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Abstract

This thesis is structured into two parts. In the first part, we consider the random
variable X := Tr(f1(W )A1 . . . fk(W )Ak) where W is an N × N Hermitian Wigner ma-
trix, k ∈ N, and we choose (possibly N -dependent) regular functions f1, . . . , fk as well as
bounded deterministic matrices A1, . . . , Ak. In this context, we prove a functional central
limit theorem on macroscopic and mesoscopic scales, showing that the fluctuations of X
around its expectation are Gaussian and that the limiting covariance structure is given
by a deterministic recursion. We further give explicit error bounds in terms of the scaling
of f1, . . . , fk and the number of traceless matrices among A1, . . . , Ak, thus extending
the results of Cipolloni, Erdős and Schröder [40] to products of arbitrary length k ≥ 2.
Analyzing the underlying combinatorics leads to a non-recursive formula for the variance
of X as well as the covariance of X and Y := Tr(fk+1(W )Ak+1 . . . fk+ℓ(W )Ak+ℓ) of similar
build. When restricted to polynomials, these formulas reproduce recent results of Male,
Mingo, Peché, and Speicher [107], showing that the underlying combinatorics of non-
crossing partitions and annular non-crossing permutations continue to stay valid beyond
the setting of second-order free probability theory. As an application, we consider the
fluctuation of Tr(eitWA1e−itWA2)/N around its thermal value Tr(A1) Tr(A2)/N2 when t
is large and give an explicit formula for the variance.
The second part of the thesis collects three smaller projects focusing on different random
matrix models. In the first project, we show that a class of weakly perturbed Hamiltonians
of the form Hλ = H0 + λW , where W is a Wigner matrix, exhibits prethermalization.
That is, the time evolution generated by Hλ relaxes to its ultimate thermal state via an
intermediate prethermal state with a lifetime of order λ−2. As the main result, we obtain
a general relaxation formula, expressing the perturbed dynamics via the unperturbed
dynamics and the ultimate thermal state. The proof relies on a two-resolvent global law
for the deformed Wigner matrix Hλ.
The second project focuses on correlated random matrices, more precisely on a corre-
lated N ×N Hermitian random matrix with a polynomially decaying metric correlation
structure. A trivial a priori bound shows that the operator norm of this model is stochas-
tically dominated by

√
N . However, by calculating the trace of the moments of the matrix

and using the summable decay of the cumulants, the norm estimate can be improved to a
bound of order one.
In the third project, we consider a multiplicative perturbation of the form UA(t) where U
is a unitary random matrix and A = diag(t, 1, ..., 1). This so-called UA model was
first introduced by Fyodorov [73] for its applications in scattering theory. We give a
general description of the eigenvalue trajectories obtained by varying the parameter t and
introduce a flow of deterministic domains that separates the outlier resulting from the
rank-one perturbation from the typical eigenvalues for all sub-critical timescales. The
results are obtained under generic assumptions on U that hold for various unitary random
matrices, including the circular unitary ensemble (CUE) in the original formulation of
the model.
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1 Introduction
Random matrices, i.e., matrices with random variables as entries, first appeared in
Wishart’s work on sample covariance matrices [141]. Several decades later, the pioneering
work of Wigner [140] connected the study of Hermitian random matrices to properties
of the eigenvalue and gap statistics of quantum Hamiltonians in physics, opening up
general questions of universality. Apart from applications in physics, random matrices
are encountered in many different fields, e.g., number theory, finance, data science,
and biology (see, e.g., [5]). This chapter aims to introduce the random matrix models
considered in this thesis and place the results in the general context.

1.1 Hermitian Random Matrices
Throughout the thesis, we consider N ×N random matrices with entries taking values in
the real or complex numbers. As most results concern matrices W = W ∗ with a Hermitian
symmetry, we start the discussion by considering Wigner matrices and some of their
generalizations. To set the notation, we give an overview of the definitions. Note that
defining an N ×N Hermitian random matrix only requires prescribing the distribution of
the N(N + 1)/2 entries in the upper triangle, as the symmetry condition identifies the
remaining entries.

GOE (Gaussian Orthogonal Ensemble) Matrices W = W ∗ for which the entries wab

in the upper triangle are independent centered real Gaussian random variables
satisfying Ew2

aa = 2/N and Ew2
ab = 1/N for a < b.

GUE (Gaussian Unitary Ensemble) Matrices W = W ∗ for which the entries in
the upper triangle of W independent centered Gaussian variables, the diagonal
entries waa take values in R and satisfy Ewaa = 1/N , and the off-diagonal entries wab

for a < b take values in C and satisfy Ew2
ab = 0 and E|wab|2 = 1/N .

Wigner matrices Matrices W = W ∗ for which the entries in the upper triangle are inde-
pendent and there is an N -independent centered real random variable χd and an N -
independent centered real or complex random variable χod such that Wij

d= N−1/2χod

for i < j and Wjj
d= N−1/2χd, respectively. We further assume that E|χod|2 = 1 as

well as the existence of Cp > 0 for all p ∈ N such that E|χd|p + E|χod|p ≤ Cp.

Deformed Wigner matrices Matrices of the form H := A+W , where A = A∗ = EH
is deterministic and W is a Wigner matrix.

Wigner-type matrices The entries of the upper triangle of W are independent, have
moments of all orders, and satisfy Ewij = 0 as well as c/N ≤ E|wij|2 ≤ C/N .
Depending on the source, Wigner-type models may include a diagonal deformation.

Correlated Wigner matrices The entries of W have moments of all orders and the
covariance operator S[R] := EWRW satisfies

c

N
Tr[R] ≤ S[R] ≤ C

N
Tr[R]

1



1. Introduction

for any positive semidefinite matrix R in the sense of quadratic forms. Depending
on the source, correlated models may allow for variability in the distribution of the
entries similar to the Wigner-type model and a diagonal or self-adjoint deformation.

Note that both the GOE and GUE are special cases of Wigner matrices. One obtains
the respective generalizations mentioned above by relaxing the centeredness, identical
distribution, and independence condition of the original model. Note that the assumptions
can be relaxed even further, leading to models such as heavy-tailed or Lévy matrices [10, 3],
random band matrices [28], or sparse random matrices [19, 22]. Most of the results
in this thesis (Chapters 2 and 3) focus on Wigner matrices, but we also consider a
deformed (Chapter 4) and a correlated model (Chapter 5). The perturbed random matrix
model considered in Chapter 6 of the thesis is introduced in Section 1.2 below.
For these models, we study the spectrum of the random matrix. In the Hermitian case,
the symmetry assumption ensures that the eigenvalues λ1, . . . , λN of W are real. They
are described by the empirical eigenvalue measure or empirical density of states

µN(dx) := 1
N

N∑︂
j=1

δλj
(dx),

where δx0 denotes the Dirac measure at x0 ∈ R. In this context, we are interested in
a deterministic approximation µ of µN as N tends to infinity, i.e., the limiting density
of states, and the fluctuations in the spectrum of the random matrix. Note that these
questions can be posed on different scales. In this thesis, we consider results on Hermitian
random matrices on the macroscopic scale, i.e., results that concern all or an order N
number of eigenvalues simultaneously, and the mesoscopic scale, i.e., those concerning
intervals that contain N ϵ eigenvalues for some ϵ ∈ (0, 1). For simplicity, we mainly focus
on Wigner matrices for the following discussion.

1.1.1 Macroscopic Scale: Wigner’s Semicircle Law
One of the most celebrated results concerning the spectrum of random matrices is the
almost sure weak convergence of the empirical eigenvalue measure of a Wigner matrix to
a deterministic probability measure. More precisely, for a wide range of N -independent
test functions, it holds with probability one that

lim
N→∞

∫︂
R
f(x)µN(dx) =

∫︂ 2

−2
f(x)ρsc(x)dx,

where ρsc denotes the density of the semicircle law given by

ρsc(x) :=
√

4 − x2

2π 1[−2,2](x).

We interpret the weak convergence of µN to some deterministic measure µ as a law of
large numbers-type result on the macroscopic scale. Throughout the thesis, we refer to
results of this form as global laws.
Wigner’s original proof of this result (see [140]) uses a simple tree-counting argument to
show that

E

[︃ ∫︂
R
xkµN(dx)

]︃
= E

[︃ 1
N

Tr[W k]
]︃

=

⎧⎨⎩Ck/2 + O( 1
N

), k even,
O( 1

N
), k odd,

(1.1)

2



1.1. Hermitian Random Matrices

under a suitable moment condition. Here, Cn denotes the n-th Catalan number given by

Cn := 1
n+ 1

(︄
2n
n

)︄
= (2n)!

(n+ 1)!n! .

Using that the moments of the semicircle law satisfy

∫︂ 2

−2
xkρsc(x)dx =

⎧⎨⎩Ck/2, k even,
0, k odd,

and a bound for the variance similar to (1.1), the limit µ is readily identified. Note,
however, that this approach requires either solving the moment problem or a suitable
ansatz to find the correct distribution. To identify µ from the moments directly, we may
use the Stieltjes transform

mµ(z) =
∫︂
R

µ(dx)
x− z

for ℑz > 0, i.e., for z ∈ C in the upper half plane. Expanding the fraction into a geometric
series and inserting the limit of the moments in (1.1) yields

mµ(z) = −
∞∑︂

k=0

1
zk+1

∫︂
R
xkdµ(x) = −z +

√
z2 − 4

2 , (1.2)

where the branch of the complex square root is chosen such that ℑmµ > 0 whenever ℑz > 0
and mµ(z) → 0 as |z| → ∞. From (1.2), the underlying measure is recovered by inverting
the Stieltjes transform. We revisit Wigner’s moment method in Chapter 5, where we
derive bounds on the moments to estimate the operator norm of a correlated model.
Moreover, computations similar to (1.1) play a key role in free probability (cf. Section 1.3).

1.1.2 Mesoscopic Scales: Local Laws
While global laws yield information on the limiting density of states as a whole, it is
further possible to resolve the approximation locally. This added resolution is achieved
through a more involved use of the Stieltjes transform, which connects to the resolvent of
the random matrix through the identity

mµN
(z) =

∫︂
R

µN(dx)
x− z

= ⟨(W − z)−1⟩, (1.3)

where ⟨·⟩ := Tr[·]/N denotes the normalized trace. As the point-wise convergence
of (mµN

)N is equivalent to the weak convergence if the underlying measures (µN)N , the
global law in Section 1.1.1 immediately translates to a concentration result for ⟨(W −z)−1⟩
with N -independent spectral parameter z. We further note that

ℑmµ(x+ iη) =
∫︂
R

η

(x− λ)2 + η2µ(dλ) = π(Pη ∗ µ)(x), (1.4)

i.e., the imaginary part of the Stieltjes transform at z = x+ iη yields, up to a factor of π,
the convolution of µ with the Poisson-kernel of width η. We may hence interpret η as a
scaling parameter that allows zooming into the spectrum around x ∈ R.
Together, the observations (1.3) and (1.4) form the starting point of the resolvent method.
It is the key tool in proving concentration results for (mµN

(z))N with η (much) smaller
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1. Introduction

than order one but still above the typical eigenvalue spacing. We refer to results of
this type as local laws. For example, the local law for Wigner matrices covers the
scales N−1 ≪ η ≪ 1 in the bulk of the spectrum and N−2/3 ≪ η ≪ 1 around the
edges x = ±2 (see [67]). Similar results hold for the deformed, Wigner-type, and correlated
models introduced above (see [69]). Moreover, recent works [36, 39, 37, 38, 31, 32] go
beyond the setting of one resolvent suggested by (1.3) and consider the deterministic
approximation of G1A1 . . . GkAk for k ∈ N, where Gj := (W − zj)−1 denote resolvents of
a Wigner matrix W at possibly different spectral parameters z1, . . . , zk, and A1, . . . , Ak

are bounded deterministic matrices.

Once a local law is established, one obtains a powerful tool for deducing further properties
of the spectrum of the random matrix. For example, a local semicircle law constitutes
the first step of the celebrated three-step strategy of Erdős, Schlein, and Yau, which
establishes that the asymptotic local eigenvalue statistics of Gaussian Wigner matrices are
universal for all Wigner matrices in the sense that the universality class is only determined
by the symmetry (real symmetric vs. complex Hermitian) and does not depend on the
exact entry distribution (see [65, 66, 67]).

For the following discussion, two properties of the spectrum of Wigner matrices are of
particular interest. First, the eigenvalues λ1, . . . , λN exhibit level repulsion, i.e., with high
probability, cannot be too close to one another. This effect is easiest seen in the Gaussian
case, where the joint density is given explicitly as

ρ(λ1, . . . , λN) = C
∏︂
j<k

(λj − λk)β exp
(︃

− Nβ

2

N∑︂
n=1

λ2
n

)︃
.

Here, the choice of β = 1, 2 in the formula for ρ(λ1, . . . , λN) corresponds to the real
symmetric (GOE) and complex Hermitian case (GUE), respectively, while the constant C
ensures the normalization to a probability density. The same repulsive effect is observed
for general Wigner matrices, although its proof is more involved than for the Gaussian
case (see [64]). Additionally, the eigenvalues of a Wigner matrix are rigid, i.e., with high
probability close to their expected location γj given by

j

N
=
∫︂ γj

−∞
ρsc(x)dx,

with an error that is only slightly bigger than the typical local eigenvalue spacing (see,
e.g., [67]). For example, we have

|λj − γj| <
N ϵ

N

for any ϵ > 0 and eigenvalues in the bulk of the spectrum, i.e., αN ≤ j ≤ (1 − α)N for
some α ∈ (0, 1). Both level repulsion and eigenvalue rigidity indicate that the random
variables λ1, . . . , λN are strongly correlated. This is already evident from comparing a
sample of eigenvalues of a random matrix with points that are drawn independently
following the semicircle law (see Fig. 1.1). Observe that the histogram on the left appears
more uniform while the independent sample on the right exhibits more fluctuations.
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1.1. Hermitian Random Matrices

Fig. 1.1. Histograms showing the eigenvalues of a 100×100 GOE matrix (left) and 100
independent samples from the semicircle law (right).

1.1.3 Fluctuations in the Spectrum
With global and local laws representing law of large numbers-type results on different scales,
the natural next question concerns the fluctuation around the deterministic approximation.
Due to the strong dependence of the eigenvalues, classical central limit theorem-type
results aimed at independent or weakly dependent random variables do not apply. However,
the linear statistics

Tr f(W ) =
N∑︂

j=1
f(λj), (1.5)

with an N -independent regular test function f : R → R have a variance of order one and,
in fact, satisfy a central limit theorem (CLT) with a Gaussian limit for many random
matrix models (see [105] for the Wigner case). Remarkably, the effect of the dependent
random variables only manifests in the anomalous scaling, and removing the usual

√
N

factor renders the fluctuations of (1.5) still Gaussian.

Similar to the resolution to mesoscopic scales in the local laws, one may also choose
an N -independent, compactly supported function g and consider (1.5) for test functions

f(x) := g(Nγ(x− E))

that live on a scale of N−γ , γ ∈ (0, 1), around a fixed energy E ∈ [−2, 2] in the spectrum.
Again, a central limit theorem with a Gaussian limit holds for Wigner matrices (see [88]),
but also for deformed and Wigner-type models (see [33, 125, 124]).

We remark that the statistics in (1.5) are inherently tracial, i.e., only involve the eigenvalues
of the underlying random matrix. The recent results of Cipolloni, Erdős, and Schröder [40]
consider centered linear statistics of the form

LN(f, A) := Tr[f(W )A] − ETr[f(W )A]

=
N∑︂

j=1
f(λj)⟨uj, Auj⟩ − E

[︃ N∑︂
j=1

f(λj)⟨uj, Auj⟩
]︃
, (1.6)

where u1, . . . ,uN denote the normalized eigenvectors of W and A is a bounded determin-
istic matrix. Testing against A allows studying f(W ) as a matrix rather than merely
its trace and, therefore, goes beyond the features described by (1.5). In particular, the
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1. Introduction

linear statistics LN(f, A) in (1.6) are sensitive to the eigenvectors of W as well as the
eigenvalues. Splitting the matrix A according to the decomposition

A = ⟨A⟩I + Åd + Åod

into a tracial, a traceless diagonal, and a traceless off-diagonal part, the corresponding
modes of LN(f, A) in (1.6) are approximately distributed as(︂

LN(f, I),
√︂
CNLN(f, Åd),

√︂
CNLN(f, Åod)

)︂
m=
(︂
ξtr(f), ξd(f, Åd), ξod(f, Åod)

)︂
+ Om

(︃√︄
CN

N

)︃
,

where m= and Om(·) indicate that the respective relations hold in the sense of moments.
The right-hand side is given by three independent centred N -dependent Gaussian processes
ξtr(f), ξd(f, Åd), and ξod(f, Åod). Here, the factor CN is of order one for the macroscopic
regime but becomes N -dependent for mesoscopic scales. In the bulk regime, it behaves
approximately as Nγ , showing that the modes corresponding to Åd and Åod fluctuate on a
smaller scale than the tracial mode corresponding to ⟨A⟩Id. We consider a generalization
of this theorem to the multi-resolvent setting of [39, 37] in Chapters 2 and 3.

1.2 Perturbations
For applications in physics, random matrix models like the ones introduced in Section 1.1
serve as toy models for more complex real-world systems. Studying the behavior of such a
model under a small perturbation gives insight into the stability of its properties and can
aid in detecting general underlying mechanisms. In this thesis, we study two models of
this type: a deterministic system perturbed by a Wigner random matrix (Chapter 4) and
a multiplicative rank-one perturbation of a unitary random matrix model (Chapter 6).

1.2.1 Rank-One Perturbations
One way to describe a small change in a system is by considering rank-one resp. general
low-rank perturbations. For this, the nature of the perturbation is often chosen such that
it breaks a symmetry of the original model, e.g.,

M(t) := W + itvv∗ (1.7)

for some t ≥ 0, where W is either a N × N GUE (see, e.g., [78, 79, 75]) or Wigner
matrix (see [57]) and v ∈ CN is a (random) unit vector. Another example of a perturbation
of a normal operator resulting in a loss of normality is the UA model introduced in [73],
which can be seen as the multiplicative analog of (1.7). It is given by

M(t) := UA, A = diag(t, 1, . . . , 1) (1.8)

for t ∈ [0, 1], where the random matrix U in (1.8) belongs to the Circular Unitary
Ensemble (CUE), i.e., U is Haar-distributed on the unitary group. Models of this kind
naturally arise in scattering theory and open quantum systems (see, e.g., the review [80]).
For both (1.7) and (1.8), the rank-one perturbation induces an outlier in the spectrum,
i.e., an eigenvalue that behaves differently from the others. The transition is governed
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by the strength of the perturbation. In particular, there is a critical scale at which the
outlier becomes distinguishable. For the models in (1.7) and (1.8), these critical scales
are t = 1 + O(N−1/3) (see [57]) and t = O(N−1/2), respectively. The emergence of the
outlier for the UA model is studied in more detail in Chapter 6 below. We further remark
that evaluating models like (1.7) and (1.8) at criticality may be of independent interest,
as the scaling allows for explicit computations, e.g., of the eigenvalue distribution (see [72]
and the review [71]).

1.2.2 Random Perturbations
Apart from adding a perturbation to a random matrix model, we may also consider
deterministic systems subject to a random perturbation, e.g., given by a Wigner matrix.
From a physics point of view, these random matrices describe a mean-field setting in
which hopping from any state of the system to any other state is statistically equally
likely. Perturbing a deterministic system by a Wigner matrix hence couples all modes,
possibly breaking a prescribed symmetry or rendering an integrable system chaotic.
A particular example are quantum Hamiltonians of the form

Hλ = H0 + λW (1.9)

where H0 is a Hermitian deterministic matrix describing an initial system, W is a Wigner
matrix, and λ > 0 is a (small) parameter regulating the strength of the perturbation.
In the language of Section 1.1, Hλ in (1.9) is a deformed Wigner matrix with an added
scaling induced by λ. Let A ∈ CN×N denote an observable and ρ ∈ CN×N be a state that
we time evolve under Hλ to obtain ρλ(t) = e−itHλρeitHλ . In this setting, the unperturbed
time evolution of the quantum expectation value Tr[ρ0(t)A] strongly depends on all
its constituents and might hence exhibit qualitatively different and generally complex
behavior. In contrast, the perturbed evolution obtained by letting λ > 0 relaxes to
equilibrium via a robust mechanism well-described in the physics literature. However, a
rigorous mathematical treatment has not been available so far.
A particularly interesting case occurs if both the perturbed and unperturbed systems
equilibrate but do not approach the same limiting value. In this case, we may observe
prethermalization (see, e.g., [114, 47, 48]), i.e., the equilibration of the perturbed dynamics
happens in two stages. More precisely, this is the case if the free evolution ⟨A⟩ρ0(t) has a
limiting value ⟨A⟩ρpre , which does not agree with the microcanonical average ⟨A⟩mc,λ of
the Hamiltonian Hλ. In this case, we find

⟨A⟩ρλ(t) ≈

⎧⎨⎩⟨A⟩ρpre for t ≪ λ−2,

⟨A⟩mc,λ for t ≫ λ−2.

Prethermalization often occurs in systems where H0 has an additional symmetry (or con-
served quantity) that is broken by the perturbation (cf. [115]). We prove prethermalization
for the system in (1.9) in Chapter 4.

1.3 Connections to Free Probability
The field of free probability is a relatively young mathematical discipline that emerged
in the 1980s due to the seminal work of Voiculescu, who observed that certain abstract
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1. Introduction

concepts in the study of operator algebras exhibit parallels to classical probability theory
and isolated its core concept of freeness (see, e.g., [8, 111] for an introduction). While
the research questions in this thesis are only incidentally motivated by applications in
free probability, several results in Chapters 2 and 3 are formulated using free probability
concepts. In this section, we give an overview of the definitions and connect them to the
study of random matrices.

1.3.1 General Setup
Similar to Kolmogorov’s axioms in classical probability theory, the study of free probability
starts by setting up a suitable structure. Instead of a classical probability space, we now
consider an unital algebra where the role of the probability measure is played by a suitably
normalized functional. In this setting, one can then introduce freeness as the analog of
independence in classical probability theory. We summarize the definitions below.

(Tracial) non-commutative probability space A tuple (A, φ1) of a unital associa-
tive algebra A and a (tracial) linear functional φ1 : A → C with φ1(1A) = 1
where 1A denotes the one element of the algebra.

(Non-commutive) distribution The distribution of an element a ∈ A is defined
through its moments (φ1(ak))k. Mixed moments are defined analogously.

Freeness Unital subalgebras (Ai)i∈I are called free, if alternating products of centered
elements are centered, i.e., if φ1(a1 . . . ak) = 0 whenever φ1(a1) = · · · = φ1(ak) = 0
and consecutive factors ai and ai+1 are taken from different subalgebras. We may
also consider the freeness of individual elements by considering the subalgebras
generated by them.

In the context of random matrices, the most important example of a non-commutative
probability space is (A, φ1) = (MN×N(L∞−(Ω,P)),E⟨·⟩), where (Ω,P) is a classical
probability space, MN×N (S) denotes the N ×N -matrices with entries in S, and the space

L∞−(Ω,P) :=
⋂︂

1≤p<∞
Lp(Ω,P)

contains all random variables with all finite moments. Recall that we denote the normalized
trace by ⟨·⟩. By definition, MN×N(L∞−(Ω,P)) contains Wigner matrices and their
generalizations introduced in Section 1.1, but also deterministic matrices.

When studying N ×N matrices, the appropriate notion of freeness is that of asymptotic
freeness, i.e., requiring φ1(a1 . . . ak) to vanish in the N → ∞ limit instead of evaluating it
for a fixed N . A theorem of Voiculescu (see, e.g. [8, Thm. 5.4.5]) asserts that asymptotic
freeness holds for independent Wigner matrices. Moreover, families (Wj)j and (Aj)j

of independent Wigner and deterministic matrices are asymptotically free (see [111,
Sect. 4, Thm. 20]), and the mixed moments E⟨W1A1 . . .WkAk⟩ can be expressed using non-
crossing partitions. Recall that a partition of {1, . . . , k} is called crossing if there are two
blocks S1, S2 with x1, y1 ∈ S1 and x2, y2 ∈ S2 that satisfy x1 < x2 < y1 < y2. Otherwise, it
is called non-crossing. Similar formulas arise in the local laws for ⟨f1(W )A1 . . . fk(W )Ak⟩
in [39, 37], showing that the underlying combinatorics also apply for functions of Wigner
matrices.
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1.3.2 Higher-Order Structures
Analogous to the notion of non-commutative probability space and freeness centered
around the expectation, one can introduce second-order quantities tailored to the study
of fluctuations. Note, however, that the definition of second-order freeness is sensitive to
the symmetry class of the underlying random matrix ensemble (see [119]). For simplicity,
we mainly focus on the complex Hermitian case below.

Second-order non-commutative probability space A triplet (A, φ1, φ2) that con-
sists of a tracial non-commutative probability space (A, φ1) and a functional
φ2 : A × A → C that is bilinear, tracial in both arguments, symmetric under the
interchanging of its arguments, and satisfies φ2(a, 1A) = φ2(1A, a) = 0 for all a ∈ A.

Second-order distribution The second-order distribution of an element a ∈ A is
characterized in terms of its fluctuation moments (φ2(ak, aℓ))k,ℓ. Mixed moments
are defined analogously.

Second-order freeness Unital subalgebras (Ai)i∈I are called free of second order if they
are free and additionally

φ2(a1 . . . am, b1, . . . , bn) = δm,n

n−1∑︂
k=0

n∏︂
i=1

φ1(aibk−i) (1.10)

whenever (m,n) ̸= (1, 1) and the products a1 . . . am resp. b1 . . . bn are cyclically
alternating, i.e., consecutive factors, as well as a1 and am resp. b1 and bn belong
to different subalgebras, respectively. The index of bk−i on the right-hand side
of (1.10) is interpreted modulo n. We may also consider the second-order freeness
of individual elements by considering the subalgebras generated by them.

Note that the space (A, φ1) = (MN×N(L∞−(Ω,P)),E⟨·⟩) endowed with the covariance
functional φ2(·, ·) = Cov(Tr(·),Tr(·)) yields a second-order non-commutative probability
space. When considering N ×N matrices, we are again interested in the N → ∞ limit,
i.e., asymptotic second-order freeness. However, compared to the first-order setting, we
observe a breaking of universality. While deterministic and GUE resp. GOE matrices are
asymptotically free of second order in the respective sense (see [113] and [118]), the same
does not hold for general Wigner matrices (see [107, Eq. (3)]). Here, the fourth cumulant
of the entry distribution enters the computation of the fluctuation moments, resulting in
an additional term that prevents (1.10) from holding in the N → ∞ limit.
The above construction can be iterated to construct higher-order non-commutative
probability spaces and a suitable notion of freeness (cf. [42]). While the definitions
are expressed in terms of moments, one may also introduce an analog of cumulants by
adapting their combinatorial definition from classical probability theory. For an element a
in a non-commutative probability space (A, φ1) with moments (αk)k = (φ1(ak))k, the
sequence (κk)k of free cumulants is given by

αk =
∑︂

π∈NCP (k)

∏︂
B∈π

κ|B| (1.11)

where NCP (k) denotes the set of non-crossing partitions of the set {1, . . . , k}. Mixed
cumulants are defined analogously and, by definition, vanish when evaluated for free
elements. Relations similar to (1.11) also hold for second (see [111, Chap. 5]) and higher-
order non-commutative probability spaces (see [26]) using a suitable generalization of
non-crossing partitions.
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1.4 Overview of Results
The remainder of the thesis consists of largely unmodified versions of the published
or submitted papers, presented in thematic rather than chronological order, that were
prepared during the author’s PhD studies. Among them, [122] and [123] together form
the main project on a multi-point functional central limit theorem for Wigner matrices
while the remaining three publications [121, 58, 60] represent different smaller projects.
To guide the reader, we now briefly summarize the main results of these works and place
them in the general context established in Sections 1.1 to 1.3.

1.4.1 Multi-Point Functional Central Limit Theorem for
Wigner Matrices

The articles [122, 123] establish a functional CLT that characterizes the fluctuations of
the random variable

X = Tr(f1(W )A1 . . . fk(W )Ak) (1.12)
around the expectation identified in [39, 37] and identifies the limiting covariance structure.
Here, W is an N × N Hermitian Wigner matrix, f1, . . . , fk are suitable (possibly N -
dependent) regular functions and A1, . . . , Ak ∈ CN×N are bounded deterministic matrices.
The result generalizes the main result of [40] to general k ≥ 2.
In [122], we show that the fluctuations of X around its expectation are asymptotically
Gaussian and give explicit error bounds in terms of the scaling of f1, . . . , fk and the
number of traceless matrices among A1, . . . , Ak. The result is first established for the
case fj(W ) = (W − zj)−1 using the resolvent method. However, compared to the statistics
involving only one function in [88, 40], the limiting covariance structure is now obtained
through a recursion. The solution of this recursion is supplied in [123] using a combinatorial
ansatz based on graphs closely related to a generalization of non-crossing partitions
from free probability theory. Using this explicit description of the limiting covariance,
the extension to Sobolev functions f1, . . . , fk follows from the Helffer-Sjöstrand formula.
The CLT shown in [122, 123] covers the macroscopic and the bulk regime of the mesoscopic
scale for general Wigner matrices, with the two papers highlighting different aspects of
the theorem and its proof.
Apart from the result for general test functions, some special cases are of independent
interest. In [122], we consider the case fj(W ) = eitW , which links the statement of the
multi-point functional CLT to the fluctuations in the thermalization problems considered
in [39, 37]. Moreover, we discuss the case of f1, . . . , fk being polynomials in [123], as the
resulting random variable X in (1.12) naturally arises in the context of free probability
theory. Here, the covariance formula in the multi-point functional CLT simplifies to
reproduce known results from [111, 118, 107].

1.4.2 Prethermalization for Deformed Wigner Matrices
In [60], we show that, under suitable assumptions on the initial Hamiltonian H0, the
perturbed system introduced in (1.9) exhibits prethermalization. We further establish
that the formulas describing the relaxation of the system in the physics literature (see,
e.g., [47, 48, 115] and references therein) are generally valid for short (t ≪ λ−2) and
long kinetic times (t ≫ λ−2) and can be extended to the intermediate regimes under a
regularity condition on the quadratic forms ⟨uj, Auj⟩ of overlaps with the eigenvectors uj
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of H0. The primary technical input is a suitable global law for the deformed Wigner
matrix Hλ from which the desired formulas are then obtained by extracting the leading
term of the deterministic approximation in an appropriate limit.

t

⟨A⟩Pλ(t)

⟨A⟩Ppre

⟨A⟩mc,λ

∼ λ−2

Fig. 1.2. Schematic graph of the prethermalization process. As ⟨A⟩mc,λ is by defini-
tion different from ⟨A⟩ρpre , the relaxation of ⟨A⟩ρλ(t) towards ⟨A⟩mc,λ happens via an
intermediate prethermal value ⟨A⟩ρpre in two steps, whose time scales are separated.

1.4.3 Operator Norm of a Hermitian Random Matrix with
Correlated Entries

In [121], we consider a Hermitian random matrix H with a polynomially decaying metric
correlation structure similar to the model in [69], but with a slower, merely summable
correlation decay. Using a generalization of Wigner’s moment method, we show that the
operator norm of H is stochastically dominated by a constant.

1.4.4 Dynamics of a Rank-One Multiplicative Perturbation of a
Unitary Matrix

In [58], we consider the UA model (1.8) for t ∈ [−1, 1] and a general class of unitary
random matrices U . By interpreting t as a time parameter, we obtain a dynamical
description of the model, allowing us to interpret the eigenvalues as random trajectories
in the unit disc. The results of the paper are twofold. The first main result identifies a
random function W , which distinguishes whether a complex number z lies in the spectrum
of the UA model at any given time t. This function constitutes the main tool to describe
the trajectories, showing that they do not intersect with probability one and can be
described by a system of ordinary differential equations assuming only the (almost sure)
simplicity of the spectrum of the underlying unitary matrix U .
In the second main result, we identify the critical time scale for the emergence of the
outlier induced by the rank-one perturbation and show that it is well-separated from the
typical eigenvalues at all sub-critical timescales. The proof is based on an application of
Rouché’s theorem, allowing us to identify a flow of deterministic domains that bound the
spectrum with high probability. Contrary to the analysis of the weakly non-Hermitian
model (1.7) in [57], however, the symmetry of the UA model does not allow to compare W
to a deterministic function in this part of the proof. Instead, we retain some randomness
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by working with the affine part of W , replacing the local law used in [57] with a suitable
regularity assumption. The results apply to various unitary random various unitary
random matrices, including the CUE in the original formulation of the model.

Fig. 1.3. Trajectories of the eigenvalues of the UA model of size 100×100. The evolution
of the time parameter t ∈ (−1, 1) is represented by shades of red.
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2 Multi-Point Functional Central
Limit Theorem for Wigner Matrices

Consider the random variable Tr(f1(W )A1 . . . fk(W )Ak) where W is an N × N
Hermitian Wigner matrix, k ∈ N, and choose (possibly N -dependent) regular
functions f1, . . . , fk as well as bounded deterministic matrices A1, . . . , Ak. We give a
functional central limit theorem showing that the fluctuations around the expectation
are Gaussian. Moreover, we determine the limiting covariance structure and give
explicit error bounds in terms of the scaling of f1, . . . , fk and the number of traceless
matrices among A1, . . . , Ak, thus extending the results of [40] to products of arbitrary
length k ≥ 2. As an application, we consider the fluctuation of Tr(eitW A1e−itW A2)/N
around its thermal value Tr(A1) Tr(A2)/N2 when t is large and give an explicit
formula for the variance.

Published as J. Reker. Multi-point functional central limit theorem for Wigner
matrices. Preprint, arXiv.2307.11028, 2023.

2.1 Introduction
The eigenvalues {λj}N

j=1 of a large N × N Hermitian random matrix W constitute a
strongly correlated system of random points on the real line. Due to the strong dependence,
classical central limit theorems (CLTs) aimed at independent or weakly dependent random
variables do not apply. However, the linear statistics Tr f(W ) = ∑︁N

j=1 f(λj) with a regular
test function f : R → R have a variance of order one (see [95]) and, in fact, satisfy a
central limit theorem with a Gaussian limit, as shown, e.g., in [96] for the Wigner case
and in [93] for invariant ensembles, see also [132, 133]. Remarkably, the effect of the
dependent random variables only manifests in the anomalous scaling, and removing the
classical N−1/2 prefactor fully compensates for the correlations. We emphasize that this
question is well-studied for Wigner matrices, see, e.g., [85, 12, 104, 128, 135, 17, 99] and
that recent work by Diaz and Mingo [53] establishes a CLT for a large class of random
matrix models and expresses the limiting covariance structure in terms of a Fréchet
integral.
Note that the information obtained from a CLT is twofold: It characterizes the fluctuations
of the linear statistics around its mean as Gaussian and simultaneously identifies the
limiting variance or, more generally, the limiting covariance structure. To generalize
the CLT for ∑︁j f(λj), the linear statistics can be modified in different ways. First, one
may replace the N -independent function f by a function of the build

f(x) = g(Nγ(x− E)) (2.1)

where g is a regular N -independent function, E ∈ R lies in the limiting spectrum of W ,
and N−γ is larger than the typical eigenvalue spacing around E. Considering the linear
statistics for a function f that is concentrated around a value E on a mesoscopic scale
allows us to zoom into the spectrum and thus study the problem locally. For Wigner
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matrices, this problem was studied by He and Knowles in [88, 87, 89], yielding a tracial CLT
for the bulk spectrum that spans the entire mesoscopic regime. Similar questions have also
been studied for other models, including deformed Wigner matrices [91, 101], generalized
Wigner [102], and Wigner-type [125] matrices, sample covariance matrices [11, 101],
Haar distributed random matrices on the classical compact groups [130, 131, 134], β-
ensembles [27, 129, 21, 20, 82, 30], free sums [18], and non-Hermitian random matri-
ces [35, 61]. See also [40] and references therein for a discussion of further examples and
previous results.
The second generalization addresses that ∑︁N

j=1 f(λj) is inherently tracial, i.e., the statis-
tics only involve the eigenvalues of the random matrix, but not its eigenvectors. By
testing f(W ) against a bounded deterministic matrix A with ∥A∥ ≤ 1, i.e., by modifying
the centered statistics to the form

Tr[f(W )A] − ETr[f(W )A] =
N∑︂

j=1
f(λj)⟨uj, Auj⟩ − E[. . . ], (2.2)

the normalized eigenvectors u1, . . . ,uN of W enter into the problem. In the Wigner case,
Lytova [103] obtained a CLT for (2.2) on macroscopic scales including an explicit formula
for the limiting variance. We refer to the CLTs that also involve eigenvectors as functional
in contrast to the tracial CLTs above. The recent paper [40] extended these results to
all mesoscopic scales and further established that decomposing the matrix A in (2.2)
according to

A = ⟨A⟩Id + Åd + Åod, ⟨A⟩ := 1
N

TrA,

gives rise to three asymptotically independent fluctuation modes. Here, Id denotes
the identity matrix, and Åd and Åod denote the diagonal and off-diagonal components
of Å = A− ⟨A⟩Id, the traceless part of A, respectively. Moreover, the results in [40] show
that the modes corresponding to the tracial and traceless part of A fluctuate on different
scales in the mesoscopic regime and two modes of the build (2.2) are asymptotically
independent if the involved functions live on different scales.
In this work, we study a third generalization of the original linear statistics ∑︁N

j=1 f(λj),
which extends (2.2) from involving one (possibly N -dependent, mesoscopically scaled)
function of W and one (possibly traceless) bounded deterministic matrix to alternating
products involving k ∈ N functions and bounded deterministic matrices, respectively.
More precisely, we consider the fluctuation of the statistics

Y := ⟨f1(W )A1f2(W )A2 . . . fk(W )Ak⟩ − E⟨f1(W )A1f2(W )A2 . . . fk(W )Ak⟩, (2.3)

show that Y satisfies a CLT with a Gaussian limit and give the limiting covariance structure
as well as explicit error estimates. This generalizes [40, Thm. 2.4] to arbitrary k ≥ 1. We
refer to the result as a multi-point functional CLT. Similar to the results in [40], we further
verify that two modes are asymptotically independent if the functions fj are rescaled to
different scales or around different numbers Ej via (2.1). However, while the k = 1 case
only allows for two relevant classes of deterministic matrices (corresponding to the tracial
and traceless modes, respectively), considering k ≥ 2 further allows us to pinpoint the size
of the limiting covariance explicitly in terms of the lengths of the matrix products and the
number of traceless matrices involved. We further find that two modes of the build (2.3)
are asymptotically independent whenever the total number of traceless matrices involved
is odd.
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A key ingredient for studying the fluctuation of (2.3) is information on the 1/N cor-
rection to E⟨f1(W )A1 . . . Fk(W )Ak⟩, which was included in the error terms of previous
results (cf. [37, Cor. 2.7]). Before considering the CLT, we hence give an expansion of the
expectation. Note that the leading term of this expansion was already identified in [39, 37].
As the corresponding local laws are obtained by induction, the limiting object naturally
arises through a recursion. The explicit form of the expectation obtained in [39] from
solving the recursion mirrors the combinatorics encountered in (first-order) free probabil-
ity, e.g., for the alternating moments E⟨W1D1 . . .WkDk⟩ of a finite family of independent
Wigner matrices (Wj)j and a finite family of deterministic matrices (Dj)j (see, e.g., [111,
Sect. 4.4]). Note, however, that free probability methods are typically restricted to (N -
independent) polynomials and often require an independent family of Wigner matrices,
while the resolvent approach presented in [39, 37] applies to a much wider class of functions
including resolvents and mesoscopically rescaled Sobolev functions. In a similar spirit,
the limiting covariance in our CLT also naturally arises through a recursion which can be
solved to obtain an explicit formula. We carry out the necessary combinatorics in the
companion paper [123] to show that the parallels to free probability identified in [39] for
the expectation continue to hold for the fluctuations. More precisely, the structure of the
limiting covariance in our CLT mirrors the combinatorics in second-order free probability
theory (see [111, Ch. 5] and [42] for an introduction) and, in the special case fj(x) = x,
correctly reproduces the structure of the fluctuation moments of Wigner and deterministic
matrices that was recently computed in [107]. To avoid introducing additional notation,
we work with the recursive definitions in the present paper and only refer to the formulas
in [123] for explicit computations and examples.
Lastly, as an application of the functional CLT, we consider the special case fj(x) = eitjx

with tj ∈ R. Interpreting W as the Hamiltonian of a mean-field quantum system and the
deterministic bounded matrix A as an observable, the quantity

A(t) := eitWAe−itW

describes the Heisenberg time evolution of A. In this context, applying the CLT for the
linear statistics (2.3) yields information about the fluctuations around the equilibrium in
certain thermalization problems. For k = 1, the main interest lies in a CLT for averages
of diagonal eigenvector overlaps ⟨uj, Auj⟩ (see [40, Thm. 2.3]) due to their connection to
the fluctuations in the eigenstate thermalization hypothesis (see [51]) which is referred
to as quantum unique ergodicity in mathematics (see [126], further references can be
found in [36]). For k ≥ 2, the statistics in (2.3) translate to the simultaneous time
evolution of different observables in the same quantum system. It is expected that two
observables A1(t) and A2 become thermalized for t ≫ 1, i.e., that

⟨A1(t)A2⟩ ≈ ⟨A1⟩⟨A2⟩

in the large t regime. More precisely, if both A1 and A2 are traceless we have

⟨A1(t)A2⟩ = ⟨A1A2⟩
J1(2t)2

t2
+ ξ(t)

N
+ O

(︃
N ε

N3/2

)︃
(2.4)

for any fixed t ∈ R, where J1 denotes a Bessel function of the first kind and ξ(t) is a
centered Gaussian random variable with a t-dependent variance. The first term of (2.4)
was established in the recent paper [39] in the form of a law of large numbers-type result
with an effective but non-optimal error bound. Applying our functional CLT for k = 2
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2. Multi-Point Functional Central Limit Theorem for Wigner Matrices

shows that the fluctuations around the thermal value are Gaussian and thus gives the
second term of the expansion. Considering asymptotics for t ≫ 1 after letting N → ∞
further yields an explicit expansion for the variance in the regime that is relevant for
thermalization.
We conclude this section with a brief overview of the paper. After introducing some
commonly used notations, we collect our assumptions on the Wigner matrix W in As-
sumption 2.1.1. We then briefly recall the optimal multi-resolvent local law [37, Thm. 2.5],
which constitutes one of the key tools for the analysis. The main results of the paper
are then given in Section 2.2. We start by giving a precise expansion of the expecta-
tion E⟨f1(W )A1 . . . fk(W )Ak⟩ beyond the leading term (Theorem 2.2.4). Considering the
fluctuations of the statistics in (2.3), we then establish a CLT and give an explicit formula
for the limiting covariance (Theorem 2.2.7, Corollary 2.2.9). This is followed by a discus-
sion of the result, including the asymptotics in the mesoscopic regime (Theorem 2.2.10),
sufficient conditions for two modes to be asymptotically independent (Corollary 2.2.11)
as well as the case of multiple independent Wigner matrices. We conclude Section 2.2 by
applying the functional CLT to thermalization problems. In Section 2.3, we consider the
special case of the resolvents fj(W ) := G(zj) = (W − zj)−1 for some suitable spectral pa-
rameters zj ∈ C, which provides the key ingredient for the proof of our main results. Here,
the first step is introducing a recursively defined set function E [·] (Definition 2.3.1), which
we then identify as the subleading 1

N
term of the expectation E⟨G(z1)A1 . . . G(zk)Ak⟩.

This added resolution is the main tool in proving the CLT in the case that all functions fj

are resolvents (Theorem 2.3.6). The role of the limiting covariance in the theorem is
played by a recursively defined set function m2[·|·] (Definition 2.3.4). Lastly, the proofs
are given in Section 2.4. To keep the presentation concise, some routine calculations are
deferred to the appendix.
Acknowledgements: I am very grateful to László Erdős for suggesting the topic and
many valuable discussions during my work on the project. Partially supported by ERC
Advanced Grant “RMTBeyond” No. 101020331.

2.1.1 Notation and Conventions
We start by introducing some notation used throughout the paper. For two positive
quantities f, g, we write f ≲ g and f ∼ g whenever there exist (deterministic, N -
independent) constants c, C > 0 such that f ≤ Cg and cg ≤ f ≤ Cg, respectively.
We denote the Hermitian conjugate of a matrix A by A∗ and the complex conjugate
of a scalar z ∈ C by z. Moreover, ∥ · ∥ denotes the operator norm, Tr(·) is the usual
trace and ⟨·⟩ = N−1 Tr(·). We further denote the covariance of two complex random
variables Y1, Y2 by Cov(Y1, Y2) and follow the convention

Cov(Y1, Y2) = E(Y1 − EY1)(Y2 − EY2),

i.e., the covariance is linear in the first and anti-linear in the second entry. For k, a, b ∈ N

with a ≤ b, we set [k] = {1, . . . , k} and adopt the interval notation [a, b] = {a, a+1, . . . , b}.
We further write ⟨a, b] or [a, b⟩ to indicate that a or b are excluded from the interval,
respectively. Ordered sets are denoted by (. . . ) instead of {. . . }.
Given a matrix A ∈ CN×N , the traceless part of A is denoted by Å := A − ⟨A⟩Id
where Id denotes the identity matrix. Further, a := diagA denotes the diagonal matrix
obtained from extracting only the diagonal entries of A and A1 ⊙ A2 denotes the entry-
wise (or Hadamard) product of two matrices A1 and A2. For a Hermitian matrix W
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and z1, . . . , zk ∈ C\R, we write the corresponding resolvents as Gj = G(zj) := (W −zj)−1

and index products of resolvents using the interval notation

G[a,b] := GaGa+1 . . . Gb

for a, b ∈ N with a ≤ b. Recalling that angled brackets indicate that an edge point of
the interval is excluded, we write G⟨a,b] and G[a,b⟩ to exclude Ga or Gb from the product,
respectively. Moreover, G∅ is interpreted as zero. Note that this notation differs slightly
from [39, 37]. As we often consider alternating products of resolvents with deterministic
matrices A1, . . . , Ak, define Tj := GjAj and apply the same interval notation as above to
write

T[k] := T1 . . . Tk = G1A1 . . . GkAk, T[a,b] := TaTa+1 . . . Tb. (2.5)

Again, angled brackets are used to exclude Ta or Tb from the product, respectively, and T∅
is interpreted as zero. We call a product of the type (2.5) resolvent chain of length k.

Throughout the paper, we assume W to be an N ×N complex1 Wigner matrix satisfying
the following assumptions.

Assumption 2.1.1. The matrix elements of W are independent up to Hermitian symme-
try Wij = Wji and we assume identical distribution in the sense that there is a centered real
random variable χd and a centered complex random variable χod such that Wij

d= N−1/2χod

for i < j and Wjj
d= N−1/2χd, respectively. We further assume that E|χod|2 = Eχ2

d = 1 as
well as the existence of all moments of χd and χod, i.e., there exist constants Cp > 0 for
any p ∈ N such that

E|χd|p + E|χod|p ≤ Cp.

Lastly, we assume that the pseudo-variance vanishes, i.e.,

Eχ2
od = 0.

We further introduce the notation

κ4 := E|χod|4 − 2 (2.6)

for the normalized fourth cumulant of the off-diagonal entries. Note that the notation
matches [40], however, we restrict the model to complex matrices with vanishing pseudo-
variance, i.e., EW 2

ij = 0 for i ≠ j, for technical simplicity. The more general model
from [40] is studied for macroscopic scales in the companion paper [123], and the necessary
modifications for an extension to mesoscopic scales are sketched.

The eigenvalue density profile of W is described by the semicircle law

ρsc(x) :=
√

4 − x2

2π 1[−2,2](x) (2.7)

which mainly enters our analysis in the form of its Stieltjes transform

m(z) :=
∫︂ ρsc(x)
x− z

dx, z ∈ C \ R. (2.8)

1The same method applies to the real case with only small modifications. For simplicity of the
presentation, we restrict the following analysis to the complex case only.

17



2. Multi-Point Functional Central Limit Theorem for Wigner Matrices

We remind the reader that m(z) is the unique solution of the Dyson equation

− 1
m(z) = m(z) + z, ℑzℑ(m(z)) > 0 (2.9)

and that its derivative satisfies

m′(z) = m(z)2

1 −m(z)2 . (2.10)

Given fixed z1, . . . , zk ∈ C \ R, set mj = m(zj) and m′
j = m′(zj), respectively, and let

qi,j = mimj

1 −mimj

, (2.11)

possibly setting qj,j = m′
j whenever i = j. Moreover, we define the iterated divided

difference for finite multi-sets {z1, . . . , zk} ⊂ C \ R recursively by

m[z1, . . . , zk] := m[z2, . . . , zk] −m[z1, . . . , zk−1]
zk − z1

(2.12)

whenever there are two distinct z1 ̸= zk among z1, . . . , zk and otherwise set

m[z, . . . , z⏞ ⏟⏟ ⏞
k times

] := m(k−1)(z)
(k − 1)!

where m(k−1) is the (k − 1)-th derivative of the function m in (2.8). Note that this is
well-defined in the sense that m[z1, . . . , zk] is independent of the ordering of the multi-
set {z1, . . . , zk}. We abbreviate m[1, . . . , k] := m[z1, . . . , zk] and note that qi,j in (2.11)
coincides with m[i, j].

2.1.2 Preliminaries: Multi-Resolvent Local Laws
Before considering the fluctuations, we briefly recall the optimal multi-resolvent local
law [37, Thm. 2.5], which characterizes the deterministic approximation of ⟨T[1,k]⟩. We
start by introducing the commonly used definition of stochastic domination.

Definition 2.1.2 (Stochastic domination). Let

X =
{︃
X(N)(u)

⃓⃓⃓⃓
N ∈ N, u ∈ U (N)

}︃
and Y =

{︃
Y (N)(u)

⃓⃓⃓⃓
N ∈ N, u ∈ U (N)

}︃

be two families of non-negative random variables that are indexed by N and possibly some
other parameter u. We say that X is stochastically dominated by Y , denoted by X ≺ Y
or X = O≺(Y ), if, for all ε, C > 0 we have

sup
u∈U(N)

P

(︃
X(N)(u) > N εY (N)(u)

)︃
≤ N−C

for large enough N ≥ N0(ε, C).
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Given z1, . . . , zk ∈ C and matrices A1, . . . , Ak, we define the set function2 M[k] = M[1,k]
through the recursion

M[k] = m1

(︃
A1M[2,k] + q1,k⟨A1M[2,k]⟩ +

k−1∑︂
j=2

⟨M[1,j]⟩
(︂
M[j,k] + q1,k⟨M[j,k]⟩

)︂)︃
(2.13)

with initial condition M∅ = 0. We remark that an explicit (non-recursive) formula for M[k]
was derived in [39, Thm. 2.6], however, we will not use it in the present paper. Analogously
to (2.13), we may define MS for any (cyclically) ordered set S = (s1, . . . , sk) instead of
an interval. In this case, we write

MS = M(s1,...,sk). (2.14)

The set function M[k] plays the role of the deterministic approximation of T[1,k⟩Gk in the
following multi-resolvent local laws.

Theorem 2.1.3 (Multi-resolvent local law, [37, Thm. 2.5]). Fix ζ > 0 and k ∈ N.
Let z1, . . . , zk ∈ C \ R with maxj |zj| ≤ N100 and d := minj dist(zj, [−2, 2]), deterministic
matrices A1, . . . , Ak ∈ CN×N with ∥Ai∥ ≲ 1 such that a out of them are traceless. Set
further η∗ := minj |ℑzj| ≥ N−1+ζ. Recalling that Tj = GjAj, we have the averaged local
law

⟨T[1,k]⟩ = ⟨M[k]Ak⟩ + O≺

(︃ 1
Nη∗ η

k−a/2−1
∗

)︃
, (2.15)

and for x,y ∈ CN with ∥x∥, ∥y∥ ≲ 1 we have the isotropic local law

⟨x, T[1,k⟩Gky⟩ = ⟨x,M[k]y⟩ + O≺

(︃ 1
√
Nη∗ η

k−a/2−1
∗

)︃
. (2.16)

As we frequently encounter ⟨M[k]Ak⟩ in the following sections, we introduce the notation3

m1[T1, . . . , Tk] = m1[z1, A1, . . . , zk, Ak] := ⟨M[k]Ak⟩ (2.17)

and remark that the function m1[·] satisfies a recursion similar to (2.13). The arguments
in the notation m1[T1, . . . , Tk] indicate the deterministic approximation of ⟨T1 . . . Tk⟩.
Whenever A1 = · · · = Ak = Id, it follows that the deterministic approximation is given by
the iterated divided differences, i.e.,

m1[G1, . . . , Gk] = m[1, . . . , k], (2.18)

which can be seen from the resolvent identity

GjGj−1 = Gj −Gj−1

zj − zj−1
(2.19)

and the averaged local law (2.15). Note that (2.15) and (2.16) may also be applied for
any product Ts1 . . . Tsk−1Gsk

that is indexed by a (cyclically) ordered set S = (s1, . . . , sk)
instead of an interval. In this case, the deterministic approximation is given by (2.14).
We further note the following a priori bounds for m[·], m1[·], and M[·] (cf. Lemma 2.4 and
Appendix A of [37]).

2Note that M[k] depends on (zj)j∈[k] and (Aj)j∈[k], i.e., both the spectral parameters and the
deterministic matrices are indexed by the same set. We hence interpret M(·) as a function of the (ordered)
index set to match the notation in the following sections.

3Note that m1[T1, . . . , Tn] is a deterministic quantity. We slightly abuse notation to use the symbol
Tj = GjAj and the tuple (zj , Aj) interchangeably, as this allows writing some equations more compactly.
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2. Multi-Point Functional Central Limit Theorem for Wigner Matrices

Lemma 2.1.4. Let k ∈ N, pick spectral parameters z1, . . . , zk and deterministic matrices
such that a matrices among A1, . . . , Ak are traceless. Further, set η∗ = minj |ℑzj| and
assume d := minj dist(zj, [−2, 2]) ≤ 1. Then,

|m[1, . . . , k]| ≲ 1
ηk−1

∗
,

|m1[T1, . . . , Tk]| ≲ 1
η

k−1−⌈a/2⌉
∗

,⃓⃓⃓⃓
(M[k])ij

⃓⃓⃓⃓
≤ ∥M[k]∥ ≲

1
η

k−1−⌈a′/2⌉
∗

,

where a′ denotes the number of traceless matrices among A1, . . . , Ak−1 and ⌈x⌉ denotes
the upper integrer part of x ∈ R. Generically, the above bounds are sharp4 when not
all ℑzj have the same sign.

Theorem 2.1.3 together with the optimality of the bounds in Lemma 2.1.4 asserts that
the deterministic M[k] is indeed the leading order approximation of T[1,k⟩Gk. In particular,
the error terms in (2.15) and (2.16) are smaller than the natural upper bound on their
leading term by a factor of (Nη∗)−1 and (Nη∗)−1/2, respectively.

2.2 Main Results
The main result of the present paper is a functional CLT for the centered statistics

Y (k,a)
α := ⟨f1(W )A1 . . . fk(W )Ak⟩ − E⟨f1(W )A1 . . . fk(W )Ak⟩, (2.20)

where α is a multi-index containing the deterministic matrices and test functions involved
and a denotes the number of traceless matrices among A1, . . . , Ak. Note that we omit the
superscripts of Y (k,a)

α whenever a or k are not used explicitly. The test functions f1, . . . , fk

are chosen according to the following set of assumptions.

Assumption 2.2.1 (Test functions). For k, p ∈ N let g1, . . . , gk ∈ Hp
0 (R) be (N-

independent) real-valued compactly supported test functions with ∥gj∥Hp
0

≲ 1. Fix-
ing δ, γ ≥ 0 as well as γ1, . . . , γk ≥ 0 either as

(1) [Macro] δ = γ = γ1 = · · · = γk = 0 or as

(2) [Meso] δ > 0, γ ∈ (0, 1), and 0 < γj ≤ γ,

we pick (N-independent) reference energies Ej ∈ [−2 + δ, 2 − δ] for j = 1, . . . , k. Lastly,
we define the test function rescaled to a scale N−γj around Ej by

fj(x) := gj(Nγj (x− Ej)). (2.21)

Note that Assumption 2.2.1 includes both the macroscopic scale (1) and the bulk regime
for mesoscopic scales (2). While it is possible to mix both regimes by choosing part of
the test functions to satisfy (1) and the remaining ones to satisfy (2), the error estimate
obtained from the results below is of the same size as if all functions were chosen on the
mesoscopic scale. Treating this mixed regime optimally would require a multi-resolvent

4The bounds are "sharp" in the sense that they are optimal in the class of bounds involving only η∗
in the small η∗ regime, see also [37].
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local law that carries the number of spectral parameters with N -dependent imaginary
part as a parameter. Since the present paper focuses on the proof of the multi-point
functional central limit theorem, we use the already established Theorem 2.1.3 as input
and choose either (1) or (2) for all test functions.
We further remark that the restriction to real-valued test functions is only for simplicity.
Extending the results in this section to complex-valued g1, . . . , gk only requires minor
modifications to the proofs in Section 2.4. Moreover, as one can decompose any matrix Aj

in Yα as Aj = ⟨Aj⟩Id+Åj , by multi-linearity, it is sufficient to consider Yα for deterministic
matrices Aj that are either traceless or equal to the identity matrix.
Throughout the paper, we denote the multi-index α in the form

α := ((g1, γ1, E1, A1), . . . , (gk, γk, Ek, Ak))
with gj , γj , and Ej chosen following Assumption 2.2.1. We also introduce Fj := fj(W )Aj

and use the interval notation
F[i,j] := fi(W )Ai . . . fj(W )Aj

for i < j as well as F∅ = 0. Note that (gj, γj, Ej, Aj) and Fj contain the same infor-
mation. For this reason, we will occasionally abuse notation and use both quantities
interchangeably.
We further introduce the random variables

X(k,a)
α := ⟨T[1,k]⟩ − E⟨T[1,k]⟩ = ⟨G1A1 . . . GkAk⟩ − E⟨G1A1 . . . GkAk⟩, (2.22)

as a special case of (2.20). By a suitable functional calculus (cf. [49]), information on (2.22)
carries over to the general statistics (2.20), thus yielding a key tool for the proof of our
main results. We, therefore, consider the analog of the results in Sections 2.2.1 and 2.2.2
for the resolvent case separately in Section 2.3. Throughout the paper, we write

α = ((z1, A1), . . . , (zk, Ak))
for the multi-index in (2.22) containing the spectral parameters z1, . . . , zk appearing in the
resolvents as well as the deterministic matrices. Whenever we do not need the number k
of resolvents (resp. deterministic matrices) in the product or the number a of traceless
deterministic matrices among A1, . . . , Ak explicitly, we again omit the superscript, and
further occasionally abuse notation to use (zj, Aj) and Tj = GjAj interchangeably. In the
context of (2.21), we may interpret the resolvent G(z) as a function rescaled to scale |ℑz|−1

around ℜz (even though the corresponding function g is not compactly supported). The
analog of Assumption 2.2.1 for the spectral parameters now reads as follows.

Assumption 2.2.2 (Spectral parameters). Let k ∈ N. Fixing δ, ζ ≥ 0 either as

(1) [Macro] δ = ζ = 0 or as

(2) [Meso] δ > 0 and ζ ∈ (0, 1),

pick (N-independent) reference energies Ej ∈ [−2 + δ, 2 − δ]. We choose the spectral
parameters z1, . . . , zk ∈ C such that zj = Ej + iηj with |ηj| ≳ N−ζ and maxj |zj| ≤ N100.

Note that we consider spectral parameters zj for which |ℑzj| is either of order one
(macroscopic scale) or only slightly above the typical eigenvalue spacing (mesoscopic
scales). Whenever |ηj| is small, we further restrict to the bulk regime, i.e., those zj for
which ℜzj is bounded away from the boundary of the support of the semicircle density
at ±2.
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2.2.1 The 1/N Term of E⟨f1(W )A1 . . . fk(W )Ak⟩
We start our analysis by considering an expansion of E⟨F[1,k]⟩ which identifies the sublead-
ing 1/N term. To state the theorem, we introduce a set function E [·] that plays the role of
the 1/N term for the resolvent case E⟨T[1,k]⟩. Note that E [·] characterizes the error of or-
der 1/N that is obtained from interchanging ⟨T[1,k]⟩−E⟨T[1,k]⟩ and ⟨T[1,k]⟩−m1[T1, . . . , Tk],
i.e., it relates Xα in (2.22) to the bounds in the local law (2.15). The proof of Lemma 2.2.3
is carried out in Section 2.4.2.

Lemma 2.2.3. Let k ∈ N, W be a Wigner matrix satisfying Assumption 2.1.1, and
fix spectral parameters z1, . . . , zk satisfying Assumption 2.2.2 as well as deterministic
matrices A1, . . . , Ak with ∥Aj∥ ≲ 1. Moreover, assume that a matrices among A1, . . . , Ak

are traceless. Then there exists a set function E [·] (defined recursively in Definition 2.3.1
below) such that

E⟨T1 . . . Tk⟩ = m1[T1, . . . , Tk] + κ4

N
E [T1, . . . , Tk] + O

(︃
N ε

N
√
Nη∗ η

k−a/2
∗

)︃
(2.23)

with m1[·] as in (2.17), κ4 as in (2.6), and η∗ := minj |ℑzj|.

We remark that (cf. Lemma 2.3.2 below)

E [T1, . . . , Tk] ≲ 1
η

k−1−⌈a/2⌉
∗

,

i.e., the error term in (2.23) is indeed smaller than the deterministic leading term. A
discussion of the properties of E [·] is included in Section 2.3.1 below. We now give the
expansion of E⟨F[1,k]⟩.

Theorem 2.2.4. Let k ∈ N and pick deterministic matrices A1, . . . , Ak ∈ CN×N

with ∥Aj∥ ≲ 1 such that a out of them are traceless. Let further W be a Wigner matrix
satisfying Assumption 2.1.1 and let f1, . . . , fk be test functions satisfying Assumption 2.2.1
with p = k − ⌊a/2⌋ + 1. Then, for any ε > 0, we have the expansion

E⟨F[1,k]⟩ =
∫︂
Rk

∫︂
[0,10]k

[︃ k∏︂
j=1

(∂z(fj)C,p)(zj)
]︃
m1[G(z1)A1, . . . , G(zk)Ak]dη[k]dx[k]

+ κ4

Nπk

∫︂
Rk

∫︂
[0,10]k

[︃ k∏︂
j=1

(∂z(fj)C,p)(zj)
]︃
E [G(z1)A1, . . . , G(zk)Ak]dη[k]dx[k]

+ O
(︃
N ε maxj ∥fj∥Hp

N3/2

)︃
(2.24)

where we write zj = xj + iηj, dx[k] = dx1dx2 . . . , dxk as well as dη[k] = dη1dη2 . . . dηk,
and (fj)C,p denotes the almost analytic extension of fj of order p.

Theorem 2.2.4 follows from Lemma 2.2.3 and the Helffer-Sjöstrand formula (see [49]). As a
similar argument will be used for the more involved proof of the multi-point functional CLT
in Theorem 2.2.7, we omit the details here.
It follows from (93) in [40] that E [T1] is given by

E [T1] = ⟨A1⟩
m5

1
1 −m2

1
= ⟨A1⟩m′

1m
3
1. (2.25)
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Hence, computing the second integral in (2.24) shows that the 1/N term E [f1(W )A1]
of E⟨f1(W )A1⟩ is

E [f1(W )A1] =
∫︂ 2

−2
f1(x)ρsc(x)dx+ κ4

2π

∫︂ 2

−2

(x4 − 4x2 + 2)f1(x)√
4 − x2

dx− f1(0)
2 ,

where ρsc denotes the density of the semicircle law in (2.7). We remark that this formula
was already included in [40, Thm. 2.4]. Theorem 2.2.4 hence generalizes Equation (21)
in [40] to arbitrary k ≥ 1 in the setting of Assumptions 2.1.1 and 2.2.1.

2.2.2 Statement of the Multi-Point Functional CLT
We now state our main result, the multi-point functional CLT for the statistics Yα in (2.20).
To give the limiting covariance structure explicitly, we introduce a set function m2[·|·] to
play the role of the deterministic approximation of the (appropriately scaled) covariance5

of ⟨T[1,k]⟩ and ⟨T[k+1,k+ℓ]⟩ in the same way that M[k] and m1[·] do for the expectation
of T[1,k⟩Gk (see Theorem 2.1.3 as well as (2.17)). Recall that we use (zj, Aj) and Tj

interchangeably. In particular, we may write

m2[α|β] = m2[T1, . . . , Tk|Tk+1, . . . , Tk+ℓ]

where the two multi-indices α and β contain the spectral parameters and deterministic
matrices in T1, . . . , Tk and Tk+1, . . . , Tk+ℓ, respectively.

Lemma 2.2.5. Fix k, ℓ ∈ N, let α, β be two multi-indices of length k and ℓ, respectively,
and let W be a Wigner matrix satisfying Assumption 2.1.1. Pick two sets of spectral
parameters z1, . . . , zk and zk+1, . . . , zk+ℓ that either both satisfy Case 1 or both satisfy
Case 2 of Assumption 2.2.2, and denote η∗ = minj |ℑzj|. Moreover, pick deterministic
matrices A1, . . . , Ak+ℓ with ∥Aj∥ ≲ 1 such that a matrices among A1, . . . , Ak and b matrices
among Ak+1, . . . , Ak+ℓ are traceless. Then there exists a set function m2[·|·] (defined
recursively in Definition 2.3.4 below) such that

N2EX(k,a)
α X

(ℓ,b)
β = m2[α|β] + O

(︃
N ε

√
Nη∗ η

k−a/2
∗ η

ℓ−b/2
∗

)︃
(2.26)

for any ε > 0.

We remark that (cf. (2.56) below)

|m2[T1, . . . , Tk|Tk+1, . . . , Tk+ℓ]| ≲
1

η
k+ℓ−⌈(a+b)/2⌉
∗

,

i.e., the error term in (2.26) is smaller than the deterministic leading term at least by a
factor (Nη∗)−1/2. The statistics Xα and the corresponding CLT, as well as the properties
of the function m2[·|·] are discussed in more detail in Section 2.3.2 below. Moreover,
explicit (non-recursive) formulas for m2[·|·] are derived in the companion paper [123]. We
further recall the following definition.

5Note the similarity between the notations m1[·] and m2[·|·], which take one and two resolvent chains
as arguments, respectively.
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Definition 2.2.6. Consider two functions of the Wigner matrix W in Assumption 2.1.1,
which we denote as N-dependent random variables X(N) and Y (N). We say that X(N) =
Y (N) + O(N−c) with c > 0 in the sense of moments if for any polynomial P it holds that

EP(X(N)) = EP(Y (N)) + O(N−c+ε),

for any smal ε > 0, where the implicit constant in O(·) only depends on the polynomial P
and the constants in Assumption 2.1.1.

The main result of the paper can now be stated as follows.

Theorem 2.2.7 (Multi-point functional CLT). Under the assumptions of Theorem 2.2.4
it holds that, for any ε > 0, the centered statistics (2.20) are approximately distributed (in
the sense of moments) as

NY (k,a)
α = ξ(α) + O

(︃
N ε maxj ∥fj∥Hp√

N

)︃
(2.27)

with a centered (N -dependent) Gaussian process ξ(α) satisfying

E[ξ(α)ξ(β)] (2.28)

= 1
πk+ℓ

∫︂
Rk

dx[k]

∫︂
[0,10]k

dη[k]

[︃ k∏︂
i=1

(∂z(fi)C,p)(zi)
]︃ ∫︂

Rℓ
dx[k+1,k+ℓ]

∫︂
[0,10]ℓ

dη[k+1,k+ℓ]

×
[︃ ℓ∏︂

j=k+1
(∂z(fj)C,q)(zj)

]︃
m2[G(z1)A1, . . . , G(zk)Ak|G(zk+1)Ak+1, . . . , G(zk+ℓ)Ak+ℓ].

Here, zj = xj +iηj, dx[i,j] = dxidxi+1 . . . , dxj as well as dη[i,j] = dηidηi+1 . . . , dηj for i < j,
and (fj)C,p denotes the almost analytic extension of fj of order p. Further, β denotes
another multi-index of length ℓ containing the deterministic matrices Ak+1, . . . , Ak+ℓ

with ∥Aj∥ ≲ 1 out of which b are traceless, as well as the test functions fk+1, . . . , fk+ℓ

satisfying Assumption 2.2.1 with q = ℓ− ⌊b/2⌋ + 1. Recall that m2[·|·] was introduced in
Lemma 2.2.5.

The key ingredient for the proof of Theorem 2.2.7 is the case of all fj being resolvents,
which we discuss in detail in Section 2.3.2 below. The full multi-point functional CLT is
then obtained from the resolvent CLT using the Helffer-Sjöstrand formula (cf. [49]). We
carry out the argument in Section 2.4.5.

2.2.3 Discussion of the Multi-Point Functional CLT for
Mesoscopic Scales

In this section, we consider the mesoscopic regime of Theorem 2.2.7 (Case 2 of Assump-
tion 2.2.1) in more detail. We start by noting that the set function m2[·|·] in Lemma 2.2.5
can be decomposed as

m2[·|·] = mGUE[·|·] + κ4mκ[·|·], (2.29)
with functions mGUE [·|·] and mκ[·|·] that do not depend on any parameters of the underlying
Wigner matrix W . Equation (2.29) induces a similar decomposition for the limiting
covariance in (2.28). We remark that the two contributions are not of comparable size in
the mesoscopic regime and that the summand with prefactor κ4 is of lower order. This
reduces the leading term in (2.28) to the case κ4 = 0, thus simplifying it considerably.
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We give a brief example in the resolvent case to illustrate this phenomenon. More general
bounds are given in Lemma 2.3.5 below. Recall that we may interpret the resolvent G(z)
as a function rescaled to scale |ℑz|−1 around ℜz to match (2.21).

Example 2.2.8. For k = ℓ = 1, we have by (92) of [40] (or Definition 2.3.4 below) that

m2[T1|T2] := ⟨A1A2⟩
m2

1m
2
2

(1 −m1m2)
+ ⟨a1a2⟩ · κ4m

3
1m

3
2 (2.30)

+ ⟨A1⟩⟨A2⟩
(︃

m′
1m

′
2

(1 −m1m2)2 − m2
1m

2
2

(1 −m1m2)
+ 2κ4m1m

′
1m2m

′
2 − κ4m

3
1m

3
2

)︃
,

where ai denotes the diagonal part of the matrix Ai. Assuming that ∥A1∥, ∥A2∥ ≲ 1
and |ℑz1|, |ℑz2| ≥ η∗, a brief computation using the explicit explicit form

m(z) = −z +
√
z2 − 4

2
of the solution to (2.9) shows that |(1 −m1m2)−1| ≲ η−1

∗ . Hence, the function m2[T1|T2]
in (2.30) satisfies the bounds

m2[T1|T2] ≲

⎧⎨⎩η−2
∗ , if ⟨A1⟩⟨A2⟩ ̸= 0,
η−1

∗ , if ⟨A1⟩⟨A2⟩ = 0.

Both inequalities are sharp if ℑz1 and ℑz2 have opposite signs. We further note that

mGUE[T1|T2] ≲

⎧⎨⎩η−2
∗ , if ⟨A1⟩⟨A2⟩ ̸= 0,
η−1

∗ , if ⟨A1⟩⟨A2⟩ = 0,
mκ[T1|T2] = O(1),

i.e., the two parts of m2[·|·] (cf. decomposition in (2.29)) do not contribute equally
unless η∗ ≳ 1 (macroscopic regime).

We hence restrict the following discussion to the case κ4 = 0. Even with this simpli-
fication, the limiting covariance in Theorem 2.2.7 may be tedious to compute using
the recursive definition of m2[·|·] alone. In the companion paper [123], we consider the
recursion defining m2[·|·] in detail and derive explicit formulas. Combining [123, Thm. 2.4]
with (2.28) then yields a more direct way of computing the limiting covariance which is
fully explicit whenever κ4 = 0. The result is given in Corollary 2.2.9 below. We emphasize
that Eξ(α)ξ(β) is a sum of terms that decompose into a product of a function of the
deterministic matrices A1, . . . , Ak and an expression in the test functions f1, . . . , fk+ℓ,
respectively. Moreover, the combinatorics underlying the summation mirror those encoun-
tered in second-order free probability theory. The proof of Corollary 2.2.9 is given in
Section 2.4.6.
To state the result, we denote by NCP (k) the set of non-crossing partitions of [k],
by −−−→

NCP (k, ℓ) the set of non-crossing permutations of the (k, ℓ)-annulus, and by K(π)
the Kreweras complement associated with an element π ∈ NCP (k) or π ∈

−−−→
NCP (k, ℓ),

respectively. Moreover, the first and second-order cumulants h◦ and h◦◦ associated with
set functions h[·] and h[·|·] are computed recursively from the moment-cumulant relations

h[S] =
∑︂

π∈NCP (S)

∏︂
B∈π

h◦[B], (2.31)

h[S1|S2] =
∑︂

π∈
−−−→
NCP (|S1|,|S2|)

∏︂
B∈π

h◦[B] +
∑︂

π1×π2∈NCP (|S1|)×NCP (|S2|),
U1∈π1,U2∈π2 marked

h◦◦[U1|U2]
∏︂

B∈π1\U1
∪π2\U2

h◦[B].

(2.32)
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The full definitions and some illustrative examples are, e.g., given in [123, Sect. 1] or [111].

Corollary 2.2.9. Consider the setup of Theorem 2.2.7 for κ4 = 0. Then,

Eξ(α)ξ(β) =
∑︂

π∈
−−−→
NCP (k,ℓ)

(︃ ∏︂
B∈K(π)

⟨︃ ∏︂
j∈B

Aj

⟩︃)︃ ∏︂
B∈π

Φπ,B(fj|j ∈ B) (2.33)

+
∑︂

π1×π2∈NCP (k)×NCP (ℓ),
U1∈π1,U2∈π2 marked

(︃ ∏︂
B1∈K(π1),
B2∈K(π2)

⟨︃ ∏︂
j∈B1

Aj

⟩︃⟨︃ ∏︂
j∈B2

Aj

⟩︃)︃
Φπ1×π2,U1×U2(f1, . . . , fk+ℓ).

The functions Φπ,B and Φπ1×π2,U1×U2 in (2.33) are given by

Φπ,B(fj|j ∈ B) := sc◦[B], (2.34)

where sc◦[·] denotes the first-order free cumulant function associated with

sc[i1, . . . , in] :=
∫︂ 2

−2

[︃ n∏︂
j=1

fij
(x)
]︃
ρsc(x)dx, (2.35)

with ρsc as in (2.7), and

Φπ1×π2,U1×U2(f1, . . . , fk+ℓ) := sc◦◦[U1|U2]
∏︂

B1∈π1\U1,
B2∈π2\U2

sc◦[B1]sc◦[B2]. (2.36)

Here, sc◦◦[·|·] denotes the second-order free cumulants associated with sc[·] in (2.35) and

sc[i1, . . . , in|in+1, . . . , in+m] := 1
2

∫︂ 2

−2

∫︂ 2

−2

(︃ n∏︂
j=1

fij
(x)
)︃′(︃ m∏︂

j=1
fin+j

(y)
)︃′
u(x, y)dxdy, (2.37)

where the integral kernel u : [−2, 2] × [−2, 2] → R is given by

u(x, y) := 1
4π2 ln

[︃(
√

4 − x2 +
√

4 − y2)2(xy + 4 −
√

4 − x2
√

4 − y2)
(
√

4 − x2 −
√

4 − y2)2(xy + 4 +
√

4 − x2
√

4 − y2)

]︃
. (2.38)

We remark that the structure of (2.33) resembles the formula in [107, Thm. 6] for the
covariance of alternating products of GUE and deterministic matrices in second-order
free probability. This connection is discussed further in the companion paper [123]. In
particular, applying Theorem 2.2.7 and (2.33) for f1(x) = · · · = fk+ℓ(x) = x reproduces
the corresponding formulas in [107] (cf. [123, Cor. 2.11]).
Theorem 2.2.7 and Corollary 2.2.9 identify the limiting process ξ(α) in terms of the
test functions f1, . . . , fk+ℓ. Similar to [40, Sect. 2.3] in the case k = ℓ = 1, we can
make use of the mesoscopic scaling (2.21) to give asymptotic formulas in terms of the
functions g1, . . . , gk+ℓ whenever γj > 0 for all j. The key quantities sc[·] and sc[·|·] charac-
terizing the covariance structure of two modes Y (k,a)

α and Y
(ℓ,b)

β can then be conveniently
expressed in terms of the L2 and Ḣ

1/2 inner products

⟨f, g⟩L2 :=
∫︂
R
f(x)g(x)dx, ⟨f, g⟩

Ḣ
1/2 :=

∫︂
R2

f(x) − f(y)
x− y

g(x) − g(y)
x− y

dxdy.

Theorem 2.2.10 (Bulk scaling asymptotics). Under the assumptions of Theorem 2.2.7,
pick test functions f1, . . . , fk+ℓ that satisfy Assumption 2.2.1 with some δ, γj > 0.
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(i) Whenever γ1 = · · · = γn+m = γ and the functions fi1 , . . . , fin+m are rescaled around
the same E0 ∈ [−2 + δ, 2 − δ], it holds that

Nγsc[i1, . . . , in+m] = ρsc(E0)
⟨︃ n∏︂

j=1
gij
,

n+m∏︂
j=n+1

gij

⟩︃
L2

+ O
(︃
N−γ

)︃
,

sc[i1, . . . , in|in+1, . . . , in+m] = 1
4π2

⟨︃ n∏︂
j=1

gij
,

n+m∏︂
j=n+1

gij

⟩︃
Ḣ

1/2
+ O

(︃
N−γ

)︃
.

(ii) If γi1 = · · · = γim+n = γ, but the functions fi1 , . . . , fin+m are not rescaled around the
same energy, we have the bounds

Nγsc[i1, . . . , in+m] = O
(︃
N−γ

)︃
,

sc[i1, . . . , in|in+1, . . . , in+m] = O
(︃
N−γ

)︃
.

Recall that Ei1 , . . . , Ein+m are fixed and N-independent.

(iii) If Ei1 = · · · = Ein+m, but the scales γ1, . . . , γn+m do not all coincide, we have the
bounds

Nγminsc[i1, . . . , in+m] = O
(︃
N−(γmin,2−γmin)

)︃
,

sc[i1, . . . , in|in+1, . . . , in+m] = O
(︃
N−(γmin,2−γmin)

)︃
.

with γmin = minj γij
and γmin,2 = min{γij

|γij
> γmin}.

The implicit constants in the error terms depend only on δ and the scaling exponents γj

as well as the test functions g1, . . . , gk+ℓ through ∥gj∥Hp
0

and |suppgj|.

The proof of Theorem 2.2.10 follows from the definition of sc[·] in (2.35) and (careful)
integration by parts of (2.37). We omit the details.
Note that the random variables ξ(α1), . . . , ξ(αk) obtained for k ≥ 1 multi-indices α1, . . . , αk

are jointly Gaussian as a consequence of Theorem 2.3.6 below. Next, we discuss conditions
under which two modes Yα and Yβ in Theorem 2.2.7 are asymptotically independent. The
case k = ℓ = 1 of Corollary 2.2.11 was already discussed in [40, Thm. 2.13].

Corollary 2.2.11 (Independent modes). Under the assumptions of Theorem 2.2.7,
let α and β be multi-indices such that the test functions f1, . . . , fk associated with α
are all rescaled around a common reference energy Eα on the scale γα > 0 and the test
functions fk+1, . . . , fk+ℓ associated with β are all rescaled around Eβ on the scale γβ > 0.
Further, assume that α and β contain a and b traceless matrices, respectively, and denote
by ξ(α) and ξ(β) the corresponding limiting Gaussian processes in Theorem 2.2.7.

(i) If Eα ̸= Eβ, then the processes ξ(α) and ξ(β) are asymptotically independent in the
sense that ⃓⃓⃓

E[ξ(α)ξ(β)]
⃓⃓⃓
≲ N− min{γα,γβ}.

(ii) If γα ̸= γβ, then the processes ξ(α) and ξ(β) are asymptotically independent in the
sense that ⃓⃓⃓

E[ξ(α)ξ(β)]
⃓⃓⃓
≲ N−|γα−γβ |.
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(iii) If a+b is odd, then the processes ξ(α) and ξ(β) are always asymptotically independent
in the sense that

E[ξ(α)ξ(β)] = O
(︃
N ε maxi∈[k] ∥fi∥Hp maxj∈[k+1,k+ℓ] ∥fj∥Hq√

N

)︃
,

where p = k − ⌊a/2⌋ + 1 and q = ℓ− ⌊b/2⌋ + 1, i.e., the leading deterministic term
in (2.28) has the same size as the error term in Theorem 2.2.7.

The proof of Corollary 2.2.11 is immediate from Theorem 2.2.10 as well as the remark on
independent modes in the resolvent CLT below Theorem 2.3.6.

Remark (Multiple independent Wigner matrices). The high-probability sense of The-
orem 2.2.7 allows us to generalize the result to multiple independent Wigner matrices
by resolving the individual matrices iteratively while conditioning on all others. We
remark that a similar mechanism has also been applied for computing the determinis-
tic approximation of ⟨f1(Wi1)A1 . . . fk(Wik

)Ak⟩ if Wi1 , . . . ,Wik
are taken, possibly with

repetitions, from a family of independent Wigner matrices (see [39, Ext. 2.13]). We
give an example in the case k = ℓ = 2. Let W,W ′ denote two independent GUE ma-
trices and pick bounded deterministic matrices A1, . . . , A4 with ⟨Aj⟩ ̸= 0 as well as test
functions f1, . . . , f4 satisfying Case 2 of Assumption 2.2.1 with p = 3. Then,

N2E
[︂(︂

⟨f1(W )A1f2(W ′)A2⟩ − E⟨f1(W )A2f2(W ′)A2⟩
)︂

×
(︂
⟨f3(W )A3f4(W ′)A4⟩ − E⟨f3(W )A3f4(W ′)A4⟩

)︂]︂
= sc◦◦[1|3]⟨A1f2(W ′)A2⟩⟨A3f4(W ′)A4⟩ + sc◦[1, 3]⟨A1f2(W ′)A2A3f4(W ′)A4⟩

+N2E
[︂(︂

⟨A1f2(W ′)A2⟩ − E⟨A2f2(W ′)A2⟩
)︂(︂

⟨A3f4(W ′)A4⟩ − E⟨A3f4(W ′)A4⟩
)︂]︂

× sc◦[1]sc◦[3] + O
(︃
N ε max{∥f1∥H3 , ∥f3∥H3}√

N

)︃
= ⟨A1A2⟩⟨A3A4⟩(sc◦◦[1|3]sc◦[2]sc◦[4] + sc◦◦[2|4]sc◦[1]sc◦[3])

+ ⟨A1A4⟩⟨A2A3⟩sc◦[1, 3]sc◦[2, 4] + ⟨A1A2A3A4⟩sc◦[1, 3]sc◦[2]sc◦[4]

+ ⟨A2A1A4A3⟩sc◦[1]sc◦[2, 4]sc◦[3] + O
(︃
N ε maxj ∥fj∥H3√

N

)︃
.

In the first step, we conditioned on W ′ and applied Corollary 2.2.9, treating W ′, and
hence fj(W ′), as deterministic. After computing the leading term, Corollary 2.2.9 is
applied again for W ′. Lastly, the remaining terms are identified using the local law [37,
Cor. 2.7], which yields a total of five summands. In contrast, if W = W ′, all terms
on the right-hand side of (2.28) may contribute. For k = ℓ = 2, this yields 27 terms
in total (cf. [123, Ex. 1.18]). Analogous statements hold for an arbitrary number of
independent Wigner matrices with possible repetitions. We remark that the underlying
combinatorial structure for n independent GUE matrices is given by the so-called non-
mixing annular non-crossing permutations resp. non-mixing marked partitions for n
colors, which was also established in [107] for the special case f1(x) = · · · = fk(x) = x
and general Wigner matrices.

2.2.4 Application to Thermalization Problems
We now specialize Theorem 2.2.7 to the functions fj(x) = eitjx with (N -independent)
numbers tj ∈ R. Recall that

A(t) := eitWAe−itW (2.39)
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describes the Heisenberg time evolution of an observable A and that it follows from [39,
Cor. 2.9] that the observables A1(t) and A2 become thermalized for t ≫ 1, i.e., that

⟨A1(t)A2⟩ ≈ ⟨A1⟩⟨A2⟩

in the large t regime. Fixing t ∼ 1 and using Theorem 2.2.7, we readily conclude that the
fluctuations around the thermal value are Gaussian and can give the leading terms of the
variance explicitly by taking an t → ∞ limit after letting N → ∞. As the randomness
in ⟨A1(t)A2⟩ cancels out if either A1 = Id or A2 = Id, we omit the deterministic
term ⟨A1⟩⟨A2⟩ from the following result and assume w.l.o.g. that ⟨A1⟩ = ⟨A2⟩ = 0.

Corollary 2.2.12. Let κ4 = 0, ⟨A1⟩ = ⟨A2⟩ = 0, and ∥A1∥, ∥A2∥ ≲ 1. Then,

⟨A1(t)A2⟩ = ⟨A1A2⟩
J1(2t)2

t2
+ ξ(t)

N
+ O

(︃
N ε

N3/2

)︃
,

where A1(t) is as defined in (2.39), J1 is a Bessel function of the first kind, and ξ(t) is a
centered Gaussian random variable. In the t → ∞ limit, the variance of ξ(t) satsifies the
asymptotics

Var[ξ(t)] = ⟨|A1|2⟩⟨|A2|2⟩ + O
(︃ 1
t2

)︃
(2.40)

and we further obtain

Eξ(t1)ξ(t2) = ⟨|A1|2⟩⟨|A2|2⟩
(︃
J1(2(t1 − t2))

t1 − t2

)︃2
+ O

(︃ 1
(min{t1, t2})2

)︃
. (2.41)

In particular, ξ(t1) and ξ(t2) are asymptotically uncorrelated if we take an |t1 − t2| → ∞
limit after letting N → ∞.

Corollary 2.2.12 follows directly from Corollary 2.2.9 by specifying the test functions. We
carry out the details in Section 2.4.7.

Remark. The O(t−2) term in (2.40) can be given more explicitly, as the limiting variance
can be read off from Corollary 2.2.9 or [104, Sect. 2] (since t is fixed). We obtain

Var[ξ(t)] = ⟨|A1|2⟩⟨|A2|2⟩
(︃

1 − J1(2t)2

t2

)︃2

+ |⟨A1A
∗
2⟩|2

[︃(︃
J1(4t)

2t − J1(2t)2

t2

)︃2
+ 2sc◦◦[+,+]J1(2t)2

t2
− 2sc◦◦[+,−]J1(2t)2

t2

]︃
+
(︂
⟨A1A2A

∗
1A

∗
2⟩ + ⟨A2A1A

∗
2A

∗
1⟩
)︂(︃J1(4t)

2t − J1(2t)2

t2

)︃
J1(2t)
t2

+
(︂
⟨|A1A2|2⟩ + ⟨|A2A1|2⟩

)︂(︃
1 − J1(2t)2

t2

)︃
J1(2t)2

t2

where

sc◦◦[+,+] = 1
2π2

∫︂ 2

−2

∫︂ 2

−2

(︃eitx − eity

x− y

)︃2 4 − xy√
4 − x2

√
4 − y2

dxdy − J1(4t)
2t + J1(2t)2

t2
,

sc◦◦[+,−] = 1
2π2

∫︂ 2

−2

∫︂ 2

−2

1 − cos(t(x− y))
(x− y)2

4 − xy√
4 − x2

√
4 − y2

dxdy − 1 + J1(2t)2

t2
.

Note that the ⟨|A1|2⟩⟨|A2|2⟩ term is the only one having a O(1) contribution, in fact, its
coefficient is 1 + O(t−3). The first summand of the |⟨A1A

∗
2⟩|2 term is O(t−3) while the

double integrals behave like t for t → ∞. Hence the entire |⟨A1A
∗
2⟩|2 term is O(t−2). In

the remaining contributions, the largest term is O(t−3) with the lower-order terms being
as small as O(t−6).
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2. Multi-Point Functional Central Limit Theorem for Wigner Matrices

2.3 Central Limit Theorem for Resolvents
In this section, we supply the recursive definitions of the set functions E [·] and m2[·|·]
introduced in Lemmas 2.2.3 and 2.2.5, respectively, and study their properties. We further
state the analog of Theorem 2.2.7 for the resolvent case, which constitutes the main
ingredient for the proof of the multi-point functional CLT.

2.3.1 The 1
N Term of E⟨T[1,k]⟩

As a first step, we revisit the function E [·], starting with its recursive definition.

Definition 2.3.1. Let (T1, . . . , Tk) be an ordered set of CN×N matrices of the form
Tj = GjAj. We define E [·] to be the set function taking values in C that satisfies the linear
recursion with a source term (in the last two lines)

E [T1, . . . , Tk]

= m1

(︃
E [T2, . . . , Tk−1, TkA1] + q1,kE [T2, . . . , Tk−1, GkA1]⟨Ak⟩

+
k−1∑︂
j=1

E [T1, . . . , Tj−1, Gj]
(︂
m1[Tj, . . . , Tk] + q1,km1[Tj, . . . , Tk−1, Gk]⟨Ak⟩

)︂

+
k∑︂

j=2
m1[T1, . . . , Tj−1, Gj]

(︂
E [Tj, . . . , Tk] + q1,kE [Tj, . . . , Tk−1, Gk]⟨Ak⟩

)︂
+

∑︂
1≤r≤s≤t≤k

⟨M[r] ⊙M[s,t]⟩⟨M[r,s] ⊙ (M[t,k]Ak)⟩

+ q1,k

∑︂
1≤r≤s≤t≤k

⟨M[r] ⊙M[s,t]⟩⟨M[r,s] ⊙M[t,k]⟩⟨Ak⟩
)︃

(2.42)

and the initial condition E [∅] = 0. Recall that ⊙ denotes the Hadamard product, M[·] was
defined through the recursion in (2.13), m1[·] was defined in (2.17), and q1,k = m1mk

1−m1mk
.

We remark that M[k] is diagonal whenever A1 = · · · = Ak = Id. In this case, the last two
lines of (2.42) are readily evaluated and the recursion simplifies to

E [G1, . . . , Gk] = m1

1 −m1mk

(︃
E [G2, . . . , Gk] +

k−1∑︂
j=1

E [G1, . . . , Gj]m[j, . . . , k]

+
k∑︂

j=2
m[1, . . . , j]E [Gj, . . . , Gk]

+
∑︂

1≤r≤s≤t≤k

m[1, . . . , r]m[r, . . . , s]m[s, . . . , t]m[t, . . . , k]
)︃
,

where m[·] denotes the iterated divided differences in (2.12). Note that E [T1, . . . , Tk] is
generally not of order one, but its size is given in terms of η∗ and the number of traceless
matrices among A1, . . . , Ak. We give a simple bound in the following lemma. The proof
is carried out in Section 2.4.1.

Lemma 2.3.2. Under the assumptions of Lemma 2.2.3, let a among the matrices
A1, . . . , Ak be traceless. Then,

|E [T1, . . . , Tk]| ≲ 1
η

k−1−⌈a/2⌉
∗

. (2.43)
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2.3. Central Limit Theorem for Resolvents

Generically, the bound is sharp if not all ℑzj have the same sign.

Remark. Lemma 2.3.2 shows that the sub-leading term in (2.23) involving E [·] may be
smaller than the O(N ε/(N

√
Nη∗η

k−a/2
∗ ) error term in some regimes. However, as we only

apply (2.23) in the form

E⟨T[1,k]⟩ = m1[T1, . . . , Tk] + O
(︃ 1
Nη

k−1−a/2
∗

+ N ε

N
√
Nη∗ η

k−a/2
∗

)︃

for the proof of the CLT in the resolvent case in Section 2.4.4, a more careful resolution
of the error is not needed.

Note that applying (2.42) once yields the formula

E [T1] = ⟨A1⟩
m5

1
1 −m2

1
= ⟨A1⟩m′

1m
3
1, (2.44)

and we readily reobtain (93) of [40] by Lemma 2.2.3.

Having identified the function E [·] as the 1/N term of E⟨T[1,k]⟩, we may use identities that
are valid on the random matrix side, i.e., the left-hand side of (2.23), to derive further
identities for E [·] (cf. the "meta argument" below [37, Lem. 4.1]). They are listed in
Corollary 2.3.3 below and the proof is given in Appendix 2.A. In fact, these identities can
also be proven from Definition 2.3.1 directly, however, using (2.23) allows for a shorter
proof. Note that m[·] satisfies the same properties by [39, Lem. 5.4].

Corollary 2.3.3. Let k ∈ N and (T1, . . . , Tk) be an ordered set of CN×N matrices of the
form Tj = GjAj. Then

(i) E [·] is cyclic in the sense that E [T1, . . . , Tk] = E [T2, . . . , Tk, T1].

(ii) Whenever z1 ̸= zk and Ak = Id, we have

E [T1, . . . , Tk−1, Gk] = E [T2, . . . , Tk−1, GkA1] − E [T1, . . . , Tk−1]
zk − z1

. (2.45)

(iii) Whenever A1 = · · · = Ak = Id and the spectral parameters z1, . . . , zk are distinct,
E [·] has a divided difference structure, i.e.,

E [G1, . . . , Gk] = E [G2, . . . , Gk] − E [G1, . . . , Gk−1]
zk − z1

(2.46)

and we have the closed formula

E [G1, . . . , Gk] =
k∑︂

j=1

∏︂
i ̸=j

1
zi − zj

E [Gj] =
k∑︂

j=1

∏︂
i ̸=j

m[i, j]
mi −mj

E [Gj] (2.47)

with m[·] as in (2.18) and E [Gj] = m′
jm

3
j . Moreover, E [·] is invariant under any

permutation of z1, . . . , zk in this case.
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2. Multi-Point Functional Central Limit Theorem for Wigner Matrices

2.3.2 Statement of the Resolvent Central Limit Theorem
The main result of this section is a CLT for resolvents that identifies the joint distribu-
tion of multiple modes of the type (2.22), i.e., X(ki,ai)

αi
with different ki, ai, and αi, as

asymptotically Gaussian in the sense of moments. We start by defining the set function
m2[·|·], which characterizes the limiting covariance of the random variables Xα and Xβ

involving two distinct multi-indices α and β. Note that we only use the following recursive
definition in the present work. However, closed formulas are obtained in the companion
paper [123].

Definition 2.3.4. Let S1 = (T1, . . . , Tk′) and S2 = (Tk′+1, . . . , Tk′+ℓ′) be two (ordered)
finite sets of complex N × N-matrices of the form Tj = GjAj. We define m2[·|·] as
the (deterministic) function of pairs of sets S1, S2 with values in C and the following
properties:

(i) Symmetry: m2[·|·] is symmetric under the interchanging of its arguments, i.e., for
any sets B1 ⊆ S1, B2 ⊆ S2 we have

m2[(Ti, i ∈ B1)|(Tj, j ∈ B2)] = m2[(Tj, j ∈ B2)|(Ti, i ∈ B1)].

(ii) Initial condition: For any sets B1 ⊆ S1, B2 ⊆ S2 we have

m2[(Ti, i ∈ B1)|∅] = m2[∅|(Tj, j ∈ B2)] = 0. (2.48)

(iii) Recursion: Let B1 ⊆ S1 and B2 ⊆ S2 be ordered subsets with |B1| = k ≤ k′ and
|B2| = ℓ ≤ ℓ′ elements, respectively. We index the matrices in B1 by [k] and the
matrices in B2 by [k + 1, k + ℓ]. The function m2[·|·] satisfies the following linear
recursion

m2[T1, . . . , Tk|Tk+1, . . . , Tk+ℓ]

= m1

⎛⎝m2[T2, . . . , Tk−1, GkAkA1|Tk+1, . . . , Tk+ℓ]

+ q1,km2[T2, . . . , Tk−1, GkA1|Tk+1, . . . , Tk+ℓ]⟨Ak⟩ (2.49)

+
k−1∑︂
j=1

m2[T1, . . . , Tj−1, Gj|Tk+1, . . . , Tk+ℓ]
(︂
m1[Tj, . . . , Tk]

+ q1,km1[Tj, . . . , Tk−1, Gk]⟨Ak⟩
)︂

+
k∑︂

j=2
m1[T1, . . . , Tj−1, Gj]

(︃
m2[Tj, . . . , Tk|Tk+1, . . . , Tk+ℓ]

+ q1,km2[Tj, . . . , Tk−1, Gk|Tk+1, . . . , Tk+ℓ]⟨Ak⟩
)︃

+ sGUE + sκ

⎞⎠
where the source terms sGUE and sκ are given by

sGUE :=
ℓ∑︂

j=1

(︃
m1[T1, . . . , Tk, Tk+j, . . . , Tk+j−1, Gk+j]

+ q1,km1[T1, . . . , Tk−1, Gk, Tk+j, . . . , Tk+j−1, Gk+j]⟨Ak⟩
)︃

(2.50)
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2.3. Central Limit Theorem for Resolvents

sκ := κ4

k∑︂
r=1

k+ℓ∑︂
s=k+1

(︃ s∑︂
t=k+1

⟨M[r] ⊙M(s,...,k+ℓ,k+1,...,t)⟩⟨(M[r,k]Ak) ⊙M[t,s]⟩

+
k+ℓ∑︂
t=s

⟨M[r] ⊙M[s,t]⟩⟨(M[r,k]Ak) ⊙M(t,...,k+ℓ,k+1,...,s)⟩
)︃

+ κ4q1,k

k∑︂
r=1

k+ℓ∑︂
s=k+1

(︃ s∑︂
t=k+1

⟨M[r] ⊙M(s,...,k+ℓ,k+1,...,t)⟩⟨M[r,k] ⊙M[t,s]⟩

+
k+ℓ∑︂
t=s

⟨M[r] ⊙M[s,t]⟩⟨M[r,k] ⊙M(t,...,k+ℓ,k+1,...,s)⟩
)︃

⟨Ak⟩. (2.51)

Recall that ⊙ denotes the Hadamard product, q1,k = m1mk

1−m1mk
with m1,mk as in (2.8),

M(... ) was introduced in (2.14), and m1[·] was defined in (2.17).

Remark. The special role of m1 in (2.49) is a result of the identity (2.74) used for the
proof of Lemma 2.2.5 in Section 2.4.3 below. Similar to the recursion for m1[·] in [37,
Lem. 4.1], it is possible to derive a version of (2.49) for every j = 2, . . . , k that singles out
the factor mj instead of m1 on the right-hand side, i.e., (2.49) is only one element in a
family of equivalent recursions for m2[·|·].

The linearity of the recursion and the two different types of source terms induce the de-
composition (2.29), where mGUE [·|·] satisfies (2.49) for κ4 = 0, and κ4mκ[·|·] satisfies (2.49)
without sGUE . We remark that by [39, Thm. 3.4], both m1[·] and M(·) are fully expressible
as functions of A1, . . . , Ak+ℓ and m1, . . . ,mk+ℓ. Hence, the same holds for the source
term sGUE + sκ in (2.49), eventually making m2[·|·] a function of the same quantities.
Similarly, we have the decomposition

˜︂m[·|·] = ˜︂mGUE[·|·] + κ4˜︂mκ[·|·], (2.52)

for the function m[·|·] defined by the relation

˜︂m[1, . . . , k|k + 1, . . . , k + ℓ] := m2[G1, . . . , Gk|Gk+1, . . . , Gk+ℓ] (2.53)

in the special case A1 = · · · = Ak = Id.
Next, we consider the size of m2[·|·]. We have the following bounds, which we prove in
Section 2.4.1.

Lemma 2.3.5. Under the assumptions of Lemma 2.2.5, we have the estimates⃓⃓⃓
mGUE[T1, . . . , Tk|Tk+1, . . . , Tk+ℓ]

⃓⃓⃓
≲

1
η

k+ℓ−⌈(a+b)/2⌉
∗

, (2.54)
⃓⃓⃓
mκ[T1, . . . , Tk|Tk+1, . . . , Tk+ℓ]

⃓⃓⃓
≲

1
η

k+ℓ−1−⌈(a+b)/2⌉
∗

. (2.55)

Generically, both bounds are sharp if not all ℑzj have the same sign. In particular, mκ[·|·]
is dominated by mGUE[·|·] on all mesoscopic scales and it holds that⃓⃓⃓

m2[T1, . . . , Tk|Tk+1, . . . , Tk+ℓ]
⃓⃓⃓
≲

1
η

k+ℓ−⌈(a+b)/2⌉
∗

. (2.56)

After this preparation, we state a CLT for resolvents which generalizes [40, Thm. 4.1] to
handle resolvent chains of arbitrary length in the setting considered. The proof follows by
induction on the number of factors X(kj ,aj)

αj using the bounds from Lemma 2.2.5 and its
proof as input. We give it in Section 2.4.4.
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2. Multi-Point Functional Central Limit Theorem for Wigner Matrices

Theorem 2.3.6 (CLT for resolvents). Fix p ∈ N, let α1, . . . , αp be multi-indices, and
let W be a Wigner matrix satisfying Assumption 2.1.1. Moreover, for every j = 1, . . . , p
pick a set of spectral parameters z(j)

1 , . . . , z
(j)
kj

such that either all sets satisfy Case 1 or
all sets satisfy Case 2 of Assumption 2.2.2, and denote η∗ = mini,j |ℑz(j)

i |. Moreover, for
every j = 1, . . . , p, pick deterministic matrices A(j)

1 , . . . , A
(j)
kj

with ∥A(j)
i ∥ ≲ 1 such that aj

of them are traceless. Then,

NpE

(︃ p∏︂
j=1

X(kj ,aj)
αj

)︃
=

∑︂
Q∈P air([p])

∏︂
{i,j}∈Q

m2[αi|αj] + O
(︃

N ε

√
Nη∗

∏︁p
l=1 η

kl−al/2
∗

)︃
(2.57)

for any ε > 0. Here, m2[·|·] is as in Definition 2.3.4 and Pair(S) denotes the pairings of a
set S. Equation (2.57) establishes an asymptotic version of Wick’s rule and hence identifies
the joint limiting distribution of the random variables (X(kj ,aj)

αj )j as asymptotically complex
Gaussian in the sense of moments in the limit Nη∗ → ∞.

Remark (Independent modes). Note that (2.56) implies that two modes X(k1,a1)
α1 and

X(k2,a2)
α2 in Theorem 2.3.6 are asymptotically uncorrelated whenever a1 + a2 is odd and

η∗ ≪ 1. This feature is exclusive to the mesoscopic regime, as all modes contribute equally
for the macroscopic regime, i.e., if η∗ ≳ 1. In the case k = 1, we may also write the
deterministic matrix as

A = ⟨A⟩Id + Åd + Åod (2.58)

with Ad and Aod denoting the diagonal and off-diagonal part of Å = A−⟨A⟩Id, respectively.
The three resulting modes ⟨A⟩ Tr f(W ), Tr f(W )Åd, and Tr f(W )Åod are asymptotically
uncorrelated as Nη∗ → ∞ (cf. [40, Thm. 2.4]). Since this is a consequence of ⟨B1B2⟩
and ⟨B1⟩⟨B2⟩ vanishing whenever B1 ̸= B2 and B1, B2 ∈ {Id, Åd, Åod}, this phenomenon
is exclusive to the k = 1 case and decomposing A1, . . . , Ak for k ≥ 2 according to (2.58)
does not yield 3k uncorrelated modes in general. As an example, consider the case k = 2
with two deterministic matrices A and B, where applying (2.58) gives rise to 9 distinct
modes. Here, computing the covariance, e.g., of Tr[G1ÅdG2B̊d] and Tr[G1ÅodG2B̊od],
yields terms that involve longer products, e.g., ⟨ÅdÅodB̊dB̊od⟩, which do not vanish in
general.

Similar to Corollary 2.3.3, we may use identities that are valid on the random matrix side,
i.e., the left-hand side of (2.26), to derive further identities among the recursively defined
quantities m2[·|·] and m2[·|·]. The proof is analogous to the proof of Corollary 2.3.3 and
hence omitted. We refer to Appendix 2.A for the setup of the necessary "meta argument".

Corollary 2.3.7. Let S1, S2 ̸= ∅ be two ordered multi-sets. Then

(i) m[S1|S2] is invariant under any permutation of the elements of S1 as well as S2.

(ii) m2[·|·] is cyclic in the sense that

m2[(Tj, j ∈ S1)|T1, . . . , Tk] = m2[(Tj, j ∈ S1)|T2, . . . , Tk, T1].

(iii) Whenever the spectral parameters indexed by S1 and S2 are distinct, ˜︂m[·|·] has an
entry-wise divided difference structure, i.e.,

˜︂m[S1|1, . . . , k] =
˜︂m[S1|2, . . . , k] −˜︂m[S1|1, . . . , k − 1]

zk − z1
, (2.59)
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and we have the closed formula

˜︂m[S1|S2] =
∑︂

(s,t)∈S1×S2

(︃ ∏︂
i∈S1,
i ̸=s

1
zi − zs

∏︂
j∈S2,
j ̸=t

1
zj − zt

)︃˜︂m[s|t]

=
∑︂

(s,t)∈S1×S2

(︃ ∏︂
i∈S1,
i ̸=s

m[i, s]
mi −ms

∏︂
j∈S2,
j ̸=t

m[j, t]
mj −mt

)︃˜︂m[s|t] (2.60)

with ˜︂m[s|t] = m′
sm′

t

(1−msmt)2 . Recall that ˜︂m[·|·] was defined in (2.53).

(iv) Whenever z1 ̸= zk and Ak = Id, we further have

m2[(Tj, j ∈ S1)|T1, . . . , Tk−1, Gk]

= m2[(Tj, j ∈ S1)|T2, . . . , Tk−1, GkA1] − m2[(Tj, j ∈ S1)|T1, . . . , Tk−1]
zk − z1

. (2.61)

Moreover, we have the following alternative integral representation for ˜︂mGUE[·|·] (cf.
decomposition in (2.52)). The proof of Corollary 2.3.8 is carried out in Section 2.4.3
below.

Corollary 2.3.8. Let k, ℓ ∈ N. Then,

˜︂mGUE[1, . . . , k|k + 1, . . . , k + ℓ] (2.62)

= 1
2

∫︂ ∫︂ (︃ k∑︂
i=1

1
(x− zi)2 ·

∏︂
j ̸=i

1
x− zj

)︃(︃ k+ℓ∑︂
i=k+1

1
(y − zi)2 ·

∏︂
j ̸=i

1
y − zj

)︃
u(x, y)dxdy

with the kernel u : [−2, 2] × [−2, 2] → R in (2.38).

Remark. It is readily checked that the kernel u is non-negative and has a logarithmic
singularity at x = y. Using that the two-body stability operator of the underlying Dyson
equation (2.9) is given by B(z1, z2) = 1 −m(z1)m(z2), we can also express (2.38) in terms
of 1 × 1 determinants as

u(x, y) = − 1
2π2 ℜ

(︂
ln(det[B(x+ i0, y + i0)]) − ln(det[B(x+ i0, y + i0)])

)︂
to match the formulas in [125, Sect. 7] for k = ℓ = 1 and A1 = A2 = Id. Note that W
being a GUE matrix corresponds to the choice β = 2 and C(4) = 0 in the notation of [125].

2.4 Proofs

2.4.1 Proof of Lemmas 2.3.2 and 2.3.5 (Size of E [·] and m2[·|·])
In this section, we prove the estimates identifying the size of the deterministic approxi-
mations E [·] and m2[·|·]. We start by noting two bounds for q1,2 that are used for both
proofs.

Lemma 2.4.1. Let z1, z2 ∈ C and define the constants η∗ := min{|ℑz1|, |ℑz2|} as well
as ζ := π−1 min{|ℑm1|, |ℑm2|}. Then,

q1,2 = m[1, 2] = m1m2

1 −m1m2
≲

⎧⎨⎩ζ−1, if ℑz1,ℑz2 have the same sign,
η−1

∗ , if ℑz1,ℑz2 have opposite signs.
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The estimates in Lemma 2.4.1 are immediate from the explicit form m(z) = (−z +√
z2 − 4)/2 of the solution to (2.9). Next, we establish the estimate for E [·].

Proof of Lemma 2.3.2. We show (2.43) by induction. As the base case k = 1 readily fol-
lows from (2.25), assume that the bound in (2.43) holds for up to k−1 matrices T1, . . . , Tk−1.
W.l.o.g. assume further that Ak is either traceless or equal to the identity matrix.
We start by considering the case where Ak = Id and ℑz1 and ℑzk have opposite
signs. Here, (2.43) follows immediately by using Corollary 2.3.3(ii) and applying the
induction hypothesis for E [T2, . . . , Tk−1, GkA1] and E [T1, . . . , Tk−1], respectively. Note
that |z1 − zk| ≥ 2η∗ by assumption, which completes the bound for the right-hand side
of (2.45).
In the remaining cases, (2.43) follows from the recursion (2.42), which allows rewrit-
ing E [T1, . . . , Tk] in terms of m1[·] and values of E [·] for which the induction hypothesis
applies. Whenever ℑz1 and ℑzk have the same sign, Lemma 2.4.1 yields

q1,k ≲
π

min{|ℑm1|, |ℑmk|}
.

Note that ℑm(z) can be bounded from below independently of η∗ for both the macroscopic
scale and the the bulk regime of the mesoscopic scales (cf. Assumption 2.2.2). Thus,
estimating the right-hand side of (2.42) using Lemma 2.1.4 and the induction hypothesis
yields the claim. In particular, we obtain η∗ with the exponent −(k − 1 − ⌈a

2⌉) by using
the inequality ⌈x

2 ⌉ + ⌈y
2⌉ ≥ ⌈x+y

2 ⌉ for x, y ∈ N to combine the powers of η∗ when products
with M[·] are considered.
Whenever ℑz1 and ℑzk have opposite signs, the prefactor q1,k is of size η−1

∗ . However,
it only remains to consider the case ⟨Ak⟩ = 0 for this setting, in which the terms
involving q1,k on the right-hand side of (2.42) do not contribute. Hence, (2.43) again
follows from Lemma 2.1.4 and the induction hypothesis.

Next, we show the estimates for mGUE[·|·], mκ[·|·], and m2[·|·]. To illustrate the tools at
hand, the bound for mGUE[·|·] is obtained from the explicit formula in [123, Thm. 2.4]
while the bound for mκ[·|·] is proved using the recursion (2.49). We start with a lemma.

Lemma 2.4.2. Under the assumptions of Lemma 2.2.5, let A1 = · · · = Ak+ℓ = Id
and κ4 = 0. Then,

|˜︂mGUE[1, . . . , k|k + 1, . . . , k + ℓ]| ≲ 1
ηk+ℓ

∗
(2.63)

|m◦◦[1, . . . , k|k + 1, . . . , k + ℓ]| ≲ 1
ηk+ℓ

∗
(2.64)

where m◦◦[·|·] denotes the second-order free cumulant function associated with the iterated
divided differences m[·] and ˜︂mGUE[·|·]. Generically, both bounds are sharp if not all ℑzj

have the same sign.

Proof of Lemma 2.4.2. The bound (2.63) follows by induction on k and ℓ. As the base
case k = ℓ = 1 is covered by Example 2.2.8, assume that the bound for ˜︂mGUE[·|·] holds
for up to k − 1 indices in the first argument and a fixed number ℓ indices in the second
argument. Recall that ˜︂mGUE [·|·] is symmetric under the interchanging of its arguments by
Definition 2.3.4(i) such that it is sufficient to carry out the induction step for one of the
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arguments only. We distinguish two cases for zk depending on the sign of its imaginary
part.

Case 1: ℑz1 and ℑzk have the same sign: We note that |q1,k| ≤ π/min{|ℑm1|, |ℑmk|}
by Lemma 2.4.1, where the right-hand side can be bounded from above independently
of η∗ under Assumption 2.2.2. Rewriting ˜︂mGUE[1, . . . , k|k + 1, . . . , k + ℓ] using the
recursion (2.49), the bound (2.63) follows directly from the induction hypothesis and the
estimate for m[·] from Lemma 2.1.4.

Case 2: ℑz1 and ℑzk have opposite signs: Recalling that ˜︂mGUE[·|·] has a divided differ-
ence structure (cf. Corollary 2.3.7), it follows from the induction hypothesis that

|˜︂mGUE[1, . . . , k|k + 1, . . . , k + ℓ]|

=
⃓⃓⃓⃓˜︂mGUE[2, . . . , k|k + 1, . . . , k + ℓ] −˜︂mGUE[1, . . . , k − 1|k + 1, . . . , k + ℓ]

z1 − zk

⃓⃓⃓⃓
≲

1
ηk−1+ℓ

∗ |z1 − zk|
.

As ℑz1 and ℑzk are assumed to have opposite signs, we have |z1 − zk| ≥ 2η∗, which
gives (2.63). This concludes the induction step.

The bound (2.64) for m◦◦[·|·] is an immediate consequence of the second-order moment-
cumulant relation (2.32) as well as the estimates in (2.63) and Lemma 2.1.4.

Proof of Lemma 2.3.5. Given Lemma 2.4.2, the bound (2.54) readily follows from [123,
Thm. 2.4]. We omit the details, but include a brief sketch of the argument for the
convenience of the reader. First, consider the case k = ℓ = 2. We have

mGUE[T1, T2|T3, T4] = ⟨A1⟩⟨A2⟩⟨A3⟩⟨A4⟩m◦◦[1, 2|3, 4] + ⟨A1A2⟩⟨A3⟩⟨A4⟩m◦◦[1|3, 4]m◦[2]
+ ⟨A1A2⟩⟨A3A4⟩m◦◦[1|3]m◦[2]m◦[4] + . . .

+ ⟨A1⟩⟨A2A4⟩⟨A3⟩m◦[1, 2, 3, 4]
+ ⟨A1⟩⟨A2A3A4⟩m◦[1, 2, 3]m◦[4] + . . . ,

where m◦[·] and m◦◦[·|·] denote the first and second-order free cumulant functions associ-
ated with the iterated divided differences m[·] and ˜︂mGUE [·|·]. By Lemmas 2.1.4 and 2.4.2,
the largest contribution is obtained from m◦◦[1, 2|3, 4] and m◦[1, 2, 3, 4], respectively, yield-
ing a total bound of order η−4

∗ . Note, however, that these leading terms may vanish if at
least one of the deterministic matrices is traceless, resulting in a smaller bound overall.
This effect gets stronger the more traceless matrices are included. In the case that all
four matrices A1, . . . , A4 are traceless, only 10 out of the initial 29 terms contributing to
mGUE[T1, T2|T3, T4] remain, yielding a bound of order η−2

∗ .

For general k and ℓ, the estimate for mGUE[·|·] is obtained from a careful balancing
of the sizes of the largest cycles (resp. blocks) in the non-crossing permutation (resp.
partition) π which governs the contribution of m◦[·|·] (resp. m◦◦[·|·]), and its Kreweras
complement K(π) which governs the contribution of A1, . . . , Ak+ℓ. This yields

⃓⃓⃓⃓ ∑︂
π∈

−−−→
NCP (k,ℓ)

(︃ ∏︂
B∈K(π)

⟨︃ ∏︂
j∈B

Aj

⟩︃)︃ ∏︂
B∈π

m◦[B]
⃓⃓⃓⃓
≲
(︃ 1
η∗

)︃k+ℓ−⌈(a+b)/2⌉
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where the leading contribution is obtained an annular non-crossing permutation π
with |K(π)| ≤ k + ℓ− ⌈(a+ b)/2⌉, and⃓⃓⃓⃓ ∑︂

π1×π2∈NCP (k)×NCP (ℓ),
U1∈π1,U2∈π2 marked

(︃ ∏︂
B∈K(π1)
∪K(π2)

⟨︃ ∏︂
j∈B

Aj

⟩︃)︃
m◦◦[U1|U2]

∏︂
B1∈π1\U1,
B2∈π2\U2

m◦[B1]m◦[B2]
⃓⃓⃓⃓

≲
(︃ 1
η∗

)︃k+ℓ−⌈a/2⌉−⌈b/2⌉
.

where the leading contribution is obtained for a marked partition π = π1 × π2 satisfy-
ing |K(π1)| ≤ k− ⌈a/2⌉ and |K(π2)| ≤ l− ⌈b/2⌉. In particular, the two parts of mGUE [·|·]
only contribute equally to (2.54) if ⌈a

2⌉ + ⌈ b
2⌉ = ⌈a+b

2 ⌉.
The bound (2.55) follows by induction on k and ℓ. As the base case k = ℓ = 1 is
again covered by Example 2.2.8, assume that the bound for mκ[·|·] holds for a multi-
index of length at most k − 1 in the first argument and a multi-index of length ℓ in
the second argument. Recalling that mκ[·|·] is symmetric under the interchanging of its
arguments, it is sufficient to carry out the induction step for one of the arguments only.
To simplify notation, set β = {(zk+1, Ak+1), . . . , (zk+ℓ, Ak+ℓ)}. We further assume w.l.o.g.
that each Aj is either traceless or equal to the identity matrix. Similar to the proof of
Lemma 2.3.2, we distinguish two cases depending on the deterministic matrices A1, . . . , Ak.
Case 1 (∃j such that Aj = Id): We start by noting that mGUE[·|·] satisfies (i)-(iv) of
Corollary 2.3.7. This implies that the same holds for mκ[·|·] = m2[·|·]−mGUE [·|·]. Using the
divided difference structure, we rewrite mκ[T1, . . . , Tk|Tk+1, . . . , Tk+ℓ] either as a contour
integral

mκ[T1, . . . , Tj−1, Gj, Tj+1, . . . , Tk|β] (2.65)

= 1
2πi

∫︂
R

mκ[. . . , Tj−1, G(x+ iη)Aj+1, . . . |β] − mκ[. . . , Tj−1, G(x− iη)Aj+1, . . . |β]
(x+ isη − zj)(x+ isη − zj+1)

dx

if ℑzj and ℑzj+1 have the same sign, or as

mκ[T1, . . . , Tj−1, Gj, Tj+1, . . . , Tk|β] (2.66)

= mκ[T1, . . . , Tj−1, Tj+1, . . . , Tk|β] − mκ[T1, . . . , Tj−1, TjAj+1, Tj+2, . . . , Tk|β]
zj − zj+1

if ℑzj and ℑzj+1 have opposite signs. Estimating (2.65) and (2.66) using the induction
hypothesis yields (2.55).
Case 2 (all A1, . . . , Ak traceless): As mκ[·|·] solves the recursion (2.49) without the source
term sGUE we can rewrite mκ[T1, . . . , Tk|Tk+1, . . . , Tk+ℓ] in terms of m1[·] and values
of mκ[·|·] for which the induction hypothesis applies. Note that ⟨Ak⟩ = 0 implies that all
terms with prefactor q1,k on the right-hand side of (2.49) vanish. The desired estimate
thus readily follows from the induction hypothesis and Lemma 2.1.4. For the source
term sκ in (2.51), we obtain, e.g.,⃓⃓⃓

⟨M[r] ⊙M(s,...,k+ℓ,k+1,...,t)⟩⟨M[r,k] ⊙M[t,s]⟩
⃓⃓⃓

≤ 1
N2

∑︂
x,y∈[N ]

⃓⃓⃓
(M[r])xx(M(s,...,k+ℓ,k+1,...,t))xx(M[r,k])yy(M[t,s])yy

⃓⃓⃓

≤
(︃ 1
η∗

)︃k+ℓ−⌈(a+b)/2⌉
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for any 1 ≤ r ≤ k and k + 1 ≤ s ≤ t ≤ k + ℓ. Recall that ⌈x
2 ⌉ + ⌈y

2⌉ ≥ ⌈x+y
2 ⌉ for

any x, y ∈ N, which yields the desired exponent −(k + ℓ− ⌈a+b
2 ⌉) for η∗ when bounds are

multiplied. This concludes the proof of (2.55).
The bound (2.56) for m2[·|·] is immediate form the decomposition (2.29) using the esti-
mates (2.54) and (2.55).

2.4.2 Proof of Lemma 2.2.3 (Expansion for E⟨T[1,k]⟩)
We use proof by induction to establish (2.23). As the base case E⟨T∅⟩ is trivial, assume
that the expansion in Lemma 2.2.3 holds for resolvent chains of length up to k − 1. We
further assume w.l.o.g. that each Aj is either traceless or equal to the identity matrix.
First, consider resolvent chains that contain at least one deterministic matrix Aj = Id, i.e.,
that are of the form T[1,k] = T[1,j⟩GjGj+1T⟨j+1,k] with the indices j, j + 1 being interpreted
mod k due to the cyclicity of the trace and the function E [·]. In this case, rewriting the
product GjGj+1 allows us to obtain the claim directly from the induction hypothesis. We
distinguish two cases depending on the imaginary parts of zj and zj+1.
Case 1 (ℑzj and ℑzj+1 have the same sign): Let s := sign(ℑzj) = sign(ℑzj+1). By the
residue theorem, we can write the product GjGj+1 as a contour integral (cf. [37, Lem. 3.2])

GjGj+1 = 1
π

∫︂
R

ℑG(x+ iη)
(x+ isη − zj)(x+ isη − zj+1)

dx, Gj = G(zj), (2.67)

whenever 0 < η < ℑzj,ℑzj+1 (s = 1) or ℑzj,ℑzj+1 < −η < 0 (s = −1). Note that
both m1[·] and E [·] have a similar representation, as

m1[T1, . . . , Tj−1, Gj, Tj+1, . . . , Tk]

= 1
2πi

∫︂
R

m1[. . . , Tj−1, G(x+ iη)Aj+1, . . . ] − m1[. . . , Tj−1, G(x− iη)Aj+1, . . . ]
(x+ isη − zj)(x+ isη − zj+1)

dx (2.68)

by the residue theorem and [39, Lem. 4.4] as well as

E [T1, . . . , Tj−1, Gj, Tj+1, . . . , Tk]

= 1
2πi

∫︂
R

E [. . . , Tj−1, G(x+ iη)Aj+1, . . . ] − E [. . . , Tj−1, G(x− iη)Aj+1, . . . ]
(x+ isη − zj)(x+ isη − zj+1)

dx (2.69)

using Corollary 2.3.3(ii). Recall that the properties listed in Corollary 2.3.3 can be derived
directly from the recursion (2.42), i.e., their proof is independent of Lemma 2.2.3 and
the “meta argument” in Appendix 2.A. Rewriting the left-hand side of (2.23) using (2.67)
and (2.68), we obtain an integral involving a resolvent chain of length k − 1. Hence, by
the induction hypothesis,

E(⟨T[1,k]⟩ − m1[T1, . . . , Tk])

= κ4

2πiN

∫︂
R

E [. . . , Tj−1, G(x+ iη)Aj+1, . . . ] − E [. . . , Tj−1, G(x− iη)Aj+1, . . . ]
(x+ isη − zj)(x+ isη − zj+1)

dx

+ O
(︃

N ε

N
√
Nη∗ η

k−1−a/2
∗

)︃
.

Evaluating the integral using (2.69) gives (2.23) as desired.
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Case 2 (ℑzj and ℑzj+1 have opposite signs): Applying the resolvent identity (2.19) and
the divided difference structure of m1[·] (cf. [39, Lem. 5.4]) yields

E(⟨T[1,k]⟩ − m1[T1, . . . , Tk])

= E

(︃⟨T[1,j⟩GjAj+1T⟨j+1,k]⟩ − ⟨T[1,j⟩T[j+1,k]⟩
zj − zj+1

− m1[T1, . . . , Tj−1, GjAj+1, Tj+2, . . . , Tk] − m1[T1, . . . , Tj−1, Tj+1, Tj+2, . . . , Tk]
zj − zj+1

)︃

= κ4

N

E [T1, . . . , Tj−1, GjAj+1, Tj+2, . . . , Tk] − E [T1, . . . , Tj−1, Tj+1, Tj+2, . . . , Tk]
zj − zj+1

+ O
(︃

N ε

N
√
Nη∗ η

k−1−a/2
∗ |zj − zj+1|

)︃

by the induction hypothesis. As ℑzj and ℑzj+1 are assumed to have opposite signs, it
follows that |zj − zj+1| ≥ 2η∗. The claim is now immediate from (2.45).

It remains to consider T[1,k] for which all matrices A1, . . . , Ak are traceless. Here, we start
the induction step by introducing

Wf(W ) := Wf(W ) − ˜︁E˜︂W (∂ ˜︁Wf)(W ) (2.70)

with ∂ ˜︁W denoting the directional derivative in direction ˜︂W and ˜︂W denoting an indepen-
dent GUE matrix with expectation ˜︁E. By construction, the renormalization in (2.70)
cancels out the second-order term in the cumulant expansion of EWf(W ). In par-
ticular, EWf(W ) = 0 whenever W itself is a GUE matrix. Applying (2.70) for the
resolvent f(W ) = (W − z)−1 yields the formulas

WG1 = WG1 + ⟨G1⟩G1,

WT1 . . . Tk = WG1A1T[2,k] +
k∑︂

j=2
⟨T[1,j⟩Gj⟩T[j,k], (2.71)

and we further recall the identities

⟨G1 −m1⟩ = 1
1 −m2

1
(−m1⟨WG1⟩ +m1⟨G1 −m1⟩2) (2.72)

⟨T1⟩ − m1[T1] = −m1⟨WT1⟩ +m2
1⟨G1 −m1⟩⟨A1⟩ +m1⟨G1 −m1⟩⟨T1 − m1[T1]⟩ (2.73)

from (96) in [40]. To complete the induction step, we need the analog of (2.73) for
general k ≥ 1. This allows rewriting N(⟨T[1,k]⟩ − m1[T1, . . . , Tk]) in terms of shorter
chains, and the claim follows by showing that the expectation matches the right-hand
side of (2.42) up to an O(N ε/(

√
Nη∗η

k−a/2
∗ )) error.

A brief calculation (see the proof of the local law [39, Thm. 3.4] or [37, Lem. 4.1]) yields

⟨T[1,k]⟩ = m1

(︃
− ⟨WT[1,k]⟩ + ⟨T[2,k]A1⟩ +

k−1∑︂
j=2

⟨T[1,j⟩Gj⟩⟨T[j,k]⟩ + ⟨G1 −m1⟩⟨T[1,k]⟩

+ ⟨T[1,k⟩Gk⟩⟨(Gk −mk)Ak⟩
)︃
. (2.74)
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Next, we rewrite the equation to the form(︃
1 + O≺

(︃ 1
Nη∗

)︃)︃
(⟨T[1,k]⟩ − m1[T1, . . . , Tk])

= m1

(︃
− ⟨WT[1,k]⟩ + (⟨T[2,k⟩GkAkA1⟩ − m1[T2, . . . , Tk−1, GkAkA1])

+
k−1∑︂
j=1

(⟨T[1,j⟩Gj⟩ − m1[T1, . . . , Tj−1, Gj])m1[Tj, . . . , Tk] (2.75)

+
k∑︂

j=2
m1[T1, . . . , Tj−1, Gj](⟨T[j,k]⟩ − m1[Tj, . . . , Tk])

+
k∑︂

j=2
(⟨T[1,j⟩Gj⟩ − m1[T1, . . . , Tj−1, Gj])(⟨T[j,k]⟩ − m1[Tj, . . . , Tk])

)︃
,

where we applied (2.15) for ⟨G1 − m1⟩ on the right-hand side. Recall that ⟨Ak⟩ = 0
and a = k in the case considered. Moving the factor (1 + O≺((Nη∗)−1) to the right-hand
side, multiplying (2.75) with N and taking the expectation yields

NE(⟨T[1,k]⟩ − m1[T1, . . . , Tk]) =
(︃
m1 + O≺

(︃ 1
Nη∗

)︃)︃(︃
−NE⟨WT[1,k]⟩ + κ4E [T1, . . . , Tk]

− κ4
∑︂

1≤r≤s≤t≤k

⟨M[r] ⊙M[s,t]⟩⟨M[r,s] ⊙ (M[t,k]Ak)⟩
)︃

+ O
(︃

N ε

√
Nη∗ η

k/2
∗

)︃

by the induction hypothesis, (2.42) and the expansion 1
1+x

= 1 + O(x). We further
applied (2.15) for the last line of (2.75) to obtain

(⟨T[1,j⟩Gj⟩ − m1[T1, . . . , Tj−1, Gj])(⟨T[j,k]⟩ − m1[Tj, . . . , Tk]) = O≺

(︃ 1
N2η

k/2+1
∗

)︃
.

It follows that

NE(⟨T[1,j⟩Gj⟩ − m1[T1, . . . , Tj−1, Gj])(⟨T[j,k]⟩ − m1[Tj, . . . , Tk]) = O
(︃

N ε

(Nη∗) ηk/2
∗

)︃
,

i.e., the term is indeed part of the error. Hence, (2.23) is established if

NE⟨WT[1,k]⟩ = −κ4
∑︂

1≤r≤s≤t≤k

⟨M[r] ⊙M[s,t]⟩⟨M[r,s] ⊙ (M[t,k]Ak)⟩+O
(︃

N ε

√
Nη∗ η

k/2
∗

)︃
. (2.76)

By cumulant expansion, the underlined term on the left-hand side of (2.76) is given by

NE⟨WT[1,k]⟩ =
∑︂
n≥2

∑︂
x,y∈[N ]

∑︂
ν∈{xy,yx}n

κ(xy, ν)
n! E∂ν(T[1,k])yx, (2.77)

where ∂xy denotes the directional derivative in the direction of the xy entry of W
and κ(xy, ν) denotes the joint cumulant of Wxy,Wν1 , . . . ,Wνn for any n-tuple of double
indices ν = (ν1, . . . , νn). Note that the n = 1 term of the expansion (2.77) is canceled out
by the renormalization (2.70).
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Recall that κ(xy, ν) ∼ N−(|ν|+1)/2 by the scaling of W . It is hence sufficient to estimate the
terms for n ≥ 4 trivially using the bounds from Lemma 2.1.4, as the factor N2 obtained
from the double summation is canceled by the bound for the cumulant. Note that since

∂xy(T[1,k])vw =
k∑︂

r=1
(T[1,r⟩Gr)vx(T[r,k])yw,

every derivative yields an additional resolvent factor, which increases the size of the bound
for the corresponding resolvent chain by η−1

∗ . However, each derivative also "breaks" the
chain it acts on and increases the total number of resolvent chain entries in the term by
one. This compensates for the additional factor η−1

∗ (cf. Lemma 2.1.4) such that the
power of η−1

∗ contained in the bound for ∂ν(T[1,k])yx does not depend on the order of the
derivative. We conclude that

∑︂
n≥4

∑︂
x,y

∑︂
ν∈{xy,yx}n

κ(xy, ν)
n! E∂ν(T[1,k])yx = O

(︃
N ε

√
Nη∗ η

k/2
∗

)︃

and identify the term as part of the error in (2.23). It remains to consider the n = 2
and n = 3 contribution to (2.77). Recall that we write T[i,j] = Ti . . . Tj for i ≤ j
and T[i,i⟩ = T∅ = 0.
Estimate for the n = 2 term of (2.77): Evaluating the derivative yields, e.g.,

(∂xy)2(T[1,k])yx = −∂xy

k∑︂
r=1

(T[1,r⟩Gr)yx(T[r,k])yx

=
k∑︂

r=1

(︃ r∑︂
s=1

(T[1,s⟩Gs)yx(T[s,r⟩Gr)yx(T[r,k⟩)yx

+
k∑︂

s=r

(T[1,r⟩Gr)yx(T[r,s⟩Gs)yx(T[s,k])yx

)︃
,

which only involves xy or yx entries of a resolvent chain. Note that the contribution for
the case x = y consists of just one sum and is, therefore, of lower order by power counting.
We thus refer to any xy or yx entries as off-diagonal below. Further, we obtain

∂xy∂yx(T[1,k])yx =
k∑︂

r=1

(︃ r∑︂
s=1

(T[1,s⟩Gs)yx(T[s,r⟩Gr)yy(T[r,k])xx

+
k∑︂

s=r

(T[1,r⟩Gr)yx(T[r,s⟩Gs)yy(T[s,k])xx

)︃
,

which involves two diagonal and one off-diagonal entries. The other terms arising for n = 2
are of a similar structure, i.e., they involve either zero or two diagonal entries.
As every term involves at least one off-diagonal entry of a resolvent chain, we use a
procedure called isotropic resummation to estimate the x and y summations. To illustrate
the strategy, consider the sum

N−3/2 ∑︂
x,y∈[N ]

(T[1,r⟩Gr)yx(T[r,s⟩Gs)yy(T[s,k])xx (2.78)

with fixed 1 ≤ r ≤ s ≤ k. The factor N−3/2 in front of the term accounts for the
size of the cumulant κ(xy, xy, yx). First, insert the deterministic approximation of the
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diagonal terms to decompose the resolvent chain entries in (2.78) into a deterministic
term satisfying the bounds in Lemma 2.1.4 and a fluctuation that is controlled by the
local law (2.16). Recalling that

∥M[i,j]Aj∥ ≲ ∥M[i,j]∥ ≲
1

η
(j−i)/2
∗

(2.79)

for i ≤ j by Lemma 2.1.4, as M[i,j] involves j − i traceless matrices and ∥Aj∥ ≲ 1 by
assumption, and that

max
x,y∈[N ]

|(T[i,j⟩Gj −M[i,j])Aj)xy| = O≺

(︃ 1
√
Nη∗ η

(j−i)/2
∗

)︃
(2.80)

by the isotropic local law (2.16), we obtain the bound

|(T[1,r⟩Gr)yx| ≤ ∥M[r]∥ + max
x,y∈[N ]

|(T[1,r⟩Gr −M[r])yx| = O≺

(︃ 1
η

(r−1)/2
∗

+ 1
√
Nη∗ η

(r−1)/2
∗

)︃
.

Recall that we abbreviated M[r] = M[1,r]. Putting everything together, it follows that

N−3/2 ∑︂
x,y∈[N ]

(T[1,r⟩Gr)yx(T[r,s⟩Gs −M[r,s])yy(T[s,k] −M[s,k]Ak)xx = O≺

(︃ 1
√
Nη∗ η

k/2
∗

)︃

and we can include this term in the error in (2.23). Recall that we consider N(E⟨T[1,k] −
m1[T1, . . . , Tk]), i.e., the error terms obtained differ from (2.23) by a factor of N .
Next, let dvec(A) = (Ajj)N

j=1 denote the (column) vector consisting of the diagonal entries
of a matrix A ∈ CN×N . In this notation, we have

N−3/2 ∑︂
x,y∈[N ]

(T[1,r⟩Gr)yx(M[r,s])yy(M[s,k]Ak)xx

= N−3/2⟨dvec(M[r,s]), T[1,r⟩Grdvec(M[s,k]Ak)⟩

with deterministic vectors dvec(M[r,s]) and dvec(M[s,k]Ak) satisfying

∥dvec(M[r,s])∥ ≤
√
N∥M[r,s]∥ = O

(︃ √
N

η
(s−r)/2
∗

)︃
,

∥dvec(M[s,k]Ak)∥ ≤
√
N∥M[s,k]Ak∥ = O

(︃ √
N

η
(k−s)/2
∗

)︃
,

by (2.79). Recalling that T[1,r⟩Gr contains r − 1 traceless matrices by assumptions, we
obtain

N−3/2 ∑︂
x,y∈[N ]

(T[1,r⟩Gr)yx(M[r,s])yy(M[s,k]Ak)xx = O≺

(︃ 1
√
Nη∗ η

k/2−1
∗

)︃

from (2.79) and (2.16). Hence, the term can be included in the error in (2.23).
It remains to estimate the two terms in (2.78) that involve one deterministic and one
fluctuation term each. By the Cauchy-Schwarz inequality, we obtain

N−3/2 ∑︂
x,y∈[N ]

(T[1,r⟩Gr)yx(T[r,s⟩Gs −M[r,s])yy(M[s,k]Ak)xx

≤ N−3/2∥T[1,r⟩Gr∥ · ∥dvec(T[r,s⟩Gs −M[r,s])∥ · ∥dvec(M[s,k]Ak)∥
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with a similar bound holding for the term involving M[r,s] and (T[s,k] − M[s,k]Ak). Note
that

∥dvec(T[r,s⟩Gs −M[r,s])∥ ≤
√
N max

x∈[N ]
|(T[r,s⟩Gs −M[r,s])xx| = O≺

(︃ 1
η

(s−r+1)/2
∗

)︃
,

∥T[1,r⟩Gr∥ ≤ ∥M[r]∥ +N max
x,y∈[N ]

|(T[1,r⟩Gr −M[r])xy| = O≺

(︃ 1
η

(r−1)/2
∗

+
√
N

η
r/2
∗

)︃

by (2.79), (2.80), and the fact that ∥B∥ ≤ N maxx,y |Bxy| for any matrix B ∈ CN×N .
Overall, we obtain

N−3/2 ∑︂
x,y∈[N ]

(T[1,s⟩Gs)yx(T[s,r⟩Gr)yy(T[r,k])xx = O≺

(︃ 1
√
Nη∗ η

k/2
∗

)︃
,

i.e., the term is part of the error in (2.23). The other terms arising from ∂ν(T1 . . . Tk)yx

with ν ∈ {xy, yx}2 are treated similarly. Hence, the entire n = 2 contribution of (2.77)
can be included in the error term in (2.23).
Computation of the n = 3 term of (2.77): By a similar computation as in the n = 2 case,
the terms arising from ∂ν(T[1,k])yx for |ν| = 3 involve either zero, two, or four diagonal
entries of a resolvent chain. Whenever a term contains off-diagonal entries, we can include
it in the error in (2.23) by decomposing each resolvent chain entry into a deterministic
and a fluctuation part. Note that M(·) is not necessarily diagonal, i.e., applying (2.16)
alone is not sufficient. However, as every fluctuation term contributes a factor N−1/2 and
the presence of off-diagonal terms allows us to apply the Cauchy-Schwarz inequality to
estimate the remaining (deterministic) double sum, we gain a factor N−1/2 over the trivial
bound as needed.
It remains to evaluate the contributions that consist of four diagonal entries, which can
only occur for ν ∈ {(xy, yx, yx), (yx, xy, yx), (yx, yx, xy)}. Here,

∂ν(T[1,k])yx = −
∑︂

1≤t≤s≤r≤k

(T[1,t⟩Gt)yy(T[t,s⟩Gs)xx(T[s,r⟩Gr)yy(T[r,k])xx

−
∑︂

1≤r≤s≤t≤k

(T[1,r⟩Gr)yy(T[r,s⟩Gs)xx(T[s,t⟩Gt)yy(T[t,k])xx − . . . (2.81)

where the terms that are not written out in the last line involve two off-diagonal entries
and, therefore, can be included in the error term. Since κ(xy, ν) = κ4/N

2 for the cases
considered, we obtain

∑︂
x,y

∑︂
ν∈{xy,yx}3

κ(xy, ν)
6 E∂ν(T[1,k])yx

= κ4

2N2

∑︂
x,y

(︃
−

∑︂
1≤t≤s≤r≤k

(M[t])yy(M[t,s])xx(M[s,r])yy(M[r,k]Ak)xx

−
∑︂

1≤r≤s≤t≤k

(M[r])yy(M[r,s])xx(M[s,t])yy(M[t,k]Ak)xx

)︃
+ O

(︃
N ε

N
√
Nη∗ η

k−a/2
∗

)︃

= −κ4
∑︂

1≤r≤s≤t≤k

⟨M[r] ⊙M[s,t]⟩⟨M[r,s] ⊙ (M[t,k]Ak)⟩ + O
(︃

N ε

N
√
Nη∗ η

k−a/2
∗

)︃

where the last equality follows from the definition of the Hadamard product.
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Adding the contributions to (2.77) together, the cumulant expansion evaluates to

−NE⟨WT[1,k]⟩ = κ4
∑︂

1≤r≤s≤t≤k

(︃ 1
N2

∑︂
x,y

(M[r])yy(M[r,s])xx(M[s,t])yy(M[t,k]Ak)xx

)︃

+ O
(︃

N ε

√
Nη∗ η

k−a/2
∗

)︃
.

We conclude that N(E⟨T[1,k]⟩−m1[T1, . . . , Tk]) coincides with the right-hand side of (2.42)
up to an error term and an additional factor κ4. Applying the recursion thus yields

N(E⟨T[1,k]⟩ − m1[T1, . . . , Tk]) = κ4E [T1, . . . , Tk] + O
(︃

N ε

√
Nη∗ η

k−a/2
∗

)︃

as claimed.

2.4.3 Proof of Lemma 2.2.5 (Deterministic Approximation of
EXαXβ)

We start by noting some general estimates for X(k,a)
α and its derivatives that are needed

for the proof of Lemma 2.2.5.

Lemma 2.4.3 (A priori estimates). For X(k,a)
α = ⟨T[1,k]⟩ − E⟨T[1,k]⟩ and its deriva-

tives ∂νX
(k,a)
α for any multi-index ν, we have the estimate

|∂νX
(k,a)
α | = O≺

(︃ 1
Nη

k−a/2
∗

)︃
. (2.82)

Moreover, we have the more precise expansions for the first and second derivatives

∂xyX
(k,a)
α = − 1

N

[︃ k∑︂
r=1

(M(r,...,k,1,...,r))yx + O≺

(︃ 1
√
Nη∗ η

k−a/2
∗

)︃]︃
, (2.83)

∂vw∂xyX
(k,a)
α = 1

N

[︃ k∑︂
r=1

(︃ r∑︂
s=1

(M(r,...,k,1,...,s))wx(M[s,r])yv

+
k∑︂

s=r

(M[r,s])wx(M(s,...,k,1,...,r))yv

)︃
+ O≺

(︃ 1
√
Nη∗ η

k−a/2
∗

)︃]︃
. (2.84)

Proof. The bounds in (2.83) and (2.84) follow directly from (2.16), Lemma 2.1.4, and

∂xy⟨T[1,k]⟩ = − 1
N

k∑︂
r=1

(T[r,k]T[1,r⟩Gr)yx,

∂vw∂xy⟨T[1,k]⟩ = 1
N

k∑︂
r=1

(︃ r∑︂
s=1

(T[r,k]T[1,s⟩Gs)wx(T[s,r⟩Gr)yv +
k∑︂

s=r

(T[r,s⟩Gs)wx(T[s,k]T[1,r⟩Gr)yv

)︃
.

The claim (2.82) follows inductively by (2.16) and Lemma 2.1.4. Note that (2.82) is also
true for ν = ∅ since

X(k)
α = (⟨T[1,k]⟩ − m1[T1, . . . , Tk]) − (E⟨T[1,k]⟩ − m1[T1, . . . , Tk]) = O≺

(︃ 1
Nη

k−a/2
∗

)︃

as a consequence of (2.15) and Lemma 2.2.3.
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Proof of Lemma 2.2.5. We use proof by induction on the length of the multi-indices α
and β. First, note that the left-hand side of (2.26) vanishes if either ⟨T[1,k]⟩ or ⟨T[k+1,k+ℓ]⟩
is zero, i.e., if one of the terms is indexed by the empty set. Comparing with (2.48),
the base case is established. Due to the symmetry of the expression, it is further
sufficient to carry out the induction step for one of the arguments only. Assume
that (2.26) holds for multi indices α of length 1, . . . , k − 1 and multi-indices β of a fixed
length ℓ ≥ 1. We need to show that the deterministic approximation of N2EX(k)

α X
(ℓ)
β is

given by m1[T1, . . . , Tk|Tk+1 . . . Tk+ℓ] and estimate the error term. W.l.o.g. assume that
each Aj is either traceless or equal to the identity matrix.

As a first step, consider resolvent chains T[1,k] that contain at least one deterministic
matrix Aj = Id, i.e., that are of the form T[1,k] = T[1,j⟩GjGj+1T⟨j+1,k] with the indices
being interpreted mod k due to the cyclicity of the trace and the first entry of m2[·|·]. In
this case, rewriting the product GjGj+1 in terms of a single resolvent allows us to obtain
the claim directly from the induction hypothesis. We distinguish two cases depending on
the imaginary parts of zj and zj+1.

Case 1: ℑzj and ℑzj+1 have the same sign: Let s := sign(ℑzj) = sign(ℑzj+1) and recall
from (2.67) that the product GjGj+1 can be rewritten as a contour integral using the
residue theorem. We obtain a similar contour integral formula for m2[·|·] from Corol-
lary 2.3.7(iii), namely

m2[T1, . . . , Tj−1, Gj, Tj+1, . . . , Tk|β] (2.85)

= 1
2πi

∫︂
R

m2[. . . , Tj−1, G(x+ iη)Aj+1, . . . |β] − m2[. . . , Tj−1, G(x− iη)Aj+1, . . . |β]
(x+ isη − zj)(x+ isη − zj+1)

dx.

Recall that the properties of m2[·|·] stated in Corollary 2.3.7 are a consequence of the
recursion (2.49) and thus independent of Lemma 2.2.5. Rewriting the left-hand side
of (2.26) using (2.68) yields a contour integral with an integrand of the form N2EX

(k)
α′ X

(ℓ)
β

for a multi-index α′ of length k − 1 and without the identity matrix Aj = Id, i.e., the
number of traceless matrices a is unchanged. By the induction hypothesis, we thus obtain

N2EX(k)
α X

(ℓ)
β

= 1
2πi

∫︂
R

m2[. . . , Tj−1, G(x+ iη)Aj+1, . . . |β] − m2[. . . , Tj−1, G(x− iη)Aj+1, . . . |β]
(x+ isη − zj)(x+ isη − zj+1)

dx

+ O
(︃

N ε

√
Nη∗ η

(k+ℓ−1)−(a+b)/2
∗

)︃

where the integral evaluates to m2[α|β] by (2.85). Hence, (2.26) holds in the case consid-
ered.

Case 2: ℑzj and ℑzj+1 have opposite signs: Applying (2.19) and the divided difference
structure of m2[·|·], it follows that

N2EX(k,a)
α X

(ℓ,b)
β

= N2
(︃(⟨T[1,j⟩GjAj+1T⟨j+1,k]⟩ − E⟨T[1,j⟩GjAj+1T⟨j+1,k]⟩)

zj − zj+1

−
(⟨T[1,j⟩T[j+1,k]⟩ − E⟨T[1,j⟩T[j+1,k]⟩)

zj − zj+1

)︃
X

(ℓ,b)
β
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= m2[T1, . . . , Tj−1, Tj+1, . . . , Tk|β] − m2[T1, . . . , Tj−1, TjAj+1, Tj+2, . . . , Tk|β]
zj − zj+1

+ O
(︃

N ε

√
Nη∗η

k+ℓ−(a+b)/2−1
∗ |zj − zj+1|

)︃

= m2[T1, . . . , Tk|β] + O
(︃

N ε

√
Nη∗ η

k+ℓ−(a+b)/2
∗

)︃
,

since |zj − zj+1| ≥ 2η∗ in the case considered. This concludes the proof of (2.26) for
resolvent chains that contain at least one deterministic matrix Aj = Id.
It remains to consider T[1,k] for which all matrices A1, . . . , Ak are traceless, i.e., for
which a = k. The argument is similar to the proof of Lemma 2.2.3, i.e., we rewrite
N2EX(k,a)

α X
(ℓ,b)
β in terms of covariances of smaller chains and show that it satisfies the

recursion (2.49) up to an N ε/(
√
Nη∗η

k−a/2
∗ η

ℓ−b/2
∗ ) error.

Combining (2.75) and Lemma 2.2.3 yields the starting point

X(k,a)
α = m1

(︃
− (⟨WT[1,k]⟩ − E⟨WT[1,k]⟩) + (⟨T[2,k⟩GkAkA1⟩ − E⟨T[2,k⟩GkAkA1⟩)

+
k−1∑︂
j=1

(⟨T[1,j⟩Gj⟩ − E⟨T[1,j⟩Gj⟩)m1[Tj, . . . , Tk] (2.86)

+
k∑︂

j=2
m1[T1, . . . , Tj−1, Gj](⟨T[j,k]⟩ − E⟨T[j,k]⟩)

)︃
+ O≺

(︃ 1
N

√
Nη∗ η

k/2
∗

)︃
.

Next, multiply (2.86) by N2X
(ℓ)
β and compute the expectation. Applying the induction

hypothesis for any terms for which the first factor involves a resolvent chain of length at
most k − 1 yields

N2E

(︃
X(k)

α X
(ℓ)
β

)︃
= m2[α|β] −

ℓ∑︂
j=1

(︃
m1[T1, . . . , Tk, Tk+j, . . . , Tk+j−1, Gk+j]

− κ4

k∑︂
r=1

k+ℓ∑︂
s=k+1

(︃ s∑︂
t=k+1

⟨M[r] ⊙M(s,...,k+ℓ,k+1,...,t)⟩⟨(M[r,k]Ak) ⊙M[t,s]⟩

+
k+ℓ∑︂
t=s

⟨M[r] ⊙M[s,t]⟩⟨(M[r,k]Ak) ⊙M(t,...,k+ℓ,k+1,...,s)⟩
)︃

+N2E
(︂
(⟨WT[1,k]⟩ − E⟨WT[1,k]⟩)X(ℓ)

β

)︂
+ O

(︃
N ε

√
Nη∗ η

(k+ℓ)/2
∗

)︃
,

where we used the recursion (2.49) to introduce m2[α|β]. It remains to compute

N2E
(︂
(⟨WT[1,k]⟩ − E⟨WT[1,k]⟩)X(ℓ)

β

)︂
= N2E

(︂
⟨WT[1,k]⟩X(ℓ)

β

)︂
.

By cumulant expansion, we obtain

N2E
(︂
⟨WT[1,k]⟩X(ℓ)

β

)︂
= −

ℓ∑︂
j=1

E⟨T[1,k]T[k+j,k+ℓ]T[1,k+j⟩Gk+j⟩

+N
3∑︂

n=2

∑︂
x,y∈[N ]

∑︂
ν∈{xy,yx}n

κ(xy, ν)
n! E∂ν

(︃
(T[1,k])yxX

(ℓ)
β

)︃
(2.87)

+ O
(︃

N ε

√
Nη∗ η

(k+ℓ)/2
∗

)︃
,
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where the n = 1 term was evaluated using (2.70) and the terms for n ≥ 4 were again
estimated trivially using that κ(xy, ν) ∼ N−(|ν|+1)/2 due to the scaling of W as well as
the bounds from Lemmas 2.1.4 and 2.4.3. By the isotropic local law (2.16) we have

E⟨T[1,k]T[k+j,k+ℓ]T[1,k+j⟩Gk+j⟩ = m1[T1, . . . , Tk, Tk+j, . . . , Tk+j−1, Gk+j]

+ O
(︃

N ε

(Nη∗) η(k+ℓ)/2
∗

)︃
,

which yields an error term that can be included in the error in (2.26). Hence, it only
remains to consider the contributions for n = 2 and n = 3.

Estimate for the n = 2 term of (2.87): Evaluating the derivative ∂ν((T[1,k])yxX
(ℓ)
β ) always

yields at least one xy or yx entry of a resolvent chain, which we can use to apply
isotropic resummation (cf. estimate for (2.78) above). Note that X(ℓ)

β always contributes a
factor N−1 due to Lemma 2.4.3, either from evaluating derivatives using (2.83) and (2.84),
or from the trivial estimate (2.82). The additional factor N in front of the x, y summation
in (2.87) is thus balanced out. Overall, we obtain

N
∑︂
x,y

∑︂
ν∈{xy,yx}2

κ(xy, ν)
2 E∂ν

(︃
(T[1,k])yxX

(ℓ)
β

)︃
= O

(︃
N ε

√
Nη∗ η

k−a/2
∗ η

ℓ−b/2
∗

)︃
.

In particular, the n = 2 term can be included in the error in the last line of (2.87).

Computation of the n = 3 term of (2.87): By applying the Leibniz rule, we distribute the
derivatives as

E∂ν

(︃
(T[1,k])yxX

(ℓ)
β

)︃
=

∑︂
ν1∪ν2=ν

E

(︃
∂ν1(T[1,k])yx∂ν2X

(ℓ)
β

)︃

and distinguish three cases for ν1:

Case 1 (|ν1| = 3): The derivative ∂ν1(T[1,k])yx arising in this case was already computed in
the proof of Lemma 2.2.3. Using (2.81) and (2.16), it follows that

N
∑︂
x,y

∑︂
ν∈{xy,yx}3

κ(xy, ν)
6 E

(︃
(∂ν(T[1,k])yx)X(ℓ)

β

)︃

= −κ4

N

∑︂
x,y

∑︂
1≤r≤s≤t≤k

(M[r])yy(M[r,s])xx(M[s,t])yy(M[t,k]Ak)xxEX
(ℓ)
β

+ O
(︃

N ε

√
Nη∗ η

k−a/2
∗ η

ℓ−b/2
∗

)︃

= O
(︃

N ε

√
Nη∗ η

k−a/2
∗ η

ℓ−b/2
∗

)︃
,

since X(ℓ)
β is centered. We hence include the term in the error in (2.87).

Case 2 (|ν1| = 1): Evaluating the ∂ν derivative yields either zero, two, or four diagonal
entries of a resolvent chain. Whenever the term contains an xy or yx entry, we use
isotropic resummation to identify the term as part of the error in (2.87). It remains to
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consider the case ν1 = (yx) and ν2 ∈ {(xy, yx), (yx, xy)}. Here, we compute

∂ν1(T[1,k])yx = −
k∑︂

r=1
(T[1,r⟩Gr)yy(T[r,k])xx,

∂ν2X
(ℓ)
β = 1

N

k+ℓ∑︂
s=k+1

(︃ s∑︂
t=k+1

(T[s,k+ℓ]T[k+1,t⟩Gt)yy(T[t,s⟩Gs)xx

+
k+ℓ∑︂
t=s

(T[s,t⟩Gt)yy(T[t,k+ℓ]T[k+1,s⟩Gs)xx

)︃
+ . . . ,

where the terms that are left out contain at least one off-diagonal entry of a resolvent
chain and hence can be included in the error term in (2.87) by isotropic resummation.
Applying (2.16) and recalling that κ(xy, ν) = κ4/N

2 in the case considered, it follows that

N
∑︂
x,y

κ4

N2E

(︃(︂
∂ν1(T[1,k])yx

)︂(︂
∂ν2X

(ℓ)
β

)︂)︃

= − κ4

N2

∑︂
x,y

(︃ k∑︂
r=1

k+ℓ∑︂
s=k+1

(M[r])yy(M[r,k]Ak)xx

(︃ s∑︂
t=k+1

(M(s,...,k+ℓ,k+1,...,t))yy(M[t,s])xx

+
k+ℓ∑︂
t=s

(M[s,t])yy(M(t,...,k+ℓ,k+1,...,s))xx

)︃)︃
+ O

(︃
N ε

√
Nη∗ η

k−a/2
∗ η

ℓ−b/2
∗

)︃
(2.88)

which can again be rewritten using the definition of the Hadamard product. Note that
we obtain six terms of the form (2.88) in total from applying the Leibniz rule.

Case 3 (|ν1| even): For both |ν1| = 0 and |ν1| = 2, the derivative always contains at least
one off-diagonal entry of a resolvent chain. Therefore, we can apply isotropic resummation
and include the term in the error in (2.87).

Adding the contributions to (2.87) back together, the cumulant expansion evaluates to

−N2E
(︂
⟨WT[1,k]⟩X(ℓ)

β

)︂
=

ℓ∑︂
j=1

m[T1, . . . , Tk, Tk+j, . . . , Tk+ℓ, Tk+1, . . . , Tk+j−1, Gk+j]

+ κ4

k∑︂
r=1

k+ℓ∑︂
s=k+1

(︃ s∑︂
t=k+1

⟨M[r] ⊙M(s,...,k+ℓ,k+1,...,t)⟩⟨(M[r,k]Ak) ⊙M[t,s]⟩

+
k+ℓ∑︂
t=s

⟨M[r] ⊙M[s,t]⟩⟨(M[r,k]Ak) ⊙M(t,...,k+ℓ,k+1,...,s)⟩
)︃

+ O
(︃

N ε

√
Nη∗ η

k−a/2
∗ η

ℓ−b/2
∗

)︃
.

We conclude that, up to an O(N ε/
√
N) error, E(X(k)

α X
(ℓ)
β ) equals the right-hand side

of (2.49). Applying the recursion yields

E

(︃
X(k)

α X
(ℓ)
β

)︃
= m2[α|β] + O

(︃
N ε

√
Nη∗ η

k−a/2
∗ η

ℓ−b/2
∗

)︃

which completes the induction step.

It remains to establish the alternative integral representation for ˜︂mGUE[·|·].
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Proof of Corollary 2.3.8. We use proof by induction, starting with the base case k = ℓ = 1.
While we could establish (2.62) directly using a similar computation as in [40] or [125], it
is much quicker to read off the kernel from the existing literature. To do so, note that
the function ˜︂mGUE[1|2] and its counterpart for W being a GOE matrix only differ by a
constant factor. More precisely, evaluating (92) of [40] for GOE (σ = 1, κ4 = 0, ˜︁ω2 = 0)
yields

lim
N→∞

N2Cov(⟨G1 − EG1⟩, ⟨G2 − EG2⟩) = 2 · m′
1m

′
2

(1 −m1m2)2 = 2 ·˜︂mGUE[1|2]. (2.89)

This allows us to obtain the desired integral representation for ˜︂mGUE[1|2] from [52,
Thm. 2.3], which only applies to real symmetric Gaussian matrices. Applying the theorem
yields

lim
N→∞

N2Cov(⟨G1 − EG1⟩, ⟨G2 − EG2⟩) =
∫︂
R

∫︂
R

1
(x− z1)2

1
(y − z2)2u(x, y)dxdy, (2.90)

where u is given by

u(x, y) =
√

4 − x2
√

4 − y2

π2 ·
∫︂ 1

0

1 − w2

w2(x− y)2 − wxy(1 − w)2 + (1 − w2)2 dw. (2.91)

In the notation of [52], Equation (2.90) corresponds to considering a matrix-valued
Gaussian process for which the distribution at time 1 coincides with the law of a GOE ma-
trix V , as well as the functions f(x) = (x−z1)−1 and g(y) = (y − z2)−1 for fixed z1, z2 ∈ C

with ℑz1,ℑz2 ≳ 1. We remark that the functions f and g indeed satisfy the polynomial
bound assumed in [52, Thm. 2.3]. As (2.90) is obtained for the fixed times s = t = 1,
we omit the time dependence from the kernel. By substituting v = (1−w

1+w
)2 and using

partial fractions, the w-integration in (2.91) can be carried out explicitly, yielding the
form in (2.38).
Comparing (2.89) and (2.90), we obtain (2.62) in the case k = ℓ = 1.
The induction step uses the divided difference structure from Corollary 2.3.7(iii) and is
similar to the proof of [39, Lem. 4.1]. Assume that the integral representation (2.62) holds
for ˜︂mGUE[S1|S2] with |S1| = k and |S2| ≤ ℓ for some fixed k ≥ 1. We start by rewriting

˜︂mGUE[1, . . . , k|k + 1, . . . , k + ℓ+ 1]

=
˜︂mGUE[1, . . . , k|k + 2, . . . , k + ℓ+ 1] −˜︂mGUE[1, . . . , k|k + 1, k + 3, . . . , k + ℓ+ 1]

zk+2 − zk+1
,

where the induction hypothesis applies to both summands in the nominator, respectively.
Noting that

k+ℓ∑︂
i=k+2

1
(y − zi)2 ·

∏︂
j ̸=i

1
y − zj

−
k+ℓ∑︂

i=k+1
i ̸=k+2

1
(y − zi)2 ·

∏︂
j ̸=i

1
y − zj

= (zk+2 − zk+1)
k+ℓ∑︂

i=k+1

1
(y − zi)2 ·

∏︂
j ̸=i

1
y − zj

,

we obtain (2.62) as claimed. Since ˜︂mGUE[S1|S2] = ˜︂mGUE[S2|S1] by definition, the same
argument applies for the other entry of ˜︂mGUE[·|·].
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2.4.4 Proof of Theorem 2.3.6 (CLT for Resolvents)
We use proof by induction over the number of factors on the left-hand side of (2.57). To
keep the notation simple, we drop the superscripts (kj, aj) of X(kj ,aj)

αj throughout this
section. First, the base case p = 1, 2 readily follows from the definition and Lemma 2.2.5,
which give EXα1 = 0 and

N2E(Xα1Xα2) = m2[α1|α2] + O
(︃

N ε

√
Nη∗ η

k1−a1/2
∗ η

k2−a2/2
∗

)︃
,

respectively. Next, fix p ∈ N and assume that

NpE

(︃ p∏︂
j=1

Xαj

)︃
=

∑︂
Q∈P air({1,...n})

∏︂
(i,j)∈Q

m2[αi|αj] + O
(︃

N ε

√
Nη∗

∏︁p
l=1 η

kl−al/2
∗

)︃
(2.92)

holds for n = 1, . . . , p. It remains to consider Np+1E(Xα1 . . . Xαp+1). When writing
out any of the factors, we label the spectral parameters and matrices involved with a
superscript 1, . . . , p+ 1 according to the factor they appear in.

We start by considering the case k1 = 1 and inductively extend the statement to larger
products. For the first part of the induction step, we need to compute

Np+1E

(︃
(⟨T (1)

1 ⟩ − E⟨T (1)
1 ⟩)Xα2 . . . Xαp+1

)︃
. (2.93)

Combining (2.73) and Lemma 2.2.3 yields

⟨T (1)
1 ⟩ − E⟨T (1)

1 ⟩ = −m(z(1)
1 )

(︃
⟨WT

(1)
1 ⟩ + q

(1)
1,1⟨WG

(1)
1 ⟩⟨A(1)

1 ⟩
)︃

− κ4

N
E [T1] + O

(︃
N ε

N
√
Nη∗ η

k1−a1/2
∗

)︃
, (2.94)

where the superscript in q(1) indicates that the arguments are taken from α1. We use (2.94)
to replace the first factor in (2.93). The underlined terms are again treated by cumulant
expansion. This yields

−m(z(1)
1 )Np+1E

(︃
⟨WT1⟩Xα2 . . . Xαp+1

)︃

= m(z(1)
1 )

p+1∑︂
i=2

ki∑︂
j=1

E

(︃
⟨T (1)

1 T
(i)
j . . . T

(i)
ki
T

(i)
1 . . . T

(i)
j−1G

(i)
j ⟩ ·Np−1 ∏︂

r ̸=1,i

Xαr

)︃

−m(z(1)
1 )Np

∑︂
n≥2

∑︂
x,y∈[N ]

∑︂
ν∈{xy,yx}n

κ(xy, ν)
n! E∂ν

(︃
(T (1)

1 )yxXα2 . . . Xαp+1

)︃
, (2.95)

where the n = 1 contribution was again evaluated using (2.70) and the computations
in the proof of Lemma 2.4.3. Note that we obtain one term for each resolvent in the
product Xα2 . . . Xαp+1 from applying the Leibniz rule. By the local law (2.15), we have

E⟨T (1)
1 T

(i)
j . . . T

(i)
ki
T

(i)
1 . . . T

(i)
j−1G

(i)
j ⟩ = m1[T (1)

1 , T
(i)
j , . . . , T

(i)
j−1, G

(i)
j ]

+ O
(︃

N ε

Nη∗ η
ki−(a1+ai)/2
∗

)︃
.
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Further, note that every Xαj
contains a normalized trace, which yields a total of p

factors N−1 when the derivative ∂ν((T (1)
1 )yxXα2 . . . Xαp+1) is evaluated. We can hence

argue as in the proof of Lemma 2.2.5 to conclude that the contributions for n ≥ 4 in (2.95)
are sub-leading. Similarly, most of the terms arising for n = 2 and n = 3 in (2.95) were
already computed in the proof of Lemma 2.2.5 and their treatment here is analogous.
We, therefore, focus on the differences between (2.87) and (2.95) below. Recall that |ν1|
denotes the total number of derivatives acting on (T (1)

1 )yx in a given term.

Estimate for the n = 2 term of (2.95): Compared to (2.87), new terms only arise
if |ν1| = 0 and the two derivatives act on different factors of the product Xα2 . . . Xαp+1 .
As the resulting derivative always includes the off-diagonal entry (T (1)

1 )yx, we obtain

Np
∑︂
x,y

∑︂
ν∈{xy,yx}2

κ(xy, ν)
2 E∂ν

(︃
(T (1)

1 )yxXα2 . . . Xαp+1

)︃
= O

(︃
N ε

√
Nη∗

∏︁p+1
l=1 η

kl−al/2
∗

)︃

by isotropic resummation. Recall that every Xαj
contains a normalized trace such that

the factor N−p in front of the sum is balanced out.

Computation of the n = 3 term of (2.95): We distinguish three cases for |ν1|.

Case 1 (|ν1| = 3): After evaluating the derivative, we apply (2.16) to get

N
∑︂
x,y

∑︂
ν∈{xy,yx}3

κ(xy, ν)
6 E

(︃
(∂ν(T1)yx)Xα2 . . . Xαp+1

)︃

= −κ4m(z(1)
1 )4⟨A(1)

1 ⟩E
(︃
Xα2 . . . Xαp+1

)︃
+ O

(︃
N ε

√
Nη∗

∏︁p+1
l=1 η

kl−al/2
∗

)︃
.

In particular, adding the above terms for the cumulant expansions resulting from the two
underlined terms in (2.94) yields

−m(z(1)
1 )

(︃
− κ4m(z(1)

1 )4⟨A(1)
1 ⟩ − κ4q

(1)
1,1m(z(1)

1 )4⟨A(1)
1 ⟩

)︃
E

(︃
Xα2 . . . Xαp+1

)︃
= κ4E [T1]E

(︃
Xα2 . . . Xαp+1

)︃
.

Case 2 (|ν1| = 1): Whenever the two remaining derivatives act on different factors of
the product Xα2 . . . Xαp+1 , (2.83) always yields an off-diagonal entry of a resolvent chain
that can be used to apply isotropic resummation. We can thus include any terms of
this build in the error in (2.95). Otherwise, we evaluate the term similar to (2.88). Let
again ν2 = ν \ ν1. For i = 2, . . . , p+ 1, it follows that

Np
∑︂
x,y

κ4

N2E

(︃(︂
∂ν1(T1)yx

)︂
Xα2 . . . Xαi−1

(︂
∂ν2Xαi

)︂
Xαi+1 . . . Xαp+1

)︃

= −κ4

ki∑︂
s=1

(︃ s∑︂
t=1

m(z(1)
1 )2⟨A(1)

1 ⊙M
(i)
[s,t])⟩⟨M

(i)
(t,...,ki,1,...,s)⟩

+
ki∑︂

t=s

m(z(1)
1 )2⟨A(1)

1 ⊙M
(i)
(s,...,ki,1,...,t))⟩⟨M

(i)
[t,s])⟩

)︃
E

(︃ ∏︂
r ̸=1,i

Xαr

)︃

+ O
(︃

N ε

√
Nη∗

∏︁p+1
l=1 η

kl−al/2
∗

)︃
,
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where the superscript in M (i) indicates that the arguments are taken from αi. Recall
that ⊙ denotes the Hadamard product. We emphasize that this term is obtained six
times in total when all mixed derivatives obtained from the Leibniz rule are summed up.
The last case for n = 3 (|ν1| even) can be treated similarly to the corresponding cases
of (2.87). We omit the details.
Overall, the cumulant expansion (2.95) evaluates to

Np+1E

(︃
−m(z(1)

1 )⟨WT
(1)
1 ⟩Xα2 . . . Xαp+1

)︃

= Np−1E

(︃ ∏︂
r ̸=1,j

Xαr

)︃
·m(z(1)

1 )
p+1∑︂
i=2

[︃ ki∑︂
j=1

m1[T (1)
1 , T

(i)
j . . . T

(i)
j−1, G

(i)
j ]

+ q
(1)
1,1

ki∑︂
j=1

m1[G(1)
1 , T

(i)
j . . . T

(i)
j−1, G

(i)
j ]⟨A(1)

1 ⟩

+ κ4

ki∑︂
s=1

(︃ s∑︂
t=1

m(z(1)
1 )2⟨A(1)

1 ⊙M
(i)
[s,t]⟩⟨M

(i)
(t,...,ki,1,...,s)⟩

+
ki∑︂

t=s

m(z(1)
1 )2⟨A(1)

1 ⊙M
(i)
(t,...,ki,1,...,s)⟩⟨M

(i)
[s,t]⟩

)︃

+ κ4q
(1)
1,1

ki∑︂
s=1

(︃ s∑︂
t=1

m(z(1)
1 )2⟨A(1)

1 )xx ⊙M
(i)
[s,t])⟩⟨M

(i)
(t,...,ki,1,...,s)⟩

+
ki∑︂

t=s

m(z(1)
1 )2⟨A(1)

1 ⊙M
(i)
(t,...,ki,1,...,s)⟩⟨M

(i)
[s,t]⟩

)︃
⟨A(1)

1 ⟩
]︃

+ O
(︃

N ε

√
Nη∗

∏︁p+1
l=1 η

kl−al/2
∗

)︃
.

Adding the contribution for all three terms in (2.94) together allows rewriting (2.93) as

Np+1E

(︃
(⟨T (1)

1 ⟩ − E⟨T (1)
1 ⟩)Xα2 . . . Xαp+1

)︃

=
p+1∑︂
i=2

m1[T (1)
1 |T (i)

1 , . . . , T
(i)
ki

] ·Np−1E

(︃ ∏︂
r ̸=1,j

Xαr

)︃
+ O

(︃
N ε

√
Nη∗

∏︁p+1
l=1 η

kl−al/2
∗

)︃
,

where we used (2.49) with k = 1 and ℓ = ki. As the remaining product only consists
of p− 1 factors, we can apply the induction hypothesis (2.92) and conclude

Np+1E

(︃ p+1∏︂
j=1

Xαj

)︃
=

∑︂
Q∈P air([p+1])

∏︂
(i,j)∈Q

m1[αi|αj] + O
(︃

N ε

√
Nη∗

∏︁p+1
l=1 η

kl−al/2
∗

)︃
(2.96)

for the case α1 = {(z(1)
1 , A

(1)
1 )}. Assume next that (2.96) holds for all multi-indices α1

that consist of up to k1 − 1 pairs (z(1)
j , A

(1)
j ), and consider α1 of length k1. As in the base

case, we replace the factor Xα1 in the product by its leading term using (2.86). This gives

Np+1E

(︃
Xα1 . . . Xαp+1

)︃
= Np+1m(z(1)

1 )E
(︃(︂

− ⟨WT
(1)
1 . . . T

(1)
k1 ⟩

+ (⟨T (1)
2 . . . T

(1)
k1−1G

(1)
k1 A

(1)
k1 A

(1)
1 ⟩ − E⟨T (1)

2 . . . T
(1)
k1−1G

(1)
k1 A

(1)
k1 A

(1)
1 ⟩

+ κ4

N
E [T (1)

2 , . . . , T
(1)
k1−1, G

(1)
k1 A

(1)
k1 A

(1)
1 ]) (2.97)
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+
k−1∑︂
j=1

(⟨T (1)
1 . . . T

(1)
j−1G

(1)
j ⟩ − E⟨T (1)

1 . . . T
(1)
j−1G

(1)
j ⟩

+ κ4

N
E [T (1)

1 , . . . , T
(1)
j−1, G

(1)
j ])m1[T (1)

j , . . . , T
(1)
k1 ]

+
k∑︂

j=2
m1[T (1)

1 , . . . , T
(1)
j−1, G

(1)
j ](⟨T (1)

j . . . T
(1)
k1 ⟩ − E⟨T (1)

j . . . T
(1)
k1 ⟩ + κ4

N
E [T (1)

j , . . . , T
(1)
k1 ])

)︂
+ κ4

N
E [T (1)

1 , . . . , T
(1)
k1 ]

)︃
Xα2 . . . Xαp+1

)︃
+ O

(︃
N ε

√
Nη∗

∏︁p+1
l=1 η

kl−al/2
∗

)︃
,

where the underlined term can again be treated by cumulant expansion. Similar to (2.95),
we evaluate

Np+1E

(︃
−m(z(1)

1 )⟨WT
(1)
1 . . . T

(1)
k1 ⟩Xα2 . . . Xαp+1

)︃

= m(z(1)
1 )

p+1∑︂
i=2

⎛⎝ ki∑︂
j=1

m1[T (1)
1 , . . . , T

(1)
k1 , T

(i)
j , . . . , T

(i)
j−1, G

(i)
j ]

+ κ4

k1∑︂
r=1

k+ℓ∑︂
s=k+1

(︃ s∑︂
t=1

⟨M (1)
[r] ⊙M

(i)
(s,...,ki,1,...,t)⟩⟨(M

(1)
[r,k]A

(1)
k ) ⊙M

(i)
[t,s]⟩ (2.98)

+
ki∑︂

t=s

⟨M (1)
[r] ⊙M

(i)
[s,t]⟩⟨(M

(1)
[r,k]A

(1)
k ) ⊙M

(i)
(t,...,ki,1,...,s)⟩

)︃⎞⎠Np−1E

(︃ ∏︂
r ̸=1,i

Xαr

)︃

+ O
(︃

N ε

√
Nη∗

∏︁p+1
l=1 η

kl−al/2
∗

)︃
,

and apply the induction hypothesis (2.92) for the product of p − 1 factors. Note that
any terms remaining in (2.97) now involve at most k1 − 1 resolvents in the first factor.
Hence, (2.96) applies and we obtain, e.g.,

Np+1E

(︃
(⟨T (1)

2 . . . T
(1)
k1−1G

(1)
k1 A

(1)
k1 A

(1)
1 ⟩ − E⟨T (1)

2 . . . T
(1)
k1−1G

(1)
k1 A

(1)
k1 A

(1)
1 ⟩)

p+1∏︂
r=2

Xαr

)︃

=
p+1∑︂
r=2

m2[T (1)
2 , . . . , T

(1)
k1−1, G

(1)
k1 A

(1)
k1 A

(1)
1 |T (r)

1 , . . . , T
(r)
ki

]
(︃ ∑︂

Q∈P air([p+1]\{1,i})

∏︂
(i,j)∈Q

m2[αi|αj]
)︃

+ O
(︃

N ε

√
Nη∗

∏︁p+1
l=1 η

kl−al/2
∗

)︃
.

Moreover, note that (2.98) contains the source term of the recursion for E [·] (cf. Lem-
ma 2.2.3), which we can combine with the terms involving E [·] in (2.97). Using (2.42),
the terms cancel. We conclude that (2.97) evaluates to

Np+1E

(︃
X(k1)

α1 . . . X(kp+1)
αp+1

)︃

=
p+1∑︂
r=2

[︃
m(z(1)

1 )
(︃ kr∑︂

j=1
m1[T (1)

1 , . . . , T
(1)
k1 , T

(r)
j , . . . , T

(r)
j−1, G

(r)
j ]

+ κ4

k1∑︂
r=1

k+ℓ∑︂
s=k+1

(︃ s∑︂
t=1

⟨M (1)
[r] ⊙M

(i)
(s,...,ki,1,...,t)⟩⟨(M

(1)
[r,k]A

(1)
k ) ⊙M

(i)
[t,s]⟩

+
ki∑︂

t=s

⟨M (1)
[r] ⊙M

(i)
[s,t]⟩⟨(M

(1)
[r,k]A

(1)
k ) ⊙M

(i)
(t,...,ki,1,...,s)⟩

)︃
+ m2[T (1)

2 , . . . , T
(1)
k1−1, G

(1)
k1 A

(1)
k1 A

(1)
1 |T (r)

1 , . . . , T
(r)
kr

]
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+
k∑︂

j=2
m1[T (1)

1 , . . . , T
(1)
j−1, G

(1)
j ]m2[T (1)

j , . . . , T
(1)
k1 |T (r)

1 , . . . , T
(r)
kr

]

+
k∑︂

j=2
m2[T (1)

1 , . . . , T
(1)
j−1, G

(1)
j |T (r)

1 , . . . , T
(r)
kr

]m1[T (1)
j , . . . , T

(1)
k1 ]

)︃]︃

×
(︃ ∑︂

Q∈P air([p+1]\{1,i})

∏︂
(i,j)∈Q

m2[αi|αj]
)︃

+ O
(︃

N ε

√
Nη∗

∏︁p+1
l=1 η

kl−al/2
∗

)︃

=
∑︂

Q∈P air([p+1])

∏︂
(i,j)∈Q

m2[αi|αj] + O
(︃

N ε

√
Nη∗

∏︁p+1
l=1 η

kl−al/2
∗

)︃

where the last equation follows from (2.49). Hence, (2.96) also holds for α1 of length k1.
Moreover, (2.92) stays true if the product on the left-hand side contains p + 1 factors,
which concludes the proof of (2.57).

2.4.5 Proof of Theorem 2.2.7 (Multi-Point Functional CLT)
The proof of the multi-point functional CLT in Theorem 2.2.7 consists of two parts. In the
first step, we use Helffer-Sjöstrand representation (see [49]) to express f1(W ) . . . fk(W )
as an integral of products of resolvents at different spectral parameters. This relates the
linear statistics Yα back to the resolvent chains studied in Section 2.3. The second step is
the computation of the leading terms, which establishes the covariance structure in (2.28).

By eigenvalue rigidity (see e.g., [62, Thm. 7.6] or [68]), the spectrum of W is contained
in [−2 − ε, 2 + ε] for any small ε > 0 with very high probability. In particular, we
have (f · χ)(W ) = f(W ) with very high probability for any smooth cutoff function χ that
is, e.g., equal to one on [−5/2, 5/2] and equal to zero on [−3, 3]c. It is thus sufficient to
consider fj ∈ Hp

0 ([−3, 3]) =: Hp
0 , i.e., Soboloev functions on R that are non-zero only

on [−3, 3]. Moreover, recall that every deterministic matrix Aj in the product F[1,k] can
be decomposed as Aj = ⟨Aj⟩Id + Åj with ⟨Aj̊⟩ = 0. We thus assume w.l.o.g. that the
deterministic matrices Aj are either traceless or equal to the identity matrix. Moreover,
we restrict the following argument to the case a = k, i.e., all deterministic matrices are
traceless, and fix p = ⌈k/2⌉+1 (resp. q = ⌈ℓ/2⌉+1) throughout. The proof in the general
case is analogous and hence omitted.

Let f ∈ Hp
0 and define the almost analytic extension of f of order p by

fC(z) = fC,p(x+ iη) :=
[︃ p−1∑︂

j=0

(iη)j

j! f (j)(x)
]︃˜︁χ(Nγη) (2.99)

where ˜︁χ is a smooth cutoff function that is equal to one on [−5, 5] and vanishes on [−10, 10]c.
Note that (2.99) together with (2.21) implies the bound

∫︂
R

|∂zfC,p(x+ iη)|dx ≲ ηp−1∥f∥Hp ≲ ηp−1Nγp. (2.100)

By Helffer-Sjöstrand representation, we have

f(λ) = 1
π

∫︂
C

∂zfC(z)
λ− z

d2z, (2.101)
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where d2z = dxdη denotes the Lebesgue measure on C ≡ R2 with z = x + iη and
∂z = (∂x + i∂η)/2. Applying (2.101) for f1, . . . , fk, respectively, we obtain

Y (k,a)
α = N

πk

∫︂
Ck

[︃ k∏︂
j=1

(∂z(fj)C)(zj)
]︃(︃

⟨G(z1) . . . G(zk)Ak⟩ − E⟨G(z1) . . . G(zk)Ak⟩
)︃

d2z[k+ℓ]

(2.102)

with d2z[k+ℓ] = d2z1 . . . d2zk+ℓ. Let c > 0 and define

η0 := N−1+c.

We start by showing that the contribution from the regime |ηj| ≤ η0 for some j ∈ [k]
to the integral (2.102) is negligible. W.l.o.g. assume that |ηj| ≤ η0 only for the single
index j = 1. The general case is similar and yields an even smaller bound (cf. proof of [39,
Thm. 2.6]). Our key tool is the following variant of Stokes’ theorem∫︂ 10

−10

∫︂ 10

˜︁η ∂zΦ(x+ iη)h(x+ iη)dxdη = 1
2i

∫︂ 10

−10
Φ(x+ i˜︁η)h(x+ i˜︁η)dx, (2.103)

which holds for any ˜︁η ∈ [0, 10], and for any Φ, h ∈ H1(C) ≡ H1(R2) such that ∂zh = 0 on
the domain of integration and Φ vanishes on the left, right, and top boundary of the domain
of integration. Applying (2.103) repeatedly for the variables z2, . . . , zk and introducing
the interval notation dx[i,j] = dxidxi+1 . . . dxj as well as dη[i,j] = dηidηi+1 . . . dηj for i < j,
we obtain⃓⃓⃓⃓ ∫︂

dx[k]

∫︂
|ηi|≥η0,
i∈[2,k]

dη[2,k]

∫︂ η0

−η0
dη1

[︃ k∏︂
j=1

(∂z(fj)C)(zj)
]︃(︂

⟨G(z1)A1 . . . G(zk)Ak⟩

− E⟨G(z1)A1 . . . G(zk)Ak⟩
)︂⃓⃓⃓⃓

= 1
2k−1

⃓⃓⃓⃓ ∫︂
dx[k]

∫︂ η0

−η0
dη1(∂z(f1)C)(z1)

[︃ k∏︂
j=2

(fj)C(xj + iη0)
]︃

×
(︂
⟨G(z1)A1G(x2 + iη0) . . . G(xk + iη0)Ak⟩

− E⟨G(z1)A1G(x2 + iη0) . . . G(xk + iη0)Ak⟩
)︂⃓⃓⃓⃓

=: I1 + I2,

where I1 and I2 contain the |η1| ≤ ηr := N−5k and the ηr ≤ |η1| ≤ η0 regime of the η1
integration, respectively. For the smallest values of η1, the trivial estimate

|⟨G(z1)A1 . . . G(zk)Ak⟩| ≤
∏︂
j

∥G(zj)Aj∥ ≤
∏︂
j

|ηj|−1

together with (2.100) implies that
I1 ≲ N−k

as the xj-integral of (fj)C(xj + iη0) for j ∈ [2, k] is of order one due to Assumption 2.2.1.
For I2, we use the bound

|⟨G(z1)A1 . . . G(zk)Ak⟩| ≺ Nk/2−1 ∏︂
j∈[k]

1
ρ(xi + iN−2/3)

(︃
1 + 1

N |ηj|

)︃
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from [37, Lem. 6.1]. Here, ρ(z) := π−1|ℑm(z)| for z ∈ C \ R denotes the harmonic
extension of the semicircle density with ρ(x+ i0) = ρsc(x). This yields

I2 ≺ η0(Nη0)k/2∥f1∥Hp .

Overall, we conclude that

Y (k,a)
α = N

πk

∫︂
Rk

dx[k]

∫︂
[η0,10]k

dη[k]

[︃ k∏︂
j=1

(∂z(fj)C)(zj)
]︃

×
(︂
⟨G(z1)A1 . . . G(zk)Ak⟩ − E⟨G(z1)A1 . . . G(zk)Ak⟩

)︂
(2.104)

+ O≺

(︃
η0(Nη0)k/2 max

j
∥fj∥Hp

)︃
Equation (2.104) now reduces the proof of the multi-point functional CLT for gen-
eral f1, . . . , fk to the CLT for resolvents in Theorem 2.3.6.
It remains to compute the covariance structure (2.28). By (2.104) and Lemma 2.2.5, we
have

E

(︃
Y (k,a)

α Y
(ℓ,b)

β

)︃

= 1
πk+ℓ

∫︂
Rk

dx[k]

∫︂
[η0,10]k

dη[k]

[︃ k∏︂
i=1

(∂z(fi)C,p)(zi)
]︃ ∫︂

Rℓ
dx[k+1,k+ℓ]

∫︂
[η0,10]ℓ

dη[k+1,k+ℓ]

×
[︃ ℓ∏︂

j=k+1
(∂z(fj)C,q)(zj)

]︃
m2[G(z1)A1, . . . , G(zk)Ak|G(zk+1)Ak+1, . . . , G(zk+ℓ)Ak+ℓ]

+ O≺

(︃
N ε maxi∈[k] ∥fi∥Hp maxj∈[k+1,k+ℓ] ∥fj∥Hq√

N

)︃
(2.105)

where we estimated the error coming from Lemma 2.2.5 as

1
πk+ℓ

∫︂
Rk+ℓ

dx[k+ℓ]

∫︂
[η0,10]k+ℓ

dη[k+ℓ]

[︃ k+ℓ∏︂
j=1

(∂z(fj)C)(zj)
]︃

×
(︃
N2E

[︂
(⟨G(z1) . . . Ak⟩ − E⟨G(z1) . . . Ak⟩)(G(zk+1) . . . Ak+ℓ⟩ − E⟨G(zk+1) . . . Ak⟩)

]︂
− m2[G(z1)A1, . . . , G(zk)Ak|G(zk+1)Ak+1, . . . , G(zk+ℓ)Ak+ℓ]

)︃

= O
(︃
N εη

3/2
0 maxi∈[k] ∥fi∥Hp maxj∈[k+1,k+ℓ] ∥fj∥Hq√

N

)︃
.

More precisely, we considered the regime η1 ≤ · · · ≤ ηk and ηk+1 ≤ · · · ≤ ηk+ℓ, as
all other regimes give the same contribution by symmetry, and applied (2.103) for
the variables i ∈ [2, k] and j ∈ [k + 2, k + ℓ]. Estimating the remaining ∂z(f1)C,p(z1)
and ∂z(fk+1)C,q(zk+1) using (2.100), we obtain a bound of order |η0|p+q. Recall that
applying Lemma 2.2.5 yields an (

√
Nη∗η

k+ℓ−(a+b)/2
∗ )−1 error, where η∗ = minj ηj = η0 due

to the choice of domain of integration.

2.4.6 Proof of Corollary 2.2.9 (Limiting Covariance in
Theorem 2.2.7)

Equation (2.33) is immediate from the explicit formula for mGUE[·|·] in [123, Thm. 2.4].
Moreover, the proof of (2.34) identical to [39, Lem. 4.1], as the integral defining Φπ
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only involves first-order free cumulants. We hence only focus on the proof of (2.36).
Abbreviate U = U1 ∪ U2 and note that

Φπ1×π2,U1×U2(f1, . . . , fk+ℓ)

= 1
πk+ℓ

(︃ ∫︂
R|U|

∫︂
[η0,10]|U|

[︃ ∏︂
j∈U

(∂z(fj)C)(zj)
]︃
m◦◦[U1|U2]

∏︂
j∈U

d2zj

)︃

×
∏︂

B∈π1∪π2
not marked

(︃ ∫︂
R|B|

∫︂
[η0,10]|B|

[︃ ∏︂
j∈B

(∂z(fj)C)(zj)
]︃
m◦[B]

∏︂
j∈B

d2zj

)︃
,

where we set again d2zj = dxjdηj for zj = xj + iηj. In particular, the product in the
last line can again be evaluated using [39, Lem. 4.1]. It remains to compute the integral
involving m◦◦[U1|U2]. We claim that

1
π|U |

∫︂
R|U|

∫︂
[η0,10]|U|

[︃ ∏︂
j∈U

(∂z(fj)C)(zj)
]︃
m[U1|U2]

∏︂
j∈U

d2zj

= sc[i1, . . . , in|in+1, . . . , in+m] + O
(︃
η2

0(Nη0)(|U |)/2 max
i∈[k]

∥fi∥Hp max
j∈[k+1,k+ℓ]

∥fj∥Hq

)︃
(2.106)

where U1 = {i1, . . . , in} and U2 = {in+1, . . . , in+m}. The corresponding result for sc◦◦[·|·]
is then immediate from the second-order moment-cumulant relation (2.32).
To establish (2.106), we use the explicit integral representation for ˜︂m[·|·] from Corol-
lary 2.3.8 and rewrite the resulting multi-integral involving the kernel (2.38). Let
again U := U1 ∪ U2. Noting that both |x − zj| and |y − zj| are bounded from be-
low by η0 for any j and recalling the bound (2.100) for the almost analytic extension, we
have ∫︂

[−2,2]2

∫︂
R|U|

∫︂
[η0,10]|U|

⃓⃓⃓⃓[︃ ∏︂
j∈U

(∂z(fj)C)(zj)
]︃(︃ ∑︂

i∈U1

1
(x− zi)2 ·

∏︂
j ̸=i

1
x− zj

)︃

×
(︃ ∑︂

i∈U2

1
(y − zi)2 ·

∏︂
j ̸=i

1
y − zj

)︃
u(x, y)

2

⃓⃓⃓⃓[︃ ∏︂
j∈U

d2zj

]︃
dxdy < ∞

for any fixed N , as the zj integrations are bounded by an (N -dependent) constant, which
is integrable w.r.t. to the measure ν(dx, dy) = u(x, y)dxdy (cf. Remark to Corollary 2.3.8).
Hence, Fubini’s theorem allows interchanging the order of integration and move the x
and y integrations inside. A brief calculation using (2.103) yields∫︂

R

∫︂
[ηr,10]

(∂z(fj)C)(zj)
1

x− zj

d2zj = πf(x) + O(ηr)

with ηr = N−5k, and we further have

1
π

∫︂
R

∫︂
[η0,10]

(∂z(fj)C)(zj)
(︃ 1
x− zj

)︃2
d2zj = f ′(x) + O(ηr)

using integration by parts. Hence,

1
π|U |

∫︂
R|U|

∫︂
[η0,10]|U|

[︃ ∏︂
j∈U

(∂z(fj)C)(zj)
]︃

×
(︃ ∑︂

i∈U1

1
(x− zi)2 ·

∏︂
j ̸=i

1
x− zj

)︃(︃ ∑︂
i∈U2

1
(y − zi)2 ·

∏︂
j ̸=i

1
y − zj

)︃[︃ ∏︂
j∈U

d2zj

]︃
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=
(︃ ∑︂

i∈U1

f ′
i(x) ·

∏︂
j ̸=i

fj(x)
)︃(︃ ∑︂

i∈U2

f ′
i(y) ·

∏︂
j ̸=i

fj(y)
)︃

+ O
(︃
η2

0(Nη0)(|U |)/2 max
i∈[k]

∥fi∥Hp max
j∈[k+1,k+ℓ]

∥fj∥Hq

)︃
such that (2.106) follows from the Leibniz rule. Recall the [ηr, η0] regime can be added
back in exchange for an O(η2

0(Nη0)(|U |)/2 maxi∈[k] ∥fi∥Hp maxj∈[k+1,k+ℓ] ∥fj∥Hq) error. This
yields (2.106), which concludes the proof of (2.36).

2.4.7 Proof of Corollary 2.2.12 (Application to Thermalization)
Throughout the proof, we set ˜︁fj(x) = eitjxχ(x) with a symmetric smooth cutoff function χ
that is equal to one on [−5/2, 5/2] and equal to zero on [−3, 3]c. By eigenvalue rigidity, the
functions ˜︁fj(W ) and fj(W ) = eitjW coincide with high probability and we can use them
interchangeably. The deterministic approximation as well as the Gaussian fluctuations
around it are now immediate from [37, Cor. 2.7] and Theorem 2.2.7, respectively. Note
that we use the multi-point functional CLT for the macroscopic regime due to t ∈ R being
N -independent. The limiting variance can be read off from Corollary 2.2.9. Observing
that

⟨A1(t)A2⟩ = ⟨eitWA∗
1e−itWA∗

2⟩
we set f1(x) = eitx, f2(x) = e−itx, f3(x) = eitx, and f4(x) = e−itx as well as A3 = A∗

1,
and A4 = A∗

2 to apply (2.33). As A1 and A2 are assumed to be traceless, only the terms
corresponding to the permutations

π ∈ {(14)(23), (13)(24), (1)(24)(3), (14)(2)(3), (1)(24)(3), (13)(2)(4)} ⊂
−−−→
NCP (2, 2)

(2.107)
as well as the terms corresponding to the marked partitions

π ∈
{︃{︂

{1}, {2}
}︂

×
{︂
{3}, {4}

}︂
,
{︂
{1}, {2}

}︂
×
{︂
{3}, {4}

}︂
,
{︂
{1}, {2}

}︂
×
{︂
{3}, {4}

}︂
,{︂

{1}, {2}
}︂

×
{︂
{3}, {4}

}︂}︃
(2.108)

contribute to the limiting variance of ⟨A1(t)A2⟩. Note that the marked blocks in (2.108)
are distinguished by underlining.
It remains to discuss the t → ∞ limit. We have∫︂ 2

−2
eitxρsc(x)dx = J1(2t)

t

where J1 is a Bessel function of the first kind obeying the asymptotics

J1(x) = − cos
(︃
x+ π

2

)︃√︄ 2
πx

+ O
(︃ 1
x3/2

)︃
, x ≫ 1.

In particular,
sc◦[1] = sc[1] = J1(2t)

t
= O

(︃ 1
t3/2

)︃
, t ≫ 1.

Hence, it readily follows that the term corresponding to ⟨A1A3⟩⟨A2A4⟩ = ⟨|A1|2⟩⟨|A2|2⟩
is the largest among the contributions from −−−→

NCP (2, 2) for large t, giving

sc◦[1, 4]sc◦[2, 3] =
(︃

1 − J1(2t)J1(2t)
t2

)︃(︃
1 − J1(2t)J1(2t)

t2

)︃
= 1 + O

(︃ 1
t3

)︃
, t ≫ 1,
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where we also used the symmetry J1(−x) = −J1(x). Moreover, we obtain that, e.g.,

sc◦[1]sc◦[2, 3]sc◦[4] = O
(︃ 1
t3

)︃
, t ≫ 1,

with the remaining permutations in (2.107) yielding contributions of comparable or lower
order in the t → ∞ limit.
Lastly, we consider the marked partitions in (2.108), which correspond to the term
of Var[ξ] that contains ⟨A1A2⟩⟨A3A4⟩ = |⟨A1A2⟩|2. As we work in the macroscopic regime
of Theorem 2.2.7, Equation (2.37) coincides with the limiting covariance structure of
the CLT in [104, Sect. 2]. Hence, we obtain, e.g.,

sc[1|4] = 1
2π2

∫︂ 2

−2

∫︂ 2

−2

1 − cos(t(x− y))
(x− y)2

4 − xy√
4 − x2

√
4 − y2

dxdy. (2.109)

In particular, the cutoff χ does not enter the computation. Note that the expressions
for sc[1|4] and sc[2|3] resp. sc[1|3] and sc[2|4] yield the same contribution by symmetry.
The integral on the right-hand side of (2.109) is finite, however, it will grow with t
as t → ∞. To identify the asymptotics, we distinguish between the contributions of the
bulk regime

4 − xy√
4 − x2

√
4 − y2

= O(1),

and the edge regime where the denominator (
√

4 − x2
√

4 − y2)−1 becomes singular. As

lim
t→∞

1
t

∫︂ 2

−2

∫︂ 2

−2

1 − cos(t(x− y))
(x− y)2 = 4π,

the contribution of the bulk is readily identified to be O(t). In the edge regime, we
expand the square root in the denominator and further consider the contributions around
the diagonal (|x− y| ≲ t−1) and away from it separately whenever x and y are close to
the same value. This also yields a bound of order O(t), implying that sc[1|4] = O(t).
Recalling the identity sc◦◦[1|4] = sc[1|4] − sc◦[1, 4] from (2.32), we obtain

sc◦◦[1|4]sc◦[2]sc◦[3] = O
(︃ 1
t2

)︃
, t ≫ 1.

The other marked partitions in 2.108 give rise to terms of comparable order. Summing up
all contributions yields (2.40). The proof of (2.41) is analogous and hence omitted.

2.A Proof of Corollary 2.3.3 (Meta Argument)
Recall from Lemma 2.2.3 that

E⟨T1 . . . Tk⟩ = m1[T1, . . . , Tk] + κ4

N
E [T1, . . . , Tk] + O

(︃
N ε

N
√
Nη∗ η

k−a/2
∗

)︃
,

i.e., E [T1, . . . , Tk] constitutes the first subleading term of E⟨T1 . . . Tk⟩. In particular, we
have

N(E⟨T1 . . . Tk⟩ − m1[T1, . . . , Tk]) = κ4E [T1, . . . , Tk] + O
(︃

N ε

√
Nη∗ η

k−a/2
∗

)︃
, (2.110)
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where the quantity on the left-hand side of (2.110) satisfies the properties stated in
Corollary 2.3.3. For E⟨T1 . . . Tk⟩, this is immediate from the cyclicity of the trace and
the resolvent identity GkG1 = Gk−G1

zk−z1
, while the corresponding properties for m1[·] follow

from (2.17) and [39, Lem. 5.4]. Note that (2.46) is a special case of (2.45) and that (2.47)
is obtained by iterating (2.46). Once the formula (2.47) is established, the permutation
symmetry readily follows from the divided difference structure. Hence, Corollary 2.3.3(iii)
follows from (i) and (ii).
It remains to show that E [·] satisfies the same cyclicity and divided difference properties as
the quantity on the left-hand side of (2.110). Note that simply taking the N → ∞ limit and
applying Lemma 2.2.3 is not sufficient if Aj ̸= Id for some j, as the deterministic matrices
are themselves N -dependent quantities. Instead, let L ∈ N and consider the NL×NL
Wigner matrix W as well as the deterministic matrices A1, . . . ,Ak ∈ CNL×NL. Here, W
is defined using the same random variables χd, χod as W (i.e.,

√
NW and

√
NLW have

the same entry distribution) and we define

Aj := Aj ⊗ IdL×L, j = 1, . . . , k,

where ⊗ denotes the tensor product, i.e.,

Aj =

⎛⎜⎜⎝
(Aj)11IdL×L · · · (Aj)1N IdL×L

... . . . ...
(Aj)N1IdL×L · · · (Aj)NN IdL×L

⎞⎟⎟⎠ .
Next, let Gj := (W −zj)−1 and Tj := GjAj for j = 1, . . . , k and denote bym1[T1, . . . ,Tk]
the deterministic approximation of ⟨T1 . . .Tk⟩. As both W and W are Wigner matrices
and ⟨AiAj⟩ = ⟨(AiAj) ⊗ IdL×L⟩ = ⟨AiAj⟩ by definition of the tensor product, it follows
from the closed form of m1[·] in [39, Thm. 2.6] that

m1[T1, . . . ,Tk] = m1[T1, . . . , Tk]. (2.111)

Similarly, the 1/N error term of E⟨T1 . . .Tk⟩ is given by E [T1, . . . , Tk], since (2.111)
ensures that we obtain the same recursion from Definition 2.3.1.
We thus conclude that

|E [T1, . . . , Tk] − E [T2, . . . , Tk, T1]|

≤ |E [T1, . . . , Tk] −N(E⟨T1 . . .Tk⟩ −m1[T1, . . . ,Tk])|

+ |E [T2, . . . ,Tk,T1] −N(E⟨T2 . . .Tk,T1⟩ −m1[T2, . . . ,Tk,T1])|

= O
(︃ (NL)ε

√
NLη∗ η

k−a/2
∗

)︃
by Lemma 2.2.3 for any η∗ ≫ (NL)−1. Letting L → ∞ while keeping all other parame-
ters N, z1, . . . , zk, A1, . . . , Ak fixed yields

E [T1, . . . , Tk] = E [T2, . . . , Tk, T1],

i.e., E [·] is cyclic as claimed in part (a) of Corollary 2.3.3. Similarly, we obtain that⃓⃓⃓⃓
E [T1, . . . , Tk−1, Gk] − E [T2, . . . , Tk−1, GkA1] − E [T1, . . . , Tk−1]

zk − z1

⃓⃓⃓⃓
= O

(︃ (NL)ε

√
NLη∗ η

k−a/2
∗

)︃
whenever z1 ≠ zk and Ak = Id, which implies (2.45). Recalling that (i) and (ii) of
Corollary 2.3.3 imply (iii), the proof is complete.
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3 Fluctuation Moments for Regular
Functions of Wigner Matrices

We compute the deterministic approximation for mixed fluctuation moments of
products of deterministic matrices and general Sobolev functions of Wigner matrices.
Restricting to polynomials, our formulas reproduce recent results of Male, Mingo,
Peché, and Speicher [107], showing that the underlying combinatorics of non-crossing
partitions and annular non-crossing permutations continue to stay valid beyond the
setting of second-order free probability theory. The formulas obtained further
characterize the variance in the functional central limit theorem given in the recent
companion paper [122] and thus allow identifying the fluctuation around the thermal
value in certain thermalization problems.

Published as J. Reker. Fluctuation moments for regular functions of Wigner matrices.
Math. Phys. Anal. Geom., 27:10, 2024.

3.1 Introduction
In his seminal work [140], Wigner established that the empirical spectral measure of
certain random matrix ensembles converges, as the dimension goes to infinity, to the
semicircle distribution. Since then, many variations and extensions of this result have
been considered, yielding a variety of asymptotic phenomena for a wide range of random
matrix models. One particular example is the fact that the resolvent G(z) = (W − z)−1

of a large Hermitian random matrix W tends to concentrate around a deterministic
matrix M = M(z) for spectral parameters z ∈ C even just slightly away from the real
axis (see, e.g., [37] and references therein for a collection of recent results). It was recently
shown (see [39, 37]) that a similar concentration holds for alternating products of the
form

F[1,k] := f1(W )A1 . . . fk(W )Ak. (3.1)

Here, A1, . . . , Ak are bounded deterministic matrices and f1, . . . , fk are regular test
functions, allowing in particular for fj(W ) = G(zj). Apart from resolvents, two choices
of fj are of special interest in this setting. First, consider the case fj(x) = eitjx with tj ∈ R.
Interpreting the Wigner matrix W as the Hamiltonian of a mean-field quantum system
and the deterministic bounded matrix A as an observable, the quantity

A(t) := eitWAe−itW

describes the Heisenberg time evolution of A. For k ≥ 2, (3.1) hence describes the time
evolution of multiple observables, possibly to different times, in the same quantum system.
Considering the regime where the differences between the individual times are large
links the matrix product to thermalization problems in mathematical physics (see [39,
Sect. 2.1] and [37, Rem. 2.8]). Second, products of the form (3.1) with fj(W ) replaced
by (polynomials of) the random matrix itself play a key role in free probability theory,
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3. Fluctuation Moments for Regular Functions of Wigner Matrices

as they characterize the joint non-commutative probability distribution of Wigner and
deterministic matrices.
We remind the reader that a (tracial first-order) non-commutative probability space
is a pair (A, φ1) consisting of a complex unital algebra A and a tracial linear func-
tional φ1 : A → C with φ1(1A) = 1, where 1A is the unit element of the algebra. One
particular example is the space (A, φ1) = (MN×N (L∞−(Ω,P)),E⟨·⟩) of N×N random ma-
trices, where (Ω,P) is a classical probability space, MN×N (S) denotes the N×N -matrices
with entries in S, the space

L∞−(Ω,P) :=
⋂︂

1≤p<∞
Lp(Ω,P)

contains all random variables with all finite moments, and ⟨·⟩ denotes the normalized
trace. Note that this definition includes deterministic and Wigner matrices. In this
context, the non-commutative probability distribution of a ∈ A is characterized in terms
of its moments (φ1(ak))k with the joint distribution of multiple elements of A being
defined analogously. Recent work by Cipolloni, Erdős and Schröder [39] established that
the structure of the limit of E⟨F[1,k]⟩ as in (3.1) matches the formulas obtained in free
probability, and reproduces known results for the alternating moments E⟨W1D1 . . .WkDk⟩
of a finite family of independent Wigner matrices (Wj)j and a finite family of deterministic
matrices (Dj)j (see, e.g., [111, Sect. 4.4]) in the case fj(x) = x. More precisely, in the
large N limit, the leading-order term m1[F[1,k]] of E⟨F[1,k]⟩ is of the form

m1[F[1,k]] :=
∑︂

π∈NCP ([k])

(︃ ∏︂
B∈π

⟨︃ ∏︂
j∈B

Aj

⟩︃)︃
Φ(1)

π (f1, . . . , fk), (3.2)

where NCP ([k]) denotes the non-crossing partitions of the cyclically ordered set {1, . . . , k}
and the functions Φ(1)

π only depend on f1, . . . , fk and π ∈ NCP ([k]). Hence, the right-
hand side of (3.2) is a sum of terms that factorize into a contribution of the deterministic
matrices resp. the test functions appearing in the product (3.1) with the underlying
combinatorics matching the results obtained for the case fj(x) = x in free probability
theory. Note, however, that resolvents and functions with an N -dependent mesoscopic
scaling are typically not accessible in free probability as many of the standard techniques
rely on explicit moment computations for polynomials. The results in [39] thus show that
the underlying combinatorics continue to apply in a more general context. In particular,
evaluating (3.2) for fj(x) = eitjx with tj ∈ R implies a closed formula for the thermal
value of quantities such as ⟨eitWA1e−itWA2⟩, which allows for a direct analysis of the t ≫ 1
regime relevant for thermalization (see, e.g., [39, Cor. 2.9]).
After considering the concentration of (3.1), the next natural step is to study the
fluctuations around the deterministic value. It is well-known that the linear statis-
tics Tr f(W ) = ∑︁N

j=1 f(λj) with a regular test function f : R → R have a variance of
order one (first observed in [95]) and, in fact, satisfy a central limit theorem (CLT) with
a Gaussian limit, as shown, e.g., in [96] for the Wigner case and in [93] for invariant
ensembles. By now, the statistics Tr f(W ) are well-studied on both macroscopic and
mesoscopic scales (see, e.g., [85, 12, 105, 104, 128, 135, 27, 129, 89, 17, 99] for the Wigner
case and [40, 122] for further references on previous results for Wigner matrices and other
models). However, while the fluctuations of Tr[f(W )A] are known for general regular
functions f (see [103] and [40]), traces of products of the form (3.1) for k ≥ 2 have so far
only been studied for fj being polynomials in the context of second-order freeness (see,
e.g., [111, Ch. 5] or [42, 106, 107]).
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We remind the reader that a second-order non-commutative probability space is a trip-
let (A, φ1, φ2), where the functional φ2 : A×A → C is bilinear, tracial in both arguments,
symmetric under the interchanging of its arguments, and satisfies φ2(a, 1A) = φ2(1A, a) =0
for all a ∈ A. The second-order probability distribution of a ∈ A is characterized
in terms of (φ2(ak, aℓ))k,ℓ, called the fluctuation moments, with the joint moments of
multiple elements again being defined analogously. As a canonical example, we remark
that MN×N (L∞−(Ω,P)) may be endowed with the functional φ2(·, ·) = Cov(Tr(·),Tr(·)),
to make it a second-order probability space. In contrast to the first-order structure, the
fluctuation moments are sensitive to the symmetry class of the underlying Wigner matrix
and explicitly involve the fourth cumulant of the entry distribution (see [107, Thm. 6], as
well as [118, 119, 40]). In particular, we observe a breaking of universality compared to
the first-order problem of computing E⟨·⟩. The joint fluctuation moments of Wigner and
deterministic matrices are explicitly known (cf. [111, Thm. 13 of Ch. 5] for the GUE case
and [107, Thm. 6] for general Wigner matrices).
A functional CLT for traces of products of the form (3.1) has recently been established in
the companion paper [122] and the limiting covariance is derived using a recursion. In
the present paper, we supply the combinatorial argument necessary to obtain the solution
to the recursion and compute the limiting covariance explicitly. In particular, we show
that if W is a GUE matrix, the leading order term m2[F[1,k]|F[k+1,k+ℓ]] of the covariance
of Tr(F[1,k]) and Tr(F[k+1,k+ℓ]) (with F[k+1,k+ℓ] = fk+1Ak+1 . . . fk+ℓAk+ℓ of the same build
as (3.1)) is given by

m2[F[1,k]|F[k+1,k+ℓ]] =
∑︂

π∈
−−−→
NCP (k,ℓ)

(︃ ∏︂
B∈π

⟨︃ ∏︂
j∈B

Aj

⟩︃)︃
Φ(2)

π (f1, . . . , fk+ℓ) (3.3)

+
∑︂

π1×π2∈NCP (k)×NCP (ℓ)

(︃ ∏︂
B1∈π1,B2∈π2

⟨︃ ∏︂
j∈B1

Aj

⟩︃⟨︃ ∏︂
j∈B2

Aj

⟩︃)︃
Φ(2)

π1×π2(f1, . . . , fk+ℓ).

Here, −−−→
NCP (k, ℓ) denotes the non-crossing permutations of the (k, ℓ)-annulus and the

functions Φ(2)
π resp. Φ(2)

π1×π2 only depend on f1, . . . , fk+ℓ and the underlying permutation
resp. partition. Similar to (3.2), we thus obtain a sum of terms that factorize into
a contribution of the deterministic matrices resp. the test functions appearing in the
product (3.1) with the underlying combinatorics again matching the results obtained
for the case fj(x) = x in free probability theory (see [113]). Moreover, we show that
the overall structure of (3.3) continues to hold if W is chosen to be a Wigner matrix
with Wij

d= N−1/2χod for i < j and Wjj
d= N−1/2χd for general entry distributions χod

and χd. In the general case, however, the sum in the first line of the right-hand side
of (3.3) splits into four summands Φ(GUE)

π , κ4Φ(κ)
π , σΦ(σ)

π , and ˜︁ω2Φ(ω)
π which have different

prefactors in terms of the deterministic matrices A1, . . . , Ak+ℓ. Here, Φ(GUE)
π corresponds to

the GUE case in (3.3) and the remaining contributions are associated with the parameters

κ4 = E|χod|4 − 2, σ = Eχ2
od, ˜︁ω2 = Eχ2

d − 1 − σ (3.4)

of the Wigner matrix W . A similar decomposition is also observed for Φ(2)
π1×π2 in (3.3). In

particular, we find that the closed expression obtained from solving the recursion in [122]
has the same overall structure as the formulas in [107, Thm. 6]. This shows that the
analogies [39] established in the first-order setting have a counterpart for the second-order
structures. Our combinatorial approach further allows us to give the functions in (3.3) in
a closed form, thus yielding a fully explicit formula for the limiting covariance in the GUE
case.
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We remark that the main results of the present paper, i.e., combinatorial formulas
for m2[F[1,k]|F[k+1,k+ℓ]] such as (3.3), are applied to obtain an explicit limiting covariance
structure for the multi-point functional CLT [122, Thm. 2.7]. Here, replacing the recursive
definition of the limiting variance by a closed formula allows for an easier application
of the theorem, e.g., to thermalization problems in physics. Although the form of the
limiting variance in the k = 2 case considered in [122, Cor. 2.12] is sufficiently simple and
could be derived without additional combinatorial tools, characterizing the fluctuation for
general k ≥ 2 does require them to obtain an explicit formula for the variance. We further
emphasize that the main results in the companion paper [122] are of analytic nature and
that their main technical difficulty lies in including functions with a mesoscopic scaling of
the form

fj(x) = gj(Nγ(x− E)) (3.5)

where gj is a regular N -independent function, E ∈ R lies in the bulk of the limiting
spectrum of W , and N−γ is larger than the typical eigenvalue spacing around E. In
contrast, we assume all test functions to be N -independent in the present paper and
focus on the combinatorial structures arising in the multi-point functional CLT. While an
extension to the functions in (3.5) is possible using the techniques from [122], restricting to
the macroscopic regime allows for a cleaner presentation of the results. It further facilitates
working with more general assumptions on the Wigner matrix W . Note that [122, As. 1.1]
corresponds to setting σ = ˜︁ω2 = 0 in (3.4), while Assumption 3.1.1 below matches the
setting of [107, 40] with general σ ∈ [−1, 1] and ˜︁ω2 ≥ −2, thus generalizing the formulas
from [122].

We conclude the section with a brief overview of the paper. After introducing some
commonly used notations, the assumptions on the Wigner matrix W are given in As-
sumption 3.1.1. We then give a brief overview of the combinatorics needed to identify the
deterministic approximation of ⟨T1 . . . Tk⟩ where Tj := G(zj)Aj, and the multi-resolvent
local laws needed for the analysis of the fluctuations (Section 3.1.2) as well as the
definitions from free probability that are used to characterize the limiting covariance
of ⟨T1 . . . Tk⟩ − E⟨T1 . . . Tk⟩ and ⟨Tk+1 . . . Tk+ℓ⟩ − E⟨Tk+1 . . . Tk+ℓ⟩ (Section 3.1.3). To
prepare for the statements of our main results, we give a CLT for the case that all
functions fj are resolvents (Theorem 3.2.3). The role of the limiting covariance in the
theorem is played by a recursively defined set function m2[·|·] (Definition 3.2.1), which
is the main object of interest in the present paper. We study the recursion in detail in
Section 3.2.2 and obtain the main results, explicit combinatorial formulas for its solu-
tion (Theorems 3.2.4, 3.2.6 to 3.2.8). In Section 3.2.3, we extend the CLT to more general
test functions (Theorem 3.2.9 and Corollary 3.2.10) to discuss the connection to free
probability theory in detail. In particular, we apply the results to the case fj(x) = x and
show that the limiting covariance in the functional CLT reduces to the formula for the
joint fluctuation moments of GUE and deterministic matrices (Corollary 3.2.11) as given
in [107]. Lastly, the proofs are given in Sections 3.3 and 3.4. To keep the presentation
concise, some routine calculations are deferred to the appendix. This includes the proof
of a multi-resolvent global law with transposes (Appendix 3.A.1) and the proof of the
resolvent CLT in Theorem 3.2.3 (Appendix 3.A.2) which are similar to previous results
in [39] and [122], respectively.

Acknowledgements: I am very grateful to László Erdős for suggesting the topic and
many valuable discussions during my work on the project. Partially supported by ERC
Advanced Grant "RMTBeyond" No. 101020331.
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3.1. Introduction

3.1.1 General Notation
We start by introducing some notation used throughout the paper. For two positive
quantities f, g, we write f ≲ g and f ∼ g whenever there exist (deterministic, N -
independent) constants c, C > 0 such that f ≤ Cg and cg ≤ f ≤ Cg, respectively.
We denote the Hermitian conjugate of a matrix A by A∗ and the complex conjugate
of a scalar z ∈ C by z. Moreover, ∥ · ∥ denotes the operator norm, Tr(·) is the usual
trace and ⟨·⟩ = N−1 Tr(·). We further denote the covariance of two complex random
variables X1, X2 by Cov(X1, X2) and follow the convention

Cov(Y1, Y2) = E(Y1 − EY1)(Y2 − EY2),

i.e., the covariance is linear in the first and anti-linear in the second entry. For k, a, b ∈ N

with a ≤ b, we set [k] = {1, . . . , k} and adopt the interval notation [a, b] = {a, a+1, . . . , b}.
We further write ⟨a, b] or [a, b⟩ to indicate that a or b are excluded from the interval,
respectively. Ordered sets are denoted by (. . . ) instead of {. . . }. Sets of the form [k] and
intervals are treated as ordered sets.

Given a matrix A ∈ CN×N , the traceless part of A is denoted by Å := A − ⟨A⟩Id
where Id denotes the identity matrix. Further, a := diagA denotes the diagonal ma-
trix obtained from extracting only the diagonal entries of A and A1 ⊙ A2 denotes the
entry-wise (or Hadamard) product of two matrices A1 and A2. For a Hermitian ma-
trix W and spectral parameters z1, . . . , zk ∈ C \ R, we write the corresponding resolvents
as Gj = G(zj) := (W − zj)−1 and index products of resolvents using the interval notation

G[a,b] := GaGa+1 . . . Gb

for a, b ∈ N with a ≤ b. Recalling that angled brackets indicate that an edge point of
the interval is excluded, we write G⟨a,b] and G[a,b⟩ to exclude Ga or Gb from the product,
respectively. Moreover, G∅ is interpreted as zero. Note that this notation differs slightly
from [39, 37]. As we often consider alternating products of resolvents with deterministic
matrices A1, . . . , Ak, define Tj := GjAj and apply the same interval notation as above to
write

T[k] := T1 . . . Tk = G1A1 . . . GkAk, T[a,b] := TaTa+1 . . . Tb. (3.6)

Again, angled brackets are used to exclude Ta or Tb from the product, respectively, and T∅
is interpreted as zero. We call a product of the type (3.6) resolvent chain of length k.

Throughout the paper, we assume W to be an N × N real or complex Wigner matrix
satisfying the following assumptions.

Assumption 3.1.1. The matrix elements of W are independent up to Hermitian sym-
metry Wij = Wji and we assume identical distribution in the sense that there is a cen-
tered real random variable χd and a centered real or complex random variable χod such
that Wij

d= N−1/2χod for i < j and Wjj
d= N−1/2χd, respectively. We further assume

that E|χod|2 = 1 as well as the existence of all moments of χd and χod, i.e., there exist
constants Cp > 0 for any p ∈ N such that

E|χd|p + E|χod|p ≤ Cp.

We remark that Assumption 3.1.1 matches the model considered in [40] and [107]. Com-
pared to the conditions Eχ2

od = 0 and Eχ2
d = 1 in [122], we allow for arbitrary values of
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the parameters σ = Eχ2
od ∈ [−1, 1] and ω2 = Eχ2

d ≥ 0. This description includes real sym-
metric Wigner ensembles such as GOE (σ = 1) as well as matrices of the form W = D+iS
where D is a diagonal matrix and S is skew-symmetric (σ = −1). We further introduce
the notation

κ4 := E|χod|4 − 2 (3.7)
for the normalized fourth cumulant of the off-diagonal entries as well as

˜︂ω2 := ω2 − 1 − σ. (3.8)

The eigenvalue density profile of W is described by the semicircle law

ρsc(x) :=
√

4 − x2

2π 1[−2,2](x) (3.9)

which mainly enters our analysis in the form of its Stieltjes transform

m(z) :=
∫︂ ρsc(x)
x− z

dx, z ∈ C \ R. (3.10)

We remind the reader that m(z) is the unique solution of the Dyson equation

− 1
m(z) = m(z) + z, ℑzℑ(m(z)) > 0 (3.11)

and that its derivative satisfies

m′(z) = m(z)2

1 −m(z)2 . (3.12)

Given fixed z1, . . . , zk ∈ C \ R, set mj = m(zj) and m′
j = m′(zj), respectively. We further

introduce
qi,j = mimj

1 −mimj

, (3.13)

and remark that qj,j = m′
j whenever i = j.

3.1.2 Preliminaries Part 1: First-Order Quantities
In this section, we briefly summarize the definitions and results from [37, 39] which are
needed to characterize the deterministic approximation of ⟨T[1,k]⟩.

Definition 3.1.2 (Non-crossing partitions). Let S be a finite (cyclically) ordered set of
integers. We call a partition π of the set S crossing if there exist blocks B ̸= B′ in π
with a, b ∈ B, c, d ∈ B′, and a < c < b < d, otherwise we call it non-crossing. The set of
non-crossing partitions is denoted by NCP (S) and we abbreviate NCP (k) := NCP ([k]).
For each non-crossing partition π = {B1, . . . , Bn}, set |π| := n for the number of blocks
in the partition.

Recall that non-crossing partitions have an alternative geometrical definition: Arrange
the elements of S equidistantly in clockwise order on the circle and for each π ∈ B
consider the convex hull PB of the points s ∈ B. Then π is non-crossing if and only if the
polygons {PB|B ∈ π} are pair-wise disjoint. Because of this, we also call the elements
of NCP (k) disk non-crossing to distinguish them from their annulus analog defined below.
We further recall the definition of the Kreweras complement (see Fig. 3.1 for an example).
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Definition 3.1.3 (Kreweras complement, disk case). Let S ⊂ N be a finite set of integers
equidistantly arranged in clockwise order on the circle and label the midpoints of the arcs
between the points s ∈ S also by the elements of S. We arrange the new labels such that the
arc s follows the point s in clockwise order. Let π ∈ NCP (S). Then the (disk) Kreweras
complement of π, denoted by K(π), is the element of NCP (S) such that r, s belong to the
same block of K(π) if and only if the arcs labeled r, s are in the same connected component
in the complement D \ ∪B∈πPB of the polygons {PB|B ∈ π} in the labeled disk D.

1 1 2
2

3
3
4

4

55667
7

8
8
9

9

10 10

Fig. 3.1. The non-crossing partition π = {{1, 3, 4}, {2}, {5, 8, 9}, {6, 7}, {10}} (black) and
its Kreweras complement K(π) = {{1, 2}, {3}, {4, 9, 10}, {5, 7}, {6}, {8}} (red). Singleton
sets are indicated by a black or red dot, respectively.

Observe thatD\∪B∈πPB has |S|−|π|+1 connected components, hence |π|+|K(π)| = |S|+1.
Further, K2 = K ◦K recovers π up to a rotation of D, i.e., K2(π) is the partition where for
S = {s1, . . . , sk} the elements in each block of π are shifted by s1 ↦→ s2 ↦→ · · · ↦→ sk ↦→ s1.
In particular, taking the Kreweras complement is invertible as a map on NCP (S).

Definition 3.1.4 (Free cumulant function). Fix k ∈ N, denote the power set1 of [k]
by P([k]) and let (fn)n be a family of functions such that fn maps n-element sets in P([k])
to C. We define the (first-order) free cumulants (f◦,n)n associated with the sequence (fn)n

through the relation
f|S|[S] =

∑︂
π∈NCP (S)

∏︂
B∈π

f◦,|B|[B] (3.14)

for any S ⊆ [k]. For simplicity. we associate the sequences (fn)n (resp. (f◦,n)n)
with a single function f (resp. f◦) by setting f [s1, . . . , sn] := fn[{s1, . . . , sn}] (resp.
f◦[s1, . . . , sn] := f◦,n[{s1, . . . , sn}]) and call f◦ the (first-order) free cumulant function
associated to f .

We emphasize that Definition 3.1.4 does not require the functions fn to have any particular
symmetries. However, in the free probability literature, f usually arises from a family of
tracial functionals and is hence symmetric under the cyclic permutation of its entries (cf.,
e.g., [111, Ch. 2]). The implicit relation in (3.14) can be recursively turned into an explicit
definition of f◦. Alternatively, we may also invert (3.14) explicitly using the Möbius
function associated with the lattice of non-crossing partitions. Recall that NCP (S) is

1Recall that [k] is treated as an ordered set. Hence, the subsets in P([k]) carry a natural ordering
inherited from [k].
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a lattice with respect to the refinement order, i.e., the partial order in which π ≤ ν if
and only if for each B ∈ π there exists B′ ∈ ν with B ⊂ B′. Moreover, there are unique
maximal and minimal elements given by 0S := {{s}|s ∈ S} and 1S := {S}, respectively.
The free cumulant function can then be written as

f◦[S] =
∑︂

π∈NP C[S]
µ(π,1S)

∏︂
B∈π

f [B], µ(π, ν) :=

⎧⎨⎩1, π = ν,

−∑︁
π<τ≤ν µ(τ, ν), π < ν,

(3.15)

using the Möbius function µ : {(π, ν)|π ≤ ν ∈ NCP (S)} → Z that is recursively defined
by (3.15). We remark that µ(π, 1S) can be given in a closed form using the Catalan
numbers (see, e.g., [39, Lem. 2.16]).

The following choice for the function f is of particular interest. Recall that m denotes
the Stieltjes transform of the semicircle law (3.9).

Definition 3.1.5 (Divided differences). For finite sets {z1, . . . , zk} ⊂ C\R we recursively
define

m[z1, . . . , zk] := m[z2, . . . , zk] −m[z1, . . . , zk−1]
zk − z1

.

The definition readily extends to multi-sets {z1, . . . , zk} ⊂ C \ R by setting

m[zj, . . . , zj⏞ ⏟⏟ ⏞
k times

] := m(k−1)(zj)
(k − 1)!

whenever an element zj occurs with a multiplicity greater than one. Here, m(k−1) denotes
the (k − 1)-th derivative of the function m in (3.10). Note that m[·] is well-defined in the
sense that m[z1, . . . , zk] is independent of the ordering of the multi-set {z1, . . . , zk}. We
abbreviate m[1, . . . , k] := m[z1, . . . , zk].

We emphasize that m[·], and hence m◦[·], have full permutation symmetry, which is much
more than what was assumed for f in Definition 3.1.4. The following example illustrates
the combinatorial formulas (3.14) and (3.15) for f = m[·].

Example 3.1.6 (First-order free cumulants). In the case k = 1 we have m[1] = m(z1).
For k = 2, the only non-crossing partitions are (12) and (1)(2) such that

m◦[1, 2] = m[1, 2] −m1m2, mj := m[j] = m[zj]

while for k = 3 we have

m◦[1, 2, 3] = m[1, 2, 3] −m1m[2, 3] −m2m[1, 3] −m3m[1, 2] + 2m1m2m3.

The quantities m and m◦ were studied in detail in [39], yielding a close connection to
non-crossing graphs. We recall the definition and give an example in Fig. 3.2 below.
These graphs are planar. For later convenience, we use a slightly more general notion
of planar graphs throughout the paper than the standard literature by allowing for
self-connections (loops) and multi-edges.
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Definition 3.1.7 (Disk non-crossing graphs). Let S ⊂ N be a finite (cyclically) ordered
set of integers equidistantly arranged in clockwise order on the circle. We call an undirected
planar graph (S,E) on the vertex set S without loops or multi-edges (disk) crossing if
there exist two edges (a, b), (c, d) ∈ E with a < c < b < d, otherwise we call it (disk)
non-crossing2. The set of all (disk) non-crossing graphs with vertex set S is denoted
by NCG(S) and we denote the subset of connected graphs as NCGc(S). Whenever S = [k],
abbreviate NCG(k) := NCG([k]).
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Fig. 3.2. An element of NCG(10) and its connected subgraphs.

Emphasizing that Definition 3.1.7 lives on a disk is important, as we later introduce a
non-crossing property on the annulus. Whenever both definitions are used together, we use
the specifications disk non-crossing and annular non-crossing to distinguish the underlying
geometry. By construction, every Γ ∈ NCG(S) induces a non-crossing partition with
blocks representing the vertices in the connected components of Γ. Further, any connected
component of Γ is itself a (disk) non-crossing graph.

Lemma 5.2 of [39] proves the representations

m[S] =
(︃ ∏︂

s∈S

ms

)︃ ∑︂
Γ∈NCG(S)

∏︂
(i,j)∈E(Γ)

qi,j, (3.16)

m◦[S] =
(︃ ∏︂

s∈S

ms

)︃ ∑︂
Γ∈NCGc(S)

∏︂
(i,j)∈E(Γ)

qi,j (3.17)

in terms of the weights qi,j in (3.13). Here, E(Γ) is the edge set of the graph Γ. Note
that (3.16) and (3.17) are still well-defined if S is an ordered multi-set, i.e., if some
elements are repeated. In this case, we consider NCG(|S|) instead of NCG(S) and
use the one-to-one correspondence between the (possibly repeated) labels {s|s ∈ S}
and {1, . . . , |S|} to obtain a uniquely defined right-hand side (see Fig. 3.3 below).

2The edges of a disk non-crossing graph Γ can be drawn in the interior of the disk without intersecting,
i.e., Γ is a planar graph drawn inside a labeled disk.
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Fig. 3.3. The graphs contributing to the sum on the right-hand side of (3.16) (top and
bottom row) and (3.17) (bottom row only) for the multi-set S = (1, 1, 2). Note that the
prefactor is given by ∏︁s∈S ms = m2

1m2.

A key technical tool in the proof of our main results is the optimal multi-resolvent local
law [37, Thm. 2.5]. As we only work on macroscopic scales, i.e., with N -independent
spectral parameters, in the present paper, we state the result in the form of a global
law and omit the dependence on η∗ = min |ℑzj|. Recall the commonly used definition of
stochastic domination.

Definition 3.1.8 (Stochastic domination). Let

X =
{︃
X(N)(u)

⃓⃓⃓⃓
N ∈ N, u ∈ U (N)

}︃
and Y =

{︃
Y (N)(u)

⃓⃓⃓⃓
N ∈ N, u ∈ U (N)

}︃
be two families of non-negative random variables that are indexed by N and possibly
some other parameter u in some (possibly N -dependent) domain U (N). We say that X is
stochastically dominated by Y , denoted by X ≺ Y or X = O≺(Y ), if, for all ε, C > 0 we
have

sup
u∈U(N)

P

(︃
X(N)(u) > N εY (N)(u)

)︃
≤ N−C

for large enough N ≥ N0(ε, C).

Theorem 3.1.9 (Macroscopic version of [37, Thm. 2.5]). Fix k ∈ N and pick spectral
parameters z1, . . . , zk ∈ C\R with |ℑzj| ≳ 1 and maxj |zj| ≤ N100 as well as deterministic
matrices A1, . . . , Ak ∈ CN×N with ∥Ai∥ ≲ 1. Define3

M[k] :=
∑︂

π∈NCP (k)

(︃ ∏︂
B∈K(π),

k /∈B

⟨︃ ∏︂
j∈B

Aj

⟩︃ ∏︂
i∈B(k)\{k}

Ai

)︃(︃ ∏︂
B∈π

m◦[B]
)︃
, (3.18)

where B(k) is the block in K(π) that contains k. Recalling that Tj = GjAj, we have the
averaged4 local law

⟨T[1,k]⟩ = ⟨M[k]Ak⟩ + O≺

(︃ 1
N

)︃
, (3.19)

and for x,y ∈ CN with ∥x∥, ∥y∥ ≲ 1 we have the isotropic local law

⟨x, T[1,k⟩Gky⟩ = ⟨x,M[k]y⟩ + O≺

(︃ 1√
N

)︃
. (3.20)

3The noncommutative product
∏︁

j∈B Aj for B = (j1, . . . , jr) is defined as Aj1 . . . Ajr in the order
inherited from B ⊆ S.

4Recall that ⟨·⟩ carries a N−1 normalization factor, but ⟨·, ·⟩ does not. For A := |y⟩⟨x| with two unit
vectors x, y ∈ CN , we hence have ⟨x, G(z)y⟩ = Tr[G(z)A] and ⟨G(z)A⟩ = N−1⟨x, G(z)y⟩.
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As we frequently encounter ⟨M[k]Ak⟩ in the following sections, we introduce the notation

m1[T1, . . . , Tk] = m1[z1, A1, . . . , zk, Ak] := ⟨M[k]Ak⟩. (3.21)

In particular,

m1[T1, . . . , Tk] =
∑︂

π∈NCP (k)

(︃ ∏︂
B∈K(π)

⟨︃ ∏︂
j∈B

Aj

⟩︃)︃(︃ ∏︂
B∈π

m◦[B]
)︃

(3.22)

and we have m1[G1, . . . , Gk] = m[1, . . . , k] as a consequence of (3.14). Comparing (3.22)
with the formulas in [111, Sect. 4.4], the set functions m and m◦ may be interpreted as
the moments resp. free cumulants characterizing the limitig non-commutative probability
distribution of resolvents (Gj)j while m1[·] describes the limiting joint distribution of
resolvents (Gj)j and deterministic matrices (Aj)j.
We further apply (3.19) or (3.20) for a product Ts1 . . . Tsk−1Gsk

that is indexed by a (cycli-
cally) ordered set S = (s1, . . . , sk) instead of an interval. In this case, the deterministic
approximation is denoted as

MS = M(s1,...,sk)

with the same definition as in (3.18).

Remark. The quantities m[1, . . . , k], m◦[1, . . . , k], m1[T1, . . . , Tk], (M[k])ij, and ∥M[k]∥
are of order one for any k ∈ N and i, j ∈ [N ] in the macroscopic regime (cf. Lemma 2.4
and Appendix A of [37]). Theorem 3.1.9 asserts that the deterministic M[k] is the leading
order approximation of T[1,k⟩Gk. In particular, the error terms in (3.19) and (3.20) are
smaller than the natural upper bound on their leading term by a factor of 1/N and 1/

√
N ,

respectively.

We further need a generalization of the averaged local law (3.19) that includes transposes.

Theorem 3.1.10 (Global law for resolvent chains with transposes). Let k ∈ N and
pick spectral parameters z1, . . . , zk with |ℑ(zj)| ≳ 1 and maxj |zj| ≤ N100 as well as
deterministic matrices A1, . . . , Ak with ∥Aj∥ ≲ 1. Moreover, let G♯

j denote either the
resolvent Gj = G(zj) or its transpose Gt

j and denote by # the binary vector that has a
one in j-th position if G♯

j = Gt
j and a zero otherwise. Then,

⟨G♯
1A1 . . . G

♯
kAk⟩ =

∑︂
π∈NCP (k)

(︃ ∏︂
B∈K(π)

⟨︃ ∏︂
j∈B

Aj

⟩︃)︃(︃ ∏︂
B∈π

m#,σ
◦ [B]

)︃
+ O≺

(︃ 1
N

)︃
(3.23)

where m#,σ
◦ [·] denotes the free cumulants associated with the set function m#,σ[·] by

Definition 3.1.4. Here, m#,σ[·] is defined to satisfy m#,σ[∅] = 0 as well as the recursion

m#,σ[1, . . . , k] = m1(1 + q♯
1,k)

(︃
m#,σ[2, . . . , k] +

k∑︂
j=2

c1,jm
#,σ[1, . . . , j]m#,σ[j, . . . , k]

)︃
(3.24)

with q♯
1,k = q1,k = m1mk

1−m1mk
whenever #1 = #k, i.e., either both G1 and Gk occur as

transposes in the product G♯
1 . . . G

♯
k or neither of them, and q♯

1,k = σm1mk

1−σm1mk
otherwise.

Similarly, c1,j = 1 whenever #1 = #j and c1,j = σ otherwise. Recall that σ = Eχ2
od

where χod is the real or complex random variable that specifies the distribution of the
off-diagonal entries of the Wigner matrix W .
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The proof of Theorem 3.1.10 is, modulo careful bookkeeping of the transposes, similar to
the proof of the averaged local law in [39, Thm. 3.4]. For the convenience of the reader, a
brief sketch of the argument is included in Appendix 3.A.1. We remark that the same
result may be obtained on mesoscopic scales with optimal error bounds following the
strategy of [37] (cf. [37, Rem. 2.2]) and that several examples in the cases k ∈ {2, 3} are
considered in Proposition 3.4 and Remark 3.5 of [36] as well as in Propositions 3.3 and 3.4
of [40].

Note that σ = 1 implies that the matrix W is real and its resolvent satisfies Gt
j = Gj.

Hence, the statement of Theorem 3.1.10 reduces to that of an averaged global law for real
symmetric Wigner matrices in this case. Due to the structural similarity between (3.22)
and (3.23), we will slightly abuse notation and write the right-hand side of (3.23) as

m1[G♯
1A1, . . . , G

♯
kAk] :=

∑︂
π∈NCP (k)

(︃ ∏︂
B∈K(π)

⟨︃ ∏︂
j∈B

Aj

⟩︃)︃(︃ ∏︂
B∈π

m#,σ
◦ [B]

)︃
. (3.25)

Moreover, by Definition 3.1.4, we have m1[G♯
1, . . . , G

♯
k] = m#,σ[1, . . . , k] and (3.24) reduces

to the divided differences in Definition 3.1.5 whenever # is the zero vector.

3.1.3 Preliminaries Part 2: Second-Order Quantities

In this section, we give an overview of the definitions from free probability that are used
in later sections (roughly following the notation of [111, Ch. 5]) as well as some related
quantities appearing in the CLTs.

Recall that the key picture for describing the expectation of ⟨T[1,k]⟩ is a disk with the
labels 1, . . . , k organized in clockwise order along its boundary. In a very similar spirit,
the key picture for describing the corresponding second-order object, i.e., the covariance
of ⟨T[1,k]⟩ and ⟨T[k+1,k+ℓ]⟩, consists of two concentric labeled circles. Let k, ℓ ∈ N and
arrange the numbers 1, . . . , k equidistantly in clockwise order on the outer circle and the
numbers k + 1, . . . , k + ℓ equidistantly in counter-clockwise order on the inner circle. We
refer to the planar domain between these two circles together with the labeled points on
its boundary as the (k, ℓ)-annulus (see Fig. 3.4 below). The labeled points will often serve
as vertices of a graph. In this case, any edges connecting two points are drawn inside the
annulus.

1

2

3

4 56
7

Fig. 3.4. The labels of the (4, 3)-annulus.
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Definition 3.1.11 (Annular non-crossing permutations). Let k, ℓ ∈ N. We call a
permutation of [k + ℓ] an annular non-crossing permutation if we can draw its cycles5

on the (k, ℓ)-annulus such that the following conditions (see [111, Def. 5 in Ch. 5]) are
satisfied:

(i) Non-crossing property: The cycles do not cross.

(ii) Standardness: Each cycle encloses a region in the annulus that is homeomorphic
to the disk with boundary oriented clockwise (in particular, the cycles follow the
orientation of the numbering of the circles).

(iii) Connectedness: At least one cycle connects both circles.

The set of annular non-crossing permutations is denoted by −−−→
NCP (k, ℓ). Any cycle that

connects both circles is referred to as connecting cycle.

We remark that −−−→
NCP (k, ℓ) can be fully characterized by the avoidance of certain crossing

patterns (cf. analogous geometric characterization of NCP (k) below Definition 3.1.2) and
an algebraic analog of the standardness condition. This equivalent definition is discussed,
e.g., in [112, Sect. 3], but we will not use it here.

Definition 3.1.12 (Annular non-crossing partitions). Let k, ℓ ∈ N. We call the partitions
induced by the cycles of −−−→

NCP (k, ℓ) annular non-crossing partitions. The set of annular
non-crossing partitions is denoted by NCP (k, ℓ). A block that arises from a connecting
cycle is referred to as connecting block.

While there is a one-to-one correspondence between the non-crossing partitions of the disk
in Definition 3.1.2 and the permutations of [k] avoiding the same crossing pattern, there is
a crucial difference between non-crossing partitions and permutations on the (k, ℓ)-annulus.
In particular, there is no bijective mapping between a permutation in −−−→

NCP (k, ℓ) and
the partition of [k + ℓ] induced by its cycles, as, e.g., both permutations (123) and (132)
correspond to the partition {{1, 2, 3}}, but give rise to different pictures due to the
orientation induced by Definition 3.1.11(ii) (see Fig. 3.5 below). In general, a permutation
always uniquely determines the underlying partition, but a partition can be obtained from
more than one permutation. This happens if and only if there is exactly one connecting
block (cf. [112, Sect. 4]).

1
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3
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3

Fig. 3.5. The non-crossing permutations (123) and (132) on the (1, 2)-annulus. They are
different as permutations, but their cycles induce the same non-crossing partition.

5Recall that every permutation has a unique cycle decomposition. We represent a cycle (abc . . . x) by
an oriented graph with edge set {(a, b), (b, c), . . . , (x, a)}.
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Lastly, we consider partitions arising from permutations that respect the non-crossing
property and standardness condition but do not have a connecting cycle. In this case,
we may consider the permutation restricted to each circle separately, i.e., as an element
of NCP (k) ×NCP (ℓ), and introduce an artificial connection by marking one block on
each circle.

Definition 3.1.13 (Marked non-crossing partition). Consider π ∈ NCP (k) ×NCP (ℓ)
that naturally splits into π = π1 × π2 with π1 ∈ NCP (k), π2 ∈ NCP (ℓ). We pick one
block of π1 and one of π2, respectively, and mark them by underlining. The resulting object
is referred to as a marked non-crossing partition.

Marking a block on each circle allows us to artificially introduce a connecting block by
considering the union of the two marked blocks. As a consequence, any marked non-
crossing partition can be associated with a unique element of NCP (k, ℓ). We further note
that there are |π1|·|π2| possibilities to mark the blocks of π = π1×π2 ∈ NCP (k)×NCP (ℓ).
For example, {{1}, {2}} × {{3}} and {{1}, {2}} × {{3}} are considered different marked
partitions although both arise from {{1}, {2}}×{{3}} ∈ NCP (2)×NCP (1) (see Fig. 3.6
below).

1

2

3

1

2

3

Fig. 3.6. A visualization of {{1}, {2}} × {{3}} and {{1}, {2}} × {{3}}. Marking is
indicated by a dashed line.

We further recall from [111, Ch. 5] that there is a second-order analog of Definition 3.1.4.

Definition 3.1.14 (Second-order free cumulant function). Let (fm,n)m,n be a sequence
of functions such that fm,n maps tuples (S1, S2) of two finite (cyclically) ordered sets of
integers with |S1| = m and |S2| = n to C. Assume further that the functions are symmet-
ric under interchanging of the two arguments in the sense that fm,n[S1|S2] = fn,m[S2|S1]
and cyclic, i.e., fm,n[S1|{s1, . . . , sn}] = fm,n[S1|{s2, . . . , sn, s1}]. Moreover, we assume
that fm,0[S1|∅] = f0,n[∅|S2] = 0. Similar to Definition 3.1.4, we associate the se-
quence (fm,n)m,n with a single function f by setting

f [s1, . . . , sm|sm+1, . . . , sm+n] := fm,n[{s1, . . . , sm}|{sm+1, . . . , sm+n}].

We implicitly define the second-order free cumulant function of f as the unique map f◦◦
defined on pairs of finite (cyclically) ordered sets (U1, U2) that satisfies

f [S1|S2] =
∑︂

π∈
−−−→
NCP (|S1|,|S2|)

∏︂
B∈π

f◦[B] +
∑︂

π1×π2∈NCP (|S1|)×NCP (|S2|),
U1∈π1,U2∈π2 marked

f◦◦[U1|U2]
∏︂

B∈π1\U1
∪π2\U2

f◦[B]

(3.26)

for any finite S1, S2. Here, f◦ is the first-order free cumulant function introduced in
Definition 3.1.4.
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Note that we use a set function f that is symmetric under the interchanging of its
arguments instead of its skew-symmetric version f [S1|S2] = f [S2|S1] typically used in the
free probability literature to mimic the covariance functional (cf. [111, Ch. 5]). This choice
will simplify the computations by reducing the number of complex conjugates arising in
the intermediate steps.

Similar to (3.14), the implicit relation (3.26) may be turned into an explicit defini-
tion of f◦◦ by recursion. Note that the term f◦◦[[k] | [k + 1, k + ℓ]] in formula (3.26)
with f [[k] | [k + 1, k + ℓ]] on the left-hand side only occurs for the marked partition
{{1, . . . , k}} × {{k + 1, . . . , k + ℓ}} and hence always has coefficient one, so we can ex-
press it in terms of f , f◦, and the previously identified values of f◦◦. This shows that f◦◦ is
well-defined. Although we will not rely on Möbius inversion to express f◦◦, we remark that
it is possible to include both −−−→

NCP (k, ℓ) and the marked elements of NCP (k) ×NCP (ℓ)
into one common definition, the non-crossing partitioned permutations, which can be
endowed with a partial ordering and hence render it suitable for Möbius inversion. This
would allow to rewrite the right-hand side of (3.26) to a structure similar to (3.14) and
obtain a closed formula similar to (3.15). We refer to Sections 4 and 5 of [42] for the full
construction.

Similar to (3.14) above, the relation (3.26) is applied for one particular choice of f built
up from the Stieltjes transform m(z). We will later see that the set function ˜︂m[·|·] defined
below arises as the deterministic approximation of the (appropriately scaled) covariance
of ⟨G[1,k]⟩ and ⟨G[k+1,k+ℓ]⟩ in a similar way that the divided differences m[·] arise for the
expectation of ⟨G[1,k]⟩. In particular, ˜︂m[·|·] satisfies the symmetry and cyclicity assumption
in Definition 3.1.14. We give a recursive definition of ˜︂m[·|·] for now, however, closed
formulas are later obtained in Section 3.2.2.

Definition 3.1.15. Let S1 = (z1, . . . , zk′) ⊂ C \R and S2 = (zk′+1, . . . , zk′+ℓ′) ⊂ C \R be
two finite ordered multi-sets. We define ˜︂m[·|·] to be the set function taking values in C with
the properties (i)-(iii) listed below. Similar to m[·] in Definition 3.1.5, we interpret ˜︂m[·|·]
as a function of the indices of the spectral parameters.

(i) Symmetry: ˜︂m[·|·] is symmetric under the interchanging of its arguments, i.e., for
any sets B1 ⊆ S1, B2 ⊆ S2 we have

˜︂m[(i, zi ∈ B1)|(j, zj ∈ B2)] = ˜︂m[(j, zj ∈ B2)|(i, zi ∈ B1)].

(ii) Initial condition: For any sets B1 ⊆ S1, B2 ⊆ S2 we have

˜︂m[(i, zi ∈ B1)|∅] = ˜︂m[∅|(j, j ∈ B2)] = 0. (3.27)

(iii) Recursion: Let B1 ⊆ S1 and B2 ⊆ S2 be ordered subsets with |B1| = k ≤ k′

and |B2| = ℓ ≤ ℓ′ elements, respectively. For simplicity, we index them by [k]
and [k + 1, k + ℓ]. The function ˜︂m[·|·] satisfies the following linear recursion

˜︂m[1, . . . , k|k + 1, . . . , k + ℓ]

= m1

1 −m1mk

⎛⎝˜︂m[2, . . . , k|k + 1, . . . , k + ℓ]
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+
k−1∑︂
j=1

˜︂m[1, . . . , j|k + 1, . . . , k + ℓ]m[j, . . . , k]

+
k∑︂

j=2
m[1, . . . , j]˜︂m[j, . . . , k|k + 1, . . . , k + ℓ] + sGUE + sκ + sσ + sω

⎞⎠ (3.28)

where the source terms in the last line are given by

sGUE :=
ℓ∑︂

j=1
m[1, . . . , k, k + j, . . . , k + ℓ, k + 1, . . . , k + j]

sκ := κ4

k∑︂
r=1

∑︂
k+1≤s≤t≤k+ℓ

(︂
m[1, . . . , r]m[r, . . . , k]m[s, . . . , t]

×m[t, . . . , k + ℓ, k + 1, . . . , s]
)︂

sσ := σ
ℓ∑︂

j=1
m#,σ[1, . . . , k, k + j, . . . , k + ℓ, k + 1, . . . , k + j]

sω := ˜︂ω2

ℓ∑︂
j=1

m[1, . . . , k]m[k + j, . . . , k + ℓ, k + 1, . . . k + j].

Here, we wrote out the underlying multi-set in the definition of sκ to indicate that it
evaluates to m[s, s] instead of ms if t = s and the vector # ∈ {0, 1}k+ℓ+1 is given
by #1 = · · · = #k = 0 and #k+1 = · · · = #k+ℓ+1 = 1. Recall that m[·] denotes the
divided differences as introduced in Definition 3.1.5 and that m#,σ[·] was introduced
in Theorem 3.1.10.

Note that the recursion for ˜︂m[·|·] is linear with different types of source terms in the last
line of (3.28). Therefore, we may introduce the decomposition

˜︂m[·|·] = ˜︂mGUE[·|·] + κ4˜︂mκ[·|·] + σ˜︂mσ[·|·] + ˜︁ω2˜︂mω[·|·] (3.29)

where ˜︂mGUE [·|·] satisifes (3.28) for κ4 = σ = ˜︁ω2 = 0 and κ4˜︂mκ[·|·], σ˜︂mσ[·|·], and ˜︁ω2˜︂mω[·|·]
satisfy (3.28) with sκ, sσ, and sω as the only source term, respectively.
Note that the right-hand side of (3.28) only contains divided differences and ˜︂m[B1|B2]
for |B1|+|B2| < k+ℓ, so (3.28) indeed defines ˜︂m[·|·] recursively. The symmetry assumption
in (i) then extends (3.28) to the second entry of ˜︂m[·|·]. Moreover, all source terms in the last
line of (3.28) are fully expressable as a function of m1, . . . ,mk+ℓ by (3.16), making ˜︂m[·|·]
eventually a function of m1, . . . ,mk+ℓ as well.
As an example, setting σ = ˜︁ω2 = 0 and applying the recursion once gives

˜︂m[1|2] = m2
1m

2
2

(1 −m2
1)(1 −m2

2)(1 −m1m2)2 + κ4
m3

1m
3
2

(1 −m2
1)(1 −m2

2)

= m′
1m

′
2

(1 −m1m2)2 + κ4m1m
′
1m2m

′
2 (3.30)

with m′
i = m′(zi). We remark that ˜︂mGUE[1|2], seen as a function of (z1, z2), is sometimes

referred to as the second-order Cauchy transform of the GUE ensemble in the free
probability literature (cf. [53]). The corresponding first-order object is −m(z), which is
obtained by applying the usual Cauchy transform to the semicircle law.6

6The Cauchy transform of a probability measure µ is given by c(z) =
∫︁
R

µ(dx)
z−x and hence only differs

from the Stieltjes transform by a sign.
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We consider another special case in the following example.

Example 3.1.16. Whenever κ4 = σ = ˜︁ω2 = 0 and one argument of ˜︂mGUE[·|·] is a
singleton set, only the fourth line of (3.28) gives a non-zero contribution. Rewriting this
term using (3.16) (cf. Lemma 3.1.17 below) yields the closed formula

˜︂mGUE[1|2, . . . , ℓ+ 1] = m1

1 −m2
1

ℓ+1∑︂
j=2

m[1, . . . , j, . . . , ℓ+ 1, j] (3.31)

=
(︃ ℓ+1∏︂

s=1
ms

)︃(︃ ∑︂
Γ∈NCG([ℓ+1])

∏︂
(a,b)∈E(Γ)

qa,b

)︃ ℓ+1∑︂
j=2

m′
1

m1

m′
j

mj

(︃
1 +

∑︂
i ̸=j

qi,j

)︃
.

For ℓ = 2, we hence obtain

˜︂mGUE[1|2, 3] = m′
1(m′

2m3(1 −m1m3) +m2m
′
3(1 −m1m2))

(1 −m1m2)2(1 −m1m3)2(1 −m2m3)
.

Note that the right-hand side of (3.31) is fully expressed terms of non-crossing graphs on
a labeled disk. This is because −−−→

NCP (1, ℓ) and marked elements of NCP (1) ×NCP (ℓ)
can be reduced to disk non-crossing partitions in this special case. In particular, the
orientation of the circles is not relevant for this example.

The proof of (3.31) is immediate from the following combinatorial lemma which may be
of independent interest. We give its proof in Appendix 3.B.1.

Lemma 3.1.17. For j ∈ {1, . . . , k}, k ≥ 1, we have

m[1, . . . , j, . . . , k, j] = m[1, . . . , k]
(︃

1 +
∑︂

l∈[k]\{j}
qj,l

)︃m′
j

mj

(3.32)

with qi,j as in (3.13).

We also give some examples to illustrate the combinatorial formula (3.26) for the
choice f [·|·] = ˜︂mGUE[·|·].

Example 3.1.18 (Second-order free cumulants). Let κ4 = σ = ˜︁ω2 = 0. In the
case k = ℓ = 1, the only non-crossing annular permutation is (12) and there is also
only one option for marking {{1}} × {{2}}, namely {{1}} × {{2}}. Rearranging (3.26),
we thus get

m◦◦[1|2] = ˜︂m[1|2] −m[1, 2] +m1m2.

Similarly, considering k = 1 and ℓ = 2 yields

m◦◦[1|2, 3] = ˜︂m[1|2, 3] −˜︂m[1|2]m3 −˜︂m[1|3]m2 − 2m[1, 2, 3]
+ 2m1m[2, 3] + 2m2m[1, 3] + 2m3m[1, 2] − 4m1m2m3.

In the case k = ℓ = 2, there are 18 distinct non-crossing annular permutations (see
Fig. 3.7 below) and 4 elements in NCP (2) ×NCP (2). However, the second sum in (3.26)
consists of 9 terms in total due to the marking of the blocks as, e.g., {{1}, {2}} × {{3, 4}}
and {{1}, {2}} × {{3, 4}} correspond to m◦◦[1|3, 4]m2 and m◦◦[2|3, 4]m1, respectively,
which do not need to coincide. In total, the formula defining m◦◦[1, 2|3, 4] has 27 terms
on the right-hand side of (3.26).
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Fig. 3.7. The 18 elements of −−−→
NCP (2, 2).

We conclude this section by recalling the Kreweras complement for annular non-crossing
permutations from [112] (see Fig. 3.8 below for an example). Similarly to the disk case,
taking the Kreweras complement is an invertible map on −−−→

NCP (k, ℓ).

Definition 3.1.19 (Kreweras complement, annulus case). Consider the (k, ℓ)-annulus
and label the midpoints of the arcs between the points 1, . . . , k + ℓ (black in Fig. 3.8)
also by 1, . . . , k + ℓ (red in Fig. 3.8). Respecting the orientation of the two circles, we
arrange the new labels such that the arc s follows the point s. Let π ∈

−−−→
NCP (k, ℓ) be

visualized on the (k, ℓ)-annulus as in Definition 3.1.11. The (annular) Kreweras comple-
ment K(π) ∈

−−−→
NCP (k, ℓ) is defined as the maximal annular non-crossing permutation

on [k + ℓ] that can be drawn using only the labels at the midpoints of the arcs and without
intersecting the cycles of π. In particular, each cycle of K(π) again encloses a region in
the annulus that is homeomorphic to the disk with boundary oriented clockwise. In this
context, we consider an annular non-crossing permutation maximal if none of its cycles
can be extended (by merging cycles) without inducing a crossing.

Note that |π| + |K(π)| = k + ℓ for any π ∈
−−−→
NCP (k, ℓ) (see, e.g., [112, Sect. 6]). We

remark that while defining the annular Kreweras complement on the level of partitions
would also be possible, the resulting map does not have the same properties as in the
disk case (see, e.g., [112, Sect. 1] for a discussion). Therefore, we will only consider the
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Fig. 3.8. The annular non-crossing permutation π = (1275)(34)(6) in black and its
Kreweras complement K(π) = (1)(2456)(3)(7) in red.

annular Kreweras complement for permutations. Note that one can further assign a
unique Kreweras complement to any marked non-crossing partition π arising from some
element π1 × π2 ∈ NCP (k) × NCP (ℓ) by applying Definition 3.1.3 circle-wise. In this
case, we write K(π) = K(π1) ×K(π2).

3.2 Main Results
The main focus of the present paper lies in determining the limiting covariance structure
arising in the CLT for the centered statistics

Xα := ⟨T[1,k]⟩ − E⟨T[1,k]⟩ = ⟨G1A1 . . . GkAk⟩ − E⟨G1A1 . . . GkAk⟩, (3.33)
Yα := ⟨f1(W )A1 . . . fk(W )Ak⟩ − E⟨f1(W )A1 . . . fk(W )Ak⟩. (3.34)

Here, α = ((z1, A1), . . . , (zk, Ak)) resp. α := ((f1, A1), . . . , (fk, Ak)) is a multi-index
containing bounded deterministic matrices A1, . . . , Ak and either the spectral param-
eters z1, . . . , zk ∈ C \ R with |ℑzj| ≳ 1 appearing in the resolvents or the test func-
tions f1, . . . , fk ∈ Hk+1(R) with ∥fj∥ ≲ 1. Whenever we need to refer to the number k of
resolvents (resp. test functions) in the product Xα (resp. Yα), we carry the parameter k
as a superscript and write X(k)

α (resp. Y (k)
α ). Recall that we set Tj = GjAj = G(zj)Aj as

well as T[i,j] = TiTi+1 . . . Tj. Similarly, we introduce Fj := fj(W )Aj and use the interval
notation

F[i,j] := fi(W )Ai . . . fj(W )Aj

for i < j as well as F∅ = 0.

3.2.1 Resolvent Central Limit Theorem and Recursion
We start by identifying the joint distribution of multiple X(ki)

αi
with different ki and αi.

To state the limiting covariance structure, we introduce a recursively defined set func-
tion m2[·|·], which we later identify as the deterministic approximation of the (appro-
priately scaled) covariance of ⟨T[1,k]⟩ and ⟨T[k+1,k+ℓ]⟩ similar to M[k] and m1[·] arising
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for the expectation of T[1,k⟩Gk (see Theorem 3.1.9 as well as (3.21) and (3.22))7. Note
that α = ((z1, A1), . . . , (zk, Ak)) contains the same information on the spectral parameters
and deterministic matrices involved as the set of matrices (Tj, j ∈ [k]). We will, therefore,
occasionally abuse notation and use (zj, Aj) and Tj = GjAj interchangeably. In particular,
we write

m2[α|β] = m2[T1, . . . , Tk|Tk+1, . . . , Tk+ℓ]

where the two multi-indices α and β index the spectral parameters and deterministic
matrices in T1, . . . , Tk and Tk+1, . . . , Tk+ℓ, respectively. At this point, we only give a
recursive definition for m2[·|·], however, explicit formulas are later obtained in Section 3.2.2.
Note that the case σ = ˜︁ω2 = 0 of Definition 3.2.1 was already given in [122].

Definition 3.2.1. Let S1 = (T1, . . . , Tk′) and S2 = (Tk′+1, . . . , Tk′+ℓ′) be two (ordered)
finite sets of complex N × N-matrices of the form Tj = GjAj. We define m2[·|·] as
the (deterministic) function of pairs of sets S1, S2 with values in C and the following
properties:

(i) Symmetry: m2[·|·] is symmetric under the interchanging of its arguments, i.e., for
any sets B1 ⊆ S1, B2 ⊆ S2 we have

m2[(Ti, i ∈ B1)|(Tj, j ∈ B2)] = m2[(Tj, j ∈ B2)|(Ti, i ∈ B1)].

(ii) Initial condition: For any sets B1 ⊆ S1, B2 ⊆ S2 we have

m2[(Ti, i ∈ B1)|∅] = m2[∅|(Tj, j ∈ B2)] = 0. (3.35)

(iii) Recursion: Let B1 ⊆ S1 and B2 ⊆ S2 be ordered subsets with |B1| = k ≤ k′ and
|B2| = ℓ ≤ ℓ′ elements, respectively. We index the matrices in B1 by [k] and the
matrices in B2 by [k + 1, k + ℓ]. The function m2[·|·] satisfies the following linear
recursion

m2[T1, . . . , Tk|Tk+1, . . . , Tk+ℓ]

= m1

⎛⎝m2[T2, . . . , Tk−1, GkAkA1|Tk+1, . . . , Tk+ℓ]

+ q1,km2[T2, . . . , Tk−1, GkA1|Tk+1, . . . , Tk+ℓ]⟨Ak⟩ (3.36)

+
k−1∑︂
j=1

m2[T1, . . . , Tj−1, Gj|Tk+1, . . . , Tk+ℓ]
(︂
m1[Tj, . . . , Tk]

+ q1,km1[Tj, . . . , Tk−1, Gk]⟨Ak⟩
)︂

+
k∑︂

j=2
m1[T1, . . . , Tj−1, Gj]

(︃
m2[Tj, . . . , Tk|Tk+1, . . . , Tk+ℓ]

+ q1,km2[Tj, . . . , Tk−1, Gk|Tk+1, . . . , Tk+ℓ]⟨Ak⟩
)︃

+ sGUE + sκ + sσ + sω

⎞⎠
7Note the similarity between the notations m1[·] and m2[·|·], which take one and two resolvent chains

as arguments, respectively.
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where the source terms sGUE, sκ, sσ, and sω are given by

sGUE :=
ℓ∑︂

j=1

(︃
m1[T1, . . . , Tk, Tk+j, . . . , Tk+j−1, Gk+j]

+ q1,km1[T1, . . . , Tk−1, Gk, Tk+j, . . . , Tk+j−1, Gk+j]⟨Ak⟩
)︃

(3.37)

sκ := κ4

k∑︂
r=1

k+ℓ∑︂
s=k+1

(︃ s∑︂
t=k+1

⟨M[r] ⊙M(s,...,k+ℓ,k+1,...,t)⟩⟨(M[r,k]Ak) ⊙M[t,s]⟩

+
k+ℓ∑︂
t=s

⟨M[r] ⊙M[s,t]⟩⟨(M[r,k]Ak) ⊙M(t,...,k+ℓ,k+1,...,s)⟩
)︃

+ κ4q1,k

k∑︂
r=1

k+ℓ∑︂
s=k+1

(︃ s∑︂
t=k+1

⟨M[r] ⊙M(s,...,k+ℓ,k+1,...,t)⟩⟨M[r,k] ⊙M[t,s]⟩

+
k+ℓ∑︂
t=s

⟨M[r] ⊙M[s,t]⟩⟨M[r,k] ⊙M(t,...,k+ℓ,k+1,...,s)⟩
)︃

⟨Ak⟩. (3.38)

sσ := σ
ℓ∑︂

j=1
m1[T1 . . . , Tk, G

t
k+jA

t
k+j−1, . . . , G

t
k+ℓA

t
k+1, . . . , G

t
k+j−1A

t
k+j, Gk+j]

+ q1,kσ
ℓ∑︂

j=1
m1[T1 . . . , Tk−1, Gk, G

t
k+jA

t
k+j−1, . . .

. . . , Gt
k+ℓA

t
k+1, . . . , G

t
k+j−1A

t
k+j, Gk+j]⟨Ak⟩ (3.39)

sω := ˜︂ω2

ℓ∑︂
j=1

⟨(M[k]Ak) ⊙M(k+j,...,k+ℓ,k+1,...k+j)⟩

+ q1,k˜︂ω2

ℓ∑︂
j=1

⟨M[k] ⊙M(k+j,...,k+ℓ,k+1,...k+j)⟩⟨Ak⟩ (3.40)

Recall that ⊙ denotes the Hadamard product, q1,k was defined in (3.13), and M(... )
was defined in Theorem 3.1.9. Moreover, recall that m1[·] was defined in (3.21) and
the notation with transposes was introduced in (3.25).

Note that setting A1 = · · · = Ak+ℓ = Id reduces (3.36) to (3.28), showing that

m2[G1, . . . , Gk|Gk+1, . . . , Gk+ℓ] = m[1, . . . , k|k + 1, . . . , k + ℓ].

We use the linearity of the recursion and the different types of source terms to introduce
the decomposition

m2[·|·] = mGUE[·|·] + κ4mκ[·|·] + σmσ[·|·] + ˜︁ω2mω[·|·], (3.41)

where mGUE [·|·] satisfies (3.36) for κ4 = σ = ˜︁ω2 = 0, and κ4mκ[·|·], σmσ[·|·] resp. ˜︁ω2mω[·|·]
satisfy (3.36) with sκ, sσ resp. sω as only source term. Note that sGUE + sκ + sσ + sω

in (3.36) is fully expressible as a function of A1, . . . , Ak+ℓ andm1, . . . ,mk+ℓ by (3.22), (3.17)
and Lemma 3.A.2, eventually making m2[·|·] a function of the same quantities.

Recall that we set Xα = ⟨T1 . . . Tk⟩−E⟨T1 . . . Tk⟩ with α = ((z1, A1), . . . , (zk, Ak)). Before
stating the CLT for Xα, we note the following definition.
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Definition 3.2.2. Consider two functions of the Wigner matrix W in Assumption 3.1.1,
which we denote as N-dependent random variables X(N) and Y (N). We say that X(N) =
Y (N) + O(N−c) with c > 0 in the sense of moments if for any polynomial P it holds that

EP(X(N)) = EP(Y (N)) + O(N−c+ε),

for any smal ε > 0, where the implicit constant in O(·) only depends on the polynomial P
and the constants in Assumption 3.1.1.

We now give a CLT for Xα in (3.33). As the main interest of the present paper is
the deterministic approximation m2[·|·], we restrict the discussion of the CLT to the
macroscopic regime (|ℑzi| ≳ 1) for technical simplicity. Note that this implies in particular
that m2[·|·] as well as its components mGUE [·|·], mκ[·|·], mσ[·|·], and mω[·|·] are of order one.
The proof of Theorem 3.2.3 is analogous to that of [122, Thm. 3.6]. For the convenience
of the reader, we include the necessary modifications for adapting the proof in [122] to
the generalized model in Assumption 3.1.1 in Appendix 3.A.2.

Theorem 3.2.3 (Macroscopic CLT for resolvents). Fix p ∈ N, let α1, . . . , αp be multi-
indices, and let W be a Wigner matrix satisfying Assumption 3.1.1. For each j = 1, . . . , p
pick a set of spectral parameters z(j)

1 , . . . , z
(j)
kj

with |ℑz(j)
i | ≳ 1 and maxj |zj| ≤ N100 as

well as deterministic matrices A(j)
1 , . . . , A

(j)
kj

with ∥A(j)
i ∥ ≲ 1. Then,

NpE

(︃ p∏︂
j=1

Xαj

)︃
=

∑︂
Q∈P air([p])

∏︂
{i,j}∈Q

m2[αi|αj] + O
(︃
N ε

√
N

)︃
(3.42)

for any ε > 0. Here, Pair(S) denotes the pairings of a set S and m2[·|·] is a set function
that satisfies Definition 3.2.1. Equation (3.42) establishes an asymptotic version of Wick’s
rule and hence identifies the joint limiting distribution of the random variables (Xαj

)j as
asymptotically complex Gaussian in the sense of moments in the limit N → ∞.

By (3.41), Theorem 3.2.3 implies in particular that

lim
N→∞

N2E

(︃
XαXβ

)︃
= mGUE[α|β] + κ4mκ[α|β] + σmσ[α|β] + ˜︁ω2mω[α|β].

We remark that m2[·|·] is cyclic in the sense that

m2[(Tj, j ∈ S1)|T1, . . . , Tk] = m2[(Tj, j ∈ S1)|T2, . . . , Tk, T1]

and that further

m2[(Tj, j ∈ S1)|T1, . . . , Tk−1, Gk]

= m2[(Tj, j ∈ S1)|T2, . . . , Tk−1, GkA1] − m2[(Tj, j ∈ S1)|T1, . . . , Tk−1]
zk − z1

.

whenever z1 ̸= zk, Ak = Id, and σ = 0. These identities can be obtained from the "meta
argument" below [37, Lem. 4.1] (see also [122, Cor. 3.7]) using that the analogous formulas
for the original resolvent chains are trivially true by resolvent identities. However, any
additional information on m2[·|·] has to be obtained from the recursion (3.36) directly.
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3.2.2 Solution of the Recursion
After identifying m2[α|β] as the deterministic approximation of E[XαXβ], we consider
Definition 3.2.1 in detail. In this section, we derive the main result, which is a solution
to the (deterministic) recursion (3.36). This characterizes the overall structure of the
function m2[·|·] and yields explicit combinatorial formulas to replace the recursive definition
in applications. Making use of the linearity of the recursion and the decomposition (3.41),
it is sufficient to consider the components mGUE[·|·], mκ[·|·],mσ[·|·], and mω[·|·] separately.
We start by studying mGUE[·|·]. The proof consists of two steps that are carried out in
Section 3.3.

Theorem 3.2.4. Let α = ((z1, A1), . . . , (zk, Ak)) and β = ((zk+1, Ak+1), . . . , (zk+ℓ, Ak+ℓ))
for some k, ℓ ∈ N. Then,

mGUE[α|β] =
∑︂

π∈
−−−→
NCP (k,ℓ)

(︃ ∏︂
B∈K(π)

⟨︃ ∏︂
j∈B

Aj

⟩︃)︃ ∏︂
B∈π

m◦[B]

+
∑︂

π1×π2∈NCP (k)×NCP (ℓ),
U1∈π1,U2∈π2 marked

(︃ ∏︂
B1∈K(π1),
B2∈K(π2)

⟨︃ ∏︂
j∈B1

Aj

⟩︃⟨︃ ∏︂
j∈B2

Aj

⟩︃)︃
m◦◦[U1|U2]

×
∏︂

B1∈π1\U1,
B2∈π2\U2

m◦[B1]m◦[B2] (3.43)

with m◦ and m◦◦ being the first and second-order free cumulant functions as defined
in (3.14) and (3.26), respectively.

Observe that the right-hand side of (3.43) reduces to the combinatorial expression in (3.26)
if A1 = · · · = Ak+ℓ = Id.

Remark. Note that the right-hand side of (3.43) is symmetric with respect to in-
terchanging of ((z1, A1), . . . , (zk, Ak)) and ((zk+1, Ak+1), . . . , (zk+ℓ, Ak+ℓ)), which is con-
sistent with the symmetry of m2[·|·] in Definition 3.2.1(i). We can check this di-
rectly from (3.43) by observing that there is a one-to-one correspondence between
non-crossing permutations of the (k, ℓ)-annulus and those of the (ℓ, k)-annulus. This
follows from drawing the cycles of the permutation as curves on the respective annuli
and observing that interchanging the inner and outer circle with a conformal map (e.g.,
by inversion to a concentric circle between the outer and inner circle) preserves the
standardness and non-crossing property of the picture (cf. Definition 3.1.15). More-
over, this symmetry of ˜︂mGUE[·|·] implies that m◦◦[·|·] is also invariant under inter-
changing ((z1, A1), . . . , (zk, Ak)) and ((zk+1, Ak+1), . . . , (zk+ℓ, Ak+ℓ)) since ˜︂mGUE[·|·] de-
termines m◦◦[·|·] uniquely by Definition 3.1.14.

Example 3.2.5 (Asymptotics of covariances for GUE). We consider a special case of
Theorem 3.2.3. Let p = 2, k1 = k2 = 1, and assume that W is a GUE matrix8. By
decomposing A1 and A2 into a tracial and a traceless part, the deterministic approximation
for the covariance follows directly from [40, Thm. 4.1], giving

N2E(⟨T1⟩ − E⟨T1⟩)(⟨T2⟩ − E⟨T2⟩)

= ⟨A1A2⟩
m2

1m
2
2

(1 −m1m2)
+ ⟨A1⟩⟨A2⟩

(︃
m′

1m
′
2

(1 −m1m2)2 − m2
1m

2
2

(1 −m1m2)

)︃
+ O

(︃
N ε

√
N

)︃
8Note that we are only using that W satisfies Assumption 3.1.1 and κ4 = σ = ˜︁ω2 = 0.
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= ⟨A1A2⟩m◦[1, 2] + ⟨A1⟩⟨A2⟩m◦◦[1|2] + O
(︃
N ε

√
N

)︃
,

where the last equation follows from the formulas in Examples 3.1.6 and 3.1.18. Note that
the error bound Ψ/

√
L in [40, Eq. (91)] evaluates to O(1/

√
N) on macroscopic scales. We

remark that the deterministic leading term matches the formula for mGUE [T1|T2] obtained
from applying (3.36) to the initial condition mGUE[T1|∅] = 0.

Next, we consider the recursion for mκ[·|·]. We obtain a closed solution similar to
Theorem 3.2.4, i.e., a sum of terms that factorizes into two parts depending only on the
deterministic matrices A1, . . . , Ak+ℓ and the spectral parameters z1, . . . , zk+ℓ, respectively.
The proof of Theorem 3.2.6 is given in Section 3.4.1 below.

Theorem 3.2.6. Let α = ((z1, A1), . . . , (zk, Ak)) and β = ((zk+1, Ak+1), . . . , (zk+ℓ, Ak+ℓ))
for some k, ℓ ∈ N. Then there exist

(i) a family (ψπ,B)B∈π of functions ψB,π : C|B| → C for every π ∈
−−−→
NCP (k, ℓ) and

(ii) a family (ψπ,U1,U2)U1⊂[k],U2⊂[k+1,k+ℓ] of functions ψπ,U1,U2 : C|U1| × C|U2| → C that are
invariant under interchanging of the two arguments as well as functions
(ψπ1,B1)B1∈π1\U1 and (ψπ2,B2)B2∈π2\U2 with ψπi,Bi

: C|Bi| → C for every π = π1 × π2 ∈
NCP (k) ×NCP (ℓ) with marked blocks U1 ∈ π1 and U2 ∈ π2

such that

mκ[α|β] =
∑︂

π∈
−−−→
NCP (k,ℓ)

∏︂
B∈K(π)

⟨︃(︃ ∏︂
j∈B∩[k]

Aj

)︃
⊙
(︃ ∏︂

j∈B∩[k+1,k+ℓ]
Aj

)︃⟩︃ ∏︂
B∈π

ψπ,B(zj|j ∈ B)

+
∑︂

π=π1×π2∈NCP (k)×NCP (ℓ),
U1∈π1,U2∈π2 marked

(︃ ∏︂
B1∈K(π1),
B2∈K(π2)

⟨︃ ∏︂
j∈B1

Aj

⟩︃⟨︃ ∏︂
j∈B2

Aj

⟩︃)︃
(3.44)

× ψπ,U1,U2(zj|j ∈ U1 ∪ U2)
∏︂

B1∈π1\U1,
B2∈π2\U2

ψπ1,B1(zj|j ∈ B1)ψπ2,B2(zj|j ∈ B2),

where ⊙ denotes the Hadamard product.

Theorem 3.2.6 is a purely structural result which shows that mκ[·|·] can be written in terms
of non-crossing permutations and partitions similar to mGUE[·|·]. Despite the obvious
similarities between (3.43) and (3.44), considering the minimal example

m2[T1|T2] = mGUE[T1|T2] + κ4mκ[T1|T2]

= ⟨A1A2⟩
m2

1m
2
2

(1 −m1m2)
+ ⟨A1⟩⟨A2⟩

(︃
m′

1m
′
2

(1 −m1m2)2 − m2
1m

2
2

(1 −m1m2)

)︃
+ κ4

(︃
⟨a1a2⟩m3

1m
3
2 + ⟨A1⟩⟨A2⟩(2m1m

′
1m2m

′
2 −m3

1m
3
2)
)︃

with σ = ˜︁ω2 = 0 already shows that the functions ψi describing the dependence on the
spectral parameters do not coincide with the free cumulant functions m◦[·] and m◦◦[·|·]
in general. However, (3.36) implies that the functions ψi themselves satisfy a recursion.
Theorem 3.2.6 hence reduces the computation of mκ[·|·] from iterating (3.36) to an
inductive computation of the part that only depends on the spectral parameters.
We continue by deriving an explicit formula for mσ[·|·]. As the source term sσ in the
corresponding recursion is, up to transposes, identical to sGUE, the solution of the
recursion is analogous to Theorem 3.2.4 but uses m#,σ[·] instead of the iterated divided
differences m[·]. We give the proof in Section 3.4.2.
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Theorem 3.2.7. Let α = ((z1, A1), . . . , (zk, Ak)), β = ((zk+1, Ak+1), . . . , (zk+ℓ, Ak+ℓ)) for
some k, ℓ ∈ N and abbreviate

˜︂mσ[1, . . . , k|k + 1, . . . , k + ℓ] := mσ[G1, . . . Gk|Gk+1, . . . , Gk+ℓ]

in the special case A1 = · · · = Ak+ℓ. If B ∈ π is a connecting cycle of π ∈
−−−→
NCP (k, ℓ)

decomposed as B = (i1, . . . , ir)◦(j1, . . . , js) with i1, . . . , ir ⊂ [k] and j1, . . . , js ⊂ [k+1, k+ℓ],
we introduce the notation

Bσ := (i1, . . . , ir) ◦ (js, . . . , j1).

Then,

mσ[α|β] =
∑︂

π∈
−−−→
NCP (k,ℓ)

(︃ ∏︂
B∈K(π)

⟨︃ ∏︂
j∈B∩[k]

Aj

(︃ ∏︂
j∈B∩[k+1,k+j]

Aj

)︃t⟩︃)︃ ∏︂
B∈π

m#,σ
◦ [Bσ]

+
∑︂

π1×π2∈NCP (k)×NCP (ℓ),
U1∈π1,U2∈π2 marked

(︃ ∏︂
B1∈K(π1),
B2∈K(π2)

⟨︃ ∏︂
j∈B1

Aj

⟩︃⟨︃ ∏︂
j∈B2

Aj

⟩︃)︃
(3.45)

× (mσ)◦◦[U1|U2]
∏︂

B1∈π1\U1,
B2∈π2\U2

m#,σ
◦ [B1]m#,σ

◦ [B2]

where # = (0, . . . , 0, 1, . . . , 1) with the number of zeros and ones matching the number of
labels on the inner and outer circle involved in B, respectively. Moreover, m#,σ

◦ [·] denotes
the free cumulant function associated with m#,σ[·] via (3.14) and (mσ)◦◦[·|·] denotes
the second-order free cumulant function asssociated to ˜︂mσ[·|·] and m#,σ[·] via (3.26),
respectively.

Note that the set function mσ[·|·] satisfies the same factorization property as mGUE[·|·]
and mκ[·|·]. For k = ℓ = 1, it readily follows that

mσ[T1|T2] = ⟨A1A
t
2⟩

m2
1m

2
2

1 − σm1m2
+ ⟨A1⟩⟨A2⟩

(︃
m′

1m
′
2

(1 − σm1m2)2 − m2
1m

2
2

1 − σm1m2

)︃
.

We further remark that (3.41) evaluates to m2[·|·] = mGUE [·|·] +mσ[·|·] in the case of GOE
matrices (σ = 1 and κ4 = ˜︁ω2 = 0).

It remains to consider mω[·|·]. The proof of Theorem 3.2.8 is given in Section 3.4.2.

Theorem 3.2.8. Let α = ((z1, A1), . . . , (zk, Ak)) and β = ((zk+1, Ak+1), . . . , (zk+ℓ, Ak+ℓ))
for some k, ℓ ∈ N. Then there exist

(i) a family (Ψπ,B)B∈π of functions ΨB,π : C|B| → C for every π ∈
−−−→
NCP (k, ℓ) and

(ii) a family (Ψπ,U1,U2)U1⊂[k],U2⊂[k+1,k+ℓ] of functions Ψπ,U1,U2 : C|U1| ×C|U2| → C that are
invariant under interchanging of the two arguments, and functions (Ψπ1,B1)B1∈π1\U1

resp. (Ψπ2,B2)B2∈π2\U2 with Ψπi,Bi
: C|Bi| → C for every π = π1 × π2 ∈ NCP (k) ×

NCP (ℓ) with marked blocks U1 ∈ π1 and U2 ∈ π2
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such that

mω[α|β] =
∑︂

π∈
−−−→
NCP (k,ℓ)

∏︂
B∈K(π)

⟨︃(︃ ∏︂
j∈B∩[k]

Aj

)︃
⊙
(︃ ∏︂

j∈B∩[k+1,k+ℓ]
Aj

)︃⟩︃ ∏︂
B∈π

ΨB,π(zj|j ∈ B)

+
∑︂

π=π1×π2∈NCP (k)×NCP (ℓ),
U1∈π1,U2∈π2 marked

(︃ ∏︂
B1∈K(π1),
B2∈K(π2)

⟨︃ ∏︂
j∈B1

Aj

⟩︃⟨︃ ∏︂
j∈B2

Aj

⟩︃)︃
(3.46)

× Ψπ,U1,U2(zj|j ∈ U1 ∪ U2)
∏︂

B1∈π1\U1,
B2∈π2\U2

Ψπ1,B1(zj|j ∈ B1)Ψπ2,B2(zj|j ∈ B2).

Similar to Theorem 3.2.6, Theorem 3.2.8 is a pure structural result. It shows that the
last contribution mω[·|·] satisfies the same factorization property as mGUE[·|·], mκ[·|·],
and mσ[·|·]. In the case k = ℓ = 1, we have the formula

mω[T1|T2] = ⟨a1a2⟩m2
1m

2
2 + ⟨A1⟩⟨A2⟩(m′

1m
′
2 −m2

1m
2
2).

It further follows from (3.36) that the functions Ψi themselves satisfy a recursion. Theo-
rem 3.2.8 thus reduces the computation of mω[·|·] to the inductive computation of the
part that only depends on the spectral parameters.

3.2.3 General Test Functions and Applications to Free
Probability

We conclude the discussion by comparing the explicit formulas from Section 3.2.2 to the free
probability results in [107]. To do so, we generalize the CLT for resolvents in Theorem 3.2.3
to a full multi-point functional CLT for (N -independent) test functions f1, . . . , fk, i.e.,
a CLT for the statistics Yα in (3.34). Given Theorem 3.2.3 and the formulas fron
Section 3.2.2, the proof follows from a classical application of the Helffer-Sjöstrand
formula (analogous to the proof of [122, Thm. 2.7]) and is hence omitted. Note that we
restrict Theorem 3.2.9 to real-valued test functions only for simplicity. Extending the
results in this section to complex-valued test functions only requires minor modifications
to the argument.

Theorem 3.2.9 (Macroscopic multi-point functional CLT). Let k ∈ N and pick de-
terministic matrices A1, . . . , Ak ∈ CN×N with ∥Aj∥ ≲ 1. Let further W be a Wigner
matrix satisfying Assumption 3.1.1 and let f1, . . . , fk ∈ Hk+1(R) be real-valued compactly
supported test functions with ∥fj∥ ≲ 1. Then, for any ε > 0, the centered statistics (3.34)
are approximately distributed (in the sense of moments) as

NY (k,a)
α = ξ(α) + O

(︃
N ε

√
N

)︃
(3.47)

with a centered (N -dependent) Gaussian process ξ(α) satisfying

Eξ(α)ξ(β) =
∑︂

π∈
−−−→
NCP (k,ℓ)

(︃ ∏︂
B∈K(π)

⟨︃ ∏︂
j∈B

Aj

⟩︃)︃
Φ(GUE)

π (f1, . . . , fk+ℓ)

+ κ4
∑︂

π∈
−−−→
NCP (k,ℓ)

∏︂
B∈K(π)

⟨︃(︃ ∏︂
j∈B∩[k]

Aj

)︃
⊙
(︃ ∏︂

j∈B∩[k+1,k+ℓ]
Aj

)︃⟩︃
Φ(κ)

π (f1, . . . , fk+ℓ)
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+ σ
∑︂

π∈
−−−→
NCP (k,ℓ)

(︃ ∏︂
B∈K(π)

⟨︃ ∏︂
j∈B∩[k]

Aj

(︃ ∏︂
j∈B∩[k+1,k+j]

Aj

)︃t⟩︃)︃
Φ(σ)

π (f1, . . . , fk+ℓ) (3.48)

+ ˜︁ω2
∑︂

π∈
−−−→
NCP (k,ℓ)

∏︂
B∈K(π)

⟨︃(︃ ∏︂
j∈B∩[k]

Aj

)︃
⊙
(︃ ∏︂

j∈B∩[k+1,k+ℓ]
Aj

)︃⟩︃
Φ(ω)

π (f1, . . . , fk+ℓ)

+
∑︂

π1×π2∈NCP (k)×NCP (ℓ),
U1∈π1,U2∈π2 marked

(︃ ∏︂
B1∈K(π1),
B2∈K(π2)

⟨︃ ∏︂
j∈B1

Aj

⟩︃⟨︃ ∏︂
j∈B2

Aj

⟩︃)︃
Φπ1×π2,U1×U2(f1, . . . , fk+ℓ).

Here, β denotes another multi-index of length ℓ containing the deterministic matrices
Ak+1, . . . , Ak+ℓ satisfying ∥Aj∥ ≲ 1 and the test functions fk+1, . . . , fk+ℓ ∈ Hℓ+1(R). The
functions Φ(·)

π and Φπ1×π2,U1×U2 in (3.48) can be computed recursively and only depend
on the underlying permutation resp. marked partition, the functions f1, . . . , fk+ℓ and the
model parameters κ4, σ, and ˜︁ω2.

For the later applications, we note the following formulas for the case κ4 = σ = ˜︁ω2 = 0.
Corollary 3.2.10 below is proven in [122] by explicitly evaluating the integrals that are
obtained from the Helffer-Sjöstrand formula in the proof of the functional CLT.

Corollary 3.2.10 (Cor. 2.9 in [122]). Consider Theorem 3.2.9 for a GUE matrix9 W . In
this case, we have

Φ(GUE)
π (f1, . . . , fk+ℓ) :=

∏︂
B∈π

sc◦[B], (3.49)

where sc◦[·] denotes the free cumulant function associated with

sc[i1, . . . , in] :=
∫︂ 2

−2

[︃ n∏︂
j=1

fij
(x)
]︃
ρsc(x)dx, (3.50)

with ρsc as in (3.9), and

Φπ1×π2,U1×U2(f1, . . . , fk+ℓ) := sc◦◦[U1|U2]
∏︂

B1∈π1\U1,
B2∈π2\U2

sc◦[B1]sc◦[B2], (3.51)

where sc◦◦[·|·] denotes the second-order free cumulants associated with sc[·] in (3.50) and

sc[i1, . . . , in|in+1, . . . , in+m] := 1
2

∫︂ 2

−2

∫︂ 2

−2

(︃ n∏︂
j=1

fij
(x)
)︃′(︃ m∏︂

j=1
fin+j

(y)
)︃′
u(x, y)dxdy (3.52)

by Definition 3.1.14.The kernel u : [−2, 2] × [−2, 2] → R is given by

u(x, y) := 1
4π2 ln

[︃(
√

4 − x2 +
√

4 − y2)2(xy + 4 −
√

4 − x2
√

4 − y2)
(
√

4 − x2 −
√

4 − y2)2(xy + 4 +
√

4 − x2
√

4 − y2)

]︃
. (3.53)

We remark that the formula (3.53) also appears in [52] and [125] (see also [122, Cor. 3.8]).
Whenever fj(x) = x for all j = 1, . . . , k + ℓ or, more generally, fj is an (N -independent)
polynomial10, the N → ∞ limit of (3.48) describes the second-order limiting distribu-
tion of GUE and deterministic matrices in free probability. It is readily checked that
Theorem 3.2.9 indeed coincides with the free probability literature in this case. The
computations to obtain Corollary 3.2.11 are included in Appendix 3.B.2.

9We only use that W satisfies Assumption 3.1.1 and κ4 = σ = ˜︁ω2 = 0.
10We implicitly assume fj to be compactly supported by setting ˜︁fj(x) = fj(x)χ(x), where fj is a

polynomial supported on all of R and χ is a smooth cutoff function that is equal to one on [−5/2, 5/2]
and equal to zero on [−3, 3]c. Since fj(W ) = ˜︁fj(W ) with high probability by eigenvalue rigidity, we may
use fj and ˜︁fj interchangeably here.
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Corollary 3.2.11. Under the assumptions of Corollary 3.2.10 let f1(x) = · · · = fk+ℓ(x) =
x, i.e., Y (k,a)

α = ⟨WA1 . . .WAk⟩−E⟨. . . ⟩ and Y (ℓ,b)
β = ⟨WAk+1 . . .WAk+ℓ⟩−E⟨. . . ⟩. Then,

lim
N→∞

N2E

(︃
Y (k,a)

α Y
(ℓ,b)

β

)︃
=

∑︂
π∈

−−−→
NCP 2(k,ℓ)

(︃ ∏︂
B∈K(π)

⟨︃ ∏︂
j∈B

Aj

⟩︃)︃
(3.54)

where −−−→
NCP 2(k, ℓ) denotes the pairings in −−−→

NCP (k, ℓ).

We remark that the limit in (3.54) reproduces the well-known result of second-order
freeness of GUE and deterministic matrices from [113]. Moreover, computations similar
to Corollaries 3.2.10 and 3.2.11 for the GOE (σ = 1 and κ4 = ˜︁ω2 = 0) yield

lim
N→∞

N2E

(︃
Y (k,a)

α Y
(ℓ,b)

β

)︃
=

∑︂
π∈

−−−→
NCP 2(k,ℓ)

(︃ ∏︂
B∈K(π)

⟨︃ ∏︂
j∈B

Aj

⟩︃)︃

+
∑︂

π∈
−−−→
NCP 2(k,ℓ)

(︃ ∏︂
B∈K(π)

⟨︃ ∏︂
j∈B∩[k]

Aj

(︃ ∏︂
j∈B∩[k+1,k+j]

Aj

)︃t⟩︃)︃

which is the (real) second-order freeness of GOE and deterministic matrices established
in [118]. Apart from these two special cases, the deterministic approximation in Theo-
rem 3.2.9 mirrors the overall structure of the joint second-order distribution of Wigner
and deterministic matrices described in [107, Eq. (3)]. We remark that resolvents and
functions with an N -dependent mesoscopic scaling (3.5) as considered in [122] are usually
not accessible in free probability theory as many of the standard techniques rely on explicit
moment computations. Theorem 3.2.9 and its mesoscopic analog [122, Thm. 2.7] thus
show that the underlying combinatorics of non-crossing annular permutations and marked
partitions are, in fact, more general.
We further remark that the parallels between Theorem 3.2.9 and [107] continue to hold
if we consider multiple independent Wigner matrices instead of one matrix W . More
precisely, for n independent GUE (or GOE) matrices, the underlying combinatorial
structure is given by the so-called non-mixing annular non-crossing permutations resp.
non-mixing marked partitions for n colors (cf. Remark below [122, Cor. 2.11]).

3.3 Proof of Theorem 3.2.4 (Formula for mGUE[·|·])
The proof of Theorem 3.2.4 consists of two main steps:

1.) Solve the recursion for mGUE[·|·] in the case A1 = · · · = Ak+ℓ = Id. As m[·] can be
expressed in terms of non-crossing graphs on the disk, we can rewrite the coefficients
and the source term of the recursion in terms of graphs. By defining a suitable family
of graphs on the (k, ℓ)-annulus, we extend this representation to obtain an ansatz
for ˜︂mGUE[·|·] and, by Definition 3.1.14, also an expression for the second-order free
cumulant function.

2.) Using the formula for ˜︂mGUE[·|·] obtained in Step 1, write out the right-hand side
of (3.43) and show that it satisfies the recursion for mGUE . Checking that this ansatz
also satisfies the remaining properties in Definition 3.2.1 yields equality between
the two sides of (3.43).

We address the two steps in Sections 3.3.1 and 3.3.2, respectively.
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3.3.1 Step 1: Graphs
As we only consider ˜︂mGUE throughout this section, let κ4 = σ = ˜︁ω = 0 and thus˜︂mGUE[·|·] = ˜︂m[·|·]. Recall from (3.16) and (3.17) that both m[·] and m◦[·] are expressable
in terms of disk non-crossing graphs. In this section, we give analogous combinatorial
formulas for ˜︂m[·|·] and m◦◦[·|·]. For this task, we define a new, albeit closely related,
multi-set of graphs on the (k, ℓ)-annulus. We start by introducing a transformation that
translates between the disk and the annulus picture (cf. [111, Thm. 8 in Ch. 5]).

Definition 3.3.1. Fix k, ℓ ∈ N, 1 ≤ j ≤ ℓ, and consider a disk with the k + ℓ + 1
labels 1, . . . , k, k + j, . . . , k + ℓ, k + 1, . . . , k + j equidistantly placed around its boundary in
clockwise order. We define a map τ , refered to as mediating map, that takes this picture
to the (k, ℓ)-annulus as follows:

1.) Use a homeomorphic continuous deformation, e.g., a conformal map, to map the
disk and its labels to the (k, ℓ+ 1)-annulus with a slit located between 1 and k on the
outer circle and the two copies of k + j on the inner circle.

2.) Remove the slit to obtain an annulus.

3.) Merge the two copies of the label k + j.

We visualize τ for an example in Fig. 3.9 below. The two labels k + j are denoted as 6
and 6’ to distinguish between them more easily.

1

2

3

46

7

5

6′

|

|

conformal map−→

1

2

3

4 56’6 7
remove slit−→
join vertices

1

2

3

4 56
7

Fig. 3.9. The geometry of the transformation τ for k = 4, ℓ = 3, and j = 2.

The map τ induces a transformation of any graph Γ defined on the labeled disk to a
graph defined on the (k, ℓ)-annulus. We denote the resulting annulus graph as τ(Γ). By
construction, τ(Γ) is planar whenever Γ is a disk non-crossing graph. Recall that we use
a slightly more general notion of planar graphs than the standard literature by allowing
for loops and multi-edges. We give an example in Fig. 3.10 below. For better visibility,
the loop arising in the last step is moved from between the two (1, 3) edges to the right.

We can now introduce the family of graphs G(k, ℓ) that constitute the key tool in the
proof of Theorem 3.2.4. In analogy to the disk non-crossing graphs in Definition 3.1.7, we
require the elements of G(k, ℓ) to be drawn on the (k, ℓ)-annulus with the vertices placed
around the boundary and the edges drawn in the interior of the annulus (see Fig. 3.10
and Example 3.3.4 below).
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1 2

33’

map to annulus−→

1

2

3’
3

join vertices−→

1

2

3

Fig. 3.10. Construction of τ(Γ) for a graph Γ ∈ NCG({1, 2, 3, 3′}).

Definition 3.3.2. For k, ℓ ∈ N we define G([k], [k + 1, k + ℓ]) to be the multi-set11 of
undirected, planar graphs on the (k, ℓ)-annulus with vertex set {1, . . . , k + ℓ} and possible
loops or double edges that is obtained from the following recursive construction:

(i) For any S1 ⊂ [k] and S2 ⊂ [k + 1, k + ℓ] we have

G(S1, ∅) = G(∅, S2) = ∅. (3.55)

(ii) The multi-set G([k], [k + 1, k + ℓ]) can be constructed from the multi-sets G(S1, [k +
1, k + ℓ]) with S1 ⊊ [k] as follows: We define

G¬(1,k) := G1 ∪ G2 ∪ G3 ∪ G4, (3.56)

as the disjoint union of the sets

G1 :=
{︂
Γ ∪ {1}

⃓⃓⃓
Γ ∈ G([2, k], [k + 1, k + ℓ])

}︂
G2 :=

k⋃︂
j=2

{︂
Γ = Γ1 ∪ Γ2

⃓⃓⃓
Γ1 ∈ NCG([1, j]) with edge (1, j),

Γ2 ∈ G([j, k], [k + 1, k + ℓ])
}︂
,

G3 :=
k−1⋃︂
j=1

{︂
Γ = Γ1 ∪ Γ2

⃓⃓⃓
Γ1 ∈ G([1, j], [k + 1, k + ℓ]) with edge (1, j),

Γ2 ∈ NCG([j, k])
}︂
,

G4 :=
ℓ⋃︂

j=1
τ
(︃{︂

Γ ∈ NCG({1, . . . , k, k + j, . . . , k + ℓ, k + 1, . . . , k + j − 1, k + j})
⃓⃓⃓

Γ has edge (1, k + j)
}︂)︃
.

Here, the union Γ ∪ {1} in G1 is to be understood as adding a separated vertex 1
to Γ while the union Γ1 ∪ Γ2 in G2 and G3 refers to the graph with the vertex
set {1, . . . , k + ℓ} and the edge set given by the union of the edge sets of Γ1 and Γ2,
respectively. Further, recall τ from Definition 3.3.1. We remark that all elements
of G1, . . . ,G4 are planar graphs. Next, let

G(1,k) :=
{︂
Γ ∪ {(1, k)}

⃓⃓⃓
Γ ∈ G¬(1,k)

}︂
,

11The graph Γ may be obtained in several different ways from the recursive construction. This is
reflected by the multiplicity of Γ in the multi-set G([k], [k + 1, k + ℓ]).
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where the union is to be understood as adding an edge (1, k) to each graph in G¬(1,k).
Observe that the resulting graphs are again planar. Finally, we define

G([k], [k + 1, k + ℓ]) := G(1,k) ∪ G¬(1,k), (3.57)

where any graphs that occur more than once are counted with multiplicity. In
particular, whenever the same graph occurs in both G(1,k) and G¬(1,k), the multiplicity
of Γ ∈ G([k], [k + 1, k + ℓ]) is the total number of occurrences of Γ in both subsets.

(iii) G(S1, S2) = G(S2, S1) for any S1 ⊂ [k] and S2 ⊂ [k + 1, k + ℓ] (in the sense that
there is a well-defined bijective mapping that takes each element of G(S1, S2) to its
counterpart).

We abbreviate G(k, ℓ) := G([k], [k + 1, k + ℓ]) and refer to its elements as good graphs.
The subset of connected good graphs is denoted by Gc(k, ℓ). Any edge (i, j) with i ∈ [k]
and j ∈ [k + 1, k + ℓ] is referred to as connecting edge.

We give a schematic overview of the elements in G(k, ℓ) in Fig. 3.11 below. To avoid
overcrowding, labels and edges that are not prescribed by the definition are left out.

1 2k

0

0

0

1

j

0

0

1

j

0

0

1

0

0

0 k + j

Fig. 3.11. Schematic visualization of the elements of G1, G2, G3, and G4 (left to right).
Different subgraphs are indicated by different line styles.

Remark. The occurrence of multi-edges or loops is inherent to the construction of G(k, ℓ),
which can be seen from a simple counting argument. First, note that an element of G(k, ℓ)
can have at most 2(k + ℓ) edges by construction. To see this, observe that the elements
of G¬(1,k) with the highest number of edges lie in G4 and that Γ ∈ G4 has the same number
of edges as the underlying disk non-crossing graph. As any disk non-crossing graph on n
vertices has at most 2n− 3 edges (realized by a triangulation), the maximal number of
edges for Γ ∈ G4 is 2(k + ℓ+ 1) − 3 = 2(k + ℓ) − 1. As (3.57) may add another edge to Γ,
the maximum for G(k, ℓ) is 2(k + ℓ) edges. On the other hand, the maximal number of
edges in a planar graph on the (k, ℓ)-annulus without multi-edges or loops is only 2(k + ℓ)
if k, ℓ ≥ 3 (again realized by a triangulation). It is readily seen that such a graph has
strictly less than 2(k + ℓ) edges if either k or ℓ is one or two. As the construction in
Definition 3.3.2 does not introduce crossings and begins with the cases k, ℓ ≤ 2, the
difference between the two maxima must be reflected as multi-edges or loops.

We further remark that G(k, ℓ) is a genuine multi-set, i.e., some graphs appear with
multiplicity larger than one, unless k = ℓ = 1 (cf. Lemma 3.3.5(d) and Fig. 3.13). The
key property shared by all elements of G(k, ℓ) is that each graph arises from some disk
non-crossing graph along the recursive construction. Therefore, we may interpret G4 as a
kind of source term. In view of Lemma 3.3.3 below, the multi-set G(k, ℓ) gives an annulus
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analog to the disk non-crossing graphs, as it plays the same role in the combinatorial
description of ˜︂m[·|·] as NCG(S) does for m[·].

Lemma 3.3.3. For fixed k, ℓ ∈ N, we have

˜︂m[1, . . . , k|k + 1, . . . , k + ℓ] =
(︃ k+ℓ∏︂

s=1
ms

)︃ ∑︂
Γ∈G(k,ℓ)

∏︂
(i,j)∈E(Γ)

qi,j. (3.58)

Proof. As qi,j = qj,i by (3.13) and G(k, ℓ) = G(ℓ, k) by Definition 3.3.2(iii), it readily follows
that the right-hand side of (3.58) is symmetric under the interchanging [k] and [k+1, k+ℓ].
Similar to the proof of [39, Lem. 5.2], we use the combinatorial formula (3.58) as an
ansatz to solve the recursion given in (3.27) and (3.28). First, observe that

(︃ k∏︂
s=1

ms

)︃ ∑︂
Γ∈G(S1,∅)

∏︂
(i,j)∈E(Γ)

qi,j =
(︃ k+ℓ∏︂

s=k+1
ms

)︃ ∑︂
Γ∈G(∅,S2)

∏︂
(i,j)∈E(Γ)

qi,j = 0

for any S1 ⊂ [k] and S2 ⊂ [k + 1, k + ℓ] due to the sums being empty. Hence, the initial
condition (3.27) is satisfied.

It remains to check (3.28). We introduce the notation

qΓ :=
∏︂

(i,j)∈E(Γ)
qi,j

and conclude from the decompositions (3.57) and (3.56) that
∑︂

Γ∈G(k,ℓ)
qΓ = (1 + q1,k)

∑︂
Γ∈G¬(1,k)

qΓ

= (1 + q1,k)
(︃ ∑︂

Γ∈G1

qΓ +
∑︂

Γ∈G2

qΓ +
∑︂

Γ∈G3

qΓ +
∑︂

Γ∈G4

qΓ

)︃
. (3.59)

Noting that the vertex 1 in Γ ∈ G1 has no adjacent edges, we may write
∑︂

Γ∈G1

qΓ =
∑︂

Γ∈G([2,k],[k+1,k+ℓ])
qΓ.

Further, the transformation τ only changes the geometry underlying a graph Γ, but does
not influence its edge set. By the definition of G4, any Γ ∈ NCG([1, . . . , k + ℓ, k + j])
used in the construction must have at least one edge (1, k + j). As a consequence, the
product qΓ always includes the factor q1,k+j = m1mk+j(1 + q1,k+j). This yields

∑︂
Γ∈G4

qΓ =
ℓ∑︂

j=1

(︃
m1mk+j

∑︂
Γ∈NCG([1,...,k+ℓ,k+j])

qΓ

)︃
.

Note that the identity q1,k+j = m1mj(1 + q1,k+j) allows writing summations restricted
to graphs with an edge (1, k + j) on the left-hand side into an unrestricted sum over all
graphs on the right-hand side. We use the same trick for G2 and G3 as qΓ1∪Γ2 = qΓ1qΓ2 for
the union of graphs introduced in Definition 3.3.2. With these replacements, (3.59) can
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be written as
1

1 + q1,k

∑︂
Γ∈G(k,ℓ)

qΓ

=
∑︂

Γ∈G([2,k],[k+1,k+ℓ])
qΓ +

k∑︂
j=2

m1mj

(︃ ∑︂
Γ∈NCG([1,j])

qΓ

)︃(︃ ∑︂
Γ∈G([j,k],[k+1,k+ℓ])

qΓ

)︃

+
k−1∑︂
j=1

m1mj

(︃ ∑︂
Γ∈G([1,j],[k+1,k+ℓ])

qΓ

)︃(︃ ∑︂
Γ∈NCG([j,k])

qΓ

)︃

+
ℓ∑︂

j=1
m1mk+j

(︃ ∑︂
Γ∈NCG([1,...,k+ℓ,k+j])

qΓ

)︃
.

Multiplying both sides with ∏︁k+ℓ
s=1 ms and noting that 1 + q1,j = (1 − m1mj)−1, we see

that the right-hand side of (3.58) satisfies (3.28) as claimed.

Example 3.3.4. We have |G(1, 1)| = 8. The graphs are visualized in Fig. 3.12 below.

1

2

1

2

1

2

1

2
1

2

1

2

1

2

1

2

Fig. 3.12. The elements of G(1, 1).

In particular, we readily reobtain (3.30) by evaluating qΓ for every graph in the above
list. Note that decomposing (3.30) into the form m1m2

∑︁
Γ∈G(1,1) qΓ is possible in multiple

ways. However, picking graphs that contain a connecting edge yields the set G(1, 1) in
Fig. 3.12 as the smallest possible set.

We state a few properties of the elements of G(k, ℓ). In Lemma 3.3.5, we focus on general
characteristics of Γ ∈ G(k, ℓ) as a planar graph drawn on the (k, ℓ)-annulus. The properties
of G(k, ℓ) that are needed for the proof of the combinatorial formula for m◦◦ are given in
the separate Lemma 3.3.6.

Lemma 3.3.5. Let k, ℓ ∈ N.

(a) The connected components of any Γ ∈ G(k, ℓ) give rise to a non-crossing partition
of the (k, ℓ)-annulus. In particular, Γ contains a connecting edge if k, ℓ ≥ 1.

(b) Γ ∈ G(k, ℓ) may have at most two loops. Loops only occur at vertices that are
adjacent to a connecting edge. Two loops on vertices on the same circle do not
occur.

(c) Γ ∈ G(k, ℓ) may have up to k+ℓ−1 double edges. Double edges are either connecting
edges or adjacent to a connecting edge. Edges with a multiplicity higher than two do
not occur.
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(d) G(k, ℓ) is a genuine multi-set unless k = ℓ = 1.

Proof. (a) We use proof by induction. First, note that the elements of G(S1, ∅) = ∅
and G(∅, S2) = ∅ with S1 ⊆ [k] and S2 ⊆ [k + 1, k + ℓ] clearly give rise to an annular
non-crossing partition. Moreover, Example 3.3.4 establishes the claim in the case k = ℓ = 1
and shows that any Γ ∈ G(1, 1) contains at least one connecting edge.

Assume next that the elements of G(S1, [k + 1, k + ℓ]) give rise to an annular non-crossing
partition for any S1 ⊂ [k] with |S1| ≤ k − 1 and a fixed ℓ ≥ 1. We aim to show
that the connected components of any Γ ∈ G(k, l) also correspond to the blocks of
some π ∈ NCP (k, ℓ). Due to the symmetry induced by Definition 3.3.2(iii), this is enough
to establish the induction step.

By definition, the vertices 1 and k lie next to each other on the outer circle. Hence,
adding an edge (1, k) may connect two connected components, but cannot introduce a
crossing in the partition obtained from them. It is, therefore, sufficient to check the
claim for elements of G¬(1,k) or, equivalently, for the sets G1, G2, G3, and G4 in (3.56).
First, note that the transformation τ indeed takes the disk partition induced by the disk
non-crossing graph to an annular non-crossing partition. This is due to the continuous
homeomorphism used in the definition of τ . Moreover, the edge (1, k + j) prescribed
for Γ ∈ NCG({1, . . . , k, k + j, . . . , k + j − 1, k + j}) by the definition is mapped to a
connecting edge, ensuring that the resulting partition has a connecting block.

By construction, the graphs in G1, G2, and G3 contain an element of G(S1, [k+1, k+ℓ]) with
some S1 ⊂ [k] as a subgraph. Applying the induction hypothesis for G([2, k], k + 1, k + ℓ])
and noting that a separate vertex 1 only adds a singleton set to the underlying partition,
we can conclude that G1, too, behaves as claimed. The argument for G2 and G3 is similar.
Here, the key observation is that the connected components of the added disk non-crossing
graph induce a non-crossing partition of an interval placed along the outer circle. Recalling
that all elements of NCP (k, ℓ) have at least one connecting block, the corresponding
connected component of Γ ∈ G(k, ℓ) must contain a connecting edge.

(b) It is readily seen that the elements of G(S1, ∅) = ∅ and G(∅, S2) = ∅ with S1 ⊆ [k]
and S2 ⊆ [k + 1, k + ℓ], as well as all Γ ∈ G(1, 1) have the claimed structure. Moreover,
adding an edge (1, k) to a graph cannot introduce a loop unless k = 1, so it is again
sufficient to establish the induction step for G¬(1,k).

By Definition 3.1.7, a disk non-crossing graph does not contain any loops. Hence, any
loops of Γ ∈ G1 ∪ G2 ∪ G3 must occur in the subgraph in G(S1, [k + 1, k+ ℓ]) with S1 ⊂ [k]
used to construct Γ. As the induction hypothesis applies to this subgraph, we conclude
that Γ has at most two loops that satisfy the claimed placement rules, respectively. For
Γ ∈ G4, note that applying τ to an element of NCG({1, . . . , k, k+ j, . . . , k+ j − 1, k+ j})
yields an annulus graph with a loop if and only if the disk non-crossing graph contains an
edge (k + j, k + j). As the latter must also contain an edge (1, k + j) by definition, a loop
in Γ is always adjacent to a connecting edge.

We remark that the loops in Γ ∈ G(k, ℓ) are a consequence of the definition of τ rather
than an artifact of the recursive construction of G(k, ℓ), i.e., they can be created only once.
In particular, Γ can only contain a loop if it arises from G4 or its analog in a previous
iteration. Hence, the construction cannot yield a graph with more than two loops or more
than one loop per circle, respectively. In particular, any graph in G(k, ℓ) containing more
than one loop is necessarily obtained from an element in G(1, 1) with two loops.
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(c) Again, the elements of G(S1, ∅) = ∅ and G(∅, S2) = ∅ with S1 ⊆ [k] and S2 ⊆
[k + 1, k + ℓ], as well as all Γ ∈ G(1, 1) have the claimed structure. We further note that
any double edges of Γ ∈ G1 ∪ G2 ∪ G3 must occur in the subgraph in G(S1, [k + 1, k + ℓ])
with S1 ⊂ [k] used to construct Γ and that the induction hypothesis applies to the
latter. For Γ ∈ G4, a double edge occurs if and only if the corresponding element
of NCG({1, . . . , k, k+ j, . . . , k+ j−1, k+ j}) has a vertex i that shares an edge with both
copies of k+j. However, there is at most one such vertex in [k] and [k+1, k+ℓ], respectively,
as having two vertices i, i′ connected to both copies of k+ j in either set induces a crossing.
In particular, any double edge shares a vertex with the edge (1, k + j) ∈ Γ prescribed by
the definition. Hence, all graphs in G¬(1,k) have the claimed structure.
It remains to consider G(1,k), i.e., to add an edge (1, k) to the graphs considered previously.
In the case j = k of G2, this doubles an existing (1, k) edge. By part (a), any such graph
must also have an edge connecting k with a vertex in [k + 1, k + ℓ]. This shows that the
placement rule for double edges is satisfied. Further, at most one doubled edge can be
added with each application of the recursion, i.e., there are at most k+ ℓ− 1 double edges
in total. It is readily checked that two is indeed the highest edge multiplicity possible.
(d) As the case k = ℓ = 1 has already been discussed in Example 3.3.4, let k = 2, ℓ = 1,
and consider τ(NCG({1, 2, 3, 3})). We relabel the vertices as 1, 2, 3, 3′ to distinguish
between the two copies of the doubled vertex 3 more easily. Observe that the graphs Γ1
and Γ2 with edge sets {(1, 3′), (2, 3′)} and {(1, 3′), (2, 3)}, respectively, give rise to the same
element of G(2, 1), namely the annulus graph with edge set {(1, 3), (2, 3)} (see Fig. 3.13
below).

1 2

33’

0

0

1 2

33’

0

0

1

2

3

Fig. 3.13. Two disk non-crossing graphs that give rise to the same annulus graph.

Hence, G(1, 2) is indeed a multi-set. By Definition 3.3.2, either G(1, 2) or G(2, 1) is used in
the construction of G(k, ℓ) for k, ℓ > 2, i.e., the construction yields again a multi-set.

For the following discussion, we introduce the disjoint decomposition

G(k, ℓ) = Gdec(k, ℓ) ∪ G¬dec(k, ℓ), (3.60)

where Gdec(k, ℓ) denotes the graphs in G(k, ℓ) that have double edges or loops and G¬dec(k, ℓ)
denotes the graphs that do not have either. We refer to the elements of Gdec(k, ℓ) as
decorated graphs.

Lemma 3.3.6. Let k, ℓ ∈ N.

(a) Whenever Γ ∈ G(k, ℓ) has more than one connected component that contains a
connecting edge, every connected component of Γ can be uniquely identified with a
disk non-crossing graph.

97



3. Fluctuation Moments for Regular Functions of Wigner Matrices

(b) Whenever Γ ∈ G(k, ℓ) has exactly one connected component with a connecting edge
and Γ is not decorated, the same identification as in (a) holds, but it is no longer
unique. If Γ1 denotes the connected component of Γ that contains a connecting edge
and U1 ∪ U2 with U1 ⊂ [k] and U2 ⊂ [k + 1, k + ℓ] is the vertex set of Γ1, there
are |U1| · |U2| different ways to identify the connected components of Γ with a disk
non-crossing graph.

Lemma 3.3.6 translates between a graph Γ ∈ G(k, ℓ), the partition induced by its
connected components and the cycle structure arising in (3.43). We give a schematic of
the construction of the disk graphs in Fig. 3.14 below. Recall from Definition 3.1.11 that
any cycle of an annular non-crossing permutation encloses a region homeomorphic to the
unit disk with the boundary oriented clockwise.

1
2

39

→

1
2

39

→

1
2

39

1

9 3

Fig. 3.14. A subgraph of Γ ∈ G(k, ℓ) with the induced partition πΓ and a possible
permutation π′

Γ (left) as well as the disk non-crossing graph obtained for a connected
component of Γ (right).

Note that the assignment of the orientation in the second step on the left of Fig. 3.14 is
not unique if πΓ has only one connecting block (cf. [112, Prop. 4.6], see Fig. 3.5 for an
example). We remark that (a) and (b) are almost complementary cases and that only
decorated graphs with exactly one connected component containing a connecting edge are
not covered by Lemma 3.3.6. The proof of (a) further shows that any Γ ∈ G(k, ℓ) with at
least two connected components containing a connecting edge cannot be decorated.

We give the full construction behind the schematics in Fig. 3.14 below.

Proof of Lemma 3.3.6. (b) It follows from Lemma 3.3.5(a) that the connected components
of Γ give rise to a partition πΓ ∈ NCP (k, ℓ). By Propositions 4.4. and 4.6 of [112], any
element of NCP (k, ℓ) may be identified with an annular non-crossing permutation, i.e.,
its blocks can be given an orientation (see the left of Fig. 3.14). This orientation of
the individual cycles is naturally induced by the orientation of the inner and outer
circle. However, the identification between NCP (k, ℓ) and −−−→

NCP (k, ℓ) is only unique
whenever the underlying partition has more than one connecting block. If there is only
one connecting block U1 ∪ U2 with U1 ⊂ [k], U2 ⊂ [k + 1, k + ℓ], there are |U1| · |U2|
possibilities to identify πΓ with an annular non-crossing permutation (cf. Fig. 3.5). We
fix one π′

Γ ∈
−−−→
NCP (k, ℓ) that is associated with πΓ in this way.

By definition, the cycles of π′
Γ can be drawn on the (k, ℓ)-annulus such that each cycle

encloses a region between the circles homeomorphic to the disk with boundary oriented
clockwise. Adding the elements of the cycle around the boundary yields a labeled disk as
in Definition 3.1.7. We may use the same transformation to map a connected component
of Γ to a disk non-crossing graph (see Fig. 3.15 below). Note that this transformation
cannot induce any crossings of the edges of Γ, however, any loops or double edges of the
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original graph are kept. Hence, we only obtain a disk non-crossing graph in the sense of
Definition 3.1.7 if Γ does not contain any loops or double edges to begin with.

1
2

39

→

1

9 3

1
2

39

→

1

9 3

Fig. 3.15. Transformation of a cycle of π′
Γ ∈

−−−→
NCP (k, ℓ) to a circle (left) and the induced

transformation of a connected component of Γ ∈ G(k, ℓ) into a disk graph (right).

(a) Assume next that Γ ∈ G(k, ℓ) has at least two connected components that contain a
connecting edge. It follows from Definition 3.3.2 that this structure can only arise from G4
in (3.56) or its analog in a previous iteration of the recursive definition. Since adding
subgraphs that only live on one circle of the (k, ℓ)-annulus does not interfere with the
following argument, assume w.l.o.g. that Γ arises from G4 directly. To have two connecting
blocks, Γ must have at least two connecting edges (i1, i2) and (i′1, i′2) where i1, i′1 ∈ [k],
i2, i

′
2 ∈ [k + 1, k + ℓ] and i1 ̸= i′1, i2 ̸= i′2. Note that either (i1, i2) or (i′1, i′2) may coincide

with the edge (1, k + j) prescribed by the definition.
Let ˜︁Γ ∈ NCG({1, . . . , k, k+ j, . . . , k+ j− 1, k+ j}) denote a disk non-crossing graph such
that τ (˜︁Γ) = Γ. Here, τ denotes the map introduced in Definition 3.3.1. By construction, ˜︁Γ
also has two edges edges (i1, i2) and (i′1, i′2) with i1, i

′
1 ∈ [k], i2, i′2 ∈ [k + 1, k + ℓ] and

i1 ≠ i′1, i2 ̸= i′2. This structure imposes several restrictions on ˜︁Γ, as can be seen from
Fig. 3.16 below.

1

i1

i′1

kk + j

i′2

i2

k + j
k + j − 1

→

1k

i1i′1

k+j
i′2 i2

→

1k

i1i′1

k+j
i′2 i2

Fig. 3.16. A schematic visualization of ˜︁Γ (left) and its mapping to the original graph
Γ = τ(˜︁Γ) (right).

First, there cannot be an edge (1, k) ∈ ˜︁Γ without violating the non-crossing condition.
Together with (3.57), this implies that Γ = τ (˜︁Γ) has at most a single edge (1, k). Further, ˜︁Γ
cannot contain a vertex that connects to both copies of k + j. This implies that Γ = τ (˜︁Γ)
cannot have any double edges. Lastly, Γ cannot have any loops, as ˜︁Γ containing an edge
(k + j, k + j) would induce a crossing, too. Hence, any Γ ∈ G(k, ℓ) with more than one
connected component containing a connecting edge has only single edges and no loops.

So far, we have only considered the non-crossing annular partition induced by an element
of G(k, ℓ). The following lemma allows us to partially reverse this relation and explicitly
construct a graph that is associated with a given π ∈ NCP (k, ℓ).
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Lemma 3.3.7. For every π ∈ NCP (k, ℓ) there is at least one Γ ∈ G(k, ℓ) for which the
vertex sets of the connected components coincide with the blocks of π. If π has exactly one
connecting block, then there is at least one such graph in Gdec(k, ℓ) and one in G¬dec(k, ℓ),
respectively.

We briefly sketch the construction of an element on G(k, ℓ) from a given annular non-
crossing partition. For the example, we assume that the sketched connecting block is the
only one in the partition. After completing the steps sketched in Fig. 3.17, the remaining
connected components of the graph are readily added using steps corresponding to G1, G2,
and G3 in Definition 3.3.2 and the symmetry under interchanging of the inner and outer
circle.

1

27

→

1

27

→

17’

7 2

τ→

1

2

7

Fig. 3.17. The construction of an element of G(2, 1) (right) from the connecting block of
an annular non-crossing partition (left).

Proof of Lemma 3.3.7. Fix π ∈ NCP (k, ℓ) and assume first that π has at least two
connecting blocks. W.l.o.g. let 1 and k be assigned to different blocks of π. Indeed, if 1
and k occurred in the same block, we may split it into two disjoint parts that contain 1
and k, respectively, and later add an edge (1, k) to the graph obtained from this modified
partition. Further, assume w.l.o.g. that 1 is contained in a connecting block. If i > 1 were
the smallest element that occurs in a connecting block, we may further remove any blocks
containing {1, . . . , i− 1} from the partition and later add a suitable subgraph. Note that
the latter is possible by only using steps corresponding to G1 and G2 in Definition 3.3.2.
Under these assumptions, there exists ˜︁π ∈ NCP ({1, . . . , k, k+j, . . . , k+j−1, k+j}) such
that the transformation τ in Definition 3.3.1 maps the blocks of ˜︁π to the blocks of π. This is
readily seen from Fig. 3.9, as 1 and k being in different blocks implies that none of the blocks
of π intersects the slit between 1 and k. We pick j such that 1 and k + j are in the same
block of π and may further choose ˜︁π such that one copy of the doubled label k+1 occurs as
a singleton set. Finally, define ˜︁Γ ∈ NCG({1, . . . , k, k+ 1, . . . , k+ ℓ, k+ 1}) by considering
each block B = {i1, . . . , in} ∈ ˜︁π separately and adding the edges (i1, i2), . . . , (i1, in) to
the graph. By construction, the vertex sets of the connected components of ˜︁Γ coincide
with the blocks of ˜︁π. Considering Γπ = τ(˜︁Γ) now yields the element of G(k, ℓ) with the
claimed properties (cf. Fig. 3.17, where the procedure is sketched for a single block).
Next, consider π ∈ NCP (k, ℓ) that has only one connecting block U = U1 ∪ U2 with
U1 ⊆ [k], U2 ⊆ [k + 1, k + ℓ]. Similar to the first case, we can construct a disk non-
crossing graph ΓU for which τ(ΓU) ∈ Gc(|U1|, |U2|). As τ(ΓU) is only required to have
one connecting edge, there is also a choice for ΓU containing a (k + j, k + j) edge (cf.
Fig. 3.15). In particular, we obtain at least one graph in Gc,¬dec(|U1|, |U2|) and one graph
in Gc,dec(|U1|, |U2|), respectively. The remaining connected subgraphs of Γπ are then added
recursively by alternating between adding an isolated vertex (cf. G1) and a disk non-
crossing graph (cf. G2 and G3) to τ (ΓU ). Note that starting from τ (ΓU ) ∈ Gc,¬dec(|U1|, |U2|)
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yields a graph that is not decorated while starting from τ(ΓU ) ∈ Gc,dec(|U1|, |U2|) yields a
decorated graph.

Using the properties of Γ ∈ G(k, ℓ) from Lemmas 3.3.6 and 3.3.7, we obtain an explicit
non-recursive combinatorial formula for m◦◦.

Lemma 3.3.8. Let k, ℓ ∈ N. Then,

m◦◦[1, . . . , k|k + 1, . . . , k + ℓ] =
(︃ k+ℓ∏︂

s=1
ms

)︃ ∑︂
Γ∈Gc(k,ℓ)

cΓqΓ, (3.61)

with suitable constants cΓ ∈ Z. In particular, cΓ = 1 for Γ ∈ Gdec(k, ℓ).

Note that the constants cΓ for Γ ∈ G¬dec(k, ℓ) are readily obtained from the multiplicity
of the corresponding graph in the multi-set, however, their exact values are not needed
for the proof of Theorem 3.2.4.

Proof. We start by observing that any connected component of Γ ∈ G(k, ℓ) with a
connecting edge is itself an annular non-crossing graph. Further, a connected component
of Γ that only involves vertices from either [k] or [k + ℓ] cannot contain loops or double
edges (cf. (b) and (c) of Lemma 3.3.5) and we may identify it with a disk non-crossing
graph.
To simplify notation, decompose any B ⊆ S1 ∪ S2 as a union B1 ∪ B2 with B1 ⊆ [k],
B2 ⊆ [k + 1, k + ℓ] and associate it with a tuple (B1, B2) if neither of the subsets is
empty. This allows us to use the common notation NCG(B) for both disk and annular
graphs by setting NCG(B) = G(B1, B2) whenever B contains elements from both [k]
and [k + 1, k + ℓ], and NCG(B) = NCG(B1) resp. NCG(B) = NCG(B2) if it does not.
Splitting the sum in (3.58) according to the underlying partition, we can write

˜︂m[1, . . . , k|k + 1, . . . , k + ℓ] =
(︃ k+ℓ∏︂

s=1
ms

)︃ ∑︂
Γ∈G(k,ℓ)

qΓ

=
∑︂

π∈NCP (k,ℓ)

∏︂
B∈π

[︃(︃ ∏︂
s∈B

ms

)︃ ∑︂
Γ∈NCGc(B)

qΓ

]︃
(3.62)

where NCGc(B) denotes the connected graphs in NCG(B). By Lemma 3.3.7, none of
the sums on the right-hand side are empty. However, there may be multiple permutations
in −−−→
NCP (k, ℓ) as well as a marked element of NCP (k) ×NCP (ℓ) associated with a given

annular non-crossing partition π ∈ NCP (k, ℓ). To obtain the same structure as in (3.26),
we thus need to decompose the sum over π ∈ NCP (k, ℓ) on the right-hand side of (3.62)
further.
Distinguishing by the number of connecting blocks of π yields

∑︂
π∈NCP (k,ℓ)

∏︂
B∈π

[︃(︃ ∏︂
s∈B

ms

)︃ ∑︂
Γ∈NCGc(B)

qΓ

]︃
(3.63)

=
∑︂

π∈NCP (k,ℓ),
1 conn. block

∏︂
B∈π

[︃(︃ ∏︂
s∈B

ms

)︃ ∑︂
Γ∈NCGc(B)

qΓ

]︃
+

∑︂
π∈NCP (k,ℓ),

≥2 conn. blocks

∏︂
B∈π

[︃(︃ ∏︂
s∈B

ms

)︃ ∑︂
Γ∈NCGc(B)

qΓ

]︃
.

As an annular non-crossing partition with at least two connecting blocks uniquely cor-
responds to an annular non-crossing permutation (cf. [112, Prop. 4.4]), we may replace
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NCP (k, ℓ) by −−−→
NCP (k, ℓ) in the summation if we interpret a cycle as an ordered set.

Together with Lemma 3.3.6 and (3.17), it follows that
∑︂

π∈NCP (k,ℓ),
≥2 conn. blocks

∏︂
B∈π

[︃(︃ ∏︂
s∈B

ms

)︃ ∑︂
Γ∈NCGc(B)

qΓ

]︃

=
∑︂

π∈
−−−→
NCP (k,ℓ),

≥2 conn. cycles

∏︂
B∈π

[︃(︃ ∏︂
s∈B1∪B2

ms

)︃ ∑︂
Γ∈NCGc(B1∪B2)

qΓ

]︃
(3.64)

=
∑︂

π∈
−−−→
NCP (k,ℓ),

≥2 conn. cycles

∏︂
B∈π

m◦[B1 ∪ B2].

where we used that m◦ is invariant under permutation of the spectral parameters (zj)j.
Applying a similar argument for the partitions with one connecting block U , interpreted
as (U1, U2) with U1 = U ∩ [k], U2 = U ∩ [k + 1, k + ℓ], yields

∑︂
π∈NCP (k,ℓ),
1 conn. block

∏︂
B∈π

[︃(︃ ∏︂
s∈B

ms

)︃ ∑︂
Γ∈NCGc(B)

qΓ

]︃

=
∑︂

π∈NCP (k,ℓ),
1 conn. block

[︃(︃ ∏︂
s∈U

ms

)︃ ∑︂
Γ∈Gc(U)

qΓ

]︃ ∏︂
B∈π\{U}

[︃(︃ ∏︂
s∈B

ms

)︃ ∑︂
Γ∈NCGc(B)

qΓ

]︃

=
∑︂

π∈NCP (k,ℓ),
1 conn. block

[︃(︃ ∏︂
s∈U

ms

)︃ ∑︂
Γ∈Gc(U)

qΓ

]︃ ∏︂
B∈π\{U}

m◦[B] (3.65)

by (3.17). Note that B ≠ U cannot involve both sets [k] and [k + 1, k + ℓ], as U is the
only connecting block. Using (3.60), we decompose∑︂

Γ∈Gc(U)
qΓ =

∑︂
Γ∈Gc,dec(U)

qΓ +
∑︂

Γ∈Gc,¬dec(U)
qΓ

and recall from Lemma 3.3.7 that neither sum on the right-hand side is empty. Note that
the split induced by (3.60) also decomposes the right-hand side of (3.65) into two terms.
Next, consider the term corresponding to Gc,¬dec(U) and recall that any Γ ∈ Gc,¬dec(U)
can be identified with a disk non-crossing graph by Lemma 3.3.6(b). However, this
identification is not unique. Decompose U into U1 = U ∩ [k], U2 = U ∩ [k+ 1, k+ ℓ]. Then
there are |U1| · |U2| different disk graphs that can be obtained from a given Γ ∈ Gc,¬dec(U).
As the resulting graphs only differ in the labeling of the vertices and m◦ is invariant under
permutation of its arguments, the contribution of each graph to the sum is the same.
Recall that the number of annular non-crossing permutations arising from π ∈ NCP (k, ℓ)
is equal to |U1| · |U2| by [112, Prop. 4.6]. We thus write∑︂

Γ∈Gc,¬dec(U)
qΓ = |U1| · |U2|

∑︂
Γ∈NCGc(U1∪U2)

qΓ +
∑︂

Γ∈Gc,¬dec(U)
cΓqΓ.

with suitable constants cΓ ∈ Z. In particular, we do not necessarily have cΓ = 1. This can
be seen from considering the element of G(2, 1) that has the edge set {(1, 2), (1, 3), (2, 3)}.
Hence, ∑︂

Γ∈Gc(U)
qΓ = |U1| · |U2|

∑︂
Γ∈NCGc(U1∪U2)

qΓ +
∑︂

Γ∈Gc(U)
cΓqΓ. (3.66)
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where we set cΓ = 1 for Γ ∈ Gc,dec(U). Note that the contribution of the first term of (3.66)
to (3.65) is

∑︂
π∈NCP (k,ℓ),

1 conn. block U

[︃(︃ ∏︂
s∈U

ms

)︃
· |U1| · |U2|

∑︂
Γ∈NCGc(U1∪U2)

qΓ

]︃ ∏︂
B∈π\{U}

m◦[B]

=
∑︂

π∈
−−−→
NCP (k,ℓ),

1 conn. block

∏︂
B∈π

m◦[B1 ∪ B2]. (3.67)

Putting everything together, the right-hand side of (3.63) reads

˜︂m[1, . . . , k|k + 1, . . . , k + ℓ] =
∑︂

π∈
−−−→
NCP (k,ℓ)

∏︂
B∈π

m◦[B] (3.68)

+
∑︂

π∈NCP (k)×NCP (ℓ),
U1,U2 marked

∏︂
B∈π\{U1,U2}

m◦[B1 ∪ B2]
[︃(︃ ∏︂

s∈U

ms

)︃ ∑︂
Γ∈Gc(U)

cΓqΓ

]︃
.

with cΓ ∈ Z as in (3.66) and U = U1 ∪ U2. The first term on the right-hand side of (3.68)
is the sum of (3.64) and (3.67). The second term is obtained from the second term
in (3.66) by noting that U is the only connecting block of the partition, i.e., any block
of π \ {U} only lives on one of the circles. Observing that this matches the structure
in (3.26), we obtain (3.61) by comparing term-by-term.

We finally have all the necessary tools to prove Theorem 3.2.4.

3.3.2 Step 2: Conclusion
Proof of Theorem 3.2.4. Let f denote the right-hand side of (3.43). We recall that the
initial condition (3.35) is immediate from Definition 3.3.2(ii) and that the symmetry
in Definition 3.2.1(i) follows from the remark on Theorem 3.2.4 above. Hence, it only
remains to check that f satisfies the recursion (3.36). To simplify notation, we interpret f
as a function of the multi-indices α and β.
Similar to the proof of [39, Lem. 4.4], we use (3.17) and (3.61) to write out the first and
second-order free cumulant functions in terms of suitable graphs. This yields

f[α|β]
m1 . . .mk+ℓ

=
∑︂

π∈
−−−→
NCP (k,ℓ)

(︃ ∏︂
B∈K(π)

⟨︃ ∏︂
j∈B

Aj

⟩︃)︃ ∏︂
B∈π

(︃ ∑︂
Γ∈NCGc(B1∪B2)

qΓ

)︃
(3.69)

+
∑︂

π∈NCP (k)×NCP (ℓ),
U1,U2 marked

(︃ ∏︂
B∈K(π)

⟨︃ ∏︂
j∈B

Aj

⟩︃)︃(︃ ∑︂
Γ∈NCGc(U1,U2)

cΓqΓ

)︃

×
∏︂

B∈π\{U1,U2}

(︃ ∑︂
Γ∈NCGc(B1∪B2)

qΓ

)︃
.

To collect the terms involving the deterministic matrices A1, . . . , Ak, we define

F(π) :=
∏︂

B∈K(π′)

⟨︃ ∏︂
j∈B

Aj

⟩︃
(3.70)

for any π ∈ NCP (k, ℓ) that has more than one connecting block. Here, π′ ∈
−−−→
NCP (k, ℓ)

denotes the unique permutation for which the blocks of π′ coincide with π. Further, we
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define
F(π) :=

∑︂
π′∈

−−−→
NCP (k,ℓ)

blocks(π′)=π

(︃ ∏︂
B∈K(π′)

⟨︃ ∏︂
j∈B

Aj

⟩︃)︃
+

∏︂
B∈K(π′′)

⟨︃ ∏︂
j∈B

Aj

⟩︃
(3.71)

for any π ∈ NCP (k, ℓ) that has exactly one connecting block U . Here, π′′ is the
marked partition obtained from π by splitting the connecting block into U1 = U ∩ [k]
and U2 = U ∩ [k + 1, k + ℓ], and marking U1, U2 on the respective circles.

Next, we decompose the sum over −−−→
NCP (k, ℓ) in (3.69) according to the number of

connecting cycles in the permutation and rewrite the right-hand side as

f[α|β]
m1 . . .mk+ℓ

=
∑︂

π∈NCP (k,ℓ)
F(π)

∏︂
B∈π

(︃ ∑︂
Γ∈NCGc(B)

qΓ

)︃

using (3.70) and (3.71). Recall that any connected component of Γ ∈ G(k, ℓ) can either
be identified with a disk non-crossing graph or itself satisfies Definition 3.3.2. We can
thus interpret NCGc(B) as a connected component of a bigger graph and rewrite

∑︂
π∈NCP (k,ℓ)

F(π)
∏︂

B∈π

(︃ ∑︂
Γ∈NCGc(B)

qΓ

)︃
=

∑︂
Γ∈G(k,ℓ)

F(πΓ)qΓ. (3.72)

Here, πΓ denotes the partition arising from the vertex sets of the connected components
of Γ.

Using (3.57) from Definition 3.3.2, decompose the right-hand side of (3.72) as

∑︂
Γ∈G(k,ℓ)

F(πΓ)qΓ =
∑︂

Γ∈G¬(1,k)

qΓ

(︃
F(πΓ) + q1,kF(πΓ∪{(1,k)})

)︃
. (3.73)

Recall that Γ ∪ {(1, k)} denotes the graph obtained from adding an edge (1, k) to Γ and
that, therefore, qΓ∪{(1,k)} = q1,kqΓ. Next, apply (3.56) to split the right-hand side of (3.73)
into contributions corresponding to G1, G2, G3, and G4. This yields

∑︂
Γ∈G(k,ℓ)

F(πΓ)qΓ =
∑︂

Γ∈G([2,k],[k+1,k+ℓ])
qΓ

(︃
F(πΓ) + q1,kF(πΓ∪{(1,k)})

)︃
(3.74)

+
k∑︂

j=2

∑︂
Γ∈NCG(1,j)([1,j])×G([j,k],[k+1,k+ℓ])

qΓ

(︃
F(πΓ) + q1,kF(πΓ∪{(1,k)})

)︃

+
k−1∑︂
j=1

∑︂
Γ∈G(1,j)([1,j],[k+1,k+ℓ])×NCG([j,k)]

qΓ

(︃
F(πΓ) + q1,kF(πΓ∪{(1,k)})

)︃

+
ℓ∑︂

j=1

∑︂
Γ∈NCG(1,k+j)({1,k,k+j,...,k+ℓ,...,k+j})

qΓ

(︃
F(πΓ) + q1,kF(πΓ∪{(1,k)})

)︃
,

where the edges prescribed in the definitions of G2, G3, and G4 are added as a subscript to
NCG and G, respectively. It remains to compare (3.74) with (3.36).

Computation of the first line of (3.74): Recall that ∑︁Γ∈G1 qΓ = ∑︁
Γ∈G([2,k],[k+1,k+ℓ]) qΓ. As

any Γ ∈ G1 has an isolated vertex 1, the set {1} appears as a singleton block of the
underlying partition πΓ. Let π′

Γ denote an annular non-crossing permutation with blocks

104



3.3. Proof of Theorem 3.2.4 (Formula for mGUE[·|·])

given by πΓ. Then (. . . k1 . . . ) ∈ K(π′
Γ), i.e., 1 and k appear in the same cycle of the

Kreweras complement. This gives

∏︂
B∈K(π′

Γ)

⟨︃ ∏︂
j∈B

Aj

⟩︃
=

∏︂
B∈K(π′

Γ)|(1,k]∪[k+1,k+ℓ]

⟨︃ ∏︂
j∈B

A′
j

⟩︃
(3.75)

where A′
j = Aj for j = 2, . . . k − 1 and j ∈ [k + 1, k + ℓ], but A′

k = AkA1. Considering
F(πΓ∪(1,k)), note that adding an edge (1, k) to the graph Γ implies that (k) ∈ K(πΓ∪{(1,k)}),
i.e., ⟨Ak⟩ always occurs as a separate factor in F . Hence, whenever πΓ has more than one
connecting block we can use (3.70) to evaluate

F(πΓ) + q1,kF(πΓ∪{(1,k)})

=
∏︂

B∈K(π′
Γ)|⟨1,k]∪[k+1,k+ℓ]

⟨︃ ∏︂
j∈B

A′
j

⟩︃
+ q1,k⟨Ak⟩

∏︂
B∈K(π′

Γ)|(1,k)∪[k+1,k+ℓ]

⟨︃ ∏︂
j∈B

Aj

⟩︃
(3.76)

with A′
j as in (3.75). In the remaining cases, πΓ has only one connecting block U , and F

is a sum of two terms. As the first term of (3.71) can be evaluated similarly to (3.76),
we only consider the second term. Let π′′

Γ denote the element of NCP (k) ×NCP (ℓ) in
which the blocks U1 = U ∩ [k] and U2 = U ∩ [k + 1, k + ℓ] are marked. Recall that the
marking does not influence the Kreweras complement, which is taken for both circles
separately here. As 1 and k lie on the same circle, we can argue as in the permutation
case. It follows that

(︃ k+ℓ∏︂
s=1

ms

)︃ ∑︂
Γ∈G([2,k],[k+1,k+ℓ])

qΓ

(︃
F(πΓ) + q1,kF(πΓ∪{(1,k)})

)︃
= m1

(︂
F [T2, . . . , Tk−1, GkAkA1|Tk+1, . . . , Tk+ℓ]

+ q1,kF [T2, . . . , Tk−1GkA1|Tk+1, . . . , Tk+ℓ]⟨Ak⟩
)︂
. (3.77)

Computation of the second line of (3.74): For the contribution arising from G2, recall
that Γ = Γ1 ∪ Γ2 with Γ1 ∈ NCG(1,j)([1, j]) and Γ2 ∈ G([j, k], [k + 1, k + ℓ]) implies
qΓ = qΓ1qΓ2 , i.e., the weights factorize. Further, the term involving Γ1 evaluates to

∑︂
Γ1∈NCG(1,j)([1,j])

qΓ1 = q1,j

1 + q1,j

∑︂
Γ1∈NCG[1,j])

qΓ1 = m1mj

∑︂
Γ1∈NCG[1,j])

qΓ1 (3.78)

as qΓ1 always includes a factor q1,j if Γ1 ∈ NCG(1,j)([1, j]).

Let πΓ ∈ NCP (j) × NCP (k − j + 1, ℓ) denote the partition associated with a graph
Γ ∈ NCG(1,j)([1, j]) × G([j, k], [k + 1, k + ℓ]) in the second term of (3.74) and let π′

Γ is be
an annular non-crossing permutation with blocks given by πΓ. Since the edge (1, j) must
occur in Γ, the vertices 1 and j must be associated with same cycle of π′

Γ. Hence, the
elements in [1, j⟩ and [j, k] are in different cycles of K(π′

Γ). Moreover, none of 1, . . . , j − 1
can be part of a connecting cycle in K(π′

Γ). This implies the decomposition

∏︂
B∈K(π′

Γ)

⟨︃ ∏︂
j∈B

Aj

⟩︃
=
(︃ ∏︂

B∈K(π′
Γ|[1,j])

⟨︃ ∏︂
i∈B\{j}

Ai

⟩︃)︃(︃ ∏︂
B∈K(π′

Γ|[j,k]∪[k+1,k+ℓ])

⟨︃ ∏︂
i∈B

Ai

⟩︃)︃
.
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Again, the only difference between F(πΓ) and F(πΓ∪{(1,k)}) is the fact that ⟨Ak⟩ must
occur as a separate factor in the second case. Thus, we can argue as in (3.76) and evaluate

F(πΓ) + q1,kF(πΓ∪{(1,k)}) =
(︃ ∏︂

B∈K(πΓ|[1,j])

⟨︃ ∏︂
i∈B\{j}

Ai

⟩︃)︃(︃ ∏︂
B∈K(π′

Γ|[j,k]∪[k+1,k+ℓ])

⟨︃ ∏︂
i∈B

Ai

⟩︃)︃

+ q1,k⟨Ak⟩
(︃ ∏︂

B∈K(πΓ|[1,j])

⟨︃ ∏︂
i∈B\{j}

Aj

⟩︃)︃

×
(︃ ∏︂

B∈K(π′
Γ|[j,k]∪[k+1,k+ℓ])

⟨︃ ∏︂
i∈B\{k}

Ai

⟩︃)︃
(3.79)

whenever πΓ has more than one connecting block and (3.70) applies.
In the remaining cases, F(πΓ) is evaluated using (3.71). Here, the first term can be treated
similarly to (3.79), leaving only the contribution of the marked partition π′′

Γ. Recalling
that [1, j⟩ and [j, k] lie on the same circle and that K(π′′

Γ) is evaluated circle-wise, we can
argue as in the permutation case. In particular,

F(πΓ) =
∑︂

π′
Γ∈

−−−→
NCP (k,ℓ)

blocks(π′
Γ)=πΓ

(︃ ∏︂
B∈K(π′

Γ|[1,j])

⟨︃ ∏︂
i∈B\{j}

Ai

⟩︃)︃(︃ ∏︂
B∈K(π′

Γ|[j,k]∪[k+1,k+ℓ])

⟨︃ ∏︂
i∈B

Ai

⟩︃)︃

+
(︃ ∏︂

B∈K(π′′
Γ|[1,j])

⟨︃ ∏︂
i∈B\{j}

Ai

⟩︃)︃(︃ ∏︂
B∈K(π′′

Γ|[j,k]∪[k+1,k+ℓ])

⟨︃ ∏︂
i∈B

Ai

⟩︃)︃

=
(︃ ∏︂

B∈K(πΓ|[1,j])

⟨︃ ∏︂
i∈B\{j}

Ai

⟩︃)︃
F(πΓ2)

i.e., F factorizes similar to (3.79). Here, Γ2 denotes the subgraph of Γ ∈ G2 that lies
in G([j, k], [k + 1, k + ℓ]). Using (3.22) and (3.17), we evaluate

(︃ k+ℓ∏︂
s=1

ms

)︃ ∑︂
Γ∈NCG(1,j)([1,j])×G([j,k],[k+1,k+ℓ])

qΓ

(︃
F(πΓ) + q1,kF(πΓ∪{(1,k)})

)︃

= m1m1[T1, . . . , Tj−1, Gj]
(︂
F [Tj, . . . , Tk|Tk+1, . . . , Tk+ℓ]

+ q1,kF [Tj, . . . , Tk−1, Gk|Tk+1, . . . , Tk+ℓ]⟨Ak⟩
)︂
. (3.80)

Computation of the third line of (3.74): The contribution from G3 can be treated similarly
to the second line of (3.74).
Computation of the fourth line of (3.74): For the term that arises from G4, recall that τ
only influences the geometry of the graph, but not its edge set. Hence, the summation
reduces to the underlying disk non-crossing graphs and we can evaluate it using (3.22)
and (3.17). As the only difference between F(πΓ) and F(πΓ∪{(1,k)}) is again the fact
that ⟨Ak⟩ must occur as a separate factor in the second case, we obtain

(︃ k+ℓ∏︂
s=1

ms

)︃ ∑︂
Γ∈NCG(1,k+j)({1,k,k+j,...,k+ℓ,...,k+j})

qΓ

(︃
F(πΓ) + q1,kF(πΓ∪{(1,k)})

)︃

= m1
(︂
m1[T1, . . . , Tk, Tk+j, . . . , Tk+j−1, Gk+j]

+ q1,km1[T1, . . . , Tk−1, Gk, Tk+j, . . . , Tk+j−1, Gk+j]⟨Ak⟩
)︂
. (3.81)
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Similar to (3.78), Γ containing an edge (1, k + j) ensures that the contribution has the
prefactor m1.

Putting (3.77), (3.80), and (3.81) together, we see that (3.74) is equivalent to (3.36)
with f[·|·] in place of m2[·|·]. We conclude that f[·|·] satisfies the same symmetry and initial
condition as m2[·|·], as well as the same recursion. Recall that these three properties
uniquely identify f[α|β] and m2[α|β] for any multi-indices α, β. It now readily follows by
induction that f[α|β] and m2[α|β] indeed coincide for all α, β, i.e., that f[·|·] = m2[·|·], as
claimed.

3.4 Proof of the Formulas for mκ[·|·], mσ[·|·], and mω[·|·]

3.4.1 Proof of Theorem 3.2.6
We use proof by induction over the length of the multi-indices and the recursion for mκ[·|·]
from (3.36). First, recall that by definition of NCP (k), NCP (ℓ), and −−−→

NCP (k, ℓ) both
sums on the right-hand side of (3.44) are empty whenever either α or β is empty. Observing
that Definition 3.2.1(i) together with Theorem 3.2.4 implies that mκ[S1|∅] = mκ[∅|S2] = 0,
the base case is established. As the formula on the right-hand side of (3.44) is further
symmetric under the interchanging α and β (cf. remark below Theorem 3.2.4), it is
sufficient to only carry out the induction step for one of the arguments in mκ[·|·].

Fix k, ℓ ∈ N and assume that (3.44) holds for multi-indices α of length 1, . . . , k − 1
and β of length ℓ. Recalling that κ4mκ[·|·] satisfies (3.36) with sκ in (3.38) as the only
source term, we can use the recursion to express mκ[α|β] in terms of m1[·] and mκ[α′|β]
with multi-indices α′ of length 1, . . . , k − 1. The claim thus follows by applying the
induction hypothesis and showing that the expression obtained from the recursion can be
rewritten to match the structure on the right-hand side of (3.44). We start by considering
the summands on the right-hand side of (3.36) separately and then check that their
sum, i.e., mκ[·|·], is of the same form. To facilitate keeping track of the individual
contributions, we start with the terms on the right-hand side of (3.36) that do not contain
the prefactor q1,k and abbreviate

K1 := m1mκ[T2, . . . , Tk−1, GkAkA1|Tk+1, . . . , Tk+ℓ]
K

(j)
2 := m1mκ[T1, . . . , Tj−1, Gj|Tk+1, . . . , Tk+ℓ]m1[Tj, . . . , Tk], j ∈ [k − 1]

K
(j)
3 := m1m1[T1, . . . , Tj−1, Gj]mκ[Tj, . . . , Tk|Tk+1, . . . , Tk+ℓ], j ∈ [2, k]

K
(r,s,t)
4 := m1⟨M[r] ⊙M[s,t]⟩⟨(M[r,k]Ak) ⊙M(t,...,k+ℓ,k+1,...,s)⟩,

r ∈ [k], k + 1 ≤ s ≤ t ≤ k + ℓ.

As the argument is similar, we fix j resp. r, s, t and omit the superscripts for the following
discussion.

Structure of K1: By the induction hypothesis, mκ[T2, . . . , Tk−1, GkAkA1|Tk+1, . . . , Tk+ℓ]
factorizes into expressions involving only deterministic matrices or spectral parameters,
respectively, and further has the structure specified on the right-hand side of (3.44) in terms
of z2, . . . , zk+ℓ and the matrices A2, . . . , Ak−1, AkA1, Ak+1, . . . , Ak+ℓ. As a consequence,
the matrices Ak and A1 always occur together in the matrix products. On the level
of the indices of the deterministic matrices, we may reinterpret this as an element
π ∈

−−−→
NCP (k, ℓ) with a cycle (. . . k1 . . . ) or an element of π ∈ NCP (k) × NCP (ℓ) with
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a block {. . . , k, 1, . . . } depending on the rest of the underlying structure. The treament
of the two cases is identical and we consider them in parallel. As the indices 1 and k
always occur together in K(π), the index 1 must occur separated in K−1(π), either
as a fixed point (1) or a singleton set {1}, to match the structure in (3.44). Note
that the spectral parameter z1 only appears in the prefactor m1. Hence, setting the
functions ψK−1(π),(1) resp. ψK−1(π),{1} equal to m(z1) yields the missing contribution. It
follows that K1 matches the structure on the right-hand side of (3.44). Note that all ψi

associated with permutations without a fixed point (1) and partitions without a singleton
block {1}, respectively, are equal to zero for K1.

Structure of K2: We apply the induction hypothesis for mκ[T1, . . . , Tj−1, Gj|Tk+1, . . . , Tk+ℓ]
as well as (3.22) for m1[Tj, . . . , Tk] to rewrite K2 as a sum of terms that naturally
factorize into expressions involving only z1, . . . , zk+ℓ or A1, . . . , Ak+ℓ, respectively. It
remains to check for the structure on the right-hand side of (3.44), i.e., that each
summand can be associated with an annular non-crossing permutation π or a marked
element π ∈ NCP (k) × NCP (ℓ) such that the terms involving spectral parameters
factorize according to cycles resp. blocks of π and the contribution of the deterministic
matrices factorizes according to the cycles resp. blocks in the Kreweras complement K(π).
As treatment of the cases π ∈

−−−→
NCP (k, ℓ) and π ∈ NCP (k) × NCP (ℓ) is identical, we

consider them in parallel.

Observe that the induction hypothesis and (3.22) already prescribe the desired complement
structure for the indices of the spectral parameters and deterministic matrices occurring
in m1mκ[T1, . . . , Tj−1, Gj|Tk+1, . . . , Tk+ℓ] and m1[Tj, . . . , Tk], respectively. As we may
visualize the elements of NCP (j) with their Kreweras complement on an interval by
cutting the boundary of the labeled disk (cf. Fig. 3.1), we can draw both factors of K2 onto
the same annulus. The result is visualized on the left of Fig. 3.18 below. For simplicity,
we omit most of the intermediate labels and only add some of the matrices associated
with the vertices on the midpoints of the arcs between the labels in red.

Note that the interval is placed such that the orientation inherited from the disk aligns
with the orientation of the underlying annulus. Moreover, Fig. 3.18 matches the picture
of a (k, ℓ)-annulus up to the label j occurring twice and the label on the midpoint of the
arch connecting the two copies of j that is associated with the identity matrix. Since this
identity matrix does not influence the value of K2, we may remove the label corresponding
to Id from the picture in Fig. 3.18. This leaves k + ℓ labels at the midpoints of arches
along the annulus, one associated with each matrix A1, . . . , Ak+ℓ. On the level of the
indices of the deterministic matrices, each term in in K2 can thus be identified with an
element π ∈

−−−→
NCP (k, ℓ) resp. an element of π ∈ NCP (k) ×NCP (ℓ). As the two labels j

now occur next to each other, we merge them to obtain the (k, ℓ)-annulus as the structure
underlying the indices of the spectral parameters. The result is visualized on the right of
Fig. 3.18 below. Note that the labels now match Definition 3.1.19 exactly.

It is readily checked that the cycle resp. block structure obtained from merging the
two labels j matches K−1(π) and that any cycles resp. blocks that were connected in
this step can be interpreted as a cycle of an element in −−−→

NCP (k, ℓ) resp. a block of an
element of NCP (k) ×NCP (ℓ). In particular, the contribution of the spectral parameters
factorizes as claimed on the right-hand side of (3.44). Comparing the permutations resp.
partitions contributing to each K(j)

2 and noting that the right-hand side of (3.44) is linear
in each ψi, the sum ∑︁

j K
(j)
2 also has the desired structure.
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1

j
j

k

Id

Ak 1

j + 1
j

k

Aj−1

Aj

Ak

Fig. 3.18. Visualization of the indices in m1mκ[T1, . . . , Tj−1, Gj|Tk+1, . . . , Tk+ℓ] (dashed)
and in m1[Tj, . . . , Tk] (dotted) before the rewriting (left) and the indices after merging
the two labels j (right).

Structure of K3: The treatment of K3 is analogous to that of K2.
Structure of K4: From the formula for M(... ) in (3.18), it follows that K4 can be written
as a sum of terms that naturally factorize into expressions involving only z1, . . . , zk+ℓ

or A1, . . . , Ak+ℓ, respectively. In particular, the part that involves deterministic matrices
always consists of two factors of the form ⟨(∏︁j∈I1 Aj)⊙ (∏︁j∈I2 Aj)⟩ with index sets I1 ⊆ [k]
and I2 ⊆ [k + 1, . . . , k + ℓ] due to the Hadamard product in K4. It remains to check for
the structure on the right-hand side of (3.44).
Using the same trick as for K2 and K3, we can visualize the terms involved in K4 on the
same annulus. The result is sketched in Fig. 3.19 below. Again, we omit most of the
labels and add the matrices associated with the vertices on the midpoints of the arcs
in red. To avoid overcrowding the labels in the interior of the inner circle, we further
visualize the two circles separately.

1

r
r

k

Id

Ak k + 1 k + ℓ

s

s t

t

r

Id

Id

Fig. 3.19. Visualization of the indices in m1⟨M[r] ⊙M[s,t]⟩ (dashed) and ⟨(M[r,k]Ak) ⊙
M(t,...,k+ℓ,k+1,...,s)⟩ (dotted) on the outer (left) and inner circle (right) of the (k, ℓ)-
annulus (pictured separately).

Observe that whenever a label occurs twice, both copies are placed next to one another
and the label at the midpoint of the arch connecting them is always associated with
the identity matrix. As the identity matrices do not contribute to K4, we may argue as
before and remove the corresponding labels from the picture in Fig. 3.19. Note that this
leaves k + ℓ labels at the midpoints of arches along the annulus, one associated with each
matrix A1, . . . , Ak+ℓ, such that we can reinterpret the structure on the level of the indices
of the deterministic matrices as an element π ∈

−−−→
NCP (k, ℓ) resp. π ∈ NCP (k) ×NCP (ℓ).

Since the two copies of r, s, and t are now placed right next to their counterpart, we merge
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them to obtain a (k, ℓ)-annulus as the structure underlying the indices of the spectral
parameters. It is readily checked that the cycle resp. block structure obtained from this
step matches K−1(π) and that any cycles resp. blocks that were connected by merging
two identical labels can be interpreted as a cycle of an element in −−−→

NCP (k, ℓ) resp. a block
of an element of NCP (k) ×NCP (ℓ). In particular, whenever the merging of the labels
creates two new cycles, the cycles can be drawn onto the (k, ℓ)-annulus without crossing.
It follows that the contribution of the spectral parameters factorizes as claimed on the
right-hand side of (3.44). Comparing the permutations resp. partitions contributing to
each K

(r,s,t)
4 and noting that the right-hand side of (3.44) is linear in each ψi, summing

over r, s, t preserves the structure of the term.
The remaining terms with prefactor q1,k⟨Ak⟩ can be rewritten similarly. As the factor ⟨Ak⟩
always occurs separately, the structure underlying the indices of the deterministic matrices
is an element π ∈

−−−→
NCP (k, ℓ) resp. π ∈ NCP (k) ×NCP (ℓ) with a fixed point (k) resp. a

singleton set {k}. Hence, K−1 must contain a cycle (. . . k1 . . . ) resp. a block {. . . , k, 1, . . . }
in which 1 and k occur together. Recalling that q1,k = m1mk

1−m1mk
, it is ensured that the

part of the term depending on z1, . . . , zk contains a factor ψi(. . . , zk, z1, . . . ). With this
modification, we can use the same argument as for K1, . . . , K4 to conclude that all
terms contributing to the recursion match the structure on the right-hand side of (3.44).
Comparing the permutations resp. partitions contributing to each term and recalling that
the right-hand side of (3.44) is linear in each ψi, it follows that the same holds for their
sum, i.e., for mκ[α|β]. This concludes the induction step.

3.4.2 Proof of Theorems 3.2.7 and 3.2.8
The proofs of Theorems 3.2.7 and 3.2.8 are similar to those of Theorems 3.2.4 and 3.2.6,
respectively. We, therefore, mainly focus on the necessary modifications below.

Proof of Theorem 3.2.7. The overall argument is analogous to the proof of Theorem 3.2.4
in Sections 3.3.1 and 3.3.2 up to the definition of the graphs appearing in the combinatorial
formula for ˜︂mσ[·|·]. Recalling that the structure of the recursion for ˜︂mσ[·|·] is similar
to the one for ˜︂mGUE[·|·], the multi-set of graphs can be constructed as described in
Definition 3.3.2. However, since the source term involves m#,σ[·], the resulting multi-set
of graphs will carry the same kind of vertex coloring. By replacing G4 in Definition 3.3.2
by

Gσ
4 :=

ℓ⋃︂
j=1

τ
(︃{︂

Γ ∈ NCG#({1, . . . , k, k + j, k + j − 1, . . . , k + 1, k + ℓ, k + j})
⃓⃓⃓

Γ has edge (1, k + j)
}︂)︃
.

where # = (0, . . . , 0, 1, . . . , 1) with k zeros and k + ℓ+ 1 ones, we obtain a family Gσ(k, ℓ)
of graphs with the desired properties. Recall that map τ was introduced in Definition 3.3.1.
An example in the current setting is given in Fig. 3.20 below. Note the different arrange-
ment of the indices on the left compared to Fig. 3.9, which results from the structure of
the source term in the recursion for ˜︂mσ[·|·]. Further, τ does not influence the coloring of
the vertices.
Similar to the proof of Lemma 3.3.3, we obtain

˜︂mσ[1, . . . , k|k + 1, . . . , k + ℓ] =
(︃ k+ℓ∏︂

s=1
ms

)︃ ∑︂
Γ∈Gσ(k,ℓ)

∏︂
(i,j)∈E(Γ)

q♯
i,j
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Fig. 3.20. The geometry of the transformation τ for k = 4, ℓ = 3, and j = 2.

where q♯
i,j is as in Lemma 3.A.2, i.e., q♯

i,j = qi,j = mimj

1−mimj
whenever the edge (i, j) connects

two vertices of the same color and q♯
i,j = σmimj

1−σmimj
otherwise. From here, the remaining

steps are carried out as in the proof of Theorem 3.2.4.

Proof of Theorem 3.2.8. We use again proof by induction. As the recursions for mω[·|·]
and mκ[·|·] are the same up to the source term, it only remains to show that

K
(j)
5 := ⟨(M[k]Ak) ⊙M(k+j,...,k+ℓ,k+1,...k+j)⟩, j ∈ [ℓ]

is of the form (3.46) and that summing up the contributions on the right-hand side of the
recursion (3.36) does not break the structure. We start by noting that each K

(j)
5 contains

the matrices A1, . . . , Ak+ℓ exactly once and that the indices involved in the first and
second factor of the Hadamard product match the indices on the outer and inner circle of
the (k, ℓ)-annulus, respectively. The desired structure now follows from (3.22) and the
fact that any annular non-crossing permutation of the (k, ℓ)-annulus can be decomposed
uniquely into a composition of two permutations that only act on the inner and outer
circle, respectively. Note that the index k+ j occurring twice in M(k+j,...,k+ℓ,k+1,...k+j) does
not influence the structure of the Kreweras complement. When visualizing the term on a
labeled disk, the two vertices labeled k + j lie next to each other and the vertex on the
midpoint of the arch connecting the two copies is associated with the identity matrix, i.e.,
its effect is not visible when the matrix product in M(k+j,...,k+ℓ,k+1,...k+j) is evaluated.

3.A Proofs for the CLT in the Resolvent Case

3.A.1 Proof of Theorem 3.1.10 (Global Law with Transposes)
The proof of Theorem 3.1.10 is, modulo careful bookkeeping of the transposes, similar
to the proof of the averaged local law in [39, Thm. 3.4]. In particular, an explicit
formula for m#,σ[·] and the associated free cumulants is obtained along the way. For
the convenience of the reader, we give a brief overview of the necessary changes. As
there is nothing to prove if σ = 1 and the case σ = −1 needs an additional argument,
consider σ ∈ (−1, 1) first. We start by introducing a renormalization that captures the
general second moment structure of W more precisely (cf. [36] and [40]). Let

Wf(W ) := Wf(W ) − ˜︁E˜︂W (∂ ˜︁Wf)(W ) (3.82)

with ˜︂W an independent copy of W . This yields, e.g.,

WG1 = WG1 + ⟨G1⟩G1 + σ

N
Gt

1G1 +
˜︂ω2

N
diagG1G1, (3.83)
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WT1 . . . Tk = WG1A1T[2,k] +
k∑︂

j=2

(︃
⟨T[1,j⟩Gj⟩T[j,k] + σ

N
(T[1,j⟩Gj)tT[j,k]

+
˜︂ω2

N
diagT[1,j⟩GjT[j,k]

)︃
. (3.84)

Note that a simpler renormalization can be obtained by choosing ˜︂W to be an independent
GUE matrix instead of an independent copy of W . For the formulas (3.83) and (3.84)
above, the difference between the two renormalizations is negligible. However, it becomes
significant if the matrix product involves at least one transpose of a resolvent (cf. [36,
Rem. 4.3]). As an example, consider the normalized trace of

WGt
1 = WGt

1 + 1
N
G1G

t
1 + σ⟨G1⟩Gt

1 +
˜︂ω2

N
diagG1G

t
1

where σ⟨G1⟩2 ∼ 1.
To obtain (3.23), we rewrite G♯

1A1 . . . G
♯
kAk in terms of WG♯

1A1 . . . G
♯
kAk and estimate

the resulting terms. We start by considering the case A1 = · · · = Ak = Id. For k = 2, we
obtain, e.g.,

WG1G
t
2 = WG1G

t
2 + 1

N
(G1G

t
2)tGt

2 + σ⟨G1G
t
2⟩Gt

2 +
˜︂ω2

N
diagG1G

t
2G

t
2

which yields(︃
1 − σm1m2 + O≺

(︃ 1
N

)︃)︃
⟨G1G

t
2⟩ = m1m2 −m1WG1G

t
2 + m1

N

(︃
σ⟨Gt

1G1G
t
2⟩

+ ˜︂ω2⟨diagG1G1G
t
2 + diagG1G

t
2G

t
2⟩
)︃

+ O≺

(︃ 1
N

)︃
by (3.83), the resolvent identity WG−zG = Id, (3.11), and the local law for ⟨Gj⟩. Noting
that |⟨WGt

1G2⟩| = O≺(N−1) following the bounds in [36, Thm. 4.1] and that the term
with prefactor N−1 is also of lower order (cf. [40, Eq. (69)–(70)]), we obtain (3.23) with

m1[G1, G
t
2] = m(0,1),σ[1, 2] = m1m2

1 − σm1m2
.

Note that the only effect of the inclusion of transposes lies in the emergence of the
stability factor 1 − σm1m2. However, as |1 − σm1m2| > 1 − |σ| for |σ| < 1, the term
is bounded from below and does not change the outcome of the estimates. The analog
for general k ≥ 2 follows by induction over the number of resolvents. Similar to [39,
Thm. 3.4], the above argument allows us to extract a recursion that is satisfied by the
deterministic approximation of ⟨G♯

1 . . . G
♯
k⟩ up to an O≺(N−1) error. By defining m#,σ[·]

to satisfy this recursion exactly, i.e., defining it by (3.24), yields the desired statement.
The recursion for m1[G♯

1A1, . . . , G
♯
kAk] is obtained analogously.

The explicit formula (3.23) now follows by solving this recursion. As the treatment of the
deterministic matrices is completely analogous to [39, Thm. 3.4], we restrict the discussion
to the case A1 = · · · = Ak = Id, i.e., to (3.24). Here, we obtain that m#,σ[·] and the
associated free cumulants have a representation in terms of non-crossing graphs that
mirror (3.16) and (3.17).

Definition 3.A.1 (Bicolored NCG). Let k ∈ N and denote by # a binary vector of
length k. For every Γ ∈ NCG(k), color the vertex j ∈ {1, . . . , k} red if the j-th entry
of # is 1, otherwise color it black. We call the resulting set of graphs bicolored (disk)
non-crossing graphs on {1, . . . , k} and denote it by NCG#(k).
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Lemma 3.A.2. Let k ∈ N and fix a binary vector # of length k. Then

m#,σ[1, . . . , k] =
(︃ k∏︂

s=1
ms

)︃ ∑︂
Γ∈NCG#(k)

q#
Γ (3.85)

m#,σ
◦ [1, . . . , k] =

(︃ k∏︂
s=1

ms

)︃ ∑︂
Γ∈NCG#

c (k)

q#
Γ (3.86)

where NCG#
c (k) denotes the connected graphs in NCG#(k) and qΓ := ∏︁

(i,j)∈E(Γ) q
♯
i,j with

E(Γ) denoting the edge set of Γ. The edge weights q♯
i,j are such that q♯

i,j := qi,j = mimj

1−mimj

whenever the edge (i, j) connects two vertices of the same color and q♯
i,j := σmimj

1−σmimj

whenever (i, j) connects a red vertex to a black one.

The proof is analogous to [39, Lem. 5.2] using the recursive structure of NCG(k). Note
that the modified edge weights as well as the factors q♯

1,k and c1,j in the recursion account
for the stability factor 1 − σmimj arising whenever the product G♯

1 . . . G
♯
k involves both

resolvents and their transposes. We illustrate Lemma 3.A.2 with an example.

Example 3.A.3. Let k = 3 and pick spectral parameters z1, z2, z3 ∈ C with |ℑzj| ≳ 1
as well as A1 = A2 = A3 = Id. By Theorem 3.1.10, the deterministic approximation
of ⟨G1G

t
2G

t
3⟩ is given by m#,σ[1, 2, 3] with # = (0, 1, 1). We visualize the elements of the

set NCG#(3) in Fig. 3.21 below. For a better overview, the edges are drawn as solid or
dashed according to their contribution to q#

Γ . We use this sketch to compute

m#,σ[1, 2, 3] = m1m2m3
∑︂

Γ∈NCG#

= m1m2m3

(1 − σm1m2)(1 − σm1m3)(1 −m2m3)
.

Note that we thus reobtain [40, Eq. (49)] on macroscopic scales if z2 = z3.

1

3 2

1

3 2

1

3 2

1

3 2
1

3 2

1

3 2

1

3 2

1

3 2

Fig. 3.21. The elements of NCG#(3) for # = (0, 1, 1). The solid edges contribute a
factor of mimj

1−mimj
to q#

Γ while dashed edges contribute a factor σmimj

1−σmimj
.

It remains to consider the case σ = −1. Here, the Wigner matrix is of the form W = D+iS
with a diagonal matrix D and a skew-symmetric matrix S. Note that whenever the diagonal
part is equal to zero, the resolvent R(zj) = (iS − zj)−1 satisfies R(zj)t = −R(−zj). This
allows treating the proof of (3.23) for ⟨R(z1)♯ . . . R(zk)♯⟩ with R(zj)♯ ∈ {R(zj), R(zj)t}
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analogous to the case ⟨G1 . . . Gk⟩. Recall that this requires in particular a local law
for ⟨R(zj)⟩, which holds even if the Wigner matrix has zero diagonal. The general case
follows from the bound

⟨G♯
1 . . . G

♯
k⟩ = ⟨R(z1)♯ . . . R(zk)♯⟩ + O≺

(︃ 1
N

)︃
(3.87)

which reduces the proof of (3.23) to the previously considered case D = 0. The proof
of (3.87) is given for ⟨G1G

t
2⟩ in [40, App. B]. By expanding G♯

3,. . . , G♯
k analogously, the

argument readily extends to k ≥ 3 resolvents.

3.A.2 Proof of Therorem 3.2.3 (CLT for Resolvents)
We follow the general outline of the proof of [122, Thm. 3.6] to identify the necessary
modifications for the general model described by Assumption 3.1.1. As the formulas in
the general case are derived analogously, we assume w.l.o.g. ⟨Ak⟩ = 0 throughout to
keep the following equations short. The first step is the analog of [122, Lem. 2.3] that
characterizes the difference between ⟨T[1,k]⟩ − m1[T1, . . . , Tk] and ⟨T[1,k]⟩ − E⟨T[1,k]⟩, thus
connecting the statistics Xα back to the local law (3.19).

Lemma 3.A.4. Let k ∈ N and fix spectral parameters z1, . . . , zn with |ℑzj| ≳ 1 and
maxj |zj| ≤ N100 as well as bounded deterministic matrices A1, . . . , Ak such that ⟨Ak⟩ = 0.
Then,

E⟨T1 . . . Tk⟩ = m1[T1, . . . , Tk] + 1
N

E [T1, . . . , Tk] + O
(︃
N ε

N3/2

)︃
(3.88)

with m1[·] as in (3.21) and a set function E [·] that satisfies E [∅] = 0 as well as the recursion

E [T1, . . . , Tk] = m1

(︃
E [T2, . . . , Tj−1, GkAkA1] +

k−1∑︂
j=1

E [T1, . . . , Tj−1, Gj]m1[Tj, . . . , Tk]

+
k∑︂

j=2
m1[T1, . . . , Tj−1, Gj]E [Tj, . . . , Tk] +

˜︂ω2

N

k∑︂
j=1

⟨M[j] ⊙ (M[j,k]Ak)⟩

+ σ

N

k∑︂
j=1

m1[Gt
jA

t
j−1, . . . , G

t
2A

t
1, G

t
1, Tj, . . . , Tk]

+ κ4
∑︂

1≤r≤s≤t≤k

⟨M[r] ⊙M[s,t]⟩⟨M[r,s] ⊙ (M[t,k]Ak)⟩
)︃
,

where ⊙ denotes the Hadamard product and m2[·|·] is interpreted as in (3.25).

Proof. We note the following modifications to the proof of [122, Lem. 2.3]. Using the
renormalization in (3.82) with ˜︂W being an independent copy of W (compared to the
independent GUE matrix ˜︂W used in [122]), we obtain the relation

⟨T[1,k]⟩ − m1[T1, . . . , Tk]

= m1

(︃
− ⟨WT[1,k]⟩ + (⟨T[2,k⟩GkAkA1⟩ − m1[T2, . . . , Tk−1, GkAkA1])

+
k−1∑︂
j=1

(⟨T[1,j⟩Gj⟩ − m1[T1, . . . , Tj−1, Gj])m1[Tj, . . . , Tk]
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+
k∑︂

j=2
m1[T1, . . . , Tj−1, Gj](⟨T[j,k]⟩ − m1[Tj, . . . , Tk]) (3.89)

+ σ

N

k∑︂
j=1

⟨(T[1,j⟩Gj)tT[j,k]⟩ +
˜︂ω2

N

k∑︂
j=1

⟨diagT[1,j⟩GjT[j,k]⟩
)︃

+ O≺

(︃ 1
N2

)︃
.

Recall that the deterministic approximation m1[·] is independent of the value of σ
and ˜︁ω2 (cf. [39, Thm. 3.4]). The terms in the last line of (3.89) involve an additional
factor of N−1. Applying Theorem 3.1.10 as well as the isotropic local law (3.20) thus
yields

⟨(T[1,j⟩Gj)tT[j,k]⟩ = m1[Gt
jA

t
j−1, . . . , G

t
2A

t
1, G

t
1, Tj, . . . , Tk] + O≺

(︃ 1
N

)︃

⟨diagT[1,j⟩GjT[j,k]⟩ = 1
N

N∑︂
r=1

(T[1,j⟩Gj)rr(T[j,k])rr = 1
N

N∑︂
r=1

(M[j])rr(M[j,k]Ak)rr + O≺

(︃ 1√
N

)︃
and we can replace the respective terms in (3.89) by their deterministic approximation.
Note that this also changes the error term to O≺(N−3/2). Computing the expectation
of (3.89) is now analogous to [122, Lem. 2.3]. In particular, the cumulant expansion

NE⟨WT[1,k]⟩ =
∑︂
n≥2

∑︂
x,y∈[N ]

∑︂
ν∈{xy,yx}n

κ(xy, ν)
n! E∂ν(T[1,k])yx

yields the same result, since the term does not involve any second moments of the entries
of W .

Next, we identify the limiting covariance of two modes Xα and Xβ. This yields an analog
of [122, Lem. 2.5] for the model in Assumption 3.1.1 on macroscopic scales and thus
constitutes the base case for the induction argument in the proof of Theorem 3.2.3.

Lemma 3.A.5. Fix k, ℓ ∈ N and let α, β be two multi-indices of length k and ℓ, respec-
tively. Assume that the Wigner matrix W satisfies Assumption 3.1.1 and pick spectral
parameters z1, . . . , zk+ℓ with |ℑzj| ≳ 1 and maxj |zj| ≤ N100 as well as deterministic
matrices A1, . . . , Ak+ℓ with ∥Aj∥ ≲ 1. Then, for any ε > 0,

N2EX(k,a)
α X

(ℓ,b)
β = m2[α|β] + O

(︃
N ε

√
N

)︃
,

with m2[·|·] as introduced in Definition 3.2.1.

Proof of Lemma 3.A.5. The proof is analogous to that of [122, Lem. 2.5] with one key
difference. When evaluating the cumulant expansion

N2E
(︂
⟨WT[1,k]⟩X(ℓ)

β

)︂
= N

∑︂
n≥1

∑︂
x,y∈[N ]

∑︂
ν∈{xy,yx}n

κ(xy, ν)
n! E∂ν

(︃
(T[1,k])yxX

(ℓ)
β

)︃
,

the second moment structure of the model in Assumption 3.1.1 has to be taken into
account for evaluating the n = 1 term. We obtain

N
∑︂

x,y∈[N ]

∑︂
ν∈{xy,yx}

κ(xy, ν)E∂ν

(︃
(T[1,k])yxX

(ℓ)
β

)︃

= −
ℓ∑︂

j=1
E

(︃
⟨T[1,k]T[k+j,k+ℓ]T[1,k+j⟩Gk+j⟩ + σ⟨T[1,k](T[k+j,k+ℓ]T[1,k+j⟩Gk+j)t⟩

+ ˜︂ω2⟨diagT[1,k]diagT[k+j,k+ℓ]T[1,k+j⟩Gk+j⟩
)︃
,
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which, compared to the computation in the proof of [122, Lem. 2.5], additionally involves σ
and ˜︂ω2. The deterministic approximation of the terms follow from (3.19), Theorem 3.1.10
and (3.20), respectively, which yields the source terms sGUE, sσ, and sω in (3.36). The
rest of the expansion evaluates exactly as its counterpart in [122] since the term does not
involve any second moments of the entries of W .

The rest of the proof of Theorem 3.2.3 is analogous to that of [122, Thm. 3.6], i.e., we
apply induction on the number of factors in (3.42) using EXα = 0 and Lemma 3.A.5 as
base cases.

3.B Additional Proofs and Computations

3.B.1 Proof of Lemma 3.1.17
Using (3.16) for the ordered multi-set S = {z1, . . . , zj, . . . , zk, zj}, rewrite the left-hand
side of (3.32) as

m[1, . . . , j, . . . , k, j] = m1 . . .mj−1m
2
jmj+1 . . .mk

∑︂
Γ∈NCG[{1,...,k,j}]

∏︂
(a,b)∈E(Γ)

qa,b. (3.90)

Recalling that m[S] is invariant under any permutation of the elements of S, we pick
an ordering in which the two j’s occur in two consecutive positions and visualize the
corresponding non-crossing graphs by equidistantly arranging the vertices on a circle. In
this picture, the edge e connecting both j’s cannot be involved in any crossing, even in
an arbitrary planar graph on the given vertices (see left of Fig. 3.22). Hence, for any
non-crossing graph with edges {e1, . . . , en} ̸∋ e, the graph with edge set {e1, . . . , en, e} is
also non-crossing. In particular, every non-crossing graph that involves e has a counterpart
that does not. Next, note that there is at most one vertex l among 1, . . . , j−1, j+1, . . . , k
that is connected to both copies of j, as having two distinct vertices l, l′ with this property
results in a crossing (see right of Fig. 3.22).

k j

j

1

e

0

0 j

j

l′

l

Fig. 3.22. An edge between two consecutive vertices never results in a crossing (left),
but connecting two distinct vertices to both copies of j always does (right).

Consider the disjoint decomposition

NCG({1, . . . , j, . . . , k, j}) = S1 ∪
(︃ ⋃︂

l∈[k]\{j}
S(l)

2

)︃

where S(l)
2 contains all Γ ∈ NCG({1, . . . , j, . . . , k, j}) for which the vertex l ∈ [k] \ {j} is

connected to both copies of j and S1 contains any remaining Γ. This implies∑︂
Γ∈NCG[{1,...,k,j}]

∏︂
(a,b)∈E(Γ)

qa,b =
∑︂

Γ∈S1

∏︂
(a,b)∈E(Γ)

qa,b +
∑︂

l∈[k]\{j}

∑︂
Γ∈S(l)

2

∏︂
(a,b)∈E(Γ)

qa,b. (3.91)
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Next, merge both vertices with the label j. The resulting graphs are either an element
of NCG(k) or arise from an element of NCG(k) by adding a loop (j, j). Recalling that

qj,j =
m2

j

1 −m2
j

= m′
j (3.92)

where the second equality follows from (3.12), we can factor out (1+m′
j) on the right-hand

side of (3.91) and reduce to summation over NCG(k) without further restriction. Note
that this also results in the edge (l, j) doubling whenever Γ ∈ S(l)

2 , i.e., we obtain an extra
factor of qj,l in this case. Hence,

∑︂
Γ∈NCG[{1,...,k,j}]

∏︂
(a,b)∈E(Γ)

qa,b = (1 +m′
j)
(︃ ∑︂

Γ∈NCG[{1,...,k}]

∏︂
(a,b)∈E(Γ)

qa,b

)︃(︃
1 +

∑︂
l∈[k]\{j}

qj,l

)︃
.

Noting that (3.92) is equivalent to mj(1 + m′
j) = m′

j

mj
and applying (3.16) to recover

m[1, . . . , k] yields (3.32).

3.B.2 Proof of Corollary 3.2.11
We start by evaluating sc[i1, . . . , in] and sc[i1, . . . , in|in+1, . . . , in+m] before considering the
associated free cumulant functions. First, note that

sc[i1, . . . , in] =
∫︂ 2

−2
xnρsc(x)dx =

⎧⎨⎩0, if n odd,
Cn/2, if n even,

where C0, C1, C2, . . . denote the Catalan numbers. In particular, sc[i1, . . . , in] coincides
with the number of non-crossing pairings of the set [n]. It readily follows that sc◦[i1, i2] = 1
and that sc◦[i1, . . . , in] = 0 whenever n is odd. Moreover, sc◦[i1, . . . , in] = 0 for any
even n ≥ 4. The latter follows inductively from (3.14) by writing

sc◦[i1, . . . , in] = sc[i1, . . . , in] −
∑︂

π∈NCP (n)\{[n]}

∏︂
B∈π

sc◦[B], (3.93)

and observing that only pairings contribute to the sum on the right-hand side of (3.93),
i.e., the two terms cancel.
Next, we compute sc[i1, . . . , in|in+1, . . . , in+m]. Observe that by (3.26) and Theorem 3.2.9,

sc[i1, . . . , in|in+1, . . . , in+m] = lim
N→∞

E
[︂
(TrW n − EW n)(TrWm − EWm)

]︂
.

The limit on the right-hand side is well-known in the free probability literature (see,
e.g., [107]) and hence readily identified as the number of non-crossing pairings of the
(n,m)-annulus. Solving (3.26) for sc◦◦[i1, . . . , in|in+1, . . . , in+m], it follows inductively that
sc◦◦[i1, . . . , in|in+1, . . . , in+m] = 0 for any n,m. Hence, Φπ1×π2,U1×U2(f1, . . . , fk+ℓ) = 0 and

Φπ(f1, . . . , fk+ℓ) =

⎧⎨⎩1, if π ∈
−−−→
NCP 2(k, ℓ),

0, otherwise,

which is the claim. Note that the error in (3.48) evaluates to O(N ε−1/2) as ∥fi∥Hp

for i = 1, . . . , k resp. ∥fj∥Hq for j = k + 1, . . . , k + ℓ are N -independent constants in the
macroscopic regime.
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4 Prethermalization for Deformed
Wigner Matrices

We prove that a class of weakly perturbed Hamiltonians of the form Hλ = H0 + λW ,
with W being a Wigner matrix, exhibits prethermalization. That is, the time evolution
generated by Hλ relaxes to its ultimate thermal state via an intermediate prethermal
state with a lifetime of order λ−2. Moreover, we obtain a general relaxation formula,
expressing the perturbed dynamics via the unperturbed dynamics and the ultimate
thermal state. The proof relies on a two-resolvent law for the deformed Wigner
matrix Hλ.

Published as L. Erdős, J. Henheik, J. Reker, and V. Riabov. Prethermalization for
deformed Wigner matrices. Preprint, arXiv:2310.06677, 2023.

4.1 Introduction
It is well-known (see, e.g., [84]) that certain macroscopic observables in an isolated
quantum system with many interacting degrees of freedom tend to equilibrate, i.e., their
expectation values become essentially constant at large times. However, if the system is
coupled to the environment (reservoir), then the process of relaxation to equilibrium may
take different forms depending on the properties of the initial system and the structure of
the perturbation.
In this work, we consider a weakly coupled system of the form

Hλ := H0 + λW, (4.1)

where H0 is a single-body or a many-body Hamiltonian, W is an energy preserving (Her-
mitian) perturbation, and λ is a small coupling constant. For our phenomenological study,
we consider a mean-field random perturbation that couples all modes. Following the
extensive physics literature [140, 51, 116, 45, 47, 48], we choose the perturbation W to be
a Wigner random matrix, i.e., a random matrix with centered, independent identically
distributed (i.i.d.) entries (modulo the Hermitian symmetry).
The central object of our study is the perturbed time evolution of the quantum expectation
value

⟨A⟩Pλ(t) := Tr[Pλ(t)A] (4.2)
of an observable A, compared to the unperturbed evolution ⟨A⟩P0(t) = Tr[P0(t)A], which
is considered known. Here

Pλ(t) := e−itHλP eitHλ resp. P0(t) := e−itH0P eitH0 (4.3)

denote the Heisenberg time evolution of an initial state P governed by the (un)perturbed
Hamiltonian. We point out that the unperturbed evolution strongly depends on all its
constituents and hence, it might exhibit qualitatively different and generally complex
behavior.
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4. Prethermalization for Deformed Wigner Matrices

In contrast, the perturbed system relaxes to equilibrium via a robust mechanism, and it
can be described by a fairly simple general relaxation formula

⟨A⟩Pλ(t) ≈ ⟨A⟩˜︁Pλ
+ |gλ(t)|2

[︂
⟨A⟩P0(t) − ⟨A⟩˜︁Pλ

]︂
, gλ(t) := e−αλ2t, α > 0, (4.4)

where ˜︁Pλ is the thermal state of the composite system (4.1). In this form, Eq. (4.4) is first
mentioned in [116, Eq. (40)], where it describes the time dependence of the expectation
of an observable in a nonintegrable system after perturbation by a random matrix.
The relaxation formula (4.4) shows convergence to the thermal state at an exponential
rate on time scales of order λ−2 (in agreement with Fermi’s golden rule), but it also carries
more refined information about the role of the unperturbed dynamics in the process.
A particularly interesting case occurs if both the perturbed and unperturbed systems
equilibrate but do not approach the same limiting value. This often happens if H0 has
an additional symmetry (conserved quantity) that is broken by the perturbation. If the
time scale λ−2 of the perturbed equilibration is smaller than that of the unperturbed
one, then the former robust process eclipses the latter. In particular, the precise form
of ⟨A⟩P0(t) in (4.4) is irrelevant whenever the prefactor |gλ(t)|2 is already exponentially
small. In the opposite case, however, the equilibration of the perturbed dynamics happens
in two stages. This phenomenon, known as prethermalization in the physics literature, was
first described in a paper by Moeckel and Kehrein [114]. We remark, however, that this
terminology was already used to describe a different phenomenon a few years earlier [23].
Nowadays, prethermalization has been extensively studied both experimentally (see,
e.g., the review [100]) and theoretically (e.g., in [25, 54, 83, 97, 120, 138, 108], see also
the review [115]). Reimann and Dabelow [45] studied the first relaxation stage of a
prethermalization process, which is governed by H0. More precisely, assuming that P0(t)
relaxes to a non-thermal steady state, they find that the perturbed time evolution ⟨A⟩Pλ(t)
with a sufficiently weak perturbation (λ ≪ 1) closely follows the unperturbed time
evolution ⟨A⟩P0(t) for times t ≪ λ−2. In particular, the perturbed time evolution ⟨A⟩Pλ(t)
is close to the non-thermal steady state of H0 for times 1 ≪ t ≪ λ−2.1 The authors
of [45] further extended their principal approach to a general study of relaxation theory
for perturbed quantum dynamics in [47, 48]. These works now include all times and also
the strong coupling regime (in case of banded matrices), which yields a characteristic
power-law time decay (given more precisely by a Bessel function) instead of the exponential
decay in (4.4). The theoretical model is then applied to several examples and compare
the prediction to numerical and experimental works (see also Dabelow’s PhD thesis [44]
for further details). Finally, we also mention that prethermalization in the form of the
existence of an effectively conserved quantity for very long times has been rigorously
established in [1] for periodically driven quantum systems if the frequency is large compared
with the size of the driving potential.
In this paper, we approach prethermalization from the viewpoint of random matrix theory,
interpreting the unperturbed Hamiltonian H0 ≡ H0(N) ∈ CN×N as a fixed sequence of
bounded self-adjoint deterministic matrices and the perturbation W ≡ W (N) as an N×N
Wigner random matrix. Our Hamiltonian Hλ in the setting of (4.1) is also called deformed
Wigner matrix in random matrix theory, or it can be viewed as a Wigner random matrix

1Unperturbed systems H0, for which the time evolution ⟨A⟩P0(t) does not approach the microcanonical
prediction of equilibrium statistical mechanics, but nevertheless have a large-t limit (a non-thermal steady
state), are studied in [15]. In a sense, these systems exhibit prethermalization, although they do not
approach thermal equilibrium after the first steady state is reached.
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with nonzero expectation. Wigner matrices are encountered in many related physics
models, e.g., the recent rigorous study of thermalization problems [36, 39, 37]. Here, the
key technical result is a strong concentration property of the resolvent G(z) = (Hλ − z)−1

or products of several resolvents around their deterministic approximation. Such results
are commonly called multi-resolvent global or local laws, depending on the distance of the
spectral parameter from the spectrum. For example, a typical two-resolvent law computes

⟨⟨G(z1)A1G(z2)A2⟩⟩ = ⟨⟨(Hλ − z1)−1A1(Hλ − z2)−1A2⟩⟩ (4.5)

to leading order in N , where ⟨⟨·⟩⟩ denotes the normalized trace, z1, z2 ∈ C \ R, and
A1, A2 ∈ CN×N are deterministic matrices. Using functional calculus, the resolvents can
be replaced by more general and even N -dependent functions, thus linking (4.5) to the
Heisenberg time evolution. Recent work [33] establishes a multi-resolvent local law for
deformed Wigner matrices in the bulk regime of the spectrum, which motivated our study
of perturbed quantum systems.

4.1.1 Description of the Main Results
The principal goal of this work is a rigorous proof of the relaxation formula (Corollary 4.2.6)
and prethermalization (Corollary 4.2.8) for perturbed quantum Hamiltonians of the
form (4.1). We thereby assume that the unperturbed Hamiltonian H0 has a (locally)
regular limiting density of states ρ0 around a reference energy E0 and only energies in
a microscopically large but macroscopically small interval I∆ := [E0 − ∆, E0 + ∆] are
populated by the initial state P (similar assumptions are made in [45, 47, 48]). We then
show the following corollaries of our main Theorem 4.2.4:

Cor. 4.2.6: The relaxation formula (4.4) holds generally for short and long kinetic times,
i.e. t ≪ λ−2 and t ≫ λ−2, corresponding to |gλ(t)|2 ≈ 1 and |gλ(t)|2 ≈ 0, re-
spectively. At intermediate times, t ∼ λ−2 it is generally not valid, unless the
quadratic forms ⟨uj, Auj⟩ of overlaps with the eigenvectors uj of H0 behave reg-
ularly in j (cf. Definition 4.2.5). This happens, e.g., if H0 satisfies the Eigenstate
Thermalization Hypothesis (ETH).

Cor. 4.2.8: Assuming that the unperturbed time evolution has a long time limit ⟨A⟩P0(t)
t→∞−→

⟨A⟩Ppre , such that the prethermal state Ppre is distinguishable from the thermal state˜︁Pλ of the perturbed system, i.e. ⟨A⟩Ppre ̸= ⟨A⟩˜︁Pλ
(cf. Definition 4.2.7), we show the

characteristic two-step relaxation of a prethermalization process; see Fig. 4.1.

4.1.2 Outline of the Paper
The general task in this paper is to approximately evaluate the random time evolu-
tion ⟨A⟩Pλ(t) from (4.2). This is carried out in several steps summarized schematically
in Fig. 4.2. First, in Theorem 4.2.4 (a) in Section 4.2.2, the true time evolution Pλ(t) is
expressed as a linear combination of the unperturbed time evolution P0(t) and another
deterministic time-dependent object ˜︁Pλ,t that is conceptually simpler than Pλ(t). Then,
in Theorem 4.2.4 (b), we identify a time-independent state ˜︁Pλ as the large time limit
of ˜︁Pλ,t. Combining both parts of Theorem 4.2.4, we arrive at Corollary 4.2.6, which
establishes the relaxation formula (4.4) at small and large kinetic times. As mentioned
above, at intermediate times, it holds only for observables having the local overlap regu-
larity (LOR) property (see Definition 4.2.5). In the subsequent Section 4.2.3, dropping
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4. Prethermalization for Deformed Wigner Matrices

t

⟨A⟩Pλ(t)

⟨A⟩Ppre

⟨A⟩˜︁Pλ

∼ λ−2

Fig. 4.1. Depicted is a schematic graph of the prethermalization process: For times
1 ≪ t ≪ λ−2, the perturbed time evolution of the quantum expectation ⟨A⟩Pλ(t) (see (4.2))
is close to the quantum expectation of A in the prethermal state Ppre, i.e. ⟨A⟩Pλ(t) ≈ ⟨A⟩Ppre .
For times t ≫ λ−2, we have that ⟨A⟩Pλ(t) is close to the limiting thermal quantum expecta-
tion, i.e. ⟨A⟩Pλ(t) ≈ ⟨A⟩˜︁Pλ

. This value is typically different from the prethermal quantum
expectation ⟨A⟩Ppre . This means, the ultimate relaxation of ⟨A⟩Pλ(t) towards ⟨A⟩˜︁Pλ

hap-
pens via an intermediate prethermal value ⟨A⟩Ppre in two steps, whose time scales are
separated by λ−2.

the LOR property, but assuming additionally that the unperturbed Hamiltonian H0 and
the initial state P have the prethermalization property (see Definition 4.2.7), we obtain
the characteristic two-scale relaxation of Pλ(t) towards ˜︁Pλ via an intermediate prethermal
state Ppre (see Corollary 4.2.8 and Fig. 4.1). As an additional result, in Theorem 4.2.9
in Section 4.2.4 we relate ˜︁Pλ to the microcanonical ensemble of Hλ, called P

(mc)
λ , which

is independent of the initial state P . Finally, our results are illustrated by two simple
examples in Section 4.2.5.
While most proofs are given in Section 4.3, some auxiliary results and additional proofs
are deferred to Appendix 4.A.

Pλ(t) ˜︁Pλ,t
˜︁Pλ

Relaxation Formula

Ppre

P
(mc)
λ

Thm. 4.2.4 (a) Thm. 4.2.4 (b)

Cor. 4.2.6

Cor. 4.2.8

Thm. 4.2.9

Fig. 4.2. The structure of our main results.

4.1.3 Notation
For positive quantities f, g we write f ≲ g (or f = O(g)) and f ∼ g if f ≤ Cg
or cg ≤ f ≤ Cg, respectively, for some constants c, C > 0 which only depend on the
constants appearing in the moment condition (see (4.7)) and the definition of the set
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4.2. Main Results

of admissible energies (see (4.10)). In informal explanations, we frequently use the
notation f ≪ g, which indicates that f is “much smaller” than g. Moreover, we shall also
write w ≈ z to indicate the closeness of w, z ∈ C with a not precisely specified error.

For any natural number n we set [n] := {1, 2, . . . , n}. Matrix entries are indexed by
lowercase Roman letters a, b, c, ... and i, j, k, ... from the beginning or the middle of the
alphabet and unrestricted sums over a, b, c, ... and i, j, k, ... are always understood to be
over [N ] = {1, ..., N}.

We denote vectors by bold-faced lowercase Roman letters x,y ∈ CN , for some N ∈ N.
Vector and matrix norms, ∥x∥ and ∥A∥, indicate the usual Euclidean norm and the
corresponding induced matrix norm. For any N × N matrices A,B we use the nota-
tions ⟨⟨A⟩⟩ := N−1TrA to denote the normalized trace of A and ⟨A⟩B := Tr[AB] is the
trace of the product AB. We denote the spectrum of a matrix or operator A by σ(A).
Moreover, for vectors x,y ∈ CN and matrices A ∈ CN×N we define

⟨x,y⟩ :=
∑︂

i

xiyi , Axy := ⟨x, Ay⟩.

For a unit vector v ∈ CN we shall also use the notation |v⟩ ⟨v| for the projection onto the
one-dimensional subspace spanned by v.

Finally, we use the concept of “with very high probability” (w.v.h.p.) meaning that
for any fixed C > 0, the probability of an N -dependent event is bigger than 1 − N−C

for N ≥ N0(C). We introduce the notion of stochastic domination (see e.g. [62]): given
two families of non-negative random variables

X =
(︂
X(N)(u) : N ∈ N, u ∈ U (N)

)︂
and Y =

(︂
Y (N)(u) : N ∈ N, u ∈ U (N)

)︂
indexed by N (and possibly some parameter u in some parameter space U (N)), we say
that X is stochastically dominated by Y , if for all ξ, C > 0 we have

sup
u∈U(N)

P
[︂
X(N)(u) > N ξY (N)(u)

]︂
≤ N−C (4.6)

for large enough N ≥ N0(ξ, C). In this case we use the notation X ≺ Y or X = O≺(Y ).

Acknowledgments
We thank Peter Reimann and Lennart Dabelow for helpful comments.

4.2 Main Results
In Section 4.2.1, we give the precise definition of Wigner random matrices and the
assumptions on the Hamiltonian, observables and states under consideration in (4.1)
to (4.3). Afterward, we formulate our main results in Sections 4.2.2–4.2.4. Finally, in
Section 4.2.5 we discuss our findings in the context of two simple examples.

4.2.1 Assumptions
We begin with formulating the assumption on the Wigner matrix W .
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4. Prethermalization for Deformed Wigner Matrices

Assumption 4.2.1 (Wigner matrix). Let W ≡ W (N) = (wij)i,j∈[N ] from (4.1) be a
real symmetric or complex Hermitian random matrix W = W ∗ with independent entries
distributed according to the laws wij

d= N−1/2χod for i < j and wjj
d= N−1/2χd. The

random variables χod and χd satisfy the following assumptions:2 We assume that χd is a
centered real random variable, and χod is a real or complex random variable with Eχod = 0
and E|χod|2 = 1. Furthermore, we assume the existence of higher moments, namely

E|χd|p + E|χod|p ≤ Cp, (4.7)

for all p ∈ N, where Cp are positive constants.

For concreteness, we focus on the complex case with the additional assumptions Eχ2
od = 0

and E|χd|2 = 1; all other cases can also be handled as in [36]. The precise conditions on
the Wigner matrix only play a role in the underlying two resolvent global law (Proposi-
tion 4.3.1).
For the Hamiltonian H0 ≡ H0(N) in (4.1) we assume the following.

Assumption 4.2.2 (H0 and its density of states). The Hamiltonian H0 ≡ H0(N) is
deterministic, self-adjoint H0 = H∗

0 , and uniformly bounded ∥H0∥ ≲ 1. We denote the
resolvent of H0 at any spectral parameter z ∈ C \ R by

M0(z) := 1
H0 − z

.

Moreover, we assume the following:

(i) There exists a compactly supported measurable function ρ0 : R → [0,+∞) with∫︂
R
ρ0(x)dx = 1

and two positive sequences ϵ0(N) and η0(N), both converging to zero as N → ∞,
such that, uniformly in z ∈ C\R with η := |ℑz| ≥ η0 ≡ η0(N), we have⟨︂⟨︂

M0(z)
⟩︂⟩︂

= m0(z) + O(ϵ0) with ϵ0 ≡ ϵ0(N) . (4.8)

Here,
m0(z) :=

∫︂
R

ρ0(x)
x− z

dx (4.9)

is the Stieltjes transform of ρ0. We refer to ρ0 as the limiting density of states, and
to supp(ρ0) as the limiting spectrum of H0.

(ii) For small positive constants κ, c > 0, we define the set of admissible energies σ(κ,c)
adm

in the limiting spectrum of H0 by3

σ
(κ,c)
adm :=

{︄
x ∈ supp(ρ0) : inf

|y−x|≤κ
ρ0(y) > c, ∥ρ0∥C1,1([x−κ,x+κ]) ≤ 1/c

}︄
. (4.10)

We assume that for some positive κ, c > 0, σ(κ,c)
adm is not empty.

2A careful examination of our proof reveals that the entries of W need not be distributed identically.
Indeed, only the matching of the second moments is necessary, but higher moments can differ.

3Here, C1,1(J) denotes the set of continuously differentiable functions with a Lipschitz-continuous
derivative on an interval J , equipped with the norm ∥f∥C1,1(J) := ∥f∥C1(J) + sup

x,y∈J:x ̸=y

|f ′(x)−f ′(y)|
|x−y| .
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Assuming that the set of admissible energies in (4.10) is non-empty ensures that there is
a part of the limiting spectrum supp(ρ0), where the limiting density of states ρ0 behaves
regularly, i.e. it is strictly positive and sufficiently smooth. Finally, we formulate our
assumptions on the observables and states considered in (4.2) and (4.3).

Assumption 4.2.3 (States and observables). Given Assumption 4.2.2, we first pick a
reference energy

E0 ∈ σ
(κ0,c0)
adm for some κ0, c0 > 0, (4.11)

and further introduce Iδ := [E0 − δ, E0 + δ] for any 0 < δ < κ0. Moreover, take an
energy width ∆ ∈ (0, 1

6κ0) and let Π∆ := 1I∆(H0) be the spectral projection of H0 onto
the interval I∆. Then, we assume the following:

(i) The (deterministic) initial state P ≡ P (N) ∈ CN×N in (4.3) is a state in the usual
sense (P = P ∗, 0 ≤ P ≤ 1, and Tr[P ] = 1), and is localized in I∆, i.e.

P = Π∆PΠ∆ . (4.12)

(ii) The observable A ≡ A(N) ∈ CN×N is deterministic, self-adjoint and satisfies the
bound ∥A∥ ≲ 1.

Note that we assume only the state P to be localized in I∆ and not the observable.
However, by inspecting the proof, we see that A and P play essentially symmetric roles,
and thus, our results hold verbatim if we assume localization of A instead of P . Moreover,
for ease of notation, we drop the N -dependence of all the involved matrices.

4.2.2 Relaxation of Perturbed Quantum Dynamics
In this section, we present our main result on the time evolution of the random quantum
expectation ⟨A⟩Pλ(t) from (4.2). Its relaxation is described in two steps, hence Parts (a)
and (b) in the following theorem. In the first step, we eliminate the randomness and
identify the leading deterministic part of ⟨A⟩Pλ(t) in terms of M0, the unperturbed resolvent.
In the second step, we consider the short and long-time limits of the leading term. Further
explanatory comments come after the theorem and in Remark 4.2.2 below.

Theorem 4.2.4 (Relaxation of perturbed dynamics). Let Hλ = H0 + λW be a perturbed
Hamiltonian like in (4.1) with λ > 0, whose constituents satisfy Assumptions 4.2.1
and 4.2.2, respectively. Pick a reference energy E0 like in (4.11). Let P be a state
satisfying Assumption 4.2.3 (i) for some energy width ∆ > 0 and A an observable
satisfying Assumption 4.2.3 (ii). Then, using the notations (4.2) and (4.3), we have the
following two approximation statements:

(a) [Relaxation in the kinetic limit] The perturbed dynamics ⟨A⟩Pλ(t) satisfies

⟨A⟩Pλ(t) = |gλ(t)|2⟨A⟩P0(t) + ⟨A⟩˜︁Pλ,t
+ E , (4.13)

where we denoted
gλ(t) := e−αλ2t with α := πρ0(E0). (4.14)

Moreover, we introduced4

˜︁Pλ,t :=
∫︁
R

∫︁
R ℑM0(x+ iαλ2)Kλ,t(x− y) ⟨ℑM0(y + iαλ2)⟩P dxdy∫︁

R Tr[ℑM0(x+ iαλ2)] ⟨ℑM0(x+ iαλ2)⟩P dx , (4.15)
4Recall that the imaginary part of a matrix B ∈ CN×N is given by ℑB = 1

2i (B − B∗).
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with an explicit kernel given by

Kλ,t(u) := 1
π

2αλ2

u2 + (2αλ2)2

(︄
2αλ2t

sin(tu)
tu

− cos(tu) + e−2αλ2t

)︄
. (4.16)

Finally, we have E = O(E0) + O≺(C(λ, t)/
√
N) for some constant C(λ, t) > 0 and

for every fixed T ∈ (0,∞), the deterministic error E0 = E0(λ, t,∆, N) satisfies

lim
∆→0

lim
t→∞
λ→0

λ2t=T

lim
N→∞

E0 = 0. (4.17)

(b) [Long and short kinetic time limit] Defining

˜︁Pλ :=
∫︁
R ℑM0(x+ iαλ2) ⟨ℑM0(x+ iαλ2)⟩P dx∫︁

R Tr[ℑM0(x+ iαλ2)] ⟨ℑM0(x+ iαλ2)⟩P dx, (4.18)

it holds that
⟨A⟩˜︁Pλ,t

=
(︂
1 − |gλ(t)|2

)︂
⟨A⟩˜︁Pλ

+ R, (4.19)

where, for every fixed T ∈ (0,∞), the error term R = R(λ, t,∆, N) satisfies

lim sup
∆→0

lim sup
t→∞
λ→0

λ2t=T

lim sup
N→∞

|R| ≲ T e−2αT . (4.20)

We point out that the error E in (4.13) naturally consists of two parts, a deterministic
and a stochastic one. The stochastic part of order O≺(C(λ, t)/

√
N) is obtained from a

global law for two resolvents of the random matrix Hλ (see (4.46) below); the deterministic
part O(E0) is obtained from estimating the deterministic leading term in (4.47). Note
that the error R is small compared to the first term in the rhs. of (4.19) only in the
regime where T is large, in particular ⟨A⟩˜︁Pλ,t

converges to ⟨A⟩˜︁Pλ
exponentially fast. In the

small T regime, both terms on the right-hand side of (4.19) vanish linearly in T . We chose
the above formulation (4.19) because, in this way, it relates directly to the relaxation
formula (4.4) (see Corollary 4.2.6 below).

Remark. We have two further comments on Theorem 4.2.4.

(i) The triple limits in (4.17) and (4.20) consist of a thermodynamic limit (N → ∞),
a kinetic limit or van Hove limit (t → ∞ and λ → 0 while λ2t is fixed), and an
infinitesimal spectral localization (∆ → 0). Note that the kinetic time parame-
ter T = λ2t is natural, as the time scale prescribed for relaxation in the physics
literature, e.g., by explicit analysis of the Pauli master equation in [115, Sect. 5.2.6],
is O(λ−2). The ∆ → 0 limit is needed only to ensure that the mean level spacing
is approximately constant near E0 on the scale ∆. If the density of states is flat,
the ∆ → 0 limit can be omitted. We emphasize that the error terms in Theorem 4.2.4
are explicit in the sense that their dependence on the scaling parameters N , t, λ,
and ∆ is tracked throughout the proof. The limit in (4.17) is then the natural order
of limits in which these errors vanish. Finally, we remark that the explicitly tracked
errors allow for certain combined limits, although for simplicity, we do not pursue
these extensions.
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(ii) The idea behind (4.18)–(4.20) is that the kernel (4.16) is an approximate delta
function with T = λ2t-dependent magnitude. More precisely, its Fourier transform5

ˆ︂Kλ,t(p) = 1√
2π

(︂
1 − e−2αλ2(t−|p|)

)︂
1(|p| ≤ t)

converges uniformly in compact intervals to a constant. That is, for every fixed
T ∈ (0,∞) and for every compact set Ω ⊂ R, we have

lim
t→∞
λ→0

λ2t=T

sup
p∈Ω

⃓⃓⃓⃓
⃓ˆ︂Kλ,t(p) − 1√

2π
(︂
1 − e−2αT

)︂⃓⃓⃓⃓⃓ = 0.

However, since x ↦→ ℑM0(x+ iαλ2) is only regular on scale λ2, the approximation

Kλ,t(x− y) ≈
(︂
1 − e−2αλ2t

)︂
δ(x− y),

used in heuristically obtaining (4.19) from (4.15) and (4.18), is not generally valid
unless T is very small or very large, as (4.20) indicates.

In the remaining part of the current Section 4.2.2, we connect Theorem 4.2.4 to the
relaxation formula (4.4). As a preparation, we formulate the following local overlap
regularity property, required in Corollary 4.2.6 (c) below. For this purpose, let µj and uj

denote the eigenvalues and corresponding normalized eigenvectors of

H0 =
∑︂

j

µj |uj⟩ ⟨uj| . (4.21)

Definition 4.2.5 (Local overlap regularity (LOR)). Let the Hamiltonian H0 be as in
Assumption 4.2.2. We say that an observable A satisfying Assumption 4.2.3 (ii) has the
local overlap regularity (LOR) property if and only if the eigenvector overlaps ⟨uj, Auj⟩
are approximately constant in the following sense: There exists a constant A ∈ R such
that6

⟨uj, Auj⟩ = A + O
(︂
ELOR

)︂
for all j ∈ N with µj ∈ I2∆ , (4.22)

where the error ELOR = ELOR(∆, N) satisfies

lim
∆→0

lim
N→∞

ELOR = 0.

5We use the convention that the Fourier transform of f ∈ L1(R) is defined asˆ︁f(p) := (2π)−1/2 ∫︁
R

f(x)e−ipxdx.
6In fact, it is sufficient to assume that the overlaps are regular in j in the sense that there exists a

uniformly equicontinuous sequence (AN )N∈N of functions AN : I2∆ → R such that

⟨uj , Auj⟩ = AN (µj) + O
(︁
ELOR

)︁
for all j ∈ N with µj ∈ I2∆.

Alternatively, we could also assume that, for every fixed ∆ > 0 small enough, the overlaps ⟨uj , Auj⟩ are
well approximated by AN (µj) in ℓp-sense for some p ≥ 1, i.e.,

1
N

∑︂
j:µj∈I2∆

|⟨uj , Auj⟩ − AN (µj)|p N→∞−→ 0 .

The case p = 2 is reminiscent of the so called weak ETH studied in [24, 46].
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4. Prethermalization for Deformed Wigner Matrices

The LOR property (4.22) is satisfied, e.g., if H0 satisfies the Eigenstate Thermalization
Hypothesis [51, 136] (see also the discussion in [47]). For general systems, the ETH
remains an unproven hypothesis. We remark, however, that it has been rigorously proven
for a large class of mean-field random matrices H0 (see [36, 33]), including Wigner matrices
and their deformations.

The following corollary collects our rigorous results on the relaxation formula (4.4). The
first two parts (items (a) and (b) below) immediately follow from Theorem 4.2.4 (a)
and (b). The third part, item (c), involves the LOR property of the observable A and
requires a separate argument, provided in Section 4.3.4.

Corollary 4.2.6 (Relaxation formula). Under the assumptions and using the notations
of Theorem 4.2.4, it holds that

⟨A⟩Pλ(t) = ⟨A⟩˜︁Pλ
+ |gλ(t)|2

[︂
⟨A⟩P0(t) − ⟨A⟩˜︁Pλ

]︂
+ R + E . (4.23)

In particular, we have the following:

(a) [Short kinetic time behavior] Let 0 < T ≲ 1. Then, it holds that

lim sup
∆→0

lim sup
t→∞
λ→0

λ2t=T

lim sup
N→∞

⃓⃓⃓
⟨A⟩Pλ(t) − ⟨A⟩P0(t)

⃓⃓⃓
≲ T almost surely (a.s.) (4.24)

(b) [Long kinetic time behavior] Let T ≳ 1. Then it holds that (recall α = πρ0(E0))

lim sup
∆→0

lim sup
t→∞
λ→0

λ2t=T

lim sup
N→∞

⃓⃓⃓
⟨A⟩Pλ(t) − ⟨A⟩˜︁Pλ

⃓⃓⃓
≲ T e−2αT a.s. (4.25)

Moreover, additionally assuming that A has the LOR property from Definition 4.2.5:

(c) [Intermediate kinetic times under LOR] For every fixed T ∈ (0,∞) it holds that

lim
∆→0

lim
t→∞
λ→0

λ2t=T

lim
N→∞

[︂
|R| + |E|

]︂
= 0 a.s., (4.26)

i.e., the relaxation formula (4.4) is valid at all kinetic times T ∈ (0,∞).

Summarizing Corollary 4.2.6, we have that the relaxation formula (4.4) generally holds
in the two limiting regimes (a) |gλ(t)|2 ≈ 0 and (b) |gλ(t)|2 ≈ 1, i.e. T ≪ 1 or T ≫ 1,
respectively. In between, (4.4) is valid under the additional assumption that A has the LOR
property from Definition 4.2.5, as this allows for the improved bound (4.26) on R compared
to (4.20). However, without this regularity assumption, only the bound (4.20) (i.e., (4.24)
and (4.25)) can hold, which indicates that the relaxation formula (4.4) is not generally
valid for intermediate kinetic times T ∼ 1. Indeed, it is easy to construct a counterexample.
Finally, we remark that Corollary 4.2.6 (c) holds verbatim if the state P satisfies the LOR
condition instead of the observable A. This simply follows by inspecting the proof in
Section 4.3.4.
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Remark. We have two further comments on Corollary 4.2.6.

(i) The relaxation formula (4.23) is in perfect agreement with the main result of Dabelow
and Reimann, see [47, Eq. (16)]. In fact, the state ˜︁Pλ defined in (4.18) agrees with ˜︁ρ
from [47, Eq. (16)], named the “washed out descendant of the so-called diagonal
ensemble” [47].

(ii) In fact, recalling (4.21), the proof of Theorem 4.2.4 (b) in Section 4.3.3 reveals
that (see (4.111)) the error R in (4.19) and (4.23) is given by

R = 1
r

∑︂
j,k

⟨uj, Auj⟩⟨uk, Puk⟩Rλ,t(µj − µk), (4.27)

where we denoted

r :=
∫︂
R

Tr[ℑM0(x+ iαλ2)] ⟨ℑM0(x+ iαλ2)⟩P dx (4.28)

and

Rλ,t(u) := πe−2αλ2t 2αλ2

u2 + (2αλ2)2

(︄
1 − cos(tu) − 2αλ2t

sin(tu)
tu

)︄
. (4.29)

The explicit error term (4.27)–(4.29) is in precise agreement with the error term
in [47], see Eqs. (17) and (18). In particular, assuming the LOR property (4.22)
for A (or P ), the smallness of R in (4.26) for all kinetic times T ∈ (0,∞) is a
consequence of the fact that

∫︁
RRλ,t(u)du = 0.

4.2.3 Prethermalization
In this section, we specialize the general relaxation theory of perturbed quantum dynamics
from Theorem 4.2.4 to a class of unperturbed Hamiltonians H0 and states P which has
the prethermalization property in the following sense.

Definition 4.2.7 (Prethermalization property). Let the Hamiltonian H0 and the state P be
defined as in Assumptions 4.2.2 and 4.2.3. We say that (H0, P ) has the prethermalization
property if and only if there exists a state Ppre (called the prethermal state) such that we
have the following:

(a) The unperturbed time evolution P0(t) converges to Ppre, i.e., for all7 observables A
satisfying Assumption 4.2.3 (ii), it holds that

lim
t→∞

lim
N→∞

[︂
⟨A⟩P0(t) − ⟨A⟩Ppre

]︂
= 0. (4.30a)

(b) There exists an observable A0 (satisfying Assumption 4.2.3 (ii)) which distin-
guishes Ppre from ˜︁Pλ (cf. (4.18)), i.e. there exists a constant cpre > 0 such that

lim inf
λ→0

lim inf
N→∞

⃓⃓⃓
⟨A0⟩Ppre − ⟨A0⟩˜︁Pλ

⃓⃓⃓
≥ cpre. (4.30b)

7A common variant of this requirement in the physics literature is to assume the validity of (4.30a) only
for local observables, i.e. supported in a finite region of an underlying space (see, e.g., [115, Section 5.2]).
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4. Prethermalization for Deformed Wigner Matrices

We emphasize that (H0, P ) having the prethermalization property is a purely deterministic
condition, i.e., in particular, it does not depend on the Wigner matrix W . In the physics
literature (see, e.g., [108] but also [115, 100, 97, 15]), the prethermalization property
is generally expected to be satisfied if H0 is an integrable Hamiltonian having at least
one additional conserved quantity Q for which [H0, Q] = 0.8 This symmetry is then
broken by a generic perturbation W , i.e. [W,Q] ̸= 0. In the presence of M conserved
quantities (Qk)M

k=1, a good candidate for the prethermal state Ppre is given by the so called
generalized Gibbs ensemble (GGE)

PGGE = e−
∑︁M

k=1 λkQk

Tr e−
∑︁M

k=1 λkQk

,

where the parameters λk are chosen in such a way that TrQkPGGE = TrQkP for
all k ∈ [M ] (see, e.g., [97] and [115, Section 5.1]). Exemplary pairs (H0, P ) and ob-
servables A0 satisfying the conditions in Definition 4.2.7 are given in Section 4.2.5.
Assuming that (H0, P ) has the prethermalization property, Theorem 4.2.4 reads as follows.

Corollary 4.2.8 (Prethermalization). Under the assumptions of Theorem 4.2.4, let
further (H0, P ) have the prethermalization property from Definition 4.2.7. Then, recalling
the notations from Theorem 4.2.4, it holds that

⟨A⟩Pλ(t) = ⟨A⟩˜︁Pλ
+ |gλ(t)|2

[︂
⟨A⟩Ppre − ⟨A⟩˜︁Pλ

]︂
+ R + E ′. (4.31)

We have E ′ = O(E ′
0) + O≺(C(λ, t)/

√
N) for some constant C(λ, t) > 0 and for every

fixed T ∈ (0,∞), the deterministic errors E ′
0 = E ′

0(λ, t,∆, N) and R = R(λ, t,∆, N) satisfy

lim
∆→0

lim
t→∞
λ→0

λ2t=T

lim
N→∞

E ′
0 = 0 and lim sup

∆→0
lim sup

t→∞
λ→0

λ2t=T

lim sup
N→∞

|R| ≲ T e−2αT .

We remark that the error term E ′
0 contributing in (4.31) consists of two parts, E ′

0 = E0+Epre,
with E0 = E0(λ, t,∆, N) from Theorem 4.2.4 and Epre = Epre(t, N) being the (absolute
value of the) error in (4.30a). Note that (4.31) in particular implies the following small
and large T behaviors:

lim sup
∆→0

lim sup
t→∞
λ→0

λ2t=T

lim sup
N→∞

⃓⃓⃓
⟨A⟩Pλ(t) − ⟨A⟩Ppre

⃓⃓⃓
≲ T for T ≲ 1 a.s.,

and lim sup
∆→0

lim sup
t→∞
λ→0

λ2t=T

lim sup
N→∞

⃓⃓⃓
⟨A⟩Pλ(t) − ⟨A⟩˜︁Pλ

⃓⃓⃓
≲ T e−2αT for T ≳ 1 a.s.

(4.32)

Moreover, (4.30b) ensures that ⟨A⟩Ppre ̸= ⟨A⟩˜︁Pλ
for at least one observable A = A0, which,

together with (4.32) establishes Fig. 4.1 as a schematic graph of a prethermalization
process.

4.2.4 Connection to the Microcanonical Ensemble
Under an additional regularity assumption on x ↦→ ⟨⟨ℑM0(x+ iαλ2)A⟩⟩ we can relate the
state ˜︁Pλ from (4.18) to the microcanonical ensemble.

8We use the usual notation for the commutator, i.e. [A, B] := AB − BA for all matrices A, B.
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Theorem 4.2.9 (Microcanonical average). Under the assumptions of Theorem 4.2.4, let
us further assume that

h ≡ h(λ,N) : x ↦→ ⟨⟨ℑM0(x+ iαλ2)A⟩⟩

is a Lipschitz continuous map on I∆ with Lipschitz constant LipI∆
(h) bounded in the sense

that
lim sup

∆→0
lim sup

λ→0
lim sup

N→∞
LipI∆

(h) ≲ 1. (4.33)

Then,
⟨A⟩˜︁Pλ

= ⟨A⟩
P

(mc)
λ

+ Emc with P
(mc)
λ := ℑM0(E0 + iαλ2)

Tr[ℑM0(E0 + iαλ2)] , (4.34)

where the error Emc = Emc(λ,∆, N) satisfies

lim
∆→0

lim
λ→0

lim
N→∞

Emc = 0.

We emphasize that P (mc)
λ is completely independent of the initial state P . Moreover,

as mentioned above and already indicated by the notation, we can interpret ⟨A⟩
P

(mc)
λ

from (4.34) as the microcanonical average of Hλ at energy E0. The reason underlying
this interpretation is that for any normalized eigenvector vλ of Hλ with eigenvalue Eλ

very close to E0, it holds that9

⟨vλ, Avλ⟩ ≈ Tr[ℑM0(E0 + iαλ2)A]
Tr[ℑM0(E0 + iαλ2)] = ⟨A⟩

P
(mc)
λ

.

This means, P (mc)
λ is a close effective approximation to the actual projection |vλ⟩ ⟨vλ|

onto the eigenspace spanned by vλ.

4.2.5 Examples
In this section, we give two examples of physical settings where prethermalization occurs
and connect them to our assumptions. Note that both examples are one-dimensional,
however, the extension to higher dimensions is straightforward.

Next-Nearest Neighbor Hopping

For N ∈ N even, we consider the Laplacian-like Hamiltonian H0 acting on func-
tions ψ ∈ ℓ2(Z/(NZ)) as

(H0ψ)(x) := 2ψ(x) − ψ(x− 2) − ψ(x+ 2) (4.35)

where x − 2 and x + 2 are interpreted mod N . Note that H0 is similar to the discrete
Laplacian with periodic boundary condition but induces next-nearest neighbor hopping
instead of nearest neighbor hopping. In particular, H0 conserves parity in the sense that
functions that are only supported on the even or odd points of Z/(NZ), respectively,
remain invariant, and thus its spectrum has an additional two-fold degeneracy.

9Indeed, taking, say, Eλ ∈ I∆/2 it can be rigorously shown that the difference ⟨vλ, Avλ⟩ − ⟨A⟩
P

(mc)
λ

vanishes in the triple limit (4.17). More precisely, this follows from the Eigenstate Thermalization
Hypothesis (ETH) for the random matrix Hλ = H0 + λW (see [33, Theorem 2.6]) and using assumption
(4.33) together with (4.42) and (4.133).
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Similar to the routine computations done for the discrete Laplacian, one can readily check
the following:

• The Hamiltonian H0 is bounded, ∥H0∥ ≲ 1.

• Its spectrum is given by σ(H0) = {2(1 − cos(2pj)) : pj = 2πj/N}j∈[N ] ⊂ [0, 4].

• The limiting density of states as N → ∞ evaluates to

ρ0(x) = 1
π
√︂
x(4 − x)

1[0,4](x) (4.36)

which is compactly supported and satisfies the regularity assumptions in Assump-
tion 4.2.2 for x bounded away from 0 and 4.

In this setting, we fix k such that the eigenvalue 2(1 − cos(2pk)) satisfies pk ∈ (0, π/2).
Now take P := |uk⟩ ⟨uk| with uk being the normalized eigenvector of H0 supported on
the even sub-lattice corresponding to the eigenvalue 2(1 − cos(2pk)). By construction, for
every observable A satisfying Assumption 4.2.3, we have

⟨A⟩P0(t) = ⟨A⟩P = ⟨A⟩Ppre , for all t ≥ 0 ,

since [P,H0] = 0. Hence, the symmetry implies that Ppre = P . In particular, for A := 1odd
being the identity operator on the odd sub-lattice, its prethermal value is given by
⟨A⟩Ppre = 0. Moreover, by spectral decomposition of H0 = ∑︁

j µj |uj⟩ ⟨uj|, we obtain

⟨⟨ℑM0(x+ iλ2α)A⟩⟩ = 1
N

∑︂
j

⟨uj, Auj⟩
αλ2

|x− µj|2 + (αλ2)2 > 0, (4.37)

which implies that ⟨A⟩˜︁Pλ
̸= ⟨A⟩Ppre (recall the definition of ˜︁Pλ in (4.18)) for A = 1odd.

Hence, we deduce that (H0, P ) has the prethermalization property from Definition 4.2.7.

Free Spinless Fermions on a Lattice

As our second example, we consider a model of spinless fermions in a periodic one-
dimensional lattice of even length N (cf. [47, App. B]), which can be seen as a many-body
analog of the first example (although with nearest neighbor hopping instead of next-nearest
neighbor hopping). Let

H0 = 1√
N

∑︂
j

c†
jcj+1 + c†

j+1cj, (4.38)

where c†
j and cj denote the fermionic creation and annihilation operators at site j, and

the summation indices are considered modulo N . Note that the Hamiltonian in (4.38)
conserves the particle number. It is readily checked that H0 admits a limiting density
of states which is not compactly supported but has fast decaying (Gaussian) tails. As
the regularity assumptions in Assumption 4.2.2 (ii) are satisfied, this example is still
sufficiently close to our theory to be described by it reasonably well.
In this setting, pick ψj as the orthonormal eigenfunctions of the discrete Laplacian
describing nearest neighbor hopping with periodic boundary conditions (i.e. the analog
of (4.35) with ±1 instead of ±2) corresponding to the eigenvalues 2(1 − cos(pj)) with

pj := 2πj
N

,
j

N
∈
[︃1
8 ,

3
8

]︃
∪
[︃5
8 ,

7
8

]︃
.
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We then construct P := |ψ⟩ ⟨ψ| as a rank−1 projection onto an eigenstate of H0 by taking

ψ :=
⋀︂
j

ψj

as a Slater determinant of the N/2 one-particle wave functions ψj. This ensures that P
satisfies Assumption 4.2.3 (i), as the density of states (which is the same as (4.36)) is
regular in such intervals. Noting that [P,H0] = 0, we obtain

⟨A⟩P0(t) = ⟨A⟩P = ⟨A⟩Ppre , for all t ≥ 0 ,

for every observable A satisfying Assumption 4.2.3. Hence, Ppre = P , similar to the
first example. In particular, for A = 1H⊥

N/2
being the identity on the orthogonal com-

plement of the N/2-particle sector of the Fock space, the prethermal value is given
by ⟨A⟩Ppre = 0. Moreover, by spectral decomposition of H0, similarly to (4.37), we find
that ⟨A⟩˜︁Pλ

̸= ⟨A⟩Ppre . Hence, we deduce that (H0, P ) has the prethermalization property
from Definition 4.2.7.

4.3 Proofs
In this section, we provide the proofs of our main results formulated in Section 4.2. We
begin by giving the proof of Theorem 4.2.4, which we organize in three steps:

(i) In Section 4.3.1, as the first step, we approximate the random time evolution ⟨A⟩Pλ(t)
by a deterministic object, up to an error vanishing as N → ∞ with very high
probability. This is done using a suitable global law for two resolvents of the random
matrix Hλ (see Proposition 4.3.1 below).

(ii) The deterministic object resulting from Step (i) consists of two terms, a regular
and a singular one. In Section 4.3.2, we evaluate these terms up to errors captured
by E (see Proposition 4.3.2). This proves Theorem 4.2.4 (a).

(iii) As the third and final step in Section 4.3.3, we examine the behavior of the singular
term in the limits T → 0 and T → ∞ for T := λ2t (see Proposition 4.3.6). This
proves Theorem 4.2.4 (b).

Afterwards, we give the proofs of Corollary 4.2.6 and Theorem 4.2.9 in Sections 4.3.4
and 4.3.5, respectively. The proof of Corollary 4.2.8 is immediate from Definition 4.2.7
and Theorem 4.2.4 and hence omitted.

4.3.1 Step (i): Global Law
Ignoring λ for a minute, let H := D + W such that D ∈ CN×N is a self-adjoint deter-
ministic matrix with ∥D∥ ≲ 1 and W is a Wigner matrix satisfying Assumption 4.2.1.
We refer to H as a deformed Wigner matrix. It is well known [4, 69, 6, 7], that the
resolvent G(z) := (H − z)−1 of H at spectral parameter z ∈ C \ R is very well approxi-
mated by a deterministic matrix M , which is the unique solution to the Matrix Dyson
Equation (MDE)10

− 1
M(z) = z −D + ⟨⟨M(z)⟩⟩ , with ℑM(z)ℑz > 0. (4.39)

10The MDE in the context of mean-field random matrices was introduced in [4] and extensively
analyzed in [6].
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In particular (see [69, Theorem 2.1]), for |ℑz| ≳ 1 and arbitrary deterministic ma-
trix B ∈ CN×N with ∥B∥ ≲ 1, it holds that

⃓⃓⃓
⟨⟨(G(z) −M(z))B⟩⟩

⃓⃓⃓
≺ 1
N
. (4.40)

For our purposes, it is not sufficient to approximate only a single resolvent in the
sense of (4.40). Instead, we need to establish the deterministic approximation to
⟨x, G(z1)BG(z2)y⟩ with two deterministic vectors x,y. This is the content of the following
proposition, the proof of which is given in Appendix 4.A.2.

Proposition 4.3.1 (Isotropic two-resolvent global law for deformed Wigner matrices).
Let H := D +W be an N ×N deformed Wigner matrix (as in Assumption 4.2.1) with
a bounded self-adjoint deformation D ∈ CN×N . Pick B ∈ CN×N a deterministic matrix
with ∥B∥ ≲ 1, deterministic vectors x,y ∈ CN with ∥x∥ = ∥y∥ = 1 as well as z1, z2 ∈ C

with min{|ℑz1|, |ℑz2|} ≥ 1.11 Denote further Gi = G(zi) = (H − zi)−1. Then,
⃓⃓⃓⃓
⟨x, G1BG2y⟩ −

⟨︃
x,
(︃
M1BM2 + M1M2⟨⟨M1BM2⟩⟩

1 − ⟨⟨M1M2⟩⟩

)︃
y
⟩︃⃓⃓⃓⃓

≺ 1√
N
, (4.41)

where we denoted Mi = M(zi) with M(z) ∈ CN×N being the solution of (4.39).

We now apply Proposition 4.3.1 to resolvents Gλ(z) := (Hλ−z)−1 of our concrete deformed
Wigner random matrix Hλ = H0 + λW . First, the scaling by λ leads to the following
version of the MDE (4.39):

− 1
Mλ(z) = z −H0 + λ2⟨⟨Mλ(z)⟩⟩, ℑMλ(z)ℑz > 0. (4.42)

Next, inspecting the proof of Proposition 4.3.1 in Appendix 4.A.2, we find that (4.41)
becomes⃓⃓⃓⃓

⃓⃓(︂Gλ(z1)BGλ(z2)
)︂

xy
(4.43)

−
(︄
Mλ(z1)BMλ(z2) + λ2Mλ(z1)Mλ(z2)⟨⟨Mλ(z1)BMλ(z2)⟩⟩

1 − λ2⟨⟨Mλ(z1)Mλ(z2)⟩⟩

)︄
xy

⃓⃓⃓⃓
⃓⃓ ≺ C(λ, c)√

N
,

for z1, z2 ∈ C\R with min{|ℑz1|, |ℑz2|} ≥ c for some c > 0. The positive constant C(λ, c)
in (4.43) depends only on its arguments λ and c.12

For the proof of Theorem 4.2.4, we now employ (4.43) as follows: Applying residue
calculus allows to rewrite ⟨A⟩Pλ(t) as the contour integral

⟨A⟩Pλ(t) = ⟨e−itHλP eitHλA⟩ = 1
(2πi)2

∮︂
γ1

∮︂
γ2

eit(z1−z2) Tr
[︂
Gλ(z1)AGλ(z2)P

]︂
dz1dz2 (4.44)

where γ1 and γ2 are two semicircles (each being the complex conjugate of the other) with
some large radius R ≳ 1 (see Fig. 4.3 below). We further define the contours such that

11As used also in (4.43) below, the constant one can be replaced by any other N -independent c > 0.
12In fact, by examining the proof of Proposition 4.3.1, it can easily be seen that the dependence on

both small parameters λ and c is at most (inverse) polynomial.
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the distance between the flat part of the semicircles and the real line is t−1. Note that we
have

σ(Hλ) ⊆ σ(H0) + [−(2 + ϵ)λ, (2 + ϵ)λ] w.v.h.p. (4.45)
for any fixed ϵ > 0 by standard perturbation theory, using that ∥W∥ ≤ 2 + ϵ with very
high probability (see, e.g., [62, Theorem 7.6]). In particular, the contours encircle the
spectrum of Hλ completely if R is chosen large enough.

Rσ(Hλ)

γ1

γ2

t−1

R

x+x−
• •

Fig. 4.3. Sketch of the contours γ1 and γ2 from (4.44). The intersections of γ1 (and γ2)
with the real line are denoted by x±.

Writing P = ∑︁
j pj |pj⟩ ⟨pj| in spectral decomposition and using that the pj ∈ [0, 1] sum

to one by Assumption 4.2.3 (i), the global law (4.43) applied to x = y = pj implies13

⃓⃓⃓⃓
⃓⃓Tr[Gλ(z1)AGλ(z2)P ] (4.46)

− Tr
[︄
Mλ(z1)AMλ(z2)P + λ2Mλ(z1)Mλ(z2)P ⟨⟨Mλ(z1)AMλ(z2)⟩⟩

1 − λ2⟨⟨Mλ(z1)Mλ(z2)⟩⟩

]︄ ⃓⃓⃓⃓
⃓⃓ ≺ C(λ, t)√

N

uniformly for z1, z2 along the contours γ1, γ2 for any fixed λ > 0. Just as in (4.43), C(λ, t)
denotes a positive constant depending only on λ and t. Therefore, combining (4.44)
with (4.46), we find that

⟨A⟩Pλ(t) = 1
(2πi)2

∮︂
γ1

∮︂
γ2

eit(z1−z2) Tr
[︂
Mλ(z1)AMλ(z2)P

]︂
dz1dz2

+ 1
(2πi)2

∮︂
γ1

∮︂
γ2

eit(z1−z2)λ2

⟨︂⟨︂
Mλ(z1)AMλ(z2)⟩⟩ Tr

[︂
Mλ(z1)PMλ(z2)

]︂
1 − λ2

⟨︂⟨︂
Mλ(z1)Mλ(z2)

⟩︂⟩︂ dz1dz2

+ O≺

(︄
C(λ, t)√

N

)︄
. (4.47)

To establish (4.13), our main task thus lies in evaluating the right-hand side of (4.47).
For simplicity, we refer to the integrals in the first and second line of (4.47) as the regular
and the singular term, respectively.

13Note that the true bound in the averaged law is of order N−1, i.e., by a factor N−1/2 better
than (4.46). However, for the following applications, our weaker bound is sufficient.
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4.3.2 Step (ii): Evaluation of the Regular and Singular Term
and Proof of Theorem 4.2.4 (a)

We organize the result of our computation of (4.47) in the following proposition.

Proposition 4.3.2 (Evaluation of the regular and singular term). Under the assump-
tions of Theorem 4.2.4 and letting γ1, γ2 be the contours in Fig. 4.3, we have (recall-
ing α = πρ0(E0))

1
(2πi)2

∮︂
γ1

∮︂
γ2

eit(z1−z2) Tr
[︂
Mλ(z1)AMλ(z2)P

]︂
dz1dz2

= e−2αλ2t⟨A⟩P0(t) + O(Ereg), (4.48)

for the regular term and

˜︁Fsing := λ2

(2πi)2

∮︂
γ1

∮︂
γ2

eit(z1−z2)

⟨︂⟨︂
Mλ(z1)AMλ(z2)⟩⟩ Tr

[︂
Mλ(z1)PMλ(z2)

]︂
1 − λ2

⟨︂⟨︂
Mλ(z1)Mλ(z2)

⟩︂⟩︂ dz1dz2

= ⟨A⟩˜︁Pλ,t
+ O(Esing) (4.49)

for the singular term, with some error terms Ereg/sing = Ereg/sing(λ, t,∆, N) in (4.48)
and (4.49) satisfying (4.17). The explicit form of Ereg is given in (4.57) and (4.59), while
the explicit form of Esing is given in (4.67).

Plugging (4.48) and (4.49) into (4.47), we immediately conclude Theorem 4.2.4 (a) after
setting E0 := Ereg + Esing and including the error term from (4.47) into E .

It thus remains to give the proof of Proposition 4.3.2, i.e. its two parts (4.48) and (4.49).
This is done in Sections 4.3.2 and 4.3.2, respectively.

Proof of (4.48)

The main contribution to the integral in (4.48) comes from the regime14 where z1 and z2 are
close to E0. Hence, as a first approximation we use the replacements ⟨⟨Mλ(z1)⟩⟩ ≈ m0(E0)
and ⟨⟨Mλ(z2)⟩⟩ ≈ m0(E0) in (4.42), which leads to

Mλ(z1) ≈ 1
H0 − z1 − λ2m0(E0)

and Mλ(z2) ≈ 1
H0 − z2 − λ2m0(E0)

. (4.50)

Applying the replacements in (4.50) for the term in (4.48) yields

1
(2πi)2

∮︂
γ1

∮︂
γ2

eit(z1−z2) Tr
[︄

1
H0 − z1 − λ2m0(E0)

A
1

H0 − z2 − λ2m0(E0)
P

]︄
dz1dz2

= Tr
[︂
eit(H0−λ2m0(E0))Ae−it(H0−λ2m0(E0))P

]︂
(4.51)

= e−2ℑm0(E0)λ2t Tr
[︂
eitH0Ae−itH0P

]︂
= e−2αλ2t ⟨A⟩P0(t),

since ℑm0(E0) = πρ0(E0), from simple residue calculus for λ > 0 small enough, using
that |m0(E0)| ≲ 1 and γ1, γ2 encircle the spectrum of H0. We have thus extracted the

14Recall that the flat pieces of the contours γ1 and γ2 from Fig. 4.3 lie on the lower and upper half
plane, respectively.
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main term in (4.48), and it remains to estimate the errors resulting from the replacements
in (4.50).
Recall (see (4.21)) that µj and uj are the eigenvalues and the respective orthonormalized
eigenvectors of H0, i.e.

H0 =
∑︂

j

µj |uj⟩ ⟨uj| . (4.52)

Then, by means of (4.42), spectral decomposition (4.52) of H0 and using Assump-
tion 4.2.3 (i) together with [H0,Π∆] = 0 and Π2

∆ = Π∆, we have that

lhs. of (4.48) = Tr
[︂ ˜︁Θ1A ˜︁Θ2P

]︂
=

∑︂
µi,µj∈I∆

⟨ui, Auj⟩⟨uj, Pui⟩ ˜︁ϑ1(i) ˜︁ϑ2(j), (4.53)

where we denoted
˜︁Θ1 :=

∑︂
µj∈I∆

|uj⟩ ⟨uj| ˜︁ϑ1(j) and ˜︁Θ2 :=
∑︂

µj∈I∆

|uj⟩ ⟨uj| ˜︁ϑ2(j) (4.54)

with

˜︁ϑ1(j) := 1
2πi

∮︂
γ1

eitz1

µj − z1 − λ2⟨⟨Mλ(z1)⟩⟩
dz1,

˜︁ϑ2(j) := 1
2πi

∮︂
γ2

e−itz2

µj − z2 − λ2⟨⟨Mλ(z2)⟩⟩
dz2.

(4.55)

Note that, by symmetry of the contours γ1 and γ2, we have ˜︁ϑ1(j) = ˜︁ϑ2(j) and ˜︁Θ∗
1 = ˜︁Θ2.

The key to approximating (4.53) is the following lemma, whose proof is given at the end
of the current Section 4.3.2.

Lemma 4.3.3 (First replacement lemma). Using the above notations and assumption,
denote

Θ1 :=
∑︂

µj∈I∆

|uj⟩ ⟨uj|ϑ1(j) with ϑ1(j) := 1
2πi

∮︂
γ1

eitz1

µj − z1 − λ2m0(E0)
dz1

and Θ2 := Θ∗
1 via ϑ2(j) := ϑ1(j), analogously to (4.54) and (4.55). Then it holds that

sup
µi∈I∆

⃓⃓⃓ ˜︁ϑ1(i) − ϑ1(i)
⃓⃓⃓
+ sup

µj∈I∆

⃓⃓⃓ ˜︁ϑ2(j) − ϑ2(j)
⃓⃓⃓
≲ ˜︁Ereg (4.56)

for sufficiently small λ > 0 and N large enough (dependent on λ, cf. Lemma 4.A.1). Here,
recalling (4.8) for the definition of ϵ0, we denoted

˜︁Ereg := λ2t∆ + λ (1 + λ2t) + λ

∆

(︄
1 + λ

∆

)︄
+ λ2t ϵ0. (4.57)

Therefore, by writing ˜︁Θ = Θ + ( ˜︁Θ − Θ) in (4.53), we find the lhs. of (4.48) to be given by

Tr
[︂
Θ1AΘ2P

]︂
+Tr

[︂
( ˜︁Θ1 −Θ1)AΘ2P

]︂
+Tr

[︂
Θ1A( ˜︁Θ2 −Θ2)P

]︂
+Tr

[︂
( ˜︁Θ1 −Θ1)A( ˜︁Θ2 −Θ2)P

]︂
.

(4.58)
The first term in (4.58) precisely yields the result of (4.51) using Assumption 4.2.3 (i).
Using ∥A∥ ≲ 1 and Tr[P ] = 1, the second and third term in (4.58) can be estimated by (a
constant times)

∥Θ1∥ ∥ ˜︁Θ2 − Θ2∥ + ∥ ˜︁Θ1 − Θ1∥ ∥Θ2∥ ≲ ˜︁Ereg.
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Here we used (4.56) and that ∥Θ1∥ ≤ 1 and ∥Θ2∥ ≤ 1 as follows by the explicit expressions

Θ1 = eit(Π∆H0Π∆−λ2m0(E0)) and Θ2 = e−it(Π∆H0Π∆−λ2m0(E0))

and ℑm0(E0) ≥ 0. Similarly, applying (4.56) again, the fourth term in (4.58) is bounded
by O( ˜︁E2

reg). Collecting all four terms of (4.57), this concludes the proof of (4.48) with

Ereg := ˜︁Ereg + ˜︁E2
reg. (4.59)

It remains to give the proof of Lemma 4.3.3.

Proof of Lemma 4.3.3. As ˜︁ϑ1(j) = ˜︁ϑ2(j) and ϑ2(j) := ϑ1(j), we only estimate ˜︁ϑ2(j)−ϑ2(j)
for arbitrary but fixed index j such that µj ∈ I∆. Moreover, for ease of notation, we
completely drop the subscript 2.

As a first step, we split the contour into three parts:

γ = Γ1 +̇ Γ2 +̇ Γ3, (4.60)

where Γ1 is the horizontal part of γ with ℜz ∈ I2∆, Γ2 is the horizontal part of γ
with ℜz /∈ I2∆ and Γ3 consists of the great arc of radius R (cf. Fig. 4.3). We now estimate
these three parts separately.

For the first part, Γ1, we have (using the notation mλ(z) = ⟨⟨Mλ(z)⟩⟩ from Lemma 4.A.1)15

⃓⃓⃓⃓
⃓
∫︂

Γ1
e−itz

[︄
1

µj − z − λ2mλ(z) − 1
µj − z − λ2m0(E0)

]︄
dz
⃓⃓⃓⃓
⃓ (4.61)

≲
∫︂

Γ1

λ2
(︂
1/t+ λ+ ∆ + ϵ0

)︂
|µj − z − λ2mλ(z)| |µj − z − λ2m0(E0)|

|dz| ≲ λ2t
(︂
1/t+ λ+ ∆ + ϵ0

)︂
,

uniformly in µj ∈ I∆. To go to the second line, we used that

|mλ(z) −m0(E0)| ≲ 1/t+ λ+ ∆ + ϵ0.

This follows by adding and subtracting mλ(E0) and using |mλ(z) −mλ(E0)| ≲ ∆ + 1/t
(using |m′

λ(z)| ≲ 1 for ℜz ∈ I2∆; cf. the last estimate in (4.129) from Lemma 4.A.1) and
|mλ(E0) −m0(E0)| ≲ λ+ ϵ0 (using that (4.133) holds down to the real line by combining
it with (4.134)). For the final bound, we employed a Schwarz inequality for the integral
and estimated the resulting integrals

∫︂
Γ1

|dz|
|µj − z − λ2mλ(z)|2 ≲ (1 + λ2) t ≲ t and

∫︂
Γ1

|dz|
|µj − z − λ2m0(E0)|2

≲ t,

by a change of variables z → z + λ2mλ(z) using that |m′
λ(z)| ≲ 1 for z ∈ Γ1 by

means of (4.129) together with |ℑ[z + λ2mλ(z)]| ≥ t−1, and |m0(E0)| ≲ 1 together
with |ℑ[z + λ2m0(E0)]| ≥ t−1, respectively.

We now turn to the second part, i.e. the integral similar to the left-hand side of (4.61) but
on the contour Γ2. By means of |m0(E0)| ≲ 1 and |mλ(z)| ≤ λ−1 (see the first estimate
in (4.128)) we bound |mλ(z) − m0(E0)| ≲ λ−1. Using |m0(E0)| ≲ 1 and |mλ(z)| ≤ λ−1

15Here and in the following, |dz| denotes the total variation of the complex measure dz.
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again, together with dist(µj,Γ2) ≳ ∆, we find this second part to be bounded by (a
constant times) ∫︂

Γ2

λ

|µj − z|2
|dz|

(︄
1 + λ

∆

)︄
≲

λ

∆

(︄
1 + λ

∆

)︄
, (4.62)

again uniformly in µj ∈ I∆.

Finally, we estimate the third part. By the exact same reasoning as for Γ2, we arrive at
the bound (4.62) with ∆ replaced by R and Γ2 replaced by Γ3. Hence, using that the
radius R of the semicircle is larger than one (see Fig. 4.3), we find the third part to be
bounded by O(λ/R), uniformly in µj ∈ I∆. Combining this with the error terms in (4.61)
and (4.62), this concludes the proof.

Proof of (4.49)

Recall that ˜︁Fsing denotes the singular term defined in (4.49). To carry out the analog of
the approximation (4.50), we observe that the resolvent identity for H0 implies

z1,λ − z2,λ

z1 − z2
M0(z1,λ)M0(z2,λ) = M0(z1,λ) −M0(z2,λ)

z1 − z2
= 1
π

∫︂
R

ℑM0(xλ)
(x− z1)(x− z2)

dx, (4.63)

where we introduce the notation z1,λ := z1 + λ2m0(E0), z2,λ := z2 + λ2m0(E0), and
xλ := x+ λ2m0(E0). Here, the second equality follows from the contour representation of
the resolvent M0 of H0, namely

M0(z) = 1
π

∫︂
R

ℑM0(x+ iη)
x+ iη − z

dx, ℑz > η > 0. (4.64)

On the other hand, subtracting two instances of the MDE (4.42) yields

Mλ(z1)Mλ(z2)
1 − λ2⟨⟨Mλ(z1)Mλ(z2)⟩⟩

= Mλ(z1) −Mλ(z2)
z1 − z2

= 1
π

∫︂
R

ℑMλ(x)
(x− z1)(x− z2)

dx, (4.65)

where we used the matrix-valued analog of the Stieltjes representation for Mλ(z) (cf. [6,
Prop. 2.1]),

Mλ(z) = 1
π

∫︂
R

ℑMλ(x)
x− z

dx, z ∈ C \ R . (4.66)

In particular, identities (4.63) and (4.65) suggest that the appropriate approximation for
the factor 1 − λ2⟨⟨Mλ(z1)Mλ(z2)⟩⟩ in the denominator of (4.49) is (z1 − z2)(z1,λ − z2,λ)−1.
Indeed, we prove that the following estimate holds.

Lemma 4.3.4. Under the Assumption 4.2.2 and 4.2.3, the singular term ˜︁Fsing defined
in (4.49) satisfies⃓⃓⃓ ˜︁Fsing − Fsing

⃓⃓⃓
≲ Esing := (∆ + ϵ0)(1 + λ2t) + λ

(︂
1 + λ2t+ ∆−1 log t

)︂2
, (4.67)

where the quantity Fsing is given by

Fsing := λ2

(2πi)2

∮︂
γ1

∮︂
γ2

eit(z1−z2) z1,λ − z2,λ

z1 − z2
(4.68)

×
⟨︂⟨︂
M0(z1,λ)AM0(2,λ)⟩⟩ Tr

[︂
M0(z1,λ)PM0(z2,λ)

]︂
dz1dz2.
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We defer the proof of Lemma 4.3.4 to the end of the current Section 4.3.2, and proceed to
analyze the right-hand side of (4.68).
Applying the identity (4.63) to both traces in the integrand of (4.68), we obtain the
expression

Fsing =
∫︂
R

∫︂
R

⟨︂⟨︂
ℑM0(xλ)A

⟩︂⟩︂
Tr[ℑM0(yλ)P ]Fλ,t(x, y)dxdy, (4.69)

where the function Fλ,t(x, y) is defined as

Fλ,t(x, y) := λ2

(2πi)2π2

∮︂
γ1

∮︂
γ2

eit(z1−z2) (z1 − z2)
(x− z1)(x− z2)(y − z1)(y − z2)(z1,λ − z2,λ)dz2dz1. (4.70)

Recall the contours γ1 and γ2 from Fig. 4.3, and that z1,λ − z2,λ = z1 − z2 − 2iαλ2.
Evaluating the contour integration over γ2 in (4.70) yields

Fλ,t(x, y) = λ2

π2
1

2πi

∮︂
γ1

(︄
−eit(z1−x)χ(x)

(x− y)(y − z1)(xλ − z1,λ) + eit(z1−y)χ(y)
(x− y)(x− z1)(yλ − z1,λ)

+ 2iαλ2e−2αλ2t

(x− z1)(y − z1)(xλ − z1,λ)(yλ − z1,λ)

)︄
dz1 − F out

λ,t (x, y), (4.71)

where we define χ(z) := 1Ω2(z), and Ω2 is the compact connected component of C\γ2,
and the function F out

λ,t (x, y) is defined as

F out
λ,t (x, y) := λ2

π2
1

2πi

∮︂
γ1

2iαλ2e−2αλ2t
(︂
1 − χ(z1 − 2iαλ2)

)︂
(x− z1)(y − z1)(xλ − z1,λ)(yλ − z1,λ)dz1. (4.72)

We proceed to show that F out
λ,t (x, y) contributes at most an O(λ4(1 + | log λ|2 + (λ2t)2))

error to the right-hand side of (4.69). Let γ1,c denote the set {z1 ∈ γ1 : z1 − 2iαλ2 /∈ Ω2},
then the contribution of F out

λ,t (x, y) to the integral in (4.69) is given by

Eγ1,c := αλ4e−2αλ2t

π3

∫︂
γ1,c

∫︂
R

⟨︂⟨︂
ℑM0(xλ)A

⟩︂⟩︂
dx

(x− z1)(xλ − z1,λ)

∫︂
R

Tr[ℑM0(yλ)P ]dy
(y − z1)(yλ − z1,λ)dz1. (4.73)

Note that by choosing the radii of the contours R ≳ 1 large enough, we can assume that

dist(σ(H0), γ1,c) ≳ R. (4.74)

Using the spectral decomposition of H0 from (4.52), the fact that
∫︁
R ℑ[(µj − xλ)]dx = π,

and Assumption 4.2.3, we conclude that⃓⃓⃓⃓
⃓
∫︂
R

⟨︂⟨︂
ℑM0(xλ)A

⟩︂⟩︂
dx
⃓⃓⃓⃓
⃓+

⃓⃓⃓⃓
⃓
∫︂
R

Tr
[︂
ℑM0(yλ)P

]︂
dy
⃓⃓⃓⃓
⃓ ≲ 1 + ∥A∥ ≲ 1. (4.75)

Further, the spectral decomposition for H0 implies that for all x with dist(x, σ(H0)) ≳ 1,⃓⃓⃓
Tr
[︂
ℑM0(xλ)P

]︂⃓⃓⃓
+
⃓⃓⃓⟨︂⟨︂

ℑM0(xλ)A
⟩︂⟩︂⃓⃓⃓

≲ λ2|x− E0|−2. (4.76)

Let x± denote the intersections of the contour γ1 with R (see Fig. 4.3), and define D to
be a union of two small disks around x±, D := {z ∈ C : min{|z − x−|, |z − x+|} ≲ 1}.
Applying the Cauchy-Schwarz inequality to the z1 integration in (4.73), and using the
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estimates (4.74)-(4.76) to bound the contribution coming from the outside of D, and
applying the estimates (4.74) and (4.76) for all x, y ∈ R ∩ D, we obtain

⃓⃓⃓
Eγ1,c

⃓⃓⃓
≲ λ4

∫︂
γ1,c∩D

⃓⃓⃓⃓
⃓ λ2

R2

∫︂
R∩D

dx
|x− z1||xλ − z1,λ|

⃓⃓⃓⃓
⃓
2

|dz1| + O
(︂
R−3λ4

)︂
. (4.77)

For z1 on the horizontal linear segment of γ1,c ∩ D, we use that ℑz1 = −1/t to obtain

λ2

R2

∫︂
R∩D

dx
|x− z1||xλ − z1,λ|

≲
1 + λ2t

R2 , (4.78)

On the other hand, for z1 lying on the circular arc parts of γ1,c ∩ D, we compute

λ2

R2

∫︂
R∩D

dx
|x− z1||xλ − z1,λ|

≲
λ2

R2

| log λ2| +
⃓⃓⃓
log |η1|

⃓⃓⃓
+
⃓⃓⃓
log |η1 − 2αλ2|

⃓⃓⃓
|η1| + λ2 , (4.79)

where η1 := ℑz1. Squaring the estimates (4.78) and (4.79) and integrating them over the
respective parts of γ1,c ∩ D, we conclude from (4.77) that⃓⃓⃓

Eγ1,c

⃓⃓⃓
≲ R−3λ4

(︂
1 + (λ2t)2 + | log λ|2

)︂
. (4.80)

Next, using residue calculus, we compute the first term on the right-hand side of (4.71),
i.e., the contour integral over γ1, to obtain

Fλ,t(x, y) = Kλ,t(x− y)
απ

− F out
λ,t (x, y) + Kλ,t(x− y)

απ

(︂
χ(x)χ(y) − 1

)︂
(4.81)

+ 1
2π2

2λ2e−2αλ2t
(︂
χ(x) − χ(y)

)︂2

|x− y|2 + (2αλ2)2 + 1
π2

2iαλ4e−2αλ2t

|x− y|2 + (2αλ2)2
χ(x) − χ(y)

x− y
,

where Kλ,t is the kernel defined in (4.16). As we have proved above, the contribution
of F out

λ,t (x, y) to the integral in (4.69) admits the bound (4.80). Similarly, using the
estimates (4.75) and (4.76), it is straightforward to check that the third and fourth terms
on the right-hand side of (4.81) contribute at most O(λ4) to the right-hand side of (4.69),
while the last term contributes at most O(λ2). Therefore,

Fsing = ⟨A⟩˜︁Pλ,t

(︂
1 + O(ϵ0 + ∆ + λ2/∆)

)︂
+ O(λ2), (4.82)

where we used the estimate πα = π2ρ0(E0) = N−1r
(︂
1 + O(ϵ0 + ∆ + λ2/∆)

)︂
that

follows from Lemma 4.A.2 for r defined in (4.28), and performed a change of vari-
ables x → x− λ2ℜm0(E0) and y → y − λ2ℜm0(E0). We note that the N−1 prefactor
results from the different normalization of the trace in (4.28) and (4.140).
Furthermore, Proposition 4.3.6 below implies that under the Assumptions 4.2.2 and 4.2.3,
we have |⟨A⟩˜︁Pλ,t

| ≲ 1. Since the proof of Proposition 4.3.6 is independent of the statement
of (4.49), this concludes the proof of (4.49).
We proceed to prove Lemma 4.3.4.

Proof of Lemma 4.3.4. Define the sequences of overlaps aj := ⟨uj, Auj⟩, and pk :=
⟨uk, Puk⟩ where we recall from (4.52) that uj ’s are the eigenvectors of H0. Observe that
the Assumption 4.2.3 implies that

∥a∥∞ ≲ 1, pk ≥ 0 and ∥p∥1 = 1. (4.83)
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Using the spectral decomposition (4.52) of H0 and the identity (4.65), we rewrite ˜︁Fsing in
the following form, ˜︁Fsing =

∑︂
j,k

ajpk

N

1
π

∫︂
R

ℑ˜︁νj(x)λ2
⃓⃓⃓ ˜︁ωk(x)

⃓⃓⃓2
dx, (4.84)

where ˜︁νj(z) := (µj − z − λ2mλ(z))−1 for z ∈ C, and the functions ˜︁ωk(x) are defined by
the improper integrals16

˜︁ωk(x) := 1
2πi

∮︂
γ2

eitz ˜︁νk(z)
x− z

dz, x ∈ R. (4.85)

Here we adhere to the convention mλ(x) := limη→+0 mλ(x+ iη).

The key estimates for proving (4.67) are collected in the following Lemma that we prove
at the end of the subsection.

Lemma 4.3.5 (Second replacement lemma). Define the functions

ωk(x) := 1
2πi

∮︂
γ2

e−itz

x− z

1
µk − zλ

dz, k ∈ [N ], (4.86)

where we denote zλ := z + λ2m0(E0). Then under the Assumptions 4.2.2 and 4.2.3, the
estimates

⃓⃓⃓
ωk(x) − ˜︁ωk(x)

⃓⃓⃓
≲

(∆ + ϵ0)(1 + λ2t)
|µk − xλ|

+ 1 + λ2t+ ∆−1 log t, x ∈ I3∆, (4.87)
⃓⃓⃓
ωk(x)

⃓⃓⃓
+
⃓⃓⃓ ˜︁ωk(x)

⃓⃓⃓
≲

1
|µk − xλ|

+ 1 + λ2t+ ∆−1 log t, x ∈ I3∆, (4.88)⃓⃓⃓
ωk(x)

⃓⃓⃓
+
⃓⃓⃓ ˜︁ωk(x)

⃓⃓⃓
≲ ∆−1 log t+R−1, x ∈ [−1

2R,
1
2R]\I3∆, (4.89)

hold for all k with µk ∈ I∆.

Observe that applying the identities (4.63), (4.65), and the spectral decomposition of H0
to (4.69) yields ˜︁Fsing − Fsing = Esing,1 + Esing,2, (4.90)

where, recalling xλ := x− λ2m0(E0), the quantities Esing,1 and Esing,2 are defined as

Esing,1 :=
∑︂
j,k

ajpk

N

1
π

∫︂
R

ℑ
[︂˜︁νj(x) − (µj − xλ)−1

]︂
λ2
⃓⃓⃓ ˜︁ωk(x)

⃓⃓⃓2
dx, (4.91)

Esing,2 :=
∑︂
j,k

ajpk

N

1
π

∫︂
R

ℑ
[︂
(µj − xλ)−1

]︂
λ2
(︄⃓⃓⃓˜︁ωk(x)

⃓⃓⃓2
−
⃓⃓⃓
ωk(x)

⃓⃓⃓2)︄
dx. (4.92)

First, we estimate the quantity Esing,1 defined in (4.91). In the regime x ∈ I3∆, the bounds
in (4.129) imply that

⃓⃓⃓˜︁νj(x) − (µj − xλ)−1
⃓⃓⃓
≲ (∆ + ϵ0)

λ2

|µj − xλ|2
, x ∈ I3∆. (4.93)

16The integral in (4.85) diverges logarithmically as x approaches the intersection of the contour γ2
with the real line. However, the contribution of such singularities to the dx integral on the right-hand
side of (4.84) is negligible.
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On the other hand, it is straightforward to check that the regime |x| ≥ 1
2R contributes

at most O(λ2R−2) to the integral on the right-hand side of (4.91). We note that the
logarithmic singularity resulting from the contour γ2 intersecting the real line is removed
by the x integration.

Therefore, estimates (4.83), (4.88), (4.89), and (4.93) imply that

⃓⃓⃓
Esing,1

⃓⃓⃓
≲
∑︂
j,k

|aj|pk

N

∫︂
I3∆

λ2(∆ + ϵ0)
|µj − xλ|2

λ2

|µk − xλ|2
dx

+ λ2(1 + λ2t+ ∆−1 log t)2∑︂
j

1
N

∫︂
R

ℑ
[︂˜︁νj(x) + (µj − xλ)−1

]︂
dx (4.94)

≲
∑︂
j,k

|aj|pk

N

∫︂
R

λ2(∆ + ϵ0)
|µj − xλ|2

λ2

|µk − xλ|2
dx+ λ2

(︂
1 + λ2t+ ∆−1 log t

)︂2
,

where in the fist step we used the bound |ℑ[˜︁νj(x)−(µj −xλ)−1]| ≤ ℑ[˜︁νj(x)+(µj −xλ)−1] to
estimate the contribution coming form the second term on the right-hand side of (4.88) and
the regime x ∈ [−1

2R,
1
2R]\I3∆; and in the second step we used that

∫︁
R ℑ[(µj−xλ)−1]dx = π

and
∫︁
R

1
N

∑︁
j ℑ˜︁νj(x)dx =

∫︁
R ℑmλ(x)dx = π (see, e.g., Proposition 2.1 and Eq. (2.9) in [6]).

Computing the integral in the second term on the right-hand side of (4.94) explicitly, and
using the spectral decomposition of H0, we deduce from the admissibility of E0 that

∑︂
j,k

|aj|pk

N

∫︂
R

λ2(∆ + ϵ0)
|µj − xλ|2

λ2dx
|µk − xλ|2

≲ (∆ + ϵ0) sup
µk∈I∆

⟨︂⟨︂
ℑM0(µk + 2iλ2α)

⟩︂⟩︂
≲ ∆ + ϵ0. (4.95)

Here we employed (4.83) and the estimate ⟨a, Xp⟩ ≲ ∥a∥∞∥p∥1 sup
k∈supp(p)

∑︁
j |Xjk|. Hence,

we conclude that ⃓⃓⃓
Esing,1

⃓⃓⃓
≲ ∆ + ϵ0 + λ2

(︂
1 + λ2t+ ∆−1 log t

)︂2
. (4.96)

We proceed to estimate the quantity Esing,2 defined in (4.92). We note again that the
contribution of the regime |x| ≥ 1

2R to the integral on the right-hand side of (4.92) is
bounded by O(λ2R−2). Therefore, combining the estimates (4.87), (4.88), and (4.89)
yields the bound ⃓⃓⃓

Esing,2

⃓⃓⃓
≲ (∆ + ϵ0)(1 + λ2t) + λ

(︂
1 + λ2t+ ∆−1 log t

)︂2
, (4.97)

obtained similarly to (4.94) and (4.96). Together with (4.90), the bound (4.96) and (4.97)
conclude the proof of (4.67).

It remains to prove Lemma 4.3.5.

Proof of Lemma 4.3.5. Throughout the proof we assume that k ∈ [N ] satisfies µk ∈ I∆,
and x ∈ R satisfies |x| ≤ 1

2R. We introduce the auxiliary quantities

ν̌k(z) := 1
µk − z − λ2mλ(µk) , ω̌k(x) := 1

2πi

∮︂
γ2

e−itz

x− z
ν̌k(z)dz. (4.98)

An explicit computation using the residue calculus reveals that

ω̌k(x) = e−itx − e−it(µk−λ2mλ(µk))

µk − x− λ2mλ(µk) , ωk(x) = e−itx − e−it(µk−λ2m0(E0))

µk − xλ

. (4.99)
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Furthermore, using the bound in (4.129), we obtain
⃓⃓⃓
ωk(x) − ω̌k(x)

⃓⃓⃓
≲

(︄
1

|µk − xλ|2
+ t

|µk − xλ|

)︄
λ2|µk − E0| ≲

∆(1 + λ2t)
|µk − xλ|

, (4.100)

where we additionally applied the estimate⃓⃓⃓
y + O(η)

⃓⃓⃓
+ η ∼ |y| + η, y ∈ R, η > 0. (4.101)

We decompose the contour γ2 = Γ1 +̇ Γ2 +̇ Γ3 according to (4.60). It is straightforward
to check that for ν#(z) denoting one of ˜︁νk(z), ν̌k(z) or (µk − zλ)−1,⃓⃓⃓⃓

⃓
∫︂

Γ2+̇Γ3

e−itz

x− z
ν#

k (z)dz
⃓⃓⃓⃓
⃓ ≲ log t

∆ + 1
R
, (4.102)

where we used that ℑz = t−1 for all z ∈ Γ1. Therefore, rewriting the left-hand sides
of (4.87)-(4.89) using the integral definitions (4.85) and(4.86), it suffices to estimate the
contributions coming from the segment Γ1 ⊂ γ2.
Using (4.101) and (4.129), we deduce that for all z ∈ Γ1, defined in (4.60),

⃓⃓⃓
ν̌k(z) − ˜︁νk(z)

⃓⃓⃓
≲

λ2

|µk − zλ|
. (4.103)

Integrating the bound (4.103) then yields⃓⃓⃓⃓
⃓
∫︂

Γ1

e−itz

x− z

[︂˜︁νk(z) − ν̌k(z)
]︂
dz
⃓⃓⃓⃓
⃓ ≲ (︂

1 + λ2t
)︂
1x∈I3∆ +

(︂
∆−1 log t

)︂
1x/∈I3∆ , (4.104)

which, together with (4.100), (4.102) immediately implies (4.87) after writing ˜︁ωk − ωk =
(˜︁ωk − ω̌k) + (ω̌k − ωk).
On the other hand, noting that |ωk(x)| + |ω̌k(x)| ≲ |µk − xλ|−1 by (4.99), and combining
the estimates (4.100) and (4.102) yields (4.88) and (4.89). This concludes the proof of
Lemma 4.3.5.

4.3.3 Step (iii): Limiting Behavior of the Singular Term and
Proof of Theorem 4.2.4 (b)

We organize the result of approximating ⟨A⟩˜︁Pλ,t
in the following proposition.

Proposition 4.3.6. Under the assumptions of Theorem 4.2.4, and with ˜︁Pλ defined as
in (4.18), we have that, for any fixed T ∈ (0,∞) and recalling α = πρ0(E0)

lim sup
∆→0

lim sup
t→∞
λ→0

λ2t=T

lim sup
N→∞

⃓⃓⃓
⟨A⟩˜︁Pλ,t

− (1 − e−2αλ2t)⟨A⟩˜︁Pλ

⃓⃓⃓
≲ T e−2αT .

Given Proposition 4.3.6, Theorem 4.2.4 (b) immediately follows.

Proof of Proposition 4.3.6. First, we observe that representing ℑMλ in spectral decom-
position of H0, the quantity ⟨A⟩˜︁Pλ,t

with Pλ,t defined in (4.15), can be rewritten in the
from

⟨A⟩˜︁Pλ,t
= 1
r

∑︂
j,k

ajpk

∫︂
R
φαλ2(x− µj)

(︂
Kλ,t ∗ φαλ2

)︂
(x− µk)dx, (4.105)
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where r =
∫︁
R Tr[ℑM0(x + iαλ2)]⟨ℑM0(x + iαλ2)⟩P dx > 0 has already been introduced

in Remark 4.2.2 (ii), and we denoted φη := ℑ[(x − iη)−1]. Recall that µj,uj are the
eigenvalues and the respective eigenvectors of H0, and aj := ⟨uj, Auj⟩, pj := ⟨uj, Puj⟩.
Applying the Parseval-Plancherel identity to the right-hand side of (4.105) yields

⟨A⟩˜︁Pλ,t
= 1
r

∑︂
j,k

ajpkΦλ,t(µj − µk), Φλ,t(u) := π2

(2π)1/2

∫︂
R

e−2αλ2|q|−iuq ˆ︃Kλ,t(q)dq, (4.106)

where we used the fact that ˆ︂φη(q) = (π
2 )1/2e−η|q|, η > 0 (recall Footnote 5).

A direct computation starting with (4.16) reveals that

ˆ︃Kλ,t(q) =

⎧⎨⎩(2π)−1/2
(︂
1 − e−2αλ2(t−|q|)

)︂
for |p| ≤ t ,

0 for |p| > t ,
(4.107)

and implies that Φλ,t(u) admits the explicit expression

Φλ,t(u) =
(︂
1 − e−2αλ2t

)︂
πφ2αλ2(u) + Rλ,t(u), (4.108)

where the function Rλ,t(u) is defined by

Rλ,t(u) := πe−2αλ2tφ2αλ2(u)
(︄

1 − cos(tu) − 2αλ2t
sin(tu)
tu

)︄
. (4.109)

Observe that the contribution of the first term on the right-hand side of (4.108) to ⟨A⟩˜︁Pλ,t

is given by (1 − e−2λ2αt)⟨A⟩˜︁Pλ
, since

⟨A⟩˜︁Pλ
= 1
r

∑︂
j,k

ajpk

∫︂
R
φαλ2(x− µj)φαλ2(x− µk)dx. (4.110)

Here we used the definition of the state ˜︁Pλ in (4.18), and the Parseval-Plancherel identity.
The key observation is that the contribution of the remaining Rλ,t(µj − µk) term

R :=
∑︂
j,k

ajpk

r
Rλ,t(µj − µk) (4.111)

in (4.108) to ⟨A⟩˜︁Pλ,t
admits the bound17

⃓⃓⃓
R
⃓⃓⃓
≤ sup

k∈supp(p)

1
r

∑︂
j

⃓⃓⃓
Rλ,t(µj − µk)

⃓⃓⃓
· ∥a∥∞∥p∥1 . (4.112)

Observe that there exists a constant C > 0 such that for any ξ > 0 and t > 0, we have
that φξ(u)(1 − cos(tu)) ≤ Cξtφ1/t(u) for all u ∈ R. This follows immediately from the
fact that the function s ↦→ (s2 + 1)(1 − cos s)/s2 is uniformly bounded on R. Therefore,
the function R admits the bound

|Rλ,t(u)| ≤ 2παλ2t e−2αλ2t

(︄
Cφ1/t(u) + φ2αλ2(u)

)︄
, u ∈ R. (4.113)

17Inequality (4.112) can be interpreted as a discrete analog of Young’s convolution inequality, which
can not be evoked directly since the eigenvalues µj do not form a group under addition.

145



4. Prethermalization for Deformed Wigner Matrices

Summing the bound (4.113) over u = µj yields
1
r

∑︂
j

⃓⃓⃓
Rλ,t(µj − µk)

⃓⃓⃓
≲ λ2t e−2αλ2tN

r
ℑ⟨⟨M0(µk + 2iαλ2) +M0(µk + i/t)⟩⟩. (4.114)

Using the localization of the state P as in (4.12), the admissibility of E0 in (4.11), and
the first line of (4.140) to deduce that r ∼ N(1 + O(ϵ0 + ∆ + λ2/∆)), we obtain

sup
k∈supp(p)

1
r

∑︂
j

⃓⃓⃓
Rλ,t(µj − µk)

⃓⃓⃓
≲ λ2t e−2αλ2t

(︂
1 + ϵ0

)︂(︂
1 + ϵ0 + ∆ + λ2/∆

)︂
. (4.115)

This concludes the proof of Proposition 4.3.6.

4.3.4 Relaxation formula: Proof of Corollary 4.2.6
Estimates (4.24) and (4.25) in items (a) and (b), respectively, follow immediately from
Theorem 4.2.4.
To prove (4.26) in item (c), observe that plugging the estimate (4.22) from the Defini-
tion 4.2.5 of local overlap regularity into (4.111) yields⃓⃓⃓

R
⃓⃓⃓
≲ |A| sup

k∈supp(p)

⃓⃓⃓⃓
⃓ 1
N

∑︂
µj∈I2∆

Rλ,t(µj − µk)
⃓⃓⃓⃓
⃓+ sup

k∈supp(p)

⃓⃓⃓⃓
⃓ ∑︂
µj∈I2∆

aj − A

N
Rλ,t(µj − µk)

⃓⃓⃓⃓
⃓

+ sup
k∈supp(p)

⃓⃓⃓⃓
⃓ 1
N

∑︂
µj /∈I2∆

ajRλ,t(µj − µk)
⃓⃓⃓⃓
⃓, (4.116)

where we used that |r| ∼ N (1 + O(ϵ0 + ∆ + λ2/∆)) by the first line of (4.140) from
Lemma 4.A.2. Applying the estimates analogous to (4.112) and (4.115) to the second
sum on the right-hand side of (4.116), we deduce the bound

sup
k∈supp(p)

⃓⃓⃓⃓
⃓ ∑︂
µj∈I2∆

aj − A

N
Rλ,t(µj − µk)

⃓⃓⃓⃓
⃓ ≲ ⃓⃓⃓

ELOR

⃓⃓⃓
·
(︂
1 + λ2/∆

)︂
(4.117)

Note that by (4.83) and the uniform bound

|Rλ,t(u)| ≲ λ2

∆2 , for |u| ≳ ∆

following from (4.113), the tail sum, i.e., the second line of (4.116), admits the estimate

sup
k∈supp(p)

⃓⃓⃓⃓
⃓ 1
N

∑︂
µj /∈I2∆

ajRλ,t(µj − µk)
⃓⃓⃓⃓
⃓ ≲ λ2

∆2 . (4.118)

Therefore, it remains to estimate the first term on the right-hand side of (4.116). Since
the function Rλ,t(u) is holomorphic in u for |ℑu| ≤ αλ2, we obtain the following series of
estimates,

1
N

∑︂
µj∈I2∆

Rλ,t(µj − µk) = 1
2πi

∮︂
γ
Rλ,t(z − µk)⟨⟨M0(z)⟩⟩dz + O

(︄
λ2

∆2

)︄

= 1
2πi

∮︂
γ
Rλ,t(z − µk)m0(z)dz + O

(︄
η0 + ϵ0

λ2 + λ2

∆2

)︄
(4.119)

=
∫︂

I2∆
Rλ,t(u− µk)ρ0(u)du+ O

(︄
η0 + ϵ0

λ2 + λ2

∆2

)︄
,
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where the contour γ is defined to be a rectangle of height 2η0 and width 4C centered at E0,
and the constant C ∼ 1 is chosen in such a way that σ(H0) ⊂ [E0 − C,E0 + C]. Here, in
the first step, we used residue calculus and an estimate analogous to (4.118) to extend the
sum to all µj ’s. The second step follows by integrating the estimate (4.8) on the horizontal
segments of γ and bounding the contribution of the vertical segments of the contour γ
by O(η0). Finally, the third step is a consequence of the Stieltjes representation (4.9)
and |Rλ,t(u)| ≲ ∆−2λ2 for |u| ≳ ∆. Using the estimate ρ0(u) = ρ0(E0) + O(∆) for
all u ∈ I2∆ by admissibility of E0 as in (4.10), we conclude that∫︂

I2∆
Rλ,t(u− µk)ρ0(u)du = ρ0(E0)

∫︂
I2∆

Rλ,t(u− µk)du+ O(∆), (4.120)

where we used
∫︁
R |Rλ,t(u)|du ≲ λ2t e−2αλ2t ≲ 1 as a consequence of (4.113). Moreover, a

direct computation starting with (4.109) reveals that∫︂
R
Rλ,t(u− µk)du = 0 and

∫︂
R\I2∆

⃓⃓⃓
Rλ,t(u− µk)

⃓⃓⃓
du ≲

λ2

∆ . (4.121)

Hence, combining estimates (4.116)–(4.121) yields⃓⃓⃓
R
⃓⃓⃓
≲ ∆ + η0 + λ−2ϵ0 + ∆−2λ2, (4.122)

which implies the R-part of (4.26); the E-part is an immediate consequence of Theo-
rem 4.2.4 (a).
To complete the proof under the weaker assumption on ⟨uj, Auj⟩, stated in Foot-
note 6, we first uniformly approximate AN by a real analytic function AN,ℓ : I2∆ → R

with ℓ = ℓ(λ, t) > 0 (to be chosen below), which can be analytically extended to
{z ∈ C : dist(z, I2∆) < ℓ} and satisfy supN∈N ∥AN,ℓ −AN∥∞ → 0 as ℓ → 0. Such AN,ℓ can
be explicitly constructed, e.g., by convolution of AN with a Gaussian having variance
of order ℓ. For ease of notation, we shall now drop the subscript N . Then, the error
term A−Aℓ is easily seen to give a vanishing contribution (as ℓ → 0) by means of (4.115).
Next, observe that using analyticity of Aℓ and reasoning as in the proof for the case of A
being constant above, we obtain
⃓⃓⃓
R
⃓⃓⃓
≲ sup

µk∈I∆

⃓⃓⃓⃓
⃓
∫︂

I2∆

(︂
Aℓ(u) − Aℓ(µk)

)︂
Rλ,t(u− µk)du

⃓⃓⃓⃓
⃓+ ∆ + η0 + λ−2ϵ0 + ∆−2λ2. (4.123)

Since Aℓ(z) is analytic in the strip of width ℓ, (4.113) implies that the integral on the
right-hand side of (4.123) is bounded by

1
ℓ

∫︂
I2∆

(︄
λ2|u− µk|

|u− µk|2 + (2αλ2)2 + t−1|u− µk|
|u− µk|2 + t−2

)︄
du ≲

λ2| log λ| + t−1 log t
ℓ

, (4.124)

uniformly in k such that µk ∈ I∆. Hence, choosing, say, ℓ := λ+ t−1/2, this concludes the
proof of Corollary 4.2.6.

4.3.5 Microcanonical Average: Proof of Theorem 4.2.9
Using (4.18), we start by writing out

⟨A⟩˜︁Pλ
=
∫︁
R⟨⟨ℑM0(x+ iαλ2)A⟩⟩ ⟨ℑM0(x+ iαλ2)⟩P dx∫︁
R⟨⟨ℑM0(x+ iαλ2)⟩⟩ ⟨ℑM0(x+ iαλ2)⟩P dx . (4.125)
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For the denominator, we have∫︂
R

⟨⟨ℑM0(x+ iαλ2)⟩⟩ ⟨ℑM0(x+ iαλ2)⟩P dx

= π⟨⟨ℑM0(E0 + iαλ2)⟩⟩ + O
(︂
ϵ0 + ∆ + λ2/∆

)︂
(4.126)

from Lemma 4.A.2. For the numerator, we use that h(x) = ⟨⟨ℑM0(x+ iαλ2)A⟩⟩ has
uniformly bounded Lipschitz constant for x ∈ I∆ (recall (4.33)). Hence we find∫︂

R
h(x) ⟨ℑM0(x+ iαλ2)⟩P dx = πh(E0) + O

(︂
∆ + λ2/∆

)︂
(4.127)

completely analogously to (4.141) and (4.142), using Assumption 4.2.3 (i).

Therefore, plugging (4.126) and (4.127) into (4.125), and using Assumption 4.2.2 (ii)
together with Lemma 4.A.2, we obtain

⟨A⟩˜︁Pλ
= ⟨A⟩

P
(mc)
λ

+ O(Emc) with Emc := ϵ0 + ∆ + λ2/∆.

This concludes the proof of Theorem 4.2.9.

4.A Auxiliary Results and Additional Proofs

4.A.1 Auxiliary Results
In this subsection, we derive two technical lemmas, which are frequently used throughout
the main text.

The first one (Lemma 4.A.1) is concerned with properties of the self-consistent resol-
vent Mλ(z) from the λ-dependent quadratic matrix equation (4.42) using Assumption 4.2.2
on the unperturbed matrix H0. Recall that 1

6κ0 denotes the upper bound for the energy
width ∆ (cf. Assumption 4.2.3).

Lemma 4.A.1. Let z := E + iη be a spectral parameter in C with |z| ≤ C, then the
solution Mλ(z) to (4.42) satisfies the bounds

⟨⟨|Mλ(z)|2⟩⟩ ≤ λ−2, ⟨⟨|Mλ(z)|⟩⟩ ≤ λ−1, ℑz > 0. (4.128)

Moreover, assuming that ℑz ≥ 0, |ℜz − E0| ≤ 1
2κ0, and E0 lies in the admissible

spectrum σ
(κ0,c0)
adm of H0 the following estimates

ℑmλ(z) ≳ 1, |mλ(z)| ≲ 1, |m′
λ(z)| ≲ 1, (4.129)

with mλ(z) := ⟨⟨Mλ(z)⟩⟩ hold for any fixed 0 < λ ≤ λ∗, and all N ≥ Nλ ∈ N, uniformly
in z.

Proof of Lemma 4.A.1. First, we prove the (4.128) for ℑz > 0. Taking the imaginary
part of the MDE (4.42), multiplying by |Mλ|2 and taking the averaged trace yields

ℑmλ(z) =
(︂
ℑz + λ2ℑmλ(z)

)︂
⟨⟨|Mλ(z)|2⟩⟩, (4.130)
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which immediately implies the first bound in (4.128). The second estimate in (4.128)
follows from the first one by the Cauchy–Schwarz inequality. To extend (4.128) down
to ℑz = 0, we first address the regularity18 of mλ(z) = ⟨⟨Mλ(z)⟩⟩.
Differentiating the MDE (4.42), taking the trace, and evoking the first bound in (4.128),
we obtain

⃓⃓⃓
m′

λ(z)
⃓⃓⃓
=

⃓⃓⃓
⟨⟨Mλ(z)2⟩⟩

⃓⃓⃓
⃓⃓⃓
1 − λ2⟨⟨Mλ(z)2⟩⟩

⃓⃓⃓ ≤ 1
2λ4

⟨︂⟨︂
(ℑMλ(z))2

⟩︂⟩︂ ≲
1

λ4(ℑmλ(z))2 , (4.131)

where we used (4.128) to deduce that

|1 − λ2⟨⟨Mλ(z)2⟩⟩| ≥ 1 − λ2ℜ⟨⟨Mλ(z)2⟩⟩ ≥ 2λ2⟨⟨(ℑMλ(z))2⟩⟩,

and the positive-definiteness of ℑMλ(z) to obtain the last inequality in (4.131).
Together with the first estimate in (4.128), (4.131) implies that λ4/3ℑmλ(z) is uni-
formly 1/3-Hölder continuous in {z ∈ C : |ℑz| ≥ 0, |z| ≤ C}. This concludes the
proof of (4.128) for ℑz ≥ 0.
Next, we turn to proving the first estimate in (4.129). It follows from the MDE (4.42)
that

mλ(z) =
⟨︂⟨︂(︂
H0 − z − λ2mλ(z)

)︂−1⟩︂⟩︂
, (4.132)

and ℑz + λ2ℑmλ(z) ≥ ℑz.
First, assume that ℑz ≥ η0 (recall (4.8)). It follows from (4.128) that λ2|mλ(z)| ≤ λ, hence
by suitably shrinking the threshold λ∗, we can assume that |ℜ[z + λ2mλ(z)] − E0| ≤ 3

4κ0
for all z satisfying ℑz ≥ η0, |z| ≤ C and |ℜz − E0| ≤ 1

2κ0. Therefore

mλ(z) = m0
(︂
z + λ2mλ(z)

)︂
+ O(ϵ0) = m0(z) + O(λ+ ϵ0), (4.133)

where the first step follows by (4.8) and (4.128), and in the second estimate we used
that E0 ∈ σ

(κ0,c0)
adm , defined in (4.10). In particular, taking the imaginary part of (4.133),

and using the positivity of ρ0 in the admissible spectrum yields ℑmλ(z) ≳ 1 + O(λ+ ϵ0).
Hence, from the 1/3-Hölder continuity of λ4/3ℑmλ(z), and (4.133) we deduce that

λ2ℑmλ(z) ≳ λ2 + O(λ3 + λ2ϵ0 + λ2/3η
1/3
0 ). (4.134)

for all z with |ℜz − E0| ≤ 1
2κ0, ℑz ≥ 0, and |z| ≤ C. Therefore, for a suitably small

threshold λ∗ and any fixed 0 < λ ≤ λ∗, the first estimate in (4.129) is established for
all N satisfying η0(N)1/3 ≲ λ2 with the implicit constant depending only on the constant
in (4.131). Since η0(N) converges to zero, there exists Nλ ∈ N such that all N ≥ Nλ

satisfy η0(N)1/3 ≲ λ2. Furthermore, we obtain ℑz + λ2ℑmλ(z) ≳ λ2 ≥ η0, hence the
second estimate in (4.129) follows from (4.8) and (4.132).
Finally, we prove the third estimate in (4.129). Differentiating (4.132) with respect to z
yields

m′
λ(z) =

⟨︂⟨︂(︂
H0 − z − λ2mλ(z)

)︂−2⟩︂⟩︂(︂
1 + λ2m′

λ(z)
)︂
, (4.135)

18The comprehensive analysis of the MDE in [4, 6] shows that for any fixed λ, under the additional
boundedness assumption ∥Mλ∥ ≲ 1, the operator Mλ(z) is 1/3-Hölder continuous with a λ-dependent
constant. However, for the purposes of proving the regularity of mλ, the operator norm bound is not
necessary.
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Im particular, the first factor on the right-hand side of (4.135) is a normalized trace
of (H0 − ζ)−2 with ζ := z + λ2mλ(z), satisfying |ℜζ − E0| ≤ 3

4κ0 and ℑζ ≥ 2cλ2 ≥ η0
for some positive constant c ∼ 1 by the first and second estimates in (4.129). Hence,
integrating (4.8), we deduce that

⟨⟨(H0 − ζ)−2⟩⟩ =
∫︂
R+icλ2

ℑ⟨⟨(H0 − w)−1⟩⟩
π (w − ζ)2 dw =

∫︂
R+icλ2

ℑm0(w)
π (w − ζ)2 dw+ O

(︂
λ−2ϵ0

)︂
. (4.136)

Moreover, using the fact that m0(w) is the Stieltjes transform of the limiting density ρ0,
we conclude that

⟨⟨(H0 − ζ)−2⟩⟩ = 1
π

∫︂
R

ρ0(x)
(x− ζ)2 dx+ O

(︂
λ−2ϵ0

)︂
, (4.137)

In particular, since ℜζ lies in the admissible spectrum of H0, the integral on the right-hand
side of (4.137) admits the estimate⃓⃓⃓⃓

⃓ 1π
∫︂
R

ρ0(x)
(x− ζ)2 dx

⃓⃓⃓⃓
⃓ =

⃓⃓⃓⃓
⃓
∫︂

J

ρ′
0(x) − ρ′

0(ℜζ)
x− ζ

dx
⃓⃓⃓⃓
⃓+

⃓⃓⃓⃓
⃓
∫︂

J

ρ′
0(ℜζ) ℑζ
|x− ζ|2

dx
⃓⃓⃓⃓
⃓+ O(κ−2

0 ), (4.138)

where J := [ℜζ−cκ0,ℜζ+cκ0] ⊂ Iκ0 . Here we used that the kernel (x−ℜζ)/|x−ζ|2 is odd
around ℜζ and the integrability of ρ0 to estimate the integral over R\J , while the boundary
term resulting from integration by parts over J is bounded by κ−1

0 O(∥ρ0∥C1(J)) ≲ κ−1
0 .

Observe that the second term on the right-hand side of (4.138) is bounded by O(|ρ′
0(ℜζ)|),

while the first term is bounded by O(L), where L is the Lipschitz constant of ρ′
0 on the

interval [E0 − κ0, E0 + κ0]. Therefore, |⟨⟨(H0 − ζ)−2⟩⟩| = O(1). Finally, rearranging the
identity (4.135) now yields

m′
λ(z) =

⟨︂⟨︂(︂
H0 − z − λ2mλ(z)

)︂−2⟩︂⟩︂
1 − λ2

⟨︂⟨︂(︂
H0 − z − λ2mλ(z)

)︂−2⟩︂⟩︂ = O(1). (4.139)

This concludes the proof of Lemma 4.A.1.

We conclude this section by evaluating the denominator in (4.15).

Lemma 4.A.2. Under Assumptions 4.2.2 and 4.2.3 (i) (recalling that α = πρ0(E0)) it
holds that⃓⃓⃓⃓∫︂

R
⟨⟨ℑM0(x+ iαλ2)⟩⟩⟨ℑM0(x+ iαλ2)⟩P dx− π2ρ0(E0)

⃓⃓⃓⃓
= O

(︂
ϵ0 + ∆ + λ2/∆

)︂
,⃓⃓⃓

π2ρ0(E0) − π⟨⟨ℑM0(E0 + iαλ2)⟩⟩
⃓⃓⃓
= O

(︂
ϵ0 + ∆ + λ2/∆

)︂
.

(4.140)

Proof. We only prove the first relation in (4.140). The argument for the second estimate
is analogous and hence omitted.
We have that∫︂

R
⟨⟨ℑM0(x+ iαλ2)⟩⟩⟨ℑM0(x+ iαλ2)⟩P dx

=
∫︂
R

ℑm0(x+ iαλ2)⟨ℑM0(x+ iαλ2)⟩P dx+ O(ϵ0) (4.141)

=
∑︂

µj∈I∆

⟨uj, Puj⟩
∫︂
R

dyρ0(y)
∫︂
R

dx αλ2

(x− y)2 + (αλ2)2
αλ2

(x− µj)2 + (αλ2)2 + O(ϵ0)

=π2 ∑︂
µj∈I∆

⟨uj, Puj⟩
∫︂
R

dyρ0(y) 1
π

2αλ2

(y − µj)2 + (2αλ2)2 + O(ϵ0),
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where we used
∫︁
R⟨ℑM0(x+iαλ2)⟩P dx = π and (4.8) to go to the second line. To go to the

third line, we employed spectral decomposition (4.52) of H0 and used Assumption 4.2.3 (i).
Next, using that µj ∈ I∆ and regularity of ρ0 within I2∆, we can evaluate the integral in
the last line of (4.141) as

∫︂
R

dyρ0(y) 1
π

2αλ2

(y − µj)2 + (2αλ2)2 = ρ0(E0) + O
(︂
∆ + λ2/∆

)︂
, (4.142)

by adding and subtracting ρ0(E0) and estimating I2∆ and Ic
2∆ separately.

Combining (4.141) with (4.142) and using that Tr[P ] = 1 concludes the argument.

4.A.2 Proof of Proposition 4.3.1
Our proof closely follows [37, Appendix B], [34, Section 5.2], and [33, Section 6.2],19 hence,
we only give the main steps. Note that we are only interested in a global law, i.e. the
spectral parameters z1, z2 have imaginary parts uniformly bounded away from zero. In
particular, we can simply afford the norm bounds ∥Gi∥ ≲ 1 and ∥Mi∥ ≲ 1.

As a preparation for our argument, we recall the definition of the second order renor-
malization, denoted by underline, from [36]. For functions f(W ), g(W ) of the random
matrix W , we define

f(W )Wg(W ) := f(W )Wg(W ) − ˜︁E[︂(∂ ˜︁Wf)(W )˜︂Wg(W ) + f(W )˜︂W (∂ ˜︁Wg)(W )
]︂
, (4.143)

where ∂ ˜︁W denotes the directional derivative in the direction of the GUE matrix ˜︂W
that is independent of W . The expectation is taken w.r.t. the matrix ˜︂W . Note that
if W itself is a GUE matrix, then Ef(W )Wg(W ) = 0, while for W with a general
distribution, this expectation is independent of the first two moments of W . In other
words, the underline renormalizes the product f(W )Wg(W ) to the second order. We
remark that the underline (4.143) is a well-defined notation if the ‘middle’ W to which
the renormalization refers is unambiguous. This is the case in our proof, since the
functions f, g are resolvents, i.e. not involving explicitly monomials in W .

Moreover, we note that ˜︁E˜︂WR˜︂W = ⟨⟨R⟩⟩ and furthermore, that the directional derivative
of the resolvent is given by ∂ ˜︁WG = −G˜︂WG. For example, in the special case f(W ) = 1
and g(W ) = (W +D − z)−1 = G, we thus have

WG = WG+ ⟨⟨G⟩⟩G

by definition of the underline in (4.143). Using this underline notation in combination
with the identity G(W +D − z) = I and the defining equation (4.39) for M , we have

G = M −MWG+M⟨⟨G−M⟩⟩G = M −GWM +G⟨⟨G−M⟩⟩M . (4.144)

Moreover, we have the following lemma, the proof of which is given at the end of this
section.

19In fact, for z1, z2 in the bulk of the self consistent density of states ρ(x) := π−1 limη→0+⟨⟨ℑM(x+iη)⟩⟩,
Proposition 4.3.1 has already been proven for so called regular matrices A in [33, Proposition 4.4]. Here,
we provide the proof uniformly in the spectrum and for arbitrary matrices.
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Lemma 4.A.3 (Representation as full underlined, cf. Lemma 5.6 in [34]). Under the
notations and assumptions of Proposition 4.3.1, we have that(︄

G1BG2 −
(︃
M1BM2 + M1M2⟨⟨M1BM2⟩⟩

1 − ⟨⟨M1M2⟩⟩

)︃)︄
xy

= −
(︂
G1B

′M2WG2
)︂

xy
+ O≺ (Eiso)

(4.145)
with Eiso := 1/

√
N for some bounded deterministic matrix B′ ∈ CN×N .

Having this approximate representation of the lhs. of (4.41) as a full underlined term at
hand, we turn to the proof of (4.41) via a (minimalistic) cumulant expansion; see [37,
Eq. (4.32)] and [34, Eq. (5.24)].

Let p ∈ N be arbitrary. Then, abbreviating the lhs. of (4.145) by Qxy, we obtain

E
⃓⃓⃓
Qxy

⃓⃓⃓2p
≲ E ˜︁Ξ ⃓⃓⃓Qxy

⃓⃓⃓2p−2
+

∑︂
|l|+
∑︁

(J∪J∗)≥2
EΞ(l, J, J∗)

⃓⃓⃓
Qxy

⃓⃓⃓2p−1−|J∪J∗|

+ O≺
(︂
E−2p

iso

)︂
, (4.146)

where the summation in (4.146) is taken over tuples l ∈ Z2
≥0 and multisets of tuples

J, J∗ ⊂ Z2
≥0 \ {(0, 0)}, for which we set ∂(l1,l2) := ∂l1

ab∂
l2
ba, |(l1, l2)| = l1 + l2, ∑︁ J = ∑︁

j∈J |j|.
Moreover, we denoted

˜︁Ξ :=

⃓⃓⃓⃓(︂
G1B

′G1BG2
)︂

xy

(︂
G1G2

)︂
xy

⃓⃓⃓⃓
+
⃓⃓⃓⃓(︂
G1B

′G2
)︂

xy

(︂
G1BG2G2

)︂
xy

⃓⃓⃓⃓
N

(4.147)

+

⃓⃓⃓⃓(︂
G1B

′G∗
2B

∗G∗
1

)︂
xx

(︂
G∗

2G2
)︂

yy

⃓⃓⃓⃓
+
⃓⃓⃓⃓(︂
G1B

′G∗
1

)︂
xx

(︂
G∗

2A
∗G∗

1G2
)︂

yy

⃓⃓⃓⃓
N

,

and defined Ξ(l, J, J∗) via

Ξ := N−(|l|+
∑︁

(J∪J∗)+1)/2∑︂
ab

⃓⃓⃓
∂l
[︂
(G1B

′)xa

(︂
G2
)︂

by

]︂⃓⃓⃓
(4.148)

×
∏︂
j∈J

⃓⃓⃓
∂j
(︂
G1BG2

)︂
xy

⃓⃓⃓ ∏︂
j∈J∗

⃓⃓⃓
∂j
(︂
G∗

2B
∗G∗

2

)︂
yx

⃓⃓⃓
.

Now, by a simple norm bound, ∥G∥ ≲ 1, we find that

˜︁Ξ ≺ E2
iso . (4.149)

For Ξ, our goal is to show that

Ξ(l, J, J∗) ≺ E1+|J∪J∗|
iso . (4.150)

First, we have the naive bounds⃓⃓⃓
∂l
[︂
(G1B

′)xa

(︂
G2
)︂

by

]︂⃓⃓⃓
+
⃓⃓⃓
∂j
(︂
G1BG2

)︂
xy

⃓⃓⃓
+
⃓⃓⃓
∂j
(︂
G∗

2B
∗G∗

2

)︂
yx

⃓⃓⃓
≺ 1 (4.151)

and hence

Ξ ≺ N−(|l|+
∑︁

(J∪J∗)+1)/2N2 = N (4−|l|)/2N−(1+
∑︁

(J∪J∗))/2 = N (4−|l|)/2E1+
∑︁

(J∪J∗)
iso .
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Thus, for |l| ≥ 4, we find the naive bounds (4.151) to be sufficient for (4.150), since
trivially |J ∪ J∗| ≤ ∑︁(J ∪ J∗). For |l| ≤ 3, we perform the summation ∑︁

ab a bit more
carefully, e.g., recalling the norm bound ∥G∥ ≲ 1, as

∑︂
a

|Gxa| ≤ N1/2
√︄∑︂

a

|Gxa|2 = N1/2(|G|2)xx ≲ N1/2

instead of the naive ∑︁a |Gxa| ≲ N . Indeed, using the condition |l| +∑︁(J ∪ J∗) ≥ 2, we
can check all the cases |l| ≤ 3 explicitly and find∑︂

ab

⃓⃓⃓
∂l
[︂
(G1B

′)xa

(︂
G2
)︂

by

]︂⃓⃓⃓ ∏︂
j∈J

⃓⃓⃓
∂j
(︂
G1BG2

)︂
xy

⃓⃓⃓ ∏︂
j∈J∗

⃓⃓⃓
∂j
(︂
G∗

2B
∗G∗

2

)︂
yx

⃓⃓⃓
≺ N2 N−(4−|l|)/2 ,

from which we conclude (4.150).
Plugging (4.150) together with (4.149) into (4.146), using a Young inequality and recalling
that p was arbitrary, we deduce that

|Qxy| ≺ Eiso = 1√
N
,

i.e. we have proven Proposition 4.3.1.
It remains to give the proof of Lemma 4.A.3.

Proof of Lemma 4.A.3. Applying (4.144) to G2, we thus find that

G1
˜︁BG2 = G1

˜︁BM2 −G1
˜︁BM2WG2 +G1

˜︁BM2⟨⟨G2 −M2⟩⟩G2

for ˜︁B = X12[B], where we introduced the linear operator

X12[C] :=
(︂
1 − ⟨⟨M1 · M2⟩⟩

)︂−1
[C] for C ∈ C2N×2N . (4.152)

Extending the underline to the whole product, we obtain

G1
˜︁BG2 =M1

˜︁BM2 + (G1 −M1) ˜︁BM2 −G1
˜︁BM2WG2

+G1
˜︁BM2⟨⟨G2 −M2⟩⟩G2 +G1⟨⟨G1

˜︁BM2⟩⟩G2,

from which we conclude

G1BG2 =M1X12[B]M2 + (G1 −M1)X12[B]M2 −G1X12[B]M2WG2 (4.153)
+G1X12[B]M2⟨⟨G2 −M2⟩⟩G2 +G1⟨⟨(G1 −M1)X12[B]M2⟩⟩G2.

To proceed, we note that

B′ := X12[B] = B + ⟨⟨M1BM2⟩⟩
1 − ⟨⟨M1M2⟩⟩

has bounded norm, ∥B′∥ ≲ 1, since for |ℑz1|, |ℑz2| ≳ 1, X12 is a bounded opera-
tor (see [34, Lemma B.5] and [33, Appendix A.2]). Then, using the norm bounds ∥Gi∥ ≲ 1
and ∥Mi∥ ≲ 1 together with the single resolvent global law (4.40) (see also [69, Theo-
rem 2.1]) for the second, fourth and fifth term in (4.153), we conclude the desired.
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5 Operator Norm of a Hermitian
Random Matrix with Correlated
Entries

We consider a correlated N × N Hermitian random matrix with a polynomially
decaying metric correlation structure. By calculating the trace of the moments of the
matrix and using the summable decay of the cumulants, we show that its operator
norm is stochastically dominated by one.

Published as J. Reker. On the operator norm of a Hermitian random matrix with
correlated entries. Random Matrices: Theory Appl., 11(4):2250036, 2022.

5.1 Introduction
Let H be a Hermitian N ×N random matrix such that H = 1√

N
W , where W ∈ CN×N

has matrix elements of order one. For Wigner matrices, i.e., when the entries of W are
identically distributed and independent (up to the Hermitian symmetry) with some mild
moment condition, it is well-known that ∥H∥ is bounded uniformly in N with very high
probability. In fact, it even converges to 2 under the normalization E|Wij|2 = 1 (see [13]
and [8, Thm 2.1.22], as well as [81], [94], [139] for more quantitative bounds under stronger
moment conditions). Similar statements hold true for Wigner-type ensembles which allow
different distributions of the matrix entries and a more general variance profile, but
retain independence up to the Hermitian symmetry. Here, the operator norm converges
to the maximum of the support of the asymptotic density of states (see [63], [117]),
which, although possibly different from 2, is deterministic as well. In contrast, if the
entries of W are very strongly correlated, the norm of H may be as large as

√
N .

Considering dependent random variables furher adds the technical difficulty of tracking
the correlations between the matrix entries explicitly throughout the analysis. The spectral
properties of correlated random matrices have been studied through global laws (see,
e.g., [9], [16], [50], [86], [70], [127] for the discussion of different models and correlation
structures), local laws and universality results (see [2], [7],[69]).

In this paper, we assume the entries of W to be correlated following a polynomially
decaying metric correlation structure as, e.g., considered in [69], but with a weaker,
merely summable correlation decay. This dependence structure is characterized by the
2-cumulants of the matrix elements Wij decaying at least as an inverse 2 + ϵ power of the
distance with respect to a natural metric on the index pairs (i, j). The higher cumulants
follow a similar pattern (see Assumption (A3) below). Under these mild decay conditions,
we show that ∥H∥ is essentially bounded with very high probability.

This result was already stated in [69], indicating that an extension of Wigner’s moment
method applies. In the current paper, we carry out this task which turns out to be rather
involved. In [69], this bound was used as an apriori control on ∥H∥ for the resolvent
method, leading to optimal local laws for H. We remark that it is possible the modify
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the proof in [69] to obtain the bound on ∥H∥ directly, i.e., without relying on the current
paper. However, an independent proof via the moment method has several advantages.
First, it is conceptually much simpler and less technical than the resolvent approach
in [69]. Further, it only requires the summability of the 2-cumulants (see exponent s > 2
in (5.2) below), while [69] assumed a faster decay (s > 12, see [69, Eq. (3a)]). Lastly,
the current method can be generalized to even weaker correlation decays, resulting in
correlated random matrix ensembles whose norm grows with N but slower than the
trivial

√
N bound.

We start by giving some general notation and the precise assumptions on the matrix W
in Section 5.1.1 below. The bound on the operator norm of H is then formulated in
Theorem 5.1.5 and its proof is given in Sections 5.2 and 5.3. For simplicity, the argument
is carried out only for symmetric H ∈ RN×N . The Hermitian case follows analogously
and is hence omitted.

Acknowledgment: I am very grateful to László Erdős for suggesting the topic and
supervising my work on this project. Partially supported by ERC Advanced Grant
“RMTBeyond” No. 101020331.

5.1.1 Notation and Assumptions on the Model
Throughout the paper, boldface indicates vectors x ∈ CN and their Euclidean norm is
denoted by ∥x∥2. Further, the operator norm of a matrix A ∈ CN×N is denoted by ∥A∥.
In the estimates, C (without subscript) denotes a generic constant the value of which
may change from line to line. We note the following assumptions on the matrix W .

Assumption 5.1.1 (A1). EWi,j = 0 for all i, j = 1, . . . , N .

Assumption 5.1.2 (A2). For all q ∈ N there exists a constant µq such that E|Wi,j|q ≤ µq

for all i, j = 1, . . . , N .

The assumption on the correlation decay is given in terms of the multivariate cumulants κ(k)

of the matrix elements.

Definition 5.1.3 (Cumulants). Let w = (w1, . . . , wn) be a random vector taking values
in Rn. The cumulants κm of w are defined as the Taylor coefficients of the log-charac-
teristic function of w, i.e.,

lnE[eit·w] =
∑︂
m

κm
(it)m

m! ,

where the sum is taken over all multi-indices m = (m1, . . . ,mn) ∈ Nn and m! = ∏︁n
j=1(mj!).

For a multiset B ⊂ {1, . . . , n} with |B| = k, we also write κ(k)(wj|j ∈ B) instead of κm,
where mi is the multiplicity of i ∈ B.

The cumulants of w satisfy the moment-cumulant relation

E(w1 . . . wn) =
∑︂

π∈Πn

∏︂
B∈π

κ(|B|)(wj|j ∈ B), (5.1)

where Πn denotes the set of partitions of {1, . . . , n} (see, e.g., [111]). The complex cumu-
lants arising whenever w takes values in Cn can be reduced to the above definition by
considering the real and imaginary part of the random variables separately. In particular,
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the complex m-cumulant of wj1 , . . . , wjm is uniquely determined as a linear combina-
tion of the m-cumulants of the 2m random variables ℜ(wj1),ℑ(wj1), . . . ,ℜ(wjm),ℑ(wjm).
Writing wj = xj + iyj with j = 1, 2, we have, e.g.,

κ(2)(w1, w2) = κ(2)(x1, x2) + iκ(2)(x1, y2) − iκ(2)(y1, x2) − κ(2)(y1, y2).

To keep the notation short, we usually view the cumulants as a function of the indices of
the matrix elements by identifying κ(k)(Wa1,a2 , . . . ) with κ(k)(a1a2, . . . ) or κ(k)(α1, . . . , αk)
using α1, . . . , αk ∈ {1, . . . , N}2. Further, d denotes the Euclidean distance on {1, . . . , N}2

modulo the (Hermitian) symmetry, i.e.,

d(a1a2, a3a4) := min{|a1 − a3| + |a2 − a4|, |a1 − a4| + |a2 − a3|}.

In this notation, the conditions from the polynomially decaying metric correlation structure
can be formulated as follows.

Assumption 5.1.4 (A3). Whenever W is a real random matrix, the k-cumulants κ(k) of
the elements of W satisfy

|κ(2)(a1a2, a3a4)| ≤ Cκ,2

1 + d(a1a2, a3a4)s
, (5.2)

|κ(k)(α1, . . . , αk)| ≤ Cκ,k

∏︂
e∈Tmin

|κ(2)(e)|, k ≥ 3, (5.3)

for s > 2 and some constants Cκ,k > 0 for k ≥ 2. Here, Tmin is the (any) minimal
spanning tree1 on the complete graph on k vertices labelled by α1, . . . , αk with edge weights
d(αi, αj). If W is a complex random matrix, we assume the above conditions for the real
and imaginary part of W separately in the sense that κ(k)(Mα1 , . . . ,Mαk

) satisfies (5.2)
or (5.3), respectively, for any combination of Mα ∈ {ℜ(Wα),ℑ(Wα)}.

Note that a correlation decay of the form (5.3) arises in different statistical physics
models (see [59]).

5.1.2 Statement of the Main Result
With the notation established, we give the statement on the operator norm of H as
follows.

Theorem 5.1.5. Under the assumptions (A1)-(A3), we have that for all ϵ > 0, D > 0
there exists a suitable constant C(ϵ,D) such that, for all N ∈ N,

P
(︂
∥H∥ > N ϵ

)︂
≤ C(ϵ,D)N−D.

Remark. In [69], the bound of Theorem 5.1.5 (for s > 12) is used as a priori control for
the operator norm in proving optimal local laws for random matrices with slow correlation
decay. As a consequence of these results, the eigenvalues of H are asymptotically confined
to the support of the self-consistent density of states with high probability. This improves
upon the above stochastic domination bound by replacing the N ϵ factor with a large
constant (see [69, Cor. 2.3]).

1A spanning tree is a graph that connects all the vertices without cycles. Any spanning tree with the
lowest possible sum of edge weights is called minimal.
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5.1.3 Setup for the Moment Method
We show that the assumptions (A1)-(A3) imply that

E[ 1
N

tr(Hk)] ≤ C(k), ∀k ∈ N, (5.4)

from which the statement of Theorem 5.1.5 follows by an application of Chebyshev’s
inequality. As H is Hermitian, we have ∥H∥k ≤ tr(Hk) for all even k ∈ N. This implies

P(∥H∥ > N ϵ) ≤ E[∥H∥k]
Nkϵ

≤
NE[ 1

N
tr(Hk)]

Nkϵ
≤ NC(k)

Nkϵ

and thus gives the desired bound if k is chosen large enough.
Expanding the term on the left-hand side of (5.4) using the relation (5.1) yields

E[ 1
N

tr(Hk)] = 1
N

∑︂
a1,...,ak

E[Ha1,a2Ha2,a3 . . . Hak,a1 ]

= N−k/2−1 ∑︂
π∈Πk

∑︂
a1,...,ak

∏︂
B∈π

κ(|B|)(ajaj+1|j ∈ B), (5.5)

where Πk denotes the set of partitions of {1, . . . , k} and the index j+1 is to be interpreted
mod k, i.e., if j = k, then ajaj+1 = aka1. Observe that all terms involving 1-cumulants
vanish due to (A1). Hence, one can restrict the sum to partitions π without singleton
sets. The cumulant expansion (5.5) is the main difference between the real symmetric and
complex Hermitian case, as considering H ∈ CN×N requires replacing the cumulants by
their complex counterparts. However, one can always reduce the argument to the real case
by considering the real and imaginary parts of the random variables separately. Thus, from
now on we assume H to be real. We develop the estimates by first deriving suitable bounds
for the products that only involve 2-cumulants, which include the leading terms, and
then successively incorporating higher-order cumulants. The fast correlation decay from
Assumption (A3) implies that roughly half of the summations over the indices a1, . . . , ak

yield a factor N , while the other half can be summed up with an N -independent bound.
To quantify this behavior, we introduce the following counting rule, which constitutes a
useful property of a term involving n ∈ N0 summations.

Counting Rule (CR). A term involving several index summations and a product of cumu-
lants satisfies the counting rule if every independent summation over an index ai1 , . . . , ain

yields a contribution of order
√
N .

Whenever one can show that (CR) holds for a given term, the counting rule allows to
replace explicit bounds by cruder power counting arguments, which simplifies calculating
the contribution to (5.5). Throughout the proof of (5.4), we, therefore, aim to show this
property for as many terms as possible. Note, however, that bounding the leading terms
requires an extra power of N compared to the counting rule (see the proof of Lemma 5.2.1
below). For these terms, the factor N−k/2−1 in (5.5) has to be canceled out completely.

5.1.4 Visualization Using Graphs
Following the discussion of the previous subsection, we aim to bound

N−k/2−1
⃓⃓⃓⃓ ∑︂

a1,...,ak

∏︂
B∈π

κ(|B|)(ajaj+1|j ∈ B)
⃓⃓⃓⃓

(5.6)
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for any given π ∈ Πk. Terms of this form can be visualized by considering a k-gon, where
the vertices are labeled by the indices a1, . . . , ak and the edges by the successive double
indices (a1, a2), . . . , (ak, a1). In this picture, every j-cumulant combines j distinct edges
such that every edge appears in exactly one of the cumulants in the product. We say
that a vertex belongs to a j-cumulant, if it is adjacent to one of the edges associated with
it. A vertex (resp. the corresponding index) which only occurs in a single cumulant is
referred to as internal vertex (resp. internal index). We define the corresponding graphs
as follows.

Definition 5.1.6. The graph given by the regular k-gon with vertices a1, . . . , ak is denoted
as Γk. For any π ∈ Πk, we define Γk(π) as the colored graph in which the j edges that
belong to the same j-cumulant are assigned the same color.

Examples of this visualization are given in Fig. 5.1 and Fig. 5.2 below, where the colors
are indicated by different linestyles. For later applications of algorithms on the graph, we
further introduce an ordering. Assume first that π is a pairing, i.e., Γk(π) has exactly
two edges of each color. Let Ek = {(a1, a2), . . . , (ak, a1)} denote the (ordered) set of
edges and φ : Ek → Ek be the function that maps every edge to the other one of the
same color. Starting with e1 = (a1, a2), we go through the elements of Ek and note the
pairing (en, φ(en)) whenever en ̸= φ(ei) for all i < n to obtain k/2 pairs of edges. We
denote the pairings as an ordered set C(π) := {(e1, φ(e1)), . . . , (ek/2, φ(ek/2))} and refer to
the edges in C(π) as paired edges. Similarly, we can extract a set C(π) of j-tuples, j ≥ 2,
for any partition π ∈ Πk.

Definition 5.1.7. For a partition π ∈ Πk, we denote the graph with the (ordered) pairing
structure induced by π by the pair (Γk, C(π)).

Note that the above construction induces a one-to-one correspondence between cumulant
terms of the form (5.6) and colored k-gons. In particular, both Γk(π) and (Γk, C(π))
contain all information on the corresponding term in (5.6).

5.2 Proof of (5.4) for Terms Involving Only
2-Cumulants

In this section, we focus on the following special case.

Lemma 5.2.1. Let k ∈ N be even and π ∈ Πk with |B| = 2 for all B ∈ π. Then,

N−k/2−1
⃓⃓⃓⃓ ∑︂

a1,...,ak

∏︂
B∈π

κ(2)(ajaj+1|j ∈ B)
⃓⃓⃓⃓
≤ C(k). (5.7)

Assume first that π is chosen such that the 2-cumulants occurring in the term do not involve
internal indices. We note the following general estimates whose proofs are elementary
from (5.2) and the fact that s > 2.

Lemma 5.2.2. Assume that (A3) holds. Then∑︂
a1

|κ(2)(a1a2, a3a4)| ≤ C,
∑︂

a1,a2

|κ(2)(a1a2, a3a4)| ≤ C,
∑︂

a1,a3

|κ(2)(a1a2, a3a4)| ≤ CN,∑︂
a1,a2,a3

|κ(2)(a1a2, a3a4)| ≤ CN,
∑︂

a1,...,a4

|κ(2)(a1a2, a3a4)| ≤ CN2

uniformly for any choice of the unsummed indices.
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Note that all estimates in Lemma 5.2.2 follow (CR), some of them are even stronger.
However, the summation over an internal index would, in general, not obey this counting
rule, since ∑︁N

a2=1|κ(2)(a1a2, a2a3)| may be of order N if a1 = a3. This is the reason
why internal indices are treated separately. The key to estimating (5.7) in the given
case is a recursive summation procedure. We demonstrate the approach for the term
visualized in Fig. 5.1 below, where different linestyles indicate the edges associated with
the same 2-cumulant.

a1

a2

a3

a4 a5

a6

a7

a8

Fig. 5.1. Visualization of κ(2)(a1a2, a5a6)κ(2)(a2a3, a6a7)κ(2)(a3a4, a7a8)κ(2)(a4a5, a8a1)

Example 5.2.3. To start the summation, estimate

S := N−5 ∑︂
a1,...,a8

|κ(2)(a1a2, a5a6)κ(2)(a2a3, a6a7)κ(2)(a3a4, a7a8)κ(2)(a4a5, a8a1)|

≤ N−5 ∑︂
a1,...,a8,a′

1

|κ(2)(a1a2, a5a6)κ(2)(a2a3, a6a7)κ(2)(a3a4, a7a8)κ(2)(a4a5, a8a
′
1)|. (5.8)

Adding the extra summation label may a′
1 appear as an unnecessary overestimate, but

it gives a dedicated start and end point for the summation algorithm by breaking the
cyclic structure of the graph. Next, isolate the 2-cumulant involving a1 by taking the
maximum over the remaining indices a2, a5, a6 for the other factors. Together with a1, we
sum over all labels appearing in κ(2)(a1a2, a5a6). Note that, by Lemma 5.2.2, the counting
rule (CR) applies to this sum, giving a factor of (

√
N)4 = N2 and the estimate

S ≤ N−5CN2 max
a2,a5,a6

(︃ ∑︂
a3,a4,a7,a8,a′

1

|κ(2)(a2a3, a6a7)κ(2)(a3a4, a7a8)κ(2)(a4a5, a8a
′
1)|
)︃
.

From a1, continue counter-clockwise along the octagon to find the next index to sum over,
i.e., a3. Identifying and isolating κ(2)(a2a3, a6a7), sum over all remaining indices in the
factor, i.e., a3 and a7. Again, Lemma 5.2.2 justifies the use of (CR), giving a contribution
of (

√
N)2 = N and the estimate

S ≤ CN−2 max
a3,a5,a7

(︃ ∑︂
a4,a8,a′

1

|κ(2)(a3a4, a7a8)κ(2)(a4a5, a8a
′
1)|
)︃
.

Repeating the previous step, continuing along the octagon yields a4 as the next index.
Isolating κ(2)(a3a4, a7a8), we apply Lemma 5.2.2 to perform the summations over a4 and a8
using (CR). This yields a factor of (

√
N)2 = N and

S ≤ CN−1 max
a4,a5,a8

(︃∑︂
a′

1

|κ(2)(a4a5, a8a
′
1)|
)︃
.

Lastly, the summation over a1′ in |κ(2)(a4a5, a8a
′
1)| remains. By applying the counting rule

again, we obtain a final bound of order N−1/2, which can be estimated by a constant as
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claimed in Lemma 5.2.1. In particular, the pairing in Fig. 1 gives a subleading contribution
to (5.5). Note that introducing an additional index in the first step is affordable, as are
any overestimates from using (CR) over the explicit estimates in Lemma 5.2.2. The cruder
bounds allow to carry out every step but the initial one following the same pattern, which
reduces the final bound to a counting argument.

As this recursive summation procedure relies on Lemma 5.2.2, it cannot be applied directly
if summation over internal indices are present. To prepare for the general case, we extend
Lemma 5.2.2 to more general objects.

Definition 5.2.4. For x ∈ RN , set

κ(2)(xa2, a3a4) :=
N∑︂

a1=1
κ(2)(a1a2, a3a4)xa1

and define any 2-cumulants with one or more indices replaced by a vector analogously.

We collect some estimates for 2-cumulants of this form below, where we follow the
convention that vectors only occur in place of the first index of an index pair and only
replace unsummed indices. However, the same bounds hold if the second index of the
respective pair is replaced instead. As in Lemma 5.2.2, no internal index is summed up.

Lemma 5.2.5. Assume that (A3) holds and let x,y ∈ RN . Then we have∑︂
a2

|κ(2)(xa2, a3a4)| ≤ C∥x∥2,
∑︂
a3

|κ(2)(xa2, a3a4)| ≤ CN1/2∥x∥2,∑︂
a2,a3

|κ(2)(xa2, a3a4)| ≤ CN∥x∥2,
∑︂

a3,a4

|κ(2)(xa2, a3a4)| ≤ CN∥x∥2,∑︂
a2,a3,a4

|κ(2)(xa2, a3a4)| ≤ CN3/2∥x∥2

uniformly for any choice of unsummed indices. Similar bounds hold with two vectors, i.e.,

|κ(2)(xa2,ya4)| ≤ C∥x∥2∥y∥2,
∑︂
a2

|κ(2)(xa2,ya4)| ≤ CN1/2∥x∥2∥y∥2,∑︂
a2,a4

|κ(2)(xa2,ya4)| ≤ CN∥x∥2∥y∥2.

In particular, the estimates follow (CR).

Proof. Noting that maxj |xj| ≤ ∥x∥2, the bounds in Lemma 5.2.2 imply that∑︂
a2

|κ(2)(xa2, a3a4)| ≤ ∥x∥2
∑︂

a1,a2

|κ(2)(a1a2, a3a4)| ≤ C∥x∥2.

If the summation over a2 is replaced by a summation over a3 or a4, we obtain a bound of
order N instead. Further, an application of the Cauchy-Schwarz inequality leads to

∑︂
a3

|κ(2)(xa2, a3a4)| ≤ ∥x∥2

⌜⃓⃓⎷∑︂
a1

(︃∑︂
a3

|κ(2)(a1a2, a3a4)|
)︃2

≤ CN1/2∥x∥2. (5.9)

Recalling that the summation over three indices gives a factor N , the bound for summation
over all three indices in |κ(2)(xa2, a3a4)| follows analogously.
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For 2-cumulants that involve two vectors, applying (5.2) yields

|κ(2)(xa2,ya4)| ≤
∑︂

a1,a3

(︃
Cκ|xa1ya3 |

1 + |a1 − a3|s + |a2 − a4|s
+ Cκ|xa1ya3 |

1 + |a1 − a4|s + |a2 − a3|s
)︃
. (5.10)

Set ε = ∥y∥2/∥x∥2 and estimate the first term as

∑︂
a1,a3

|xa1ya3 |
1 + |a1 − a3|s + |a2 − a4|s

≤
∑︂

a1,a3

ϵ|xa1 |2 + ϵ−1|ya3 |2

1 + |a1 − a3|s
≤ C(ϵ∥x∥2

2 + ϵ−1∥y∥2
2)

to obtain an N -independent bound. The estimate of the second term is similar.
Adding a summation over one index, e.g., a2, two applications of the Cauchy-Schwarz
inequality and the third estimate of Lemma 5.2.2 yield

∑︂
a2

|κ(2)(xa2,ya4)| ≤ ∥x∥2∥y∥2

⌜⃓⃓⎷∑︂
a3

(︃∑︂
a1

∑︂
a2

|κ(2)(a1a2, a3a4)|
)︃2

≤ CN1/2∥x∥2∥y∥2. (5.11)

Finally, it follows

∑︂
a2,a4

|κ(2)(xa2,ya4)| ≤
∑︂

a1,...,a4

(︃
Cκ|xa1ya3 |

1 + |a1 − a3|s + |a2 − a4|s
+ Cκ|xa1ya3 |

1 + |a1 − a4|s + |a2 − a3|s
)︃
.

Here, we obtain

N∑︂
a1,...,a4=1

|xa1ya3 |
1 + |a1 − a3|s + |a2 − a4|s

≤ CN
N∑︂

a1,a3=1

|xa1ya3 |
1 + |a1 − a3|s−1 ≤ CN∥x∥2∥y∥2,

and the estimate for the second term is similar.

Lemma 5.2.5 is the key tool for estimating terms that include summation over internal
indices. Consider the matrix T ∈ RN×N defined by its matrix elements

Ta1,a3 :=
∑︂
a2

T (a2)
a1,a3 :=

∑︂
a2

κ(2)(a1a2, a2a3) (5.12)

and observe that |Ta1,a3 | ≤ CκN by (5.2), but also ∥T∥ ≤ CN , since

∥T (a2)x∥2
2 ≤

∑︂
a1

(︃∑︂
a3

|κ(2)(a1a2, a2a3)xa3 |
)︃2

≤
(︃∑︂

a1

∑︂
a3

|κ(2)(a1a2, a2a3)|2
)︃

∥x∥2
2 ≤ C∥x∥2

2

for x ∈ RN , and ∥T∥ ≤ ∑︁
a2 ∥T (a2)∥. Next, we derive similar estimates for the ma-

trix T [j] ∈ RN×N defined for 2 ≤ j ≤ k − 1 by

T [j]
a1,a2j+1

:=
∑︂

a2,a2j

κ(2)(a1a2, a2ja2j+1)T j−1
a2,a2j

. (5.13)

Note that the superscript corresponds to the total number of 2-cumulants that are
rewritten to obtain T [j]

a1,a2j+1
. Again, we have |T [j]

a1,a2j+1
| ≤ CN j by a direct estimate, but

also
∥T [j]∥ ≤ CN j ∀j ∈ {2, . . . , k − 1}. (5.14)
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As the argument is the same in the general case, we consider only j = 2. Define the
vector ya4 through (ya4)a2 := N−1Ta2,a4 , a2 = 1, . . . , N and let

T [2],a4 :=
∑︂
a2

κ(2)(a1a2, a4a5)Ta2,a4 .

Observing that ∥ya4∥2 ≤ C uniformly in a4, it follows that

∥T [2],a4x∥2
2 ≤

(︃
N |κ(2)(a1ya4 , a4x)|

)︃2
≤ CN2∥ya4∥2

2∥x∥2
2 ≤ CN2∥x∥2

2 (5.15)

for x ∈ RN , which implies ∥T [2]∥ ≤ N maxa4 ∥T [2],a4∥ ≤ CN2. Note that the structure of
the matrix-vector multiplication in (5.15) does not allow for the usual convention of the
vector occurring only as the first index of an index pair.

We demonstrate the approach for treating general products of 2-cumulants for the terms
visualized in Fig. 5.2 below.

a1a2

a3

a4

a5 a6
a7

a8

a9

a10
a1a2

a3

a4

a5 a6
a7

a8

a9

a10

Fig. 5.2. A crossing (left) and a non-crossing pairing (right) for k = 10.

Example 5.2.6. First, consider the term on the left of Fig. 2. Recalling the definition of
the matrix T from (5.12), rewrite the summation over the internal indices a2, a4 and a7 as

N−6 ∑︂
a1,...,a10

κ(2)(a1a2, a2a3)κ(2)(a3a4, a4a5)κ(2)(a5a6, a9a10)κ(2)(a6a7, a10a1)κ(2)(a7a8, a8a9)

= N−6 ∑︂
a1,a5,a6,a7,a9,a10

T 2
a1,a5κ

(2)(a5a6, a9a10)κ(2)(a6a7, a10a1)Ta7,a9

= N−3 ∑︂
a1,a6,a7,a10

κ(2)(xa1a6,ya7a10)κ(2)(a6a7, a10a1), (5.16)

where the vectors xa1 ,ya7 ∈ RN in the last step are given by

xa1
a5 = 1

N2T
2
a1,a5 , a5 = 1, . . . , N, ya7

a9 = 1
N
Ta7,a9 , a9 = 1, . . . , N.

To keep the notation consistent with the proof in the general case and Lemma 5.2.5,
we introduce the convention that vectors obtained from matrix elements are always
defined via the rows of the respective matrix. Recalling that ∥T∥ ≤ CN , we have
∥xa1∥2, ∥ya7∥2 ≤ C uniformly for any choice of a1 and a7, respectively. Note that one
factor of N per power of T is written in front of the sum and that the convention chosen
for the vectors ensures that we always replace the first index of an index pair. Further, the
sum obtained from (5.16) does not involve summation over internal indices. Modifying
the recursive summation procedure from Example 5.2.3 by also taking the maximum
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over a1 in the 2-cumulant involving xa1 instead of introducing the additional summation
label a′

1, and using the bounds from Lemmas 5.2.2 and 5.2.5 yields

N−3 ∑︂
a1,a6,a7,a10

|κ(2)(xa1a6,ya7a10)κ(2)(a6a7, a10a1)|

≤ N−3 max
a1,a6,a7,a10

|κ(2)(xa1a6,ya7a10)|
∑︂

a1,a6,a7,a10

|κ(2)(a6a7, a10a1)|

≤ CN−3N2 max
a1,a6,a7,a10

|κ(2)(xa1a6,ya7a10)| ≤ CN−1 ≤ C, (5.17)

showing that the pairing on the left of Fig. 5.2 gives a sub-leading contribution to (5.5).
In contrast, observe that the non-crossing pairing on the right of Fig. 5.2 needs to be han-
dled differently, since treating T as before yields κ(2)(xa1a6, a10a1) and κ(2)(a6a7,ya7a10),
which cannot be estimated using Lemma 5.2.5 due to the indices a1 and a7 appearing
twice in the respective 2-cumulants. However, the terms can be rewritten using the
matrices T [j] defined in (5.13). Recalling that ∥T [j]∥ ≤ CN j from (5.14), we obtain

N−6
⃓⃓⃓⃓ ∑︂

a1,a5,a6,a7,a9,a10

T 2
a1,a5κ

(2)(a5a6, a10a1)κ(2)(a6a7, a9a10)Ta7,a9

⃓⃓⃓⃓

= N−6
⃓⃓⃓⃓ ∑︂

a6,a10

T [3]
a10,a6T

[2]
a6,a10

⃓⃓⃓⃓
= N−6

⃓⃓⃓
tr
(︂
T [3]T [2]

)︂⃓⃓⃓
≤ CN−6NN3N2 = C.

Hence, the term on the left of Fig. 5.2 yields a leading contribution to (5.5).

After all these preparations, we can give a complete proof of Lemma 5.2.1.

5.2.1 Proof of Lemma 5.2.1
Let k ≥ 2 be even, π ∈ Πk such that |B| = 2 for all B ∈ π. The proof of Lemma 5.2.1 is
structured into two main steps. In the first step (Lemmas 5.2.7 and 5.2.8), we generalize
the strategies from Example 5.2.6 to rewrite the term on the left-hand side to a form
that is tractable by a recursive summation procedure. We then carry out the required
estimates in the second step (Lemmas 5.2.9 and 5.2.10), showing that the final bound is
indeed of order one.
Step 1: Rewriting
The aim of the rewriting step is to obtain a term of the form

∑︂
a1,...,ak

∏︂
B∈π

κ(2)(ajaj+1|j ∈ B) =
∑︂

b1,...,bk′

(︃ ∏︂
B∈π′

κ(2)(bjbj+1|j ∈ B)
∏︂
i∈J

M
(i)
bi1 ,bi2

)︃
(5.18)

where k′ ≤ k, M (i) ∈ RN×N , and π′ is chosen such that neither of the 2-cumulants on
the right-hand side of (5.18) involves internal indices and such that bi1 , bi2 always appear
in some 2-cumulant, but never in the same one. Recall that this structure was also
obtained in (5.16) of Example 5.2.6. Whenever the left-hand side of (5.7) does not involve
summation over internal indices, choosing k = k′, π = π′, and J = ∅ in (5.18) allows to
skip the rewriting step (see Example 5.2.3).
Following the discussion in Section 5.1.4, the term on the left-hand side of (5.7) corresponds
to the tuple (Γk, C(π)). We aim to visualize the right-hand side of (5.18) as well by
associating it with a polygon on the vertices b1, . . . , bk′ . In this picture, any matrix
element M (i)

bi1 ,bi2
corresponds to an edge connecting the vertices bi1 , bi2 and the two edges
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associated with the same 2-cumulant are assigned the same color. We further introduce
edge weights w to encode bounds of order Nw on the corresponding matrices in the graph
for the following estimates. The rewriting procedure to obtain (5.18) thus corresponds to
an algorithm on (Γk, C(π)), which we introduce in Lemma 5.2.7 below. An example is
given in Fig. 5.3.

Lemma 5.2.7. Let k ≥ 2 be even, π ∈ Πk be a pairing and (Γk, C(π)) the correspond-
ing graph introduced in Section 5.1.4. Then there exists an edge-weighted graph ˜︁Γk′(π)
on k′ ≤ k vertices with integer weights wi ≥ 0 and an ordered set ˜︁C(π) of pairings such
that the following properties hold.

(a) Edges that appear in ˜︁C(π) all have zero weight.

(b) Two edges with nonzero weight are never adjacent to each other.

(c) Two adjacent edges in ˜︁Γk′(π) that both appear in ˜︁C(π) belong to different pairs.

(d) Whenever two edges are adjacent to an edge assigned a nonzero weight, they appear
in ˜︁C(π), but belong to different pairs.

Proof. We obtain (˜︁Γk′(π), ˜︁C(π)) from (Γk, C(π)) by assigning all edges of Γk the initial
weight zero and carrying out the following reduction algorithm.

Step I Check the set C(π) for pairs that involve adjacent edges. If there are any, go through
them in the order they appear in C(π), replace the corresponding edges of Γk and
their common vertex by a single edge and remove the pair from C(π). Any new
edges created in this step are assigned the weight one. This ensures (a) and (c).

Step II Check the new graph for any edges of nonzero weight that are adjacent. If there are
any, identify the edges that involve the vertex al for the smallest value l ∈ {1, . . . , k},
replace the two edges and their common vertex by a single edge and assign it the
sum of the weights of the edges that were replaced. This step is repeated until (b)
holds. The validity of (a) and (c) is not changed in the process.

Step III Check the new graph for any edges assigned a nonzero weight, say wj > 0, that are
adjacent to two edges belonging to the same pair. If there are any, go through the
corresponding pairs in the order they appear in C(π) and replace the pair and the
weighted edge, as well as the two vertices between them by a single edge. After
going through C(π) once, remove the pairs that were replaced from C(π) and assign
the new edges the respective weights wj + 1. As this may generate new subgraphs
of the same structure, repeat the step until (d) is satisfied. This does not interfere
with (a) and (c), but (b) may not hold any more.

Step IV Repeat Steps II and III until neither can be carried out any further. The graph
resulting from this procedure satisfies (b) and (d) simultaneously.

Denoting the (weighted) graph resulting from this procedure by ˜︁Γk′(π) and the collection
of pairs that remain in C(π) after Step IV by ˜︁C(π), we obtain a tuple that satisfies (a)
to (d).
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Note that the above algorithm removes all subgraphs that correspond to a non-crossing
partition of a subset of {1, . . . , k} and replaces them by an edge with nonzero weight
each. In particular, ˜︁C(π) = ∅ whenever the pairing π is non-crossing. In this case only
one vertex connected to itself by an edge (loop) of weight k/2 remains, as the weight
assigned to an edge reflects the number of pairings removed from C(π) in obtaining it.
We demonstrate the algorithm for the example given on the right of Fig. 5.2 below. For
simplicity, the vertex labels and edge weights that are equal to zero are left out.

(I)=⇒

1

1 1

(II)=⇒ 2

1

(III)=⇒ 3
2

(II)=⇒

5

Fig. 5.3. The steps of the reduction algorithm with arrows indicating the steps.

Observe that there is a one-to-one correspondence between the graph (˜︁Γk′(π), ˜︁C(π))
obtained in Lemma 5.2.7 and a suitable right-hand side of (5.18). By considering the
algebraic counterpart of the graph algorithm, we obtain a bound for the norm of the
matrices involved.

Lemma 5.2.8. Let k ≥ 2 be even. For every pairing π ∈ Πk exists an expression
of the form (5.18) with matrices M (i), i ∈ J , that satisfy ∥M (i)∥ ≤ CNwi. The num-
bers wi ≥ 1 correspond to the edge weights of the graph (˜︁Γk′(π), ˜︁C(π)) that satisfies (a)-(d)
of Lemma 5.2.7.

Proof. Starting with the left-hand side of (5.18), we carry out the algorithm from
Lemma 5.2.7 on the corresponding graph and note the analogous steps for the 2-cumulants.
The matrices M (i), i ∈ J , are defined inductively along the rewriting procedure. Recall
that every pairing in C(π) corresponds to a 2-cumulant and every vertex in Γk represents
a summation over an index a1, . . . , ak. An iteration of Step I thus corresponds to replacing

∑︂
al+1

κ(2)(alal+1, al+1al+2) = Tal,al+2 ,

i.e., applying (5.12) to carry out a summation over an internal index. Hence, every new
edge of weight one in Step I corresponds to introducing one matrix element of T and
defining

M (i) := T

for all i ∈ J . The vertex that is removed from the graph matches the index over which
the summation was carried out. Recalling that ∥T∥ ≤ CN , the order of N in the norm
bound matches the edge weight as claimed.

Step II corresponds to matrix multiplication. Let M (i1) and M (i2) denote two matrices
corresponding to adjacent edges of nonzero weight in the graph and let al, am, an ∈
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{a1, . . . , ak} with al ̸= am and am ≠ an denote the vertices adjacent to them. An iteration
of Step II corresponds to replacing∑︂

am

M (i1)
al,am

M (i2)
am,an

= (M (i1)M (i2))al,an =: M (i′)
al,an

,

where M (i′) denotes the matrix corresponding to the new edge and the vertex that is
removed matches the summation index. Since ∥M (i′)∥ ≤ ∥M (i1)∥ ∥M (i2)∥, we obtain a
norm bound from the initial estimates. In particular, the exponents of N from the previous
bounds are added, matching the edge weight prescribed by the graph algorithm.
For Step III, let M (i) denote the matrix corresponding to an edge of weight wi > 0 and
assume that the two adjacent edges belong to the same pair, which is represented by
the 2-cumulant κ(2)(alal+1, amam+1). An iteration of Step III corresponds to replacing∑︂

al+1,am

M (i)
al+1,am

κ(2)(alal+1, amam+1) =: M (i′)
al,am+1 , (5.19)

where the matrix M (i′) corresponds to the edge of weight wi + 1 introduced in the graph
algorithm and the summation indices al+1, am match the vertices that are removed. Note
that the norm of the new matrix can be estimated by ∥M (i′)∥ ≤ N∥M (i)∥ ≤ CNwi+1

following an argument similar to (5.15) such that the power of N in the bound again
matches the prescribed edge weight. We have thus shown that the reduction algorithm
on (Γk, C(π)) from Lemma 5.2.7 translates to a rewriting procedure for the corresponding
cumulant term. In particular, an edge with weight wi appearing in any step of the graph
algorithm can be associated with a matrix M (i) with ∥M (i)∥ ≤ CNwi .

Remark. Lemma 5.2.8 extends to arbitrary k ∈ N and partitions π ∈ Πk by restricting
the algorithm in Lemma 5.2.7 to the pairs of C(π). The resulting graph (˜︁Γk′(π), ˜︁C(π)) sat-
isfies (a)-(d) with the properties (c) and (d) restricted to the pairs in ˜︁C(π). Further, (5.18)
generalizes to the form∑︂

a1,...,ak

∏︂
B∈π

κ(|B|)(ajaj+1|j ∈ B) =
∑︂

b1,...,bk′

(︃ ∏︂
B∈π′

κ(|B|)(bjbj+1|j ∈ B)
∏︂
i∈J

M
(i)
bi1 ,bi2

)︃
(5.20)

where none of the 2-cumulants on the right-hand side of (5.20) involve internal indices
and the indices bi1 , bi2 never appear in the same 2-cumulant.

After the rewriting procedure, summations over k′ ≤ k indices remain. Matching (5.18),
we rename them as b1, . . . , bk′ to indicate that the rewriting step is completed.
Step 2: Estimates via summing-in steps
Recall that the reduction algorithm in Lemma 5.2.7 terminates in one of two possible
states: either ˜︁C(π) = ∅ (if π is non-crossing) or ˜︁C(π) contains at least two pairings (if π
is crossing). We estimate the corresponding contributions to (5.7) separately.

Lemma 5.2.9 (Leading Terms). Let k ≥ 2 be even and π ∈ Πk be a non-crossing pairing.
Then

N−k/2−1
⃓⃓⃓⃓ ∑︂

a1,...,ak

∏︂
B∈π

κ(2)(ajaj+1|j ∈ B)
⃓⃓⃓⃓
≤ C.

Proof. Whenever π is non-crossing, the algorithm in Lemma 5.2.7 reduces (Γk, C(π)) to a
single vertex b1 connected to itself by an edge of weight k/2. By the rewriting part of
Lemma 5.2.8, we thus have∑︂

a1,...,ak

∏︂
B∈π

κ(2)(ajaj+1|j ∈ B) =
∑︂
b1

Mb1,b1 = tr(M),
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where M denotes the matrix corresponding to the loop in ˜︁Γk′(π). Further, ∥M∥ ≤ CNk/2,
giving | tr(M)| ≤ CNk/2+1 and the claim.

Lemma 5.2.10 (Subleading Pairings). Let k ≥ 2 be even and π ∈ Πk be a crossing
pairing. Then

N−k/2−1
⃓⃓⃓⃓ ∑︂

a1,...,ak

∏︂
B∈π

κ(2)(ajaj+1|j ∈ B)
⃓⃓⃓⃓
≤ CN−1/2.

Proof. Whenever π is crossing, at least two pairings remain in ˜︁C(π) after the algorithm
in Lemma 5.2.7 terminates. As the resulting term is claimed to be subleading, we aim
to show (CR) for the entire right-hand side of (5.18), possibly allowing an additional
summation, i.e., another factor of

√
N . Let M (i) denote a matrix that corresponds to an

edge of weight wi in ˜︁Γk′(π), i.e., ∥M (i)∥ ≤ CNwi following Lemma 5.2.8. By defining(︃
x[M(i)]bl

)︃
bl+1

:= 1
N j

M
(i)
bl,bl+1

, bl+1 = 1, . . . , N (5.21)

with l ∈ {1, . . . , k′} and k′ + 1 = 1, we obtain a vector that satisfies

∥x[M(i)]bl∥2 ≤ C (5.22)

uniformly for any choice of bl. Going through the index set J , we rewrite every matrix
element on the right-hand side of (5.18) as a normalized vector and collect any separate
powers of N in front of the sum.
Next, we sum in the vectors using the notation of Lemma 5.2.5. Going through the newly
introduced vectors (5.21) in increasing order of the corresponding l, we replace

∑︂
bl+1

(︃
x[M(i)]bl

)︃
bl+1

κ(2)(bl+1bl+2, bmbm+1) = κ(2)(x[M(i)]blbl+2, bmbm+1),

where bm ̸= bl−1, bl, bl+1, bl+2 denotes some other summation index. Since all vectors are
defined from the rows of the respective matrices in (5.21), we always involve the first index
of an index pair and thus replace at most two indices in each 2-cumulant by a vector. As
a consequence of Lemmas 5.2.7 and 5.2.8, the resulting term neither involves summation
over internal indices (cf. Step I) nor an index that occurs in the same 2-cumulant both
as a superscript of a vector and as an argument (cf. Step III). In Fig. 5.4 we visualize
the rewriting and summing in procedure for the term on the left of Fig. 5.2. The small
arrows in Fig. 5.4 point to the index that will be summed in. Again, edge weights that
are equal to zero are left out.

a1a2

a3

a4

a5 a6
a7

a8

a9

a10

Step 1=⇒

a1

a5 a6
a7

a9

a10

2

1

b1

b2 b3
b4

b5

b6

2

1

Fig. 5.4. Visualization of the rewriting and summing in for a crossing partition.
The term obtained after the sum-in procedure is now tractable by recursive summation
as illustrated in Examples 5.2.3 and 5.2.6. We give the algorithm below.
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Step i Identify the index bl in the sum with the smallest subscript l. After the rewriting
and sum-in steps, bl occurs in exactly two 2-cumulants. We distinguish two cases:

– Whenever both blbl+1 and bl−1bl occur as index pairs in different 2-cumulants,
apply an estimate similar to (5.8) with bl in place of a1, and start the procedure
with the 2-cumulant that involves the pair blbl+1.

– Whenever bl occurs as a superscript of a vector in one 2-cumulant and as an
argument in another, start the procedure with the 2-cumulant that involves bl

as an argument.

Step ii We distinguish two cases depending on the choice in Step i:

– Whenever the 2-cumulant does not involve any vectors, identify its four indices.
Separate the summations over these indices from the remainder of the sum
by estimating any occurrences of them in other 2-cumulants by a suitable
maximum.

– Whenever the 2-cumulant involves vectors, identify the indices that either
occur as the superscript of a vector or as arguments. Treat any summation
over indices that appear as arguments similar to the first case, then consider
the maximum for the remaining indices to isolate the term from the remainder
of the sum (see (5.17)).

Next, perform the summations that have been isolated using the uniform bound (5.22)
for any vectors that appear. Note that all estimates obtained from Lemmas 5.2.2
and 5.2.5 follow (CR), i.e., the final bound in each iteration reduces to a counting
argument.

Step iii Identify the index bl′ in the sum which has the smallest subscript l′ and carry out
Step ii for the 2-cumulant that involves bl′ as an argument. Repeat the procedure
until all summations have been carried out.

The above argument shows that all summations remaining after the rewriting and sum-in
procedure follow (CR), possibly up to a factor of

√
N if a summation is added in Step i.

Hence, the claim follows by showing that (CR) stays valid when the remaining summations
as well as the factors Nwi obtained from (5.21) are taken into account. First, observe
that ∥T j∥ ≤ CN j, while a matrix element of T j is obtained by evaluating

T j
al,al+2j

=
∑︂

al+1,...,al+2j−1

κ(2)(alal+1, al+1al+2) . . . κ(2)(al+2j−2al+2j−1, al+2j−1al+2j)

i.e., performing summations over 2j − 1 consecutive indices. Hence, these matrix elements
yield a factor

√
N more than prescribed by (CR) if estimated trivially. Moreover, carrying

out a rewriting step corresponding to Step II or III on the graph does not change this fact.
Indeed, if the matrix elements of M (1) and M (2) are obtained from carrying out 2j1 − 1
and 2j2 − 1 summations and the matrices are bounded by CN j1 and CN j2 in norm,
respectively, then

(M (1)M (2))a,c =
∑︂

b

M
(1)
a,bM

(2)
b,c ,

accounts for 2(j1 + j2) − 1 summations while ∥M (1)M (2)∥ ≤ CN j1+j2 . Similarly, if the ma-
trix elements of M (i) are obtained from carrying out 2j−1 summations and ∥M (i)∥ ≤ CN j ,
then the matrix elements ofM (i′) in (5.19) account for two more summations, i.e., 2(j+1)−1
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in total, while the power of N in the norm bound is increased by one. Since replacing an
index by a vector of the form (5.21) after the rewriting of the term also requires carrying
out one summation, the additional factor of

√
N per matrix is balanced out.

Hence, at most k + 1 powers of
√
N are collected from bounding the k summations with

the extra factor
√
N being obtained whenever an estimate similar to (5.8) is used in Step i.

Thus, the bound is of order N−1/2 here, giving the claim and showing that all crossing
pairings are subleading.

5.3 Proof of (5.4) in the General Case
Let now k ≥ 1 be arbitrary. We aim to show that

N−k/2−1
⃓⃓⃓⃓ ∑︂

a1,...,ak

∏︂
B∈π

κ(|B|)(ajaj+1|j ∈ B)
⃓⃓⃓⃓
≤ C(k) (5.23)

for all π ∈ Πk. This would complete the proof of (5.4) via (5.5). We start by proving the
necessary bounds for j-cumulants with j ≥ 3 and give the proof of (5.23) in Section 5.3.1.
Note that no internal index is summed up below.

Lemma 5.3.1. Assume that (A3) holds. Then∑︂
a1,a2,a3,a4

|κ(3)(a1a2, a3a4, a5a6)| ≤ C, (5.24)∑︂
a1,...,a5

|κ(3)(a1a2, a3a4, a5a6)| ≤ CN, (5.25)∑︂
a1,...,a6

|κ(3)(a1a2, a3a4, a5a6)| ≤ CN2 (5.26)

uniformly for any choice of the unsummed indices. In particular, the estimates follow (CR).

Proof. Applying (5.3) to the 3-cumulant in (5.24) and taking the maximum in a suitable
way in the resulting terms, we obtain, e.g.,∑︂

a1,...,a4

|κ(2)(a1a2, a3a4)κ(2)(a3a4, a5a6)|

≤
(︃

max
a3,a4

∑︂
a1,a2

|κ(2)(a1a2, a3a4)|
)︃ ∑︂

a3,a4

|κ(2)(a3a4, a5a6)|,

as well as similar bounds for the terms corresponding to the other possible spanning trees.
Hence, the summation over up to two index pairs is bounded by a constant, giving (5.24).
The remaining estimates (5.25) and (5.26) readily follow, as the additional summations
yield a factor of N or N2, respectively.

Observe that the bounds given in (5.24) and (5.25) imply that, e.g.,∑︂
a2

|κ(3)(a1a2, a2a3, a4a5)| ≤
∑︂

a2,a′
2

|κ(3)(a1a2, a
′
2a3, a4a5)| ≤ C ≤ C

√
N (5.27)

uniformly for any choice of the unsummed indices. In particular, the estimates comply
with (CR) and there is no need to perform summations over internal indices separately as
in Section 5.2. The only exception occurs for k = 3, where one obtains∑︂

a1,a2,a3

|κ(3)(a1a2, a2a3, a3a1)| ≤
∑︂

a1,a2,a3,a′
1,a′

2,a′
3

|κ(3)(a1a2, a
′
2a3, a

′
3a

′
1)| ≤ CN2 (5.28)
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instead of the bound of order N3/2 prescribed by the counting rule. As (5.28) is the only
term for k = 3 due to (A1), and k/2 + 1 = 5/2, it follows that (5.4) holds for k = 3.
Hence, we can exclude the k = 3 case from the following analysis and assume that all
estimates for 3-cumulants with or without internal indices comply with (CR). We further
note the following definition.

Definition 5.3.2. For x ∈ RN , set

κ(3)(xa2, a3a4, a5a6) :=
∑︂
a1

κ(3)(a1a2, a3a4, a5a6)xa1 (5.29)

and define any 3-cumulants with one or more indices replaced by a vector analogously.

Again, we follow the convention that vectors only occur as the first index of every index
pair. Similarly to Lemma 5.2.5, we obtain the following estimates.

Lemma 5.3.3. Assume that (A3) holds and let x,y, z ∈ RN . Then summation over any
number of indices of |κ(3)(xa2, a3a4, a5a6)|, |κ(3)(xa2,ya4, a5a6)|, or |κ(3)(xa2,ya4, za6)|
satisfies (CR). Thus, for one vector we, e.g., have∑︂

a2

|κ(3)(xa2, a3a4, a5a6)| ≤ CN1/2∥x∥2, (5.30)∑︂
a2,a4

|κ(3)(xa2, a3a4, a5a6)| ≤ CN∥x∥2 (5.31)

uniformly for any choice of the unsummed indices. Similar bounds hold if two or three
vectors are involved, respectively, e.g.,∑︂

a5

|κ(3)(xa2,ya4, a5a6)| ≤ CN1/2∥x∥2∥y∥2, (5.32)∑︂
a2

|κ(3)(xa2,ya4, za6)| ≤ CN1/2∥x∥2∥y∥2∥z∥2.

Moreover, we have bounds that are stronger than (CR) by a factor of
√
N for every

summation that is carried out over two consecutive indices belonging to different index
pairs, e.g., ∑︂

a4,a5

|κ(3)(xa2, a3a4, a5a6)| ≤ CN1/2∥x∥2. (5.33)∑︂
a2,...,a6

|κ(3)(xa2, a3a4, a5a6)| ≤ CN3/2∥x∥2, (5.34)∑︂
a4,a5

|κ(3)(xa2,ya4, a5a6)| ≤ CN1/2∥x∥2∥y∥2. (5.35)

In particular, for 3-cumulants, a summation over an internal index also contributes at
most a factor of

√
N .

Proof. The proof is divided into three general arguments. First, as the bounds obtained in
Lemma 5.3.1 are stronger than (CR), estimating the vector elements by maxj |vj| ≤ ∥v∥2
for v = x,y, z, respectively, and performing the summation directly yields the desired
estimate in most cases. Whenever this argument does not yield a sufficiently strong bound,
we apply the Cauchy-Schwarz inequality similar to the proof of Lemma 5.2.5. Lastly, it
remains to check that the estimates obtained are strong enough to satisfy the second part
of the lemma and also comply with (CR) if summation over internal indices is included.

171



5. Operator Norm of a Hermitian Random Matrix with Correlated Entries

As the latter can be treated by introducing additional summation labels similar to (5.27),
it is enough to derive suitable bounds for distinct a1, . . . , a6.
Assume first that the 3-cumulant involves only one vector. Here, estimating |xj| ≤ ∥x∥2
and applying (5.24) yields∑︂

a2,a3,a4

|κ(3)(xa2, a3a4, a5a6)| ≤ ∥x∥2
∑︂

a1,...,a4

|κ(3)(a1a2, a3a4, a5a6)| ≤ C∥x∥2, (5.36)

which immediately implies (5.30) and (5.31). The same N -independent bound as (5.36)
holds if one sums over a2, a5, a6 instead. Whenever all three index pairs are involved in
the summation, Lemma 5.3.1 implies a bound of order N , i.e.,∑︂

a2,...,a5

|κ(3)(xa2, a3a4, a5a6)| ≤ ∥x∥2
∑︂

a1,...,a5

|κ(3)(a1a2, a3a4, a5a6)| ≤ CN∥x∥2, (5.37)

and the same estimate holds if the summation over some other index a2, . . . , a5 is left
out instead of a6. In particular, all summations over two, three and four distinct indices
yield a bound of at most order N , which complies with (CR). The validity of (CR) for
summation over five distinct indices follows from (5.26).
Now we prove (5.33) and (5.34) by applying (5.3) and estimating one 2-cumulant in the
bound similar to (5.9) in the proof of Lemma 5.2.5. This leads to∑︂

a1,a3,a5

|xa1κ
(2)(a1a2, a3a4)κ(2)(a3a4, a5a6)|

≤
(︃

max
a3

∑︂
a5

|κ(2)(a3a4, a5a6)|
)︃ ∑︂

a1,a3

|xa1κ
(2)(a1a2, a3a4)| ≤ CN1/2∥x∥2,

which, together with similar estimates obtained for the other possible spanning trees
on the complete graph on three vertices, proves (5.33). The estimate in (5.34) follows
similarly. Applying (5.27) and (5.37) implies the remaining stronger bounds for the second
part of the lemma, which completes the proof for κ(3)(xa2, a3a4, a5a6).
Next, assume that two vectors are involved in κ(3). Here, estimating |xj| ≤ ∥x∥2
and |yj| ≤ ∥y∥2, applying (5.24) yields∑︂

a2,a4

|κ(3)(xa2,ya4, a5a6)| ≤ ∥x∥2∥y∥2
∑︂

a1,...,a4

|κ(3)(a1a2, a3a4, a5a6)| ≤ C∥x∥2∥y∥2. (5.38)

Further, arguing similarly to (5.9) gives∑︂
a1,a3,a5

|xa1ya3κ
(2)(a3a4, a5a6)κ(2)(a5a6, a1a2)| ≤ CN1/2∥x∥2∥y∥2,

which, together with bounds of at most order N1/2 for the terms corresponding to the
other possible spanning trees, implies (5.32). An analogous estimate holds for summation
over a6, showing the validity of (CR) for a single summation. The remaining cases for
summation over distinct indices follow similar to (5.38) by applying (5.25) and (5.26).
Note, however, that the above bounds are again not sufficient to imply (CR) for summation
over internal indices. Arguing as in (5.11) yields the stronger estimate∑︂

a1,a3,a4,a5

|xa1ya3κ
(2)(a1a2, a3a4)κ(2)(a3a4, a5a6)| ≤ CN1/2∥x∥2∥y∥2.
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Again, one can estimate similarly for the terms corresponding to the other possible
spanning trees, which implies (5.35). Lastly, one needs to check that also∑︂

a2,a4,a5

|κ(3)(xa2,ya4, a4a5)| ≤
∑︂

a2,a4,a5,a′
4

|κ(3)(xa2,ya4, a
′
4a5)| ≤ CN3/2∥x∥2∥y∥2,

which follows from a similar argument. This completes the proof for κ(3)(xa2,ya4, a5a6).
For 3-cumulants that involve three vectors, note that writing out the term similar to (5.29)
already involves all three index pairs. Whenever two summations are carried out, the
estimates obtained from Lemma 5.3.1 comply with (CR), e.g.,∑︂

a2,a4

|κ(3)(xa2,ya4, za6)| ≤ ∥x∥2∥y∥2∥z∥2
∑︂

a1,...,a5

|κ(3)(a1a2, a3a4, a5a6)|

≤ CN∥x∥2∥y∥2∥z∥2,

but a different argument is needed for estimating zero, one, or three summations. Here,
arguing as in (5.11) gives∑︂

a2

∑︂
a1,a3,a5

|xa1ya3za5κ
(2)(a1a2, a3a4)κ(2)(a3a4, a5a6)|

≤ ∥z∥2

(︃
max

a3

∑︂
a5

|κ(2)(a3a4, a5a6)|
)︃ ∑︂

a1,a2,a3

|xa1ya3κ
(2)(a1a2, a3a4)| ≤ CN1/2∥x∥2∥y∥2∥z∥2

together with similar bounds for the terms corresponding to the other possible spanning
trees. By a similar argument, we obtain an N -independent bound and a bound of order N
for zero and three summations, respectively. As internal indices cannot occur here, the
proof of the lemma is complete.

Lastly, we derive the necessary estimates to incorporate cumulants of order four and
higher. As no exceptions similar to (5.28) occur, we directly include summations over
internal indices into the bound.

Lemma 5.3.4. Assume that (A3) holds and let j ≥ 4. Then∑︂
a1,...,a2j

|κ(j)(a1a2, . . . , a2j−1a2j)| ≤ CN2.

Proof. After applying (5.3), bound the term by considering all possible spanning trees on
the complete graph on j vertices. Starting the summation at the leaves of the respective
tree, sum up one index pair of each 2-cumulant. Continuing the procedure until the root
of the tree is reached, an N -independent bound is obtained in every step. Finally, a
summation over all four indices of the last 2-cumulant remains, which yields the claimed
bound of order N2 by applying the last estimate of Lemma 5.2.2.

Note that Lemma 5.3.4 in particular implies that∑︂
a1,...,aj

|κ(j)(a1a2, a2a3, a3a4, . . . , aja1)| ≤
∑︂

a1,...,aj ,a′
1,...,a′

j

|κ(j)(a1a2, a
′
2a3, . . . , a

′
ja

′
1)| ≤ CN2

for any j ≥ 4 such that no special treatment is needed for (CR). Moreover, whenever j ≥ 5,
the bound is stronger than (CR). However, Lemma 5.3.4 only gives a bound of N2

independent of the number of summations carried out.
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5.3.1 Including 3-cumulants
Throughout this section, assume that π ∈ Πk with |B| ∈ {2, 3} for all B ∈ π. Excluding
the cases in Lemma 5.2.1, we obtain the following bound.

Lemma 5.3.5 (Subleading Term with 3-cumulants). Under assumptions (A1)-(A3),
let k ≥ 1 and choose a partition π ∈ Πk with |B| ∈ {2, 3} for all B ∈ π that is not a
pairing. Then

N−k/2−1 ∑︂
a1,...,ak

∏︂
B∈π

|κ(|B|)(ajaj+1|j ∈ B)| ≤ CN−1/2. (5.39)

Proof of Lemma 5.3.5. We extend the proof Lemma 5.2.10 to include 3-cumulants and
show that (CR) holds up to a factor of

√
N . The modifications to each step are given

below.

Step 1: Rewriting
Since the summation over internal indices in 3-cumulants does not interfere with (CR),
we restrict to rewriting the 2-cumulants that involve internal indices and obtain the
desired form via (5.20). Recall that certain properties only hold for the pairs in ˜︁C(π)
such that, e.g., two edges adjacent to an edge with nonzero weight may still belong to
the same 3-tuple. As before, we rename the remaining k′ summation indices as b1, . . . , bk′

and denote the matrices obtained along the rewriting procedure as M (i) with i in some
index set J . Recall that ∥M (i)∥ ≤ CNwi where wi ̸= 0 is the weight of the corresponding
edge in the graph.

Step 2: Sum-In
In this step, we focus on the terms specific to 3-cumulants that are not covered by the
argument in Lemma 5.2.10. Consider the possible subgraphs in which an edge with
nonzero weight is adjacent to two edges that belong to the same 3-tuple. Here, rewriting
and estimating the term using the vectors in (5.21) fails similarly to the second part of
Example 5.2.6. We visualize the respective subgraphs in Fig. 5.5 below, where edges
belonging to the same 3-tuple are indicated by the same linestyle and wj (resp. wj1 , wj2)
denotes some nonzero edge weight. For simplicity, edge weights that are equal to zero as
well as the labels of most vertices are left out and the remainder of the graph is indicated
by horizontal dots.

wj
bl

a
b

. . . wj

bl

a
b

. . .

⏞ ⏟⏟ ⏞
Type 1

wj

bl

bm

b

. . .

. . .

wj
bl

bm

a
. . .

. . .

⏞ ⏟⏟ ⏞
Type 2

wj1

wj2

bl

b

. . .

⏞ ⏟⏟ ⏞
Type 3

Fig. 5.5. The only subgraphs not covered by previous estimates.

We gather the 3-cumulant and the matrix element(s) corresponding to the respective
subgraphs in Fig. 5.5 into one term that we refer to as type 1, 2 or 3, respectively. For
example, the left type 1 graph translates to the product

M
(j)
bl+1,bl+2

κ(3)(blbl+1, bl+2bl+3, bl+3bl+4)
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in the cumulant calculation while the left type 2 graph translates to

M
(j)
bm+1,bm+2κ

(3)(blbl+1, bmbm+1, bm+2bm+3).

Here, M (j) denotes the matrix that corresponds to the edge with weight wj, respectively.
Note that the two solid and two dashed graphs in Fig. 5.5 look very similar, but are still
not identical since the cyclic ordering breaks the symmetry. As a result of Lemma 5.2.8,
any matrix element that does not occur in a term of type 1, 2 or 3 can be treated using
the same sum-in procedure as in the proof of Lemma 5.2.10, i.e., by applying (5.21) and
performing the summation over the corresponding bl+1 explicitly. Again, defining the
vectors by the rows of the respective matrices ensures that only the first index of every
index pair in the remaining 2- and 3-cumulants may be replaced by a vector. In particular,
estimates for the special cases in Fig. 5.5 and the counting rule are sufficient to cover any
term that is encountered. As an example, consider two interlaced type 1 subgraphs: If
the second type 1 term is added between the two solid edges of the first, the result can
be estimated using only bounds for type 1 and 2, respectively. Otherwise, the sum-in
procedure applies, as at least one edge of nonzero weight is no longer adjacent to two
edges from the same grouping.
At this point, any separate matrix element occurs in a term of type 1, 2 or 3. Note that
also up to one (types 1 and 3) or two (type 2) indices of the 3-cumulant in the respective
terms may have been replaced by a vector along the sum-in procedure.
Step 3: Estimates
To estimate the remaining summations, we apply a recursive summation procedure similar
to the proof of Lemma 5.2.10. Note that the summation over any number of indices
of a 2- or 3-cumulant follows (CR) by Lemmas 5.2.2, 5.2.5, 5.3.1, and 5.3.3, including
summations over internal indices in the 3-cumulants and any summation over internal
indices of 2-cumulants resulting in the sum-in of the vectors in (5.21). The only terms
not covered by the previous arguments are the terms of type 1, 2, and 3. We claim that
they, too, follow (CR) and show that applying the bounds from Lemma 5.3.1 or 5.3.3 for
the 3-cumulant compensates the additional factor(s) of

√
N obtained from estimating the

matrix element(s) trivially by the norm of the respective matrix.
Assume first that the summation on the left-hand side of (5.23) reduces to one single
term of type 1, with the internal index occurring, e.g., at b4, or of type 3. We obtain from
Lemma 5.3.1 and (5.27) that∑︂

b1,...,b5

|κ(3)(b1b2, b3b4, b4b5)| ≤ CN2,
∑︂

b1,...,b6

|κ(3)(b1b2, b3b4, b5b6)| ≤ CN2.

Observe that these estimates are better than the bound prescribed by (CR) by one or
two factors of

√
N , respectively. Hence, the final bound for the term follows (CR) again.

Whenever a term of type 1, 2, or 3 is encountered along the recursive summation procedure,
we argue similarly. Recall that Step ii used in the proof of Lemma 5.2.1 requires summing
over all remaining indices for every 2-cumulant that is encountered. For terms of type 1, 2,
or 3, we modify this step and sum up all but one (type 1 and 3) or two (type 2) indices
instead, always leaving the index bl for the largest value of l in each connected subgraph
unsummed. The index or indices that are left out always belong to another 2- or 3-
cumulant or term of type 1, 2, or 3 and are thus considered in later steps of the procedure.
The summation rule is visualized in Fig. 5.6 below, where the large dots denote the indices
that will be summed up after estimating the matrix element(s) trivially.
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wj

a

. . . wj

a

. . .

⏞ ⏟⏟ ⏞
Type 1

wj

. . .

. . .

wj

a
. . .

. . .

⏞ ⏟⏟ ⏞
Type 2

wj1

wj2

. . .

⏞ ⏟⏟ ⏞
Type 3

Fig. 5.6. The summation rule.

For the terms of type 1 or 3, leaving one index of the respective 3-cumulant unsummed
always allows for a bound of order N by Lemma 5.3.1 or (5.37), i.e., at least (

√
N)2

better than (CR) would give, which compensates for the additional factor of
√
N or N ,

respectively, from estimating the matrix elements. The same holds for terms of type 2.
Note, however, that due to the dashed subgraphs in Fig. 5.6 having two connected
components, we may also encounter the case that only two summations remain. Here, we
apply (5.24), (5.33) or (5.35) whenever the 3-cumulant involves zero, one or two vectors,
respectively. This allows to estimate the remaining two summations by a bound of at
most order N1/2, showing that (CR) holds again. Hence, we can apply a similar recursive
summation procedure as used in the proof of Lemma 5.2.1 given by the following modified
algorithm.

Step i Identify the terms of type 1, 2 or 3 in the summation. We distinguish two cases.

– Whenever terms of type 1, 2 or 3 are present, identify the summation index bl

in them that corresponds to the smallest subscript l .
– Whenever no terms of type 1, 2 or 3 are present, carry out Step i as in the

proof of Lemma 5.2.10, possibly choosing an index occuring in a 3-cumulant.

Step ii We distinguish two cases depending on the outcome of Step i.

– Whenever the index bl occurs in a term of type 1, 2 or 3, estimate the cor-
responding matrix element(s) using the bound for the matrix norm, then
isolate the corresponding 3-cumulant and perform the summation according to
Fig. 5.6.

– Whenever the index bl occurs in a 2- or 3-cumulant, carry out Step ii as in the
proof of Lemma 5.2.10, possibly applying Lemma 5.3.1 or 5.3.3 if bl occurs in
a 3-cumulant.

Step iii Identify the index bl′ in the remaining sum that corresponds to the smallest sub-
script l′ and carry out Step ii until all summations have been evaluated.

Note that starting the summation with estimating a matrix element breaks the cyclic
structure of the graph similarly to (5.8). Further, we have shown that all estimates
obtained in Step ii follow (CR). The final bound for the sum obtained at the end of the
procedure is thus at most of order Nk/2+1/2, which is the claim.

5.3.2 Including Cumulants of Order Four and Higher
With the necessary tools established, we proceed to estimating the summation (5.23) in
the general case, i.e., when we have cumulants (tuples) of arbitrary order.
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Proof of (5.23). Let k ∈ N and π ∈ Πk be arbitrary. Excluding the terms already
considered, we can assume that k ≥ 4 and that the partition includes at least one set of
four or more elements. As before, we start by identifying any 2-cumulants with internal
indices on the right-hand side of (5.23) and rewriting the term using (5.20). Next, we
carry out the sum-in procedure from Lemma 5.3.5 almost unchanged, i.e., (5.21) is applied
for every matrix element that can be incorporated into a 2- or 3-cumulant and the matrix
elements occurring in a term of type 1, 2 or 3 (see Fig. 5.5) are gathered together with
the corresponding 3-cumulant. Note that this step might leave some matrix elements
unassigned. We assume first that π is chosen such that this is not the case.
Recall that the counting rule established for 2- and 3-cumulants prescribes that every
individual summation yields a factor of

√
N , while the estimate for higher-order cumulants

yields a contribution of N2 when summing over all indices in the respective cumulant.
To apply both rules simultaneously, we divide the terms obtained from the rewriting
procedure into two factors F and G, where G collects the 2- and 3-cumulants, as well
as the terms of type 1, 2 and 3, and the additional factors of N obtained from the N−j

normalization in (5.21), while the higher-order cumulants constitute F . Whenever no
rewriting is required, we can split the left-hand side of (5.23) directly into

F (b1, . . . , bk) :=
∏︂

B∈π
|B|≥4

|κ(|B|)(bjbj+1|j ∈ B)|, G(b1, . . . , bk) :=
∏︂

B∈π
2≤|B|≤3

|κ(|B|)(bjbj+1|j ∈ B)|.

Next, consider the set X := {j : bj appears in a cumulant that belongs to F}. Abbrevi-
ating bX = {bj : j ∈ X} and bXc = {b1, . . . , bk′} \ bX , it follows that∑︂

b1,...,bk′

F (bX)G(b1, . . . , bk′) ≤
(︃∑︂

bX

F (bX)
)︃(︃

max
bX

∑︂
bXc

G(b1, . . . , bk′)
)︃

by taking the maximum over all indices in bX in the factors that occur in G.
Let n ≥ 1 be the number of factors in F . Since every cumulant included in F is of
order four or higher, each factor involves at least eight indices as arguments. As every
index belongs to two edges and, hence, has to appear exactly twice in the product of F
and G, there are at least 4n distinct indices in F . By definition, the total number of
distinct indices occurring in F is equal to |X| such that |X| ≥ 4n. Introducing additional
summation labels b′

1, . . . , b
′
l to sum over all indices involved in the respective factors and

applying Lemma 5.3.4 thus implies∑︂
bX

F (bX) ≤
∑︂

bX ,b′
1,...,b′

l

F (bX , b
′
1, . . . , b

′
l) ≤ C(N2)n ≤ CN |X|/2. (5.40)

For the summation involving G, we follow Step 3 from the proof of Lemma 5.3.5. This
yields

max
bX

∑︂
bc

X

G(b1, . . . , bk′) ≤ CN (k−|X|)/2+1/2 (5.41)

from applying the recursive summation procedure, as all terms in the sum follow (CR).
Hence, we obtain a contribution of order

√
N for every summation, including the ones

that were carried out along the rewriting and sum-in step, and possibly an additional
factor

√
N from an estimate similar to (5.8). Combining (5.40) and (5.41) thus yields

N−k/2−1
(︃∑︂

bX

F (bX)
)︃(︃

max
bX

∑︂
bc

X

G(b1, . . . , bk′)
)︃

≤ CN−1/2.

177



5. Operator Norm of a Hermitian Random Matrix with Correlated Entries

In the previously excluded cases, there either is a term similar to the terms of type 1, 2
or 3 with the 3-cumulant replaced by a cumulant of order four or higher, or a matrix
element for which introducing vectors as in (5.21) would require summing it into a higher-
order cumulant. In both cases, we estimate the matrix element trivially by the norm of
the corresponding matrix, which yields a factor of

√
N more than prescribed by (CR).

However, the occurrence of the matrix element implies that the j-cumulant must involve
at least j + 1 distinct indices. Hence, one more summation than in the minimal case is
carried out when the summation over all indices in the cumulant is evaluated, i.e., the
additional factor

√
N is balanced out. This implies that the estimates again follow (CR),

giving the claim in the general case. In particular, we obtain a sub-leading contribution
to (5.5) whenever the term on the left-hand side of (5.23) involves cumulants of order
four or higher.

178



6 Dynamics of a Rank-One
Multiplicative Perturbation of a
Unitary Matrix

We provide a dynamical study of a model of multiplicative perturbation of a unitary
matrix introduced by Fyodorov. In particular, we identify a flow of deterministic
domains that bound the spectrum with high probability, separating the outlier from the
typical eigenvalues at all sub-critical timescales. These results are obtained under
generic assumptions on U that hold for a variety of unitary random matrix models.

Preprint of G. Dubach and J. Reker. Dynamics of a rank-one multiplicative
perturbation of a unitary matrix. To appear in: Random Matrices: Theory Appl.,

online ready available at https://doi.org/10.1142/S2010326324500072, 2024.

6.1 Introduction
The recent survey [71] offers an overview of a variety of exact results concerning rank-one
perturbations of random matrices. Among those are

(i) Hermitian perturbations of Hermitian operators, where the now well-understood
phenomenon of BBP transition occurs [14];

(ii) Generic perturbations of non-Hermitian operators, exemplified by the milestone
work of Tao [137];

as well as another, intermediate, class of models, namely,

(iii) Perturbations of a normal (Hermitian or Unitary) operator resulting in a loss of
normality.

Interest in these particular models has its origin in physics, as they are relevant to
scattering theory (see for instance the general introduction [77]), and as such, they have
been the subject of several studies in recent years, both from the mathematical and the
physics perspective. The model for which the most precise estimates are available to date
is the rank-one anti-Hermitian perturbation of a Hermitian matrix, namely

M(t) := H + itvv∗, t ≥ 0, (6.1)

where H is a matrix with Gaussian entries independent up to the condition of Hermi-
tianity (the so-called Gaussian Unitary Ensemble, or GUE) and v a unit vector, sampled
uniformly on the sphere, and independent from H. This model was first studied in
the pioneering works [78, 79, 75]. Recently, the more general case of a Wigner matrix
was considered in [57]. It was shown that a unique outlier becomes separated for all
times t > 1 +N− 1

3 +ϵ for any ϵ > 0. Shortly thereafter, it was confirmed in [76], using
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6. Dynamics of a Rank-One Multiplicative Perturbation of a Unitary Matrix

exact expressions available in the integrable GUE case, that 1 + O(N− 1
3 ) is indeed the

critical timescale for the emergence of the outlier.
Another relevant setting is the so-called UA model, or rank-one multiplicative perturbation
of a unitary matrix, first introduced by Fyodorov [73] (see also the review [80]). It is
defined by

W (a) := UA, A = diag(a, 1, . . . , 1), a ∈ [0, 1], (6.2)
with the matrix U being Haar-distributed on the unitary group (the so-called Circular
Unitary Ensemble, or CUE). This model was studied in [72] at the timescale a = O(N− 1

2 ),
which happens to be the critical timescale for the emergence of an outlier at the origin.
The purpose of this paper is to conduct a dynamical study (replacing a ∈ [0, 1] by t ∈ R,
considered as a time parameter) of such UA models under fairly generic assumptions on
the matrix U .

Fig. 6.1. Trajectories of the eigenvalues of the UA model of size 100×100. The evolution
of the time parameter t ∈ (−1, 1) is represented by shades of red.

6.1.1 Definitions and Notations
Throughout the paper, tr(·) denotes the (non-normalized) trace and Sp(·) denotes the
spectrum of a matrix. We denote the open unit disc and an open disk of center z0 and
radius r by D and D(z0, r), respectively. The boundary of a set S is denoted by ∂S and
its complement by Sc.
We say that an event (more precisely, a sequence of events) Ω = Ω(N) occurs with high
probability (w.h.p.) if

P
(︂
Ω(N)

)︂
−−−→
N→∞

1, (6.3)

and that it occurs with overwhelming probability (w.o.p.) if for any A > 0,

1 − P
(︂
Ω(N)

)︂
< N−A (6.4)

for large enough N .
An important tool that we need is the notion of uniform stochastic domination, which is
defined as follows. Let

X =
{︂
X(N)(z) : N ∈ N, z ∈ D

}︂
and Y =

{︂
Y (N)(z) : N ∈ N, z ∈ D

}︂
be two families of complex random variables that are indexed by N ∈ N and z ∈ D. We
say that X is stochastically dominated by Y , uniformly for z ∈ S (N) ⊂ D if, for all ε > 0
we have that

∀z ∈ S (N) |X(N)(z)| ≤ N ϵ|Y (N)(z)|
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6.1. Introduction

with overwhelming probability. We denote this by X ≺ Y , specifying over which do-
main S (N) the uniformity holds.
We say that GN has a strongly separated outlier towards the origin for t ∈ T ⊂ [−1, 1] if
there exist α1 < α2, c1, c2 ∈ (0, 1) such that with high probability, for every t ∈ T ,

(i) D
(︂
0, c1

Nα1
1+Nα1

)︂
contains exactly one eigenvalue of GN(t);

(ii) D\D
(︂
0, c2

Nα2
1+Nα2

)︂
contains N − 1 eigenvalues of GN(t).

Whenever α1 < 0, we say that GN has a strongly separated outlier at the origin.

Definition of the Model and Statement of Results
Let U ∈ UN(C) be a unitary matrix and define

A(t) := IN − (1 − t)vv∗ ∈ MN(C) (6.5)

with t ∈ R and a unit vector v ∈ CN . We consider the multiplicative rank one perturbation
of U that is given by

G = G(t) = UA(t). (6.6)

Note that this model coincides with (6.2) if v = e1 and |t| < 1, taking a = t. It is readily
checked that G(t) is unitary for t = ±1, so that its spectrum is in ∂D. The eigenvalue
trajectories of G(t) for |t| ≤ 1 lie in D by Weyl’s inequality (as the smallest singular
value of G(t) is equal to |t| while all others have modulus 1 by direct computation).
For t = 0, the spectrum of G(0) coincides with that of a truncated unitary matrix, with
an extra eigenvalue at 0. Observing that, for t ̸= 0, G is invertible with G(t)−1 = G(t−1)∗,
the trajectories for |t| ≥ 1 lie in the complement of D, and their properties are readily
obtained from the |t| ≤ 1 case. We will hence focus our study of the spectrum of G(t)
to t ∈ (−1, 1), as represented on Fig. 6.1.
For U a unitary matrix and v a unit vector, we define the quantity

ω
(N)
1 :=

√
Nv∗U∗v (6.7)

and the functions

W (z) := v∗ 1
IN − zU∗v, W2(z) := v∗ (zU∗)2

IN − zU∗v, s1(z) := 1 + ω
(N)
1√
N
z. (6.8)

Note that W is named by analogy with the ‘weighted resolvent’ in [57, Def. 2], as it
plays a similar role in the analysis below. However, there are important differences in the
behavior and scaling of the two objects, which we address in more detail in the appendix.
It is immediate to check that

W (z) = s1(z) + W2(z). (6.9)

Our main results are stated using the following assumptions.

Assumption 6.1.1 (Simplicity). The spectrum of the random unitary matrix U is almost
surely simple; the unit vector v is independent of U and distributed with a non-vanishing
density on the sphere SN−1(C).
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6. Dynamics of a Rank-One Multiplicative Perturbation of a Unitary Matrix

Note that the simplicity of the spectrum holds for all typical models of random matrices.
Whenever Assumption 6.1.1 is used, we denote the randomness in v by Pv. In Section 6.2.2,
we will work under the following regularity assumptions on U and v.

Assumption 6.1.2 (Regularity for W2). For any δ > 0,

W2(z) ≺ |z|2√
N(1 − |z|)

(6.10)

holds uniformly for z ∈ Dδ := D(0, 1 −N−δ).

Assumption 6.1.3 (Regularity for ω1). For any ϵ > 0,

N ε > |ω(N)
1 | > N−ϵ (6.11)

holds with high probability.

This is verified in particular for a Haar-distributed unitary matrix and a uniform unit
vector v independent from U , as will be proved in Theorem 6.3.1. Note that one of our
results (Theorem 6.2.7) does not rely on Assumption 6.1.3, but only on the deterministic
bound

|ω(N)
1 | ≤ N

1
2 , (6.12)

which follows from the definition of ω(N)
1 , and U being unitary.

Our main result is a description of the different scales of these dynamics, under the
regularity assumption. In particular, the emergence of an outlier at the origin is connected
to the critical timescale t = O(N− 1

2 ), in a way that can be described as follows:

Theorem 6.1.4. Under Assumptions 6.1.2 and 6.1.3, for any α > ε > 0, the following
holds:

• There is a strongly separated outlier at the origin for |t| < N− 1
2 −α.

• With high probability, for all |t| > N− 1
2 +α, all eigenvalues are in D\D(0, 1 −N−α+ε).

More precise statements are given as Theorems 6.2.7 and 6.2.8 in Section 6.2.2.

An Overview of the Method: Rouché’s Theorem and Isotropic
Local Law.
The method used in [57] to study the model (6.1) essentially relies on two key facts:

(i) The characterization of the spectrum at time t as the preimage of i/t by a random
meromorphic function W ;

(ii) A uniform isotropic local law that allows to approximate W by a deterministic
function on a contour.

These facts together allow to locate the eigenvalues, and to isolate the outlier from the
rest of the spectrum via Rouché’s theorem, establishing that it is strongly separated1

at the proper timescales. The present case shares some important similarities. In
1with the appropriate notion of ‘strong separation’ in this setting.
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6.2. Study of the Trajectories

particular, the analog of (i) (stated below as Lemma 6.2.1) holds with the appropriate
function W , and some of the resulting properties, such as the almost sure non-intersection
of trajectories, are analogous to the weakly non-Hermitian case as well. Apart from
these formal analogies between the two models, the UA model (6.6) also involves some
specific features. Especially, the isotropic local law (ii) is replaced by the regularity
assumption on W2 (Assumption 6.1.2), which plays an equivalent role, but holds in fact
more generally (see discussion in the Appendix). Another particular feature is the role
of the parameter ω(N)

1 and the corresponding Assumption 6.1.3, which do not have an
analog in the Hermitian setting.

Plan of the Paper.
Section 6.2 contains our results concerning the trajectories of the UA model (6.6). We
first derive general properties of the trajectories, only relying on Assumption 6.1.1, in
Section 6.2.1, and then establish precise estimates on these trajectories under Assump-
tions 6.1.2 and 6.1.3, in Section 6.2.2 – from which Theorem 6.1.4 follows. Finally, in
Section 6.3, we focus on the particular CUE case, proving that it verifies all relevant
assumptions, and also providing a simple proof that the timescales put forward in Theo-
rem 6.1.4 are optimal. The relevance and generality of Assumption 6.1.2 are discussed in
more detail in the Appendix.
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6.2 Study of the Trajectories

6.2.1 Properties of the Trajectories Under the Simplicity
Assumption

Lemma 6.2.1. Let z ∈ D and consider the UA model (6.6) with t ∈ (−1, 1). Then

z ∈ Sp(G(t)) ⇔ W (z) = 1
1 − t

.

Proof. By definition, z is in the spectrum of G(t) if and only if

0 = det(G(t) − z) = det(U − z − (1 − t)Uvv∗).

As |z| < 1, this is equivalent to

det(IN − (1 − t)(U − z)−1Uvv∗) = 0.

Using Sylvester’s identity and defining W (z) = v∗(U − z)−1Uv, we find that z is in the
spectrum of G(t) if and only if

1 − (1 − t)W (z) = 0

which is the claim.
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6. Dynamics of a Rank-One Multiplicative Perturbation of a Unitary Matrix

This strong property is due to the perturbation having rank one. In particular, it implies
that the trajectories of the eigenvalues are given by the zero level lines of the imaginary
part of W , i.e.,

N⋃︂
j=1

{λj(t) : t ∈ (−1, 1)} = {z ∈ D : ℑW (z) = 0}. (6.13)

Another important property that follows from the simplicity assumption is the non-
intersection of the trajectories.

Theorem 6.2.2 (Non-intersection of trajectories). Under Assumption 6.1.1, for N ≥ 5,
the trajectories of the eigenvalues almost surely do not intersect, i.e.,

P ({∃s, t ∈ (−1, 1), ∃i, j ∈ [[1, N ]] : (s, i) ̸= (t, j), λi(s) = λj(t)}) = 0. (6.14)

Proof. The proof is analogous to that of [57, Thm. 2] with a few adjustments to account
for the different geometry. We prove it for any fixed U with a simple spectrum, only relying
on the randomness of v (i.e., according to the probability measure Pv). If λi(s) = λj(t)
for some i, j ∈ [[1, N ]] and s, t ≥ (−1, 1), Lemma 6.2.1 implies that

W (z) = 1
1 − s

= 1
1 − t

(6.15)

and thus t = s. So we only need to consider the possible intersection of two trajectories λi

and λj (i ̸= j) at the same time t. This implies that the function W (z) − 1
1−t

vanishes
at z ∈ D with multiplicity at least two. Hence, any intersection point z0 lies in the set

S := {z ∈ D : ℑW (z) = 0} ∩ {z ∈ D : W ′(z) = 0} .

We show that almost surely, there is no z0 that satisfies both conditions. First, note that

W ′(z) =
N∑︂

j=1
|⟨uj|v⟩|2 e−iθj

(1 − ze−iθj )2 ,

where eiθ1 , . . . , eiθN and u1, . . . , uN denote the eigenvalues of U and the associated unit
eigenvectors, respectively. Hence, the condition W ′(z0) = 0 is equivalent to z0 being the
root of a complex polynomial of degree 2N − 2 (Pv-almost surely) that does not vanish
on the unit circle. In particular, there is a finite number of such points. Allowing for
multiplicity, we denote them by (Zk)2N−2

k=1 .
Next, note that 0 /∈ S by inspection. We may thus assume z ̸= 0 and replace the
condition W ′(z) = 0 by zW ′(z) = 0. For any z /∈ ∂D, define the real vectors

Y1(z) :=
(︃

ℑ 1
1 − ze−iθj

)︃N

j=1
, Y2(z) :=

(︄
ℜ ze−iθj

(1 − ze−iθj )2

)︄N

j=1
, Y3(z) :=

(︄
ℑ ze−iθj

(1 − ze−iθj )2

)︄N

j=1

as well as
X := (|⟨uj|v⟩|2)N

j=1.

With this notation, the condition ℑW (z) = 0 can be written as ⟨X|Y1(z)⟩ while zW ′(z) = 0
translates to ⟨X|Y2(z)⟩ = ⟨X|Y3(z)⟩ = 0. The remainder of the proof relies on the
following (deterministic) observation.
Lemma 6.2.3. Let N ≥ 5. For any z ∈ D\{0}, it holds that Y1(z) /∈ SpanR(Y2(z), Y3(z)).
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Proof. For z ̸= 0 with |z| < 1 denote

aj + ibj = 1
1 − ze−iθj

which can be rearranged to give

|z| = |ze−iθj | =
⃓⃓⃓⃓
⃓1 − 1

aj + ibj

⃓⃓⃓⃓
⃓

i.e., (aj + ibj)−1 lies on a circle with center 1 and radius |z|. Hence, by inversion, aj + ibj

lies on a circle with center (1 − |z|2)−1 and radius |z|(1 − |z|2)−1. We denote this circle
by C|z|. As the phases θj are distinct by assumption, (aj, bj) are N distinct points on C|z|.
Assume now that Y1(z) = αY2(z) + βY2(z) for some α, β ∈ R. Since

ze−iθj

(1 − ze−iθj)2 = 1 − (1 − ze−iθj )
(1 − ze−iθj)2 = (aj + ibj)2 − (aj + ibj),

and Y1(z) = bj, we can rewrite the linear dependence condition as

bj = α(a2
j − b2

j − aj) + β(2ajbj − bj).

Note that this describes a hyperbola Hα,β (in the degenerate case, we obtain a union of
two lines). Bézout’s theorem for curves gives a bound as to the number of intersection
points between this curve and a circle:

N ≤ |C|z| ∩ Hαβ
| ≤ 4,

which is the desired contradiction.

Lemma 6.2.3 implies that

∀z ∈ D, Pv(ℑW (z) = 0 | W ′(z) = 0) = 0,

as Y1 is linearly independent of Y2(z), Y3(z) and X is distributed with a non-vanishing
density on the simplex ⎧⎨⎩(x1, . . . , xN) : xj ≥ 0,

N∑︂
j=1

xj = 1

⎫⎬⎭ .
by Assumption 6.1.1. We aim to deduce that

Pv(∃z ∈ D : ℑW (z) = 0 ∧ W ′(z) = 0) = 0

to conclude that trajectories originating from two distinct eigenvalues Pv-a.s. do not
intersect. Let π ∈ S2N be a uniformly random permutation and let P denote the
probability with respect to π as well as v. Moreover, define

Nz := |{k : Zk = z}|

and recall that the points Zk were defined as the zeros of W ′, i.e., W ′(z) = 0 if and only
if Nz ≥ 1. The randomness in π ensures that

P(Zπ(k) = z | Nz ≥ 1) =
2N−2∑︂
m=1

P(Zπ(k) = z | Nz = m) ≥ 1
2N

185



6. Dynamics of a Rank-One Multiplicative Perturbation of a Unitary Matrix

so that we can write

0 = P(ℑW (z) = 0 | Nz ≥ 1) ≥ P(ℑW (z) = 0 | Zπ(k) = z)P(Zπ(k) = z | Nz ≥ 1)

≥ 1
2NP(ℑW (Zπ(k)) = 0 | Zπ(k) = z)

for fixed k = 1, . . . , 2N − 2. This implies P(ℑW (Zk) = 0 | Zπ(k) = z) = 0 and it follows
that

P(ℑW (Zk) = 0) = 0
by integrating out the conditioning. As there are only finitely many choices for k, a union
bound yields

Pv(∃k : ℑW (Zk) = 0) = P(∃k : ℑW (Zπ(k)) = 0) ≤
2N−2∑︂
k=1

P(ℑW (Zπ(k)) = 0) = 0,

implying Pv(S) = 0. We conclude that

Pv(∃t ∈ (−1, 1), i ̸= j : λj(t) = λj(t)) = 0

which completes the proof.

Non-intersection of trajectories is an essential input, as it allows to identify each ⟨k(t) as
the unique continuous trajectory linking the eigenvalue eiθk at time t = 1 to one of the
eigenvalues at any time t. In particular, we may consider the trajectory of the eigenvalue
that eventually becomes an outlier (for t approaching 0) and give meaning to concepts
such as the ‘origin’ of the outlier, the shape, and length of individual trajectories, etc. A
realization with two trajectories getting very close to one another is given in Fig. 6.2.
Remarkably, the evolution of the eigenvalues of the UA model is described by a closed
system of differential equations that governs the behavior of the trajectories. We provide
these equations below for t ∈ (0, 1] (the equations for t ∈ [−1, 0) can be derived similarly).
Note that this result is not used as input for our main theorems. However, it is an
important feature of these dynamics, and may be of interest for future studies of this
model.

Theorem 6.2.4 (Differential Equations). Assume that U satisfies Assumption 6.1.1. We
denote its eigenvalues by eiθ1 , . . . , eiθN with θj ∈ [0, 2π) and the associated unit eigen-
vectors by u1, . . . , uN . Let v be a unit vector and t ∈ (0, 1]. Then the evolution of the
eigenvalues λ1(t), . . . , λN(t) of G(t) = U(IN − (1 − t)vv∗) is governed by the differential
equations

λ′
j(t) = 1 − |λj(t)|2

t(t2 − 1)

(︄
N∏︂

k=1
λk(t)

)︄ ∏︂
k ̸=j

λjλk(t) − 1
λj(t) − λk(t) , j = 1, . . . , N, (6.16)

with initial conditions λj(1) = eiθj and

λ′
j(1) = eiθj |⟨uj|v⟩|2, j = 1, . . . , N. (6.17)

Proof. Let L1, . . . , LN , R1, . . . , RN be a bi-orthogonal system of left and right eigenvectors
associated with G(t). We start with the basic perturbative identity

λ′
j(t) = ⟨Lj|G′(t)|Rj⟩ = ⟨Lj|U |v⟩⟨v|Rj⟩ (6.18)
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to obtain a dynamic description of the eigenvalues (cf. proof of [57, Thm. 4]). Using
that ⟨Lj|(UA) = λj⟨Lj| and that A−1 = I − (1 − t−1)vv∗, the relation (6.18) can be
rewritten as

λ′
j(t) = λj(t)

t
⟨Lj|v⟩⟨v|Rj⟩. (6.19)

For t = 1, we have G(t) = U and the eigenvalues are given by λj(1) = eiθj . More-
over, Lj = Rj = uj , which yields the initial condition stated in (6.17). For t ∈ (0, 1), note
that the quantity ⟨Lj|v⟩⟨v|Rj⟩ is invariant under a unitary change of basis. It is thus
sufficient to compute it for a Schur form T of G. W.l.o.g. let λ1, . . . , λN be the order in
which the eigenvalues appear on the diagonal of T , i.e., λj = Tjj . By exchangeability, it is
sufficient to show (6.16) for j = 1. Writing G = STS∗ with a suitable unitary matrix S,
note that

TT ∗ = SGG∗S∗ = SAA∗S = I − (t2 − 1)Svv∗S∗

i.e., TT ∗ is a rank-one perturbation of identity. Let ˜︁v := Sv. By [56, Lem. 4], we can
express the columns of T as well as the entries of

√
t2 − 1˜︁v in terms of the eigenval-

ues λ1, . . . , λN . In particular, the k-th column of T is of the form

(Tkj)N
j=1 =

⎛⎜⎝τk

λk

0

⎞⎟⎠ , τk = |λk|2 − 1
λk

1˜︁vk

˜︁v(k−1)

with ˜︁v(k−1) being the column vector containing the first k− 1 entries of ˜︁v. As T is (upper)
triangular, we further have R1 = e1 and thus ⟨˜︁v|R1⟩ = ˜︁v1. For the following argument,
denote L1 = (1, ℓ2, . . . , ℓN ) and L(d)

1 = (1, ℓ2, . . . , ℓd) for d = 1, . . . , N . This vector satisfies
the recursion

ℓk+1 = 1
λ1 − λk+1

⟨L(k)
1 |τk+1⟩ = 1

λ1 − λk+1

|λk+1|2 − 1
λk+1˜︁vk+1

⟨L(k)
1 |˜︁v(k)⟩, (6.20)

where τk+1 denotes the first k entries of the (k+1)-th column of T . We use this connection
to compute ⟨L1|˜︁v⟩ recursively. The initial condition is given by

⟨L(1)
1 |˜︁v(1)⟩ = ˜︁v1

and we iterate the recursion by

⟨L(k+1)
1 |˜︁v(k+1)⟩ = ⟨L(k)

1 |˜︁v(k)⟩ + ℓk+1˜︁vk+1

=
(︄

1 + 1
λ1 − λk+1

|λk+1|2 − 1
λk+1

)︄
⟨L(k)

1 |˜︁v(k)⟩

= λ1λk+1 − 1
λk+1(λ1 − λk+1)

⟨L(k)
1 |˜︁v(k)⟩

using (6.20). This yields

⟨L1|˜︁v⟩ = ⟨L(N)
1 |˜︁v(N)⟩ = ˜︁v1

N∏︂
k=2

(︄
λ1λk+1 − 1

λk+1(λ1 − λk+1)

)︄
.

Hence, by (6.19), we obtain for any t ∈ (0, 1) that

λ′
1(t) = λ1(t)

t
⟨L1|v⟩⟨v|R1⟩ = λ1(t)

t(t2 − 1)⟨L1|˜︁v⟩⟨˜︁v|R1⟩

= λ1(t)|˜︁v1|2

t(t2 − 1)

N∏︂
k=2

(︄
λ1(t)λk(t) − 1

λk(t)(λ1(t) − λk(t))

)︄
.
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Moreover, replacing |˜︁v1|2 by

|˜︁v1|2 = (1 − |λ1|2)
N∏︂

k=2
|λk|2

using [56, Lem. 4], we obtain (6.16), which is a function of t and the eigenvalues only.

Fig. 6.2. Trajectories of the eigenvalues of the UA model
of size 500 × 500. The evolution of the time parameter
t ∈ (−1, 1) is represented by shades of red. On this partic-
ular realization, one extreme trajectory gets close to the
trajectory of the outlier, and appears to be repelled away
from it with high velocity, according to the singularity of
the ODE (6.16).

6.2.2 Estimates on the trajectories under the Regularity
Assumption

We now state and prove the estimates on the trajectories, under Assumptions 6.1.2
and 6.1.3, that constitute our main results. The method consists in comparing the
function W to its affine part s1 – see definitions (6.7) and (6.8). As the eigenvalues are
characterized by W (z) = 1

1−t
(by Lemma 6.2.1), we denote by zt the unique solution of

the equation s1(z) = 1
1−t

, that is

zt :=
√
N

ω
(N)
1

t

1 − t
, (6.21)

so that, in particular, zt is the expected location of the outlier in the sub-critical regime;
but also, |zt| will appear as a relevant scale parameter in all regimes.
In order to deduce the location of eigenvalues from the comparison of W and s1, we rely
on the classical tool of complex analysis known as Rouché’s theorem, which we recall:

Theorem 6.2.5 (Rouché’s Theorem). Let f and g be two holomorphic functions on a
domain Ω ⊂ C with closed and simple boundary ∂Ω. If |f − g| < |g| on ∂Ω, then f and g
have the same number of zeros (counted with multiplicity) inside Ω.

The next proposition identifies a domain on which the Rouché inequality holds for the
functions at stake here.

Proposition 6.2.6. Under Assumption 6.1.2, for every η, δ > 0, it holds with overwhelm-
ing probability that for every t ∈ (−1, 1), the functions

ft(z) = W (z) − 1
1 − t

and gt(z) = s1(z) − 1
1 − t

(6.22)

verify the inequality |ft − gt| < |gt| on the domain Rt,η ∩ Dδ, with

Rt,η :=
{︄
z : Nη|z|2

1 − |z|
<
⃓⃓⃓
ω

(N)
1

⃓⃓⃓
|z − zt|

}︄
. (6.23)
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Note that (6.23) defines a random domain, depending on ω(N)
1 , and that Proposition 6.2.6

only relies on Assumption 6.1.2.
The proof proceeds by direct computation, unpacking the definitions of the objects and
using the relevant assumptions.

Proof. For any η > ϵ > 0 and z ∈ Rt,η the following holds:

|ft(z) − gt(z)| = |W2(z)| (by definition of ft, gt,W2)

<
N ϵ|z|2√
N(1 − |z|)

(w.o.p., by Assumption 6.1.2)

< N ϵ−η |ω(N)
1 |√
N

|z − zt| (by definition of Rω1
t,η)

= N ϵ−η |gt(z)| (by definition of gt)

which yields the expected inequality as ϵ < η.

We can now establish more precise versions of our main result (Theorem 6.1.4).

Theorem 6.2.7. Under Assumption 6.1.2, for any α > ε > 0 and δ > 1
2 , the following

holds with overwhelming probability:

(i) For |t| < |ω(N)
1 |N− 1

2 −α, exactly one eigenvalue is in D1, while all other eigenvalues
are in D\D2, where D1, D2 are defined as

D1 := D

(︄
zt, ρ1 = |zt|2

N ϵ

|ω1|

)︄
, D2 := D

⎛⎝0, ρ2 =
(︄

1 + N ϵ

|ω1|

)︄−1
⎞⎠ . (6.24)

(ii) If |ω(N)
1 | < 1

2N
1
2 , then for |t| ∈ (2|ω(N)

1 |N− 1
2 , 1), all eigenvalues are in D\(D3 ∩ Dδ),

where

D3 := D

⎛⎝0, ρ3 =
(︄

1 + N ε

|ω1| |zt|

)︄−1
⎞⎠ . (6.25)

The proof proceeds by a straightforward inspection of the Rouché domain Rt,η (with η < ε)
in the different regimes.

Proof. For |t| < |ω(N)
1 |N− 1

2 −α, by definition of zt and using the deterministic bound (6.12),
we find

|zt| < N−α,
|zt|2

|ω(N)
1 |

< N− 1
2 −2α, |zt| + ρ1 < ρ2 < 1 −N−δ, (6.26)

so that in particular D1 ⊂ D2 ⊂ Dδ. We now check that ∂D1, ∂D2 are in the domain Rt,η

with any η < ϵ.

1. For z ∈ ∂D1, by inspection 1 − |z| ≍ 1, |z| ≍ |zt|. Hence, the left-hand side of the
inequality in (6.23) is of order |zt|2Nη, while the right-hand side is

|ω1||z − zt| = |zt|2N ϵ

by definition of D1. The inequality follows as we chose η < ε. By Rouché’s
theorem, D1 contains a unique eigenvalue.
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2. For z ∈ ∂D2, the left-hand side of the inequality in (6.23) is Nηρ2
2(1 − ρ2)−1 and by

inspection the right-hand side is of order |ω1|ρ2, so that the inequality holds if

ρ2

1 − ρ2
= |ω1|N−ε ≪ |ω1|N−η

which, again, is true as η < ϵ. By Rouché’s theorem, D2 contains a unique
eigenvalue, which was already isolated (in D1 by the above argument), so that all
other eigenvalues are in D\D2.

Assuming |ω(N)
1 | < 1

2N
1
2 , and |t| > 2|ω(N)

1 |N− 1
2 , by definition of zt, we have |zt| > 2, so

that |z − zt| ≍ |zt|. Consider z ∈ ∂D3. As ρ3 < 1, we have |z|2 < |z|, and so

|z|2

1 − |z|
<

|z|
1 − |z|

= ρ3

1 − ρ3
= N−ε|ω1||zt| < N−η|ω1||zt|

as η < ε, proving that ∂D3 is in the domain Rt,η. As s1(z)− 1
1−t

does not vanish inside D3,
we conclude by Rouché’s theorem that all eigenvalues are outside D3 ∩ Dδ.

Under Assumption 6.1.3, the dependence on ω
(N)
1 can be removed from the domains

considered. Note the result now only holds with high probability.

Theorem 6.2.8. Under Assumptions 6.1.2 and 6.1.3, for any α > ε > 0, the following
holds with high probability:

(i) For |t| < N− 1
2 −α, exactly one eigenvalue is in D (zt, |zt|2N ε), while all other eigen-

values are in D\D (0, N−ε).

(ii) For |t| > N− 1
2 +α, all eigenvalues are in D\D (0, 1 − |zt|−1N ε).

Proof. This follows from Theorem 6.2.7 by choosing the parameters carefully: δ > 0 from
Assumption 6.1.2 large enough and ε > 0 from Assumption 6.1.3 small enough.

6.3 Particulars of the CUE Case
Of particular interest is the situation where U is a Haar-distributed Unitary matrix – the
so-called Circular Unitary Ensemble (CUE). This is the case considered in particular by
the papers [73, 74, 80, 72, 71]. We first prove that our general regularity assumption
holds in this case; we then rely on the integrability of the model to give an argument as
to the optimality of the main theorem.

6.3.1 Proof of the Regularity Assumption for CUE
This section is devoted to the proof of the following theorem, which establishes that our
main results (Theorems 6.1.4, 6.2.7, 6.2.8) apply in particular to a CUE matrix.

Theorem 6.3.1. Assumptions 6.1.2 and 6.1.3 hold for U a CUE(N) matrix and v a
unit vector independent of U . More precisely, if U is an N ×N Haar-distributed unitary
matrix, then ⃓⃓⃓

ω
(N)
1

⃓⃓⃓2
:= N |v∗U∗v|2 d= Nβ1,N ≍ 1, (6.27)
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and for any δ > 0, the stochastic domination

W2(z) := v∗ (zU∗)2

IN − zU∗v ≺ |z|2√
N(1 − |z|)

(6.28)

holds uniformly in z with 1 − |z| > N−δ.

By unitary invariance of CUE matrices, and v being independent from U , we can
assume v = e1 in all proofs below. Also, throughout the Section, we denote the eigenvalues
of U by eiθ1 , . . . , eiθN and the corresponding eigenvectors by r1, . . . , rN . To illustrate the
method, we first give a precise estimation of the variance of W2(z).

Proposition 6.3.2. For any z ∈ D, N ≥ 1,

EW2(z) = 0, VarW2(z) ≍ |z|4

N(1 − |z|) , (6.29)

where ≍ means that it is bounded above and below, up to an absolute multiplicative
constant.

Proof. For any fixed z, the spectral decomposition yields

W2(z) = e∗
1

(zU∗)2

IN − zU∗ e1 =
N∑︂

k=1
|rk1|2

z2e−2iθk

1 − ze−iθk
=

N∑︂
k=1

|rk1|2
∑︂
ℓ≥2

zle−iℓθk (6.30)

The expectation being zero follows directly by unitary invariance. For the variance, we
write

VarW2(z) = E
N∑︂

k1,k2=1
|rk11|2|rk21|2

∑︂
ℓ1,ℓ2≥2

zℓ1zℓ2e−iℓ1θk1 eiℓ2θk2

=
N∑︂

k1,k2=1
E
(︂
|rk11|2|rk21|2

)︂∑︂
ℓ≥2

|z|2ℓE
(︂
e−iℓ(θk1 −θk2 )

)︂
where we have used the independence of eigenvectors and eigenvalues to split the expec-
tation, and unitary invariance to cancel the terms with ℓ1 ̸= ℓ2. The expectation of the
eigenvector term is obtained explicitly from Weingarten calculus, namely

E
(︂
|rk11|2|rk21|2

)︂
= 1 + δk1,k2

N(N + 1) . (6.31)

For the eigenvalues we invoke the fact (Proposition 3.11 in [110]) that
E| tr(U ℓ)|2 = min(ℓ,N) (6.32)

from which it follows in particular that

E
(︂
eiℓ(θ1−θ2)

)︂
= min(ℓ,N) −N

N(N − 1) = − (N − ℓ)+

N(N − 1) . (6.33)

Finally, by splitting the sum according to k1 = k2 and k1 ≠ k2, we deduce the following
exact expression of the variance of W2

VarW2(z) =
N∑︂

k=1

2
N(N + 1)

∑︂
ℓ≥2

|z|2ℓ −
∑︂

k1 ̸=k2

1
N(N + 1)

N∑︂
ℓ=2

|z|2ℓ N − ℓ

N(N − 1)

= 2|z|4

(N + 1)(1 − |z|2) − 1
N(N + 1)

N∑︂
ℓ=2

(N − ℓ)|z|2ℓ

<
2|z|4

(N + 1)(1 − |z|2) ,
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which proves the upper bound; but also, from the same identity,

VarW2(z) = |z|4

(N + 1)(1 − |z|2) + |z|2N+2

(N + 1)(1 − |z|2) + 1
N(N + 1)

N∑︂
ℓ=2

ℓ|z|2ℓ

>
|z|4

(N + 1)(1 − |z|2) ,

which proves the lower bound on the variance.

To generalize the above argument to all moments, we need the following lemma, which
generalizes the overall bound of order N−1 in (6.33).

Lemma 6.3.3. For any m ≥ 2, distinct k1, . . . , km and non-zero integer coefficients
a1, . . . , am, we have ⃓⃓⃓

E
(︂
ei
∑︁m

l=1 alθkl

)︂⃓⃓⃓
< m!N−m+1. (6.34)

Proof. This follows from classical results on CUE as a determinantal point process (see for
instance Proposition 3.7 and Lemma 3.8 in [110]). The correlation functions of CUE(N)
are given by

ρm(θ1, . . . , θm) = det (KN(θj, θk))m
j,k=1 (6.35)

with the kernel

KN(x, y) =
N−1∑︂
ℓ=0

eiℓ(x−y). (6.36)

Note in particular that KN(x, x) = N whereas for x ̸= y it is a sum of exponentials, not
all of which will contribute – this is the reason behind Lemma 8 in a nutshell. It follows
in particular that

E
(︂
ei
∑︁m

l=1 alθkl

)︂
= (N −m)!

N !

∫︂
ei
∑︁m

l=1 alθl det (KN(θj, θk))m
j,k=1 dθ1 · · · dθm

= (N −m)!
N !

∫︂
ei
∑︁m

l=1 alθl
∑︂

σ∈Sm

ϵ(σ)
m∏︂

j=1
KN(θj, θσ(j))dθ1 · · · dθm

= (N −m)!
N !

∑︂
σ∈Sm

N−1∑︂
ℓ1,...ℓm=0

ϵ(σ)
∫︂

ei
∑︁m

l=1 alθlei
∑︁m

j=1 ℓj(θj−θσ(j))dθ1 · · · dθm

as each term gives ±1 if and only if the sums in the exponentials exactly match, and zero
otherwise. We bound it by

⃓⃓⃓
E
(︂
ei
∑︁m

l=1 alθkl

)︂⃓⃓⃓
≤ (N −m)!

N !

⃓⃓⃓⃓
⃓⃓
⎧⎨⎩ σ ∈ Sm,

0 ≤ ℓ1, . . . , ℓm ≤ N − 1 :
m∑︂

l=1
alθl ≡

m∑︂
j=1

ℓj(θσ(j) − θj)

⎫⎬⎭
⃓⃓⃓⃓
⃓⃓

≤ (N −m)!
N ! m!N,

where ≡ stands for equality as polynomials in θ1, . . . , θm. Indeed, there are less than m!
choice of σ, N choices of ℓ1, and at most one choice of (ℓ2, . . . , ℓm) that works once σ
and ℓ1 are fixed2. The claim follows.

2One could also note that the only choice of σ that can possibly work is a large cycle, resulting in the
whole sum being of the sign of ϵ(σ) = (−1)m+1; but we do not use this particular fact.
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Lemma 6.3.4. For any M ≥ 1, indices k1, k
′
1, . . . , kM , k

′
M (not necessarily distinct) and

positive integer coefficients ℓ1, ℓ
′
1 . . . , ℓM , ℓ

′
M ≥ 1,⃓⃓⃓⃓

⃓E
(︄

e
i
∑︁M

j=1 ℓjθkj
−ℓ′

jθk′
j

)︄⃓⃓⃓⃓
⃓ < (2M)!NM−|{k1,k′

1,...,kM ,k′
M }|. (6.37)

Proof. Let m = m(ℓj, ℓ
′
j, kj, k

′
j)j=1,...,M stand for the number of different θk terms with

non-zero coefficient in the linear combination ∑︁M
j=1 ℓjθkj

− ℓ′
jθk′

j
. The key combinatorial

fact will be the following inequality, that holds for any choice of k, k′, ℓ, ℓ′:
|{k1, k

′
1, . . . , kM , k

′
M}| ≤ m +M with equality only if m = 0. (6.38)

Indeed, the difference between the cardinal |{k1, k
′
1, . . . , kM , k

′
M}| and m is exactly the

number of θk terms that exactly vanish due to a correspondence between coefficients ℓ, ℓ′.
Due to the positive sign of these coefficients, this always implies that (at least) one term θk

and (at least) one term θk′ have canceled one another out, which can be the case for at
most M distinct coefficients, hence the inequality. Moreover, if such cancellations do
concern M distinct coefficients (equality case), then M distinct θk terms vanish with M
distinct θk′ terms, with an exact correspondence between the two sides – in particular, in
this case, the whole linear combination vanishes, and m = 0.
We now consider three possible cases: either m = 0, m = 1 or m ≥ 2.

(i) If m = 0, the the l.h.s. of (6.37) is 1 whereas the r.h.s is at least (2M)! by
inequality (6.38).

(ii) If m = 1, the l.h.s is 0 by unitary invariance.

(iii) If m ≥ 2, the linear combination has m distinct terms with non-zero integer
coefficients, and Lemma 6.3.3 gives⃓⃓⃓⃓

⃓E
(︄

e
i
∑︁M

j=1 ℓjθkj
−ℓ′

jθk′
j

)︄⃓⃓⃓⃓
⃓ < m! N−m+1 ≤ (2M)! N−m+1.

Moreover, as m ̸= 0 we are not in the equality case of (6.38) and so
−m + 1 ≤ M − |{k1, k

′
1, . . . , kM , k

′
M}| .

The claim follows.

Proposition 6.3.5. For any M ≥ 1, z ∈ D, for large enough N ,

E|W2(z)|2M <
CM |z|4M

NM(1 − |z|)2M−1 (6.39)

where CM is a constant depending only on M and not on N, z.

Proof. We start with the spectral decomposition, expand, and split the expectation as in
the proof of Proposition 6.3.2. This yields
E|W2(z)|2M

=
N∑︂

k1,k′
1,...,kM ,k′

M =1
E

⎛⎝ M∏︂
j=1

|r1,kj
|2|r1,k′

j
|2
⎞⎠ ∑︂

ℓ1,ℓ′
1,...,ℓM ,ℓ′

M ≥2
z
∑︁M

j=1 ℓjz
∑︁M

j=1 ℓ′
jE

(︄
e
∑︁M

j=1 ℓjθkj
−ℓ′

jθk′
j

)︄

≤ |z|4M
N∑︂

k1,k′
1,...,kM ,k′

M =1
E

⎛⎝ M∏︂
j=1

|r1,kj
|2|r1,k′

j
|2
⎞⎠

⏞ ⏟⏟ ⏞
(I)

∑︂
ℓ1,ℓ′

1,...,ℓM ,ℓ′
M ≥0∑︁

ℓj=
∑︁

ℓ′
j

|z|2
∑︁M

j=1 ℓj

⃓⃓⃓⃓
⃓E
(︄

e
∑︁M

j=1 ℓjθkj
−ℓ′

jθk′
j

)︄⃓⃓⃓⃓
⃓⏞ ⏟⏟ ⏞

(II)

,
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where we used that, by unitary invariance, only the terms with ∑︁M
j=1 ℓj = ∑︁M

j=1 ℓ
′
j

contribute to the second sum. We now proceed in successive bounds.
The eigenvector term (I) is bounded by a general Weingarten bound

E

⎛⎝ M∏︂
j=1

|r1,kj
|2|r1,k′

j
|2
⎞⎠ < CMN

−2M (6.40)

with a constant CM that depends only on M . This can be obtained for instance from
Theorem 1.1 in [41], provided N > 2

√
3M7/4 (note that this requirement is the only

reason for the provision of N being "large enough" in the statement). Indeed, this theorem
gives a uniform bound on all Weingarten function Wg(στ−1, N) with (σ, τ) ∈ S2

M . By
the fundamental theorem of Weingarten calculus, one can write the expectation (I) as a
sum of such Weingarten functions with admissible pairs (σ, τ). Moreover, this sum has a
maximum of (M !)2 terms – a number which only depends on M and is therefore absorbed
into the constant CM .
The eigenvalue term (II) is directly bounded by Lemma 6.3.4. The factor (2M)! is
absorbed into the constant CM , so that together, these first two bounds yield

E|W2(z)|2M < CM |z|4M
N∑︂

k1,k′
1,...,kM ,k′

M =1
N−2M

∑︂
ℓ1,ℓ′

1,...,ℓM ,ℓ′
M ≥0∑︁

ℓj=
∑︁

ℓ′
j

NM−|{k1,k′
1,...,kM ,k′

M }||z|2
∑︁

j
ℓj

= CM |z|4M

NM

N∑︂
k1,k′

1,...,kM ,k′
M =1
N−|{k1,k′

1,...,kM ,k′
M }|

⏞ ⏟⏟ ⏞
(III)

∑︂
ℓ1,ℓ′

1,...,ℓM ,ℓ′
M ≥0

1∑︁ ℓj=
∑︁

ℓ′
j
|z|2

∑︁M

j=1 ℓj

⏞ ⏟⏟ ⏞
(IV)

The sum (III) can be written with a first sum over configurations of k1, k
′
1, . . . kM , k

′
M , i.e.

partitions π of [[1, 2M ]], and then a sum over choices of indices coherent with π:

(III) =
∑︂

π∈P([[1,2M ]])

∑︂
(kj ,k′

j)M
j=1∼π

N−|{k1,k′
1,...,kM ,k′

M }|, (6.41)

where by (aj)j ∼ π we mean that ai = aj if and only if i, j are in the same block of π.
For a given partition π, the number of possible choices of kj, k

′
j is exactly

N(N − 1) · · · (N − |π| + 1) ≤ N |π| = N |{k1,k′
1,...,kM ,k′

M }|

so that (III) is bounded by |P([[1, 2M ]])|. Note that this constant depends only on M
and we can absorb it into CM .
The last term (IV) can be computed exactly. Recall that the number of partitions of an
integer L ≥ 0 in M ≥ 1 parts is given by⃓⃓⃓⃓

⃓
{︄
ℓ1, . . . , ℓM ≥ 0 :

M∑︂
i=1

ℓi = L

}︄⃓⃓⃓⃓
⃓ =

(︄
L+M − 1
M − 1

)︄
. (6.42)

The expression (IV) can hence be identified as a hypergeometric function of |z|2, i.e.,

∑︂
ℓ1,ℓ′

1,...,ℓM ,ℓ′
M ≥0

|z|2
∑︁

j
ℓj 1∑︁

j
ℓj=
∑︁

j
ℓ′

j
=
∑︂
L≥0

(︄
L+M − 1
M − 1

)︄2

|z|2L = 2F1
(︂
M,M ; 1; |z|2

)︂
.

(6.43)
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We remind the reader of the definition of the hypergeometric functions

2F1 (a, b; c; z) =
∑︂
n≥0

(a)n(b)n

(c)n

zn

n! , (6.44)

where (·)n is the rising Pochhammer symbol, defined for any q ∈ C by

(q)n =
{︄

1 if n = 0
q(q + 1) · · · (q + n− 1) if n ≥ 1. (6.45)

One of the most celebrated identities of hypergeometric functions is Euler’s identity

2F1 (a, b; c; z) = (1 − z)c−a−b
2F1 (c− a, c− b; c; z) . (6.46)

Applying (6.46) to the parameters from (6.43) yields

2F1
(︂
M,M ; 1; |z|2

)︂
= (1 − |z|2)1−2M

2F1
(︂
1 −M, 1 −M ; 1; |z|2

)︂
= 1

(1 − |z|2)2M−1

M−1∑︂
n=0

((1 −M)n)2

n!2 |z|2n

where the last equality follows from the definitions (6.44) and (6.45). The last term is a
polynomial with positive terms and hence bounded by a constant depending only on M
(for instance, its value at |z| = 1). This concludes the proof.

We can now give the proof of Theorem 6.3.1.

Proof of Theorem 6.3.1. For CUE, it is well known that ω1 = U∗
11

d= eiθ
√︂
β1,N with

uniform θ and an independent beta distribution (see, e.g., [110, Ch. 2] or [29]). This
implies (6.27).
It remains to establish (6.28). Observing that the desired stochastic domination bound triv-
ially holds at the origin, let z ̸= 0 and consider the function ˜︂W2(z) := z−2W2(z). Fix ℓ > 2δ
and let L ⊆ D be a lattice with |L| ≃ N ℓ such that for every z ∈ Dδ = D(0, 1 −N−δ) there
is some z0 ∈ L with |z− z0| ≤ CLN

−ℓ/2. We start by establishing a stochastic domination
bound for ˜︂W2 that holds point-wise at z0 ∈ L ∩ Dδ. Fix ε, A > 0 and let M ∈ N such
that 2εM > A+ ℓ. Using Markov’s inequality and the moment bound in Proposition 6.3.5
yields

P

(︄ ˜︂W2(z0) > N ε 1√
N(1 − |z0|)

)︄
≤ CM

N2Mε
≤ N−A−ℓ. (6.47)

In particular, W2(z0) ≺ |z0|2√
N(1−|z0|) for any lattice point z0 with |z0| < 1 −N−δ. By a union

bound, (6.47) extends to

P

(︄
∃z0 ∈ L ∩ Dδ : ˜︂W2(z0) > N ε 1√

N(1 − |z0|)

)︄
< N−A.

Next, let z ∈ Dδ. Recalling that we may assume v = e1, compute

˜︂W ′
2 (z) =

(︄
2zU∗(IN − zU∗) − z2(U∗)3

z2(IN − zU∗)2 − (zU∗)2

z3(IN − zU∗)

)︄
11

=
(︄

−(U∗)3

(IN − zU∗)2

)︄
11

We estimate the derivative by

| ˜︂W ′
2 (z)| ≤

⃦⃦⃦⃦
⃦ −(U∗)3

(IN − zU∗)2

⃦⃦⃦⃦
⃦ ≤ 1

(1 − |z|)2 ,
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where the last inequality follows from the spectral theorem and the fact that all eigenvalues
of U lie on the unit circle. Applying the mean value theorem for the analytic function ˜︂W2(z)
yields ⃓⃓⃓ ˜︂W2(z) − ˜︂W2(z0)

⃓⃓⃓
≤ |z − z0| max

{︂⃓⃓⃓ ˜︂W ′
2 (ξ)

⃓⃓⃓
: ξ ∈ [z0, z]

}︂
≤ CLN

−ℓ/2 1
(1 − |z|)2

≤ CLN
−ℓ/2+δ 1

1 − |z|

where we w.l.o.g. picked z0 ∈ L∩Dδ that is closer to the center of the disc than z. Hence,
the stochastic domination bound extends to all of Dδ and we obtain

˜︂W2(z) ≺ 1√
N(1 − |z|)

uniformly for z ∈ D(0, 1 − δ) \ {0}. As multiplying both sides with |z|2 does not change
the stochastic domination bound, (6.28) follows.

6.3.2 Optimality of the Critical Timescale for CUE
The estimates derived above from Assumption 6.1.2 (see Proposition 6.2.6) do not give
sufficient precision at the critical timescale. What holds in the CUE case (and is expected
more generally) is that, typically, for t = µN− 1

2 , several eigenvalues are at an order one
distance from both the origin and the unit circle, implying in particular that the outlier
is not strongly separated at the critical timescale.

Theorem 6.3.6. If U is Haar distributed, and v is independent from U , there is no
strongly separated outlier at time t = αN− 1

2 .

We give a short proof inspired by [80, Sec. 3.3] that relies on an exact formula from [73]
and a Poissonization trick. A more complete treatment of these statistics is provided
in [74].

Proof. Let t ∈ [0, 1]. It is known from [73] that the joint density of the eigenvalues of
the UA model at time t is proportional to3

(1 − t2)1−Nδ

(︄
t2 −

N∏︂
l=1

|zl|2
)︄ ∏︂

1≤j<k≤N

|zj − zk|2 (6.48)

with a normalizing constant that does not depend on t. We now assume the parameter t
to be random such that t2 has distribution F (x)dx for some suitable density F . The
eigenvalues of the UA model at this random time t have the joint density(︄

1 −
N∏︂

l=1
|zl|2

)︄1−N

F

(︄
N∏︂

l=1
|zl|2

)︄ ∏︂
1≤j<k≤N

|zj − zk|2. (6.49)

For any k ≥ 1, we choose F (x) = xk−1(1 − x)N−1, which is to say that t2 follows a βk,N

distribution. The joint density of eigenvalues now simplifies to∏︂
|zl|2(k−1) ∏︂

1≤j<k≤N

|zj − zk|2, (6.50)

3Note that this density would be easy to handle, if not for the delta function. This condition is the
symptom of a dimensional mismatch, which we resolve by taking a random t (‘Poissonization’), thus
adding a degree of freedom that we can later remove (‘de-Poissonization’) to prove the claim.
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i.e., they form a determinantal point process with radial symmetry. In this setting,
Kostlan’s theorem gives a particularly nice description of the distribution of the squared
norm of the radii, namely

{|⟨1|2, . . . , |⟨N |2} d= {βk,1, . . . , βk+N−1,1} (6.51)

with the β variables on the right-hand side being independent (see [98] for Kostlan’s
original paper in the complex Ginibre case, and [55, 90] for generalizations of this counter-
intuitive property and various comments). The relevant probabilities can now be computed
exactly. Assuming k = 1 for simplicity, the random time parameter is of order N− 1

2 . More
precisely, for any b > a > 0 we have

P

(︄
t ∈

(︄
a√
N
,
b√
N

)︄)︄
= P

(︄
β1,N ∈

(︄
a2

N
,
b2

N

)︄)︄
= N

∫︂ b2/N

a2/N
(1 − x)N−1dx

=
(︄

1 − a2

N

)︄N

−
(︄

1 − b2

N

)︄N

→ e−a2 − e−b2
> 0,

using that t2 is β1,N -distributed. The probability of having either none or several eigenval-
ues at some distance from the origin or the unit circle can be given explicitly using (6.51).
For any a ∈ (0, 1), it follows that

P
(︂
∀j, |⟨j|2 > a

)︂
=

N∏︂
j=1

P (βj,1 > a) =
N∏︂

j=1

∫︂ 1

a
jxj−1dx =

N∏︂
j=1

(1 − aj) >
∞∏︂

j=1
(1 − aj).

This last product is the inverse of the generating series of partitions of integers, which
is known to be convergent for |a| < 1. This implies that the above probability is non-
zero (i.e., there is a non-zero probability that a disk of order one is empty of eigenvalues),
and that this probability tends to 1 when a → 0.

Let E2,b be the event that more than one eigenvalue is in D(0, b). Similar to the above
computations, we deduce the lower bound

P (E2,b) > P
(︂
β1,1 < b2, β2,1 < b2

)︂
= b6 −−−→

b→1−
1.

The claim now follows by contradiction. Assume there is a strongly separated outlier for
all times t0 > µN−1/2. Denote by pµ > 0 the probability of the random time t being in this
regime, recalling that t2 follows a β1,N distribution. In the given setting, we can choose
a radius a > 0 such that the disk D(0, a) is free of eigenvalue with probability larger
than 1 − pµ

2 . These two observations result in a positive probability of both events (empty
disk and t > µN− 1

2 ) occurring simultaneously. Hence, the strong separation must hold
with α1 ≥ 0.

Similarly, we can choose a radius b > 0 such that there is a probability larger than 1 − pµ

2
of having two eigenvalues in D(0, b). By a similar argument, the strong separation must
hold with α2 ≤ 0. This is a contradiction, as the definition of strong separation requires
that α1 < α2.
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6.A On the Regularity Assumption
We would like to close this work with a few remarks about the regularity assumption
for W2 (Assumption 6.1.2) and how it differs from the isotropic local law used in [57].
First, note that this assumption holds for models beyond the CUE case and does not rely
on level repulsion. Indeed, the argument provided for CUE above applies, for instance,
to any unitary invariant matrix (i.e. U

d= QUQ∗ for any unitary Q) with eigenvalues
distributed according to a generic α-determinantal processes with α ∈ [−1, 1] (see [43, 109]
for a definition and history of these processes). In particular, we obtain an analog of
Lemma 6.3.3 with an α-determinant, provided only that |α| ≤ 1. This covers the special
case of i.i.d. points (α = 0) and that of a permanental point process (α = 1), for which
repulsion is replaced by some amount of attraction between points. A natural question,
then, would be to find optimal conditions under which the regularity assumption holds.
Secondly, we contrast Assumption 6.1.2 with the stochastic domination bound for CUE:

tr (zU∗)2

1 − zU∗ ≺ |z|2

N(1 − |z|)2 (6.52)

which holds uniformly in Dδ. The proof of (6.52) is straightforward from Johansson’s
lemma, which we briefly recall for the convenience of the reader.

Lemma 6.A.1 (Lemma 2.9 in [92]). Let U be a CUE matrix and f be a real function
defined on the unit disk. Further, define

∥f∥2
H =

∑︂
k∈Z

|k||f̂k|2, f̂k = 1
2π

∫︂ 2π

0
f(eiθ)e−ikθdθ.

If ∥f∥H < ∞, then
E
(︂
etr f(U)

)︂
≤ eNf̂0+ 1

2 ∥f∥2
H .

Note that (6.52) may be interpreted (up to normalization) as an averaged local law for
the same object as Assumption 6.1.2. The bound (6.52) is more precise and relies on level
repulsion (but not on any assumption concerning the eigenvectors, which do not play any
role here). It also follows from Lemma 6.A.1 that, in the CUE case, the bound in the
regularity assumption can be strengthened to |z|2(N(1 − |z|))−1/2, an improvement that
relies on level repulsion and so holds with less generality. Moreover, this does not affect
the estimates related to the emergence of an outlier, only the bound on all eigenvalues
close to the unit circle in the supercritical regimes.
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