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Abstract: We consider products of random matrices that are small, independent identi-
cally distributed perturbations of a fixed matrix 7y. Focusing on the eigenvalues of 7 of
a particular size we obtain a limit to a SDE in a critical scaling. Previous results required
7o to be a (conjugated) unitary matrix so it could not have eigenvalues of different mod-
ulus. From the result we can also obtain a limit SDE for the Markov process given by
the action of the random products on the flag manifold. Applying the result to random
Schrodinger operators we can improve some results by Valko and Virag showing GOE
statistics for the rescaled eigenvalue process of a sequence of Anderson models on long
boxes. In particular, we solve a problem posed in their work.
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1. Introduction and Results
The goal of this paper is to study scaling limits of random matrix products
TinDin—1---T1
with A — 0 where the 7, , are perturbations of a fixed d x d matrix of the form
Ton =To+AVpn +12W. (1.1)

Here, forevery A, V, , is afamily of independent, identically distributed random matrices
with E(V, ,) = 0 and W; is a deterministic matrix, both of order one. In the simplest
case,d = 1,7y = 1,W, = 0,and V, , = V), are independent centered random variables
with variance one. Then, the classical Donsker’s central limit theorem applied to the
logarithm of (1) shows that the product (for here denoted X} , = T, Do.n—1---To.1)
satisfies

(X2t 2 0) = (B0 1> 0)

as A — 0, where B(t) is a standard Brownian motion. Compared to the simplest case,
the general case has extra interesting features.

e The matrix 7 can have eigenvalues of different absolute values, so the product can
grow exponentially at different rates in different directions.

e The matrix 7 can have complex eigenvalues of the same absolute value that act as
rotations; this can produce an averaging effect for the added drift and noise terms.

The main question that we resolve in this paper is the following.

Question. Ifthe matrix Ty has an eigenvalue of large absolute value, can one still under-
stand the fine evolution of the product in the directions belonging to smaller eigenvalues?

Matrix products of this kind are used in the study of quasi-1-dimensional random
Schrodinger operators, and the large eigenvalues are related to so-called hyperbolic
channels. Indeed, the main motivating example is this case, which we will introduce
in Sect. 1.2. When 7y is (the multiple of) a unitary matrix this type of result has been
established in that context, [BBR,SS2,VV1,VV2] and the limiting process is described
by a stochastic differential equation (SDE). In [KVV,VV1] the SDE limit was used to
study the limiting eigenvalue statistics of such random Schrédinger operators in a critical
scaling A%n = ¢ (at band edges one has a different scaling as mentioned in Appendix A).
We can extend this result and obtain a limit for the rescaled eigenvalue process in the
presence of hyperbolic channels as well (cf. Theorem 5.4). In particular, we solve Prob-
lem 3 raised in [VV1] and obtain limiting GOE statistics for the Anderson model on
sequences of long boxes (cf. Theorem 1.2) with appropriate scalings. We essentially
reduce the proof to a situation where it is left to analyze the same family of SDEs as in
[VV1]. Deriving the GOE statistics then relies on the work of Erdds, Schlein, Yau and
Yin [ESYY,EYY], but we do not repeat these steps that are done in [VV1]. The main
result is stated in Sect. 1.2, further details are given in Sect. 5.

In the considered scaling limit A’z = ¢ in Theorem 5.4 localization effects and
Poisson statistics are not seen and the description through an SDE arises. We obtain that
the hyperbolic channels only shift the eigenvalues but do not affect the local statistics.
In fact, fixing the width and base energy, the local eigenvalue statistics only depends
on the number of so called elliptic channels. This can be seen as some universality
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statement. Increasing the number of elliptic channels and choosing appropriate sequences
of models, the GOE statistics arises.

As a byproduct of this work we solve some conjecture from [Sal] showing that there
is an SDE limit for the reduced transfer matrices in the presence of hyperbolic channels
(cf. Remark 5.1).

Random matrix ensembles such as the Gaussian Orthogonal Ensemble (GOE) were
introduced by Wigner [Wi] to model the observed repulsion between eigenvalues in
large nuclei. The local statistics is given by the Sine; kernel, see e.g. [Me]. This type
of repulsion statistics is expected for many randomly disordered systems of the same
symmetry class (time reversal symmetry) that have delocalized eigenfunctions. This is
referred to as universality. Most models with rigorously proved universal bulk behav-
ior are themselves ensembles of random matrices, e.g. [DG,ESY,Joh,TV]. Recently,
Shcherbina proved universal GUE statistics (Gaussian Unitary Ensemble) for random
block band matrix ensembles that in some sense interpolate between the classical matrix
ensembles and Anderson models [Shc].

The Anderson model was introduced by P. W. Anderson to describe disordered media
like randomly doped semi-conductors [And]. Itis given by the Laplacian and arandom in-
dependent identically distributed potential and has significantly less randomness than the
matrix ensemble models. For large disorder and at the edge of the spectrum, the Anderson
model in Z4 or RY localizes [FS,DLS,SW,CKM, AM, Aiz,Klo] and has Poisson statis-
tics [Mi, Wa, GK]. For small disorder in the bulk of the spectrum, localization and Poisson
statistics appear in one and quasi-one dimensional systems [GMP,KuS,CKM, Lac,KLS]
(except if prevented by a symmetry [SS3]) and is expected (but not proved) in 2 dimen-
sions. Delocalization for the Anderson model was first rigorously proved on regular
trees (Bethe lattices) [KI] and had been extended to several infinite-dimensional tree-
like graphs [K1,ASW,FHS, AW,KLW,FHH,KS,Sa2,Sa3,Sha]. Recently it was shown
that there is a transition from localization to delocalization on normalized antitrees at
exactly 2-dimensional growth rate [Sa4]. For 3 and higher dimensions one expects de-
localized eigenfunctions (absolutely continuous spectrum) for small disorder and the
eigenvalue statistics of large boxes should approximate GOE by universality. However,
proving any of these statements in Z¢ or R? for d > 3 remains a great mathematical
challenge.

The papers [BBR,VV1,VV2] are restricted to the subset of the important cases where
all eigenvalues of 7( had the same absolute value (and no Jordan blocks). The novelty
of this work is to handle eigenvalues of different absolute value for 7p; the application
to Schrodinger operators comes from applying Theorem 1.1 to the transfer matrices.

Let us briefly explain why this is not a trivial extension. If 7o (or AToA~! for some
matrix A) is unitary one simply has to remove the free evolution from the random
products. To illustrate this, let for now Xy , = T yTr n—1--- Ty,1. Then, ;7" X, =
ATV, TV 02T W 7 D) (7 "V X 1) The conjugations like 7"
(V,\,,,To_l)%" simply lead to an averaging effect over the compact group generated by
the unitary 7 in the limit for the drift and diffusion terms. Adopting techniques by
Strook and Varadhan [SV] and Ethier and Kurtz [EK] to this situation (cf. Propo-
sition 23 in [VV2]) one directly obtains an SDE limit for ’]E)_"X;M,, in the scaling
A2n = t. If 7y has eigenvalues of different sizes then generically some entries of
T, "W, T""! and the variance of some entries of ’]E)”V;L,,,’]E)”_l will grow exponen-
tially in n. This destroys any hope of a limiting process. Instead one may then consider
a process U "X, , where U is a unitary just counteracting the fast rotations. But then
one still has different directions growing at different exponential rates even for the free
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evolution, and simply projecting to some subspace, PU "7, " X} ,, does not work
either!

The trick lies in finding a projection that cuts off the exponential growth of the free
evolution and does not screw up the convergence of the random evolution to some
drift and diffusion terms. The correct way to handle the exponential growing directions
is choosing a Schur complement. The exponentially decreasing directions will tend to
zero and not matter, and the directions of size 1 will lead to a limit. The exponential
growing directions have some non-trivial effect and lead to an additional drift term. As
the Schur complement itself is not a Markov process, it will be better to consider it as
part of a quotient of X),_, modulo a certain subgroup of GL(d, C). Then one still needs
several estimates to handle the appearing inverses in the Schur complement and the error
terms before one can apply Proposition 2.1 which is some modification of Proposition 23
in [VV2].

In the Appendix we will state some further general corollaries or applications of
Theorem 1.1. Although we cannot take an SDE limit of the entire matrix as indicated
above, it will be possible to describe the limit of its action on Grassmannians and flag
manifolds (cf. Appendix A). For this limit the correlations for SDE limits corresponding
to different sizes of eigenvalues of 7y are important. The limit processes live in certain
submanifolds that are stable under the free, non-random dynamics of 7. This result is
related to the numerical calculations in [RS], where the authors considered the action
of the transfer matrices on the so called Lagrangian Planes, or Lagrangian Grassman-
nians (which is some invariant subspace of a Grassmannian). The limiting submanifold
corresponds to the ‘freezing’ of some phases related to the hyperbolic channels. In the
scaling limit, only a motion of the part corresponding to the so called elliptic channels
can be seen and it is described by a SDE.

In Appendix B we also study the case of non-diagonalizable Jordan blocks. These can
be dealt with by a A-dependent basis change, which leads to a different critical scaling. In
the Schrodinger case, such Jordan blocks appear at band-edges and we give an example
for a Jordan block of size 2d for general d.

1.1. General SDE limits. Without loss of generality we focus on the eigenvalues with
absolute value 1 and assume that 7 has no Jordan blocks for eigenvalues of size 1. Next,
we conjugate the matrices 7, , to get 7o in Jordan form. We may write it as a block
diagonal matrix of dimension dy + d; + d; of the form

I
Ty = U (1.2)
—1
I

where U is a unitary, and I'g and I'; have spectral radius smaller than 1. The block I'y
corresponds to the exponential decaying directions and the block I'; !'to the exponential
growing directions of 7.

The only way the matrix product 7;,_, - - - 7, 1 can have a continuous limiting evolution
is if we compensate for the macroscopic rotations given by U (as in [BBR,VV1,VV2]).
Hence define

14,
Xon =R "LonThn—1---T1X where R = U (1.3)
14,
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where X)) is some initial condition and 1, is the identity matrix of dimension d.
In most of the following calculations we will use a subdivision in blocks of size
do+d; and d>. Let us define the Schur complement X, ,, of size (dp +d1) % (do +d1) by

_ A B
Xon=Aun— BK,IlDA,izCK,I‘l ,  where XA,n = (Ci’: D))i’;) . (1.4)

If X, » and D;_, are both invertible, then
Xon = (P*XP)”! (1.5)

where P is the projection to the first dy + d; coordinates. Note that invertibility of D _,
is required to define X, ,. Therefore, we demand the starting value Dy to be invertible,
where

A B .
X = (Cg D(())) . and we define  Xo = Ao — BoDy ' Co.

The first important observation, explained in Sect. 3, is that the pair
(Xan: Zrn) where Zy, = By aDj ), (1.6)

is a Markov process. Therefore, it will be more convenient to study this pair.
We need the following assumptions.

Assumption. We assume that for some constants € > 0, Ag > 0 one has

sup  E([[V;0]%€) < oo. (1.7)
O<A<Xrg

Furthermore we assume that the limits of first and second moments
lim W lim E(Vi Vel im E(OF,)0) (Vi) exist. (18)

In order to state the main theorem, we need to subdivide V; _,, W, in blocks of sizes
do, dy, dp. We denote the d; x dj blocks by

Vi jk, and Wj jx respectively. (1.9)

The covariances of the d; x d; block Vj 11 will be important. A useful way to encode
covariances of centered matrix-valued random variables A and B is to consider the
matrix-valued linear functions M +— E(A"MB) and M +— E(A*MB). Choosing
matrices M with one entry 1 and all other entries zero one can read off E(A;; By) and

E(A4; jBry) directly. Let us therefore define

h(M) := lim E(VAT“MVA,“), ﬁ(M) = lim E(V," ;M V. 11). (1.10)
A—>0 ’ r—0 ?
Furthermore the lowest order drift term of the limit will come from the lowest order

Schur-complement and hence contain some influence from the exponentially growing
directions. Therefore, let

W= lim Wi 11— E(Vi 122V 20). (L.1D)

By the assumption (1.8) above these limits exist.
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Theorem 1.1. Let the assumptions (1.7) and (1.8) stand. Then, for t > 0 we have
convergence in law, Z 1_ ™ = 0and
N

X J:>Xt=(0d0A)X0for n — oo.
13

ﬁ,[tn
A; is a dy x dy matrix valued process and the solution of
dA[ == VA[ dt +dB[ Al 5 A() = 1

B; is a complex matrix Brownian motion (i.e. B; is Gaussian) with covariances

EBMB,) = g(M)t, EBMB,) =g(M)t (1.12)
where

V:/ uWU*u* du (1.13)

(%
o(M) = / 7T h(u” Mu) U*u* du (1.14)

(U)
§(M)=/ uU h(u*Mu) U*u* du. (1.15)

(%

Here, (U) denotes the compact Abelian group generated by the unitary U, i.e. the closure
of the set of all powers of U, and du denotes the Haar measure on (U).

Remark. (i) The analogous theorem in the situation d = 0 (no exponential growing
directions) holds. In this case the matrices By ,, Cix » and D, _, do not exist and
one simply has X , = A, , = &) . For this case one can actually simplify some
of the estimates done for the proof, as one does not need to work with the process
By D, L and no inverse is required.

(i1) In the case where dy = 0, i.e. no exponential decaying directions, the Theorem
also works fine. In this case one simply has X; = A; X1;.

(iii) The Theorem does not hold for #+ = 0 and indeed it looks contradictory for small
t. However, the exponentially decaying directions go to zero exponentially fast so

that one obtains
0
X o — X
Zolnel ( 1d1) 0

for sufficiently small @ which gives the initial conditions for the limiting process.
(iv) When defining the process &) , one may want to subtract some of the oscillating
terms in the growing and decaying directions as well, i.e. one may want to replace

. U
R in (1.3) by a unitary of the form R = ( ‘u v ) written in blocks of sizes
2
do, dy, da, respectively. Then let

. A Ay By
Koy =RRM X, = [ 2
An A.n (Ck,n Dk,n)
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and define the corresponding Schur complement X an = A an— éx,n ﬁ;’ Lé?»,n as
well has Zx,n = éxnb,\_,ll Simple algebra shows that

5 u," A u,"
Xk,n = ( 0 1) X)\,n’ Zk,n = ( 0 1) Z)L,nU51~

Hence, it is easy to see that for n — oo,
Z =0, X = X
\—M,\_ntj I Lnt]

where X; is the exact same process as in Theorem 1.1.

(v) When 7 has eigenvalues of absolute value ¢ different from 1, and 7 is diagonalized
(or in Jordan form) so that the corresponding eigenspace are also the span of
coordinate vectors and have no Jordan blocks, then we can apply Theorem 1.1 to the
products of 7, /c. Moreover, considering products of direct sums 7;, , /c® 7, /¢’
the application of Theorem 1.1 gives correlations of these SDEs, cf. Theorem A.1.

(vi) The stated SDE limit can be seen as limiting processes of equivalence classes
of R™" X, modulo a certain group G. This means the following: For a specific
subgroup G C GL(d, C) we define two matrices to be equivalent, M ~ M’, if
and only if M = M'G for some G € G. This equivalence relation defines the
quotient Mat(d, C)/G. One may ask for which subgroups G of GL(d, C) one has
some normalization R such that the process R™"7, s, -+ Ty, 1 Xo / Ghasa
distributional limit. As we will show in Appendix A, for invertible and diagonal-
izable 7y we get such a limit on the so-called flag manifold (cf. Theorem A.2) and
whenever G is algebraic and cocompact (cf. Corollary A.3).

(vii) Finally, one might pose the question whether one can also obtain some similar result
in the presence of Jordan blocks. In fact, combining this work with the techniques
of [SS1], one can obtain a limit for a process obtained with a A-dependent basis
change. In terms of Schrédinger operators these situations occur on band-edges,
cf. Appendix B.

The proof is structured in the following way. Section 2 states an abstract theorem
for convergence of Markov processes to SDE limits that we will use. In Sect. 3 we will
develop the evolution equations for the process (X, ,, Z; ,), together with some crucial
estimates. In Sect. 4 we will then obtain the limiting stochastic differential equations as
in Theorem 1.1. The reader interested in the proofs can continue with Sect. 2.

Applications to random Schrodinger operators are given in the following subsection
and in Sect. 5, which also contains the proofs.

1.2. The GOE limit for random Schridinger operators. Let Z, 4 be the adjacency ma-
trix of the n x d grid (embedded in Zz), and let V be a diagonal matrix with i.i.d.
random entries of the same dimension. A fundamental question in the theory of random
Schrodinger operators is how the eigenvalues of

Dona + AV (1.16)

are distributed. Predictions from the physics literature suggest that in certain scaling
regimes that correspond to the delocalized regime, random matrix behavior should ap-
pear. More precisely, the random set of eigenvalues in a window centered at some energy
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E and scaled properly should converge to the Sine; point process. The latter process
is the large-n limit of the random set of eigenvalues of the n x n Gaussian orthogonal
ensemble near 0.

A version of such predictions was proved rigorously [VV1] for subsequences of
ni > di — oo, A?ni — 0 but only near energies E; tending to zero. In a modified
model where the edges in the d direction get weight r < 1 the proof of [VV1] works
for almost all energies in the range (—2 + 2r, 2 — 2r). Proving such claims for almost
all energies of the original model (1.16) presented a challenge, the main motivation for
the present paper. For a better comparison with [VV1] let us re-introduce the weight r.

It is natural to think of operators like (1.16) as acting on a sequence ¢ = (Y, ..., ¥y)
of d-vectors. So given the weight r, let us define the nd x nd matrix Hj , 4 by
(Hyn,dV)k = Yiesr + Yk—1 + (rZa + AVi) Yk (1.17)

with the notational convention that /o = v,,+1 = 0. Here, Z is the adjacency matrix of
the connected graph of a path with d vertices and the Vj are i.i.d. real diagonal matrices,
i.e.,

0 1
Y v
Zg = o . V= (1.18)
o1
v,
1 0 d
with

E(;) =0, E(v;|®%) < oo, E(viv;) = 8. (1.19)

Then we obtain the following:

Theorem 1.2. For any fixed r > 0 and almost every energy E € (=2 — 2r,2 + 2r)
there exist sequences ny > dp — o0, ok2 = )\]%nk — 0, and normalizing factors
Vi ~ dgny /oy such that the process of eigenvalues of

Vk (H)»k,nk,dk - E)

converges to the Sine| process. In particular the level statistics corresponds to GOE
statistics in this limit.

Theorem 1.2 resolves Problem 3 posed in [VV1]. There one has r < 1 and E €
(=2 +2r,2 —2r) or r = 1 and a sequence of energies converging to 0. (Note that this
interval is smaller than the one in Theorem 1.2 and in fact empty for » > 1). Theorem 1.2
applies to the exact Anderson model » = 1 with any fixed energy in the interior (—4, 4) of
the spectrum of the discrete two-dimensional Laplacian. It also applies in the case r > 1.
This is because hyperbolic channels can now be handled for the SDE limit. The exact
definition of ‘elliptic’ and ‘hyperbolic’ channels will be given in Sect.5. Overcoming
this difficulty was the main motivation for this work.

Essentially, only the elliptic channels play a role in the eigenvalue process limit. It
is thus important to have a sequence with a growing number of elliptic channels going
to infinity. Indeed, one can obtain GOE statistics even for a sequence of energies Ej
approaching the edge of the spectrum | E| = 2+2r. For this, one needs that the sequence
dy grows fast enough, such that the number of elliptic channels at energy Ej grows.

Further details will be given in Sect. 5 where we will also consider an SDE description
for the eigenvalue processes of operators on strips with a fixed width in the critical scaling.
The operators considered are slightly more general than (1.17). In fact, many techniques
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can be applied ton x dy x - - - X d,, grids embedded in Z"*!. However, for the last step to
obtain the GOE limit, it is so far crucial that the operators H, , 4 are random operators
on a grid embedded in 72, see also Remark 5.6.

2. A Limit Theorem for Markov Processes

The key idea is to use a variation of Proposition 23 in [VV2] to obtain the convergence
to the limiting process.

Proposition 2.1. Fix T > 0, and for each m > 1 consider a Markov chain
(X" eRY n=1...\mT)).

as well as a sequence of “good” subsets G, of RY. Let Y (x) be distributed as the
increment X', — x given X! = x € Gy,. We define

b (t,x) = mE[Y[:’m x)], a"(@t,x)= mE[YL’;‘”J (x)Y[’nth .

Letd' < d, and let X denote the first d’ coordinates of x. These are the coordinates that
will be relevant in the limit. Also let b denote the first d' coordinates of b and @™ be
the upper left d' x d’' sub-matrix of a™.

Furthermore, let f be a function f : Zy — Zy with f(m) = o(m), i.e lim,,_, 5
f(m)/m = 0. Suppose that as m — oo for x, y € G, we have

@™ (t, x) — @™ (t, y)| + b (t, x) — b™ (¢, y)| < c|¥ — F| +0(1) 2.1
sup ]E[|17,:"(x)|3] §Cm7TS forall n> f(m), 2.2)
xeGy,n

and that there are functions a, b from R x [0, T'] to Rda, RY respectively with bounded
first and second derivatives so that uniformly for x € G,

t t

sup / Zz'"(s,x)ds—/ a(s,xX)ds| — 0 (2.3)
xe€Gy,t 0 0
t t

sup / 5" (s, x) ds —/ b(s,i)ds‘ 0. 2.4)
xeGpy,t'JO 0

Suppose further that
vin
Xt = Xo

and that P(X)! € G, foralln > f(m)) — 1. Then (X("m”,o <t < T) converges in
law to the unique solution of the SDE

dX =bdt+adB, X(0)= Xp.
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Proof. This is essentially Proposition 23 in [VV2]. The first difference is that the coordi-
natesd’+1, ..., d of the X™ do not appear in the limiting process. A careful examination
of the proof of that Proposition shows that it was not necessary to assume that all co-
ordinates appear in the limit, as long as the auxiliary coordinates do not influence the
variance and drift asymptotics.

The second difference is the introduction of the “good” set G,,, possibly a proper
subset of RY. Since we assume that the processes X" stay in G, with probability tending
to one, we can apply the Proposition 23 of [VV1] to X stopped when it leaves this
set. Then, the probability that the stopped process is different from the original tends to
zero, completing the proof.

The third difference is the weak convergence of X ?(m) instead of )~(6‘ and that we

have the bound in (2.2) only for m > f(m). Note that for the Markov family X =

X rnr:ax(l, Fm)) all the same conditions apply with f(m) = 0 and the initial conditions
converge weakly. Moreover, for any fixed r > 0 and m large enough one has X ’L';m | =

Xm

Lmt ] O

We will use this proposition with m = A2 or A = 1//m. X ™ will correspond to
the pair (X 1/ s n» Z1)/m,n) Whereas )N(,’f will only be the part of X, s , giving the
SDE limit in Theorem 1.1. Moreover, many of the estimates will only work with high
probability which will be treated by introducing stopping times that will not matter in
the limit.

3. Evolution Equation and Estimates

In this section we show the basic estimates needed to establish the conditions of the
proposition above. Recall that 7, , = 7o + AV n + A2W, where the disordered part
satisfies the assumptions (1.7) and (1.8). For convenience we define V5 , = Vi n +A W),
such that

%L,n = % + )LV)L,n + XZWA = 76 + )\y)»,w

Then the assumptions imply that for small A

E(|V.1€) = O), EQ.) =2V +o(l). (3.1

For the proof of Theorem 1.1 we will fix some time 7" > 0 and obtain the SDE limit
up to time 7" > 0 which is fixed but arbitrary. In principle we could work with estimates
that are valid with high probability in order to obtain the limit process. However, for the
sake of keeping the arguments and estimates simpler, it will be easier to work with a
cut off on the randomness and almost sure estimates. The cut off bound will approach
infinity for A going to zero in a way that it does not affect the limit.

Proposition 3.1. Without loss of generality we can assume

Vinl < Ky)hs_l for some% <s <land Ky > 0. (3.2)

Proof. Assumption (1.7) and Markov’s inequality yield

E(1V5nll®) _ K
Co+e — (6+e

P Yynll = ClD) = (3.3)
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for some fixed k, uniformly for small A.
Now let s be such that 2/(6 +€) < 1 —s < 1/3 and define the truncated random
variable yx n by

< Va0 [ Vaall < K25
yk,n -
0 else
By the choice of s, (1 —5) > m > ﬁ and we obtain
~ 0 k
BV~ Fral) = [ Vialld? = [ € Grergdc
I Vn>KAs=1| K- c
_ (6+€)k A6 00=9) _ 53
~ (5+¢) K5t
and similarly
6+€)k
(I — < _OFIk S wman-n _ o)

Vel = G g

for A — 0. Thus, using ), , instead of ), , in (1.13), (1.14) and (1.15) does not change
the quantities V, g(M) and g(M). Hence, the SDE limits mentioned in Theorem 1.1 for
Vy.n and Vs, are the same.

Let us assume that Theorem 1.1 is correct for jiv;h, » and obtain its validity for using
Y.n by showing that we obtain the same limit SDE. From (3.3)

~ k
[ (6+€)(1—s) _ .12+8
]P)(y)\,n 7é yk,n) = K6+€)L(6+e)(sfl) =cCcA =cA

where the last equations define ¢ > 0 and § > 0. Hence,
IP(||yA,n|| > KA1 forsomen=1,2,..., L)FzTJ) < Tcal

which approaches zero for A — 0. Therefore, introducing a stopping time 7 := min{n :
Vi.n # Va.n} and considering the stopped process X A7, one obtains the same distrib-
utional limit process up to time T (in fact for arbitrary 7'). But for the stopped processes
there is no difference when replacing YV, , by Vi n. O

Thus we may assume Eq. (3.2) without loss of generality and we will do so from
now on. Moreover, as the spectral radius of Iy and I"; are smaller than 1, using a basis
change, we may assume: !

IToll <e™, |2l <e”, wherey > 0. (3.4

Before obtaining the evolution equations, we will first establish that the pair (X ,,
Z) ) is a Markov process. Let us define the following subgroup of GL(d, C).

G = [(é g) € Mat(d,C) : where D € GL(d», C) ]

I Even if I or 'y are not diagonalizable, one can make the norm smaller than one as one can make the
off diagonal terms of Jordan blocks arbitrarily small.
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Now let X] and X, be equivalent, X1 ~ A3, if X] = X, Q for Q € G. As different
representatives differ by multiplication from the right, multiplication from the left defines
an action on the equivalence classes. Therefore, the evolution of the equivalence classes
[X)..n]~ 1s a Markov process. As

A B 1 0 A—BD'c BD!
(c D) (—D—lc D_l)z( 0 1 ) 3.5)

we see that the equivalence class [X), ]~ is determined by the pair (X} ,, Z) »).
Let us further introduce the following commuting matrices of size dy + d1,

(10 _ (To 0\ .
R_(OU)’ S—(o 1)» R, S € Mat(dy +d;, C), (3.6)
Note that R is unitary and that
RO
R = (0 1) e U(d). (3.7)

for R as defined in (1.3). As I'{j is exponentially decaying, we refer to the dy dimensional
subspace corresponding to this matrix block as the decaying directions of 7;'. Similarly,

the d> dimensional subspace corresponding to the entry I'; " are referred to as growing
directions.
The evolution of &), , is given by

Xin =R "GaR"™ Xyt (3.8)

Therefore, let

TA TP
an/z;h Rnfl — ( )»Cn )»bn).
" Tk,n Tk,n

Here, A, B, C, D are used as indices to indicate that we use the same sub-division of
the matrix as we did when defining A; ,, Bi.n, C). , and D ,.

The action on the equivalence class of X ,,_; ~ (in;’“ Z*vl”" ) gives

A A B
(T)fn T)fn) (Xk,n—l Zx,n—l) _ T)»,nX)Ls"—l T)»,nz)w"—l + Tk,n
¢ 7D = .
Tin Tin 0 1 TE, Xon-1 Ty Zan—1 + TP,
Transforming the matrix on the right hand side into the form as in (3.5) we can read off
the evolution equations

Ziw = (121 + T2 (TS0 Zan1 + T8, (3.9)
and

—1
X = T Xon 1 = (12 + T ) (T, Zont + TR TS X0,
(3.10)
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For more detailed calculations, let

VA vB
Vawn = Van + AW, =: ( A )"”), then

C D
Vk,n vA,n
R~ VA Rnfl R~ VB
R VR = ( iy D%"). (3.11)
" Vk,an Vk,n
From (1.1), (1.2), (3.6) and (3.7) one finds
T, =S+rR7"VA R, TE =arTVE, TS, =V, R,

P, =105 +avP . (3.12)

We will first consider the Markov process Zj , and denote the starting point by
Zo = BoDy .

Proposition 3.2. For A small enough and some constant K 7 we have the uniform bound
1Zonll < Kz(e7"2 +05) = O@™7"2, 1) (3.13)

with y as in (3.4). This implies Z 1_ = 0in law.

L1

Proof. Take A small enough, such that e — KyA* (1 +max(||Zo|, 1)) > e”/? (with Ky,
as in (3.2)) and

(L+ Kyr") max(|| Zoll, ) + Kya®

T max(1Zol. 1. (.14
" — Kya (L+max([Zoll, 1))~ ¢ max (|| Zol, 1) (3.14)
Then, using (3.9) we find for || Z; ,—1|| < max(||Zoll, 1)

I+ Ky Zyn-1ll + Ky2?*
eV — KyM | Zyn-1l

1 Zsnll < < e " max(|| Zoll, 1) < max(]| Zol, 1).

Hence, inductively, || Z, .|| < max(]|Zo||, 1) for n > 1. Thus, using this equation and
(3.14) again leads to

1Zsnll < €U Zs 1l + Ky
By induction this yields the bound

1 —
—yn/2 -
1Zaall < 120 + 55

proving the proposition. 0O

Remark. Note that the estimates show that Tf’n Zypn—1+ Tfn isinvertible. Using D), , =
Tkéan)n,l + Tan;h,,,l = (TfnZA,n,l + Tfn)D;h,,,l it follows inductively also that
D, , is invertible. Hence, X, , and Z, , are always well defined for small A under
assumption (3.2). Hence, under the assumptions of Theorem 1.1 they will be well defined
up to n = TA~2 with probability going to one as A — 0.
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Next, let the reminder term = 1.n be given by

(T, + T, Zon) " =T2+ B, (3.15)
and define
Bin =T Zy w1 DoV, R — (T2, Zynot + ART"VE VE, L, VE, R
(3.16)
Furthermore let
VX =V —avEmve, (3.17)

The upper index X should indicate that this is the important combination of the random
parts V, , that will contribute to the SDE limit for the process X ,. As we will establish,
the ‘reminder’ part expressed in the E, , terms will be of too low order and not matter
in the limit. By (3.10) and (3.12) one obtains

Xon = SXono1 +ART"VE R X5 0y + 2B Xt (3.18)
The following estimates will be needed to obtain the SDE limit.

Lemma 3.3. Let Ex 7 denote the conditional expectation given that X ,—1 = X and
Zyn—1="Z.

(1) For small A one has the bounds

Ex.z(850) = B(BnlZin-1 = Z) = OGRF | Z), 2371 (3.19)

Ex.z(1E11%) = OUIZI?, 2%, I Z]) (3.20)
Ern = O Zoa—t 1712757, (3.21)
(i) V)fn is independent of Zy ,—1 and X ,—1 and there is a matrix Vy and a constant
K such that
E(V¥) = AV +0() (3.22)
v =onh (3.23)
E(IV, 1P < K =0(1), (3.24)
(iii)
]EX‘Z(X;WX;,Z) = SXX*S+|X|2- 002,23 Z|). (3.25)

Moreover, there is a function K (T') such that
E(|X;..1%) < K(T) foralln < T)72. (3.26)
Proof. Note that (3.2) implies the uniform bounds
Vi, =00 for #e{A B C, D, X} (3.27)
AsTP =T7"+avP  TA =S+ART"VA R"! one finds

B =00) and (T, Z+ART"VE)E, VR = 00F 1 a1 Z)).
(3.28)
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Using (1.8) we see that ]E(Tf"nZFz an Ry = O(A| Z||) which together with (3.28)
gives (3.19). (Note that V)fn, V)fn and an are independent of Z, ,_1.) The moment
condition (1.7) also yields E(| T}, ZI', VC, R*™![|?) = O(|| Z||?). Combining this with

2
(3.28), using Cauchy Schwarz in the form E(||A + B 1% < <\/IE(||A 1% + \/E(HB ||2))

and using OA¥~1, A%~ Z|) < O, || Z||) we find for some constant K that Ex 7
(I1Ex.l?) < K(IZ]| +1)? giving (3.20). Finally, (3.27) yields || T}, ZI, V.E, R* 1| =
O Z||»*~1) which combined with (3.28) gives (3.21).

To get (ii) note that Eq. (3.22) follows from (1.8), (3.27) yields (3.23) and the moment
condition (1.7) implies (3.24).

For part (iii) note that by (3.18) one has

*
Ex,z(X;.nX] ) =SXX*S+LRE(VY )R X X*S+) [R—”E(fon)R”—lxx*s]

+NEx,2(Br ) XX* S [E(Er ) XX*S]+0 (21X I2Ex 2 ((1VE, 1+ E2.nl)?))

Using (3.19), (3.22) and ]EX,Z((”V)fn” + ||E,\,,,||)2) = O(1) one finally obtains Eq.
(3.25). The latter estimate follows from (3.13),(3.21), (3.24) and Cauchy-Schwarz.
For (3.26) note that the Hilbert-Schmidt norm is given by || X ||%1 ¢ = Tr(XX™). Then
(3.13) and (3.25) imply that for some constant K one finds

E(||X 112 )< E (IX5n-1l1%¢) (1 + KA*)  forn <s/y In(A72)
PUHS) S E (1X-tlys) 1+ K32 forn > s/y InG2).

By induction, for small A and n < Tr"2,
E((1X0al}s) = L+ K320 4 KD X0 )2 < eX4TK 1012

As all norms are equivalent, this finishes the proof. O

4. Proof of Theorem 1.1, The Limit of X, ,

We need to split up the (dop +d;) x (do +d;) matrix X, , into the corresponding blocks.
Therefore, let

Py = (1 0) € Mat(dy x (do +dy)), P = (0 1) € Mat(d; x (dy +dy))
Then, using (3.6) one finds
PyS =TgPy, PIS=P, PR'=Py, PR'=U"P. 4.1

Moreover, for any (dy + d1) x (dop + d1) matrix M one has

PoM * *
M= (P?M) = (MP§ MP}). 4.2)
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Proposition 4.1. There is a function K (T) such that for all n < T 1% one has
2 —2yn 2 2s
E(PoXonllys) < e "I PoXollys + K(T)A
In particular, for any function f(n) € N with lim,_, », f(n) = 0o one has

Poxﬁ,f(n) — (0 0).

Proof. Multiplying (3.25) by Py from the left and Pj from the right, taking expectations
and using the bound (3.26) gives

E(PoX.n X5, P§) = ToE(Po X3 n—1 X5, POTE + OWF)
which leads to
2 -2y 2 2s
]E(||P0Xk,n||H5) <e IE(”POX)L,n—l||Hs)"'O()L ).

where the bound for the error term is uniform in n for n < A~2T. Induction yields the
stated result. O

Finally, let us consider the part with an interesting limit. Multiplying (3.18) by P;
from the left and using (4.1), (4.2) one finds

PiXyn=P1Xo o1 +AUT"P VA),(,,(Pkanflplxx,n—l + Py PoX) n—1)
+ AP Ep n (P PIX) p—1 + Py PoXsn—1) 4.3)

We immediately obtain the following estimate.
Proposition 4.2. For n < AT one has uniformly
E(IP1 X5,n — P1Xol?) < O@ma™).
This implies for any function f(n) € N withlim,_, o f(n)n™* = 0 that

Plxﬁ,f(n) — P1Xp

in law for n — oo.
Proof. Using the estimates of Lemma 3.3 one finds similarly to (3.25) that
Ex,z((P1Xsn — PIX0)(P1Xon — P1X0)") = PIXX P + | XIPOGZ, 22| Z]).

Using (3.26) and || Z) ,—1]| < O(1) from (3.13) we find therefore that uniformly for
n<A72T

E(P1 X0 — P1Xo)(P1 Xon — P1X0)")
=E((P1X)s.n—1 — P1X0)(P1 Xs.n—1 — P1X0)*) + O1*)

Taking traces (Hilbert-Schmidt norm) and induction yield the result. O
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In order to use Proposition 2.1 we need to consider stopped processes. So for any
A, let Tk be the stopping time when || P; X, , || is bigger then K. We define the stopped
process by
K ._ K ._ K ._
PiXy = PiXo1gmn, PoX5, = PoXon ln<rg, Zi, = Zun- ln<rg
where

ly<ty =1 forn <Tx and l,<7, =0 forn > Tk.

Aslongasn < Tk, (3.18)and Lemma3.3 give || Po X »|| < (e V+OA* )| PoXs n—1ll+
O(*%). An induction similar as in Proposition 3.2 yields for any finite K

IPoXf Il < Kp(e™?/* +2%), for some constant Kp = Kp(K).  (4.4)
For the limit, we will scale A = 1/4/m and n = [tm . First, define the good set
Gm=Gn(K):={(X.2) : |ZIl <2Kzm /%, | PoX| < 2Kpm™*/?},
then by the estimates (3.13) and (4.4) one has
(X{f/ﬁ’n, Z]K/M,n) € G, for n>sln(m)/y. 4.5)

For the variances in the SDE limit we need to recognize the connection to the matrix
V and the functions g(M), g(M) as defined in (1.13), (1.14) and (1.15). Using the
notations as introduced in (1.9) combined with (3.11) and (3.17) one obtains

P fonPl* = Va1 + AW, 11) — A(Vi12 + AW, 12)T2(Vi 21 + AWy 21). (4.6)

Therefore, using the functions #, T as defined in (1.10) and W as defined in (1.11) one
finds

E(P V¥, P{) = AP Vo P +0(0) = AW +0(1) (4.7)
E((P1 V¥, P))T M PV, PF) = h(M) +0(1) (4.8)
E(PVE, P M P VE, P = h(M) +o(1). (4.9)

Here the error terms o(X) and o(1) are uniform in the limit A — 0.
Next we have to consider the conditional distribution of the differences Y , =
Yin(X, Z) giventhat X, ,_1 = X, Z, ,—1 = Z, i.e. for Borel sets of matrices A,
P(Yan(X,Z) € A) :=P(PiXon— PIX € A| Xon1 = X, Zono1 = Z),
Using (4.3) one has
Yin =AU PV, (PfU" ' PiX + P{ PoX) + AP (BxulZynm1 = 2) X (4.10)

where (8) ,|Z n—1 = Z) is a random matrix variable distributed as Z;_, conditioned
to Z) n—1 = Z, this simply means that in (3.15) and (3.16) one replaces Z, ,—; by Z.
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Proposition 4.3. Assume (X, Z) € G, m = A72, thus PoX = O(X*) and Z = O(1%).
Then one finds for Yy , = Yy o(X, Z) the uniform estimates (uniformin X, Z, n)

E(Yy,) = A2UT"WU ' PiX +0(3?) (4.11)
By, MY, ) =22(Py ) U T (@MUY UV PLX 4 0002) (4.12)
E(Y] ,MY; ) = (P X)* U h(UMU™") U P X +0(A?) (4.13)

E(Ys.l®) < A3Ky|X|? for some uniform Ky > 0. (4.14)

Note that any covariance of real and imaginary entries of Yy , can be obtained by
varying M in (4.12) and (4.13). Moreover , one obtains uniformly forQ <t < T

t
lim mE (Y1 Lst) ds =tVPX (4.15)
m—0Q 0 ﬁ’
~ T _ T
mh_r)noo A mIE (Yf LAmJMYL Lst) ds =t(P1X) g(M)P1 X (4.16)
13
lim mlE (Y*l ] MY Lst) ds =t(P1X)*g(M)P1 X 4.17)
m—o0 Jq T Lsm ] ok

where V, g and g are as in (1.13), (1.14) and (1.15)

Proof. Given X; ,—1 = X, PoX = OQR®), Zyn—1 = Z = O()®) and using the
estimates Eqs. (3.19), (3.22) and (4.10) yields

E(Yin) = AE(U " PV, PYUU" PLX) + O0>) = A2U"WU" ' PiX +0(1?)
which implies (4.11). Using (3.23), (3.21) and Z; ,—1 = Z = O(1*) we get
Yin =AU " PVE, PFU" PIX + O0%). (4.18)

Together with (4.8) and (4.9) this proves (4.12) and (4.13). Finally, (4.14) follows from
(4.18) and (1.7).

Letting u = U™ = U"* we have the terms uWU*u*, wUh(u" Mu)U*u* and
ul h(u*M u)U *u* appearing in (4.11), (4.12) and (4.13), respectively. On the Abelian
compact group (U) generated by the unitary U, the functions

ur> uWu*, ur>aUh(u M) U*u*, ur> uUhw* Mu)U* u*

are polynomials of the eigenvalues of u as £, T are linear and all u € (U) are simulta-
neously diagonalizable. For any such polynomial p(u) one finds

t m
t
lim [ p(U~"))yds = lim —2 p(U™ = z/ p(u)du (4.19)
m—o0 m —l (U)

m—0oQ 0

uniformly for + < T, where du denotes the Haar measure on (U). Applied to (4.11),
(4.12), (4.13) this yields (4.15), (4.16) and (4.17). O



A Central Limit Theorem for Products of Random Matrices and GOE 899

Let f(n) € N with lim,,_, o, f(n) = 0o and lim,,_,», f(n)n™* = 0, then by Propo-
0
sition 4.1 and 4.2 we find for large enough K that Xl/f f(n) (O 14, ) Xo where

we used a subdivision in blocks of sizes dy and d;. For sake of concreteness let us set
f(n) = [n*] with some 0 < @ < s. From (4.5) we find for m — oo,

((Xl/f;z 1)/t ) € Gy foralle>n>f(m))

Together with Proposition 4.3 we see that the stopped processes (X X ) for

1//m.n l/f
n = 1,...,mT satisfy the conditions of Proposition 2.1 with X = P1X 1 Jn

1//m, m] —
(0 A K) Xo, uniformly forO0 < ¢t < T, where A,K = A1, denotes the stopped process
t

good sets G, and f(m) = |m®*]. Thus, with Proposition 4.1 it follows xk

of A, as described in Theorem 1.1 with stopping time Tx when || P} A; Xo|| > K. As we
have this convergence for all such stopping times Tk, || P1 A; Xol| is almost surely finite

0
Az) Xy for any
t > 0. Together with Proposition 3.2 this finishes the proof of Theorem 1.1.

and as the final time 7' was arbitrary, one obtains Xy, /) =

5. Application to Random Schrédinger Operators

The main purpose of this section is the proof of Theorem 1.2. However, we will also
obtain a description for limits of eigenvalue processes in a critical scaling. For this we
will consider slightly more general operators as (1.17). More precisely, we study the
limiting eigenvalue process for n — oo with A2n constant and d fixed for more general
random nd X nd matrices given by

(Hy ¥k = Vet + Y—1 + (A + AVi) i (S.D

where v = (Y1, ..., ¥n), Yo = Ype1 = 0 and ¥ € C9. Here, A is a general Her-
mitian matrix, and the Vj are general i.i.d. Hermitian matrices with E(V;) = 0 and
E(|| Vi ]10¢) < oo. We dropped the index d now as d will be fixed from now on and
sometimes we may also drop the index n. Moreover, for simplicity, we can assume that
A is diagonal; indeed, this can be achieved by the change of basis v, — O™, where
O*AO diagonalize A (and replaces V,, by O*V,0).

The eigenvalue equation Hy ¥y = E is a recursion that can be written in the matrix
form as follows.

(5)-1(22) o ot (403 o

The TAEk are called transfer matrices. Now, E is an eigenvalue of H, , if there is a
nonzero solution (1, ;) to

(2)-=n(3)

or equivalently, when the determinant of the top left d x d block of 7}, - - - T; vanishes.
So we can study the eigenvalue equation through the products

Thn="T--T)

which are the focus of our next theorems.
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5.1. Elliptic and hyperbolic channels and SDE limits. The matrices Ty satisfy
T*JT =J where J:( ‘i ld),
-1, 0

the definition of elements of the hermitian symplectic group HSp(2d). In particular, they
are all invertible. The T} are all perturbations of the noiseless matrix

T* = T(f‘l

This matrix is also block diagonal with d blocks of size 2, and the eigenvalues of To‘?l
are exactly the 2d solutions of the d quadratics

+7 V= E —aj, ajisanecigenvalue of A.

So the solutions are on the real line or on the complex unit circle, depending on whether
|E —aj| is less or more than two. We call the corresponding generalized eigenspaces of
T, = T(fl elliptic (<2), parabolic (=2) and hyperbolic (>2) channels. Elliptic and hy-
perbolic channels correspond to two-dimensional eigenspaces, while parabolic channels
correspond to a size 2 Jordan block. Traditionally, this notation refers to the solutions of
the noiseless (A = 0) recursion that are supported in these subspaces for every coordinate
Yn.

Pick an energy E, such that there are no parabolic channels and at least one elliptic
channel. Suppose that A is diagonalized so that |[E — a;| > 2 for j = 1,...,d; and
|E —aj| < 2for j > dj. Correspondingly, we define the hyperbolic eigenvalues y; and
elliptic eigenvalues z; of Ty by

)/j+yj71=E—aj, lyil <1, for j=1,...,d

zj+z]1 =E—ajq,, lzjl=1,Im(z;)>0, for j=1...,d, =d—dp.
Furthermore we define the diagonal matrices

T = diag(yi,....vq). Z=diag(z1.....24,). (5.3)

In order to complete the description of the limiting eigenvalue process, we need to
consider a family of limiting SDE by varying the energy in the correct scaling. More
precisely, define the 2d, x 2d, unitary matrix U and the 2d x 2d matrix Q by

r r-!

Z zZ Z
U= , = 54
( Z ) Q 14, 14, ©4
1, 14

e e

so that Q diagonalizes T to a form as in (1.2) that is used for Theorem 1.1

r
7; = Q_IT*QZ U
Ffl

Furthermore, let

Te=T = Q' TEP Q=T+ ho Vi +22eW, T =T, =T Ti
(5.5)
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with
V= Q! (‘Vk 0) 0 W=0! (ld 0) Q. (5.6)

The parameter o is somewhat redundant, however, it will be useful for replicating the
argument of [VV 1] where this scaling parameter was also introduced. The scaling A2 ~
&/n means that a unit interval of & should contain a constant order of eigenvalues. In
order to get limiting SDEs we consider a Schur complement as before, thus define the
2d, x 2d, matrices

=
- -1
I = ( < [TAE,’[(;,n]XO] 7’51)

Then by Theorem 1.1 we obtain the correlated family (parameters o, ¢) of limiting
processes

. 14,424
th = hrede 5.7
w1 Pf 1 (Odh w (dp+2dy) ( )

0 ~ 0 _ -1
( dn U—Lth) Tls/f'/ﬁ,unj = ( n As,a) ( 1% 17751) forn — oo, (5.8)

t

where for fizzed (e, o), the process Af’g satisfies some SDE in ¢.

Remark 5.1. For ¢ = 0 and o = 1, up to some conjugation, the matrix ’T}S’nl corresponds
to the reduced transfer matrix as introduced in [Sal] for the scattering of a block described
by H, of a finite length n inserted into a cable described by Hy of infinite length Cn =
00’). Thus we obtain that in the limit AZn = const., n — 00, the process of the reduced
transfer matrix as defined in [Sal] is described by a SDE, proving Conjecture 1 in [Sal].

To get to the GOE limit we need to express the limit SDEs more explicitly. Therefore,
let us split the potential V; into the hyperbolic and elliptic parts, i.e. let

vi= (Y2 Vie)  where Vv, € Mat(dy x dy). V, € Mat(d, x do).  (5.9)
VE V.,

Moreover, define

_ % 1 -1 - _(Z-2)! 0
Q_/(Z)ZIE(Vhe(F — 1)~ v, 2dz, S_( o (Z—Z)l) (5.10)

where dz denotes the Haar measure on the compact Abelian group (Z) generated by the
diagonal, unitary matrix Z. As we will see, Q will give rise to a drift term coming from
the hyperbolic channels. In fact, this is the only influence of the hyperbolic channels
for the limit process. Moreover, to simplify expressions, we will be interested in one
specific case.

Definition. We say that the matrix Z = diag(zy, ..., zq,) With |z;| = 1, Im(z;) > 0
is chaotic, if all of the following apply for all i, j, k,l € {1, ...,d.},

zizjzka # 1, Zizjzez # 1
ZiZjzkz # 1 unless {i, j} = {k,I}.

The following observation corresponds to Lemma 8 in [VV1].
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Lemma 5.2. Let the eigenvaluesaj, j =1, ..., d of A be simple and let I be the interval
with fixed hyperbolic and elliptic channels as considered, i.e.

I ={Ee€R:|E—aj|>2 forj=1,...,d, and |E —aj| <2 forj>dy}.

Then, for Lebesgue almost all E € I, the matrix Z as defined above is chaotic and
moreover, for any diagonal, unitary matrix Z, there is a sequence ny such that Z™*1 —
Zy.

Proof. By the definitions above, z; = e'%i where @j = arccos((E — ajiq,)/2) €
(—=m , ). We will show that for almost all E, the vector ¢ = ¢(E) = (¢1, ..., ¢g,) has
no non-zero integer vector orthogonal to it. It is not difficult to see that Z is chaotic in
this case and the orbit Z" is dense in the torus of diagonal unitary matrices.

It is enough to show that for any non-zero integer vector w the set of energies E € [/
where w - ¢(E) = 0 is finite. Clearly, E — w - ¢(FE) is analytic on I and therefore it
either has finitely many zeros or is constant zero. Taking the derivative with respect to
E we get

d,

w-pE) =
];Jl—

—w;

1 (E —ajig,)?

As all the values a4, are different, each summand has a singularity at a different value.
Hence, this derivative can only be identically zero on I if w is the zero vector. Thus, for
w # 0, E — w - ¢(E) is not the zero function. O

Proposition 5.3. (i) The family of processes A;*° as in Eq. (5.8) or Theorem 5.4 satisfy
SDE: s of the form
dA;, dB;

£,0 __ 81_02Q £,0 £,0
dAS° = S( —51+02Q) A dt + “S(—dBj —dC,) ARC (5.11)

with AS’G = 1 and o, ¢ fixed, where A;, By, C; are jointly Gaussian complex-valued
d, x d, matrix Brownian motions, independent of ¢ and o, with A} = A;, Cf = C, and
certain covariances.

(i) If A and V,, are real symmetric then we obtain

CG=A=A and B' =B,

(iii) If Z is chaotic then B, is independent of A; and C,. Also, A, and C; have the same
distribution. Moreover, with the subscript t dropped, we have the following:

EA;j* = EIB;|* = 1 EI(Ve)i;I?
E(Aii Akk) = t E((Ve)ii (Ve)kk) »
E(A;jCij) = E(A;;Cji) = E(BijBji) = t E((Ve)ij)?
and whenever {i, j} # {k, l} one finds
E(A;j Aw) = E(A;;Cr) = E(BijBu) =0

and for any i, j, k, [,
E(B;;jBi) = 0.

All other covariances are obtained from A; = Ay, C; = C}.
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Proof. Let us stick to the case o = 1. Note that

1, 0 -r7 1o
~1 0o 1, 0 -Z
Q =5z 0 1, 0 2 (5.12)
~14, 0 T 0
where
_SF
S _ _ . _
Sr.z = s, L Sr=0T =D)L Sz=(Z -2 (5.13)
_SF

we chose the sign on St this way, so that St > 0 is a positive diagonal matrix. With
(5.6) and (5.9) this leads to

Vil —VpeZ —VioZ —V,I71 r o or!
_ -Vir =V.Z -V, Z —Vjir~! _ 0 Z Z 0
Vi=5rz VED VeZ Vez Vil | W=srzl g 7.7 9
Vil VieZ VpeZ VIl -r o o r!
(5.14)
In the notations as introduced in Sect. 1 and used for Theorem 1.1 we have I’y = I" and
* _ _Ve _Ve lde ldg
VinlU™ = S (( v, v, ) + A€ (_lde _lde (5.15)
VESrVie VESEV
Vi12TVynU* =8 he ¢ The ¢ 5.16
2,120 V21 <_Vh*ESFVhe V% S Ve (5.16)

with S as in (5.10). In order to calculate the drift term, note that using the definition of
Q in (5.10) we obtain

z (_) E el = V) SrVie el — V7 SrVpe z0 dz— el—Q 0
) 0z —el+ V) SrVie —el+ VStV ) \0 z 0 —1+0

where we used that for any d, x d, matrix M one finds

1 < 1 -
tMzdz = lim —» ZkmMzh = lim — )M ) =0
[Z) n—-oo n ]; (n»oo n ];(ZzZ]) lj)i.
J

as we have |z;zj| = 1 and Im(z;) > 0, Im(z;) > O implying that z;z; # 1 for any
i,j €{l,...,d.}. Therefore, application of Theorem 1.1 gives (5.11) with A, = A7,
C; = C/. In order to express the covariances as described by (1.12) in more detail recall
Z = diag(zy, ..., 24,), 12| = 1, leading to

d.

d,
L , . 1 for z=1
nj _ nj _
/(Z)l_[]ij dz = x sz with x(2) = io s (5.17)
]:

j=1
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where z;; is the j-th diagonal entry of the diagonal matrix z € (Z), and n; are integers.
This leads to the following covariances,

E((A)ij (ADr) = E((A) i (ADw) = E(Cij (Cor) = E(Cr) i (COr)
=t E((Vo)ij (Vo)) x (ZizjZkz1);

E((B)ij (Bk) = t E((Ve)ij (V) x (zizjzkzi);

E(B)ij Bow) = t E(Ve)ij (Vo) x (ZiZjzkzi)-

The correlations between the Brownian motions are given by

E((A)ij (Cor) = E((A) ji Cor) = t E(Ve)ij (Ver) x(ziZZkz);
E((A)ij Bow) = E((A) ji Bow) = t E((Ve)ij (Vo) x (ziZjzxz1);
E((Cij Bw) = EWC) ji Bi) = t E((Ve)ij (Vo) x Fizjziz)-

This shows part (i) for o0 = 1. Changing V) to o V| immediately gives the general case.
If V, is almost surely real, which is the case if O*V] O is almost surely real, then one
has C; = A, and B, = B,T giving part (ii). Part (iii) follows from using the chaoticity
assumption in the equations for the covariances. O

5.2. Limiting eigenvalue statistics. The convergence to the SDE limit as in (5.8) should
firstly be interpreted for fixed ¢ and 0. However, considering direct sums of matrices for
finitely many pairs (&, o) one obtains joint convergence to a random field (e, o, 1) —
Af’a in terms of finite dimensional distributions. For fixed o, ¢, the left hand side of
(5.8) is clearly analytic in ¢ € C. Moreover, all estimates made for the general setup
are uniform for ¢ varying in compact sets. Using the bounds (3.13) and (3.26) we can
therefore apply [VV1, Corollary 15] and see that for fixed o and ¢ there is a unique”
version such that ¢ — A’ is analytic. In particular, using this analytic version, we can
define the random set {¢ € C : f(A{?) = 0} for fixed (o, #) and an analytic function
f :Mat(d, C) — C. Unless (A7) is the zero function in &, this random set consists
of isolated points by analyticity and can be seen as a point process which we may denote
by zeros, (A7),

Theorem 5.4. Consider the process &y, of eigenvalues ofn(H%’n — E) and let ny be

an increasing sequence such that Z"*' — Z, for k — oo with Z being the unitary,
diagonal d, x d, matrix defined in (5.3). Then, &, ,, converges to the zero process of
the determinant of a d, X d, matrix,

= 1
Eony = zeros, det ((Z* Z,) AS° (—il;e))'

Proof. Without loss of generality we restrict to the case 0 = 1. We won’t need the
precise form of the limit SDE but it is important how we obtain this SDE. Therefore
we need to look at the matrix parts giving the Schur complement as in the proof of

Theorem 1.1. Hence, using U and 7;\8’[11 n] 35 above let

14, 15, 0 —14,
R = U , Xo=1| 0 14 O
14, 0 0 1,

2 Unique in the sense of a uniquely induced distribution on the set of analytic functions.
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and
X, =RLH X (5.18)
Using blocks of sizes dj, + 2d, and dj, let
A¢ B¢ _
X)fn = (C%’n D)‘)’%’n> ’ X)g»,n = Ai,n - Bin(Din) ]Ci,n‘ (5.19)
N N

Then by Theorem 1.1, X, 1, /5 |1n) = (0 Ag), with the process A; = f’l as in
t
(5.8) and Theorem 5.4. Let us define

0 0
0 r'-ry (1, 0
Op == X, 1o~ ( )((Z 7 0 )— 1, 0 (5.20)
ldh
as well as
14, 0
M¢ = -1 0 _ € GL{,C 5.21
e P R D ROl e
Then, .
& e e \—1
xs, 00 M;, = (K (1) B OL (5.22)
0 14,
Let us also define
0 lde , 0 zn+l zn+l )
oF = (Fl 0) (140) OR" = (1dh .z ldh). (523)

An energy E + A%¢ is an eigenvalue of H, ,, precisely if there is a solution to the
eigenvalue equation with Y9 = 0 and ;41 = 0, i.e. if and only if

det (( 0) 7,5 (lod)) =0. (5.24)

As TE?\nf = QR"X} nXO*I Q™! this is equivalent to

det (O} X, 00M;,) =0 (5.25)

Using Theorem 1.1, (5.22) and (5.23), we see that along a subsequence ny of the
positive integers where Z™*! converges to Z., we find for Ay = 1/ /nx

— 1 d,
Zy Zy) A} 0
@F XL, @M, —> (Z+ Z4) ( 1de) . (5.26)
0 14,
As already established above, there is a unique holomorphic version of the random

process € — A 1. In fact, using uniform boundedness of ®,, as well as (5.22) and the
bounds (3.13), (3.26) we find that E||O* e e, @0 Mg 5,y || 18 uniformly bounded for
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& € C varying in a compact set. Hence, we can apply [VV1, Corollary 15] to obtain
again the existence of a unique analytic version in ¢ for the right hand side. Moreover,
we find a realization of all random processes on the same probability space but with
local-uniform convergence in ¢ in the Eq. (5.26) (Skorokhod embedding theorem). As
the determinant is a holomorphic function, the same is true for the determinants of these
matrices. As long as the (random) holomorphic determinant of the right hand side is
not identically zero the local uniform convergence also implies that the discrete level
sets of zeros of the determinants converge in the vague sense, i.e. the counting measures
integrated against continuous, compactly supported functions converge. It is possible
that certain zeros go off to infinity and disappear in the limit.

Hence, it is left to show that det(( Z. z, ) A§ ( _11 )) is (almost surely) not identically
zero in . Now, (5.11) can be rewritten as

1 —1 e Q & dAt dBt & __ &€
( _1)8 dA; + ( Q) A;dt + (dB,* —dC,) A; = e A;dt

which is the transfer matrix equation (fundamental solution) for the eigenvalue equation
Dy = ey where D is the random operator

v [( ) (0 ) i ) ] o

Using the Holder continuous versions of the Brownian motions leading to measure valued
white noise, one can make perfect sense of this random operator D on L?([0,1]) ®
C?%, by choosing the random domain of Holder continuous functions ¥ (¢) such that
Dy (¢) (at first defined as a measure in Ito rough-path integration sense) is a continuous
function. (A typical procedure for first-order one-dimensional operators with measure-
valued potential).

The zero determinant condition above yields an eigenvector y satisfying the bound-
ary conditions ¥ (0) = (}1) Y (i.e. (1 1) ¥ (0) = 0) and (Z* Z*) ¥ (1) = 0. One can
check that the operator is symmetric with these boundary conditions. Indeed, using inte-
gration by parts one finds for continuous ¥ (¢), ¢(¢) in the domain with these boundary
conditions, that

1 1 _ 1
/ (DY) p) dt —/ v (ODe() dt = —[w*(t)(sz _Sl)w(t)]
0 0 z

0
= v O (1) 5" 109 + v ) (5)5," (0z) () = 0

In the second line we used the boundary conditions first for ¢ and then for vr. Hence,
the set of eigenvalues ¢ of D with these boundary conditions is a subset of the real line
and in fact discrete and it is equal to the zero set in ¢ of the right hand side of (5.26). O

5.3. Limiting GOE statistics. In this subsection we will prove Theorem 1.2 by reduction
to the work in [VV1]. Without loss of generality we focus on energies E smaller than O
and consider » = 1. The more general case needs some more care and notations in the
subdivision into elliptic and hyperbolic channels, but the main calculations remain the
same. We need to consider the SDE limit as described above a bit more precisely for
this particular Anderson model as in (5.1) with A = Z; and V,, as in (1.18).
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In Proposition 5.3, especially for the definitions of V},, V, and V}, it was assumed
that A is diagonal. So in order to use the calculations above we need to diagonalize Z,4
and see how this unitary transformation changes V,,.

We let d > 2, then Z, is diagonalized by the orthogonal matrix O given by

Ojx =+/2/(d+1) sin(mjk/(d +1)). 5.27)

The corresponding eigenvalue of Z; with eigenvector (O1j, Oz; ..., Oyj), the j-th
column vector of O, is given by

aj=2cos(mj/(d+1)), j=1,...,d. (5.28)

Note that all these eigenvalues are different and Lemma 5.2 is applicable. From now on
we will always use an energy E where Z is chaotic.
For —2 < E < O there is dj, < d such that
2cos(wj/d+1)—E >2 for j=1,...,d, and (5.29)
—2 <2cos(mj/(d+1))—E <2 for j=dy+1,...,d. (5.30)
So we have dj, hyperbolic and d, = d — dj, elliptic channels and the upper dj, x dj, block
of O*Z,4 O corresponds to the hyperbolic channels. Using (1.18) and the notations as in
(5.9) we have
ViV, U1 0
(Vﬁ ‘ﬁ) =0"| . 0. Ew)=0 E@ju) =68 (531
he € 0 Ud

Let E be such that Z is chaotic, then by Proposition 5.3 (iii) we need to consider the
following the covariances

2 T 2 2 2
E((Ve)ijl) =E ‘(0 ViO)itay, j+dy| = (Oisa;|" 10j1a,17) (5.32)

E((Voi (Vo)) = E ((0TVi0)isay iy (0T VIO sy jay) = (10isay 102, ).
(5.33)

Here, by | O; |2 we denote the vector (| Oy ; |2)k=1
As stated in [VV 1], one finds

4 and (-, -) denotes the scalar product.

.....

3/2 for i=j

5.34
1 for i #j. ( )

@d+1) (0%, 10;1*) = {

Let us further calculate the drift contribution Q from the hyperbolic channels as in-
troduced above. Using chaoticity, it is not hard to see from (5.10) that Q is diagonal.
Moreover one has

dy dp 2 2
0 9 0'+
Qi = EVEStVio) ) = 3 (StuEA Vi) = S LA Divanl) = 5 55
k=1 k=1 Vi —Vk

It follows that Q is a multiple of the unit matrix, more precisely

dp

. 1 N
Q=q1 with g=——> (' =" (5.36)
k=1
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Note that |¢| < maxg |y, ' — yi| < maxg |E —ax| = ||E — Al = |E = Zyg|| < |E|+2
uniformly. Thus, using Proposition 5.3 we obtain the following SDE limits,

g0 __ 2 1 0 £,0 dAt dBt £,0
dAY? = S (e —0°q) (0 _1) AP dt + 08 (—dB;“ iy Al (5.37)

where A; and B; are independent matrix Brownian motions, A, is Hermitian, 3; complex
symmetric, i.e.

A=A, Bl =B (5.38)

with covariance structure

3t/@+1) fori=j

t/d+1) fori#j~ (5.39)

E((B)ij1H=E((A)i; 1) =E((A)ii (A ;) = H

All covariances which do not follow are zero. Except for the additional drift o2¢ which
can be seen as a shift in ¢, this is the exact same SDE as it appears in [VV1]. In fact, the
matrix S here corresponds to i S% as in [VV1] and the process there corresponds to the
process above conjugated by |S|!/2.
Thus, from now on the proof to obtain the Sine; kernel and GOE statistics follows
precisely the arguments as in [VV1].

First take E as in Lemma 5.2 so that Z is chaotic, and take a sequence ny such that
7"+l 5 1, then, for the point process as in Theorem 5.4 we find Eoy = &6 =
zerosg det((11) A7 (4)). Defining AP = o~ (AP7 — 1) we find

o1&, = zeros, det ((1 1) A (_11))

where Kg =0 and

dA, dB;

e o B 1 NEO i
dA;" = (e aq)S( _1) (A" +1D)dt + S (—dBl* _dA,

) (A7 +1)

By [SV, Theorem 11.1.4] this SDE converges for ¢ — 0 to the solution of the SDE
with o = 0 which is a matrix-valued Brownian motion with drift and explicitly solvable.
Thus, for o — 0 one has Af’“ = A7 which satisfies the same SDE with o = 0 above,

therefore

~e0 020 ~e _ 1 .Az B_[

A7 = A} —8tS( —1)+S(—B;"—At .
Using analytic versions in & one obtains by similar arguments as above that

1

o7&, (29 zeros, det ((1 1) X"i ( 1)) = spec (Re(B; — Ay))

where spec(-) denotes the spectrum and Re(-) the entry-wise real part of a matrix.
The latter equation is a simple calculation using the relations from above. Similar to
Proposition 9 in [VV 1], the convergence can be realized jointly.
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Lemma 5.5. Let Z be chaotic, let ny be a sequence such that Zn+l 5 1 and let oy
be sequence with o — 0 such that 01—k||Z""Jrl — 1| — 0. Consider the regularized

Schur complements ’?E’a of the transfer matrices as defined in (5.7). Then define the

regularized versions X 5. n and the part x5 5. asin(5.18) and (5.19) but this time keeping
the o. Choose Xy such that the corresponding Schur complement Xo exists and let

Xo = ( 1) Xo, the starting point for the SDE limit. Then, fort > 0, we find for k — 00

that

1 = 0 -

L - 7) = ()%

Ok i L] A7
Jjointly fort € [0, 1] and & varying in any finite subset of C. Moreover, for the eigenvalue
process Eg, pyp.d Of (Hyy np.a — E) we find

nk

U_k ga'k,nk,d — spec (RC(BI - -Al))

Proof. The proof for the first statement works very similar to above using Proposition 2.1.
Therefore we let 0;, — 0 for A — 0 with 03, = oy for Ax = 1/,/nx and consider the
process

—~ 1 ~
Xow = — [Xigﬁ’m _ XO] )
O) ’

Foroy X, n+Xo = X f\‘rg 7 the drift term for each step is of order A%¢0;, and the diffusion
term of order Aoy Similar to (3.18) one obtains therefore an equation of the form

Xom = (F 1) Xon + ART"VE R (0, X5 0 + Xo) + O.

where the second term of kan in (3.17) gets an additional o;, factor and the drift compo-
nent of the first term, V ,is proportional to eA. As o; — 0 the estimates on the reminder
terms improve and the drlft and diffusion terms will not depend on X , in the limit any-
more. Therefore, we get the Brownian motion with drift, X 1 Jalin] = (0 At ) Xo.

To see the convergence of the eigenvalue processes we need to follow the calculations
of Sect.5.2 and use the analytlc version with uniform convergence for compacts in €.
Note that for this case Xo = ( 1) in blocks of sizes dj and 2d,. With similar notations
as in Sect.5.2 (but keeping the o-dependence and the upper o-index) we obtain with
o = o, that

—~ ~ 0 o~
(0 Zn+l Zn+l ) (GXX,n + XO) ( 11) (0 Zn+l Zn+l ) Z)\,n

O X 77 O M’ = o
(100)UXM<11) 14,

A,n

£0,0 sao
) 1

where Z. A = Bx . (D . Note that by the choice of o} as above one has

Uk—l (0 Zni+l an+1) 350( ‘1’1) _ Gk_l (ZmH _ zmetly ),
Hence, for A, = 1/./ny we have
@ Xsakak(a MSUkUk (lel ) — ((11)7\\?(_11) 0)
1 .

Aksnk Akonk 0 14,
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Using analytic versions with uniform convergence locally in ¢, the zero processes in &
of the determinants also converge, hence Z—i Eopnid = spec (Re(By — Ay)). O

Proof of Theorem 1.2. We still restrict to the case r = 1. For any energy E € (—4,4),
the number of elliptic channels d, = d,(d) for the transfer matrices of H, , 4 will go
to co as d — oo. By Lemma 5.2 we find for Lebesgue almost all such energies that the
following two things hold:

1. For any d there is no parabolic channel (i.e. |E — aj| # 2 for all j)

2. For any d the conditions of Lemma 5.2 apply.

Take such an energy E and take sequences n; = ni(d) and o = oy (d) satisfying the
conditions of Lemma 5.5.

Re(B; — Ay) is areal, symmetric d, X d, random matrix whose distribution depends
only ond,. Asnoted in [VV1, Section 4] its distribution can be written as (d+1)~ 12(K +
b1) where b is a standard Gaussian random variable and K an independent real symmetric
matrix with mean zero and Gaussian entries such that IE(KI.ZZ.) = 5/4 and IE(KI.ZJ.) =1

for i # j. As explained in [VV1] the bulk eigenvalue process s(d,) of v/d.(K + b1)
converges locally to the Sine; process by methods of [ESYY] when d, converges to oco.

Thus, for the eigenvalue processes £, 4 of Ha/ﬂ,n,d — E we find —W Eornpnd

= s(d,) and s(d,) = Sine; in the topology of weak convergence. Thus we find some
diagonal sequence (k;, dj) such that with n; = ny;(d;), oj = ok;(d;), dj. = de(dj)

Jdidon; )
one finds %Egj,nj,dj = Sine;. O

Remark 5.6. In order to obtain a version of the GOE and the Sine; kernel in the limit,
it was very imported to have chaoticity of Z coming from the non-degeneracy of the
eigenvalues of the matrix A = Zg. This is why we had to take scaling limits of random
operators Hj , 4 onan xd gridembedded in 7% . Taking grids n xd; x . . . xd,, embedded
in Z"*! and corresponding random operators, this non-degeneracy is no longer true.
One still obtains some limiting eigenvalue process fixing the lengths dy, ..., d, of
m directions and taking n — oo and 0 = A/./n to zero. However, in the last step
taking di, ..., d,;, — oo in a uniform way one obtains some complicated correlated
random matrix ensemble with additional symmetries for which proving universality is
a challenging problem.

A. Correlations Along Different Directions and SDE Limit on the Flag Manifold

Let 7 have eigenvalues of absolute value ¢ different from 1, and 7 is diagonalized (or in
Jordan form) so that the corresponding eigenspace are also the span of coordinate vectors
and have no Jordan blocks. Then applying Theorem 1.1 to the products of 7 ,,/c gives
another SDE limit. Moreover, the convergence in law holds jointly for the processes
corresponding to magnitudes 1 and ¢ (and in fact all magnitudes). Let us specify the
covariance structure of the driving matrix-valued Brownian motions for the different
processes. Towards this, we define

hie(M) = A113})JE(VATHMv;f'n), Rie(M) := A12%1[<:(V;,“Mv;f'fl)
where now M is a di(1) x dj(c) matrix, where d(c) is the total dimension of all

eigenspaces corresponding to eigenvalues of absolute value c. VA(CI) | denotes the corre-
sponding d;(c) x d;(c) block of V, ,. Similarly, we define A, and iz\cc/ for any two
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absolute values ¢, ¢’ (see also (1.10)). As before, we also need the d (¢) x d; (c) unitaries
U, (like U in (1.2)) so that Ty restricted to the eigenspaces of magnitude c acts like cU..

Theorem A.1. The convergence of Theorem 1.1 holds jointly along all eigenspaces
corresponding to absolute values ¢ of eigenvalues of 1y that correspond to eigenspaces
without Jordan block. We will denote the corresponding process for the magnitude ¢ by

A;C). Then, the covariance of the driving Brownian motions B, B’ for the magnitudes
¢, ¢’ are given by

E(B] MB]) = goo (M), E(BfMB)) = Zer (M1 (A1)
where
1 —77 T * ok
e (M) = — uUchee(u Mv)Uiv*d(u, v), (A2)
¢ J(u..Uy)
1 —~
Zee' (M) = — uUc hee (u*Mv) Usv* d(u, v). (A.3)
cc (Ung/)

Here, (U., U.) denotes the (block diagonal) compact Abelian group generated by
(UC U, ), and d(u, v) denotes the Haar measure on (Uq, Uy) > ().

Proof. Consider the products of the direct sums ’7},, = Tin/c ® T/ =

(Tx,n/ ¢ T /c’)' In an adequate basis we can apply Theorem 1.1 directly with U
n

being replaced by U = U. @ U, and function & being replaced by h (MO Ml) =

M> M3
( hee(Mo)/¢®  her (M1)/(cc')
heet (M2)/(cc) herr (M3)/c” _
Theorem 1.1 leads directly to the given statement. O

). A similar equation holds for the replacement of h. Then

If the eigenvalues of 7y are of different absolute value, then the matrix product process
grows at different directions at different exponential rates. Hence there is no hope to get
a matrix limit of the process that captures all the directions and all the different SDE

limits A;C) with their covariances at the same time.

First consider powers of the matrix 7j in the case it is diagonalizable and all the eigen-
values are of different positive absolute value. Then high powers of 7 take most vectors
close to the direction of the top eigenspace. A natural way to understand the second eigen-
vector through typical behavior is through the action of 7y on two-dimensional subspaces.
A high power of 7 will take two-dimensional eigenspaces into a two-dimensional space
spanned by the top two eigenvectors of 7.

A flag is a nested sequence of subspaces of all dimensions up to d. The set of all
such flags forms a compact manifold. By the above argument, a high power of 7y takes
most flags close to the flag given by the nesting of the subspaces spanned by the top k
eigenvectors.

The above picture still holds when we add perturbations and consider the products
Ty..n -+ - T 1. Sonothing interesting happens in this case. Things become more interesting
when there are more than one eigenvalue of 7y for a given absolute value. If this holds
for the top one, then the direction of the action of a typical vector becomes dependent on
the randomness, even in the limit. The deterministic dynamics only gives that the vector
will be in the subspace spanned by the eigenvectors corresponding to the top absolute
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value. In this sense, the different exponential rates will still determine certain subspaces
of the flag in the limit so that the limiting process will be in a specific submanifold that
is invariant and attracting under the action of 7.

Our next theorem shows how this happens. More precisely, we will consider a flag
which is typical for the behavior of powers of 7y. This happens if the k-dimensional
spaces of the flag do not include directions that are spanned by subsets of eigenvectors
of 7y corresponding to eigenvalues of lower order. The matrix products applied to this
flag will give a flag-valued process. This is described in Theorem A.2.

As only invertible matrices act on a flag, suppose that for small A all 7, , are invertible
with probability one, i.e., there is Ao such that for all 0 < A < A¢, P(7} , is invertible
for all n) = 1. Suppose further that 7 is diagonalizable and that we chose a basis such
that

Cl UCl 0
Ty = , where O<cy < < - <y, (A4)
0 U,

with the U, i being unitary d(c;) x d(c;) matrices.

A flag can be represented by an invertible d x d matrix F where the last p column
vectors, denoted by F(), span the p-dimensional subspace. F; and , represent the
same flag if and only if 71 = F, M for an invertible lower triangular matrix M. This
forms an equivalence relation and we denote the equivalence class of 7 by [F]. Denoting
the group of invertible, lower triangular d x d matrices by A(d) the flag manifold has

F=GL(d,C)/A).

The stable submanifold I* is the set of all flags such that the d(c1) + - - - +d(c;) dimen-
sional subspace is spanned by the last d(c1) + - - - + d(c;) vectors in the standard basis,

ay 0
F = {[( )i| : forall j, a;j GGL(d(Cj))] c F.

0 ay
This is an attractor by the deterministic dynamics given by the action of 7 and the set
of points in [F that is attracted is given by

0 ar

aj *
F* = [|:( )] : forall j, a; € GL(d(cj)), * arbitrary] . (A.5)
To counteract all the rotations let
U, 0
R = e Ud).
0 U,
Theorem A.2. Let Ty be as in (A.4) and let [Fo] € F“ be represented in the form as

described in (A.5). Furthermore let ) , = R™" 1y, - - - T1 1. Fo.
Then, for fixedt > 0 and n — oo we have [.7:1/\/;7 LMJ] = [F;] in law with

At(cl)al 0
Fr =
0 Agck)ak

Here, A;C'/ ) are the correlated processes for the different magnitudes c of eigenvalues
of 1o whose correlations are described in Theorem A.1. Note that [F;] € F*.
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Remark. 1f Ty can not be brought into the structure as in (A.4) in general then one still
obtains the SDE limits on the Grassmannians G(p, d) for dy < p < d, +d; as in the
proof. G(p, d) denotes the space of p-dimensional subspaces of C¥.

Corollary A3. Let G C GL(d, C) be an algebraic group such that the quotient
GL(d, C)/G is compact. Further more, let Ty be as above. Then, for Xy in some stable
manifold,

R, ym Ty X /G = X /G
where X, satisfies some SDE.

Proof. Under the conditions, GL(d, C) / G is a complex compact algebraic variety and
hence a complete algebraic variety. Thus, G is a parabolic subgroup which contains
a Borel subgroup. We therefore find some G € GL(d, C) such that the isomorphic
conjugate group G’ = GG G~! contains the Borel subgroup A(d),i.e. A(d) C G'.
Therefore, GL(d, C) / G’ is itself a quotient of the flag manifold and with Fy and F, ,
as above we find 7y, ) /G = F:/G'. On easily notices that M ~g M" if and
only if MG ~g M’G, and therefore, Fiyymnt)9/G = FiG /G. Hence, we obtain
the limiting process when choosing Xy = FoG with Fy in the form as above. O

Proof of Theorem A.2. As [Fp] € F* we can represent it by

aj *
fo = ( ) s for all j, aj S GL(d(C])) , arbitrary'
0

Ak

Let G(p, d) denote the Grassmannian manifold of p-dimensional subspaces of C¢.
Note that F?) € G(p, d). As FF can be seen as a submanifold of Ht;;:l G(p,d) it will

be sufficient to prove F(P) = f,(p ) in G (p, d) jointly for any (fixed) p.

As the action of 7 and ¢7 on IF or G(p, d) is the same, we may for fixed p scale the
matrices suchthatd, < p < dp+d inthe sense of the definitions of d1, d; in the Sect. 1.1
(Note that this basically means ¢; = 1 for some j, d, = d(c1) +d(c2) +---+d(cj—1)
and d; = d(cj).) Now for Fi, > € GL(d, C) one finds that

FP = 7P ifandonlyif Fi =F (AZ 1 1\(4)2) , M, e GL(p), M, € GL(d—p).
(A.6)
Using blocks of size dy + d| and d» and representing [Fo] € F¢ as above we find
(Ao By . _ (aoo0 aol
Fo = (0 Do) with Ag = ( 0 6111) (A7)

where Dy, ago and aj; are invertible. Note that in fact a;; = a; for some j as in the
notations above and that ago contains the a; for k > j and Dg contains the a; fork < j.
So we can choose Xy = F( and consider the processes &) , as above. Then clearly

f;p ,3 =X A(p ) and in terms of representatives in G(p, d) they are equivalent to

,n
A)L n B)\ n 1 0 XA n ZA n
' ’ - 1) = ' . A8
(&52) ot m) = (575 w9
Note that from the proof of Theorem 1.1 the inverse DA_L exists for small A (with
sufficiently high probability) and therefore, as we consider invertible matrices here, we
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also find that X, , is invertible. As Xﬁ»\f’” (l(d]l ) = (AtODO) with A; invertible, we

find for n ~ A2 and large n that ( 130 XA,ll(lgl )) is invertible. Hence, the right hand
side of (A.8) represents the same p-dimensional subspace as

Xon Zin Xk_nl (0) 10 = o Xnn (1) Zan (A9)
0 1, 0 01 0o 0 1, '

Therefore by Theorem 1.1 we find

(p)

FO O = A — F (A.10)
I L1n]

The last equation is easy to see if one realizes that the last p column vectors end some-
where inside the aj; term and therefore span indeed the same p-dimensional subspace
as F;. Clearly, looking at this convergence jointly in p we obtain the correlations as in
Theorem A.1. O

B. Jordan Blocks, Critical Scalings and Application at Band Edges

Without loss of generality we will focus on the eigenvalues of size 1 of 7p. Let us
introduce the notation Jj for the standard k x k Jordan block with eigenvalue 1, and N
for the standard Jordan block with eigenvalue 0, i.e.

11 0

Ji

=1+ N;
0 1
If a Jordan block of the form ¢’? J; appears in (a possible conjugation of) 7y then we will
do a A-dependent conjugation. This trick was already used in [SS1] to analyze the Lya-
punov exponent and density of states at a bandedge for a one-dimensional Schrodinger
operator. The main point is the following observation. Define the A-dependent, diagonal

k x k matrices
Sy ax = diag(1, 2%, ..., 2k=De)

then
SA_,L,kaSA,a,k = 1 + A% Ng. (B.1)
Now using blocks of sizes dy, d1, dy as before let
Lo 1 14,
Ty = e’9Jd1 , R= 1 s Sie = Sy.a.d; (B.2)
ry! 1 14,

with I'; and I'; having spectral radius smaller than one as before. Conjugating 7, ,
by Sy.o Will give a new drift term of order A* coming from (B.1), but it also brings a
diffusion term of order A'~1=D¢ from conjugating AV;_,. The diffusion has thus order
A2~ 2=Da and the most interesting SDE limit arises from balancing the new drift term



A Central Limit Theorem for Products of Random Matrices and GOE 915

and the diffusion term, i.e. « = 2 — 2(d; — 1)e, leading to o« = a(dy) = 2/(2d; — 1).
For smaller «, the drift term dominates and for larger «, the diffusion term dominates.
In fact, only the lower left corner entry> of the middle d; x d; block of S;’ ‘]IVA,,,S;»,Q

will be of order A%/2, all other terms from the conjugation will be at least of order A3%/2,
Hence, for the case as in (B.2) we find

S):(ly(dl)’];hns)ha(dl) =70+ Al/(2d‘_l)Vn +22/CA=Dar 4 )\3/(2511—1)]7)“”
where

Iy ' 0 ' R 0
7o = et?1 , N = e’eNd] , V= Vit . (B.3)
r,! 0 0

Furthermore, Vi, has only one entry v, in the lower left corner, and the v, are i.i.d.
random variables with mean zero,

Vit = (0 0(“311)6(‘111)).

Un

Therefore, application of Theorem 1.1 gives an SDE limit in the scaling A% n =
22Dy Zp,

Theorem B.1. Let 7, ,, be given as in (1.1) and let the assumptions as on page 5 and
(B.2) be satisfied. Moreover let S, o be defined as above witha = a(dy) = 2/(2d; —1).
Let

Xk,n - R_nS):(lxlz;L,n e ﬁlsk,aXO

with Xy as before and let X, ,, be the corresponding Schur complement as before. Then

0
X nz]dl_l Jnt) — Xt = ( Al) XO
dn, = NoAdr + (0 OV A, Ag=1 (B.4)
t = IVdy L3¢ dBZO ts 0= .

where B; is a complex Brownian motion with covariances
E(B)) = ¢ *"E(vp), E(B*) = E(lva|).
Note that for a vector x(¢) = A;x(0) Eq. (B.4) is equivalent to
W= B (B.5)
and xj1 = xl(j ), the jth derivative of x1, and B’ is the (distributional) derivative of the
Brownian motion term.

3 1If the variance of that entry happens to be identically zero (no randomness) or of lower order in A, then
the diffusion term is of order A1~ *=2 (or lower again). This may lead to other interesting scalings as for

smaller Jordan blocks.
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Remark. The original drift term coming from A>W, is of too low order after the conju-
gation with S, to matter in the limit. If one wants an additional drift term in (B.5) on

the right hand side coming from an added term A then the conjugation S (llkﬁ WS .«

2
needs to produce a term of order A 211 = A*.If W is not zero in the lower left corner of
the corresponding di x dj block for the SDE limit, then one needs 8 — (d] — o = «,
ie. 8 =dja =2d;/(2d) — 1).

Jordan blocks do appear at so-called band-edges for transfer matrices of one-dimens-
ional random Schrodinger operators with some finite range hopping. Similar as in

Sect. 1.2 consider the random family of random real symmetric matrices Hk(!dz acting
on C" > ¢ = (Y1, ..., ¥,) given by

2d

(2d
(Hfﬂ)k = Z(—l)J (j )¢k—d+j + Avg Yk, (B.6)

Jj=0

where ¢; = 0 for j < 1 and j > n. We may sometimes drop the index n. The vy
are independent, identically distributed real random variables with variance E(v,%) =1
Note that for d = 1 this operator corresponds to (5.1) with A = —2. The eigenvalue

equation H)fd)w = E1 can be rewritten as

Uk = (T +(E — hvop) S)¥i—1, where g = (Wirds Yiked—1» - - -» Vi—ds1) |

and S and T are 2d x 2d matrices given by: S; 4 = 1 and all other entries of S are zero;
Tivix= (_1)k+1 (zjik)’ Tj j—1 = 1for j > 2 and all other entries of T are zero, i.e.

) e G -G
ro| d
L0

For E = 0 and A = 0 the transfer matrix 7 is equivalent to a Jordan block* of maximum
size for the eigenvalue 1. In order to bring it into the Jordan form, let us define the
Pascal-triangle type matrix M by M jx = (2kd:]j ) fork+ j < 2d +1 and zero for all other

entries, then one has Mj_k1 = (—1)/ + (21;_1,() for k + j > 2d + 1 and all other entries
Zero, i.e.

1 o2d—1 () -1 1

1 24-2 - 1 -1
M=|1 - 1 , M7= 1 -2 1

I 1o (5N 2d—1 -1

Then some calculation shows M 1T M = J,; where Ja4 is the Jordan matrix as defined
above. For the conjugation of the whole transfer matrix 7 + E — Avg)S we also need

4 Infact E = Ois at the edge of the spectrum of the operator H(gd)

for d odd and the lower edge for d even.

in the limit n — oo; it is the upper edge
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to calculate M~'SM. Its entries are given by (M_lSM)j,k = Mﬂ S1,aMg x which is
only not zero if j = 2d and k < d + 1 in which case (M ~'SM)q 1 = (kil), ie.

0 0
“ter_ | :
M= SM=1 0

1d (@ -1 0 -0

In particular the lower left corner has the entry 1. As above let ¢ = 4‘1%1 and as in the
remark scale energy differences by E = €12 to obtain

Tk =Sy oM T+ e—00) M Sy o = 1-2.5 vp Q429 [Nog + € Q1+O(.3).

Then, for any vector x € C>¢ we find

)

x§2d) =x1B +exi, xju=x

Ty-1/e |y x = x(t) with x(0) =x,

where B’ is the distributional derivative of a standard, real, one-dimensional Brownian
motion.
Following the arguments of [KVV] or the arguments of the proof of Theorem 5.4 one

could show that (along suitable subsequences so that the boundary conditions converge)
the eigenvalue process of n2¢ H}E‘f)l ja , Witho = 2/(4d — 1) converges to the process of

eigenvalues of the random operator
a)%d _ B/

acting on the interval [0, 1] with appropriate boundary conditions. For periodic boundary
conditions this is a generalization of the random Hill operator (at d = 1).
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