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1 | INTRODUCTION

1.1 | Setup

Hong Chang Ji

Abstract

We consider N X N non-Hermitian random matrices of the
form X + A, where A is a general deterministic matrix and
\/NX consists of independent entries with zero mean, unit
variance, and bounded densities. For this ensemble, we
prove (i) a Wegner estimate, that is, that the local density of
eigenvalues is bounded by N'*°(1) and (ii) that the expected
condition number of any bulk eigenvalue is bounded by
N'+o(): poth results are optimal up to the factor N°(,
The latter result complements the very recent matching
lower bound obtained by Cipolloni et al. and improves the
N-dependence of the upper bounds by Banks et al. and
Jain et al. Our main ingredient, a near-optimal lower tail
estimate for the small singular values of X + A — z, is of
independent interest.
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We consider large N X N random matrices with independent entries and without any symmetry
constraint, so that they are typically not normal and have complex eigenvalues. More precisely,
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our random matrix is of the form X + A, where A is a general deterministic “data” matrix and X is
arandom “noise matrix” consisting of independent complex or real entries with continuous distri-
butions; the ensemble is often called “Information-plus-Noise” model, see for example [12, 21, 22,
26]. The main objects of this paper are the three fundamental spectral quantities of X + A deter-
mining its stability properties, namely, eigenvalues, diagonal eigenvector overlaps (also known as
eigenvalue condition number), and small singular values. We will typically use the scaling where
both ||A|| and || X|| are bounded, independently of N, however our results on the singular values
will be uniform in A, hence they also cover the especially interesting small noise regime after a
trivial rescaling.

We next explain our main motivations to study these quantities, along with their definitions.
The fundamental difficulty in studying a non-normal matrix A, as opposed to a Hermitian one,
is the instability of its spectrum; even a tiny perturbation to A may result in a very large change
in its eigenvalues. To make this precise, we assume that A has a simple spectrum, and write its
spectral decomposition

N
A= Z O'iril;r, Ari = 0;r;, l;rA = O'il;r, (11)
i=1

where o0; = 0;(A)’s are the eigenvalues of A and {l; = [;(A),r; =r;(A) : 1 <i < N} is a bi-
orthogonal family (so that ll.Trj =¢;;) in CN consisting of left and right eigenvectors of A.
Under this normalization, the diagonal eigenvector overlaps are defined as the scale-invariant
quantity

O;;(A) 1= LA NI (A)I1% 1.2)

With this definition, we have the well-known variational identity (see e.g. [8])

(A +E)—o,(A
VO (4) = lim sup{|ol( * t) oi(4) :EECNXN,||E||=1}. 1.3)

This formula shows that the diagonal overlap quantifies the instability of o; against the worst
perturbation, therefore \/(9_” is also called the eigenvalue condition number. However, it is prac-
tically impossible to control O;;(A) for a general deterministic A: One can easily construct
a bi-orthogonal family with arbitrarily large ||I;||%||r;||>, and thus construct a matrix A with
arbitrarily large overlap 0;,(A) but bounded o, (A).

Besides quantifying the instability o;, another interesting feature of the overlap ©;;(A) is that
it connects o; to the shifted singular values of A. This follows from another standard variational
identity;

. oi(A) — 2]
VOu(A) = le_{{‘ll A2 (1.4)

where 4;(A —z) < --- < Ay(A — 2) stand for the singular values of A — z for z € C. Note that
singular values, as (square roots of) the eigenvalues of the Hermitian matrix (A — z)(A — z)*, are
much more stable under perturbations. Thus (1.4) shows that the overlap exactly quantifies the
magnification of the instability of o; in terms of 4;(A — z) for z near o;.
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While the overlap is an uncontrolled object in the worst case, numerical algorithms, whose
computational cost or accuracy should deteriorate with ;;, still perform well in practice; see,
for example [43] and references therein concerning Gaussian elimination. This is often explained
by a mechanism called smoothed analysis capitalizing on the fact that even for the worst A, the
instability of its spectrum is typically regularized by a noise, that is, a random perturbation, for
example in [6-8, 35, 43]. This motivates the investigation of three quantities 0;(A + X), 0;;(A + X),
and 4, (X + A) for small k, where A is a general deterministic matrix and X is a random matrix
with independent entries.

Interestingly, overlaps also appear in a completely unrelated context, namely, in the Dyson-type
stochastic eigenvalue dynamics. Consider the matrix Brownian motion A; = A + B; where the
entries of B; € CV*N are independent standard complex Brownian motions and A has a simple
spectrum. The eigenvalues o;(A;) of A; are martingales with brackets given by

d(o;(Ap), Uj(Az»t = lj(At)*li(At)rj(Az)*ri(At)dt, (0i(Ap), Uj(At»l =0; 1.5)

see [15, Appendix A]. Taking i = j, the diagonal overlap ©;;(4,) is exactly the time derivative of
the quadratic variation of g;(A;). In particular, (1.5) shows that the dynamics of o;(4,) involves
eigenvectors, hence is not autonomous in contrast to the standard Hermitian Dyson Brownian
motion [23].

Finally, we point out yet another context of our results. The noise matrix is rescaled by a factor
1/ \/ﬁ to keep its norm of order one as N grows, that is, the entries of \/ﬁX remain on constant
scale. With this scaling, the celebrated circular law [5, 31, 46] states that if the entries of \/NX
are centered i.i.d. random variables with unit variance, then o;(X)’s are asymptotically uniformly
distributed on the unit disk with density of order N (we consider unnormalized densities through-
out the paper unless stated otherwise). Extension of the circular law for X + A was proved in [46,
Corollary 1.17] as well if A has a limiting *-distribution a, in which case the limit is the Brown
measure of free sum x + a where x is a free circular element. Recently this Brown measure was
studied in detail in [53], where it was proved that there is an open set 3 C C so that this measure
is supported on Band has a strictly positive real analytic density in B. Consequently, the number
of eigenvalues 0;(X + A) in a complex domain D C 3 is typically comparable to N|D| where |D|
is the area of D; see Remark 2.2 for details. We refer to [53, Section 1.1] for a historical exposition
on the eigenvalue density of X + A.

In the special case of the Ginibre ensemble, that is, when the entries of X are i.i.d. Gaussian
and A = 0, the density, or one-point function, of the eigenvalues can be computed explicitly [30]
and it is essentially given by py(2) = g for |z| < 1. For general entry distribution of X, the local

circular law [16] (see also [3, 4]), asserts that Zl. f(o;) is well approximated by g [ f as long

as f lives on a scale much larger than N~1/2, the typical eigenvalue spacing. Thus the density
of eigenvalues is well understood on mesoscopic scales, but it is a highly non-trivial statement
that the density remains absolutely continuous and even constant on arbitrary small scales (in
particular this obviously requires that the distribution of the matrix elements has a continuous
component). Motivated by the theory of random Schrddinger operators, in the Hermitian setup
an upper bound on the eigenvalue density is called Wegner estimate [51]. Its optimal form has been
established in [27, 36] for a large class of Hermitian random matrices (Wigner matrices). Prior to
the current work, no Wegner-type result below the mesoscopic scale N~'/2*¢ has been known
for non-Hermitian i.i.d. random matrices besides the Ginibre case and its elliptic generalizations
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where explicit formulas using planar orthogonal polynomials and contour integral methods are
available, see the recent comprehensive paper [2] and references therein. We finally remark that
optimal upper bounds on the local k-point correlation functions (in particular Wegner estimates
for k = 1) for two-dimensional Coulomb gases with general potential were established in [48]
using non-explicit conditioning methods.

Eigenvalues and eigenvector overlaps of X + A are genuinely non-Hermitian objects which are
hard to access directly. Instead, one typically works with the singular values and singular vectors of
X + A, which are accessible via Hermitian methods, however, the relation between them is subtle.
On the level of the spectrum, Girko’s formula (see 1.23 below) provides an explicit connection,
but it requires to control the lower tail of the small singular values of X + A —z forallz € C
simultaneously. For eigenvectors the situation is much more delicate; there is no direct formula
relating eigenvectors of X + A and singular vectors of X + A — z apart from the special case when
z is exactly an eigenvalue, a conditioning that is technically very hard to handle. Our main results
on eigenvector overlaps and Wegner estimate for eigenvalues both heavily rely on very accurate
lower tail estimates on the lowest singular values of X + A — z and we develop a new method to
estimate them. We remark that singular values and singular vectors of the Information-plus-Noise
model X + A have also been extensively studied in statistics, but with a strong focus on the large
singular values. Our current main interest is the opposite regime, so we refrain from reviewing
the extensive statistics literature on the subject.

1.2 | Our results

The standing assumption on X for all our results is that the entries of \/JVX have continuous dis-
tributions with bounded densities. This guarantees the main mechanism behind the key Wegner
estimates. For certain results, we may additionally assume that the entries of \/NX are centered,
have variance one and have all moments finite. The matrix A can be completely general, for some
results we only assume that A has bounded norm. Before formally stating our main theorems with
precise conditions in Section 2 we informally summarize their content and compare them with
previous results.

The first main result, given precisely in Theorem 2.3 later, concerns an upper bound for the
averaged density of the eigenvalues o;’s. Specifically, we prove that

NOO(N| D)o for complex X,
(N|D|)—°M (1.6)

E#{i : 0;(X+A)e D} <
- for real X,
min,cp 4,(S[A - z])

No(l)

for any ball D of arbitrarily small size in the bulk spectrum (see 2.2 for its definition), where
S[A — z] is the matrix with entrywise imaginary part of A — z. This result is a weak Wegner
estimate: Up to the o(1)-powers it almost shows the absolute continuity and boundedness of the
normalized eigenvalue density. Note that in the real case the estimate necessarily deteriorates near
the real axis; this is because real random matrices tend to have many real eigenvalues (e.g., the
real Ginibre matrices have approximately \/IV real eigenvalues [25]) and once eigenvalues concen-
trate on a one-dimensional submanifold, their two-dimensional density naturally has a singular
component.
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The second main results (Theorem 2.7-2.9 later) concern an upper bound on the diagonal over-
lap O; in expectation sense. Since in the Ginibre case it is known ©;; has a fat tail [15], hence
controlling second or higher moments is impossible. In Theorem 2.7 we prove that

|logN|?> - N(N|DJ|) for complex X,

Eflz 0;X+A)| < D 1.7
l =D 2 i )] ~1llogN|?>- N— NID for real X, (L7
i:0{(X+A)ED min,ep 4;(J[A - z])

where D C C can be any polynomially small (in N) ball and E, is a very high-probability event.
In Theorem 2.9, under somewhat stronger assumptions, we remove the exceptional set, that is,
the factor of Ep, from (1.7). Theorem 2.9 also covers overlaps for real eigenvalues when both X and
A are real, and shows that

(| 3 vewem| s vH(vEin) 0s)

ii0;(X+A)ET

where T C R can be any interval in the bulk spectrum. Up to expectation and the log N (or N°)
factors, both of (1.7) and (1.8) roughly imply O@;; = O(N): The first factors N and \/ﬁ indicate the
sizes of O;; and 1/Oy;, while (N|D]) and (\/ﬁ | |> stand for the expected number of eigenvalues

in the given domains. Our estimates also naturally provide an upper bound on the off-diagonal
overlaps O;; := (I;,1;)(r;,r;) as well by a trivial Schwarz inequality, |0;;| < (9;0; j)l/ 2,

Finally, in Theorems 2.10-2.13, we prove almost optimal lower tail bounds on the singular
values of X + A. To be precise, in Theorem 2.10 we prove that, uniformly over all s > 0,

s?(|logs| + log N)k  for complex X, fixed k > 1,

1.9
s logs| +logN)*  for real X, fixed k > 2, (19)

PINA(X +A) <s] < {

where 4, (X + A) denotes the k-th smallest singular value of X + A. In Theorem 2.11 we remove
the log s factor to exhibit the optimal s-dependence in (1.9) assuming more restrictive conditions
on X, and extend the result for real X to k = 1 when A is also real. The exponents 2k? and k? exactly
express the correct strength of level repulsion among singular values. Finally, in Theorem 2.13, we
prove that for real X, a genuinely complex shift A can improve (1.9) for k = 1 in the sense that

(1.10)

1 logN
PINALCX +4) <51 5 5214 BT )

4 (S[A]

uniformly over all s > 0. The second power of s shows that the tail of the lowest singular value
of X + A follows the behavior of the complex ensemble even though X is real. As a consequence,
for a genuinely complex data matrix A, the same regularization effect can be achieved with a real
noise matrix as with a complex one.

In the next sections we collect previously known results on o;, O;;, and 4;, and explain how
our results (1.6)—(1.10) improve upon them. The situation is somewhat different for general A
matrix and for the important special case when A = —z scalar matrix for some z € C. Most pre-
vious results have only been established for the real or complex Ginibre ensemble, that is, when
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the entries of \/NX are i.i.d. real or complex standard Gaussians. Results valid for general i.i.d.
matrices will be collected separately.

1.3 | Previous results I: X = Ginibre, A = scalar

Since adding a scalar matrix A affects 0;(X + A) and O;;(X + A) merely as a shift, for these
quantities we may assume A = 0.

The density of eigenvalues o; was explicitly computed for complex and real Ginibre ensembles
respectively in [30] and [24]. In particular, results therein imply that uniformly over z € C

pe@) ~ 1zl < D+0(),  po\a@ ~ 101zl < Dmin (VNI Imz|,1) +0(1),  (111)

where pc and pc\r denote the normalized densities of all and non-real eigenvalues of com-
plex and real Ginibre ensembles, respectively. Taking a domain D away from the real axis, our
result (1.6) generalizes the upper bound (1.11) to an almost boundedness of pc and pc\r even for
general (bounded) matrix A and general i.i.d. distribution for X. See Remark 2.6 for more detailed
comparison in the real case. For the real eigenvalues of the real Ginibre ensemble X we mention
that [25, Corollaries 4.5 and 5.2] proved

Ey :i=li:oX)eR} ~ VN,  pp(x):= %%El{i 0i(X) < x}| ~ 1(x € [-1,1]) + o(D).
(112)

While (1.12) is not directly related to (1.6), it shows that the factor of <\/ﬁ |z |> in (1.8) indeed
accurately describes the number of real eigenvalues o;(X + A) in a real interval 7.

Likewise, the overlap O;; has also been studied thoroughly for Ginibre ensembles. In [50] it was
proved for the complex Ginibre ensemble that, uniformly over |z| < 1,

E[0;(X)]o; = z] = NQ — |z|*) + o(1), (1.13)

with a sub-exponential error in N, where the expectation is conditioned on the event that o; = z.
Furthermore, it was recently proved in [15, 29] that ;; has a heavy tail even after proper rescaling:
Uniformly over |z| < 1 and conditionally on the event o; = z,

0;;(X) 12 1 if X is complex Ginibre ensemble [15, Theorem 1.1], (L14)

N1 —|z]?) y;! if X is real Ginibre ensemble and z € R [29, Theorem 2.1], )

where y; and y, are gamma distributed random variables with parameters 1 and 2. This implies
that O;; has a heavy tail without first and second moment in the real and complex case, respec-
tively. In particular, the probabilistic L'-control in (1.7) is practically the strongest possible form of
an upper bound for 9;;, and the same applies to (1.8). We also mention that for real Ginibre ensem-
ble X and |D| 2 1/N, the following nearly optimal upper bound corresponding to the second
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estimate of (1.7) was proved in [18, Theorem 2.5]:

Elz, D, OuX) 5 (ogN)-N(NID)) (115)
G'i(X)GD

for a high-probability event E5. Comparing (1.13)-(1.15) with (1.7)-(1.8), we find that our results
are optimal modulo the factors of log N (or N %) and the denominator in the second estimate of
(1.7). The main novelty is that we are not restricted to Ginibre ensembles and we allow a general
matrix A.

Next, we recall previous results on the singular values when X is real or complex Ginibre ensem-
ble. For singular values a scalar shift A = —z does matter. For the special A = 0 case, the following
optimal result was proved in [44]:

s?*if X is complex Ginibre,
P[NA,(X) < 5] ~ 1.16
IN4(x) <5] {sk2 if X is real Ginibre. (116)

The exponents reflect the strong level repulsion among the first k singular values indicating an
underlying Vandermonde determinant structure for the joint density function.

For the more general A = —z # 0 case; when X is complex Ginibre one can explicitly compute
P[4 (X — 2) < s] for any fixed k, in fact the singular values form a determinantal point process
[10] and thus the analogue of (1.16) for the complex case holds. No explicit formula is available
when X is a real Ginibre ensemble but via supersymmetric methods [18] proved an almost optimal
counterpart of (1.10) for the lowest singular value. See Remarks 2.12 and 2.14 for more details on
(X + A) when X is Ginibre and A = —z.

1.4 | Previous results II: X = Ginibre, A general

As we already mentioned, Wegner-type estimates for o;’s such as (1.6) have not been considered
for general A before.

As far as O;; and A for general A are concerned, all upper bounds on O;; listed below are
obtained using (variants of) the inequalities

s

7E ). Ou(X +A) < N?lim inf
S—

ii0;€D

/ PINA;(X + A—2z) <5s] iz
D 52
(1.17)

- <
E Y VOK+A) <Nliminf [ DEAX+AZD <51,
" 5s—0 1

S
ito;el

proved respectively in [15, Section 3.6] and [8, Lemma 6.2] for the condition numbers of the com-
plex and real eigenvalues. Notice that it is essential to have a tail bound on A, uniformly for all
small s; in particular the prominent tail bounds on N4, that are valid only down to some scale
s 2 N~ with some exponent a > 0, for example [14, Section 4.4], [45, Theorem 2.1], [20, Theorem
1.18], or bounds with a tiny additive factor (to account for the possible discrete distribution of X
which we exclude in our setup), for example [41, Theorem 1.2] would not be useful in (1.17).

The inequalities (1.17) translate estimates such as (1.9) and (1.10) into upper bounds for ©;;, and
in particular one can simply replace A by A — z and plug these estimates into (1.17) if not for the
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logarithmic corrections. In light of (1.17), in what follows, we list previous results on 1,(A + X)
together with their direct consequences for ©;;, even if the resulting upper bounds for ©;; were
not formulated explicitly.

The first result concerning O9;;(X + A) for general A appeared in [7], where the authors proved
for real and complex Ginibre ensemble that

PINL(X +A)<sl<s?, E Y (Dii(X+A)§%(N|D|), for complex X,  (L18)

i:0;(X+A)eD
N
PINL(X+A)<sl<s, E Y \/OH(X+A)5§<\/N|I|), for real X and A.
ii0;(X+A)el

(1.19)

A weaker version of (1.19) was proved earlier in [43] with an additional factor of 2.35. Comparing
these estimates with (1.13)-(1.15) shows that (1.18)-(1.19) are optimal.

1.5 | Previous results III: X, A general

Beyond Gaussian ensembles, (1.18) and (1.19) have been generalized to any X such that the entries
of \/NX have bounded densities, as in the current paper. Namely, for such general X and A, it is
known that

P[NA,(X + A) <s]SNs?, E Z 0;(X + A) SN*N|D|), forcomplexX, (1.20)

i:0;(X+A)ED
PINWX+A) <s]SVNs, E Y VOuX+A) 5 N(\/ﬁm), for real X and A,
it0;(X+A)eT

a.21)

where the first result (1.20) was essentially' proved in [35, Lemma 3.4] and the second result (1.21)
is due to [49, Corollary 1.4]. Prior to [49], a similar result in the real case appeared in [37, Corollary
1.8], which had weaker bound but covered 1, beyond k = 1. In the same setting with general real
X, the overlap O;; at a genuinely complex eigenvalue o; was considered simultaneously in [35]
and [8] improving (1.21) away from the real axis. Specifically, [35, Proposition 4.2] proved for real
X and A and z € C that

N3/2¢2 N3/2(N|DJ)
PINAIX+A—-2)<s] S , E 0;X+A) 5 ——=—. 1.22
! | Im z| i:cr,«(Xz-i—A)eD " min,cp | Im z| (1.22)

A similar result was obtained in [8, Theorem 1.5] with larger powers of N on the right-hand sides,
but this result also covers 4, for k > 1. Notice the additional powers of N in (1.20)—(1.22) compared
to the optimal results (1.18)-(1.19) in the Ginibre case. These are largely due to the geometric meth-
ods used in [35], namely, “invertibility via distance” introduced in [49]. In contrast, in (1.7)—(1.8)
we obtain upper bounds on the overlaps and in (1.9)-(1.10) for the singular values with a nearly
optimal N-dependence using purely analytic methods.

! Estimates therein carry an additional factor of N compared to (1.20), due to an apparent typo in the proof of [35, Lemma
3.4]; the factor n? in the rightmost side of the last inequality in 35, p.3018] should be .
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Finally, we remark that a matching lower bound for O;;(X + A) with general A and i.i.d. X
was recently obtained in [19, Theorem 2.4], which is optimal up to a factor of N o), Lower
bounds require very different methods than upper bounds and they are much more robust, in
particular ©;(X + A) > N'=°() can be proven with very high probability, while the overlap has
a heavy upper tail. The main method of [19] is a very precise multi-resolvent local law on the
Hermitization of X + A closely related to the Eigenstate Thermalization Hypothesis and Quantum
Unique Ergodicity for Hermitian random matrices. No regularity on the density of X was necessary
in [19].

Summarizing, the current paper substantially generalizes many previous results on upper
bounds on overlaps and lower tail bounds on singular values for matrices of the form X + A. We
can deal with very general distributions of X and general matrices A without sacrificing much of
the optimality.

The key new approach is a Wegner type estimate for the singular values; an idea that has been
exploited earlier in the Hermitian (Wigner) setup [27] but has never been used for non-Hermitian
problems. In the main body of this paper we develop the necessary tools to establish a Wegner
estimate for the Hermitization of X + A, then we derive all our estimates from this input. Before
entering the precise details, in the next subsection we sketch the main ideas, especially we indicate
how Hermitian Wegner type estimates for singular values are used to estimate non-Hermitian
eigenvalue density and overlaps.

1.6 | Outline of the proofs

The common ingredient for our main non-Hermitian results (1.6)—(1.8) is the lower tail bound (1.9)
on the first few singular values 4, (X + A) or 1,(X + A — z). First we explain how we use this
bound for our main results and then we comment on its proof.

For the proof of (1.6) (Theorem 2.3), we use Girko’s Hermitization formula [31, 46]

N

. -_1 = 7 )
;f(ol(X+A))— 4n/CAf(Z)/O Tr (X+A—z)(X+A—z)*+n2d’7d z.  (123)

Girko’s formula translates the eigenvalue statistics of X 4+ A into singular value statistics of X +
A — z, and has been proved to be an effective tool for studying the spectrum of non-Hermitian
random matrices; see for example [3, 5, 17, 31-33, 47]. To control the left-hand side of (1.6) we
take f in (1.23) to be a smoothed indicator 15. To estimate the right hand side of (1.23) from
above, we first perform two integrations by parts with respect to z. Then, for an upper bound,
besides the lower bounds on the singular values of X + A — z, we also need upper bounds on
certain scalar products of their singular vectors uniformly in z - this information is provided by
the thermalization result [19, Theorem 2.2]. We remark that exactly the same information was
used in [19, Theorem 2.4] to prove the high probability lower bounds for ©;;, so morally an upper
bound on the r.h.s. of (1.23) requires lower bound on the singular values and lower bound on the
overlaps O;;.

As for the upper bounds on the overlap (1.7)-(1.8) (Theorem 2.7) we relate the smallest singular
value 4;(X + A — z) to the overlap O;;(X + A) via the contour integral

1 7{ 1
- —  dw= D ri(X + AL(X + A)*. (1.24)
27 J |y X+ A - W 2o (X +A)—z|<r
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Using Weyl’s inequality between products of eigenvalues and singular values and the estimates
for the second smallest singular value A,(X + A — z) we can take r ~ N~C so small that there is at
most one o; within distance r from z. For such an r, the overlap O;; is exactly the squared norm
of the right-hand side of (1.24), thus an upper bound on it can be obtained by the square of the
left-hand side, which in turn can be bounded from above via a lower tail bound on 4;(X + A — z).
We need to tile the spectrum into disjoint tiny boxes of linear size r and carefully control the error
terms to obtain a linear bound in the area |D| after summing them up.

Now we explain the proof of the optimal lower tail estimates (1.9)-(1.10) for the lowest singular
values 1, (X + A). These are proven in Theorems 2.10-2.13 using Wegner type arguments. The
key point is that the regularity of the randomness in X forces the singular values to spread; they
cannot stick to a particular value (like zero) as X is sampled from a continuous probability space.
While this mechanism is quite transparent, the essential difficulty is to get the optimal N-powers
in the estimate. Playing with the randomness of a single matrix element x;; would not have a
sufficiently strong effect on 4, since x;; has size only N ~1/2 while playing with all matrix elements
simultaneously would not be manageable due to the correlations of their effects. We operate with
the randomness of a few rows of X at the same time; this already has the desired effect on 4; and
is still technically feasible.

Part of these arguments is inspired by [27] that proved Wegner estimates for eigenvalues of
Hermitian random matrices. The lower tail of 1,(X + A) is estimated by the trace of the resolvent
of (X + A)(X + A)* outside its spectrum at a negative spectral parameter —> withz < 1/N. Then
we express the i-th diagonal entry of the resolvent as a quadratic form of the i-th row vector of
(X + A) with a random weight involving the minor of (X + A) with the i-th row deleted. We work
in the probability space of this row vector which is independent of the weight and prove effective
anti-concentration bounds. Higher singular values 1, (X + A) require an inductive procedure to
remove k rows. Since the actual proofs are rather technical, we present a more detailed outline in
Section 5. See also [1, 28] for other instances of smoothed analysis in the Hermitian context.

While our proofs of Theorems 2.10-2.13 start with a similar idea as [27], the proofs in [27] actu-
ally assumed much stronger conditions as they were studying the entire bulk spectrum. This
resulted in a non-vanishing Hermitian part of the resolvent whose control required an additional
integration by parts in the probability space forcing much stronger regularity assumptions. In
our case, the resolvent is always skew-Hermitian (see 3.22) since we work at the hard edge of
(X + A)(X + A)*. We also point out that [27] assumed certain decay for the Fourier transforms
of entry-distribution, which was later weakened in [36, Appendix A] by using Brascamp-Lieb
inequality. Instead, here we use a more refined input from [42] whose proof contains the same
arguments as in [36], eventually requiring only a minimal regularity condition (bounded density)
for the entry-distribution.

As a final remark, we point out that the improved bound (1.10) for the least singular value
A1 (X + A) for real X and complex A is more difficult to handle than that for complex X, while
their lower tails have the same s?-decay by (1.9) and (1.10). Along the proof of Theorem 2.13, we
find that the singular vectors of (X + A) affect the lower tail of the singular values; we need to
show that singular vectors are genuinely complex if A is complex. Hence the difference between
real and complex non-Hermitian X is fundamentally harder to capture than that between real
symmetric and complex Hermitian random matrices which do not involve eigenvectors.
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1.7 | Organization

In Section 2, we rigorously define our model and state the main results. Sections 3 and 4 are
devoted to the proofs of Theorems 2.3 and 2.7 concerning eigenvalues and overlaps of A + X,
respectively. We prove the singular value estimates in the remaining sections; Sections 5-7 contain
proofs of Theorems 2.11, 2.10, and 2.13, in that order.

1.8 | Notations

For x,y € R, we denote [[x,y]] = [x,¥] N Z and [x]] = [1,x] N Z. For a square matrix A € C%*¢,
we write (A) = " Tr A for its normalized trace and denote its Hermitian, skew-Hermitian, real,
and imaginary parts by

24 mla =228 wal= 238 gla= 224 (1.25)

Re[A] = oh

For a matrix B of any size we denote by ||B]| its operator norm. For each i € N, we denote e; by
the i-th coordinate vector, whose dimension can vary by lines.

For p € N and integrable functions f and g respectively on R? and CP, we denote their
Lebesgue integrals by

/R , f(x)dPx, /C . g(z)d?’z.

For a random variable x and g > 1, we write || x|, to denote (E|x|9)Y/4.

WedenoteC, :={z€ C : Imz>0}and D := {|z|] < 1} C C. For a Borel set D C C, we define
|D| to be its Lebesgue measure. The letter N always denotes the dimension of our matrix, we
consider the large N regime and we use the standard asymptotic relation < and ~ with respect to
N. For example, for non-negative functions f and g of N we write f < g when there is a constant
C > Osuch that f(N) < Cg(N) for all N, and write f ~ gwhen f < gand g < f are both true. We
use the letters c and C to denote positive constants whose exact value may vary from line to line.

2 | MAIN RESULTS

We consider matrices over the real or complex field, denoted commonly by K = R or C.

Definition 2.1. An (N X N) real (K = R) or complex (K = C) random matrix X is called regular
if the following hold true for a constant b > 0:

(i) The collection {Re X;;,ImX;; : i, j € [N]} is independent:
(ii.R) When K = R, the random variables \/NXI- ; have densities bounded by b:

(ii.C) When K = C, the random variables \/ﬁ ReX;; and \/ﬁ Im X;; have densities bounded
by b.

A regular matrix X is called a regular i.i.d. matrix if the following hold in addition to (i)-(ii).
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d
(iii) The entries are identically distributed, that is, X;; = X;; for all i, j € [N]:
(iv) EX = 0and EXX* = I: If K = C we also assume EXXT = 0:
(v) ForallpeN,m, := [El\/ﬁanp is finite. In this case we define m = (m,),en € RN,

Note that we do not impose any assumption on the decay of the entry distribution of a regular
matrix, but only on that of a regular i.i.d. matrix. For example, if X;;’s are i.i.d. Cauchy-distributed
random variables, that is,

d 1 1
LR N/ [
ax \/_ 1m= P
then X is a regular matrix but not a regular i.i.d. matrix. Also note that the shifted matrix X + A
remains regular with the same b > 0 for any A € KNV when X is regular.
For a given deterministic matrix A € CV*¥, we denote the (complex) eigenvalues of X + A by
{o; = 0;(X + A) : i € [N]}and their normalized empirical distribution by

N
N 1
p= P;H)A =y Z 85,(X+A)- (2.1)
i=1

The eigenvalues of X + A do not have a canonical ordering, but we still consider them indexed by
[[N] to simplify notations. Nonetheless all our arguments are insensitive to this ad hoc ordering.
Finally, for each z € C and r > 0, we define the number of eigenvalues in a ball of radius r about
z;

Nz,r =i € [N] : lo;—z| <}l

Our results on eigenvalues and overlaps are often restricted to the indices i for which o; is well
inside the limiting spectrum of X + A. We quantify the “bulk” of the non-Hermitian spectrum of
(X + A) in terms of the singular value spectrum of (X + A — z). Namely, for 7 > 0 we define

d Ssymm
B, = {z eC: a(ysc EEle_Z')(O) > r} cC, (2.2)

where . is the usual semi-circle distribution, ,ulszrfgll is the symmetrization of the singular value
distribution of A — z, and FH denotes the free additive convolution. Using the standard defining
equation for the Stieltjes transform of ug. HH /,tlszrfgll (see, e.g., [38] or [19, Eq. (2.4)]), B; may be
written in terms of the singular value distribution of A — z as (recall from Section 1.8 that (-) is

the normalized trace)

. 1
Bf:{zec'<(A—z)(A—z)*+72>>1}' (2.3)
symm

Note that ug. FH Hia—z| is exactly the symmetrization of the limiting singular value distribution
of (X + A — z), see [11, 34]. Thus z € B, for some fixed T > 0 guarantees that z is well inside the
limiting spectrum of (X + A). We will make this relation more precise in the following Remark 2.2
that may be skipped at the first reading as it is not used in the rest of the paper.

Remark 2.2 (Characterization of the bulk). For technical convenience we defined the “bulk” spec-
trum of X + A in terms of BB,. Here we show that the domains /3; for small 7 indeed coincide with
the traditional concept of “bulk spectrum” of p in the following sense:
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(i) The sets B, roughly cover the support of p in the limit 7 — 0;
(ii) for any disk D C B, on macroscopic scale (|D| ~ 1) we have

|{i € [N] : o; € D}| ~ N|D|. 2.4)

To make these two statements a bit more precise, consider the Brown measure p,,, of the sum
a + x in a non-commutative probability space where a = ay has the same *-distribution as A
and x is a circular element x-free from a. By a standard corollary of the proof of [19, Theorem
2.6]%, we can prove that if A is norm-bounded, then the empirical eigenvalue distribution p = p™)
from (2.1) is close to p,, in a weak sense, namely, for any fixed, smooth, compactly supported
test function f on C,

[ @06 - pu)@ =0 asN oo 25)
C

with high probability. On the other hand, define the open set B, C C by

BO'_{ZEC'<—(A—z)(A—z)*>>l}_UBf’ (2.6)

™0

where the last equality is due to (2.3). For this open set [53, Theorem B] implies that the measure
Patx has no atom, is supported on By, and is absolutely continuous on B, with a strictly positive
real analytic density therein. Together with (2.5) this implies (i), that is, that supp(pa.y) = Bo
covers the bulk of p, that is, the regime where p is typically positive.

Furthermore, [53, Eq. (4.2)] (first proved for normal A in [13, Theorem 1.4]) gives an implicit
formula for the density of o, ., which implies the following quantitative estimate on ;:

2 d 2 472
T Pa+x |A=z||*+7 1
(lA=z|2 + 22 <r am (z2) < ”A_Z“(T +§, Vz € B, 2.7

where m denotes the Lebesgue measure on C. Taking f in (2.5) to be a smoothed indicator function
1p and combining with (2.7) yields the second statement (ii) and (2.4).

2.1 | Eigenvalues and eigenvector overlaps of X + A

In this section, we consider X + A where A is a general deterministic matrix with ||A|| = O(1) and
X is aregular i.i.d. matrix.

The first result is our Wegner-type estimate for the eigenvalues in the bulk: it asserts that the
expected density of g;’s, or equivalently, the one point correlation function, is almost bounded in
the bulk.

2 This result gives the optimal bulk local law for the Hermitization of X + A, see also (3.4). If we restrict w € i(3, ) in
[19, Theorem 2.6] with a small enough but fixed 7, their result easily extends to all norm-bounded A, beyond those with 0
in the bulk spectrum of |X + A — z|. From this local law, a standard argument using Girko’s formula (1.23) implies (2.5),
the corresponding analogue of the macroscopic “circular law”. The standard additional ingredient on the tail of the lowest
singular value is given as usual by the regularity condition on X.
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Theorem 2.3. Fix y € (0,1), & > 0, and (small) 5,7 > 0. Let X be a real or complex regular
iid. matrix, and A € CN*N be deterministic with ||A|| < K. Then there exists a constant C =
C(y,6,t,b,m, &) > 0 such that the following hold for all N € N:

(i) If X is complex, then forallr € [0,N~'/2] and z € B, we have
P[N, 2 1] SEN,, < CNO(NP)'7. (2.8)
(ii) IfX is real, then forallr € [0,N~/2], z € B,, and A,(S[A — z]) > 2r we have

(NP7

AGSA=Z]) (29)

P[N,, > 1] <EN,, <CN°

where we recall that A,(S[B]) denotes the smallest singular value of 3B = (B — B)/2i for B €
CNXN.

Note that the quotient EN,, . /(N7r?) tends to the averaged density of states in the limit r — 0,
hence Theorem 2.3 proves the Wegner estimate up to an exponent y > 0. As a corollary, we show
that (X + A — z)~!), the normalized trace of the resolvent, is essentially bounded in (probabilis-
tic) L2°(_ This is a truly random effect since z lies in the support of the limiting density of states,
hence ((X + A — z)~!) may be unbounded, but its (2 — o(1))-th moment is finite.

Corollary 2.4. Fix 8,7 > 0,6; € (0,1] and let§ > 0 be sufficiently small. Let X be a real or complex
regular i.i.d. matrixand A € CN>*N with ||A| < K.

(1) If X is complex, then there exists a constant C = C(6,,7,b, m, &) > 0 such that the following
hold forallz € B, and N € N:

ENX +A—2z)" D)% <C. (2.10)

(i) IfX is real, then there exists a constant C = C(81, 6,7, b, m, &) > 0 such that the following hold
forallz € B, and N € N:

—81/2+8

ENX +A—2z) )% < c<1 + NT(I A (Ny)51/2—5)> (2.11)

where we abbreviated y := 1,(S[A — z]).

A similar result as (2.10) appeared in [40, Lemma 2.2], with an extra factor of N2 on the right-
hand side.

Notice that we take §; € (0,1] in Corollary 2.4, instead of (0,2]. While we use this choice in the
proof (see 3.35), Corollary 2.4 trivially implies an upper bound for E|[(X + A — z)|?>~%! even when
8, € (1,2] by Holder’s inequality. In particular, (2.10) is true for all §; € (0, 2], and the same holds
true in the real case if 1,(S[A — z]) is of order one.

Remark 2.5. In light of (1.11) for the Ginibre ensemble, we believe that Theorem 2.3 remains true
for § = 0 = y even in the general case. In our current Theorem 2.3 the factor N° is due to the
error in the local laws for the singular values of X + A — z, and the exponent y > 0 is the cost for
neglecting the correlation between singular values and vectors. We defer the details to Remark 3.5
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after the proof of Theorem 2.3. Also note that §; > 0in Corollary 2.4 is necessary since the contri-
bution from a single eigenvalue to the second moment of (X + A — z)~!), thatis, N"2E|o; — z| 2,
is already logarithmically divergent.

Remark2.6. When A = 0and X is real Ginibre ensemble, (1.11) and (1.12) imply that EN, , remains
bounded as long as | Im z| > N~'/2. Taking A = 0 in our results, (2.9) and (2.11), they do not fea-
ture this sharp | Im z|-dependence due to the factor | Im z|~! in (2.9). This factor originates from
Theorem 2.13, where we prove a lower tail estimate for the smallest singular value of (X + A — z)
that also carries the same |Imz|~! factor. In Remark 2.14 following Theorem 2.13, we explain
more details on its source and a possibly optimal | Im z|-dependence.

Recall that when the spectrum of (X + A) is simple we have the spectral decomposition

X+A= 2 cr,-rl-llfk, l;krj = 51] (212)
i

and that the overlaps between eigenvectors I; and r; are defined as
(91'] = l:‘ljr;‘rl (213)

Before presenting our results on the diagonal overlaps (;;, we briefly pause to show that X + A
has simple spectrum with probability 1 when X is regular. To see this, notice that X + A has a
repeated eigenvalue if and only if the characteristic polynomial and its derivative has a common
root. This is in turn equivalent to the resultant of these two polynomials being identically zero.
Thus X + Aisnotsimple when its entries satisfy a polynomial equation, so that X is in an algebraic
submanifold of KN*N with positive codimension. Since this manifold has Lebesgue measure zero
and X has a density, X falls into this set with probability zero.

In the next two theorems, we prove upper bounds for the expectation of O;;. The first result
holds anywhere in the spectrum but only on a set with very high probability. In the second result
we remove this exceptional set in the bulk.

Theorem 2.7. Fix & > 0 and (large) D,K > 0. Let X be a real or complex regular i.i.d. matrix and
A € CNN with ||A|| < N®o. Then there exists a constant C = C(b, m, K, D, K) > 0 such that the
following hold true:

(i) IfX is complex, for any square D C C with |D| > N~2K we have

Elz, D Oy <CN(ogN>N|D), (2.14)

i:O’iED
for some event Ep, with P[ES] < N~P.

(ii) If X is real, for any square D C C with |D| > N~2K and min,cp 1,(S[A — z]) > N=X we have

A+ IAIHWNID))
min,ep 4, (S[A - z])’

Elz, D, Oy < CN(logN)?

it0;€D

(2.15)

for some event Ep, with P[E5] < N~P.
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In particular, if X is complex, for each fixed 0 < ¢’ < ¢ and K > 0 we have

P| ), Oy>N"N|D|| <N~ (2.16)

ito;€D

uniformly over squares D C C with |D| > N~2K. The same holds true for real X for all D C C with
|D| > N~2K as long as min,ep 4,(S[A — z]) ~ 1.

Remark 2.8. Notice that in Theorem 2.7 we only assume ||A]| is at most polynomially large in
N, allowing A to be much larger than X. A closely related canonical model is yA + X, with
|A|l = O(1), where y > 0 is a large control parameter. In fact, controlling the effect of large y
on the condition number O;; has been a central task in quantitative linear algebra, for example,
in [7, 8, 35] after the trivial rescaling yA + X = y(A + y~'X) and viewing y~'X as a small ran-
dom perturbation of the deterministic A. Since the constant C > 0 in Theorem 2.7 depends only
on log ||A|| via &, our result can be used for such a purpose. In fact, if we replace A with yA in
Theorem 2.7 (i) and (ii), we recover the same y-dependence for ©;; as in respectively [7, Theorem
1.5] and [8, Proposition 6.4] modulo log y factors.

We also remark that our proof of Theorem 2.7 easily extends the result to regular matrices
beyond regular i.i.d. matrices (i.e., without conditions (iii)-(iv) in Definition 2.1). In this case
we need the additional assumptions that D is contained in a bounded set and, if X is real, that
ElIX|I* = 0(1).

Since (2.14) and (2.15) are true for all fixed K > 0 and additive in D, we may easily deduce the
same result for many other domains that can be approximately tiled by small squares. Indeed,
in Appendix A we prove that Theorem 2.7 holds true not only for square domains but also for
any Borel measurable domain D satisfying a natural geometric regularity condition of the form
|D 4+ [-N—K, N~X]?| < C|D| for some constants C, K > 0. Here + refers to the Minkowski sum of
D and a small square. In particular, we may take D to be a disk or a “polynomially thin” rectangle.

In the next theorem, we remove the probabilistic factor 1z, from (2.14) assuming that D is in
the bulk 5., and extend the result to O;;’s at real eigenvalues when A and X are both real.

Theorem 2.9. Fix & > 0 and (small) 8,7 > 0. Let X be a real or complex regular i.i.d. matrix and
A € CV*N with || A|| < K. Then there exists a constant C = C(8,7,b, m, K such that the following
hold:

() IfX is complex, for any Borel set D C B, we have

E ) O; <CNY™(©N|D)). (2.17)

i:o;€D

(i) IfX and A are real, for any Borel set T C 3, N R we have

EY \/O_HSCN1/2+5(\/N|1|), (2.18)

i€l

where | 1| is the Lebesgue measure of 1 in R.
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The most relevant choice for D in both of Theorems 2.7 and 2.9 is a square of area N~!*¢ in

the bulk, so that typically there is at least one eigenvalue in D with high probability. More pre-
cisely, since the local law in [19, Theorem 2.6] covers all mesoscopic scales, we can extend the
convergence in (2.5) to test functions f on mesoscopic scales supported in B;; see for exam-
ple [3, Section 5.2] for a completely analogous proof in a slightly different setup. In particular
(2.4) extends to squares D C B, with |D| = N~!*¢, so that there is at least one eigenvalue in D
with high probability. For such sets D, Theorem 2.9 and (1.13) are on the same footing; our result
shows that the expectation of ;; is bounded by N'*¢,

In an unrelated context, we remark that Theorem 2.9(i) can also be used to give an upper bound
on the diffusivity of the complex Dyson-type eigenvalue dynamics defined via (1.5). This matches
the analogous lower bound given in [19, Eq. (2.14)].

2.2 | Small singular values of shifted regular matrices

As mentioned in the introduction, our proofs of Theorems 2.3-2.9 translate the problems to under-
standing the singular values of X + A — z for any shift parameter z € C. In this section we present
results on the singular values of X + A, where X is a general regular matrix in Definition 2.1 and
A € CN*V is a deterministic matrix. By replacing A with A — z, we use the results in this sec-
tion as inputs for those in Section 2.1. These results are of independent interest, so we list them in
this section separately.

We stress that all results in this section except Theorem 2.11 will be uniform in A, in particular
no norm bound on A is assumed unlike in the previous Section 2.1. This means that by a simple
rescalingyX + A = y(X + A/y),y > 0, these results also hold for the singular values of the matrix
yX + A with a rescaled noise, as often presented in numerical applications, for example [7, 8, 35].

We denote the ordered singular values of X + A by

0<A; < <y (2.19)
As eigenvalues of a Hermitian random matrix, 4;’s are subject to level repulsion that in turn forces
an especially small lower tail probability for them. The next theorems contain such results. Their

optimality will be discussed afterwards.

Theorem 2.10 (Regular matrices). Let k € N be fixed, A € CV*N, and X be a regular matrix. Then
for the singular values (2.19) of (X + A) we have the following:

(i) [Complex case] If X is complex, there exists a constant C = C(k,b) > 0 such that for all N >
kv2ands € [0,1]

P[NA, <s] <C(|logs| + logN)kSZkz. (2.20)
(i) [Real case] If X is real, there exists a constant C = C(k,b) > 0 such that forall2 < k < N and
s €[0,1]

P[NA; < s] < C(|logs| + log N)ksk*. (2.21)
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Notice that the result for real X, as formulated in (2.21), requires k > 2. The origin of this
restriction will be explained in Section 6, along the proof of Proposition 6.1. Nevertheless, we still
have results that are optimal in s for k = 1 and real X, see the following Theorems 2.11 and 2.13,
respectively for real A and genuinely complex A.

Note that the constant C in Theorem 2.10 does not depend on A. Also note that the only assump-
tion on X is the regularity, and in particular some moments® of the entries of X may be infinite.
Although Theorem 2.10 has such robustness, it is really relevant when the (non-Hermitian) spec-
trum of X + A indeed reaches zero, otherwise typically even the lowest singular value 4, is far
away from zero and its 1/N scaling indicated by (2.20)-(2.21) is completely off. In particular, recall-
ing the definition of B; in (2.2), this is the case for X + A — z if X is a regular i.i.d. matrix and
z € B;. To be precise, denoting the singular values of X + A — z by

0<A] < <25, (2.22)
we remove the | log s| factors from Theorem 2.10 under this setting.

Theorem 2.11 (Regular i.i.d. matrices). Fixk € Nand 8,7, & > 0. Let X be a regular i.i.d. matrix
and A € CNVN with ||A|| < K. Then we have the following for the singular values (2.22) of X + A —
z.

(i) [Complex case] If X is complex, there exist constants C, = C;(k,b) and C, = Cy(k, 7,8, m, K)
such that for all N > 3k, s € [0,1], and z € B, we have

PINAZ < 5] < C;sFE[ (1 + N/lgk)zkz] < C,C,N3s2, (2.23)

(ii) [Real case] If X and A are both real, there exist constants C, = Cy(k,b) and C, =
Cy(k,7,8, m, &) such that forall N > 3k, s € [0,1], and z € B, N R we have

PINAZ <5] < CisF'E|(1+ NAZ)F | < CON%s (2.24)

As easily seen from (2.23) and (2.24), the only suboptimal factor N° comes from the estimate
for Agk. This is due to local law (see Lemma 3.1 for its statement), which carries a small power of
N. Note that for real X, Theorem 2.11 (ii) applies also to k = 1, but requires A to be real.

Remark 2.12. For complex Gaussian X and general A, 1;’s are exactly the square roots of eigenval-
ues of deformed Laguerre unitary ensemble, whose joint density was computed in [10, Proposition
3.1]. In particular one can easily deduce that the joint density of unordered eigenvalues (x;, ... , Xx)
of (X — z)(X — z)* is proportional (ignoring N-factors) to

i,je[N

V(x)exp <—N2|z|2 —-N Z xi> det (x;_lF(i_l)(Nzlzlzxj)) , (2.25)
[IN1]

i€[N] Lj

3 Still one should think of the second moment of \/NXZ» j to be finite, for otherwise 4 ~ N ~! might not be true; see [9]
for the case when h;;(x) ~ 1/]x|"** with a € (0,2). Our result still holds for such matrices, but our N, scaling may not
be adequate.
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where V(x) := Hl. <j(xl- — x;) is the Vandermonde determinant, and F is a real analytic function
directly related to the zeroth modified Bessel function I,,. After some algebra, one can easily see
that the second determinant in (2.25) is O(V(x)) up to an N-dependent factor. Thus we obtain that
(ignoring N-factors)

PIAX —2) <] = P[I{x; : x; <82} 2 K] S () - (kD) = 2, (2.26)

where the first factor comes from the volume of [0, s2]¢ and the second from V(x)2. In particular
(2.25) as well as (1.16) show that Theorem 2.11 is optimal for general k as far as the s-power is
concerned in the small s regime.

In the next result, we show that if the entrywise imaginary part SA of the shift matrix A is non-
singular, Theorem 2.10 (ii) extends to k = 1 with quadratic decay s?; in terms of Theorem 2.11, the
linear s-dependence in (2.24) for k = 1 can be improved to s2.

Theorem 2.13 (Real case, complex shift, improved). Let X be a real regular matrix, A € CNN, and
A be the smallest singular value of (X + A). Then there exists a constant C = C(b) > 0 such that the
following holds for all N > 4 and s € [0, 1];

EIX DY + A2
M (BA4)

P[NA; <s] < Cs2(1 + (|logs| + logN)>. (2.27)

Consequently, if X is a real regular i.i.d. matrix, A is real, and & > 0, then there exists a constant
C = C(b, m, &) such that the following holds whenever ||A|| < K,z € C,N > 4,and s € [0,1];

piva < 5] <o 22 log N
[NA] <s] <Cs Tmz| (| logs| +1logN) |. (2.28)

Remark 2.14. In particular when | Im z| ~ 1, (2.28) shows that P[A] < s] = O(s?) up to a logarith-
mic factor, similarly to the complex case. The same improvement due to (genuinely) complex shift
was previously proved for real Ginibre ensemble X and A = 0 in [18, Theorem 2.1]; for z in the
bulk, the result therein reads

2
PINAZ < 5] S (1+ |logs|)s* + e~ (VNI Imzl>2<s A— ) (2.29)

V/N|Imz|

From (2.29) it is clear that the critical scale of | Imz| is N~/2, and that the right-hand side is
roughly of the same size as s? or s depending on whether | Im z| exceeds that scale or not. Our
result fails to capture this scale of transition due to the suboptimality of Lemma 7.1, where we
estimate to what extent are the singular vectors of (X — z) genuinely complex when z is. We refer
to Remark 7.3 for more details.

3 | WEGNER-TYPE ESTIMATE FOR X: PROOF OF THEOREM 2.3

Throughout the rest of the paper, we fix parameters 7, b, m, and &; since they affect Theorems 2.3—
2.13 only implicitly via the constant C, considering them to be fixed does no harm to the proof.
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For each A € CM*N and z € C, we define H, = H, 4, € C?N2N o CNXN @ €22 a5

L 0 X+A—-z
H, i= <(X+A—z)* 0 > (3.1)

which is also known as the Hermitization of X + A. As in (3.1), we often omit the dependence on
A for simplicity. We may write the spectral decomposition of H, as

z
i

u* :
" ulZ , IWZ1? = luf | + 0717 =1, (3.2)
i

. u
h- 3 awioenr = 3 (X
1

[il€[N] lile[IN]

where the eigenvalues {17 : |i| € [N]} are increasingly ordered and we decomposed the eigen-
vectors w” € C*V into two parts with u?,v? € CN. Note that A7 and u?, v? for i > 1 are exactly
the singular values and left and right singular vectors of (X + A — z), respectively. We denote the
resolvent of H, by

Gz(w) = (Hz - LU)71

for each w € C,. To simplify the notation, we further omit the dependence on z to write, for
example, G = G, and 4; = A7 when there is no confusion.

Since H, has only block off-diagonal component, it is clear that A_; = —A; and (G(in)) =
i{Im G(in)) hold true. Again due to the block structure of H,, we may take (u;, v;) that satisfies
u_; = u; and v_; = —v;, which in turn implies ||u;||? = ||v;||> = 1/2 whenever 4; # 0. Since the

event [4; > 0] has probability 1, we will work on this event in what follows.

For w € C,, itis known that G,(w) concentrates around a deterministic block constant matrix
M, (w) € (CN*N)2X2; such results are commonly called local laws. The matrix M,(w) = M is the
unique solution of the matrix Dyson equation

_ —w A—2z
M 1=_<(A_Z)* _w>+(M), (3.3)

with the side condition Im M = (M — M*)/(2i) > 0. Note that the self consistent density of states
(scDos) corresponding to H,, given by p?(x) = 7~ (Im M(x + i0)), is exactly the density of the
symm

measure Us. { Mia—z) that we used to define the bulk in (2.2).
More concretely, we have the following local law for H, from [19, Theorem 2.6]:

Lemma 3.1 [19, Theorem 2.6]. Let 7, & > 0 be fixed. Then for each (small) €, & > 0 and (large)
D > 0, there exists Ny € N such that the following holds uniformly over N > N, ||A|l £ K, z € B,
andn € [N71*¢,1];

<N-D. (3.4)

. ) N
P[|<Gz(177) — M, (in))| > Ny

Consequently, for any fixed (small) €, > 0 and (large) D > 0, the following holds uniformly over
lz| <7

PIE(HI21-NP, 58 := (] [HelN]:2Z<npl<N¥pl. (35
nE[N’lJrE,I]
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The second result (3.5) is a direct consequence of the local law (3.4) via the inequality
[{i € [N] : 47 <n}| < 2Nn(Im G,(in))

together with the fact that ||M|| < 1 from [19, Appendix A].

Next, we present the two main technical inputs for our proof of Theorem 2.3, (i) an upper bound
for Im(G,(in)) with small 7 > 0 and (ii) a high-moment bound for overlaps between the left and
right eigenvectors u; and v;.

Lemma 3.2. Let X be a real or complex regular i.i.d. matrix and A € CN*N with ||A|| < K. Then
for each fixed 6,7,& > 0 and € € [0, 1], there exists a constant C > 0 such that the following holds
uniformly over all z € B, andn € (0,1);

14+ CNO(Np)~~%(|logn| + logN) if X is complex,

ENG,(in))|**¢ < (3.6)

7| +logN

1
1+ CNS(Np)—<—¢ | Ogl Tm7] if X is real.

Proposition 3.3 [19, Theorem 2.2]. Let X and A be as in Lemma 3.2, and fix §,7 > 0 and p € N.
Then there exists a constant ¢ € (0, 1) such that the following holds uniformly over z € B_;

NPE sup [(u%,v?)—6;;q;(2)|*P S N°, (3.7)
ijeleN]  ?

where {q;(z) : i € [[cN[}is the collection of deterministic functions of z defined by

. Im[M@y)IF) ._ (0 0 NXN2x2
qi(z) := MM Fi={] ,J€ (CNXN) (3.8)
and y; is the i-th N-quantile of the scDOS of H,, that is,
* i
Jp— 3 . VA > -
¥i 1nf{x ER: /0 PE(H)dt > 2N}' (3.9

Furthermore, there exists a constant C > 0 such that
1qi(2)] < C%, Vi € [cN],Vz € B.. (3.10)

The proof of Lemma 3.2 is postponed to the end of this section. It heavily relies on the tail
estimate of the lowest singular value 47 from Theorem 2.10(i) for the complex case and Theo-
rem 2.13 for the real case. These theorems are proven separately in Sections 5 and 6. Proposition 3.3
is a direct consequence of the thermalization result in [19, Theorem 2.2] which computes any
quadratic form (u;] ,ij) of the bulk singular vectors of X + A — z in terms of a leading deter-
ministic quantity up to an error or order N~'/2. The upper bound for g;(z) in (3.10) follows by
combining Lemma A.1 (b) and (c) therein, which shows Lipschitz continuity of M (in operator
norm) and Im[M(in)]F = 0 for n € R, respectively.

Proof of Theorem 2.3. We only prove the complex case, and the real case follows from the exact
same proof. Fix z, € Dwith |zy| < 1 — r,and let f, € C°(C) be a fixed cut-off function with 1 <
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rz° ). Since 1(| - —zg| £ r) < f, Girko’s formula (1.23) and Im(G,(in)) =

fo<Typand f = fo(
—1(G,(in)) gives

T
EN,,, <NE / f@)p(z) =~ / Af(2) / E Im(G,(in)dnd?z G
C (® 0

+ L / Af(2)Elog | det(H, — iT)|d?z
ar C

:%/@Af(z)(/ono+/nm+/n

0 1

T

)i[E(GZ(in))dndzz (3.11)
1 .

+ - /a: Af(z)Elog | det(H, —iT)|d?*z

=T+ +Ip + 1, (3.11)

where we defined
no :=N"1-(Nr?)P, m =1, T := NP(Nr?)~P (3.12)
for a fixed (large) constant D > 0. Since the spectral parameters in G,(in) are always z and i, we

abbreviate G = G,(in) throughout the rest of the proof.
The bound for the first term I, follows by taking ¢ = 0 and small enough § > 0 in Lemma 3.2;

N Mo
ol <5 /C Af(2) /0 (G, dnd*z
N (3.13)

Mo
SNO/2 / 175724/l log tdt S N°/2(Nno)' =5 S NO/A(Nr)PP2,
0

where we used ||Af |1 S 1.
To handle I; and I in (3.11), we use integration by parts, that is, for any f € C°(C) and 0 <

CJA

The derivative A,G can be calculated directly; for F € C*V*2N defined in (3.8),

B

B
Af(z)(G)dnd’z = / / f(2)E(A,G,(in))d*zdy. (3.14)
c

A

1

70:G = 3,8,G = —8,GFG = GF*GFG + GFGF*G. (3.15)

Now we can estimate I in (3.11). Applying the trivial deterministic bound ||G|| < 5~! gives
E|{(GFGF*G + GF*GFG)| < 2||F|’E|IG|]® < 213,

which yields

T
17| < er/ n~3dn < Nr2. (3.16)
1
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The estimate for E|(AG)| when 7 < 1 is much trickier than 7 > 1. We first state the result here
as a lemma, use it to conclude Theorem 2.3, and then prove the lemma.

Lemma 3.4. Let X be a complex regular i.i.d. matrix and €,8,7 > 0 be fixed. Then the following
holds uniformly over |z| <1 —7tandn € (0,1);

1+6

ENAG, ()] $ X (Np A ). 317)

Ny

Given Lemma 3.4, we substitute (3.17) into (3.14) with A = 5y and B = 7, so that

Uit (N?} A 1)—(—:

N7 (Ndn)

m
L] <N / / | (DIIEAG)|d2dn $ N¥/2Nr /
7) C

o Mo

(3.18)
S NO2(Nr?)(Nno) ™ + log N) = NO(Nr?)1=Pe < N2 (Nr?)1-7),

where in the last step we took € < y/D.
Finally, the last term I, is estimated using log(1 + x?) < x? and E(H2) < 1 as

1
|Ioo| = 5

/ Af(2)ETrlog(1l + T~2H2)d’z
c

< %/ |Af(2)|E(H2)d?’z S T72N S Nr2. (3.19)
()

Combining (3.13), (3.16), (3.18), and (3.19), we have proved
EN,» S NP7, (3.20)

This completes the proof of Theorem 2.3 modulo Lemma 3.4. [l

Proof of Lemma 3.4. We start with expressing the trace of the right-hand side of (3.15) in terms of
the eigenvalues and eigenvectors of H,. First we write

2 _ )
(GF*GFG>=_%< 1 -X+A-2)X+A-2) > (3.21)

N+X+A-z2 X +A-2) 2+ X +A-2)(X +A—2z)*)?

and the second term of (3.15), (GF*GFG), is given by the same quantity as (3.21) with roles of X
and X* interchanged. Here we used the Schur complement form of G, that is,

in 1
G =G(in) = 772+(X+A—Z)(X+A_Z)* 772+(X+A—Z)(X.+A_Z)*(X+A_Z)
# 1 in
X+A-2) P+X+A-2)X+A-2z) P+ X+A—2)X+A—-2)
(3.22)
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Recalling the definition of u; and v; and (3.21), we may further write

2 2|

1 n |77 5
(GF*GFG)| < 5% ) (o 00)]

Sy 1+ A2 (0 + A2

1 n Ui 2
< — + Z + ) —— u;, vl
2N7 (i,je[[cN]] ic[eNNTLJEIN]  ie[N].jeleNN]/ 1P+ A+ /1,2'

1 72 b1
< 5Nn (wj, v + 2
N7 L (2 + 2D (% + /1]2-) A%cm N & oy /12
(3.23)

where the constant ¢ > 0 is from Proposition 3.3 and in the last inequality we used

Ui n Ui
——u jo l>|2 772+/1 Z +/1i2< Z |<uj’Ui>|2>,

ie[N].jeleN] 7V 2+ 27 n? +’12 ren i) 7 JEIN]

and that u;’s are orthogonal to perform the j-summation. For the first term on the rightmost side
of (3.23), we recall the deterministic function g;(z) from Proposition 3.3 and write

1 n? 5
2 |<u j» v>|
2N7 i,je[eN] (n* + /1?)(772 + Aj) e

(3.24)
2 -2

1 n i
<= (IrnG)2 N sup [(u;,v;)—38;iqi(2)|* |+ — S ——
( i ) NniE%\ll] (2 +47)2 N*?

Plugging in (3.24) to (3.23) and using the same set of inequalities to the second term of (3.15), we
find that

<A G>|< <ImG>2<N sup |<uj’vl> qui(z)|2>

i,j€[cN]
1 Z 772 i2 1
— - 4+ (ImG). (3.25)
NG iy ORIV

Next, we estimate the expectation of the right-hand side of (3.25) for 5 € (0, 1). For the first term
in (3.25), we apply Holder’s inequality and (G) = iIm(G) to get for all » € (0, 1) that

i,jE€[[cN]

E[E<ImG>2(N sup |<uj7vl> l]qi(z)|2>

, (3.26)
1+1/(c’e)

sup Nl(“/a"l) qui(z)lz

i,j€[eN]

1
< Z”<G>2“1+c’e
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where ¢/ > 0is a small constant, say ¢’ = 1/100. Then we use Lemma 3.2 and Proposition 3.3 with
a union bound, respectively, to the first and second factors on the right-hand side of (3.26) to get

1/(+
)

’ c'e) /
IKGY P ll14ee = IKGIIS S (1+N°(Nn)7“(| logn| + log N) SN2 (Np A1),

2(1+c’e) ~
ce
IN sup [(u;,v;) — 80D lhs1 /o) < ([E ' ‘SlﬁIJ)vu(NKuj’vi) - 5ijqi(z)|2)(1+1/(C/€))> < NO/2,
ij i,jelle

Thus we conclude

1+6 ,
(Ny A1), (3.27)

1 1 o N
—E(ImG)*| N sup [(u;,0,)|* ) S —N°(1+ (Ny)™) =
7 < ) < i,jeU?N[] {00 7 7 N7

To handle the expectation of the second term in (3.25), recall the definition of the event (¢, £)
from (3.5). On the event & := E,(c'§/2,¢'§/2) we have

A N-C’5/2§ Vi e [NY¢, N, (3.28)

which follows from (3.5) by putting in 5 = N~—¢'9/2(i /N). We divide the second term of (3.25) as

S T . S S faes S
i€[[eN] (772+/1i2)2 ’ ie[N'9] i€eN]] i€ N8 N (’72""11'2)2 N2
772.(1\]—11:)2

<IN + N1z )(ImG)? + N6 )
ie[N]

28 4 N2 2 1+2¢/6
msmc + N1z )(Im G)? + N1+2¢9p,

Then we follow the same argument as in (3.26) to conclude for any fixed D > 0 that

1 ” 21 s N0
—E — < —|IN*Y 4 N?1 &, +—
Ny (2 + 222 N>~ Ny ” e 1+1/<c’e)”< Plhvee 7
ie[cN] i (3 29)
N2C’5 N—D+5/2 , N1+
S + (Np A1) < ——(Np AL
7 n 7 Ny

For the expectation of the last term of (3.25), we again use the same event & = E,(c'§/2,¢'§/2)
but we only require that Aj.y) > ¢N ~¢'6/2 on the event. Then we write

1+6

(ImG) < NSE(Im G) < N“°|[(G) [l < N°(1 + (N3)~) < .

ET N7

(NpA1)E.

E . 2
7?2 +/1[cN]

(3.30)

The complementary event E€ can be dealt with the same reasoning as in (3.29). We thus conclude
E(A,G)| S NYO(NpAa1)~Le (331
as desired. O

Remark 3.5. As easily seen from the proof, the factor of N in Theorem 2.3 is due to the same
factors in Lemma 3.2 and Proposition 3.3. In the proof of Lemma 3.2, we use the local laws for
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H,, Lemma 3.1, to show that A7 determines the size of (G,) up to a factor of N 5. If we can show
that the random variable [{i : A7 < K/N}| has finite high-moment for any fixed K, then we may
use this as an alternative input and remove N° from Lemma 3.2. Likewise, Proposition 3.3 uses
the two-resolvent local laws in [19, Theorem 4.4] that is designed for mesoscopic scales. If & has a
better decay rate, we expect Proposition 3.3 to be true without the factor of N° on the right-hand
side of (3.7), which would reduce N° in Theorem 2.3 to a logarithmic correction.

On the other hand, changing the power (1 — y) to the optimal first power of Nr? seems harder.
It is due to a Holder inequality in (3.26), whose purpose is to separate the singular values and the
overlaps since we do not know how to estimate their joint distribution effectively.

Proof of Corollary 2.4. We first prove the complex case and later show how to modify the proof
for the real case. Fix z € 3;. We decompose the special test function w — 1/w into three parts by
inserting cutoff functions as follows.

== (1 fo@/) + = fo(NY2w) + = fo(w /(1 = foNY2w) =1 f1(w) + fow) + f3w),

woow

(3.32)
where x > N~'/2 is such that* D(z, 2x) C B, /2 and the cutoff function f, was defined in the proof
of Theorem 2.3. Thus we may write

2—51
E(X —2)™)* % =E /(fl(w —2)+ fr(w —2) + f3(w — z))dp(w) (3.33)
C
where p is the spectral distribution of X defined in (2.1).
The first integral is the easiest as | f1(w)| < x~! for all w € C, so that
2—51
E / f1(w — z)dp(w) < x~Ho, (3.34)
C

For the second integral, we use Jensen’s inequality (recall §; € (0,1]) and supp f, € D(0,2) to
write
2—51

< o(D(z, 2N-1/2))1-51 / L
C

|w—z|2—51

/ Fr(w = 2)do(w)
C

1pzon-172)(w)dp(w).  (3.35)
We then consider the following dyadic decomposition of D(z,2N~'/2) according to |w — z;

D(z,2N~1/2) = U(D(z, 27 K+IN=1/2)\ D(z,27kN-1/2)) =: U Dy. (3.36)
k=0 k=0

Applying Theorem 2.3 (i) to each domain D) with some § < §;/2 and y < §;/2, we have

[E/ %dp(w) S(ZkNl/z)z—Sl[E/ dp(w)SN_l(ZkN1/2)2_51|E.N.ZN—1/22—I(+1
b, 0 =2l Dy | (337

<CNE—61/2k2-80)-2k=1)1-7) < CNO—61/2)2r=61),

4If N is so small that such a x does not exists, we pick x with D(z, 2x) C By and write f5 =0, f3(w) = fo(w/x)/x.
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Therefore, summing over k and using p(D(z, 2N~'/2)) < p(C) = 1, we obtain

E [Q £ — 2o

< Z /D _le ————5-dp(w) < CNS—91/2 < C. (3.38)

The last integral in (3.33) can be dealt with the local law for X + A. This is the natural extension
of the local circular law to X + A and it asserts that for all (possibly N-dependent) C? test functions
g supported in B, and fixed positive € and D we have

|

We omit its proof as it is standard, given the optimal local law [19, Theorem 2.6] as an input,
following the analogous argument in the proof of [3, Theorem 2.5]. We apply (3.39) to g(w) =
f3(w — z), which is supported on 5; /, by definition. We denote the “good” event in (3.39) for this
choice of g by E,, that is,

N© b
> -llagl | SNP. (3.39)

g(w)dp(w) - / £(0)dPa ()
C C

NE
Ee = l /f3(w —z)dp(w) — / f3(w = 2)dpgi(w)| < WllAf3||L1] , (3.40)
c C
so that P[ES] < NP for all fixed D > 0. Now notice that
lAf3ll S N2, (3.41)

On the other hand, since p,,, has a bounded density in BB, by (2.7), we have

/ f3(w - Z)dpa+x p / idZZ S L (3-42)
c D) 1%
Hence on the event E, we have
2_51 N€ 2—51
1z [ fw-2den@| <1+ (35) s (:.43)

On the complementary event Z¢, we recall | f3(w)| < N'/? from the definition of f5, which gives

2-6,

Elge / f3(w — z)dp(w) < P[ESIN'-91/2 < N1-D, (3.44)
c

Combining (3.43) and (3.44) we arrive at

E / f3(w — z)dp(w) S 1. (3.45)
C

Plugging in (3.34), (3.38), and (3.45) to (3.33) concludes the proof of Corollary 2.4 in the
complex case.
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Finally, we show how to modify the proof for real X. The estimates for f; and f; are completely
analogous to the complex case, and their contributions are both bounded by a constant. Hence-
forth we focus on estimating the contribution of f,. We consider the cases y = 1,(S[A — z]) >
N~!and y < N~! separately.

When y > N~!, we define § : = min(N~'/2,y/4) and further divide f, into two parts,

F2() = oG w) + = foON )L = £oT W) =1 fu@) + fu().  (346)

The contribution of f,; can be estimated in the exact same fashion as f, for the complex
case, using a dyadic decomposition. The only difference is that we use radii 27“*!5 instead of
2-k+1N=1/2 ‘and apply Theorem 2.3 (ii) in place of (i). As a result we obtain

2-8,

N5—5] /2 N5—51 /2
<C

E (Nj;‘2)51/2*}’ <C

(3.47)

/ For(w = 2)dp(w)
C

For f,, we use the crude bound | f5,(w)| < 25~ fo(N/?(w)) to get

E e / Fo(NV2(w — 2))dp(w) < CN-1+6591-2
C

/ Fonlw — 2)do(w)
C

< CN861/2 L CN~1+0y01-2 (3.48)

where in the first line we replaced dp(w) with the bounded density dp, ,(w) by applying (3.39) to
g(w) = fo(N/2(w — 2)), using that ||Ag|l.1 = [|Afollr = O(1) for this choice of g. Adding (3.47)
and (3.48) proves

2-9 N? /2 1 N-61/2+5
E w — z)dp(w <C+C— | N/ 4 <C+ —, 3.49
[ Fiw=2aew)| el o) <+ (3.49)
where we used y > N~! in the last inequality.
Now it only remains to consider the case y < 1/N and prove
2-8,
NO
Here we use that | f,(w — z)| < fo(NY/?(w — z))/A?, which gives
2—51 2_51
E / fw=2)dp(w)| < ENAI|N / foN'P(w—2)dow)| . (35D
c C
Then we apply Holder inequality in (3.51) to obtain for all fixed ¢’ € (0, §;) that
2—51
E / frlw=2)dpw)| < NSAENAZ)=2H")2=00/C=<), (3.52)
c

where we used local laws to the second factor in (3.51) to bound its high moment by N°/2, as in
(3.48). Now by (2.27) in Theorem 2.13 and an integration by parts we can compute the right-hand
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side of (3.52) as

5/2

1" & " 5/2 1 1"
[E(N/lf)—ZJrE =2- e”)/ 3+ P[NAT <t]dt S1+ NT/ 7 logtdt S N
0 0

Thus we have

2-6,

E / Frw=2dpw)| S Noy~C-a0/C=")
C

and choosing suitable ¢’ € (0, §;) concludes (3.50). This completes the proof of Corollary 2.4. []

Proof of Lemma 3.2. The only input for the proof, other than Lemma 3.1, is Theorem 2.10.(i) for
the complex case and Theorem 2.13 for the real case. We restrict ourselves to the complex case,
since the real case follows directly by replacing the input accordingly.

First, we assume 7 < N~1*9/2 without loss of generality, since for 7 > N~ the result is
a direct consequence of Lemma 3.1 and ||[M|| < 1 from [19, Appendix A]. Then we separate the
contribution of the singular values A7 below N =1+8/2 from the rest;

1+6/2

- 2+€
N7 ) 1 U
ENG)I**¢ En2+€<—> +E| = — (3.53)
0 \(NAD2 + (Np)? N . ;/ (49 + 72
where we denoted by n, the number of singular values below N —1+8/2,
ny 1= |{i € [N] : 27 < N71+o/2. (3.54)

By (3.5), the random variable n, satisfies [|ngl|, S N % for any fixed p € N. Thus applying Holder’s
inequality to the first term of (3.53) gives that for each £ > 0

2+€

N7

(NAZ2 + (Np)? + E(Im G, (iN~1+0/2)) >+, (3.55)
1

24e+§

EG)I*¢ S N°

where we estimated the second term of (3.53) using that 7 — 7/(x? + n?) is increasing in 7 €
[0, |x]]. Denoting F,(-) = P[NAT < -], the first term of (3.55) is estimated using (2.28) as

24e+€ 2+e+€ |
N7 N7+ -t
<(N/IZ)2 + (Nn)? > / / (2 + (N Ryt dtdF,(x)

o 2+e+E | © 2+e+ 43
- / (NVn) L p(oyde < / (N7) L (logt| +log N)dt (3.56)
0 ([2 + (Nn)2)3+€+§ 0 (tZ + (Nn)2)3+&'+§

o 3

s

=(N77)_€_§/ W(l log(N9s)| + log N)ds S (Nn)™~¢(| log 1| + log N),
0

where in the first inequality we used the identity

1 0 t

Crryp 2P ; Wdt’ p.x,y > 0. (3.57)
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For the second expectation in (3.55), we directly use (3.4) and ||M|| < 1 from [19, Appendix A] to
get

E(Im G,(IN~1+8/2))2+¢ < 1 4

No/2 Sl (3.58)

Substituting (3.56) and (3.58) into (3.55) completes the proof of Lemma 3.2 for the complex

case. |

4 | UPPER BOUND FOR THE OVERLAP: PROOF OF THEOREMS 2.7
AND 2.9

We start with the proof of Theorem 2.9 for it motivates that of Theorem 2.7 while being
much shorter.

Proof of Theorem 2.9. Recall the inequalities in (1.17). In fact, they follow from more general,
elementary deterministic inequalities (see e.g., [7, Lemma 3.2] for a proof)

{zeD:/lf§€|

5

T Z (9”<11m1nf

2
ito;€D €

(4.1)
|{er:/1’1‘5€}| H

€

2 Z 0; < lilen_,iglf

ito; el

that hold true for any matrix with simple spectrum and any Borel sets D C C and I C R. Simply
taking the expectation of these two inequalities and using Fatou’s lemma gives

2 [NA? < Ne]
E 2 O; < 11m1nf—[E|{z €D: X <¢l= N limint — L —d?z
T D

ito;€D =0 (N€)2
A : (4.2)
1 N P[NA] < Ne
E .. < liminf — A< = —limi .
i~gz.gz 0O; < lll’el’l)lglf 2€[E|{x €1 : 47 <€} > 11r€n_}151f/1 Ne dx
Then plugging in the results of Theorem 2.11 into (4.2) proves Theorem 2.9. O

One can immediately see that it is vital to have the exact rate P[NA; < s] < s? or s for the proof
above. Any suboptimal factor in s, even | log s| as in Theorems 2.10 and 2.13, completely ruins the
proof, due to the fact that the limite — 0in (4.1) is not quantitative. Inspecting the original proof of
(4.1)in [7], one finds that in order for an inequality like (4.1) to be true, € has to be smaller than, say,
(i) minimal gap between eigenvalues in D and (ii) 1/4]. Roughly, our proof of Theorem 2.7 shows
that a suitable deterministic choice of ¢ is smaller than both of (i) and (ii) with high probability,
and quantifies the limit in (4.1) via contour integrals.

Proof of Theorem 2.7. First of all, notice that (2.16) follows immediately from (2.14) after an
application of Markov’s inequality, so we will focus on (2.14) and (2.15).
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Next we prove that it suffices to assume D C [—4 — ||A||,4 + ||A||]>. Suppose that we have the
result for squares in [—4 — ||A||,4 + ||A||]?, and take a general square D with |D| > N~2K. Define

D e ] if DN (=3 - |IAll,3 + [lAID* =6,
T\ Dn[-4— Al 4+ |AI]> otherwise.

Then D, is either empty or a rectangle whose side lengths are at least N—X. Since (2.14) and (2.15)
are additive with respect to the domain, the conclusion is true for D, with an exceptional event Ep,
such that [P’[ECDO] < N~P.We then consider theevent &, := [||X + A|| < 3 + ||A]|], which satisfies
P[E] SN ~D for all fixed D > 0 by, for example [39, Theorem 3.1]. Defining E, = Ep, N Eg we
have P[E}] S N~P. Since there is no eigenvalue in [-3 — ||A]|,3 + ||A||]]° D D \ D, on the event
By, (2.14) and (2.15) hold true for the general square D.

Thus from now on we assume D C [—4 — ||A||,4 + ||A||]*. For a parameter r < \/ﬁ to be cho-
sen later, we define C, to be a partition of D consisting of solid, open squares with side length r
so that |C,| ~ |D|r~? where |C,| denotes the number of elements in the partition. Now for this
partition, we define the events

[1]

g = ﬂ [127] > a,Vz € 8C], g, = ﬂ [{i:0;,€C}<1], and E:=E/ n
cec, cec,

2
(4.3)

where a > 0 is an N-dependent parameter that will also be chosen later. Under these notations,
we estimate P[E¢] and the expectation in (2.14) and (2.15) with the following lemma.

Lemma 4.1. Let D C C be a square and define E,, E,, and E as in (4.3).

* If X is complex, we have

Elz ), Ou SN(NIDDIlogal’, (4.4)
ii0;€D

P[E{] S N*r~'a|loga||D|, (4.5)

P[ES] < NO/5r%/5| logr|?| D). (4.6)

uniformly over 0 < a < r < min((4N)~%, V/|D|).
* If X is real, we have

2
Els Z O;; s]\]wuogap, (4.7)
iio;€D y
I
plz;] s N ta 2 ), (48)
P[E5] S N¥/3r2/3y=2/3(| logr| + | log y|)*| D). (4.9)

uniformly over 0<a<r <min {(4N)_1, \/|D|,y/2}, where we denoted 'y :=
min,ep 4,(S[A - z)).
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We postpone the proof of Lemma 4.1 and first deduce the complex case, (2.14), from the
lemma. Writinga = N —ki and r = N~*2 with ki,k, > 1, we will show that we can choose constant
parameters k; and k, so that (2.14) is true and the right-hand sides of (4.5), (4.6) are O(N ).

First of all, taking a = N1 in (4.4) with constant k; immediately proves (2.14). Then we plug
ina = N~¥ and r = N~%2 into (4.5) and (4.6), so that

16—6ky

P[E¢] S Nlo-ki+242%0Jog N and P[ES] SN 5 2(logN)?, (4.10)

where we used |D| < (N®0 + 4)2. Therefore choosing k, = K + D+28, 4+ 100 and k, = k, +
D+28, + 100 proves P[E¢] < N~P. We omit the proof for the real case since it is completely anal-
ogous except that we use N™X <y < 2N®0 4 4. This finishes the proof of Theorem 2.7 modulo
Lemma 4.1. |

Proof of Lemma 4.1. We first prove the complex case, and start with the proof of (4.4). The major
problem is that we cannot pull the sum over {i : o; € D} out of the expectation, since the set of
indices itself is random. To circumvent this, we use the partition C, and the fact that each C € C,
contains at most one eigenvalue on the event E C E,, hence

Z Oii = lE]]E Z Z Oii = |EI]E Z U(Elal- EC)OH = Z [Eﬂgﬂ(flcl EC)OH (411)

ito;€D CeC,i:oelC CceC, CeC,

Note that the deterministic sum over C € C, in effect replaces the sum over i, and in the last
equality of (4.11) we interchanged it with the expectation. Furthermore, for each C € C, we have

Qm}{ X+A_Z 27“}{ Zal _ril=— ) il (412)

irg;eC

which is valid as P[Jo0; € dC] = 0 and X + A is simple almost surely. Recalling the definition of
O;; from (2.13), this in turn implies

2 2
=1gl| Y, rl| =121(0; € 0)0y, (4.13)

ito;eC

dz

—Z

472 =

where we used that there is at most one eigenvalue in each C on the event E. Since the equality
in (4.13) is true for every C € C,, we take the expectation and plug it into (4.11) to obtain

2
1

Elz ), oilg% Y Elg

ir0,€D cec,
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We next estimate the contour integral for each C. First, we use ||Y||? = ||[YY*|| to write

2

Elg

}{;dz 7{;{ ! L
e X+A-2) scloac X+A-2)X +A—-w)*

<t [ [
oc Jac

- [ emra e
" Jacdse X +A-2) (X + A - w)

1 1
X+A-z(X+A—-w)*

|dz|dw]

1 1
X+A-2)X+A—-w)*
(4.15)

|dz||dw|

1 2

X+A—z

<16r? sup Elg

<16r’ sup Elgnz
zedC

z,wedC

k]

2 1

where in last line we used Cauchy-Schwarz inequality and also dropped Tz, . Since A7 > a on the
event B, for alli € [N] and z € dC we have from Theorem 2.10 that

1 2 1 *1
= |l————|| = N2E1x = 2N2 — 7 <
Elg, XTA_Z N°Elg, WP 2N /Na S3[P’[N/11 < slds
"1
<N? + CNZ/ E(l logs| +log N)ds < N? + CN?|log(Na)|(log N + |log(Na)|) < CN?|logal?,
N
‘ (4.16)
where we used a < (4N)~! in the second line. Combining (4.14)-(4.16), we conclude that
Elz ). Oy S ICIr?N?|logal> ~ N2|DJ| logal®. (417)

ito;€D

This completes the proof of (4.4).
Next, we prove the second estimate (4.5). We take a regular a-grid £ of points in [ J. cc. 9C so
that

maxmaxmin|z—w| <a and |L|~ |Clra~! ~ |D|rta"l (4.18)
CeC, zedC weL

We here remark that it is crucial to have the first negative power a™! on the right-hand side, not

the second; this comes from the fact that £ is a grid on 0C, not C. Then, on the event

ﬂ [AY > 2da], (4.19)

weL
forany z € | 9C we can find a point w € £ with |z — w| < a so that
A2 = |H, —Hyll =47 — |z —w| > a. (4.20)
Thus, by Theorem 2.10(i) with k = 1 and a < r < (4N)~!, we obtain

P[E]] =P U [3z € 9C such that A7 < a]] <P l U 47 < 2a]]

cec, weL (4.21)

S|L|(Na)*(logN + |loga|) S N?|D|r la|logal.
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This proves (4.5).
We finally prove (4.6). By a union bound we trivially have

PIESl=P| [J i : o e Cl 2 2]| <IGImaxP[l{i : o; € C} 2 2] (4.22)
CeC, "

To bound the probability on the right-hand side, we fix a square C € C,, take z. to be the center
of C, and label the eigenvalues so that |o; — z¢| increases in i. Then we have

P[Ifi : o; € C}| > 2] < P[loy — zc| < 2r] < P[loy — z¢| - oy — z¢| < 4r?] S P[ACAC < 4r?],

(4.23)
where the last inequality is due to Weyl;
k k
[[ioi—zcl = []4°,  vkeN]. (4.24)
i=1 i=1
Now for a threshold x¥ > 0 to be optimized later, by Theorem 2.10.(i) with k = 1, 2 we have
Z, Z, _ Z, Z 2 Z, Z, Z, Z
PIACAS <4r?] =P[AA° <4r?, 15° <x]+ P[A°AS <4r?, 25¢ > «]
<P[A° <x]+PIAC < 4r?/x] (4.25)

S((N©)® + N*x2r*) - (log N + | log x| + |logr|)>.

Note that here we used that s € [0, 1] in Theorem 2.10 can be extended to s € [0, o0) by increasing
C slightly. Taking the optimal choice x = N=3/5r%/5, we have P[A]° 3¢ < 4r?] S (Nr)!%/5|logr|.
Therefore we conclude from (4.22) that

PIES] S IC (NP> logr|* ~ N'/3|D|r®/>| log |, (4.26)

completing the proof of Lemma 4.1 in the complex case.
We next show how to modify the proof for the real case. Firstly in (4.16), we use Theorem 2.13
instead of Theorem 2.10 to get

2 A% + 1

El= < N?|1 2—,
= S Nllogal 2 A — 20

1
X+A—z

which leads to (4.7) via the same argument as in the complex case.
Secondly in (4.21), we again use the same replacement to prove (4.8);

I +logN I
PlEsl <P| | J1A <2a]| 5 (v 108l T10eN) vy Hogal ) oy
weL Y Y
Lastly in (4.25), we use Theorems 2.10 (ii) and 2.13 to get
1 _
PATCAC <4r’] <(N1c)4 + ;N2K 2r“>(logN + |logx| + | logr|)>. (4.28)
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After optimizing x we obtain

P[ATCAC <4r?] < (A)r)?/i/S (logN + [logr| + |logy|)?, (4.29)

which gives
P[ES] Sy >N/ D|r*/*(|logr| + | log y|)*. (4.30)
This concludes the proof of Lemma 4.1. O

5 | PROOF OF THEOREM 2.11

In the rest of the paper we prove results in Section 2.2. We start with the proof of Theorem 2.11,
since it best represents the common core ideas.

Recall that all of Theorems 2.10-2.13 concern singular values of X + A, where X is a regular
matrix and A is a deterministic shift sometimes with additional restrictions. We denote the Her-
mitization of X + A by H and the resolvent (H — w)~! by G(w) as in (3.1). The spectral parameter
of G is always taken to be w = in, where

N

N (5.1)

n=ns) =
with the same parameter s > 0 in Theorems 2.10-2.13. Henceforth we often abbreviate G = G(in).
As seen below, all arguments and inequalities for the complex case is also used for the real case
with some changes to exponents. In order to unify the presentation, we introduce the exponent 8
defined by

1 if X isreal,
B = { (5.2)

2 if X is complex.

Before commencing the proofs, we introduce a few notations and observations regarding
minors of matrices, that are used throughout the rest of the paper. Firstly, for each subset’ I C [[N]
we define the matrix J() € CUNINDXINT py

D) =610 ¢ I) (5.3)

Note that JI) acts as a I-shift operator; for each A € CINIXINI  taking product JPA e
CUNI\DXINT removes the j-th rows of A for j € Z. Secondly, we write H) and G») for the
Hermitization of SO (X + A) € CUNINDXINT and its resolvent, that is,

1
gD = < 0 Je )(X+A)> e CUININ\DUIN+12N])?

X + A Dy 0 (5.4)

G = D) := (HD —in)~L.

5The index set T is unrelated to the domain 7 ¢ R in Theorem 2.9; T always denote an index set in what follows.
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Note that H®) is obtained from H® = H by removing the j-th rows and columns for j € 7.
Thirdly, we write the spectral decomposition of H) as follows;

€5) @\ "
HD = Z /151) <u51)> (uéz)> , ugl) e CN-I1I, vgl) ecN (5.5)
i€[~(N=|Z]),-1]U[LN] U; U;

where the eigenvalues are ordered increasingly. Note that the superscript () is superfluous, for
example lgm = A

Now we list the key observations under these notations. Almost surely, the matrix H*) has rank
2(N — |I]), and by the block structure of H®) we have

_ 1D _ ... _ D (D (1) @ _ _ (D :
0=24,"="- _/llll < /1|1|+1 <. <Ay’ and A7) = _/li+|Z| Vie [N —-|1]], (5.6)

where the strict inequalities are due to the fact that H¥) has simple spectrum. Furthermore,
for any I ¢ [N] and i € [N] \ Z, since HZY is a principal minor of H?), Cauchy interlacing
theorem implies that

(Zuiip) €3] (Zuiih) ;
A <A <AL Vie [N]\I. (5.7)
For the eigenvectors, we have

I I I I 1 1 1 .
v(_l.) = vmll’ u(_l.) = _umll’ and ||v§ )||2 =5= ||u§ )||2 fori € [N —|T]], 55
u” =0 and [pP)2=1 fori e [|Z]].

i i

In particular, we can write the spectral decompositions

X +A7 (D) IO+ )= Y 0 vg”(vl@)* + ) (Ai(”)2<\/5v§”) (\/§v§1)>*,

ie[|71] ie[|Z]+1,N]

2 *
IDEX + AX + 40Dy = Y (/lf”) (\/Eul@) (\/Eugﬂ) .
ie[|Z|+1,N]
(5.9)
Finally, since the entries of X are independent, the minor H®) and the j-th rows of X for j €
T are independent. To be precise, we define the o-algebras and the corresponding conditional
expectations

FOD = o0({Xy : a€ [NJ\L,be [N]}), ED[]:=E[|FD]. (5.10)

Then all of HD, GO, and (/151), ugl), vgl))ieﬂN]] are measurable with respect to 7(I) and thus
independent of the Z-rows {X,;, : a € T,b € [N]}of X.

Proofs of Theorems 2.10 an 2.11 both involve an induction over minors H®) as |I| runs through
[k], with the same k as in their statements. To make this rigorous, we define for each I C [N]|
with || < k the events®

[1]

pi= sl P = [/11({1) < n], (5.11)

6 The events ;s here are completely unrelated to those in (4.3).

85U01 7 SUOWLLIOD BAITERID 8ol |dde ay) Aq peussnob ae el O ‘8sn Jo Sajni 1o Arig1 Ul UO 481 UO (SUONIPUOD-PUR-SWRIWOD A8 |IM" AReig1 Ul UO//:Sd1L) SUORIPUOD PUe SWe 18U 89S [6Z0Z/T0/60] U0 ARiqiqauliuo A8|IM BLISNRURIY00D Aq T0ZZZedo/Z00T OT/I0p/u0d A3 1M Afelq 1 jeutuo//:sdny wouy pepeojumod ‘6 ‘20z ‘ZTE0L60T



CONDITION NUMBER OF RANDOM MATRICES | 3821

where we recall that » = s/N. Thus the goal of these two theorems is to bound P[Z; ] by (V' }7)5"2
with the exponent 3 from (5.2). Note that & ”(I) € 7D and that, due to A(kZU{l}) < A;{I) from (5.7),

() L)
k

cEgc c- c:(l") (5.12)

[1]
11l
[1]

k

holds true for any increasing sequence of index sets (Z) jc[x] - Also note that if |Z; | = k, then the

last event E;{I") has probability one since Al(clk) =0.

As we will see shortly, Theorems 2.10 and 2.11 both follow from an induction over the chain
(5.12) for sequences (Z;) ek With |Z;| = j, gaining a factor of (N )Pk at each step. To be precise,
we prove

[E[xz“—a)] < (Nn)ﬁk z [E[xlu{i}ﬂailu{ib]’ Vne[0,N7'], VI c [N], |T| <k -1,

|I| ie[NJ\Z
(5.13)
for a collection of positive random variables (X 7)<y such that X; € FD and %45 = 1. Once we

have (5.13), then it immediately follows that

1 2
P[Ei] = E[X4T 0] <(Np)P* = Z E[2, T an] < (Np)PF ———— Z EXy i1 _wip <
k N e k N(N-1) o= 128
s (N =K1K s
<(Nn) —NT I]E[XI]]E;{I)] < (Np) jofmax E[%,], (5.14)

IC[N].|T|=k

so that the only remaining thing is to estimate E[X] for |Z| = k, which becomes the correc-
tion. The exact form of X; in (5.13) varies depending on the goal, and in particular X;’s are
deterministic in the proof of Theorem 2.10.

Although all discussions above are written in terms of a general index set 7 for the sake of rigor,
in the actual proof we often choose T = [j]] C [[k] for clarity. To further simplify the notation, we

. o . ) . D (D) = _ (oD _
write the superscript (j) instead of ([j]) for an integer j, for example A4 = 2D, &% = 5 ™ =

”(ﬂ) , et cetera.

We now present the two inputs for the proof of Theorem 2.11, whose proofs are postponed to
the end of this section. Note that the first input, Proposition 5.1, applies to a general regular matrix
X but assumes that A is real when X is.

Proposition 5.1. Letk,N € Nwith N > 3k, K = Ror C, X € KN*N be a regular matrix, and A €
KN*N be deterministic. Then there exists a constant C = C(k, b) such that

n+k
[E(l +NA§,?) T < CONDP [E(1+N,1<IU{’})) I_aup Vne[0,N7]
“k

m+1
|I| iE[N]\1
(5.15)

holds forany I C [N]| with |I| <k —-1,m € [2k,N —1],andn > 0.
Lemma 5.2. Let X be a regular i.i.d. matrix, A € CNV with ||A|| < K, and for each z € C let
A7 < -+ < A, be singular values of X + A — z. For each fixed &, > 0, there exists a constant C, =

Cy(k,8,7,m, &) such that

E[(1 +NAZ %] < C,N® (5.16)
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holds forall N > 3k and |z| <1 —T1.
We finally prove Theorem 2.11 using these inputs.

Proof of Theorem 2.11. Recall the definitions of 7 and §§ respectively from (5.1) and (5.2). Define

BIZIK
) (517)

_ Iz (€3]

%, :=C |<1+N/12k+|1|

where C is the constant from Proposition 5.1. Then, since we assumed z € R in the real case, we

may apply (5.15) with A replaced by A — z. This immediately proves (5.13) and hence, by (5.14) we
have

PINZ <s] <5 max E[%;]<CKsFE|(1+NAZ )ﬁkz], (5.18)
k 1C[N].iI|=k 3k

where we used /1;? < A3 from (5.7) in the last inequality. In particular, by taking C; = C¥, this
proves the first inequalities in (2.23) and (2.24).
Finally, since

1/2
E(1 + NAy)F < ([E(l + N/13k)2k2> ,
substituting (5.16) into (5.18) concludes the proof of Theorem 2.11. O

Proof of Proposition 5.1. First of all, we prove that one may take 7 = [[j — 1]] for some j € [k]
without loss of generality. To this end, we take a general I C [[N]] with |Z| < k — 1 and assume
that Proposition 5.1 is valid for [[|Z|]]. Consider a permutation matrix P; that maps 7 into [[|Z]],
so that JUZDP; = J)_ Then it is easy to see that P;X is regular with the same density bound b if
and only if X is, so that we may apply Proposition 5.1 to P7(X + A). Noticing that the constant C;
in (5.15) depends only on (k, b) and that

A0 x + A)) = 28, (5.19)

where the left-hand side stands for the m-th smallest singular value of J (IDp,(X + A), the result
for general 7 immediately follows.
Therefore in what follows we take T = [[j — 1]] for some j € [[k]|, and all superscripts (7) are
replaced by (j — 1). Next, we write
G-1),: in Ui
Im Z G (in) =ImTr — - = — (5.20)
€N JUDX + AX + A JUDe 92 A= I/lgj_l)l2 + 7?2

where we recall that HU= and GU~Y are indexed by [j, 2N]]2. Recalling the definition of & ”(J b
from (5.11), we have

1
L(/ n, (521

I_g-nIm Y GI™V > Vo0 Z — > —(k J+ 1)11—(/ vz ls

Tk i€7N] 7 1AV 42
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and hence, raising it to the (8k)-th power (recall that 8 = 1 or 2 depending on real or complex
X)7

Bk
1 G-
< Bk j . ‘
ﬂg(kf 1)_(2N77) (N_j'i'll.e%N]]ImG“ > 1]3(}{] 1 (5.22)

Multiplying both sides of (5.22) by the factor (1 + N/lﬁ,{_l))" and using Jensen’s inequality, we
have
. n . n .
ET (1 + NAE{”) < —— _NpPET_ (1 + NA&,J[”) 3 16Uk (523)
:" N=j+l “" il

Then, for each i € [j, N]] we use that /l(J < /lfr[}ill” Y from (5.7) and E ”(J e EE{[U —HYE) 4

estimate the i-th summand in the right-hand side of (5.23) as

. n . . a1 ) ) .
IE»I] ,:,(j—l) (1 + NAE,JI_D) |Gl(lj_1) |ﬁk S [E‘]] :([[j—lﬂu{i}) (1 + N/lf,r[}_]'__lll] U{l})> [E( ﬂj_l]] U{l}) |G1,(1} 1) |/3k’
“k “k
(5.24)
where we recall the definition of E(?) from (5.10) and that }‘Eﬁ-l’ :5{1) are measurable with respect
to (D, Substituting (5.24) into (5.23) and then comparing with the final goal (5.15), we find that
it suffices to prove for all i € [[j, N] that

. . i Bk
1 _pj-rguan EL—1IVED |G1(z] » 1Bk < CT_gj-1pum (1 + nglﬂcjﬂlﬂ U{l})> , (5.25)
=k =k

for a constant C depending only on k, b. At this point we may further assume i = j without loss of
generality, using the same argument as in (5.19) involving permutation matrices. Finally, recalling
the assumption m > 2k, it only remains to prove

. Bk
; -1
1 EVIGY VPP < cu:(,-)<1 +N/1§fk)+1) . (5.26)
“k “k

Next, we decouple the j-th row of X from G%_l). Applying Schur complement formula with
respect to the (j, j)-th entry of HU~1) gives

s (=D A~ ;G- . @) =
=—ip—- ) Hy UGy H)T = —in — D X+ )Gy X+ Ao

Gu—v k,£€[j,2N] k.¢€[N]
(5.27)
On the other hand, another application of Schur’s complement with respect to the bottom right

(N x N) block of (HY) — in) gives

G pan = (X + ATDTOX + A) +7),,, Kkt €[N, (5.28)
so that (5.9) gives
N
21 .
o =i - ’72( ()(z <) 7(X+A)v§”|2 _ —in—iz (J)|w(1)|2 (5.29)
Gj§ =@+ i=1
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(])”2

where we defined (recall that ||v isequaltolfori < jand 1/2fori > j)

V= ()L w = (ng),...,w,(\f)> :=UY(bY + alV), b = \/NX*e;,
(N2A;") + (Nn)
! (5.30)

a’) :=+/NAe;, Uv = (vi’) vi,’) \/Evj.’j] \/Evj(j)) .

While (5.29) is an identity, we do not need all summands on the right-hand side but only that

-1 -1

1
697V = <n+zc<”|w(”|2> s< > (f)|w(f>|2> . (531)
i=1 ie[2k+1]

Note that c(j ) and UY) are measurable with respect to F(j ) defined in (5.10) and that b") is exactly

the j-th row of X with a deterministic shift, hence c ) and UD are independent of b"). Also
the matrix (UY)*, and hence UV, is unitary due to (5.9). Here we emphasize that, on the event

”(J) [/10) < 7], sizes of C(J)’S are roughly
1 << 1 fori <k, and c( ~ (Nn) fori>k (5.32)
2Nnp =% T Npg -

since N/lg) ~ 1 for i > k. Notice that the first inequality in (5.32) is not a heuristic, but

deterministically true on =2 ”(J ),
Substituting (5.31) into the left-hand side of (5.26), we find that it suffices to prove

. . bk
ﬂgg)[Ew( ”Zk: Hclgnlwl@lz) gcﬂag)(1+N/1;£+l> (533)
i€(2k+1

for a constant C depending only on k and b. The inequality (5.33) follows from the following
technical lemma, whose proof is presented after completing that of Theorem 2.11.

Lemma 5.3. Letk,N e Nwith2k+1<N,K=R orC, b> 0, and b € KN be a random vector
with independent components. Assume that each component of b (Re b and Im b, resp.) has a density
bounded by b if K = R (if K = C, resp.). Then there exists a constant €, = €,(k,b) > 0such that the
Jfollowing holds for any positive sequence (¢;);cnj and a unitary matrix U € KXV,

—Bk k 2k+1
[E( > ci|e;=Ub|2> <146 [ I 7. (5.34)

ie[2k+1] i=1 i=k+1

Notice that Lemma 5.3 assumes that U is real orthogonal when K = R. Assuming Lemma 5.3
is valid, we complete the proof of Theorem 2.11. We aim at applying Lemma 5.3 with the choices
(b,c;,U) = (bY) + a'P, cgj )yl )). First of all, recalling that A is real when X is, the matrix
(X + A)* € KN is regular so that each component of the vector (b) 4+ al”) € KN has a density
bounded by b. Secondly, again due to A € KN*V, the singular vectors (vgj Nie (v are in iKY so that
U e KNXN Lastly, since the constant € in (5.34) is uniform over all (¢c;) and U, we may as well
take them to be random as long as they are independent of b. More precisely, for any o-algebra F
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independent of b such that o((c;), U) C F, we may also replace E on the left-hand side of (5.34)
with the conditional expectation E[-|F]. In particular for b = b") we may replace E with E).
Thus we may apply Lemma 5.3 to the left-hand side of (5.33), so that

j ( Ny, () o k () -B/2 2k+1 4) —Bk/(2(k+1))
EW 2 J |wJ 12 Sl+@1H<CiJ ) H (Cil
ie[2k+1] i=1 imka1 (535)
—Bk/2
<1+€1< ) ;’;ﬂ) ,

in the second line we used that c 1s decreasing in i € [[N]). Then recalling & ”(J ) [’11(<j ) <n]we
have
D%
2 (N/lkj ) + (Nn)? _
1 m; =1_0| (Nn)* + <N/1(]) ) ' <21 (j><1 +(NAY )2>
= ( ) ( ) Ek 2k+1 (NU)Z = Ek 2k+1
k 2k+1

(5.36)
where we used N7 = s < 1. Therefore we conclude

e Bk/2 Bk
ﬂaggﬂE“( g (”'w‘”'z) <t (1@ (el 7)) seig (1ema,)
ie[[N

by taking a suitable constant C’ that still depends only on (k, b). This finishes the proof of (5.33),
concluding that of Proposition 5.1. O

Proof of Lemma 5.3. We define probability measures u and u, on KN and KP to be the laws of
Ub and its first p coordinates. More specifically, for any suitable test functions f : KV — C and
fp + KP - C we define

/[KN fdu = /[KN f(Ub)h(b)d*Nb, /[KP fpduy, = /[KN Sp(wy, ., wp)du(w) (5.37)

where we abbreviated h(b) := Hil h;(b;). With uy .1, we may rewrite the left-hand side of (5.34)
as

2k+1 —Bk

—Bk
[E<. Z Ci|e?Ub|2> = /sz+1 ( Z Cilwi|2> Az (). (5.38)

ie[2k+1] i=1

For a threshold x > 0 that will be optimized afterwards, we divide the integration in (5.38) by
inserting the following factor;

1= ﬂsi + ]]51055 + ]]Slﬂsz’ (539)
k 2k+1
Sy ::{we[i@k+1 : Zcilwilzsl}, S, = {we[KZk+1 : Z cilwi|2§1<2}.
i=1 i=k+1

The integral in (5.38) corresponding to the first regime S] is simply bounded by 1 as 1 is a prob-
ability measure and the integrand is bounded by one. For the second domain S; N S7, denoting
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the L*™ norm of the Lebesgue density of a measure v by ||v||,, we have

T5,nse(w) ﬂ(z cilw;|> <1)
/ —2 Bk dptgp1(w) < / = d/"k(w)
[K2k+1

2k+1 Kk k
<Zi=; Ci|wi|2> <2i=1 Ci|wi|2+7<2)
k 1
.y 10Xl <1) g —8/2 sBk—1 (5.40)
< dP*x < C C. —ds
mmu[[ .4uww+ﬂWk il 16 [

k
- —B/2
<Clipllr ™ [T 72,

where we used the change of variables x; = \/c_iwi in the second inequality. Here the constant
C > 0is anumber that depends solely on 8 and k. Likewise, for the integral over the third domain
S1 NS, we get

Ts,ns, (W)
/2k 1 " Lt ﬁkdﬂzkﬂ(w)
IK2k+ +1
(zl':l cilwi|2>

2k+1
I]: - < <

SCI|M2k+1”oo Ci ﬁ/Z/ / ﬂ(l|x|| 1)]](”.))” K) 5]{ dﬁ(k+1)y (541)
i=1 it S (X2 + [|yl12)P

—B/2 8 —B/2
<C d dt <C .
|%mh|h?‘// 4t < Cllallo® [] ¢

i=1

The fact that ||, < C(p,b) for any p < N is a direct consequence of the following lemma.

Lemma 5.4 [42, Theorem 1.1]. Let p < N be positive integers, b>0,and b= (Bi)ie[[N]] €RN bea
random vector with independent components. If the densities of b; are bounded by b, then the density
of Pb on PR is bounded by (€,b)? for any orthogonal projection P on RN with rank P = p where
€, > 0is an absolute constant.

In the real case, we apply Lemma 5.4 with 5 = p, N = N, b = b, and

- I, O
— * p
P=U < 5 o> U, (5.42)

to find that the density of Pb is bounded on PR Since up is the law of UPbon UPRN = (R?,0),

we immediately have ||, |l < (€(b)P. To apply Lemma 5.4 in the complex case, we employ the
following notations: For a matrix A € Chxdz e define

JA] := <§[[:ﬂ ;ﬁ%]) € R2dix2dz (5.43)

where R[A] and J[A] are the entrywise real and imaginary parts of A defined in (1.25). With a
slight abuse of notation, when v € C¢ is a vector, we define J[v] := (Re[v]T, Im[v]T)T € R,
Note that [J is an R-linear algebra homomorphism in the sense that, for all A € CledZ,B €
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Cd2%ds and v € C%,
J[AB] = J[A]J[B], J[Av] = J[A]T[v], J[A*] = TJ[A]". (5.44)

Now we apply Lemma 5.4 with the choices p = 2p, N = 2N, b = J[b], and
p=gwia|( %)l (5.45)
B 0O O ‘ ‘

Noticing that J[U] € R?N*2N js a real orthogonal matrix, we immediately find [|u, o, < (€(b)?P.
Combining (5.40), (5.41), [|4plle < (6,b)PP, and optimizing for x gives

Bk

2k+1 - k 2k+1
[E<Z cile;kUb|2> Sl+(§1<HCi_ﬁ/2><K_ﬁk+Kﬁ H ci_ﬁ/2>
i=1 i=1 i=k+1
k 2k+1
<146, [ I ¢ /e,
i=1 i=k+1
for some constant €; = €;(k, b). This completes the proof of Lemma 5.3. O
Proof of Lemma 5.2. Recall that the goal is to prove
E[(1 + NA3)**] < C(k, 8,7, m)N®. (5.46)

Observe that we may assume that N is sufficiently large, as long as the threshold depends on the
same parameters as C. Recall the definition of £, from (3.5). We apply Lemma 3.1 with the choices
€ =& = §/(100k?)and D = 100k?, so that [E,(¢, £)°] < N~P holds forall |z| < 1 — 7. Then, on the
event E,(¢, &) we have

N/‘lgk < N/lfNe-;.gJ < ]\]1+€77 < N1+2€,

hence
Els, (1 +NAZ ) < N3, (5.47)

On the complementary event Z,(¢, £)° we use Cauchy-Schwarz and A =1A+X —z| < IX]| +
|z| + || K| to get

Els, o0 (1+NAZ)H <PIE,(e, O)FTV2EIQ + NALH]Y/2 < N2PRA 4 [[1X [ lai2 .

(5.48)
Then we finally use
[E[||X||4k2] < E(TrXX*)2%* < N2 (5.49)
so that
Els, (e (1 + NAZ ) < N3P/ /2, (5.50)

Substituting the definitions of €, £, D into (5.47) and (5.50) proves (5.16), concluding the proof of
Lemma 5.2. |
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6 | PROOF OF THEOREM 2.10

The proof of Theorem 2.10 follows a similar strategy as in Section 5 for the proof of Theorem 2.11
but with some non-trivial modifications that will be summarized in Remark 6.4. The key step
again is to prove (5.13) but this time with the deterministic choice ¥; = C!*!|logn|'*!; we state
this in the next proposition. Recall the definition of 8 from (5.2).

Proposition 6.1. Let k, N € Nwith 2 <k <N, X be an (N X N) regular complex or real matrix,
and A € CN*N_ Then there exists a constant C = C(k,b) > 0 such that

_ 1 (i .
P[aﬂ < Cllogn|(Nn)* = 3 P[:}f”“”] v € [0,N"1], 6.1)
ie[NJ\Z

holds for all T C [[N] with |I| < k — 1. If X is complex, the same result also holds for k = 1.

Note that Proposition 6.1, in contrast to Proposition 5.1, does not assume that A is real even if X
is. As we will see below, complex A poses additional technicalities in its proof when X is real. Given
Proposition 6.1, Theorem 2.10 follows directly by substituting 7 = s/N and X; = C!*!|logn]|’!
into (5.14) where C is the constant from (6.1). Thus we move on to the proof of Proposition 6.1.

Proof of Proposition 6.1. We make two modifications to the proof Proposition 5.1 in order to prove
(6.1). Firstly in (5.22), we raise (5.21) to the (8k /2)-th power instead of (8k), and we do not smuggle

in the factor (1 + N/lg,{_l))” in the following steps. Notice here that we need to take k > 2 in the
real case, so that we may apply Jensen’s inequality in (5.23) with the power k /2. Secondly in (5.31),
we keep the first term 7 and only use the first k coordinates of w/) instead of the first (2k + 1).
After these modifications, it suffices to prove

—Bk/2
ﬂEgﬂE@(m > c§”|w§”|2> < CNp)P*/2| logn| (6:2)
i€k

for a constant C = C(k, b) > 0. )
Recall from (5.32) that cgj ) > 1/(2Nn) for all i € [k] on the event Ef{f ). Thus we have

—Bk/2 —Bk/2
1LoE?( g+ Y PP < CONP21_ED( N>+ Y jwlP . (63)
Tk i€[N] ok i€k]

where C > 0 depends only on k. Therefore (6.2) follows once we prove

k2
[E(j)<Nn2+ > |w§”|2> < C|logy| (6.4)
€[kl

for a constant C depending only on k and b. We state this estimate as the next lemma. To simplify
the presentation we define P, : CN — CF to be the projection onto the first k components, that
is,

P, := (I, | 0)eckd, (6.5)
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Lemma 6.2. Let k,N e Nwithk <N, K=R or C, and b € KN be a random vector with inde-
pendent components satisfying the same assumptions as in Lemma 5.3. Then there exists a constant
G, = G,(k,b) > 0such that the following holds for any c, € (0,1/2), a € CN, and a unitary matrix
U e CN;

) < 6,1+ |log oo ). (6.6)

E(co + IPLU(b + @)|1?

Note that when K = R, the vector PU(b + a) in (6.6) involves both real and complex matrices
(orvectors) in contrast to (5.34). Hereafter, any binary operation concerning both real and complex
matrices treats R as canonically embedded in C.

Asin Section 5, we postpone the proof of Lemma 6.2 and first use this lemma to conclude Propo-
sition 6.1. We choose ¢, = Nn?, U = UV, b = \/ITIX*ej, anda = \/NA*ej. With these choices we
have

PU(b + @) = VNP, UYD(X + A)*e; = PUVBYD) = Pwlh, 6.7)

so that the left-hand side of (6.6) is exactly that of (6.4). Following similar arguments as in the
proof of Proposition 6.1, these choices satisfy all assumptions of Lemma 6.2 so that

—Bk/2
EV) (an + ) w? |2> < 6,(1 + | log(N7?)) < 106, log], (6.8)
ie[k]
where we used 7 € [0, N~!]. This proves (6.4), concluding the proof of Proposition 6.1. O

Next we will present the proof of Lemma 6.2. Recall that in Lemma 6.2 the unitary matrix U
is not real orthogonal even if X is real, in contrast to Lemma 5.3. Hence the proof of (6.4) for
the real case does not simply follow from the complex case just after some changes in the expo-
nents. Nonetheless, we still expect that the vector P, Ub carries at least half the degrees of freedom
compared to the complex case, regardless of U. As before, these will be used to regularize the
potentially singular expectation in (6.6) even if ¢ is very small. In other words, we will construct
a “projection” R : CK — R¥ so that RP; Ub € R has a continuous distribution. The next lemma
is used to construct such an R.

Lemma 6.3. Let U be an N X N complex unitary matrix, k € N1, Py be given by (6.5), and define

Q :=J[P]JU] <Ig> € RIXN, (6.9)

Then the singular values my < --- < my, = ||Q|| of Q satisfy

1
k+1

my < 1, My 2 (6.10)

The proof of Lemma 6.3 is postponed to the end of this section, and we proceed to prove
Lemma 6.2.
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Proof of Lemma 6.2. We first prove the complex case, 8 = 2. One can easily see that the vector
b := b + a has independent components whose densities are bounded by b, exactly when b does.
Since ||PU(b + a)|| = |PUDb||, we may replace PU(b + a) by PUDb in the left-hand side of (6.6),
that is, it suffices to prove

E(co + |IPUD|I?)~F < G,(1 + | logcyl). (6.11)

Note that this argument using a complex shift a only applies to the case K = C, and later for the
real case we will need to use Lemma 6.3 instead.

Now we apply similar arguments as in Lemma 5.3; first, define y; to be the distribution of PUb;
for a test function f : C* — C we write

/ fdu ;= / f(PUD)R(b)A*Db
CN cN

where h(b) was defined in (5.37). Then we have, for a constant C = C(k) > 0,

I(wll <1)
ck (co + llwll2)*

—k —k
E(co + IPUB|?) ™ = / oo+ ) dueCa) <1+ (W)
C

(6.12)

1

I(lwl| <1) skl

<t il [ ZIED <1t [ e
* Jer (co + llwl2) *Jo (co+ s

where we used in the first inequality that the integral over ||w]|| > 1 is less than 1. Recall that this

Uy is exactly the same as that in the proof of Lemma 5.3, so that |||l < C(k,b). Since the last
integral in (6.12) is bounded by | log cy|, therefore we have

E(co + IPUBI?) ™ < €,(1 + [logeo)), (613)

for some constant €, = C,(k,b) > 0. This proves (6.11), thus concludes Lemma 6.2 for the
complex case.
Now we move on to the real case. We first notice that

J[P.Ub] = J[P U]J[b] = J[P]J[U] <Ig> b = Qb € R, (6.14)

where Q was defined in (6.9). Consider the singular value decomposition

2k
Q = 2 mixiy;rs X; € IRZkﬂ.yi € RN, (615)
i=1
and define
2k 2k k
R := Z yix!, P:= Z iy, Vi= Zeiyllrk € RPN D : = diag(myy, ..., moy).
i=k+1 i=k+1 i=1
(6.16)
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Note that P is an orthogonal projection on RN, V is a unitary map between RX and
span(Y,1, - ¥ar ), and that

2k
VRQ= ) mey! =DVP. (6.17)
i=k+1
Hence, using ||VR|| < 1 and ||J[v]]| = ||v|| for any complex vector v, we obtain

IPkUD + )] = |T[P UMD + )]l = [VRI[P U + a)l|l

— |DV(Bb + VID"'VRJ[P Ua))| =: |IDV(Pb + @), (619

where we abbreviated
a@ =VID'VRJ[P,Ua] € span(¥j1, - » Yak)- (6.19)

Thus we have that
(co + IPU(b + @)|)™/> < (o + IDV(Pb + @)||1*) /2. (6.20)
Next, we define v to be the distribution (on R¥) of V(Pb + @), that is,
/ ) f)dv(x) = . f(V(Pb + @)h(b)dNb (6.21)
R R

where h(b) was defined in (5.37). Then we may follow the same lines as in (6.12) to write

E(co + IPU(b + a)[|*)™%/? <E(c, + ||IDV(Pb + @)||>)~*/?

B Il [ sF!
- co + IDx|12) ¥/ 2dv (%) < 1 + / ds
/Rk( o+ IDx(1%) k() k+ D2 Jy (co + 5242
(6.22)

where we used in the last inequality that det D > m’; a2 k+ 1)k/2,

Since the last integral on the right-hand side of (6.22) is comparable to |logcy|, it suffices
to prove ||kl < C(k,b) in order to conclude (6.6) for the real case. To prove this, we apply
Lemma 5.4 with the choices b = b and P in (6.16). As a result, the densities of Pb and hence
(Pb + @) on span(Yi,1,---» Yak) are both bounded by C(k,b). Since V is an isometry between
span(Yj41, .-, ¥or) and R¥, we immediately find ||vy |, < C(k,b). This completes the proof of
Lemma 6.2 modulo Lemma 6.3. [

Proof of Lemma 6.3. First of all, m,;, = ||Q]| < 1 follows directly from
IQull = IT[PUV]|l = [P Ul < [lvll,  YveRN. (6.23)

To prove my; > (k + 1)~/2, we use the definition of J to write the matrix Q in (6.9) as

_ ( PR[U] x
Q= <_Pk3[U]> € RZXN (6.24)
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so that, using the same singular decomposition as in (6.15),

PR[U]

2k
QQT = <—Pk$§[U]> (R[U]'PT —S[UJTPT) = g{mizxixj. (6.25)

Then from R[UU*] = R[I] = I we have

2k
Y m?="Tr < PRI > (R[UITPT —GQ[U]TPT)

i —P3[U] (6.26)
= TrP(R[UJR[U] + S[U]IS[U])PT = Tr PR[UU*|PT = TrPPT = k.
Hence for each ¢ € [2k[] we have
2k
k=) m2<tm+@k—0)md <tm?+Qk-10), (6.27)
i=1
where we used in the last inequality that m,, < 1. Thus for all £ > k we have
t—k 1
me >/ —, in particular my . > . (6.28)
¢ Vi+1
This completes the proof of Lemma 6.3. O

Remark 6.4. Asone can see from the proofs, the difference between Theorem 2.10 and 2.11 is rooted
in that between (5.33) and (6.2). Comparing (6.2) to (5.33), we find that the left-hand sides concern
different inverse powers of the same random variable ), ; cgj ) | le ) | modulo irrelevant summands.
On the other hand, the right-hand side of (6.2) has a factor of (N%)f/2, which is small, whereas
that of (5.33) is (roughly) O(1).

Here we briefly explain how these two different estimates for the inverse powers of the same
random variable arise. In fact, when N7 < 1, (6.2) better represents the natural size of this random

variable. To see this, we recall (5.32) and write for general w € CV that, on the event :;{j),
1 o 0) S 7
=Y < Y lwilP < Y qlwl? < Z —5 Wil (629
2Ny i=1 = i€[N] = N i>k (/1(]))2 +7

Typically we take w; to be O(1) random variables with continuous joint distribution, and hence
the second term on the right-hand side of (6.29) is roughly of the same size as (G(in)) which is
O(1) (see Lemma 3.2). Thus essentially the first k summands determine the size of Z G ) wY )|2,
which is in turn comparable to (N7)~!||Pw||? recalling that the relevant regime is N7 << 1

Therefore, in effect, one can only use these Sk degrees of freedom (from k variables in ) upon
estimating the m-th negative moment to regularize the potential singularity. This essentially leads
to integrals of the form

llw||>m

/ Tdiwh 1) 4s1, (6.30)
Kk
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which is finite only if m < Sk/2. When m is exactly Sk /2 this integral has logarithmic singularity,
which is responsible for the logarithmic corrections in Theorem 2.10. On the other hand, for any
m > Bk /2,the a priori uncontrolled singular values {li(J )i k} affect the m-th negative moment

of Zl. ci(j ) |w§j )|2 via cgj ). The main point of Theorem 2.11 is that /lfj )’s, and hence cfj )’s, fori>k
are controlled if replace A with A — z for z in the bulk spectrum and thus effectively contribute

to regularizing the integral.

7 | PROOF OF THEOREM 2.13

Now we consider the singular values of real regular matrices, but shifted by genuinely complex
matrix A € CNV*N, More precisely, we show that (2.21) extends to k = 1 with the improved rate s>
if S[A] is strictly positive definite.

Recall, from the proofs of Theorems 2.10 and 2.11 for the complex case with k = 1, that the
scale s? is due to the fact that the random variable wgl) = (vgl))*b is genuinely complex; more
specifically, that the distribution x; of w®) on C has a bounded density. Here we prove the same
statement for the real case when the shift A is genuinely complex.

Before presenting the proof, we briefly explain which parts of the proof of || ||, = O(1) have
to be modified compared to those in Sections 5 and 6. If A is real, then v(ll), the null vector of
JH(X + A), is also real and thus wil) is real, so that its density u; is singular if viewed as a density

on C. If the shift A is complex, then b = \/ﬁ (X + A)*e; becomes complex but only due to an irrel-
evant shift. Hence the regularity of u; should come from the fact that v(ll) is genuinely complex.
Furthermore, whatever estimate we obtain for ||x; ||, it should deteriorate as A tends to a real
matrix; we have already seen in the proof of Theorem 2.11 that wgl) is real when A is.

The next lemma summarizes the technical input we need for the proof of Theorem 2.13. It
proves that v(ll) is a genuinely complex vector, quantitatively with an explicit dependence on SA =

(A —A)/(2i).

Lemma 7.1. Let Y,B € RV and v € CN be a unit null vector of J(Y + iB). Then we have

VDY w]|?
(UOY] + 1B+

int | ReleCul* > %AI(B)Z (7.1)

0el0,2

where A,(B) is the smallest singular value of B and w € R is the unit null vector of JVB.

Note that zero is an eigenvalue of B*(J(V)*J)B and that, by Cauchy interlacing theorem, its
multiplicity is exactly one provided 4;(B) > 0. Hence w is uniquely determined if 1,(B) > 0. We
postpone the proof of Lemma 7.1 to the end of this section and move on to that of Theorem 2.13.

Proof of Theorem 2.13. In order to prove (2.27), we follow the proof of Theorem 2.10 in the complex
case (hence 8 = 2) for j = k = 1. One can easily find that all the arguments until Lemma 6.2
remain intact, which is replaced by the following lemma;

Lemma7.2. Letb = (b))icn € RN be a random vector with independent components whose den-
sities are bounded by b > 0. Then there exists a constant €5 = €5(b) > 0such that the following holds
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forall ¢, € (0,1/2) and deterministic vectors v,a € CN with ||v|| = 1;

1
E(co + v (b+a)]>)! < 63(1 + < min || Re[eiev]||> |logcol>. (7.2)
6€l0,27]

The proof of Lemma 7.2 is presented after completing that of Theorem 2.13, and we proceed
assuming its validity. If we replace Lemma 6.2 by 7.2, we obtain

-1
P[] < (N9)* max E(N7? + uiP)
ie[N]

-1
< 10@3(1\77))2 maX <| 10g77|[E< I'I[})lglﬂJ || Re [eievi{i})] “> >’ (7.3)

so that it only remains to estimate the expectation on the right-hand side. Also, as before, we take
i = 1 without loss of generality since the final result is uniform in i € [[N]). To this end, we apply
Lemma 7.1 with the choices Y = X + RA and B = JA. As a result, we obtain
) ”>_1 OO+ RA +ISA]?
~A(84) VDX + RA)w|

E <9 r%igl | Re [
sl0.27] (7.4)

C
(1) -1 2 2
<M+ Rl (HIXI, + A1)

for a numeric constant C > 0, where w is the unit null vector of JUGZA.

We next handle the first factor on the right-hand side of (7.4). We claim that E||JM(X +
RA)w|| ™" < Caslongas N — 1> r. To this end, we estimate the lower tail of ||J®)(X + Re A)w||
by its Laplace transform;

N 2
P{IVOX + RAw|? < 2] = l—lz Y ( el(VNKX + 2RA))w) >_N
B (7.5)
N 1 )
<eV [JEexp <——2 (eT.(\/ﬁ(x + ERA))w> )
j=2 e
Then for each j € [[2,N]], since ||w|| = 1, the random variable e}(\/JVX + RA)w has a density
bounded by €yb by Lemma 5.4. This gives
PIIVVX + RAw]| < 1] < (Con)V L, (7.6)
for a constant Cy depending only on b, which in turn implies
EIITDX + RA)e, |7 <CG+ EITDX + RAer 17150004 maje 1 <c;

=Cp + / PITDX + RA)e || < x~H7dx < C) + C} / x~(N-D/rdx,
cr 1

’ .7)
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Taking r = 2 and recalling N > 4 > r + 1 we have
[0+ R 7| < Co). (7.8)

Substituting this into (7.4) and then (7.3) proves (2.27). Given (2.27), (2.28) follows directly from
E|IX||* < C(m), which is a classical result that can be proved following [52]. O

Proof of Lemma 7.2. We reuse the same notations as in the proof of Lemma 6.2 for the real case.
Namely, for a suitable unitary matrix U we may write v = U*P} with P; defined in (6.5), so that

Re[v*b]\ _

with the same Q as in Lemma 6.3 for k = 1. Again we write the same singular value decomposition
of Q as in (6.15), but here we replace the matrices in (6.16) by the following, that use both m; and
my:

=Y yxl, Pi= ) yyl. V' i=) eyl D :=diag(m.my). (7.10)

i=1,2 i=1,2 i=1,2

Now we may follow similar lines as in the proof of Lemma 6.2: We define @ by the exact same
formula as in (6.19), but with matrices in (6.16) replaced by those in (7.10) so that @’ € span(y,, y,).
Then, denoting the distribution of V/(P'b + @) by v{, we have

E(co + [v*(b + @)|>)™ =E(cy + IP, U + @)||*)™ < E(cy + ID'V'(P'b + @)||*) ™!

1Yl (7.11)

/ 2 1 <
(co + ID"x||*)~ dv) (%) 1+Cd D

R2

| log cg|-

By the exact same argument as in the proof of Lemma 6.2 we have ||v£ o < C(b), thus it only
remains to estimate (det D')~! = (mym,) L.

Applying Lemma 6.3 we immediately have m; > 1/ \/5, hence it suffices to estimate m, from
below. Writing out the definition of Q in this case, we have

Q= < Re[v]! > (7.12)

—Im[o]T

Then we immediately find

cosf
= min Ts|| = m1n Re —Im ) = min | Re[e’v 713
m= _min Qs = min ||(Re[v] —Im{v]) (Sm 9> ” Jmin_ ([ Relevlll.  (7.13)
We thus obtain
detD = mym, > \/_erﬂ)lg | Re[e'v]||, (7.14)
and plugging this into (7.11) concludes the proof of Lemma 7.2. O
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Proof of Lemma 7.1. Throughout the proof, we abbreviate J :=J® and 1 := 1,(B) for simplicity.
Since v is a null vector of J(Y + iB), we get from taking the real part of e°J(Y + iB)v = 0 that

0 = JX Re[el®v] — JBIm[el’v] = JX Re[ev] — JBP,,. Im[e'v] (7.15)

for any 6 € R, where P,,. € RNV*¥ is the projection onto the orthogonal complement of w. Then,
writing the smallest non-zero singular value of JB by 1,(JB), (7.15) implies

22(| Im[e®v]]12 — | Im[e®wTv]|2) =A2||Py: Im[e®v]||2 < 4,(JB)||P,1 Im[ev]||? 016
7.16
<IVBP,: Im[ev]||? < |JY||?|| Re[ev]||?,

where we used 4 < 1,(JB) from Cauchy interlacing theorem in the first inequality. This in turn
gives

(1= [w*v]?) < (WY II” + 29| Re[e“v]lI> < (WY || + [IBI?[| Re[ev] ||, (7.17)

Comparing (7.1) with (7.17) and noticing the first factor on the right-hand side of (7.17), since 6
was arbitrary, in order to prove (7.1) it only remains to show

1 |JYw|?

2 SquYT+ 1B (7.18)

— [w*v|* >
Next, we prove (7.18). First of all, since v is a null vector of J(Y + iB), we have the following
inequality of positive semi-definite matrices for all 77 > 0;
=2

" Y

< . 7.19
YU S P F (Y + B TI(Y +iB) (7.19)

We then take U € RV*N to be a real orthogonal matrix with Ue; = w, so that for all 77 > 0

=
lw*v|? = [e{T*v|* < e} g
7+ U(Y +1iB)*J*J(Y +iB)D

e, =7Im [G(D(lﬁ)]NH o (720

where in the last equality we used (5.28) and defined

SOGR = (O _ i) ) - 0 J(Y +iB)U [22NIX[22N]
GWGm = (HV —i) , H <U*(Y LBy ; ccC ‘
(7.21)
On the other hand, we use Schur complement formula to get
: i gL @ _ o)
GO = H [ D =)™ s (7.22)
[G(l)(lﬁ)]N+1,N+1 i,jEHZ,N]]UzﬂN+2,2N]] N+Li ij " J.N+1

where H'D is the matrix obtain from H®) by deleting the (N 4 1)-th rows and columns.
Equivalently, A is the Hermitization of J(Y + iB)UJ* € CI2NI? | that is,

- 0 J(Y +iB)UJ* >
gan .- [ _ ([2NTUIN+22N])
: <JU*(Y +iB)*T* 0 ) ec : (7.23)
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Thus, by the fact that (GV(i#}))y11.n41 € iR, the definition of H, and another application of
Schur complement formula, we have

1
7Im [GO (7))

- l T SR y< 7 >
1+ ﬁelU (¥ +iB)'7 J(Y+B)UJ*JU*(Y +iB)*J*+72
N+1,N+1

V(Y +iB)w||? S Yw]|?

iB)Ue, >
JY +iB)Ue; 21+ (Y +iB)OT* |2472 = W(Y+iB)|2+72°

(7.24)

where in the second line we used ﬁel = w, JBw = 0, and the positive semi-definiteness of

ZZ*1+ 1 ||z||1 7120 (7.25)
which is true for any matrix Z. We then combine (7.20) and (7.24) to get
- ) 7Y wl|? -

L= lejol? > 1= FmlE Iy v > 1 (14 DAL ) (7.26)

Finally, since 7 can be arbitrary, we take the limit 7 \, 0 in (7.26) to obtain
1- el > ITYw]|? . > 1 |VYw|? ‘ (7.27)

IVYwl|2 + V(Y +iB)II> — S (VY + IBI)?

This completes the proof of Lemma 7.1. O

Remark7.3. Aspointed out in Remark 2.14, the suboptimality in (2.28) is due to that of Lemma 7.1.
In particular the inequality (7.16) is far from being optimal: For Gaussian X and A = —z, so that
Y = X —Rez and B = —Im z, numerical experiments show that Re[v] and Im[v] have almost
equal size when | Im z| > N~1/2. In this case, we believe that the typical size of the right-hand
side of (7.1) is (1 AN| Imz|2) up to a positive random variable of size O(1). Nonetheless, we do
not know whether the first negative moment of this random variable is finite which is crucial for
our proof; see (7.4)
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APPENDIX A: GENERALIZED DOMAIN FOR THEOREM 2.7
The goal of this section is to prove that we may replace the square D in Theorem 2.7 by a general
Borel set Dy, instead of a square, under the condition that

2
|Do + [-N5,N7K]"| < C|Dy| (A1)

for some constants C,K > 0, where we recall that |D| is the Lebesgue measure of any planar
domain |D|.

For simplicity, we write x := N~X and S := [—x, x]?. First, note that it suffices to prove that
Theorem 2.7 is true with the choice D = A + S for any Borel set .A C C. Suppose this has been
done, then for a given D, satisfying (A.1), we define Ep := Ep ;s and write

Elz, D, Ou<Els, . D, OuSNWEWNID,+S]) S NFEWNIDD.

i:0;€D, i:0,€Dy+S

This proves Theorem 2.7 for D = D,.
In order to prove the result for D = A + S, we prove that this Minkowski sum can be covered
by non-intersecting copies of S, so that the total area is comparable to |A + S]|.
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Lemma A.1. For any Borel measurable A C C, the discrete set £ := (2xZ)* N (A + 2S) satisfies

A+SCL+S and |L+S|<3lA4+S| (A.2)

Proof. Define |z|, = |Rez| Vv |Imz| for z € C. To prove the first assertion, take a point z €
A + S. Then we have a point w € (2xZ)? and z, € A such that |z — w|,, < x and |2y — 2|, < X.
Thus we immediately have |w — z,|,, < 2x so that w € (2xZ)> N (zy+2S) C L. Thusz € w +
SCcL+S.

The second assertion follows from £ C A + 2S since

IL+S|<|A+2S+S|=|A+3S| <3l4+S|

This finishes the proof. O

Next, we prove that Theorem 2.7 is true for D = A + S with any Borel set A. Let £j := LN
[—2,2]% where L is the discrete set given by Lemma A.1. Apply Theorem 2.7 for each square z + S
with z € Ly, so that P[E¢, ;] < N~2X7P~1 and (2.14) holds true with the choice D = z + S.

Define & 4,5 := ﬂzeco Ez+s N Eg where & is the event [[|X|| < 3]. Then we have P[E,_ (] <
N~P from |£o| = O(N*¥) and P[E]] < N~P~!. Note that on the event &, there is no eigenvalue

in the rightmost side, hence all, of
(A+S\(Lo+S) L\ LY +S=(Ln([-3,3))+S,

where we used the first inequality of (A.2). Then it follows that
Elz,. Z Oi < Z Elz,, Z O SN

i:0;€A+S zELy iio;€(z+S)

(N Y |2+ S]) = N*EQV|Lo + S]) < 3NN (D)),

ZELy

where in the last step we used the second inequality of (A.1). This proves that we may take D =
A + S, and hence D, satisfying (A.1), in Theorem 2.7.
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