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Abstract

We count primitive lattices of rank d inside Z" as their covolume tends to infinity, with respect
to certain parameters of such lattices. These parameters include, for example, the subspace that a
lattice spans, namely its projection to the Grassmannian; its homothety class and its equivalence
class modulo rescaling and rotation, often referred to as a shape. We add to a prior work of Schmidt
by allowing sets in the spaces of parameters that are general enough to conclude the joint equidis-
tribution of these parameters. In addition to the primitive d-lattices A themselves, we also consider
their orthogonal complements in Z", A*, and show that the equidistribution occurs jointly for A
and A*. Finally, our asymptotic formulas for the number of primitive lattices include an explicit
bound on the error term.

1. Introduction

The aim of this paper is to extend classical counting and equidistribution results for primitive vec-
tors to their higher-rank counterparts: primitive lattices. A primitive vector is an n-tuple of integers
(ay,...,a,) with ged(ay, ...,a,) = 1, and the set of primitive vectors in R" is denoted by Zj ;.. We can
associate with each vector 0 # v € R” the discrete subgroup that it spans, Zv; following this logic, a
rank d (1 £ d < n) analogue for a vector is a lattice of rank d in R", namely

AN=2vi®-- & Zv,,

where v, ...,v; € R" are linearly independent. We will refer to it briefly as a d-lattice. We say that
a d-lattice A is integral if A C Z" and primitive if A=V NZ", where V is a d-dimensional rational
subspace of R". For example, a primitive 1-lattice is simply all the integral points on a rational line,
or, equivalently, Zv where v is a primitive vector.

Questions about counting primitive vectors date back to the days of Gauss and Dirichlet, for
example with the Gauss Class Number problem. In the 20th century, questions about equidistribution
of integral vectors began to arise, with the principle example being Linnik-type problems [10, 13-16,
19, 34]. These questions and others generalize naturally to primitive lattices, as we now describe.
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1254 T. HORESH AND Y. KARASIK

The Primitive Circle Problem.

The well-known Gauss circle problem concerns the asymptotic number of integral vectors with
(Euclidean) norm at most X >0. The analogous question for primitive vectors, namely the asymp-
totic amount of primitive vectors up to norm X, is often referred to as the primitive circle problem
[38, 47, 48]. In lattices, the role of a norm is played by the covolume: the covolume of A, denoted
covol(A), is the volume of a fundamental parallelopiped for A in the linear space

Vi = A®R=spang (A).
Thus, the primitive circle problem for lattices is to estimate the asymptotics of
#{primitive d — lattices in R" of covolume up to X } (1.1

as X — oo. Note that for 1-lattices, the notions of norm and covolume coincide: covol(Zv) = ||v|,
hence when d =1 the above recovers the ‘original’ primitive circle problem. Schmidt [44] showed
that the amount in (1.1) equals

CdynX"+0(X”_max{$’ﬁ}), (1.2)

where

Cd,n -

1(n\ IIL,_ .., 80 TIL,¢0)
d) T 86) I, 00"

n
]

and B(i) the Lebesgue volume of the unit ball in R’. Thunder [46, Thm. 5] proved a variation on
this result for lattices over a general number field that trivially intersect a certain subspace, and Kim
[31, Thm. 1.3] has found a more concrete presentation for the error term in Schmidt’s result. We
remark that the optimal exponent in the error term of the circle problem (primitive or not) is estab-
lished only in dimensions n > 4 and that this case (d =1, n > 4) is the only case where an optimal
error exponent is known for the lattice circle problem (primitive or not).

Linnik-type problems.

This is a unifying name for questions on the distribution of the projections of integral vectors to the
unit sphere, that is of v/||[v|| when v € Z"or Z ;. Viewing the unit sphere as the space of oriented
lines in R”, the analogous object when considering d-lattices would be the Grassmannian of oriented
d-dimensional subspaces in R", denoted Gr(d,n) (see Section 2). Accordingly, we will view our
lattices as carrying an orientation, which simplifies our discussion on the technical level but has no
effect on the results. In particular, the two-to-one correspondence between primitive vectors and
primitive 1-lattices (arising from the fact that v and —v span the same lattice) becomes a one-to-
one correspondence between primitive vectors and oriented primitive 1-lattices. The average Linnik
problem for primitive lattices is to study the distribution of the (oriented) spaces V, in Gr(d,n) as
covol(A) £ X — oo. Note that V,, are exactly the rational subspaces in Gr(d,n).
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Shapes of orthogonal lattices.

More recently, with the rise of dynamical approaches in number theory, another type of equidistri-
bution questions for primitive vectors arose. To a primitive vector v we associate the (n — 1)-lattice
vt N 7", referred to as the orthogonal lattice of v, where v* is the orthogonal hyperplane to v. Sev-
eral recent papers (by Marklof [37], Aka Einsiedler and Shapira [2, 1], Einsiedler, Mozes, Shah
and Shapira [18] and Einsiedler Riihr and Wirth [20]) studied the equidistribution of shapes of the
orthogonal lattices to primitive vectors as their norm tends to infinity, where the shape of a lattice
is its similarity class modulo rotation and homothety. The space of shapes of d-lattices is a dou-
ble coset space of SL,(R), denoted XX, and defined explicitly in Section 2, and the aforementioned
papers show that the shapes of the orthogonal lattices to v € Z ;. equidistribute in X,_; as V]| = oo
with respect to the uniform measure arriving from the Haar measure on SL,,_; (R). In the works of
Einsiedler et al., they in fact show that the shapes of v- N Z" equidistribute in X,_, jointly with the
directions v/ ||v|| in $"~'.

Just like for (primitive) vectors, orthogonal lattices can be defined for (primitive) lattices as well:
for a primitive d-lattice A, we let:

At :=Vinz,

where V3 is the orthogonal complement of V,, in R". Note that A* is primitive by definition and has
rank n —d. Also note that A — A* defines a bijection between primitive lattices of ranks d and n —d.
This bijection extends to a bijection between oriented lattices, with a natural choice of orientation
on the orthogonal lattice (Def@. 2.2).

One could then ask about the equidistribution of shapes of the orthogonal lattices At to prim-
itive lattices A, where the one-dimensional case A =Zv recovers the question studied in the
aforementioned papers about the equidistribution of shapes of v N Z".

Equidistribution of a sequence in a finite-volume space can be deduced from counting in ‘suffi-
ciently general’ subsets of this space. Indeed, we will count in subsets that have controlled boundary
(Def. 3.1), which is a notion that generalizes the property of having a C' boundary. We denote by
||| the total mass of a finite measure v.

THEOREM 1.1 Letn >3 and 1 <d < n and assume that ® C Gr(d,n) and EXF C X, X X, _, have
controlled boundary. Then, the number of primitive d-lattices A with covol(A) <X, V, € ® and
(shape(A),shape(At)) € € X Fis

. volxd(é' ) voly (F) VOlgy () (P)
[volx, Il lIvoly, Il [Ivolgeianmll

Canm X" 40, (X1

for every € >0, where
1
{X" 2w Y ywhen both €, F are bounded,
K=

1
n——-5 —+e .
X an(n2-1) otherwise.

In this theorem, voly,, . stands for the standard uniform measure on the relevant space (indepen-
dent of the normalization), so it implies the joint uniform distribution of the directions and shapes
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of the orthogonal lattices of primitive lattices as their covolume tends to infinity. In particular, it is
interesting to observe that the shapes of A and of A* are independent parameters, meaning that there
is no way to know the shape of At given the shape of A, even though the latter lattice determines
the first.

The strength of Theorem 1.1 compared to previous work about counting and equidistribution of
d-lattices lies both in being the first to consider the shapes of lattices in parallel to the shapes of
their orthogonal lattices and in the quality of the error term in the bounded case. A non-quantitative
version of Theorem 1.1 (for A only) was obtained by Schmidt in [45], and prior to that, for d =2,
by Maass [35, 36] and Roelcke [42] (who considered integral lattices without restricting to primitive
ones). The case of d =n — 1 was handled using a dynamical approach by Marklof in [37], as well as
by the authors in [27]. Almost 50 years after the result in (1.2), Schmidt proved yet another effective
result for primitive d-lattices that project to certain ® C Gr(d,n) and & C X, but the admissible @, &
were not general enough to achieve equidistribution (more on that later). The error term there is
< X”_é, upon which the error term in Theorem 1.1 improves where € is bounded (and otherwise
it is of similar quality). In addition, the counting in Theorem 1.1 allows sets @, & that are general
enough to deduce equidistribution, as we now turn to describe.

Equidistribution.

Theorem 1.1 can also be formulated in terms of convergence of measures, namely that for every
compactly supported Lipschitz functions f; € C-(X,), f» € Co(X,_y), f3 € Cc(Gr(d,n)) one has
that

1
#|Aprimitive : covol(A)

<] 2 (shape(A))f (shape(A4) ) (V)
=a1x

converges as X — oo to

1 1 1
i ([ fidvoly,) - i (| frdvoly, _ )+ (| fadvol :
Vol ( / hdvoly,) Ivoly | ( f fdvoly, ) Nolgran] ( f F3dVOolgya)

But in fact, a stronger statement holds.

THEOREM 1.2 For every compactly supported function f € C(X,; X X,_, X Gr(d,n)) one has that

1
#|Aprimitive : covol(A)<X|

Zf(shape(A), shape(At),V,)

converges as X — oo to

1

[voly, lllIvolx, _, lIvolgya,

0 f Jadvoly, dvoly, ,d\olga,) -

In principle, the above equidistribution can be made effective when the function f is Lipschitz,

1
where in accordance with Theorem 1.1, the rate of convergence would be <, X 17 Indeed,
the proofs for the counting results in this paper rely on the work [25] of Gorodnik and Nevo, which
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EQUIDISTRIBUTION OF PRIMITIVE LATTICES IN R" 1257

produces effective counting results ‘for sets rather than for functions’ (namely, for counting the
number of lattice points in a given set rather than summing the values of a given function on these
points); while it is possible to extend their work for the functions setting (see [29, proof of Cor. 1.2]),
it has not been done anywhere.

There are two types of equidistribution statements: one is ‘on level sets’, for example where
covol(A) =X and X — oo, and the other is ‘on average’, for example where covol(A) <X and
X — 0. Theorem 1.2 clearly belongs to the second type, where indeed results often appear in the
formulation of counting. Results of the first type are in a sense more delicate, but in many cases they
do not imply, nor follow from, counting (however, such an implication is proved in the appendix of
[3]). Equidistribution of shapes for lattices of covolume X (namely equidistribution of the first type)
was obtained for the case d=n—1in [1, 2, 7, 18, 20], and recently (while a previous version of
the present work was already available) for a general d by Aka, Musso and Wieser in [4]. The latter
includes the conjecture that the equidistribution in Theorem 1.1 occurs also when covol(A) = X and
not just on average, namely that a Linnik-type phenomenon occurs for lattices.

Counting d-lattices: Beyond shapes.

There exists a wide body of work on equidistribution problems in the space

L, =SL,(R)/SL,(2),
which is the space of unimodular (that is with covolume one and positive orientation) full lattices in
R", as well as in the space X, of their shapes. The restriction to covolume one is necessary because the
space £, (and therefore XX,) has finite volume, while the space of all lattices, GL, (R)/GL,(Z), does
not. Comparing the spaces £, and XX,,, the space £, naturally contains ‘more information’ than X,
which is obtained by modding £,, by rotations. This brings up the question of whether one can define
a space of ‘unimodular d-lattices in R so as to consider the unimodular d-lattices in R"” without
modding out by rotations. In Section 2 we introduce two such spaces, which are homogeneous spaces
of SL,(R). We will prove a stronger statement than Theorem 1.1, namely Theorem 3.2, where we
count primitive d-lattices according to their projections to these more refined spaces.

Organization of the paper and strategy of proof.

The paper is organized as follows: In Section 2 we define the two aforementioned spaces that project
to the product space X; X Gr(d,n). In Section 3 we state our main result, Theorem 3.2, which con-
cerns counting primitive d-lattices w.r.t. their projections to these two spaces. We explain how this
theorem implies Theorems 1.1 and 1.2, and then the rest of the paper is devoted to proving The-
orem 3.2, where the strategy is to translate counting primitive d-lattices to counting points of the
lattice SL,,(Z) inside an increasing family of subsets in SL,(R). In order to define these subsets—
namely, sets in SL,(R) that capture the integral matrices corresponding to d-lattices with a certain
shape, covolume, etc.—we define in Section 4 a refinement of the Iwasawa coordinates on SL,(R).
In Section 5, we reduce Theorem 3.2 (and therefore Theorems 1.1 and 1.2) to one of the four state-
ments in Theorem 3.2—the one which concerns counting d-lattices in the most refined space (the
one that projects to all the others). In Section 6, we make explicit the translation of our results to
a problem of counting SL,(Z) elements in SL,(R), by associating with each primitive d-lattice a
unique element in SL,(Z). In Section 7, we describe a method developed by Gorodnik and Nevo in
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[25] for counting lattice points in semi-simple Lie groups, which will be our main tool in approach-
ing the counting problem at hand. However, this method cannot be applied directly to our counting
problem, since the sets in SL,(R) that we are concerned with are not well rounded. Our solution is
to split each set into a well-rounded part and a ‘tail’: in Section 8 we show that the ‘tails’ contribute
a negligible amount of points, and in Section 9 we apply the method from [25] for the counting in
the well-rounded subsets, hence completing the proof of Theorem 3.2. This article also includes an
appendix, in which we expand upon the spaces that are introduced in Section 2, prove some auxiliary
claims that are needed throughout the paper and put together some useful facts about lattices in R”
that are known but do not appear in the literature.

2. Spaces of lattices

We begin by explicitly defining the spaces X; and Gr(d,n) appearing in Theorem 1.1. An oriented
subspace on R”" is a subspace with a sign attached, and the Grassmannian Gr(d,n) is the set of all
d-dimensional oriented subspaces of R”. It can also be defined as the following quotients:

SO4(R) 04, din—d
Gr(d,n) = SO, (R)/{{ 0,:([1,[1) so:'_d(dR)] } =SL, (R)/{ [oi'(,,d Rgz ] s det(g,8,) = 1}~

A coset in SO,, (or SL,) represents an oriented d-dimensional subspace V if the first d columns of
the matrices in this coset span V with the right orientation.

Recall that the shape of (an oriented) lattice is its equivalent class modulo homothety and rotation.
The space of shapes of (oriented) d-lattices is

X, =50, (R)\SL, (R)/SL, (Z).

Each of the above spaces is equipped with a natural measure that is unique up to rescaling, and
although these measures are rather standard, we recall their definition. In general, there is a natural
way to define a measure on the space of orbits of a unimodular group:

THEOREM ([30, Thm. 2.2]). Let G be a unimodular Radon Icsc group, which acts on an lcsc space
Y strongly properly. Assume that ug is a Haar measure on G and that uy is a G-invariant Radon
measure on Y. Then there exists a unique Radon measure gy on G\Y such that for all f € L' (Y,v),

f £ ) diay () = f ( / £ (g9) dite <g>> duigy (Gy). @1
Y G\Y G

For a measure on the Grassmannian, take (in the notations of (2.1)) ¥ =S0O, (R) and G =
SO, (R) x SO, _, (R) to obtain a unique SO, — invariant measure vOlGy(4,,) ON the quotient which
satisfies

Haar (SO, (R)) 2n! IT.,i%B@)

Ivolaran = Hoar(s0, (R)) - Haar(80, _, (R)) = din—a)1 TI°, 6) - TT-" )

2.2)
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EQUIDISTRIBUTION OF PRIMITIVE LATTICES IN R" 1259

For a measure on the space of shapes, use (2.1) to obtain an SL,(R)-invariant measure on
SO, (R)\SL, (R) and then let voly be its restriction to a fundamental domain of SL,(Z), nor-
malized such that

d
Ivoly, Il = T [ ¢ (i) /¥ (), (2.3)
=2
where

4TIY, B0

= #1Z(50, (R)) .

Y(d)

(here the denominator is the cardinality of the center of SO, (R), which is 2 if d is even and 1 if d is
odd).

We now proceed to define a space of d-lattices in R” that encodes both their shapes and their
directions (that is their projections to the Grassmannian).

2.1. Space of homothety classes of d-lattices

A unimodular lattice is an oriented lattice with positive orientation and covolume one. Recall our
notation for the space of rank n unimodular lattices

L,=SL,(R)/SL,(2),
where a matrix in SL,, (R) lies in the coset that represents a full unimodular lattice in R” if its columns
span this lattice. This space is equipped with a natural left S, (R) invariant measure, which is the left

Haar measure on SL,, (R) restricted to a fundamental domain of SL,(Z). The typical normalization
of this Haar measure is

ol II=TT¢ (- (2.5)
=2

As the space of shapes X, is obtained from £, via modding by SO,,, the space £, is more refined,
containing not only the information about the shape of a lattice but also about its position in R". To
define the analogous space for d-lattices in R”, notice that since £, consists of a unique representative
from any equivalence class of n-lattices in R” modulo homothety, one can identify £, with the space
of such equivalence classes. The space of homothety classes of oriented d-lattices inside R” is

1
d.,n—d d1 0
L4, =SL, )/ [S2) R ]x{[“ ¢ O ]:oc>0}>,
4, ( ) < On—dxd SLn—d<R> On—dxd o{_nld |

where a matrix in SL, (R) lies in the coset that represents an equivalence class of a d-lattice in
R" if and only if its first d columns span a positive scalar multiplication of this lattice, with the
corresponding orientation. The need to mod out by the block-scalar group follows from the fact that
the first d columns of a matrix in SL,, span a lattice that is hardly ever of covolume one, so one
needs to divide by the covolume (hence an element in this quotient space is an equivalence class
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1260 T. HORESH AND Y. KARASIK

of d-lattices up to homothety). However, modding out the block-scalar group comes with a price,
which is that the space £, does not carry an SL, (R)-invariant measure since the acting group is
not unimodular. To fix this flaw, let us consider a different presentation of £, ,. Notice that for every
d-lattice A there exist (non-unique) g, € SL,;(R), k € SO, (R) and (a unique) & >0 such that

A=aik™(g,2? x {0,_,}).

The element g, can be replaced by any other element in g, SL,(Z), and the element k can be replaced
by any other element in (SO, (R) X I,_,)k, if the element g, is adjusted accordingly. As a result,
where by SO,(R)%¢ we mean the diagonal embedding of SO, (R) in SO, (R) X SL,(R), in which

Lan =~ SO4(R)H2N\SO0n(R) x SLa(R) /g, (7) (2.6)

the embedding in SL,(R) is the identity map, and the embedding in SO, (R) is SO,(R) XL,_,.
Then (2.1) allows us to define a measure on the manifold SO, (R)**#\ SO, (R) x SL,;(R), and vol;
is the restriction of this measure to a fundamental domain of SL,(Z), normalized such that

Ivolg,, Il = [IVolgam llllvole, I 2.7

(this normalization is natural in view of Proposition 2.5). Note that we would not have gotten a finite
volume space had we considered the space of d-lattices on R” without ‘modding out the covolume’,
just like in the case of £,,.

2.2. Factor lattices and the space of pairs

Recall that an integral lattice A is primitive if it is of the form A = Z" NV, ; this is equivalent to the fact
that any basis of A can be completed to a basis of Z". Theorem 1.1 consists of a joint equidistribution
result for primitive lattices A and their orthogonal complements At =Z" N V3. It is a consequence
of the stronger Theorem 3.2, in which A* is replaced by another (n — d)-lattice in the space V3 :

DEFINITION 2.1 The factor lattice A™ of a primitive d-lattice A is the orthogonal projection of Z” to
Vi.

The factor lattice A” is isometric to the quotient Z"/A (Prop. B.3), so one should think of A™ as a
realization of Z"/A inside R”". Notice that, like AL, A” is a full lattice inside V/J\-, and in particular is
of rank n — d. The relation between A* and A™ is that they are dual to one another (for the definition
of dual lattices, see [11, 1.5], or Appendix A in the present paper; for the duality of A+ and A”, see
Claim B.5). It holds that

covol(A™) = covol(A)~! = covol(At)~!

([43, 44]; see also Prop. B.4 and Cor. B.6 in the Appendix). Since we view d-lattices as carrying an
orientation, we need to define an orientation on A™ and AL, which is done as follows:
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EQUIDISTRIBUTION OF PRIMITIVE LATTICES IN R" 1261

DEFINITION 2.2 Let L be a full lattice in Vi. A basis C for L is positively oriented if det(B|C) = 1
for a positively oriented basis B of A.

The last space we introduce is the space of pairs of oriented lattices (A,L) such that (i) A is a d-
lattice, (i1) L is a full lattice in V,{ (hence is of rank n — d and its orientation is given in Definition 2.2)
and (iii) covol(A) covol(L) = 1. In fact, it is the space of homothety classes of such pairs, where (A, L)

is equivalent to (O(%A, a‘ﬁL) for every a>0. This space is given as the quotient

1
z) R Ty Ogxu-a | .
Pyn=SL, (R)/ ([gjjjxj SLn_d(Z)] X { [ Wl Tbomd > o}) ,

Opmaxca & 741,y

where a matrix g € SL,,(R) lies in the coset that represents the homothety class of (A, L) if and only
if the lattice A’ spanned by the first d columns of g and the lattice L’ which is the projection of gZ”"
onto Vi satisfy that (A’,L") and (A, L) are in the same homothety class. Note the similarity to the
definition of £, , above; here also, modding out the block-scalar group results in having no SL, (R)-
invariant measure, and it is preferable to present this space as a quotient of a manifold by a discrete
group. For every pair (A, L) as above there exist (non-unique) g, € SL,(R), g,_;, € SL,_,;(R), k €
SO, (R) and (a unique) a >0 such that

A=aik™ (8429 %{0,_4}), L= a k! ({04} x g,_gZ"™9).

For similar considerations as in the case of £, ,,,

Pd,n _ Sod(R)diag % Son_d(R)diag\SOn(R) X SLd(R) X SLn,d(R)/SLd(Z) « SL”_d(Z),
(2.8)

where SO,(R)%2¢ is the diagonal embedding of SO,(R) in SO, (R) x SL,(R) (as in (2.6)) and
SO, _,(R)%2¢ is the analogous diagonal embedding of SO,_,(R) in SO, (R) X SL,_,(R). Then we
may apply (2.1) to define a measure on the manifold that is the left quotient in (2.8) and set volp
as the restriction of this measure to a fundamental domain of SL,(Z) X SL,_,(Z), normalized such
that

[volp, Il = llvolz, lllvole, Il

(this normalization is natural in view of Proposition 2.5). More details on dual lattices and factor
lattices can be found in the Appendix.

2.3. Relation between the spaces of lattices and their measures

While the spaces £, X; and Gr(d,n) are well known, the spaces £, and P, as far as we are
aware, make their first appearance here (at least for the case d > 1; the case d =1 was introduced in
[27] and later appeared in [7]). It therefore seems appropriate to explain how £, and 2, , add to the
more ‘familiar’ spaces £,, X, and Gr(d,n). The relation between all the different spaces is that they
naturally project to one another as depicted in the following commutative diagram: Let 7y _, » denote
the projection from a space Y to a space Z. All the projections except for Mg, —Ly and Tp, —z,_, are
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1262 T. HORESH AND Y. KARASIK

T

Pd,n Ed,n GI‘(d, TL) ) (29)
¥ ¥

Ln—d Ed

Xna Xa

of the form G/H, - G/H, with H, < H, and are therefore well defined and continuous. However,
the projections into £, and £,,_, are not canonical, as they depend on a choice of coordinates on the
d-dimensional (resp. n —d dimensional) vector spaces in R". We will fix a choice of coordinates in
Section 4.1 and define these maps explicitly in Section 5.1; meanwhile, we state the following for
future reference:

NOTATION 2.3 Given an oriented d-lattice A < R" we denote its homothety class by [A] € L, ,, and
its shape by shape(A) € X,;. Given a pair (A, L) of lattices in orthogonal subspaces where A is
primitive of rank d, we denote its homothety class by [(A,L)] € P,,,. The image of A in £, (resp. of
Lin £,_,) is denoted [A] (resp. [L]).

PROPOSITION 2.4 The projections in Diagram (2.9) are well defined and given by

] [A]

I |

shape(L) shape(A)

All the maps, except for the ones with the dotted arrows, are continuous. The maps from £, and
Ly, to Xy, the map from £,_; to X, _,; and the map from P, to X, X X,_; are proper (namely,
they have the property that the preimage of a bounded set is bounded).

Proof. The projections are the obvious ones; for example, Tp, —5,, is the projection from (2.8)
to the two left components, (2.6), Tp, —Gr(dn) is the projection to the most left component,
(SO, (R)%ae x SO, _,(R)42)\ SO, (R), composed with the inverse map k+~ k~!, etc. Notice
that TP, =L yxLy g namely the projection from (2.8) to the two right components SL,(R) X
SL,_,(R)/SL,(Z) x SL,,_,(Z) is not well defined unless a choice of a section of (SO, (R)d2& x
SO,_,(R)%€)\SO, (R) is fixed. This projection is therefore not canonical and a priori not
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continuous. Same holds for 77z _, . . The fact that the maps into the spaces of shapes are proper
is clear, since they are obtained by projecting modulo a compact component. (]

PrOPOSITION 2.5 Considering the projections from Proposition 2.4, the following maps are one to
one

(”?d‘n_’ﬁd,n’”?d,n_’[/n—d) : j)d,n - Ld,n X Ln—d’

(”Ld,n—wd’nLdV,,AGr(d,n)) 2 Lgn— Ly XGCr(d,n),

and each satisfies that the measure on the range is the pullback of the measure on the domain.
Moreover, the map g, —x, satisfies that the volume of the preimage of a subset £EC X, is
voly (€)Y (n).

The proof of Proposition 2.5 is in Section 5.1.

3. Counting lattices: Main theorem

The goal of this section is to introduce our main result, Theorem 3.2, which implies Theorems 1.1
and 1.2. Counting results always assume a certain regularity condition on the sets in question, and
indeed we require that [(A, A™)] and all the other parameters of A from Notation 2.3 fall in sets that
satisfy the following property:

DEFINITION 3.1 A subset B of an orbifold M will be called a boundary controllable set, or BCS, if for
every x € M there is an open neighborhood U, of x such that U, N dB is contained in a finite union of
embedded C! submanifolds of M, whose dimension is strictly smaller than dim M. In particular, B is
a BCS if its (topological) boundary consists of finitely many subsets of embedded C' submanifolds.

THEOREM 3.2 Let n >3 and assume that ® C Gr(d,n), EXF C Xy XX,y EXF CLXL,_y,
YcL,, and ECP,, are boundary controllable. Then:

1. The number of primitive d-lattices A of covolume at most X with V, €® and
(shape(A),shape(A”™)) € EX Fis

Volxd (8) Volx”_d (?) VOlGr(d,n) (q))
n]T.,¢ @)

2. The number of primitive d-lattices A of covolume at most X with V, € ® and ([A],[A"]) €
Ex Fis

Y(d)Y(n—d)- X" +error term.

VO]Ld (g) VOIL"_{[ (f) V01Gr(d,n) (q))
nIT,$ @)

3. The number of primitive d-lattices A of covolume at most X with [A] € ¥ and [A7] € F is

- X" + error term.

volg, (¥)volg (F)
n]1.,¢$0)

- X" + error term.
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4. The number of primitive d-lattices A of covolume at most X with [(A,A™)] € E is

voly, (2
?d,n( ) - X" +error term.

nI1,¢0)

— _ 1
For 7, = (4n*[(n—1)/2]) "and every € >0, the error term is <, X"(17%+) < X"~ %0#0 ™ when
1

the sets in question (€, F,&,F, ¥, ) are bounded, and <, X(I=5t )+ < X" 9621 when they are
not.

REMARK 3.3

1. It can be easily shown that the leading constants in any of the part of Theorem 3.2 can also be
written as

2¢, , - product of probability measures of the sets involved,

where ¢, is Schmidt’s constant; for example, the leading constant in part (4) is

volp, (&)

2 B
4 oly, (Py)

Below we demonstrate this computation for part (1) of the theorem, where we prove The-
orem 1.1 based on Theorem 3.2. The 2 factor is due to the fact that we count lattices with
orientation, so every non-oriented lattice is counted twice.

2. Again comparing to the work of Schmidt, we note that a boundary controllable set is Jordan
measurable, and indeed Schmidt (in [45]) provides an example for how the asymptotic formula
for number of d-lattices with shapes in € fails when € is not Jordan measurable.

3. Primitive d-lattices are in one-to-one correspondence with rational subspaces in R”. These
spaces are the rational points on the Grassmanian variety: the projective variety consisting of all
the d— dimensional spaces in R”. Therefore, the aforementioned result of Schmidt can be read
as the counting of rational points up to a bounded height in the Grassmannian variety (the height
being the covolume of the unique primitive lattice in the space). As such, it provides yet another
example where the Manin conjecture [22, 39] on counting rational points in varieties holds. The
more refined counting we suggest in Theorem 3.2 (Part (4)) plays a key role in the intensive study
of rational points on the Grassmannian conducted in [8]. In that paper, the authors confirm a
modification to the Manin conjecture suggested by Peyre [40] and obtain an equidistribution
result for the integral lattices in the rational tangent bundle of the Grassmannian.

In order to deduce Theorems 1.1 and 1.2 from Theorem 3.2, we need to reformulate the latter
with AL instead of A”. As we have already mentioned, these lattices are dual to one another; denote
the dual of a lattice A by A™.

THEOREM 3.4 A version of Theorem 3.2 holds when replacing (A, A™) by each of (A, At), (A",At)
and (A", A™).
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Indeed, note that in all of the pairs above, the right-hand lattice spans the orthogonal subspace
to the one spanned by the left-hand lattice. In other words, their homothety classes are elements in
Py
Proof of Theorem 3.4. Observe that the three pairs (A, A'), (A", At) and (A", A™) are obtained from
the pair (A, A™) in Theorem 3.2 by taking the dual of A, of A”, or of both. According to Propositions
A.7 and A8, passing to the dual in either of the lattices is a measure preserving auto-diffeomorphism
of Py, (]

We can now prove the theorems from the introduction.

Proof of Theorem 1.1 based on Theorem 3.2. By Theorem 3.4 and part (1) of Theorem 3.2, the number
of oriented primitive d-lattices A of covolume at most X with V,, € ® and (shape(A),shape(At)) €
&€ X F is asymptotic to

Y(d)Y(n—d)

X"
n-vol(L,) ’

voly, &) voly (F VOlGi(d.n) (@)

where a bound on the error term is provided in Theorem 3.2. It is only left to show that the leading
constant above coincides twice with the one in Theorem 1.1, namely

‘ volxd(é‘) . voly (F) ‘ VOlgy (g (P)
[voly, I [lvoly, I [IVolg gl

Cd N

Notice first that, by (2.2) and (2.3),

_ ”VOlGr(d,n) I ) ”VOILd””VOan_d”

Cd

e 2n [[volg, |
Now,
Y(d)Y(n—d) _
n-|volg |l
_tlvolg ol I Y(@)  Y(n—d) Ivlogunl 2
n |volg |l [volg Il llvolg Il 2 [VOlge(gm
1 1 1

=2c,, - .
1 voly, Il [Ivoly

n—d

” ||VOlGr(d,n) ” .
O

To prove Theorem 1.2 from Theorem 3.2, we need the following claim, which is a follow-up to
Proposition 2.5.
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PROPOSITION 3.5 The three maps from Proposition 2.5 have the property that the preimage of a
boundary controllable set is also boundary controllable.

The proof is in Section 5.2.

Proof of Theorem 1.2 based on Theorem 3.2 and Proposition 3.5. In light of Propositions 2.5 and
3.5, itis sufficient to prove equidistribution in the space P, ,, namely that

1
#|Aprimitive : covol(A) <X|

- 1
FUAN )])_}X - mw "/.deOI?I,,n,

{A:covol(A)<X}

forevery f € C(P,,). Given suchf, it is uniformly continuous, and hence for every € > 0 there exists
8> 0 such that if two points x,y € P, , are of Riemannian distance at most &, then |f(x) —f(y)| <e.
Fix € and the associated & and consider a finite cover {B,} of supp(f) by balls of radius §/2. By
letting U; = B; —U,,,;B; for every i, we obtain that {U;} is a finite disjoint cover of supp(f). For a
choice of x; € U;, notice that for every x € supp(f) there exists a unique i such that x € U; and in
particular x is 6-close to x;. Thus, |[f(x) —f(x;)| < €. It follows that

f= Zf )1y +0;(e),

and it is therefore sufficient to prove the claim for f =1, with U € {U,}. Clearly

1
#|Aprimitive : covol(A)

Ly ([(A,A7)]) =

SX| {A:covol(A)<X}

#|Aprimitive : covol(A)<X, [(A,A™)]€U|
#|Aprimitive : covol(A)<X]|

Notice that the boundary of U C P, , is a finite union of boundary pieces of balls, so U is boundary
controllable. Thus, by part (4) of Theorem 3.2, the above converges as X — oo to

volp, (U) ~ S1ydvolp,

[voly, I Ivoly, I

4. Refined Iwasawa components of SL,, (R)
4.1. Refining the Iwasawa decomposition of SL,, (R)

Set G=G, :=SL, (R) and let G=KAN be the Iwasawa decomposition of G, meaning that K = K,
is SO, (R), A=A, is the diagonal subgroup in G with positive entries and N =N, is the sub-
group of upper unipotent matrices. We also let P, =A,N,,, the group of upper triangular matrices
of determinant one with positive diagonal entries. Consider the following isomorphic copy of
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SL, (R) x SL,_, (R) inside G,

Gu = |: Gd | Odn—d :| — |: SLd (R) | Odn—d :|
On—d,d | Gn—d On—d,d | SLn—d (R)

Write G = K""A”N"' for the Iwasawa decomposition of G’’, namely

Ky | Oy SO, (R) | 0,4,
Kl/ - KﬂG”I d dnd:|=|: d d,n—d s
|: On—d,d | Kn—d On—d,d | Son—d (R)
A 0
A = AN G// — d d.n—d :| ,
|: On—d,d An—d
N 0
N" = N n G' = d d.n—d :| .
|: On—d,d Nn—d

Let
P":=A"N" and Q := KP"
(note that Q is not a group, but it is a smooth manifold). To conclude the definition of the refined

Iwasawa decomposition, we define K’,A’, N’ that complete K"',A” ,N" to K, A and N, respectively.
Let

— 1
N |: Id Rd,n d :| A ad Id | Odln—d
On—d,d In—d T n=d d

and observe that N =N""N',A=A"A’, and that A’ is a one-parameter subgroup of A which commutes
with G”’. Often we would like to restrict to the upper d x d (resp. lower (n—d) X (n—d)) block of
G'"’, hence we denote

G// = |: Gd | Od.n—d :| — |: SLd (R> | Od,n—d :|
d On—d,d | In—d On—d,d | In—d

(resp. G/_ = [ Yy | Odna }). Similarly for K’’, P’ and A"’
On—d,d Gn—d
Fix a transversal (Borel measurable set of representatives) K’ of the diffeomorphism K/K" —
Gr(d,n), meaning that K = K'K"'; by [27, Lem. 3.4 (ii)], it is possible to choose K’ such that if
® C Gr(d,n) and B C K" are boundary controllable, and K}, is the image of @ in K', then K3 B C K
is boundary controllable in K. Note that Q is also K'G", and we let

0,:=K'G/.

Note that Q = Q,G,_, and that Q, is not a manifold. Then the refined Iwasawa (or RI, for short)

decomposition is given by

G=K'K"A"A'N"N'=K'G"A'N' =KP"A'N' = QA'N' = 0,G"_,A'N". 4.1)
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4.2. Refined Iwasawa decomposition of the Haar measure

It is well known (for example [32, Prop. 8.43]) that a Haar measure ¢ on SL,, (R) can be decomposed
w.r.t. the Iwasawa components of SL,, (R):

H=Hg XUg X Uy

(K=K,, A=A,, N=N,), where uy and u, are Haar measures on K and N, and u, is absolutely
continuous w.r.t. the Haar measure on A. Specifically, it is given by

n
Ma =My, = [1ean;,
j=1

where for h = (hy,...,h,_;) € R"! we let

n—1
a, = (e_h1/2’e<h1—h2>/2’ ’e(hn—Z_hn—l)/z’ehn—l/z) cA.
In this subsection, we extend the decomposition of u to the RI coordinates. Set

Uy = €Mdt,

where for t € R we let

t
ed] 0
a; = [ ¢ P :| s
0 e n=dl,_,

and let iy =y Xy = Katt X fatr . Then u, satisfies

Ma = Har X fhyrr,

where neither of these measures is Haar. Let t1y, fys, 4y, and pyn be the Lebesgue measures on the
associated spaces RN RAIMN' etc Then,

My =My Xy

Setting K; = SO;(R), we let g, for i =n,d,n — d be the Haar measure on K satisfying

i—1 ) i i
It = TT Leb(s) = 5 TT B, (42)
j=1 i=1

where Leb is the Lebesgue measure and §/ is the unit sphere in R/*!. In particular, |jug| =
g Mg, Il Since K’ parameterizes Gr(d,n)=K/K", we can endow it with a measure s that
is the pullback of a K-invariant Radon measure on Gr(d,n) so that @y = g X igr. All in all, our
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choices of ug,u, determine u, and similarly the choices of pg,u, determine the Haar measure
Mg

M = Mg X Py X Py = Mg X U Where Ugr =l = g, X Uy, X Uy, »
n— v 1 1 1 13

and therefore also

H=HUygr X g X fhar X Hyr -

Naturally, up =, Xy and ppr = fgm Xy =Mpy X fdprr where the measures on the Borel
subgroups are right Haar measures.

It is left to determine the measures u, and u,, . Since Q = KP", we endow it with the measure
Mo = Mg X ipr. AS Uy = fgr X g, fprr = g X iy and (g = g X g X iy, we also have that
Mo = Hgr X Ugr. Since O, =K'G}/, we endow it with the measure fy = pys X pgy. Allin all, we
have that

M=Ho X Upr XUyt = Mg, X Hgr X Uarn X [y,

meaning that the measure y decomposes in a manner that it compatible with (4.1).

4.3. RI components and parameters of lattices

The RI components of an element g € SL, (R) encode certain information regarding the lattices
spanned by its columns, as explained in the proposition below. To state it, we extend the definition
of primitiveness and of factor lattices from d-lattices inside Z”, to d-lattices inside any full lattice of
R",

DEFINITION 4.1 Assume that a d-lattice A is contained inside a full lattice A < R”. We say that A is
primitive inside A if A = AN V,—in other words, if there is no subgroup of A that lies inside V, and
properly contains A. Given a d-lattice A that is primitive inside A, we define the factor lattice of A
(w.r.t. A), denoted A™*, as the orthogonal projection of A into the space (VA)l. When A is primitive
inside Z", we omit the explicit mentioning of Z" and say just that A is primitive. Accordingly, we
denote its factor lattice in Z” by just A" and say that it is the factor lattice of A.

Let us also introduce the following notation:

NotatioN 4.2 For g € SL, (R) and d € {1,...,n— 1}, let A, denote the lattice spanned by the

columns of g and let Ag denote the lattice spanned by the first d columns of g. Let Ag‘i denote the
lattice spanned by the last d columns of A,. Finally, given a lattice A in R", recall that V,, denotes
the linear space spanned by A.

ProprosITION 4.3 Let g€ SL, (R)and 1 <d <n— 1. Denote A = Ag, the lattice spanned by the first
d columns of g, and A* = N™¢, the factor lattice of A w.rt. A,. Write g = kan = qa;n’ withq =k, g" =

A . .
kyk"ay,n", where a;,, = [”dg ¢ —dgA _d] and ky, is the image of U € Gr(d,n). Let g"" = [go" go_d],
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g = [god I(id] and g_, = [lg go_d], and similarly for a’' and p''. The RI components of g represent

parameters related to A\ in the following way:

(1) u = W (DF ut= Vg
(i) .e’ = covol(A) (ii)¥ ef’ B = covol(Aﬁ)‘
(iif) ei=3 = covol(AY) (iii)f e T = covol((Aﬁ)I)
() [A]=[Apg] = [A @F A = A
O L TR 2 v B U
(vi)  shape(A,,) = shape(A) (vi)# shape(A, ) = shape(AF)

s . .. n—d
forevery1 <i<dand1<j<n—d, and (vii) [(AL,Ag=)] = [(AL, (AZ)™")).

Proof. Since the columns of k are obtained by performing the Gram—Schmidt orthogonalization
procedure on the columns of g, we have that the first d columns of k span V. Since k' =k (k")

where k'’ € [SO‘B(R) SO”3]<R)

to) the same space as the first d columns of &, which is V. This proves (i) and (i)u, by definition of
orientation on V.

Write g(n')~!(a’)~! = k’g"" = ¢; right multiplication by an element of N’ does not change the first
d columns of g, and right multiplication by (a’)~! multiplies each of these columns by e~ 4. This
means that e"7 A = AZ , proving (iv), and (v), (vi) directly follow. Also, notice that AZ has covolume

], the first d columns of k" span (and are in fact an orthonormal basis

one, since it is a rotation of the unimodular AZ,,; then, by considering the covolumes of the lattices
d
on both sides, we obtain e~ covol(A) = 1, proving (ii).
Considering g'’, it is clear that the lattice A, _, is the factor lattice of A, w.r.t. A,r. Rotating
it by left multiplication by k', we have that the lattice Ag;d is the factor lattice of A‘; wrt. A,
o)1yt < Va

W.LL. Agyry-1(qy-1, Namely it is the projection of Ay, -1(4-1 to Vi. Noticing that this projection
-1

But since ¢=g(n')~!(a’)~!, we may also say that AZ;d is the factor lattice of Ag

kills the contribution of (n’)~!, as well as the first d columns of g(n’)~'(a’)~!, we remain only
with the projection of the lattice spanned by the last n—d columns of g, on which (a’)~! acts as

multiplication by e~#. In other words, AZ‘;d is in fact e~ #=a A¥. This proves (iv)u, from which

(v)ﬁ and (vi)ﬁ follow, and then similarly to how we proved (ii) we also obtain (ii)ﬁ (The fact that
covol(A¥) = covol(A,)/covol(A) is also proved in the Appendix, Proposition B.4). Since A{ and

A;‘Ql span orthogonal subspaces and are both unimodular, then (iv) and (iv)ﬁ imply (vii). It is
well known that if g=kan and a = diag(,,...,,), then IT}a; = covol(A}). Since the lattice A:f,,
d

is a rotation of e™/?A, it has the same covolume and partial covolumes; writing g/; = k'/a//n’},

we have that the product of the first 1 <i <d entries of a/ is e~ covol(Ai),,) =ei covol(A}).
d

. . 51 S1=52 Sd=2"5%d—1 Sd—1 .
On the other hand, since we have a] =diag(e”2,e 2 ,...,e =2 ,e"7,1,...,1), comparing the
. L N i s .
products of the first i elements implies covol(A’) -e~@ =e~2 and proves (iii). Doing the same for
. W wimw Wn—d—2"Wn—d—1 Wn—d—1 . . —d . .
a' ,=diag(1,...,1,e"2,e 7 ,..,e 2z ,e ? ), while recalling that A:Td is a rotation
"

of er=a A¥, implies eita covol((A*Y) = e for every 1 <j <n—d and proves (iii)ﬁ. a
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5. Spaces of lattices and their sets of representatives

The spaces X'; and £, as well as £, (by (2.6)) and P, , (by (2.8)), are quotients of smooth mani-
folds by discrete subgroups and can therefore be represented by fundamental domains for the action
of these discrete groups on the said manifolds. In this section we will establish that these manifolds
correspond (through a diffeomorphism, except for the case of £,,) to certain RI components in
SL,(R), implying that the spaces in question can be identified with ‘fundamental domains’ inside
the associated RI components. In other words, we shall identify the spaces X;, £, etc. with nice
measurable subsets lying inside the RT components of SL, (R), and this will allow us to translate the
proof of Theorem 3.2 into a problem of counting integral matrices in SL,(R). Moreover, this iden-
tification will allow us to interpret the projections from Prop. 2.4 very concretely, thus completing
the analysis of the interactions between the spaces P, ,, £, £;, X, and Gr(d,n): we will finally
be able to prove Propositions 2.5 and 3.5 and then reduce the proof of Theorem 3.2 to proving only
its fourth part.

5.1. Constructing fundamental domains

Consider the smooth manifolds
My, :=SO; (R)\SL; (R), M, :=S0,(R)%\SO,(R) x SL,(R)
and

d,n
As we have seen in Section 2, each of the spaces X;, £, and P, ,, is the orbit space of a discrete group
in the associated manifold. It is not hard to see (but yet we prove in Prop. 5.1) that these manifolds
are identified with certain RI components of SL, (R)—M. o, With P; (group of unimodular upper
triangular matrices), M ~with Q; and Mp —with Q. Moreover, the measures on these manifolds
that were defined in 2 us1ng 2.1 correspond to the measures (p., iy, and [y, respectively. As a
result, the action of the discrete groups on the manifolds M can be pushed to the corresponding RI
components, thus representing the spaces X;, £, and P, , with fundamental domains inside P;, Q,
and Q, respectively.

As a first step, let us recall the standard construction for fundamental domains of SL;(Z) inside
SL;(R) and in SO, (R)\SL;(R) ~ P,. The one in P; is essentially due to Siegel and is made explicit in
[26, 28, 45Sec. 7]. We will not require the exact definition but just mention the fact that boundary of
F; is a finite union of (strict) submanifolds of P; ([45, pp. 48—49]), making it boundary controllable,
and that in the case of i =2, where P, is diffeomorphic with the hyperbolic upper half plane and F,
is the well-known subset depicted in Fig. 1.

From F,, construct a fundamental domain for SL; (Z) in SL, (R) as follows: Let

Fi= UK ¥ (5.)

([28, Thm. 7.10 and Prop. 7.13]), where for every z € F;, K, C SO, (R) is a boundary controllable
fundamental domain for Sym™ (A, ), the finite group of rotations that preserve A, (the lattice spanned
by the columns of z). There is a finite number of possible symmetry groups up to conjugation, and for
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1272 T. HORESH AND Y. KARASIK

Figure 1. F,, a fundamental domain for SL, (Z) in P, (the hyperbolic upper half plane).

every z € int(F;) this group is the center, Z(SO; (R)) [45]. Denote the generic fiber (above int (F;))
by K, Then

x(n)
1= Kyen it (F,) U J K, - {z €0F, : Sym™ (A,) = Sym™ (A, )}. (5.2)
j=1
Now we are ready to prove that the spaces appearing in Theorem 3.2 are represented by fundamental
domains in the corresponding RI components.

PROPOSITION 5.1 The following are measurable sets of representatives for the corresponding spaces:
* F; C P, for the spaces X;.

* F; C G, for the spaces L.

K'F, C Qdfor the space £,

K'(F;xF,_;) C Q for the space Pyn

The measures Vol,,,., defined on these spaces in Section 2 are pushforwards of the measures

Mcomponen: defined in Section 4.2 on the ambient RI component, restricted to the corresponding set of
representatives. (For example, volyp is the pullback of u, restricted to K ’(F; XF, d)) Moreover,
the projections from Diagram (2.9) correspond to the pr(yectlons between these sets of represen-

tatives (For example, Tp, ~La, corresponds to k'gl g, — k'gl] from K’ (F X F,_ ) —-K'F,  or
Tz, —x, corresponds to k' gy = k Ky p = plf from K'F; — F,, etc.).

Recall that ./ is by definition the pullback of volg, 4 ,), so the statement about the measures from
Proposition 5.1 is valid also for K’ and Gr(d,n).

Proof. The manifolds My, M, —and My, —are easily identified with the RI components P;, O,
and Q, respectively. The 1dent1ﬁcat10ns Mx < P; and Mp < Q are diffeomorphisms, and the
identification M <« Q, is a Borel bleCthl’l (it cannot be a homeomorphism since Q, is not a
manifold). We claim that under the said identifications, the measures on the manifolds M (as defined
in Section 2) correspond to the measures on the associated RI components. For example, the measure
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on My =80, (R)\SL, (R) was defined as the unique (up to rescaling) measure on My, that satis-
fies (2.1) with ¥ = SL; (R) and G = SO; (R) and the associated Haar measures; but, since up, satisfies
MsL,(R) = Mso,®r) X Mp,» Mp, (or rather, its pushforward to My, ) must be a positive scalar multiple of
the invariant measure on M, . Similar considerations apply for M,  with u, and My, with .
X; Lan, Qu Pin 0
To see that the scalars equal one, we must show that the normalizations correspond, namely that

Hp,(F;) = Vol I, g, (F;) = Ivolg Il g, (K'Fy) = Vol Il and pg (K’ (Fy X F,—g)) = [Ivolp, | For
F,, we refer to [23] for a computation showing that

d—1 d
uo,(F) = T [ Leb(S) - TT ¢ (1) /uso,m) (SO; (R)).
i=1 i=2
Then by our choice (4.2) of uy. = tgo, @) We have that

d

Ko, (F) =TT ¢,

i=2

corresponding to [[volg || by (2.5). For F;, we have from (5.2) that

Hsv, ) (F7) = up (F,) - tso,r) (SO (R))/[Z(SO(R)) : SO;(R)],

coinciding with [[voly || by (2.3). For K ’E;, we have that 1, = g X Ug, and therefore

Ko, (K'Fy) = g (K g, (Fy).

Since ||ug/|| is the volume of Gr(d,n), the above agrees with [volg, || by (2.7). The proof for
K'(F;xF,_,) is similar.

The fact that the projections between the spaces (Diagram (2.9)) correspond to the projections
between the fundamental domains is a consequence of Prop. 4.3. U

The fundamental domains corresponding to the spaces Gr(d,n), X, £,, £,, and P, allow us
to complete the analysis of the interactions between these spaces, by proving Propositions 2.5 and
3.5. Let us introduce a notation for the image of a subset of any of these spaces in the associated set
of representatives:

- C K’(F~iz< F_,)CcQ is the image of ECP,,.
(Qu)w € Kle ilitd) cOy is the image of o YCeL,,
G’éixngdx —a CG" is the image of EXFCL,XL, 4
Py CFyXF,_, is the image of EXFCAXX,_y,
Ky CK' is the image of ® C Gr(d,n).

Proof of Proposition 2.5. The fact that the maps from £, and P, , are one to one and pushforward,
the measures is a consequence of Prop. 5.1. As for the map 77z _,  , let & C £, be the inverse image
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1274 T. HORESH AND Y. KARASIK

of € C X, and let G = PK where G = SL,,(R), P = P,, the subgroup of upper triangular matrices, and
K =S0,(R). By the construction (5.1) of F, from F,, we have that

n’

and as a result (similarly to (5.2)),

x(n)
Gz =Ky (Pgnint(F,))U| JK, - {z € Pgn3F, : Sym*(A,) = Sym* (A, )}.
i=1

Apart from the first set in the union they all have measure zero, and therefore, using u; = (g X Up,

UG (Gg) = pg (Kyen) - p(Pe NNt (F,)) = g (K)up(Pe)/#1Z(K))|.

This concludes the proof, since from Prop. 5.1 we have that vol; (€ %) = g (Gg) and voly (€) =
Hp(Pe).

5.2. Reduction to the space of pairs

The goal of this section is to reduce the proof of Theorem 3.2 to its fourth part, the one about equidis-
tribution in ;. The main ingredient is Proposition 3.5, which we now prove. The proof will make
use of the following:

LEMMA 5.2 The image of a BCS in any of the spaces appearing in Proposition 5.1 inside the asso-
ciated set of representatives is also a BCS. The opposite holds as well (For example, = C P, is
boundary controllable if and only if Qz is).

The proof is not hard, and we omit it (for a proof in much greater generality, see [28, Prop. 6.5
and 6.7]).

Proof of Proposition 3.5. We begin with the map 77 _, - . Let & C £, be the preimage of € C X, and
then, as in the proof of Proposition 2.5,

x(n) Pg(i)

Gg=Kyen (Penint(F,)) U JK, -{z € PeNAF, : Sym*(A,) = Sym* (A, )}.
i=1

We claim that Gz is a BCS. First of all, every Pg(i) is contained in dF, and is therefore a BCS of
measure zero in P. Moreover, int (F,) is a BCS, because F,, is, and P¢ is a BCS by Lemma 5.2, hence
Pgnint(F,)isaBCS. As every K, (including K ,,) is a BCS, we have that the image of Gz in K x P
under the diffeomorphism

gen

=kp — (k,p)

is boundary controllable, as a finite union of direct product of such. Hence Gz is boundary
controllable, which by Lemma 5.2 means that & is also.
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We proceed to consider th(i map (g, g, 7g, ~Grdm)) - Lan = La X Gr(d,n). Assume that ¥ C
L, is the inverse image of & X ®, which (by Prop. 5.1) means that

(Qa)w =Ko(Gy)g-

LetE=n;'_, (§) CX,. Then

x(n)
Ko(Gg=Kp- | K. 2= KoKy - (Penint(F,)) U | 4K, - P(i).
zEPg i=1

The sets KK, are boundary controllable in K, by [27, Lem. 3.4 (ii)] (See also [28, Prop. 6.15 (ii)],
which roughly says that the ‘product’ of a BCS in a subgroup L < H with a BCS in the space H/L is
a BCS in H); from here we proceed as in the case of the first map. The map (”?d,n—’ Lan TP, E
Pyn = Lyy XL,y is handled similarly.

We are now ready for the first step in the proof of Theorem 3.2, which is reducing to proving only
the last part of this theorem.

Proof of parts (1), (2), (3) of Theorem 3.2 from part (4). Let us first see how part (1) of the theorem
follows from part (2). Assume ® C Gr(d,n) and € X F C X, X X,_, are boundary controllable, and
let Ex F C L, XL, _, be the inverse image of € X & under the projection £, X £,_, = X ; X X, _,.
By Proposition 3.5, £ X F is also boundary controllable, and by Proposition 2.5

volg (E)volg(F) = voly (€) voly _ (F)Y(d)Y(n—d).

Part (2) of the theorem has that the number of A with V,, € ® and ([A], [A"]) € € x F is asymptotic
to

vol(€)vol(F) vol(®) , _ ol (€) ol _, () vol (@)

Y(d)Y(n—d)- X",

n T80 - n T, ¢ 0
hence we are done. Similarly, part (2) of Theorem 3.2 follows from part (3) thereof, and part (3)
follows from part (4). O

6. Correspondence between integral matrices and primitive lattices

The goal of this section is to translate Theorem 3.2 (or rather, its part (4), since we have reduced to
proving only this statement) into a counting problem of integral matrices. The first step is to establish
a correspondence between primitive d-lattices and integral matrices in a fundamental domain of the
following discrete group of SL, (R):

SL,(z) 744

’ . ’ " _ d

I":=(N'"XG")(Z2)= 0 SL._,(2)

PROPOSITION 6.1 There exists a bijection A < y, between oriented primitive d-lattices and integral
matrices in a fundamental domain of SL, (R) V™I, where y, is the unique integral matrix in the
fundamental domain whose first d columns span A.
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Proof. Let Q c SL,(R) be any fundamental domain for I'. The direction < is simple: given y €
QnNSL, (Z), its columns span Z", hence by definition its first d columns span a primitive d— lattice.
In the opposite direction, let B be the basis for A. Since A is primitive, B can be completed to a basis
of 7", lety € SL,, (Z) be a matrix having this basis in its columns, with B in the first 4 columns. The
orbit y - T, whose elements consist of integral matrices having a basis for A in their first d columns,
meets () in a single point, ¥,. O
Let us construct an explicit fundamental domain for I''. Denote
O := the unit cube(—1/2, 1/2]4"=),

and then a fundamental domain for the right action of I'" on SL, (R) is

Q= K’G”FF;xmA’NID’ 6.1)
where N’ is the image of [J under a natural diffeomorphism R?"~4 — N'.

By Proposition 6.1, the integral matrices y,, in () correspond to the primitive d-lattices A spanned
by the first d columns of the matrix. But Proposition 4.3 teaches us that the properties (shape,
covolume, etc.) of A are encoded in the RI components of y,. We combine the two to obtain:

COROLLARY 6.2 Consider the correspondence A\ <y, between primitive d— lattices and matrices
inQNSL, (Z). ForECP,;, and T>0, let

Q(E)=Qn {g=qa’n' 1q € Qg.d €Ay g0 € N’D} =QzA"or)N'o-
Then
Q;(E)NSL, (Z) = {y, : covol(A) < e, [(A,A7)] € E}.
We conclude with the following computation.
LEMMA 6.3 For a measurable E C P;, and T > 0,
w(Q(E)) = volp, (E)(eT —1).
Proof. Since Qr(E) = QzA"jg )N’ and =y X par X pyr,
u(Qr(2)) :MQ(QE)MA’((A,)TMN’ (N'm).

By definition of wys, py/(N') =Leb(0J) =1, and by Proposition 5.1, uy(Qz) =volp (Z). By
definition of w,;, '

T
(A = f edt=n"1(e" —1).
0
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7. Ergodic method to count lattice points

We are now at the point where we have reduced the proof of Theorem 3.2 to a problem of counting
integral matrices inside the subsets of SL, (R) that are defined in Corollary 6.2. This counting prob-
lem will be approached using an ergodic method that was developed by Gorodnik and Nevo in [25]
and whose roots lie in the celebrated work of Eskin and McMullen [17]. This section is devoted to
describing it.

Every counting result assumes a certain regularity condition on the sets in which the counting
takes place. In the classical setting of counting integral points in R”, one always assumes that the
boundaries of the sets in question satisfy some level of smoothness; however, in the semisimple
setting (semisimple Lie groups and their homogeneous spaces), the boundary presents a fundamen-
tally different behavior, and the notion of regularity of the sets should be defined accordingly. Eskin
and McMullen have coined the term well roundedness for this type of regularity; here is how it was
defined in [25]:

DEFINITION 7.1 Let G be a Lie group with a Borel measure g, and let { O, }.. be a family of identity
neighborhoods in G. Assume {3B;} 0 C G is a family of measurable domains and denote

Bi(€) =0.8,0.= | ] us,v,

u,ve€O,

B7 (€)= ﬂ uBpv.

u,v€Q,

The family {B;} is Lipschitz well-rounded (or LWR) with (positive) parameters (C,T})) if for every
0<e<1/Cand T > Ty:

1 (B7 () < (1+Ce) u(B7 (€))- (7.1)
The parameter C is called the Lipschitz constant of the family {B;}.

A lattice subgroup T of a locally compact second countable group is a discrete subgroup whose
space of cosets has finite volume w.r.t. to the Haar measure on the ambient group. In certain Lie
groups, among which are algebraic simple non-compact Lie groups G, there exists p € N for which
the matrix coefficients (ng r(g)u,v) are in L*¢ (G) for every € >0, with u,v lying in a dense subspace
of L(Z) (G/T) (see [24, Thm. 5.6]). (In other words, the unitary representation 7., . is %-tempered).

0
Gt
Let p (T') be the smallest among these p’s, and denote

1 ifp=2,
m(l) = {z [p(T)/4] otherwise.

Define:

1

"= S (1 +dmG)

€ (0,1).
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Then 7(T') is a parameter that depends on the rate of decay of the matrix coefficients of the G-
representation on L3 (G/T'), and specifically it is larger when the decay is faster. We remark that for
I'=SL,(Z) and n > 3 it was estimated in [33, 12] that p(T') =2n —2, and therefore 7(SL, (Z)) =
(4n*["51])7!. For T = SL, (Z), it is known that p (T') = 2 and therefore 7 (SL, (Z)) = 1/8.

THEOREM 7.2 ([25, Thm. 1.9, Thm. 4.5 and Rem. 1.10]). Let G be an algebraic simple Lie group
with Haar measure j4, and let T < G be a lattice subgroup. Assume that {B;} C G is a family of finite-
measure domains which satisfy u(By) - oo as T — oo. If the family { B} is LWR with parameters
(Cg.,T,), then AT, > 0 such that for every § >0 and T > T:

im G

_dimG_
#(BrNT) —u(Br)/u(G/T) Lgrs (Cx™m¢ S (Bp)1 T D),

where u(G/T) is the measure of a fundamental domain of T in G and the parameter T, is such that
T, > T, and such that for every T > T

dimG

C5™ <qr ((B,)"™"). (72)

However, our goal of counting in {Q;(Z)} -, cannot be approached in its current form by Theo-

rem 7.2, since the sets Q5 (&) are not (Lipschitz) well rounded and in fact may not even be compact.
This issue is handled in the next section.

8. Neglecting lattices up the cusp: reducing to well-rounded sets

[l
(=

This section is devoted to handling the obstacle arising from the fact that the sets Q;(Z) are (mostly)
not LWR and in fact not necessarily compact. Their compactness is equivalent to the compactness of
E, which is equivalent to the compactness of A" N Q. To overcome this, we will reduce to counting
in compact subsets of Q;(E), namely subsets that are obtained by truncating the A’ coordinate of
Qs and hence of Q(5).

REMARK 8.1 Geometrically, matrices in SL,,(R) with a very large A’ coordinate (where ‘very large’
means comparable with the covolume of the d-lattice that they span) correspond to d-lattices which
have a very small successive minimum (if the large A"’ coordinate is among the first d — 1 ones), or
their factor lattice has a very large successive minimum (if the large coordinate is among the last
n—d —1 ones). Namely, d-lattices whose shape is ‘up the cusp’ of the space XX, or that the shape
of their factor lattice lies ‘up the cusp’” of X, _.

For every

S=(S,.s8,) >0, W=(W,,....W,_,) >0 (8.1)

and a subset B C G, let BSY denote the set

Bn{g:a" =ay, withs; <S;, w; <W, ;Vi,j},

!
W i ="

where a'' is the A"’ component of g.
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Recall the fundamental domain Q C G for I appearing in (6.1). Accordingly with Notation 8.2,
we let

—S
SW | Fyo N
Q=K { d - W]ATN o
We claim that

H(Qp — QFY) < (T =min{SminWnin} (8.2)

with S_. = minj Sj and W

min min

W,_4ford+1<j<n.Then

u(Qr—0F) ~ (f d,uA,) (f d,uA”)
[0.7) [0.00)" 21T, [0.]

n—2

= min; W;; indeed, let Z = (S, W) namely Z=S;forl<j<dandZ =

<e. dzy o dzyy

- et in—2

j=1 '/(\Z:f$zj<oo)xni¢j(0$zi<oo)

~ el (e_Zl + .. +e_Zn—2)

< enT . e—minj{Z,-ﬁ}.

The goal of this section is to prove the following (a similar claim appears in [27, Prop. 6.2]):

PROPOSITION 8.3 Let Q be as in (6.1), and let 0 = (0y,...,0,_1), @=(®,...,w,_4_;) where 0 <
0;,; < 1 Vi. Then for every € >0

# | (QT _ Q%T,QT) nSL, (Z)’ <, (eT(n—min{amin,wmin}+e)) ,
where O, = MiNo;, w,;, = Minw;.

Proof. Let y, =ka}/,,ajn € Q- NSL, (Z). In what follows, A is the lattice spanned by the first i
columns of y,, (ATY < A™ is the lattice spanned by the first j columns of the n X (n — d) matrix
obtained by projecting the columns of ¥, to Vi, and (Al)k < A* is the lattice spanned by the first k
columns of the matrix that represents A inside m.

Recall that y, € Q; — Q5" if and only if 3i € {1,...,d — 1} for which s; > ¢,T. This implies
(using Proposition 4.3 and the fact that A’ is integral) that

1 <covol(A)=ei~F <ei~7F <e

it

For the remaining i # i € {1,...,d—1},1 < covol(Ail) —ed <eil.
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By [27, Prop. 6.4], the number of such possible lattices A is e’ "=9*¢) where o = > 0;. Thus, the
number of SL, (Z) elements y in Q; — Q5" is bounded by
#( | {A:Vicovol(A]) e [1,e"a=%))}

u=(uy,e.slty—)

{0,139 —{0}

— Z Oe (eT(n—c7+E)) — Oe (eT(n—amin+e) ) ,
ue{0,13~"' {0}

where o,;, = min{o;}, as ¢ is arbitrary.

Now recall that y, € Q; —QP*" if and only if 3j€{l,...n—d—1} for which w,>
w;T. By Lemma A.13 and Proposition B.5, covol((A™)) is proportional to the quotient
covol((A*)"=4=/)/covol(A), with a positive constant that depends only on d and n. Then, by

Proposition 4.3 and Lemma A.13,

= covol((A+)"~"7)

Ce™ -covol((AY)"47)=C covol (A) < covol((A™Y) = e,

where C > 0. Hence, up to an additive constant that becomes negligible when ¢ is large, w; 2 ;T
implies

1 < covol((AL)=d7) < ei=7=a—

For the remaining j #j' € {1,....n—d — 1},

1 < covol(A"=4') < e!1=iEa) < T2,

By [27, Cor. 6.4], the number of such possible lattices A is el (—w+€) where = Z w;. Thus, by similar

considerations, the number #|(Q; — Q") N SL,, (Z)| is in O(e! "~ “nin*®)), where w,,;, = minaw;. (]

9. Proof of the Theorem 3.2

For the sets Q%E(E ), we can use the method described in Section 7 to produce the following counting
statement:

PROPOSITION 9.1 Let n>2 and T < SL, (R) a lattice subgroup with =1 (T'). Set A, = Z(n’zliz_l) Let
S,W as in (8.1), and

S = sum of components of S, W = sum of components of W.
Let S(T),W(T) denote vectors like S, W, but with components that depend on T, and let S (T) ,W (T

be their sums of components. If 5 C P, , has controlled boundary, then the following holds for every
O<ex<rt:
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1. ForT>S5Y 4 0.(1):

ni,t

SW /e
#(Q%E(E) n 1—-.) — /"(‘QT (‘—')) + OE,E(e(S+W)//1nenT(l—r+e)).

2. Let n>3. For every § € (0,71—¢), T>05(1), S(T) and W (T) such that S(T)+W(T) <
néA,T+0z(1):

=0 V104 nT(l—r+5+e)_
u(oim) 0=l )

When only S is bounded the condition on S (T) + W (T) becomes W (T) < néA,T + Og(1), and
when only W is bounded the condition becomes S(T) < ndA, T + Oz(1).

We will prove this proposition at the end of the section, by showing the sets Q%E(E ) are Lipschitz
well rounded.

Proposition 9.1 counts SL,, (Z) elements in Q%D’MT), while Proposition 8.3 counts SL,, (Z) ele-
ments in the complement of Q%T)’MT) inside Q;(Z). combining the two, we obtain counting in
Q(E), thus proving Theorem 3.2. Here are the details:

Proof of Theorem 3.2 assuming Proposition 9.1. Recall that it is sufficient to prove part (4) of the
theorem. By Corollary 6.2, when setting 7 = log X, the quantity we seek to estimate in this part is the
amount of SL,, (Z) elements inside Q;(Z). Suppose first that Z is bounded. Then, by the properness
of TP, X%,y from Proposition 2.4, there exist S = 55 and W = EE such that 5 =S¥, namely

Q;(E) = Q5Y(). Then, by part (i) of Proposition 9.1,

)
H(SL, (2)\SL, (R))

#(QFHE)NSL, (2)) = + 0, (€70175)

for T large enough, where
7,=7(SL, (2)).
Taking into account Lemma 6.3 and the volume of F,:, this equals

VOI-'Pd,n <E) T

nI1,00°

+ OE . (enT(l—rn+e) )

and the proof of this case is completed.
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. 2
Assume now that = is not bounded. Let 0 <€ <7, and 0 < § < 7, —¢€, and recall 4, = m and

7, = (4n? [(n—1)/2])"". Set

ond, —e

_ . d—1

9, = 5 1, ,.eR™,
ond, —¢€

@ = — 1 .

—n—d n—2 n—d—1

If S(T)=g,T and W(T)=w T, then (in the notation of Prop. 9.1, where S(7) is the sum of
coordinates of S(7) and W(T) is the sum of coordinates of S(7')), for sufficiently large T

S(T)+W(T) = (6nd, —€)T < 8nd, T +0(1). 9.1)

Since Q(E) equals

gTw T

Q&) =" " (@) u (@) - Q"

®).

then the amount of lattice points in the left-hand side (LHS) is the sum of lattice points in the sets on
the right-hand side (RHS). Considering the first set on the RHS: by (the second part of) Proposition
9.1, which we may use thanks to (9.1),

g Tw T

o T, T\ _ HQF T (8)) T (11, +5+¢)
#(SL, () naf" ' (2)) = LSL.@NSL, () 0= ).

By (8.2) and Lemma 6.3, this equals

~ vol P (B)

S TIL,80

As for the second set on the RHS, by Proposition 8.3,

e+ O(enT(]_% mi“{amin»wmin}Jff) ) + OE’E(enT(l—r,,+5+e))'

# (SLn (Z2)N (Q () - Q%dT,@n—dT<E))) <. enT(l—% Min{G 5, Oyyin } € )

< enT(l—f’_l—"zw)

and therefore

VOI?d,n (B) T

me +0¢

=€
Finally, we choose & that will balance the two error terms above, that is § that satisfies: 1 — 7, +d =
1 — 2% This & is

Sy
#(SL, (Z) N Q) = (eT(1=584)) 4 O (e”T(“m”)) .
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hence we get an error term of

<ge

e T(=(m,=8)%€) . (enT(l—QI—izﬁ‘))'
This concludes the proof of the case where = is not bounded. O

We conclude by proving Proposition 9.1.

Proof of Proposition 9.1. To prove part 1 of the proposition using Theorem 7.2, we must show that
the family {Q<T§’M (E)}rs0o is LWR. Consider the map which projects to the RI coordinates,

r: SL, (R) - KXA'XA"XN" XN’
g= kalalln//n/ — (k,a,,a/,,n/,,n/)

In [27, Cor. 10.5] we have shown that the well roundedness of Q(T§’M (&) relates to the well round-
edness of its image under 7 in the following manner. If each of the components of the image is LWR
with 7' and a Lipschitz constant that do not depend on s, w, then Q(Tg’M (E) is also LWR, with T,
that does not depend on s, w, and a Lipschitz constant that is of order 05(e2(5+w>). Clearly,

O3

[

)) = r(Qg&E) XAEQ,T] XN,D
with r(Q_sw) C K X A” x N". Each of the three factors in the above direct product is LWR with a
Lipschitz constant that is O(1): N’ is LWR since it is diffeomorphic to a cube in R*"~%)_ and AfO,T]
is LWR by [27, Prop. 9.6]. As for r(Q_s w ), notice that Q« is boundary controllable, by Lemma 5.2.
Then, by [27, Lem. 11.1] (This lemma is actually for d =n — 1, but the proof is valid for any 1 <
d<n), r(Qzsw) is LWR in K X A” X N"" with parameters that do not depend on S, W. Therefore,
Q™) (Z) is LWR with Lipschitz constant that is of order Og(e2S*W)).

The claimed error term is obtained from Theorem 7.2, while recalling that the volume of Q(Ti’M (B)
in SL,,(R) is of order ¢"”. The lower bound on T is obtained from substituting the LWR parameters
of QY () into (7.2).

For the proof of the second part, let us compute a bound on S, W for which the error term estab-

lished in part 1 of the proposition remains smaller than the main term. Namely, that there exists
y € (0,1) for which

(S+W)/A,+(1—t+¢€)-nT=y-nT.
If § denotes the numbery +7 —e — 1, wehave thaty =6+ 1 +¢ — 7. Theny <l ifand only if § < 7 —,
where T — € is positive since 7 > €. We conclude that for 0 < § <t —eand S+ W=S(T)+W(T) <
84,nT, the counting applies with an error term of order ¢! = ¢"T(1=746+¢) A for the lower bound
T, onT,inpart 1 we got S+ W < nd, 7T + Og (1); so, combining both bounds on S + W we get

S+W < min{nd,8T, nd,tT}+ Og (1) =nd, 6T + Oz (1)

for T large enough and 6 € (0,7 —¢). This completes the proof. u
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Appendix: Dual lattices, factor lattices

This appendix, which is independent from the paper, has two goals. The first is to further investigate
the spaces 2, , and £ ,, especially from the differential perspective of smooth maps between spaces,
hence proving some claims that have been used throughout the paper; the second is to be a source of
facts about dual lattices and factor lattices that are not necessarily hard, but cannot be found in the
literature (at least not easily). By that, we hope to assist future authors.

In what follows, if the columns of a matrix B =B, ; span a d-lattice A < R" (resp. a subspace
V < R"), we say that B is a basis for the lattice A (resp. the subspace V). Recall that the covolume of
a d-lattice A, which is the volume of the fundamental parallelopiped for A in the linear subspace that
it spans, equals (|det(B'B)|)"/2 where B is (any) a basis for A. We will use an underscore to denote
that an object is being spanned by a set, so that Ay is the lattice spanned (over Z) by B, V, is the
linear space spanned (over R) by A, etc.

Appendix A: Dual lattices

The claims A.1 until A.3 can be found in the book by Cassels [11] (where dual lattices are referred
to as polar lattices), or in the helpful notes [41].
Given a d-lattice A < R", we define the dual lattice of A to be

A= {y € spang, (A) : Vx €A, (x,y) € Z}.
Note that it is contained in V,, and that a priori, it is unclear that A" is indeed a lattice.
PROPOSITION A.1 The matrix D, ;, := B(B'B)~" is basis for A”.

This proposition motivates the notation D = B* for D as above, as well as the name the dual basis
of B.

Proof. Since (B'B)~! € GL,(R), we have that span, (D) = spang, (B) = V,. For the inclusion
span_, (D) C A", take v € 7% and we want to show that Dv € A", namely that (Bw,Dv) ., € Z for
every w € Z¢. Indeed,

(Bw.Dv),,, = (Bw.B(B'B)™'v) = (w.B'B(B'B)™!v) =(w.v),, €Z

Rn
But this inclusion is in fact an equality, since according to the above (Bw, Dv)Rn =(w, v>R 4» and this
value is integral for every w € Z¢ if and only if v € Z¢, namely if and only if the element Dv of V,
is in fact in A" U
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COROLLARY A.2 The dual lattice A" is a d-lattice, and Vy» = V.
COROLLARY A.3 One has that (N")" = A, and covol(A") = covol(A)~".
Proof. Check that D(D'D)~! = B and that (|det(D'D)|)"/2 = 1/(|det(B'B)|)"/2. O

ExAMPLE A.4 The dual of Z" is Z", but in general the dual of an integral (and even primitive) lattice
must not be integral. For example, the dual of Z(1,1) is Z(1,1). More generally, when A < Z", the

2°2
entries of A” are in the ring Z . To see this, recall that (Proposition A.1) if B is a basis for

1
[covol(A)z]
A, then B(B'B)~" is a basis for A". Since (B'B)~" = adj (B'B) /det(B'B) = adj (B'B ) / covol (A)?
where adj (BtB> is the adjucate matrix of B, and since adj (BtB) is integral when B is, we get that

the entries of (B'B)~" (and therefore also the entries of B(B'B)~") are in Z[m]

Consider the following two spaces:

Rdn—d

L4, =GL, ®)/ [GLd<Z)

_ e e .
Oy GLys (R)D = space of d—lattices inside R",

5~ . GLy(Z) Rn—d D _ space of pairs (A, L) whereAad — latticeinR"
Pin = GL, (R)/ ([On—dxd GL,_4(Z) and L is an n — dlattice in V}

Let us justify why these quotients are indeed the spaces of lattices we claim they are. A coset of a
group element g inside £, corresponds to the d-lattice spanned by the first d columns of g. A coset

of a group element g inside 5’;; corresponds to the pair (A,L), where A is the d-lattice spanned
by the first d columns of g and L is the lattice spanned by the orthogonal projections of the last
n—d columns of g to V. Note that since the columns of g are independent and the first d columns
span V,, the projections of the last n—d columns to Vi must be independent; in particular, L is
an (n—d)-lattice. Proving that these two identifications are well defined and bijective is an easy
exercise. .

The spaces Z:n and %, can be described more geometrically as follows: Since for every d-lattice
A < R" there exists a (non-unique) k € SO, (R) which rotates V, to the space spang (e, ..., ¢,), then

A is of the form
Zd
e ()05
On—dxd On—dxl

for some g; € GL,(R). The element g, can be replaced by any other element in the coset g, GL,(Z),
and the element k can be replaced by any other element in (SO,(R) X L,_, )k, if the element g,
is adjusted accordingly. As a result, where SO, (R)%4 is the diagonal embedding of SO,(R) in

E;,/n ~ SOd(R)diag\\SOn(R) X GLd(R)/SLd(Z) (Al)
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SO, (R) X GL,(R). Similarly, every full lattice L in V1 can be written as

0 0
_ -1 dxn—d ix1
L=k ( 8n—d ) < 7z )

where g,_, can be replaced by any other element in the coset g,_; GL,,_,(Z), and the element k can
be replaced by any other element in (I, XSO,_,(R))k, if the element g,_,, is adjusted accordingly.
As a result, where SO, (R)%4¢ is as before, and SO,_,(R)2 is the analogous diagonal embedding

Pan ~ SOd(R)diag % SOn,d(R)diag\SO”(R) x GLg(R) x GL”_d(R)/SLd(Z) % SLy,_4(Z),
(A2)

of SO,_,(R) in SO, (R) x GL,,_,(R). The spaces ZITL,, and 5’;; are equipped with natural measures
that are induced by the chosen Haar measures on the ambient groups (SO, (R) X GL,(R) for ZZ:;

and SO, (R) X GL,(R) X GL,_,(R) for E;)). With the presentations in (A1) and (A2), the map that
sends a lattice to its dual has the geometric interpretation of being induced by the Cartan involution
on GL(R):

LEMMA A.5 The map A~ A" from ZZT,H to itself descends from the involution (k,g;) — (k,g;t ) of
SO, (R) X GL,(R), where Zl\ld,n is viewed as the quotient (A1).

Proof. This is a consequence of (A1) along with Proposition A.1, which says that a basis to the dual
basis to the lattice spanned by the columns of g, is g;t. U

The following two propositions are a consequence of this lemma:
PROPOSITION A.6 The map A~ A" is a measure preserving diffeomorphism from £ dn to itself.

Proof. By Lemma A.5, the map A — A" descends from a map that is the identity on SO, (R) and
the Cartan involution on GL;(R)—both are (Haar) measures preserving diffeomorphisms. d

PROPOSITION A.7 The three maps
(A L)~ (A,L), (ML)~ (AL"), (AL)— (AL
from :E; to itself are measures preserving diffeomorphisms.

Proof. Similarly to Lemma A.5, when considering (A2), the three maps in the statement descend
from the following involutions of SO, (R) X GL,(R) X GL,_,(R):

(k. 84>8n—a) = (k87 8nma)»

(k. 84> 8n—a) "’(k»gwg;—td)’

(ks84>8n—a) '_’(k»g(;t,g;_td),
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respectively. These involutions all consist of combinations of the identity map and the Car-
tan involution on the groups involved and are therefore diffeomorphisms that preserve the Haar
measure. U

Spaces of unimodular lattices

_ SL (Z) Rdn—d
The space £, =SL, (R)/ ([Onilxd SL,_q(R

1
dl 05—
eo{[H s Jreo).
Op—axa @ n=d 1,y

is the space of oriented d-lattices in R”, up to homothety. Similarly, the space P,,=

SLn(R)/qungi S][:Rd'"i_(dz)} ><A’> is the space of pairs (A,L) of oriented lattices satisfying

covol(A)covol(L) = 1, where A is a d-lattice and L is an (n—d)-lattice in Vi. More accurately,
it is the space of equivalence classes of such pairs, modulo the equivalence relation (A’,L") ~ (A, L)
if and only if there exists o >0 such that (A’,L") = (oﬁA, a‘ﬁL) In analogy with (A1) and (A2),

the spaces £, and P, , can be presented as and The spaces £, and P, unlike ZJ:; and .;PZ,

J x A’ ) where

Lin =~ SO4( dlag\SO ) x SLd(R)/SLd(Z)

Pd,n — SOd(R)diag X SOn,d(R)diag\SO”(R) X SLd( X SLn d /SLd % SLn,d(Z).

have finite volume.

PROPOSITION A.8 Propositions A.6 and A.7T hold also when replacing E;; and ’?TM by L, and
Py

Proof. The dual of a unimodular lattice is also unimodular, by Corollary A.3; so the map A = A" is
an involution of £, ,, and similarly the maps in Proposition A.7 are involutions of 2, . The proofs
for the adaptations of Propositions A.6 and A.7 to unimodular lattices are obtained by adjusting the
proofs of these propositions: the appearances of GL are replaced by SL. O

Since the spaces £, and P, , are unbounded but of finite volume, it is desirable to have a criterion
for determining when a set is compact, or alternatively, when does a sequence of elements in the space
diverge to infinity. For the more familiar space of full unimodular lattices in R, SL, (R)/SL, (Z),
which is also non-compact but of finite measure, the answer is provided by Mahler’s compactness
criterion [9, V.3]. The latter states that a set is compact if and only if there exists § >0 such that
all the lattices in this set have shortest non-zero vector of length > 8. Equivalently, a sequence of
lattices {A,,} diverges if and only if the lengths of the shortest vectors in {A,,} is a sequence of
positive real numbers that converges to zero. The purpose of the following is to state an analogous
criterion for compactness in the spaces £, and . For every equivalence class [Ay] € £, (resp.
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[(Ao.Ly)] € Py,), a unimodular representative is the unique representative A € [Ay] of covolume
one (resp. (A, L) € [(Ay,Ly)] such that A and L are of covolume one).

PROPOSITION A.9 A subset ¥ of £, is bounded iff there is some & > 0 such that for every [Ay] € ¥,
its unimodular representative A € [\y) has the property that the shortest vector of A is of length > 6.

Similarly, subset E of P, is bounded iff there is some & > 0 such that for every [(Ay,Ly)] € E, its
unimodular representative (\,L) € [(Ay,Ly)] has the property that both shortest vectors of A and L
are of length > 6.

Proof. We will prove the claim for %?,,, since the case of £,, is similar. The projection
(”?d,ﬁ X, P, - xn_d) 1Py = Xy XX, _, is continuous and proper, by Proposition 2.4. Hence, a
set Zin P, is bounded if and only if its image under this projection is bounded. Also by Proposition
2.4, the image of an element [(A,L)] € P, under p, _« is shape(A) € X, and the image of this
clement under 77p .  is shape(L) € X, _,. Hence, Z is bounded iff for all [(A,L)] € £ we have
that shape(A) is restricted to a bounded set in Xr;, and shape(L) is restricted to a bounded set in
X, _,- Now Mahler’s compactness criterion completes the proof. a

Connection between the shape of a lattice and of its dual

A shape of alattice (sometimes referred to as a type of alattice) is its similarity class modulo rotation
and rescaling. It is a very common parameter to study in the context of lattices and appears for
example in crystallography and the theory of periodic tilings. Naturally, the shape of a lattice is
connected to its symmetries, namely the set of orthogonal transformations of R” under which the
lattice is preserved.

DErFINITION A.10 Let 1<d<n, and a d-lattice A. The finite group Sym(A):=
{g € O(V,): gA = A} is called the symmetry group of A.

If two lattices in R" have the same shape, then in particular their group symmetries are conjugated.
The opposite does not hold, for example the lattices Ze, @ Zae, and Ze, @ ZBe, for 1 < a < § have
different shapes, but their symmetries are identical: +[}9],£[} ] € O, (R). Below we observe
the surprising fact that even though a lattice and its dual in general do not have the same shape (for
example, Ze, @ Zae, and Ze, @ Ze,/a are dual), they do share the same group of symmetries.

CLaM A.11. The symmetry groups of A and A* are identical.
Proof. To show Sym (A) C Sym(A"), take y € Sym (A) and we need to show that yy € A* for every

y € A". Since Sym (A) € O, (R), we have y' =y~! € Sym (A), and therefore y'x € A for every x €
A. Thus,

(xyy) ={r'xy) €2,
which proves yy € A". Equality follows from the fact that (A™)" = A (Cor. A.3). ]

‘We conclude our introduction to dual lattices with a short discussion on the successive minima of
the dual lattice.
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THEOREMA.12 ([5, Thm. 2.1], see also [11, VIILS, Thm. VI]). IfA,,...,4; are the successive minima
of a k-lattice and A}, ..., A; of its dual, then 1 < /114/1:_]41 <kforeveryl <j<k.

From this theorem, we conclude the following lemma. By Minkowski’s second theorem
[11, VIIL.2, Thm. 1], if L is a k-dimensional lattice with successive minima 4,, ..., 4, then

1

Ell - < covol(L) <A -+ A4 (A3)

Keeping the notation from the proof of Prop. 8.3, we let I/ for 1 < j < k denote the lattice spanned

by the first j columns of the matrix in F~k that represents L and let (L*)k_j denote the lattice spanned
by the first £ —j elements in the basis that is dual to the columns of this matrix.

LEMMA A.13 Let L be a k-lattice in R", with 1 <k < n—1. Then for every 1 <j <k,

covol (L) < covol((L*)k_j)

(k—j)!k =  covol(L¥) < jtktcovol(ly).

Proof. If Lisspannedby B =[v,...v,] € F,: and for every 1 <j < k the projection of v; to the orthog-
onal complement of spang, (v,...,v;_) has length a; # 0, then it is well known that @; < 4;(L) (see
for example [21]), and more specifically a; < 4, (L)< Jja; (This is essentially because B is reduced
in the sense of Korkine—Zolotarev). Since L/ is spanned by v, ...,v; then covol(L/) = [T/_, 4; and
therefore we obtain that, similarly to A3,

w < covol(L/) <A (L) -+ A;(L).

Using this, Theorem A.12 and A3, we have that for every 1 <j <k,

I
/1;(‘ ,1;

—j+1

covol(L/) <Ay - 4; <

. K A A gy A K (k—j)eovol(L7)F)
_/1;:“‘/1:—,‘“ covol(L*) ~ " covol(L*) = covol(L*) ’

which proves the LHS inequality in the statement of the lemma. The RHS inequality is proved
similarly. (]

Appendix B: Factor lattices

The term factor lattice was coined by Schmidt in [44], and we extend it from integral lattices to
general lattices. For this, we begin by extending the definition of primitiveness to lattices that are not
necessarily integral.
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DErFINITION B.1 Assume A is a full lattice in R”, and A is a d-lattice that is contained in A. We say
that A is primitive inside Aif A=ANV,.

Note that when A =Z", this definition agrees with the standard definition of a primitive lattice.
Indeed, in this case, we will call A primitive (and omit the ‘w.r.t. Z™’).

DerINITION B.2 Given a d-lattice A that is primitive inside A, define the factor lattice of A (w.r.t.
A), denoted A™4, as the orthogonal projection of A into the space (spang, (A))*t. When A is primitive
inside Z", we omit the ‘w.r.t. Z" from the name and the notation: we denote A™ and refer to it as the
factor lattice of A.

For example, the factor lattice of Z(1,—1) is Z(%, %) The following proposition reveals the moti-

vation behind defining the factor lattice, which is that it represents the quotient lattice A/A. It also
ensures that A™* is indeed a lattice, also this is not hard to show.

PrROPOSITION B.3 For a d-lattice A that is primitive inside a full lattice A, consider the inner product
on the quotient R"/V ,:

(o Vaoy + Vi, = (22, 700),

where 7t : R" — Vi is the orthogonal projection and (-,-) is the standard inner product on R". Then

the quotient lattice A/ A with (-, '>R"/v is isometric to the factor lattice A™* with (-,-).
A

Proof. The group isomorphism x + A + 7(x) from A/A to A™ is an isometry by definition. O

Then A™* is a lattice, because it is isometric to one. The above also demonstrates that it is
necessary to require that A is primitive inside A; otherwise, A/A (and therefore A™*) has torsion.

PROPOSITION B.4 covol(A™4) = covol(A)/covol(A).

Proof. Since covolumes do not change under rotations, we may assume that V, =FE,:=
spang (e,...,e,), where d=rank(A). Let B, be a basis for A; by primitiveness, it can be
completed to a basis g := [B|C] of A, where g € GL, (R). Since B C E,, the matrix g is of the
form g=[4 . ] with g, € GL,(R) and g, € GL,_; (R). Clearly A=([g,|0,x,]Z" and therefore

covol(A)? = det([ &1 Ouxu—d] [Oni'lxd]) =det(g,)*, so covol(A) = det(g,). Note that the projection of
g to Ej is [%0=4], so the projection of A, = A to Ej = Vj is the lattice spanned by [%-¢]. By
definition, this lattice is A™. We conclude that covol(A™)? = det( [ *=4] [0,-xa &]) = det (2,)°,

namely covol(A™2) = det (g,). Finally, covol(A) = det(g) = det(g, ) - det(g,). U

In the case where A = Z", namely of primitive integral lattices, the concepts of a dual and a factor
lattice are related in the following way: Given a primitive d-lattice A < Z", we define the orthogonal
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lattice of A to be

At =7"nVx
(see for example [11, 6]). Note that, by definition, At <Z"isa primitive n — d-lattice.
PrOPOSITION B.5 ([45]). For A primitive, (A™)" = At

Proof. Letm : R" — (V,)* denote the orthogonal projection; then A = 7(Z"). Notice that for every
x € (Vy)*t and z € 7,

Then x € (A™)" if and only if (*,2), EZ for every z €Z", which holds if and only if x €
Z"—namely,x € 7" n (V) = AL a

COROLLARY B.6 For A primitive, covol(At) = covol(A).

Proof. This is a direct consequence of Corollary A.3, Proposition B.4 and Proposition B.5, while
noticing that covol(Z") = 1. O

REMARK B.7 One could wonder if the result of Proposition B.5 can be extended to d-lattices A < Z"
that are not necessarily primitive, or even to d-lattices A < A where A is not Z". Indeed, it is quite
natural to extend the definition of At to general lattices A such that if A is primitive inside any full
lattice A, then the orthogonal lattice to A with respect to A is A~ = AN Vi. Then the question
becomes, is it true that the dual of A™2 is A+2. The answer to this is no! Let us consider two counter
examples.

1. Consider the lattice A spanned by [(‘) \? ], and the lattice A = spanz([(')]) which is primitive
inside it. Then by definition AX* =ANVi=AN spang, ([?]) = {0}

2. Take A :=Ze, ® Zae, for some a>0. Clearly A has covolume a. The lattice A=Ze, is
primitive inside A and has covolume 1. Then At* =Zae, has covolume @, and in partic-
ular it cannot be that A12 is the dual of A™2, because otherwise it would have covolume
(covol(A)/covol(A)) ™t =a~t.

The first example shows that the definition of A* is in a sense meaningless; the second example
shows us that A** being the dual of A™* fails even when A is integral (which happens when we
take a € Z in the second example), unless it is the whole of Z”.
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