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Abstract

A recent line of work has analyzed the theoretical
properties of deep neural networks via the Neural
Tangent Kernel (NTK). In particular, the smallest
eigenvalue of the NTK has been related to the
memorization capacity, the global convergence of
gradient descent algorithms and the generaliza-
tion of deep nets. However, existing results either
provide bounds in the two-layer setting or assume
that the spectrum of the NTK matrices is bounded
away from O for multi-layer networks. In this
paper, we provide tight bounds on the smallest
eigenvalue of NTK matrices for deep ReLU nets,
both in the limiting case of infinite widths and
for finite widths. In the finite-width setting, the
network architectures we consider are fairly gen-
eral: we require the existence of a wide layer with
roughly order of N neurons, N being the number
of data samples; and the scaling of the remain-
ing layer widths is arbitrary (up to logarithmic
factors). To obtain our results, we analyze vari-
ous quantities of independent interest: we give
lower bounds on the smallest singular value of
hidden feature matrices, and upper bounds on the
Lipschitz constant of input-output feature maps.

1. Introduction

Consider an L-layer ReLU network with feature maps f; :
R? — R™ defined for every z € R? as

T =0,
flz) = QoW fia) Te[L—1], (D

Wlfi 1 I=L,
where W, € R™-1*™_ g(z) = max(0,z) and, given
an integer n, we use the shorthand [n] = {1,...,n}.
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We assume that the network has a single output, namely
nr = 1 and W € R™L-1. For consistency, let ng = d.
Let g : RY — R™ be the pre-activation feature map
so that fj(z) = o(g;(x)). Let (z1,...,2x) be N sam-
ples in R, 6 = [vec(W1),...,vec(WL)], and Fp(0) =
[fL(x1),..., fo(zn)]T. Let J be the Jacobian of Fy, with
respect to all the weights:

_ aFL aFL e RNXZZLZI ni_1iny
dvec(Wr) 7 dvec(Wr) '

2

If not mentioned otherwise, we will assume throughout the
paper that all the partial derivatives are computed by the stan-
dard back-propagation with the convention that ¢/ (0) = 0.
The empirical Neural Tangent Kernel (NTK) Gram matrix,

denoted by K'(X) € RN*N s defined as:

L
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]
As shown in (Jacot et al., 2018), when (W;);; ~ N (0, 1) for
alll € [L] and min {n4,...,n5_1} — oo, the normalized
NTK matrix converges in probability to a non-random limit,
called the limiting NTK matrix:

L-1 9
<H ) KB 2y g0, 4)
ny

=1

A quantitative bound for the convergence rate is provided in
(Arora et al., 2019b). Several theoretical aspects of training
neural networks have been related to the spectrum of the
NTK matrices. For instance, considering the square loss

d(0) = % |Fr — Y||§, then a simple calculation shows that

IV@(6)[13 = Auin (KE)) 20(6). 5)

The idea is that, if the spectrum of K () is bounded away
from zero at initialization, then under suitable conditions,
one can show that this property continues to hold during
training. In that case, Apin (f( (L)) from (5) can be replaced
by a positive constant, and thus minimizing the gradient
on the LHS will drive the loss to zero. This property, to-
gether with other smoothness conditions of the loss, has
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been used for proving the global convergence of gradient
descent in many prior works: (Du et al., 2019b; Oymak
& Soltanolkotabi, 2020; Song & Yang, 2020; Wu et al.,
2019) consider two layer nets, (Allen-Zhu et al., 2019; Du
et al., 2019a; Zou et al., 2020; Zou & Gu, 2019) consider
deep nets with polynomially wide layers, and most recently
(Nguyen & Mondelli, 2020) consider deep nets with one
wide layer of linear width followed by a pyramidal shape.
Beside optimization, the smallest eigenvalue of the NTK
has been used to prove generalization bounds (Arora et al.,
2019a; Montanari & Zhong, 2020) and memorization capac-
ity (Montanari & Zhong, 2020). All these analyses show
that understanding the scaling of the smallest eigenvalue of
the NTK is a problem of fundamental importance.

The recent work (Fan & Wang, 2020) characterizes the full
spectrum of the limiting NTK via an iterated Marchenko-
Pastur map. Yet, this does not have implications on the
scaling of any individual eigenvalue. (Montanari & Zhong,
2020) gives a quantitative lower bound on Ay, (K2)) in
a regime in which the number of parameters scales linearly
with N. This result is particularly interesting but currently
restricted to a two-layer setup. To our knowledge, for multi-
layer architectures, the fact that the spectrum of the NTK is
bounded away from zero is a typical working assumption
(Du et al., 2019a; Huang & Yau, 2020).

Main contributions. The aim of this paper is to provide
tight lower bounds on the smallest eigenvalues of the empir-
ical NTK matrices for deep ReLU networks.

First, we consider the asymptotic setting. For i.i.d. data from
a class of distributions that satisfy a Lipschitz concentration
property and for (1;);;~N(0, 1), we show that the smallest
eigenvalue of the limiting NTK matrix scales as

LO(d) = Apin (K ) = 0(d), (©)
where d captures the scaling of the average Ly norm of the

data !. This result is proved in our Theorem 3.2.

Next, we consider networks with large but finite widths, and
fixed depth. Let & be an auxiliary variable which takes
value 1 if n; = Q(N) and 0 otherwise, where N is the
number of data points and Q neglects logarithmic factors.
Then for (W,);; ~ N (0, B?), we show that

o) ) () e
o) 1) (1) o

' As introduced later, d is also the input dimension. However,
only the scaling of the data matters for our bounds.

This is proved in Theorem 4.1. Our result directly implies
that the spectrum of the NTK matrix is bounded away from
zero whenever the network contains one wide layer of order
N. This holds regardless of the position of the wide layer
and the widths of the remaining ones (up to log factors). The
last property allows for networks with bottleneck layers.

Comparing the lower and upper bounds of (7), we note
that they only differ in the scaling of Zlel B8, 2 and
ZzL:1 &-1B% Letk = arg min¢(,_1; 5. Then, as long
as &,_1 = 1, both the sums will scale as ﬂk_Q. In that case,
the lower bound in (7) is tight (up to a multiplicative con-
stant). For instance, this occurs if (i) the network has one
wide layer with Q(N ) neurons, and (ii) it is initialized under
He’s initialization (i.e., 5; = 1/2/n;—1) or LeCun’s initial-
ization (i.e., B = 1/\/m) (Glorot & Bengio, 2010; He
et al., 2015; LeCun et al., 2012). Note also that our bound
for finite widths is consistent with the asymptotic one in (6)
(except that we do not track the dependence on L in (7)).

During the proof of our main theorems, we obtain other
intermediate results which could be of independent interest:

e We give a tight bound on the smallest singular value of
the feature matrices Fy, = [fx(71), ..., fr(zn)]T €
RN>"k for k € [L — 1]. Our analysis requires only
a single wide layer, i.e. ny = Q(N), while all the
previous layers can have sublinear widths.

e We obtain a new bound on the Lipschitz constant of the
feature maps f},’s for random Gaussian weights. This
bound is tighter than the one typically appearing in the
literature (as given by the product of the operator norms
of all the layers). The proof exploits a novel charac-
terization of the Lipschitz constant of these maps, and
leverages existing bounds on the number of activation
patterns of deep ReL U nets.

This analysis allows us to prove the main results for a fairly
general class of network shapes: there exists a layer with
order of N neurons in an arbitrary position, and all the
remaining layers can have sublinear widths, see Figure
1. No special ordering or relation between the scalings of
these layers is needed. This goes beyond the setting of the
typical NTK regime, where all the layers of the network
have poly(/N) neurons.

2. Preliminaries

Notations. The following notations are used throughout
the paper: given two integers n < m, let [n,m] = {n,n +
L...,m}; X = [x1,...,2n5]T € RV*4; the feature ma-
trix at layer [ is F; = [fi(x1),..., filzn)]T € RN>m;
the centered feature matrices are F} = F, — Ex [F;] for
I € [L — 1], where the expectation is taken over all the sam-
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Figure 1. Illustration of a network architecture to which our results
can be applied (and that does not fall in the typical NTK regime).

ples; ¥y (z) = diag([o’(g1,5(x))]}L,) for I € [L—1], where
g1,;(z) is the pre-activation neuron. Given two matrices
A, B € R"™*™ we denote by Ao B their Hadamard product,
andby AxB = [(A1.®B1.), ..., (Am.@Bn.)]T € Rmxn?
their row-wise Khatri-Rao product. Let [|A[|,, be the opera-
tor norm of the matrix A. Given a p.s.d. matrix A, we denote

by V/A its square root (i.e. VA = \/ZT and VAVA = A).
We denote by | f||y;, the Lipschitz constant of the function
f. All the complexity notations §2(-) and O(+) are under-
stood for sufficiently large N, d,ni,ng,...,nr_1. If not
mentioned otherwise, the depth L is considered a constant.

Hermite expansion. Our bounds depend on the r-th Her-
mite coefficient of the ReLLU activation function o. Let us
denote it by u,-(0). By standard calculations, we have for
any even integer r > 2,

TT (8)

Weight and data distribution. We consider the setting
where both the weights of the network and the data are
random. In particular, (W); ; ~iia. N(0,3?) forall €
[L],i € [ni—1],j € [ni], where the variable 5; may depend
on layer widths. Throughout the paper, we let (z1,...,zyN)
be N i.i.d. samples from a data distribution, say Px, such
that the following conditions are satisfied.

Assumption 2.1 (Data scaling) The data distribution Px
satisfies the following properties:

1. [|z|l, dPx(z) = ©(d).
2. [|lz]3 dPx (z) = ©(d).
3. [ e — [ 2 dPx(a")||2 dPx () = Q(d).

These are just scaling conditions on the data vector z or its
centered counterpart x — Ex. We remark that the data can
have any scaling, but in this paper we fix it to be of order d
for convenience. We further assume the following condition
on the data distribution.

Assumption 2.2 (Lipschitz concentration) The data dis-
tribution Px satisfies the Lipschitz concentration prop-
erty. Namely, for every Lipschitz continuous function
f: R — R, there exists an absolute constant ¢ > 0
such that, for allt > 0,

P <‘f(fr) - [ s apxts)

- t) < 9=/,

In general, Assumption 2.2 covers the whole family of dis-
tributions which satisfies the log-Sobolev inequality with a
dimension-independent constant (or distributions with log-
concave densities). This includes, for instance, the standard
Gaussian distribution, the uniform distribution on the sphere,
or uniform distributions on the unit (binary or continuous)
hypercube (Vershynin, 2018). Let us remark that the coor-
dinates of a random sample need not be independent under
the above assumptions. Note also that, by applying a Lip-
schitz map to the data, Assumption 2.2 still holds. Thus,
data produced via a Generative Adversarial Network (GAN)
fulfills our assumption, see (Seddik et al., 2020).

3. Limiting NTK with All Wide Layers

This section provides tight bounds on the smallest eigen-
value of the limiting NTK matrix K (&) € RN*N from (4).
As shown in (Jacot et al., 2018), one can compute this matrix
recursively as follows, for all [ € [2, L]:
(1) _ ~(1)
K;;'=G",

() _ gr(=1) A1) )
K7 =K;; "G +G, )
(1
GEJ) = 2E(u,v)NN(O,AE?)[Ul(u)a-/(v)L
where the matrices G} € RV*N and AZ(.;) € R2%2 are
given by, forall [ € [2, L],
1
G = (wix),
Q-1 -1
-1 -
ji

JJ

A = : (10)

l
Gl(’j) =2 E(u,’u)NN(O,AE;)) [o(u)o(v)],

In order to prove our main result of this section, we first need
to rewrite the entry-wise formula of the NTK (9) in a more
compact form. In particular, the following lemma provides
a helpful characterization of the limiting NTK matrix.

Lemma 3.1 The following holds for the matrices (9)-(10):
GW = xx7T,
G® =2E, 0.1, [0(Xw)o(Xw)T],

GO = 2B N (0,Tn) [0 (mw> o (WM)T]7

forl e [3,1). (11)
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KW =g,
KO =gUDoq® a0 viel2 L], (12)

GW = QEwNN(O,]IN)[U/ (\/ GU-1) w)a’ (\/ GU-1) w) T}
forle[2,L].

Moreover, we have

L—1
KW =cH 43y 0otV o.  oGW. (13)
=1

Proof: Fix [ € [2,L], and let B = VG(~1). Then, the
equation (11) can be rewritten as

G = 2B, no.1) [0 ((Bisy w)) 0 ((Bj., w))].

Let uw = (B;., w) and v = (B;., w) . Then, one has (u, v) ~

-1 qU-1)

N (0, Gﬁ_l) fo—n
ji Ji _
expressions for G). A similar argument applies to G(*).

The equation (13) is obtained by unrolling (12). |

) , which suffices to prove the

We are now ready to state the main result of this section.
For space reason, a proof sketch is given below, and the full
proof is deferred to Appendix B.

Theorem 3.2 (Smallest eigenvalue of limiting NTK) Let
{xz}i\le be a set of i.i.d. data points from Px, where Px
has zero mean and satisfies the Assumptions 2.1 and 2.2.
Let KI) be the limiting NTK recursively defined in (9).
Then, for any even integer constant r > 2, we have w.p. at

least 1 — Ne () — N%fﬂ(dNﬂ/(T?OiS)) that

LO®) > Amin (K<L>) > ()2 Qd),  (14)

where p,.(c) is the r-th Hermite coefficient of the ReLU
function given by (8).

Proof: Recall that for two p.s.d. matrices P and (), it holds
)\min (P o Q) > >\min (P) minie[n] Qii (Schur, 1911) By
applying this inequality to the formula for the matrix K7,
in Lemma 3.1, and exploiting the fact that fo ) =1 for
all p € [2,L],i € [N], we obtain that A, (K)) >
Zle Amin (G (l)) . By using the Hermite expansion and ho-
mogeneity of ReLU, one can bound Ay, (GV) in terms of
Amin (((G(l’l))*r) ((G(lfl))*’")T) for any integer r >

0, where (GU~1)*" denotes the 7-th Khatri Rao power
of GU~1). Tterating this argument, it suffices to bound
Amin ((X*7)(X*")T) . This can be done via the Gershgorin
circle theorem, and by using Assumptions 2.1-2.2. (|

Let us make a few remarks about the result of Theorem 3.2.
First, the probability can be made arbitrarily close to 1 as
long as N does not grow super-polynomially in d. Second,

the 2 and O notations in (14) do not hide any other depen-
dencies on the depth L. Finally, the proof of the theorem can
be extended to other types of architectures, such as ResNet.

As mentioned in the introduction, non-trivial lower bounds
on the smallest eigenvalue of the NTK have been used as a
key assumption for proving optimization and generalization
results in many previous works, see e.g. (Arora et al., 2019a;
Chen et al., 2020; Du et al., 2019b) for shallow models and
(Du et al., 2019a; Huang & Yau, 2020) for deep models.
While quantitative lower bounds have been developed for
shallow networks (Ghorbani et al., 2020), this is the first
time, to the best of our knowledge, that these bounds are
proved for deep ReLU models.

For finite-width networks, when all the layer widths are
sufficiently large, one would expect that, at initialization,
the smallest eigenvalue of the NTK matrix (3) has a scaling
similar to that given by Theorem 3.2. A quantitative result
can be obtained whenever the convergence rates of K (%) to
K () is available. For instance, by using Theorem 3.1 of
(Arora et al., 2019b), one has that, for (W;);; ~ N (0,1),

Llill 2 KL D)
(L L
‘ < m) v

=1

< (L+ 1), (15)

provided that min;e(;_qjn; = Q (e *poly(L)) . By tak-

ing € = (2(L + 1)N) " Apin (KP)) | it follows that
. _

H (Hl:l n%) KE® — k" HF < Amin (K2)) /2, and thus

L
Amin ((H ;) I_((L)> € [;;} Amin (K<L>). (16)

=1

By applying Theorem 3.2, one concludes that
L—1
Auin (KP) = © (d I1 nl> (17)
=1

if minge;p 1y = Q (N4) . This condition can be poten-
tially improved if a better convergence rate of the NTK is
available, e.g. plugging in the bounds of (Buchanan et al.,
2021) may give Q(N?). Nevertheless, this still raises two
questions: (i) can one further relax the current conditions on
layer widths? And (ii) is it necessary to require all the lay-
ers to be wide to get a similar lower bound on the smallest
eigenvalue? We address these questions in the next section.

4. NTK Matrix with a Single Wide Layer

In this section, we provide bounds on the smallest eigen-
value of the empirical NTK matrix for networks of finite
widths and fixed depth. The networks we consider have a
single wide layer (or more generally, any given subset of
layers) with width linear in N (up to logarithmic factors),
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while all the remaining layers can have poly-logarithmic
scalings. Let us highlight that the position of the wide layer
can be anywhere between the input and output layer of the
network. This setting is more challenging and closer to
practice than the typical NTK one where all the layers are
often required to be very large in N. Our main result of this
section is stated below. Its proof is given in Section 4.1.

Theorem 4.1 (Finite-width scaling of NTK eigenvalue)
Consider an L-layer ReLU network (1). Let {xl}f\il be
a set of i.i.d. data points from Px, where Px satisfies
the Assumptions 2.1-2.2, and let K@) be the NTK Gram
matrix, as defined in (3). Let the weights of the network be
initialized as [Wy); j ~ N(0, 3?), for all | € [L]. Fix any
0 > 0 and any even integer r > 2. For k € [L — 1], let &
be 1 if the following condition holds:

n, = 0 (N log(N) log (?)) , (18)
k—2
H log(n;) = o (minyepo k1) 1) , (19)
=1

and let &, be 0 otherwise. Let u,.(0) be given by (8). Then,

L L-1 L
A (KDY = 3601 prlo)? @ | a [ [[ 57
k=2 =1 =1
1#k
L-1 L
+ Amin (XXT) Q (H ] 53) (20)
=1 1=2
w.p. at least
= minge(o k1] 7
1-6—Y &N%exp (—Q ( chb >>
; N2/(r—0.1) Hf:f log(n;)
L—1
— N> exp(—Q(n)) — Nexp(—Q (d)). 1)
1=1
Molf*efl)ver, we have that, w.p. at least 1 —
=1 exp (= (m1)) — exp(—Q(d)),
L L-1 L
Ao (KE) <S>0 alm]] 82| @2
k=1 =1 f;i

The two plots in Figure 2 provide empirical evidence sup-
porting our main results for L = 3. We perform 50 Monte-
carlo trials, and report average and confidence interval at 1
standard deviation. On the left, we take (1;); ; ~ N (0, 1),
fix the parameters (N, n1,ns), scale the NTK matrix by
n14n2 (see (4)), and plot )\min(ﬁf(@)) as a function of
d. The three curves correspond to three different choices of
(N,n1,n2). As predicted by our Theorem 3.2, the smallest
eigenvalue of the NTK exhibits a linear dependence on d.

On the right, we take (W;); ; ~ N(0,2/n;—1) (the popu-
lar He’s initialization), fix (d, ns), set n; = 8N, and plot
Amin (K ")) as a function of N. The three curves corre-
spond to three different choices of (d, n2). In this setting,
there is a single wide layer and our Theorem 4.1 predicts
that the smallest eigenvalue of the NTK scales linearly in
the width of the wide layer (and hence linearly in ). This
is in excellent agreement with the plot.

The results of both Theorem 3.2 and 4.1 rely on considering
a single term in the sum over layers and a fixed . However,
we expect the gap due to this fact to be rather small: (i) the
Hermite coefficients of the ReLU decay quite slowly (see
(8)), so the dependence of the bounds in r is mild; (ii) we are
mainly interested in networks with a single wide layer, and
in this setting the sum is well approximated by the leading
term. Taking into account more terms of the sum or more r
is an interesting problem for future work. Unlike Theorem
3.2, we do not track the dependence on L in Theorem 4.1,
and therefore the constants implicit in {2 and O may depend
on L. One can see that the lower bound (20) and the upper
bound (22) will have the same scaling, that is

L-1 L
<d 11 nz) (H @2) (mingez B1) 7, (23)
=1 i=1

provided that there exists a layer k¥ € [L — 1] such that
&k = 1 and Bg41 = mine(r) ;. For instance, this holds if
(i) the network contains one wide hidden layer with Q(N )
neurons, and (ii) it is initialized using the popular He’s
or LeCun’s initialization (i.e., 5; = ¢/ Vu—1 for some
constant ¢) (Glorot & Bengio, 2010; He et al., 2015; LeCun
et al., 2012). In that case, the scaling of the lower bound
(20) is tight (up to a multiplicative constant). Note also that
the probability in (21) can be made arbitrarily close to 1
provided that all the layers before the wide layer k£ do not
exhibit exponential bottlenecks in their widths.

In a nutshell, Theorem 4.1 shows (in a quantitative way) that
the spectrum of the NTK matrix is bounded away from zero.
The requirements on the network architecture are mild: (i)
existence of a wide layer with Q(N ) neurons, and (ii) ab-
sence of exponential bottlenecks before the wide layer. This
last condition means that after the wide layer(s), the widths
of the network need not have any relation with each other,
thus can scale differently. This is a more general setting
than the one considered in (Nguyen, 2019; Nguyen & Hein,
2017; Nguyen & Mondelli, 2020) where the network has
a single wide layer, which is then followed by a pyramidal
shape (i.e. the widths are non-increasing towards the output
layer). Here, the pyramidal constraint is not needed.

Let us make a few remarks about the case of shallow nets
(L = 2) as tight lower bounds on A, (K'(L)) have been
also obtained in several recent works, albeit for a different
setting than the one in Theorem 4.1. In particular, (Monta-
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Figure 2. Scaling of the smallest eigenvalue of NTK matrices as a function of the input dimension d (on the left) and of the number of
samples NV (on the right). The theoretical results of Theorem 3.2 and 4.1 are in excellent agreement with the plot.

nari & Zhong, 2020) consider the regime where ng = Q(n;)
and nony = Q(N), whereas we consider n; = Q(/N) and
have little restrictions on ng. (Oymak & Soltanolkotabi,
2020) give bounds for a similar regime to ours, but a possi-
ble generalization of their proof to the case of multi-layer
networks would require all the layers to be wide with at
least Q(N ) neurons. In contrast, Theorem 4.1 essentially re-
quires an arbitrary single wide layer of width Q(N'), while
all the remaining layers can have almost any widths (up
to log factors). To obtain this, the proof of Theorem 4.1
requires lower bounds on the smallest eigenvalue of the in-
termediate feature matrices F}’s for networks with a single
wide layer, and the Lipschitz constant of the intermediate
feature maps, which are not studied in the previous works.

Our Theorem 4.1 immediately implies that such a class of
networks can fit N distinct data points arbitrarily well, for
any real labels. The fact that the positive definiteness of the
NTK implies a property on memorization capacity of neural
nets has been already observed in (Montanari & Zhong,
2020), albeit for a two-layer model. The following corollary
provides a formal connection between the two for the case
of deep nets, and it should be seen as a proof of concept. Its
proof is given in Appendix D.1.

Corollary 4.2 (Memorization capacity) Consider an L-
layer ReLU network (1). Let {xz}fil be a set of i.i.d. data
points from Px, where Px satisfies the Assumptions 2.1-
2.2. Fix any 6,8’ > 0. Assume that there exists a layer
k € [L — 1] such that nj, = Q (N log(N) log (%)) and
H;:f log(ny) = o (minje(o x—1) ) - Then, it holds

VY, Ve>0,360: ||FL(0)-Y|,<e

Q min;crg g—1] ™1
2, ANV Zlos(ny)
wp. at least 1 — § — N-<e 1=1 ' —

N Zf;ﬁ e~ ) — Ne=UD over the data.

In words, Corollary 4.2 shows that if a deep ReLU network

contains a wide layer of order Q(N ) neurons, then regard-
less of the position of this wide layer, and regardless of
the widths of the remaining layers (up to log factors), the
network can approximate N data points (with real labels)
within arbitrary precision. Here, the network has Q(N)
total parameters, which is known to be (nearly) tight for
memorization capacity. However, we remark that this is
not optimal in terms of layer widths. In particular, several
recent works (Bartlett et al., 2019; Ge et al., 2019; Ver-
shynin, 2020; Yun et al., 2019) show that under some other
mild conditions (without the existence of a wide layer as
in Corollary 4.2), (V) parameters suffice for the network
to memorize N data points. Nevertheless, let us remark
some differences in terms of the setting between these re-
sults and the one in Corollary 4.2: (i) prior works consider
networks with biases while Corollary 4.2 consider nets with
no biases, and (ii) prior works consider data with bounded
labels while Corollary 4.2 applies to arbitrary real labels.
For shallow networks (i.e. L = 2), stronger memoriza-
tion results than Corollary 4.2 have been achieved. For
instance, (Bubeck et al., 2020) show that width Q(N/ng)
suffices for a two-layer ReLU net to memorize N arbitrary
data points. (Montanari & Zhong, 2020) show a similar
result under an additional assumption (i.e. ng = €2(n;) and
nony = Q(N)), albeit for more general class of activations.

4.1. Proof of Theorem 4.1.

By chain rules and some standard manipulations, we have

L—-1
JIT =" FuF! o Bey By,
k=0

where B, € RV*"* is a matrix whose i-th row is given by

Ek(xi)(HlL:_kl—i-l lel(xi))WLa kellL-2],
Yr1(w)Wr, k=L-1,

1 —
Aol k=L
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For PSD matrices P, Q € R™*™, it holds Ay, (P o Q) >
Amin (P) min;ep,) Qg (Schur, 1911). Thus,

L-1
Ania (777) 2 3~ Awin (B min (B )il
k=0
24)

We now bound every term on the RHS of (24). Doing so
requires a careful analysis of various quantities involving
the hidden layers. This includes the smallest singular value
of the feature matrices Fj, € RV*"¢ and the Lipschitz
constant of the feature maps f, g, : R? — R™. As these
results could be of independent interest, we put them sepa-
rately in the following sections. In particular, our Theorem
5.1 from the next section proves bounds for Amin (FF} ) -
To bound the norm of the rows of By, one can use the
following lemma (for the proof, see Appendix D.2).

Lemma 4.3 Fix any layer k € [L — 2], and x ~ Px. Then,

EkJrl(.%‘) < 1:[ lel(,T)) WL

I=k+2

2

2

L—1
=0 <5% nepr | nlﬂ?) ;
I=k+2
w.p. at least 1—2%2_11 exp (—Q (n;)) —exp(— (d)). Here,
we assume by convention that the product term HIL:_kl+2 )
is inactive for k = L — 2.

By plugging the bounds of Lemma 4.3 and Theorem 5.1
into (24), the lower bound in (20) immediately follows. For
the upper bound, note that

L-1

Amin (JIT) < (ST = D> I(Fe)r:l3 1 (Brra) I3 -
k=0
(25)

The second term in the RHS of (25) can be bounded by
using Lemma 4.3 above. To bound the first term, we note
that (Fy)1. = fx(x1) and that, forevery 0 < k < L — 1,

k

I fx(@) = © (deB?> : (26)
=1

w.p. at least 1 — Zle exp (= (n;)) —exp(—Q (d)). This

last statement follows from Lemma C.1 in Appendix C. By

plugging (26) and the bound of Lemma 4.3 into (25), the

upper bound in (22) immediately follows.

5. Smallest Singular Values of Feature
Matrices

As before, we assume throughout this section that (17;);; ~
N (0, 3?) for I € [L], and the data points are i.i.d. from a

distribution Py satisfying Assumption 2.1 and 2.2. Let us
recall the definition of the feature matrix at some hidden
layer k: Fy, = [fx(21), ..., fr(zn)]T € RV*"_ Our main
result of this section is the following tight bound on the
smallest singular values of these matrices.

Theorem 5.1 (Smallest singular value of feature matrix)
Fix any k € [L — 1] and any integer constant r > 0. Let
0 > 0 be given. Assume that

ng =N (N log(N) log (Z(\;)) , 27
k—2
H log(n;) = o (minle[o,k—l] nl) ) (28)
1=1

Let (i.(0) be given by (8). Then, the smallest singular value
of the feature matrix F}, satisfies

k k
O (deﬂf> > Omin (F)* > pr(0)? Q (d]'[mﬂf>
=1

=1

w.p. at least
1—6—N2%exp | —Q mmle[o’kkilz] i
N2/=0D T2 log(na)
k—1

SN exp (=9 () — Nexp(—92 (d)).
=1

Proof of Theorem 5.1. First of all, the conditions of
Theorem 5.1 imply that n; > N, which further im-
plies omin (Fk)2 = Amin (FkaT ) . To bound this quan-
tity, we first relate it to the smallest eigenvalue of the
expected Gram matrix, namely ]E[FkaT ], where the ex-
pectation is taken over Wj. Note that E[F,Fl] =
niE[o(Fy_jw)]o(Fy_1w)T], where w has the same dis-
tribution as any column of Wj,. This is formalized in the
following lemma, which is proved in Appendix E.1.

Lemma 5.2 Let us define
A= e (Buen0.521, [0 (Fr1w)o(Fi1w)]).
(29

Fix any § > 0. Assume that

ny > max (N, ¢ @ max (1710g(4Q)) log J;) ,

. 2\ Fre_||?
where c is an absolute constant, and @) = M Then,
we have w.p. at least 1 — & over W, that

A

Omin (Fk)2 2 4
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From here, it suffices to upper bound ||Fk_1||§7 and
lower bound A. The first quantity can be bounded by
using a standard induction argument over k. In par-
ticular, from Lemma C.1 in Appendix C, it follows

that [|Fy_1]% = © (Nd ! nﬁ?) w.p. at least 1 —
S exp (—92 (m)) — exp(=9 (d)).

In the remainder of this section, we show how to lower
bound \. First, we relate A to the smallest eigenvalue of
(row-wise) Khatri-Rao powers of Fj,_;. This is obtained
via the following lemma, which is proved in Appendix E.2.

Lemma 5.3 Fix any k € [L — 1] and any integer r > 0.
Then, we have

Amin (H‘Ewwv(o,ﬂg+1 I.,) [U(ka)U(ka)T])
)\min ((FI:T)(FI:T)T)

2(r—1)°
max;en | (Fe)all3" "

> Bi-H HT(U)Q

Next, we show that the smallest singular value of the Khatri-
Rao powers of F}, does not decrease if one considers the
centered features Fy, = F), — Ex [F}]. This is formalized in
the following lemma, which is proved in Appendix E.3.

Lemma 5.4 (Centering features) Fixanyk € [L—1], and
any integer v > 0. Then, we have

(FEET = (B (" (30)
w.p. at least

. k
1—Nexp (—Q (Hmle[()]c]m)) —Z exp (= (ng)) .
=1

) log(my)
31)

The last step is to bound the smallest eigenvalue of
(Fym)(Fym)T, as done in the following lemma which is
proved in Appendix E.4.

Lemma 5.5 (Khatri-Rao powers of centered features)
Fix any k € [L — 1] and any integer v > 0. Assume
1—[;@:—11 log(ny) = o (minje(o, 4] 1) - Then, we have

k s
Muin (F)(F)T) = © ((dl]:[lmﬁf> ) (32)

w.p. at least

1— N2 exp | —Q mlnlg[oﬁ?l
N2/(r—0.1) 15 log(ny)

k
— N exp(—Q(m)). (33)
=1

Combining these lemmas, one gets the desired lower bound
of omin (Fk)z. For the upper bound: Ay, (FkFE) <

mineqy |(Fr)ill; = O (d e, nlﬂf) , where we use
Lemma C.1 in Appendix C.

6. Lipschitz Constant of Feature Maps

The Lipschitz constants of the feature maps g, : R? — R™*
are critical to several proofs of this paper, including Lemma
5.4 and Lemma 5.5. A simple upper bound is given by
lgrllLp < 1, [Will,p,- From standard bounds on the
operator norm of Gaussian matrices (see Theorem 2.12 of
(Davidson & Szarek, 2001)), one obtains that [],_, [|W; llop

scales as Hle By max(y/ni—1,/n;). However, this simple
estimate leads to restrictions on the network architectures
for which our Theorem 4.1 holds. The product of many large
random matrices is also studied in (Hanin & Nica, 2019),
where it is shown that the logarithm of the /5 norm between
the Jacobian of deep networks and any fixed vector is asymp-
totically Gaussian. However, the findings of (Hanin & Nica,
2019) are not applicable to our setting, which would require
bounds that hold with probability exponentially close to 1.

As usual, let (W;);; ~ N(0,32) for I € [L]. For every
z € RY, denote its activation pattern up to layer k by

k on
Aisi(z) = [sign(glj(z))]le[k],je[nl] e {-1,0, 1}21:1 L

where sign(g;;(z)) = 1if g;;(2) > 0, —1if g;;(z) < 0 and
0 otherwise. For every differentiable point of g;, we denote
by J(gx)(z) € R™ >4 the corresponding Jacobian matrix.

Our starting point is to relate the Lipschitz constant
of g, with the operator norm of its Jacobian. First,
we have via the Rademacher theorem that ||gkll;;, =
sup_erava, [[/(9k)(2)llop. Where Qg, is the set of non-
differentiable points of g; which has measure zero. The
issue here is that even if we restrict ourself to the “good” set
R4 \ Qg, , the formula of the Jacobian matrix as computed
by the standard back-propagation algorithm? (which is also
the object that we know how to handle analytically) may not
represent the true Jacobian of g,. This happens, for example,
when the input to any of the ReLU activations is 0. The
following lemma circumvents this problem by restricting
the supremum to the set of inputs where the two Jacobian
matrices agree. Its proof is deferred to Appendix F.2.

Lemma 6.1 Fix any k € [L]. Then w.p. 1 over (W;)}—},
the following holds for all choices of Wy,:

max
k=1,
z€RL: Ay 1 (z)e{—1,+1}>1=1 "™

1795 ()l op -

(34)

grllLip =

Zusing a convention that ¢’ (0) = 0



Tight Bounds on the Smallest Eigenvalue of the Neural Tangent Kernel for Deep ReLLU Networks

In words, Lemma 6.1 shows that the Lipschitz constant of
gk 1s given by the maximum operator norm of its Jacobian
over all the inputs z’s which fulfill g;;(z) # 0 forall l €
[k — 1],7 € [n]. This has two implications. First, gy, is
differentiable at every such input, and chain rules can be
applied through all the layers to compute the true Jacobian.
In particular, we have for all such z’s that:

k—1
T(gi)(z) = W T] Sei(2) Wil (35)
=1

Second, one observes that J(gx)(z) = J(gx)(z") for all
z, 2" with A _,;_1(2) = Aj_k—1(2"). Thus, the number
of Jacobian matrices that one needs to bound in (34) is at
most the number of activation patterns, which has been
studied in (Hanin & Rolnick, 2019; Montufar et al., 2014;
Serra et al., 2018). By exploiting these facts via a careful
induction argument, we obtain the following result.

Theorem 6.2 (Lipschitz constant of feature maps)
Fix any k € [L — 1]. Then, we have w.p. at least

1= exp (= () that

) Hk ny k—1 k
=0 =" 1] log(n B2 1. (36)
||gk||L1p (mmle[o,k] n H g( l) l];! l

=1

The idea of the proof is to bound the operator norm of
the Jacobian matrix from (35) for all inputs having a given
activation pattern (via an e-net argument and concentration
inequalities), and then to do a union bound over all the
possible patterns. The details are deferred to Appendix F.1.

7. Further Related Work

The spectrum of various random matrices arising from deep
learning models has been the subject of recent investiga-
tions. Most of the existing results focus on the linear-width
asymptotic regime, where the widths of the various layers
are linearly proportional. In particular, the spectrum of the
conjugate kernel (CK) is studied in the single-layer case for
Gaussian i.i.d. data (Pennington & Worah, 2017), for Gaus-
sian mixtures (Liao & Couillet, 2018), for general training
data (Louart et al., 2018), and for a model with an additive
bias (Adlam et al., 2019). The multi-layer case is tackled in
(Benigni & Péché, 2019). The Hessian matrix of a two-layer
network can be decomposed into two pieces, one coming
from the second derivatives and the other of the form J7'.J
(a.k.a. the Fisher information matrix). This second term
is studied in (Pennington & Bahri, 2017; Pennington &
Worah, 2018). Note that this is different from the NTK ma-
trix, given by JJ7, as analyzed in this paper. Typically, for
an over-parameterized model, the Fisher information matrix
is rank-deficient, whereas the NTK one is full-rank. The

work (Pennington et al., 2018) uses tools from free probabil-
ity to study the spectrum of the input-output Jacobian of the
network. Again, this is different from the parameter-output
Jacobian considered in this paper. Generalization error has
been also studied via the spectrum of suitable random ma-
trices: for linear regression (Hastie et al., 2019), random
feature models (Mei & Montanari, 2019), random Fourier
features (Liao et al., 2020), and most recently for a two-layer
network (Montanari & Zhong, 2020).

Generally speaking, the line of literature reviewed above
has studied the spectrum of various random matrices related
to neural networks. Our work is complementary in the sense
that it concerns the smallest eigenvalue of the NTK and the
feature maps. We remark that obtaining an almost-sure con-
vergence of the empirical spectral distribution of a random
matrix in general does not have any implications on the limit
of its individual eigenvalues. The closest existing work is
(Montanari & Zhong, 2020), which focuses on a two-layer
model and gives a lower bound on the smallest eigenvalue
of the NTK matrix when the number of parameters of the
network exceeds the number of training samples.

8. Conclusions and Open Problems

This paper provides tight bounds on the smallest eigenvalues
of NTK matrices for deep ReLU networks. In the finite-
width setting, our result holds for networks with a single
wide layer, regardless of its position, as long as the wide
layer has roughly order of NV neurons. This gives hope that
gradient descent methods will be successful in optimizing
such architectures. However, we note that it is not possi-
ble to directly apply existing results in the literature such
as (Chizat et al., 2019), since the Jacobian matrix is not
Lipschitz with respect to the weights. Furthermore, to get
optimization guarantees, one often has to track the move-
ment of the NTK-related quantities during the course of
training, which is not done in this paper. Providing rigorous
convergence guarantees for deep ReLU networks with an ar-
bitrary single wide layer of linear width is an exciting open
problem. Other interesting extensions include the study of
networks with biases and non-Gaussian initializations.
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