints for A is not empty. Fix
a good general asymptotic constraint A for A. By Proposition 4.25, there are finitely many types
of tropical corals (I';, uy), ..., (T, u,) of degree A. By Lemma 4.29, for each type (T}, u;), either



MIRROR SYMMETRY FOR THE TATE CURVE VIA TROPICAL AND LOG CORALS | 27

Fru)(s- A1) =@ forall s € Q,; and in this case we set s; := 1, or there exists s; € Q,; such that
for every s > s;, | ,(s - 4)| = 1. By construction, if we consider the maximum

So =max{s; | i =1,..,n},
we have s, - 1 € S, L]

Definition 4.32. Leth : T — CRbe a general tropical coral as in Definition 4.3; in particular all
interior vertices of I are trivalent. The multiplicity of h : T — CR is defined as in [38, Definition
2.16] by

Mult(T, h) := H Mult(v), (4.4)
vevo(I)

where the product is over interior vertices, and for every interior vertex v € VO(T'), choosing two
arbitrary edges e;, e, adjacent to v, denoting u,, u, the primitive integral vectors emanating from
h(v) in the direction of h(e,) and h(e,), and wr(e, ), wr(e,) the weights of e; and e,,

Mult(v) := wr(ey) - wr(ey) - [det(uy, u,)| . (4.5)

Definition 4.33. If 1 : T —» CRisa tropical coral with # + 1 unbounded edges eg sy e; and m
negative vertices v, ..., v,,, we define the modified multiplicity of h : I' - CR by

NIUIH(T, h) <= 1 L Mulr, b (4.6)

m
Hile wr(e;") - Wor

1 1 ] Multw),

= 7 o~
[T, wr(e) = oo vevor)

where wr(e;") are the weights of the positive edges e, ..., e} (all of them except e;) and w,- are
J
the weights on the negative vertices vy

We are ready to define the count of tropical corals. Let A be a degree and 4 an asymptotic
constraint in the stable range S,. By Proposition 4.25 and Remark 4.24, there are finitely many
tropical corals h; : I'; — CR, 1 < i < n, matching (A, 1). They are all general, as A is general by
Definition 4.30 of S,, and so they all have a modified multiplicity defined by Definition 4.33.
Then, the tropical count of tropical corals is defined by

n
NyP 1= ) Mulk(T;, hy). (4.7)
i=1

Remark 4.34. Note that in the definition (4.6) of the modified multiplicities M(F, h), we have
the factors given by the weights wr(el.+) and w,-. The reason to divide out the multiplicities with
these weights in (4.7) is that in the next sections of this article the constraints we will be impos-
ing on the stable maps will be on the boundary divisor, rather than in the dense torus orbit of
the Tate curve. This is the same set-up as in [20], and tropically amounts to modifying the usual
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Mikhalkin multiplicity, by dividing out the weights on labeled unbounded edges as explained in
[20, Appendix].

The notion of good constraint is ultimately justified by the following key Lemma, which allows
us to reduce the study of tropical corals to the study of tropical curves.

Lemma 4.35. Let A be a degree and A a good general asymptotic constraint for A. Then, every
tropical curve h : T — R? matching (A, 1) as in Definition 4.15 is obtained after a possible rescaling
as an extension in the sense of Subsection 4.3 of a tropical coral h : T — CR matching (A, 2).

Proof. 1t is enough to show that the images h(V (D)) of vertices of T lie inside the cone C » defined
in 4.26, since then either

h(v(T)) cCRNC,

and the restriction of & is already a tropical coral, or by rescaling h with some s € R, we can
ensure all vertices will be in CR N C,.

Now assume there exist a vertex v of I such that h(v) & C,- Then, it follows that there exists at
least one unbounded edge e of T with direction vector u, emanating from h(v) in the direction of
h(e)withu, & C,.Ifvis the only vertex of T with h(v) not included in C, then this is obvious by the
balancing condition at v. If not, then take a longest path from v to a vertex v’ of I such that h(v') &
C,, which exists since T is connected. In this case, v’ must be adjacent to an unbounded edge e
of T such that the direction vector u, & C, by the balancing condition at v’. But the existence of
such an edge e contradicts that & : I’ — R has degree A. Hence, the result follows. 1

Let A be a degree with # + 1 positive and m negative entries, and A an asymptotic constraint
in the stable range S,. By [38, 41], there are finitely many general tropical curves h; : ['; - R?
matching (A, 1) as in Definition 4.15. Recall that the unbounded edges of such tropical curve h :

I' > R? are labeled é'g s s é;f, ér,...,€, and we define its modified multiplicity as in (4.6):
o 1 1
Mult(T, h) := Mult(v), (4.8)

~ m ~(6—
[T wr@) iz wr @) vevary

where wp(e) are the weights of the labeled edges e € £, and the multiplicities Mult(v) of trivalent
vertices are given by (4.5) Then, the tropical count of tropical curves is defined by

n
Ny = ) Mult(T, h);. (4.9)
i=1

Theorem 4.36. Let A be a degree and A an asymptotic constraint in the stable range S,. Then, the
extension

(h:T>CR)~ (h: [ > R?

of Subsection 4.3 defines a bijection between tropical corals matching (A, A) and tropical curves
matching (A, 1). This bijection preserves the modified multiplicities:

Mult(T, h) = Mult(l, )
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and so the count of tropical corals coincides with the count of tropical curves:

trop __ xytrop
Nyg =Nyq-
Moreover, the count of tropical corals NtAr(jlp is independent of the choice of the asymptotic constraint
Ain the stable range S,.

Proof. The fact that the tropical extension defines a bijection when the asymptotic constraint 1 is
in the stable range S, follows from Lemma 4.35. Multiplicities agree by the explicit description of

the tropical extension in Subsection 4.3. Finally, the count of tropical curves Nz(ip is independent

of the choice of 4 by [15] and so the count of log corals NtAr(jlp is also independent of 4 as long as 1

is in the stable range S,. O

5 | ATROPICAL APPROACH TO HOMOLOGICAL MIRROR
SYMMETRY

5.1 | The ring of theta functions R

The program developed by Gross and Siebert in the last 20 years aims at an algebro-geometric
approach to the Strominger-Yau-Zaslow conjecture [46] in mirror symmetry, and provides a tech-
nique to construct the homogeneous coordinate ring for the mirror to a family of Calabi-Yau vari-
eties, referred to as the ring of theta functions using tropical and log geometric techniques [22]. This
construction is generalized to a large class of families in [19], and it is shown that the underlying
vector space of this coordinate ring admits a canonical basis given in terms of theta functions —
for previous work in this direction in 2-dimensional cases, see also [18].

In this section, we investigate the product rule in the ring of theta functions, focusing attention
on the mirror to the Tate curve — for details we refer to [6, Subsection 8.4.2]. We first fix an ample
line bundle £ — X over the unfolded Tate curve, as in [6, Subsection 8.4.1] (where the unfolded
Tate curve is denoted by X5 ), which is obtained from the data of a piecewise-linear function

p:R—R (5.1)
ii+1)
-=

X —ix
which has slope i on the interval [i,i + 1] for i € Z. The upper convex hull of the graph of ¢,
denoted by A is depicted in [6, figure 24], and it is shown that the normal fan to A is the toric fan

to the unfolded Tate curve, illustrated in Figure 2.1. A basis for the sections of £L®" is represented
by integral points of nA. Moreover, there is a Z-action on

[So]
P Hx, o).
n=0
A generator of this action, for any non-negative integer n > 0 is given by the map

T,(x,y) := <x +nb,xb+y+ wlﬁ, (5.2)



30 | ARGUZ

where b € Z_, is fixed, so that the action of Z on the toric fan for the unfolded Tate curve is given
by translations by b, as in Section 2 (in [6, Subsection 8.4.1] b is denoted by d). Taking the quotient
with respect to the Z action obtained on £ given by by (5.2), we obtain an ample line bundle

L->T (5.3)

on the Tate curve (in [6], the Tate curve T is denoted by X). A basis for the sections of basis of
sections of HO(T, £®") is given by the theta functions

S=00
Bup i= Y, 2T, (5.4)

S=—00

where T, is defined as in (5.2), ¢ is the PL function defined in (5.1), and p € B((1/n)Z). The ring
of theta functions is a Cu]-algebra,

R= @HO(T, £Om) (5.5)
n=0

and the set of Cu]-module generators is given by

{13uf{6,, | p€B((1/M2),n > 1}

as explained in [6, Subsection 8.4.1]. The product in R is given by

a=oo

6, py Onyp, = D, O u
np,py Thy,pa ny+n,, ny py+np(py+ab)
aA=—00 ny+ny

deg(pl,p2+ab)’ (5.6)

where b € Z is fixed as in Section 2, and for any p; € niZ, D, € niZ,
1 2

(5.7)

degpy ) = md(p) 4 ms(p) — (ny + (LI EED) )

n; +n,
as defined in [6, 8.4.2]. It is shown in [6, 8.4.2], that the multiplication in the ring of theta func-
tions R for the Tate curve, defined in (5.5), agrees with the Floer multiplication in the Lagrangian
Floer cohomology ring associated to the elliptic curve. This is shown by working with a com-
binatorial analogue of the Fukaya category, introduced by Abouzaid-Gross-Siebert as tropical
Morse category, where the product is described by counts of tropical Morse trees which correspond
to holomorphic discs bounded by Lagrangian submanifolds in the elliptic curve. We describe
tropical Morse trees, and show the correspondence of such trees with tropical corals in the next
sections.

5.2 | Aview toward symplectic cohomology

The ring of theta functions R defined as in (5.5) is proposed to be the coordinate ring to the mirror
of T \ T,, the complement of the central fiber T, in the Tate curve [19]. The mirror to the Tate
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curve T is then analogously obtained by a compactification, as explained in [19, Section 4]. Note
that in the analytic category there is an elliptic fibration on T \ T, over the punctured disc D*.
The mirror as proposed by Strominger-Yau-Zaslow of T \ T, is also a fibration over D* formed
by dual elliptic curves — for a survey of SYZ mirror symmetry, see, for instance, [17]. Hence,
T \ T, is in this sense self-mirror. It is proposed by homological mirror symmetry that the mirror
to T \ T, is given by the Spec of the degree-zero part of the symplectic cohomology ring of it. Note
that, topologically T \ T, is the mapping cylinder of the Dehn twist 7 : E — E of an elliptic curve
along a meridian

. Ex[0,1]xR
Map() = o o~ L)

Although symplectic cohomology is described for open manifolds with a Liouville structure [44],
and Map(t) does not fall into this category, we nevertheless can define an appropriate modifica-
tion symplectic cohomology in this set-up. Similar descriptions of the symplectic cohomology for
mapping cylinders of Hamiltonian symplectomorphisms can be found in [12]. In a related context,
for a study of the Floer homology of Dehn twists, see also [31].

We equip Map(t) with the symplectic form wg + dp A dq, where wy; is the symplectic form on
E and p and q are the coordinates on the second and third factors of E X [0, 1] X R, and choose
a tame almost complex structure on Map(z), such that the projection 7 : Map(t) — R x S! is
holomorphic. We then consider a Hamiltonian function, given by the composition of 7 with the
projection to the first factor, whose time 1-periodic orbits after suitable perturbations are non-
degenerate, and thus we obtain a well-defined Floer complex, which allows us to describe the
symplectic cohomology ring for T \ T, as

SH*(T \ Ty) = @ HF* ("),
kez

where HF* denotes the Hamiltonian Floer cohomology ring. Details of this construction, as well
as checking maximum principle for the perturbations of the Hamiltonians require a rather large
set-up of a symplectic geometric framework, which beyond the scope of this paper, and will be
the focus of future work. Focusing attention at the degree-zero piece, we obtain an isomorphism

@ HF(*) = @ HFO(L(0), L(k)), (5.8)

kez kez

where HF on the right-hand side denotes the Lagrangian Floer cohomology. Based on discussions
with Abouzaid-Siebert and Pomerleano-Tonkonog, the isomorphism (5.8) follows by showing
both sides are isomorphic to the wrapped Floer cohomology HW(L(0) X R, L(0) X R). To do this,
one needs to observe that the closed open map

SH® @HFO(‘Ck) — HW(L(0) X R, L(0) X R)
kez

is an isomorphism analogous to [43, Proposition 7.2]. This shows that the product in the sym-
plectic cohomology of T \ T, can be understood from the product in the Lagrangian Floer coho-
mology of the elliptic curve, which agrees with the product in the ring of theta functions by [6,
Subsection 8.4.2].
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Our contribution in this paper is to interpret the structure constants contributing to the Floer
product for the elliptic curve, namely holomorphic polygons bounded by Lagrangians, on the
algebro-geometric side by counts of certain punctured curves defined using log geometric tech-
niques. To pass from holomorphic polygons to punctured log curves, we are using the correspon-
dences summarized in Figure 1.1. In particular, use combinatorial analogues of these holomorphic
polygons, given by tropical Morse trees, as defined in the next section.

Remark 5.1. Tt is worthwhile emphasizing that, comparing algebraic and symplectic virtual funda-
mental classes on the moduli of punctured log curves is highly technical. Generally, to relate the
symplectic and algebraic formalisms there are various approaches — see [47] for instance. Thus,
the isomorphism between the ring of theta functions [19] and symplectic cohomology ring, is so
far conjectural [26].

5.3 | Tropical Morse trees

The product in the Lagrangian Floer cohomology is, roughly, determined by counting holomor-
phic polygons bounded by Lagrangians. Such polygons, capturing the product rule in Floer coho-
mology for the case of the elliptic curve E correspond to tropical Morse trees on S', as shown in [6,
Subsection 8.4.4]. Tropical Morse trees, introduced by Abouzaid-Gross-Siebert, are tropical ana-
logues of the gradient flow trees in Morse theory. In the remaining part of this section, we review
the definition of tropical Morse trees along with examples illustrating their correspondence to
holomorphic polygons. For details we refer to [6, Section 8].

A rooted ribbon tree R is a connected tree with a finite number of vertices and edges, with no
divalent vertices, together with the additional data of a cyclic ordering of edges at each vertex and
a distinguished vertex referred to as the root vertex. We call the univalent vertices of R external
and the other vertices internal, and insist that the root is an external vertex. We orient all edges
toward the root vertex, referring to the root vertex as the outgoing vertex and all other external
vertices as incoming vertices or leaves. We refer to edges adjacent to a vertex v as incoming edges if
the assigned direction points toward v and outgoing edges otherwise. Let R be a rooted ribbon tree
with d + 1 external vertices, for d > 0. There is a unique isotopy class of embeddings of R into the
unit disc D C R? such that each external vertex maps to S! C D. This embedding divides D into
d + 1 regions, each of which meets the boundary S! in a segment. We label the regions by 0, ..., d,
proceeding anticlockwise around S from the root vertex, and assign distinct integers ny, ..., ng
to these regions. We then also assign to each edge e, ;, separating regions labeled by i and j, the
integer

i.j>

(5.9)

i "

o {nj—nl- one;; for0<i,j<d

ng—n, on ed,o

called the acceleration of e; ;. A rooted ribbon tree whose edges are labeled with accelerations is
called decorated. We also label each external vertex of a decorated ribbon tree by vy; ), Where
the unique edge incident to the vertex lies between regions i and j, and the square brack-
ets indicate that we take the indices i and j modulo d + 1. Note that the vertex labels are
V0,15 V1,25 +++» Vd—1,d> Vd,0-

Now, we are ready to define tropical Morse trees as maps from R — S!. Note that we will denote
the points on S! = R/dZ with coordinates in %Z by Sl(%Z) as in [6, Section 8].
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Definition 5.2. Let R be a rooted ribbon tree with d + 1 external vertices, d > 0, and n, ..., ng €
Z be the set of integers describing a decoration on R. Identify each edge e of R with [0,1] with
coordinate s and the orientation on e pointing from O to 1. A tropical Morse treeisamap ¢ : R —
S! satisfying the following.

(i) Forany external vertex v;; of R,

€i,j

pji i=¢;;) € st <%Z>,
where R, is the acceleration associated to the edge adjacent to v; ;, defined as in (5.9).
(ii) For an edge e of R, ¢(e) is either an affine line segment or a point in S*.
(iii) For each edge e, there is a section v, € T'(e, (¢],)*TS'), called velocity of e, satisfying:
(1) v,(v) = 0 for each external vertex v adjacent to the edge e;
(2) for each edge e =~ [0,1] and s € [0, 1], we have v,(s) is tangent to ¢(e) at ¢(s), pointing
in the same direction as the orientation on ¢(e) induced by that on e. By identifying
(#],)*TS* with the trivial bundle over e using the affine structure on S', we have

d Cl
ﬁve(s) = ne¢>:< &7

(3) for any internal vertex v of R the following balancing condition holds. Let e, ..., e, be
the incoming edges and let e,,; be the outgoing edge adjacent to v. Then,
p
O, (V) = ) v, (V). (5.10)
i=1

Remark 5.3. We can generalize the definition of a tropical Morse tree in S*, to a tropical Morse tree
in any affine manifold as in [25, Definition 4.1]. For computational convenience, in the remaining
part of this article, we indeed consider lifts of tropical Morse trees ¢ : R — S! to tropical Morse
treesin ¢ : R — R, which by abuse of notation are also denoted by ¢ : R — R.

Definition 5.4. A tropical Morse tree ¢ : R — R is called general if all interior vertices of R are
trivalent and at any vertex v of R there is at most one adjacent edge to v is contracted under ¢.
We denote the set of general tropical Morse trees by 7 MT .

Remark 5.5. Let ¢ : R — R be a tropical Morse tree. The condition v,(v) = 0 on all external ver-
tices v in Definition 5.2 can be interpreted as follows. Assume v is an external vertex that is not the
root vertex, start with zero velocity v,(v) = 0, and then increase it while tracing the orientation
toward the root vertex until the last vertex adjacent to the root, where the velocity will evaluate
positively. Hence, to achieve zero velocity also at the root vertex we need to have negative acceler-
ation at the edge adjacent to it. This describes a systematic procedure to contract certain external
edges under ¢, to achieve v,(v) = 0 — see [1; 25, p. 35]. Hence, the edges that are contracted under
¢ correspond to the following ones:

(i) edges e adjacent to an incoming vertex if n, < 0;
(ii) the outgoing edge adjacent to the root vertex if n, > 0.
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Ney, =2
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V0,2 pr2=-—3 Po2 =0 Pog =2

FIGURE 5.1 A tropical Morse tree in blue and the corresponding triangle

Note that there exists always at least one external edge which is contracted under ¢, and at least
one external edge which is not contracted under ¢ by studying all possible algebraic inequalities
between the integers n; and n; determining the acceleration n, = n; — n; on the edges of R.
Remark 5.6. To each tropical Morse tree, we associate a sign, which agrees with the sign associated
to a holomorphic polygon, and is defined as in [6, Subsection 8.3.3]. It follows from [6, Subsection
8.4.4] that there is a bijective correspondence between tropical Morse trees ¢ : R — R of a fixed
sign, and holomorphic polygons P in R?, such that:

(i) if R has d-external vertices vy y, ..., Ug o With ¢(v; ;) = p; ;, then P has d-vertices py;, ..., Pg
such that under the vertical projection map each p; ; maps to p; ;;
(ii) the points P, P15 Pgo On the boundary of P are oriented cyclically in a counter-
clockwise fashion;
(iii) if R is decorated with {n,, ..., ny}, then each edge L; of P has slope SLi =—n;fori e{l,..,d}

In the following examples, we illustrate tropical Morse trees and the corresponding poly-
gons, assuming that signs are chosen, so that the orientation of the boundary traced in counter-
clockwise fashion is compatible with the ordering of the tuple (L, ... L;).

Example 5.7. Let¢ : R — B be a tropical Morse tree, where R is a rooted ribbon tree decorated
with

so that R separates the unit disc into three regions each labeled by n;, as illustrated in Figure 5.1.
The acceleration vectors on the edges ¢;; of R, adjacent to the external vertices v; ; are given by

n, =n,—ny=3, N, =Ny—n; =2 Mg,

€01 e =N, —ny=>5.

2

Hence, by Remark 5.5, the edge e , gets contracted under ¢. We let

$(vo1) =Po1 =2, $(V12) =p1o=-3 $(y,) =P, =0,
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FIGURE 5.2 A tropical Morse tree and the associated polygon

so that the balancing condition in Definition 5.2 holds. We illustrate the corresponding polygon
to ¢ on the right-hand side in Figure 5.1.

Example 5.8. Let R be the decorated ribbon tree illustrated in Figure 5.2. The accelerations

n, . = n; —n; on the external edges ¢; ; are given by

e; J

LJ

ne(),l =-2 nel,z =3, n92,3 =2 ne3,4 =8, n =5

Let¢ : R — R be a tropical Morse tree with

¢(Uo,1) =Po,1 =8, ¢(U1,2) =Py =12, ¢(U2,3) =Dpy3=0, ¢(U3,4) =P34 =6.

Note that, by Remark 5.5, two external edges, that are not adjacent to the root vertex, which have
negative acceleration are contracted. Furthermore, as the image of the edges of R overlap, we
illustrate them in Figure 5.2 on three copies of the real line, and we label on each of them the
associated acceleration.

Denote by w the vertex adjacent to the root vertex. We have a 1-parameter family of choices
for ¢(w), for which balancing condition in Definition 5.2 is satisfied. Choosing ¢(w) = 7, from
the balancing condition we get py, = % S %Z. For details, see [5, Example 8.8]. We illustrate the
associated polygon one the right-hand side of Figure 5.2.

Note that the holomorphic discs contributing to the structure constants in the product in the
Floer cohomology ring for the elliptic curve, in 0-dimensional moduli spaces always have convex
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corners. However, the polygon, corresponding to the tropical Morse tree in this example is in a 1-
dimensional moduli space, as there is a 1-parameter choice of the image of the vertex w € R. This
is expected in situations when there is more than one edge of the ribbon graph contracted. Indeed,
it is shown in [45, Subsection 2.3] that tropical Morse trees corresponding to convex polygons are
those in which precisely one edge of R gets contracted.

5.4 | Tropical corals from tropical Morse trees

In this section, we show how to lift tropical Morse trees on S* to good types of tropical corals on
the truncated cone CS* over S! and vice versa.

Definition 5.9. Let (T, u) be the type of a coral graph as in Definition 4.4. We say (T, u) is of good
type if for all edges e € E(I), the direction vector u(e) projects to a non-zero element of R under
the projection map pr, : R> — R onto the second component.

A tropical coral & : T' — CR of type (T, ), of good type, uniquely determines a tropical Morse
tree ¢ : R — R, which we refer to as the tropical Morse tree associated to h. We construct ¢ from
h as follows. First, set R be the ribbon tree isomorphic to T. Note that the orientation on T induces
an orientation on I', and hence determines an orientation on R. We refer to the orientation on an
edge e positive if h(e) points away from the boundary CR and negative if it points toward the
truncated cone. Endow the edges of R with accelerations given by n, = wp(e) if the orientation
on the edge e is positive, and n, = —wp(e) otherwise, where wy : E(T') — N\ {0} is the weight
function on I'. Without loss of generality assuming n, = 0, this determines the decoration on R.
For any vertex v € V '\ V—(I'), set

Upe 1= ', u?)

the direction vector as in Definition 4.5. Identify dCR with R, and define the tropical Morse tree
¢ : R = R, by setting

#0) = h(v) ifveVv(D)
C\ul/u? ifvev\vo(D.

Example 5.10. In Figure 5.3, we illustrate a tropical coral and whose associated tropical Morse
tree is the one in Figure 5.2.

Conversely, from a tropical Morse tree, we first deduce a coral graph, together with its type, in
the following result.

Lemma 5.11. A tropical Morse tree$ : R — R uniquely determines (I', u), whereT is a coral graph,
and u is the type of a tropical coral, as in Definition 4.5.

Proof. Let ¢ : R — R be a tropical Morse tree as in Definition 5.2. Assume R has d + 1 external
vertices {v;;} with ¢(v;;) = pj;. Denote by e;; the edge of R lying between regions i and j. The
graph R defines a bilateral graph T, where the partition on the set of vertices V(I) = V(R), into
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FIGURE 5.3 A tropical coral for which the associated tropical Morse tree is as in Figure 5.1

sets of negative, positive and interior vertices are obtained as follows:

V~(T) = {v | v is an external vertex of R, adjacent to an edge which is contracted under ¢ };
V*H(T) = {v | v is an external vertex of R adjacent to an edge which is not contracted under ¢ };

VO(T) = {v | vis an internal vertex of R }.
We set T = |T'| \ V*(I), and define a weight function on E(T') by

wr(e) = |n,l,

where n, is the acceleration of e.

Let CR be the truncated cone over R defined as in Definition 3.1. For any tropical Morse tree
¢ : R > R, weidentify R = dCR, so that $(R) c CR. Without loss of generality we assume, after
translating ¢ if necessary, that ¢ maps the root vertex, denoted by vy, to (0,1). Let v € VO(T),
and

p=¢@)e ACR.
Define the direction vector u, .y assigned to the flag (v, e) € F(T) by

y L (p,1) if eisan outgoing edge adjacent to v
we) - — (p,1) if eis an incoming edge adjacent to v,

For a negative vertex v;; € V7(I'), define Uy, = —(pij» 1), where p;; = ¢(v;;). The direction vec-
tors {u, ()} and {uvij} determine the type (T, u) of the coral graph T, hence the type of a tropical
coral. =

Theorem 5.12. Let T be the set of tropical corals in CR which are of good type. For any tropical
coral h, denote by ), the tropical Morse tree obtained from h. Then, the map

Y:T —TMT (5.11)

h+— 9,
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is a surjection, and the fiber over ¢ € T MT is the set of tropical corals of type (T, u) determined by

é.

Proof. We show this for the general case (which suffices for our purposes in this paper, since we
set up the tropical counting problem for general tropical corals in Section 4). The proof for non-
general cases follows analogously. Let ¢ : R — R be a general tropical Morse tree and let (T, u)
be the type of the coral graph determined by ¢ by Lemma 5.11. Note that (T, u) is a good type. We
will construct a general tropical coral (h : CR — R) € Ty With ¥(h) = ¢. Let | be the number
of positive vertices of " and let

-1
(rg, s 11—2) € R,

be an arbitrary [ — 1-tuple of positive real numbers. Note that there always exists at least one exter-
nal edge which is contracted under ¢ — see Remark 5.5. We fix a negative vertex v € V~(I') with
h(v) =(p,1) € CR. Let v° be the interior vertex of T adjacent to v and let {v;, ..., v;_;} be the set
of interior vertices of I not adjacent to any negative vertex V'~ (I"). Or aim is to construct a tropical
coral h : T — CR with

(I)(h,) = (P(UO)’ P(Ul), RO P(Ul—z)) = (r(): ey Vl_z),

where ® is the map defined in the proof of Proposition 4.18. We will in a moment determine h(v?).
Let 7, be the canonical projection map R?> — R?/R - u, where u = (p, 1), and write R p for the ray
in CR which maps to [p] under 7,." Fix h(v°) on R, with p(h(v°)) = r; € R,,. Construct the
rest of h inductively. Let v” be an interior vertex of T such that h(v’) is already determined, let
v’ be a vertex adjacent to v’. Assume v”’ is also adjacent to a negative vertex v’ . Then knowing
the type and the positions of h(v' ™) and h(v") determines h(v”") uniquely (note that we initially
choose ry € R, so that h(v'") € CR). If v”’ is not adjacent to any negative vertex then v”’ = v,
for some vy, € {vy, ..., v;_;}. In this case, h(v"’) is determined uniquely by p(v,). Hence, the choice
of (rg,...,r;_,) determines h € 71,y uniquely. Note that the balancing condition for h (4.2(ii))
follows from the equation (5.10). Thus, the result follows. O

The following is an immediate corollary of Theorem 5.12.

Corollary 5.13. Let A be a general constraint in the stable range as in Definition 4.30, for a good
type (T, u). Then, there is a bijective correspondence between tropical Morse trees in S*, and tropical
corals of type (T, u), which is determined as in Lemma 5.11 from the tropical Morse trees, matching 1
(Figure 5.4).

Note that the choice of a constraint in the stable range in Corollary 5.13 has also a Floer theoretic
interpretation. Indeed, while defining the symplectic cohomology the fact that we restrict to the
stable range, will impose certain energy bounds on Floer trajectories. Further details of these
symplectic aspects will be studied in future work.

 Note that the broken lines appearing in the scattering procedure in [18] are the rays in CR obtained as the inverse image
of [pjl-] under 7, where u = (pji, 1) € CR and p = ¢(v) for an external vertex Vji of R.
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|

FIGURE 5.4 A tropical coral obtained from the tropical Morse tree in Figure 5.2

6 | COUNTS OF LOG CORALS

Throughout this section, we assume basic familiarity with log geometry [32, 42]. We denote a log
scheme (X, My) by X© and the structure homomorphism of X by

ay : My = Ox.

We refer to MX = My /O% as the ghost sheaf on X. We use s, for the sections of a log structure
My, defined by the monomial functions indicated in the subscript. The corresponding sections of
HX are denoted by .

If X is a toric variety associated to a fan X in N,then there is a canonical divisorial log structure
My = Mx py, where D C X is the toric boundary divisor [16, example 3.8]. Note that for any
o € X, we have the affine toric subset

U, = SpecC[c" N M]

of X, and the divisorial log structure My is locally generated by the monomial functions on this
open subset. That is, the canonical map

c'NM — C[ad¥ nM], (6.1)

mr— z™
is a chart for the log structure, as in [32, Definition 2.9(1)], on U,.
Proposition 6.1. For any x € T the toric chart (6.1) induces a canonical isomorphism
a'nM/otnM iR My -

Proof. The proof is straight forward and can be found in [5, Proposition A.30]. 1

6.1 | The log structure on the Tate curve

Fixb € Z,y,andlet# : Y — SpecC[s, t] be the degeneration of the unfolded Tate curve, obtained
from (CR,C %) as in Section 3. We endow Y with the divisorial log structure ¢ty : My — Oy,



40 ARGUZ

TABLE 1  Stalks of M,,

Points p; My, b,

P EUV\{=0uU(s=0} (0

Py €U \{(x =0)U (s =0)} (t)
p,=Un(x=y=0) Eyilm=1)
pi=Un(x=s=0) %511X=5)
p,=Un(=s=0) F.5117=50)
p=UNnEx=y=s5s=0) (%, 3,5, | xy = (50)°)

where

D:=a"1st=0)CY

The affine cover (3.4) for Y induces an affine cover of Y|, by restricting to t = 0, which is given by
a countable union of the open sets

U = SpecC[x,y,s]/(xy)

A toric chart for the log structure My, is given by Proposition 6.1. The stalks of ﬂyo are classified
in Table 1,where we present a monoid with a set of generators G and relations R among elements
of G by (G | R).

6.2 | Logcurves

Gromov-Witten theory has a generalization to the setting of logarithmic geometry [2, 24]. In log
Gromov-Witten theory, one works over a base log scheme (S, Mg). The scheme S in practice could
be the spectrum of a discrete valuation ring with the log structure induced by the closed point (1-
parameter degeneration), or it could be Speck, for k an algebraically closed field of characteristic
zero, endowed with the trivial log structure (absolute situation), or Spec k endowed with the stan-
dard log structure (central fiber of 1-parameter degeneration). The standard log structure up to
isomorphism is given uniquely by a monoid Q with Q* = {0} giving rise to the log structure

a, qg=0
k™ k, ,
QdK — (qa)H{O, 740

on Spec k. We will restrict our attention to the latter case and take the log point endowed with the
standard log structure as a base scheme. Throughout this paper we assume

k=Cand Q :=N
and denote the standard log point by
SpecC' := (SpecC,N @ CX).

One generalizes the notion of a stable map to the log setting as follows. Consider an ordinary
stable map with a number, say ¢, of marked points. Thus, we have a proper curve C with at most
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nodes as singularities, a regular map f : C — X, a tuple x = (x,, ..., x,) of closed points in the
non-singular locus of C. Moreover, the triple (C, x, f) is supposed to fulfill the stability condition
of finiteness of the group of automorphisms of (C, x) commuting with f. To promote such a stable
map to a stable log map amounts to endow all spaces with (fine, saturated) log structures and lift
all morphisms to morphisms of log spaces. Then, C — Spec C is promoted to a smooth morphism
of log spaces

7 :C" —s SpeccC’.

and we have a log morphism f : C' — X', where X' = (X, My) and C' = (C, M) are log
schemes. Given a morphism of log spaces f : C' — X, we denote by f : C — X the under-
lying morphism of schemes. Throughout this paper we will assume that the arithmetic genus of
the domain curve C is zero and thus will work on the Zariski site, rather than the étale site which
would be needed for more general cases.

Let x € X be a closed point in and let f)bc ! My p(x) = M be the morphism of monoids
induced by f : C" — X. Then, by the definition of a log morphism [16, p. 99] we obtain the
following commutative diagram on the level of stalks

i
Mx j@) — Mcye

ax,f(a) l J{ ac. (6.2)
it

Ox.fz) — Ocy»

Let x : My BREN ﬂx be the quotient homomorphism. By the commutativity of the above dia-
gram there is a morphism induced by f on the level of ghost sheaves, denoted by

by _
fx : MX,f(x) - MC,X

for a closed point x € C. By abuse of notation, we denote the morphism ﬂf{pf( 0~ ﬂgpx on

group level is also by fi

We demand the morphism f : C* — Spec C' to be log smooth [16, Definition 3.23]. We further-
more demand that the regular points of C where 7 is not strict are exactly the marked points. We
will recall the precise shape of such log structures on nodal curves instantly.

Remark 6.2. After a moment of thought one may conclude that an algebraic stack based on this
notion of a log smooth map over the log point (Spec C, Q @ C*) can never be of finite type, because
for a given log map one can always enlarge the monoid Q, for example by embedding Q into
Q & N'. To solve this issue, a basic insight in [2, 24] is that there is a universal, minimal choice
of Q. In this basic monoid there are just enough generators and relations to lift f : C - X to
a morphism of log spaces while maintaining log smoothness of C™ — Spec C'. After the usual
fixing of topological data (genus, homology class, degree) the corresponding stack of basic stable
log maps turns out to be a proper Deligne-Mumford stack. For the present paper, this general
theory is both a bit too general and still a bit too limited. It is too general because we will end
up with a finite list of unobstructed stable log maps over the standard log point. In particular, we
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have a 1-parameter smoothing of log maps and there is always a distinguished morphism
(Spec C,N) — (SpecC, Q)

just coming from our degeneration situation as in [41]. Therefore, throughout this paper we com-
fortably assume the basic monoid Q is given by the natural numbers. Moreover, there is no need
for working with higher dimensional moduli spaces or with virtual fundamental classes, as the
moduli space of the stable log maps over Spec C' form a proper Deligne-Mumford stack of finite
type [24, Corollary 2.8]. The general theory is also too restricted because we will have to admit
non-complete domains. The presence of non-complete components requires an ad hoc treatment
of compactness of our moduli space that is special to our situation.

Definition 6.3. A log smooth curve over the standard log point Spec C' consists of a fine saturated
log scheme C' := (C, M) with a log smooth, integral morphism 7 : C* — Spec C" of relative

dimension 1 such that every fiber of 7 is a reduced and connected curve.

Note that we do not demand C to be proper which is the case in [24, Definition 1.3]. If we specify
a tuple of sections x := (xy, ..., X;) of 7, so that over the non-critical locus U C C of = we have

M ~/ *_ .
Mely = 7" Moo v @ @ X1 Nspec s
i

then we call the log smooth curve C* marked and denote it by (C/SpecC',x). Before going
through more details we would first like to make a few remarks on the local structure of log smooth
curves over Spec C'. Let 0 € Spec C be the closed point. Then, we have an isomorphism

MSpec c,0 > N

-a
I —a

Leto @ N = Mgpecc o be the chart for the log structure on Spec C around 0 € Spec C, given by

_f1 ifg=0
0(q)_{o if g > 0.

The following crucial theorem is a special case of [33, p. 222], as we restrict our attention only to
log smooth curves over the standard log point Spec C'.

Theorem 6.4. Locally C is isomorphic to one of the following log schemes V over Spec C.

(i) Spec(C[z]) with the log structure induced from the homomorphism
N— Oy, q+—oa(g.
(ii) Spec(C|[z]) with the log structure induced from the homomorphism

NGN— Oy, (q,a)— z%(q).
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(iii) Spec(C[z,w]/(zw — 1)) witht € m, where m is the maximal ideal in C and with the log struc-
ture induced from the homomorphism

NOWN — Oy, (g,(a,b) — o(g)zw’.

Here, N — N? is the diagonal embedding andN — N, 1 pgq is some homomorphism uniquely
defined by C — Spec C. Moreover, p, # 0.

In this list, the morphism C* — Spec C' is represented by the canonical maps of chartsN — N, N —
N@®Nand N - N @y N2, respectively, where we identify the domain N always with the first factor
of the image.

In Theorem 6.4, cases (i), (ii)and(iii) correspond to neighborhoods of general points, marked
points and nodes of C, respectively. Nodes and marked points of a log smooth curve C* — Spec C*
are referred to as special points of C. Now we are ready to generalize in the next section the notion
of a log map over Spec C' as in [24, Section 1] to the case where the domain includes some special
non-complete components.

6.3 | Log corals

Let Y, = T, x A! be the central fiber of the degeneration of the unfolded Tate curve defined in
Subsection 2.1. In this section, we define and discuss the properties of a special kind of log maps
on Y, with non-complete components.

Definition 6.5. Let (C/SpecC",x) be a marked log smooth curve. A morphism of log schemes
f:Cc = Yg is called a log map if the following holds.

(i) The morphism f fits into the following commutative diagram

CT Hf' (Yb7 MYO)

S

Spec CT

(ii) For each non-complete irreducible component C’ C C, there is an isomorphism C’ = Al,
(iii) The map sof|- : C' — Al is dominant, where s : Y, — Abl, is the projection map.
(iv) For each marked point p; € C, we have f(p;) € (Y);—o, Where (Y;),_,, is the fiber over 0 €
Al under themaps : Y, — Al.
(v) The stability condition holds, that is, the automorphism group Aut(C/Spec C', x, f) is finite.

To set up the log counting problem in the next section, analogously as in the tropical counting
problem, we restrict our attention to general log maps defined as follows.

Definition 6.6. A log map f : C' — Y, is called general if each non-complete component
C’ C C has only one special point and each complete component contains at most three special
points.
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For a general log map if a non-complete component C’ C C has a unique special point which
is a marked point, then by the connectivity of the domain C will have only one component C’.
As this case can be treated easily throughout the next sections, we omit it and assume the unique
special point on each non-complete component on a general coral is a node.

Remark 6.7. Let C' C C be a non-complete component with generic point 7. Denote the function
field of C’ = Al by

OC’ 0 = k(z)

Recall the log structure on Y|, from Subsection 6.1. Let Z C Y|, be the smallest toric stratum con-
taining f(C’). Then, we have one of the two following cases.

(i) dimZ = 2: In this case, we call f transverse at C’. A chart for the log structure My, around
f(n) is given by

MY0|1/ - MYolU

t s, (6.3)

for an open neighborhood V" of f (7). Note that on U we have either y # 0 or x # 0. Through-
out this section, without loss of generality we assume we are in the former case. Recall the
log structure on Y|, described in Subsection 6.1. The morphism

b .
fy s My pop — Mcy,
Sy > ¢x(2)

S > ¢5(2)

is only determined by ¢, ¢, € k(z) \ {0}. Note that as s is invertible on V", we have ff; (s) =
f ; (s;), where f f] : Oy, = Oc,y is the morphism on stalk level induced by the scheme the-
oretic map f. Moreover, as dim Z = 2, it is not contained in the double locus of Y, and hence
the restriction of the morphism (Y, My, ) — Spec C' to the complement of the double locus
in Z in Definition 6.5 is strict, which means My, is isomorphic to the log structure induced
by the pull-back of the log structure on Spec C' and hence the image of s, is determined as
f EI(S[) =5

(ii) dimZ = 1: In this case, we call f non-transverse at C'. As s,.s, = sbsf’ , where s € (9;0 V) is

x%y
invertible, a chart for the log structure My around f() is given by

MY0|U MY()lU-
X —> s,

5 -b
yr—s5s,

s
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for an open neighborhood U of f(), wherex -y = Zb. The morphism

5 =38, — py(2) (6.4)

is determined by ¢, ¢, ¢, € k(z) \ {0} and a, 8 € N\ {0} such that « + 8 = b and ¢, ¢, =

@b,

The following condition will be crucial while showing in the upcoming Theorem 7.6, the nec-
essary balancing requirements of the tropical analogues of the log invariants we work with in this

paper.

Definition 6.8. Let f : CT — Yg be a log map and let C’ be a non-complete component of C. Let
valy, : k(z) — Z be the valuation at z = co. We call f parallel at C’ if the following holds.

(1) valy(p,) = 0if f is transverse at C’.

(ii) valoo(goﬁ /qo;‘) = 0if f is non-transverse at C’,

where ¢, gof, qo;‘ are defined as in Remark 6.7.

Definition 6.9. Alogmap f : CT — Y, " is called a log coral if f is parallel at each non-complete
component of C.

We will sometimes replace Y|, by an open subset of it containing im f or by the Z-quotient of it
in Section 8. The definition of log corals then still makes sense with the obvious modifications.

6.4 | The count of log corals

In this section, we define the count of log corals f : C* — Y,,". We assume the charts for the log
structure My are given as in Subsection 6.1. We define charts for M using Theorem 6.4. Note
that, for generic points we have the isomorphism

—9p
./‘\/lc’77 A

“-a
and for marked points p of C have the isomorphism

—9Dp
Mc,peZGBZ

(%, 2%) > (a, b).
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We denote by

pr; : ﬂ?jp -7 (6.5)

the projection to the ith factor for i = 1, 2, and consider the following charts for M.
(i) For a generic point 7 of an irreducible component of C,
Mc

2 — Mcy,

t— ;.
(ii) For a marked point p of C,

M, — Mc,
t— s

Zr—>s,

To define the count of log corals, we describe incidence conditions given by a degree A and an
asymptotic constraint A. For this, given a log coral f : CT — Yg , we first discuss how to assign an
element of N to marked points and to non-complete irreducible components of C, following the
general scheme in [24].

Proposition 6.10. Let f : C* — Yg be a log coral.

(i) Foreach marked point p; of C, thereis a corresponding elementu; € N recording the logarithmic
contact order of p; with Y.

(ii) Each non-complete component C' ~ A of C determines an integral point in the boundary of the
truncated cone CR.

Proof. Recall the charts for the log structure on Y, from Subsection 6.1. First, given a marked
point p;, define the associated element of N as follows. Let & € R be the interval such that the
corresponding toric chart

(C(CE)YN(M @ Z) — T(Usz, My)

covers f(p;). Taking the composition with f ?,l_, yields a homomorphism of monoids

_ _ fh —
(C(CE))V n (M $ Z) b MYO’f(Pi) b MC,P;‘ =N @ N.

The two factors of N @ N in ﬂc, p; are generated by the smoothing parameter s, and by the equa-
tion defining p; in C, respectively. Taking the composition with the projection to the second factor
thus defines a homomorphism

u; : (C(CE) N(M @ 7) — N,
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that is, an element of C(CE). Since by definition this homomorphism maps (0,1) € M @ Z
to 0, it lies in (0, D)t =N @ {0} C N @ Z. Note that, identifying N @ {0} with N, the inter-
section of C(CE) with Ny @ {0} agrees with the asymptotic fan of CR, endowed with the
polyhedral decomposition C22. We have thus defined, for each marked point p; € C, an ele-
ment u; € N, which is contained in the cone of the relevant cell of the asymptotic fan. The
fact that u; records the contact orders follows basically from definitions (see, for instance,
[26, p. 12]).

To show the second part, given a non-complete component C’ ~ A! c C, with generic point 7,
we define a point in ACR as follows. Let E € R be the interval with the corresponding log chart

containing f (). The composition with f; defines a homomorphism

_ — fy —
$, : (CCCEN N(M®Z) — My ) — Mc, =N. (6.6)

Since f is a log morphism relative to the standard log point, ¢,(0,1) = 1. Thus, viewed as an
element of N @ Z, we have qbn e N @ {1}. O

Letf : CT - YOJr be alog coral and C’ C C be a non-complete irreducible component of C with
generic point . Let

u, = ¢, —(0,1) (6.7)

asanelementof N = N @ {0} C N @ Z, where ¢, is the map in (6.6). We will define the degree by
multiplying u, with the branching order at infinity, which we discuss in a moment. The restriction
fler + €' = Y, factors over an irreducible component A! X P! C Y. Hence, we have a morphism
f':C" - Al x P! satisfying

of" = fler, (6.8)
where ¢ : Al & P! C Y, is the inclusion map. Let
@ i=prjof’ : C' - Al
¢ :=pryof : C' = P!,

where pr; and pr, are the projection maps from A! X P! onto the first and second factors,
respectively. The map ¢ : A! — Al is identically equal with sof |~ as in 6.5, so it is dominant.
Thus, it extends uniquely to a morphism @ : P! — P!, where the domain of @ is the completion
{oor} U C' = P! of C’ along the point at infinity on C’ = Al. We compactify Al x P! C Y, to
P! x P! along the divisor at infinity D, = P!, and refer to

qOO = §5(00C/) (S DOO'

as the point at infinity. By Hurwitz’s formula, ¢ : P! — P! is a covering totally branched at infinity.
The branching order at infinity is defined as follows.
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Definition 6.11. Let f : CT — Yg be a log coral with a non-complete component C’ C C of
generic point 7 and let ¢ = sof|» be the map defined in Definition 6.5(iii). We say C’ has branch-
ing order w, € N\ {0} if the degree of the covering ¢ : P! — P! equals w,. Given C’ C C7, the
branching order at infinity is obtained by pulling back s € O(Y), to C’ and taking the negative of
the valuation at the point at infinity, co., of C':

w, = —val,(f4(s)). (6.9)
Note that w, € N\ {0} since f #(s) is a non-constant regular function on C’ ~ Al

Remark 6.12. Let

v : SpecClw] \ {0} — SpecC|z] \ {0}

1
we =
z

and
v 1 C(z) - C(w)
7 rov

be the morphism on fraction fields induced by v. Let ¢, and goﬁ / qa;‘ be defined as in Remark 6.7.
Then, the position of q, € D, referred to as the virtual position at infinity, is given by:

(1) v*(p,)(0)if f is transverse at C’;
(ii) v*(qoﬁ / qo;‘)(O) if f is non-transverse at C’.

Now, we can define our log constraints.

Definition 6.13. Let A be a degree as in Definition 4.6 with £ + 1 positive and m negative entries.
Alogcoral f : CT — Y, with # + 1 marked points

Po> P15 -5 Pr
and m non-complete components
c,..cl
is said to be of degree A if the following conditions hold.

(i) For each marked point p; of C, the composition

- —gp —gp
prZOfpi : MYo’f(Pi) - MC’Pi -7

where pr, is the projection map to the second factor defined as in (6.5), equals A
(ii) For each non-complete component C’ C C with generic point 7 j» we have w, - Uy, equals A/,

",
where w ; and u,, are defined as in (6.7) and (6.9). !

Ui
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Definition 6.14. Let A be a degree as in Definition 4.6 with # + 1 positive and m negative entries.
Let A be an asymptotic constraint for A, as in Definition 4.9. We say that a log coral f : CT — Y,
matches (A, A) if it is of degree A, and denoting py, ..., p, the marked points of C, and 7, ..., 5, the
generic points of the irreducible components Cy, ..., C, of C containing p,, ..., p,, the image of

(f_VI_/' : MYva(ﬂj) - MC,’?,‘ =N)EN
under the quotient map

N - N/(NNRA)
isequalto A/ forall j = 1,...,7.

Remark 6.15. An asymptotic constraint A constrains the marked points p,, ..., p,, but not the
marked point p,.

Discussion 6.16. Let A be a degree with # + 1 positive and m negative entries, A an asymptotic
constraint for A, and f : CT — Yg a log coral matching (A,1). For every 1<i<?,letC;CcC
be the complete irreducible component containing the marked point p;. Let 4; € N be a lift

of 4; under the quotient homomorphism Ny — N /Q A Then, the pair (Zl,/li) defines the
two-plane

Hy =R-(A,00+R-(%,1) C Ny ®R.

Let M=, span the rank one subgroup H. j. N(M & Z) of M @ Z. To fix signs we ask mi to
i A Aj

o l

m_
evaluate positively on (1,0,0). The rational function z % on Y induces a section, denoted by
, gp
SZl,Ai S F(YO, MYO).

Since m—; _ spans H-. N (M & z), we have f b (5= . ) € @% .1t thus makes sense to evaluate at
A A PYA N Cp

p; to obtain a non-zero complex number
bre . . X
fplsg, ) € CT

Similarly, for every 1 < j < m, we consider the non-complete component C;. C C, which deter-
mines a point vy € JCR by Proposition 6.10. Then, we take the two-plane spanned by (A/, 0) and
(Uj_, 1). Analogously, as above we denote the monomial obtained from the pair (é}., vj_) bym A7
and the corresponding section by séj’vjf. Now a log coral f : CT — Yg with a non-complete com-
ponent C;. C C with generic point corresponding to vy is parallel, as in Definition 6.8 if and only
if f b(séj’uj—) extends over the point at infinity of C;.. In this case we can thus obtain a well-defined

complex number as

Fi(sa,0-)o0cr) € CF.
=] J
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Indeed, f';(séj’v;) = @, if f is transverse at C;. and f;(séj,u;) = b jye if f is non-transverse at

C’, where ¢, and ¢, 5 Jye are defined as in Remark 6.7, respectively.

Definition 6.17. We call a tuple
_ (=t m x\¢ x\m
p=(@p,p") c(C?) x(C)

a log constraint of order (£, m). A log coral f : C* — Y_OT with Z + 1 marked points and m non-
complete components, for £,m € N \ {0} matches a log constraint of order (I, m) if the following
holds.

(i) C has ¢ + 1 marked points py, ..., p, such that
b ) _ =
o, Gs5i, )P0 =i

for 1 < i < 7, that is for all but one marked points.
(ii) C has m non-complete components C/, ..., Cr’n with generic points 7; and

b —
Ty a7 Xe0cs) = o,
for 1 < j < m, where oo is the point at infinity on C;.,
J

where S5, and s, - are defined as in Discussion 6.16.
A ="

Note that the degree and the asymptotic constraint for log corals can be interpreted tropically
as the tropical degree and asymptotic constraint for tropical corals. This will be obvious once we
explain tropicalizations of log corals as tropical corals in Section 7. To get a well-defined count, we
assume we fix the degeneration order of log corals, so that after tropicalizing the corresponding
tropical corals match asymptotic constraints that are inside the stable range defined in Defini-
tion 4.30.

Definition 6.18. Let A a degree with # + 1 positive and m negative entries, 1 an asymptotic
constraint for A and p a log constraint of order (£, m). We say thata log coral f : C* — Yg matches
(A, 4, p) if it matches (A, 4) as in Definition 6.14 and p as in Definition 6.17.

Let 8, ; , be the set of all log corals f : C' - Yg matching (A, 4, p). Define Nlejp to be the
cardinality of £, ; ;:

log .
Nyoo =180l (6.10)

If Nfi . is finite this defines a number giving us a count of log corals. In Theorem 8.7 we will
see that, indeed it is a finite number which equals the tropical count defined in Section 4.5.

Remark 6.19. A priori, SA, ip has the structure of a stack, and it is a closed substack of a larger
algebraic stack of log maps with some non-complete components. In the present case, we are in
the comfortable situation that due to unobstructedness of deformations, 8, ; , turns out to be a
reduced scheme over C of finite length, hence really does not carry more information than the
underlying set.
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7 | TROPICALIZATIONS OF LOG CORALS

In this section, we prove that the tropicalization of a log coral is a tropical coral. We first recall the
associated tropical space to a log scheme constructed as in [24, Appendix B].

Definition 7.1. Let X be a log scheme endowed with the Zariski topology. The tropical space
associated to X' denoted by Trop(X) referred to as the tropicalization of X" is defined as

Trop(X) := HHom(ﬂX,x,Rw) /~,
xeX

where the disjoint union is over all scheme-theoretic points x of X and the equivalence relation
is generated by the identifications of faces given by dualizing generization maps My , — My ./
when x is a specialization of x’ [24, Appendix B]. One then obtains for each x a map

iy : Hom(ﬂx,x, R.o) — Trop(X),
which is injective since ﬂX is fine in the Zariski topology.

The tropicalization of log schemes is functorial. Indeed, if f : XI - X;f is a map of log
schemes, then for every closed point x € X;, the map ffc : ﬂxz, oo~ HXl,x induces a mor-

phism Hom(ﬂxl,x, Ryo) = Hom(ﬂxz, 7(x)»R50)- These morphisms are compatible with the
equivalence relations defining Trop(X;) and Trop(X,), and so we obtain a morphism

P : Trop(X;) — Trop(X,)

referred to as the tropicalization of f.

Now, we restrict our attention to the current case of interest in this paper, and consider Y, the
fiber over t = 0 of the degeneration of the unfolded Tate curve Y — SpecC[s, t], and a log coral
f : CT = Y,". By functoriality of the tropicalization applied to the the commutative diagram in
Definition 6.5, and using that Trop(SpecC') = R, by Definition 7.1, we obtain a commutative
diagram

trop

Trop(C') ~—~ Trop(Y;)

\ i - (7.1)
he

Rzo

We describe below Trop(C) and Trop(Y,,) explicitly. First, define the dual graph T of C as fol-
lows.

Construction 7.2.

(i) Define the set of vertices V(I'), so that there is a vertex v i € V(T) for each irreducible com-
ponent C; C C. We denote by V—(I') C V(') the set of vertices v such that the corresponding
component C, is non-complete.
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(ii) Define the set of bounded edges EP(T), so that an edge e; j € Eb(T) connecting two vertices
v; and v; exists if and only if the corresponding irreducible components C; C Cand C; C C
intersect.

(iii) Define the set of unbounded edges denoted by E*(T), so that for each edge e jEE *(T) adja-
cent to a vertex v; € V(I') there exist a marked point p; € C; C C on the irreducible compo-
nent C; corresponding to v;.

Note that the dual graph I" of C has a natural structure of coral graph as in Definition 4.1, where
E*(T) is the set of positive edges and V—(T') is the set of negative vertices.

Proposition 7.3. Let f : CT — Yg be a log coral. Then, the tropicalization Trop(C) of the domain
C" is the cone C(T") over the dual graph T of C.

Proof. Recall from Theorem 6.4 that there are three possibilities of closed points x € C, with
the stalk ﬂC,x is either N, N @ N or N @ N?, for x a generic point, a marked point or a node,
respectively. Then, the vertices of G correspond to generic points 7, unbounded edges (or the flags
of the graph §) correspond to the marked points and bounded edges correspond to nodes. So, the
result is a direct consequence of the Definition 7.1. O

Proposition 7.4. LetY — Spec C[s, t] be the degeneration of the unfolded Tate curve, and Y, be the
central fiber overt = 0. Then,

(i) the tropicalization Trop(Y) of Y is the cone C(CR) over the truncated cone CR endowed with
the polyhedral decomposition C Z);
(ii) Trop(Y) = Trop(Y,).

Proof. Recall from Section 3 that Y is the toric variety associated to (E@b,ER). Since the log
structure on Y is fine and constant along any open toric strata it follows from Definition 7.1 that
Trop(Y) is the cone over the fan associated to Y. Note that this holds for any toric variety, hence
in particular for Y. This proves (i). To show (ii), observe that, given any closed point x € Y, we
have X NnY, # @. Hence, (ii) follows. O

Let f : CT = Yg be a log coral. As Trop(C) = C(I') by Proposition 7.3 and Trop(Y,) = C(CR)
by Proposition 7.4, the restriction over 1 € Ry, of f"P in the diagram in (7.1) defines a
map

h: T - CR. (7.2)
We also define a weight function w on T as follows.

Construction 7.5.

(i) Letey € EP(I') be a bounded edge corresponding to a node g € C. By Theorem 6.4(iii), the log
structure of C at q is determined by a positive integer p,. Let v;, v, € V(I') be the two vertices
of e;. Then, there exists u; € N such that h(v;) — h(v,) = p,u,, and we define the weight
wr(e,) as the divisibility of u, in N, that is the biggest positive integer such that u, /wr(e,) €
N (for details, see [24, Subsection 1.4]).
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(ii) Lete, € E *(T') be an unbounded edge corresponding to a marked point p € C. Letu » € Nbe
the corresponding element given by Proposition 6.10 and recording the logarithmic contact
order of p with Y. Then, we define the weight wr(e,,) as the divisibility of u, in N, that is the
biggest positive integer such that u, /wr(e,) € N.

Let f: CT — Yg be a log coral. Then, we refer to the map h: T — CR in (7.2) as the tropi-
calization of the log coral f : CT — Yg , where T is the coral graph defined as dual graph of C in
Construction 7.2, and where we view I endowed with the weight function w defined in Construc-
tion 7.5. Now, we are ready to prove the main theorem of this section.

Theorem 7.6. The tropicalizationh : T — CR ofalogcoral f : CT — Yg is a tropical coral.

Proof. In order to show that h : T — CR satisfies the Definition 4.2 of a tropical coral, it
remains to check the balancing condition at each vertex of I'. The balancing condition at
the interior vertices follows from the balancing result of [24, Subsection 1.4]. It remains to
prove the balancing condition for the negative vertices of I, mapped by h to the bound-
ary CR of the truncated cone CR. Let v € V~(I') a negative vertex, and C’ C C the cor-
responding non-proper irreducible component. We have h(v) € dCR. Define the quotient
map

T, :N—->N/(R-h()NN).
So, 7, gives an element m, € Hom(N, Z) = M. Define

x, :=z™ e C[M].

Observe that f*(x,) = f*(x) if f is transverse at C’ and f*(x,) = f*(xf)/f*(y%) if f is non-
transverse at C’, where x and a, 3 are as in Remark 6.7. In any case, we have

Y val,(f*x)= Y val(f*x,)=0

zeC’ zeP1\{co}

since from the parallelness condition in Definition 6.8 we know val(f*x,) = 0 and the sum of
orders of poles and zeroes of the rational function f*x, on P! is zero.

Let zq, ..., 2, € C’ be the special points and let £, ..., &, be the direction vectors (with weights)
of the corresponding edges emanating from v. Note that if z; is a marked point p, then &, = u,and
if z; isanode g, then z; = ug, where Up, Uy are defined as in Construction 7.5 (where Ug is defined
emanating from v). Then, ﬂU(Zle &) =2 ,ccr val,(f*x,) = 0 and hence the tropical balancing
condition (4.2(iii)) at negative vertices is also satisfied. O

8 | PROOF OF THE MAIN THEOREM

In this section, we prove our main result, showing that the count of tropical corals equals the
count of log corals.
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8.1 | Set-up

Let A be a degree as in Definition 4.6 with # + 1 positive and m negative entries, and 1 an asymp-
totic constraint in the stable range S, as in Definition 4.30. Let H, ; be the set of tropical corals

h:T—CR matching (A, 1). This set is finite by Proposition 4.25 and Remark 4.24.

Construction 8.1. As H, , is finite, we can rescale N such that for every (h : T — CR) € H,  the
following conditions hold.

(i) For every vertex v € V(I'), we have h(v) € N.
(ii) For every bounded edge e € E®(T), connecting vertices v, v, € V(T), h(v;) — h(v,) is divis-
ible in N by the weight wp(E).
(iii) For every negative vertex v € V(I'), h(v) is divisible in N by w, (where w,, is as in Defini-
tion 4.2(iii)). ‘
(iv) Foreveryl<i<?,4, €N/(NNn @Zl).

We fix b € N\ {0} and we still denote by CR and Egzb the truncated cone and the polyhedral
decomposition in the rescaled R?. The toric degeneration defined by the rescaled pair (CR, a@b)
only differs from the toric degeneration defined by the original pair (CR, Egab) by a base change
t — t" for some positive integer n. We still denote by Y/, the central fiber: the base change does
not change the scheme structure of Y, and only scales the log structure.

It follows from the description of the tropicalization in Section 7 thatif » : ' - CR is the trop-
icalization of a log coral f : Cch - Yg ,thenh : T - CR matches (A, A) as in Definition 4.10 if
and only if f : CT — Yg matches (A, 1) as in Definition 6.14. In addition, let us fix a log con-
straint p € (CX)? x (C*)™ of order (¢, m) as in Definition 6.17. Our main result is a correspon-

dence between the count with multiplicities NtArip of the log corals matching (A, 1), as in (4.9),

and the count N Xﬁ)p of log corals in Y, matching (A, 4, p), as in (6.10).

8.2 | Extending the unfolded Tate curve

As H, ; is finite, we can choose a big enough bounded closed interval I C R such that for every
(h:T—>CR)€ H, 5, the image h(T') of the tropical coral is contained in CI C CR. Define a
polyhedral decomposition &2; C &2, such that cells o’ € &2, are given by ¢’ = o n1 for a cell
ce . Letﬁ@l be the polyhedral decomposition of the truncated cone over I, as in Definition 3.1,
induced by &7;. Let U — Al, be the toric degeneration associated to (E@,, CI ). The central fiber
of this degeneration, Uy, is an open subset of Y, such that the image of any log coral f : C" — Yg

whose tropicalizationish : I' —» CR lies inside CI c CR.

Corresponding to each vertex in the interior of the interval I, we have an irreducible component
of U, given by P! x Al, and corresponding to the vertices that are endpoints of the interval I, there
are irreducible components of U, given by A! x Al. The open subset U, C Y, is a union of these
components pairwise glued along affine lines. See Figure 8.1 for an illustration.

We define a compact variety U, obtained from U, by extending the polyhedral decomposition
a@[ of CI to a polyhedral decomposition & of R? by applying the following steps: First add the
horizontal line 4CR to |E<@I|. Then, extend each half line meeting CR to a line which passes
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FIGURE 8.1 The truncated cone CI together with the polyhedral decomposition Eﬁ”l on the left and its
dual, corresponding to the momentum map images of components of U, on the right

FIGURE 8.2 The extended polyhedral decomposition & obtained from 59’1 in Figure 8.1 and a union of
the momentum map images of the components of U,

through the origin, and insert additional 2-cells bounded by any of the new 1-cells. The new poly-
hedral decomposnlon 2 is called the extended polyhedral decomposmon of C2, and defines a
toric degeneration U — Spec C[s, t], whose fiber over t = 0is U,,. See Figure 8.2 for an illustration
of the extended polyhedral decomposition. Note that U, is not dense in U, as U, has an additional
irreducible component Z, corresponding to the vertex at the origin of the polyhedral decomposi-
tion Z. So, Z, is a complete toric variety associated to the fan in R? whose 1-dimensional cones
are given by n lines passing through the origin, where n is the number of vertices of & contained
in the interval I, that is, all vertices of & except the origin. As illustrated in Figure 8.2, topologi-
cally U,, is given by the union of n copies of P! x P! glued to Z, along with a union of projective
lines

U0—<UIP1><IF>1> U 2.

U, P!

We endow U with the divisorial log structure as usual, by considering the divisor ﬁo cU.We
define a log structure on the central fiber U, over ¢t = 0, by pulling back the divisorial log structure
onU.
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8.3 | Extending log corals to log maps

We show that log corals on the central fiber of the degeneration of the unfolded Tate curve, Y,
defined as in Section 3 can be extended to log maps in U,,, the central fiber of the degeneration
defined Subsection 8.2. Note that log maps to U,, are maps from a complete log smooth curve,
which we require to be log smooth over the standard log point throughout this section. For details
of the theory of log maps we refer to [24, Section 1].

Definition 8.2. Let (h : T — CR) € H, ; be a tropical coral in CR. Let f:Cl > Yg be a log
coral with tropicalization i : T — CR, and let & : T — R? be the extension of 4 : T — CR as a

tropical curve in R2, defined as in Subsection 4.3. Alogmap f : €T — Eg is called a log extension
of f if the following holds.

(i) The tropicalization of f, defined analogously as for a log coral in Section 7, is i : T' — R2.
(ii) Viewing C c C as the non-complete subcurve of C whose tropicalization is T’ C T, we have

f|c=f-

Definition 8.3. Let A be a degree with # + 1 positive and m negative entries, 4 an asymptotic
constraint for A, and p a log constraint of order (£, m). We say that a log map f : C* — ﬁg with
(¢ + 1) + m marked points p,, ..., pg, ..., 4y, --. , @umatches (A, 4, p) if:

(i) for each marked point p;, the composition

= —up —gp
pI‘ZOfpi ' Mﬁof(Pi) - MC»Pi =7

equals Zl, where pr, is the projection map to the second factor defined as in (6.5);
(ii) for each marked point g;, the composition

e — _
pl‘zoqu : Mip oL Mgp

Uo,f(q,-) é’qj - Z,

equals A/, where pr, is the projection map to the second factor defined as in (6.5);
(iii) for each marked point p; with 1 < i < #, let C; be the irreducible component of C containing
p; of generic point »;. Then, the image of

(Fy 2 Mg, jip = Mep =N)EN
under the quotient map

N - N/(NNRA)
isequal to 4;;

(iv) for each marked point g;, let C; be the irreducible component of C containing g j» of generic
point 7 It Then, the image of

(Fy, + Mg, ji ) = Mey =N)EN
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under the quotient map
N = N/(N nRAY)

is equal to 0;

) for1<i<?, f° 4 (szl 4 )(p;) = p;, where S5 is defined as in Discussion 6.16;

(vi) for1<j<sm, fq.(sA_ - )(qj) = p ,where s, - is defined as in Discussion 6.16.
Jo =i —J =Jj’7j

By construction of the tropicalization, if alog map f : CT — 52 matches (A, 4, p) as in Defini-
tion 8.3, then its tropicalization & : ' — R? matches (A, 1) as in Definition 4.15.

Lemma 8.4. Let U, and [_IO be defined as in Subsection 8.2, and let f : CT — l_I; be a log map
matching (A, A, p). Then, the projection from the fiber product f Xz, U, = U, composed with the
open embedding U, & Y, is a log coral matching (A, 1, p).

Proof. The result follows immediately by comparison of Definitions 6.18 and 8.3. O

Theorem 8.5. The forgetful map

Lare) = Baip

from the set of isomorphism classes of log maps matching (A, 4, p), to the set of isomorphism classes
of log corals matching (A, A, p) is bijective.

Proof. Let(h : T — CR) € H, 5 be a tropical coral in CR.Let f: Ct > Yg be a log coral with

tropicalization  : T' — CR,andlet/ : I' — R2 be the extension of i : ' - CR as a tropical curve
in R?, defined as in Subsection 4.3. We have to show that there exists a unique logmap f : ¢7 —

ﬁ:) which is a log extension of f as in Definition 8.2.

We first show that there exists a unique log curve C' compatible with Definition 8.2. From the
description of T' in Subsection 4.3 and the description of tropicalization in Section 7, we deduce
that at the scheme level, C is given as follows. Let C’ .,C/, be the non-proper components of C.

Let C be the proper curve obtained from C by addlng a point at infinity ooc/ to each C’ For every
1<j<m,let [F"1 be a copy of P! with two marked pomts Pyj, Pyj. Then C is obtalned by gluing
together C and the m copies Pl of P!: for every 1 < j < m, we glue transversally the marked point
ISV P! with oocr € C.The resultlng marked curve C is unique up to isomorphism. In fact, anal-

ogously as in construction [41, Construction 4.4], we also need to attach further Pl-components,
corresponding to divalent vertices not mapping to the origin, which correspond to the intersec-
tion points of the image of i with polyhedral decomposition & on R?, described in Subsection
8.2. However, the image of these components can be determined as in [41], and as it does not effect
the current proof, we ignore these further components.

The log structure M is also uniquely determined by Definition 8.2. Indeed, as we want the
marked curve C to be log smooth over the standard log point Spec C', the log structure on C
must be of the form given by Theorem 6.4 and the only choices are the parameters p, of the log
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structures at the nodes. All nodes of C distinct from the nodes oo+ are nodes of C and so the
log structure there is already fixed by Definition 8.2(ii). On the othér hand, by Definition 8.2(i)
and the description of tropicalization in Section 7, for every 1 < j < m, the parameter p, s of the
node ooc! has to be equal to the the divisibility in N of h(vj?) / wuj— where vy is the negatlve vertex
of T corresponding to C;. and Wy is the weight at v; as in Definition 4.2(iii). Note that we have
indeed h(vj‘) / Wy € N by our choice of rescaling of N in Construction 8.1(iii). Hence, we have a

uniquely determined log structure M on C and we denote C' : = (C, M). By construction, the
log curve CT is log smooth over the standard log point Spec C'.

Next, we show that there exists a unique stable map extension f : ¢ — UO compatible with
Definition 8.2. We have to define f at each of the added components [P’} of Cfor1<j<m.
First, note that from the tropical picture, such a component maps into the complete toric vari-
ety Z, C ﬁo: as in (8.1). Also, recall from Discussion 6.16 that such a P! component [P’} determines
a monomial My o and hence a section

Sa,07 € (Yo, M5)

with the property that f b(sA‘ ,-) is invertible at the point at infinity, co.s. Moreover, the corre-
25°% j

sponding log constraint o/ is the value
P (55,07 )o0cr) € €

m S0 . . Tr . .
As a rational function, z 7 is defined on Z, C U, and has to restrict to the constant function
on [P’}, with value the log constraint p/ € C*. We deduce f|p1 : P! = Z, is a cover of the line
j

{p/}x P! c C* x P!

fully branched over the two intersection points with the toric boundary of Z,. The covering degree
agrees with the weight of the edges adjacent to the vertex of I' corresponding to P!. Hence, it is

determined completely by the tropical extension &, and in fact equal to w,-. Conversely, 2 Y =
p/ defines a rational curve in Z,, and the Wy~ -fold branched cover definejs the extension f on [P’}.
This way we determine uniquely the image of each inserted P! component [P’}, and hence we
determine the stable map f : € — U,,.

It remains to show that f can be uniquely promoted to a log map C* — [_I(;. As C is log smooth
over the standard log point, it follows analogously as in the torically transverse case from the
proof of [41, Proposition 7.1] that the extension of f away from the nodes is uniquely determined
by strictness. For the extension at the node ooct it follows from the proof of [41, Proposition 7.1]

that there are locally w,- ways to extend f as a log map in a neighborhood of the node. These

- choices are paramet]erlzed by a choice of w, th root of unity. However, there is also an action
of the Galois group Z/w,,- Z of the w,--fold cychc branched cover [P’1 - f ([P’l) which acts simply
transitively on the set of such ch01ces Thus, we obtain globally a umque extension of f as a log
map C* — UO. O
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8.4 | Reduction to the torically transverse case

A correspondence theorem between tropical curves and log maps is proved in [41], in torically
transverse situations. Toric transversality [41, Definition 4.1] means that the image of a log map is
disjoint from toric strata of codimension larger than one. The tropicalization of such a map then
maps to the 1-skeleton of the polyhedral decomposition defining the considered degeneration.
The following general result will allow us to treat situations that are not torically transverse.

Lemma 8.6. Let & be an integral polyhedral decomposition of N and &' an integral refinement.
Denote by m : X — A and 7’ : X’ — Al be the associated toric degenerations of toric varieties.
Assume that & and P’ are regular, that is, they support strictly convex piecewise affine functions.
Then, there is a 2-parameter degeneration

X — A2
with restrictions to A! X G,,, and to G,,, X A! equal to 7w X idg, andtoidg x7', respectively.

Proof. Let ¢, ¢’ be strictly convex, piecewise affine functions with corner loci (or non-
differentiability loci) &2, &, respectively (by this we mean that the non-extendable domains of
linearity of ¢, ¢’ coincide with the maximal cells of 2, &', respectively). We can assume ¢, ¢’
are defined over the rational numbers and hence, after rescaling, that they are defined over the
integers. Denote by ® : N @ R, , — R the homogenization of ¢:

®: Ny — R, ®x,1) =A-¢<%>.

Note that @ is the restriction of a linear function on the cone C(c) for any o € 4. Now the fan
¥ = C(Z?) can be defined by the corner locus of @, that is, the maximal elements of X are the
domains of linearity of ¢. Similarly, we define the homogenization @' of ¢’.

@' Np — R, <I>’(x,u)=u‘¢’l<§>'

To define a 2-parameter degeneration, we use the fan £ in N, @ R @ R defined by the corner locus
of the following piecewise linear function:

W(x, A, u) = d(x, 1) + O (x, w).
Now if
(x, 4, m) € |2,
then ¥ is linear on
(x, 4, u) + {0} x RZ .
Thus, the projection

Np ® R?> - R?
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induces a map of fans from £ to the fan of A2. Define X as the toric variety defined by £ and
71X - A?

as the toric morphism defined by the map of fans just described. The restriction of # to A! x
G,, is described by the intersection of £ with N X R X {0}. This intersection is the corner
locus of

| N, xrx(o}

But
Y(x,4,0) = d(x, 1),
so this corner locus defines C(4?). Thus,
Tlaixe, = 7T Xidg, .
Analogously, we conclude
g, xar = idg x7'. N

With the construction of Lemma 8.6 we are now in position where we can refer to [41] to show
main result in the following theorem.

Theorem 8.7. Let A be a degree as in Definition 4.6 with ¢ + 1 positive and m negative entries,
A an asymptotic constraint in the stable range S, as in Definition 4.30, and p a log constraint of

order (¢, m) as in Definition 6.17. Let NtAr(;p be the count with multiplicities of tropical corals in CR
matching (A, 1), defined asin (4.7), and let Nk)i . be the count of log corals in Yy matching (A, 4, p),
defined as in (6.18). Then,

trop _ Aslog
NA,/l - NA,/l,p :

Moreover, this count is a log Gromov-Witten invariant of the (unfolded) Tate curve.

Proof. Let f : C* — Y, ¥ bealog coral with tropicalization 4 : T — CR. By Theorem 8.5, it extends
uniquely to alogmap f : €7 — ﬁ(') with tropicalization & : T — R2, where R? is endowed with
the extended polyhedral decomposition & defined at the beginning of this subsection. This poly-
hedral decomposition is regular by inspection.

Our aim is to achieve the toric transversality as in [41], to use the correspondence theorem
between tropical curves and log maps shown in [41, Section 8]. For this we need to ensure that the
image of h remains inside the 1-skeleton of the polyhedral decomposition & refine & accordingly.
To obtain an appropriate refinement we simply add T to the 1-skeleton of &2. We do this refinement
to & simultaneously for all tropical curves 751- : T, - R? of degree A matching A and of type (T, u).
Note that by Subsection 4.5, there are finitely many such tropical curves. This way obtain a new
polyhedral decomposition &/ of R2. By further refinement and rescaling we may assume that
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' is integral and regular. Denote by W, the fiber over t = 0 of the toric degeneration associated
to &'. So, W,, carries the natural log structure My, obtained by the pull-back of the divisorial
log structure on the total space given by the divisor W, C W. Then, by Lemma 8.6 we obtain a
2-parameter degeneration

#: X — A?

isomorphic to 7 : U — A! over {1} x A! and to the degeneration 7/ : W — A! defined by &’
over Al x {1}. For the latter degeneration, all log curves in the central fiber (W, My, ) are torically
transverse. Note that the log constraints p translate into point constraints along with multiplicities
along toric divisors on the general fiber of 7/, which is the situation treated in the refinement [20]
of [41]. In this refined case, the tropical count differs from the count in [41], by dividing the weights
on the unbounded edges of T as shown in [20, Appendix]. Hence, from [20, Theorems 3.4, 4.4],
the log maps on the central fiber of 7/ matching analogous incidence conditions is a finite set with
cardinality equal to NZ‘;LP we defined in (4.9). By deformation invariance of log Gromov-Witten

invariants we obtain the same virtual count for log maps on the central fiber ﬁg of 7r, as alog space
over the standard log point. By Theorem 8.5, this count of log maps coincides with the count of
log corals, and so

crtrop _ aslog
NA,A - NA,A,p '

. . . . crtrop __ agtrop
Finally, by Theorem 4.36 relating tropical corals and tropical curves, we have N Vi N AL and
o)

trop _ Aslog
NA,/l - NA,/l,p :

Since we are in the situation where the total space Y is toric, it follows analogously as in [41,
Proposition 7.3] that this count is a log Gromov-Witten invariant of the general fiber of Y, which
is the unfolded Tate curve. O

8.5 | Lifting log corals on the Tate curve to its unfolding

Recall that Y, is the central fiber of the degeneration of the unfolded Tate curve, and by taking
the Z-quotient

A
7r:Y0/—>T0><A1

we obtain the central fiber of the degeneration of the Tate curve, as explained in Subsection 2.1.
Given a log coral f : CT — Y, ', one naturally obtains a log coral

f=mof: c' — (Ty x AN,

In the following theorem, we show that given a log coral f : ET — (Ty x A1) there is a lift of it
toalogcoral f : CT — Y.
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Theorem 8.8. Let? :C - (Ty x AD)T be a log coral fitting into the following Cartesian diagram

é XTQXAI YO /Z 6
if f (8.1)
YE) TO x Al

The fiber product C Xr,xal Yo is isomorphic to a disjoint union of copies of C, that is
C XTOX/\l YO = HC
Z

and f = e ®,of, where ®, : Y, — Y, is the Z-action on Y induced by the Z-action on the
Mumford fan defined as in Subsection 2.1.

Proof. It is enough to show that each connected component C’ ¢ C Xr,xal Yo is isomorphic to

C. This will follow from the fact that any étale proper map from a connected curve to a nodal
rational curve is an isomorphism. The map 7 : C Xryxal Yo = C is étale since Y, — (T, x A1) is
étale, hence it is a local isomorphism in the étale topology.

We claim that C’ has finitely many irreducible components. Let ' and 'z be the dual graphs

of C’ and C, respectively, defined as in Construction 7.2. The map 7| : C’' — C induces a map
Fn’ . FC’ e d FE

which is a local isomorphism. So, for every vertex v € I'c , the restriction I' | g;(,) is an isomor-
phism onto Star(I',(v)). Here, for any vertex v, Star(v) denotes the subgraph consisting of the
vertex v, edges containing v and their vertices. Since I'c; is connected and I'z is a tree, I'. is a cov-
ering map. As any covering map factors through the universal covering and 7,(I'z) = 0, it follows
that I' is an isomorphism. Hence, the number of vertices of I' is finite and the claim follows.
This shows that the map 7|~ : C' - C is proper.

By the Hurwitz formula we have 7*wz = w/, where wz and wc denote the canonical bundles

over C and C’, respectively. Applying the Riemann-Roch theorem for nodal curves, we obtain
2g —2=degwc =d - deg(wz) = —2d

where g = g(C") = 0 as each component of C’ is a copy of P! and the dual graph is a tree. Hence,
d = 1. Therefore, 7| : C' — C is an isomorphism. O

We will now discuss how to translate the equivalence of the tropical and log counts stated in
Theorem 8.7 on the (degenerate) unfolded Tate curve to the Z-quotient T, X A'. Let us first set up
the counting problem on the tropical side. Denote the corresponding affine manifold by B = CS?,
which topologically is S* X R.

Each direction of positive or negative ends (the directions associated to positive edges, or to
the edges adjacent to negative vertices of a coral graph, respectively) that enter the definition of
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the degree of a tropical coral is now only defined up to the Z-action. Thus, specifying a degree
A on B amounts to choosing an equivalence class under the Z-action of the corresponding data
on B = CR. Given a degree A and asymptotic constraint p on B, there are either zero or infinitely
many tropical corals with a fixed number of ends and with each direction and asymptotic con-
straint restricted only to an equivalence class under the Z-action. Indeed, given any tropical coral
fulfilling the given constraints on its ends, the composition with the action of any integer on B will
produce another one. These tropical corals related by the Z-action induce equal tropical objects
on B. Thus, we should rather restrict to Z-equivalence classes of tropical corals. A simple way to
break the Z-symmetry is to choose one representative of the Z-equivalence class of directions of
one of the ends.

Another source of infinity in the count is more fundamental and is part of the nature of the
problem. It is related to the fact that the counting problem in symplectic cohomology produces an
infinite sum with single terms weighted by the symplectic area of the pseudo-holomorphic curve
with boundary. The logarithmic analogue runs as follows. For a log coral f : CT — Yg look at the
underlying scheme theoretic morphism and take the composition

C—Y,— TyxAl

where T, is the central fiber of the Tate curve as in Subsection 2.1. This morphism extends uniquely
to a morphism

E—)TOX[P’I

from a complete curve Cto T, X P. The algebro-geometric analogue of the symplectic area is the
degree of the composition

C—TyxP' —T,.

Since ‘degree’ is already taken for something else, let us call the degree of C — T, the log area of
the log coral. We denote by

NA,A,p(A)

the cardinality of the set of log corals of fixed log area A, given degree A, matching the asymptotic
constraint 4 and the log constraint p. We will see in (8.2) that N, ;. o (A) is finite.

The tropical analogue of the area is given by a tropical intersection number as follows [4]. For
each vertex (a - b, 1) of &7, we have the line

L,=R-(a,1) C Ny

through the origin. Each tropical coral has a well-defined intersection number with L,. Define
the tropical area of a tropical coral as the sum of the intersection numbers of its extension as a
tropical curve in N with L, for all a € Z. The tropical intersection number bounds the number
of crossings of the tropical coral with unbounded 1-cells of the polyhedral decomposition Egzb of
EIR, defined in Section 3. Hence, with the Z-action modded out as before, we also obtain a finite
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tropical count

trop ( A)

of tropical corals in CS? of fixed tropical area A of fixed degree A and matching a general asymp-
totic constraint A. Using the fact that the tropical area of the tropicalization of a log coral is the
log area of the log coral, Theorems 8.7 and 8.8, readily gives

NyF(A) = Ny () (8.2)

forany A € N, A, 1 and p. This shows in particular that N, log (A) is finite. Introducing generating
series summing over A € N:

1
N (Tox Al = Y Nag (A)g* € Clql,
AeN

trop(cs )_ Z Ntrop(A)q e C[[q]]
AeN

and using the analogous unobstructedness results in [41, Section 7], we obtain the following the-
orem.

Theorem 8.9. N log (T0 x Al) = trOp(CSl) and this count is a log invariant of the Tate curve.

9 | PUNCTURED LOG CURVES

The theory of log Gromov-Witten invariants [2, 24], provides a vast generalization of the the-
ory of relative Gromov-Witten invariants [35, 36]. While in relative Gromov-Witten theory con-
straints are imposed relative to a smooth divisor, in log Gromov-Witten theory this is done relative
to more general divisors, including normal-crossing divisors. Abramovich-Chen-Gross-Siebert,
introduced punctured log Gromov-Witten theory, in which one could also consider allow negative
tangency orders with the divisors.

Recall that we introduced log corals on Y, the central fiber of the degeneration of the (unfolded)
Tate curve. We show in this section that log corals correspond to punctured log maps on T, the
central fiber of the (unfolded) Tate curve, defined as in Subsection 2.1. As discussed in Subsection
8.5, since log corals on the Tate curve lift to the unfolded Tate curve, for convenience we again
work on the unfolded case.

Remark 9.1. From Proposition 6.10, it follows that given a log coral f : CT — Yg , the tangency
order (or contact order) at a marked point p € C is given as the image of the composition of the
following maps

— — prp
My s = Mcp =NON—N,

where the equality MC, » = N @ N follows from Theorem 6.4(ii), and pr, is the projection on the
second factor. To achieve negative tangency orders, the idea in punctured log Gromov-Witten
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theory is to modify the log structure on the domain, so that we would have Hc,p CN@ Z,and
hence projecting to the second factor would give elements in Z capturing the tangency order,
which could be negative (for details, see [3]). Such marked points p, where one allows negative
contact orders are referred to as punctured points. For the case of the Tate curve recall that the
domain ofalogcoral f : CT — Yg onto the central fiber of a degeneration of the Tate curve admits
non-complete components. We will obtain punctured log maps from log corals by trading the non-
complete components by punctured points.

Let f : CT = Y," be a log coral and let A}{ C C for k = 1,..., m be the non-complete compo-
nents of C such that

m
c=[]a; 1, C 9.1)
k=1

where g, C A}( is a nodal intersection point of the non-complete component with another irre-
ducible component. We omit all the non-complete components from C, and define a punctured
log map

[ (CMQ) = (To, Mz),

where the log structure a° : MZ — O is obtained by modifying the log structure on C as pointed
in Remark 9.1. For a detailed of this modification we refer to [3, Subsection 2.1.4].

Recall from Subsection 2.1, that Y|, is obtained as the product of the affine line with To. We
will first show that, given a log coral f : C* — Y, by projecting the image of non-complete
component A! C Y, onto T, we obtain a single point in T, — this will correspond to a punctured
point.

Proposition 9.2. Let f : CT — YOT be a general log coral and let C' C C be a non-complete com-
ponent. Then, the map

pry oflc/ . Cl = Al - [F"l, (92)
defined as in Equation 6.8, is constant.

Proof. Let f(z) : P! — P! be the extension of pr,of s : C' = Al — P! as in 6.8. If f is non-
transverse at C’, the result follows trivially. Assume f is transverse at C’, then

(f|c’(cl) N (Yo)s=o) C P\ {0, o0},

where by {0, oo} we denote the lower dimensional toric strata in P!. Furthermore, by the parallel
condition in Definition 6.8(i), the point at infinity intersects the divisor at infinity at a point

fcl(mcl) =(qy (S CX C Pl.

Hence, we have f(C’ U{oco}) € P!\ {0}. The result follows, since a morphism from a complete
variety to an affine variety is constant. [l
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Proposition 9.2 shows that the non-complete components C’ C C do not carry any additional
information except at the position of the nodal point g, . By trading any non-complete component
C’ by the point pr, of |c’(C") defined as in (9.2), we obtain a restriction of a log coral in Y, to T, =
(Yy)s—o- On the tropical side this amounts to restricting the corresponding tropical coral on the
truncated cone CR, obtained by tropicalization of a log coral, to the interior of the truncated cone.

We define incidence conditions for punctured maps f : (C, M%) - (T,, MTO) analogously to
the case of extended log corals, as explained in Subsection 8.3.

Definition 9.3. Let A be a degree with ¢ + 1 positive and m negative entries, 4 an asymp-
totic constraint for A, and p a log constraint of order (£, m). We say that a punctured log map
f@Em)~ Tg with # + 1 marked points p, ..., p, and m punctured points gy, ..., q,,,matches
(4,4, p) if:

(i) for each marked point p;, the composition

—-—9P —0°,9P

—b
pr2ofpl_ : MTof(Pi) - Mc’,p,- A

equals Zl, where pr, is the projection map to the second factor;
(ii) for each punctured point g;, the composition

4 - 9P —-—%9P
przoqu' ’ MTO’JF(C]}') - Mé’q.j —7Z

equals A/, where pr, is the projection map to the second factor;
(iii) for each marked point p; with 1 < i < #, let C; be the irreducible component of C containing
Dp;, of generic point #;. Then, the image of

(fm . M’TO’fN(m) - HC'J% =N)eN
under the quotient map
N - N/(NNRA)
isequal to 4;;

(iv) for each punctured point g;, let C; be the irreducible component of C containing q j» of
generic point 7;. Then, the image of

(f77j . Mrfof(,}j) b Mé,nj = N) eEN
under the quotient map
N — N/(N nRAY)

is equal to 0.
(v) for1gi<g?, f;_(su,l)(pi) = p;, where s, ; is defined as in Discussion 6.16;

<
(vi) for1<j < m, fg_(sAA o= )(qj) = p ,, wheres, - isdefined as in Discussion 6.16.
Jo=i —J =Jj7j
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Denote the set of punctured log maps f : (C, M2,) — Tg matching (A, 1, p) by £, ; .. It follows
from ProposiFion 9.2 that given a punctured map f : (C, M%) - T;, we can extend it to a log coral
f:C" =Y, defined by

[f onCccC
f= {f(qk) on /-\11{ ccC ©.3)

foreachk € {1, ..., m}, where g, and /-\]16 are asin (9.1). The map f naturally lifts to a log morphism,
similarly as in the proof of [3, Theorem 3.1.3]. Hence, we obtain the following result.

Theorem 9.4. The forgetful map

o
gM,p 5 SA,Z.,p

w7

is a bijection. Thus, the count of log corals Nfip in Theorem 8.7 is a punctured log Gromov-
Witten invariant.

The deformation theory with punctured point constraints has been worked out in a preliminary
version of [3], and in this particular case for the Tate curve it follows that the punctured stable
maps in 22, ip are unobstructed — for details on this, we refer to [3, Section 4]. Therefore, from
the bijection in Lemma 9.4 we conclude the equality of the count of log corals on the central fiber
of the degeneration of the (unfolded) Tate curve with a punctured Gromov-Witten invariant in
the sense of [3] on the central fiber of the (unfolded) Tate curve.
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