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Abstract

In this paper we consider the stochastic primitive equation for geophysical flows
subject to transport noise and turbulent pressure. Admitting very rough noise terms,
the global existence and uniqueness of solutions to this stochastic partial differential
equation are proven using stochastic maximal L2-regularity, the theory of critical
spaces for stochastic evolution equations, and global a priori bounds. Compared to
other results in this direction, we do not need any smallness assumption on the transport
noise which acts directly on the velocity field and we also allow rougher noise terms.
The adaptation to Stratonovich type noise and, more generally, to variable viscosity
and/or conductivity are discussed as well.
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1 Introduction

In this paper we study the stochastic primitive equation with transport noise and
turbulent pressure. The primitive equations are one of the fundamental models for geo-
physical flows used to describe oceanic and atmospheric dynamics. They are derived
from the Navier-Stokes equations in domains where the vertical scale is much smaller
than the horizontal scale by the small aspect ratio limit. Detailed information on the
geophysical background for the various versions of the deterministic primitive equa-
tions are given e.g. in [46, 48]. The introduction of additive and multiplicative noise
into models for geophysical flows can be used on the one hand to account for numerical
and empirical uncertainties and errors and on the other hand as subgrid-scale param-
eterizations for data assimilation, and ensemble prediction as described in the review
articles [13, 20, 45].

In this paper we are mainly concerned with stochastic perturbations of transport
type. In the study of turbulent flows, transport noise has been introduced by Kraichanan
in [35, 36] and has been widely studied in the context of stochastic Navier-Stokes
equations, see [42, 43] for a physical justification and also [1, 5, 6, 17, 44] and the
references therein for related mathematical results. The aim of this paper is to give
a systematic and detailed treatment of transport noise in the context of the primitive
equations.

Here, we consider the following stochastic primitive equations on the cylindrical
domain © = T? x (—=h, 0), where h > 0, T? is the two-dimensional torus, and we
denote the coordinates by (xy, x3) € T2 x (—h, 0) with the horizontal part xy =
(x1,x2) € T2, divy = 91 + 0> and Vg = (01, 02), i.e., the system

dv — Avdt = [—VHP — (- Vi)v —wdzv + F, +ayﬁ]dz

+ 3 [0 Vv = VP, + Gu |y, on O,

n>1

d6 — NG di = [ — (v VDb — w6 + F.g]dt

+ 3 [ V)0 + Gou Jag. ono, (L)
n>1
RP + 16 =0, on O,
93P, =0, on O,
divgv + 3w = 0, on O,
v(-,0) =vg, 0(-,0) = b, on O.
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In the system (1.1) the unknowns are: the velocity fieldu = (v, w): [0, 00) xQ2x O —
R3 where v = (v%)7_; : [0, 00) x Q x O — R? is the horizontal part of the velocity,
the pressure P: [0, 00) x 2 x O — R, the components of the turbulent pressure
ﬁn: [0,00) x @ x T? — R and the temperature 0: [0, 00) x 2 x @ — R. The
driving processes (f;': t > 0),>1 are given by a sequence of independent standard
Brownian motions on some filtered probability space (2, A, (#;)>0, P). Moreover,
On = (¢4)j.:1,1p,, = (w,{ﬁ:l: [0,00) x Qx O — R3,k:[0,00) x 2 x O — R

and y,, = (y,f’m),% mei: [0,00) x 2 x O — R?*2 are given functions and

2

2
8),1’3 = Z Z y,f””aan

n>1m=1 =1

describe the deterministic effect of the turbulent pressure. Finally, F,, Fy, G, , and
Gy, are given maps depending on v, 6, Vv and V6 describing deterministic and
stochastic forces also taking into account lower order effects like the Coriolis force.
For a physical justification of the occurrence of the turbulent pressure P,.ie.,a pressure
term within the stochastic integral and for the related deterministic contribution d, P s
we refer to [42] and [43, Example 1].

The system (1.1) is supplemented with Neumann boundary conditions for the hori-
zontal velocity v and mixed Neumann-Robin boundary conditions for the temperature
6 on the top T? x {0} and the bottom T? x {—h} of the domain O, i.e.,

3v(-, —h) = 3v(-,0) =0 on T2,

5 (1.2)
030(-, —h) = 936(-,0) +a6(-,0) =0 onT~,
where the parameter o € R is a given constant, and for the vertical velocity
w(-, —h) = w(-,0) =0 onT>. (1.3)

In the horizontal directions periodicity is assumed. The results of the current paper also
hold in case (1.2) are replaced by periodic boundary conditions, see Remark 3.7(c).
When modeling the ocean, the system (1.1) is expanded by an equation for the salinity.
This leads to terms resembling the ones for the temperature, and this does not lead
to additional mathematical difficulties or more restrictive assumptions. Therefore we
omit this coupling here to concentrate on the main features.

The mathematical analysis of the deterministic primitive equations (i.e., ;' = 0in
(1.1)) has been pioneered by Lions, Teman and Wang in a series of articles [39—41].
There the existence of a global, weak solution to the primitive equations is proven for
initial data in vg € L*(O) and 6y € L?(©). The uniqueness of these weak solutions
remains an open problem until today, and only under additional regularity assumptions
in the vertical direction they are known to be unique (see e.g. [33]).

Alandmark result on the global strong well-posedness of the deterministic primitive
equations subject to homogeneous Neumann conditions on top and bottom for initial
data in H!(O) was shown first by Cao and Titi in [8], and independently by Kobelkov

@ Springer



56 Stoch PDE: Anal Comp (2024) 12:53-133

[34], via L0, T; H'(0)) a priori energy estimates. For mixed Dirchlet-Neumann
conditions see also [37]. A different approach to the deterministic primitive equations
based on evolution equations has been introduced in [23, 30]. This approach is based
on the analysis of the hydrostatic Stokes operator and the corresponding hydrostatic
Stokes semigroup. For a survey on results concerning the deterministic primitive equa-
tions using energy estimates, we refer to [38] and for a survey concerning the approach
based on evolution equations to [29].

Stochastic versions of the primitive equations have been studied by several authors.
A global well-posedness result for pathwise strong solutions is established for multi-
plicative white noise in time by Debussche, Glatt-Holtz and Temam in [10] and the
same authors with Ziane in [11]. There, a Galerkin approach is used to first show the
existence of martingale solutions, and then a pathwise uniqueness result is deduced
which leads together with a Yamada-Watanabe type result to the existence of a local
pathwise solutions. The global existences of solutions is then shown by energy esti-
mates where the noise is seen as a perturbation of the linear system. There, one of the
difficulties is the handling of the pressure when proving L?-estimates for p > 2. This
is overcome by considering the corresponding Stokes problem with the noise term and
then proving estimates for the difference of the solution of the full non-linear prob-
lem and the solution of that Stokes problem. This difference solves a random partial
differential equation where analytic tools can be used to estimate the pressure term.
A disadvantage of this approach is that it requires the solution of the Stokes problem
to be rather smooth and transport noise cannot be included for this reason.

In the recent work [7] by BrzeZniak and Slavik a similar approach is used for the
local existence, but instead of considering the Stokes problem, they impose conditions
on the noise such that it does not act directly on the pressure when turning to the
question of global existence. Hence, by using a hydrostatic version of the Helmholtz
projection, they can apply deterministic estimates to the pressure. Transport noise
acting on the full velocity field is therefore not included, only the vertical average of
v can be transported by the noise. By our approach we can overcome both drawbacks
at once, we can handle full transport noise acting directly on the pressure.

Let us mention some further results on the stochastic primitive equations. For addi-
tive noise there is a transformation such that the probabilistic dependence turns into
a parameter for a deterministic system. For this case also the existence of a random
pull-back attractor is known (see e.g. [28]). Logarithmic moment bounds in H?(O)
are obtained in [24] and used to prove the existence of ergodic invariant measures
in H'(O). A construction of weak-martingale solutions, that means martingale solu-
tions the regularity of which in space and time is the one of a weak solution, by an
implicit Euler scheme is given in [26]. Large deviation principles are known for small
multiplicative noise (see e.g. [14]) and small times (see e.g. [16]), for an extension to
transport noise and moderate deviation principles see [47]. The existence of a Markov
selection is proven in [15] for additive noise. For results in two dimensions we refer
to [25] and the references therein.

Aiming for noise as rough as possible we will first consider a strong-weak setting
when investigating the system (1.1), meaning that the equations for v hold in the strong
PDE sense and the one for 0 in a weak sense, for the precise definitions of strong-
weak solutions see Definition 3.3. Probabilistically, we are concerned with strong
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solutions. The reason for not considering both equations in the weak sense is that
already in the deterministic case the uniqueness issue for the weak velocity equation
is unsolved. We also investigate the strong-strong setting, see Definition 6.3 for this
notion of solution, since this setting is the one for which most deterministic results have
been proven. The main result is the global existence of solutions, see Theorem 3.6
for the strong-weak setting and Theorem 6.7 for the strong-strong setting. For the

readers convenience we state here a simplified version. We write ¢/ = (¢;})n>1,
. i e’
Y= Winz1, ¥ i= (Y " n=1 and Ry = (0, 00).

Main Result (Simplified version) Let k be constant, Gﬁ,n =Gopp, =0 Fy =0, and
F, = ko(v?, —v") for ko € R be the Coriolis force. For all n > 1 let the maps
G U Ry x Qx O — R and y,: Ry x Q x T? — R>*?

be & @ B-measurable, and let for some § > 0 and all j € {1,2,3}, £,m € {1,2} be

¢/ € L°(Ry x Q; H3H(0;6%), v/ e L°Ry x Q x O; £2),
and yb" e L¥R x Q; L3 (T?; %)),
where ¢\ and ¢? are assumed to be independent of x3. Furthermore, assume that there

exists v € (0, 2) such that, almost surely (a.s.) forallt e Ry, x € O and & € R3 the
parabolicity conditions

2 2

3 3
YA e g | <viEl? and DY vl ng | <vigl

n>1 \ j=I n>1 \ j=I

hold. Then for each
vo € L?%(sz; H'(0)) and 6 € Lg% (2 L*(0))
there exists a unique global strong-weak solution (v, 0) to (1.1)—(1.3), in particular
(v,6) € L2 ([0, 00); HX (O) x H'(0)) N C([0, 00); H(O) x L*(0)) a.s.

For the definition of & ® %-measurable, Lg@o (€2; X), and the notation for the function

spaces see Sect. 2. In the above, we have not specified the unknowns w, P and Fn as
they are uniquely determined by v and 6 due to the divergence free condition and the
hydrostatic Helmholtz projection. Moreover, replacing the regularity assumption on
Yl by ¥l e LRy x Q; HY3H3(O; €2)) and considering 6y € L?%(sz; H'(0))
we obtain the analogous result in the strong-strong setting.

Let us compare our result with the above mentioned Kraichanan’s turbulence theory.
There one usually assumes that, for some (typically small) y > 0,

¢} € H*7(©O) forall j € {1,2,3}andn > 1, (1.4)
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cf. e.g. [44, Eq. (1.3)]. Since H3/>17(0) — H'3*5(0) for some § > 0 by Sobolev
embedding, our noise is consistent with the regularity of the reproducing kernel Hilbert
space of the Kraichanan noise. However, taking into account the summability inn > 1
required in our main results, we can cover only the case of regular Krainchan noise. We
refer to [22, Sect. 5] and the references therein for the terminology. For the relevance
of Kraichnan’s noise in the context of geophysics we refer to [13].

To prove our main results we take another point of view on the problem than in [7]
and [11]. Here, we interpret the transport part of the noise as a part of the linearized
system, and we only need to impose conditions guaranteeing that this linearization is
parabolic. Compared to [7, 11], this makes it possible to consider noise that transports
the full velocity field, and moreover this leads even to weaker assumptions than in
[7] and [11] in the setting where the noise is such that their results apply. The only
smallness condition in our result is the parabolicity condition, which is optimal in the
sense that when dropping it the system is not parabolic any more and thus loosens
its smoothing properties. This condition origins already in the local existence theory
and is by far weaker than the smallness conditions in [7, 11], where the noise is
handled as a nonlinear perturbation of the deterministic system. Also, to deduce the
global existence of solutions in our case, no additional smallness has to be assumed
compared to the local existence.

The proof of the local existence in Theorem 3.4 is based on the theory of critical
spaces for stochastic evolution equations developed by the Veraar and the first author
in [2, 3]. To apply these results, we need to study the stochastic maximal L*-regularity
estimates for the linearized problem elaborated in Sect. 4. The global existence result
Theorem 3.6 is then obtained from the blow-up criteria of Theorem 3.4(2) and suitable
energy estimates obtained in the spirit of Cao and Titi [8]. Here we actually follow the
approach taken by the Kashiwabara and the second author in [30] (see also [29]) where
the L%-estimates proven in [8] are replaced by the (apparently) weaker L*-estimates.
The deterministic estimates are proven by splitting the velocity field into its vertical
average v and the remainder v = v — . A crucial observation is that the deterministic
part of the turbulent pressure d,, P does not appear in the equations for v since it is
x3-independent in case that y,f " is also x3-independent. Otherwise, the L*-estimate
for ¥ could not be shown in this way since 9, P is a non-local operator in v.

Our noise and the corresponding stochastic integrals are in It6-form, but in fluid
mechanics, and in particular for geophysical flows, also the Stratonovich formulation is
relevant, and itis seen as amore realistic model see e.g. [4, 20, 31, 49] and the references
therein, and in [12, 19] transport noise of Stratonovich type in fluid dynamical models
has been rigorously justified from additive noise by multiscale arguments. Also the
modelling in [42] and [43] is based on a Stratonovich type of noise to describe the
turbulent part of the velocity field which is then translated into an Itd formulation.
To include such types of noise directly, we will consider the primitive equations with
Stratonovich noise, see system (8.1). In a preparatory step we first extend our result
on the Itd system (1.1) to the case of non-homogeneous viscosity and conductivity
in Theorems 7.3 and 7.5. Based on a Stratonovich to It transformation we then can
use these results to infer the local and global existence of the primitive equations with
Stratonovich type noise in Theorems 8.3 and 8.5, respectively.
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Overview

This paper is organized as follows. In Sect. 2 the notation is fixed and a reformulated
version of the stochastic primitive equations is given. In Sect. 3 we give the precise
notion of solution in the strong-weak setting and present the main result for this
case. In Sect. 4 we consider a linearized system for the turbulent hydrostatic Stokes
system with temperature, and show that it admits stochastic maximal L2-regularity.
The proofs of the theorems from Sect. 3 are carried out in Sect. 5. The strong-strong
setting is investigated in Sect. 6. In Sect. 7 we generalize our results to the case of
non-homogeneous viscosity and conductivity. Finally, in Sect. 8 we show how our
results imply also the well-posedness of the primitive equations with Stratonovich
noise.

2 Preliminaries
2.1 Notation and deterministic function spaces

Here we collect the main notation which will be used through the paper. We often use
universal constants C, and we write <¢ or just < for < C. For any integer k > 1,
and p € (1,00), LP(O; R¥) = (LP(0))F denotes the usual Lebesgue space and
H*P(O; R¥) the corresponding Sobolev space for s € (0, o). In the paper we also
use the common abbreviation H* (O; R¥) := H%2(O; RK).

Since @ = T? x (—h,0), we employ the natural splitting x +— (xy, x3) where
xH = (x1,x2) € T%, x3 € (—h, 0) and the subscript H stands for horizontal. Similarly,
we define

divyg := 91 + 92, Vu := (91, d2), Ay = divg VH.

We also use the standard notations

2 2
2
(v-VH) v = Zv-/ajvk , (¢p - VIV := ( on ot ,
j=l k=1 j=l k=1
2 3
(v- V)b = Zv-/aje, (Yn - VO = le,{aje.
j=1 j=I

Next we introduce the function spaces for the velocity field. As a first step we
introduce the two-dimensional Helmholtz projection denoted by Py acting on the hor-
izontal variables xy € T2. Let f € L*(O; R?) and set Qu f := VW, € L*(T?; R?)
where W € H 1(T?) is the unique solution to the problem

AuVy =divyf onT? with /2 Widx =0.
T
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Then the Helmholtz projection is given by
Puf:=f—Quf for f ELZ(TZ;R2>.

The hydrostatic Helmholtz projection P : L>(O; R?) — L*(O; R?) is defined as
1 0
Pfi= f—Qy [E/ 7C, ;)dg] forall f e L2 (0; Rz), @.1)
—h

and its complementary projection is given by Qf := QH[% fi)h fG, ;)d{]. One
can check that P is an orthonormal projection on L2((’); Rz), and by construction,

divy fi)h (Pf(-,z))dz = 0 holds in the distributional sense for all f € L%(O; R?).
Let

0
L2(0) = {f € L>(O; R?) : divy (/ fe, z)dz> =0on TZ} ,
—h
be endowed with the norm || f |12 (o) := ||f||L2((’);R2) and for all k > 1 we set
HY(O) := HYO; R NLAO), [ f o) = I/ lgko:m2)-

If no confusion seems likely, we write simply L% H* HF, L2 (62) and H* (82) instead of
L2(O; R™), H*(O; R™), HK(O), L2(O; ¢2(N; R™)) and H*(O; £2(N; R™)), where,
we use the short hand notation €2 for £2(N; R™) or /2(N). The dual space of H Lo
is denoted by (H'(0))*.

2.2 Probabilistic notation and function spaces

Here we collect the main probabilistic notation. Throughout the paper we fix a filtered
probability space

(Q, A, (#)r>0,P) and we set E[-] :=f -dP.
Q

Moreover, (8"),>1 = (B]' : t = 0),>1 denotes a sequence of standard independent
Brownian motions on the above mentioned probability space. We will denote by B 2
the £2-cylindrical Brownian motion uniquely induced by (Br)n>1 via

Ba(f) =) /R (), en)dBl, with ey = 8jn)j=1, f € L*(Rys €%), (2.2)
+

n>1

and Kronecker’s 4 j, cf. e.g. [2, Example 2.12]. For a stopping time 7, we set
[0, 7] x Q:={(t,w) : 0 < 1(w) <t}

and use analogous definitions for [0, T) x €2 etc.
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By & and # we denote the progressive and the Borel o-algebra, respectively.
Moreover, we say thatamap @ : Ry x Q x R” — R is & ® %-measurable if @ is
P QR B(0) ® B(R™)-measurable, where m > 1is an integer. By Lg@o (R2) we denote

the space of .#p-measureable functions and by L?@ the L?-space with respect to the

progressive o-algebra.

2.3 Reformulation of the primitive equations

As it is well-known the primitive equations can be formulated equivalently in terms of
the unknown v = (vk)%:1 : [0, 00) x € x @ — R? which contains only the first two
components of the unknown velocity field u. Indeed, the divergence-free condition
and (1.3) are equivalent to setting w = w(v) where

X3
(W)t x) = — / v, am, € de, 2.3)
a.s. forallt € Ry and x = (xg, x3) € T2 x (—h, 0) = O and imposing

0
/ divyv(t, xg, ¢)d¢ =0,
h

a.s. forallr € R, and xg € T2. Moreover, we get by integrating the third equation in
(1.1), as. forall t € Ry and x = (xg, x3) € O,

X3

P(r,x>=p(r,xm—/ St i, D8, xit, e

Thus the pressure depends linearly on the temperature 6. In the physical literature p
is usually called the surface pressure. Hence, (1.1)—(1.3) turns into

dv — Avdt = [— (v-Vpv —w()dzv — Vgp + BVIN’
Vi [ GO0 e+ Pl v,
+ 3 [@0 V)0 = VuBy + Guan 0. 0)]dB) on O,
n>1
d6 — NG di = [— (- Vi — w()d:6 + Fo(-, v, 9)]dt
+ 32 [ W V)0 + G v.0) |apr, on O,
n>1
»p=0dP, =0, on O,
0
/ divgv(-, ¢)de =0, on T2,
—h
U(', 0) = 0, 0(" 0) = 007 on O,

(2.4)
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where w(v) is given by (2.3) and complemented with the boundary conditions (1.2).

3 Local and global existence in the strong-weak setting

In this section we study the stochastic primitive equations in the strong-weak setting,
i.e. in case the equation for v is understood in the strong setting and the one for 6 in
the weak one. The latter means that equation for 6 will be formulated in its natural
weak (analytic) form. In Sect. 6, we also consider the case where both equations are
understood in the strong setting (referred here as the strong-strong setting). Compared
to the strong-strong setting, the choice made in this section has two basic advantage.
Firstly, the energy estimates needed in our main global existence result are simpler,
and secondly, we can allow a rougher noise in the equation for the temperature 6.

We begin by reformulating the problem. Applying the hydrostatic Helmholtz pro-
jection P to the first equation in (2.4) it is, at least formally, equivalent to

dv = Avdr =P = (v Vi) — w(@)330 + Py (-, v)

+VH/ 3(K(-,§)9(-,§))d§+Fv(~,v,9,Vv)]dt
—h

+ Z }p[(¢n Vv + Gy (-, v)]dﬂ{'7

n>1

do — A0 dt = [— (v - Vi — w@)d30 + Fo (-, v, 6, Vv)]dt

+ 3 [ 990 + Gon 0.0, V) |y,

n>1

U(', 0) = Vo, 9(’ O) = 907

3.D
on O = T? x (—h, 0) complemented with the following boundary conditions
330(-, —h) = d3v(-,0) =0 on T?, 32
30(-, —h) = 830, 0) + af(-,0) =0 on T2. '
here o € R is given, w(v) is as in (2.3) and a.s. for all € Ry,
) 2
Pyt v) = [ YDyl 0(@Q@n - VIV + Goa0))" | (33
n>1m=1
= =1

where (Q[-])m denotes the m-th component of the vector Q[ f]. To see that P, in (3.3)
coincides with 9,, P in (2.4) it is enough to recall that, by the hydrostatic Helmholtz
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decomposition in (2.1), it follows that
Vi Py = QU@n - VIv + Gou( v)].

Finally, let us note that in the stochastic part of the equation for the velocity field v,

(in general) the operator [P cannot be removed since it may happen that divy [ i)h [(¢n -
Vv + Gy ,(v)]d¢ # 0. For instance this is the case if ¢, is x3-dependent and
Gyn=0.

3.1 Main assumptions and definitions

We begin by listing the main assumptions which are in force in this section.

Assumption 3.1 There exist M, § > 0 for which the following hold.
(1) Foralln > 1and j € {1, 2, 3}, the maps

¢}’{7W}{7K:R+XQXO—)R

are & ® Z-measurable;
(2) as.forallt e Ry, j, ke (1,2,3} and ¢, m € {1,2},

1/2 1/2
. 2 . 2
PCACE] o DA <M,
n>1 n>1
L3+‘S(O) L3+8(0)
1/2
l,m 2
Z yn, (ta )‘ S M’
n>1
L3+5((9)

(3) as.forallt e Ry, x € Oand j € {1, 2, 3},
1/2

. 2
w,{(r,m\ < M;

2

n>1

(4) as.forallt e Ry, xy € T2, j € {1,2,3}andi € {1,2},
(2, xu, I g2 —n,0) + 10k (2, Il L2452, 12(—n0y) < M

(5) There exist v € (0,2) such that, a.s. forallt e R.,x € Oand & € R3,

2 2

3 3
YD i | <vigl and DD wileng | < viE’

nxl \j=l1 n>1 \j=1
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(6) For all n > 1, the maps

FU:R+XQXR2XR6XR—>R2, F@ZR+XQXR2XR6XR—>R,
GU,,,:RJFXQXR—HRZ, and Gg’nIR+XQXR2XR6XR—>R

are & ® Z-measurable;
(7) Forall T € (0, 00) and i € {1, 2},

Fi(-,0), Fo(-,0) € L2((0, T) x 2 x O),
(G, 0nz1 € L*((0, T) x ; H'(O; £%)) and
(Gon(-, 01 € L2((0,T) x Q x O; £%).

Moreover, foralln > 1,1 e Ry, x € O,y,y' e R, Y, Y e RO and z, 2’ € R,

|Fo(t,x,y.2,Y) = Fy (t,x, Y. 2. Y) |+ |Fot.x,y,2,Y) = Fo (t.x, ¥, 2, Y')|
(Gt 321 = G (5. 2V,

02
S (T )y = Y1+ (1122 4+ 122) 12 - 2
+ (1P PR Y - )

Finally, a.s. for all t € Ry, O x R? 5 (x,y) = Gy n(t,x,y) is continuously
differentiable and for all k € {0, 1}, j € {1,2,3},x € O,and y, y' € O a.s.

H (8, Guntt x, ) = 8 Gunt, %, 1)) H S (T 1) Iy =,
n>1 02

| (0G .. 9) = 0,60t x ) oy |, S (1H DR+ 1YE) Iy =)

Remark 3.2 (a) In Assumption 3.1(2) the derivatives are taken in the distributional
sense. The Sobolev embedding H'-3+%(0; ¢2) < C*(O; £?) where o = 3% €
(0, 1) and (2) yield

H IR

(b) Since H3/2+7(0) — H'3*5(0) where § = 13_—Vy > Oforally € (0, 1), Assump-
tion 3.1(2) fits the scaling of the Kraichnan’s noise discussed in the introduction,
cf. (1.4).

(c) Assumption 3.1(5) is equivalent to the stochastic parabolicity: for all t € R,
x €O, & eR?andas.

S M, as.forallr e R,.

Cce(0;¢?)

3
62— 5 3 Yot ol vaE = (1- 1) el

i,j=1n>1
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A similar reformulation holds for the condition on . In particular, (5) is optimal
in the parabolic setting.

(d) Assumption 3.1(7) contains the optimal growth assumptions on the nonlinearities
which ensure existence and uniqueness of (local) solutions for data (v, 6p) €
H'(O) x L%(O), cf. the proof of Theorem 3.4 in Sect. 5.1.

To formulate (3.1)—(3.2) in the strong-weak setting, we regard the equation for 6
in its natural weak analytic formulation on the dual space (H 1(©))*. To this end, the
basic observation is given by the following formal integration by parts

/ ((v - VHv)6 + w(v)age)go dx = —/ (v9 Ve + w()d - 83(;)) dx (3.4)
(@) O

for all ¢ € H'(O). Note that the volume and boundary integrals disappear since
divgv + 33w = 0 and w(-,0) = w(-, —h) = 0 on T?, respectively. The right hand
side in (3.4) naturally defines an element in (H'(0))* by setting

HI(O) S¢ > _/(’) (91} - VHo +9w(v)83(p) dx =: To(¢). 3.5

Below, we will use the more suggestive notation divyg(v0) + d3(w(v)0) = Zy. To
complete the reformulation of the equation for 6 it remains to replace the Laplace
operator A by its weak formulation Af in case of Robin boundary conditions, i.e.

AR - H'(0) € (H'(0)* — (H'(0)*,

(3.6)
(o, ARO) = —/ Vo -VOdx — a/ o(-,0)0(-,0)dxy,
o T2

where (-, -) denotes the duality pairing for H'(©) and (H'(0))*. Note that the above
definition is consistent with a formal integration by parts using the Robin boundary
conditions for 6 in (3.2). Since the trace operator f > f |12, is bounded on H L)
with values in L2(T?2), the previous definition in (3.6) makes sense.

With these preparations, we are now in the position to define solutions to (3.1)—(3.2)
in the strong-weak setting. For notational convenience, we set

HE(0) = {v e H*(O) : 830(-, —h) = 330(-,0) = 0 on T?}. (3.7)

Recall that the embedding L>(0) — (H'(0))* is given by (¢, f) = f(’) fodx
where ¢ € H'(O) and B2 is the £2-cylindrical Brownian motion induced by the
sequence (B"),>1, compare Eq. (2.2).

Definition 3.3 (L2-strong-weak solutions) Let Assumption 3.1 be satisfied.

(1) Let t be a stopping time, v : [0, 7) X Q — H%I(O) and 0 : [0, 7) x Q@ - HYO)
be stochastic processes. We say that ((v, 8), ) is an L?-local strong-weak solution
to (3.1)—(3.2) if there exists a sequence of stopping times (tx)r>1 for which the
following hold:
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o 7p <tas.forallk > 1andlimy_ o Tx = 7 a.s.;
e as. wehave (v, 0) € L*(0, 7; HE(O) x H'(0)) and

(v - Vi) + w()d3v + Fy (v, 6, Vu) + Py (-, v) € L*(0, %; L2(O; R?)),
—divg(v9) — 33 (w()0) € L*(0, 7i; (H'(0))*),
Fy(v,6,Vv) € L*(0, 7¢; L*(0)),
(Gon(W)nz1 € L20, 7i: H'(O; (N; R?))),
(Gon(v.0, VV)uz1 € L*(0, 745 L*(O; £2));
3.8)

e a.s. for all £ > 1 the following equality holds for all ¢ € [0, 7«]:

t X3
o)== [ (av)+B[%u [ w000 0 de
0 —h
— (v Vi — w()d3v + Fy(v,0, Vo) + Py (- v)]) ds
t
+ [ (U0sPl@n - V04 Gun(]) | dBio).
0 n>1
t
0(t) — 6y = / [ARO = divi(6) — B3w@)0) + Fo(v, 0, Vo) | ds
0

t
+/O (1[o,fk][(1/fn V)0 + Gg.u(v, 0, W)])n>1 dB,2(s).

(2) An L2%-local strong-weak solution ((v,0),7) to (3.1)~(3.2) is said to be an
L?-maximal strong-weak solution to (3.1)—(3.2) if for any other local solution
((V', 0", 1) we have

<t as and (v,0)=,6") ae.on[0, 7)) x Q.
Note that L2-maximal strong-weak solution are unique in the class of L>-local
strong-weak solutions by definition. By (3.8), the deterministic integrals and the

stochastic integrals in the above definition are well-defined as Bochner and L>-valued
1t6 integrals, respectively.

3.2 Statement of the main results

We begin this subsection by stating a local existence result for (3.1)—(3.2). To econo-
mize the notation, fork > 0,m > 1, f : [0,1) — Hk+1((9; R™), we set

t
Ni(t: f) = sup)nf(s)ni,k(o;Rmﬁ /O Lf ) e oy A5 (3.9)

s€l0,1

@ Springer



Stoch PDE: Anal Comp (2024) 12:53-133 67

Theorem 3.4 (Local existence) Let Assumption 3.1 be satisfied. Then for each
v € LY, (2 H'(0), and 6y € LY, (2: L*(0)),

there exists an L*-maximal strong-weak solution ((v, 0), t) to (3.1)—(3.2) wheret > 0
a.s. Moreover, we have

(1) (Pathwise regularity) there exists a sequence of stopping times (T )k>1 such that
a.s. forallk > 1 one has 0 < 7 <, limg_ oo Tx = T and

(v,0) € L*(0, 7i; HY(O) x H'(0)) N C([0, 7]; H' (O) x L*(0));

(2) (Blow-up criterion) for all T € (0, c0)
P(‘L’ < T, Mi(t;v) + Np(z;0) < oo) =0.

Next we state our main result of this section concerning global existence of solutions
to (3.1)—(3.2). To this end, we also need the following assumptions.
Assumption 3.5 Let Assumption 3.1 be satisfied and assume the following
(1) Foralln > 1, x = (xy, x3) € T> x (=h,0) = O,t e Ry, j, k € {1,2} and a.s.

¢,{ (t, x) and y,{’k (¢, x) are independent of x3;

(2) There exist C > 0 and & € L%(; L} ([0, 00); L*(0))) such that, a.s. for all

loc

reRy,je{l,2,3,xeO,yeR% zeRand Y € RO,

[Fy(t, x,y,2, V)| < C(E@, x) + |yl + |z| + Y],
[Fo(t,x,y,2, Y)| < C(E(t, x) + |y| + |z| + Y],
1(Gon(t, x, Y)n=1llgz + 10x; Gonlt, X, Y)n=1llz < C(EE, x) + [yD),
1@y Gon(t, x, yDnz1llpz < C,
1(Gon(t, x, ¥, 2, Y)nz1llgz < CE(, x) + |y| + |z + [Y]).

Theorem 3.6 (Global existence) Let Assumption 3.5 be satisfied, and let
vo € LY, (2 H'(0)), and 6y € LY, (2; L*(O)).

Then the L*-maximal strong-weak solution ((v, 0), t) to (3.1)—(3.2) provided by The-
orem 3.4 is global in time, i.e. T = 00 a.s. In particular

(0, 8) € L (10, 00); H (0) x H'(0)) N C([0, 00); H'(O) x L*(0)) a.s.

The proof of Theorems 3.4 and 3.6 will be given in Sects. 5.1 and 5.2, respectively.
As a key tool in the proofs, we need suitable estimates for the linearized problem of
(3.1)—(3.2) which will be proven in Sect. 4. Before giving the proofs, below we collect
some comments on Assumption 3.5.
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Remark 3.7 (a) Assumption 3.5(1) contains additional assumptions on qﬁ,{, ¢>,2l but not
on ¢3 as compared to Assumption 3.1. Roughly speaking, this means that the
transport noise can be very rough in the vertical direction while the horizontal part
is two-dimensional.

(b) Taking & = (&1, &, 0) in Assumption 3.1(5) we also have that there exists v €
(0,2) such that, a.s. forall x € O, 1 € R, and & € R?,

2

2
YA gi g | <viEl

n>1 \ j=lI

This implies that we also have parabolicity for the subsystem (5.21) below obtained
from the first equation in (3.1) after averaging in the x3-variable.

(¢) Periodic boundary conditions The results of Theorems 3.4 and 3.6 also hold in
case the boundary conditions (3.2) are replaced by the periodic ones. To see this
it is enough to ignore the boundary terms appearing in the integration by part
arguments in the proofs below. The same applies to the results of Sects. 6-—8. For
brevity, we do not repeat this observation in the following.

4 L2-estimates for the linearized problem
4.1 L?-stochastic maximal regularity
In this section we deduces an L2 —estimate for the linear part of the problem (3.1), which

is central to our approach. Here we consider the following furbulent hydrostatic Stokes
system with temperature

dv = [Av+ PPy v+ T01|dt = fudt + Y [PL@n - V)0] + gu0[dB) on O,
n>1
d6 — AROdt = fodt + Y [(wn V)6 + g,,,g]dﬂf on O,
n>1
930(-, 0) = 3v(-, —h) =0 on T2,
v0) =0, 6(0)=0 on O,

“4.1)

where A} is the weak Laplacian with Robin boundary conditions (see (3.6)), and for
allt e Ry, x = (xg, x3) € O and 6 € H' (0),

2
(Pyov)t.x) = () S 7l )"y o @)
n>1m=1
x3
(J6)(t, %) == Vi / (e 0 £ 43)
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Let t: Q2 — [0, T'] be a stopping time and let

(for fo) € L2((0, T) x Q: L? x (HY*), (44)
((8n.)n=1 (8n.oIn=1) € L% ((0, T) x Q; H'(¢) x L2(£%).
Recall that Hﬁ is defined in (3.7) and B2 in (2.2). We say that
(v,0) € L2,((0,7) x Q HY x H')

is an Lz-strong-weak solution to (4.1) on [0, 7] x Qif a.s. forall ¢ € [0, 7]
t
() = f [Av(s) + IP’[P%d,v + J 01+ fv] ds
0

+ /Ot (I[O,r] I:]P)[((bn - V)v] + gv,n])nzl dBez(s),

e(t)zfol[Afge+f9]ds+/0t

Proposition 4.1 (Stochastic maximal L>-regularity) Let T € (0, 00) and Assump-
tion 3.1(1)—(5) be satisfied. Assume that f,, fo, 8v.n. 86.n Satisfy (4.4). Then for any
stopping time t : Q2 — [0, T] there exists a unique L2-strong-weak solution to (4.1)
on [0, t] x Q2 such that

(10l V00 + guol) _ dBps).

(v,0) € L*((0, 1) x @ Hy x H') N L*(Q; C([0, T H' x L)),
and moreover for any L*-strong-weak solution (v, 0) to (4.1) on [0, T] X 2 we have

v, D 20,0y x:m2x 1Yy T 1V, D L2(Q:c (10,71 H! xL.2))
§ I1(fo. f@)”LZ((O,-:)XQ;ILZX(HI)*) (4.5)
+ [1((gn.v)n=15 (8n.0)n=1) | L2((0.7) x :H (£2) x L2 (€2))

where the implicit constant is independent of fy,, fo, (§n.v)n>1, (8n.0)n>1 and t.
The proof of Proposition 4.1 will be given in Sect. 4.2 below.
Remark 4.2 (a) ForallU = (v, 0) € le\, x H', we set

N _AU_P[Py,¢v+JK9]] N [P[(%(-)-V)v]}
A()U~—[ N o ad BOU= 0 ve |

a.e. on Ry x . Then using the notation introduced in [2, Section 3 in particular
Definition 3.5], Proposition 4.1 shows that (A, (B,)n>1) € SMR5(T).

(b) By [3, Proposition 3.9 and 3.12], Proposition 4.1 also yields stochastic maximal
L’-estimates where in (4.1) the starting time 0 is replaced by any stopping time 7 :
Q — [0, T]and non-trivial initial data from the space (vo, 6p) € L% (Q; H'xL?)
where .77 is the o -algebra of the T-past. o
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4.2 Proof of Proposition 4.1

Here we prove Proposition 4.1. To focus on the main difficulties, we only discuss
the case y,f " = ( since the operator P, 4v can be shown to be of lower order type
provided Assumption 3.1(2) holds. For details, we refer to Remark 4.3 below.

Proof of Proposition 4.1 — Case y,"™ = 0

Let us set

Xo=L*>x (H")" and X;=H{xH'

To prove the claim, we employ the method of continuity as in [3, Proposition 3.13].
Let us denote the strong Neumann Laplacian by

An: HZ(O) C L2 — L%, where Anv = Av. (4.6)

Here we use that PAy = ANP = An. It is well-known that Ay is self-adjoint.
Similarly, by form methods, one can check that the weak Robin Laplacian Ay defined
in (3.6) is self-adjoint as well. Thus, it is well-established that ((—AN, —AR),0) €
SMR(T), see e.g. [9, Theorem 6.14] which applies up to a shift, and compare also
with [2, Section 3.2].

ForallA € [0,1]and U = (v, 0) € X, we set

| —ANv — X]P’[j;ce] o HDl:((]bn : V)v]
AU = [ NT. i|, and B, U .—X|: W - V)0 | 4.7

Let 4 (62, X1/2) be the space of all Hilbert-Schmidt operators endowed with its
natural norm. By the previous considerations and the method of continuity in [3,
Proposition 3.13 and Remark 3.14], it remains to prove the existence of C > 0 such
that, for each stopping time 7 : 2 — [0, T'], each

f = (fo. fo) € L% ((0, T) x Q; Xo),
8= (8v.80) = ((@n.)n=1. (€no)n=1) € L2 (0, T) x Q: L5 (€2, X1)2)),

and each L?-strong-weak solution

(v,0) € L%,((0, 7) x ; X1) N L3,(2: C([0, 7]; X1)2))

on [0, 7] to
dv — [Av — /\IP’[jKG]]dt = fudi + [AIP’[((/’),, V)] + gn,v]dﬂ;“, on O,
n>1
d6 — A6dt = fodi + Y [x(wn V)0 + g,,,e]dﬁf, on O,
n>1
03v(-,0) = dzv(-, —h) =0, on T2,
v(0)=0, 6(0)=0, on O,

4.8)
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we have

vl 20,0y x:1#2) T 1911 22(0,0)x 2 51 4.9)

= Cllif 20,0y x@:x0) T Cllg N 20,0 220002, x1 00+

We split the proof of (4.9) into two steps. The key observation is that v does not
appear in the equation for 6. Thus, first we prove an estimate for 6 and then we use
the latter to obtain the estimate for v.

Step 1: Estimate on 6. To show the maximal regularity estimate

191 L2¢0.ryx:m1) < C(||f0”LZ((O,r)xQ;(Hl)*) + ”g0||L2((0,I)XQ;L2(€2)))’

the idea is to apply 1t6’s formula to 6 +— |0 ”22' To this end we use an approximation

argument. Recall that, by definition of Lz—strong—weak solution to (4.8), 6 satisfies,
a.s. forallt € [0, 7],

4 t
o) = f I[O’T]AKG(S) ds +/ 10,71 fo(s)ds
; ! ’ (4.10)
+ Z/O 10,71 [k(wn(s) -V)O(s) + g,,,g(s)]dﬁ;’.

n>1

For technical reasons, it is convenient to work with processes defined on [0, 7] rather
than on the stochastic interval [0, t]. Thus we set 07 (¢) := 6(t A7) fort € [0, T].
Note that 6* = 6 a.e. on [0, 7], and for each ¢ € [0, T], 67 (¢) is equal to the right
hand side in (4.10).

Since 14 Ay is a sectorial operator (see e.g. [32, Definition 10.1.1] for the definition
of this notion),

lim t(r +1+A¥)"' =1 strongly in (H")*, 4.11)
— 00

where 1 is the identity operator. Since D(AY¥) = H'! and D((A})!/?) = L?, (4.11)
also holds with (H1)* replaced by either H Uor L2. Foreach k > 1, let

=k +14+ AN, 6f :=&0", and 6 := &H. (4.12)

Note that & and AR commute on (H 1y* Thus, applying & to (4.10) we have, a.s. for
allr € [0, 7],

t t
9;3(1‘)—/ 1[0,11A39k(S)dS=/ Lj0.01€k fo (s)ds
’ o (4.13)
+> /0 Lo & W (5) - VIO) + 80.0(5) B

n>1
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Since 6 € L?((0, 7) x ; H?) by the regularity of the strong Robin Laplacian, we
have AR = A6 in the strong sense and we may apply It6’s formula to compute
||9k||iz. Hence, a.s. forall ¢t € [0, T],

t

t
167 (1172 +2 fo 10,011 VO 17 25 + 2 /O 10,0110, 0) 1722, ds

t
:/o 110,212(Ek fo (5), Ok (s)) 2 ds

t
+ fo 10,00 (1ED W - 996 + ga1),.-, 72 )ds

n>1

+ 22/0’ 1[o,r][<5k[/\(1ﬂn(s) “V)O(s) + 80,0 (5)], Ok (s)) ]dﬁf,

L2
n>1

where we also integrated by parts and used that 030;(-, —h) = 0 and 936;(-,0) =
—abi(-,0) on T2.

Recall that6 € L2(S2; Cc(0, t]; L2)) and hence 9" € LZ(Q; C(0,T]; Lz)).More-
over, the trace map HY?7" 5 5 f(-,x3 = 0) € L2(T?) is bounded for all » > 0
and therefore 6(-, x3 = 0) € L%((0, 7) x §; L%(T?)). Thus, we may take k — oo in
the previous identity, and obtain a.s. for all ¢ € [0, T],

t t
1671172 +2 /0 1io,11[IVO|72ds + 20 /0 1o, 10C, 01720, ds
t t
2
= Zf Ljo.7)(fo, 0) ds +/ 1j0,7) Z (H)»(I/fn - V)0 +gn,0”L2)dS
0 0 n>1 (4.14)

1
+2 3 [ 1000 (100)- 906) 80,4 0).66)) , B!

n>1
=: It +II; +111tv
where as above, (-, -) denotes the duality pairing for H Uand (H")*.

Let0 <s <t < T. Note that for all » € (0, %) by the continuity of the trace map,
we have

t t
E[ 1010 012 ds SE [ Loollol* . ds,
[ v0a66 e ds SE [ t0aiolR  as

) 172 5 12
| sup 1551 | <2 (B folfag i) (190G ) -
s€[0,1]

(4.15)

Let v be as in Assumption 3.1 and fix v" € (v, 2). Thus, for some ¢, > 0,

[ sup 177]]
s€[0,7]
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t
<€ [ tol (0 V8 + 00) | s

n>1

IA

/ t t
“EY /0 Lo [ ((n - 998),., [P s + . E fo 10,011 (@122 g2,

n>1

v t ) 5 t
= ;EZ/O 1[0,1]/0 (Z%{aje) dxds +CVE/0 1[0,r]||(gn,9)nzl”iz(p)ds

n>1 j=

—

t

t
VE / 10.11[IVO7.ds + ¢ E / 10,111 (8n,6)n=1117 22, ds-
0 0

IA

Since v/ < 2 and E[I1I7] = 0, taking the expectation in (4.14) and using standard
interpolation inequalities, one has

T
E/ IVOI2, ds < CoEIO 12, .
0 L? L20.m:L% (4.16)

+ COE”f(Q”iZ(O’t;(Hl)*) + COE”(gn,O)nzl ”3‘2(0’.[;[42(52))

where Cp > 0 is independent of 7, fy, gg and A.
The Burkholder-Davis-Gundy inequality implies

E[ sup |111,|]
s€[0,1]

' 2 112

SE[ [ 100 X | (0 90+ 500.0) 5]
0 n>1

12, [t 2 172

SE[(_swp 1061:) ([ 100 X [ 9060+ o) ]

s€[0,1AT] 0 el L
1 t

< 5[ sw 0e)I2:] +CE / 10,01 (V0125 + 180000112242, ) s
s€l0,tAT] 0

@.16) 1 ) f ) )

=7 SB[ swp 1663 ]+ CE | 10 (10032 + 1oz, )ds.
sel0,tAT] 0

Note that E[ sup;cio e 10()117,] < E[supsepo. 167 ()1I3,] since 67 = 6 ace.
on [0, r]. Thus, taking E[ sup,cfo,;-] in (4.14) and using the above estimates on

I;, 11, I11; and (4.16) to estimate E||V9||iz(0 £.12) One gets

t
E[ sup ||9(s)||iz]5E /0 1o, 110()1172 ds + N% ,(0). (4.17)

se[0,1A7]

where N (1) := E|l fyll7. ©.one: ity T El gll3 (O.ine: 122y @nd the implicit con-
stant is independent of 1,6, fy and gg. Set y(1) := E[supscio ar 10(5)7,] for
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t € [0, T]. By (4.17) we have y(¢) < fo y(s)ds + Ny ¢(t). Thus by Gronwall’s
inequality, we have

E| sup 10)I220 | S N% ,(T).
|:S€[0 7] L2(0) f8

Combining the previous and (4.16) one obtains the claimed estimate in Step 1.
Step 2: Estimate on v. To prove of (4.9), let us begin by collecting some useful
facts. Firstly, for all f € H'(O; R?),

10;Pfll,2 < 10;fll2 forall j € {1,2,3}. (4.18)

Since 3P f = 03 f, (4.18) follows trivially in case j = 3. For i € {1, 2}, note
that 9; (P f) = P(9; f). Since PP is an orthogonal projection on L*(0O; R?), (4.18) for
j € {1, 2} follows from the prev10us 1dent1tles

Let r € (1, 00) be such that 745 +5 + = 2, where § is as in Assumption 3.1. Note
that by Assumption 3.1(4), a.s. for all teRyandp € H L by Cauchy-Schwartz
inequality,

IPLTcplli2 S 1Tl L2

<m S{UP2} l0ipllz2 + HxH = 10ikc (2, xu, )l 22,0yl (XH, ')||L2(_h,o)‘
ie{l,

L2(T2)

()
Sms ol + Il@llrr2 c2-n0py So lellm
4.19)

where in (%) we used that H' = HY(©O) — HYT?; L%(—h,0)) — L"(T% L?
(—h, 0)).

The previous estimate and Step 1 yield

E”P[jl(e]”LZ(O T LZ) ~ E||f9 ”LZ(O T (Hl *) + E”g@'lLZ(O T LZ([Z)) (420)
with implicit constant independent of A, 6, fp and gg.
Applying 1t6’s formula to v — ||v||i2 (since v € L%(0, t; H?) a.s., there is no

need for an approximation argument), an integration by parts and using the argument
performed in Step 1 and (4.20), one can check that,

E[ sup ||U(f)||L2j| +E/ IVv@) 72 dt S N g, (4.21)
1€[0,7)

where

. 2 2
Nf,g i E||f9”L2(0,r;(H1)*) + E”gGHLZ(O,‘[;LZ(Zz))
FENfollZ20r:12) T ENgulT200 111 620
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and the implicit constant in (4.21) is independent of A, 6, f,,, fo, gy and gg.
To complete the proof of this step, it remains to show

T
E/ lAv|Z,ds S Ny, (4.22)
0

where as above, the implicit constant in (4.21) is independent of X, 8, f,, fo, g» and
go. To this end, we apply It6’s formula to v ||Vv||i2. Set v™(¢) := v(t A 7). Using
an approximation argument similar to Step 1 and an integration by parts, one has a.s.
forallz € [0, T],

t t
IV )12, +2 /0 Lo, Av])?, ds = =2 /0 10,01 fu + MPLTLO1, Av) 2 ds

t
+ [0 1.0y Y [AVPL@n - V)0l + Vg | ds

n>1

t
+2 Z/O 1[0,1’](}\V]P[(¢n -V)v] + Vgun, VU)LZ dﬁ;l

n>1

= IV[+V[+VIt

Note that E[V IT] = E[V Ip] = 0. Thus, taking + = T and the expected value in the
previous formula we have

T
ZE/ ||Av||izds <E[/Vr]+E[Vr]. (4.23)
0
By (4.20) and the Cauchy-Schwartz inequality we have, for all ¢ > 0,

T T
E[IVr] < sE[ I1AvI2, ds + cgE[ (Wl + IAPLT 01 52 ) ds
0 0
. (4.24)
< sE/ A3, ds + CeNy g
0

where C, is independent of A, f,, fo, gv, g0 and Ny , is as below (4.21).
We claim that, for some ¢ < 2 and C > 0 (both independent of X, f, fo, gv, g6),

T T
E[Vr] < cE fo IAv|%, ds + CE /0 (||v||iz + ||gu||§,1@2)) ds.  (425)
It is easy to see that, if (4.25) holds, then (4.22) follows by combining (4.21), (4.23)
and (4.24) with ¢ € (0,2 — ¢).
To prove (4.25), we begin with a pointwise bound. Fix v < v/ < v” < 2 and let
o0 € (2, 6) be such that ﬁ + é = % Here § and v are as in Assumption 3.1(2) and

(5). Since 8;[(dy - VIVl = Y 3_; (¢ H,f’jv + 3v 3;¢X), one has

3

D IVPIG - VIV = DY 18Pl - VIvlla

n=l Jj=1n=1
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3
2
dx«l»cv/ ’3kvh Zam{j
o k=1

2
dx

. 2
o+ ma ([ @zt [7sse ) 190130 )

@)
=V AV, + e M| VY7,

where M is as in Assumption 3.1 and in (i) we used the Kadlec’s formula (see
Lemma A.1 with 8 = 0) as well as the boundary conditions in (4.8).

Since o < 6, by the Sobolev embedding H'! < L% and standard interpolation
theory, there exists 6 € (0, 1) such that [|Vv|lze < (|Av[z2 + [[vl2) " [v]9,. In

particular, ||Vv||%g <O - \1’)||Av||i2 + Cv’,u””U“iz and therefore

D IVPL@n - VIvllF2 < VA7, + e Cor e M 0] 7. (4.26)

n>1
By (4.26), A € [0, 1] and the Young inequality, one can readily check that the pointwise
estimate (4.26) implies (4.25). Thus as explained above, the latter yields (4.22) as

desired. O

Remark 4.3 (Proof of Proposition 4.1—Case y,.™ # 0) If y,-™ # 0, then one can
repeat the argument in Step 2 of the above proofs recalling that, for £, m € {1, 2},

” (Vf’mf)na ‘

Iflle < elVFll2 + Cemll flL2

t,m
S [ .
(4.27)

LZ(ZZ)

where 1 + ﬁ = % and we used the interpolation argument which also yield (4.26).
Let us note that (4.27) has to be used twice. First to show that

L,m
v
(yn )nzl

for £, m € {1, 2}, which provides (4.21) and the second one to show that

2 2
< ellVul2, + Comllvll?s,
L2(£?)

‘/ Py,(,)vvdx‘ < IVoll
O

[Py.gvll2 S e max

2 2
1<i,j<3 L7 12 +C€,M”U”L2

92 v‘

~ & max

2

2
)] +C vl||5,,
1<i,j<3 77 2 eVl

32‘

@ Springer



Stoch PDE: Anal Comp (2024) 12:53-133 77

which in combination with the Kadlec formula of Lemma A.1, yields (4.25). In both
cases, one chooses ¢ > 0 small enough to absorb the leading terms in the LHS of the
corresponding estimate.

5 Proof of the main results in the strong-weak setting

In this section we have collected the proofs of our main results in the strong-weak
setting. Namely, the proofs of Theorems 3.4 and 3.6 are given in Sects. 5.1 and 5.2,
respectively.

5.1 Proof of Theorem 3.4

To prove Theorem 3.4 we employ the results in [2, 3], and therefore we reformulate
(3.1) as a semilinear stochastic evolution equation. To this end, let

Xo=L>x (HY* and X, =H12\IXH1,

the linear operators (A, B) = (A, (Bn)n>1) be as in Remark 4.2(a) and for all U :=
(v, 0) € X1 we set for the non-linearities

FU) = [P[(v - Vi)v 4+ w(v) - 330 + Fy (-, v, 0, Vv) + Py 6 (., v)]} ’

divg (v0) + 93(w(v)0) Fy (-, v, 8, Vv)

(P[Gv,n('a U)])nzl]

G, U) = [(Ge,n(" V,0))n>1

where w(v) is as in (2.3) and

2

Py.G(,v) = ZZ (1, 2) QGG o))" |

n>1m=1 =1

cf. (3.3). With the above notation, (3.1)—(3.2) can be reformulated as a stochastic

evolution equation on X of the form

dU + AU dt = F(-,U)dt + (B(-)U + G(-, U))dB,2(2), 5.1)
U(0) = (vo, 6b), '

where B2 is the £2-cylindrical Brownian motion induced by (BMn=1, see (2.2). It
is straightforward to see that ((v, 0), 7) is an L?-maximal (resp. -local) solution to
(3.1)—(3.2) in the sense of Definition 3.3 if and only if U = (v, 8) is an L?-maximal
(resp. -local) solution to (5.1) in the sense of [2, Definition 4.4]. With this preparation
we can prove Theorem 3.4.
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Proof of Theorem 3.4 Let us begin by proving the existence of maximal L>-strong-

weak solutions and Theorem 3.4(1). To this end, by the above discussion and

Proposition 4.1, the existence of an L?-maximal solution to (3.1)—(3.2) satisfying

(1) follows from [2, Theorem 4.8] provided assumptions (HF) and (HG) in [2, Section

4] hold. To check these assumptions, we need to estimate the nonlinearities F and G.
For notational convenience, for U = (v, 0) € X, we let

Fi(,U) = [P[(v -Vy)v + w(v)%v]}  BU) = [P[Fv(-, v, 0. Vv)]] |

divg(v0) + 93 (w(v)0) Fyo(-,v,6,Vv)

and F3(-, U) := [Py,c(-, v), O]T. Finally, set Xp := [Xo, X1]g where B € (0, 1).
Here [-, -]g denotes the complex interpolation functor.

Step 1 ForallU = (v,0), U' = (v, 0') € X,

IF1(,U) = Fi(, UNxy S (110, 0)1xs + 107, 00 [1x3,0) 10, ) — 0, 0) x5
(5.2)

Let us begin by noticing that Fj is a bilinear map, and therefore to prove (5.2) it is
enough to consider the case (v', 8”) = 0. To this end, we note that

X34 <> [Xo, H> x H'134 — H>* x H'/. (5.3)
Moreover,

P[(v - Vu)v]
H [ diviy (v8) } on S - Vavllz + v 2

< llvligs (Ivllwes +1611.3)
S llgsre (Ivllgae + 161 g1/2)
where in the last step we used Sobolev embeddings. The remaining terms in F can be

estimated as in [30, Lemma 5.1] for p = 2. For the reader’s convenience we include
some details. Note that, for all v € H2,

W) llzoe (n.oza(r2y) S W@ llwr2(-n.0:24(12))
< ||diVHU||L2(—h,0;L4(T2)) (5.4)
S vl (.o, wis(r2)) |

< ||U||L2(_h,o;H3/2(T2)) S vl gse

and

1031l L2 (—n,0:4(12)) S 19301 L2(—p.0; 1172 (T2))

S llz2(nos a3 rzyy S lvllgse.
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Analogously, one can check that [0 12— 0.4 (T2)) S |16 g1/2 forall 6 € H'. Thus,
using the previous estimates, we get

” [P[w(v)a3v]]
93 (w(v)0)

S lw@)dzvlige + lw@)ol 2
Xo

< lw)llzeon,0;r¢r2y) (18300 22 0;zo 2y + 100 r2n 0524 (12))]
S lvllgse (ol gse 4 1011 172) -
By (5.3), the previous estimates yield (5.2).
Step 2 ForallU = (v,0), U' = (v,0') € Xy,

1F20, U) = P Uy S (14 10 00y 5 + 167010 ) [0, 0) = (4,6, o

+ (1 1@ oI, + 1006017, ) 0.0 = (.6, , -

By Assumption 3.1(7) and the Cauchy-Schwartz inequality, for all (v, ), (v, 0') €
X1, |F2(-, U) — Fo(-, U") || x, can be estimated by
2/3 2/3
(L4 o070 + 1017 10) Ilv = V'll 0 + (1 + IIZIIL/10/3 + ||9/||L/10/3) 16 — 6"l 103
2/3 2/3 2/3
+ <1 + ||U||u£1.|0/3 + ||U/||u£1.10/3> lv— U/”Vél,l()/s
2/3 2/3
S (L 65 + 10 1es) 1o = V'l gers + (1 + ||Z||H/3/5 + ||9/||H/3/5> 16 —6"ll 35

2/3 2/3 2/3
+ (L1051 1505 ) o = I

where in the last equality we have used Sobolev embeddings. To obtain the claimed
estimate it is enough to note that

X35 HY® x H'S and X5 — HSS x H3P.
Step 3ForallU = (v,0), U' = (V,0) € X4,
IF3(. U) = F3(. U lxy + GG U) = G Uy, 2,
S (141001 s + 1070014, ) 10.6) = (.0l

+ (141001, + 107,013, ) 1@, 6) = (0 8)l1 x5

where X1 ,2(¢2) := H'(€%) x L?(€?).
Note that, by Assumption 3.1(2) and the Holder inequality,

L2

IF5¢.0) = B U0l £, max | 375" (@G v) = Gun )"
’ ’ n>1

Sm (G v) = Gyl U/))nzluLﬁ(/zZ)'
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By the Sobolev embedding H'!(¢2) — L°(£?), it is enough to prove the estimate for
IG(-, U) — G(, U’)lel/z(gz) which will be given below.

Since [[(Gg,n (-, v,0) — Gon(-, V', 0")>1] 1242y can be estimated as in Step 2, we
only consider the G, ,-term. By the chain rule

aj(Gv,)1(" v)) = aijv,n('s v) + ava,n('v v)ajv for a]lj e {l1,2,3}.

Arguing as in Step 2, one can check that to estimate ” (Gv,n(-, V)—Gy 1/))>l )

it is enough to bound the term
1(ByG o 0)jv —08yGy (-, )0V ) nx1ll 202y =2 I (v, V).

By Assumption 3.1(7) and the Holder inequality, for all v, v’ € H?, I (v, v') is less or
equal than

@Gt 0) (30 = 00), o |, 105G 0) = 05Gn (0) 00z 2
S+ =0 Plge) 13jvll s + (1 110 Pl o) 190 1 187

2 2 .
S (1 + v — U,||H4/3) Il g3 + (1 + ||U,||H4/3) 1] ggar3

where in the last estimate we have used Sobolev embeddings. Since X2/3 < H*/3 x
H'/3, the claim of this step follows.

Step 4 Conclusion. Due to Steps 1-3 and Proposition 4.1, the existence of an L2-
maximal strong-weak solution to (3.1) and Theorem 3.4(1) follow from [2, Theorem
4.8], where we set mr = 3 and mg = 2 which correspond the to number of different
terms on the right hand side when estimating F' and G, respectively, as done in Steps
1-3. Moreover, each of these five terms involves numbers p; describing the power in
the estimates of the non-linearities, and B, ¢; indicating the order in the estimates of
the non-linearities in terms of interpolation spaces Xg; and X, respectively. Here,
by Steps 1-3 we can chose in [2, Theorem 4.8]

pr=1,0=ps=4,03=2/3,p5 =2, and
Br=¢1=3/4p=0s=Ppr=P1=3/5,03=P3=4/5,¢5 =5 =2/3,

where one also uses that
1 .
Pj <pj—1+§ +Bj=1 forall jef{l,...,5}.
Theorem 3.4(2) follows from [3, Theorem 4.11] and Proposition 4.1. O
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5.2 Proof of Theorem 3.6

The key ingredient in the proof is the following energy estimate. Recall that A has
been defined in (3.9).

Proposition 5.1 (Energy estimate) Let Assumption 3.5 be satisfied, and T € (0, 00).
Assume that vo € L% (2 H') and 6y € L% (2 L?), and let (v, 6), T) be the L*-
maximal strong-weak solution to (3.1)—(3.2) provided by Theorem 3.4. Then there

exists a sequence of stopping times ([t )k=1 with values in [0, T'] such that puy < t
a.s. for all k > 1 and the following hold:

(D) Plupr=1tAT)— lask — oo;
(2) Foreach k > 1 there exists Cy, 7 > 0 (possibly depending on vy, v) such that

ELNG (s )]+ E N (1; 0] = Cr (14 Elloolly, + ENo2)-

Let us first show how Proposition 5.1 yields Theorem 3.6.
Proof of Theorem 3.6 By [3, Proposition 4.13] it is enough to consider vy €

L>®(Q; H') and 8y € L®(RQ; L?). Fix T € (0, o) and let (u)x>1 be as in Proposi-
tion 5.1. In particular,

Ni (s v) + No(ues 0) < 00 as. forall k > 1. (5.5)
Since limg oo P(ux = T AT) = 1,
P <T) = kli)ngop({f <T}Nn{ur =1}
O lim P({r <T)N{ux =)0 {/\/1 (T: ) + No(z: 0) < oo})

< P(r < T, Ni(t;v) + Np(z;0) < oo) =0

where the last equality follows from Theorem 3.4(2). The arbitrariness of 7 yields
P(t < 0c0) = 0. Hence T = o0 a.s. as desired. O

The proof of Proposition 5.1 will be divided into two parts. Firstly, in Sect. 5.2.1

we prove a standard L2-energy estimate for LZ-maximal strong-weak solutions to
(3.1)—~(3.2) and in Sect. 5.2.2 we prove Proposition 5.1.

5.2.1 An L?-energy estimate

The aim of this subsection is to prove the following result. Recall that A}, is as in (3.9).

Lemma 5.2 (L>-energy estimate) Let the assumptions of Proposition 5.1 be satisfied.
Let ((v,0), T) be the L*-maximal strong-weak solution to (3.1)—(3.2) provided by
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Theorem 3.4. Then foreach T € (0, 00) there exists cr > 0 independent of vy, v, 6y, 0
such that

ENo(x A T5 )]+ EINo(x AT5 0] < er 1+ Elluolz +Elol3 ). (5.6)

Proof For the reader’s convenience we split the proof into several steps. Below T €
(0, 00) is fixed and (-, -) denotes the duality pairing for H land (H!)*. Recall that
L? < (H")* and the embedding is given by (¢, f) := f(’) fodxforg e H'.

For each k > 1, let us set

o =inf {r € [0, ) V(@) g1 + VIl L2001 22)

(5.7)
+ 102 + 1VOll L2002 = k} AT,

where inf @ := 7. By progressive measurability of (v, #) (see Definition 3.3) and
Theorem 3.4(1), for each k > 1, 7} is a stopping time and limy_» P(tx = 7) = 1.
Therefore, by Fatou’s lemma, it is enough to prove (5.6) for 7 replaced by t; provided
cr is independent of £ > 1. Note that

v ‘[o,fk]xg eC ([0, l; Hl) NnL? (0, Tis Hz) and

Oliomiea € € (10, L2) N L2 (0, H')

uniformly in €2. In particular, all the integrals appearing below are finite.
By Gronwall’s and Fatou’s lemma, it is enough to prove the existence of c7 inde-
pendent of £ > 1 such that, for all ¢ € [0, T,

T N
E[ sup <||U(S)||iz+||9(5)||iz):|+E/ (IVe@12: + 1V 12,) ds
sell 0

0, T AL)

) T Nt 5 5
< er (1 +Elwol2; +Elléol2,) +cTE/0 (@12 + 16)12,) ds. (58)

To shorten the notation, in the following steps, we set o := 1.

Step 1 L (L?)- and L*(H")-estimate for 0, see (5.10) below. The idea is to apply
1t6’s formula to 0 +— |0 ||i2 and use an argument similar to the one used in the proof

of Proposition 4.1. Recall that, by integration by parts, one has for all v € HI%I and
0 € H' (cf. (3.5) and the text below it)

(divg (v 0) + 33(w(v) 0), 0) = / O(v-Vho + w@)d0)dx =0  (5.9)
O

since divgv + d3[w(v)] =0 a.e.on [0, o] x Q.
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Reasoning as in Step 1 of Proposition 4.1, we set 67 := 0(- A o) and applying Itd’s
formula and (5.9) we get, a.s. forall ¢ € [0, T],

t
107 )17 +2 /0 110,611 VO()II72 ds — 11607

t t
=2 fo 1.1 /O Fo(v. )6 dxds + /0 1001 Y 1 - V)0 + Gow@)]12, ds

n>1

t
#2300 (0 90+ Go(w,0).6) g,

n>1
where, for brevity, we set Fy (v, 0) = Fy(-, v, 8, Vv), Gg (v, 0) = Gg (-, v, 0, Vv)

and (-, -);2 denotes the scalar product in L?=L12%0).
By Assumption 3.5(2), we have a.e. on [0, o] x 2

\f Fy(v,0)0 dx| < C(E® + [|vl|7, + IVVII72 + 1017 + 1011%,),
(@]
1(Go.n (v, 0))nz111722) < C(E® + IlvlI72 + 1V0II72 + 161172)-

By using the argument in Step 1 of Proposition 4.1, one can check that the above
estimates ensure that, for all r € [0, T],

oAt
E[ sup ||9(s>||iz]+E/ IVO($)II3, ds < Cr.6El160ll3
s€[0,0 At] 0

(5.10)
o Nt
+CroE /0 (||9<s>||iz + @37, + ||Vv<s>||iz) ds
where Cr g > 0 is independent of 6, 6y, v, vo and k > 1.
Step 2 L°(L*)- and L*>(H")-estimate for v, see (5.12). As in Step 1, the idea is

to apply It6’s formula to v — || v||i2 and use an argument similar to the one used in
Step 1 of Proposition 4.1. As in (5.9) we have the following cancellation

/ (v-Vgv +w@)asv) -vdx =0, for all v € HZ, (5.11)
O

since divgv + d3w(v) = 0 a.e. on [0, o] x Q. Reasoning as in Step 1, we set v7 :=
v(- A o) and apply Itd’s formula and (5.11) to get, a.s. forall ¢ € [0, T],

t
v ()17, +2 / 110,011 Vv(5) 1132 ds — [[vol1Z,
0

t
52/ 1[0,(,]/ (F,,(v,e, Vv)—}-PV(-,v)—JKQ)-vdxds
0 O
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t
+ fo o071 Y 1@ - V)v+ Gon()I32 ds

n>1

+2Z/ lloa] (@ - V)0 + Go.n(v), ) g,

n>1
where J, is as in (4.3), and where we use that the hydrostatic Helmholtz projection P

is orthogonal on L%(O; R?), in particular [|P|| ¢ (z2) = 1.
Integrating by parts, we have a.e. on [0, o] x Q forall ¢ € (0, 1) and some C; > 0

x3
| / 6 vdx| =| / [/ (. xw, £, xw, €)de [divigo dx|
@] O —h
< el Vull7, + Cellél;.
Next we consider the P, (-, v)-part. To this end, recall that
= Ql(¢n - VIV + Gy u(-, V)]

Let 6 > 0 be as in Assumption 3.1(2) and let ¢ € (1, 6) such that Ll) + ﬁ = % Note
that, by (3.3) we have, a.e. on [0, o] x €,

/Py( v) - vdx < e"’ lv| dx
mt=1n>1
Zm
v
lZ H " n ">1 L2(£2) H Vn n>1 | | 12
(t<') ~
max Om P, vl e
M (i) H( Pz 101

@ @ 2 2 o
S (E+ vz + 1Voll2) lvllize < ellvVully, + G (||v||L2+a),

where in (i) we applied the Holder inequality, in (i) the boundeedness of QQ and in
(iii) the Young’s and standard interpolation inequalities.

The remaining terms can be estimated as in Step 1. Thus, choosing ¢ small enough,
one can check that Assumption 3.5(2) yields, for all ¢t € [0, T,

o Nt
E| sup [v@)l7.|+E /O V()13 ds

s€[0,0At]

) o Nt ) )
<Cr, <E||v0||Lz + E/o (COIFE Ol ds) .

where Cr,, > 0 is independent of 6, 6y, v, v and k > 1.

(5.12)
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Step 3 Proof of (5.8). Let Ct ¢ and Cr , be as in (5.10) and (5.12), respectively.
Without loss of generality we may assume that Cr g, C7, > 1. The claimed
inequality follows by noticing that

(5.10)
m‘i‘(ilz) = (5.8).

More precisely, the above means that (5.8) follows by multiplying (5.10) by (2CT79)’]
and then adding the estimate with (5.12). On the RHS of the resulting estimate the
term %E fo‘”\t [[Vu(s) ||izds appears and can be adsorbed into the LHS since 0 = 7

and therefore E [ ™ [[Vv(s)[|,ds < k as. by (5.7). O

5.2.2 Higher order energy estimates and proof of Proposition 5.1

Through this subsection, we assume that the assumptions of Proposition 5.1 holds,
and in particular T € (0, co0) is fixed.

Let ((v, 6), 7) be the L2-maximal strong-weak solution to (3.1)—(3.2) provided by
Theorem 3.4. For each k > 1 we set

Kk ;= inf {l S [O, T) N ||U(t)||L2 + ”v”Lz(O,t;Hl)

_ (5.13)
+ 16Ol 2 + 161 200,011y + I EN 20102y Z K} AT

where inf @ := 7 and E is as in Assumption 3.5(2).
By Lemma 5.2 and E € leoc([O, 00); L?) a.s. we have limy_, oo P(¢x = 7) = 1.
Note that

No(i; 0) + No(ly; v) <k, as.forallk > 1, (5.14)

where A is as in (3.9). To prove Proposition 5.1, it remains to find stopping times
((k)k>1 such that, a.s. for all k > 1, one has pu; < £, limg— o0 P(itx = €x) = 1 and

EIV (ui: )1 < Crr (14 Eflvoll 1) (5.15)

where (Ck,7)r>1 are constants possibly depending on vg, v and k > 1.
Let us recall that, for all k > 1, (v, £) is a L2-local solution to

dv — Avdl = (IF’[ — - Vi) — w@)dsv + f + Py,qb])d;
+ ) Pl(¢n-VIv+ g, l|dB], on O,
HZZI [ ] ' (5.16)
B3v(-, —h) = d3v(-,0) =0, on T2,
v(-, 0) = vo, on O,
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where, for notational convenience, we set on [0, T) X €2,

2
gn = Gun(v), forn =1, Ppg=> Y 3" (Ql(¢n VIv])",
n>1m=1 i (517)
fi= vah(K(-, 0C, 0N dE + Fol,0,0,90) + 33 37 (Qlgal)”,

n>1m=1

where Q is as in Sect. 2.1. Finally, we set

NU,@(I) = ||f||i2(0,t/\r;L2) + ”(gn)nzl ||i2(0’t/\t;Hl(€2)) a.s. fOI' all re [Ov T)'
(5.18)

Let us first show that N, is bounded on the stochastic interval [0, £x] x
for all k > 1. To this end, note that, by Assumption 3.5(2) and (5.14), we have
I (gn)n>1 ”iz(o,ek;Hl(ﬂ)) < Cgx as. for some Cyx > 0 independent of vy, v. The
previous estimate and Assumption 3.1(2) yield a.s.

2

2
Z . (@) (i)

§ yn’m (Q[gn])m S ChM”(gn)nzl ”iz(o,lk;lﬁ(fz)) 5 Cthv
n>1m=l1 LZ(O,Zk;Lz)

where in (i) we used the Holder inequality, in (i) the embedding H'!(¢?) — L°(¢?)
and (5.14). Thus the previous estimates, Assumption 3.5(2) and (5.13) ensure that, for
some Cy independent of vy, v,

Nuo @) = £ 117200, 0:12) + 1@Inz1 1720 01102y < Cr s, (5.19)

Following [8], we derive from (3.1) a coupled system of SPDEs for the unknowns

0
v(t, xy) = %/k v(t, xyg, ¢)de, and V(r,x) :=v(t, x) —v(t, xpg), (5.20)

where x = (xy, x3) € T2 x (=h,0) = O andr € R.

Recall that Py denotes the Helmholtz projection on L?(T?; R?) which acts on the
horizontal variable xg € T? where x = (xg, x3) € O, see Sect. 2.1. Since Pv = Py,
applying the vertical avarage in (3.1) and using Assumption 3.5(1), for all k£ > 1,
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(v, £;) is an L2-local strong solution to

dv — Ayvdi = (]P’H[ @ VT —-F@ + T+ Pm])dt

+ 3P| ot V)T + G050 + T |dBY, o T2,
n=1 (5.21)

0
F@) =+ / [(5 V)T + U(divHU)]dg, on T2,
hJ-p

v(-, 0) = o, on T2,

where ¢, 5 1= (¢>,1, qb%). Here we also used that

(v-Va)v+w@)dzv = (- Vy)u + (V- V)V + (divgD) v

which follows from 7 = 0, (2.3) and an integration by parts, and by Assumption 3.5(1),

Pa-Y Y i (Qu| @0 ])"

n>1m=1

= Z 22: Y (@H[(¢n . V)v])m =Py - (5.22)

n>1m=1

Let us also note that the first equation in (5.21) and vy € H' imply divyv = 0.

Here, by L2-local strong solution to (5.21) we understand that (v, €x) solves (5.21)
in its natural integral form, cf. Definition 3.3.

Analogously, noticing that Pz — Pyz = z — z for all z € L2, one can readily check
that (7, £;) is an L>-local strong solution to

dv — AV dt = [— @ V)T + E@, ) + f]dr

+> [(cbn V)T — 030 +g~n]dﬂ,”, on O,

L nzl o _ (5.23)
EW, V)= —-wW)HBv— @ - Vo) — (U -Vp)v + F@), onO,

930(-, —h) = 339(-,0) = 0, on T2,
v(-,0) = Vg := vo — o, on O.

Here we used that 33v = 93v. Note also that w(v) = w(?) since divgv = 0. This fact
will be used frequently in the following.

With this preparation we can prove an intermediate estimate which is the key ingre-
dient in the proof of Proposition 5.1.
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Lemma 5.3 (An intermediate estimate) Let the assumptions of Proposition 5.1 be
satisfied. Let £y be as in (5.13) and let ((v, 0), T) be the L2%-maximal strong-weak
solution to (3.1)—(3.2). Then there exists a sequence of constants (Ci)r>1 such that

Lk
E| sup X, +E/ Y,dthk<1+E||v0||‘1‘{]) (5.24)
te[0,€y) 0

where, for eacht € [0, 1),

Xt = ||U(t)”§.11('ﬂ'2) + ||33U(t)||iz + ”5(1‘)”147
2 e (5.25)
Y= 0O 2 er2) + VIO + H|v(t)||Vv(t)IHL2.

In (5.25), with a slight abuse of notation, we wrote H k (']TZ) instead of H* (Tz; RZ).
We will use the same notation also below if no confusion seems likely.

Proof of Lemma 5.3 We begin by collecting some useful facts. By Definition 3.3, for
each j > 1, the following is a stopping time

tjc=inf {t € [0,7) : |vll;200,. 12 + VOl = j} AT, where inf & := 1.
(5.26)

Note that, by Definition 3.3 and the definition of the t;’s,

||U||L2(o,r,~;H2) + sup [lv$)|lg1 <j and lim t; =71 as. (5.27)
s€[0,7;] ]

To prove (5.24), it is enough to show that for each k& > 1 there exists Cox > 0
independent of j and v, vg such that, for each j > 1 and any stopping times 0 < n <
E <1 AN,

T
E|: sup ij| + E/ 1p.61Ys ds < Cox + CokE[Xy]
0

seln.£] (5.28)

T
+ CoE U Ty (1 10122) (1 Mo + 0131 ) X ds] ,
0

where N, g is as in (5.18). Recall the Sobolev embedding H' < LS. Thus all the
integrals in (5.28) are finite due to § < t; and (5.27).
Let us first prove the sufficiency of (5.28). Due to (5.14), for each j, k > 1,

Ek/\‘r_,' 5 )
/0 (110132 ) (14 Mo + 0121 ) ds

Ly
< (1 + sup ||v<s>||iz) / (14 Mo + 10121 ) ds < (6 + T)k +T + Co).
s€[0,4¢] 0
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Therefore the stochastic Gronwall’s lemma in [27, Lemma 5.3] with T = £, A 7
applies to (5.28), and it ensures the existence of C(k, T, Cp ) > 0 independent of
J, v, vg such that

SG[O,@k/\‘L’j]

t
E[ sup X‘Y}+E / 10,60 Yeds < C(L+Efwold).  (5.29)
0

where we also used that E[Xo] < 1 + E||vo||jt11 by Sobolev embeddings. Recall that
£x < t as. for all k > 1. Thus the claimed estimate follows by taking j — oo in
(5.29) using that C in (5.29) is independent of j > 1 and the second in (5.27).

The proof of (5.28) will be divided into several steps. The argument is an extension
of the one in [29, Subsection 1.4.3] for the deterministic case. Recall that n, & are
stopping times such that 0 < n <& < t; A {; a.s. for some j, k > 1.

Step 1 L®(HY)- and L?(H?)-estimates for v, see (5.38) below. By repeating the
argument of Step 2 of Proposition 4.1 where one uses the parabolicity condition in
Remark 3.7(b), one can show that

(= 2n Pal@nit - VioDiz1) € SMR3(T), (5.30)

with Xg = L%{(’JIQ) and X, = HZ(T?), where L%(Tz) is the space of divergence
free vector field on T2 and HIZ{(']I‘ ) = ]LIz{(Tz) N H%(T?; R?). Here SMR5(T)
denotes for the set of couples having stochastic maximal L>-regularity on (Xo, X1),
cf. Remark 4.2(a) and [2, Definitions 3.5-3.6]. Since (v, ) is a L?-strong solution to
(5.21), by (5.30) there exists C > 0 independent of v, vo, 1, £, j, k such that

£ _ 4
E| sup 911, | +E / 101322y ds < C | BRI + Y 15|
s€(n.€] 1 j=1

(5.31)

where

1 =Elf 1320 6202y + EN@Dn= 11720, 61 (222
I = EIF @320, 612012

T3 = El(@3030)n=1 1720, 2111 (1220200

La = ElPygllL20.5:02072),

T, . = =12
]5 = E”U : VHvlle(n,S;L2(T2))’

and P), ¢ and F are as in (3.3) and (5.21), respectively.
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Below we consider each term separately. By Holder inequality and (5.19),
I < CyCr 1, (5.32)

where Cj, depends only on 4. Similarly,

— 2
1> = CE | 11V

el (5.33)

Next we estimate 3. To this end, note that I3 < 73,0 + 73,1 + 73,2 where

73,0 = EH (¢333v)nzl ”iZ(n’E;LZ(TZ;ZZ))a

Ta = b3 2
13,1 . jIEI%E]l,X2} E” (a]¢na3v)n21 ||L2(17,§;L2(T2;f2))’

I3

35 2
jelia) B[ (639;930)nz1 [ 12, 6120202y

By Assumption 3.1(2) we have |[(¢,(t, x))n>1ll;2 < CsM as. ﬁor all t € Ry and
x € O by Sobolev embeddings (cf. Remark 3.2(a)) and therefore /3 o < Cy by (5.14)

and & < ;. Since (3Py)n>1 € L3T3(O; £2) also by Assumption 3.1(2), by a standard
interpolation inequality we get

- - 2 A 614 a2
I31+132=C (EHVE)SU“Lz(,],E:Lz) + Elldzv\le(n,E;LzJ < CEIV®UlLg, 602 + Cre
In turn, we have proved
7 2
I3 < CE||V83v||L2(n7§;L2) + Ck. (5.34)
To estimate 74, note that by Assumption 3.5(1),

QU@ V)vl = Qu[ @1 V90| = Qu[ @i V)] + Q[ 5050 .

Since (v, (t, @, Nn=1 € L3(O; £2) uniformly w.r.t. (r, w) by Assumption 3.1(2),
the Holder inequality yields

2 2

T S| (@ 90),

+E[ (@00),..,

L2(n,&;L5(€2)) L2(n,8; L5 (7))

St ENVOIT2, o pseray) + ENBsVIT20, 516,
< L EIT oy + O (BT BN, )
4C L2(n.&:H*(T?)) L*(n,§:H'(T*)) L*(n.§;L°%)

where C is as in (5.31) and in the last inequality we used that ¥ is two-dimensional
and || fllzo(r2)y < el fllgr(r2y + Cell fll22(T2) by Young’s and standard interpolation

@ Springer



Stoch PDE: Anal Comp (2024) 12:53-133 91

inequalities. By (5.14), the above displayed estimate and the Sobolev embedding
H' — L5 we get

+ Cr + CyEl|d3v]]3,

(0.6 H*(T2))

_ 15
Iy < ﬁEllvlle (n,&;L5(£2))

{ (5.35)
=12 2
= 4EE”U”L2(77’§;H2(T2)) + Ck + CME||V83U”LZ(,”‘E;LZ((Z))'

It remains to estimate /5. Recall that, by standard interpolation inequalities and
Sobolev embeddings,

1/2 1/2
1 sy S Uy S 0F N 1 F e, (5.36)

where t > 0. Applying (5.36) to v and Vyv, we get

2 £
=t [ ol Veoll; ]ds
L2(n,6;L2(T2) — /17 101742 I VEUI 7472,

5.14) H 5 _
S./ E/ I:k”v”Hl('ﬂ"Z)||v||H2(T2)] ds.
n

E| 1911 Va|

Since [Vl g1 72y Sh llvll g1, the Young’s inequality yields

2
E| w119l

L2(1.§:L2(T?))

§ 1
< GiE /ﬂ D101 ey 5 + 7= B0 gy oz (53T)

Using (5.32), (5.33), (5.34), (5.35) and (5.37) in (5.31) we get

&
E[ sup ||v<s)||§,l(Tz)]+E / 19132 g2, ds
s€ln,é] n

&
1 — _
<c) [1+||v(n>||i,.(Tz)+E/n (1 1013 ) 1Ty ds (5.38)

¢ ¢
+E/ | B3, ds—i—E/ 1Vasv)12, ds}
n n

where C,EI)T is a constant independent of v, v, , £ and j > 1. Note that the term
%E”m'iz(n,&;Hz) on the right hand side of (5.37) has been absorbed in the left
hand side of (5.54). This is possible since § < 7; and therefore ||Vl 2, ¢. 2y <n
Ivllz2.6:m2) < J as.

Step 2 LfO(L)ZC)— and L,Z(Hxl)-estimatesfor v3 := 03V, see (5.44) below. Let us set

I = (- v ) A ). Note that v3* € C([0, T1; L?) as. and 1V [l qo.7p:22) < J
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a.s. since & < t; by assumption. Using an approximation argument similar to the
one used in Step 2 of Proposition 4.1, we may apply the 1t6’s formula applied to
v ||u3 ||i2 and an integration by parts argument yield, a.s. for all 7 € [0, T],

4

2 t
L~ lvs@liga +2 /0 161 /O |Vus|*dxds =Y I;(t), (5.39)
j=1

o

where
t
I t :=2 1 - V - a 58 d )
1 (1) /(; [n,s]( (v - Ve)v — w(v)d3v 3v3)L2S

t
I(t) = 2/0 l[n’g](f, 03v3)2ds,

2
ds,
L2

t
B0 = Y [ 1ot v+ o)
n>1

t
L =23 /0 1061 (350 - V)v] + dagu. 303) Bl

n>1

and where weused that 03P f = fand (Pf, d3v3) 2 = (f, P(03v3)) 12 = (f, d3v3) 2
and (P4, d3v3) = Oforall f € L? since v3(-, —h) = v3(-, 0) = 0 on T? due to (3.2)
and to the fact that P, 4 is x3-independent (cf. (5.22)).

Fix vi € (0,2 — v) where v < 2 is as in Assumption 3.1(5). By repeating the
argument in [29, Step 2, p. 24] one can check that, a.s. for all t € [0, T'],

§
E[ sup |11(r>|} §CE/ [(1+ 10120 ) w3 + T IVE@IIZ. | ds
el " (5.40)

d 2
+ le/ IVv3 )12, ds.
n

Moreover, by (5.19), for all v, € (0,2 — v — v;) we have a.s.

E| sup ||| < Cr+wEIVusl?a . o (5.41)
|:te[0,T] L2(n§:L%)

Next we estimate /3(¢). To this end, let us fix vé € (v, 2 — v; — v2). Note that such
choice is always possible since v < 2 — vy — va. As in the proof of (4.26), using
Assumption 3.1(2) and (5) one gets

§ 2
sup Z/ H 93[ (¢ - V)v]” ,ds < VIV usl|7 + ey llvll3 .
IE[O,T]nzl n L
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By (5.19) and the Young’s inequality we have, for all v3 € (V5,2 — vj — 12),

E [ sup |13<t)|} < VEIVUI32(, 112) + Chamas: (5.42)
te[0,T] e

Taking E in (5.39), using that E[/4(#)] = 0 and 2 — Z?:l v; > 0, one infers

H
E f IVuss) 2, ds < Ellos ()2, + €
! (5.43)

&
+CE/ LIBIV315 + (1 B0l ) losis | ds
n

where C,/( and C are independent of 1, £ and j > 1.
Next we apply E[ sup;jo.7 | - |] to (5.39). To this end, it remains to estimate I4.
For notational convenience, we write Iy = I41 + 142 where

t
L=y fo 1061 (310 - V)0, D303) 2d

n>1

t
L) =Y /O 1,61 (33[G v, (v)]. B303) 2 L.

n>1

As above, E ff 1(8n)n=>1 ||i2 < k by (5.19). Thus, the estimate (5.43) and Burkholder-

Gundy-Davis inequality yield

§

~ e~ |12

el s[ng]|I4,z(r>|]sc,1+CE/ LBV + (14 1ol lvsis | ds.
tel0, n

Again, by the Burkholder-Gundy-Davis inequality,

E[ sup !14,10)@
s€[0,T]

_ 1/2
§ 2

<CE f ‘/02[33((¢H.V)v)].v3dx‘ ds:|
n n>1

¢ 12
< CE / (1+||W3(s>||22)||v3<s>||22ds]
n

B 1/2 £ 12
<CE (sup ||v3(s>||iz> (f (14 1Vv3(s)1172) ds)
s€[n,&] n

i &
= 5E| sup ||v§'f<s)||§z} +CE/ (1+1Vvs(s)113,) ds
_se[O,T] n
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i) 1 T
< E[ sup ||v;7’5<s>||iz}+c;+E/ 319513, + (1 + 012 w2, ] ds
s€[0,T] n

where in (i) we used v7"* = v3((- V 1)) A £) and in (ii) (5.43).
Applying E[ SUP;ef0.7] | - |] to (5.39) and using that (5.40), (5.41), (5.42), (5.43) as
well as the previous on I4 1 and I4 7, we have

H

2

E[ sup ||v3(r>||iz} +E/ IVu3l2, ds < Cy [1 +Ellus(m1%,
s€ln,él n

: (5.44)
+E/ L+ ol20) sl + || 319915 ds}
: (( H ) sl + | Iz )

where C ,EZ)T is a constant independent of n, £ and j > 1. Let us remark that the term

%E[supse[oﬂ ||v;7 4 (s) ||iz] appearing in the estimate of 14 ; has been absorbed in the
left hand side of the previous estimate.

Step 3 An L;’O(Li)—estimate for v, see (5.54) below. As in the previous step we set
716 .= T((- V 1) A E). By the Sobolev embedding H! < L* and £ < 7;, we have
7€ e C([0, TT; L*) a.s. and IIE”’éllc([o,T];th) < jas.

The 1td’s formula applied to v +> ||'17||‘£4, gives a.s. forall ¢ € [0, T],

2
ds
L2

t
17 @)l74 = B4 +2 /0 T (o]
p 5 5 (5.45)
a4 [ v ds - ];Jm),

where
t
Ji(t) = —4/ 1[,,,5]/ (V- VuD)] - 9|9)? dxdss
0 O
4 t 0
2 / 161 / ( f (@ Visd) + DidivaD)] de ) - 7P dxds
h Jo o\

t
+4/ 1[,7@]/ 1019 dxds,
0 O

t -
L(t) = 2/0 l[n,é]/o IEIZZ‘(%'V)'ﬁJr $3 930 + gn

n>1

+4/0t l[n,g]/og’ﬁ'[(%-v)ﬁ—i-m—kfn]

2
dxds

2
dxds,

t -
J(t) ;=4/0 1[,7,§]/OZ|’J|2&7- [(@n - V)T + $3030 + gn] dxdBl,

n>1
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and we used that integrating by parts (cf. [29, Lemma 2a), p. 21])
/ [@- V)] - 0] dx = / [@ - V)T + w()337] - 3]v]* dx = 0,
@ @

since divgv + 93(w(v)) = divgv = 0 a.e. on [n, €] x Q.

Let us remark that, to justify the above identity, one needs a standard approxi-
mation argument. More precisely to prove (5.45), one applies the Itd’s formula to
V> [y My (R, (V) dx where

4 <
Iy[4, onlyl=m. o ally cRom> 1,

M =
) {m2(6|y|2—8m|y|+3m2>, on |y| > m,

and R,, := m(m + 1 + Ax)~! (here Ay denotes the Neumann Laplacian on L?)
and then taking the limit as m — o0 in the obtained equality. Since M,,, € Cg R?),
M,, has quadratic growth at infinity, R,, — I strongly in H* for k € {0, 1} and
D(AN) <= H? < L, the It0’s formula can be applied. By (5.26) and the fact that
& < tj as., the limit as m — oo can be justified by recalling that H' < L%and
noticing that, for all y = (y1, ») € R2, i, j e{l,2},

My (v) = [y[*, 8y, My (3) = 451y, By, M (3) — 41y|*8; ; + 8y;yi, asm — oo,
My ()] < Cly[*, 18y, My )] < ClyP, 13y, Mu ()] < Cly|?, forallm > 1,

where C > 0 is independent of m > 1 and §; ; is the Kronecker’s delta.
Let us turn to the proof of the main estimate. Fix v/ € (v, 2). Reasoning as in [29,
Step 3, p. 26], we have

&
sup |J1(2)| < Ck[l +/ (1+ Ny + ||U||§11)||5||i4 ds]
sel0,1] .

2 8 ~n
+220 [vueey
2 n

2
ds. (5.46)

Next we analyse J>. Note that, a.s. forall r € [0, T],

/

D) < ";Jz,l(r) + Co (J2a () + Jr3(1)), (5.47)

where

t
i)=Y /0 1.6 /O |25 (@ - 95 + 4[5 - [(9 - V)P]*] dxds,

n>1

t
~ 34 |2
Ja2(1) :=/0 1[,7,§]fo|v|22|¢333v| dxds,

n>1
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T23(6) :=/ ) / 51> > 181 dxds.

n>1

Next we estimate J> 1, J2,2 and J2 3, separately. Let us begin by looking at J> 1. Note
that

~ ~ 1 ~2
v [(¢y - VIV] = §(¢n - V)[v]”.

Thus, by Assumption 3.1(5) applied twice, a.s. forall ¢ € [0, T],

Jm)—Z/ mf 20210 - I + |6 - VT[] dxds

n>1
< U/O 1[,7,51/0[2|’6|2|v5|2+|V|5|2|2] dxds.

Next we estimate J; 5. Set F := (anl |¢,3183v|2)1/ 2By Cauchy-Schwartz inequality,
a.s. forallt € [, &],

/|v| > (@300 dx < |[FP| 2 [1072] 2 = IFIZ0012,.  (548)

n>1

Since F is x3-independent, [ F[I7, <u [IF[I74 ™)
(5.34), by Assumption 3.1(2) and (5.36), we get

Thus, reasoning as in the proof of

IF s p2) S WFl2ey IF L ey Sans 101131 + 1001 190501 2. (5.49)

Let ¢ > 0 be chosen later. By (5.48)—(5.49) we get, a.s.

sup |Jz2(f)|</ (||U|| +”U”Hl||V83U||L2)”U”i4ds
1€l0.7] (5.50)

&
< e/ IVasvl7, ds + cs/ (L4 [[ol50 vl s ds.
n n

Similarly we estimate J> 3. Set G := (anl 1gn1%)/2. By Sobolev embeddings and
(5.19), we have ||G||Lz(n’$;L4) <n ||g||L2(0,lk;H1(€2)) a.s. Thus, a.s.

§ ~2 ~2
s[up |J2,3(1)] </ |G| 2 191, ds
tel0

(5.51)

&
< f 1812200, 0,501 g2 1124 s < Ci+ / NosllTI4, ds
n n

where in the last inequality we used (5.18), (5.19) and & < ¢ a.s.
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Using the previous estimates in (5.47), we have a.s.

&
sup [0 5C8[1+f (14 Nog + 0l 0 11 ds
t€l0,7T] n

§ § 2 §
ve [y ds +2v [ @wa| | ds+ v [ 1vasi. as
n n n

(5.52)

Recall that V' < 2. Take expectations in (5.45), using that (5.46), (5.52) and using that
E[/3(T)] =0,

E o
f |1511V3||32 ds < C[1 +EIT@IL.]
7 (5.53)

3 §
+ cgE/ (14 Nog + 10123 ) 19184 ds + eE/ V(7122 ds.
n n

Let F = (anl |¢),3183vn|2)1/2 and G = (anl 1Z,1%)'/2 be as above. Reasoning
as in the previous step, we use the Burkholder-Davis-Gundy inequality to handle the
martingale part J3:

tel0,7]

& - - ) 12
E[/ ’/ I5I3(IWI+|F|+|G|)dx) ds]
n O

1/2 ¢ 1/2
E| [ sup 174 (/ f 1012 (IV3)? + |FI> + |GI?) dxds)
seln.£] n JO

1/2
§ _
E[ sup |J3(l)|} EE[/ ‘/O|5|22[(¢n~V)5~I—F~I-g~n]~5dx‘2dsj|
n n>1

A

A

1 4 S/ 2 2 2
< 5E Ls[% ||v<s>||L4} +CE/n (H'””V”'Hm +|wiF] ], + H'””G'Hm) ds
1 ~
< SE| sup [T7€)za |+ Cos (1 +ElTolI7a)
s€[n,&]

§ §
+CoE [ (14 Moo W ITIE:] ds + Coe [ 1902012 s
n n

where in the last inequality we used (5.50), (5.51) and (5.53). Note that Cj;, > lisa
constant independent of n, £ and j > 1.
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For future convenience, we choose ¢ = 1/(16(1 + Cj3)(C(2) Vv 1)) where C,Ez)T is

asin (5.44). Then by taking E[ supsero.r |- |] in (5.45) and using the above inequalities
we have

~i4 S P 3) ~ 4
el swp 5L |+ [ @19, a5 < e [1+ eI
teln.&] n L '

£ (5.54)
+ CS)TEf (14 Nog + 013:) 17117 ds + T / IVasvll?, ds
n 16 (c v 1)

where C ,ES)T > 0 is independent of n, & and j > 1.

Step 4 Proof of (5.28). Let C{'y., C’y and C) be as in (5.38), (5.44) and (5.54),

respectively. Without loss of generality we may assume that C; (l) > lfori e {1, 2, 3}.
This claim of this step follows by noticing that

(538) | (5.44)
8CL 1 Coy  4C)

+(B.54) = (5.28).

More precisely, the above means that (5.28) follows by multiplying (5.38) with

(8C; (1) 7Cy (2) N 1 (5.44) with (4C(2) )~1 and then adding the resulting estimates with
(. 54)
Note that, on the RHS of the resulting estimate, the following terms appear:

1 1 1
BNV ey, and (g + 1 ) E|eE [
(803} 16C£,2)r) e s

L2(n.&:L%)

(5.55)

The first term follows from the RHS of (5.38) and the RHS of (5.54) and the second
one from the RHS of (5. 38) and the RHS of (5.44). However, in the LHS of the

OAY and E| 311712,

resulting estimate we get 4C‘2) E||V83v||L2( &1 Y C(z)

(n.6;L2)

by (5.54). Since C,E')T > 1, the terms in (5.55) can be adsorbed in the LHS of the
resulting estimate since § < t; and therefore a.s.

§
€IVl 00y <E [ IolBeds <,
n

el 11w

veoreenty = E 0o T2 oy | < 72
by (5.26) and Sobolev embeddings. O

We are now in the position to prove Proposition 5.1.
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Proof of Proposition 5.1 Let ¢, and X;, Y; be as in (5.13) and (5.25), respectively.
Recall that limg_, o, P({y = 7) = 1. By Lemma 5.3, for each k > 1 there exists
Ry > 0 for which the stopping times

t
e = inf{t €10, €) : X,+/ Y, ds > Rk}, where inf @ := €, (5.56)
0

satisty
Iim P(uy =1t) = 1.
k— 00

As explained at the beginning of this subsection it is sufficient to prove (5.15). The
idea is to use the stochastic Gronwall’s lemma as in the proof of Lemma 5.3. To this
end, we need a localization argument. For any j > 1, let 7; be the stopping time
defined as

tj=inf {r € [0,7) : vyt + [Vl 20402 = j} AT, where inf@:=rt.

Reasoning as in the proof of Lemma 5.3, by the stochastic Gronwall’s lemma [27,
Lemma 5.3] and (5.56), it is enough to show the existence of Cp x > 0 such that for
each j > 1 and each stopping times 0 < <& < 7; A g,

H
E[ sup ||v(t)||iz} +E/ lv(s) 13,2 ds < Coxll +Ellv(p)3,:]
n

relnsl (5.57)

§
+Cox [E/ (14 10122 + X, ) (1+ @12+ ¥) 1@ ds} .
n

Let n, & be stopping time such that 0 < n < & < 7; A . Recall that (v, §) is an
L?-local solution to (5.16) (see also the text below it). Thus, by Proposition 4.1 (cf.
Remark 4.2(b)), there is a constant Cp > 0 independent of n, &, j, k such that

2 § 2
El sup vl |+ E/ vl ds
1€[n,§] n
5.58
< Co(ENGI +ENW - Vil o, 2) + Elw@dsolag o) O
2 2
+ Co(ENS 120 012) + EN @Dz 11320, i)
where f and g, are as in (5.17). Note that the last two terms on the right hand side of
(5.58) are finite due to (5.19). It remains to estimate the second and the third term on
the RHS of (5.58).
Writing v = ¥ + v, we have

(- Vv =@ V) + @ Va)v + (V- Vi)v + (V- Vi)V, (5.59)
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Reasoning as in Step 1 of Lemma 5.3 (see (5.37)), one has E|| (v- VH)v||L2(77 e L2(T2)) <

R,%. Moreover, by Sobolev embeddings,

BN Viol2a, e.pe < E [( sup ||i<z)||i4) (||vHv||iZ(,7,S;L4(T2)))]

teln.§]
< RiE [||VHU||L2(77 & L4<T2>)] Ry

and

ENT - ViU 20, c.12) = E[(sup 1516 ) (IVaT12, c.1)) |
v teln.§] v

(5.56)

< ReE[|Vavl7,
@ 1 5 2
< 4C0E”v”L2(77»§2H2) +CkE”U||L2(,7,§;;H1)’

(.6:L%)

where in (i) we used the interpolation inequality || || ;5 < ||f|| 12 IIf || 1/2 and Young’s
inequality.

Since EI @ - Vio¥l2,, ;.12 =
previous estimates yield

< Ry by definition of Y; in (5.25), (5.59) and the

1
Ellv - Vi)vll3a . p2) < Cr + mEnvnizmHZ)+ckE||v||iz(,,,g;H1).(5.60>

It remains to estimate w(v)d3v. Applying the interpolation inequality || £l 4(2)

1/2 1/2 .
|1l 1 1l 1o, twice, we have, ae. on [n, £ x 2,

2 2 2
||w(v)83v||L2 5 ||w(v)||L°°(—h,0;L4(T2))||83U”L2(—h,();L4(']1'2))
. 2 2
S ”leHv”LZ(_h’O;Lét('ﬂ‘Z))”837)”[‘2(_]1,0;[‘4(11*2))
S lvllgr vl g2 19sv] 211930 g

1
< Cllvll 3 1830172 11930]13;1 +4C (R

In particular,

§ 1
Ellw(@)d30l172(, ¢ p2) < CE/n 13301175 18301131 10113, ds + EEuvniz(n,gﬂz).

(5.61)

Using the estimates (5. 60) and (5.61) in (5.58), one obtains (5.57) as desired. Let

us remark that the term ~~ 2C lvll? 120y, 12) S0 be absorbed in the left hand side of the

resulting estimate since § < t; and therefore llv|? <jas. O

L% (n.6;:H?) —

@ Springer



Stoch PDE: Anal Comp (2024) 12:53-133 101

6 Local and global existence in the strong-strong setting

In this section we study (2.4) in the strong-strong, i.e. in case the equations for v
and 6 both are understood in the strong setting. Compared to the strong-weak setting
analyzed in Sect. 3, we need additional assumptions on . However, we can allow F,
and G, , to depend on V6 and 6, respectively.

Asin Sect. 3, we begin by reformulating the problem (2.4). To this end, we apply the
hydrostatic Helmholtz projection P to (2.4), and at least formally, (2.4) is equivalent
to

dv = Avdt =P[ = (v Viw — w@)dsv + Py (- v, 0)

+VH/. (-, D)0, 0))de + Fy(v, 0, Vo, VG)]dt
“h

+ 3 B[ V)0 + Gun(v.0)|dpy on O,
n>1
40 — N0 dt = [ — (- Vi — w(v)d30 + Fy(v, 6, Vv, ve)]dz ©.1)
+ 3 [ 990 + Gon(w,0) |y on O,
n>1
v(-,0) = vy, 0(-,0) =6, on O,
complemented with the following boundary conditions
33v(-, —h) = 3v(-,0) =0 on T2,
30( ) = d3v(-, 0) 62)

36(-, —h) = $36(-,0) +af(-,0) =0 on T

here o € R is given, the subscript H stands for the horizontal part (see Sect. 2.1) and
a.s. forallt € Ry and x = (xg, x3) € T2 x (—h, 0) =

2
2
PyCov0) = YDyl x) (UG- VIv+ GunCv.0)" | (63)
n>1m=1 =1
w(v) = —/ ~divyo(t, xu, ) d¢. (6.4)
—h

As in Sect. 3, in the stochastic part of the equation for the velocity field v, the operator
IP’ cannot be (in general) removed and the term P, defined in (6.3) coincides with
), in (2.4) since Q[(¢y, - VIV + Gy n(-, v, 0)] = VP
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6.1 Main assumptions and definitions

We begin by listing the main assumption of this section. Below we employ the notation
introduced in Sect. 2.1.

Assumption 6.1 There exist M, § > 0 for which the following hold.
(1) Forall j € {1,2,3}and n > 1, the maps

¢;{,1ﬁ;{,K:R+xQx(’)—>R

are & ® A-measurable;
(2) as.forallt € Ry, j, ke {l1,2,3},¢,m e (1,2},

(> i -)|2)”2\

. 1/2
J 2
Py TN aona ) | L =M

n>1 n>1
. 1/2 . 1/2
J 2 J 2
(X wdaor) )0+ | (Ciaewdaor) 7|, o =M
n>1 n>1
12
Lme, N2 .
(X aP) ) =M
n>1

3) as.forallt €e Ry, xy € ’JI‘Z,j e{l,2,3}andi € {1, 2},
(2, xu, I L2 —n.0) + 10k (25 Il p2+s (2. 12(—n0y) < M

(4) There exists v € (0, 2) such that, a.s. forallt e Ry, x € Oand & € R,

2 2

3 3
YA eie g | <viElP and Y| D wilaxg | < viEl

n>1 \j=I1 n>1 \j=1
(5) Forall n > 1, the maps

Fyr Ry x QxR2xRIxR—>R? F:RyxQxR2xRO xR — R,
Gv,n:R+xQxR—>R2, and Gg,n:RerQszxRﬁx]R—)R

are & ® A-measurable;
(6) Forall T € (0,00) andi € {1, 2},

Fi(-,0), Fp(-,0) € L2((0, T) x Q x O),
(G 0)nzt, (G, 01 € L2((O0, T) x @ H'(O; 62)).

Moreover, foralln > 1,1 e Ry, x € O, y,y € R, Y, Y e ROand z, 7/ € R,

|Fo(t,x,y,2,Y,Z) — Fy(t,x,y, 2, Y, Z)]
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+ | Fo(t,x,y,2,Y,Z)— Fp(t,x,y .2, Y, Z)]
SA+ P+ DY =Y+ A+ 1z + 1211z = 2
+ A+ YR PDY =Y+ A+ YR+ 1Y PPy —Y).

Finally, a.s. for all # € R4, n > 1, the mapping
O X Rz X R El (xy y, Z) = (Gv,n(t,xs y’ Z)’ Gg,n(trxs y’ Z))

is continuously differentiable, and a.s. for all k € {0, 1}, j € {1,2,3}, x € O,
v,y eR?*and z,7’ € R,

H (3fﬁij,n(l, X, 9,2) — 8,’§ij,n(t, x, Y, z/))
n>1 02

+ H (3;]5]- Gon(t,x,y,2) — 3ij9,n(t, x,y, z/))
n>1 02

S (I + 1) 1y =1+ (11 +121) 12 =21
”(ava,n(t’ X,y) — ava,n(tv X, y/))nzl ||€2

+ (ayGQ,n(ta-x’ Y) _8yG9,n(t7x: y/))nzl

02
S (AP +R) 1y =1+ (1412 +1212) 12— 21

Some remarks on Assumption 6.1 may be in order.

Remark 6.2 (1) As in Remark 3.2(a), Assumption 6.1(2) and Sobolev embeddings it
follows that (¢, (¢, =1, (Wi (t, D=1 € C/CTI(O; £2) uniformly w.r.t. (¢, ®).

(2) As in Remark 3.2(c), Assumption 6.1(4) is equivalent to the usual stochastic
parabolicity and therefore (4) is optimal in the parabolic setting.

(3) Assumption 6.1(6) contains the optimal growth assumptions on the nonlinearities
which allows to prove local existence for data in HY(©) x HY(©), cf. the proof
of Theorem 6.4 below.

We are in position to define Lz-strong—strong solutions to (6.1)—(6.2). Recall that
B2 is as in Sect. 2.1. For notational convenience, we set

H2,(0) = [v € HX(O: R N1LAO) : 330(-, —h) = d30(-, 0) = 0 on ’]1‘2},
(6.5)
HR(0) = {9 € H2(O) : 330(-,0) +ab(-,0) = 3:6(-, —h) = 0 on TZ}.

Definition 6.3 (L2-strong-strong solutions) Let Assumption 6.1 be satisfied.

(1) Let t be a stopping time, v : [0, T) X Q2 — H%(O) andf : [0, 7) x Q — Hé((’))
be stochastic processes. We say that ((v, 6), 7) is called an L2-local strong-strong
solution to (6.1)—(6.2) if there exists a sequence of stopping times (tx)x>1 for
which the following hold.
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o 7p <tas.forallk > 1andlimy_ o Tx = 7 a.s.;
e as. wehave (v, 0) € L*(0, 7¢; HE(0) x HZ(0)) and

(- Vi)v + w(@)d3v + Fy (v, 0, Vo, VO) + P, (-, v,0) € L2(0, s L*(O; R?)),
(- V)b 4+ w(v)d36 + Fy(v, 6, Vv, V) € L0, 4 L2(O)), 66)
(Gon(v.0))n=1 € L0, 741 H' (O 2 (N: R?Y)),
(Gon(v, 0)=1 € L20, 74 H' (O; £7)).

e as. for all k > 1 the following equality holds for all # € [0, 7]

t X3
vy = = [ 80 + B[V [ w00, 00 e
— (@ -Vv —w)dsv + F,(v,0, Vv, VO) + P, (-, v, «9)] ds
t
+ [ (10mPL@n - Vv + G 0]) B o)
0 n>1
t
0(t) — b = / [Ae — (v Vi) — w()3:0 + Fy(v, 6, Vo, ve)] ds
0

t
# [ (M0l 916 + Gonw. 1) _ dBa(o).
0 n>1

(2) An L2-local strong-strong solution ((v, #), t) to (6.1)—(6.2) is said to be an
L2%-maximal strong-strong solution to (6.1)—(6.2) if for any other local solution
(v, 0", ') we have

7/ <t as.and (v,60)=(,0") ae.on|0, 1) x Q.
Note that L?-maximal strong-strong solution are unique in the class of L>-local
strong-strong solutions by definition. By (6.6), the deterministic integrals and the

stochastic integrals in the above definition are well-defined as Bochner and H '-valued
1td’s integrals, respectively.

6.2 Statement of the main results
We begin this subsection by stating our local existence result for (6.1)-(6.2). To econ-

omize the notation, for k > 0, m > 1 and amap f : [0,¢) — Hk“(O; R™), we
set

t
Ni(t; f) = sup)nf(s)ni,k(o;Rmﬁ fo Lf O es1omm ds. (67

s€[0,1
Theorem 6.4 (Local existence) Let Assumption 6.1 be satisfied. Then for each
vo € L% (Q: H'(0)), and 6 € LY (2 H'(O)),
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there exist an L*-maximal strong-strong solution ((v, 0), ) to (6.1)—(6.2) such that
T > 0 a.s. Moreover the following hold.

(1) (Pathwise regularity) There exists a sequence of stopping times (ty)k>1 such that,
a.s. forallk > 1, one has 0 < 7, < 1, limj— o Tx = 7 and

(v,6) € L*(0, 7; HE(O) x HZ(0)) N C ([0, 7 ]; HY(O) x H'(0)).

(2) (Blow-up criterion) For all T € (0, 00),
P(r < T, Ni(t;v) + Ni(z;0) < oo) =0.

Finally, we turn our attention to the existence of global strong-strong solutions to
(6.1)—(6.2). To formulate our global existence result, we need the following
Assumption 6.5 Let Assumption 6.1 be satisfied.

(1) Foralln > 1, x = (xg, x3) € T> x (=h,0) = O, 1t € Ry, j, k € {1,2} and a.s.

qb,{ (¢, x) and ynj’k(t, x) are independent of x3.

(2) There exist C > Oand E € L%;,(Q; L2 ([0, 00); L2(©))) such that, a.s. for all

loc

reRy,je{l,2,3,xc0,yeR? zeR, Y eROand Z € R,

[Fo(t,x, 9,2, Y, Z)| + [Fo(t, x,y,2, Y, Z2)] < C(E(r, x) + |y + |z]
+ Y[ +1ZD),
1(Gun x, y, Dnztllez + 11(0x; G (t, X, y, Dn=tlle = C(EE, x) + [y] + 120,
1(Gon(tx, y, Dnztllez + 1(0x; Go.n (1, X, y, DIn=tllz < C(EE, x) + [y] + 12D,
1@y Gon(t, X, y, Dn=1ll2 + 18y Gon(t, X, y, =112 < C.

Remark 6.6 Assumption 6.5 should be compared with Assumption 3.5. Note that has
already been discussed in Remark 3.7 below Assumption 3.5 and that Assumption
6.5(2) is symmetric w.r.t. v and 6. As before Assumption 6.1(4) implies the parabolicity
condition from Remark 3.7(b).

Next we state our main result on global existence to (6.1)—(6.2) in the strong-strong
setting. Recall that Hﬁ and HI% have been defined in (6.5).

Theorem 6.7 (Global existence) Let Assumption 6.5 be satisfied, and let
vo € L%, (Q: H'(0)), and 6 € L% (2 H'(0)).

Then the L*-maximal strong-strong solution ((v, ), ) to (6.1)~(6.2) provided by
Theorem 6.4 is global in time, i.e. T = 00 a.s. In particular

(v,6) € L2 ([0, 00); HX (O) x Hz(O)) N C([0, 00); H(O) x H'(0)) a.s.
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The proofs of Theorems 6.4 and 6.7 follow the strategy used in the proof of The-
orems 3.4 and 3.6. As in the proof of Theorem 3.4, to show Theorem 6.4 we employ
the results in [2, 3]. In particular, we need to prove stochastic maximal L>-regularity
estimates for the linearization of (6.1)—(6.2). Such estimates will be proven in Sub-
section 6.3. The proof of Theorem 6.7 is similar to the one of Theorem 3.6 where we
have followed the arguments in [8, 30]. In the present case, we need to prove also
L?(Hf)— and L?O(H;)—estimates for the temperature 6 to apply the blow-up criteria
of Theorem 6.4(2).

6.3 Stochastic maximal L?-regularity

In this subsection we study maximal L>-regularity estimates for the linearized problem
of (6.1)—(6.2), see [2, Sect. 3] and the references therein for the general theory of
stochastic maximal L”-regularity.

Here, we study maximal L?-regularity estimates for

dv — [Av + P[Py g0+ j,(é]]dt = fodt + Y [P[(¢n V)l + g,,,v]dﬂ,", on O,
n>1
d6 — A6dt = fodi + Y [(1//,, V)0 + gn,g]dﬁ;‘, on O,
n>1
83”(’0) = a?)v(!_h) :07 on Tz,
030(-,0) + a0(-,0) = 930(-, —=h) =0, on T2,
v(0) =0, 6(0) =0, on O,
(6.8)
where P), 4 and J, are as in (4.2) and (4.3), respectively. Moreover
(for fo) € L3 (00, T) x ;17 x L?),
fos J P 69)

((8n.)n=1, (8no)n=1) € L ((0, T) x Q; H'(¢%) x H'(€*)).

Let 7 be a stopping time. Recall that HIZ\I and HI% are as in (6.5). We say that (v, 0) €
L?@((O, 1) x Q; HY x HR) is an L-strong solution to (6.8) on [0, 7] x € if

t
v(?) =/ [Av(s) + P[Py v — Jc0] + fv] ds
0

+ /Ot (I[O,I][P[((pn - V)v] + gv’”])nzl dBKZ(S),

O(t)zfot[A9+f9]ds+/ol

a.s. forall ¢ € [0, t]. Here B2 is as in equation (2.2).

(Lol V)6 + guo1) _ dBp(s).
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Proposition 6.8 (Stochastic maximal L2-regularity) Let Assumption 6.1(1)—(4) be
satisfiedandlet T € (0, 00). Let fy, fo, v.n, 86.n be asin (6.9). Then for any stopping
time T : Q — [0, T] there exists a unique Lz—stmng solution to (6.8) on [0, ] x Q
such that

(v,0) € L2((0, 1) x @ HE x HZ) N L%,(2 C([0, 71, H' x H'))
and moreover for any Lz—strong solution (v, 0) to (4.1) on [0, T] X Q2 we have

Il (v, 9)||L2((0,r)><Q;H2><H2) + (v, Q)HLZ(Q;C([O,T];HIXHI))
S s ) lL2(0. 0y x 12 x12) (6.10)

+ 1((8n.w)n=15 (8n.0)n=1) 12((0,0)x 2:H1 (£2)x H' (£2))
where the implicit constant is independent of fy, fo, (8nv)n>1, (8n.0)n>1 and T.

By [3, Proposition 3.9 and 3.12], Proposition 6.8 also proves maximal L>-estimates
with non-trivial initial data and also the starting time 0 can be replaced by any stopping
time 7 with values in [0, T] where T € (0, c0).

ForallU = (v, 0) € HIZ\I X Hl%, we seta.s. forall r € R,

—Av — }P’[P},,qw + jKQ]

AU = [ s

] , and B,(OHU := [P[(fﬁn(t) : V)v]] ‘

W (1) - V)O
6.11)

Then using the notation introduced in [2, Section 3], Proposition 4.1 shows
(A, (Bn)nzl) € SMRE(T)

Proof of Proposition 6.8 The proof is similar to the one of Proposition 4.1. As in the
latter case we only consider the case y,f ™ = 0. Thus, it is enough to prove a priori
estimates (uniform in A € [0, 1]) for strong solutions of the following problem

dv — [Av + AP[JKQ]]dt — fodi + ZIP[A(@ Vv + gn,v]dﬁn, on O,
n>1

d6 = A6dt = fodt + Y [A (0 - V00 + gus |dBY on O,
n>1
v(0) =0, 6(0) =0, on O.

As in the proof of Proposition 4.1, we first estimate the temperature 6 and then we
use this estimate for estimating v. Using also (4.19) one can see that the argument in
Step 2 of Proposition 4.1 can be reproduced almost verbatim to get an estimate for v.
Thus it remains to prove the estimate for the temperature. Let us remark that, if « = 0
in (6.2) (i.e. 0 also satisfied Neumann boundary conditions), then the estimate for the
temperature can be performed again as in Step 2 Proposition 4.1. In the case o # 0,
we slightly modify that argument.
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Let t : @ — [0, T] be a stopping time where 7" € (0, co). It remains to show
the existence of Cp > 0 independent of (A, fy, g, T) such that any strong solution
6 € L2,((0,7) x @ HR) N L2, (Q: C(0, t]: HY)) to

d6 — A6dr = fydi +Y I:)»(I//n V)6 + g,,,g]dﬁ;’, on O,

n>1 (6.12)
6(0) =0, on O,
satisfies the estimate
ENO11720.7:12) < COENlfoll720 v 12) + CoENal 20 iy (6:13)

Let us begin by noticing that, due to Step 1 of Proposition 4.1, there exists C(, > 0
independent of (X, f, g, 7) such that

e[ sup 102 ] +ENORa g om)
] ,

tel0,t

(6.14)
< CoEll foll20.:12) + CoEllga 720 o 1 2y

Following Step 1 of Proposition4.1 we set6® := 6(t A-) and we need an approximation
argument to estimate the gradient of 6. For k > 1, we set & := k(1 + k + AR)_1 as
in (4.12) where AR : HI% C L? — L? is the Laplace operator with Robin boundary
conditions. Set 0 := &0 and 0] := &£07. By (6.12), 0} is given by

t t
00 = [ ton@o+Efids + Y [ tond i 00 + gnalast.
0 0

n>1
a.s. for all ¢ € [0, T']. Here we also used that & and A commute on Hl% (0).

Set fi := & fo and gux = Ergp.n. The idea is to apply Itd’s formula to the
functional 6; — Fg(p) := ||V<p||iz(o) +alle(, 0)||22(T2). Note that

F,(p)¢ = 2/;9Vg0 -Virdx + 2 /11‘2 oG, 0¥ (,0)dx, forallu,v e H'.

By Itd’s formula applied to F, we have a.s. forallt € [0, T]and k > 1,

t
Fo (6f (D) =2 /0 110,01F, (A6 + fi)0k ds
t
+>° /0 110, 01Fa (EL A - VIO + gup) ds

n>1

t
23 /0 Lo, FL (S - V)01 + g i)k dw? =: IF + 115 + 111F.

n>1

(6.15)
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Next, we want to take & — oo in the previous identity. To this end, let us recall that
the trace operator H'/2T5 5 f > f(-,0) € L?>(T?) is bounded for all s > 0. Since
0eL20,7) x U HH and & — 1 strongly in H! = D(A]]z/z), it follows that, as
k — oo,

t
1 — Z/ Lo Fe (Y - VIO + gn)ds =: 11},
0

n>1

t
1k — 22/ Lo, )F,(A(¥ - V)0 + g0 dw" =: 111,
0

n>1

where both limits take place in LY(Q; C([0,T]). To analyze I kK note that A6y + S
and 6y € Hl%. In particular 936, (-, 0) = —a 6k (-, 0) and 936k (-, —h) = 0 both on T2.
Integrating by parts, one gets a.s. for all ¢ € [0, T'],

t
F=—-2 / 1j0.1] / (A + fi) A6y dxds.
0 @]
Since 6 € L%((0,7) x Q; H*) and f € L2((0, T) x Q; L?), as k — oo
t
I — —2f 1[0,r]/ (|A9|2+ fAe) dxds = I, in L'(Q; C([0, T])).
0 @]
Taking k — oo and afterwards expectations in (6.15), we have

T
EIVOT (T, )2, +2E/0 186112, ds

T
<2 [ [ 186 drds + e (T 0
0o JO

T 6.16
+ZE/0 (Y - V)0 + gul2> ds (©10)
n>1
T 2
+ '“',;E/o MW -V 0 + GO

where we used that T < T a.s.and E[/1I7] = E[I1]y] = O.

Let us estimate each term on the right hand side of (6.16) separately. Fix v < v/ < 2
andlete > Otobechosen later. Here v is as in Assumption 6.1(5). By Cauchy-Schwartz
and Young’s inequality

T T T
E/ / |AG fldxds < 8E/ 1A%, ds +C8E/ 1£112, ds.
0 (@) 0 0
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Repeating the argument in (4.26), one can check that, for all 1 € [0, 1],

f Y IVIAW - VIO + gall2, ds

n>1

sE/O (V18612 + Cullgalld 2, ) ds, (6.17)

where one also uses Lemma A.1 with 8 = «. Thus, by the above mentioned bound-
edness of the trace operator H'2* 5 fis £(-,0) € L*(T?) for s > 0 and (6.17),

e,

n>1

T
saE/ ||A9||izds+cg,v£/ (11212, + 16122 ds
0

V)OI, 0) + 8, 0 oo, 4

Analogously, E|[|07(T, - ,O)HLz(Tz) < eE|VOT (T, I3, + CEINO™(T, )3,
Lete > Obe such that v +2¢(1 4 ||) < 2. Using the previous estimates in (6.16),

T T
E/O ||A9||izds5E/0 (1122 + 18122 ds+E[sup ||9<r>||iz}

t€[0,7]
where we used that 6 = 6(- A ) and the implicit constant is independent of
(A, f, g, 7). By (6.14), the previous inequality yields (6.13) as desired. O

6.4 Proof of Theorem 6.4

As in Subsection 5.1, the proof is based on the results in [2, 3], and we reformulate
(6.1)—(6.2) as a stochastic evolution equation on X of the form

dU + A()U dt = F(-, U)dt + (B(-)U + G(-, U))dB (1), 6.18)
U(0) = (vo, O0). .

Here Xg = L% x L%, X;| = Hﬁ X H}% (see (6.5)), B2 is the Ez-cylindrical Brownian
motion associated to (8"),>1 (see Eq. (2.2)), (A, B) are as in (6.11) and for U =
(v,0) € Xi

F.U) = Pl(v- Vv +w() - d3v + Fy(-,v,0, Vv, VO) + P, (-, v, 0)]
’ T (v- VO +w()030 + Fy(-, v,0) ’
L (P[Gv,n(', U)])nzl
G U= [(Ge,nc, 0, )zt ] ’
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where w(v) is as in (6.4) and

2

2
PrcCv) =YDyt x) (UG u(. v, 0)])"

n>1 m=1 =1

It is easy to see that ((v, #), ) is an L2-maximal (resp. -local) solution to (6.1)-
(6.2) (see Definition 6.3) if and only if (U, t) where U := (v, #) is an L?-maximal
(resp. -local) solution to (6.18) in the sense of [2, Definition 4.4].

Theorem 6.4 can be proven as Theorem 3.4 and therefore we only give a sketch of
its proof.

Proof of Theorem 6.4—Sketch By the above discussion and Proposition 6.8, the exis-
tence of an L2-maximal solution to (6.1)—(6.2) satisfying (1) follows from [2, Theorem
4.8] provided assumptions (HF) and (HG) in [2, Sect. 4] hold. To check those assump-
tions, one can argue as in Steps 1-3 of Theorem 3.4.

Finally, (2) follows from [3, Theorem 4.11] and Proposition 6.8. O

6.5 Proof of Theorem 6.7

The strategy of the proof is similar to the one used for Theorem 3.6. As in the proof
of Theorem 3.6, the global existence result of Theorem 6.7 is a consequence of the
blow-up criterion in Theorem 6.4(2) and the following energy estimate. Recall that
N has been defined in (6.7).

Proposition 6.9 (Energy estimate) Let Assumptions 6.1 and 6.5 be satisfied. Let T €
(0, 00). Assume that vo € L% (S; H") and 6y € L% (2 HY. Let (v, 6), 7) be the
L?-maximal strong-strong solution to (6.1) provided by Theorem 6.4. Then there exists

a sequence of stopping times ([t )k=1 with values in [0, T] such that u,, < t a.s. for
all k > 1 and for which the following hold.

(1) Plup =t AT)— lask — oo;
(2) For each k > 1 there exists Cx.7 > 0 (possibly depending on vy, v, 6o, 0) such
that

ELNV (ks )] + BN (i )1 = Crr (1+ Elluoly, + Ellol1)-

Theorem 6.7 follows from Proposition 6.9 in the same way as Theorem 3.6 follows
from Proposition 5.1. To avoid repetitions, we only give a sketch of the proof of
Proposition 6.9, since it is an easy extension of the one given for Proposition 5.1.

Proof of Proposition 6.9—Sketch Let T € (0, 0co) be fixed. Reasoning as in the proof
of Lemma 5.2, one can check that there exists Cr > 0 independent of vy, v, 8y, 6 such
that

ELNG (73 )] + ENO(rs )] < Cr (1+Ellwol +El0l3:) . (6.19)
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The estimate (6.19) and Assumption 6.5(2) yield

Vi /_hw(-, D0 ENAE + F(,v,0, V0, V0) € IO x & LY,

(Gun (v, 0zt € L2((0, 1) x @ H' (£)).
Due to (6.20), one can check that the proof of Proposition 5.1 can be repeated also in the
strong-strong setting. In particular, there exists a sequence of stopping times (1} )i>1

with values in [0, 7] such that, a.s. for all k > 1, one has uj < 7, limg_ 00 P(1) =
) = 1 and

LN (g )]+ EINO G )] < cir (1 +ElvolZ +Elléol2,). (6:21)

where ¢ 7 1S a constant (possibly) depending on vg, v and k > 1.
It remains to prove the estimate for NVi(z;8). By (6.21) and the above choice
of (M;C)kzl, there exists a sequence of constants (Ry)r>1 for which the sequence of

stopping times (ux)x>1 defined as

pk = 1inf {z € [0, up) = (vl g1 + [Vl L20.0: )
+ 102 + 161 200,011y + 1l L20.:22) = R} AT,

where inf & := ,u;C and E is as in Assumption 6.5(2), satisfies
lim P(ux =1) = 1.
k— o0

By (6.21) and ,u}c < g, to conclude the proof, it remains to prove that for each k > 1
there exists Cx,7 > 0 such that

LN (1 01 = Cr (1 +ENo2: ). (6.22)
As usual, to prove (6.22) we employ a localization argument. For each j > 1, let
Tj = inf{t €0, 7) : 10@gr + 110112200, 52) = j} AT, where infQ :=rt.
By the stochastic Gronwall’s lemma [27, Lemma 5.3], to prove (6.22) it remains to

show that there exists Cy > 0 such that for any j > 1 and any stopping times 7, &
satisfying 0 < n <& < t; A u a.s. one has

E| sup 16013 | +EN01720, ¢.02)
teln.§] . (6.23)

§
< Ck (1 +EIOMI7: + E/ (1 + ||v||§,2) 10 ()17, ds).
n

@ Springer



Stoch PDE: Anal Comp (2024) 12:53-133 113

Note that [27, Lemma 5.3] is applicable since 3 ||v||%{2 ds < Ry as.
To prove (6.23), we collect some useful facts. By Proposition 6.8 and (6.1), there
exists a constant Cp independent of vy, v, 6, 0y, 1, &, j, k such that

E [ sup ||e<t>||i,1} +E01 1207, 12) < COEIO (D172
te[n,§]

+ CoEll Fy (-, v, 0, Vo, VO) 72, ¢.12) (6.24)
+ CoEll(Gon (o v 0Dzt 172, 61 2y

+ Co (ENw@)d0125, .12, +EIW - Vibl2ag, 1))

It remains to estimate each term on the right hand side of the previous inequality. Let
us begin by noticing that (6.19) and Assumption 6.5(2) imply

[Fo (-, v,0, Vv, VOl 12(0,1)x;12) = Cks 6.25)
1(Go,n(, v, 9))nzl||L2((0,T)XQ;H1(42)) < Gy, .

where Cy is independent of , £ and j > 1.
Thus it remains to estimate the last two terms on the RHS of (6.24). To this end,
note that by (5.4) and the fact that £ < uy a.s.,

lw@)lpoo(—p,0:4r2)) < VIl g2

172, 12 172
S vl =R,/ "lvl

172
ol <

(6.26)
H? :

ae.on[n, &] x

Moreover, by the Sobolev embedding H'! < L°, we get

sup [lv(D)llze < Re as. (6.27)
t€[0, g ]

. . .. . 172, ,1/2
Using the interpolation inequality |VO|l;2_p 0. 24(12)) S 10132 S 10111161 52
we have

5 6.26) & 5
E”w(v)a30”L2(n.E;L2) ,SRk E/ ”v”Hz”VellLZ(_h’();th('ﬂ*Z)) dS
n (6.28)
o 2 1 2
=< CkE . ||v||H2||9||H1 ds + EEHQHLZ(WSQHZ)'
Finally, by (6.27) and the interpolation inequality V6| ,» < 611}/ 161}/3. we have
2 I 2
El v Vil . o) < E/ 10126101315 ds
! (6.29)

§ 1
2 2
< CkE/77 015 ds + 4_C0E”9”L2(’7’5?H2)'
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Using the estimates (6.25), (6.28) and (6.29) in (6.24), one sees that (6.23) follows. As
mentioned above, one can check that the stochastic Gronwall’s lemma in [27, Lemma
5.3] and (6.23) already imply (6.22). O

7 Inhomogeneous viscosity and conductivity

In this section we show how the results of the Sects. 3 and 6 can be extended to the
case where the Laplacians A appearing in the first two equations in (2.4) are replaced
by elliptic second order differential operators with (¢, w, x)-dependent coefficients
which will be denoted by £, and Ly, respectively. In the strong-weak setting, to
accommodate the weak setting for the -equation, Ly is chosen to be a differential
operator in divergence form.

Differential operators with (¢, @, x)-dependent coefficients can be useful to model
inhomogeneous viscosity of the fluid and/or thermal conductivity. Moreover, if one
considers the stochastic primitive equations with transport noise in Stratonovich form
(see Sect. 8 below), then differential operators with (¢, w, x)-dependent coefficients
appears naturally, and the principal part of such operators have coefficients

o | o - | o
ayg) =60+ 2% iy and ay =84 2% iyl (1)

n>1 n>1

respectively. Here 8// is Kronecker’s delta and i, j € {1, 2, 3}. Let us stress that the
Stratonovich formulation is often used in the physical literature (see e.g. [20, 31, 49])
and can be studied using Itd’s calculus by translating the Strotonivch integration into
an Itd’s ones plus additional correction terms. Such correction terms lead to consider
the system (2.4) modified to include variable viscosity and conductivity given by (7.1).

This section is organized as follows. In Sect. 7.1 we state our main results on the
stochastic primitive equations in the strong-weak setting and in Sect. 7.2 we provide
the corresponding proofs. For brevity, we do not state any result in the strong-strong
setting. However, the latter situation can be handled by extending the estimates for
the strong-weak setting as we shown in Sect. 6 for the case of homogeneous viscosity
and/or conductivity, see Remark 7.6 below for more comments.

7.1 The strong-weak setting
Here we extend the results of Sect. 3 to the case of variable viscosity and/or conduc-

tivity. More precisely, here we consider the primitive equations with transport noise
in the strong-weak setting:
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dv = PILv]di = P[ = (v Vir)v — w(@)dsv + P, (, v)

0 [ G000 d + ol 0.0, V0 Ja
—h

+ Z p[(¢n “V)v+ Gyl v)]dﬁf»

n>1

d6 — Lo6 dt = [ — (- VO — w)336 + Fy(-. v, 6, Vv)]dt

+ 32 [ W VI8 + Gl 0.0, Vo) JaBy,

n>1

U(', O) = Vo, 6(7 O) = 907

(7.2)
on O = T? x (—h, 0) complemented with the following boundary conditions

93v(-, —h) = d30(-,0) =0 onT?,

7.3
030(-.—h) = 330, 0) + aB(-.0) =0 on T (73)

Here P, (-, v) and w(v) are as in (3.3) and (2.3), respectively, and

3 3 3
Lyv=) al’ld}, U+bea, Lot =Y i(ag’;0)+ Y bjd;0.
i,j=1 i,j=1 Jj=1
(7.4)

here O-th order terms in (7.4) can be added as well under suitable integrability con-
ditions on the coefficients. Since it turns out not to be useful when dealing with the
primitive equations with Stratonovich noise (see Sect. 8), we will not consider such
terms.

To show local existence for (7.2)—(7.3) we employ the following

Assumption 7.1 Let Assumption 3.1(1)—(4) and (6)—(7) be satisfied. Suppose that
there exist K, n > 0 for which the following hold.

(1) Foralli, j € {1, 2, 3},
f ag :R+XQXO—>R

are & ® Z-measurable. Moreover, afjj = a,{’i foralli, j € {1, 2,3};
(2) as.forallr e Randi, j € {1, 2, 3},

i,j
t, - _ <K,
4" ( )”C((’)) -

alit, -)‘ +‘

‘HLHU(O)
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(3) as.forallt e Ry, xy € T?and j € (1,2},

)

bl (.|

bl -)‘

+] <
L3+'7((’)) L3+'7((’)) -

3.j _ 3 —_0
H2+”('J1‘2 <K, and ap” (t,x4,0) = ay” (¢, xy, —h) = 0;

-],

(4) There exists v > 0 such that, a.s. forallt e R, x € O and & € R4,

\

3
. 1 ) .
Do @@ =5 3 e 0@ ) | &&= viER,
i,j=1 n>1

: i,j 1 J i 2
DN KR R B AR ACE RN

ij=l n>1

v

Comments on Assumption 3.1 can be found in Remark 3.2. Let us collect some remarks
on Assumption 7.1 in the following

Remark 7.2 (a) By Assumption 7.1(2) and Sobolev embeddings, foralli, j € {1, 2, 3}
we have

lal/ (t, - c(o )< K, as.forallt € Ry;

(b) The regularity assumption on the trace a,ijj (t, -, 0) in Assumption 7.1(3) is moti-
vated by Lemma A.2 which will be needed in the proofs of the results below;
(c) Assumption 7.1(4) is the usual stochastic parabolicity condition, cf. Remark 3.2(c).

The notion of L%-maximal strong-weak solution to (7.2)—(7.3) can be defined as in
Definition 3.3 where the weak Robin Laplacian Ay has to be substitute by the weak
formulation of Ly, which will be denoted by Eg’ and it is defined as

3 3
(LY ()0, @) := —f Z ati(t, ;090 +Zb;(r, )(@;0) ¢ | dx
O \ij=1 j=1 (7.5)

—af 31, -, 000, 00 (-, 0) dx,
'H‘Z

for all §,¢ € H'(O) and t € Ry. Here (-, -) denotes the pairing in the duality
(H'(0))* x H'(0). Note that the above formula is consistent with a formal integration
by part using (7.3) and the second statement in Assumption 7.1(3).

The following is an extension of Theorem 3.4. Recall that HIZ\I and N are as in
(3.7) and (3.9), respectively.
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Theorem 7.3 (Local existence - Inhomogeneous viscosity and/or conductivity) Let
Assumption 7.1 be satisfied. Then for each

vo € L%, (2 H'(0)), and 6 € LY (2; L*(0)), (7.6)

there exists an L*-maximal strong-weak solution ((v, 0), t) to (7.2)—(7.3) such that
T > 0 a.s. Moreover:

(1) (v,0) € LE.([0, 7); HY(O) x H'(0)) N C([0, ); H'(O) x L*(0)) a.s.;
(2) P(t < T, Ni(r;v) + No(1;0) < 00) =0 forall T € (0, 00).

As in Sect. 3.2, for global existence we need additional assumptions.

Assumption 7.4 Let Assumption 3.5 be satisfied. Suppose that
(1) as.foralln > 1, x = (xyg, x3) € T2 x (=h,0) =0 andt € Ry,

af)'j(t,x), bg(t,x) are independent of x3 wherei, j € {1, 2}.
(2) as.foralln > 1, xyg € T2 and t € Ry,
ad(t, xy,0) = a>J (¢, xp, —h) = 0, where j € {1, 2}.

Remarks on Assumption 3.5 can be found in Remark 3.7. Note that Assumption
7.4(1) is the analogue of Assumption 3.5(1). Note that Assumption 7.4(2) implies the
first condition in Assumption 7.1(3), and it will be needed to extend the L?-estimate
of Lemma 5.2 to the case of inhomogeneous viscosity and/or conductivity.

The following is an extension of Theorem 3.6.

Theorem 7.5 (Global existence—Inhomogeneous viscosity and/or conductivity) Let
Assumptions 7.1 and 7.4 be satisfied. Let (vg, 69) be as in (7.6). Then the L*-maximal
strong-weak solution ((v, 0), t) to (7.2)—(7.3) provided by Theorem 7.3 is global in
time, i.e. T = 00 a.s.

The proofs of Theorems 7.3 and 7.5 are given in Subsection 7.2 below and consist of
a variation of the one in Sect. 5 given for Theorems 3.4 and 3.6. The major difference
is that we will use the Kaldec’s formula in Lemma A.2 instead of the one in Lemma
A.l.

Remark 7.6 (Inhomogeneous viscosity and/or conductivity—Strong-strong setting)
As in Sect. 6, one sees that the results of Theorems 7.3 and 7.5 extend to the strong-
strong setting under the following minor modifications:

(a) The local existence result of Theorem 7.3 holds provided we take into account the
following modifications.

e The symmetry assumption aé)’j = aé’i forall i, j € {1, 2,3} is added.
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e The regularity assumptions on ¥, and ag’j in Assumptions 3.1(2) and 7.1(2)
are strengthened to, a.s. forallt € Ry and j, k € {1, 2, 3},

e The second condition in Assumption 7.1(3) is replaced by, a.s. for all t € R
and j € {1, 2},

ay” (. )H + H Wil (1, D=1 H <K. (17

Hl,3+r;(@) H1*3+’7(O;22)

lay 7.0 <K. (18

-

HEPI(T2) HEPI(T2)

e Assumption 3.1(6)—(7) has to be replaced by Assumption 6.1(5)—(6).

Note that (7.7) (resp. (7.8)) is stronger (resp. weaker) than the corresponding
assumption in the strong-weak setting. Let us stress that (7.8) is enough in the
strong setting for the local existence to hold due to the modified Kadlec’s formula
of Lemma A.2 below, cf. the proof of Theorem 7.3;

(b) The global existence results of Theorem 7.5 also holds for (7.2)—(7.3) provided
Assumptions 7.1 and 7.4 are satisfied, Assumption 3.5(2) is replaced by Assump-
tion 6.5(2), and also (7.7) holds.

7.2 Proof of Theorems 7.3 and 7.5

In this subsection we collect the proofs of Theorems 7.3 and 7.5. As the arguments are
similar to the one used for Theorems 3.4 and 3.6, respectively, we only give a sketch.

Proof of Theorem 7.3—Sketch To prove Theorem 7.3 one can follow verbatim the one
of Theorem 3.4 using the results in [2, 3] once the stochastic maximal L2-regularity
result of Proposition 4.1 holds in the present case, namely where A} and A are
replaced by L and L, respectively. Let us note that, in the proof of Proposition
4.1, the structure of the operators plays a role in the integration by parts arguments
used. Below, we provide some comments which allows one to extend the argument
given in Proposition 4.1 for the case of homogeneous viscosity and/or conductivity.
In particular, as in Proposition 4.1, we will assume that

v,0) € L? ((O, T) X Q; H12\1 X H1> nL? (SZ; C ([0, T]; H' x Lz)) ,
where T : Q — [0, T] is a stopping time and T € (0, oo) is fixed. To begin we

comment how to extend Step 1 in Proposition 4.1. Let & be as in (4.12). Note that &
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is symmetric since Aﬁ is self-adjoint. Thus, a.e. on [0, 7] x €2,

/Ofik[ﬁ}?(t)@(t, )0, x)dx = (Ly ()0, EO(t, )

—a / 331, xp1, 0)0 (xtt, 0) (6260) (v, 0) iy
']1'2

3
-y / ad (1, x)9;0(t, x); (Ex0)(t, x) dx
@]

i j=1
3
+Z/ b (t, x)9;6(t, x) (Ex0)(t, x) dx
; O
j=1
XLy 06,06, ).
(7.9)

The above estimate and the Lebesgue dominated convergence theorem yield an identity
similar to the one in (4.14). Note that, in all the remaining terms in (4.14), the Lebesgue
dominated convergence theorem can be applied since & € L*((0,7) x Q; H') N
L%(Q; C([0, t]; L?)) by assumption.

Considering the estimate I1; in (4.14) (see the estimate before (4.16)), note that,
by Assumption 3.1(3), | 3", Z?,jzl Y (8, )Y, X)EE;| < IMP|E| a.s. for all
teRy,x e Oandé e R . Let Ry := 1 + W > 1. Thus the parabolicity condition
of Assumption 7.1(4) yields, a.s. forallt € Ry and x € O,

3
R ; . i
Y wa v 0Es < Y ap oogE - ZIER (7.10)

n>1 ij=1

By (7.9)—(7.10), one can check that (4.16) also holds in the present case where in the
estimates leading to (4.16) one uses (7.10) and Ry instead of Assumption 3.1(5) and
”7/, respectively.

Next we give some comments which are useful to extend Step 2 of Proposition
4.1 to the present case. Let us begin by checking that the argument in (7.9) can be
performed also for the v-equation. Let Ry := k(k+ 14 An)~! where Ay is the strong
Neumann Laplacian on IL2, see (4.6). To this end, note that, integrating by parts, we
have

f(vnk[m:vv)]) Vodx 2 —/ Ri[P(Lyv)] - Avdax
O O
k00 _/ [P(L,v)] - Avdx
(@)

@ —/ Lyv-Avdx
O
(7.11)
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a.e. on [0, 7] x Q. Here in (i) we used the boundary conditions dzv(-,0) =
930(-, —h) = 0 on T2 and in (ii) we have used that IP is self-adjoint and A commutes
with P since v € H?(O) on [0, 7] x © and satisfies the above mentioned homoge-
neous Neumann boundary conditions. As for (7.9), the limitin (7.11) as k — oo holds
a.e. on [0, ) x Q by Lebesgue’s dominated convergence theorem and the fact that
ve L*((0,7) x Q; H?) N L2(Q; C([0, t]; H')) by assumption.

To extend the estimate in (4.26) similarly as for the 6-equation, note that, by
Assumption 3.1(2) (see Remark 3.2(a)), one sees that (7.10) holds for ¥, ag replaced
by ¢, a, with R, > 1 depending only on K, §. Thus, one obtains the estimate,

2

3
S IV Dl < = j;aguﬁkvwﬁkvdx+«mmanﬁ»
nx>1 Vi jk=1

(7.12)

By the modified Kadlec’s formula of Lemma A.2, one can estimate the first term on
the RHS of (7.12) by % Jo Lov-Avdx+Ck y [o |v|?dx forany | < R, < R, and
it can be adsorbed in the LHS of the modified Itd’s identity for Vv' due to (7.11) and
that R, > 1. o

Proof of Theorem 7.5—Sketch To prove Theorem 7.5 one can follow the argument used
in Sect. 5.2. Indeed, since the blow-up criteria in Theorem 7.3(2) holds, it remains to
show that the energy estimate of Proposition 5.1 also holds in the case of inhomoge-
neous viscosity and/or conductivity.

Note that the L?-estimate of Lemma 5.2 follows similarly where one also need to
use Assumption 7.4(2) to integrate by parts in the v-equation, cf. (7.5).

Also the content of Lemma 5.3 holds in this case. For simplicity, we consider the

case bi = (), the general case is analogous. To see that Lemma 5.3 also holds in this
case, note that, Assumption 7.4(1) is needed to obtain an equation for v similar to
(5.21) and also in Step 3 where we estimate v3 = d3v to get

/ P[L,v] - 33 3vdx © / Lyv- 3330
(@] ' (@] '
(7.13)

3 2
< ) / aJajus - vy — ) f (@;a"7)3jv3 - v3 dx,
o o

i,j=1 i,j=l1

where in (i) we used that P[L,v] = Lyv — Q[L,v] and fO Q[ﬁvv]832’3v dx =0
since Q[L,v] is independent of x3 and d3v(-, —h)' = 03v(-, 0) = 0 on T2. While
(ii) follows by the symmetry of the matrix a = (a**/ )f’! i=1 and the fact that, for all

f € C3(O) such that 83 f (-, —=h) = 33 f (-, 0) = 0 on T2,
[ aiassfdr == [ aiesf - frds
@] ’ ’ (@] .
= [ a2,
o ,
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:_/ ai'jaif3'31f3_/(ajai’j)aif3'f3dx
0 o

where f3 := 93 f and we have used Assumption 7.4(1) in the first integration by part.
As a concluding remark, let us stress that the last terms in (7.13) are of lower-order
type. Indeed, 8jai'j € H'3%1(0) by Assumption 7.1(2), and one can reason as in the
proof of (4.26) to get, for each ¢ > 0,

i, j 2 2
| [ @ hoyun - wnds] < el 9uals + Coplval

where K is as in Assumption 7.4(2).

Having extended Lemmas 5.2 and 5.3, the extension of the Proposition 5.1 in the
present case follows verbatim from the one given in Sect. 5.2 since Proposition 4.1
holds also in the case of inhomogeneous viscosity and/or conductivity (cf. the proof
of Theorem 7.3). O

8 Transport noise of Stratonovich type
In this section we show how the results of the previous section also covers the situation
where the primitive equations are perturbed by a transport noise in Stratonovich form.

More precisely, here we consider

dv— Avdt = [P’[ — (V- Vi) — w(v)d30+ Vi '] (- )0C, ) de + Fol-, v, 6)}1;

+ ) Pl(¢n - VIvlodB], on O,
n>1
d6 — NG dt = [7 (v Vi) — w(v)330 + Fy(-, v, 9)]dt+ > W - VI8 0 B, on O,
n>1
v(-, 0) = vy, 0(,0) =6, on O,
(8.1)

where o denotes the Stratonovich integration (see e.g. [21]) and, as above, (8.1) is
complemented with the following boundary conditions

33v(-, —h) = »3v(-,0) =0 on T?,

(8.2)
36(-, —h) = 36(-,0) +ab(-,0) =0 onT>.
In order to make this section as clear as possible, in contrast to Sects. 3, 6 and 7, in
(8.1) we do not consider lower order terms in the stochastic part keeping only the
transport terms (¢, - V)vodp;' and (1, - V)6 od B, which are the most relevant from a
physical point of view (see [4, 42, 43] and the references therein) and mathematically
the lower order terms are easier to handle. However, our methods can be also extended
to the case of lower-order stochastic perturbations.

As common in SPDEs, the Stratonovich integration in P[(¢, - V)v] o dB]' and
(Y - V)B o dB' will be understood as an Itd’s ones plus some correction terms.
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As remarked at the beginning of Sect. 7 latter terms yield (in general) non-constant
viscosity and/or conductivity and therefore (8.1) fits into the scheme of such section.
This section is organized as follows. In Sect. 8.1 we study the equations (8.1)—(8.2)
in the strong-weak setting and in Subsection 8.2 we provide the corresponding proofs.
For brevity, we do not give the explicit statements in the strong-strong setting. The
modifications needed in the latter situation is commented on in Remark 8.7 below.

8.1 The strong-weak setting in the Stratonovich case

Here we analyze (8.1)—(8.2) in the strong-weak setting under the following
Assumption 8.1 There exists M, § > 0 for which the following hold.

(1) Foralln > land j € {1,2,3}, ¢}, ¢ : @x O > Randk : R xQ2x O — R
are %) ® %B-measurable and & ® HB-measurable, respectively;
(2) as.forallt e Ry,x € Oand j, k € {1, 2,3},

S o\1/2 S oN1/2
J2 J2
H(Z i ) ’L3+5((’)) + ”(Z|ak¢"| ) ‘L3+‘5((’)) =M,
n>1 nx=1
. 12 172
J 2 : 2
(§l|wn(x>| ) (D vl ), = M
n> nz

where div ¢, = 23:1 ij,{;
3) as.forallt e Ry, xy € Tz,j e{l,2,3}andi € {1, 2},

(2, xu, I 2 —n,0) + 10k (2, L2452, 12(—n0y) < M
(4) as.foralln > 1,x = (xg, x3) € T2 x (=h,0) = O and j € {1,2},
¢,{ (x) is independent of x3.

(5) as.foralln > 1and j € {1, 2},

J 3 J 3 )
08, + [ Tl =
n> n>

(6) as.foralln > 1 and xy € T2,
Vo O, 0) = ¥, G, —h) = 0;
(7) the maps
FU:R+XQXR2XR6XR—>R2,

F@ZR+XQXR2XR6XR—>R
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are & ® %-measurable. Forall T € (0, 00) and i € {1, 2},
Fi(-,0), Fy(-.0) € L2((0, T) x Q x O).
Finally, foralln > 1,1 e Ry, x € O, y,y e R%, Y, Y e Réand z, 7/ € R,

|Fo(t,x, 9,2, Y) = Fy (t,x,y. 2 Y') |+ |Fot,x.y,2,Y) — Fy (t,x, Y. 2. Y')|
S (T )y = VI (1122 4 122) 2 = 2
+ A+ YR Y PRY - YL

Remark 8.2 Some remark on Assumption 8.1 may be in order.

(a) (1)-(3) should be compared with Assumption 3.1(1)—(4). Note that in (2) a regu-
larity assumption on div ¥,, has been added;
(b) (4) coincide with Assumption 3.5(1) (see also (8.9) below for the choice of y,f .

As explained at the beginning of Sect. 7, the Stratonovich problem (8.1)—(8.2) will

be viewed in the form (7.2)—(7.3) where'inhomogeneous viscosity and/or conductivity

3 3

Pz Pi=t> where a.s. for

is considered. To this end, set ap = (a;’] ) and ay, = (a:/}] )

allx € O,

i i 1 ; . i i 1 ; .
ag () = 8" 4 = 3 g (0, and @y’ () =80 4 =Y ()Y ().

n>1 n>1
(8.3)
If Assumption 8.1(4) holds, then at least formally one has,
(Yn - V)0 odB' = Ly0dt + (Y, - V)OS, (8.4)
Pl(¢n - VIVl 0o df] = IP’[£¢U + P¢v] dt + Pl(¢, - V)v1dB], (8.5)
where
. 1 .
Ly0 :=div(ay - VO)dt — 3 Z(le Y)Wy - V)O], (8.6)
n>1
3 . 1 .
o i.ja2 YAYYEY
Lov = .Zl ag/ot v+ 3 ; (a,¢,,) oo, 8.7)
i,j= >
5 2
Povi=|D Y 9;0,@Ql@n- VIOD' | (8.8)
n>1i=I .
= /:1

where (Q[(¢,, - V)v])! denotes the i-th component of Q[(¢, - V)v]. We postpone the
proof of (8.4)—(8.5) to the beginning of Sect. 8.2 below.
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By (8.4)—(8.8), the problem (8.1)—(8.2) is (formally) equivalent to (7.2)—(7.3) with

Gon=0, Gon=0, a=ay, a=ay, y-" =",

3
. 1 R :
bi =ZZ§<3f¢4>¢fw and b :—EZ(div%)%{-

n>1i=1 n>1

(8.9)

Since (8.1)—(8.2) is in the form (7.2)—(7.3) with the above choice, the notion of L2-
maximal strong-weak solution corresponds to the one of (7.2)—(7.3). In the following
IHIIZ\I and N, are as in (3.7) and (3.9), respectively.

Theorem 8.3 (Local existence—Stratonovich case) Let Assumption 8.1 be satisfied.
Then for each

vo € L% (2 H'(0)), and 6y € LY (Q; L*(0)), (8.10)

there exists an L*-maximal strong-weak solution ((v, 0), t) to (8.1)—(8.2) such that
T > 0 a.s. Moreover:

(1) (v,0) € L. (10, 7); HR(O) x H'(0)) N C([0, 7); H'(0) x L*(0)) a.s.;
) P(r < T, Ni(t;v) + Nyp(1;6) < oo) =0forall T € (0, c0).
As usual, under additional assumptions we obtain a global existence result.

Assumption 8.4 (1) a.s. forall n > 1 and xy € T2,

¢3 (xu, 0) = ¢ (xp, —h) = 0;

(2) There exist C > 0 and 8 € L%,(Q: L}, ([0, 00); L*(0))) such that, a.s. for all

loc

teRy,je{l,2,3,xeO,yeR? zeRand Y € RO,
|Fo(t, x,y,2, V)| + | Fo(t,x,y,2, Y)| < C(E(t, x) + |y| + Iz| + [Y]).

Theorem 8.5 (Global existence—Stratonovich case) Let Assumptions 8.1 and 8.4
be satisfied. Let (vg, 6y) be as in (8.10). Then the L2%-maximal strong-weak solution
(v, 0), 1) to (8.1)~(8.2) provided by Theorem 8.3 is global in time, i.e. T = 00 a.s.

The proofs of Theorems 8.3 and 8.5 as well as (8.4)—(8.5) will be given in Sect. 8.2
below. We conclude this subsection with a few remarks.

Remark 8.6 Assumption 8.4(1) ensures that ¢2 does not interact with the boundary.
Such assumption will be used to ensure that a;’j (xy, 0) = ai” (xg, —h) = 0 for all
j €{1,2} and xy € T2, cf. Assumption 7.4(2).

Remark 8.7 (The strong-strong setting for (8.1)) By Remark 7.6 in the strong-strong
setting (cf. Sect. 6 for the Itd’s case) the following hold for (8.1)—(8.2):

@ Springer



Stoch PDE: Anal Comp (2024) 12:53-133 125

(a) The local existence results of Theorem 8.3 also holds for (8.1)—(8.2) also holds in
the strong-strong setting provided Assumptions 8.1 and 8.4 hold and we add the
following modifications:

e The regularity assumptions on ¥, in Assumption 8.1(2) are replaced by
Wizl grsss o2y < M, forall j € {1,2,3); (8.11)

e Assumption 8.1(6) is replaced by, for all j € {1, 2},

1
H 7+8 (TZ)

J 3 j 3
| S vlcowico] o+ | S vle e -]
n>1 n>1
(8.12)
Note that (8.11) (resp. (8.12)) is stronger (resp. weaker) than the corresponding
assumption in the strong-weak setting;

(b) The global existence results of Theorem 8.5 also holds for (8.1)—(8.2) provided
Assumptions 8.1 and 8.4 are satisfied and also (8.11) holds.

8.2 Proofs of (8.4)-(8.5) and Theorems 8.3 and 8.5

Formal proof of (8.4)-(8.5) To motivate (8.4), recall that

1
(- V)0 0dB) = 5 W - I - V)O1dt + (- V)O dpy'. (8.13)

Thus (8.5) follows by noticing that (v, - V) f = div(yy, f) — (div ) f for all suffi-
ciently smooth function f.
To motivate (8.5), reasoning as in (8.13) (cf. [18, Chapter 3]), we have

1
B(¢n - V)v] 0 dB] = Bl(@n - VIV + 3P| 80 - V) (BU(@s - Vv]) | dr.
(8.14)
Next, we rewrite the last term appearing in the RHS of (8.14). To this end, recall that

VP, = Ql(¢y, - V)v] and P = I — Q (here I denotes the identity operator), cf.
Sect. 2.1. Thus

B[ @ VPG - V01| = P[0 - V@0 V01| =P @0 9P| 815)
By the product rule the first term on the right hand side of (8.15) is equivalent to

P[Lgv] dt. It remains to show that the second term on the right hand side of (8.14) is
equivalent to P[Pgv] dt. For j € {1, 2}, note that

7 ~ ~ 2 . ~
(G- 998 Py 2 (St - Vind; By = ;[ utt - VD ] — > (0;00)9; P,
i=1
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where ¢, 5 = (¢} ¢,2,) and in (i) we used that ﬁn is independent of x3. By Assumption

n’

8.1(4), one has P[VH[(%H : VH)ﬁn]] - PH[VH[(@,,H : VH)ﬁn]] — 0 and therefore

P V[VaP]| = - iP[(vﬂzpf,)aiFn].

i=1

Since 9; P, = (Q[(¢n - V)V]), the previous identity shows that the second term on
the RHS of (8.14) is equivalent to P[Pgv] dt as desired. O

It remains to prove Theorems 8.3 and 8.5.

Proof of Theorem 8.3 The claim follows from Theorem 7.3 noticing that Assumption

8.1 yield Assumption 7.1 with the choice (8.9). Among others, note that (y,f Mps1 =
(BepMn=1 € L3+ (O; €%) by Assumption 8.1(2). O

Proof of Theorem 8.5 The claim follows from Theorem 7.5 noticing that Assumption
7.4 are satisfied with the choice (8.9) due to Assumption 8.4. In particular, note that
Assumption 8.1(4) and 8.4(1) ensure that Assumption 7.4(1) and (2) hold, respectively.

O
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Appendix A. Kadlec’'s formulas

The following was used to prove Propositions 4.1 and 6.8. Below Vg = (91, 02).

Lemma A.1 (Kadlec’s formula) Let O = T2 x (—h, 0) for some h > 0. Let B € R
and f € H*(O) be such that 35 f (-, —h) = 33 f (-, 0) + Bf (-, 0) = 0 on T2. Then

3
> [ rPax= [ iarpdx-26 [ 1VafeoPds.
o o T2

i,j=l1
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In particular, for all ¢ € (0, 1) there exists C(g) > 0 independent of f such that

3
i,jZ:I /O

Lemma A.1is well-known to experts and actually holds under more general assump-
tion on the domain. For the sake of completeness we provide a proof.

2
#1] dx <o [arPaxec [ ifPax

Proofof LemmaA.1 Since O is asmooth manifold with boundary, by a standard density
argument we may assume f € C3(0). Note that, fori, j € {1, 2}, integrating by parts
we have due to the periodicity in the horizontal directions that

/ 8i2,jfaiz,/'fdx =_/ 3i3,j,jf3ide=/ aiz,ifajz"jfdx,
@ ’ o o
and using that 33 f (-, —h) = 33 £ (-, 0) + Bf (-, 0) = 0 on T?,
2 2 _ 3
/ 83,jf33,jfdx——/ 83,j’jf83fdx
o o

_ / [32 I f]”zo d +/ 32 . fa2,fd
A DR P R e

.y fT 92,10 (0 dxn + /O 92 1 03, f d

—B /Tz |ajf('s0)|2dxH+'/(;a/2',jf 035 f dx.

Thus

3
DN 0,

i,j=I
2

2
= D 107 120y +2 D103 F 20y + 19551720
i,j=1 j=1

1

2
i.j=

2
O S 05,0 +2 03505 1 f + |832,3f|2) dr =25 [ 19 f (.00 dx
j=1

1

=[ |Af|2dx—2ﬂ/ Vi f (-, 0)| doxy.
(@) T2

Recalling that |V f (-, 0)|l 1212, < I f 1l gr1+s (o) for any s > %, the last inequality
follows from a standard interpolation argument. O

The above argument can be easily extended to prove the following
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LemmaA.2 (Kadlec’s formula II) Let © = T2 x (—h, 0) for some h > 0. Assume
that there are a*/: O — R fori, j € {1,2,3} and some §,v € (0,1) and M > 1
such that

abl = all, la" || grs+s o) < M., foralli,je{1,2,3}, (A
3,j .
lla ’(~,O)||H%+5(T2) <M, forall j €{1,2}, (A.2)
3 . .
> igg; = viEP, forall & € RY. (A3)
ij=1

Let B e Rand f € H2(O) be such that Bf(,—h)=0f,0+Bf(,0 =0o0n
T2, Then for all ¢ € (0, 1) there exists C(e, v, 8, M) > 0 independent of f such that

3 3
3 /Oai*faﬁkfa,%kfdxf(l—l—s) > /@ai*faiijdeCfolled»

i,j.k=1 ij=1
(A4)
The integrals in (A.4) are well-defined since, by (A.1) and Sobolev embeddings,

la" |l o0y s M. (A.5)

The trace a’J (-, 0) is well-defined since a’-/ € H'-3+%(©) but the latter only implies
a’J(-,0) € H'/23+35(T?) which is not enough for (A.4) to hold.

Proof The proof follows from the argument used in Lemma A.1. As above it is enough

to consider the case f € C3(0). Without loss of generality we assume that § € (0, %).
Step 1: Foralln > Othere exists C1(8, M, n) > Osuchthatforalli, j, k € {1, 2, 3}

[Lasesazoras < ([ s ot asen [ 102 ax) e [ i
@ © © °

where D2 f := (0%, )} ;_j and |D*f? := 3"} ;_, 07, f12.

Let us divide the proof of this step into three sub-steps. Note thatincasei = j =k
the claim of Step 1 follows. Hence we will assume either i # j or j # k.

Sub-step 1a: Step 1 holds in case k = 3. Since eitheri # 3 or j # 3, without loss of
generality we may assume i # 3. Integrating by parts and using that a3 f (-, —h) = 0,

a2 [ fdx = [ @ (,0092 f(, 085 f(,0)dxn
o / T2 /

—/Oaw"vfai%jfagdx—/Oafvfaﬁmfaﬁdx.
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Since 33 f(-,0) = =B f (-, 0),
/Tz ad (007 (. 0003 £ (-, 0) dxyr = —p /T ad (0097 ; £, 0) £ (-, 0) dxu,
and by i # 3,
—/ a9} ;s fosfdx = / dia" 197 fos f +f a7 3 f07 5 f dx.
@ e @ ’ @ ’ ’
Thus the above equalities yield
/Oa”" 07, f035f dx = =P /T (009 £ (0 £, 0) dxn
—/ d3a" 0} f 03 f dx +/ dia" 07 3 f 03 f
o ’ o ’
+ | a"9%,f0%, fdx
o j,3J %3
=nL+hL+1 +/ a1 97 3075 f dx.
o 3195
Let us show that the additional term in the previous estimate are of lower order.

Recall that the trace operator H s+3 (©) > f— f(-,0) € H(T?) is bounded for all
s > 0. Thus, the boundary term is lower order since

111 Sp lla™d (L0 f (L0

s 1a™ (L0 £ 0

1
H™27%(T2)

197, £ ¢, 0l
£ G0l

1
H7+‘3(T2)

Lis 3.5
H27°(T?) H27%(T?)

S5 (10701 1 C Oy

+6 ('J1"2)

1 Ol ey L C O g5 o WP O3 e 1 s

(T2)
where in the last inequality we used (A.2), (A.5) and that

6<h
ILf (5 Ol oo 2y So ”f('ao)”H"*'S(Tz)S”f”H%.;.a SN fllge-s.

Let o € (2,6) be such that ﬁ + é = % Then there exists 8’ > 0 such that
H'=¥(0) < Le(0), and by Holder inequality,

L+ BIS|IVa TV £ 21D Fllz S UVE (| pses | f Nl oo 1D fll 2. (A6)

The previous estimates show that /1, I and I3 are lower order terms w.r.t. || f z2.
Thus the claim of Step 1a follows from interpolation and Young inequalities.

@ Springer



130 Stoch PDE: Anal Comp (2024) 12:53-133

Sub-step 1b: Step 1 holds in case i = j = 3 and k € {1, 2}. Integrating by parts
we have

/ a3 f Ol f dx = —/ a3‘38gq3’kf8kfdx—/ a3 3 for f dx
(@] (@] (@]
© —/TZ a3v3(-,O)ag,kf(-,O)akf(.,O)dxH+/Oa3a3»3a§kfakfdx
+/ a3'3|832.kf|2dx—/ a3 3 f O f dx
(@] (@]
D _g /Oa3’3(~,0)|8kf(~,0)|2dxH+/O 03a>30% for f dx

+f a3’3|a§kf|2dx—/ a3 93 5 for f dx
o o

where in (i) and (ii) we used that 93 f (-, —h) = 0 and 832’kf(-, 0) = —Bof(-,0)
on T?, respectively.
Note that, by (A.5), for all s € (0, 1),

\ fo @303 f ¢ 01 dxn| < Nl ||V f O poy S5 MILF 37255

Now, the claim follows from the previous inequalities by repeating the argument in
(A.6) to estimate the remaining terms.

Sub-step Ic: Step 1 holds in case k € {1, 2} and either i # 3 or j # 3. Without
loss of generality we assume i # 3. In the latter case, one can integrate by parts on the
k- and i-coordinates and therefore no boundary terms appear. The claim of Substep
1c follows by repeating the estimates in (A.6).

Step 2: Proof of (A.4). Fix ¢ € (0,1) and choose n > 0 such that 1 + ¢ =
(1 — 22)~". By ellipticity (A.3),

3
o [irtar <t 3 [ aviadgad,ra.
o i j k=1

Thus, by Step 1 and summing over i, j, k € {1, 2, 3}, we have

( 2777 Z/ ljazkfazkfdx<2/ ljai%ifAfdx+C2/|f|2dx
o

i,j=1

where C; := 27Cy. The above choice of 1 yields (A.4) with C := Cg( 27'7) .O
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