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CrossMark
Abstract

Only recently has it been possible to construct a self-adjoint Hamiltonian that
involves the creation of Dirac particles at a point source in 3d space. Its defin-
ition makes use of an interior-boundary condition. Here, we develop for this
Hamiltonian a corresponding theory of the Bohmian configuration. That is, we
(non-rigorously) construct a Markov jump process (Q;)cr in the configuration
space of a variable number of particles that is |¢);|*-distributed at every time ¢
and follows Bohmian trajectories between the jumps. The jumps correspond to
particle creation or annihilation events and occur either to or from a configur-
ation with a particle located at the source. The process is the natural analog of
Bell’s jump process, and a central piece in its construction is the determination
of the rate of particle creation. The construction requires an analysis of the
asymptotic behavior of the Bohmian trajectories near the source. We find that
the particle reaches the source with radial speed 0, but orbits around the source
infinitely many times in finite time before absorption (or after emission).
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1. Introduction

It is notoriously difficult to construct quantum Hamiltonians with particle creation and
annihilation at a point source. Sometimes, such Hamiltonians can be obtained through
renormalization [6, 19]. A more recent approach is based on interior-boundary conditions
(IBCs) [21, 22], which are mathematically related to point interactions [1, 3]. Here, we are
concerned with a particular family of self-adjoint Hamiltonians H that we constructed in [13]
using IBCs.

Another ingredient in this work is Bell’s jump process [2, 8], which is an extension of
Bohmian mechanics [4, 9, 10] to quantum theories with particle creation and annihilation.
These processes have been developed for theories on a lattice [2], with UV cut-off [8], and
with IBCs [7]. However, the processes in [7] were devised for non-relativistic Schrodinger
operators (based on the Laplacian operator) or codimension-1 boundaries (such as a surface
in R?), whereas our H is based on the Dirac operator and involves a codimension-3 boundary
(corresponding to a point source in R*). Here, we (non-rigorously) construct an analog of Bell’s
jump process for H; its construction is somewhat more involved than the cases analyzed in [7],
and it has some curious features that we report below and that are absent in the non-relativistic
case.

Generally speaking, the advantage of the Bohmian approach is that it allows for an observer-
independent ‘realist” formulation of quantum theories. While it agrees with all of the standard
predictions for observations, it avoids the inconsistencies that arise from the orthodox formula-
tion in the analysis of the measurement process and the vagueness in the orthodox definition of
the theory. In fact, it does so in a remarkably simple and natural way, essentially by following
the thought that what we usually call “particles’ actually are particles in the literal sense. Since
the problems just mentioned with the orthodox version persist in quantum field theories, it is
very relevant to extend Bohmian mechanics also to this realm, and in this paper we take some
further steps in this direction. The key element of defining a Bohm-style theory with particle
trajectories is to specify the laws governing the particles’ motion, that is, to uniquely define a
deterministic or stochastic process in configuration space. For non-relativistic quantum mech-
anics, the deterministic motion defined by Bohm’s ODE has proven most convincing, and a
variant of it is known also for the Dirac equation [5]. Other prior work [8] has made it plausible
that particle creation events correspond to stochastic jumps of the configuration, but still the
explicit models studied so far were almost exclusively non-relativistic. Since, in setups with
particle creation, cut-offs (i.e. extended sources) disturb the relativistic symmetry and IBCs
are key to treating point sources, the Dirac equation with IBCs forms the natural setting for
such a model; however, such Hamiltonians have been rigorously available only recently [13].

Our Hamiltonian H is devised for a model of creation and annihilation of Dirac particles
in 3 space dimensions by a point source fixed at the origin 0 € R3. For simplicity, our Hilbert
space ¢ is a mini-Fock space with only two sectors, corresponding to O or 1 particles,

H =200V —CqeL? (R37(C4) . (D)
Correspondingly, the configuration space Q also consists of two sectors,
2=00uo® ={p}u(R*\{0}). )

The process (Q;)cr that we construct moves in Q. In the upper sector, it moves along a
Bohmian trajectory until it hits the origin, at which time it jumps to the empty configuration (),
where it remains for a random time and then jumps back to the upper sector, where it follows a
Bohmian trajectory starting from 0 until it reaches 0 again, and so on. In particular, the process
is piecewise deterministic (because the Bohmian trajectories are deterministic), and the only
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stochastic elements are the jumps between () € Q(*) and 0 € Q). More precisely, while the
absorption events (jumps to () are deterministic and occur whenever Q, reaches 0 € Q)| the
emission events (jumps from () are stochastic in two ways: (i) when they occur and (ii) onto
which trajectory the process jumps (because there can be several trajectories starting from 0
at the same time).

The trajectories here are the solutions of Bohm’s equation of motion for the Dirac equation

(51,

() _Jj
==(0(1 3
A (40) ©)
(boldface symbols denoting 3d vectors) with probability current
. T
j= (D) au®, @

where (1) is the .#(")-component of a wave function ¥ = (1) () in # and a =
(a1, 2, 03) denotes the vector of the standard Dirac c-matrices (see (42)), and density

p=/"= (uﬂ‘))Tw“) = [pM (5)

As mentioned, the process jumps to (} when it reaches 0. The other law needed to define the
process (see section 5) specifies the jump rate that applies whenever Q, = (). The process is
designed so that

Q:is |t);|*-distributed (6)

at every time . We will see in section 5 that the jump rate is in fact uniquely determined by
the wish that (6) holds for all .3

Away from the origin in R3, H acts like the Dirac operator with a Coulomb potential of
strength ¢,

(H)V (x) = (icha -V +me*B+ cFL'qu) W (x) (x#0), ™)
where = diag(1,1,—1,—1) denotes the standard Dirac S-matrix. On the other hand, H
couples the two sectors of 77, i.e. none of them stays invariant under the evolution gener-
ated by H. We assume that

V3/2< gl < 1. (8)

For |gq| < V3 /2, there is no self-adjoint operator that couples the sectors and obeys (7), and
the case |g| > 1 was not studied in [13]. We will give a full description of H, and write down
the IBC, in section 2. IBCs for Dirac operators on codimension-1 boundaries (as opposed to
codimension 3 considered here) were studied in [17, 20].

The construction of a Bell-type jump process for a similar model in curved space-time was
outlined by one of us in [24]. While that construction is very analogous in spirit to the one
presented here, a relevant difference is that for the present model, a rigorously defined self-
adjoint Hamiltonian H is known, which allows for a precise and detailed description of the
process that was not possible in [24].

3 However, our considerations make use of the (plausible and common [7]) approximation that the Bohmian velocity
field j/ p varies slowly in time, more specifically that the short-time asymptotics of the Bohmian trajectories coincide
with those one would obtain from a time-independent velocity field (as in (51) below). Further justification is outlined
in Remark 1 below.
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Table 1. Comparison between the processes in the non-relativistic and the relativistic
case; fo is the time of absorption or emission.

non-rel. rel.
dr
@ (to) #0 0
o) const. const.
o(to) const. — +o00
r
w

Figure 1. For the non-relativistic case, the trajectory in R? before absorption is shown,
represented in spherical coordinates, with only one of the two angles of w = (¢,)
drawn (shaded region = admissible values r >0, 0 < ¢ < 27, 0 < 9 < 7). The traject-
ory ends at r = 0 at a particular value of w; the corresponding point (0, w) in the diagram
is marked.

It is of interest to compare (see table 1) our model with a non-relativistic variant [16], in
which (1) is replaced by C & L*(R?,C), H with another operator H,, (where the subscript nr
stands for ‘non-relativistic’), and (7) by

(Hup)V = — LA, 9

The natural variant of Bell’s jump process for Hy, is described in [7]. For 1) from the domain
of H,;, the probability current

J ) = 2imy® (x)* Ve (x) (10)
is, for every unit vector w € R3, of the form
J(rw) = jrgw + o (i°) (11)

as r \(0 (i.e. to O from the right) with a constant j,4 independent of r and w. Put differently,
the angular components of j (perpendicular to w) converge to 0 as r \,0, while the radial
component (along w) converges to a generally nonzero value. As a consequence, the Bohmian
trajectory, when drawn in spherical coordinates as in figure 1, hits the » = 0 surface perpen-
dicularly at nonzero speed.
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to—

r

Figure 2. Asymptotic dependence r(¢) of a Bohmian trajectory before absorption, drawn

here for g = 1/187/196,i.e. 1/(1 —2B) =17 /4.

Certain features are different in the relativistic case of our H. Let

B:=+1—¢?, (12)

where ¢ is the strength of the Coulomb potential as in (7); note that, due to (8), 0 < B < %
We will argue that for ¢ from a certain subspace of .7, a Bohmian trajectory ¢ — Q(f) € R?
that reaches r =0 does so at radial velocity 0 and only after orbiting the z axis infinitely many
times®. In fact, as depicted in figure 2, almost surely,

1Q ()| ~ (const.) |z — 10|/ (1=28) 13)
ast /"y, where 1 is the time it reaches » = 0 and ~ means asymptotically equal, i.e.
f(t
f0~g0) o ot e =g +ols). (14)

g(t)
Since 1/(1 —2B) > 1, one would expect (and it is the case) that the curve, as a function of ¢,

touches r =0 at ¢y with
dr

@ (to) =0. s5)
Moreover, the polar angle becomes constant at leading order in the limit N\ 0,
9 (r) ~ (const.) , (16)
while the dependence () of the azimuthal angle on the radius is asymptotically of the form
@ (r) ~ (const.) r—28 a7

as r \0, see figure 3.

As a consequence of (16), the asymptotic trajectory lies on a cone with (random) opening
angle (1), and ¢ increases by an infinite amount before r =0 is reached, so it circles the z
axis infinitely often; see figure 4. In particular, the trajectory does not have a limiting point on
the 2-sphere {r = 0}. Moreover, for each Hamiltonian H from our family (i.e. for each choice
of the parameters described in section 2), there is a fixed sense of circling the z axis: either,
for all ¥, all trajectories asymptotically circle clockwise, or, for all v, all trajectories circle
counter-clockwise. Likewise, the ‘speed’ of orbiting, meaning here the exponent of r—22, is

4 Note that H is not rotationally invariant; it commutes with the z component J, of angular momentum but not with
other components. In fact, the model cannot be rotationally invariant, given that the source is fixed at the origin, and
the emission of a Spin-% particle by a spinless source cannot conserve angular momentum (see [13, section 2.D] and
[17] for more details).
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\ S
s i

e —
—|x=uul

¥

Figure 3. For the relativistic case, an asymptotic trajectory before absorption is shown
for the same ¢ value as in figure 2. LEFT: Drawn in spherical coordinates; of the two
angles of w = (¥, v), only the azimuthal angle ¢ is shown. Its dependence on r is given
by (17). MIDDLE: Drawn in Cartesian coordinates, seen along the z axis. RIGHT:
Drawn in Cartesian coordinates, seen along the y axis (dashed = outline of the cone
containing the curve).

Figure 4. The same curve as in figure 3 is shown as a curve in R?, seenin a perspective
view. The curve lies on a cone of constant ¥ (not related to the light cone).

fixed by the choice of H and does not depend on 1. The time dependence ¢ (¢) can be obtained
by inserting (13) in (17), which yields that

@ (1) ~ (const.) |t — 1| ~2B/(1=25) (18)

ast /ty; see figure 5.

The reverse trajectories that emerge from » =0 display the same behavior, i.e. (17) (with
the reverse orientation of the trajectory) and (13) as 7 ™\ #. (If the ingoing trajectories circle
clockwise, then so do the outgoing ones.)

This behavior, in particular the absence of a limit point on {r = 0}, creates the follow-
ing difficulty for the definition of a Bell-type jump process for this Hamiltonian. In the non-
relativistic case, we could define a rate for jumping to the point (0,w), and then there is either
aunique trajectory starting from there or a unique trajectory ending there. The rate was set to 0
when a trajectory ends there. Now, in the relativistic case, the trajectories emerging from r =0
do not possess a starting (limiting) point. We will be able to define a Bell-type jump process

6
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N | —=—

to—

¥

Figure 5. LEFT: asymptotic dependence (¢) as in (18), drawn for the same value of B
as in figures 2—4. RIGHT: the exponent in (18), —2B/(1 — 2B), as a function of B.

nevertheless by defining the rate for jumping onto a particular trajectory. In fact, the different
trajectories can be characterized by their limiting 9(r = 0) = ¥y values and their offsets (dif-
ferences) g in the azimuthal angle. It turns out that the jump rate will be uniform over g, so
all trajectories with a given v starting from » =0 at a given time are equally probable.

We will only consider wave functions ¢ from a certain subspace D C . that is invariant
under the time evolution; D is the part of the domain D of H for which the component /(")
of Y = (w(()) z/)(l)) in the upper sector lies in a certain angular momentum eigenspace (see
section 2 for details). In fact, as we will see, the coupling between .77 ©) and T (1) happens
only within D, so D is the most relevant or interesting part of D. By focusing on D, we avoid
unnecessarily tedious computation for extracting the qualitative behavior, which we believe
will not change much for ¢» € D\ D. Finally, we remark that both, D and D, contain wave-
functions of negative energy.

The remainder of this paper is organized as follows. In section 2, we report the relevant
properties of H. In section 3, we derive the asymptotic behavior of the current for ¢ € D.In
section 4, we derive from that the (approximate) asymptotics of the Bohmian trajectories and
justify the statements made above. In section 5, we define the Bell-type jump process and
justify the claim that it is equivariant. In section 6, we conclude.

2. The Hamiltonian

Let S? denote the unit sphere in R3. We will make use of a widely used orthonormal basis of
L*(S?,C*), traditionally denoted - , , for which we have

mn’

L’ (s*,¢cd) = P @ B A (19)

JENo+3 M="J =% (j+1)
with
Hany = span (@38, @) (20)

The @,j,,: x, are simultaneous eigenvectors of J?,K,J; with J=L+S the total angular
momentum and K = $(2S - L+ 1) the ‘spin-orbit operator.” In the standard representation of

Dirac spin space, they are explicitly given by [23, (4.111)]

m,
1\11’

0
+ _ 1/2 - _
QG2 = ( 3 / > PG = (‘I’”ll/) (21

7
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with
. —1/2
m; 1 J +m] Ynzl 2
o= il (22a)
VA ( T
: mj—1/2
v, - 1 ( J+1—m Y_,'+/1/+zl/2> (22b)
j+1 - T m;
] V2j+2 —Vit1+m Y

and Y7 the usual spherical harmonics (defined for / € Ng and m € {—1,...,[}), given by

21+1 [ (I—m)! )
Y (9, 0) = A EZ—FZ;!PT(COS(I”) el (23)
where
~1)" m/2 d
P (x) = (le? (1=2)"" T (2= 1)’ 24)

are the associated Legendre polynomials.
The Hamiltonian A depends on parameters g € C\ {0}, a1,a2,a3,a4 € R with

aas —azaz =4B(1+q) , (25)

and a fixed
(i, 7j) € o = {(=3,-1), (=3.1), (3,-1), (3, 1)} (26)
As established in [13] (using in particular results of [11, 12, 14] about Dirac operators with

Coulomb potential), the Hamiltonian H and its domain D have the following properties (which
characterize the pair (H, D) uniquely):

e For every ¥ € D, the upper sector is of the form
GO @) =S, (5) BI04 D cmin (3) W70 (872) @)
(miv’ij)e'd

as x — 0 with (uniquely defined) short distance coefficients C—Chm; € C and particular
functions f;'n:j . S? — C* given by

fay=(0+q—B)®} —(1+q+B)®, (28a)
f,,‘w:(1+q+B)<I>jy:jﬁj—(1+q—B)<I>,;j,{j. (28b)
e Every 9 € D obeys the IBC
ajc_ +axCymm = gl/)(o) , (29)
and H acts on 1 € D according to (7) and
(HY)? = g* (a3c_ +ascyimg,) - (30)

We note that by rotational invariance of the Dirac operator with Coulomb potential, H is block
diagonal relative to the sum decomposition

H=HE P L((0,00)@ Ay (31)

(Jsm 1)) 7 (T, )
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(recall (20) and note that j is determined by «; through j = |/£_,~| — %), but, by means of the
coupling in (29) and (30), not relative to

H =20 B 12 ((0,00)) @ His, - (32)
Therefore, the subspace
D:=DNA# (33)

is invariant under the time evolution generated by H. Henceforth, we will only consider v’s
from this set. Since the coupling between 77 (*) and .7#(!) essentially happens within D (it
is independent of ¢y, for (m;, x;) # (1, &;)), we expect that the trajectories for other v’s
will be qualitatively similar; although the formulas (13) and (16)—(18) may not apply literally,
slight modifications of them should.

For 1) € D, we can simplify and refine (27) as follows:

M (x) = L, (I%I) |x|—1—B+C+ﬁ1fgjf7£/,~ﬁj <|;T> x|~ 1B
+fﬁ_1/7€j (l%\) 0 <|x|71/2) +fftl/ﬁf (lij) ¢ (‘x|71/2) ’ (34)

That is, apart from the fact that c i, = O for (m;, x;) # (11, &;), also the error terms must lie

in 7, Indeed, this follows from (27) by projecting to 7. In the following sections, we
use (34) instead of (27).

3. The current

Our goal in this section and the next is to compute the asymptotic behavior of the solutions of
the equation of motion (3) in Q(1) = R3\ {0} that either reach 0 or come out of 0 at some time
to. That is, we consider 7 near #y and r near 0. To this end, we replace 1, by 1, and determine
the asymptotics of the solutions Q(z) of (3) for fixed (") = (v/,,)(1). We first need to establish
the asymptotic behavior of the probability current

J@) =9 @) ay® (x) (35)

from the short-distance asymptotics of (1) given in (34). We already noted in the previous
section that the coupling between the O—particle sector and the 1—particle sector described
by (29) and (30) is independent of ¢, for (m;, ;) # (i, &;). Since we assume ¥ € D, we
henceforth write ¢y instead of ¢, for ease of notation.

Proposition 1. Fori € D, the components of the probability current in spherical coordinates
obey the following asymptotics as x — 0:

Jjr(rw) = Cra r?+o (1’_3/2_3) (36a)
Jo(rw) =o (r’” 2’3) (36b)
Jo (rw) = Cy sind 7% 4 sin O (r?) (36¢)

where w € S?, Cyaa and Cy, are real constants (that depend on 1) but not on rw), ji = ey - J
(k=r,9,p), and ey is the unit vector in the k direction,

e, = (sindcos p,sin?sing,cos ) = X _w (37a)

x|
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ey = (cosvcosp,cosisinp, —sin}) (37b)
e, = (—singp,cosy,0) . (37¢)

More explicitly, we have that

2(1 B
Jr (rw) :M Im[c*cy] r2+o (r_3/2_3> (38a)
Y
o (rw) = 0 (r73/28) (38b)
1
jio () = — 5D 2 g (g sind =22
2(1
_ M Re [cjc@ sgn (/m;k;) sind r?
™
_4q(l+q) lc4 |* sgn (7yf;) sind 2128 sind o (r_3/2_3> . (38¢)
m

Proof. From (34) and (35), using ¢4, = 0 for (m;, x;) # (m, &),

J(rw) =W (rw)" ap® (rw) (39a)
— e[l 5 (@) 0fy 5 (@) 22
+2Re [ e (fy, 5, (@) 0t (@))es| 7

+ et \2<f,J~,§h,~ij (W), of - (w))es r 228

0 i (@) 0f s (@) o (r278). (395)
v,r=+
In lemma 1 below, we evaluate the coefficients of ~2~2% and r—>*28 and in particular show

that they vanish in the r and ¥} components. Afterwards, in lemma 2, we evaluate the coefficient
of r~2 and in particular show that it is independent of w in the r component and vanishes in the
1 component. Lemmas 1 and 2 also show that all terms of the ¢ component of (39b) contain
a factor of sin®). This yields (36). Inserting the precise results for the coefficients in lemma 1
and lemma 2 we arrive at (36). We remark about the last two lines of (390) that it depends on
B which of the exponents —2 + 2B and —3/2 — B is greater; for B > 1/6, —2 + 2B is greater,
so r~2+28 < y=3/2-8 ‘and the r—2*2% term could be included in the o(r—3/>5),

O
Lemma 1. For every w € S?, we have that
<fﬁ:';,;%, (w) 7arfﬁq;,g, (w))e+ =0, (40a)
<f,j;i,g, (w) 7aﬂfr%7gj (w»C“ =0, (40b)
1
U @) ant o @he = =L D on i) s, (400)
iy Kj Ly Kj T
where the ﬁf]g/ were defined in (28) and oy := ey - a for k=r, 9, p.

Proof. We omit the subscript 711, k; for ease of notation. By (28b) (using that all components
of « are self-adjoint),
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(fF (@), ofT (W) = (1+q+B)’ (3 (w),ad* (w))e
—2(14g9g+B)(1+9g—B) Re<<I>Jr (w),a®™ (w))cs
+(14g—B)* (T (w),adT (w))cs. 41

Since in the standard representation

a= (2 g) (42)

with o = (01,07, 03) the Pauli matrices, we can read off from the form (21) that
(@F (w),a®™ (W) =0 (43)

for every w € S%. Thus, the first and the third line of (41) vanish identically.
We will now compute

(@F (W), 4P (w))es = —i(W

1 (W) e oW (w))ee (44)

J

For us j = 1/2, so we recall that the first few spherical harmonics are

1 /3 /3 .
Yg (197@) = ﬁ? Y(l)(rﬁa(p) = ECOSI97 Y?:I (19’@) =+ QSinﬂeiup (45)

and verify:
1 .
(U (), 0105 (@) = (15 (), 00 U (W))er = —sinde** (46a)
(U2 (W), 0 U2 () o = (U2 (w), 0207 (W) 2 = :Fﬁsinﬂeiw (46b)

1
(U (@), 0395 (@) = (15 (@),03 077 @)z = —cos9. (460)

Thus, we arrive at

i

<q>rjr:j,%/ (w)aarqD,;j,;Q] (w))w = _E (4761)

(@F - (W),00P; - (W))cs =0 “h)
_ 1

<<I);~,’:j7gj (w) ’O‘so(brh/,g, (w))cs = sgn (m;i;) yy sind. 47c)

Now (400b) follows from (47b), (40a) follows from the fact that (47a) has vanishing real
part, and (40c) is obtained from the middle row of (41) and (47c¢). O

We can also read off from lemma 1 that the leading order coefficient of j, in (36¢) is given
by

)q(1+Q)

—|e_|* sgn (7 sin?,
showing that the sign of j, near r =0 is fixed for fixed parameters g, m;, &;.

1
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Lemma 2. For every w € S?, we have that

(1+¢9)B

Fr 5, (@) sy ) (w))es = —i———, (48a)
mj,Rj (w) 7a79f;7:,-,k, (w))c: =0, (48b)

R (w) y Qo . (W)>(C4 = — L+ | sgn (ﬁ’ljl’z;j) SiI’17.97 (486')
s kj iy K T

where thefgfmi were defined in (28) and oy = ey - a for k= r, 9, .

Proof. We omit the subscript 711, &; again and argue exactly as in the proof of lemma 1 to find
that {f~ (w), af " (w)) ¢+ equals

—(14+q+B)*(?" (w),ad” (W) — (1+g—B)* (T (W), a® ™ (W)i. (49
Now, using (47) and B = /1 — ¢2, the claim follows. O

4. The trajectories

From the asymptotic behavior (36) resp. (38a) of the current and the fact that the probability
density

px) =y @) O (x) (50)

is asymptotically proportional to x| 228

Bohmian trajectories.

To this end, we study approximate solutions of (3) by neglecting the time dependence of
the velocity field j/p on the right-hand side of (3). This means, if ¢ — 1, = e "¢}, denotes
the (strongly differentiable) time—evolution of ¢y € D governed by our Hamiltonian H, we
make the simplifying assumption that Q(¢) is guided by a constant velocity field; that is, we
approximate 1; ~ 1, and solve the differential equation

o) _j |
i I 0] 51)
instead of (3) for times 7 close to fy. This approximation has already been employed in prior
studies of Bohmian trajectories in the context of IBCs [7]; see remark 1 below for a possible
general strategy of rigorously justifying it.

, we will now draw conclusions about the asymptotic

Proposition 2. Let ) € D and to € R be any time for which
Im [¢* (1) c (10)] #0 (52)

(in particular, c_(ty) # 0). By simple time shifts, we may assume without loss of generality
that to = 0 and drop the argument ty in (52) from now on.

Then the trajectories t — Q(t) solving (51) (as an approximation of (3)) and reaching r =0
at time ty =0 (or emanating from r=_0 at to =0) can occur only if Im[c* c] <0 (resp.,
Im[c* cy] > 0) and obey for t < 0 (resp., t > 0) in spherical coordinates the asymptotics

r(t) = [23(1—23) “m[:il?w B |t‘ﬁ+0<|t‘min{%vsﬁ% ) (53a)

a0 =0+ (l}) (53b)
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2B 2B |C,|2 1—123 s
1—-2B
[1 — ZB} [Im [c*ci] | U

+ Cre Togli] + 0 ({541 (53¢)

¢ () = o — gsgn (iyF;) 4B

as t— 0 with some (unique) constants 0 < o < 2m and 0 < 99 < m. Here, Cy ., denotes
a constant depending on the chosen Hamiltonian H (i.e. on q,mj, ;) and the short—distance

coefficients cy of Yy € D. Moreover;

dl:o(|t|13”za) 9. (54)
dt

Recall that v/3/2 < |g| < 1 and thus B = /1 — ¢* € (0,1/2) as defined in (12). It follows
that for every B, the error term in (53a) has exponent greater than 1/(1 —2B) > 0 and thus is
smaller than the explicitly given first term. Likewise in (53c¢), the error term is actually smaller
than the terms before because 2B/(1 — 2B) is always positive.

The condition (52) can be thought of as ensuring non-degeneracy of the Bohmian dynamics.
Since D is invariant under the time evolution generated by H, all the other short—distance
coefficients apart from ¢4 remain zero for all times.

Moreover, observe that, by plugging (53a) into (53b) and (53c¢), we arrive at (16) and (17),
respectively. Since the leading order coefficient of (53c¢) is given by —gsgn(m;&;) times a
positive factor depending also on c.., we see that the sense of circling the z—axis depends on
the choice of the Hamiltonian (viz., on ¢,m;, %;) but not on v, while the speed of circulation
(meaning not just the exponent of |¢| but also the prefactor) depends on v but is the same for
all trajectories.

Remark 1 (On the approximation by a constant velocity field). The approximate form (51)
of the equation of motion (3) has already been used in the derivation of Bohmian trajectories
for the non-relativistic case in [7]. Although the simplified ODE (51) (and its non-relativistic
analog in [7]) most likely yield the correct leading order behavior of Bohmian trajectories
shortly after (before) particle creation (annihilation), both [7] and the present work are lacking
a rigorous justification of this approximation. In the following, we shall thus briefly outline a
potential general strategy of how one could prove the validity of approximating the full guiding
equation (3) by the one with a constant velocity field (51). We will focus on the present relativ-
istic setting, but the principal argument can immediately be translated to the non-relativistic
setting [7].

The basic idea to make the approximation rigorous is to show that for vy € D, the three
terms in the asymptotic expansion for the 1-particle component of the time—evolved wave
function

U (rw) = e (0 fp, (@) 7717 ey (0 £ (@) 77 0, (F12)(55)

are well-behaved in . More precisely, one needs to show that (i) c_ (7) isa C I_function of time,
(i) ¢ (¢) is a C'—function of time, and (iii) the implicit constant in o,(|x|~'/2) is uniformly
bounded for small enough times. First, assuming that we have a; = 1, ay =4B(1 +¢), and
a, = a3 = 0 in (25), the IBC (29) yields that c_ € C! since ’(/J,(O) is C! in time and we have
proven (i). Note that, if we had chosen different ay,...,a4, we could have drawn the same
conclusion for a certain linear combination of c_ and c... For (ii) we propose to take the scalar

product of ¥") with g(rw) = f+ (w)x() 721 {,<y(yy With x(f) — 0 as t— 0. Using that

mjkj

K(i/’t(l) - wél))»gzﬂ < CJt| in combination with c_ being C!, one should be able to deduce the

13
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same regularity for ¢ by taking x(¢#) — 0 as ¢ — 0 arbitrarily slow. For (iii) we note that the
0,(r~1/2)—error in (55) originates from integrating a H}((0,00)) function from 0 to r by the
fundamental theorem of calculus [12] and dividing by r afterwards. Therefore, in order to show

the error term to be bounded uniformly in short times, one could employ Sobolev—to—Sobolev
estimates showing that the time evolution e~ is a bounded operator from one Sobolev space
to another, uniformly for times ¢ in compact intervals (see, e.g. [18]).

It remains to give the proof of proposition 2.

Proof of proposition 2. By the short—distance asymptotics (34) or (27), we have that

_ 2 _o_
p(rw) = le_P|f 5, ()] r 2728

4 2Re {ci cilfpm @) S (w)>} 210 (,-min{—2+23,—3/2—3}) O (56)

An easy computation yields that
1
 A4x’

which in particular shows that the =2 term in (56) is independent of w, and allows us to infer
that

(@F, (W), 8T (W)e==0 and |BF_ (w)|’

mjK; ? T miK; m;K;j

(57)

@f =20 @) =1 sy

In this way we arrive at
1 1 ;
prw) = |c,|2¥r_2_23 +2Re [c’ic@ @r‘z +0 (f“ln{_2+23’_3/2_3}) , (89)

where the explicit terms are independent of w. Combining the asymptote (59) with
proposition 1 (and using that

1 1 5 1
A1 A A2+o(s) A+0(s) (60)
as € — 0 for A # 0 independent of €), we obtain from the simplified equation of motion (51) the
following asymptotic system of ODEs for the spherical coordinates (r(¢),9(¢),¢(¢)) of Q(¢),

dr Im [C*_C_;'_:I .
— _—op— L =12 ’mm{4B,1/2+B} 1
ar e e ( ) (61a)
& s

"y ¢ (” ) (61b)
d N .

rdff = —gsgn (F;) + Ch e 70 + 0 (r"“‘“{43’1/ ”B}) . (61c)

Asin (53¢), C H,c.. denotes a constant depending on the choice of Hamiltonian H (i.e. on g,
m;, and ;) and the short—distance coefficients ¢ . In the last equation, we have already divided
by sind.

We are now left with the task of solving the system (61). Using the initial condition »(0) = 0,
the first equation (61a) can be integrated by separation of variables, leaving us with

) (1 I (r(t)min{zB,l/z—B}» - [23 (1-2B) w] |t (62)

[

14
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for sgn(t) = sgn(Im[c* ¢ ]). Generally, from a relation of the form ¢ = cr® + O(r) with 0 <
a < B and c,t,r > 0, we can conclude that every O(r") is an O(£'/®) and vice versa for every
4> 0. Thus, r* = ¢~ 't 4+ 0(1%/) and r= ¢~/ @ 4 O(s'/*=1+5/«)  which yields (53a).
For (61b), we make the change of variables r — r(t), insert the differential (61a) to obtain
that d¥/dr = o(r‘l/ 2=B)_and again integrate by separation of variables, where we now use
the initial condition ¥(0) = ¥. In this way, we arrive at (53b) after inverting the change of
variables with the aid of (53a). In order to get (53¢) from (61c), we pursue the same strategy,
i.e. replace t — r(f) and integrate by separation of variables. However, this time we need to
choose the initial condition according to ¢ (r = ro) = @ for some sufficiently small but fixed
ro > 0 and ¢g € R. Absorbing ¢ and all terms depending only on r( into a new constant g €
R, we arrive at (53¢), again after inverting the change of variables with the aid of (53a). [

5. The jump process

5.1. Definition

We define the process (Q;) for t > 7 for some time 7 regarded as the initial time. Given that,
as we will argue in section 5.2, the process is equivariant (i.e. |1, distributed at every 1), it
follows that the processes defined for 71 and 7, > 7, are equal in distribution on [, 00), so
(by the Kolmogorov extension theorem) the processes for all 7’s can be combined into a single
process (Q;)ecr defined on the whole time axis.

Here is the definition of the process. We assume that the initial wave function v lies in 5;
it follows that v, € D for all £. The initial configuration Q. is chosen to be |¢T|2 distributed.
Once Q, € Q) = R? \ {0}, it follows the Bohmian trajectory, i.e. the equation of motion (3).
If the trajectory reaches 0 at some time ¢, the process jumps to

0, :=0e Q. (63)

The process is required to be a Markov process, so it only remains to specify the jump rate
o1, (90, ©0) 9 dipy from the O-particle configuration ) € Q% to the trajectory in Q") eman-
ating at any given time ty from 0 with parameters 9 and ¢(. As we will explain, the natural
choice analogous to Bell’s jump rate formula [2] (and to the jump rates in the non-relativistic
case [7]) is

2(1+ ¢) B max {O,Im [Ci (t0) ¢4 (to)] }
m w2

o1, (Yo, 00) = sinvy . (64)

Here, it is relevant to observe from (61a) that if Im[c* ¢, ] < 0, then (according to proposi-
tion 2) all trajectories are ingoing, and if Im[c* ¢, ] > 0, then all are outgoing. In the former
case, it is not possible to jump onto an outgoing trajectory because there is no outgoing traject-
ory, and indeed o, = 0. In the latter case, there is a 2-parameter family of outgoing trajectories
parameterized by 1y and g. The total jump rate (i.e. the rate of leaving ) is

pmax {0,Im [¢* (19) c (10)] }
5 .
i, 1
Given that a jump occurs at fy, the distribution of the chosen values of ¥y and g (i.e. of which
trajectory to jump to) has density (47)~!sin?Jy, which means that if we think of ¥y and g as

coordinates on a sphere, then the distribution is uniform over the sphere. For definiteness, we
set that at the time 7, of the jump, Q,, := (). This completes the definition of the process.

T 27
/ ado / dgoas, (90,00) = 8 (14 q) 65)
0 0
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5.2. Equivariance and uniqueness of the rate

We now give a non-rigorous justification of the claim that Q, will be |¢;|*

t. Since in Q(V) (away from 0),

distributed at every

9p _

v, (66)

no p is gained or lost there. It follows, first, that away from 0 probability gets transported by Q;
S0 as to maintain the density p (as usual in Bohmian mechanics [5, 10]), and second, that the
only place in Q1) where p is gained or lost is 0. We now want to express the rate at which p
is gained or lost there; for simplicity, we write ¢, = 1. As before, we neglect how 1) changes
near t. Consider first the flux of probability through the surface element d’w of the sphere
around 0 of small but nonzero radius r: it is

jr(rw) P dw. (67)

From proposition 1, we obtain that for small r, this is equal to
(Crad Yo (rl/ H)) Pw, (68)

which for » — 0 converges t0 Cryq d*w. Since Cryq = 27~ (1 + ¢)BIm[c* ¢ ] is independent
of w, the rate of gain (positive or negative) of p at 0 is given by 47 Cqg.

This agrees with the rate of gain (positive or negative) of probability at 0 of Q,: Indeed,
if Cr,g > 0 then no trajectories end at 0 at #y (so no probability is lost there), and the amount
transported by jumps from ) to trajectories emanating from 0 at 7, is the probability at () times
the total jump rate from (), or

T 2
65 .
\¢<°>\2/ cwo/ dgocr, (Y0, 00) 2 8(1+g)BIm [c* ¢ ] =47 Craa. (69)
0 0

If, however, Cy,q < 0 then no upward jumps occur (so no probability is gained at 0), while the
amount lost automatically agrees (since Q; is |¢;|? distributed) with the flux across the sphere
in the limit r — 0.

Finally, to ensure preservation of the [t|> distribution, it remains to verify that the dis-
tribution of Q, over the emanating trajectories agrees with that required for |¢/;|?, i.e. yields
the flux (67) through rd*w in the limit » — 0: Indeed, using that (i) the leading terms in the
radial velocity (61a) and the azimuthal velocity (61¢) are independent of w, (ii) the polar velo-
city (61b) is essentially 0, and (iii) the distribution defined by o, (9, o) over the sphere with
coordinates 1y and ¢y is uniform as remarked after (65), we obtain that the distribution of Q,
over the r-sphere is uniform to leading order as » — 0. Using again that the leading term in the
radial velocity (61a) is independent of w, we obtain that the radial current of Q, is independent
of w in the limit r — 0. Since the total current agrees with 47 C,q, the flux of Q, through rd*w
agrees with (67) in the limit r — 0, as desired. This completes the argument for equivariance.

As a byproduct of this reasoning, we see that conversely, the formula (64) is uniquely
determined by the demand for equivariance (and Markovianity): Whenever C.,q < 0, 0;, must
vanish because there are no outgoing trajectories, and whenever Cy,q > 0, o,, must be given
by Craa|1/(?)| ~2d’w in order to feed the correct probability distribution into the Bohmian flow.

A further observation is that (64) is analogous to the jump rate formula determined in [7,
sections 3.1 and 7.2] for the non-relativistic case; in fact, both formulas can be expressed in a
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common form if we write o, (r,w)d>w for the rate, at time ¢, for jumping from () to a trajectory
that at radius » will have position in rd*w:

rzmax{O,z/)(') (rw)T a, M) (rw)}
liII(l) oy, (r,w) = lim (70)

r0 [O2

with ¢ = 1,,. It also becomes evident that the jump rate formula (64) is analogous to Bell’s
jump rate formula [2, 8]. Presumably, it also arises as a limit of Bell’s rate if we can obtain the
IBC Hamiltonian as a limit of Hamiltonians with UV cut-off.

6. Conclusions

We have studied a model of creation and annihilation of a Dirac particle at a point source at the
origin 0 in R? and constructed, in a non-rigorous way, a Markov process (Q,)cr in the con-
figuration space Q(© U Q1) = {(} U (R3\ {0}) that is |¢/,|* distributed at every time . Since
a UV cutoff has the unphysical consequence that a particle can be created at non-zero distance
from the source [7, 8], we have used instead an IBC, which has the reasonable consequence
that particles can only be created and annihilated directly at the point source. The key element
of the definition of the process (Q;);cr Was the law (64) specifying the creation rate. It is ana-
logous to Bell’s jump rate formula [2, 8]. This process is the first example of a configuration
process for a Dirac Hamiltonian with IBC; non-relativistic versions were described in [7]. We
believe that this work might contribute to the extension of Bohmian mechanics to relativistic
quantum field theory.

The Hamiltonian H we use was recently constructed rigorously in [13] based on prior work
in [11, 12, 14]. Some of our considerations here were not rigorous, although all Propositions
and Lemmas were proven rigorously. But even the non-rigorous conclusions have benefited
from the rigorous construction of H; in fact, certain features and details of the process (Q;)scr
(such as the fact that a newly created particle circles the z axis infinitely often) have only
become accessible due to the detailed information about H (such as the near-0 asymptotics
of the functions in the domain) provided by its rigorous construction. We have also outlined
where we see the biggest hurdle for a full rigorous treatment, and which strategies could be
applied to overcome it.

Further questions that would be of interest for future research include whether other models
based on Dirac Hamiltonians and IBCs, such as the model of [24] in curved space-time, could
also be defined rigorously, whether other Dirac Hamiltonians (such as the model of [15]) would
allow for IBCs, what the corresponding Bell-type jump processes look like, and whether there
are examples in which the process is qualitatively different from the one described here; in
particular, whether there are models for which the jump rate is angle dependent.
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