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1. Introduction and main results

We consider a Fermi gas of N particles in a box A = Ap = [~L/2,L/2]% in d dimen-
sions, d = 1,2,3. We will mostly focus on the case d = 3. The particles interact via a
two-body interaction v, which we assume to be positive, radial and of compact support.
In particular we allow for v to have a hard core, i.e. v(z) = oo for |z| < r for some r > 0.
In natural units where i = 1 and the mass of the particles is m = 1/2 the Hamiltonian
of the system takes the form

HN—Z Ao, + > vl —wp).

i<k

We are interested in spin-polarized fermions, meaning that all the spins are aligned. We
may thus equivalently forget about the spin. This means that the Hamiltonian should
be realized on the fermionic N-particle space of antisymmetric wavefunctions L2(AY) =
/\N L?(A). We consider the ground state energy density in the thermodynamic limit

ea(p) = lim inf 7<\IIN‘HN|\IJN>.

L—=oo Wy GLQ(AN) Ld
N/L = g )2, =1

It is a result of Robinson [31] that the thermodynamic limit exists, and that it is inde-
pendent of boundary conditions (say, Dirichlet, Neumann or periodic).
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We study the dilute limit, where the inter-particle spacing is large compared to the
length scale set by the interaction. For spin-polarized fermions, the relevant lengthscale
is the p-wave scattering length a which we define below. Our main theorem is the upper
bound

3
eq=3(p) < 5

(67?2)2/3p5/3 4 12?77(6702/%3,08/3 1— %(6772)2/3a3p2/3 To <(a3p)2/3)]

in the dilute limit a®p < 1, where aq is another length related to the scattering length
and effective range, also defined below. The leading term %(67r2)2/ 3p5/3 is the kinetic
energy density of the free Fermi gas. The next term HT”(GW)W 303 p%/3 naturally results
from the two-body interactions using that the two-body density vanishes quadratically
at incident points, leading to the cubic behaviour in the scattering length. Finally, the

correction term of order a?’a%pm/?’

is a consequence of the fourth-order behaviour of the
two-particle density.

This formula is expected to be sharp [6]. (How the length ag is related to the effec-
tive range appearing in [6] is perhaps not immediate. We discuss this below.) To order
a®p®/? the formula follows by truncating expansion formulas of Jastrow [22], Twamoto
and Yamada [21], Clark and Westhaus [5,35] or Gaudin, Gillespie and Ripka [15]. Ad-
ditionally the formula (to order a®p®3) is claimed by Efimov and Amus’ya [8,9], see
also [34] and references therein. Our result thus verifies this formula from the physics
literature, at least as an upper bound. An important ingredient in our proof is a rigorous
implementation of the cluster expansion introduced by Gaudin, Gillespie and Ripka [15].

For the dilute Fermi gas one can also study the setting where different spins are
present. This is studied in [10,17,25], see also [16]. This system is realized by having the
Hamiltonian Hy act on a definite spin-sector L2(A™) @ L2(AM), where one fixes the
number of spin-up and -down particles to be Ny and Ny = N — N; respectively. The
energy density satisfies (in 3 dimensions)

3 5/3 . 5/3
ed=3(prpy) = 5(67T2)2/3 (PT/ +py/ ) +8maspypr + oasp?),

where p, denotes the density of particles of spin o € {1,1} and p = p, +p¢. Here as is the
s-wave scattering length of the interaction. The leading term is again the kinetic energy
density of a free Fermi gas. The next to leading order correction was first shown in [25]
and later in [10,17] using different methods. The next correction is conjectured to be the
Huang-Yang term [20] of order a2p7/?, see [16,17]. Note that even the Huang-Yang term
of order a2p”/? is much larger than the leading correction in the spin-polarized case of
order a®p8/3.

For the dilute Fermi gas with spin, effectively only fermions of different spins interact
(to leading order). For fermions of different spins, the Pauli exclusion principle does not
give any restriction, and the energy correction of the interaction is the same as for a
dilute Bose gas (to leading order). For fermions of the same spin, the Pauli exclusion
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principle gives an inherent repulsion between the fermions. This gives the effect that the
energy correction of the interaction is much smaller for fermions all of the same spin.
In addition to the dilute Fermi gas, much work has been done on dilute Bose gases.
Here one realizes the Hamiltonian on the bosonic N-particle space of symmetric functions
L2(AN) = L?(A)®=»m " instead. One has the asymptotic formula (in 3 dimensions)

128
camalp) = amaus? (14 o) o (102 ).

The leading term was shown by Dyson [7] for an upper bound and Lieb and Yngvason [26]
for the lower bound. The next correction, known as the Lee-Huang—Yang correction [24],
was shown as an upper bound in [3,36] and as a lower bound in [12,13]. In some sense,
the term 12T7r(67r)2/ 303p%/3 for the same-spin fermions is the fermionic analogue of the
4rasp? for the bosons. It is the leading correction to the energy of the free Fermi/Bose
gas.

Finally also some lower-dimensional problems have been studied. The 2-dimensional
dilute Fermi gas with different spins present is studied in [25], where the leading correc-
tion to the kinetic energy is shown. Recently also the bosonic problem has been studied
n [11]. We show that for the spin-polarized setting in 2 dimensions we have the upper
bound

ea—2(p) < 2mp? + 42 p3[1 + o(1)] as a’p — 0.

Additionally, the 1-dimensional spin-polarized Fermi gas is studied in [1]. Agerskov,
Reuvers and Solovej [1] show that

w2 . 27?2
ea=1(p) = ?p‘3+7ap4 [1+0(1)] as ap — 0.

We give a new proof of this as an upper bound with an improved error term.
1.1. Precise statement of results

We now give the precise statement of our main theorems. We start with the 3-dimen-
sional setting. First, we define the p-wave scattering length. (See also [27, Appendix AJ;

32.)

Definition 1.1. The p-wave scattering length a of the interaction v is defined by the
minimization problem

127ma® = inf /\x|2 <|Vf0(:£)|2 + %v(x)|fo(x)|2) dz : fo(z) — 1 as x| = oo
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The minimizer fy is the (p-wave) scattering function. (In case v has a hard core, i.e.
v(xz) = oo for |z| < r one has to interpret v(x)dz as a measure. Necessarily then the
minimizer has fy(z) =0 for |z| < r.)

We collect properties of the scattering function fy in Section 2.1. We define the length
ag as follows.

Definition 1.2. The length ag is given by

1
127a3

2 _
3ap =

[t (VAP + 3@l d

R3
where fj is the scattering function of Definition 1.1. The normalization is chosen so that

a hard core interaction of radius Ry has ag = a = Ry, see Remark 2.3. (If v has a hard
core we interpret v(z)dz as a measure as in Definition 1.1.)

We can now state our main theorem.

Theorem 1.3. Suppose that v > 0 is radial and compactly supported. Then, for sufficiently
small a®p, the ground-state energy density satisfies

(67‘(’2)2/3[)5/3

ot W

eq=3(p) <

127 - 9 )
n T(Gw)wdagpg/g 1— %(Gﬂz)z/:sagpz/s L0 ((agp)2/3+1/21| log(agp)|6)].

The essential steps in the proof are as follows.

(1) Show the absolute convergence of the formal cluster expansion formulas of [15] for
the reduced densities of a Jastrow-type trial state. The criterion for absolute conver-
gence will not hold uniformly in the system size, and in order to allow for a larger
particle number we need to introduce the “Fermi polyhedron”, described in Sec-
tion 2.2, as an approximation to the Fermi ball. The formulas of [15] are computed
in Sections 3.0.1, 3.0.2, 3.0.3 and 3.0.4 and stated in Theorem 3.4. The absolute
convergence is proven in Section 3.1.

(2) Bound the energy of the Jastrow-type trial state. For this we shall in particular
need bounds on “derivative Lebesgue constants” given in Lemma 4.9 and proven in
Appendix B. The computation of the energy of such a Jastrow-type trial state is
given in Section 4.

(3) Use a box method to glue together trial states in smaller boxes to obtain a bound
in the thermodynamic limit. This is done in Section 4.1.
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Remark 1.4. The term of order a®a3p!®/? is in fact the same as is claimed in [6]. To
see this we relate the effective range Reg to the length ag. In the physics literature the
effective range is defined via the formula

3 1

3 PSS —
k® cotd(k) = PRy

k? + higher order in k k—0 (1.1)

for the phase shift 6(k) of low energy p-wave scattering. A formula for the effective range
is found in [19, Equation (56)]. With this we find

Proposition 1.5. The effective range is given by

18
R = gaga_?’.

Using this formula we recover the formula [6, Equation (15)] to order p'*/3. The
formula of [6] reads

ed=3(p) 3 2 1 1 2066 — 312log 2 .
P = ki 5 + aa?’k% - EG(SRQH k3 + W&%% + higher order| ,

with kr = (672p)*/3 the Fermi momentum. We give the proof of Proposition 1.5 in
Section 2.1 below.

Remark 1.6 (Numerical investigation). The validity of the formula in Theorem 1.3 is
investigated numerically in [4] using Quantum Monte Carlo simulations. We plot their
findings in Fig. 1.1 and compare them to the formula in Theorem 1.3 and the claimed
formula to order p''/3 of [6, Equation (15)].

Remark 1.7. One may weaken the assumptions on the interaction v a bit at the cost of a
longer proof. The compact support and that v > 0 are not strictly necessary. Essentially,
we just need sufficiently good bounds on integrals of the scattering function fy as used
in Sections 3.1 and 4 and that the “stability condition” of the tree-graph bound [30,
Proposition 6.1]; [33] used in Section 3.1 is satisfied.

Remark 1.8. With the same method one should be able to improve the error bound
slightly. At best one could get the error to be O.(p/3(a®p)?~°) for any ¢ > 0
(i.e., the error-term in Theorem 1.3, O((a®p)?/3+1/2 | log(a’p)|®) could be replaced by
O-((a®p)'7#)). The bound of the error-term in Theorem 1.3 arises from bounding the tail
of the Gaudin-Gillespie-Ripka-expansion. Exact calculations for small diagrams (mean-
ing small number of involved particles) reveal that this bound is very crude. Using such
exact calculations for more diagrams would improve the error-bound as stated. This is
somewhat similar to the recent work on the Bose gas [2]. We shall discuss this further in
Remark 4.10.
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Fig. 1.1. Energies of dilute Fermi gasses. The curves and points labelled HC are for a Hard Core interaction
of radius a. The curves and points labelled SC are for a Soft Core interaction of radius 2a and strength

Vo chosen so that it’s scattering length is a. (Meaning v(z) = VoX|z|<2a, X being the characteristic func-
tion.) The points (labelled QMC) are Quantum Monte Carlo simulations from [4]. The curves include the

(conjectured) corrections up to the labelled order in kp = (672p)!/3.

We consider the lower-dimensional problems next. We start with 2 dimensions, where

the scattering length is defined as follows.

Definition 1.9. The (2-dimensional) p-wave scattering length a of the interaction v is

defined by the minimization problem

47a? = inf /|:1c|2 <|Vf0(ac)|2 + %v(m)|f0(x)|2) dz : fo(x) = 1 as |z| —» o
R2

The minimizer fy is the (2-dimensional) (p-wave) scattering function.
With this, we may state the 2-dimensional analogue of Theorem 1.3.

Theorem 1.10 (Two dimensions). Suppose that v > 0 is radial and compactly supported.
Then, for sufficiently small ap, the ground-state energy density satisfies

ea=a(p) < 27p* +4n*a®p’ |14 O (a®p|log(a®p)?) |-

We sketch in Section 5.1 how to adapt the proof in the 3-dimensional setting to 2

dimensions.
Finally, we consider the 1-dimensional problem. The scattering length is defined as

follows.
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Definition 1.11. The (1-dimensional) p-wave scattering length a of the interaction v is
defined by the minimization problem

2a = inf /\:C|2 <|8f0(:1:)|2 + %v(x)|f0(:c)|2> dz: fo(z) — 1 as |z| = o0
R

The minimizer fy is the (1-dimensional) (p-wave) scattering function.

We show in Proposition 5.12 that Definition 1.11 agrees with the (seemingly different)
definition of the scattering length in [1]. With this, we may state the 1-dimensional
analogue of Theorem 1.3.

Theorem 1.12 (One dimension). Suppose that v > 0 is even and compactly supported.
Suppose moreover that [ (3vf¢ + [0fo|*) dz < oo, where fo denotes the (p-wave) scat-
tering function. Then, for sufficiently small ap, the ground-state energy density satisfies

ea=1(p) < ;p + 23 ap {1+O((ap)9/13)}

We remark that Agerskov, Reuvers and Solovej [1} recently showed (almost) the same
result with a matching lower bound eq—1(p) > %-p* + 25-ap*(1 + o(1)). Compared to
their result we treat a slightly different class of potentlals and obtain an improved error
bound. The conjectured next contribution is of order a?p®, see [1].

Remark 1.13 (On the assumptions on v). Any smooth interaction or an interaction
with a hard core (meaning that v(z) = 4oo for |z| < ag for some ag > 0) satisfies
[ (3vfd 4+ 10f0]?) dz < oo, see Propositions 5.13 and 5.14.

We sketch in Section 5.2 how to adapt the proof in the 3-dimensional setting to
1 dimension. This turns out to be more involved than adapting the argument to 2
dimensions.

The paper is structured as follows. In Section 2 we give some preliminary computations
and in particular we introduce the “Fermi polyhedron”, a polyhedral approximation to
the Fermi ball. In Section 3 we introduce the fermionic cluster expansion of Gaudin,
Gillespie and Ripka [15] and we find conditions on absolute convergence of the resulting
formulas. In the subsequent Section 4 we compute the energy of a Jastrow-type trial state
and glue many of them together using a box method to form trial states of arbitrary
many particles. Finally, in Section 5 we sketch how to adapt the argument to the lower-
dimensional settings. In Appendix A we give computations of “small diagrams” needed
for some bounds in Sections 4 and 5.2 and in Appendix B we give the proof of Lemma 4.9,
an important lemma used in Section 4.
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2. Preliminary computations

We will construct a trial state using a box method, and bound the energy of such trial
state. To use such a box method we need to use Dirichlet boundary conditions in each
smaller box. In Lemma 4.3 we show that we may construct trial states with Dirichlet
boundary condition out of trial states with periodic boundary conditions. We will thus
use periodic boundary conditions in the box A = [~L/2, L/2]3. For periodic boundary
conditions, the Hamiltonian is given by

N
Hy = HY =Y =D+ vper(ws — z),

j=1 i<j

where A; denotes the Laplacian on the j'th coordinate and vper(z) = >, czs v(z +nL),
the periodized interaction. By a slight abuse of notation we write v = vper, since we will
choose L bigger than the range of v.

The trial state in each smaller box is given by the Jastrow-type [22] trial state (also
known as a Bijl-Dingle-Jastrow-type trial state)

1
YN = \/T_NHf(xi—xj)DN(ml,...,xN), (2.1)

i<j

where f is a scaled and cut-off version of the scatting function fy, Dy is an appropriately
chosen Slater determinant, and Cy is a normalization constant. More precisely,

flz) = {Wmn |z < b,

1 |z > b,
1 ikx
Dy (zy,...,on) = det [ug(zi)i<icn, ur(@) = —57e™,
€Pp L
where fo is the p-wave scattering function, |-| := min,ezs |- — nL|gs (with |-|gs denoting

the norm on R?), b > Ry, the range of v, is some cut-off to be chosen later, Pr is a
polyhedral approximation to the Fermi ball Br of radius kr described in Section 2.2,
and the number of particles is N = #Pp, the number of points in Pr. We choose b to
be larger than the range of v; in particular, then f is continuous. (Note that the metric
on the torus is d(z,y) = |z — y|. We will abuse notation slightly and denote by || also
the absolute value of some number or the norm on R3.)

Before going further with the proof we first fix some notation.

Notation 2.1. We introduce the following.

o For any function h and edge (of some graph) e = (¢,j) we will write h, = h;; =
h(z; — ;).
e We denote by C a generic positive constant whose value may change line by line.
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o For expressions A, B we write A < B if there exists some constant C > 0 such that

A< CB.If both A< Band B < A we write A~ B.

e For a vector z = (2!,...,2%) € R? we write 2, ..., 2 for its components.

We will fix the Fermi momentum kp and then choose L, N large but finite depending
on kr. The density of particles in the trial state ¥y is p := N/L?. The limit of small

density a®p — 0 will be realized as kra — 0.

To compute the energy of the trial state ¢ note that for (real-valued) functions F, G

/|v (FG)| /\VF| G2 — /|F| GAG.

fi; and G = Dy we have

we have

Using this on F' =[]

i<j

o 2
(UN|HN|YN) _E0+2§<¢N %_;Zk)) +%U(xj — ) 1/1N>
6 Y <wN‘Lf?Jij’“ wN>
i<j<k ig/ik (22)

V(e —z)[* 1
= FE +// as:n,z ‘7 + =v(zr; — dz; dx
0 PJ 1,2 ( f($1—$2) 9 ( 1 2) 1 dT2

/// pf]?s 9317 Z2, Ig) Vf12Vf23 dzl d.CUQ dl’37
f12f23

where Eo =) 1 cp. |k|? is the kinetic energy of ﬁDN and pgzg denotes the n-particle

reduced density of the trial state ¢y, given by

pg’;g(xl,...,xn):N(N_1)---(N_n+1)/.-./|¢N(x1,...,xN)|2 dzpis ... day,
n=1,...,N. (2.3)

The division by f is non-problematic even where f = 0, since it cancels with the corre-
sponding factors of f in ¥ . We need to compute p(2)

Jas
on this endeavour we first recall some properties of the scattering function.

and bound pf]?;)b Before we start

2.1. The scattering function

The scattering function fy is defined by the minimization problem in Definition 1.1, see
also [27, Appendix A]; [32]. In particular fj satisfies the corresponding Euler-Lagrange
equation

—4x - Vfo — 2|1}|2Af0 + |$‘21)f0 =0.
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The minimizer fy is radial and with a slight abuse of notation we sometimes write
fo(lz|) = fo(x). In radial coordinates the Euler-Lagrange equation reads

4 1
~0; fo — ~Onfot Svfo=0, (2.4)

where 0, denotes the derivative in the radial direction. This is the same equation as for

s-wave scattering in 5 dimensions, see [27, Appendix A]. Thus, properties of this carry
3

over. In particular fo(z) =1— I(;T for x outside the support of v. Moreover

Lemma 2.2 ([27, Lemma A.1]). The scattering function fo satisfies [1— a—} <
+

folx) <1 for all x and |V fo(z)| < % for |z| > a.
We give a short proof here for completeness.

Proof. From the radial Euler-Lagrange equation (2.4) we have 9,.(r%0,.fo) = vr*fo/2 > 0.

Denote by fu. = {1 — %} the solution for a hard core potential of range a. Then
+

7"4arfhc _ {§a3 r>a

r<a

In particular 9,.(r*d, fn.) = 0 for r > a. We thus see that 9,.fo < 0, fne = 3a®>r~* and
fo > fuc for r > a by integrating. Trivially fo > 0= fy. for r <a. O

Remark 2.3. A hard core interaction of range Ry > 0,

Uhe(T) =

+o0o0 |z| < Ro,
0 ‘I| > R07

3

has f0($) = fhc(‘r) = |:1 — a_:|+ and thus apg = a = Ro.

e
Finally, we give the

Proof of Proposition 1.5. Let Ry denote the range of the interaction. Then the effective
range is given by [19, Equation (56)]

B 2  2R? 2RP
Rt =—F " T 2/u(r)zdn for R > Ro (2.5)

0

where u solves [19, Equation (22)]
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2 1
—0%u + 2 + FUu = 0
with 9, denoting the radial derivative. In particular then fy = —?—Zu satisfies the scatter-
ing equation, Equation (2.4). For r > Ry we find using [19, Equation (27)] and Equation

(1.1)

u(r) = lim =

k—0 rsind(k) a3

sin(kr + 6(k)) — krcos(kr +6(k))  —r? [1 a3]
We conclude that fy = fﬁ—zu is indeed the scattering function. Thus (2.5) reads

R

2 2R?* 2R® 2

-1 _ 4 2

_Reff__ﬁ_—a?’ +5QG_E/Tf0dT’ for R > Ry
0

The remainder of the proof is a simple calculation using integration by parts and the

scattering equation. We omit the details. This concludes the proof of Proposition 1.5. O
2.2. The “Ferms polyhedron”

We introduce a polyhedral approximation Pg of the Fermi ball Bp = {k € %Z3 :
|k| < kp}. The main properties we will need of the polyhedral approximation are given
in Lemmas 2.12, 2.13 and 4.9. We discuss why we need such a polyhedral approximation
in Remark 3.5. The problem is that

1 ) 1 )
5 Z etk qp = (27r)3 / Z | qu ~ N1/3

[0,2]2 keB(kp)N2EZ3 [0,27]3 qeB(cN1/3)NZ3

for large N (see [14,28] and references therein) is too big for our purposes. Note that
this behaviour is a consequence of taking the absolute value. In fact we have that
1 ik _
V% kaeB(kF)ﬂ%‘Z?’ edr = 1.

This type of quantity is referred to as the Lebesgue constant [14,28] of some domain
Q,

1 .
,C(Q) = (277)3 / Z e du

3
[0,27]3 qeEQNZ

These kinds of integrals appear in estimates in Sections 3.1 and 4. For an overview of
such Lebesgue constants, see [14,28]. Of particular relevance for us is the fact that the
Lebesgue constants are much smaller for polyhedral domains than for balls. Hence we
introduce the polyhedron P = P(N) as an approximation of the unit ball. Then the
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scaled version Pr = kp PN ZT”Z?’ approximates the Fermi ball. We will refer to Pr as the
Fermi polyhedron. In [23, Theorem 4.1] it is shown that for any fixed convex polyhedron
P’ of s vertices

1 .
L(RP') = 573 Z | du < Cs(log R)® + C(s)(log R)? (2.6)
7T) [0,27]3 qeERP'NZ3

—~

for any R > 2, in particular for R ~ N'/3, where C(s) is some unknown function of
s. We will improve on this bound for the specific polyhedron P = P(N) to control the
s-dependence of the subleading (in R) terms, i.e. of C'(s). For the specific polyhedron P
we have C(s) < Cs. This is the content of Lemma 2.12 below. We first give an almost
correct, definition of the polyhedron P.

“Definition” 2.4 (Simple definition). The polyhedron P is chosen to be the convex hull
of s = s(N) points k1,...,ks on a sphere of radius 1 + d, where J is chosen such that
Vol(P) = 47 /3. We moreover choose the set of points to have the following properties.

e The points are evenly distributed, meaning that the distance d between any pair of

—1/2 and that for any k on the sphere of radius 1+ the distance

points satisfies d 2 s
from k to the closest point is < s~1/2. That is, for some constants ¢, C' > 0 we have
d>cs™1/2 and inf; |k — K;| < Cs~1/2,

e P is invariant under any map (k', k2, k%) — (£k®, £k, +k°) for {a,b,c} = {1,2,3},

i.e. reflection in or permutation of any of the axes.

The Fermi polyhedron is the rescaled version defined as Pr := krpP N 2%237 where L is
chosen large (depending on kr) such that kpL is large.

Remark 2.5. Note that the symmetry constraint adds a restriction on s. For instance,
a generic point away from any plane of symmetry (i.e. k',k% k® all different and
non-zero) has 48 images (including itself) when reflected by the maps (k' k2 k%) —
(£k*, £kb, £k°) for {a,b,c} = {1,2,3}.

For s points on a sphere of radius 1+, the natural lengthscale is (146)s~1/2 ~ s71/2,
The requirement that the points are evenly distributed then ensures that all pairs of close
points (for any reasonable definition of “close points”) have a pairwise distance of this
order.

Remark 2.6. For all purposes apart from the technical argument in Appendix B one
may take this as the definition. In particular, the convergence criterion of the cluster
expansion formulas of Gaudin, Gillespie and Ripka [15], given in Theorem 3.4, holds
also for this simpler definition of P. We provide this simpler definition to better give an
intuition of the construction.
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We now give the actual definition of P. We first give the construction. Then in Re-
mark 2.9 we give a few comments and in Remark 2.10 we give a short motivation.

Definition 2.7 (Actual definition). The polyhedron P with s corners and the “centre” z
is constructed as follows.

o First, choose a big number @, the “size of the primes” satisfying
Q Yt<ost,  NY*«<Q<CONC¢

in the limit N — oo.

 Pick three large distinct primes @1, @2, @3 with Q; ~ Q.
R

o Place s evenly distributed points H]F, ..., K, on the sphere of radius Q~3/* and such
that the set of points {kF,..., xR} is invariant under the symmetries (k', k2, k%)
(£ka, £k° £k°) for {a,b,c} = {1,2,3}.

Here, evenly distributed means that the distance between any pair of points is d =
s~1/2Q=3/4 and that for any k on the sphere of radius Q3/* the distance from k
to the nearest point is < s~/2Q~3/4. That is, d > ¢s~/2Q3/* and inf; |k — @R| <

Cs~1/2Q=3/* for some constants ¢, C' > 0.

e Find points k1, ..., ks of the form
1.2 .3
pj Pj P m ,
Ki=|—=,=—,= 1, P ez, =1,2,3, j7=1,...,s, 2.7
! (Ql Q2 Q3> / : @7)

such that |/~cj - n$| < Q7! forall j = 1,...,s and such that the set of points
{K1,...,ks} is invariant under the symmetries (k*, k?, k3) — (£k*, £k2, ££3).
o Define P as the convex hull of all the points k1, . . ., . That is, P = conv{k1, ..., ks}.
« Define P as 0P, where ¢ is chosen such that Vol(P) = 4x/3. We will refer to the

scaled points ok; = a(p;/Ql,p?/Qz,p?/Qg) for j=1,...,s as corners of P.

e Define PR = gconv{xR,..., xR} as the scaled convex hull of all the initial points
R R
[ A

o Define the centre as z = 0(1/Q1,1/Q2,1/Q3).

The Fermi polyhedron is the rescaled version defined as Pp := kpP N 2%23, where L is

chosen large (depending on k) such that %

We additionally define P} := kpPR 0 2273,

is rational and large.

Remark 2.8. We choose N := # Pr, so that the Fermi polyhedron is filled. The depen-

dence in N of, for instance, @ should therefore more precisely be given in terms of a

dependence on kL. Note that N = pL? ~ (krL)? and kp = (672p)/3(1 + O(N~1/3)).
We will choose also s depending on N (i.e. on kpL) satisfying s — oo as N — oo.
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Remark 2.9 (Comments on and properties of the construction). We collect here some
properties of the Fermi polyhedron, some of which will only be needed in Appendix B.

e The points k1,. .., ks are evenly distributed on a thickened sphere of radius Q—3/4 —
their radial coordinates are |r;| = Q7%/* + O(Q™!). Indeed, the points ¥, ... xR
are evenly distributed and Q! < s~1/2Q~3/%. For s points on a thickened sphere of
radius Q3/4, the natural lengthscale between points is s~1/2Q~3/4.

o There is some constraint on the number of points s. A generic point s (with ', k2, k*
all different and non-zero) has 48 images, including itself. The constraint on s is more
or less the same as for the simpler “Definition” 2.4.

o By choosing the points k1, ..., ks as in Equation (2.7) we break the symmetries of
permuting the coordinates, i.e. (k', k2, k%) — (k% kb k°) if (a,b,c) # (1,2,3). These
symmetries are however still almost satisfied, see Lemma 2.11.

e We choose s,Q such that Q~*/* <« s7/2 in the limit of large N. Hence, for N
sufficiently large, all the chosen points {k1,...,ks} are extreme points of P, i.e.
all corners are extreme points of the polyhedron P. That is, the name “corner” is
well-chosen, and we do not have any superfluous points in the construction.

o For any three points (z;,y;, ;) € R?, i = 1,2,3 the plane through them is given by
the equation

(Y2 —y1) (23 — 21) — (y3 — y1)(22 — 21) T
((22 —z1)(xs —21) — (23 — 21) (w2 — 931)) : (ZJ) = const.
(132—551)(3/3—1/1)—($3—$1)(y2—yl) z

Hence, for three points K1, Ka, K3 of the form K; = (p} /Q1,p?/Q2,p3/Q3),p € Z,
i, 4 = 1,2, 3 the plane through them is given by

a1 k‘l—i— [6%) k‘2+

a3 .3
50" TG Tog, 1 (28)

where

a1 = (p3 — pi)(ps — p}) — (P — pi)(ps — p3) € Z

and similarly for as, as. From these formulas it is immediate that for K;’s corners of
P or the centre z we have |a;| < C/Q for j = 1,2,3. For some planes we may have
o = 0 for some j.

« We claim that ¢ = Q%/*(1 4 O(s~1)). In particular, that any point on the boundary
AP has radial coordinate 14 O(s™1). To see this, note that Q3/*P is a polyhedron
whose corners are evenly spaced and have radial coordinates r with r = 1+0(Q~1/%).
Thus, by scaling Q3*P by 1 — CQ~* we get that (1 — CQ~Y*)Q3*P c B,(0)
so that this has volume < 2T It follows that o > @3/4(1 — CQ~'/4). On the other
hand, scaling Q*/*P by 1 + Cs~! we have that (1 + Cs~1)Q3*P > B;(0). Indeed,
since the distance from any point k on the sphere of radius 1 to any corner of Q3/4P
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is < s71/2, and the sphere is locally quadratic, the smallest radial coordinate 7 of a
point on the boundary d(Q3/*P) is + > 1—Cs~!. It follows that o < (14+Cs~1)Q3/.
Since Q‘1/4 < Cs~! this shows the desired.

o Note moreover that ¢ is irrational. Indeed, the volume of a polyhedron with rational
corners is rational. (This is easily seen for tetrahedra, of which any polyhedron is
an essentially disjoint union.) Thus ¢® = 77 for a rational r. Hence the equations
of the planes defined by corners of P (i.e. scaled points) are of the form Equation
(2.8) with an irrational constant o7y on the right-hand side. Indeed, the corners of
P (and the central point z) are all scaled by o compared to points of the form
(p*/Q1,p?/Q2,p%/Q3). The equation of the plane through three scaled points only
differs by scaling the constant term. Since o is irrational, and the constant term was
rational for the unscaled points, this shows the desired.

e We now construct a triangulation of JP. For all (2-dimensional) triangular faces of
P simply consider these as part of the triangulation. That is, we construct edges
between any pair of the three corners of such a triangle. Some of the (2-dimensional)
faces of P may be polygons of more than 3 sides (1-dimensional faces). Construct
edges between all pairs of corners sharing a side (i.e. a 1-dimensional face) and choose
one corner and construct edges from this corner to all other corners of the polygon.
Doing this constructs a triangulation of 9P and we will refer to all pairs of corners
with an edge between them as close or neighbours. Since the points {k1,...,xs} are
evenly distributed, that the distance between any pair of close corners is d ~ s~1/2.

¢ Additionally, one may note that the corners of P have < C' many neighbours since
the points are evenly distributed.

e The reason we need % rational will only become apparent in Appendix B and will
be explained there.

Remark 2.10 (Motivation of construction). The purpose of the construction is twofold.
Firstly we avoid a casework argument as in the proof of [23, Lemma 3.5] of whether the
coeflicients of the planes are rational or not. The argument in Lemmas B.6 and B.7 is
heavily inspired by [23, Lemmas 3.6, 3.9], where such casework is required. Secondly we
have good control over how many (and which) lattice points (i.e. points in 22Z?) can lie
on each plane (or, rather, a closely related plane, see Appendix B for the details).

These are technical details only needed in Appendix B. We reiterate, that apart from
the arguments in Appendix B, the reader may have the simpler “Definition” 2.4 in mind
instead.

As mentioned in Remark 2.9 the Fermi polyhedron is almost symmetric under per-
mutation of the axes. This is formalized as follows.

Lemma 2.11. For ju # v let F,,, be the map that permutes k* and k” (i.e. Fio(k', k*, k®) =
(k2, kY, k3), etc.). Then for any function t > 0 we have
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D [Xtkerr) = Xtk (e | t(k) SQTVIN sup t(k) S NP sup t(k),
ke2rz3 |k|~kp |k|~kp

where Q) is as in Definition 2.7 and x denotes the indicator function.

Proof. Note that

Z [X(kePr) — X(kEF/w(PF))| t(k)
ke2r73

< > ‘X(kePF)*X(kePgﬁ) tE)+ > ‘X(ker(PF))*X(keFW(P}})) t(k) (2.9)
ke2r73 ke2r73

since PR is invariant under permutation of the axes, i.e. F,,(PR) = PR. The points
{Kj}j=1,.. s only differ from {KJR}J»:LMS by at most ~ Q' thus the points {or;};=1,. s
s by ~ Q1% Hence, the
support of X(repp) — X(kePR) is contained in a shell of width ~ kpQ /% around the
surface d(kpP). That is,

.....

(the corners of P) only differ from the points {J/ig&}j:l

2m . -
supp (X(kepF) — X(kePﬁ)) - {k: € TZS’ :dist(k, 0(kpP)) < kr@ 1/4} .
The surface d(kpP) has area ~ k% so
Vol ({k € R3 : dist(k, d(kpP)) < ka_1/4}) < kLQ A

The spacing between the k’s in %’TZ?’ is ~ L~! and any k with dist(k, d(kpP)) < kpQ~1/*
has |k| ~ kp. Thus

t(k) S LPE3Q ™Y sup t(k) ~ Q VAN sup t(k).
|El~kp |k|~kp

Z )X(kePp) ~ X(kePR)
kePr

The same argument applies to the second summand in Equation (2.9). We conclude the
desired. O

We now improve on Equation (2.6) for our polyhedron.
Lemma 2.12. The Lebesgue constant of the Fermi polyhedron satisfies

1
L3

A

§ eikx

kePp

1 .
dr = ) / Z e'| du < Cs(log N)3.
T
[0,27]2 |qe (5 P)nzZ3
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The proof is (almost) the same as given in [23, Theorem 4.1]. We need to be a bit
more careful in the decomposition into tetrahedra.

Proof. Define R = % We decompose RP into tetrahedra using the “central” point z
from the construction of P. We triangulate the surface of RP as in Remark 2.9. For each
triangle in the triangulation add the point Rz to form a tetrahedron. Note that Rz ¢ Z3
since |Rz| < CRQ™Y* < 1 and z # 0. This gives m = O(s) many (closed) tetrahedra
{T;} such that RP = |JT; and that T; N T}/ is a tetrahedron of lower dimension (i.e.
the central point Rz, a line segment or a triangle). Then, as in [23, Theorem 4.1] by the
inclusion—exclusion principle we have

L(RP) =

/Z DDA DI S U

J q€T;NZ3 J<j’ q€T;NT; NZ3

Si Z ﬁ(leﬂ...ﬁTﬂ).

=1 751<...<Je

1
(2m)?

In [23, Theorem 4.1] it is shown that for a d-dimensional tetrahedron T with T C [0, n1] X
... x[0,n4] we have L(T') < C(d) Hle log(n; +1). All the tetrahedra in our construction
are d-dimensional for d < 3 and contained in boxes [0, CR]¢ (after translations by lattice
vectors k € Z3). Hence for all tuples Tj,,..., T}, we have

L(T;,N...NTj,) < C(log R) < C(log N)3.

We need to count how many summands we have. The 3-dimensional tetrahedra each
appear just once, and there are m = O(s) many of them. The 2-dimensional tetrahedra
(triangles) appear just once, namely in the term L£(7; N Tj/) where the triangle is the
intersection T; NT},. Hence there are O(s) many such terms. The 1-dimensional tetrahe-
dra (line segments) may appear more times, with 3,4,...,C many 7}’s. Indeed an edge
may be shared by more tetrahedra, but only a bounded number of them. (This follows
from the points being well-distributed, so each corner of P has a bounded number of
neighbours.) Since there is also only O(s) many 1-dimensional line segments this gives
also just a contribution O(s). The central point appears many times, but all appearances
contribute 0, since Rz ¢ Z3. We conclude that L(RP) < Cs(log N)? as desired. O

By replacing Br with Pr we make an error in the kinetic energy. (The Fermi ball
By is the set of momenta of the Slater determinant with lowest kinetic energy.) We now
bound the error made with this approximation. That is, we consider

DL D

kePr keBr



A.B. Lauritsen, R. Seiringer / Journal of Functional Analysis 286 (2024) 110320 19

Note that there might not be the same number of summands in both sums. To compute
this difference we interpret the sums as Riemann-sums and replace them with the corre-
sponding integrals. It is a simple exercise to show that the error made in this replacement
is Ck%N?/3. That is,

k| — k> = L k|2 dk — K|? dk O (k2N?/3
> k| Z\I—(%)3 k| |K| + P :

kePr keBF kp P B(kr)

The integrals can be computed in spherical coordinates,

k}pR(w) kF
/|k:\2dk— / |k|2dl~c:/ / r4dr—/r4dr dw
kpP B(kr) S2 0 0

For kg P the radial limit is kpR(w) = kp(1 + £(w)), where e(w) = O(s™!) uniformly in
w by the argument in Remark 2.9. Expanding the powers of R we thus get

/ k|2 dk — / |k|2dk:k}/(e(w)+0(s*2)) dw.
krpP B(kr) S2

By construction, P has volume 47 /3. That is, kP and B(kr) have the same volume.
This means that

kFR(UJ) kF
0— / / 2 dr — /r2 dr | dw = k% / (e(w) + O(s7?)) dw.
S2 0 0 S2

We thus get that

SRR = D M = O(kENs2) + 0 (KEN*?).

kePp keBFr

We conclude the following.

Lemma 2.13. The kinetic energy of the (Slater determinant with momenta in the) Fermi
polyhedron satisfies

SR = Y K (1+0(N—1/3)+0(s—2))

ke Pr keBp

= g(Gw)2/3p2/3N (1 + O(N‘1/3) i 0(3‘2)) ’
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Proof. The computation above gives the first equality. The second follows by noting that
> kep, |F[? is a Riemann sum for

(2m)? 5(2m)3 " F 5 .
|k|<kp

Completely analogously one can show that
. _ 1877 1/3 ,4/3 -1/3 -2
> Ikt = == (6m) N(1+0(N )+ O(s )). (2.10)
kePp
We need this formula for Lemma 2.14 below. Additionally we need a formula for
> kep, |K'|*, where k! refers to the first coordinate of k = (k', k%, k*). Here we have
114 1872 1/3 4/3 —1/3 -1
> IR = 2 (6m) A AN (14 OV + 07 (2.11)

)
ke Pr

To see this we compare it to >, -5 |k*|*. The only difference from above is when doing
the spherical integral. We have

Z |]€1|47 Z |k1|4

k€ Pp keEBr
L3 2 T kr(1+e(4,0)) kr
_ (4 61,. | .6 4 n2/3
(QW)S/de/ d¢ cos(9) / r°dr /r dr | + O(k% )
0 0 0

= O(ktNs™Y) + O(kRN?/3),

since we can’t use the volume constraint that [q, (w) dw = O(s?) but only that e(w) =
O(s71). Thus we only get an error of (relative) size s~1. The sum over Br may be readily
computed by computing the corresponding integral.

2.8. Reduced densities of the Slater determinant

We now consider the 2-particle reduced density of the (normalized) Slater determinant.
We have the following.

Lemma 2.14. The 2-particle reduced density of the (normalized) Slater determinant

\/% Dy satisfies
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672 2/3 3(6m2 2/3
P (21, 22) = %Pg/gm — @|? (1 - (3—5)02/3\131 — 1a|?

+ O(N_1/3) +0(s72) + O(N_1/3p2/3|:r1 —20]?) + O(,o4/3|:1c1 — x2|4)>.

This follows from a Taylor expansion akin to the argument in [1, Lemma 11].

Proof. The Slater determinant is in particular a quasi-free state, hence we get by Wick’s
rule that

PP (1, 33) = pV (21)pD (m3) — A (21; 227 (w2, 71), (2.12)

where *y](\}) denotes the (kernel of the) reduced 1l-particle density matrix of the Slater
determinant. We have

W (@) = D7 wn(a)un(ws) = 4 LY k) W) =

kePr kePr

By translation invariance, fyj(\})(ml; x9) is a function of &1 — xo only, and we shall Taylor
expand 7](\})

Definition 2.7. This means that all odd orders vanish and that all off-diagonal second

in z1 — xzo. By construction Pp is reflection symmetric in the axes, see

order terms vanish. Thus, by defining 212 = (215, 235, 23,) = ¥1 — 72 and expanding all
the exponentials we get

7(1)(901; T3)

=13 Z < a % (1 — x2))? + i(k (21— 2))* + O(|k[%|zy — x2|6)>

kEePp

1
=p— 315 2 (K Platal + [P leh,] + K Plad, )]
ke Pr

1
o ( S [kl 20 (89 1]
kePp

+6 Y [|K PR PlatsPlatal® + (K PR PletsPlats ) + |k2l2/€3l2lw?zl2|w?zg]>
k€ Pp

+ O(p*|xy — 22|°).

By Lemma 2.11 we may write

Sk = S0 k240 (N3

kePp kePr
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and similar for the Y |k#|* and 3 |k#|?|k”|?-sums. Using this the second order term is

given by

1
C6L3 D kPl + O Pl PNV,
kePgp

Similarly by also rewriting everything in terms of [z12|* and [|z1,[* + |23,]* + |23, |*] the
fourth order term is given by

1
e (Z LD kll4> 22
ke Pr ke Pr
N (5 S - Y |k|4) edolt 4 Jeal® + 1]
ke Pr ke Pr

+0(p"P|ya "N ~3).
Using Lemma 2.13 and Equations (2.10) and (2.11) we get that

(672)2/3
10

FO(PAN" V) — 20)?)

+0(p° s 72|11 — 2af?) + O(PT PNV zy — ') + O(p"Ps ™ ay — )

+ O(p3|z1 — x2]%).

371'2(671'2)1/3

7/30,. .. |4
o Pl

W (@1i22) = p - PPlar —af” +

Plugging this into Equation (2.12) we conclude the desired. O
Finally, we have the following bound on the 3-particle reduced density:

Lemma 2.15. The 3-particle reduced density of the (normalized) Slater determinant

\/% Dy satisfies

P (@1, 0, w3) < Cp* ™3y — w2y — w3,
Proof. Note that p(®) vanishes whenever any 2 of the 3 particles are incident and more-
over that p(3) is symmetric under exchange of the particles. We may bound derivatives
of p® as we did for p(?). By Taylor’s theorem we conclude the desired. O

3. Gaudin-Gillespie-Ripka-expansion

We now present the cluster expansion of Gaudin, Gillespie and Ripka [15]. The argu-
ment given here is essentially the same as in [15], only we give sufficient conditions for



A.B. Lauritsen, R. Seiringer / Journal of Functional Analysis 286 (2024) 110320 23

the formulas [15, Equations (3.19), (4.9) and (8.4)], given in Theorem 3.4, to hold, i.e.,
for absolute convergence of the expansion.

Recall the definition of the trial state 1 in Equation (2.1). We calculate the normal-
(1)

ization constant Cy and the reduced densities pj,,

(2.3).
We remark that the computation given in the following is not just valid for the function

pgi)b and pg?;)s defined in Equation

f and (square of a) Slater determinant |Dy|*> we choose, but these can be replaced by a
more general function and determinant of a more general matrix. We comment on this
further in Remark 3.3.

3.0.1. Calculation of the normalization constant
First we give the calculation of Cy. Rewriting the f’s in terms of g = f? — 1 we have

CN:/~~~/H %|DN\2dx1...dﬂcN:/~~/H(1+gij)|DN|2d:c1...de

1<j 1<J

We factor out the g;; and group terms with the same number of values z;. (For instance
912923 and g45946956 both have 3 values x; appearing, the values x1, x2, x3 and x4, x5, xg,
respectively.) To state the result we define G, as the set of all graphs on {1,...,p} such
that each vertex has degree at least 1 (i.e. is incident to at least one edge) and define

Wy(z1,...,2p) == Z ng.

GEGyp e€G

(Note that for p = 0,1 we have G, = @ and so W, = 0.) By the symmetry of permuting
the coordinates we have

Cn = // [1+ WWg(xl,m) LYV - 1)(N_2)W3(x1,x27x3) +}

3!

X |DN‘2dx1 dl‘N

N
1
= N! 1+ZH/-~-/Wp(x1,...,xp)p(p)(xl,...,xp)dxl...dxp],
p=2""

where again the reduced densities are normalised as

1
p(p)(xl,...,xp)—N(Nfl)-~(pr+1)/~-~/M|DN(:£1,...,xN)|2dxp+1...de.

A simple calculation using the Wick rule shows that

pP) = det {vg\})(xi;xj)} iy det l Z wp (@i )ug () = det[S} Sp],

kePr ]1<i,j<p
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(m1,Gh) (m3,G3)
(72, Ga)

Fig. 3.1. A diagram (w, G) € Dg’ decomposed into linked components. The dashed lines denote g-edges and
the arrows (¢, j) denote that (i) = j. Vertices labelled with x denote external vertices.

where S, is the Pp x p “Slater”-matrix with entries uy(z;). This has rank min{N,p} =p
and so by taking this determinant as the definition of p® for p > N we have p®) = 0 for
p > N. Thus we may extend the summation to co. We now expand out the determinant
and the Wp,. That is

C <1 P
F]\![:“FZE 2:(_1)7r/"'/1_[ge1_[’71(\})(%‘,QTTF(]*))dajl...dacp7

p=2"" GEG, eeG  j=1
TES,

where S, denotes the symmetric group on p elements. We will consider m and G together
as a diagram (7, G). We give a slightly more general definition for what a diagram is, as
we will need such for the calculation of the reduced densities.

Definition 3.1. Define the set G/ as the set of all graphs on ¢ “external” vertices {1,...,q}
and p “internal” vertices {g+1,...,q+ p} such that all internal vertices have degree at
least 1, i.e. each internal vertex has at least one incident edge, and such that there are
no edges between external vertices. The external edges are allowed to have degree zero,
i.e. have no incident edges. For ¢ = 0 we recover Qg =Gp.

A diagram (7, G) on ¢ “external” and p “internal” vertices is a pair of a permutation
T € Sgtp (viewed as a directed graph on {1,...,q+ p}) and a graph G € G{ (Fig. 3.1).
We denote the set of all diagrams on g “external” vertices and p “internal” vertices by
Dj.

We will sometimes refer to edges in G as g-edges, directed edges in 7 as ’yg\})—edges
and the graph G as a g-graph. The value of a diagram (7, G) € Dj is the function

qtp
™ 1
I (1, zg) == (1) / . / H Je H fyj(v)(:cj,:rw(j)) dzgiq ... dzggy.

eeG j=1

For ¢ = 0 we write T'r ¢ = T'S ; and D, = Dj.

A diagram (7, G) is said to be linked if the graph G with edges the union of edges in
G and directed edges in 7 is connected. The set of all linked diagrams on ¢ “external”
and p “internal” vertices is denoted L. For ¢ = 0 we write £, = Eg.

By the translation invariance we have that F;,G is a constant for any diagram (7, G).
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In terms of diagrams we thus have

Z >, Tre

(TrGG'D

If (7, G) is not linked we may decompose it into its linked components. Here the integra-
tion factorizes. We split the sum according to the number of linked components. Each
linked component has at least 2 vertices, since each vertex must be connected to another
vertex with an edge in the corresponding graph. We get

Cn
N!
oo o
]. F'n'l G1 Fﬂk Gk
D DD DI I DR D T D
p=2 k=1 p1>2 pr>2 (m1,G1)ELY, (7%,Gr)ELp,
~—~ —_———
# Ink. cps. sizes linked cps. linked components
(3.1)

Here x is the indicator function. The factor 1/(k!) comes from counting the possible la-
bellings of the k linked components. The factors 1/(p1!),...,1/(px!) come from counting
how to distribute the p vertices {1,...,p} between the linked components of prescribed
sizes p1, . .., pg. This gives the factor (, P )= 171+%17k!7 which together with the factor
1/p! already present gives the claimed formula.

We want to pull the p-summation inside the pq,...,pr-summation. This is allowed

once we check that ;, > (n,G)e ¢, I'n,c 1s absolutely convergent. More precisely we

need that the p-sum is absolutely convergent, i.e. Zp o ’Z(W @ec, r; Gl< oo. This is
the content of Lemma 3.2 below. We conclude that if the assumptions of
satisfied then

emma 3.2 are

Z Z Z Z s Z I'ricy .. e

| |
P1>2 Pr>2 (7T1,G1)E»Cp1 (Trk,Gk)E,Cpk P1 Pk
& (3.2)

(X T ore) men(S) ¥t

(7rG€ﬁ (m,G)EL,

3.0.2. Calculation of the 1-particle reduced density
We consider now the 1-particle reduced density of the Jastrow trial state. We have by
the translation invariance that p( ) = = p) = p. We nonetheless compute it here, as we

need the formula in terms of (hnked) diagrams. We have similarly as before

N
P%ﬁ (1) / / H f]_z H 2j|DN|2d1:2...de
2<i<KN  2<i<j<N

= 1
P(l)(xl)"‘zlj/"'/X;p(p"_l)dm... depta |,
p=1""

N!

= On
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where

=> Ilo.

Geg; ecG

with g; as in Definition 3.1. Again this is what one gets by just expanding all the
products in the first line and grouping them in terms of how many x;’s appear. The sum
is again extended to oo, since p(?) = 0 for p > N.

We again expand out the determinant and the X;’s. For each summand 7 € Sp41
and G € g; we again think of them together as a diagram (7, G) € D},. The formula for

pgi)s in terms of diagrams is

o= z > the=o [+
p=1

(71' G)eD}, T

E 1
FTK',G .
,G)ED;

As for the normalization we write out the diagrams in terms of their linked components.
There is a distinguished linked component, namely the one containing the vertex {1}.
We will write its size as p,. It is convenient to take “size” to mean number of internal
vertices, i.e. p. = 0 if {1} is not connected to any other vertex by either an edge in
G or an edge in 7. Similarly “number of linked components” means disregarding the
distinguished one.

Analogously to the computation in Equation (3.1) we thus get for any p > 0

Z F Z F71T*,G*
G = p|

(ﬂ G)eD} (s ,GL)ELY

[ 1 It
Z E Z Z Z X(Zee{*,l ,,,,, k} Pe=p) Z 7;7*7?*
k=1 p«>0p12>2 Pr=>2

(me,GL)ELY,

§ : § : 1—‘71'1,G1 ]‘—‘ﬂ'lmGk
>< ... ... pk' B
7, Gr)ELp), )

|
(m1,.G1ELy b1t

where the superscript 1 refers to the slightly modified structure as described in Defini-
tion 3.1, where there may be no g-edges connecting to {1}, and there is no integration
over 1. Note that (m1,G1) € Ly, ..., (7, Gk) € Ly, only deal with internal vertices.

Again here we take the sum over p’s. We are allowed to permute the p-sum inside of
the p.- and pq, ..., pg-sums if the sums over linked diagrams are absolutely summable.
That is, if

LY <, Z}% 3 o <o

[
p>0 P (m,G)eL) p>2 (7,GYEL,
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then we have, as for the normalization in Equation (3.2), that

o= o Z 2. T

(7\'G)€’D1
S M SRR
P>0 (74,G ) EL, ps! k:O' p>2 (r,G)EL,
Y Y EE YL Y ne
p>0 (7,G)ELL P! p>1 T (m,G)eL)

where we used Equation (3.2) and that the p = 0 term just gives the 1-particle density
of the Slater determinant. Thus, by translation invariance, we have

=== X ¥

P>0 (m,G)eL],

3.0.8. Calculation of the 2-particle reduced density
Let us now compute the 2-particle reduced density. As before by expanding all the
f? =1+ g factors apart from the factor fi» we get

N! , &
pgi)s = FNleQ § /szp(erz) dl’g ce dxp+27 X; = E | I Ge,
p=0

Gegg ecG

where Qz is as in Definition 3.1.

We again decompose the diagrams into linked components. However, we need to dis-
tinguish between the cases where {1} and {2} are both in the same component or in two
different components. The computation is analogous to the computation above. We get

I (@), g, (x2)
pSQEL)s;(m17$2 f12< Z Z LG 2.Gi2

115!

1:P2:

P1,p220 (m1,G1)€EL], pip
(m2,G2)€L],

{1} and {2} in different linked components

2
e

12¢
P1220 (712,G12)€L] b

{1} and {2} in same linked component

= 124 | Al (x)pf (22) Z Z Fgrlz,Glz(xth)
1220

(7712,G12)€E
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after pulling in the sum over p > 0. The p12 = 0 term together with the term
pgg)b(xl)pgal(xg) = pW(z)pW (x5) = p? gives p® by Wick’s rule. The condition of

absolute convergence is

S| X Teel<eo Tl 3 Migl<o il 3 Thgl<es

I
=2V |\(rorec, p=0 P |(ra)ecs =P (r,G)eL?

3.0.4. Calculation of the 3-particle reduced density

The calculation of the 3-particle reduced density follows along the same arguments as
for the 2-particle reduced density. We introduce the relevant diagrams and decompose
these according to their linked components. As for the 2-particle reduced density we
distinguish between the cases according to whether the external vertices {1, 2,3} are in
the same or different linked components. They are either in 1, 2 or 3 different components.
Thus, schematically

PJas f12f13f23[ Z F1F1F1+< Z I (21)T xz,:pg)—kpermutatlons)

all in different 2 in one

+ 0y r3].

all in same

Any case where one external vertex is in its own linked component, the contribution for

such a linked component is pgi = p(!) = p (assuming absolute convergence). Thus,

3
pga)s('rla €2, mS)

= fafisf3s|p +PZ Z U2 g(z1,22) + T2 (21, 23) + T2 g(29, 23))

p>0 (71' G)€£2

+Z Z IE1,IE2,IE3)]

p>0 " (x, G)eLs

All the p = O-terms together give p(®) by Wick’s rule. The condition for absolute con-
vergence is that for any ¢ <3 we have 35 1 |3+ gyers FZBG’ < 00.

3.0.5. Summarising the results
For the absolute convergence we have

Lemma 3.2. There exists a constant ¢ > 0 such that if sa®plog(b/a)(log N)3 < ¢, then

1
Z—' ZFG<OO

p=>0 (m,G)eL]

for any 0 < ¢q < 3.
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Remark 3.3. As mentioned in the beginning of the section, the calculation just given is
still valid if we replace f by some general function A > 0 and replace |DN|2 by some
more general determinant det[y(z; — x;)]i<i j<n, Where y(x — y) is the kernel of some
rank N projection (for instance the one-particle density matrix of a Slater determinant
of N particles). The criterion for absolute convergence reads

sup H h(z; —x;) < C" for all n € N,
Tloo®n g cici<n

1
ﬁ |/‘h2—1|dx/|fy|dy<c

27r Z3

for some constants ¢, C' > 0, where the first condition is the “stability condition” of the
tree-graph bound [30, Proposition 6.1]; [33] and (k) := [, v(x)e~ " dz.

We give the proof of Lemma 3.2 in Section 3.1. Thus, we have the following.

Theorem 3.4. There exists a constant ¢ > 0 such that if sa®plog(b/a)(log N)? < ¢, then

% exXp Z Z Fﬂ' G|

(WG)EL
(1)_ ¢!
(‘n'G)Eﬁ1
Phes = fi (2)+Z > T
(rrG)EC2

(3) +pz Z 7TG $1,$2>+F ($1,$3)+F72T’G(CU2,$3))
p>1 " (x, G)eL?

NI

p>1 (m,G)eLs

p]as f12f13f23

(3.3)

The first three formulas are the same as those of [15, Equations (3.19), (4.9) and (8.4)].
Our main contribution is to give a criterion for convergence, and hence for validity of
the formulas.

Remark 3.5. The factor s(log N)? results from the bound in Lemma 2.12. If we had not
introduced the Fermi polyhedron, and instead used the Fermi ball, we would instead have
a factor N'/2 as mentioned in Section 2.2. That is, the condition for absolute convergence
would be N1/3a3plog(b/a) < c for some constant ¢ > 0.
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In either case, the N-dependence prevents us from taking a thermodynamic limit
directly, and we instead use a box method of gluing together multiple smaller boxes,
where we may put some finite number of particles in each box, see Section 4.1. For the case
of using a Slater determinant with momenta in the Fermi ball, there is no way to choose
the number of particles in each smaller box so that both the absolute convergence holds
(NY3a%plog(b/a) < c), and the finite-size error made in the kinetic energy (~ N2/3p?/3,
see Lemma 2.13) is smaller than the claimed energy contribution from the interaction
(~ Na?p®/3, see Theorem 1.3). For this reason we need the polyhedron of Section 2.2.
(3)

Jas
since in this case pgi = p(1) = p. For different boundary conditions, one has to take into

Remark 3.6. The formulas for pgi)s and py.’ only hold for periodic boundary conditions,

account that this equality is not valid. In general one has for pgi)s that

Pl = F1a | 0! +Z > T2a+ (Plenellle) — o @)pM (a2))

(7rG€£2
SRPPYE T et T X eerhat)|
(‘n’ G)eLs D1 pz>0 (m1,G1)eLy,

p1+p22>1 (772,G2)€£:,2
One of the reasons we work with periodic boundary conditions is that by doing so, we
don’t have the complication of dealing with the additional term.

Remark 3.7. By following the same procedure as in the previous sections, one can equally
well get formulas for the higher order reduced particle densities. Similarly one can extend
the absolute convergence, Lemma 3.2, to any ¢, only one may have to change the constant
¢ > 0 to depend on gq.

3.1. Absolute convergence

We now prove Lemma 3.2, i.e. that the appropriate sums are absolutely convergent.

Proof of Lemma 3.2. We consider the four sums 3° - 1%! > (r.GeLs il a=01,2,3
one by one.

3.1.1. Absolute convergence of the I'-sum

Consider first ﬁ Z(TF,G)E , I'zx,c. Split the sum according to the number of connected
components of G, labelled as (Gy,...,Gyg) of sizes ny,...,ng. We call these clusters
(Fig. 3.2). (Note that “connected” only refers to the graph G, and is independent of the
permutation 7.) Name the vertices in Gy as {1,...,n1},in Go as {n1 +1,...,n1 +na}
and so on. Then we have (for p > 2)
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Fig. 3.2. A linked diagram (7, G) € L11 decomposed into clusters G1, G2, G3. Dashed lines denote g-edges,
and arrows (%, j) denote that 7 (i) = j.

=1 1
> F’“G:;H > iyl -l X(Eme=p) Yo > D X(uenec,)

ny!
(m,G)eL, N1,y >2 ! Gi1,...,G TES,

Gr€Cp,

k P
X//H H geH'W(\})(xj;x‘fr(j))dxl”'d‘rPV

(=1e€G, j=1

1
p!

where C,, denotes the set of connected graphs on n (labelled) vertices. The factorial
factors are similar to those of Equation (3.1). Indeed, the factor 1/(k!) comes from
counting the possible labelling of the clusters, and the factors 1/(n1!),...,1/(ng!) come
from counting the number of ways to distribute the p = > ny vertices into the clusters
and using the factor 1/(p!) already present.

For the analysis we will need the following.

Definition 3.8. Let Ay, ..., A denote disjoint non-empty sets. The truncated correlation
function is

Ap,. A x 1
p A =N (L) X (e timkety [ N (@55 ) (3.4)

TESU, A, JEULA,

for some choice of connected graphs G, € C4,. The definition does not depend on the
choice of graphs Gy.
If the underlying sets Ay, ..., Ay are clear we will simply denote the truncated corre-
lation by their sizes,
Atl,..|A Ax,.,Ag
pg\ 15l kD:pE 1 k)

The truncated correlation functions are also sometimes referred to as connected cor-
relation functions [18, Appendix D].

Remark 3.9. We write the characteristic function in Equation (3.4) as X((x,uq,) linked)
for ease of generalizability to the cases in Sections 3.1.2 and 3.1.3 where we will need
the notion of truncated correlations also for some of the vertices being external. For the
truncated correlations it doesn’t matter which (if any) vertices are external, only which
vertices are in which clusters.
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Since 0 < f < 1 we have —1 < g < 0. Thus, by the tree-graph bound [30, Proposi-
tion 6.1]; [33] we have

2. 1l

GeCp ecG

< >0 T 1gels

T€T, eeT

where T, is the set of all trees on n (labelled) vertices. Thus we get

D] 2 Tne

p=2"" |(r,G)eL,

0o k
1 1 (n1,05mk)
DY m!-.-nk!/'”/ S TLIT loel | dz ... doy,,.
k=1 N yeeey N >2 T1,....,Tx b=1e€Ty
Ty €Tn,
(3.5)
Here the vertices in T, are the same as in Gy, i.e. T1 has vertices {1,...,n1}, T» has

vertices {ny +1,...,n1 + na} and so on.
In [18, Equation (D.53)] the following formula, known as the Brydges-Battle-
Federbush (BBF) formula, is shown for the truncated correlation functions

pEAl,...,Ak) _ Z H 'yj(\})(xi;xj)/d/,LT(T)detN(T), (3.6)

TEAAL AR (i,f)ET

where AA14%) g the set of all anchored trees on k clusters with vertices Ay, ..., Ag.
(If the sets Ay,..., Ay are clear we will write A(A1h-14kD) = A(A14) a5 for the
truncated correlations.) An anchored tree is a directed graph on all the UyA, vertices,
such that each vertex has at most one incoming and at most one outgoing edge (note
that these are all 'yj(\})—edges, and that the g-edges don’t matter for this construction)
and such that upon identifying all vertices in each cluster, the resulting graph is a (di-
rected) tree (Fig. 3.3). The measure . is a probability measure on {(rey)1<s<e<k : 0 <
ropr < 1} = [0,1]**=1/2 and depends only on 7 but not on the factors 'y](;)(xi;azj).
Finally, NV is an I x J (square) matrix with entries N;; = rc(i)c(jﬂ](\})(xi; xj), where ¢(7)
is the (label of the) cluster containing the vertex {i} and rgp := rpp if £ > ¢. Here

I:{ieU?zlAg:ﬂj:(i,j)ET}, J:{jeU];:lAg:ﬂi:(i,j)er},

are the set of i’s (respectively j’s) not appearing as i’s (respectively j’s) in the anchored
tree 7.

From [18, Equation (D.57)] it follows that |det A'| < p2=m¢=(k=1)_ To see this, one has
to adapt the argument in [18, Lemma D.2] slightly. We sketch the argument here.

Lemma 3.10 (/18, Lemmas D.2 and D.6]). The matriz N (r) satisfies |det N'(r)| <
p="e= (k=) for all v € [0, 1]FF=1/2,
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Fig. 3.3. An anchored tree T (arrows) and trees T1i,...,Ts (dashed lines).

Proof. First we bound p(® = det[’)/g\})(xi;xj)]lgi,jgp following the strategy of [18,
Lemma D.2]. This is done by writing (as in [18, Equations (D.8), (D.9)])

1
’Y](v)(xﬁl‘j) = <ai|5j>ez((2ﬂ/m23) J
where for k € %’TZB
ai(k) = L7 ™ ixepyy  Bi(k) = L7327 iy e p,y = aj (k).

By the Gram-Hadamard inequality [18, Lemma D.1] we have

’ o)

p
1
= ’det[%(v)(xﬁxj)]lgiyjép’ < H Hai||22((27r/L)Z3) ||5i|\42((27r/L)ZB) ="
i=1

By modifying this argument exactly as described in the proof of [18, Lemma D.6] and
noting that r4 < 1 one concludes the desired. O

Remark 3.11. We denote the functions as a; and §; (even though they denote the same
function) for ease of modifying the argument later in order to prove Equation (4.16).

In particular one concludes the bound

< pZ"l—(k_l) Z H ‘fy](\})(xi;xj)‘ . (3.7)

rEAmL ) (i) T

(nl,...,nk)

Py

‘

Plugging this into Equation (3.5) above we get

1 1 1
il il = yme—(k-1)
Dol 2 Tee|<m X ot > X
p=2 (m,G)EL)y k=1 N,y >2 T1,....,Tk 7€ A(m1s o)
JAS ng
k
1
< [ [andog T T ol T 0]
(=1e€Ty (2,5)€T

To compute these integrals we note that by Lemma 2.2
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[la@las= [ (1= )

b
dr a®\” a®\> 9 b
< -] - S < Ca’ ey
< (1—a3/b3)2/<<1 b3> (1 r?’) )r dr < Ca loga

a

That is, each factor of g. gives a contribution Ca®log(b/a) after integration. The 'y](\})-

factors we can bound by Lemma 2.12 as

/‘%\P(%y)‘ dy < Cs(log N)*.

This takes care of all but one integration, which gives the volume factor L3. We shall
compute the integrations in the following order:

(1.) Pick any leaf {jo} of the anchored tree 7 lying in some cluster ¢, meaning that there
is exactly one edge of 7 incident in £.

(2.) Consider {jo} as the root of T, and pick any leaf {;j} of T; and integrate over x;.
Since {j} is a leaf of Ty and {jo} is a leaf of T we have that the only place z; appears
in the integrand is in some factor g;; for {i} the unique vertex connected to {j} by
a g-edge. Hence the z;-integral contributes [ |g| by the translation invariance.
Remove {j} and its incident edge from Tj.

Repeat for all vertices in the cluster until only {jo} remain. (At this point the
entirety of T; has been removed.)

(3.) Integrate over z;,. Since {jo} is a leaf of 7 the only place x;, appears (in the
remaining integrand) is in the WS)—factor from 7. Thus, the x;,-integral gives a
contribution [ W](\m by the translation invariance.

Remove {jo} and its incident edge from 7.

(4.) Repeat steps (1.)—(3.) until all integrals have been computed. The final integral

gives the volume factor L3.

Steps (1.)—(3.) compute all integrations in one cluster. Repeating this process we integrate
over the clusters one by one and thus compute all the integrals. Note that each integration
is always over a coordinate associated to a leaf of the relevant graphs. This is a key point,
since then by translation invariance each integration contributes exactly [ |g| or [ |7](\})|

whichever is appropriate. In total we thus have the bound

k
/.../dxl...dxzwn H |gel H ‘yﬁ)(xi;xj)’

¢=1e€Ty (i,5)eT

< (Ca3 log(b/a))znrk (Cs(log N>3)k71

L3

This bound is for each summand 7, T, . .., Tk. By Cayley’s formula #7, = n"~2 < C"n/,
and by [18, Appendix D.5] #A"1mk) < k1427 Thus, we get
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oo oo oo k
Zl Y Tee|<ONY [Cs(log NP7 | Y (CaPplog(b/a))™~
p=2 P! (m,G)EL, k=1 n=2

< CNa*plog(b/a) Z Csa plog(b/a)(log N) ] -
k=1

< CNda®plog(b/a) < oo,

for sa®plog(b/a)(log N)? sufficiently small. This shows that > z% > (m.c)ec, Lr,a is ab-
solutely convergent under this condition.

3.1.2. Absolute convergence of the I'*-sum

Consider now 1% Z(mG) ec F}nG. The argument is almost identical to the argument
above. We again split the sum according to the connected components of GG. Call these
G, Gy, ...,Gy, where G, is the distinguished connected component (cluster) containing
the distinguished vertex {1}. Exactly as for % > (n.c)ec, L, we have that (for p =0
one has to interpret the empty product of integrals as 1, so E(mc)e% F}UG =p)

=1 1 .
:ZE Z Z n*!nll---nk!X(Zz{*J ..... k}W:p) Z Z (_1)

G1€Cnl ..... erc"k 7!'€Sp+1
GL€Cny+1

p+1

((ﬂ Ute (et i} GO ELH) / / H H geH’YN T Tn(s)) Ao ... dapyg.

te{x,1,....k} eeG,  j=1

Here for the £k = 0 term one should think of the ni,...,ng-sums as being an empty
product before it is an empty sum, i.e. it should give a factor 1. That is, the k = 0 term
reads

p+1
> e [ [ T T o) et
G.€Cpy1 TESp11 e€G. j=1

since (m, G4) is trivially linked, since G, is connected. From here on, we won’t write out
the kK = 0 term separately to make the formulas more concise. As before we use the
tree-graph inequality and the truncated correlation function (see Remark 3.9) to get

>l X e

p>0 (m,G) Elll
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iézzm 2

"ne>0ng,.,nE>2 T1€Tny s Th€Tn,,

<[/ T M lals

le{x,1,....k} e€Ty

(n*+1 N1,y ng)

dl‘g... dmZze{*,l ..... k) ne+1-

To bound this we use the same bound, Equation (3.7), on the truncated correlations as
before. It reads

pt(:n*"rL”l:---ank:) S leE{*wlr---,k} nl“rl*(k“rl*l) Z "71(\})(171,1'3)‘ .

TGA(n*+1 MY yeens nE) ( )GT

Computing the integrals is as before, with a few differences. During each repeat (apart
from the last one) of step (1.) we pick not just any leaf jo but a leaf jo not in the cluster
containing {1}. (Since any tree has at least 2 leaves, this is always possible.) For each of
these repeats, the argument is the same as before. For the last repeat of step (1.) where
only the cluster containing {1} remains we follow step (2.) with the slight change, that
the root is chosen to be {1}. (There are no vg\})—factors left, so we are free to choose any
vertex as the root.) There is then no step (3.) since we do not integrate over x;.

This has the following effect. First, the last variable x; is not integrated over, so there
is no volume factor L3. And second, there are k integrals [ |*yj(\})| instead of k — 1 (since
there are k+1 many clusters including the distinguished one). For the bounds of the sum
of all terms we use that #A=FLnione) < (k4 1)!4246{*11 ----- k3™ Thus, uniformly
in z;

1
Z ol Z I a
p>0 (m,G)eL]

o0 oo o0 k
<Cp (Z [Ca®plog(b/a)] ) Z (k+1) [Cs(log N) ] Z(Ca?’plog(b/a))"*l
n.=0 k=0 n=2
< Cp < o0,

for sa®plog(b/a)(log N)? sufficiently small. This shows that > % > (n.G)eLl ) o isab-
solutely convergent under this condition.

3.1.8. Absolute convergence of the I'’2-sum

For the third sum the argument is mostly analogous. There are a few changes needed
for the argument. First, one has to distinguish between the two cases of whether or not
the two distinguished vertices {1,2} are in the same connected component (cluster) of
the graph or not. One computes
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Z F;G = Ydifferent T Ysames (38)
P (m,G)eL

where

1
Edlﬁerent Z ki' Z Z WX(Z ng=p) Z

Ny M 20 M1 500 Mg >2 G1€Cny,...,GrEC
G €Chny 1y
Gux€Cryyt(2)

/ /H H gople e 2h i) g g

{ eeGy

1
Y same Z Z Z n |X(Z n¢=p) Z
[L, e

! ne>1nyg,...,ng>2 G1€Cpy,...,GEECh,,
G*Ecmﬂr{lv?}
(1,2)¢G..

/ /H H gep n*+{1 2}my,. k) dq;3 d$p+2

{ eeGy

np

Here ), and [], are over £ € {x,*x,1,...,k} or £ € {*,1,...,k}, whichever is appro-
priate. With a slight abuse of notation we write n. + {1} for the set of vertices in the
cluster containing the external vertex {1} (similarly for n.. + {2}, n. + {1,2}). This set
has exactly n. internal vertices. For p = 0 one has to interpret the empty product of
integrals as a factor 1.

The first part is the contribution where {1} and {2} are in distinct clusters (labelled
* and *x), the second part is the contribution from where they are in the same (labelled
). Note that in the second contribution we have n, > 1. Indeed, {1} and {2} are
connected, but not by an edge. Hence they must be connected by a path of length > 2,
which necessarily goes through at least one vertex {j},j # 1, 2.

We treat the two cases separately. In the case where the two distinguished vertices
are in different clusters we may readily apply both the tree-graph bound and the bound
on the truncated correlation Equation (3.7). The latter reads

pgn*+{1},n**+{2},n1,~.,nk)
< p(Z/e(* w1, wy net2)—(k+2-1) Z H ‘,—Y](\})(xi;xj)’ )

e AT+ {1} s+ {2} n1, o) (4,5)ET

The integration procedure is slightly modified compared to that of Section 3.1.2. In
the anchored tree there is a path between (the cluster containing) {1} and (the cluster
containing) {2}. For the edge incident to (the cluster containing) {1} on this path, we
bound |'yj(\})| < p. This cuts the anchored tree into two anchored trees 71,72 such that
(with a slight abuse of notation) 1 € 71 and 2 € 75. We may follow the integration
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procedure exactly as for the I''-sum for each of the anchored trees 7, and 75. Recall the
bound

#A(7l*+{1}7"**+{2}7n17---7"k) < (k;+2>!4zee{*,**,1 ..... ry net2 < C(kQ 4 1)]6!4226{*,**,1 ,,,,, K} M

We thus get for the contribution of all terms where the two distinguished vertices are in
different clusters (assuming that sa3plog(b/a)(log N)? is sufficiently small)

o0

2
‘Edifferent| < 0,02 <Z [Cagplog(b/a)] n*>

=0

oo

x| Y (K +1) [Cs(log N)?’]Ic
k=0

i(oagplog(b/a))"—l (3.10)

n=2

§0p2<oo.

Now we consider the case where {1} and {2} are in the same distinguished cluster. Here
we may readily apply the bound in Equation (3.7) on the truncated correlation but
we need to be a bit careful in applying the tree-graph bound. Indeed, then the sum
i but instead
DG.€Cn. 12,(1,2)¢G. > Since in the construction, no g-edges are allowed between {1} and
{2}. To still apply the tree-graph bound, we define

over graphs in the cluster containing the two vertices is not » . .o

Go = e 6#(152)
Tlo e=(1,2).

Then —1 < g. < 0 so we can apply the tree-graph bound with these edge-weights to get

> IToel=| > TIl%/< > II

G€Cn,42,(1,2)¢G, e€G Gy€Cn, +2e€Gy TvE€Tn, +2 e€Ty

> 1T lgel-

T,€Tn, +2,(1,2)@T. ecT.

We again have to modify the integrations slightly. The integrations over all clusters
apart from the distinguished one may be computed as for the I'- and I''-sums. For the
distinguished cluster with {1} and {2} there is some path of g-edges connecting them.
Pick the unique edge on this path incident with {1} and bound |g| < 1 for this factor. This
splits the tree T, into two trees 7! and T2 with 1 € T} and 2 € T?. We may compute the
integrations over all the variables with index in the distinguished cluster exactly as for
the T'l-sum for each tree T! and T? separately. One gets for the contribution (assuming
that sa3plog(b/a)(log N)? is sufficiently small)
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[Seamel < Cp? (Z [Oa%log(b/a)]"*)

oon*: > ¥ (3.11)
X Z(k‘ +1) [Cs(log N)3]k lz:(C'a?’plog(b/a))”1 .
k=0 n=2

< Ca®p?log(b/a) < 0o

We conclude that

Z; Z F cl < Cp? < o,

p>0 (m,G) EEQ
uniformly in x;,xy for sufficiently small sa®plog(b/a)(log N)3.

3.1.4. Absolute convergence of the I'>-sum

The argument for the last sum is completely analogous to the argument for the I'%-
sum. We have to distinguish between different cases of the clusters containing the external
vertices {1, 2, 3}. Either there is one cluster containing all of them, one cluster containing
two of them and one cluster containing the last vertex, or they are all in distinct clusters.
One then deals with the different cases exactly as we did for the I'>-sum. We skip the
details. This concludes the proof of Lemma 3.2. O

4. Energy of the trial state

In this section we bound the energy of the trial state ¥y defined in Equation (2.1).
Recall Equation (2.2). By Theorem 3.4 we have (for sa®plog(b/a)(log N)? sufficiently
small)

1
pgi)s(xl’@) = [z —2)* | PP (21, 20) Z ! Z e

= (m,G)eL2

We can expand p(®) in z; — x5 using Lemma 2.14. The second term is an error term we
have to control. Additionally, also the three-body term is an error we have to control.
We claim that

Lemma 4.1. There exist constants ¢,C > 0 such that if sa®>plog(b/a)(log N)? < ¢ and
N = #Pr > C, then
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=1
Do >
p=1 (m,G)eL?

< CaSp*(log(b/a))? [53a6p2(10g b/a)?(log N)® +1

+ Ca®pP23|z) — 22 [s5a12p4(1og(b/a))5(1og N)6 4 p25%/3 4 1og(b/a)]

Lemma 4.2. There exists a constant ¢ > 0 such that if sa®plog(b/a)(log N)3 < ¢, then

pJas f12f13f23 [ ®+0 (agﬂ log(b/a) [Sgaﬁpz(log(b/a))g(log N)g + 1])]
where the error is uniform in x1,Ts,T3.

We give the proof of these lemmas in Sections 4.2 and 4.3 below. For the three-body
term, we additionally have the bound p® < Cp?+4/3|2) —x4|?|z2 — 23]? by Lemma 2.15.
Combining now Lemmas 2.13, 2.14, 4.1 and 4.2, Theorem 3.4 and Equation (2.2) we
thus get (for sa®plog(b/a)(log N)? sufficiently small and N sufficiently large)

(Un|HN[YN)
- %(GW)”%”SN (1 +ONTY?) + 0(8_2)>
+ L3/ dz (|Vf(x)|2 + %v(m)f(x)z)

2\2/3 2\2/3
% (67T5) p8/3|$|2(1 . 3(67;5) p2/3|9:\2

+OWNT) 1 0(s72) + OV af?) 4 0¥l (4.1)
+0 (a6p4(log(b/a)) [53a6p2(log b/a)?(log N)? + ID
+0 (a?p* 2322 [Pl (log(b/a))* log N)'® + b2p** + log(b/a) ) ]

+ // dzy dos dzs 12V fi2 fo3V fos 15 [O(P3+4/3\171 — xo|?|we — x3]%)

+0 (a®p*log(b/a) [s°a®p(log(b/a))?(log N)° + 1])} :

We will choose N (really L, see Remark 2.8) some large negative power of ap, so errors
with N=1/3 are subleading. We may compute
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[ e (I97@P + Got)f@)?) af

-7 | dx('vf()( ) + go(@fo(e >)|x2 (42)

|z|<b

< 127a® (14 O(a®/b?)) ,
by Definition 1.1 since f = mfo for || < b and b > Ry, the range of v. For the

higher moments we recall that |V fo| < |V fuc| = II\“ for |z| > a by Lemma 2.2. Then we
have (for n = 4,6)

[ e (I95@P + Goto)s@? ) ol

o 1 2 n
— | @ (IVA@P + o) o
= (4.3)
1 n—2 20,.12 30’ ? n n—2 2
< §RO vl fol*|x|* dz + 2l |z|™ dz + a IV fol?|z|? da
|z|>a |z|<a
< CRy2a®.

For n = 4 we have more precisely

[ e (1wr@P+ %v(ﬂc)f(x)z) ol

< [a (Wfo( )2+ Sola)fola) ) 2f* (11 0(a®))

= 36ma’al + O(aSalb™3).

For the lower moment, we have by Equation (2.4)

[ o (1R + o) @2 ) =im [ (0P 472021 + 410 p) ar

o—__

b
127a® /b?
= ﬁ“’éb‘f + 87T/Tfarfd7“

0

where 0, denotes the radial derivative, and we integrated by parts using that f(r) =

% outside the support of v. By Lemma 2.2 we have
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b

b b
- 9 1 a®\’

a

Hence

[ @ (195 + Ju)s@?) < ca.

This concludes the bounds on all the terms in Equation (4.1) arising from the 2-body
term. To bound those arising from the 3-body term we bound f13 < 1. By the translation
invariance one integration gives a volume factor L?. The remaining two integrals then
both give the same contribution. That is,

/// dz; dzo d$3f12vf12f23vf23f123 [O(P3+4/3|331 - CC2|2\$2 - $3|2)
+0 (a3p*log(b/a) [s3a®p(log(b/a))2(log N)° + 1] )]
2
< ONp*H/3 ( / |z 0, f dx)
2
+ CNa®p®log(b/a) [s°a®p?(log(b/a))*(log N)? + 1] (/ fo.f dx) .
Using integration by parts and Lemma 2.2, we have that

b

b
1 n—+2 )
E/|x|”farfdx:/7””+2farfdr: 52 _%/rn—&-lf&dr
0 0

b

vt on+2 [ (1=d¥/r 2 Ca®> n=0,
a®/ Ca’b n=2.

a

Plugging all this into Equation (4.1) we thus get for the energy density

127

G| Hy |t 3
(n|HNn[YN) _ ?(6W2)2/3a3p8/37

! _(67T)2/3p5/3Jr 108”(672)4/3 3 2 10/3
L 5

175 ¢ 0P
L0 (s—2p5/3) L0 (N—1/3p5/3>
+0 (a6b’3p8/3) +0 (a%%b’gplo/s) + O (Rja®p*)

+0 (a7p4(log(b/a))2 [83a6p2(log b/a)*(log N)° + ID
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+0 (aﬁp?’“/ ’ [85a12p4(10g(b/ a))®(log N)'® + b%p*/* + log(b/a)D

+0 (a%62p* %) + 0 (a7 p" log(b/a) [s°a® p*(log(b/a))*(log N)° +1])
(4.7)

We choose L ~ a(a®p)~10 still ensuring that % is rational. (More precisely one chooses
L ~ a(kpa)=39 since p is defined in terms of L.) Then N ~ (ap)~2. Choose moreover

b=a(a®p)™?, s~ (a®p)"[log(a’p)| .

Note that we need

for the error terms to be smaller than the desired accuracy of order a3a3p10/ 3. We get

I3 5
+O0(p*3(a®p) | log(a®p)[7?),

YN |Hn v 3 127 1087 (672)%/3
< N| N‘ N> _ —(671')2/3;)5/3 + ?(6W2)2/3a3p8/3 _ 575 ) a3agp10/3

where
13 8
oGl —min{2a,1+3,8,3301,6504,32[3},

and 7, is given by the power of the logarithmic factors of the largest error term. Opti-
mising in «, 3,5 we see that for the choice

we have v, = 1—72 and v = 6, i.e.
(UN|HN|YN)
3
3 . \2/3 5/3
= 5(677) p (4.8)
127 9 ) )
+ T(67r2)2/3a3p8/3 1— %(671_2)2/36%,02/3 + O((adp)2/3+1/21‘ log(asp)\ﬁ)

for a®p small enough. Note that for this choice of s, N we have s ~ N%/2%3(log N')3. Thus
any @ with N*/3 « Q < CNC satisfies the condition Q~/* < C's~! of Definition 2.7.
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4.1. Thermodynamic limit via a box method

In this section we construct a trial state in the thermodynamic limit using a box
method of gluing trial states for finite n together. Such a method has been used for
many studies of dilute Bose and Fermi gases, see for instance [3,11,25,36]. First we
show that we may choose periodic boundary conditions in the small boxes instead of
using Dirichlet boundary conditions. The setting and argument is due to Robinson [31,
Lemmas 2.1.12 and 2.1.13]. We present a slightly modified version in [29, Section C].
Lemma 4.3 (/29,31]). Let 0 < d < L/2 be a cut-off, let HY ;55 = Zjvzl —AP a
> icj V(@i — x;) denote the N-particle Hamiltonian with Dirichlet boundary conditions

on a box of sides L +2d, and let HY} = Z;Vﬂ —AYT + > per (i — x5) denote the

N -particle Hamiltonian with periodic boundary conditions on a box of sides L, with the
interaction vper(x) = Y, czs v(x +nL), the periodized interaction.
Then, there exists an isometry V : L2(AY) — Li(Ag_ﬂd) such that for all v in the

form-domain of HY}, we have Vi in the form-domain of HﬁLHd and

or 6N
(VOIHE ool V) < (W] HRL|0 ) + 25 1617

Proof. This is a trivial modification of [29, Lemma 4], noting that the explicitly con-
structed V respects the anti-symmetry. O

We now glue together trial states. For any (sufficiently small) density p we have above
found that we may construct a (normalized) trial state v, on the torus Ay = [—£/2,£/2]3

10 ie. n ~ (a3p)~?°. We now use the isometry

satisfying Equation (4.8) with £ ~ a(a®p)
V from Lemma 4.3 to find a trial state V4),, with Dirichlet boundary conditions on Ag424.
Our trial state Uy for N = M3n is then obtained by gluing together M? copies of V),
arranged in boxes, with a distance b between them, so that there is no interaction between
the boxes. We choose the same b as before. More precisely, for configurations where the

first n particles are in box 1 and so on,

M3
Un(21,...,2N) = H Vihn (Tr(j—1)41 = Tjs -+ Tng — Tj),
j=1

where 7; € R? denotes the centre of box number j. The state ¥y is then the antisym-
metrization of this. Its energy is

per
Hn,f

(0 [HR raasn ) = 3% (Vi B Vi) < 388 (w2500 + 55 ).

The particle density of the state ¥y is p = ¢ = p(1 +0(d/t) + O(b/?)). The

n
+2d+1b)°
energy density is
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sy i) ()
S < | PO

7 |en) |
[+ 0(d/0) +0(0/6)] + O(pd ™).

5

Choosing d = a(a®p)~® and using Equation (4.8) we conclude that for a3p sufficiently

small

3
e(p) < 2 (6m)*/°p""

127 . 9 .
n T(67r2)2/‘3a3p8/3 [1 _ £(6ﬁ2)2/3a3p2/s L0 ((a3p)2/3+1/21\ log(aSp)G)}

3 .
— 5(671')2/3[)5/3

12
I %(6ﬂ2)2/3a3p~8/3 [1 _ ??—5(67r2)2/3a(2)/32/3 L0 ((a3ﬁ)2/3+1/21\ log(a3ﬁ)6)}
since 5 = p(1+ O((a®p)®)), so p = p(1 + O((a®>p)®)). This concludes the proof of Theo-
rem 1.3.

It remains to give the proofs of Lemmas 4.1 and 4.2.

4.2. Subleading 2-particle diagrams (proof of Lemma 4.1)

In this section we give the proof of Lemma 4.1. Before doing this, we first discuss why
we don’t just use the bounds of these terms from the proof of Lemma 3.2.

Remark 4.4 (Why not use bounds of Lemma 3.2%). Inspecting the proof of Lemma 3.2
(more precisely Equations (3.10) and (3.11) of Section 3.1.3) we can extract the following
bound

o0 1 )
Z o Z Fi,g < Csa®plog(b/a)(log N)3.
p=1"" (7,G)eL2

This is immediate by considering the bounds Equations (3.10) and (3.11) and noting
that since we have p > 1 in the sum Z;ozl i Z(ﬂ,G)eﬁg 1"72,7G, the summands either have
k>1or n, >1or n, > 1. Using this bound we would thus get for the error in the
ground state energy density the bound ~ sa*p? (ignoring the log-factors). However, as we
saw in Section 4, using Lemma 2.13, the s-dependent error of the kinetic energy density
is ~ s72p%/3. There is no way to choose s, such that both of these errors are smaller
that a®p®3, which is the precision we need in order to prove the leading correction to
the kinetic energy in Theorem 1.3.
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Similarly, by following the proof of Lemma 3.2 one could get the bound
3
pga)sz < Cp° fio fis f35-

This bound is not problematic in terms of getting all the error terms in the energy density
smaller than a®p8/3. However, we improve on this bound in Lemma 4.2 in order to get
a better error bound in Theorem 1.3.

Proof of Lemma 4.1. Note first that by translation invariance

=1
Z; Y. Tig

p=1"" (m,G)eLS

is a function of 1 —x; only. Recall Equations (3.8) and (3.9). We split the diagrams in £,
into three groups. To define these three groups we first define for any diagram (7, G) € Ef,
the number k = k(m, G) as the number of clusters entirely containing internal vertices.
(This k is exactly the same k as in the proof of Lemma 3.2.) Then we define

v=v(rG)= 25:1 ng — 2k, v  =v*(m,G) = N + Ny

with the understanding that n.. = 0 if {1} and {2} are in the same cluster. We think
of v 4+ v* as the “number of added vertices”. Indeed, given a k the smallest number of
vertices in a diagram (m,G) € L2 with k clusters is 2k 4+ 2 and in this case we have
p = 2k. For such a diagram, there are p = 2k internal vertices and 2 external vertices.
The graph G of such a diagram looks like

G =

—e X

Then v + v* is the number of (internal) vertices a diagram has more than this lowest
number.
By following the bound in Equations (3.10) and (3.11) we see that for p = vy + 2kg

1
p! Z I'2 4| < Cp*(Cs(log N)3)ko(Ca®plog(b/a))kotro. (4.10)
' (m,G)eL?
o(7,G) 4" (7,G) =vo
k(m,G)=ko

We split diagrams into different groups depending on whether or not they are “large”
and whether or not we will do a Taylor expansion of their values. We first give some
motivation for what “large” means.
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Remark 4.5. Here “large” and “small” should be interpreted in the sense of how many
vertices appear in the diagram. Equation (4.10) describes how diagrams with more ver-
tices (larger values of k,v,v*) have a smaller value. More precisely, “large” should be
thought of in terms of the bound in Equation (4.10) in the following sense.

Recall that the (s-dependent) error in the kinetic energy density is s72p%/3. For this

error to be smaller than the desired accuracy of order a®a3p'?/3 —5/6,

we need s > (a3p)
If we think of, say s ~ (a®p)~%7, then (ignoring log-factors) Equation (4.10) reads
< p?(ap)ko/T+vo The large diagrams (with v* > 1) are those for which this bound gives
a contribution to the energy density < a®p'%/3, i.e. with v+ v* + k/7 > 4/3 by counting
powers of p. For diagrams with v* = 0 we obtain a differentiated version of the bound in
Equation (4.10), where one effectively gains a power a?p?/?, see the details of the proof.
The large diagrams (with v* = 0) are those for which the differentiated version gives a

contribution to the energy density < a®p'%/3, i.e. with v + k/7 > 2/3.
We split the diagrams into three (exhaustive) groups:

1. Small diagrams with
(A) {1} and {2} in different clusters and 1 <k <4,v =0,v* =0,
(B) {1} and {2} in different clusters and 0 < k < 2,v =0,v* =1,
(C) {1} and {2} in the same cluster and 0 < k < 2,v =0,v* = 1.
2. Large diagrams with v* = 0 (in particular {1} and {2} are in different clusters) and
(A) k>5,v=0o0r
(B) k>1,v>1.
3. Large diagrams with v* > 1 and
(A) k>3,v=0o0r
(B) v+v*>2.

Note that we have p > 1, so the diagrams with £k = 0, = 0,v* = 0 are not present.
Moreover, if k& = 0 then clearly also v = 0. For drawings of the small diagrams see
Fig. A.1 in Appendix A.1. We then write

o0

1
E ol E T2 & = &maio + man>1 + & + €1, (4.11)
=17 (r,Grecz

where &man,o is the contribution of all small diagrams of types (A) and (B), &man,>1
is the contribution of all small diagrams of type (C), &, is the contribution of all large
diagrams with v* = 0, and &> is the contribution of all large diagrams with v* > 1.
The notation is motivated by that of the large diagrams, which were split into two
groups depending on whether v* = 0 or v* > 1. We will treat the small diagrams of
types (A4) and (B) somewhat similar to the large diagrams in &, (hence the notation
&man,o) and the small diagrams of type (C') somewhat similar to the large diagrams in
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&>1 (hence the notation &spman,>1). Indeed, we will do a Taylor expansion of Eman,o and

&o but not of {gman,>1 or £>1.
Using the bound in Equation (4.10) and the absolute convergence (Lemma 3.2) we
get

[€21(x1, 22)| < Cp?(s(log N)?)*(a’plog(b/a))* + Cp®(a’plog(b/a))®
type (A) diagrams type (B) diagrams (412)

< Ca’p*(log(b/a))? [s* (log N) a®p? (log(b/a))? + 1]

uniformly in 1, z2. For {gman,>1 we have
Lemma 4.6. For the small diagrams of type (C') we have the bound
|Esman,>1| < Ca®b?pT43|z) — a4 + Ca®p?(log(b/a))?.

The proof of this lemma is a (not very insightful) computation. We give it in Ap-
pendix A.1. Slightly more insightful however, is why we split off the small diagrams from
the large diagrams.

Remark 4.7 (Why one gets better bounds by computing small diagrams). We could treat
all the small diagrams exactly as we treat £ and £{>;. We do however gain better error
bounds by treating them more directly, i.e. computing more precisely what the values of
these small diagrams are. In exact calculations we can make use the fact that f 'yj(\}) =1,

instead of bounding the absolute value as [ |*yj(\})| < Cs(log N)3.

We Taylor expand &gmai,o and &y to second order around the diagonal. We first claim
that

Esmall,0 (T2, T2) + &o(T2, T2) + Esman, >1 (T2, T2) + {1 (22, 22) =0 (4.13)

Indeed by Theorem 3.4 we have

gsmall,O + 50 + gsmall,zl + 621

2)

(
- %_p@) _ N(‘gi]vl)// E 2Dy dzs... doy — p).
(4,4)#(1,2)

(Formally to do the division by f in the first equality in case f = 0 somewhere one uses
Theorem 3.4 with all instances of f replaced by f(") for some sequence f(™ > 0 with
fm N f. Then one readily applies the Lebesgue dominated convergence theorem to
exchange the limit f (") — f with the relevant sums and integrals.) Taking 21 = 25 in
this we have Dy = 0 and p(®) = 0. This shows Equation (4.13). We may thus bound the
zeroth order term of &man,0 and &y by
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|€sman,o (w2, x2) + &o (T2, 22)|
< smai,>1 (T2, 22)| + [E>1 (22, 22)| (4.14)
< Ca®p*(log(b/a))? [s*(log N)?a®p?(log(b/a))? + 1] .

Since both &{gman,o and & are symmetric in x; and zo all first order terms vanish. We
are left with bounding the second derivatives. For &mai,0 we have

Lemma 4.8. For any u,v = 1,2,3 we have
|851 ay gsmall 0| < Ca3 B+2/3 log(b/a)
uniformly in x1,xs. Here % denotes the derivative in the x -direction.

The proof of this lemma is a (not very insightful) computation. We give it in Ap-
pendix A.1.

Next we consider 9% 0y §. We write & in terms of truncated densities as in Equation
(3.9), i.e

=1 1
§o = kZ:O %l Z X(k>5,n=2 or k>1,5 ny=2k+1) Hz 14! Z

N1yenns ng>2 G1,...,Gg
G[GCTL@
1+.{2}n1,...,
/ /H [T gepttH e dag . day .
L ecGy
Since we consider terms with n, = mn., = 0, there are no g-factors that depend

on and thus all derivatives are of pé{l}’{Q}’m"”’nk)

. We thus need to calculate
. For this we use the definition in Equation (3.4) rather than the
formula in Equation (3.6). In Equation (3.4) the variable 21 appears exactly twice: Once

(1)

in an outgoing 7, -edge from {1} and once in an incoming ’y( )—edge to {1}. Taking the

derivatives then amounts to replacing either one of these edges by its second derivative

or both of them by their first derivatives. Thus, using that ’y](\})(:ci;xj) = %(\})(xﬁxi)

since 7}3) is real, and that for (7w, UGy) to be linked necessarily (1) # 1, we have (for

p=2+>,m)

9,9z, PE{I}’{Z}’”““"%)

p
v ™ (1
- 81;18:761 Z (_1) ((m,UGp)ELY) H’Y ) x]7x71‘ g))
j=1

TES)

iy 1
= Z (=)™ X((ruG)eL,) H WJ(V)(ij;wﬁ(j))

res, j#L AT (1)

X [25513'51%(\})(%;xﬂ(l))%(\})(%—l(1);w1)+2351%(\})(%;xﬂ(l))azﬂj(\})(ﬂﬁw—l(1);$1) .
(4.15)
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With this formula we may then redo the computation of [18, Equation (D.53)] only now
some of the ’y](\})—factors (precisely 1 or 2 of them) carry derivatives. The WS)—factors
with derivatives may end up in the anchored tree, or they may end up in the matrix
N (r). If they end up in N (r) it is explained around [18, Equation (D.9)] how to modify
Lemma 3.10. One simply includes factors ik* in the definition of (some of) the functions
; (and not of B;) in the proof of Lemma 3.10. Since we may bound |k| < Cp'/3 for

k € Pp we get

prnet2=(k42-1) if no derivatives end up in N,
|det]\7(7")| < Cpmet2=(k+2=1)+1/3  if opne derivative ends up in N, (4.16)

CpXnet2=(k+2-1)+2/3  if two derivatives end up in N,

where N (r) is the appropriate modification of N(r). To get the formula for p, we need
also to consider two cases for how the anchored tree looks. There could be both an
incoming and an outgoing edge to/from the vertex {1}. And if there is just one edge

to/from {1} it could be either an incoming or an outgoing edge. Since ’y](\}) is real,

incoming and outgoing edges give the same factor ’71(\})(331;33]'). A simple calculation

(essentially just undoing the product rule) then shows that

9 aalc/lpg{l}’{z}’"l """" nk)

= > > 9 [%(\})(ffijl)%(\})(%ffjl)}

oe{1,08, 0% 04 07 } | re A1} 2hn1nn)

o two edges to/from {1} (417)
1 1 -
+ > N (2125, 11 W\ (i) / dpir (1) det N (r),
TGA({I)’{Z}’nl ----- ny) (i,)€T
one edge to/from {1} 1,j#1

where j; and j, denote the vertices connected to {1} by the relevant edges in 7 and Ny
is the appropriately modified version of A/, where the derivatives not in 9 end up in N,
i.e. Equation (4.16) reads

|det Np(r)| < CpZret2=(ht2-D+(2=#0)/3

where #0 denotes the number of derivatives in 9, i.e. #1 = 0,404 = 1 and #0% 0y =2

We denote the contribution of the two terms in Equation (4.17) to 0k 0y & by
(0% Y &o)7*~ and (9 0y &)°* respectively.

We first deal with the second term of Equation (4.17) where there is just one edge
to/from {1} in the anchored tree. We may bound the contribution of this term almost
exactly as in the proof of Lemma 3.2. We give a sketch here. Using Equation (4.16) we
get the bound
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— 1
<C > pEmHOS > ‘5%(\/)(961;%)
oe{1,0k, 9y, 0k, ov } re A1 g )
(4.18)
1 g t2)— (k- 2—

T o] e

(i.g)er

AL

where again #0 denotes the number of derivatives in 0.

To bound the integrations we again follow the strategy of the proof of the I'’-sum
of Lemma 3.2, Section 3.1.3. The only difference is that the Vﬁ)—edge on the path in
the anchored tree between {1} and {2} incident to {1} is the edge with derivatives,
87](\})(1‘1;1‘3'1). This we bound by |8’y](\})| < Cp'*t#9/3 The integrations can then be
performed exactly as in Section 3.1.3. We conclude the bound

k
//H H |ge| 37](\})@1;@1) H ‘71(\})(%;%)’ drs... doy 40

(=1e€Ty (1,5)eT
,j#1

< pit#oss (Ca® log(b/a))zm_k (Cs(log N)B)k.

Again, as in the proof of Lemma 3.2 we have by Cayley’s formula that #7,, = n" "2 <
C™n! and by [18, Appendix D.5] that #AGH{Zhrnome) < (g 4 2)142 42 < O(k2 4
1)k!42 ™ Following the same arguments as for Equation (4.10) and recalling that the
diagrams in £y have either & > 5 or v > 1 we get the contribution to 9% 9 &o of

|(92,0%,60)° | < Cp**¥/2 (s(log N)*)? (o plog(b/a))® + s(log N)* (a’ plog(b/a))*
type (A) diagrams type (B) diagrams
< Ca®p*™?/3(log(b/a))?s(log N)* [s* (log N)2a”p* (log(b/a))® + 1]
(4.19)

uniformly in z1, zo.
Next consider the first term of Equation (4.17). The argument is almost the same,

only we have to distinguish between which ’yj(\})—factor(s) the derivatives in 0 hits. We

consider the case 0 = 94 0 . The other cases are similar. Suppose that the 'y](\})—edge on

the path (in the anchored tree) from {1} to {2} is vg\})(xl; xj,) and the WS)—factor not

on the path is vg)(sz; x1). We distinguish between three cases:

1. If both derivatives are on 7](\})(%; xj,) we may bound this exactly as above.

2. If one derivative is on 7%)(331;%) (say Oy ) and one derivative (say Ok ) is on

’y](\})(szgxl) we bound |3§1’y](\})(x1;xj1)| < Cp*3. Then the argument is similar,

only now one of the ’y](\})—integrations is with 8“7](\})

instead. Thus, in the compu-
tation leading to Equation (4.19) we should replace one factor C'sp'/?(log N)? with

[1079y | da
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3. If both derivatives are on ’Vz(\}) (xj,; 1) then analogously we bound |7](\}) (z1;25,)] < Cp
and in the computation leading to Equation (4.19) we should replace one factor
Csp?/?(log N)? with f|6”8”'yj(\})|dx.

In total we have the contribution to 9k 0, &o of

< Cp? p2/33(logN)3+p1/3/ ’8“75\})‘ dx+p1/3/ 8”7](\})’ dx+/‘8“8”7§\})’ dz
A A A

x [(s(log N)*)*(a*plog(b/a))° + (a®plog(b/a))?]

uniformly in x7,x2. One may do a similar computation for the other cases of 0 and

conclude that

|(au oY 60)—>o—>’

1 7T

< Cp? p2/3s(10gN)3+,01/3/‘8“71(\})’ dm+p1/3/ 8”71(\})’ dx+/’8“8“7§;)‘ dz
A A A

x [(s(log N)?*)*(a’plog(b/a))® + (a®plog(b/a))?] (4.20)

uniformly in z1, z5. Thus, we need to bound the integrals

/)8“7](\})‘ dx:/%
A

A

E k_ueikm
kePr

1 iqu
dCL‘ == (27‘[‘)2L / Z q’ue q du7

[0,27]3 |q€ (L;‘TFP) VA

and

v (1 1
/]aﬂa W dx:/ﬁ
A A

Here we have

Z kukueikw

kePr

1 )
dr = o) / Z q"q” e’ ™| du.
0,27]2 |qe(5E P)nz3

Lemma 4.9. The polyhedron P from Definition 2.7 satisfies for any p,v =1,2,3 that

Z ¢"el| du < C5N1/3(10g N)3,

[0,27]3 qe(%P)mza

Z g"q e | du < CsN2/3(log N)*

[0,27]3 qE(LZk—WFP)ﬂZ?

for sufficiently large N.
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The proof of Lemma 4.9 is a long and technical computation, which we give in Ap-
pendix B. Applying the lemma we conclude that

/‘8“71(\})’ dz < Csp*/3(log N)?, /‘6“8”7](\})’ dz < Csp?*/3(log N)™.
A A

By combining this with Equations (4.19) and (4.20) we get
|08 8% &o| < Cabp**?/3(log(b/a))?s(log N)* [s"(log N)"?a®p?(log(b/a))® + 1] (4.21)

uniformly in x7,z5. Combining Lemmas 4.6 and 4.8 and Equations (4.12), (4.14) and
(4.21) and using that for any real number ¢ > 0 and integer n > 1 we may bound
t <t" + 1 this shows the desired. O

Remark 4.10 (Treating more diagrams as small). One can improve the error bound in
Theorem 1.3 slightly by treating more diagrams as small, i.e. calculating their values
more precisely. This is similar to what is done in [2] for the dilute Bose gas. (In [2] the
Bose gas is treated with a method very similar to a cluster expansion. Their expansion is
performed to some arbitrarily high order [denoted by M in [2]], which if chosen sufficiently
large yields the bounds of [2].) We sketch the overall idea.

If we choose s ~ (a®p)~17%/2 then the error from the s-dependent term in the kinetic
energy to the energy density is p°/3(a®p)?~¢. Then choose as “large” the diagrams for
which the bound in Equation (4.10) gives contributions to the energy density much
smaller than p°/3(a®p)?~¢. This happens for kg > K for some large K ~ ¢~'. We can
then evaluate all small diagrams as in Appendix A and conclude that their contributions
are as given in Appendix A only with some K-dependent constants, since there is some
K-dependent number of small diagrams. In total we would then get an error of size
O.(p°/?(a®p)?~¢) in Theorem 1.3.

4.8. Subleading 3-particle diagrams (proof of Lemma 4.2)

g‘?s of Theorem 3.4. In this formula
there are terms like pzpzlﬁz(ﬂ@)ecg 2 o(z2,23). We have p = pgil(xl) =

Proof of Lemma 4.2. Recall the formula for p

Do pi,! Z(ﬂ",G’)EE;/ I} o (1) by translation invariance. Joining the two diagrams
(m,G) € L7 and (',G") € L, we get a new (no longer linked) diagram (7", G") € D3, ,
with two linked components, one of which contains the vertices {2} and {3} and one of
which contains the vertex {1}. Doing this for all three terms of this type, we are led to

define the set

Li=rc3u |J (LloLy),

q+q'=p
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where @ refers to the operation of joining two diagrams as above. The set Zf’, is then the
set of diagrams on 3 external and p internal vertices such that there is at most two linked
components, and that each linked component contains at least one external vertex. With
(®) 6f Theorem 3.4 reads (assuming that sa®plog(b/a)(log N)3 is

Jas

this, the formula for p
sufficiently small)

i, Z 2 sl

ng;)s = fiafisfas [P + Z »
C(m,G)eL

p>1

We split the diagrams in ﬁg into two groups, large and small similarly to the proof
of Lemma 4.1. To do this, we similarly define for a diagram (7,G) € Zg the number
k = k(m,G) as the number of clusters entirely containing internal vertices. (This k is
exactly the same k as in the proof of Lemma 3.2.) Then we define

v=v(rG) = Zif:l ng — 2k, v =11, G) = Ny + Nse + Moy

where we understand 7., = 0 and/or n... = 0 if {1,2,3} are not all in different clusters.
(One defines n.,., as the number of internal vertices in the cluster containing {3} if all
{1, 2,3} are in different clusters, exactly as for the n., and n, of Sections 3.1.2 and 3.1.3.)
We may still think of v + v* as the “number of added vertices”. As for Equation (4.10)
we have (for p = 2kg + vp)

1 .
p! Z % | < Cp*(Cs(log N)*)* (Ca®plog(b/a))rotv. (4.22)
’ (71',G)€ll~]3J
v(m,G)+v* (1,G)=vo
k(,G)=ko

The main difference compared to Equation (4.10) is that we here allow diagrams that are
not linked. This doesn’t matter, since when we compute the integrals (as in Section 3.1.3)
we anyway have to cut the diagram up into 3 parts (either by bounding g-edges or '7](&)-

edges) as described in Section 3.1.3. We split the diagrams into two (exhaustive) groups:

1. Small diagrams with 1 < k < 2,v =0,v* =0, and
2. Large diagrams as the rest, i.e. with

(A) k>3, or

(B) v+v*>1.

As in Section 4.2, the splitting is motivated by counting powers in Equation (4.22). Note
that for p > 1 the diagrams with k£ = 0,v = 0,v* = 0 are not present. We write
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Z Z - small + flargea

p>1 exe) €Ls

where &3 and ffarge are the contributions of small and large diagrams respectively.
Exactly as in Equation (4.12) we may bound, using Equation (4.22)

|€igel < Cp*(s(log N)?)?(a®plog(b/a))® + Cp’a®plog(b/a)

type (A) diagrams type (B) diagrams

< Ca®p*log(b/a) [s*a®p?(log(b/a))?(log N)? +1] .

For the small diagrams we have
Lemma 4.11. We have

€3 nan| < Ca’p*log(b/a)
uniformly in x1, T2, 3.

As with Lemma 4.8, the proof is simply a computation, which we give in Appendix A.2.
We conclude the desired. O

5. One and two dimensions

In this section we sketch the necessary changes one needs to make for the argument
to apply in dimensions d = 1 and d = 2. We will abuse notation slightly and denote by
the same symbols as in Sections 2, 3 and 4 the relevant 1- and 2-dimensional analogues.

5.1. Two dimensions

Similarly to the 3-dimensional setting, the p-wave scattering function fj in 2 dimen-
sions is radial and solves the equation

3 1
0% fo — ;@fo + §Uf0 =0, (5.1)

see Section 2.1 and recall Definition 1.9. Thus, it is the same as the s-wave scattering
function in 4 dimensions. In particular it satisfies the bound

Lemma 5.1 (/27, Lemma A.1], Lemma 2. 2). The scattering function satisfies [1 - G—TQ} .

|z
< fo(x) <1 for all  and |V fo(z)| < 2 |T|3 for |z| > a.

As for the 3-dimensional setting we consider the trial state

wN(le,...,.rN \/_Hf DN(xl,...,xN),

1<J
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where f is a rescaled scattering function

and

flz) = {1—¢112/b2f0(|$) lz| < b,

1 |x| > b

1 .
DN(l‘l,...,l’N) :det[uk(xi)]lgigjv, ’U,k(CC) = —Elkz, N:#PF
kePr L

Here Pr denotes the “Fermi polygon”, the 2-dimensional analogue of the “Fermi poly-
hedron” Pp. It is defined as follows. (Compare to Definition 2.7.)

Definition 5.2. The polygon P is defined as follows.

First pick @, satisfying

Q2 <0572, N3/? « Q < CN¢

in the limit N — oco. (The exponents arise as %1 = 2(;—EU7 -2 = d%21 and % = %
for d =2.)

Pick two distinct primes Q1, Q2 ~ Q.

Place s evenly distributed points &]{{, ceey mlf on the circle of radius Q~/2 such that

the points are invariant under the symmetries (k' k?) > (+k®, £k°) for {a,b} =
{1,2}. (Here the exponent arises as - = m —1ford=2.)
Evenly distributed means that the distance between any pair of points is d 2
s1Q~1/2 and that for any k on the sphere of radius Q~/2 the distance from k
to the nearest point is < s~1Q /2. (On the circle we can naturally order the points.
Then the condition for being evenly distributed reads that consecutive points are
separated by a distance ~ s~1Q~1/2.)

Find now points x1,..., ks of the form

1,2

p; D; M .
Ki: = -, = R pEZ’ :1727 :1,...78
! <Q1 QQ) ’ : ’

such that the points are invariant under the symmetries (k', k?) — (£k!, £k2) and
such that for any j =1,...,s we have |/<;j — ngﬂ <.

Define P as the convex hull of the points k1,...,ks and P = ¢P where o is such
that Vol(P) = .

Define the centre z = 0(1/Q1,1/Q2).

The “Fermi polygon” is the rescaled version defined as Pr = kpP N 2%22, where L is

chosen large (depending on k) such that

krpL

2= is rational and large.
™
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Similarly as in Remark 2.9 we have that o is irrational and o = Q'/2(1 4+ O(s~2)). In
particular, any point on the boundary 9P has radial coordinate 1+ O(s~2). (The power
of s here comes from the circle being locally quadratic and the distance between close
points being ~ s~1. Compare to Remark 2.9.) Moreover, Pr is almost symmetric under
the map (k', k%) — (k?, k') similarly to Lemma 2.11.

Lemma 5.3. Let Fio be the map (k', k%) — (k?,k'). For any function t > 0 we have

> Xkerr) = Xtkerapep| t(R) S Q72N sup t(k) S NV sup #(k),
ke2rz2 |k|~kr |k|~kp

where @ is as in Definition 5.2.
The analogue of Lemma 2.12 is then
Lemma 5.4. The Lebesgue constant of the Fermi polygon satisfies

1
L2

A

E eika:

kePp

1 .
do = [ X emlauscstosny
™
[0,27]2 |qe (5 P)nZ2

We can again compute the kinetic energy of the Slater determinant analogously to
Lemma 2.13 and its 2-particle reduced density analogously to Lemma 2.14.

Lemma 5.5. The kinetic energy of the (Slater determinant with momenta in the) Fermi
polygon satisfies

STk = S kP (1 FONY2) 4 0(8—4)) — 27pN (1 FONY2) 4 0(3—4)) .
k€Pr kEBF
Lemma 5.6. The 2-particle reduced density of the (normalized) Slater determinant satis-
fies
PO (a1, 1) = w1 — wol? (14 O(NT/2) +-0(s™) + O(plas — wal))

The computations in Section 3 make no reference to the dimension and are thus also
valid in dimension d = 2. For the absolute convergence in Section 3.1 and Lemma 3.2
one should simply replace occurrences of g and 7](\}) with their 2-dimensional analogues.
Here we have the bounds (using Lemmas 5.1 and 5.4)

b

/Ig\<a + 12/1)2) /l<1_‘;_§)2— (1—5—2)21xdx5a21og(b/a),

[ 15 stog vy

A

(5.2)
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Thus the absolute convergence holds as long as sa?plog(b/a)(log N)? is sufficiently small.
That is, the analogue of Theorem 3.4 reads

Theorem 5.7. There exists a constant ¢ > 0 such that if sa’plog(b/a)(log N)? < ¢, then
the formulas in Equation (3.3) hold (with p
the two-dimensional setting).

(]Zg and I'% o interpreted as appropriate in

The analogues of Lemmas 4.1 and 4.2 read

Lemma 5.8. There exist constants ¢,C > 0 such that if sa®plog(b/a)(log N)? < ¢ and
N = #Pp > C, then

oo

> T26| < Catpt(log(b/a))?[sa* p* 10g b/a)* (1og N)° + 1]

1
|
1P (m,G)eL2

p—
+ Ca?pllay — waf?5°a® p (10g(b/ ) (log )™ + bp + log(b/a)
and
Pgi)s < Cf122f123f223 {P5|931 - 1‘2\2|~T2 - 333|2
+ a?p*log(b/a) [s*a*p* (log(b/a))? (log N)° + 1]]
The proof is again similar to the 3-dimensional case replacing the bounds on [ |g| and
S/ \fy](\})| as in Equation (5.2) above. Apart from this, there are two main changes. The

first is in the proof of the analogue of Lemma 4.6, namely Equation (A.1), where one
bounds [ |z|?|1 — f2|. In two dimensions this bound is, using Lemma 5.1,

/(1 - f(z)?) |x2dxgca4+(1_ac2/b2)2j [(1 - ‘;)2 - (1 — jzﬂ 3 dr < Ca’b?.

R2

The other main difference is for the analogue of Lemma 4.9. Here the 2-dimensional
analogue reads

Lemma 5.9. The polygon P from Definition 5.2 satisfies for any p,v = 1,2 that

Z g"e' | du < CsN'/?(log N)?,

[0,27]2 qe(%P)mW

/ Z q"q"e" | du < CsN(log N)?

[0,27]2 qe(Lz’“WF P)0Z2

for sufficiently large N.
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The proof is similar to that of Lemma 4.9 given in Appendix B only one skips Ap-
pendix B.2 and notes that R = 22 ~ N1/2,

Putting together the formulas in Theorem 5.7 with the bounds in Lemmas 5.5, 5.6
and 5.8 we easily find the analogue of Equation (4.1). We then need to bound a few terms.
Following the type of arguments of Section 4, namely Equations (4.2), (4.3), (4.4), (4.5)
and (4.6) and using Lemma 5.1 we get the bounds

) C, n =0,
/ (|Vf(sc)|2 + Ev(x)f(:c)2> |z|" dz < < 4ma® + O(a*b=2), n=2,
Ca*log(b/a) + CR%a%, n =4,

C =0
/ e fo, fdw < T
Ca®b, n=2.

Plugging this into the analogue of Equation (4.1) we get the analogue of Equation (4.7),

(UN|HN|YN)
L2

= 2mp? + 4dn%a®p?
(s ) ( —1/2 2)
O (a*v2p) + O (a*p*log(b/a)) + O (R3a’p*)
(a4p4 log(b/a))?|s3a*p®(logb/a)?(log N)° + 1D
(a4 {55a8p4 log(b/a))®(log N)* +bp + log(b/a)D

O (a*®p®) + O (ap*log(b/a) [s*a*p*(log(b/a))*(log N)® + 1]) .
(5.3)
As above, we can choose L ~ a(a?p) =0 still ensuring that ﬂ is rational. (More precisely
one chooses L ~ a(kra)~2°, since p is defined in terms of L. ) Then N ~ (a?p)~19. Choose

moreover

b=a(a®p)™?, s~ (a®p)*|log(a®p)| .

Optimising in «, 8,y we see that for the choice

1 4 10
ﬁ - 57 o= ?7 V= 7
we have
H
WNNION) _ o2 4 gn202,3 |1 4 O (a2p) log(a0)2) (5.4)

L3
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for a?p small enough. Note that for this choice of s, N we have s ~ N*/133(log N)10/7
Thus any Q with N3/2 « Q < CNC satisfies the condition Q12 < Cs2 of Defini-
tion 5.2.

The extension to the thermodynamic limit of Section 4.1 is readily generalized. We
thus conclude the proof of Theorem 1.10.

5.2. One dimension

Similarly to the 2- and 3-dimensional settings, the p-wave scattering function fy in 1
dimension is even and solves the equation (here 8% denotes the second derivative)

2 1
—0%fo — =0fo + =vfo =0, (5.5)
r 2

see Section 2.1 and recall Definition 1.11. Thus, it is the same as the s-wave scattering
function in 3 dimensions. In particular it satisfies the bound

Lemma 5.10 (/27, Lemma A.1], Lemma 2.2). The scattering function satisfies [1 - ﬁ}
+
< fo(z) <1 for all x and |0fo(x)] < e for |z| > a.

Before giving the proof of Theorem 1.12 we first compare our definition of the scat-
tering length to that of [1]. In [1] the following definition is given.

Definition 5.11 (/1, Section 1.3]). The odd-wave scattering length aoqq is given by

R
= inf /(2|6h|2+v\h|2) dz: h(R) = —h(-R) =1

—R

4
R — aodd

for any R > Ry, the range of v.
The value of ayqq is independent of R > Ry S0 aoqq is well-defined. We claim that

Proposition 5.12. The p-wave scattering length a defined in Definition 1.11 and the odd-
wave scattering length aoqq defined in Definition 5.11 agree, i.e. a = aodd-

Proof. Note first that h — E(h) = ff’R (2|0h|* + v|h|?) dz is convex, so by replacing h
by (h(z) — h(—z))/2 we can only lower its value. Thus, we have

R
4
—  —inf / (2[0R|* + v|h|?) dz : h(z) = —h(—z), h(R) =1
R — acaq
—R
of(x)

Any h we write as h(z) = . Using this and integration by parts we get

R
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4
R — aoaa
1 R
= gt 8 [ @I+ 4w gar + 205 + ol Plef?) de: £ = F(-2), J(R) =1
"R
4 2, 7 5 1 9 9
— gt [ (10724 olsP) oo f(o) = f-a, () =1

That is,

2R(;:igﬁ—w>=mf(f(mm+§vﬁﬁMPM:ﬂm=f&mhﬂm:1

Taking R — oo in this we recover the definition of a. We conclude that a = aoqq. O

Concerning the assumption on v that [ (%U fé+10fo |2) dx < oo we have the following
two propositions.

Proposition 5.13. Suppose that v > 0 is even and compactly supported and that for
some interval [x1,x2], 0 < z < x9 we have v(xz) = oo for x1 < x < x9. Then
J (%vfg + \3]"0\2) dz < 0o, where fy denotes the p-wave scattering function.

Proof. Let [z, 2] be an interval where v(z) = oo for 7 < x < x5 and note that
fo(xz) =0 for all |z| < 5. Then we have

1 1 1
/ <§Uf02 + |8f0|2> dz < o / (§Uf§ + |8f0|2) |z|? dz = 20z, < co. D
2
lz|>a2

Proposition 5.14. Suppose that v > 0 is even, compactly supported and smooth. Then
Ik (%vfg + \8]‘0\2) dx < oo, where fy denotes the p-wave scattering function.

Proof. For smooth v also the scattering function fy is smooth. Recall the scattering
equation (5.5). Then a simple calculation using integration by parts shows that

/(%w€+Wﬂﬁ)dx:2/(ﬂﬁ%b+2hah+wamv)dx

xT

2

0

[ fol@)? — fo(0)?
=2 | i —~f 7 dzx.

/
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The function fj is smooth and even. Thus for small z we have f(z) = £(0) + O(|z|?),
hence the integral converges around 0. By the decay of :%2 the integral converges at co.
We conclude the desired. O

We now give the proof of Theorem 1.12. We consider the trial state given in Equation
(2.1) where f is a rescaled scattering function

fla) = {#/bfoﬂxn o] <,

1 |z| > b
and
1.
Dy(@1,...,an) = detlup(z)hi<icn,  w(z) = qz€™, N =#Bp.
ke€Br L

In 1 dimension, there is no difference between a ball and a polyhedron, so we may use
the Fermi ball B = {k € 2% Z : |k| < kp} for the momenta in the Slater determinant.
In this case we have (see [23, Lemma 3.2] or Lemma B.11)

Lemma 5.15. The Lebesgue constant of the Fermi ball satisfies

L/2 27
% Z ek dp = %/ Z e'"| du < C'log N.
_Lj2 Ik€Br 0 qe(B(L;“TF))nZZ

As for the 2-dimensional setting one easily generalizes the computation of the kinetic
energy in Lemma 2.13 and the calculation of the 2-particle reduced density for a Slater
determinant in Lemma 2.14. That is,

Lemma 5.16. The kinetic energy of the (Slater determinant with momenta in the) Fermi
ball satisfies

2
> Ik =GN (1 O(NTY).
keBp

Lemma 5.17. The 2-particle reduced density of the (normalized) Slater determinant sat-
isfies

2
T
pP (21, 22) = ?P4|ﬂ?1 — x5 (1+ O(N~Y) +O(p|z1 — $2|2)) .

For the Gaudin-Gillespie-Ripka-expansion we replace occurrences of g and ’yj(\}) with
their 1-dimensional analogues as for the 2-dimensional setting. Here we have the bounds
(using Lemmas 5.10 and 5.15)
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1
[l S atos/a). [ St0g . (5:6)
A A

Then, the 1-dimensional analogue of Theorem 3.4 reads

Theorem 5.18. There exists a constant ¢ > 0 such that if aplog(b/a)log N < ¢, then the

formulas in Equation (3.3) hold (with p(n) and I'? ~ interpreted as appropriate for the

Jas T,
1-dimensional setting).

For the analogues of Lemmas 4.1 and 4.2 we have to a bit more careful. In order to
get errors smaller than the desired accuracy of the leading interaction term (of order
ap* for the energy density) we need to also do a Taylor expansion of (some of) the 3-
particle diagrams. (Pointwise we only have the bound ‘Ff’T7G| < Cap*log(b/a)log N (see
Section 4.3 and Appendix A.2) for any subleading diagram (7, G), i.e. for (7, G) € Eg
with p > 1.)

Remark 5.19 (Why this was not a problem for dimensions d = 2,3). In dimensions d =
1,2, 3 the analogous bound reads |1"?T7G| < Osa®p*log(b/a)(log N)¢ (if d = 1 then there
is no s) for any subleading diagram, see Equation (4.22). This bound should be compared
to the energy density of the leading interaction term of order a?p?+2/¢. Considering just

the power of p, we see that such terms are subleading compared to the interaction term
for d # 1.

Similarly the argument for I'? is also slightly different compared to that of Lemma 4.1.
We have the bounds

Lemma 5.20. There exists a constant ¢ > 0 such that if aplog(b/a)log N < ¢, then

oo

1
> ] > Tig| < Ca®p* [ap(log(b/a))®(log N)? + b*p?]
p=1"" (7,G)eL2

+ Cap®|zy — z2|* [b*p* + Nab*p® + log(b/a)]
and
PS5 < C AR SRS lr = wa[as — sl + a?p (10g(b/a))? (log N)*
+ ap® (22 + log(b/a))) [la1 — waf? + o — 22 + foz — 5] .

The proof is similar to that of Lemmas 4.1 and 4.2. We postpone it to the end of this
section. Note here that the N-dependence is not just via logarithmic factors. Thus, we
need to be more careful in choosing the size of the smaller boxes when applying the box
method arguments of Section 4.1. With this we get the analogue of Equation (4.1) in 1
dimension,
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(YNIHN|YN)
TN o) +L [ as (0@ + pol) s )

2
™ _
X ?;)4|1:|2 (1+O(N"Y +0(p*z|*)) + O (ap5|x|2 [l)2p2 + Nab*p® + log(b/a)])

+0 (a2p*[ap(logb/a)? log N)? + b4p"] )

+ /// dzy dws dos f120 fi2 f230 fas 15

x |O(p" 1 — 2|2z — @3]*) + O (a?p°(log(b/a))* (log N)?)

+ 0 (ap6 [1)2/)2 + 10g(b/a)] [|x1 — l‘2|2 + |z — x3\2 + |22 — x3|2]) )
(5.7)

For the 2-body error terms we may follow the type of arguments of Section 4, namely
Equations (4.2), (4.3), (4.4), (4.5) and (4.6) exactly as for the 2-dimensional case. By

using Lemma 5.10 we get the bounds

1 2a n:2

of (@))? + zv(x x2>x"dx§ ’ ’

[ (s + guse?) aprar < 2 ">
07 n:O,
/|1:|”f8fdx§ Calog(b/a), n=1,
Cab, n = 2.

Define ag by

o = [ (5@ + Jo@)sa ) as

and recall by assumption on v that ag > 0, i.e. that 1/ag < co. For the 3-body terms we
may do as for the 3-dimensional case, Section 4. For the first term we bound fi13 < 1. By
the translation invariance one integration gives a volume (i.e. length) factor L. That is,

/// day dzo das | f120 fi2 f230 fa3 f1s]

% | 0P |21 — 2oz — 23]2) + O (40" (log(b/a))?(log N)?)
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+0 (ap° [0p? +log(b/a)] [Je1 — 22|” + a1 — x3)* + |2 — 9632])]
2 b 2

< CNp® /|x\2f8fdx + CNa?p*(log(b/a))?(log N)? /faf

2

b
+ CNap® [bgp2+log b/a |z|? fOf da fofdx | + |z|fOf da
Jurssad) (Jore) o]

< CNa®p* [b?p* + (log(b/a))*(log N)? + bp [b?p* +log(b/a)]] .
We conclude the analogue of Equation (4.7) in dimension 1

2 2
<1/)N|hlr;N|¢N> :%p3+2%ap4+O(N_lp3)+O(a2b_1p4)+0(a2bp6)

+0 (a®plag " [ap(log(b/a))’ (log N)* +bp*]) (5.8)
+0 (a*p° [°0° + Nab'p® +log(b/a)])
+0 (a0 [1°p? + (log(b/a))*(log N)? + bp [0 + log(b/a)]])

We need to be careful how we choose N (i.e. how we choose L), since the error depends
on N not just via logarithmic terms. We choose

N =(ap)™®, a>1 b=a(ap)™?, 0<pB<1

where the bounds on «, 8 are immediate for all the error-terms to be smaller than the
desired accuracy (there is similarly also an upper limit for «, which we do not write).
Keeping then only the leading error terms we get

2 2
<77[1N|HLNWN> _ %p3+2%ap4+0(N71p3)+O(a2b71p4)—|—0(a2a51b2p6)

+0 (Na3b4p10) .

(5.9)

Using the box method similarly as in Section 4.1 we also have to be careful with how we
choose the parameter d. As in Equation (4.9) we get

(h) < W (14 0(d/0) + O(b/0)] + O (pd~?)
r —p°+ 2n ap +0 (n7'p?) + 0 (a®b'p*) + O (a®ay 'b?p°%) + O (na’b*p'?)

3 3
+0(de™'p®) + 0 (bt™'p%) + O (pd™?) .
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Here we change notation from N to n and choose d = a(ap)~°. To get the error smaller
than desired, we see that we need to choose § > 3/2. In particular then the error is
O(p(ap)"), where

v=min{l + 8,5 —48,7T—a—45,a+1— 0,25 — 2}.

Then, also p = p (1 + O((ap)?)) so p = p(14+0O((ap)”)). Optimising in «, 5, we see that
for

33 9 24
o= P 0Tg@ (5.10)
we get v = 22/13, i.e.
2 272
e(p) < 3/33 + ?aﬁl (1 +0 ((05)9/13)) .

This concludes the proof of Theorem 1.12.
It remains to give the

Proof of Lemma 5.20. Note first that, completely analogously to Equations (4.10) and
(4.22), we have

1
p! Z I2 ;| < Cp*(Clog N)*(Caplog(b/a)) ™, p = 2ko + 1o
' (m,G)ec?
v(m,G)+v™* (m,G)=ro
k(m,G)=ko
1
] Z I3 | < Cp*(Clog N)*(Caplog(b/a)) ™,  p = 2ko + vp.
' (m,G)eLd
v(m,G)+v* (m,G)=vo
k(m,G)=ko

(5.11)
We will use this to split the diagrams of £2 and /:'f, into groups. We split diagrams in £?
into three (exhaustive) groups:

1. Small diagrams with 1 < k + v +v* < 2, {1} and {2} in different clusters
(A) and k£ > 1,
(B) and k =0,v* = 1.
2. Small diagrams with 1 < k+v +v* <2 and
(A) {1} and {2} in different clusters and k = 0,v* = 2,
(B) {1} and {2} in the same cluster.
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3. Large diagrams with k + v +v* > 3.

We then split

Z Z ]-—‘ﬂ— G = fsmall,O + §small,21 + 521?

P a)ec:

where Esmall,o is the contribution of all small diagram in the first group, &mai,>1 is the

contribution of all small diagrams in the second group and &£>; is the contribution of all

large diagrams. We will then do a Taylor expansion of £gmail,0 but not of the other terms.
We split diagrams in Eg into three (exhaustive) groups:

1. Small diagrams with k + v 4+ v* = 1 and {1}, {2} and {3} in 3 different clusters.
(Then v =0.)

2. Small diagrams with &+ v+ v* = 1 and {1}, {2} and {3} in < 3 different clusters.
(Then k=v =0.)

3. Large diagrams with k 4+ v +v* > 2.

We then split

o
1
Z _[ Z small 0 + fsmall >1 + §>17
p=1" (m,G)eLs
where 5sma11 o is the contribution of all small diagram in the first group, fsmau > is the

contribution of all small diagrams in the second group and §>1 is the contribution of all

large diagrams. Again, we do a Taylor expansion of &3 but not of the other terms.

small,0
For simplicity we will only compute the derivatives 6%1. With this bound the error term
for the energy density is O(a?bp®log(b/a)) and so it is even smaller than the accuracy
a?p® with b chosen as in Equation (5.10). (By the symmetry, we could bound &gmano by
bounding its 6th derivative 02 92,02, instead.) To keep the result symmetric in z1, 22, 3
we will symmetrize the result afterwards.

We have immediately by Equation (5.11) that

[€51] < Ca®p(log(b/a))?(log N)?, £2,] < Ca®p°(log(b/a))*(log N)*.  (5.12)
Similarly as in the proof of Lemma 4.1 we have for x1 = zo

Esmall,0(Z2, T2) + Csmall,>1(22, T2) + €51 (22, 22) =0,

gsmall,o(w% L2, 173) + ggmall,Zl(ZQa Z2, 2133) + 5;(332’ T2, $3) =0.

Hence we may bound the zeroth order by
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|Esmatl,0 (T2, Z2)| < [Esman, >1 (22, 2)| + |E>1 (22, 22)],

|2 man 0 (T2, T2, w3)| < |€3 051 (T2, w2, m3) | + |2 (w2, 22, 3)| -

3

For the diagrams in {sman,o and &, .,

o we have similarly to Lemma 4.8 that

|3§1§sma11,0] < CCLP5 IOg(b/a)7 ’821 §§mall,0’ < Cap6 IOg(b/a) (5'13)

uniformly in x1, 22, z3. For the diagrams in &man,>1 and €s3ma11,>1 the analysis is some-
what similar to the proof of Lemma 4.6. We have

3

Lemma 5.21. For the small diagrams in {sman,>1 and 5sma11,>

1 we have the bounds

|€amat >1] < Ca®b*p® + Cab®p"|zy — x2|? 1+ Nab2p3] , (5.14)

|Eoman,z1] < Cab?p® (Jor — wof® + |21 — 23]? + |2 — w3]?) (5.15)
uniformly in x1, T2, T3.

We give the proof of Lemma 5.21 in Appendix A.3. Combining Lemma 5.21 and
Equations (5.12) and (5.13) concludes the proof of Lemma 5.20. O
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Appendix A. Small diagrams

In this appendix we compute the contributions of all the small diagrams of Lem-
mas 4.6, 4.8, 4.11 and 5.21. We first consider those of Lemmas 4.6 and 4.8.
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(a) Type (A),1 <k <4 (b) Type (B1),0 <k <2 (c) Type (B2),0 <k <2 (d) Type (C),0<k <2

Fig. A.1. g-graphs of small diagrams of different types. For each diagram only the graph G is drawn. The
relevant diagrams come with permutations 7 such that the diagrams are linked.

A.1. Small 2-particle diagrams (proof of Lemmas 4.6 and /.8)

Recall from the proof of Lemma 4.1, Section 4.2 that

o0
1
Esmall,0 + Esmall,>1 = g o g Ir2 ..
p=1"" ¢

m,G)ELD
(m,G) small

The criterion for being small is defined in the proof of Lemma 4.1 around Equation
(4.11), and will be recalled below. The diagrams are split into types (A), (B) and (C)
according their underlying graphs G as in the proof of Lemma 4.1. We further split the
type (B) into two types (B;) and (Bz). The diagrams of type (B;) are those diagrams for
which the extra vertex {3} in the distinguished clusters is in the cluster containing {1},
i.e. connected to {1}. The diagrams of type (Bs) are those diagrams for which the extra
vertex {3} is in the cluster containing {2}, i.e. connected to {2}. That is, the different
types are as follows. See also Fig. A.1.

(A) {1} and {2} in different clusters and 1 <k <4,v =0,v* =0,
(B) {1} and {2} in different clusters and 0 < k < 2,v =0,v* =1,
(B1) and n. = 1,n., =0,
(B2) and n. = 0, 1m0 = 1,
(C) {1} and {2} in the same cluster and 0 < k < 2,v =0,v* = 1.

We first give the

Proof of Lemma 4.6. Consider first all diagrams of type (C) of smallest size, i.e. with
g-graph

Since this graph is connected, all 7 € S3 give rise to a linked diagram (7, Go). By Wick’s
rule, the m-sum then gives the factor p®). That is,
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3
)" H VS)(xj»xﬂ(j)) das = /913923p(3) das.
et

Z F7r ,Go — /913923 Z

T€83:(m,Go)EL? TES3

Recall the bound p®) < Cp3t4/3|x; — 29]?|21 — 3]? from Lemma 2.15. Now we bound
|g23| < 1. Thus

> M| <O -l [ (1= f) o

T€S3:(m,Go)EL?

Recalling Lemma 2.2 we may bound

/(1 — f(z)?) |x2dx§0a5+ﬁj [(1 - Z—j)z - (1 — 2—2)21 r*dr < Ca®V?.

(A1)
We conclude that all diagrams of smallest size contribute < Ca’b?p3+4/3 |z — a5|2.
For the larger diagrams, we consider an example diagram

For this diagram we have

2 g=(n" ///’71(\9(11;14)’75\})(24;$3)’YN)(I37I1)7N)(332;335)’71(\})(365;11?2)913923945 dx3 dzs das

—1 Z /// iky (z1— T4)61k2(721 T’&)elk’;(’l"; T1)61k4(T2 Ts)elkg(,, ‘12)913923945 das dag das

715
L 1ok €PR
-1 ) ) )
= _L15 Z el(’ﬁ*ks)ll el(’w*ks)wz / dzs 61(1%7162)0039(]:1 _ J?g)g(xz _ 333)
ki,...y ks €EPFp

» / des {eukz—kﬁks—mm / das e~ i0s kD) @a—25) g () _ x5)}
1 ) ) ) )

= Z etk —ks)zy gi(ka—ks)m2 / dzs el(kssz)wsg(xl _ x3)9($2 _ xS)
X X (kg —ky=ks—ks) 9 (k5 — ka),

where §(k) := [, g(z)e~"** dz. Bounding |gos| < 1 and [§(k)| < [ |g] < a®log(b/a) we
get that

T2 o] < Ca®p*(log(b/a))?.

One may do a similar computation for all the remaining diagrams. By computing the
integrations of the vertices in the internal clusters first, these give some factor §(k; — k;)
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2 * 4ok

0.4 y A

*
Teoe—0

(a) Example of a type (A) di- (b) Example of a type (B1) di- (c) Example of a type (Bs) di-
agram of smallest size agram of smallest size agram of smallest size

Fig. A.2. Exemplary diagrams of types (A), (B1) and (Bz). The dashed lines denote g-edges, and the arrows
denote (directed) edges of the permutation.

and a factor LSX(ki— kj=ky—kyr)- By bounding as above we conclude that the contribution
of small diagrams of type (C) is bounded as desired. O

Proof of Lemma 4.8. As with the larger diagrams of type (C) we only give calculations
for a few example diagrams and explain how the calculations for the remaining diagrams
are similar. We consider the examples in Fig. A.2.

The contribution of the diagram in Fig. A.2a to 94 0 §sman is

1 v
SOLOLTE g

_ 2;2 STk KR — RY) //eikl(xl—xs>eik2<zs—z1>eika(m—u)em(u—zz)w des des
Kiyoons k4s€Pp
— ;12 Z (kR — kY (kY — k;)ei(k17k2)xle":(k37kfl)fc2
2 ki,...,ks€EPp
« //e—im7k3)<ac3—z4>ei<kz—kl+k47k3>msg($3 ~ 24) dus dag
-1 i (ey — s (ks — kg ) .
=55 2 (R =R — ke Im et d(ks — )
ki,....ks €Pp
= 0(p™*/343 log(b/a))

using that §(k) = [, g(x)e~ " dz satisfies |§(k)| < [ |g| < Ca®log(b/a). The same type
of computation is valid for all other diagrams of type (A).
Consider now the diagram in Fig. A.2c of type (Bsz). This contributes

-1 ) )
851 651 75 Z /ezkl(w1—x2)elkz($2—x1)g(mz _ xg) dzs
k1,k2,k3€Pr

1 . )
— g R = e et [l ) day
k1,k2,ks€Pr
— O(p*2/3a% log(b/a)

exactly as for type (A). Similarly, all other diagrams of type (B2) may be bounded using
the same method as for types (A).
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Finally, we consider the diagram in Fig. A.2b of type (B;). Here we have

8w1 T 7rG

SOt X[y o) ) day
k1,k2,ks€Pp

—oh oY — L9 Z pilka—ks)a1 i(ks—ho)es /efi(kgfkl)(zlfmg,)g(ml ~ ) day
k1,k2,ks€PFr

-1
I > (= Kk — ky)elte ks eithaka)ra gy — k)
k1,ko,ks€Ppr
= O(p*"**a® log(b/a)).

All larger diagrams of type (B;) may be bounded similarly. We conclude the desired. O
A.2. Small 3-particle diagrams (proof of Lemma 4.11)

We now give the

Proof of Lemma 4.11. Recall that

small Z ' Z FTK‘ G»

p=1 (m,GYeL
(m,G) small

where “small” refers to diagrams with G-graph

* * *
1 2 3
G = P k:1’2
: k
o—-—--o

and permutation 7 such that (7, G) has at most two linked components, both of which
contain at least one external vertex. As in the proof of Lemmas 4.6 and 4.8 in Ap-
pendix A.1 we compute the value of a few examples and explain how to compute the
value of the remaining diagrams. We consider the examples of Fig. A.3.
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* * 4 ¥
1% \T/‘ 1 '//’i 3 1 -\:2\-\, 3
e-——-o Ty
(a) Example of a diagram of smallest size (b) Example of a diagram of smallest size
with one linked component with two linked components

Fig. A.3. Exemplary small diagrams in Eg

The contribution of the diagram in Fig. A.3a is

L
— ;—é Z //\ eikl(mlfxél)eikQ (14712)eikg(mz7I1)eik4(1371’5)eik‘5(z5713)945 dx4 dx5
ki,....ks€Pp
_ T Z QZ(kl_k3)xlez(kg_kz)xze“m_ksnaX(k27k1:k4—k5)§(k5 _ ]{?4)
k1,....ks EPp
= O(a’p" log(b/a)).

Similarly, the contribution of the diagram in Fig. A.3b is

e
-1 , , , . ‘
_ ﬁ Z //ezk1(w17:704)6@192(147905)ezkg(:rsfasl)ezk4(wzfzg)ezk5($3fzg)g45 day das
k‘l,...,k5€PF
—1 i(k1—k3)xy i(ka—ks)za i(ks—ka)x N
— I Z et(k1—k3)z1 i(ka—ks)z2 i(ks —ka) 3X(lc2—k1:k27k3)9(k3 — k)
k1,...,ks€Pp
= 0(a’p* log(b/a)).

One may follow this kind of computation for any diagram. The central property we used
is that the internal vertices are all in the same linked component as some external vertex.
This means that the integrals over internal vertices either gives a factor of §(k; — k;) or
a factor of LBX(ki—kj:ki/—kj/)- We conclude the desired. O

A.3. Small diagrams in 1 dimension (proof of Lemma 5.21)
We now give the

Proof of Lemma 5.21. We first give the proof of Equation (5.14). We split the two cases
(A) and (B) of small diagrams further. They are given as follows.

(A) {1} and {2} in different clusters and k = 0,v* = 2,
(A1) Ny = 2,04 =0 (or ny = 0, N4y = 2),
(A2) ny =1, n4 = 1.
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* * * *
1e ) 1e ) el Je--—-e-—--e9
2 ] ] x -7 1N %
SN | | 1ol 1 le2
(a) Type (A1) (b) Type (Ag) (c) Type (B1) (d) Type (Bz)

Fig. A.4. g-graphs of small diagrams of different types. For each diagram only the graph G is drawn. The
relevant diagrams come with permutations 7 such that the diagrams are linked. The diagrams of type (A1)
and (B1) may have some of the drawn g-edges not present, but the same connected components. Moreover,
the diagrams of type (B1) may have one of the internal vertices drawn not present (indicated by a o). With
the modification of the drawings described here these are all small diagrams.

(B) {1} and {2} in the same cluster and 1 < k+v 4+ v* < 2,
(B1) k=0,
(B2) k=1.

See also Fig. A.4.

We will consider some examples of diagrams. Namely those drawn in Fig. A.4 (but
not modified as described in the caption), except for the diagram of type (Bp), where
we will consider diagrams of smallest size, with g-graph

GO: 1?****.777*>ﬁ2 (AZ)

All other diagrams can be treated in a similar fashion. For the argument we will need
a different formula for p;. Recall the definition in Equation (3.4). We may write the
characteristic function as

X ((m,UGy) linked) = 1 — x((7, UG¢) not linked).
That is,

Aq,...,A by
N G VL [ R R Caer iy

rESLA, JEUA,
- 1
- Z (_1) X((7,UGy) not linked) H ’YI(V)(xj;xﬂ'(j))'
TESUA, JEUA,

For our case we only need to consider cases where there are at most two clusters. If
there is just one cluster then pEA) = p(‘A‘)((xj)jeA). So suppose we have two clusters
A1, Ay. Here, all the 7’s for which (7, UGy) is not linked are exactly those arising as
products m = mme, where m € S4, and w3 € Sy4, are permutations of the vertices in
the 2 clusters. Thus,

A, A
pM A (25) e a,04,)

= > 07 I Wi

WESAIUAQ JEAIUAL
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- Y o I W @) Y 0™ I W @5 2me)

T1E€ESA, JEAL m2ES A, JEA2

= pUA 42D (@) e a,04,) — P14V ((2)5e4,) 0142V () e ns)- (A.3)

We now consider the diagrams in Figs. A.4a, A.4b and A.4d and (A.2). We get

Type (A1): Z 26, = //913914934/)1(;{1’3’4}’{2}) dzsdzy,
TI'ES4Z(7I’,GQ)E£§
Type (AQ)Z Z F72T,Go = //913924P£{113}’{2,4}) dxs day,
TESy:(m,Go)ELE
s (A.4)
Type (By): > 26, = /9139230(3) dzs,

7€83:(m,Go)EL?

Type (B2): Z 26, = ///913923945P1(;{1’2’3}’{4’5}) dzg dzy dws.
7€S5:(m,Go)ELS

Using Equation (A.3) and (the 1-dimensional versions of) Lemmas 2.14 and 2.15 and
similar bounds for the 4- and 5-particle reduced densities we get the bounds on the
truncated correlations

(4) [0 <O @) + 0 @, @, 20) 0 (2)
< CpPlzy — a5’ |zr — 2a?,
(A2) ’05{1’3}’{274})’ < pW (21, xa) + pP (w1, 23)pP) (w2, 24)

< Cp®lzy — x3)* w2 — 24,

(B1) p® < Cplwy — xofPlay — s,
(BQ) ‘PE{172’3}7{475})‘ S P(5) (xla e ,1}5) + P(3) (xla xo, x3)p(2) ($47 555)

< Cptlley — zol?ley — a3)?|zs — 25)2

Bounding moreover, gs4 < 1 for the diagram of type (A;) we thus get by the translation
invariance

S g <o ( / |g<x>|x|2dw)2.

w€Sa:(m,Go)ELS
type (A1)

For the diagram of type (As) we get
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S gl ( / g<x>||x|2dm)2.

71'654:(77,6'0)6/53
type (A2)

For the diagram of type (B7) we get by bounding go3 < 1 (as in the proof of Lemma 4.6)

Y | <Coe - aaf [ lgta)ef o
m€S83:(m,Go)EL?
type (B1)

Finally, for the diagram of type (B2) we get in the same way

2
S 2| < ONGO - af? ( / |g<x>|m|2dx) .

m€Ss:(m,Go)ELS
type (B2)

We may bound [ |z|?|g| dz similarly as in 3 and 2 dimensions,

b

/(1—f(x)2) ﬂQdeMﬁ/ {(1_%)"_ (1_2)1 2 dr < Cab?.

R a

The other diagrams of types (A1) and (By) (there are no other diagrams of type (As)
or (By)) we may treat similarly by bounding some of the g-edges by |g| < 1. Combining
these bounds we conclude the proof of Equation (5.14).

To prove Equation (5.15) we recall that we consider all diagrams with g-graph

*
ARN
GO: f****.****f i{ or Glz \’.,,,,i{
1 2 3 . o7 3
1

(and graphs that look like Gy where {1, 2,3} are permuted). One may treat this similarly
as the diagrams above, with the result that

p§{17274}a{3}>‘ dzy < Cab®p®|zy — 2o

Z Fi,co S/\914||924\

WES4:(W,GO)€£‘;’

> e | < / |914]1g24]|gal 'V dzs < Cab®p®|zy — o],
7€8q:(m,Gr)ELS
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Summing this over all the permutations of {1,2,3} we conclude the proof of Equation
(5.15). O

Appendix B. Derivative Lebesgue constants (proof of Lemma 4.9)

In this appendix we give the proof of Lemma 4.9. We recall the statement in slightly
different notation for convenience.

Lemma 4.9. The polyhedron P from Definition 2.7 satisfies for any p,v =1,2,3 that

dz < CsR(log R)?,

Z kueikw

(0,2m]3 |KERPNZS

Z k/_Lkueikz

[0,27]3 ke RPNZ3

dz < CsR?(log R)*

Lkr

Jor sufficiently large R = =

Recall that by construction R ~ N'/3 is rational.

The proof follows quite closely the argument in [23]. In particular the structure is that
of induction. The 3-dimensional integral is bounded one dimension at a time. We start
by introducing some notation from [23].

Notation B.1. For any real number = we will write [z] for either |z] or [z]. Similarly we
will write (z) = x — [z], i.e. () is either the fractional part {z} =  — || or z — [z]. For
any computation we do below, the definition of [z] is fixed, but the computations hold
with either choice.

Additionally for a d-dimensional vector z = (x!,..., 2%) we write 2@ = (xt, ... ,:r‘i)
for the first d < d components.

We emphasize that expressions like k2, x2, ... do not denote squares or cubes of num-
bers k,z, but instead refer to coordinates of vectors k,z. The instances where we do

want to denote a square, cube or higher power should be clear.
By potentially relabelling the coordinates it suffices to consider the cases yu = 1,
w=v=1and u=1,v = 2. (Alternatively, by appealing to Lemma 2.11 and choosing

Q > N* in Definition 2.7 we have a symmetry of coordinates up to error-terms which
are subleading compared to Lemma 4.9.) Hence define

ti(k) =k, ta(k) =Kk = (kY2 ts(k) = k'R

We want to show that
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dz <

Z tj (k)ezkr <

ke RPNZ3

{C’sR(log R} j=1,

2 4 5
0,80 CsR*(logR)* j=2,3.

As in the proof of Lemma 2.12 we write RP as a union of O(s) closed tetrahedra. We
also recall that Rz ¢ Z3. As in the proof of Lemma 2.12 we get by the inclusion exclusion
principle O(s) terms with tetrahedra of lower dimension (triangles or line segments). All
the 3-dimensional (closed) tetrahedra are convex and hence of the form

T={keZ®: A\ <k" <Ay, Xo(k') <E* < Ao(k'), As(k' k%) <k < A3(K', k%)),

for some piecewise affine functions \;, A;,7 = 1,2, 3. They are the equations of the planes
bounding the tetrahedron 7'. Since any k£ € T" has integer coordinates we can replace A;
by [A;] and A; by [A;]. It will be convenient to not distinguish between |-| and [-] and
use instead the notation [-] introduced in Notation B.1. Then the tetrahedra are of the
form

T={keZ’: M <k' <[M],Da(k)] <K < [Aa(kD)], Na(kh, k)] < B2 < [Az(k', k)],
(B.1)

where we allow [-] to be different in any of the 6 instances it appears.

Sums over lower-dimensional tetrahedra can be written as differences of sums over
3-dimensional tetrahedra (with potentially different meanings of [-]). We will thus only
consider 3-dimensional tetrahedra. That is, for a tetrahedron T of the form Equation
(B.1), we need to bound

(B.2)

, CR(log R)? =1
Z tj(k)e“m dor < (log ) J ’
CR%*(logR)* j=2,3.

[0,27]2 |KETNZ?

Gluing together tetrahedra as in Lemma 2.12 we conclude the desired bound, Lemma 4.9.
The remainder of this section gives the proof of Equation (B.2).

B.1. Reduction to simpler tetrahedron

We first reduce to the case of a simpler tetrahedron 7. Consider what happens by
shifting all k’s by some fixed lattice vector k € Z3 with || < CR. For t we have

Z (kl)Zeik:c _ Z (kl +/€1)2€ikz

keTNZ3 ke(T—k)NZ3

— Z (kl)Qeikz —|—2f€1 Z kleikz + (HI)Z Z eikx'

ke(T—k)NZ3 ke(T—k)NZ3 ke(T—k)NZ3
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A similar computation holds for t;,¢3. We may bound |x|] < CR and thus we may
assume that T C [0, CR]. (Recall that f[0’2ﬂ3 |> jernzs €% dz < C(log R)® by [23,
Theorem 4.1], see the proof of Lemma 2.12.)

For any tetrahedron of the form (B.1) we may write the k-sum as three 1-dimensional

sums
(Al [A2(RD] [As(k'E?)) A [As(kY)) [Aa(kE%)] skt k?)—1]
KETNZ3  k'=[\1] k2=[A2 (k)] k3=[As(k1,k2)]  kl=[\1] k2=[\a (k)] k3=0 k3=0

where the A;’s and A;’s are the equations of the planes bounding the tetrahedron T,
i.e. piecewise affine functions. As in Equation (B.1) each instance of [-] may be either
of the definitions of Notation B.1. By splitting the k', k2 sums into at most 4 parts, we
may ensure that both A3 and A3 — 1 are only from one bounding plane, i.e. they are
affine functions. When we do this splitting, we have to choose (in each new tetrahedron)
which definition of [-] to use for the new bounding plane. This may give rise to some
“boundary term”, if we choose definitions of [-] in the new tetrahedra such that the k’s
on the splitting face are either in both or in neither of the two tetrahedra sharing this
face. These boundary terms are sums over lower-dimensional tetrahedra, and may thus
be bounded by sums over 3-dimensional ones as above.

Remark B.2. One may similarly let the k- and k2-sums go from 0 by writing e.g.

[A2(k")] [A2(kD)]  Pa(k')—1]
k2=[Xa(k1)] k2=0 k2=0

However, the upper limits As(k!, k?) and \3(k', k?)—1 for the k3-sum may become much
larger than R for k% < \y(k'). This is why we don’t do this.

The terms with A5 and A3 — 1 may be treated the same way, so we just look at the
one with Az. We thus want to bound

A [A2(kD)] [As (K", k2)] . .
oY HELE) D> etlde S {RSO%R) = 1,
(0,27]3 | =M1l k2=[A2(k")] k3=0 R*(log R)* j=2,3.

B.2. Reduction from d=3 tod=2

We show that we may bound the three-dimensional integrals by analogous two-
dimensional integrals up to a factor of (log R + log Q) ~ log N.

First, before shifting by a constant x € Z3, A3 is given by either the plane through
3 close corners of RP (points Ro(p'/Q1,p?*/Qa2,p®/Q3)) or of two close corners and the
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centre Rz. This follows from the construction of P in Definition 2.7, since forming the
edges between pairs of close points constructs a triangulation of P.

The equation for a plane through the three points Ra(pj /Q1, pj 7/ Q2, pj 3/Qs),5=1,2,3
is given by

a1 1 (6%) 2 (6 %3 ,
+ k* + = Ro
Q2Q3 Q1Q3 Q1Q2 7

where by construction of P, see Definition 2.7, we have

c¢Q, ~1€Q, q;€Z, o <CVQ, j=1,2,3.

We might have that o; = 0. If a3 = 0 then this plane is parallel to the k3-axis and so
does not give rise to a bound on the k*-sum. Hence a3 # 0. By choice of L, we have that
R is rational, and so Roy ¢ Q. (The choice of L such that R is rational, is exactly so
that Roy ¢ Q.) The equation for Ag is an integer shift of this plane, hence it is of the
form

QlOél 1 onzz 2
Qsaz Qzaz (B.3)

nd¢@7 |QJ|SC\/§,J:1,2,3

As(kY E?) =n3 — m'kt —m?k? = n3 —

Define for j = 1,2, 3 the quantities

. (A1) [Aa(KD)] (As (k' k)] -

D= 3 3L hGELE)
=Ml k=2 (k)] k3=0
NI S NG
Di(z) = Z Z '(kl,kz)elk 2@
El=[X\1] k2=[A2(k1)]

j 1 met 1)a® R B

Gg))(l‘) = T — (6 (n3+1) D%(x@) _ m(Z)xLS) _ D%(QZ(Q))> :
i(nst1)e® Ml [Ae(kD)]

j e 1 724,k @ (2@ _m@g3) [ —i{As(k®))a?

F3(J,‘)— eiz® _ Z Z (k‘ k‘) (e < > —1 ,
kl=[A1] k2=[A2(k1)]

(B.4)

where m® = (m!, m?) is defined in Equation (B.3). We shall prove the following bound.

Lemma B.3. We have for some k:(()Q) € Z?, some (non-zero) k = k2 eZ?and aheZ,
h >0 with \k(()2)| < CR and h|x®| < CR that for any j =1,2,3
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/ ’Dg(x(?’))‘ dz®

[0,27]3

< (log R +10g Q) / ’D%(x(z))( dx(2)+1+/ ( + 7x )) e IF Pl | gt

[0,27]2

As a first step, consider the case where both a; = a2 = 0 in Equation (B.3). Then
the k3-sum and x3-integral in Lemma B.3 factors out. Using [23, Lemma 3.2] to evaluate
the k3-sum and z>-integral we conclude the desired. Hence we can assume that at most
one of aq, s is 0. (This will be relevant for Lemma B.8, but only then.)

A simple calculation shows that [23, Lemma 3.1]

Di(z) = Gi(x) + Fi(z), j=1,2,3. (B.5)

By a straightforward modification of the argument in [23, Lemma 3.3] (including the
factor ¢;) we have

Lemma B.4 (/23, Lemma 3.3]). For any j = 1,2,3 we have

/ ‘Gg(x)‘dxglogR / ‘D%(x@))‘dx@).

[0,27]3 [0,27]2

We thus want to bound the integral of Fg . Again, by a straightforward modification
of the argument in [23, Lemma 3.7] (including the factor ¢;) we have

Lemma B.5 (/23, Lemma 3.7]). For any j = 1,2,3 we have

/ ’Fg(x)‘ da

[0,27]3
I~ . [A4] [A2(k") 2@ r
Z Z £ (kY K2)eit <4_3(k(2))> dz®@
r=1 ’ [0,27]2 kl=[A1] k2=[A2(k')]

To bound the right hand side of Lemma B.5 we bound either definition of (-) by the
fractional part {-}. This follows the strategy in [23]. In analogy with [23, Lemma 3.6] we
have

Lemma B.6 (/23, Lemma 3.6]). For either definition of (-) we have the bound

[Aq] [Az (k")) P -
ti(kL, k2)eit <A3(k(2))> da®

[0,27)2 |F' =Ml k2=[Aa (k)]
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< / ’D%(a&@))’dx@)

[0,27]2

[A2 (k)]

+ ,,2:1 <Z) / Z Z '(kl,k2)ei’“(2)$(2’{/\3(k(2))}” dz@

0,27]2 [K =[] K2=[ra (k1))
uniformly in (integer) r > 1.
Proof. If (-) = {-} this is clear. Hence suppose that (z) = — [z]. Then

1 ifxeZ

0 otherwise.

<x>={$}—1+{

By construction Az(k', k?) ¢ Z for k',k* € Z. Thus, (As(k', k?)) = {As(k' k?)} — 1.
Then

(4] A2 k ) i1(2) .(2) T
3 SO g B <A3(k(2))>
kl=[\] k2=[X2(k1)]
T (Aq] [Az (k)]
_ Z(il) < ) Z Z '(kl, k2)6ik(2)m(2) {Ag(k(z))}y
V=0 k'=[A1] k2=[Xa (k)]
[Aq] [Aa( k' )]

_ (—1)7E%($(2)) + i( ( ) Z Z (kl, k2)eik(2)w(2) {Ag(k(Q))}u O

v=1 E'=[\1] k2=[A2(k1)]

We now bound the second summand of Lemma B.6 similarly to [23, Lemmas 3.8
and 3.9]. We first define /~X3, a rational approximation of As. Recall the definition of
A3 in Equation (B.3). By Dirichlet’s approximation theorem we may for any @, find
integers p, g with 1 < ¢ < Q such that

1
Y3 :=ng — b satisfies lvs] < ——.
q AV
We will choose @, = Q3as3. Define then
Ra(h®) = Ag(k@) — gy = £ Q10140 Q2025 (B.6)

q Qzas Q303

Note that this takes values in ;Z for integers k', k2. In particular (for integers k!, k?)
{A3(E™@)} € {o, B qu } Thus, since |y3| < ;5— we have

1 ify3 <0 and A3(k®) € Z,

(B.7)
0 otherwise.

{As ()} = 93 + {A3 (K@)} + {
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We claim that
Lemma B.7. For N sufficiently large, we have uniformly in (integer) r > 1 that
[A1]  [Az(kD)]

S GG A ()| dat
k'=[A1] k?=[A2(k1)]

[0,27]2
Slor@) [ [DY)| do®
[0,27]2
A k
+ S Gk e 4@ g2
(0,27)2 |F*=IA] B2=[ha (k)]

Az (K k%)eZ

The proof differs from that of [23, Lemmas 3.8 and 3.9] in a few key location, so we
give it here.

Proof. Using Equation (B.7) we have

(A1l [A2(kY)] .
Z tj(kl’kQ)ezk T {Ag(k(Q))}r
kt=[A1] k2=[A2 (k)]

da] - [Aalk 0.(2)(2) ~ r

- 2 S bk e (3 + {Aa(k)})
=[A] k2=[X2(k1)]

al [A2(k ) i1(2) .(2)
+ X(y5<0) Z Z t;(k*, k*)e™ " + mixed terms.
kr=[M] B2=[x2 (k)]

As(k' k*)ez

All the mixed terms have at least one power of 3 + {A3(k®)} = ~3. (Indeed, in the
mixed terms we have Az(k(®)) € Z so {A3(k®)} = 0.) Since |y3] < 1/(¢Qs0) < 1/Q
the sum of all mixed terms may be bounded by 2"R*Q~! < 2" for N sufficiently large
(independent of r) by our choice of @, see Definition 2.7. Similarly expanding the first
summand, all the terms with at least one power of v3 may be bounded the same way.
We thus have

[A1] [A2 (k)]

Z Z tj(k,l’kZ)eik(Z)x(z) {AB(k(Q))}r

E'=[M] k2=[A2(k1)]

Al [A2(kY)]

Z ST LR (R (k) (B.8)

=[] k2=[A2(k1)]
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[Aq] [Az (k)]

i@ @ -

+ X(ra<0) D >tk Ee® +0(27),
F=[\] K2=[xa (k)]
As(k',k?)eZ

where the error is O(2") uniform in (?). For the first summand we have by a simple
modification of [23, Lemma 3.8] (including the factor ¢;) that

[A1] [A2(kM)]

Z Z ‘(kl, kQ)Bik(Q)m(2>{A3(k(2))}T dz®

0.5m)2 [F1=[\a] k2=[ra (K1)

Slog(raQu) [ [Dha®)] e,
[0,27]2

This importantly uses that {As(k®)} € {0, qQ . QQ‘” L1 for integers k!, k2, so that
one can find some smartly chosen function h(u ) ~u” on [0 1] but with a smooth cut-off
at 1 and h({As(k@)}) = {A3(k@)}" for which one can bound Fourier coefficients, see
[23, Lemma 3.8].

We have ¢ < Qs = Qzas < CQ3/2. We conclude the desired. O

Next we bound the second term in Lemma B.7, where Ajg is integer. If there are no
valid choices of k', k? for which Az(k', k?) is an integer, then this term is clearly zero.
Otherwise we have the following.

Lemma B.8. Let N be sufficiently large and suppose that the set
= {(k', k%) € Z2 : ] <K' < [A], Po(kY)] < k2 < [Aa(BY)], As(k k%) € 2}
is non-empty. Then we may find a point kéz) € Iy, a (non-zero) lattice vector k =

k() € 72 and an integer h > 0 with k‘(()z) + hk € Iy (in particular h|k| S R) such that
Iy = {kéz) + 7.3 7 €/0,...,h}}. In particular

o Azt 0] () () Tl (2
g g 4(k1,k2)e”“ R I PAC)) §/ th (k62)+711(2)> eI g,
0,22 | =[] K2=Da (k)] o Im=0
As(k' k) eZ
(B.9)

The proof is an exercise in elementary number theory analysing the set Ij.

Proof. Define k;(()2) to be any point in the (non-empty) set Iy. Recall Equation (B.6), and
that [As(k', k?)| < CR for any k® € I,. (This follows since the relevant tetrahedron
is contained in [0, CR]3.) By redefining o as a;/ged(aq, a2, as) we may assume that
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a1, g, as have no shared prime factors. (This only decreases their values, so that still
laj| < Cv/Q.) In case one of the a;’s is zero we will use the convention that ged(a, 3,0) =
ged(a, B) and ged(a, 0) = « for o, 5 > 0.

Solving the general problem We first consider the general problem of finding all k', k? €
Z for which As(k',k?) is an integer. This set has the form k{ + T for some two-
dimensional lattice I'. We now find spanning lattice vectors of I'.

Define o;; = ged(oy, a;) for @ # j. (Note that the «;’s are not necessarily pairwise co-
prime, only all 3 «;’s have no shared factor by the reduction above. Also, since a; and as
are not both 0, we have ayz # 0 is well-defined.) Shifting k;( by ko = (Q222, —Q1

a12 (112)
we have

As(k$? +bro) = As (k) ez, bez

and kg is the shortest lattice vector with this property. One should note here that kg is
not “short”. Indeed |ko| 2 @ since both Q1,Q2 = @, see Definition 2.7, and a1, s are
not both 0. We now look for the lattice vector in I" giving the smallest possible (integer)
increase of As. This lattice vector together with kg spans I'. Note that

SAs(k) = As(k$? + k) — Ag(k(?) = —Quank’ — Qaaok” (B.10)
Qsa3

Suppose first that either a; = 0 or as = 0, say ap = 0. Now, Q1 # @3 and |a;| <
CV/Q so Q; is not a factor of «; for any i = 1,3,5 = 1,2,3. Thus, ged(Qs3a3, Q1a1) =
ged(ag, as) = 1 since ap = 0. For the ratio §As(k) to be an integer we need that the
numerator is some multiple of Q3ag3, and thus that |x| 2 Q3 > R. Thus there is at most
one k((f) € Ip and the lemma is clear.

Suppose then that a; # 0, s # 0. Varying & € Z?2 we have by Bézout’s lemma that
the numerator in Equation (B.10) assumes as values all multiples of ged(Q1 a1, Q202). We
have ged(Q1a1, Q2a2) = ged(aa, ) = 2. For the ratio 5]\;;(&) to be an integer we need
that the numerator is some multiple of Q3a3. Since by assumption there are no prime
factors shared by all a;’s and Q3 is not a factor of a2 we have ged(an2, Qsas) = 1. Thus,
the smallest integer increase of A3 is aqs > 1 and this happens along some lattice vector
k1. Immediately then I' D {aky + brg : a,b € Z}. To see that I' C {ars + brg : a,b € Z}
note that by Bézout’s lemma the (integer) solutions to the equation

—Q1041/<E1 - QQOZQI‘GQ = Q303A,

for some integer A € Z, is exactly (k!,k?) € {im +brg:be Z} if ayo divides A and

Q12
there are no solutions otherwise. In summary then

' = {ak1+bko : a,b € Z}, /~\3(k62)—|—a/£1—|—bno) Ag(k )+aa12, a,beZ. (B.11)
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Moreover
I = (k((f) +r) Nk B € Z% ¢ M) < kY < (A, Pa(kY)] < B2 < [Aa(kY)]} .

Finding the candidate for kK We now find the candidate for the x in the lemma. Either
Iy = {k(()z)}7 in which case the lemma is clear (take h = 0), or there exists some (non-
zero) k = aky +bkg € T such that k:(()z) + & € I. For such k we have (for sufficiently large
N) that a # 0 as |kg| = Q > R and any such « has || < CR. Let ko = ask1 + bakg be
the x such that kéQ + k € Iy with minimal value of |as]|. (k2 is unique up to potentially
a sign if both k;(()2) — Ko € Iy and /4;(()2) + ko € Iy.) It follows from Equation (B.11) that
lag] < CR/a1s < CR since |§As(ks)| < CR as the tetrahedron is contained in [0, CR]3.

If b, = 0 then ay = +1, else if by # 0 then ged(asz,bs) = 1. Indeed, if as and by
shared some common factor, we could factor this out to find a k with smaller value |a|
contradicting the minimality of |as.

Characterizing all allowed k’s  We claim that by potentially redefining k:éz) to k;(()2) —ako
with a € Z largest such that still k((f) — aky € Iy we have that

Io={k{¥ + 7ha : 7 €{0,..., h}}, for some h € Z,h > 0. (B.12)

(The intuition for the remainder of the argument is as follows. Essentially, if some x had
k(()Q) + k € Ip but was not a multiple of kg, it would have to differ from some multiple
of ko by at least kg or k1. Since |kg| > R and either k1 = k3 or |k1] > R, this is
impossible.)

To prove Equation (B.12) we first introduce the following notation. We view a lattice
vector k € Z? as a vector k£ € R? and write sl for its component parallel to . Note
that !l need not have integer coordinates. Define the constant A such that I’i! = Akp.
(Note that A need not be an integer.) Let 0 # k = ak1 + brg € T’ with k:(()z) + k€ Iy. We
have

Kl = (m! + bk = (aA + b)ko.

Thus, since |ko| 2 @, |x| S CR and |a| > 1 (since k # 0) we have |§ + A] < %.
Using this also for ko = ask1 + bakg we get

b b

b
|ba2—b2a|:’——— 2
a as

b R
laas| < |aas| <‘— +A‘ + ‘—— - AD <OR*= < 1.
a a2 Q

But bay — baa is an integer. Hence (for N sufficiently large) we have bas = bya. Now,
if bo = 0 then b = 0 and so as = +1 is a divisor of a so kK = Faks. If by # 0 then
ged(ag, be) = 1 and thus as is again a divisor of a and a/as = b/by. Then k = a%ng is a
multiple of k9. This shows the desired.
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Integral form To prove Equation (B.9) we do the following. Define e5 = ko/|k2| as the
unit vector parallel to x2 and es as the unit vector perpendicular to xz. Then define the
domain

So = {x(z) eR?: ‘x@) '62‘ <A4m, ’x@) . e;}’ < 47r}
and note that [0, 27]* C Sp. Thus, using Equation (B.12)

dz® < /

So

h

St (k) + 7)) e
7=0

3tk k) dz®.

kely

[0,27]2

The integrand is constant in the ej-direction, and 27-periodic in the es-direction. Thus,
computing the integral in these coordinates we have

h M h
/ th (k‘(()2) + 7'/@(2)) e P 4 = 327r/ th (k(()z) + TK(Q)) e IF Pl | qg
So =0 ) 7=0

This concludes the proof. O

Combining Lemmas B.5, B.6, B.7 and B.8 the r- and v-sums in Lemmas B.5 and B.6
are readily bounded because of the factor 1/r! from Lemma B.5. We conclude that

2

/’Fg(x)‘dxglogQ / ‘D%(m)‘dx—kl—f—/

[0,27]3 [0,27]2 0

h
>ty (k:(()Q) + m(2)) e IF Pl | gt
7=0

where k;(()2) and k) are as in Lemma B.8. If the set Iy from Lemma B.8 is empty, then
the bound is valid without the last term. In particular it is valid with any kém € [0,CR)?,
(non-zero) k = k) € Z? and h = 0. Thus, by Lemma B.4 and Equation (B.5) we prove
the desired bound, Lemma B.3.

B.3. Reduction fromd=2tod=1

For 7 = 1,2 we will do one more step reducing the dimension. The argument is
basically the same as for going from dimension d = 3 to d = 2 in Appendix B.2. We
sketch the main differences.

As we did in Appendix B.1 for d = 3 by addilng and subtracting the lower tail of the
[A2 (k)]

sum, we may assume that the k%-sum is > ;2%

Remark B.9. It is valid here to make the k?-sum go from 0, since now the k2-sum is the
innermost sum and we do not risk values of &% much larger that R by doing so (as in
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Remark B.2). Indeed, we already computed the sum over the relevant k3. We could at
this point also do the same splitting of the k'-sum, but we would have the same problems
that Ao(kt) or Ao(k') might be much larger than R for k' < \; as in Remark B.2.

Additionally, by splitting the k'-sum into at most 2 parts, we may assume that A, is
just the equation for a line. Here again one needs to be careful with what to do with the
boundary terms. This gives some sums over 1-dimensional tetrahedra (i.e. line segments),
which we can write as differences of sums over 2-dimensional tetrahedra exactly as for
the 3-dimensional case. We are led to define the quantities

A [Ad] waGh)
Di(x) = Y t;(k") DY eF
kl=[\1] k2=0
~ [Al] 2711
Di(x):= Y t;(kh)e* ",
k'=[A1]
j 1 i(n 22 1"J ~7
Gh(a) i= —— (07 D! — mua®) — DY),
. i(na+1)a? M . .
Fi(z) = eeix2 1 Z tj(kl)elkl(z —maa?) (671<A2(k1)>x2 - 1) .
k=[]

We claim the following inductive bound.

Lemma B.10. For j = 1,2 we have for N sufficiently large that

‘ . R j=1,
/ ‘D%(x@))’ dz® < (log R +1og Q) / 'D{(xl>) da'! + {Rz J —9
[0,27]2 [0,27] o

Proof. As for A3, we have that the equation of a line between any two points
(p}/Q1,p%/Q2), i = 1,2 is given by

PL=Ph s N PE—pi, .
Q2 @1

If we choose the points to be either corners of RP or the central point Rz we get the

= const .

equation

ﬂkl—F%

Q2 Q1

Here we might have that a; =0 or as = 0.

k* = Rovy ¢ Q.

If ay = 0 this line is parallel to the k2-axis and so does not give rise to a bound for
the k%-sum. Thus ag # 0. If @y = 0 the sum in D}(z) and integral thereof factorizes,
and hence by [23, Lemma 3.2] we have that
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2w
/ ‘D%(m@))‘ dz® < ClogR/ ‘ﬁ{(xl)‘ dz’.
[0,27]2 0

Hence, this case yields the desired inductive bound, Lemma B.10. Suppose then ay, as #

0.
Then

Qi
Q202

AQ(kl) :nQ_mlkl =ng — kla n2 ¢Qa ‘ij| SCQ1/47 ]: ]-32
Lemmas B.4, B.5 and B.6 are readily adapted and proven as before. The adaptation of
Lemma B.7 is then mostly analogous. One chooses Qo = Qa9 and finds the rational
approximation of Ay as

~ 1
Ao (ED) = Ao (kL) — :B_Mk17 «c - <Ol
2(k7) = Aa(k™) — 72 ¢ Qo |72 O <@

The rest of the argument follows exactly as for d = 3 only that the extra term of the
sum where Ay(k') € Z may be bounded as follows.

[A1] .
ikle! R ]:1
S the é{m o

k'=[A1]
As(KY)eZ

since there is at most one k' such that Ay(k!) is an integer. To see this note that
ged(ag, Qo) = 1 since |a;| < CQY* < Qs, hence the change in k' to change Ay (k') by
an integer is at least Q3 > R. We thus conclude the desired bound. O

B.4. Bounding the one-dimensional integrals

Now we bound [ \Dﬂ and [ ’Zﬁ:o t; (k(()2) + 7-,4) eiTlrlT
of Lemmas B.3 and B.10. For ﬁ{ we may assume that the lower bound of the summations

is at 0 by the same procedure as in Appendix B.1. Expanding ¢; (k(()Q) + TI{) we see that

dx from the right-hand-sides

j = 1 gives an affine expression in 7 and j = 2,3 give quadratic expressions in 7. For
instance,

2 (k(()2) + TKJ) = (k})? + 2kprtT + (1)272.
Thus, bounding both the integrals amounts to bounding the following:

Lemma B.11. Let M > 2 be an integer. Then
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(1) dz < Clog M,

M
§ ezkx

2

/1=

2 M
(2) / Zkeikac

0

27

‘O/

de < CMlog M,

k=0
M

Z k2eikx

k=0

(3) dz < CM?log M.

Proof. The bound (1) is elementary, see also [23, Lemma 3.2]. For any M € N and
g € C\ {1} we have

M L Mt
M
Y ket = (qjl)2 [¢M (Mg — M —1)+1] (B.13)
k=0
M
Zk2k:(q_ql)3 (¢ (M*(q—1)*>—2M(qg—1)+q+1)—qg—1].
k=0

Consider now the integrals (2) and (3). By symmetry of complex conjugation fOQW =2 foﬂ.
We split the integrals according to whether x < 1/M or x > 1/M. For < 1/M we have

M o 1/M

> ket da S / M?dx < M,
0

o

iy 1/M
> kel da < / M?dz < M.
0

k=0

0

For z > 1/M we use Equation (B.13) and note that |¢’” — 1| > cx for < 7. Expanding
the exponentials e® = 1 + O(x) we thus have

s

T M
. 1 _ _ _
/ Zkelkx dz < / 3 [Mele(e” -1+1- eZMI] dz
1N k=0 1M
[ (M 1
< / (+2> dz < MlogM
r
1/M

and
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™

dz < / = (Mo (M2 (e —1)? —2M (e — 1) + € + 1) — e — 1] da

/

Z k_2 ikx

1/N 1/M
rM M1
5/ — 4+ =+ = | de < M?log M.
T 2 x3
1/M

This concludes the proof. O

With this we may thus bound for (j = 2, say)

/ ( —I-TKZ) irlklel Qg
2 g, ‘
:/ > ((kg)? + 2kfi' 7 + (51)77) 7IFI7| da
0 =0
< CR2 iT|Kk|T d1'+CR| iT|k|x d1'+C|I<L|2 2 rr|fc\x

Substituting y = |x|x, using Lemma B.11 and recalling that hlk| < R and || > 1
by Lemma B.8 we may bound this by R?log R. An analogous bound holds for j = 1.
This takes care of all the one-dimensional integrals. In combination with Lemmas B.3
and B.10 we get the bounds for j = 1,2 of Equation (B.2). It remains to consider the
two-dimensional integral for j = 3.

B.5. Bounding the j = 3 two-dimensional integral

We are left with bounding the integral [ |D3| on the right-hand-side of Lemma B.3.
We first reduce to the case of a simpler tetrahedron (triangle). By shifting the sums by
a fixed k = (k*,0) € Z?2 and using the bounds in Lemma B.11 to evaluate the extra
contributions of the shift, we may assume that the k!-sum starts at 0. By splitting the
k2?-sum as in Appendix B.1 we may assume that the k2-sum also starts at 0. That is, we
need to evaluate the integral

[A1] [A2(K)]

Z Z ke et | da dy,

(0572 k=0 (=0

where Ag(k) = ng — S;Z;k for an irrational ny. Recall that |A1] < CR and for any
0 < k < [A4] we have |[Ay(k)] < CR.
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The analysis given here is in spirit the same as given in Appendices B.2, B.3 and B.4.
It is sufficiently different that we find it easier to do the arguments separately. We shall
show the following.

Lemma B.12. We have the following bound

[A1] [A2(R)]
> kte*Te| dudy < CR?(log R)? log Q.
[0.27]2 [k=0 £=0

Combining then Lemmas B.3, B.10, B.11 and B.12 and choosing @) some sufficiently
large power of N as required in Definition 2.7 we conclude the proof of Equation (B.2)
and thus of Lemma 4.9. It remains to give the proof of Lemma B.12.

Proof. Denote M = [A;] and recall Ay(k) = no — mik = ng — Qlo“ k First note that by
mapping ¢ — [A2(k)] — ¢ we may assume that mq > 0. If m; = 0 the sum factors, and so
does the integral into two one-dimensional sums/integrals. These may be bounded using
Lemma B.11. In this case we get the bound < CR?(log R)? as desired. Hence assume
that my > 0. Moreover, if ny > m1 M we may split the (k, £)-sum into two parts,

M [A2(E)] M [n2—miM] M [A2(F)]
IIDIEDD > >
k=0 (=0 k=0 (=0 k=0 £=[no—my M]+1

The first sum factors into one-dimensional integrals which we may bound using
Lemma B.11 again. The second we may shift by a constant ¢ (again then using
Lemma B.11 to evaluate the contribution of the shift) and assume that the lower limit
of the ¢-sum is 0. The upper limit then becomes [A(k)], where

A(k) =ng — ([ne —maiM] + 1) —mik :=n —mk.

Geometrically, this means that the domain of the (k, £)-sum is a triangle with two sides
along the axes. We thus need to bound

[A(K)]

Z > ktetret™| dz dy,

(0.2m]2 [k=0 £=0

where
Ak)y=n—mk, M<R, mM=n+0(1), n<R

By the symmetries of translation invariance and complex conjugation we may integrate
over the domain [—m, 7] x [0, 7] instead. We evaluate the f-sum using Equation (B.13).
Recall that [A(k)] = A(k) — (A(k)). We thus have
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>t = o [ AR — (AR — 1)+ 1]
£=0

= @ oTp [(em<k>y(A(k)ew —A(k) - 1)+ 1)

+ (e*im(’my - 1) (em(k)y(A(k)ew AR — 1)+ 1)
_ (<A(k)> AR =AY (eiy 1) 4 (e~ ARy _ 1)”
=: (I) + (IT) + (III).
The third summand (IIT) may be calculated as

—e'Y

Ca {(A(k)) (ei[l\(k)]y _ 1) iy + O(yQ)} _

The factor GE — 1)2 may be bounded by 1/y%. For this term we split the y-integral
according to whether y < 1/n or y > 1/n. For y < 1/n we expand additionally e?lA(*)ly —
1 = O(ny). We get the contribution

T 1/n M
) ) 1 1
/ dw / dy— |3 ket [(AGR) (B 1)y + 0] | S = M0+~ M S R
E " Y =0 n n
For y > 1/n we bound e!*®lv — 1 = O(1). We get
o o e i 0o

-7 1/n

< (logn)M? + M? < R?logR.

For the second summand (IT) we again split the integral according to whether y < 1/n
ory>1/n. If y < 1/n we have

e

o (70w 1) (eADAR)EY — AR) ~ 1) +1) = O(A(R)*) = O(n).

Hence this contributes the term

s

[ufo

—T

Zkezkzo )

For y > 1/n we write
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e () (e -1

— i e A (AR - A~ 1) 1)
v=1 :

Again we bound the factor % as 1/y?. We treat each summand similarly as in Lem-
mas B.6 and B.7 (or rather, the 2-dimensional version of these as used in Appendix B.3).
Completely analogously to Lemma B.6 we see that for any integer r > 1 we have

I
<
=0

for either definition of (-) (i.e. either (-) = {-} or (-) = - — [-]). Also the application of
Lemma B.7 is analogous to its use in Appendix B.3. There is at most one k such that

(A(K))"| dady

$ et AR —AK) ~ 1) 41
y2
k=0

dx dy

$ pete LAWY —AGK) ~ 1) 41
y2
k=0

{A(k)}| dzdy,

f’: ke €AV A(R)e™ — A(k) — 1) + 1
y2
k=0

]X(k) € Z for the appropriate rational approximation A of A. Using that ¢ =1 + O(y)
we obtain the bound

eMRY(A(K)e — A(k) — 1) + 1
y2

ny+1<R_2_|_£
v Yy oy

keikx

s

valid for any k. Hence this error term contributes at most
R> R 5 9
dz [ dy| —+ — ) S Rlogn+ Rn S R”log R.
Y Y
-7 1/n
The rest of the argument in Lemma B.7 is the same. We conclude that we may bound

the contribution of the term (II) by that of (I) up to a factor of log @ and an error
R?logR, i.e.

I

In particular

dzdy + R*log R.

> ket (ID)

k

dxdySlogQ//

Z keikx (I)
k
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Y T =my

3 I ,
I I
n

I

,
I 2 I
3 4 3

—2/M 2/M x

Fig. B.1. Decomposition of the domain [—m, 7] X [0, 7] into different regions.

M AR
Z Z ke ™| da dy
0.2m)2 |F=0 (=0 B14)
P QA e (k) — A(k) — 1)+ 1
fjlogQ/dx/dy Zkeme (Alk)e " (k) )+ + R?log R.
—7 0 k=0

In order to evaluate the integral on the right-hand side, we split the integration domain
into 5 regions, see Fig. B.1.
Iy =A{|z| <2/M,y < 2/n}, Iy ={|z| <1/M,y = 2/n},
I3 ={y < 1/n,|z] > 2/M}, Iy ={y > 1/n,|z| > 1/M, |z —my| > 1/M},
Is = {le —my| <1/M, (z,y) ¢ I}
We will be a bit sloppy with notation and refer to both the domain of integration and

the value of the integration over that domain by I;.
(I). We expand

Mo ARy iy _ _
(5) =" ketke € (A(k)e > A(k) —1)+1
k=0

(or rather the numerator) to second order in y. Using that A(k) = O(n) we get that
() < M?n?. Thus the integral gives

2/M 2/n
I < dx / dyM?n? < Mn < R
—2/M 0

2

(I3). We expand e = 1+ O(y) in (). Then (x) < My" + 1\;[_; The integral is then
12 S R2 lOg R.
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(I3,14, I5). For the remaining integrals we use the explicit formula for A(k) = n—mk.
Then

<
Eod
I
=)

i0D(x) —ie™ (ne” —n —1)0D(z — my) + me"™ (e — 1)0>D(z — my)) ,

(B.15)
. From Equation (B.13) we conclude

I
V)
—

4

. Mo M1z
where we introduced D(z) = >, _ et = e——=1

etz —1
that we may bound derivatives of D as
M 1 5 M* M 1 3 M3 1
|0D(2)| < ~ + ok |0°D(2)| < -~ + = + = |0°D(2)| < -~ +...+;. (B.16)

(I3). We have y < 1/n and |z| > 2/M. We expand Equation (B.15) to second order
in y. Expanding first the exponentials and then derivatives of D where needed we get

(B.15) = —( —i0D(z) + i0D(x — my) + imyd? D(x — my)

+ O(n*y*0D(z — my)) + O(nmy*0*D(x — my)))

< n?sup |0D(z — my)| + nmsup |0>D(x — my)| + m? sup [0°D(z — my)|.
y y y

Now we use the bounds Equation (B.16) and use that z := x —my has |z| > |z| —m/n =
|z] —1/M + O(1/(Mn)) (recall that mM =n + O(1)) and |z| > 2/M. Thus

5o / dz (n?[0D(2)| + nm|@*D(2)| + m?|0°D(2)]) < Rlog R.

1/M

(I;). We expand the exponentials e = 1+ O(y). Then

0D@)| | nloD( ~my)| | |0D(w ~my)| | mlo*D(x ~ my)

B.15)| <
(B.15)] 7 ; 7 "

Using the bounds Equation (B.16) as before and noting that || > 2/M and z = z — my
has |z| > 1/M one easily sees that I, < R?(log R)?.
(I5). Again, expanding the exponentials e®Y = 1 + O(y) we have as for I, that

0D()| | nloD( —my)|  0D( —my)| , m|o*Dia ~ my)|

B.15)| <
(B.15)] 7 ; 7 ”
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We use the bounds

M M
0D(2)| = |Y _ke™*| < M?, [0°D(z)| = |Y_ ke < MP.
k=0 k=0

Thus

1 [ M2 M2+ mM3

= A nME A ), < R2log R.

T R y S Rlog
1/n

I5s S

We conclude that

T T Mo ARy iy _ _
-7 0 k=0

Y2
Together with Equation (B.14) this concludes the proof. O
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