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Dispersive effects in ultrafast nonlinear phenomena: The case of optical Kerr effect
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It is a basic principle that an effect cannot come before the cause. Dispersive relations that follow from this
fundamental fact have proven to be an indispensable tool in physics and engineering. They are most powerful in
the domain of linear response where they are known as Kramers-Kronig relations. However, when it comes to
nonlinear phenomena the implications of causality are much less explored, apart from several notable exceptions.
Here in this paper we demonstrate how to apply the dispersive formalism to analyze the ultrafast nonlinear
response in the context of the paradigmatic nonlinear Kerr effect. We find that the requirement of causality
introduces a noticeable effect even under assumption that Kerr effect is mediated by quasi-instantaneous off-
resonant electronic hyperpolarizability. We confirm this by experimentally measuring the time-resolved Kerr
dynamics in GaAs by means of a hybrid pump-probe Mach-Zehnder interferometer and demonstrate the presence
of an intrinsic lagging between amplitude and phase responses as predicted by dispersive analysis. Our results
describe a general property of the time-resolved nonlinear processes thereby highlighting the importance of
accounting for dispersive effects in the nonlinear optical processes involving ultrashort pulses.
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I. INTRODUCTION

The amazing developments in ultrafast laser technology of
the past few decades have now enabled probing materials at
the unprecedented timescales down to those associated with
quantum transition times between the stationary atomic states
[1]. All the more important in these extreme regimes is to
remain mindful of fundamental limitations imposed on the
material response, both linear and nonlinear, by the basic
physical principles. In the present paper we explore the im-
plications of causality on ultrafast nonlinear optical response
in the context of the paradigmatic Kerr effect (KE), whereby
the refractive index experienced by a probing beam depends
on the intensity of light. This effect is one of the most impor-
tant nonlinear optical effects, responsible for a great number
of practically important phenomena such as self- and cross-
phase modulation of the beams, Kerr lensing, self-focusing,
optical soliton formation, optical switching, and passive mode
locking [2,3]. Since most of these become particularly promi-
nent in the context of ultrashort laser pulses, it can be said that
Kerr effect owes most of its relevance to the fact that it can be
often treated as an almost instantaneous interaction between
the probing pulse and the pumping one, responsible for the
refractive index changes.

The mechanism of fast Kerr effect relies on off-resonant
electronic transitions whose characteristic response times can
be as short as several femtoseconds [2,4]. However, as we
argue below, it would be a mistake to assume that quasi-
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instantaneous electronic response necessarily implies that the
actual response of the probing beam to the pump intensity
variations is also instantaneous. The reason for this is causal-
ity [5], which inevitably leads to the dispersion of response
functions [6]. This relation has been originally realized in the
form of celebrated Kramers-Kronig relations [7,8] and has
since found applications in a broad array of subjects in physics
[9–14] and engineering [15]. Unfortunately despite general
character of the relationship between causality and frequency
dependence of response, the applications of dispersive anal-
ysis in nonlinear phenomena has been comparatively limited,
save for several notable exceptions such as [16–19].

In the present paper we consider the Kerr effect mediated
by quasi-instantaneous off-resonant electronic cloud polar-
ization and show how to consistently apply Kramers-Kronig
relations with time-dependent intensity I (t ). We apply this
approach to the case of two Gaussian pulses and demonstrate
that dispersion introduces a considerable lag between the
phase- and amplitude response of the probe. This lag is readily
measurable with ultrafast pulses, therefore we proceed with
an experimental realization in a time-resolved Mach-Zehnder
interferometer in the model system GaAs. We confirm the
presence of the dispersive lag with the magnitude and sign
of the effect being consistent with theoretical expectations.

II. DISPERSIVE ANALYSIS OF TIME-RESOLVED
KERR EFFECT

The essence of Kerr effect is the modification of linear
refractive index of the given material in response to the square
of applied electric field. In the case of optical frequency fast
alternating applied field, the correction δn to the refractive
index is proportional to the intensity I of the optical beam:
δn = n2I , where the coefficient n2 is referred to as either
Kerr or nonlinear refractive index. The realization that the end
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result of this nonlinear phenomenon (KE) is a correction to
a linear response function (refractive index) has enabled a
quantitative analysis of Kerr effect in terms of the classical
Kramers-Kronig relations [16,17]. In particular, it was noted
that when the intensity I is constant, the refractive index
acquires a constant correction, which is usual Kramers-Kronig
relations, automatically applies to the frequency dependence
of the nonlinear refractive index n2(ω).

In many applications, however, one often deals with time-
dependent, pulse-shaped intensity profiles I (t ). In this case the
analysis of the Kerr effect is not as straightforward anymore
[e.g., one obviously cannot simply write δn(t ) = n2I (t )]. The
goal of this section is to extend the dispersive analysis of Kerr
effect of Sheik-Bahae et al. [16,17] to the case of ultrafast
pulses. Although in many practical instances KE manifests
itself the self interaction of a single beam, it is convenient to
think about KE as an interaction between two distinct beams:
pump and probe. Then KE can be viewed as the change in
effective refractive index, experienced by probe beam Epr, by
the presence of the pump intensity Ip. For the purposes of this
paper we will ignore the spatial walk-off between the pump
and probe beams due to group velocity dispersion. This can
be justified for the case of thin sample or sufficiently close
wavelength values of the two beams. Effectively this implies
that we can ignore the spatial dispersion of light inside the
sample. As demonstrated in the Appendix, this is a valid
assumption for the experimental settings used in this paper.

In the absence of spatial dispersion the general third-order
nonlinear response of a system δENL can be related to the
incident (probe) field E (t ) by means of a generic response
function χ̄ (3),

δENL(t ) =
∫ t

−∞
dt1dt2dt3 χ̄ (3)(t ; t1, t2, t3)E (t1)E (t2)E (t3).

(1)

To remind, in this paper we limit our scope to the case of
Kerr effect: A special case of the general third-order nonlin-
earity where the phase and amplitude of probe field Epr (t ) are
modified in the presence of intensity of light Ip(t ), which, gen-
erally speaking, is time dependent. In Kerr effect, the probe in
a certain sense is oblivious to the phase of the pump beam.
This sets KE apart from other third order nonlinear processes
such as third harmonic generation or four-wave mixing. In this
case we can simplify the equation above by introducing Kerr
susceptibility χK as follows:

δENL(t ) =
∫ t

−∞
dt ′Epr (t

′)
∫ t

−∞
dt ′′χK (t, t ′, t ′′)Ip(t ′′). (2)

This dependence can be further simplified if Kerr response
can be treated as instantaneous. This is approximately the case
for the Kerr effect mediated by off-resonant electronic transi-
tions, where response time of electrons τres is on the order of
τres ∼ h/�gap, where �gap is the band gap. The latter typically
has a value on the order of 1 eV, which makes τres ∼ 4 fs,
which is much shorter than the usual width of ultrafast pulses.
If the main nonlinear interaction channel in the medium is the
cooperative effect of pump and probe beams (such as 2PA or
Raman effect), the nonlinear Kerr susceptibility χK can be

written as

χK (t, t ′, t ′′) = f (t − t ′)δ(t ′ − t ′′) (3)

where f (t ) is a certain function to be determined. The justi-
fication for this representation is that in the absence of real
(on-shell) intermediate excitations, the nonlinear interaction
between pump and probe can only be present when the both
overlap in time. For a pump pulse of duration τpump and
frequency � the relative error introduced by this “instanta-
neous” approximation can be estimated as ∼e−(�gap−h̄�)τpump .
Now since χK (t, t ′, t ′′) = χK (t − t ′, t − t ′′) = 0 whenever t ′
or t ′′ precede t , f (t ) = 0 for t < 0. This means f (t ) is a
causal function, and as such its Fourier transform must satisfy
Kramers-Kronig relations. The equations above can be used to
describe the Kerr effect with time-dependent pump intensity
Ip(t ) as long as it does not vary too fast [1/Ip (∂Ip/∂t ) <

�gap/h]. This condition is satisfied automatically whenever
pump pulse can be described using slowly varying envelope
approximation.

This way we reduce the full nonlinear susceptibility χ (3)

to a function of single variable f (t ). Importantly f (t ) = 0,
whenever t < 0, therefore it must be subject to Kramers-
Kronig relations. In fact, the function f (t ) is directly related
to the general nonlinear Kerr index n̄2(ω,�), which describes
the modification of the refractive index experienced by the
probe with frequency ω in the presence of pump radiation with
frequency �,

f (ω) =
∫

dteiωt f (t ) ≈ i(ωL/c)n̄2(ω,�). (4)

Combined Eqs. (2), (3), and (4) describe how to use disper-
sive relations with time-dependent pump intensity Ip(t ). As
an example we can compute δENL for the case of Gaussian-
shaped pump and probe pulses,

Epr (t ) = E0e−t2/τ 2
cos(�t ), Ip(t ) = I0e−2(t−t0 )2/τ 2

1

where τ and τ1 are durations of the probe and pump pulses
respectively. The modification of the (complex) refractive in-
dex of the medium implies that the phase and amplitude of
the transmitted beam will acquire a change in phase �φ and
amplitude �A encoded in δENL. One can show that, as a
function of delay t0 between the pump and probe pulses, the
amplitude and phase response will read

�A ∝ −I0Im{n̄2} exp

[
− 1

τ̃ 2

(
t0 −

∂Re{n̄2}/∂ω

2Im{n̄2}

)2
]
,

�φ ∝ I0Re{n̄2} exp

[
− 1

τ̃ 2

(
t0 +

∂Im{n̄2}/∂ω

2Re{n̄2}

)2
]
, (5)

where τ̃ 2 = (τ 2 + τ 2
1 )/2. According to these expressions, the

dispersion of n̄2 produces a lag between the phase and ampli-
tude response,

δT (ω,�) = 1

2

[
∂Re{n̄2}/∂ω

Im{n̄2}
+

∂Im{n̄2}/∂ω

Re{n̄2}

]
. (6)

The important feature of this lag is that it only depends
on the dispersion of Kerr index n̄2(ω,�) and is independent
of pump intensity magnitude I0. To find δT (ω,�) we take
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FIG. 1. Absolute value of phase-amplitude lag |δT | in the units
of h/�g as a function of frequency as calculated from Eq. (6). Red
(blue) segments correspond to positive (negative) lag with phase
response lagging behind (ahead) of amplitude response. Inset: real
(blue) and imaginary (red) parts of the degenerate nonlinear Kerr
index n̄2(ω,� = ω) (see Refs. [16,17]).

the complex n̄2(ω,�) as obtained by dispersive analysis as-
suming Im{n̄2} is mostly due to two-photon absorption (2PA)
[16,17]. In Fig. 1 we plot “degenerate” δT taken at ω = �.
For reference we also plot the degenerate n̄2(ω,� = ω) in
the inset of Fig. 1. As is evident from this figure, the lag is
most prominent near one- and two-photon resonances. These
frequencies correspond to special points n̄2(ω,�) in the com-
plex plane ω. Somewhat less expected is the significant lag
around h̄ω ≈ 0.7�gap, which corresponds to the zero-crossing
of Re{n̄2} (inset in Fig. 1). Overall the analysis demonstrates
that the lag δT is quite significant especially near certain spe-
cial points, therefore we are turning now to its experimental
observation.

III. EXPERIMENT

In order to experimentally observe the lagging effect, we
study GaAs where Kerr effect is known to be dominated by
electronic hyperpolarizability [4]. To measure the nonlinear
refractive index in a time-resolved manner we construct a
pump-probe setup based on a Mach-Zehnder interferometer
(MZI) as shown in Fig. 2(a). Here one arm of the interferome-
ter is the probe beam that passes through the GaAs sample,
while the other is used a reference. Both beams are then
combined on CCD matrix of a digital camera that records the
interferogram. Pump is a separate beam with a slightly dif-
ferent wavelength and tunable delay t0 with respect to probe.
Changes in the real and imaginary parts of the refractive index
induced by the pump, are recorded as respective changes in
the position and amplitude of the interference pattern on the
CCD matrix,

I (r, t ) ∝ |Epr||Eref | cos (q · r + φg + 2πn(t0)L/λ), (7)

here |Epr| and |Eref | are the amplitudes of the electric field in
the probe and reference arms; q = k1 − k2 is the difference
between the corresponding beams’ wave vectors k1 and k2;
φg is the static phase difference determined by interferometer
geometry; and r is the real-space coordinate on the surface of
CCD matrix. The last term is the phase accumulated inside
the sample with a thickness L and refractive index n, which

FIG. 2. (a) Schematic layout of the time-resolved Mach-Zehnder
interferometer. Pump and probe beams are near-degenerate (λ =
1060 nm and 1028 nm respectively). Transient pump-induced
changes in refractive index are detected as shift in the interference
pattern recorded by a CCD camera. (b) Sample interferogram as
recorded by CCD camera. (c) 2D Fourier intensity of the interfero-
gram in (b). The real-space shift of the interference pattern is inferred
from the change of the phase of complex amplitude at the peak. (d) A
schematic depiction of pump and probe pulses overlapping in time.

is in general a complex number. To extract the phase and
amplitude information, we Fourier transform each interfero-
gram and evaluate the complex amplitude of the Fourier peak
corresponding to the main peak in the interference pattern
[Figs. 2(b) and 2(c)] K (t0) = |K (t0)|eiφ(t0 ) for each pump-
probe delay t0. The change in the absolute value and phase
provide a direct measure of the pump-induced change in imag-
inary and real part of the refractive index.

The time dependence of pump-induced changes in phase
and amplitude of the transmitted beam is shown in Fig. 3.
In Fig. 3(a) the pump and probe are polarized parallel to the
[100] crystalline axis of GaAs (“xx” configuration) and in
Fig. 3(b) they are crossed (“xy”). The phase shift indicates
that nonlinear Kerr index two distinct components: a fast
peak and a slowly growing “tail”. The quasi-instantaneous
character of the peak points towards off-resonant electronic
polarizability as its origin, unlike the tail, which will be
discussed later. Using phase shift and sample thickness L
we can define an effective refractive index change as δn =
�φ/2π · λ/L. Due to slight wavelength mismatch between pump
and probe, this effective index cannot be directly used to ac-
curately evaluate the Kerr index; however, it can still provide
a reasonable estimate. With this in mind we plot δn against
peak pump intensity in Fig. 4(a) to find the values for the
effective nonlinear Kerr index in both xx and xy configu-
rations: nxx

2 = (−2.8 ± 0.5) × 10−15 cm2/W; nxy
2 = (−1.5 ±

0.3) × 10−15 cm2/W. Numeric simulations indicate that these
numbers underestimate the actual Kerr indices by about a
factor of 2. Comparing these estimates against n2 values mea-
sured at other wavelengths with similar pulse duration {e.g.,
n2(λ = 1.7 µm) ≈ 3 × 10−13 cm2/W [20]) shows that our
working wavelengths λ ≈ 1 µm are close to the zero-crossing
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(a) (c)

(b) (d)

FIG. 3. (a) Pump-induced amplitude (blue) and phase (red)
change as a function of pump-probe delay for xx configuration at
I0 = 4.7 W/cm2. Solid lines: Gaussian fits to the peaks of corre-
sponding colors and (b) the same for xy configuration. (c) The
phase-amplitude lag as a function of intensity I0 is the xx and (d) xy
configurations.

value of Re{n̄2}, which implies that one should expect to see
a significant lagging effect [see Eq. (6)].

Amplitude response �A is directly related to the transient
differential absorption �T/T plotted in Figs. 3(a) and 3(b)
in blue. Similarly to the main peak in phase response, �T/T
exhibits quasi-instantaneous behavior and its sign is negative
in agreement with 2PA. The fact that n2 < 0 and λpump >

λprobe {see Fig. 2(a)}rules out coherent power transfer be-
tween probe and pump beams (“two-beam coupling” [2]) as
an alternative to 2PA as a mechanism for the probe amplitude
variations.

Having established that temporal peaks in both �A and
�φ are coming from intrinsic electronic response of GaAs
we finally turn to the delay between amplitude �T/T and
phase φ responses that can be clearly seen in Figs. 3(a) and
3(b). As shown in Figs. 3(c) and 3(d) the magnitude of the
delays are δTxx ≈ 100 fs and δTxy ≈ 120 fs for the parallel and
crossed configurations, respectively. These values correspond
to δT · �gap/h ≈ 30, which is consistent with the simplified
model in Fig. 1 (including the sign). Most importantly the
lags do not show any dependence on pump intensity in line
with the dispersive analysis. This observation rules out alter-
native lagging mechanisms based on nonlinear phenomena.
This observation of a clear intensity-independent lag between
phase and amplitude responses in agreement with theoretical
expectations is the main result of this paper.

IV. DISCUSSION

As mentioned above, in addition to the quasi-instantaneous
peak, the phase response in Fig. 3 features a prominent
long-lived “tail” that is building up over the course several
picoseconds and stays constant for the entire accessible delay

(a) (b)

FIG. 4. (a) Dependence of the effective instantaneous nonlin-
ear refractive index δn on peak pump intensity I0 (see text). Solid
lines are fits including saturation intensity Isat = 0.8 × 1011 W/cm2,
δn(I0) = n2I0/(1 + I0/Isat ). (b) Pump intensity dependence of the
long-lived tail in the phase response in Fig. 3. In both panels the
blue and red markers/lines correspond to xx and xy configurations,
respectively.

range (see Fig. 6 in the Appendix). This tail clearly has a
different origin as compared to the to the main peak. This can
already be seen in the different dependence on pump intensity
Ip between the peak and tail shown in Fig. 4. While the tail
grows linearly with Ip, the peak exhibits a clear saturation with
a characteristic intensity Isat = 8 × 1010 W/cm2 (both xx and
yy). Next, extended lifetime implies that the tail owes its origin
to some real excitations produced by the pump. The linear
pump intensity dependence [(Fig. 4(b)] excludes nonlinear
absorption mechanisms, such as 2PA, as the possible origin
of the tail; thermo-optic effect should also be excluded, since
thermo-optic coefficient in GaAs is positive [21]. With these
considerations we believe the most likely origin of the tail is
the photo-excitation of the deep defect states (as previously
reported in [22]) followed by long-lived low-density electron-
hole plasma formation. The low plasma frequency ensures
negative contribution to the refractive index.

The presence of the tail illustrates the usefulness of time-
resolved methods for determining the intrinsic electronic Kerr
index n2. Our value for nonlinear Kerr index at λ = 1028 nm
can be compared to a significantly larger one obtained in
an earlier measurement at 1060 nm by Said et al. [23]. The
origin of the discrepancy likely lies in the fact that in [23]
they were using 40 ps laser pulses. At such timescales the tail
will be giving an integrated contribution [see Figs. 3(a) and
3(b)] that will overwhelm the intrinsic instantaneous response.
Therefore we disregard this number in the present study and
rely on the values obtained with ultrashort pulses as in [20].

Finally, apart from the amplitude-phase lag the physics
described above have further practical important implications.
Indeed, the common case of a self-Kerr effect of a beam can
be thought of as a special case of Eq. (5) with t0 = 0. In this
case as these equations indicate, the Kerr changes of both
amplitude and phase will be systematically less than what
one would expect without taking dispersive effects in account.
Here we use the full expression for n̄2(ω,�) to evaluate
the correction factors Fph and Famp for phase and amplitude
changes respectively, which we define as

Fph = |�φmax/�φ0 − 1|, Famp = |�Amax/�A0 − 1|
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FIG. 5. Dispersion-induced renormalization factors for ampli-
tude (blue) and phase (purple) response of a Kerr-active medium (see
text).

where �φmax and �Amax are the maximum phase and am-
plitude changes achievable by tuning t0; while�φ0 and �A0

are the same quantities evaluated at t0 = 0. These correction
factors show by how much the Kerr response of a system can
exceed the nominal values calculated without regard to the
dispersive effects discussed above. The correction factors cal-
culated as function of frequency for a generic pulse duration
τ = τ1 = 70 fs is plotted in Fig. 5. As can be seen from the
plot, the response renormalization becomes significant near
the Re{n2} sign-switching wavelength and near single- and
two-photon resonances.

V. CONCLUSIONS

To summarize, we propose a procedure to extend the dis-
persive analysis of Sheik-Bahae et al. [16,17] to the situations
where the pump intensity cannot be approximated as qua-
sistatic and show that the resulting causal Kerr susceptibility
χK (t, t ′, t ′′) can be directly related to the dispersive Kerr index
n̄2(ω,�). We find that dispersive effects can lead to significant
modifications in phase and amplitude dynamics, which lead
to a significant underestimation of the peak Kerr response of a
nonlinear medium. Our results shed light on the fundamental
effects of causality for the ultrafast nonlinear phenomena and
pave way for their efficient application.

ACKNOWLEDGMENTS

The work was supported by the Institute of Science and
Technology Austria (ISTA). We thank Prof. John M. Dud-
ley, Dr. Ugur Sezer, and Dr. Artem Volosniev for valuable
discussions.

APPENDIX

1. Experimental details

The GaAs sample used in this study is a 675 − µm thick,
(100)-oriented, semi-insulating GaAs wafer (Freiberger Com-
pound Materials GmbH). An amplified femtosecond laser
system (Light Conversion Pharos) coupled with an optical
parametric amplifier (Light Conversion Orpheus) is used as
the principal laser source. The laser produces a train of pulses
centered at 1028 nm with a repetition rate of 3 kHz, pulse
duration of 290 fs and a pulse energy of 2 mJ. A small part

of the beam (5%) is sent to the Mach-Zehnder interferometer
(MZI) through a variable attenuator consisting of a half-wave
plate (HWP) and a Glan-Taylor polarizer; the remaining part
of the beam pumps the optical parametric amplifier with a
tunable output wavelength.

In this paper, the fundamental wavelength of 1028 nm is
used as a probe while the 1060 nm idler output from the opti-
cal parametric amplifier is used as the pump beam. The pump
wavelength was chosen such that it is nearly degenerate with
probe, but is still different enough to be effectively separable
from the latter by means of a spectral filter. The delay between
pump and probe is controlled with a motorized linear stage.
Both pump and probe pass through a set of wave-plates and
polarizers to attenuate their respective powers and to clean
the polarizations. The pump beam is then passed through a
additional HWP in order to control its polarization. The pump
and probe beams are loosely focused and spatially overlapped
in the sample in a slightly noncollinear arrangement. Care
was taken to make sure that the probe diameter [Dprobe ≈
120 µm (1/e2)] at the sample position is considerably smaller
than that of the pump, the latter being evaluated as Dpump ≈
360 µm (1/e2) by means of razor-blade method. This is made
to ensure that pump intensity is a well-defined quantity. The
probe light leaving the output port of MZI passes through a
1030 ± 5 nm bandpass filter and the resulting interferograms
are recorded by a CCD camera (PointGrey Research Inc.
CM3-U3-50S5M). The pump intensity was tuned in a broad
range up to ∼5 × 1011 W/cm2, while the probe intensity was
kept fixed at Iprobe = 4 × 106 W/cm2.

The pump-induced change in complex refractive index is
obtained through measuring the changes in the phase φ(t0)
and amplitude |K (t0)| of the corresponding Fourier peak as
function of delay t0 between the pump and probe beams,

Re{�n(t0)} = λ

2πL
{φ(t0) − φ(−∞)},

Im{�n(t0)} ≈ − λ

2πL

|K (t0)| − |K (−∞)|
|K (−∞)| ,

here “t = −∞” we mean a large enough negative delay when
probe beam precedes the pump. The delay between the pump
and probe pulses t0 is controlled by a fast motorized delay
stage (Newport LTLMS800). To extract the time dependence
of transient changes to n2 the stage is moved incrementally
and an interferogram is recorded for each position of the
stage. In order to avoid the detrimental effects of mechanical
vibrations, for every delay stage position we record two con-
secutive interferograms: one at the actual desired position and
the other at a fixed reference position predating pump arrival
(“t = −∞”). The changes in both the amplitude and phase
are found from the difference between the two interferograms.
Given the high speed of the delay stage (500 mm/s) this
method helps minimize the effect of the low frequency noise
coming from mechanical deformations of MZI.

2. Signal for large pump-probe delay values

Here we study the temporal behavior of the “tail” whose
onset is shown in Fig. 3 of the main text. A long scan has
been performed and the Fig. 6 shows that the signal remains
virtually unchanged for pump-probe delays of multiple tens
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FIG. 6. Pump-induced phase shift in GaAs sample as a function
of pump-probe delay in an extended range.

of picoseconds. On the one hand, the fact the feature has a
long lifetime means that the pump is producing real excitation,
on the other, the pump photon energy of 1.17 eV, which is
less that GaAs band-gap energy of about �GaAs ≈ 1.5 eV. The
most obvious mechanism for absorption of sub-gap photons
is two-photon absorption. However, this is ruled out by the
scaling of the “tail” magnitude with pump intensity, which
is linear, as can be seen in Fig. 4(b) of the main text. Here
it might be important to clarify that this ruled-out real two-
photon absorption is different from the virtual two-photon
process giving rise to the coherent feature around t = 0 that
is the main subject of this paper. In the ruled-out two photon
process both photons would be coming from the pump beam,
while in the t = 0 virtual process one of the two photons is
still provided by the pump while the other comes from the
probe. Therefore we can conclude the observed “tail” signal
must originate from single-photon absorption. While such
process is nominally prohibited for subgap frequencies, this
is only strictly true for ideal samples. In realistic materials
there always exist deep donor levels, which can be excited
with sub-gap photons. Similar processes have been reported
reported previously in, e.g., Ref. [22].

3. Propagation of nearly degenerate pulses around
λ ≈ 1 µm in GaAs

The difference in wavelength between the pump and probe
implies that the two have different group velocities. This
gives rise to the walk-off between pulses as they propagate
through the sample, which means that the effective interac-
tion length is smaller than sample thickness L. In the main
text the effective change in refractive index is defined as
δn = (�φ/2π ) · (λ/L) from which the effective Kerr index is
inferred as δn = n2I0, I0 being (peak) pump pulse intensity.
Now, since the interaction length is in fact less than L, n2

always underestimates the actual Kerr index value. Here we
perform a simulation of pump-probe pulse interaction in order
to find out the extent to which n2 falls behind n2 in magnitude
when walk-off effects are taken into account. For the present

purpose we ignore absorption effects and go ahead with the
standard equations for cross-phase modulation [24],

∂Aj

∂z
+ β1 j

∂2Aj

∂t2
= in2(ω j/c)

{
f j j |Aj |2 + 2 f jk|Ak|2

}
Aj,

(A1)

here the index j = 1, 2 corresponds to the probe and pump
pulses respectively; Aj (z, t ) is the amplitude of jth pulse, z
and t being the distance in the propagation direction and time
respectively; β1 j and β2 j are the group velocity and GVD
coefficients of jth pulse respectively; while f jk is the overlap
coefficient (having the meaning of the inverse of the effective
overlap area) between the jth and kth pulses with modal
distributions Fj (x, y),

f jk =
∫

dxdy|Fj (x, y)|2|Fk (x, y)|2(∫
dxdy|Fj (x, y)|2)(∫ dxdy|Fk (x, y)|2) .

To compare with experiment the quantity of interest is
A1(L, t ) that is the amplitude of probe field at the exit from
the sample. To mimic the experimental setup in which we
measure the shifts of interference patterns, we first calculate
the amplitude A0

1(L, t ) after the sample in the absence of
pump pulse. We will use it as a reference pulse playing the
role of the pulse in the reference arm of the Mach-Zehnder
interferometer in Fig. 2 of the main text. Next, we add the
pump pulse A2. The temporal position of the pump in relation
with probe (pump-probe delay) is kept as a free parameter
τdelay and for each value, we calculate the field amplitude of
the probe pulse that has interacted with the pump at the exit of
the sample A1(L, t, τdelay).

In order to simulate the experimental interference
pattern we calculate the “interference” between sam-
ple field A1(L, t, τdelay) the reference field A0

1(L, t, φ) ≡
A0

1(L, t ) exp(iφ) retarded by some variable phase φ. The
meaning of this phase is to simulate the actual interference
pattern where, e.g., depending on the point on the screen
the probe and reference beams have different mutual phase
dictated by the wavelength of the beams and their intersection
angle. It is this space-dependent phase that gives rise to the
interference pattern. With this in mind we calculate the inter-
ference term in the cumulative intensity G(φ) as

G(φ, τdelay) =
∫

dt
(
(A1(L, t, τdelay))∗A0

1(L, t ) exp(iφ)

+ A1(L, t, τdelay)
(
A0

1(L, t )
)∗

exp(−iφ)
)
.

(A2)

In Fig. 7 we plot G(φ, τdelay) with and without group-
index-mismatch effects taken into account. Here we use the
following parameters:

(i) Wavelength: λprobe = 1030 nm (probe); λpump =
1060 nm (pump)

(ii) Pulse duration (pump and probe): τpulse = 270 fs
(iii) Spot area (Gaussian profile): Aeff1 = π (45 ×

10−6)2 m2 (probe); Aeff1 = π (180 × 10−6)2 m2 (pump)
(iv) Sample thickness: L = 700μm; Kerr nonlinear refrac-

tive index: n2 = 1.2 × 10−19 m2/W
(v) Group refractive index: ng1 = 3.9899 (probe); ng2 =

3.9254 (pump) (Ref. [25])
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FIG. 7. “Interference patterns” as a function of delay between
pump and probe with (right) and without (left) group index mismatch
between pump and probe pulses taken into account. Simulation was
carried out at peak pump intensity I0 = 9.8 × 1014 W/m2 and n2 =
1.2 × 10−19 m2/W.

(vi) GVD coefficient: β11 = 4.5532 (probe); β12 =
3.8172 (pump) (Ref. [25]).

As can be seen, introducing the walk-off does not give give
rise to an orders-of magnitude change in peak phase shift.
To see this more clearly, in Fig. 8 we plot G(φ, τdelay) with
τdelay fixed at maximum phase shift position. The peak phase
shifts with and without walk-off compare as 0.65 to 1. It is
in place to mention that the peak phase �φ ≈ 1.2 rad shift
in this simulation for I0 ≈ 1011 W/cm2 is seemingly smaller
than the experimentally measured �φexp ≈ 0.5 rad; however,
this discrepancy is actually due to the fact that our simulation
does not take saturation effects into account (see Fig. 4 in the
main text).

When walk-off effects are taken into account, the phase
shift as can be seen in Fig. 8 is reduced by about a factor of 2.
This means that the ignoring the walk-off underestimates Kerr
index only by the same factor of 2. This justifies the usage of
the effective Kerr index in the main text for the purpose of the
order-of-magnitude estimate of its actual value.

4. Dispersive relations for quasi-instantaneous off-resonant
electron-mediated Kerr effect

Relationship between Kerr susceptibility χK and nonlinear
refractive index. The goal of this section is to establish the
relation between the function f (t ) and nonlinear Kerr index
n2. At this point it is important to mention the fact that the
result of the previous section is that taking spatial dispersion
into account does not affect the behavior of propagating fields
at given frequencies in a qualitative manner. This observation
justifies limiting one’s attention only to their time dependence
as was done throughout the analysis in the main text in general
and in Eq. (2) of the main text in particular. This approxima-
tion, however, does not affect to the validity of Eq. (4) of the
main text. To demonstrate it we will derive this equation here
without neglecting the spatial dependence of the fields. Refor-
mulating Eq. (2) of the main text as a relationship between the
local field values we can rewrite it as

δENL(x, t ) =
∫ t

−∞
dt ′Epr (x, t ′)

×
∫ t

−∞
dt ′′ δχK (x, t, t ′, t ′′) Ip(x, t ′′), (A3)

here Epr (x, t ) is the incident (probe) field at location with co-
ordinate x at the moment t ; δENL(x, t ) is the field generated at
that locality due to nonlinear Kerr effect; and δχK (x, t, t ′, t ′′)
is the Kerr susceptibility of the infinitesimal region of the non-
linear medium surrounding the point x (see Fig. 9). Since we
limit our attention only to the third-order nonlinear processes,
we can assume that once created at point x, δENL(x, t ) does
not participate in any further nonlinear interactions and simply
propagates towards the exit of the sample at x = L. The full
nonlinear response of the sample �ENL can then be found
by summing the contributions of of all δENL taking care to
account for the phase acquired on the way there,

�ENL(L, t ) =
∫ L

0
δENL(x, t )ei(L−x)ωn(ω)/c, (A4)

FIG. 8. Comparison of the “interference patterns” between the probe and reference beams in the absence of pump (blue).
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FIG. 9. Flat wave-front monochromatic wave Epr (x, t ) propagat-
ing in an extended medium of thickness L and phase refractive index
n(ω) along x axis; δχK is the differential susceptibility of a sliver of
thickness dx at position x.

where we need to insert here Eq. (A3), with Epr (x, t ) =
Eω

pr exp(−iωt + ix ωn(ω)
c ); Eq. (3) of the main text must also

be modified for a thin slice of thickness dx to use here in the
form

δχK (t, t ′, t ′′)

= δ f (t − t ′) δ(t ′ − t ′′) ≡
(

f (t − t ′)
L

dx

)
δ(t ′ − t ′′).

(A5)

In order to relate χK to nonlinear refractive index n2 we can
apply the expressions above to the special case of monochro-
matic probe field Epr (x, t ) = Eω

pr exp(−iωt + ix ωn(ω)
c ) and

constant pump intensity Ip(x, t ) = I0 = const . Then nonlinear
field generated at position x is

δENL(x, t ) =
∫ t

−∞
dt ′Epr (x, t ′)

∫ t

−∞
dt ′′χK (t, t ′, t ′′)Ip(x, t ′′)

=
∫ t

−∞
Epr (x, t ′)

∫ t

−∞
dt ′′δ(t ′ − t ′′)

× δ f (t − t ′)Ip(x, t ′′)

=
∫ t

−∞
Epr (x, t ′)δ f (t − t ′)Ip(x, t ′)

= I0

∫ +∞

−∞
dt ′Epr (x, t ′)δ f (t − t ′), (A6)

here we have changed the upper integration limit by noticing
that f (t ) = 0 for t < 0. Entering the explicit expression for
Epr (x, t ) and δ f (t ) from above we get for the total nonlinear
correction to the probe field �ENL,

�ENL(L, t ) = �Eω
NLe−iωt

=
∫ L

0
δENL(x, t )ei ωn(ω)

c (L−x)

= I0

∫ L

0
dx

∫ +∞

−∞
dt ′Eω

pre
−iωt+ix ωn(ω)

c +i ωn(ω)
c (L−x)

× f (t − t ′)/L

= I0Eω
pre

i ωn(ω)L
c

∫ +∞

−∞
dt ′ f (t − t ′)e−iωt , (A7)

from which it follows immediately that the amplitude of
monochromatic nonlinear field �Eω

NL at the position of sample
exit (x = L) is related to the amplitude of monochromatic
probe field amplitude at the same position Eω

pr (L) ≡ Eω
pre

i ωn(ω)L
c

simply as

�Eω
NL = I0Eω

pr (L) f (ω), (A8)

where f (ω) = ∫
dt f (t ) exp(−iωt ). On the other hand, when

Ip(t ) = const, the nonlinear correction �ENL can also be ex-
pressed in terms of nonlinear refractive index n2. Indeed,
when an incident field Epr (x = 0, t ) = Eω

pr exp(−iωt ) is in-
cident on a sample with a refractive index ñ(ω) = n(ω) +
n̄2(ω,�)I0, the total field at the exit of it is equal to

Eout (L, t ) = Eω
out (L)e−iωt

= Eω
pre

iωt−iω[n(ω)+n̄2(ω,�)I0]L/c =
= Eω

pre
iωt−iωn(ω)L/c · eiωn̄2(ω,�)(ω)I0L/c, (A9)

where we introduce n̄2(ω,�) as the nonlinear refractive index
describing the Kerr effect between probe at frequency ω and
pump at frequency �. The nonlinear response of the sample
can be defined as the difference between Eout (L, t ) calculated
with and without I0,

�ENL(L, t ) = Eω
pre

iωt−iωn(ω)L/c · (eiωn̄2(ω,�)I0L/c − 1)

≈ Epr (L, t ) ·
(

i
ωn̄2(ω,�)I0L

c

)
, (A10)

from which it follows that

�Eω
NL ≈ Eω

pr (L) · iωn̄2(ω,�)I0L

c
. (A11)

Comparing this with Eq. (A7) we immediately arrive at

f (ω) ≈ iωn̄2(ω,�)L

c
, (A12)

which is nothing but Eq. (4) of the main text.
Application to the case of two Gaussian pulses. To see

implications of the formalism described in the previous para-
graph, let us consider the case when both pump and probe
have a Gaussian profile shifted relative to each by t0,

Ip(t ) = I0 exp
(−2(t − t0)2/τ 2

1

)
, (A13)

Epr (t ) = Epr exp(−t2/τ 2) cos(ω0t ), (A14)
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then

δENL(t, t0) =
∫

dt1 f (t − t1)Ip(t1)Epr (t1) ∝ I0Epr

∫
dω

2π
f (ω)

{
exp

⎡
⎣

(
2t0/τ 2

1 + i(ω + ω0)/2
)2 − 2t2

0

τ 2
1

− iωt

2/τ 2
1 + 1/τ 2

⎤
⎦

+ exp

[(
2t0/τ 2

1 + i(ω − ω0)/2
)2 − 2t2

0

τ 2
1

− iωt

2/τ 2
1 + 1/τ 2

]}
. (A15)

In practice, in order to characterize a rapidly oscillating pulse E (t ) one can interfere it with some reference pulse Eref (t, θ )
with same central frequency as the characterized pulse, and a controllable phase θ relative to it. The measured signal is the total
energy of the mixed pulse δE (θ ) ∝ ∫

dt (E (t ) + Eref (t, θ ))2. If the phase or amplitude of E (t ) changes for some reason, this will
in general affect δE . More specifically, the phase and amplitude shifts of E (t ) are correspondingly proportional to

�A ∝ δE (θ = 0) − δE (θ = π ),

�φ ∝ δE (θ = π/2) − δE (θ = −π/2). (A16)

Indeed, as an illustration one can imagine two laser beams being interfered at a screen while intersecting at some finite
angle. Then if the amplitude of one of the beams has changed, this will affect the contrast ratio of the interference pattern,
i.e., difference in intensity between the maximum (when mutual phase difference θ = 0) and minimum intensity positions
(destructive interference, phase θ = π ). Likewise, the change in phase in one of the beams results in the shift of the interference
pattern as a whole. The magnitude of the latter can be found as the difference in intensity changes at the positions of the highest
spatial gradient of intensity on the pattern, i.e., when θ = ±π/2.

The relevant part of δE (θ ) is the one that comes from the mixing of E (t ) and Eref (t ),

δEmix(θ ) = 2
∫

dtE (t )Eref (t ). (A17)

Note that since θ dependence of δE (θ ) is entirely due to δEmix(θ ) one can substitute the former for the latter in Eq. (A16).
In our experiment E (t ) = Epr + δENL(t ) with Epr and δENL(t ) defined in Eqs. (A14) and (A15) respectively; and Eref (t, θ ) =

Epr (t + θ/ω0). Now putting these into δEmix(θ ) we write

δEmix(t0, θ ) = const · E2
prI0

∫ +∞

−∞
dt

∫ +∞

−∞

dω

2π
f (ω)

[
e−t2/τ2+iω0t+iθ + e−t2/τ2−iω0t−iθ

]
·

·
[

exp

{
[2t0/τ 2

1 + i(ω+ω0 )/2]2

2/τ 2
1 + 1/τ 2

− 2t2
0

τ 2
1

− iωt

}
+ exp

{
[2t0/τ 2

1 + i(ω−ω0 )/2]2

2/τ 2
1 + 1/τ 2

− 2t2
0

τ 2
1

− iωt

}]
. (A18)

Dropping the oscillating terms (rotating wave approximation) and integrating over t gives

δEmix(t0, θ ) ≈ const · E2
prI0

∫
dω

2π
f (ω)·

·
[

exp

{
−2t2

0

τ 2
1

−
(

ω − ω0

2

)2

τ 2 + iθ +
[
2t0/τ 2

1 + i(ω − ω0)/2
]2

2/τ 2
1 + 1/τ 2

}
+ (ω0 → −ω0, θ → −θ )

]
. (A19)

This integral can be evaluated by using steepest descent
method. However, noticing that as long as τ 
 h/�gap, f (ω)
is a slowly varying function as compared to the Gaussian in
the rectangular brackets above. Therefore the latter can be
approximated as delta function and the integral can then be
evaluated trivially to give approximately

δEmix(t0, θ )

∝ E2
prI0 · e−(t0/τ̄ )2 · [ f (ω0 + iη)eiθ + f (−ω0 + iη)e−iθ ].

(A20)

Here we introduced τ̄ 2 = (τ 2 + τ 2
1 )/2 and η = t0/τ̄ 2. Now

substituting this into Eq. (A16) and using Eq. (A12) we can
write down the amplitude �A and phase response �φ as a
function of pump-probe delay t0 in terms of nonlinear refrac-

tive index n2(ω) as

�φ(t0) ∝ I0 · [−n2(ω0 + iη) + n2(−ω0 + iη)],

�A(t0) ∝ I0 · i[n2(ω0 + iη) + n2(−ω0 + iη)]. (A21)

For typical pulses η � ω0, therefore the expressions above
can be evaluated to a good precision by means of Taylor
expansion near ±ω0. In general n2(ω) is a complex-valued
function of ω on a complex plane; however, given that
away from the branching points at ω0 = 0.5�gap and ω0 =
�gap n2(ω) analytical and thus satisfies Cauchy-Riemann con-
ditions. Then it is sufficient to know how n2(ω) depends
on ω on real axis alone to find n2 values in its immediate
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vicinity,

�A(t0) ∝ I0 Im{n2(ω0)}

· exp

[
− 1

τ̄ 2

(
t0 − ∂ (Re{n2})/∂ω

2Im{n2}
)2

]
,

�φ(t0) ∝ I0 Re{n2(ω0)}

· exp

[
− 1

τ̄ 2

(
t0 + ∂ (Im{n2})/∂ω

2Re{n2}
)2

]
, (A22)

the derivatives here are evaluated at ω = ω0. In order to pro-
ceed further we need to know the functional dependence of
the nonlinear refractive index n2(ω) on frequency.

Frequency dependence of nonlinear refractive index. In this
paragraph we write down for the record the expression for
the nonlinear refractive index as calculated by means of the
dispersive approach of Sheik-Bahae et al. in Refs. [16,17].
Generally speaking nonlinear refractive (Kerr) index is a
function of both pump- and probe frequencies, � and ω,
respectively. In the cited papers the authors notice that when
pump intensity is constant Ip(t ) = I0, the total Kerr-modified
refractive index of the medium can still be treated as linear
index when when used to describe the propagation of the
probe beam. This means that, among other things, the correc-
tion to the refractive index δn(ω) = n2(ω,�)I0 must satisfy
Kramers-Kronig relations,

Re{n2(ω,�)} = 1

π

∫ +∞

∞

Im{n2(ω′,�)}
ω′ − ω

dω′. (A23)

Imaginary part of the Kerr index corresponds to pump-
induced absorption of the probe beam. In the simplest case
this can happen due to two-photon absorption (2PA). The
magnitude for 2PA was calculated for a direct-gap semicon-
ductor in Refs. [17,26]. Being only interested in the frequency
dependence of n2 we write down the result of that study as

Im{n2(ω,�)} = const · (ω + � − �)3/2

ω2�2

(
1

ω
+ 1

�

)2

· �(ω + � − �), (A24)

where �(x) is the Heaviside step function. Since in Eq. (A23)
we integrate along the entire real axis, we need to fix
what n2 is for negative ω. The reality of n2(t − t ′) requires
that n2(ω) = n∗

2(−ω). Therefore, the 2PA part of n2 should

read

Im
{
n2PA

2 (ω,�)
}

= const

ω4�4

{
(ω + � − �)3/2(ω + �)2 · �(ω + � − �)

+(� − ω − �)3/2(� − ω)2 · �(� − ω − �)
}
.

(A25)

Further, as will be clear below, we need to also symmetrize
the above expression with respect to �. These new terms
achieved by substituting � → −� can be identified with
Raman contribution to n2,

Im
{
n2PA+Raman

2 (ω,�)
}

= const

ω4�4

{
(ω + � − �)3/2(ω + �)2 · �(ω + � − �)

+(� − ω − �)3/2(� − ω)2 · �(� − ω − �)

+(ω − � − �)3/2(ω − �)2 · �(ω − � − �)

+(−� − ω − �)3/2(−� − ω)2 · �(−� − ω − �)
}
.

(A26)

Now we can perform the integral in Eq. (A23); however, in
addition to the physical branching points at ω = ±(� ± �)
that correspond to certain two-photon absorption thresholds,
there is an unphysical singularity at ω = 0. As discussed in
Ref. [17] this is an artifact of the derivation of two-photon
absorption probability by means of dipole (A · p) approxima-
tion. At low frequencies this singularity is canceled by taking
into account the omitted diamagnetic term A2. Knowing that
singularity at ω = 0 is fictitious, we can simply amend the
expression above with a proper counterterm that will remove
the divergence at ω = 0.

An inspection of the expression for nondegenerate two-
photon absorption above reveals that it is symmetric in ω and
�. This is natural given how it is derived. What it means,
however, is that to recover proper ω dependence of n2, one
should also include the counter terms to remove the singular-
ity at � = 0. Then one finally would need to make sure that
counter terms in ω do not diverge at ω = 0 and vice versa.
Adding everything up, and performing the Kramers-Kronig
integration in Eq. (A23) we can write down the full expression
for nondegenerate n2,

n2PA+Raman
2 (ω,�)

∝ �9/2

ω4�4

{
(� − ω − �)3/2(ω + �)2 + (� + ω − �)3/2(� − ω)2 + (� − ω + �)3/2(ω − �)2+ (� + � + ω)3/2(−� − ω)2

− 2�2(� − �)3/2

[
1 + ω2

�2
− 3ω2

�(� − �)
+ 3

8

ω2

(� − �)2

]
− 2�2(� + �)3/2

[
1 + ω2

�2
+ 3ω2

�(� + �)
+ 3

8

ω2

(� + �)2

]

− 2ω2(� − ω)3/2

[
1 + �2

ω2
− 3�2

ω(� − ω)
+ 3

8

�2

(� − ω)2

]
− 2ω2(� + ω)3/2

[
1 + �2

ω2
+ 3�2

ω(� + ω)
+ 3

8

�2

(� + ω)2

]

+ 4�3/2
(
ω2 + �2

) + 9
ω2�2

�1/2

}
, (A27)
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FIG. 10. Real (left) and imaginary (right) parts of n2(ω,�) as a function of complex z = ω/� based of Eq. (A27). Here we took � = 0.8�.

here both ω and � are understood as complex variables. The real and imaginary parts of n2 are plotted in Fig. 10. In the
degenerate limit ω = � the above expression can be checked to coincide with the functional dependence of n2(ω) given in [17].
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