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Abstract

We consider the ground state and the low-energy excited states of a system of N
identical bosons with interactions in the mean-field scaling regime. For the ground
state, we derive a weak Edgeworth expansion for the fluctuations of bounded one-body
operators, which yields corrections to a central limit theorem to any orderin 1/+/N . For
suitable excited states, we show that the limiting distribution is a polynomial times a
normal distribution, and that higher-order corrections are given by an Edgeworth-type
expansion.
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1 Introduction

A quantum mechanical system of N identical bosons is described by a wave function
W that is square integrable and symmetric under the exchange of any two particles,
ie.,

W(X1,y ooy Xiy ooy Xy ooy XN) = WXL, oy Xy oy Xy ey XN, i,jef{l,..,N}.

(1.1
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Hence, W is an element of the symmetric subspace S’)é\}',m of the N-body Hilbert space
SN, where

V=%, 9l = 9%V 6= L2RY, (12)

for d > 1 the spatial dimension of the system and where ®sym denotes the symmetric
tensor product. We study the statistics of measurements described by self-adjoint
operators on HN. In particular, we consider one-body operators on 9N ie., operators
of the form

Bi=19-®10B®1® Q1 (1.3)
j-1 N—j

for bounded self-adjoint operators B on $). Since we consider indistinguishable bosons,
we study symmetrized operators, i.e., operators of the form Ziv: | Bj. An example is

the number of particles in a bounded volume V C R?, described by the operator
N
ZXv(xj), (1.4)
j=1

where xy denotes the characteristic function on V. The goal of this article is to better
understand the statistics of such operators.

Due to the permutation symmetry (1.1), the family of one-body operators {B; }?’:1
defines a family of identically distributed random variables, whose distribution is
determined by the wave function W via the spectral theorem. The probability that the
corresponding random variable B; takes values in a set A C R is given by:

Py(Bj € A) = (¥, xa(B)V), (1.5)

where x4 denotes the characteristic function of the set A and where (-, -) denotes the
inner product of . Functions of self-adjoint operators are defined via the functional
calculus. Note that the operators jBjare formally the analogue of sample averages,
which, in probability theory, are often interpreted as repeated measurements. This
interpretation does not apply in our setting: the operator ) ; Bj does not describe N
single-particle measurements on N copies of the system. (These measurements would
always be independent of each other.)

If the N-body wave function is a product state, i.e., if ¥ = ¢®" for some ¢ € $,
the random variables B; are independent and identically distributed (i.i.d.). Conse-
quently, N1} ; Bj satisfies the law of large numbers (LLN), and the fluctuations
around the expectation value are, in the limit N — oo, described by the central limit
theorem (CLT). Moreover, for large but finite N, the fluctuations can be expanded
in an asymptotic Edgeworth series, providing higher-order corrections to the central
limit theorem to any order in 1/ VN (see Sect. 3.5 for a more detailed discussion).
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A factorized wave function W = ¢®V describes the ground state of an ideal Bose
gas, i.e., a system without interactions between the particles. In this work, we are inter-
ested in the situation where the bosons interact weakly with each other. We consider
a system of N bosons in R described by the many-body Hamiltonian

N
1
Hy ZZ(_Aj‘FV(xj))‘Fﬁ Z v(x; —x]') (1.6)
j=1 1<i<j<N
acting on ﬁgm, under suitable assumptions on the interaction v and the external

trapping potential V (see Sect. 1.1). This describes a Bose gas in the so-called mean-
field (or Hartree) regime, where the interactions are weak and long-ranged. We consider
the ground state \Il,g\,s and suitable low-energy excited states W5 of the Hamiltonian
Hy,ie.,

HyW§ =50y, vy el (1.7)
and

HyW§ = EFUsT, Wit e ol (1.8)
where 51%,5 := inf spec(Hy) is the ground state energy and £Ff denotes a suitable

excited eigenvalue of Hy (see Definition 2.1). Due to the interactions between the
particles, these states are no product states but correlated. Consequently, the family
{B;}; of one-body operators defines a family of (weakly) dependent random variables.
In fact, one can deduce from [4] that their covariance is

Covyy[Bi, Bj] := Egy[BiB;] — Euy[Bi1Egy[Bjl=OWN"" @ #j), (1.9

where Ey, [-] := (Wy, - Wy). Despite this dependence, the family {B;}; satisfies a
LLN, which is comparable to the situation of i.i.d. random variables (see Sect.3.2).
Moreover, one can prove a CLT (see, e.g., [1, 6, 28, 29]), which is a result of the formal
analogy of quasi-free states and Gaussian random variables. Due to the dependence
of the random variables {B;}, the variance of the limiting Gaussian in the CLT is not
given by Var,[B] but differs by O(1) (see Sect. 3.3).!

In this work, we prove that the statistics of bounded one-body operators with respect
to the N-body ground state \IJ,gVS admit a weak Edgeworth expansion, which differs
from the expansion for the i.i.d. case due to the interactions. Moreover, we prove an
Edgeworth-type expansion for a class of low-energy excited states Wy.

1 Strictly speaking, this implies that the result is no (standard) CLT in the classical sense of probability
theory. However, this notion has been used in all previous works in the context of the Bose gas ( [1, 6, 28,
29]), and we use it here as well.
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1.1 Assumptions

It is well known that the ground state \IJ}%]S as well as the low-energy excited states W
of Hy exhibit Bose—Einstein condensation (BEC), i.e.,

- (k) ®k
lim T - =0 1.10
aim Tree vy lo) (el (1.10)

for any k > 0. Here, |¢)(¢| denotes the projector onto ¢ € £, i.e., the operator with
integral kernel ¢(x)¢(y), and ylg,k) denotes the k-particle reduced density matrix of
Yy € {\Ilgs, \Il?\}‘}, whose integral kernel is defined as

k
J/;i;)(xl, ey XK V15 ey VE)

= / \I]N(xlv"'va)\IJN(yls coos YVies X415 +oes -xN) dxk+l"'de' (111)
RIN-K)d

The condensate wave function ¢ is given by the minimizer of the Hartree energy
functional,

Enlg] :=/ (1900 + V@Ipl) dx + f v(x = 1P F1p (I dx dy,
R4 R2d
(1.12)

for ¢ € Q(—A + V) under the mass constraint ||¢| g = 1. The minimizer ¢ solves

the stationary Hartree equation ¢ = 0 in the sense of distributions, where 4 is the
operator on D(h) = D(—A + V) C $ defined by

h:=—-A+ V—f—v*(pz—,uH, Uy = <(p, (—A+ V+v>1<(p2>(p>. (1.13)
The corresponding Hartree energy is denoted by:

ey = &xlel. (1.14)

We make the following assumptions on the interaction potential v and the trap V,
which, in particular, ensure that ¢ is unique and can be chosen real-valued:

Assumption 1 Let V : RY — R be measurable, locally bounded and nonnegative and
let V (x) tend to infinity as |x| — oo, i.e.,

inf V(x) > ooas R — oo. (1.15)
|x|>R

Assumption 2 Let v : R — R be measurable with v(—x) = v(x) and v # 0, and
assume that there exists a constant C > 0 such that, in the sense of operators on
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Q(—A) = H'(RY),
W <Cd-A). (1.16)

Besides, assume that v is of positive type, i.e., that it has a nonnegative Fourier trans-
form.

Assumption 3 Assume that there exist constants C; > 0 and 0 < Cp < 1, as well as
a function & : N — R with

lim N 3e(N) < Cy, (1.17)
N—o0
such that
N
Hy — New > C2 ) hj —&(N) (1.18)
j=1

in the sense of operators on D(Hy).

Assumption 1 ensures that V is a confining potential; an example is the harmonic
oscillator potential, V (x) = x2. Assumption 3 ensures that low-energy eigenstates of
Hy exhibit complete BEC in the Hartree minimizer, with a sufficiently strong rate.
Assumptions 2 and 3 are, for example, satisfied by any bounded and positive-definite
interaction potential v, and by the repulsive three-dimensional Coulomb potential,
v(x) = 1/|x]|.

Assumptions 1 to 3 are precisely the assumptions made in [4]. They ensure that we
can expand the low-energy eigenstates of Hy and the corresponding energies in an
asymptotic series in 1/+/N (see Sect. 2.3), which is crucial for deriving the Edgeworth
expansions.

Our main result holds for the ground state \111%,5 of Hy and for a class of excited eigen-

states \Ille\}‘ € CI(\';) . The set CI(\';) C ﬁsl\;m consists of all eigenstates lIJf'\}‘ of Hy where
HyV§ = EFW such that £ — Ney converges to a non-degenerate eigenvalue of
the Bogoliubov Hamiltonian, and where the corresponding Bogoliubov eigenstate is
a state with n quasi-particles (see Definition 2.1). In particular, the ground state \I/}%,S

is contained in (31(\7) forn = 0.

1.2 Main result

We are interested in the statistics of the symmetrized operators ) ; Bj. After centering

around the expectation value, we rescale by dividing by ~/N. This scaling is chosen as
it is the size of the standard deviation of j B, which follows from (1.9) and (1.10)
because

N N
Vargy | Y Bj | = > Covyy[B;jBil+ Y Varg,[B;]=ON). (1.19)
j=1 1<j#k<N j=1
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This leads to the random variable
| N
By = — (B; —Eg,[B] (1.20)
2B B,

for self-adjoint B € L($), where Ey, denotes the expectation value of a random
variable with respect to the probability distribution determined by W, . Moreover, we
consider operators B such that the Hartree minimizer ¢ is not an eigenstate of B. This
is equivalent to the statement that the standard deviation o of the limiting Gaussian
in the CLT (see our theorem below) is nonzero, see (3.12). Our main result is the
following:

Theorem 1 Let Assumptions 1 to 3 hold and let Yy € 01(\7) for some n € Ny, with

C](\;’) as in Definition 2.1. Let a € Ng and g € L'(R) such that its Fourier transform
g e L'(R, (1 +|s]3¢+*). Then, for any self-adjoint bounded operator B € L($) such
that the Hartree minimizer ¢ is not an eigenstate of B,

a4 J 1 _i a+l1
Eg,[g(Bn)] — N‘i[d i(x) ———=e 22| < Cpg(a,g)N~ 2=
wylg(By) ]X_g x g(x)pj(x) = B(a, g)

(1.21)

for o asin (3.12). Here, the functions p j (x) are polynomials of finite degree with real
coefficients depending on B, V and v. The error can be estimated as

~ -1
CB(a,g>sc<a>(1+||B||2§+“)/Rds B (14 1sP7 + N2 P) - (1.22)

for some C(a) > 0, where ||-||op denotes the operator norm on L(9).

(@) If Uy = \IJ]‘%,S € Cf\?), then pfs is a polynomial of degree 3 j which is even/odd for
J even/odd. In particular,

po (x) =1, (1.23a)
gy 9 g (X
P () =3 Hs (0) (1.23b)

with o3 as in (4.25) and where Hj is the third Hermite polynomial (see (3.26)).

(b) If Uy = V5 € C/(\;’)for some n > 0, then p?x is a polynomial of degree 3j + 2n
which is even/odd for j even/odd. The leading order pg* is computed in Proposi-
tion 4.7.

Remark 1.1 Theorem 1 implies a quantitative version of the CLT for the ground state
with improved rate. Following the proof of [6, Corollary 1.2], we approximate the
characteristic function x4, g) for some o, 8 € R from below and above by some
smooth and compactly supported functions g and g . For ¢ > 0, we define these
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functions as g5 = X[ae,p+s] * s fOr Lo (x) = e ¢ (x/e), where ¢ € C°(R) is some
nonnegative function such that {(x) = 0 for |x| > 1 and ng = 1. Consequently,

Egels” (By)] = Pys By € o, B]) < Eyslg} (By)] (1.24)

Analogously to [6], one obtains the estimate |g5 (s)| < C|Z(es)| min{|s| ™", |8 — al}
for some constant C > 0, hence Theorem 1 leads (for any a € Np) to

Eye [85(BN)] —/gi(x)ba(x)dx <Cla (N‘“T“s‘“"*” + N‘¥s‘(3"+4)),

(1.25)
where the constant C depends on B, « and 8 and where we abbreviated
a ; Xz
ba(x) ==Y N72p%(x) e 27, (1.26)

2
=0 2no

Since | [ 854 — fo’? by (x)| < Ce, this yields

B
Pye(By € [a, B]) —/ bq (x) dx

o

< Cl@) (o 4 N 60 4 =T Cara),

(1.27)

The right-hand side of (1.27) is minimal fore = N~ G , which, in particular, implies
that it is always larger than N -3, Consequently, choosing a sufficiently large yields

1
Pye By € [e. B]) — <C,N77 foranyy < 3 (1.28)

1 B2
_ o2
\/27102/11 ey

This improves the previous estimate N ~!/8, which follows analogously to [29] by

taking into account only the leading order a = 0.

Remark 1.2 Theorem 1 constitutes a weak Edgeworth expansion as introduced in [5,
11, 14]. In particular, our result does not imply an asymptotic expansion of the prob-
ability Py, (By € [o, B]). The reason why we can only state our result in this weak
form is that our error estimate when truncating the expansion of the characteristic
function Ey,, [elsBN] grows polynomially in s (Proposition 4.4). Hence, we cannot
simply apply the Fourier transform to obtain an expansion of the probability density.
Itis an open question whether a strong Edgeworth expansion exists, i.e., whether there
exist constants C, such that

; _aZ (7) a
P =5 g Con-E (129)

2o

B ,
Pup By elaph — [ YN
o j=0
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If the N-body system is in its ground state \Illgvs , Theorem 1 implies that By admits
a weak Edgeworth expansion although the random variables are not independent.
However, the interactions affect the precise form of the Edgeworth series: the standard
deviation o of the Gaussian as well as the polynomials p&° differ from the expansion
for the non-interacting Bose gas (see Sects. 3.5 and 3.6 for a detailed discussion). To
prove Theorem 1, we expand the characteristic function

¢>}g\,s(s) = <\IJ§,S, elsBy \Iljg\;>

in powers of N~1/2. To leading order, 4)}”;; (s) is given by the expectation value of a
Weyl operator with respect to a quasi-free state. Quasi-free states satisfy a Wick rule
comparable to Wick’s probability theorem for Gaussian random variables, and this
formal analogy is the reason why we obtain a CLT for the ground state. Technically,
we use an equivalent formulation of Wick’s rule, namely the fact that a quasi-free
state is a Bogoliubov transformation of the vacuum. This allows us to reduce the
computation of ¢>1g\}g (s) to the computation of vacuum expectation values, which are
nonzero only if they contain equal numbers of creation and annihilation operators.

For low-energy excited states, the leading order of the corresponding characteristic
function ¢ (s) is no longer given by an expectation value with respect to a quasi-
free state, but rather a state with a finite number of creation/annihilation operators
acting on a quasi-free state. Consequently, the limiting distribution is not a Gaussian
but a Gaussian multiplied with a polynomial. One still obtains an Edgeworth-type
expansion, but each order of the distribution is now the Gaussian times a (different)
polynomial.

Theorem 1 is, to the best of our knowledge, the first derivation of an Edgeworth
expansion for an interacting quantum many-body system. Asymptotic expansions for
(weakly) dependent random variables have been derived in [ 18, 23, 24] for Markov pro-
cesses, in [ 14] for stochastic processes, which are approximated by a suitable Markov
process, and in [7] in the context of dynamical systems. In [11], the authors prove
the existence of Edgeworth expansions for weakly dependent random variables under
fairly generic conditions, which includes random variables arising from dynamical
systems and Markov chains but excludes our model?.

As discussed in Sect.3.5 for the i.i.d. situation, Theorem 1 yields a very precise
description in the center of the distribution. In contrast, it does not generally provide
a good approximation of the tails of the distribution. For the dynamics generated by
Hpy, large deviation estimates have been proven in [20, 30].

We expect that Theorem 1 can be generalized to all situations where the N-body
wave function admits an (explicitly known) asymptotic expansion in the spirit of
Lemma 2.2. For example, it seems obvious that a dynamical Edgeworth expansion

2 In [11], the authors consider a Banach space B and assume that the characteristic function is of the
form ¢pp (s) = Z(Lﬁv v), where Lg : B — B is a family of bounded linear operators and where v € B,
¢ € B'. Applied to our setting, we would identify v with the ground state Wy, and ¢ with the projection on
the ground state. However, ¢'¢ By s not of the form [lév for some N-independent L. Even if we would

o1
introduce Ly = "* ~nBw , this operator would not satisfy the assumptions made in [11], which include that
the spectrum of Ly is contained in the open disc of radius 1 for all s # 0, and that Hllév I < for some
ry > 0.

1
N2
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should exist, which provides corrections to [1]; moreover, generalizations to k-body
operators as in [28] and to k one-body operators as in [6] seem feasible.

The remainder of the article is structured as follows: In Sect. 2, we summarize the
quantum many-body framework and collect known results for the mean-field Bose
gas, which we require for the proof. Section 3 is a review of the probabilistic picture,
including existing results on the CLT for the interacting Bose gas. In particular, we
analyze the effect of the interactions on the Edgeworth series (Sects.3.5 and 3.6).
Finally, Sect. 4 contains the proof of Theorem 1.

2 Many-body framework
2.1 Excitations from the condensate
We consider N-body states W which exhibit complete BEC in the Hartree minimizer

¢ in the sense of (1.10). However, this does in general not imply that W = @®V;
in fact, an O(1) fraction of the particles forms excitations from the condensate. To

describe them mathematically, one recalls, e.g. from [22], that any W € ﬁé\;m can be
decomposed as
N k
V=Y o®" VO eumx®,  x®e@lort, @1
k=0 sym
with the usual notation {(,0}L ={¢p € H: (¢, ¢) = 0}. The sequence
N
x=(xY)2 2.2)

of k-particle excitations forms a vector in the (truncated) excitation Fock space over

(o},
N k oo k
FiN=P Ry c FL=P R e}, 2.3)
k=0 sym k=0 sym

and vectors in F (resp. ffN) are denoted as ¢ (resp. ¢ ). The creation and anni-

hilation operators on F , a’(f) and a(f) for f € {g}*, are defined in the usual way
as

k
. 1
@ (NP1, o) = —= > FaNEV e, X1 X, 1), (24a)

@(HP) P (x1, oy xp) = Vk + 1 /dxmqs(k“)(xl, oy Xy X) (2.4b)
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for k > 1 and k > 0, respectively, and ¢ € F| . They can be expressed in terms of the
operator-valued distributions a; and a,,

a'(f) = / def(aj, a(f) = [ dx f(x) ax, 2.5)
which satisfy the canonical commutation relations
lax,all=8(x —y), lar,ay] =lal,a]]=0. (2.6)

We denote the second quantization in F | (resp. F) of an operator A by dI"; (A) (resp.
dI'(A)). The vacuum is denoted by |€2) and the number operator on F is given by

Ni=dr (@),  Wip)® =ke® forg e 7. 2.7

An N-body state ¥ is mapped onto its corresponding excitation vector x by the unitary
excitation map Uy o

Ungy: 9V = FIN, Wi Uy W =g, (2.8)

introduced in [22]. For f, g € {p}*, it acts as

Unga' (@a@Uy,, = N — N, (2.92)
Un.ga (a@Uf, =a’ (VN = NL, (2.9b)
Un.gpa ()a()Uy., =N —Nia(g). (2.9¢)
Unga' (a@Uy, =a (fale) (2.9d)

as identities on JF fN . We extend Uy , trivially to a map to the full space . Analo-
gously, elements of ffN are naturally understood as elements of F .

2.2 Bogoliubov theory

It was shown in [4] that the low-energy eigenstates of Hy can be retrieved by pertur-
bation theory around the eigenstates of the Bogoliubov Hamiltonian, which is given
by

Hp =Ko + K; + K; + K. (2.10)

Here,
Ko = /dxaihxax, (2.11a)
K, = /dxl dxs (9K q)(x1; xz)ailan, (2.11b)

@ Springer



Weak Edgeworth expansion for the... Page 110f38 77

K, = % /dxl dx> (q192K) (x1, xz)ailaiz, 2.11¢)
for h from (1.13), where K is the operator with kernel
K(x;y) =vlx = y)ex)e(y) (2.12)
and where we used the orthogonal projectors
pi=le)el, q:=1-p (2.13)
onto the condensate and its complement.
2.2.1 Bogoliubov transformations
The Bogoliubov Hamiltonian Hl can be diagonalized by Bogoliubov transformations
(see, e.g., [32]), which are defined as follows: For F = f @ g € (o} @ {p}*, one
defines the generalized creation and annihilation operators A(F') and AT(F) as
A(F)=a(f)+d'(g), A"(F)=AJF)=d (f)+alg). (2.14)
where 7 = () with (Jf)(x) = f(x). An operator V on {¢} @ {¢}* such that
ATWF) = AVTF),  [AVF), AT V)] = [A(F), AT(FR)],  (2.15)

is called a (bosonic) Bogoliubov map. It can be written in the block form

V= (l‘f g) U,V :{o})t — {o}h, (2.16)

where U and V denote the operators with integral kernels U (x, y) and V (x, y), respec-
tively. If V is Hilbert—Schmidt, V is unitarily implementable on F |, i.e., there exists
a unitary transformation Uy, : 7| — F|, called a Bogoliubov transformation, such
that

UpA(F)US, = A(VF). 2.17)

The identity (2.14) leads to a transformation rule of creation/annihilation operators
under a Bogoliubov transformation,

aUf)+a"(Vf),
a(VF) +d"(Uf)

Uy a(f) Ty,

(2.18)
Uya'(f) U3

for f € {¢}*. In particular, powers of A/| conjugated with Uy, can be bound as

Uy + DU, < CohbP WL+ 1P (b eN) (2.19)
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in the sense of operators on F | , where Cy, := 2| VII%S =+ | Ullgp + 1 [3, Lemma 4.4].

2.2.2 Quasi-free states

Finally, we recall that a normalized state ¢ € F is called quasi-free if there exists a
Bogoliubov transformation Uy, such that

¢ =Uy|Q). (2.20)

Quasi-free states satisfy Wick’s rule (e.g., [25, Theorem 1.6]: for ® quasi-free, it holds
that

(6. a*(f1)-a* (fan-D$) 5, =0, (2.21a)

(6. a" (f--a* (o)), = D [[(8.a*(foj-1)a* (foj))r  (2:21b)

oePy, j=1
foraf € {a*, a},n e Nand f1, ..., fon € {(p}J-. Here, P>, denotes the set of pairings

Py, :={0 € &y, :02a—1) <min{o(2a),c (2a + 1)} Va € {1, 2, ..., 2n}},
(2.22)

where G,,, denotes the symmetric group on the set {1, 2, ..., 2n}.

2.2.3 Eigenstates of Hj

We denote by Uy, : 71 — F the Bogoliubov transformation that diagonalizes Hp,
ie.,

Uy, HoU;, = dI' 1 (D) + inf o (Hp), (2.23)

where D > 0is a self-adjoint operator on {¢}. It admits a complete set of normalized
eigenfunctions, denoted as {£;};>0. The ground state ng of Hy is unique and given
by

xo = Uy, |). (2.24)
Any non-degenerate excited eigenstate x* of Hy can be expressed as

e Al ) K CAGY) K CUCY)
RV VT N

1Q) (2.25)
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for some k € Ny and some tuple (no, ..., Nk) € N](;H. Finally, the Bogoliubov map
corresponding to Uy, is denoted by

_(Uy Vo
v0_<vo Uo)' (2.26)

2.3 Low-energy eigenstates of Hy

Assumptions 1 to 3 ensure that Hy has a unique ground state and a discrete low-energy
spectrum. We will consider the following class of eigenstates of Hy:

Definition 2.1 Let n € Ng. Then ¥y € Sﬁé\;m is an element of the set C,(\;’) iff all of the
following are satisfied:

(a) Wy is an eigenstate of Hy,i.e., HyWy = ExyWy.
(b) There exists a non-degenerate Bogoliubov eigenstate, Hoxo = Eo X, such that
lim (Exy — Nen) = Ejp.
N—o0
(c) xoisastate with n quasi-particles, i.e., itis given by (2.25) with no+n14- - -+nr =
n.

In particular,
v ecl, (2.27)

i.e., the ground state is contained in the set C](\;') with zero quasi-particles.

To keep the notation simple, we will indicate the quasi-particle number 1 only when

it is inevitable to avoid ambiguities. If Wy € Cl(\;’) for some n € Ny, it was shown in
[4, Theorem 3] that x = Uy ¥ admits an asymptotic expansion in the parameter
(N — 1)’1/2, namely

atl

<C(a)(N—-1)"72 (2.28)

a

_t~

X — E (N—=1)"2x,
£=0

for some constant C(a) > 0 and for coefficients ¥, € F, given in [4, Theorem 3,
Eqn. (3.26)].

For the proof of Theorem 1, it is more convenient to have a full expansion of these
states in powers of N —1/2 instead of (N — 1)’1/ 2 which can be deduced from the
results in [4] in a straightforward way.

Lemma 2.2 Let Assumptions 1 to 3 hold, let Vy € C](\;’)for some 1 € Ng and denote
the corresponding excitation vector by x = Uy V.
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(a) Forany a € Ny, there exists a constant C(a) > 0 such that

a
X=Y Nig| <C@nNF, (2.29)
=0
where
3¢+
Xe=Up Y / de)@;'jj. xa] al |19) (2.30)
=0
L+n+j even

for some functions @2’73 € Lgym (R4,

(b) Forany{,b € N, there exists a constant C (£, b) such that
IWVL+ D xell < L. b). (231

(c) Let B € L(9). For any a € Ny, there exists some constant C(a) > 0 such that

a
(Wn, B1¥y) — Y N B < C@)|BllopN~“HY, (2.32)
=0

where the coefficients

4
BY = Z () Ty B e R (2.33)
k=1

can be bounded as
1B < CO|Blop (2.34)

for some constants C(£) > 0. In particular, B® = (¢, By), and

B = <X0’ (a'r(qu) + a(qu)) xl> + <xl, (aT(thp) + a(CIB(p)> XO)
+(x0.dT' (g Bg) o). (2.35)

The functions 62'7;

for the explicit expressions. In a similar way, one obtains explicit expressions for B();
see [2].

can be computed using perturbation theory, and we refer to [4]
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3 Probabilistic picture

To illustrate the effect of the interactions, we compare in this section the random

variables with probability distribution determined by Wy € CI(\?) (for some n € Np)
with the random variables distributed according to the product state

Wild .= ®N, (3.1

To underline differences between the ground state ‘lljg\‘,s € C](\?) and excited states

Wi e 61(\7) for n > 0, we will indicate this in the notation by using the superscripts &
and * when appropriate.

3.1 Random variables

A self-adjoint one-body operator B € L($)) defines a family {B; };V=1 of random vari-

ables with common probability distribution determined by the N-body wave function
Wy . For \I-f;\l,d, the random variables are i.i.d., and the expectation value E,[B], the
variance Vary[B] and the standard deviation ojjq are given by

E,[B]l = (¢, Bp), Vary[B]= fd=<<p, Bz<p>—<<p, Bg)?. (3.2)

For an eigenstate Wy € 61(\1/7) of Hy, the random variables are no longer independent,
and the corresponding quantities Ey , [B], Vary,[B] and o can be computed as

N

1
Euy[Bl =+ ) (Wn, Bj¥x) = (Un, BI¥), (33)
j=1

Var, [B] = o} = (W, BIWn) = (Uy, Bwy)? (3.4)
due to the bosonic symmetry (1.1) of Wy. Note that by (1.10),
}\}iinw Eyy[B] =Ey[B], ngnoo Vary, [B] = Vary[B]. 3.5
3.2 Law of large numbers

For the product state \IJIi\i,d, the weak LLN states that the empiric mean converges to its
expectation value, i.e.,

N
, 1
lim Py N;Bj — (¢, Bp)|>e| =0 (3.6)

N—o0
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for any ¢ > 0. Abbreviating B:=B— (¢, Bp), Markov’s inequality yields for the
interacting gas (see, e.g., [1, Sec. 1])

N N
1
Puy | |y 2 Bi|z¢ ]| = 352 wN’(Z )
N & = N% P
< &2 (Wy, By ByWy) + N~e2 (xpN, E%\If,v), 3.7)

hence (1.10) yields

N
, 1
Jim Py, NZB, (0, Bp)| > ¢ | =0. (3.8)

The LLN for Wy looks formally like the LLN for independent random variables. Let
us stress that \Il]i\i,d is not the ground state of the ideal gas because ¢ is the minimizer
of the Hartree energy functional, which depends on the interactions. In this sense, the
interactions have an effect already on the level of the LLN.

3.3 Central limit theorem for the ground state

Let us first compare the ground state \Illg\,s of the interacting gas with the product state

\Il]i\i,d. The fluctuations around the respective expectation values are described by the
rescaled and centered random variables

N
Bid .~ —Ey[B]), By= — Eyy[B] 3.9)
\/_ Z 4 N ; Wy ) (

For the i.i.d. situation, the CLT states that the distribution of Bﬁ\i,d converges to the
centered Gaussian distribution with variance ai%d, ie.,

lim [Pyie(Bi € A) — %d dx| = 0. (3.10)
N—o00 N

ke

By the Berry—Esséen theorem, the error in (3.10) is of the order O(1/ VN).
Obtaining a comparable statement for the interacting Bose gas has been the content
of several works. For our model, one can show along the lines of [29] that

=0 (3.11)

T2 dx

=,
_— e 20
2no? Ja

lim

Pyes(By € A) —
N—o00 N
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for
o= v, v :=UpqBy + VogBo, (3.12)

for Up and Vj from (2.26) and ¢ as in (2.13). In general, ¢ and oy differ by an error
of order O(1). Hence, the interactions have a visible effect on the level of the CLT:
they change the variance of the limiting Gaussian random variable.

The simplest way to understand this effect is via the characteristic functions of the
random variables B}\i,d and By, which are given by:

) s o N
P (5) = <¢®N, e‘SBI;Vd<p®N> = <<0, e <W’B“)))<p> (3.13)
for the ideal gas, and by

Py (5) = <‘¥1%; eiBN‘Y‘Vz%/w (3.14)

for the interacting gas. To compute the inner products in (3.13) and (3.14), one applies
the map Uy, from (2.8) to the N-body states @®N and Wy . Since p®V is the pure con-
densate, Uy, maps »®" onto the vacuum |€2) of the excitation Fock space, whereas
U;\/,(/,‘-IJ]‘%,S = UT;OKZ) + O(N~Y?) (see Lemma 2.2). Conjugating By with Un,y and,
for the interacting gas case, with Uy, leads to the identities

B (s) = (@, et B0 alaBOQ) 4 O(NT3) = eml0BN L O(N ),

(3.15)
85 s) = (@, Uye BeBo-aisaBoyy o) L o) = e 37 o)
(3.16)
(see Sect. 4.2 for the details). Since
llg Bell” = (¢, B(1 — 9} (@) By) = oy, (3.17)

the inverse Fourier transform leads to the Gaussian probability densities as in (3.10)
and (3.11).

The mathematical derivation of quantum central limit theorems has first been stud-
ied in the 1970s in [9, 17] and was followed by many works in different settings, e.g.,
[8, 13, 16, 19, 21, 33]. For the ground state of an interacting N-body system, (3.11)
was proven in [29] for interactions in the Gross—Pitaevskii regime. For the mean-field
Bose gas, the corresponding dynamical problem was first studied in [1], where the
authors consider the time evolution generated by Hy of an initial product state. This
was generalized in [6] to k one-body operators (corresponding to a multivariate set-
ting), in [27] to singular interactions, and in [28] to k-body operators (corresponding
to m-dependent random variables).
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3.4 No Gaussian central limit theorem for low-energy eigenstates

So far, we have considered the situation where the interacting Bose gas is in its ground
state. If, instead, it is in a low-energy eigenstate W5\ € 61(\7) for n > 0, the limiting
distribution of the fluctuations is not Gaussian. For example, if the first excited state
\IJI(Vl) is contained in CI(\}), it satisfies UN,(p\IJ](vl) = 1U;‘/OaT (&)|2) + O(N~1/2) for some
normalized & € §) (see Lemma 2.2a). In this case, we find that

lim |P_ o) (By eA)—/ng(x)dx =0, (3.18)
N—o0 N A
where
2 2 2
Ao o [, v) |7 (x= 1 -5
bV (x) == (1+—(72 il Wb 2 (3.19)

(see also [29, Appendix A]). The general case with n excitations is treated in Propo-
sition 4.7.

3.5 Edgeworth expansion for the product state

For the case of i.i.d. random variables, one can go beyond the order N ~1/2 of the
CLT and approximate the probability distribution of B}{,d in an Edgeworth series, i.e.,
in a power series in powers of N1/, which is determined by the cumulants of the

distribution. We follow the discussion from [12, Chapter 2]. The £’th cumulant of the
distribution of B}{,d is defined as:

.s . E .o
ke [BI] = (—i)! (L) ln¢}\1,d(s)‘s_0 (3.20)
for £ € N, and one easily verifies that
iid 1-£ 3
ke[By' 1= N""2ke[B], (3.21)
where we abbreviated
B:= B — (¢, By). (3.22)
The first three cumulants coincide with the first three central moments; in particular,
ki[Bl=E,[B1=0, [B]= Var,[B] = o, (3.23)

The basic idea of the Edgeworth series is to expand ¢}i,d around the characteristic
function exp(—szai?d /2) of the corresponding Gaussian random variable. Since the
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£’th cumulant is the £’th coefficient in the Taylor expansion of In d)}\i,d (s) around zero,
one (formally) computes with (3.23)

H8(5) = eIk b}

Bldis)"
= exp ZN—%HL e]f‘”
>3 ’

_1k3(is) [kt k396 12,2
(H—N 3!+N1< - Taoap) )T 324)

where we abbreviated k¢ := K@[E]. Applying the inverse Fourier transform leads to a
series expansion for the probability density b}{,d of the random variable B}{,d,

ii _1 K3
bid(x) = <1+N Pt (55)

Oiid
K4 K2 1 - Xi
+N~! Hy (=) 4+ ——He (2 —i—...)—e i
(24 o (a"d) 208 <G"d >> V27 0iig
(3.25)
where
x2 dn¢ _ﬁ
Hy(x) :=e2 (_ﬁ) e 2 (3.26)
are the (Chebyshev-)Hermite polynomials, for example
Hy(x) = x> —1, (3.27a)
H3(x) = x> — 3x, (3.27b)
Hi(x) = x* — 6x2 + 3, (3.27¢)
Hg(x) = x® — 15x* + 45x% — 15. (3.27d)

The functions H; are polynomials of degree j which are even/odd for j even/odd.
The complete (formal) Edgeworth expansion is given by the formula:

2

. ¢ 1 —5a
bR = [ 14+ Y N2 | o=—e i (3.28)
g V271 oiid

with

Hypom  Sia
P00 = Z z+2rg ) > H (]Klf:z)v (3.29)

m=1 iid jeN" n=1
ljl=¢
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The ¢’th Edgeworth polynomial p?d is a polynomial of degree 3¢, which is even/odd for
£ even/odd and whose coefficients depend on the cumulants of B of order upto £+2.If
the expansion is truncated after finitely many terms, the right-hand side of (3.28) is in
general no probability density since it may become negative for large values of |x| and
is not necessarily normalized. The Edgeworth expansion is thus a local approximation,
which is good in the center of the distribution but can be inaccurate in the tails.

The expansion (3.28) was first formally derived by Chebyshev and Edgeworth in the
end of the twentieth century, and the first proof is due to Cramér. Under the assumption
that all relevant moments of the distribution exist, the rigorous statement is usually
formulated as an asymptotic expansion of the cumulative distribution function or the
probability density, with an error that is uniform in x, i.e.,

2

a
.. .. 1 - 2 a
blld x) — 1+ N7% lld(_x —_c 2aiid =0 ]\]77 330
N (X) ( ; pe () o ( ) (3.30)

(see, e.g., [10, 12, 15, 26, 34] and the references therein). In general, one cannot
take the limit @ — oo since the series does usually not converge. Generalizations of
Edgeworth expansions for i.i.d. random variables, for example to different statistics,
the multivariate case or the situation when the leading order is not Gaussian, can be
found in the literature mentioned above.

3.6 Edgeworth expansion for the interacting gas

Let us consider the ground state \Il]‘%,s of the interacting gas. Due to the dependence of
the random variables, this situation is much more intricate than for the product state.
In Theorem 1, we prove that the probability density by of the random variable By
with probability distribution determined by Wy is given by:

4 j 1 _i a+1
by =1+ N op;(x) | ——e 22 +ON"T) (3.31)
N jX_% ! V2mo?

in the weak sense of (1.21). Let us provide a formal derivation of this result. As a
consequence of the interactions, the cumulants

k18N = (i) g ()], = (i) In (W, B wP) | (332)
do not have the cumulative property that would lead to the exact scaling behavior
(3.21). Instead, each cumulant KfS[BN] has a series expansion in powers of 1/N, for

example

Kzgs[BN] = K2:0 + N7]K2;1 + N72K2;2 +..., (3333)
K%S[BN] — N_%KS;() + N_%K3;1 + N_%K3;2 +..., (3.33b)
K5 BN = N ka0 + N 2ka1 + N kg + . (3.33¢)
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with
K2:0 = 02, K3:0 = 03 (3.34)

for o as in (3.12) and «3 as in (4.25). Note that the leading order of KegS[BN] for
L=2,3,4is N -t/ 2“, which is the scaling behavior of the corresponding cumulant
in the i.i.d. case. Moreover, only even/odd powers of N ~!/2 contribute for £ even/odd.

Proving (3.33) in full generality for each £ > 2 would be extremely tedious, which
is why we refrain from following that route for a proof of Theorem 1. Assuming one
could prove the (formal) identity

BBy =Y Ny, (3.35)

v>0
for each ¢ > 2, a computation along the lines of (3.24) (formally) yields

_1 a3
by(x) = (1 + N 2603H3 (%)

2

1 K4 k3. 1 a2
-1 4,0 3;0

+N <5H2(§)+ Saod Ha (5)+25 G Ho (ii-))+...) e 7,

which is consistent with the rigorous result obtained in Theorem 1.

4 Proofs
4.1 Preliminaries
4.1.1 Weyl operators
As apreparation, we recall in this section the concept of Weyl operators (see, e.g., [31])
and collect some of their well-known properties. For any f € §), the Weyl operator is
defined as

W(f) = e (H=alh), (4.1)
It is unitary with W*(f) = W(— f) and satisfies the shift property

WH(Na@W(f) =a(@) + (g f), W (Ha'@W) =a"(e)+(f,8) “42)

for all f, g € $. Conjugation with a Bogoliubov transformation Uy, V = (lng)’

transforms a Weyl operator into another Weyl operator as
UyW(HUY, = W(g), g:=Uf-Vf. 4.3)
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The Baker—Campbell-Haussdorff formula yields
W(f) = et Ne—aNe=3I /17, (4.4)
which leads to the identity
(Q, W()Q) = e 2117, (4.5)
The number operator transforms under a Weyl operator as
NLW () = W) (ML +a" () +ah +1£12). (46)
which leads to the following result:
Lemma4.1 Letb € %No and f € 9. Then, there exists a constant C (b) such that
IV + DPW gD = C) (VL + D&l + £ 12181 ) 4.7)

forany & € F.

Proof By unitarity of the Weyl operator,

IVL+ DPW(HEN = IV + 1 +a’(f) +alf) + L FIPPE|
= c®) (1L + DPI+ 1£12181) (4.8)

where we used the estimate ||a®( )& < || FIIl(NVL + 1)%§|| for a® € {a', a}. i

4.2 Strategy of proof
In this section, we give an overview of the proof of our main result, Theorem 1. We

will in the following always assume that Assumptions 1 to 3 are satisfied and that

Uy € 01(\7) for some 1 € Ny (see Definition 2.1). Moreover, we will use the notation
X = Un ¥ and denote by yx,, the coefficients of the asymptotic expansion (2.29). As
above, we will only indicate the dependence on 7 in the notation where it is inevitable.
Our goal is to compute the quantity

Eg,[g(Bn)] = (Y, g(By)Wy) = /Rdsfg’\(SWN(S) 4.9)
with
PN (s) = <\IJN, elsBw "I'N> (4.10)
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for By asin (3.9) and g : R — C some integrable and sufficiently regular function.
As a first step, we use the excitation map Uy, from (2.8) to re-write the characteristic
function as:

o () = (x. "% x)., (.11)
where B denotes the operator on F defined by
B:.= UN,(/JBNU;\;,(p- (412)

Applying the substitution rules (2.9) and expanding the square roots /T — N /N in
N~ leads to the following asymptotic expansion (see Sect.4.3.1 for the proof):

Lemma4.2 We have

B=Y N B+ N TR, (4.13)
=0
where
B; = dI'(gBg) — BV, (4.14a)
Bae = cc (a'(@BoNE + NlagBp) (€2 0), (4.14b)
Byey1 = —B“D =1 (4.14c)

for BO as in (2.33), withco = 1, c; = —1/2, ¢, = —(2€ — 311/ (2% (£ > 2) and
with

IREN < 1BllpC (@) (IVL + D™ 6N + 00N T2INL+ DY) (4.15)

for some constant C(a) > 0 and any & € F.

Note that the estimate (4.15) is by far not optimal in the powers of N | except for
a = 0, which determines the largest power of s in Proposition 4.4. In combination
with Duhamel’s formula,

N
elsB — eisBo | § f dre'™® (B — By) el (4.16)
0

Lemma 4.2 leads to an expansion of e*®, Together with the asymptotic series (2.29)
for x, this yields the following expansion of (4.11), which is proven in Sect.4.3.2:
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Proposition 4.3 For ¢y as defined in (4.10), it holds that

a ] om l
SN () = D NI (X Ty Xma)| < N7F (Cl@) +1Sa(5)D).
j=0

m=0n=0
4.17)
where
To(s) := eBo, (4.182)
J
Ti(s)=Y_ Y LY (=D, (4.18b)
k=1 geN*
[¢/=j
a a—mm+l1
S = 33D D (K T )0) (4.18¢)
m=0 n=0 k=1 geNk-!
[e|<m
with

s
]ng)(s) ;:/ dreikaOIB%gkei(f"'*l7”‘)]3015313,(71ei<rk*27rk*1)~~-153glei(S*T])EO, (4.192)
Ay
S . . . .
Jgjl)(s) ::/ dTelrkJrlBRa—|£|el(Tk7rk+l)BOBZkel(Tk71717()180]3[](,1"'BZIGI(X7II)BO
Akt1

(4.19b)

ford = (£y,..., L) € Nk, By and Ry as in Lemma 4.2, and where we used the notation

P K 7] Tj—1
f dr = if'/dn/drz-.- f dr;. (4.20)
Aj 0 0 0

To control the remainders of the expansion, it is crucial that By = a'(gBy) +
a(qBy), and hence,

e™B0 = W(irgBy) 4.21)
is a Weyl operator. Moreover, the operators R, and B, can be bounded by powers of
the number operator. Hence, applying Lemma 4.1 repeatedly and making use of the

fact that moments of the number operator with respect to x, are bounded uniformly
in N (Lemma 2.2b) yields an estimate of the error S, (s) (see Sect.4.3.3 for a proof):

Proposition 4.4 The term S, (s) from (4.18c¢) satisfies

S| = Cat@) (1-+1sP + N2 s+ (4.22)
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where Cg(a) < C(a)(1 + ||B||§)g+4) for some constant C(a).
The next step is to compute the coefficients in the expansion (4.17), which is done
in Sect.4.3.4. Since an explicit evaluation to any order is too complex to obtain in full

generality, we focus on the dependence of the coefficients on s:

Proposition 4.5 For T as in Proposition 4.3, we have
j " 1.2.2
YN Ko Ty Xon) = P ()e725° (4.23)
m=0n=0

for o as in (3.12) and where pﬁ.n) is a polynomial of degree 3 j 4 2n with complex
coefficients depending on ¢, B, Vo and @% Moreover, p;") is even/odd for j even/odd.

For the ground state \If]‘%,s € CI(\(,)) , an explicit computation of the leading and next-
to-leading order of the approximation is still feasible and yields the following result
(see Sect.4.3.5 for the details of the computation):

Proposition 4.6 Letn = 0. For j = 0, 1, the polynomials in (4.23) are given by
0 0 i
Py @) =1 p ) =—zass’. (4.24)

where

a = 1290 <u®3, ®§?§> + <v, (quEqu‘ + voqEqv(;*> v> + 49 (v, Uoq Bq V),
(4.25)

and where @g% is given in [3, Appendix B].

Theorem 1 follows from Propositions 4.3 to 4.6 by Fourier inversion (see Sect. 4.4 for

the proof). For excited states W5 € CI(\']) with n > 0, we explicitly compute only the
leading order polynomial. The proof of the following proposition is given in Sect. 4.5.

Proposition 4.7 Letn > 0 and denote the quasi-particle states by &1, ..., &, € L2(R%),
ie.,

Xo = U a’)--a' (&)I9). (4.26)

Then, pg* in Theorem la is given by

U N 2¢
e = cpe (f) sz(g), (4.27)
=0
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with Hy the k-th Hermite polynomial (as defined in (3.26)) and where
(_l)e n—t U
nei= e > [[Ewi &) [T o v v &)
(RO H(C2)) e a
m,n'e&, j=1 j'=n—L£+1
(4.28)

Note that §; = &; for i # j is admitted and that the formula for ¢, ¢ simplifies if
the functions &; are orthonormal. For n = 1, we recover (3.19).

4.3 Proofs of the propositions
4.3.1 Proof of Lemma 4.2

We decompose By as

By = Ldr(E) = — (I (pBq) +dl(gBp) +dT'(gBg))  (4.29)

1
Wi N

with

o

=B — (p, Bp). (4.30)

Note that

[ N b B . B
1-— TJ_ = ZC@N ZNJ@_ +N (b+l)R2b, IR < C(b)||Nf+l§|| 4.31)
£=0

for any & € F and b € Ny and where [@zb, N1 = 0. Besides, by Lemma 2.2c, there
exists some rg(a) € R with |rg(a)| < C(a)||B]lop such that

a
(Wy, BiWy) — (p. Bp) = > N"‘BY + N~ Drp(a). (4.32)
(=1

Consequently,

B = N"2Uy (dT(gBp) +dT(pBg) + dT'(gBg) — N (¥n. B1¥y) — (9. Bo)) U,

_ a*(qB<p)\/1 _ % + \/1 - %a(qB(p) +N_% dF(CIEQ)

a
— (Z N-EDpO 4 N—<”+5)r3(a)>

=1

=S NTIB +NTER, (4.33)
£=0
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for By as in (4.13) and where R, satisfies (4.15). O

4.3.2 Proof of Proposition 4.3

From (4.13), it follows that B — By = N~ /2Ry with

b
Ro=Y N~T By + N iR, (4.34)
=1

Hence, (4.16) implies that

S a
oisB _ oisBo +N‘% /drein]B% (Z N_%Bel +N‘3Ra) cils—T1)Bo

A t=1

— UlBo + Z N / dTelTI]EOB[ el(S 11)]3[)
=1

+N—%[\/\ dTeIZIBR el(s Tl)BO+ Z/ dTeiszRa,g]ei(rl_rz)BOBglei(s_rl)Bo]

L1=1
a a—{ e
+Z ZN—gf dtell’zIBIB el(Il IZ)IBOB el(s 71)Bo
=1 =1 A2
=..., (4.35)
which eventually leads to the expansion
a +1
i k
B =3"N" ST(s)+ N~F Z PRI (4.36)
Jj=0 k=1 genk=!
[€|<a

with T (s) and J( Z(S) as in (4.18) and (4.19). This implies (4.17) by (2.29) because

a a a—n
dn(s) = <X — ZNan,e“BX> + ZNf% <Xn,eIS]R (X _ Z N'gxm)>
n=0 n=0 m=0
a a—n

3N (€. (437)

n=0m=0

O
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4.3.3 Proof of Proposition 4.4

Recall from (4.18) that

a a-m m p+1

S0=2 33 2 (tammen B ,)

m=0 n=0 u=0 k=1 peNk-1
[€l=p

with

S . . . .
Jf:)e (s) = / d-[e”kBRm_lelel(Tk—l 7”‘)180]3[;(,1 el(@—2—n-1)Bo By, By, eis—7)Bo_
A

By (4.15), we find for any £, &’ € F that

e ]

N . )
< / AT |Ry_jqe! 1 "WR0B, By el Bog 8
Ay
< COmIIBlopllE| /[0 ] dr[um + 1)W1 By, B, W80 fE
LS
(4.38a)
+ S g NIV + 12 W (@81 £)Be,_, -+ By, W(iﬁof)sll} (4.38b)
where we used the notation f = g Bg and abbreviated
Sk—1 :=Th—1 — Tk 00 :=s8—T1]. (4.39)

By definition (4.14) of the operators B, and using Lemma 2.2¢c, we find that

0 if £ > 3 odd
IV + DPBe&ll < CU, D) IBllopll N + DPTENL, ye =11
4

ife =1
%1 if £ even
(4.40)

forany b € %No. With [§;] < |s|forall j € {0, ...,k — 1} for T € [0, s]¥, Lemma 4.1
and (4.40) imply

VL + DPW i1 By, €]
= C.b) (1L + D" Be_ £l + (51 Bllop) I Be,_ €11)

< C D) Bllop (INL+ D748+ G511 Blop) 5 1]) . (441
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Using this estimate repeatedly yields

IOVL + DPW 81 f)Bey_~Be, W (80 )]
= C DA+ [BIH0T0) (14 sPETO) VL + 0P eg), - @42)

where
TCei=yy +-+vy,, 0=Te=<|e (4.43)

by definition (4.40) of y,. Moreover, k < [£| + 1, hence

(4.38a) < Cm)(1 + | BV + D™ g€ (1 n |s|2m+|z|+3> ’

(4.44a)
(4.38b) = 8,1 CONN (1 + [ BIGE I + DY g 1g7) (1 + JsP+)
(4.44b)
By (2.31), we conclude that
[Sa()] = C@ + B (14 1P £ N7ZsPor) - @445)
O
4.3.4 Proof of Proposition 4.5
Let us introduce the abbreviation
p(g) :=a'(g) +a(g) (4.46)

for any g € 9, and denote as above f = gBy and v = Uy f + Vp f, for Up and Vjy as
in (2.26). Recall that 0 = ||v||. For an operator A € L£(9), the relations (4.2) for the
Weyl operator yield

W(g)dI'(A)W(g)* =dI'(A) — ¢(Ag) + (g, Ag), (4.47)

hence the operators B, from (4.14) transform as

0By e T = By (02 1), (4.48a)

eHB e = (B) - (g Bq Be) + 7 (0. BaByBy)) (4.48b)
. . o Z
el Boy e iTE0 = Ce[ (a" ) +izlfI2) (Mo = 7o)+ 221117)

12
+ (M=o +0712) (a(f)—ir||f||2)] (4.480)
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We summarize these expressions in the following way, keeping only track on the
t-dependence and on the total number of creation/annihilation operators a®:

Definition 4.8 (Equivalence classes) Consider a self-adjoint polynomial of degree j
in M| and &%, i.e., an expression of the form

> ii > NIfdx(“)éu(x(’”)aﬁf‘~-~aﬁ’;" +he (449

n,m>0 v=0u=0ke{—1,1}»
2n+m=j

for some &, € L2(R91). Here, we used the notation ¢! := g and ™ := a.

(a) Two polynomials (4.49) are equivalent with respect to the relation ~ iff they
have the same degree j and the number of operator-valued distributions ag in
each summand is even/odd for j even/odd. We denote the representatives of the

equivalence classes with respect to the relation ~ by F;, i.e.,

n
B Y Y Y Y A a0l 4 he

n,m>0 v=0 0<pu<m ke{-—1,1}4*
2n+m=j Jj+um even

(4.50)

(b) Two polynomials (4.49) are equivalent withrespect to the relation ~ ; iff they have a
degree < j and the number of operator-valued distributions aﬁ in each summand is
even/odd for j even/odd. We denote the representatives of the equivalence classes

with respect to the relation ~; by F<;, i.e.,

Fej~jFy

; 4.51)

for any ]~ < Jj. When using the notation F<;, we will drop the index j from ~ ;.

With respect to these equivalence classes, H,(zk) (s) ~ ]I%k) (s) if £ and 1 differ only by
a permutation of indices. Moreover, ]Iék) (s) is equivalent to the operator where | gj dr
is replaced by flo 517 d7. The identities (4.48) yield

S
[’ézprl = / eirB0B25+1e_irBo dt ~ s, (4.52a)
OS X
B := / PR e TR dr ~ Y 5T F3 (4.52b)
0 g=1
s 2042
@25 = /0 eirBOByge_irBO dr ~ Z s Fzg_;,_z_q. (4.52¢)
qg=1
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Consequently, for |[£| = j,
I (5) ~ B, B, By e*Bo ~ ET@?“'@? e, 4.53)

where (k1, ..., k;) € {0, ..., j}j, ki +---+k;j =kand Zf;:l nk, = j. From (4.52),
one infers that

s* Fo if £ > 3 odd,
B ~ {308 5" Farn ife=1, (4.54)

Zkﬁﬂ) s" Fre+2)—n  if £ even.

Using the notation

kodd = Z kg, Jodd := Z gk,

3<q<j 3=q=j
q odd q odd
one computes
whitky  mKj ke | Tk kg
BY'ByB; [T B |BY | [] B
3=q=j 2=q=j
q odd g even
3k kq(g+2)
k
ni=ki 2=q=<j ng=kq
g even
2k+j—(2kodd+ jodd)
k
~ st Z Sn]F2k+j—(2kodd+jodd)—n
n=k—kodd
2k+j—(kodd+ jodd)
n
= Z " B2kt j — (kodaa+ joa) —n (4.55)
n=k
and consequently
J 2k+j—(koad+ jodd)
n isB
Ti() ~ ) > "okt j—(koaa+joda)—n € - (4.56)
k=1 n=k

Note that kodd + jodd = 235,15 jodd (g + Dk, is even, and hence, the power of s and
the degree of IF sum up to an even/odd number if j is even/odd. Moreover, the highest
power of s is attained for k = j (where kog4 = jodd = 0), which corresponds to the
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term HE{)] 1)(s). Hence, we conclude that

Jj—1 3j 3j
Tj)~ [ D s"Feajn+ D s"Fajp | B0~ > 5" Fogj , e (457)
n=1 n=j n=1
Moreover,
3
Uy, Ti(s)UY, ~ Y s Fazjg Wisv) (4.58)

=1

where we have used that Uy, BoUs, = ¢(v) and e = W(isv). By (2.30), we
obtain <Xn7 ’]Tj,m (S)Xm—n>
3(j—m)

S SEEED SENED DR K RN
=1

0=p=3n+n 0=qg=<3(m—n)+n
p+n+neven g+m—n+n even

x@W  (xD) (sz gy, F<s(jomy—e Wisv)al, ~a], sz> . (4.59)

X,

Using that
W(isvyal,-af, |2) = e 2 (al, +isv(x)-(al, Fisv(rg))e |Q),  (4.60)

we find by permutation symmetry of ®" that

m—n,q

/ dx Do, (D)W isv)al -a] 2)

—n.q,r

q
— e 35%0" Z(is)q—r(zri)/dx(r)@;?) (x(r))a;---a;re”“‘(”)|§2) 4.61)
r=0

for (:)gln,q,,(x(’)) = fdx,+1-~-dxqv(x,+1)~~v(xq)®£,;7)_n,q(x(’”). The inner product
in (4.59) is nonzero only if it contains equal numbers of creation and annihilation
operators. Since the operators F<3(;_;)—¢ have been conjugated by a Bogoliubov

transformation (see (4.58)), they contain at each degree of the polynomial all possible
combinations of creation and annihilation operators. Hence, expanding elsa’ ) yields

/ dx ) dxg - dx(l‘i’P@SZ)—n,q,r(x(r))@;ﬁ)P (Xg+1 s Xptg)

X PR
x <9 Ay, g, F<3jom) - @yl e MQ)

3(j—m)—t
3(j—m)—t—r—
= Y st (4.62)
v=0
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: (m)
for some coefficients Cy mntog.r

from v = 0 by (4.57). In summary,

€ C. In particular, there is a nonzero contribution

(Xn’ T_i—n’L(S)Xm—n>

3(j—m) L. d
S YT Y et Y [a 0 e B, )
0<p=<3n+n 0<g=<3(m—n)+n (=1 r=0

p+n+neven g+m—n-+n even

x@f,i’;,(xqﬂ, s Xpig) (Q, Ay, "'axq+,,F§3(j—m)—Z a;l ...a;,elsa' (u)Q)

3(j—m) q 3(j—m)—t

SCESED VD DI 35 b M I

0<p<3n+n 0<q<3(m—n)+n £=1 r=0 v=0
p+n-+neven g+m—n+n even

(4.63)

Note that the highest power of s is 3j 4+ 2n and that p + g +3(j —m) —2(r +v) is
even/odd when 3j is even/odd. This yields (4.23) with

PP = Y s (4.64)
0<k<3j+2n
k+j even
for /" e C with ¢V £ 0 o
k 3j4+2n :

4.3.5 Proof of Proposition 4.6

From Propositions 4.3 and 4.4, we know that

1.2 .2

pn(s) =e 2°°
N

1

+iN"2 /dt(W(—isf)xo, W (=it f) dF(qEq)W(itf)xo) (4.652)

0
1 . .
+ N2 (W ishxo xi) + [ WasHxo)) (4.65)
- iN—%B<‘>/dr (X0, W(isf)xo) (4.65¢)
0
+ON"h (4.65d)

with f = g B¢ as above.
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Computation of (4.65a). As above, we abbreviate v = Uyg Q¢+ Vo ¢ Op. With (4.3)
and (4.4), we find

N

(4.65a) = iN"2 /dt <W(—isv)§2, W (—itv) Uy, dF(qEq)IU*VOW(itU)Q>

S

S
Nt 1%’ / dr <e—im"'<v>9, W* (izv) Uy, dr(qEq)U’gOW(iru)Q).

0
(4.66)

For any one-body operator A, any ONB (¢;) of 1, and g € $,, we have

W* (@) Uy, AT (AU, W(g) = > Aij (a(Vow) + (Vogi. ) + a' (Wogn) + (&, Uowi) )
ij
x (atUog)) +(Uogs. ) +a* (Vog)) + (5. Vo))
4.67)

where we denoted A;; := (<Pi, Agp j). Consequently, expanding the exponential yields

5
(4.65q) = iN“2e" 2" Z(qEq),-,-/dr <e*i”*<“>9, [a"'(uogo,-)a"'(ij)
ij 0

+ ((W(p, itv) + (itv, Uoei) )a"'(Vo(pj) +a"'(Uo<pi)(<Uo<pj, itv) + (itv, Vo(pj)>

+ (Vo(p,-, V0<p_,~) + <<V0<p,~, iw) + (itv, U0<pi))<(Uog0j, itv> + <iTl), W))]Q)

iN~ ze 35%0? (cls + C35° ) (4.68)
where €1, ¢3 € R are given by

¢ = Tr(Vog Bq V), (4.692)

~

T = —%((u, UOqEqUS‘u) + (v, VquN?qVO*ﬁ)) — %E} (v, quBqVO V). (4.69b)
Computation of (4.65b). Using that

X1 = U3, (/ dx0{) (x)af|Q) +/cbc“)@(‘”(x(”)a;1 al, ;3|9>) (4.70)
by Lemma 2.2a, one computes
(4.65b) = iN~ 3¢~ 35°0° <2§)’%<v, ®§?§>s - 2m<u®3, ®§?§>s3) . @D
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Computation of (4.65¢). We find, using first (4.5) and then Lemma 2.2c, that

(4.65¢) = —iN~1/2¢= 25707 ;gD
= —iN e i ((x0. #@BYIX1) + (X1, @ (@B x0) + (X0 dF(ng)Xo>)
_1

e, (;is (@.650) + (4.6519))’

5=

— _iN“ledsto (’c“, + o0 (@5‘?{, v>> . 4.72)
This concludes the proof of Proposition 4.6. O

4.4 Proof of Theorem 1

Combining Propositions 4.3, 4.5 and 4.4, we find that

ou () = D NTEpP (0)e7 3| < Cpla) (N7F (1 4 15 4 NI s
Z
(4.73)

Consequently, by (4.9),

‘IE[g(BNn—ZNé f dsg6)p" (9)e 77| < Cplg. )N~ (474)

j=0 R

because g € L' (R, (1 + |s|3**%). Finally, Plancherel’s theorem implies that

12 2 1 d\rF _.2
dsg(s)ske 2% = dxg(x)[i— ) e 272
V2mo? dx

1 —i\* a2
= ﬁ (f) /g(x)Hk (g) e 202, 4.75)
To

where Hj(x) is the k-th Hermite polynomial as defined in (3.26). This yields (1.21)
with polynomials p ; (x) of degree 3 j +2ninx € R which are even/odd for j even/odd.
Note that the coefficients of the p; must be real-valued because E[g(By)] € R for
real-valued g. O

4.5 Proof of Proposition 4.7

We consider x, € 61(\7) for some n > 0. The leading order of qb](\;’)(s) is given by

( X0 elsBo Xo) and can be computed similarly to Propositions 4.5 and 4.6. Using (4.26)
and abbreviating

o = v.&). (4.76)
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we find that
(xo- 0 xo) = (sz,a@l)~-~a(sn>W(isv)a*@1>---a*(sn)sz}

b2 s—py (DT
3870 Z (n— )E‘((n )')2 Z O (t+1)""On(n)

eSS,

x (@, a(sl>~-~a(én)a"‘(snm>-~-a"‘(sn@))a"'(v)"—fsz)

n
1.2 2
—e 250 ch’n_gsz(n_[‘), (4.77)
=0

where G, denotes the set of permutations of £ elements. To compute the coefficients
Cp.¢, let us introduce the notation

En(j) j=1,..,¢

P = 4.
& v j=t+1,..1 (“4-78)
and I, := {1, ..., n}. Since
(2. a@)-a@a’@)-a'@)2)
n
=Y (& ) Q. a)a | [] dep]e
j=1 HEIn\{j}
= Sn/(l) ;] (‘i:n/(n)’ gn)
n'e@,
= Z (&) Ex 1)) (v @) Ex(0)) Trea ) T () 4.79)
'e@,

the coefficients ¢, ¢ are given by

(=D*
D= T ONONE Z (Er 1) &) (-0 Exr—0) Ox(r—t41) Oy
7,n'e6y
XOx!(ng—t+1)""Oxn'(n)- (480)
This concludes the proof by (4.75). O
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