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Abstract

We consider a gas of N weakly interacting bosons in the ground state. Such gases exhibit
Bose-Einstein condensation. The binding energy is defined as the energy it takes to remove
one particle from the gas. In this article, we prove an asymptotic expansion for the binding
energy, and compute the first orders explicitly for the homogeneous gas. Our result addresses
in particular a conjecture by Nam (Lett Math Phys 108(1):141-159, 2018), and provides an
asymptotic expansion of the ionization energy of bosonic atoms.
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1 Introduction and Main Results

We consider the N-particle Hamiltonian

N
HN.w)y=Y Ti+ Y  wlx—x), ey
i=1 1<i<j<N
with T, = —A; + V'(x;) and V', w : RY — R, as an operator on the bosonic Hilbert
space
®sN
Hiym = (L2 ()57, @

with ®; the symmetric tensor product. We let the dimension d > 1 and distinguish two cases:

e Q@ =R? with V**!(x) — 00 as |x| — oo. In this case we call the system the trapped
Bose gas.

e © = T, the unit torus. In this case we set VX' = 0 and call the system the homogeneous
Bose gas.

We are interested in the mean-field limit, i.e., an interaction
w=Ayv, withiy :=(N—1)"", 3)

and v : R? — R. The spectral properties of (1) in the mean-field limit have been extensively
studied; let us refer to [15] for a more general review of the mean-field and more singular
models. The leading order of the energy is described by the Hartree energy functional (9).
More recently, the next-to leading order of the low-lying eigenvalues and the corresponding
eigenfunctions has been understood rigorously in terms of Bogoliubov theory, see [11-13,
16, 19] for recent results, and [4] for Bogoliubov’s original paper. The eigenfunctions in
Bogoliubov theory are described in terms of quasi-free states (and the ground state is exactly
a quasi-free state). This allows in particular a perturbative expansion around Bogoliubov
theory with coefficients that can be explicitly computed, see [9]. In this article we explore the
consequences of this perturbative expansion in more detail by proving an expansion not just
for the energy of an N-body system, but for the binding energy. If the many-body system is
an atom, this quantity is known as the ionization energy.

Let us denote the ground state energy, i.e., the lowest eigenvalue of H (N, w),by E(N, w).
The binding energy is the energy necessary to remove one particle from the ground state,
i.e., it is defined as

AE(N,Anyv) := E(N,ANyv) — E(N — 1, Ayv). “4)

Here, we assume that the Bose gases of N and N — 1 particles have the same coupling
constant A . In [18], it was proven by Nam that for the homogeneous Bose gas

2.2

1 o
AE(N, ) = AN = D00 + —(es — Y P 4 o(1) 5)
N 1 —a?
pe@nZ)? P
p#0
in the limit N — oo and AN — 1, where
v(p) 1 N
ap = , e = —— Z Otpv(p), (6)
2 = 4 275 2
p”+u(p) +vp* +2p°u(p) pe@nzy!
p#0
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and v(p) = f v(x)e~P* dx for all p € (2nZ)? denotes the Fourier transform of v. The
result holds for even and bounded v with nonnegative Fourier transform. We improve this
result in two directions:

e We prove an asymptotic expansion of AE(N, Ayv) in powers of Ay .
e We prove this expansion for both the homogeneous and the trapped Bose gas.

Note that Nam mentioned an extension of (5) to trapped bosons as an open problem and set
up a conjecture about this generalization, see [18, Conjecture 6]. We address this problem in
particular with Theorem 4 and elaborate on the conjecture in Remark 5 and Sect. 3.1.

The proof of an asymptotic expansion of the binding energy has become possible through
the work [9], where asymptotic expansions for the ground state, low energy excited states, and
their corresponding energies have been proven. Our article is an application of that expansion
for the ground state energy. Note that the work [9] was in turn inspired by an analogous result
for the dynamics [8]; see also the follow-up work [10]. Let us refer to [5] and [6] for reviews
of both results, and note that in [7] the results from [9] are applied to derive an Edgeworth
expansion for the fluctuations of bounded one-body operators with respect to the ground state
and low-energy excited states of the weakly interacting Bose gas.

In order to state our main results we need a few technical assumptions. These are the same
assumptions that were made for proving the asymptotic expansion of the ground state and
the ground state energy in [9]. We briefly list and explain these assumptions here and refer
to [9, Sect. 2.1] for more details.

Assumption 1 Let Ve*' : RY — R be measurable, locally bounded and non-negative and let
V&(x) tend to infinity as |x| — oo, i.e.,

inf V™'(x) - coas R — oo. @)
[x|>R

This assumption implies in particular that VX! is confining.

Assumption 2 Let v : R? — R be measurable with v(—x) = v(x) and v = 0, and assume
that there exists a constant C > 0 such that, in the sense of operators on Q(—A) = H L(RY),

P <C-4). ®)
Besides, assume that v is of positive type, i.e., that it has a non-negative Fourier transform.

Together, Assumptions 1 and 2 imply self-adjointness of H(N, Av) for any A € R (by
Kato—Rellich). Let us recall that it has been proven in many settings that weakly interacting
bosons exhibit Bose—Einstein condensation, which means a macroscopic occupation of the
one-particle state ¢ € L*(£2). In our setting the condensate wave function ¢ is the minimizer
of the Hartree energy functional

1
Enl] = / (1IV6@)P + V'@ e () dr + 3 / v = I Plp ()P drdy. 9)

The corresponding Hartree energy is ey := infyeyi(q) jg)=1 Enle] = Enlel. Assumptions
1 and 2 imply all necessary properties of the Hartree minimizer ¢, in particular its existence
and uniqueness, and the existence of a spectral gap above the ground state of the one-body
Hartree operator i = T + v * |¢|%.
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48 Page4of18 L. BoBmann et al.

Assumption 3 Assume that there exist constants C; > O and 0 < C; < 1, as well as a
function ¢ : N — ]Rg with

lim N"3&(N) < Cy,
N—o00o

such that
N
H(N,iyv) — New = C2 Y hj —&(N) (10)
j=1

in the sense of operators on D(H (N, Ayv)).

Assumptions 2 and 3 hold in particular for any bounded even v with nonnegative Fourier
transform [11], and for the three-dimensional repulsive Coulomb potential v(x) = |x|~!
[13]. Assumption 3 ensures complete Bose—Einstein condensation of the N-body state in the
Hartree minimizer ¢ with a sufficiently good rate. With these assumptions we can state our
main results.

Theorem 4 Consider the trapped Bose gas, i.e., the Hamiltonian

N
HIN vy =Y (= A+ VRG)) + Ay Y vl — x)), (11)

i=1 I<i<j<N

and let Assumptions 1, 2, and 3 hold. Then, for any a € N, the binding energy as defined in
(4) has an expansion

a
AE(N, Ayv) = Y ALEX™ 4+ 004, (12)
j=0
We have
bindi 1
Eg" ™ = en + (o, (v 101%)e) = (0. (— A+ V™ + v 9*)p). (13)

and the coefficients E?mdmg for j > 1 are stated in Proposition 10.

Proof The theorem follows from the corresponding expansions for E(N, Ayv) and E(N —
1, Anv) in Proposition 10. O

Remark 5 Let us compare this result with [18, Conjecture 6]. Note that here we have adapted
the conjecture to our notation.

Conjecture ([18, Conjecture 6]) Under appropriate conditions on T and v,
E(N,A) —E(N—=1,20)=A+CN ' +oN"h (14)

as N — ocoand AN — 1, with coefficients A and C as given in [18, Sect. 5] (or see Sect.3.1).

In particular, A = Egmdmg. However, the conjectured coefficient C is in general not equal to
E ?mdmg, except for the homogeneous Bose gas. We elaborate on this in Sect. 3.1.
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Remark 6 Note that Theorem 4 also applies to bosonic atoms, where the binding energy is
referred to as ionization energy [1]. An atom with N spinless “bosonic electrons” and Z
nuclei is described by the Hamiltonian

N

Z 1
t’ —_— + — — P
HW_Z<_A’ |x,-|>Jr 2 (15

i=1 I<i<j<N
acting on ’Hs@m. Rescaling the coordinates x; — Ayx; and setting t = (N — 1)/Z leads to

N

1 1
)\2 Fatom _ (_AA_7>+)LN - (16)
NNt Z ! tlx;i Z |x'—xj|

i=1 l<i<j<N "

We consider the limit where N — oo with ¢ fixed. It is known [14] that there is a critical
t. € (1,2) such that for t < t,, the quantum problem and the corresponding Hartree energy
functional have unique ground states. That the first-order contribution of the ground state
energy is given by inf o (Hy ;) = Ney (t) + o(N) as N — oo, where ey (¢) is the infimum
of the corresponding Hartree energy functional, was proved by Benguria and Lieb [2]. Bach
[1] showed that the first-order contribution to the ionization energy can be described as well
in terms of the Hartree energy. In [13, 17], it was then shown that the low-energy eigenvalues
of Hy ; below the essential spectrum are determined by Bogoliubov theory. As explained in
[9, Remark 3.6] the bosonic atom meets all the required criteria for an asymptotic expansion
of the low-energy eigenvalues in inverse powers of Ay, similarly as in the case of confined
bosons. Since the proof of Theorem 4 is entirely based on the asymptotic expansion of the
low-energy eigenvalues, it also applies to the Hamiltonian (16) for bosonic atoms, and thus
provides an asymptotic expansion for the ionization energy.

Remark 7 Just as the results of [9], Theorem 4 holds under more general assumptions than
Assumptions 1, 2, and 3. These are the assumptions (A1) and (A2) in [13], our Assumption 3
(which is slightly stronger than (A3s) from [13]), and Inequality (8). We refer to [9, Remark
3.6] for more details. These more general assumptions can be satisfied for interactions v that
are not of positive type, for example, the two-dimensional Coulomb gas discussed in [13,
Sec. 3.2], where v(x) = —log |x].

binding __

For the homogeneous case, E = v(0) can be concluded from [19], and
bind P2’ o
ndain, -~
E" =g~ ) L= ) it (17)
l—« I+oap
pe@rZ)? p#£0 P pe@rZ)? p#0

is already known from [18]. We compute here the next coefficient Eginding. In the following
theorem all summations are over the lattice (27 Z)<.

Theorem 8 For the homogeneous Bose gas the expansion (12) from Theorem 4 is true under
Assumption 2 with R? replaced by T? and Assumption 3. The second-order coefficient is
given by

- 2 2
E;mdmg _ Z k=yion (kzyko'k . f(k)) +6 Z ( (k+6)~ga(k, £) ) %

k20 e(k) K020 eky+ell)+etk+10)
k+0#£0 (18)
201170081k 0) (0 + Ve 82k, ©)
etk +0) ety +e@) +ek+0) )’
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with
[ o . v(p)
e(p) =/ p* +2p70(p), ap = ——— = —
p~+v(p)++/p*+2p-v(p)
1
Opi= —F———, Vp :=Ap0p, (19)
/ 2
1—0tp
and

f®) 1= = 30— Oye(0For + 200neve + o) — TR ok — e Y P

£#£0 £#£0
0k
_ _ I
=207 Y 0O ye(0e = y0) + 2000 yilox — v + S0 (o + ),
0£0

(20a)

1] ~
g1k, £) := E[U(k)(dk%(fz + vieve) (or — vi) + 00 (ok4e0k + virevi) (o0 — ve)

—0(k + 0)(oevk + oxve) (okre — Vk+£):|7
(20b)

1] ~
g2k, £) := —E[U(k)(l/k+£0€ + oxreve) (ox — k) + 0O (vse0k + orteve) (o — ve)

+0(k + €)(oeyk + orye) (okre — Vk+£)]-
(20c¢)

Proof The quantity E;mding on the torus is computed in Sect.3.2. O

Note that our analysis can be extended to excited states in a similar way but we do not
pursue this here. An interesting open problem would be to prove an expression for the binding
energy in the more singular Gross—Pitaevskii regime (see, e.g., [3] and [15]), where in three
dimensions w(x) = N2v(Nx) for suitable N-independent v.

Remark 9 Note in particular that Egmdmg > 0 and E}fmdmg < 0. The sign of E;mdmg is
not in general evident. However, for an interaction v (k) := '17(%) with A > 0 large a

straightforward computation yields the scaling behavior

indin, k2 A A —~ k—1¢
R INEDD % >3 )Mo oua) +0(8). @D
0 it

=0(A2)

and thus we can conclude that E;inding(A) > 0 for A large enough.

The rest of the article is organized as follows. In Sect.2, we prove Proposition 10 which
immediately implies the proof of Theorem 4. More concretely, in Sect. 2.1, we first conjugate
H(N — 1, Ayv) with a unitary map, which allows us to express the Hamiltonian in terms of
excitations around the condensate. This conjugated Hamiltonian can then be expanded in a
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power series in A}V/Z. Then, in Sect. 2.2, we prove the corresponding expansion of E(N —1, Av)

in Proposition 10. In Sect. 3, we compute E ?mdmg in order to compare our result in detail with
[18]. Finally, in Sect. 3.2, we compute Ell)mdmg and E};mdmg

Bose gas, i.e., we prove Theorem 8.

explicitly for the homogeneous

2 Proof of the Expansion
2.1 The Hamiltonians on the Excitation Fock Space

We fix ¢ to be the solution to the Hartree equation

(T + 016l = (0. (T + v 5 0e))o =0, 22)
i.e., ¢ is the minimizer of the Hartree functional (9). Let us define
h(w) :=T + w * |p|* — w(w), with p(w) := (@, (T + w * |p|»)g), (23)

and eg(w) := (@, (T + %w * |(p|2)<p). With this notation ¢ is the solution of 4 (v)¢ = 0. The
N-body Hamiltonian (1) with interaction w can be rewritten as

N
1
H(N,w) = Neu((N — Dw) + Y _hj((N — DHw) + ~ 1 > WiV = Dw),
j=1 I<i<j<N
(24)

where we defined
Wij(w) = W(w)(x;, x;)
= w —x;) — (wx 9?) () — (wx 191?) () + (@, w o*p).  (25)

With these definitions, the N-body Hamiltonian with interaction w = Ayv = (N — 1)~y
is

N
1
H(N) := H(N, »yv) = Neg(v) + ;hj(v) + 1 Z ) Wii(v),  (26)
= <i<j<

and the (N — 1)-body Hamiltonian with the same coupling constant Ay is

H(N —1):= H(N — 1, Ayv)

N—1
1
:(N—l)eH(v—ANv)+Zhj(v—)wv)—l—m > Wi =),
j=1 l<i<j<N-1

27)

where we used (N — 2)Ayv = v — Ayv. In order to prove Theorem 4 we derive asymptotic
expansions for the ground state energies of H(N) and H (N — 1) separately and then use the
definition (4) of the binding energy.! The expansion for H (N) was already proven in [9]. The

1 The advantage of this method is that the leading order in the expansions of the ground states of H(N)
and H(N — 1) is the same, and, up to a known unitary transformation, independent of N (it is given by
Bogoliubov theory, as explained around Egs. (43) and (50)). This allows for a simple computation of all the
following orders. Alternatively, one may consider treating H (N — 1) as a perturbation of H(N). However,
in this approach, the ground state of the unperturbed system will depend on N, making computations of the
following higher orders more difficult.
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48 Page80f18 L. BoBmann et al.

adaption to H (N — 1) requires some modifications since H (N —1)isnotequal to H(N — 1)
due to the fact that we keep the same coupling constant Ay for both the Hamiltonians H (N)
and H (N — 1). In the rest of this section we explain the necessary modifications. With
these modifications, we then prove in Sect.2.2 the expansion of the ground state energy of
H(N —1).

For f,g € L2(Q), we introduce the usual creation and annihilation operators a*(f) and
a(f), which satisfy the CCR [a(f), a(g)] = 0 = [a*(f),a*(®)]. [a(f),a* (] = ([, g)-
For ease of notation we will often use the operator-valued distributions a} and a,. Denoting
by f(x) the complex conjugate of f(x), these are defined by

a*(f) :/dxf(x)aj:, a(f)Z/dxf(x)ax~ (28)
They satisfy the CCR [ay, ay] = 0 = [a], a’y"] and [ay,, a’y"] = 8(x —y). We define the second

quantization of a one-body operator A on L2(2) with integral kernel A(x, y) as

dI'(A) = /dx dyalA(x, yay. (29)
In particular, the excitation number operator is given by
N :=dI(g), (30)

where ¢ := 1 — p with p := |pX¢|.
Next, we perform a version of Bogoliubov’s c-number substitution [4] as it was introduced
in [13]. For this, we define a unitary map

a@)N~
Ung: Hip = FEN = @@wﬁ WI—)Z @/< : \1/) (31)
=0 sym VN =)
We call Uy, the excitation map and ]:fN the truncated excitation Fock space. Furthermore

FiL =B, ®§ym{<p}L denotes the excitation Fock space without truncation. Note that
every wave function W can be decomposed as

N k
W= gV P x®, with x© e @)t (32)
k=0 sym
and that Uy ,¥ = (X(O), X(l), R X(N)). For general interactions w, we find by an explicit

computation, similar as in [9, 13] that

Ung H(N,w)Uy , = Neu((N — Dw) +H*(N, w) + H*™(N, w), ~ (33)

with
NJ_
H™(N, w) = Ko((N — hw) + -~ Ki ((N = Dw)
N — N N-N| -1
+ (Kz((N _ 1)w) \/( J_)(_ 1 1 ) C.) (34)
VN — 1
+ <K3((N — 1)w)7NJ' +h.c.> + 7K4((N - 1)w),
N —1 N -1
where h.c. denotes the Hermitian conjugate of the preceding term, and
H*"™(N, w) = N — Nia(qgh((N — Dw)g) + h.c.. (35)
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Here, we have defined

Ko(w) :=dI'(gh(w)q), (362)
Ki(w) :=dI'(K1(w)), (36b)
Ky (w) := %/dxl dxy Ky (w)(xy; xz)a;"la;‘z, (36¢)
Ks(w) = /dxl dxy dx3 K3(w)(x1, x2; x3)a;|a;2ax3, (36d)
Ky (w) = % /dxl dx dxz dxg Ka(w)(x1, x2;5 X3, X4)ay, @y, ax; Ay, (36e)

with, setting K (w)(x, y) := o(y)w(x — y)¢(x),
Ky(w)(x1; x2) 1= /dyl dy2 q(x1, yD K (w)(y1, y2)g (2, x2), (37a)
Ky (w)(xy; x2) := /dyl dys> g(x1, y1)q(x2, y2) K (w)(y1, ¥2), (37b)

K3(w)(x1, x2; x3) == / dyy dyz g(x1, yDq(x2, y2 ) W(w)(y1, y2)o(y1)g (2, x3),
(37¢)

Ka(w)(x1, x25 x3, x4) 1= /d)’l dy2 q(x1, y1)gq(x2, y)Ww)(y1, y2)q (y1, x3)q (y2, x4),
(374d)
where ¢ (x, y) is the integral kernel of ¢ and W was defined in (25).
We now map the Hamiltonians to their respective excitations spaces. For the N-body
Hamiltonian H (N) from (26), Eq. (33) gives
Un,y H(N, Anv) U,f,.(p
= Neg(v) + H¥ (N, Ayv) + H*"™(N, Ayv)
N —-N|
N -1

= Nen(v) + Ko(v) +

/N_
+ (KS(U)Ni_';\/L

=: NeH(v) + H(N), (38)

VIN=NDIN =N -1 —|—h.c.)
N —1

Ki(v) + (Kz(v)

1
h.c. —K
+ C>+N—1 4(v)

since H*"™ (N, Ay v) = 0 due to h(v)e = 0. For the (N — 1)-body Hamiltonian ﬁ(N -1
from (27), Eq. (33) yields

Un—1.o HIN = 1,2y0) Uy,
= (N = Denu((N —2)Ayv) + H*(N — 1, Ayv) + H*"*(N — 1, Ayv)

1
= (N = Den(v) = S, (v lo1*)e) + Ko(v) — Ay dT (g * o> — (¢, v * l¢I*p)]q)

N-N| -1 N—-—1—N})(N—-2—-N
+ Ni—J—lKI (U) + <K2(U) \/( Nli(l J_) + hC)
N—T-N
+ ((K3<v> — (g (v loP)g) TR +h.c.) + avKa()
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48 Page 100f18 L. BoBmann et al.

1 ~
=t (N = Den() = 5(p, (v o)) + H(N — 1), (39)

where we used h(v)g = 0. Note that here there is a contribution from HeX2,

Next, we expand H(N) : ffN — ffN and ﬁ(N —1): fqu — }'fN*l in power
series in 1/ . We begin with HI(N). Following [9, Def. 3.9], it is convenient to extend H(N) to
anoperatoron F as H(N)@E](V_l), where E,(V_l) = E/(\(,)) —(El(\,l) — E](\?)), with El(\',’) the eigen-
values of H(N). Note that Ej(\(,)) is non-degenerate, so E 1(\/_1) < E](\(,)). We continue to denote
this extended operator by H(N). Following [9, Sect. 3.2], it is furthermore convenient to
treat the particle number conserving terms in H(N) acting on 7V := @2 11 (@ﬁ‘ym{go}l
separately. Thus, we write

H(N) = H=(N) + H” (N), (40)
with
H<(N) := Ko(v) + LMK[(U) + (Kz(v) VI - NV - Ny - DIy + h.c.)
N—-1 N -1
VIN = N1+ 1
+ <K3(0)W + hC) + ﬁKA;(U),
(41)
where [-]+ denotes the positive part, and
_ N —N. 1
H>(N) :=0& (E,(V D _Ko) — ﬁKl ) — ﬁK4(u)) , (42)

where @ is to be understood w.r.t. the decomposition 7| = F fN (4] ]-'iN . Here, we added
in H<(N) the action of the particle number conserving terms on F>% and subtracted them
again in H~ (N). Then, a Taylor expansion of the square roots allows us to write, for any
a €N,

a
ir2 (a+1)/2
H=(N) =Ho + Y Ay H; + 23 TR, (43)
j=1

as was shown in [9, Proposition 3.12]. Here, H is the Bogoliubov Hamiltonian

Ho = Ko(v) + Ky (v) + (Kz(v) + h.c.), (44)
and

H; := K3(v) +h.c., (45a)

Hy := —(NL — DK (v) — (Kz(v) (NL - %) + h.C.) +Ka(v), (45b)

Hajoy = cjo (Ks@)(Vi — 1) +he), (450)

j
Haj = Y dj(Ke@)(VL = 1) +hee), (45d)
v=0

for j > 2, with coefficients

E=He+PE+H-¢+j-3

(©) ©)
C, = 1, cC. = "
0 Jj J'

cepi=c (=D, @6a)
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dj, = chmcg%c;@v (j=v=>0). (46b)

The remainder R,, defined by (43), still depends on N, but can be estimated uniformly in
N in terms of powers of the number operator, and in terms of M| and Hy fora < 2 if v is
unbounded; see [9,}emmas 3.11 and 5.2].
We now turn to H(N — 1). Analogously to above, we extend it to an operator on F , and
write it as
HN-D=HN-1)+H W -1, (47)
with

H=(N — 1) :=Ko(v) — Ay dT(q[v * 0> — (0. v * l9*0)]q)

NN =Ty oyt (Kz(v)\/ -1 _NL)(N —2-NDk h.c.)
N-1 —1
. VIN -1-N
+ ((Ks(v) —a*(q(v=* Iw\z)w)% +hee | + avKa(v),
(48)
and
BV =1 =00 (E\!) - Kow) + Ay dl(g[v+ 01 = (0. v 5190} ]q)

N—NL— “9

e O))

where here @ is to be understood w.r.t. the decomposition 7| = F fN_l (&) ]—"jN 71, and
El(\,)1 denote the eigenvalues of ]HI(N — 1), with E( 1) = E(O) — (Ef\}ll - Eg?ll). We
then expand H=<(N — 1) for any a € N as

a
BV — 1) =Ho+ Yy "H; + 25 VR, (50)
j=1
where
i, .= (K3(U) —a*(q(v * |(p|2)(p)) +he., (51a)

My := —dl(q[v * o> — (@. v * l¢I*0)]q)

1 (51b)
- N1 K;(v) — (Kz(v) <NL + 3 +h. C) + K4 (v),
iy = cj_l(K3(v) —a*(q(v*10P)9) ) "Yhe., 51c)
j
Moy = Y dju(KaNY +h.c.) (51d)
v=0

for j > 2. The remainder ]ﬁa can be bounded analogously to R, in particular uniformly in
N, as we will explain in the proof of Proposition 10. Note that the leading order term Hy is
the same in the expansions (43) and (50). The i ; Hamiltonians differ from the H; in the
following way:
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o KK3(v) is replaced by K3 (v) — a*(q (v * |¢[?)p) =: Ks(v),
e anextra term —dI'(q[v * |o]> — (¢, v * |p]>p)]q) is added for j = 2,
e N isreplaced by V| + 1.

Note that the formulas (51) can be simplified by using the properties of the coefficients ¢ ; and
dj,,.Equivalently we could use the fact that (51) can be obtained from replacing N — N —1,

v — %—jv, and K3 — ]K3 in the Taylor expansion of H=(N) from (43) in all terms except

the constant terms and those involving Kg. Then the H jforj=Tlandj > 3 canbeexpressed

in terms of the H; if one additionally replaces K3 by K3 wherever it occurs. For example,
we find for j = 1, 2, 3, 4 that

Hy = H, |]K3a]1~<3’ H, = H, — Ho + dI'(q[T — (¢, T9)]q). (52a)

f; = (H3 - 1Hl)

5 _ .,  Hy=H,. (52b)

]K3~>K3

2.2 Expansions of the Ground State Energies

One of the main results of [9] is an expansion of the ground state energy of H(N, Ayv) in
powers of Ay. Using the computations from Sect.2.1 we can adapt this result to yield an
expansion of the ground state energy of H(N — 1, Axv) in powers of A as well. We denote
the unique ground state of Hy from Eq. (44) by x, its ground state energy by Ej, introduce
the projections

Po := Ixo){xol, Qo:=1-"DPo, (53)
and define
—Py k=0,
O = 54
B -
(Eo — Ho)

Then the following holds.

Proposition 10 Let a € Ny and let Assumptions 1, 2, and 3 hold. Then for sufficiently large
N there exist C(a) > 0 such that

a
E(N,Ayv) — New — Eo — Y My E¢| < C@ry™, (55)
(=1

with

Z Z Z (m) XOs @ml .'.H-iv—l©mv—lHj\,X0), (56)

v=Il jeN" ,, NV
ljl= 2f|m\ —y—1

where k(m) .= 1+ HM tmy = O}| e {l...,v — 1} is the number of operators Py within
the scalar product. Furthermore,

1 4 ~
E(N = 1.2xv) = (N = e+ 3 (. 0 o)) = Eo = 34y Ee| < @y,
=1
(57)
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where E ¢ is defined by Eq. (56) with H; replaced by ]HI The coefficients from Theorem 4

are given by Ebmdlng E; — E

Note that x( and Qk are the same in the formulas for E, and E ¢, since the leading order
of both H=(N) and H=(N — 1) is the same, namely Hp.

Proof The estimate (55) is proven in [9, Theorem 2]. It is based on Rayleigh—Schrddinger
perturbation theory applied to H((N). More exactly, a rigorous expansion of the projection [P
on the ground state of H(V) is proven, and based on that an expansion of the ground state
energy £ = Tr H(N)P. The estimate (57) can be obtained with the same strategy, but here
the underlying Hamiltonian H(N — 1) is different. In order to make the proof from [9] work,
two things have to be checked:

(a) Estlmates for ]HI and ]R First, note that [9, Lemma 5.2] still holds when we replace
K3 by K3 and ]HI(N) by ]HI(N — 1), i.e., we still have

IKS o1l < Clove + D32l (58a)
[[E=v =0 Do s = CONNL+ D Bl (58D)

for some C > 0 and C(¢) > 0, and for all ¢ € F, . Additionally, we have
< CIWL+ 12|l (59)

for some C > 0 and for all ¢ € F,, so we can use the same bounds for ]ﬁlg as we have
used for H in [9]. Since [9, Lemma 5 3 (a)] is proven direclly by using [9, Lemma 5.2],
it also holds when H; is replaced by ]HI The estimates for R, are obtained analogously.

(b) Occurrence of m> (N —1).In Eq. (49) we have defined H> (N — 1) in such a way that
[9, Proposition 3.14] can be applied, meaning that the operator H> (N — 1) does not
contribute to P.

Thus, the proof of [9, Theorem 2] still works when we replace H(N) by ]ﬁI(N — 1), meaning
that (57) holds.

3 Explicit Computations

We use the notation
HY = Hy — H; = a*(q(v % 1¢1*)g) + h.c., (60)
and abbreviate O := Q).

3.1 The Trapped Bose Gas

In this section we compute Ei’indi"g for the trapped Bose gas and compare the result with
Nam’s conjecture [18, Conjecture 6]. For £ = 1, the formula (56) is E1 = ()¢, Haxo) +
(x0, HiOH], x ). Thus, using the formulas (52a), we find
Ebmdmg E| — El
= (x0. Hoxo) — (x0.dT'(¢[T — (9. Te)]q) xo) + 2Re(xo. H{*"OH, )
_<X07 H?xtra@)Hel:xtraXO)- (61)
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The main part of the conjecture is that

EP™M" = € = (x0, Hoxo) — (X0, AT (¢[T — (¢, T¥)]q) x0), (62)

which does not in general agree with the correct expression (61). Note, however, that it does
agree for the homogeneous Bose gas, since then H{*™ = 0.

The discrepancy can be explained as follows. Let x denote the ground state of H(N). Our
results imply that

By :=2Re(x,a*(q(v * l¢[*)@)x) = N~'/22Re(x, H"™OH, x) + O(N /%), (63)

i.e, this term is O(N_1/2). This is in contrast to the prediction By = o(N_l/z) from [18].
Moreover, a closer look at the estimates in [18] reveals that two bounds are proven, namely

EP" > ¢ 4 N'2By + o(1), (64a)

EP"™ < ¢+ N'2By +2D +0(1), (64b)
where D := —(x. H‘]”‘“a@H?x'“a Xo) = 0. The correct expression in the limit N — oo,
however, is as in (61), i.e., Ei’mdmg =C+ N'2By + D.

3.2 The Homogeneous Bose Gas

For the homogeneous Bose gas ¢(x) = 1, which implies v * |¢|? = 5(0), q(v * |¢|2)<p =0
and thus H{*"™ = 0, and T'¢ = 0. Then the formulas (52) simplify to

~ ~ ~ 1 ~
Hy =H;, Hy=H,—-Ho+dl'(gTq), Hz=H;—--H;, Hy=Hy (65)

2
Thus Eq. (61) becomes
bindi
E}™M™ = (x0. (Ho — dT'(¢Tq))Xo) = Eo — (Xo-dT(qTq) x0)- (66)
In order to compute E;i“di"g , note that Eq. (56) for £ = 2 can be written as

E> = {x0, Haxo) + (X0, H3OH1 x0) + (X0, H1OH;3 x ) + (X0, H2OH x)
+ (X0, HoOH OH| x ) + (X0, HIOH, — E1)OH] x) + (X0, HiOH;OH, x )
+ (XO,Hl@Hl@Hl@Hlxo).
(67)

Then a computation using (65), Hoxg = Eoxg, Oxo = 0, and HoO = Hy E()Qi(ho =

—Qo + EoO yields

Elzainding = Ey — Ez
= —2Re(x¢,dI'(qTq)OH; () — 2Re(x, dT'(¢T¢)OH,; OH; x )
—(X0,dT(gT@)QdAT (qTq)xo) — {Xo. Hl@(dl‘(qTq) —{Xo> dF(qTq)xO>>®H1xO>-
(68)

In the rest of this section all summations are over the lattice (277 Z)<. In Fourier representation,
the operators Hy, d["(¢T¢), H, and H, read

1
Ho =Y (k*+9()aja + 3 > V) (apa*y + ava—y), (69a)
k0 k0
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dl(qTq) =Y Kaja, (69b)
k#£0
Hy = Y d(k)ajajarie+he., (69¢)
k,0£0
k-+E#£0
~ 1 - 1
H, = — Z v(k)a;ajagax — 5 Z v(k)a,fafk<2a2‘ae — E) + h.c.
k,£#0 k#0 L#0
) (69d)
+ty ) U - Odaaage.

ok ££0
J—t#0, j+k—0£0
Furthermore, the Bogoliubov transformation Up that diagonalizes the Bogoliubov Hamil-

tonian Hj acts on creation and annihilation operators in the following way. For p # 0,
(70a)

Upa,Up = opap, — ypafp,
(70b)

kprk *
UBapUB =0pa, — Ypi—p,

with o, and y), defined in (19). Then
UpHoUg = Eo + Zs(k)a,’gak, with e(k) = Vk* + 2k20(k), (71)
k#0
so the ground state of Hl is | xo) = Uj|2). The unitary map Up consequently diagonalizes
O as well and we find
1
UgQUja® ...a% |Q) = — at ...a¥ |Q 72
BOUs @y -y o0 T e(p 72
forall 0 # pi, ..., p, € 2nZ)¢. We can now compute E?indmg and Eginding explicitly.
Computation of E?mdmg. Using (69a) and (69b) in (66) we find
oy
1+ o '

o - 1. D
Ellmdlng =N, Ug (v(k)a,fak + Ev(k)(a,fafk + aka_k))UEQ) =- Z v(k)
Z k0
(73)

k#0
We can now either use a direct computation based on the definition of «, to show that (17)
holds, or we directly compute with (69b) that
2
k a,%
5. (74
I —of

bindi
E)"M = Eg— Y K(Q, UpaiayUpQ) = Eo — Y Ky =Eo— Y
k#0 k#0 k#0

Computation of E;indmg. We compute each term in (68) separately. First, note that

Updl'(qTq)Uy = X:kz((ak2 + ykz)a,fak — oryraia’;, — oxyra—rax + )/]{2) (75)
k#£0
Then, in order to compute
(X0- AT (TQ)OHax0) = Y Cor(—ye) (afa*, Q. UsOUUHLURRQ),  (76)

££0
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we only need to know the part of UgH U}, with two a* operators, since UpQU7; is particle-
number conserving. We find

(afa* Q. UgHUpQ) = 2HyY. 0 (k) (77)
with

e I
Hy oo () = =3 Y00k = O (of0e + 20070+ 01y) = 50K = )? Y v

£#£0 ££0
0k
_ _ 1
— 0wy )_VW0ye(0r = yo) + VR)vilox = 1) + 00 (0f + ).
€£0
(78)
This yields
QP
H *(k)
—2Re(xo, AT (gTq)OHxg) = —2 ) kP yrop —= (79)
k0

Next, we compute directly that

k402y2
~ (X0, AT (@70 (qTq)x0) = D — (i)k : (80)
k0

For the computation of the remaining terms, note first that

P
Ut Up = 3 (B ootk Oafafa” _,+ H (kO] i) +hc., (81)
k.6£0
k+E£0
where H] aratar (k, £) and H1 a*aa (k> £) can be written in symmetrical form as

117 ~
HlQa rarar (ko ) = = [”(k)(VHNﬁ + okreve) (ox — k) + 0O (Veteok + ortevi) (o0 — ve)

+ 50k + (v + ouve) (ot — w)], (82)
1 N
HY. (k0 = [U(k)(0k+€0€ + Vireve) (ox — vi) + 0O (0k400k + Vireri) (o0 — we)

— 50k + O)(00n + o) (ot w)]. (82b)

With that we find
— 2Re(x, dI'(¢Tq)OH,OH, x )

HE, (&, 0) H (k, €)
_ 2 l,a*aa\"™" l,a*a*a*
=1 k%;o *k+0 “"*‘”‘“( ek +0) ) (s(k) +s<@+s(k+e)>' (83)

k+€£0

Furthermore,

— (xo- H10( dr(@Tq) = (Xo. dT @T )Xo} ) OHLi Xo)
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=- T O Tte + Vi < ’ ) .
o etk)y +e() +ek+40)
kHE£0

Adding up (79), (80), (83), and (84) yields the expression (18) from Theorem 8.
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