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ABSTRACT

We consider the many-body time evolution of weakly interacting bosons in the mean field regime for initial coherent states. We show that
bounded k-particle operators, corresponding to dependent random variables, satisfy both a law of large numbers and a central limit theorem.

© 2022 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0086712

I. INTRODUCTION AND MAIN RESULTS

We consider N weakly interacting bosons in the mean-field regime described on L?(R*"), the symmetric subspace of L*(R*"), by the
Hamilton operator

N 1 N
HN=Z(_A1')+N > v(xi-x), D
i=1 i<j=1
with the two-body interaction potential v satisfying
v* <C(1-A) (12)

for a positive constant C > 0. The mean-field regime is characterized through weak and long-range interactions of particles. Trapped Bose
gases at extremely low temperatures, as prepared in the experiments, are known to relax to the ground state. The ground state 3 of (1.1), if
it exists, exhibits Bose-Einstein condensation,'” i.e., the associated ¢-particle reduced density

L s S
P2 =t e VR (13)
converges in the trace norm to
v = lolel® as N oo (1.4)

for all £ € N, where ¢ € LZ(R3) denotes the condensate wave function, known to be the Hartree minimizer. However, we remark that the
factorized state 9®~ does not approximate the ground state due to correlations of particles.'!

A. Law of large numbers

Turning to the probabilistic picture, the property of Bose-Einstein condensation (1.4) implies a law of large numbers for bounded one-
particle operators.’ To be more precise, for k € N, we denote with O* a bounded, self-adjoint k-particle operator on L?(R**) and with i . the
multi-index
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io= (i) € IO, T = {(n i) € {1 N2 forj 2 m), (15)

Then, we define for fixed k < N the N-particle operator

(R ; (k)

Oik with i, e 77, (1.6)
actingas O on particles iy, . . ., it and as identity elsewhere. We consider the operator Oi(kk) as a random variable with probability distribution
determined through yn by

k k k
Py, [0 € 4] =By, [1a(0)] = (wnlxa(0F ) 1yw), 1.7)

where y4 denotes the characteristic function of the set A c R.

For one-particle operators, factorized states correspond to ii.d. random variables as for any subsets A;,A> c Rand i,j € Iﬁ,l) with i # j,
Pyor [0 € 41, O € 4] = (9™ 1a, (0 )xa, (0 ) 9™
= (#lxa, (07 lo)ols: (01)ig)
= (0" Ita, (0 l9® ) 9™k (OF ) |9
:P¢®N[Ofl) eAl] Pq,@NI:Oj(l) eAz]‘ (1.8)
In particular, for factorized states, Chebychef’s inequality implies a law of large numbers for the centered averaged sum,

L (o0 (1)
NZ(O,- - (pl0@lg)). (1.9)

i=1

L)
NON =
In contrast to one-particle operators for k-particle operators with k > 2, factorized states do not correspond to i.i.d. random variables. In fact,
for k > 2, we have
k k) (k)| ®k k Ky (k)| ®k
E¢®N[(o§k) ~ (9®0Wp® ))(o? ~ (p%10®|p® >)] 20 (1.10)

for all i, # jk for which i, contains at least one element of jk. We conclude that in this case, the random variables are correlated and, thus,
dependent. In contrast, whenever i, does not intersect with Je the random variables Ol.(kk), Oj(k) are independent [following from arguments
- - k

similarly to (1.8)]. Consequently, for factorized states, the random variables {Oi(k) }; .;® denote a sequence of m-dependent random variables
-k kSEN

with m € RR. Still, as in Theorem 1.1, the centered averaged sum

1 O(k) ._ 1 (Ol(kk) _ (‘P®k|o(k)‘(;0®k>) (1.11)
)

N\YN TN
( k ) ( k )ike Z.S\Jk
satisfies a law of large numbers.

Theorem 1.1 (law of large numbers). For k € N, let 0% denote a self-adjoint bounded k-particle operator, ¢ € L*(R®), and yy € LE(RW)
be a bosonic wave function satisfying
vl = lo)ol®  as N—oo (1.12)

for all £ € N. Then, for any fixed k e N and & > 0, the averaged sum O,(f) defined in (1.11) satisfies
1 k
o8

P[ )

For factorized states, we have y;QV = |¢)(9|®", and a law of large numbers follows from Theorem 1.1.

> 5:| -0 as N — oo, (1.13)

In particular, Theorem 1.1 shows that the property of condensation (1.12) implies a law of large numbers for bounded k-particle operators
for fixed k € N. Thus, Theorem 1.1 generalizes known results from Ref. 3 for bounded one-particle operators to k-particle operators with fixed
k € N. We recall that the ground state y% of (1.1) cannot be approximated by a factorized state; nonetheless, the condensation property (1.4)
ensures that bounded k-particle operators satisfy a law of large numbers for %, too.
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1. Generalization to the Fock space

In order to generalize Theorem 1.1 to any Fock space vector y € F of the bosonic Fock space F = @, LZ(R3)®S , we introduce some
more notation. _
For any vector y € F, we have the following identity for the operator 0¥ = 0®) — (¢®¥|0® |®) on the N-particle sector:

—~ (™)
(dr(“(o“‘))w) = onyW, (1.14)
where we introduced the second quantization for any integral operator 0™ on 12 (]R3k),
dr(k)(o(")) = [ dxi...dxpdy: ... dyy O(k)(xl, XY YE) Oy - Gy, - - . Gy (1.15)

Note that we can generalize the definition of the probability distribution (1.7) to the Fock space: For any y € F, integral operator 0% on
L*(R%*), and A c R, we have

P, [dr® (00 e a] = By [1a(ar® (0™))] = (wla (ar® (0% ) ). (1.16)
On the Fock space, the k-particle reduced density y((yk) associated with y € F is given by the integral operator with kernel

k * *
y‘s, )(xl,...,xk;yl,.,.yk) =(Ylay, ... ayay ... ax ). (1.17)

It follows from a generalization of Theorem 1.1’s proof in Sec. II that for y € F satisfying (1.12), we have for any § > 0,

P‘I’N [

We are interested in the dynamics of initially trapped Bose gases. Removing the trap, the bosons evolve with respect to the Schrédinger
equation,

1 ~
Ay dr®? (")

(%)

> 8] -0 as N — oo. (1.18)

2. Dynamics

i0rynt = HNYN 1 (1.19)

with Hy being the mean-field Hamiltonian given in (1.1). In the following, we consider coherent initial data, i.e., initial data of the form
yno = W(VNo)Q, (1.20)

where Q denotes the vacuum of the bosonic Fock space F = @,50L2(R*)® equipped with creation and annihilation operators a* (f),a(f)

for f e L3(R?), W(f) = ¢ (D=4 denotes the Weyl operator, and f € H' (R*) denotes the condensate wave function. Coherent states of the
form (1.20) exhibit Bose-Einstein condensation in the quantum state g, i.e., they satisfy (1.4).

Thus, it follows from Theorem 1.1 that initially a law of large numbers holds true. The property of condensation is preserved along the

many-body time evolution (Ref. 4, Theorem 3.1), i.e., the ¢-particle reduced density Vz(\ft) associated with y satisfies

YI(\f,) - |‘Pt><(/’t|®e as N - oo forall /€N, (1.21)
where ¢ € H'(R?) denotes the solution to the Hartree equation,
i0ipr = hu(t)@ with  hu(t) = A+ (v * o), (1.22)

with initial data ¢ = ¢ € H' (]R3) (for further references, see, e.g., Refs. 1, 2,7, 9, 10, 15, 22, and 23). Theorem 1.1 and (1.21) show that

1 1
A Ar(0) = xdr(0® - (P oW o)) (123)

(%) (%)

satisfies a law of large numbers for positive times t > 0 too, i.e., for any § > 0,

1
xydr(0®)

(%)

IP\/’N,:[ > 6:| -0 as N — oo forall teRR. (1.24)

J. Math. Phys. 63, 081902 (2022); doi: 10.1063/5.0086712 63, 081902-3
© Author(s) 2022


https://scitation.org/journal/jmp

Journal of
Mathematical Physics ARTICLE scitation.org/journal/jmp

B. Central limit theorem

While the law of large numbers characterizes the mean of the probability distribution, fluctuations around the mean are governed through
the central limit theorem. Before stating our result on a central limit theorem for fluctuations of order O(N' k=172 ), we introduce some notations.
For a bounded k-particle integral operator O* and ¢ € L*(R?), we define

(77 P0“) ()

fdxl cdxicadxip . dgdyy o dye O (1, XisL X Xk XY yk)H <pf(x,)]—[ @t (ym)s (1.25)
i=1 m=1
i#j

and furthermore, for f € R,0 < s < f,andj € {1,...,k}, the function fs({) is given by

0. = (hn(s) + Kis = Koo )fL with £ = q(97* P00 ), (1.26)

with the anti-linear operator J f = f for any f € L*(R®), q: = 1 — |¢;){¢:|, the Hartree Hamiltonian hy defined in (1.22), and the operators

Kii(xy) = pe()v(x = »)oe(y),  Kae(xy) = o (x)v(x = p)pe(y). (1.27)

Theorem 1.2 (central limit theorem). For k,N € N with k < N, let O® be a self-adjoint, bounded k-particle integral operator and ¢ be the
solution to the Hartree equation (1.22) with initial datum ¢o = ¢ € H' (R?). Let yw, € L2(R*N) denote the solution to the Schridinger equation

(1.19) with the initial datum of the form yno = W(v/Ne)Q.
Let a,b € R with a < b; then, there exists a constant C,px > 0 such that the centered averaged sum dF(Ot(k)) defined in (1.23) satisfies

[Py, [N512ar(0) € [a,6]] - P[G € [,b]]] < Cus 1INV, (1.28)

where G, denotes the centered Gaussian random variable with variance given by

k
Z (FNFD). (1.29)

We remark that for a factorized state, we can explicitly compute the variance

0'1%] ¢®N|:(O(k)) ] ¢®N I:OI(\]k):IZ
2
= Y Egpe [o(“o(k)] ( 3 ]E(pw[éi(kk)]) , (1.30)

1, 1P
where we introduced the centered k-particle operator
0w Z ok _ ((p®k|O(k)|<p®k). (1.31)

The last sum of the rhs of (1.30) vanishes. Furthermore, the first sum vanishes whenever jk does not intersect with i,, and for the remaining
terms, we find

kN (N-2k+1) -
2 . 2%k-2
N TRl M¢®N(1,1)+O(N ) (1.32)

using the definition
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¢®~(l D= (( o l)o(k)‘/’@k) ‘(¢®(k71)6(k)¢®k )j>L2(1R3)

_ (q(¢®(k—l)o(k)¢®k)4‘q(¢®(k‘l)o(k)¢®k )}) . (133)
i L (R3

with g = 1 - |¢)(¢| and (1.25). In particular, we observe that the variance scales as % = O(N*"!), and thus, we expect fluctuations to be
0 ( Nk7 1/2 ) .

We observe that Theorem 1.2 shows that the fluctuations of the many-body dynamics scale similarly to the fluctuations of a factorized
state. Moreover, for ¢ = 0, the variance o3 of the many-body dynamics defined in (1.29) agrees with the covariance matrix Mgen (i,5) in (1.33)
of a factorized state.

We remark that for k = 1, i.e., considering bounded one-particle observables, Theorem 1.2 generalizes known results™* to more general
one-particle observables. This generalization is due to a different strategy of the Proof of Theorem 1.3 than in Refs. 3 and 6. We follow the
ideas of Ref. 6; however, we directly use as a first step in Lemma 4.1 the norm approximation (4.1) of the many-body time evolution (for more
details, see Sec. IV B). Furthermore, the authors of Ref. 6 proved a multivariate central limit theorem: it is shown that the expectation value
of products of functions fi, .. ., fx of bounded, self-adjoint, and centered one-particle operators Oy, . . ., O [i.e., operators of the special form
(1.9)] can be approximated with the integral of fi, . .., fi against a complex-valued Gaussian density.

Recently, for one-particle operators, the probability distribution’s tails were characterized through large deviation estimates, "' showing
that

1 1 1
J}E{}oﬁ log IP’Wt[NdF(Ot( )) > x] O(x5/2) (1.34)

Wuz

for sufficiently small x < CeigCM, where ft(,é) is defined similarly to (1.26), but using the projected kernels Kj:(x, y) = g:Kjs(x, y)4s.
Furthermore, for one-particle operators, a central limit theorem is proven for stronger particles’ interactions in the intermediate regime,"”
interpolating between the mean-field and the Gross-Pitaevski regime. In the Gross-Pitaevski regime of singular particles’ interaction, a central
limit theorem is proven for quantum fluctuations in the ground state,”” too.
Theorem 1.2 follows from an approximation of the random variable’s characteristic function given in the following.

Theorem 1.3. Under the same assumptions as in Theorem 1.2, we have

»N—k+1/zdr(o(k)) _U /2
Ey, [e’ !
YNt

(£+1)/2
< CeM0®op ZN‘Z/2(1+ZOU‘) I ) : (1.35)
£=1 i

In the following, we will now first turn to the Proof of Theorem 1.1 in Sec. 1], then prove Theorem 1.2 from Theorem 1.3 in Sec. I1I, and
finally prove Theorem 1.3 in Sec. I'V.

Il. PROOF OF THEOREM 1.1
We generalize ideas from Ref. 3 on a law of large numbers for bounded one-particle observables to the case of k-particle operators.

Proof. By Chebycheff’s inequality, we have
1

|

where we used the notation O ¥) defined in (1.31). Furthermore, we denote with i i i } the number of elements of i, agreeing with j I Then,
we can write

2
o >6]<(N1E, > o) 2.1)

2 YN
82 -}
‘) ezl

2

k
> o=y ¥ oo”. (2.2)
ikeI»Elk) i £=0 ik,ikelf) i
ﬁ{i,@jk}:@

We can express the rhs of (2.1) in terms of j-particle reduced density matrices defined in (1.3) and find

k 2k—£ k k
IE%,[ DI ] ORI 3l o0, (2.3)
ip,e.oik€ly £=0 IJEI(k)
H{lk]}f
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Plugging (2.3) into the rhs of (2.1), we find

(k) (2k—5) o1 i)
Py, [|0P] > 6] < ik 52;) Z(k) (Ozk of ) (2.4)
k i ] €Ty
tt{ka } ¢
For ¢ = 0, the term of the sum of the rhs of (2.4) is given by
1
eyl yik of")o"‘) I(V d o Y (0 00 < Gur y2? (00 @ 0®). (2.5)
(k)ajk,ikel() (k)5
#ipg, }=0

Since yn exhibits Bose-Einstein condensation, it follows by assumption (1.12),
~ ~ (2k) ~ ~ (2k)
tr yé,i}“(O(k) ® O(k)) - tr |(p)((p|®(2k)<0(k) ® O(k)) as N — oo, (2.6)

and by definition (1.31) of 0™ we arrive at

k) (75 (k) o 7 (k)) (2
tr |‘P><‘P‘®(2 )(O( ) 0¢ ))

=0. (2.7)

For £ > 1, the terms of the sum of the rhs of (2.4) consist of (2k — £)-particle operators whose expectation values are computed with
(2k — £)-particle operators. In particular, we find

k k N k
k=0) (= (k) = (k) k)2 _ ) k)2 1
(Ve Yoy (Ozk o )3 ClOW5, 3“2 < 60D 5 ) Ni =0 (2.8)
r 1 erd =1 k) =1
#is, 1=t
as N — oo.
We conclude with (2.4), (2.7), and (2.8) by
1
PWN[ Wo(” > 8] >0 as N - o (2.9)
k
m]

I1l. PROOF OF THEOREM 1.2

We use standard arguments from probability theory to prove Theorem 1.2 from Theorem 1.3. We follow the arguments from Ref. 6,
Corollary 1.2.

Proof. We consider the difference
Py, [N12dr(07) € [a,5]] - P[G; € [a, 5]
= (1//N,t|)([a,b]( kH/Zdr(O(k)))W/Nt

= By, [y (N2dr(0() )] - [X[a,h] (gt)], (.1)

2111 a h] (x)

where x[,;] denotes the characteristic function of the set [a, b]. We observe that for g € L'(R) with Fourier transform g € L' (R, (1+ sk ) ds),
we have, on the one hand,

Eyy, [g(N72dr(0(9))] = (ynalg(NF2dr(0) )y}

- iTNkH/2 (k)
= [ arg@ ™ O y) (32)
and, on the other hand,
Elg(0)]= o [ dxg()e S [argm e T (33)
J. Math. Phys. 63, 081902 (2022); doi: 10.1063/5.0086712 63, 081902-6
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and, in particular, by Theorem 1.3,
By [g(N12dr(0()) ] - El2(60)]]

2k—1

_ (e+1)/2

<G00 oy [ dr (e 3 NP (14700 ) T
£=1

(3.4)

Thus, in order to find an estimate for (3.1), we shall find an approximation from above f;. and from below f_. of the characteristic
function x[,), which satisfy f_¢, 1 € L'(R*) and f_,f1c € L'(R, (1 + s**)ds). For this, let 7 € C° (R) with 17> 0, 5(s) = 0 for all |s| > 1
and [ ds7(s) = 1. Furthermore, for € > 0, let 7¢(s) = &~'#(s/e). Then, for any & > 0, we define

f—,S = Xla+eb—e] * Me and f‘hs = Xla—gb+e] * Ne> (3.5)
which satisfy
f=e < Xab] € fre (3.6)
Moreover, the Fourier transform is given by
Foo(r) = it (7O _ @ ) ey, 3.7)
f-e(7) T

Thus, it follows from (3.1) and (3.6) that

Py [N12dr(0P) € [a,6]] - P[G: € [a,b]]

—k k
> ~[B[f-e(90)] - By [ f-e(N 20 (0))]| - [ELF-e(90)] - E[x1ay (9] (3.8)
and with (3.4) and (3.7), we arrive at
Py [N2dr(0P) € [a,6]] - P[G: € [a,b]]
2k—-1
> —Ckeclt| Z N_£(|a - b|.€_1 + e_z) G0 _ Ce. (3.9
=1
Similarly, using f; ¢, we have
Py [N*2dr(0P) € [a,6]] - PIG: € [,b]]
2k—1
< Cre™ > N_e(|a —ble! + e_z) G0 e (3.10)
=1
Now, we optimize with respect to € > 0 and arrive at (1.28). |

IV. PROOF OF THEOREM 1.3
A. Fluctuations around the Hartree dynamics

In the following, we consider the bosonic N-particle wave function yy, as an element of the bosonic Fock space F = @,,50L* (R3)®: with
creation and annihilation operators a*(f),a(f) for f € L*(R*). Theorem 1.3 characterizes the fluctuations around the Hartree dynamics,
which are well described by the approximation of the many-body time evolution (Ref. 4, Theorem 4.1, and Ref. 6, Proposition 3.3) in the
L*(R*)-norm,

[y = W(VNg:) Uoo (£:0)Q < Clt| N2, (4.1)

where the limiting dynamics U o (¢;0) is given by

10U oo (£0) = L()Uoo (£0),  Uoo(0;0) = 1, (42)
with the generator
L(t) = dT(hus () + Kip) + f dxdy(Kou (x5 7)a; @ + Kou (1 9)axay ). (4.3)
J. Math. Phys. 63, 081902 (2022); doi: 10.1063/5.0086712 63, 081902-7
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Here, dT(A) = [ dxdy A(x;y)a;a, denotes the second quantization of an operator A on L*(R?), hy(t) denotes the Hartree Hamiltonian
defined in (1.22), and Kj; denote the operators defined in (1.27). For further references, see also Refs. 8, 12, 13, 16, and 18. The generator
Lo (t) is quadratic in creation and annihilation operators and thus (Ref. 3, Theorem 2.2) (see also Refs. 5 and 19) gives rise to a Bogoliubov
dynamics, i.e., there exist bounded operators U(£; 0), V(t; 0) on L*(R?) such that for f,g € L*(R?) and the operator A(f,g) = a(f) + a* (),

we have
. , (U(t;O) ]V(t;O)])
U o (50)A(f,2) U (:0) = A(O(10)(f,g)) with O(£0) = , (4.4)
V(t0) JU(t0)]
where J f = f for any f € L*(R?). In particular, for the operator
$(f) =a(f) +a*(f)  for fel’(R’), (4.5)
from (4.4), we have
U5 (£0)p(f)Uso(10) = ((U(£0) +JV(10))f), (4.6)
and it follows from Ref. 3, Theorem 2.2, and the subsequent remark that
i0;(U(t;s) +JV(85)) f = (hu(s) + Kis — Ko ] ) (U(85) +JV(855)) f- (4.7)

Compared with (1.26), we note that the variance o; defined in (1.29) is determined by the limiting Bogoliubov dynamics (4.2), i.e., the
fluctuations’ quasi-free approximation.
B. Proof of Theorem 1.3

Proof 1.3 is split into three steps covered by Lemmas 4.1-4.3.

For the first step, Lemma 4.1, we use a strategy similar to the strategy in Refs. 19 and 20, directly the norm approximation (4.1). This
allows us to consider more general k (respectively, one) particle operators than in Refs. 3 and 6 where the difference of the limiting fluctuation
dynamics U oo (t;0) defined in (4.2) to the full many-body dynamics was estimated in (4.10) by Duhamel’s formula and a Gronwall estimate.
The remaining steps use the same ideas as in Refs. 3 and 6.

Lemma 4.1. Under the same assumptions as in Theorem 1.2, let
&t = W(VNg:) Uoo (£0)Q. (4.8)

Then, there exists C > 0 such that

g—k+1/. (k) N—k+1/: (k) —
‘]EWNJI:EIN 124 (0f )] R, [e'N V24 (0] )] < CltN~>. (4.9)
Proof. We have
A—k+1/, (k) ag—k+1/. (k)
IEWNJ |:e’N '2dr(o; )] _E ” [e'N 12410 )]
o A—k+1/2 (k) - n—k+1/2 (k)
= [ymale™ Oy 8+ g~ Exale™ O g (4.10)
The operator O® is a self-adjoint operator; thus, He"N_M/zoﬁf lop < 1, and we find with (4.1) and (4.8),
g—k+1/. (k) N—k+1/: (k) —
‘E,,,NJI:EIN 24r(o; )] _ EEM [ezN 24r(o; )] < C\t|N 1/2. (4.11)
[m]

Lemma 4.2. Under the same assumptions as in Theorem 1.2, let $(f) be defined as in (4.5) and h; = ZJ]-‘:I hje € L*(R?) be defined with
(1.25) by
his = (¢;®(k71)o(k)<p;®k)j' 4.12)

Then, there exists C > 0 such that

Ar—k+1/2 (k) .
|Efw,t|:elN o, )] - Euw(r;0)0[61¢(ht)] (4.13)

2k-1
< G oW op 3 NT2(1+ O,

j=1

)(j+1)/2‘
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Proof. Recalling (4.8), we shall estimate the expectation value

—k+1/2 1) . N2 g0 (5O
nglt[eN ar(of >]=<w (VW)™ ar® @ )W(\/IT](p¢)>Uoo(t;O)Q
" ENE2 g0 (5K
:Eum(t;o)ﬂ[w (\/ﬁq)t)e N dar'® (o )W(\/N(Pt)] (4.14)

In order to compute the operator

One = N2 W (VNg) dr® (O W (vNgy), (4.15)
we use the Weyl operators’ shifting properties on creation and annihilation operators, i.e.,
W*(VNg)a.W(VNg:) = ax + VNoi(x), W (VNei)a; W(VNey) = a; + VN gi(x). (4.16)
With Ot(k) = 0 — (p®F0W|®*), we find
Ony = NTRH2 f dxi...dxedyr ... dyy Ofk)(xl, e XB Y- VE)

x (az,’ﬁl + \/N@(xl)) e (a,’ﬁk + \/N@(xk))(ay. + \/N(Pt(yl)) e (ay,c + \/ﬁ(pt(yk)). (4.17)

We observe that the leading order term O(N*) vanishes by the definition of O®) in (1.31). Thus, the first non-vanishing leading order
term is O(Nk_m), and in particular, we have with (4.5) and (4.12),

ON,[ = f dx1 .. .dxkd)q .. .dyk 6(k)(x1,. XYl ')’k)

k k k k k k
x| [Toem)D ai]T (i) + [19:(xen) Y ay [ e (i) | + R
m=1 T m=1 T

i#j i#j

= ¢(hs) + Rn. (4.18)

The remainder

Ry =Ony — ¢(ht) (4.19)
is the sum of (2% — 2k) terms. The estimates

laCH)EN < L fLIN el T (D& < 1IN + 1)) (4.20)

for any f € L*(R*) and any Fock space vector £ € F together with (4.17) yield the upper bound

2k . .
|RnE] < Ce|OW op NP (N + 1) 002 (4.21)
j=1

for any £ € F. We use the fundamental theorem of calculus to write

N—k+1/2 (k) :
EEN,[ [eIN K1/ dr(o, )] _ Eum(t;om[e@(hl)]
= (NN 1Y (50)Q — (Uoo (150) Q1™ | U oo (150) Q)

1 . .
:_fo ds %(uw(t;o)Q|e'<1*S)‘9N»e’S¢<hf>|um(t;o)a)
1 . .
- f A5(Uoo (10) Q¥ Ry |1 (£0) Q). (4.22)
0

Then, it follows from (4.21) that
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A—k+1/2 (k) .
‘]EENJ [etN k /dl"(O, ):| _Eum(z;o)g[el¢(h')]|
1 .
< f ds [Rye™ ™ U oo (£0)Q
0
k LA i+1)/2 isp(h
< ¢ o¢ >||opf0 ds 3 NP + 1) D20y (10)0]. (4.23)
j=1
With Ref. 6, Proposition 3.4 and || ]? < | 0% |5 by definition (1.25), we have
. . i+1)/2
[+ IRy 0)a) < ol (A + 1+2]0913) U s0)0l, (4.24)

and furthermore, with Ref. 6, Lemma 3.2,

[N+ 1) G2 1y (10)0

j+1)/2 j+1)/2
<MW +1+210913) ™ a) < ce(1+ 210 13,) (4.25)
We use now estimate (4.25) for (4.23) and arrive at
i —k+1/2 (k) i ,
|Ef.w [eN dr (of )] _ Euw(r;o)n[e(p(h )H
M o®y N NI [ 2100 2 |02
<G 0W o Yo N7 [ s (142100
=1
2k-1 .
= (+1)/2
<G, M Ho(k) lop 3N ]/2(1 + ”O(k) ng) , (4.26)
=1
which proves the lemma. o
Lemma 4.3. Under the same assumptions as in Theorem 1.2, let frs = Y5 | 5'5) € L*(IR?) be given by (1.26). Then, we have
T ] B (4.27)
Proof. We need to compute the expectation value
Eum(t;o)g[ei‘l’(h')] = (Uoo (£0)91* ™1 oo (£0) Q). (4.28)

We recall that the limiting dynamics U o (#;0) defined in (4.2) acts as a Bogoliubov transform. In particular, in follows from (4.4) and (4.7)
and the notations introduced therein that

U (50)¢(he) Ueo (50) = ([U(£:0) +JV(£0)]he) = (fou), (4.29)
with fo,; defined in (1.26). Hence, we have

]Eum(t;o)ﬂl:eid)(h[):l _ (Q|ei1,{m(t;O)*¢(h,)Mm(t;0)|Q) _ <Q|ei¢(f°“)|Q), (4.30)

With the Baker-Campbell-Hausdorff formulas, we split the sum in the exponential and arrive at

E, ()0 [ei¢(hr)] _ e—”fo;r H§/2<Q‘e"u* (fox) ei’l(fo;t) ‘Q) _ e—”fo;t H%/Z. (4.31)
[m]
Proof of Theorem 1.3. Combining now Lemmas 4.1-4.3, we arrive at Theorem 1.3. O
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