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Almost Optimal Upper Bound for the
Ground State Energy of a Dilute Fermi Gas
via Cluster Expansion

Asbjorn Bakgaard Lauritsen

Abstract. We prove an upper bound on the energy density of the dilute
spin—% Fermi gas capturing the leading correction to the kinetic energy
8mapip, with an error of size smaller than ap?(a®p)*/3~¢ for any € > 0,
where a denotes the scattering length of the interaction. The result is valid
for a large class of interactions including interactions with a hard core. A
central ingredient in the proof is a rigorous version of a fermionic cluster
expansion adapted from the formal expansion of Gaudin et al. (Nucl Phys
A 176(2):237-260, 1971. https://doi.org/10.1016/0375-9474(71)90267-3).

1. Introduction and Main Results

We consider an interacting Fermi gas of N particles interacting via a two-body
interaction v which we assume to be non-negative, radial and of compact sup-
port. In units where /i = 1 and the particle mass is m = 1/2 the Hamiltonian
is given by

N
HN = Z—A]’ + 2:’0(56Z — Ij),

j=1 i<j
where A; denotes the Laplacian on the j'th coordinate. For spin—% fermions
in some domain A = Ay, = [~L/2,L/2]® one realizes the Hamiltonian on the
space L2(AN,C2) = A"V L2(A, C2). Since the Hamiltonian is spin-independent
we can specify definite values for the number of particles with each spin, i.e. N,
particles of spin o € {1, ]} and Ny + N| = N. In this setting the Hamiltonian
is realized on the space Hy, n, = LZ(AN1) @ L2(AN'). The ground state
energy on the space L2(AY,C?) is then given by minimizing in N, (satisfying
N + N = N) the ground state energies on the spaces Hy, .
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This system was previously studied in [2,5,12] where it is shown that for
a dilute system in the thermodynamic limit

e(pr,p;) = lim inf M

L—goc wEHNT’Nl L3
Ny /L>—p, ] L2 =1

= %(GWQ)Q/ 3(p7% + p)/%) + 8mapip) + ap®e(a®p),
where p = p; + py, a is the (s-wave) scattering length of the interaction v
and e(a®p) = o(1) in the limit a®p < 1. The existence of the thermodynamic
limit follows from [17]. Moreover, the limit does not depend on the boundary
conditions.

The leading term 2(672)2/3 (,0?/3 + pi/g) is the kinetic energy of a free
Fermi gas. The next term 8mwaptp, is the leading correction coming from the
interaction. This term may be understood as coming from the energy of a
pair of opposite-spin fermions times the number of such pairs. The energy
correction arising from interactions between fermions of the same spin is of
order a?p®/3, where a,, denotes the p-wave scattering length (see [11]) and so
much smaller.

The first proof of this result was given by Lieb, Seiringer and Solovej
[12]. Their proof gives the explicit error bounds —C(a®p)'/3? < e(ap) <
C(a®p)?/?" for some constant C' > 0. These error bounds were later improved
in [2] and very recently in [5], where in particular the “optimal” upper bound
e(a®p) < C(a®p)'/? is shown. The works [2,5], however, deal with more regular
potentials than the quite general setting studied in [12], where it is assumed
that the interaction is non-negative, radial and compactly supported. In [2,5]
the interaction is additionally assumed to be smooth. In particular, interactions
with a hard core are not treated in [2,5].

The upper bound of order ap'/? is optimal in the sense that this is the
order of the conjectured next term in the expansion. Namely the Huang—Yang
term [8], see [5,6].

Our main theorem is the “almost optimal” upper bound e(a®p) <
Cs(a®p)t/3=9 for any & > 0 for some d-dependent constant Cs > 0 under
the same assumptions as in [12], i.e. weaker than that of [2,5]. In particular we
allow for v to have a hard core. A central ingredient in the proof is to prove
a rigorous version of a fermionic cluster expansion adapted from [4]. This is
analogous to what is done in [11] for spin-polarized fermions. (See also [10] for
the application to spin-polarized fermions at positive-temperature.)

1.1. Precise Statements of Results

To give the statement of our main theorem, we first define the scattering
length(s) of the interaction v.



Vol. 26 (2025) Dilute Fermi Gas via Cluster Expansion 205

Definition 1.1 ([13, Appendix A] [18, Section 4]). The s- and p-wave scattering
lengths a and a,, are defined by

47m:inf{/ (|Vf|2+;v|f|2> dz : f(x) — 1 for |z| —>oo},

127a} = inf {/ (|Vf|2 + ;v|f|2> |z|?dz : f(z) — 1 for |z| — oo} :

The minimizing f’s are the s- and p-wave scattering functions. They are de-
noted fso and fpo, respectively.

The minimizing functions fso and fpo are real-valued. We collect properties of
them in Lemma 2.5.
With this we may then state our main theorem.

Theorem 1.2. Let 0 < v < 400 be radial and of compact support. Then for
any & > 0 and for sufficiently small a®p we have

e(pr,p1) < %(67r2)2/ 30" + p)/%) + 8mapip) + 05 (aPQ(agﬂ)l/ 3’5) :
The subscript § in Og denotes that the implicit constant depends on 4. Fur-
ther, the v-dependence of the error-term Os (ap2(a3p)1/3’5) is only via the
scattering lengths a and a, (meaning that the implicit constant depends on
the ratio a,/a but otherwise not on v). In particular we note that v is allowed
to have a hard core, meaning v(z) = 400 for |z| < ro for some 79 > 0.
The essential steps of the proof are

(1) Show the absolute convergence of a fermionic cluster expansion adapted
from the formal calculations of [4]. For this we need the “Fermi polyhe-
dron”, a polyhedral approximation to the Fermi ball, described in [11,
Section 2.2]. The calculation of the fermionic cluster expansion is given
in Sect. 3 and the absolute convergence in shown in Sect. 4.

(2) Bound the energy of a Jastrow-type trial state. For this step, the central
part is computing the values of all diagrams of a certain type exactly
and using these exact values up to some arbitrary high order. This is
somewhat similar to the approach in [1] for the dilute Bose gas. This
calculation is part of the proof of Lemma 5.1.

Remark 1.3 (Higher spin). With not much difficulty one can extend the result
to higher spin and with a spin-dependent interaction v,, = vs7,. The result
for S > 2 spin values {1,...,S} is

S
(67r2)2/3 Z pg/B +8m Z Aoo’ PoPo’

o=1 1<o<o’<S
+05 (apQ(agp)l/ 3‘5) :

where a,,+ is the s-wave scattering length of the spin o-spin ¢’ interaction
Voo and a = sup, .,/ Gyo. For conciseness of the proof we will only give it for
S = 2, ie. for spin—% fermions. We will, however, give comments on how to

ot w

e(pr-.. ps) <
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adapt the individual (non-trivial) steps of the proof to the higher spin setting.
These comments are given in Remarks 3.3, 4.2, 5.4 and 5.6.

Remark 1.4 (Comparison with [2,5,12]). The trial state we consider, 1n, N,
(defined in Eq. (2.5)), is in spirit the same as that considered in [12]. They
differ only in technical aspects (discussed in Remark 2.1). The reason we are
able to improve on the bound in [12] is that we treat the cancellations between

<1/1‘H N’¢> and <1/)‘1/}> more precisely (for the [non-normalized] trial state

being defined as 1y, n, in Eq. (2.5) only without the normalization constant
Cny Ny )-

In [2,5] a completely different method is employed. There the system is
studied using a method inspired by Bogoliubov theory for dilute Bose gases.
(The “bosons” appearing here as pairs of opposite-spin fermions.)

The paper is structured as follows. In Sect. 2, we give some preliminary com-
putations and recall some properties of the scattering functions and Fermi
polyhedron from [11,13]. Next, in Sect. 3 we give the calculation of a fermionic
cluster expansion adapted from [4]. Subsequently, in Sect.4 we find condi-
tions for the absolute convergence of the cluster expansion formulas of Sect. 3.
Finally, in Sect.5 we use the formulas of Sect.3 to bound the energy of a
Jastrow-type trial state.

2. Preliminary Computations

We first give a few preliminary computations. We will construct a trial state us-

ing a box method of glueing trial states in smaller boxes together in Sect. 5.4. In

the smaller boxes, we will need to use Dirichlet boundary conditions; however,

in Sect. 5.4 we will construct trial states with Dirichlet boundary conditions

out of trial states with periodic boundary conditions. (See also [11].) Thus, we

will use periodic boundary conditions in the box A = Ay, = [-L/2,L/2]3.
First, we establish some notation.

2.1. Notation

o We write x; and y; for the spatial coordinates of particle ¢ of spin T,
respectively, particle j of spin |.
We write z; to mean either x; or y; if the spin is not important.
We write additionally z(; 1) = x; and z(; ) = y;.

e We write [n,m] = {n,n +1,...,m} for integers n < m. If n > m then
[n,m] = @.

e For a set A we write Z4 = (z4)aca for the coordinates of the vertices
with labels in A. (Similarly for X 4 and Yy).

In particular we write Z, ] = (2n, ..., 2m) for the coordinates of parti-
clesn,n+1,...,m.
If n =1 we simply write Z,,, = Z[1 ;m) = (21, - Zm)-

e We write C for a generic (positive) constant, whose value may change
line by line. If we want to emphasize the dependence on some parameter
A we will denote this by C4.
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We consider the indices of the coordinates as vertices p = (i,0) € Vo 00 1=
N x {1,!}. Here o € {1, |} labels the spin of the particle. Then, we define

Viom =VIiuvi VI i={(1,0),...,[0,0)} T Vooo, o€{1,1}

5 n m> p
p € NU {co}.

(We mean VZ = N x {o} for p = 00.) On the vertices Vi oo we define the
ordering < as follows.

p=(i,0) < (j,0")=v PN (0 =7 and ¢/ =|) or (¢ =0’ and i < j).

Define the rescaled and cut-off scattering functions fy and f, as

fs(x):{lt/bfso(w 2] < b, fp(x):{mg/bg)fpmn 2l < b,

1 || = b, 1 |z| = b,
(2.1)
where |-| := inf,,czs |- —nL|gs (with |-|gs denoting the norm on R3), b = p~1/3

and the scattering function fy and fpo are defined in Definition 1.1. (They
are radial functions, see Lemma 2.5, so fs and f, are well-defined.) We prefer
to write b instead of its value p~'/3 to keep apparent dependences on b. For
b = p~/3 we have b > Ry, the range of v, for sufficiently small a®p. Hence,
fs and f,, are continuous for sufficiently small a®p. (Note that the metric on
the torus A is given by d(z,y) = |z — y|. We will abuse notation slightly and
denote by | - | also the absolute value of some number or the norm on R3.)
To simplify notation, we write for p,v € Vg oo

folzi—x;) p={(,1),v=_>1),
o, = A P@ ) =01, v =01,
" folyi =) w=(i,1),v= (1),
folyi —yy) p=1(,1),v=_>1),

(2.2)

and similar for all quantities derived from fs and f,. In particular Vf,, =
V fs/p(2 — 2,) with s/p meaning s if the spins of y and v are different and p
if they are the same.

Next, we introduce the (non-normalized) Slater determinants Dy, and
as

Dy

1

Dy, (Zn,) = det [up(zi)] repz N, = #Pg, up(z) = L™3/2ek=
i=1,....No

where P7 is the “Fermi polyhedron”, a polyhedral approximation to the Fermi
ball described in Sect.2.3, see also [11, Section 2.2], and #Pg denotes the
number of points in Pf.
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Further, we denote for p,v € Vg o
(1)

’YNT (x“x]) n= (Za T)?V = (JaT)7
0 pw=(1),v=_>,l),
= 2.3
T 0 u:(i,l),l/:(],T), ( )
Wiy w= 00,0 =31,

(1)

where 75’ are the one-particle density matrices of #N and —~—=Dy
7 T

T /Nl! L

Finally, for any (normalized) state v € L2(AN1) @ L2(AN) we will nor-
malize reduced densities as follows (for n +m > 1).

™ = Np(Np = 1)+ (Ny = n+ NN = 1) (N —=m + 1)

></"'/|¢|2 dX s8] Y1, (2.4)

For a (normalized) Slater determinant ¢ = (X, ,Yn,) = WDM (Xn,)
Dy, (YNl) we write p("’m) = pfpn’m) and for the trial state YN, N, We write

(nm) _ (n,m)
Pias = P n,

We will fix the Fermi momenta k% such that the ratio le / kllp is rational,
see Remark 2.3. This is a restriction on which densities p, can arise from the
trial state ¥, n,, see Remark 2.4. We extend to all densities in Sect. 5.4. The

dilute limit will be realized as (k} + kﬁ,)a — 0.

2.2. Computation of the Energy
We consider the trial state

1
wNTaNl(XNWYNL):i/i H Juv DNT(XNT)DNl(YNl)
CNT’Nl HVEVNL N
p<v
1
= I f@-v) ] f@i-z) ] fHWi-v)
VENLNL g, ISi< <Ny 1<i<j<N,
1<j<N,
XDNT(XNT)DNL<YNL)’
(2.5)

where CNT»NL is a normalization constant such that f ‘wNTJ\fl |2 dXy, dYy, =
1.

Remark 2.1 (Comparison to [12]). As mentioned in Remark 1.4 the trial state
YN, N, is mostly the same as that of [12]. They differ in two technical aspects:

1. The choice of function implementing the correlations between particles
of the same spin.
The exact function used is not particularly important since the same-spin
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interactions give rise to a much smaller energy correction (than that of
different-spin interactions). The function f, is a natural choice.

2. The choice of Slater determinant.
Our choice of Slater determinants with momenta in the Fermi polyhedron
(as opposed to the Fermi ball, which is what is used in [12]) is a technical
necessity as we discuss in Sect. 2.3.

We compute the energy of the trial state 1, n,

<"/}NT,N1

HN‘%/JNT Nl / / V., 0N, N, ‘2

HEVNT N,

2
+ E v(zy — 2) ”(/)N%Nl‘ dXy, dYy,.
,U.,VGVNT,Nl
p<v

Note that for (real-valued) functions F, G we have

/|v FQ)? /GAG|F|2 /|G|2|VF\2‘ (2.6)

By symmetries of the Fermi polyhedron, see Definition 2.2, we have that Dy,
and Dy, are real-valued. Thus, using Eq. (2.6) for F' = [[,_, fu, and G =
Dy, Dy, for each of the derivatives V,,, V,. we get (recall that Vf,, =
va/p(Z# - ZV))

Z /"'/|VZH¢N%NL‘2 dXn, dYn,

HEVN, N

:EgﬂEng/.../GlXNTdYNl o P2 Y Y

ueVII,T uevj\l,l

V|

2
Y Y e Y Yy e
o€{1,1} mrevy, Fuv oe{1.1} REVE, v eV v d pd
pn<v V;é)\*”
D D D D D T
c&{1,1} nreVS, eV Twdur v AEVR, S
nF#Y -7 w,v A distinet
where Ef = >, Py |k|? is the kinetic energy of the Slater determinants

\/%DNU and —o is the “other spin”, i.e. — 7=| and — |=7. (The factor

2
Vfuu

2 in the term 2Z,u€V]I,T Zvevzél "

arises as 2 =3 ;4 1.) The terms
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are grouped according to how many s-wave f’s appear. In terms of the reduced
densities we thus get

<1/JNT,Nl HN"‘/JNT,N1>
st xl _yl) 1
= E} + E} +2[/ 251) ‘ + sv(zr — dzid
o+ 5g Py R =) 501 —y1) | dzidys
2
20 || Vip(@1 —22)|” 1
VI Z22)\ 2 — )| daad
+ﬁpJaS ‘ fp(xl _-'172) + QU(xl xQ) r1 dT2

/// (2,1) {st 1 — 1)V fs(z2 —y1)
Plas fs(zr —y1) fs(z2 —y1)
st(ml — yl)vfp(xl - $2)
fs(@r =) fp(z1 — 22)

/// E‘?;sO) pr . $2)pr(x2 3) dz; dzy dxs

fo(x1 — 22) fp (2 — 23)

:| del dZL'Q dyl

(0,2) (1,2) (0,3)

+ terms with p5, =7, py, pyaa

(2.7)

We find formulas for the reduced densities in Sect.3. Before doing so, we
first recall some properties on the “Fermi polyhedron” P and the scattering
functions fs, fp.

2.3. Properties of the “Fermi Polyhedron” and the Scattering Functions

In this section we recall a few properties of the “Fermi polyhedron” from [11,
Section 2.2 and Lemma 4.9] and scattering functions from [13, Appendix A].

The reason for introducing the “Fermi polyhedron” is that for the analysis
of the absolute convergence of the Gaudin—Gillespie-Ripka expansion we need
good control over

1) ikx
v (x5 O dz —/ e dz.
/‘ No A Ls Z

kePg

By Eq. (2.9a) (coming from [11, Lemma 2.12] and [9]) this is bounded by

s(log N)3. If we had instead chosen the Slater determinants in the trial state
¥n,,n, to have momenta in the Fermi ball B = {k € 2273 : |k| < k%.}, we
would have [3,14]

1 1 ikx 2
/A"ngj(sc;())‘dx://\ s Z e | do ~ N3,

keB

This N-dependence would prevent us from achieving that both the Gaudin—
Gillespie-Ripka expansion converges absolutely and that the finite-size error
from the kinetic energy is negligible. See also Remark 3.4 and [11, Remark
3.5].
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The “Fermi polyhedron” is defined in [11, Definition 2.7]. We give here
only a sketch of the definition and state a few properties needed for our pur-

poses. For a full discussion with proofs we refer to [11, Section 2.2 and Appen-
dix B].

Definition 2.2 (Sketch, see [11, Definition 2.7]). For each spin o € {1, |} define

the (convex) polyhedron P? with s, “corners” (extremal points) as follows.
1 2 &

: are chosen of the form £§ = Cg(g—if, 5—%, g—é), where

G €ER pi€Zfori=1,23,j=1,....8, and QF,QF,QF are large distinct

primes. Then, P? is the convex hull of these “corners” and (, is chosen such

that Vol P? = 4?“.

The polyhedron P? approximates the unit ball in the sense that any
point on the surface 9P has radial coordinate 1 + O(s,!). The polyhedron
P? is moreover symmetric under the maps (k', k2, k%) — (£k!, £k%, £k3) and
“almost symmetric” under the maps (k', k% k3) — (k% kP k°) for (a,b,c) #
(1,2,3), see [11, Lemma 2.11].

The Fermi polyhedron P is then defined as Pg := k%P7 N 2275

Moreover, L is chosen large such that % is rational and large for o €

{1

Remark 2.3. We choose k% such that k;ﬂ/k%7 is rational since we need L with

’?—: rational for both values of o € {1, ]}.

(o2

All “corners” kY,...,K?
.

Remark 2.4. The free parameters are the Fermi momenta k%, the length of
the box L and the number of corners of the polyhedra s,. The particle num-
bers are then N, = #Pf7 and the particle densities are p, = N(,/L3 =

e (k%)3 (1 + O(N;l/B)). Not all densities p,¢ arise this way. We need some
argument to consider general densities p,o. This is discussed in Sect. 5.4. Es-
sentially by continuity and density of the rationals in the reals, we can extend
results for the densities arising as p, = N, /L3 to general densities pyq.

We will later choose L, s, depending on a®p, meaning more precisely on
(leD + k‘%)a, such that L,s, — oo as a®p — 0. Concretely we will choose

5o ~ (a®p)~1/3%¢ for some small € > 0.

Next, we recall some properties of the Fermi polyhedron from [11]. For the
kinetic energy (density) of the Slater determinants we have by [11, Lemma
2.13)

1
2 SR = S6n0) P04 05,7 + 0N ). (28)
kePg

Here the s,-dependent error is only negligible if we take s, large enough—we
need that the Fermi polyhedron approximates the Fermi ball well in order for
the kinetic energies (of the associated Slater determinants) to be close. (Recall
that the Slater determinant with momenta in the Fermi ball is the ground
state of the non-interacting system.)
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Moreover, for N, = # Pf, sufficiently large, the Fermi polyhedron satisfies
the following bounds by [11, Lemmas 2.12 and 4.9] (see also [9]).

1 .
/ s Z e | dz < Csy(log N,)* < Cs(log N)3, (2.9a)
A

kePg

1 o
/ s Z ke de < Cs,pt/3(log N, )% < Csp'/3(log N)3,  (2.9b)
A kEPg

1 N
/ s Z K e de < Csep?3(log Ny)* < Csp?3(log N)*,  (2.9¢)
A kePg

for any j,j" = 1,2,3 where s = max{sy,s|}, p = p; + p;, N = Ny + N| and
k7 denotes the j’th component of the vector k = (k', k2, k3).

The first bound, Eq. (2.9a), is needed to prove the absolute convergence of
the Gaudin—Gillespie-Ripka expansion discussed in Sects. 3 and 4. The second
two bounds, Egs. (2.9b) and (2.9¢), are needed to bound the terms with pgi’so)
and pgt;,sz) in Eq. (2.7). More precisely they are used in the proof of Lemma 5.5,
but only then.

Finally, we recall that the scattering functions satisfy the scattering equa-
tions (Euler-Lagrange equations of the defining minimization problems in Def-
inition 1.1)

—2Afy0 + vfso =0, —4z -V fro — 2|2 A fpo + |z|*vfp0 = 0. (2.10)
Moreover

Lemma 2.5 ([13, Appendix A], see also [11, Lemma 2.2]). The functions fso
and fpo are real-valued and radial. Moreover

3
[1 _ ﬁ;] < fuolo) <1, [1 - ZP] < fool2) < 1.
+ +

For |z| > Ry, the range of v, the left-hand-sides are equalities.

3. Gaudin—Gillespie-Ripka Expansion

In this section, we calculate reduced densities of the trial state ¥n, n,. The
ideas behind this calculation are mostly contained in (the formal calculations
of) [4]. The calculation we give here is a slight generalization thereof includ-
ing the spin. Additionally, we give conditions for the final formulas (given in
Theorem 3.2) to hold, i.e. we give conditions for their absolute convergence.
The argument here is in spirit the same as that of [11, Section 3]. Here it is
slightly more involved as we have to take into account the different spins. In
[11, Section 3] there is only one value of the spin.
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In the calculations below, one may replace the functions fs, f, and the

one-particle density matrices '71(\}2 by more general functions. We discuss this
in Remark 3.5.

3.1. Calculation of the Normalization Constant

We first compute the normalization constant Cn, n,. Recall the definition of
the trial state ¢y, v, in Eq. (2.5). Write fﬁu = 1+ g, for all the f-factors
and factor out the product J[,_, 2, = [1,<,(1+gu). We are then led to
define the set G, , as the set of all graphs on p black and ¢ white vertices
such that each vertex has degree at least 1, i.e. has an incident edge. We
label the black vertices as VpT ={(1,1),-..,(p,7)} and the white vertices as
Vql ={(1,1),...,(¢g,])}. For an edge e = (i, v) we write g. = g,,, and define

Wpa = qu(Xp,Yq) = Z H Ye-

GEG, 4 c€G
Then,

COnyoN,

_ // TT (1 + 900) 1D, 21D, |2 dX v, dY,

p<v

Ni(Ny —1)---(Ny —p+1)N (N, —1)--- (N, —gq+1)
:/"'/1+Z (N7 T Hll 1 Wiy
0<p<N; P
0<g<N,
p+qg>2

X |Dn,|?|Dn, > dXn, dYn,

=NiIN L+ Y %/~~~/W,,,qp(m> dX, dY,

o<p<n, P&

0<q<N,

p+q=>2
(Recall the definition of p®9) in Eq. (2.4).) A simple calculation using the
Wick rule then shows (recall the definition of v, in Eq. (2.3))

5 1 1
PPV (Xp, Yo) = det [, ey, = et (wis yi)li<ii<p dethy ) (uis w1 <ivi<a

Taking this determinantal expression as the definition we have p®% = 0 for
p > Np or ¢ > N| since the matrices [ 1),,1))ijen and [y, 1), 0)]ijen
have ranks Ny and N|, respectively. Thus we may extend the p- and g-sums
to co. Now, expanding the determinant p”® and the W, , we group the
permutations and the graph together in a diagram. We will for the calculation
of the reduced densities need a slightly more general definition, which we now
give.

Definition 3.1. The set G is the set of all graphs with p internal black
vertices, n external black vertices, q internal white vertices and m external
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white vertices, such that there are no edges between external vertices, and such
that all internal vertices has degree at least 1. That is, all internal vertices are
incident to at least one edge and external vertices may have degree 0. As above
we label the black vertices as Vp+n ={(1,1),...,(p+n,1)} where the first

n are the external vertices. The white vertices are labelled Vqﬂ_m ={(L1,]),...,
(g +m, 1)}, where the first m are the external vertices. In case n =m =0 we
recover G0 = G, 4.

If we need the vertices to have certain labels we will write Qg;,’vw* (or
similar with only some of p, ¢, n, m replaced by sets) for the set of all graphs
with internal black vertices B, external black vertices B*, internal white ver-
tices W and external white vertices W*, where B, B* C V. and W,W* C VL
are all pairwise disjoint.

The set Dy is the set of all diagrams on p internal black vertices, n
external black vertices, q internal white vertices and m external white vertices.
Such a diagram is a tuple D = (7, 7, G) where m € Spqp, T € Syt (viewed as
directed graphs on the black and white vertices, respectively) and G € G
(Fig. 1).

We will refer to the edges in G as g-edges and the graph G as a g-graph.
Moreover, we refer to the edges in both 7 and 7 as y-edges.

The value of the diagram D = (7,7, G) € D" is the function

Fgm(Xn;Ym) = (_1)7T(_1)T/' ’ / dX[n+1,7L+p] dY’[m-{—l,m—&-q]

ptn q+m
1)
< [T ge [T 7% (@i 2eci H VN W55y ()
eceG i=1

If p =0 and/or ¢ = 0, there are no integrations in the x; and/or y; variables.
A diagram D = (7,7, G) is said to be linked if the graph G with union all
edges of m,7 and G is connected. The set of linked diagrams is denoted L™
In case m = n = 0 we write D)) = Dy, 4, L29 = L, , and F%O =TIp (ie.
without a superscript).

In terms of diagrams, we have

CNTaNi NT'Nl 1+ Z
,q>0
;)JrqqZ?

> Tpl. (3.1)

ol
p'¢! DED, ,
We may decompose any diagram D = (, 7, G) into its linked components. For
this, note that its value I'p factors over its linked components. Moreover, each
linked component has at least 2 vertices, since they have degree at least one.
Thus,
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= T

FIGURE 1. Example of a diagram (7, 7, G) with 3 linked com-
ponents. Vertices denoted by e are the black vertices, i.e. of
spin T, and vertices denoted by o are the white vertices, i.e.
of spin |. Moreover, vertices with label x are external, dashed
lines denote g-edges and arrows (u,v) = ((i,0),(j,0")) de-
note y-edges, i.e. that 7(i) = j if 0 = ¢/ =7 or 7(i) = j if
o = o’ =]. Note that there are no 'y—edges between vertices
of different colours (i.e. with different spin)

oo
1
Z I'p= Z %l Z Z X3 pe=p) X (3 q¢=9)
DEDP q k=1 p1,q1 >0 Dk >G>0
~— P1+q122  prtqr>2
#Ink. cps.

sizes linked components

T T
SID SRR D - R Nt
p1:q1: Pk:qk:

Di€Ly,.qy  DrEL

Pldf

linked components
Here, the factor % comes from counting the possible ways to label the k& linked
components and the factors ,1 7 come from counting the possible ways of la—
belling the vertices in the dlfferent linked components (and using the factor p!q!
already present). If we assume that the sum 3> . -, ﬁ > pec,, D isab-

solutely convergent, (more precisely we assume that Zp q:p+q>2ﬁ

ZDecm I'p| < oo,) then we may interchange the p,g-sum with the py, go-

sums. The absolute convergence is proven in Theorem 3.2. Thus, under the
conditions of Theorem 3.2, we have
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— 1
Cn,,n, = NiIN|! HZH 3 3 3
k=1

T p1L,a1>0p1+@1>2  prqre>0prtar>2D1€Ly, gy

v o o

lgq! lg.!
Dyel Pp1:q1: Pk 4k

Ppdp
k
=1 1
= | | = -
N;IN|! 1+Zk! > > Tp
k=1 p,q=>0 DeLy,q
p+q>2
| | 1
:NT.Nl.eXp W Z FD . (32)
p,q>0 DeLy q
p+q>2

3.2. Calculation of the Reduced Densities

For the calculation of the reduced densities, we need to keep track of also the
external vertices. First, we have the formula (for n +m > 1)

(n,m)

Pras = Ni(Np =1)-- (Nyn+ NN =1) - (N =m +1)

X /"'/l"Z)NT,NL (X YN )P dX g vy Y1,

11

Cnp N, p<v
1V EVn m
x// I G+gw) JI (+gu)Dn (Xn,)Dy, (Yx,)
HEVn m V& Vn, m p<v

sV E Vi m
X dX (41,87 Y m41,n3))

_ NjIN|! n
= 2
Ni,Npo p<w
wVEVin m

1
| 2 ﬁ/,,./p(”JFP,erq) > 11 e dXpmsrntp DVims1.metq)
p.a>0 P

Gegyy e€G

NyIN|! 1
_ CT 1 | | fiu p(n,m) + 2 : = 2 : F'r[z),m
NiNp gy p.a=0 P4 peprom
V€V m p+q>1

(3.3)

where we extended the p, g-sums to oo as in Sect.3.1 and used that the p =

q = 0 term gives
Y. =
DeDy "
Note here that the p,g-sum does not require p + ¢ > 2, since the internal
vertices may connect to external ones. As for the normalization constant in
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Sect. 3.1 we decompose each diagram D into its linked components. Here, we
have to keep track of which linked components contain which external vertices.
To do this we introduce the set

B* = (Bf,..., B}) partition of {1,...,n},
™ =< (B, W*) : W* = (W}, ..., W) partition of {1,...,m},
For all A: B} # @ and/or WS # @.
(3.4)

The set 1I}>™ parametrizes all possible ways for the diagram D € Dj" to have
exactly x many linked components containing at least 1 external vertex each.
Note that for & > n +m we have II""™ = &, since we require that for all A we
have B} # @ or Wy # @. Denoting then k the number of linked components
with only internal vertices, we get the following.

1 Fn,m
plg! 2 T
DEDy "
DD =D DEEED DI DEED DEEEEDS
k=0 k=1 (B* W*)ellp ™ p},g; >0  pl,qi>0 p1,q1>0 Pk,qr >0

p1+q1>2 Prk+qr>2
XX 5 Pi+ e Pe=p) X(X 5 5+52 20=0)
Bl #W;
I‘ﬁ;l# 1(XB{‘;YW1*)
SR>

I
A " . P1-q;y-
prectPi AW D cptBRAWE

rT.a7 r="pl e

B W
r57 e (X gy Vv )
prlgy!

« 3 ey Lo I

1! o lan !
Di€Lpy qy Dr€eLyp) qp pra Pk

(3.5)

(Note that the linked components with external vertices may have 0 or 1
internal vertices, i.e. the p}, ¢i-sums do not require p} +¢% > 2.) The factorial
factors come from counting the different labellings: The factors % and % from
the labellings of the clusters and the factors p1§!7 q%‘\! , ﬁ, ﬁ from labelling the
internal vertices of the different clusters exactly as in Sect. 3.1.

If we assume absolute convergence of all the ™™ _sums with n’ < n

and m' < m (ie. that >, oo ZDeﬁg'q’m’ I'y™ | < o00), then we may
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interchange the p, g-sum with the p3, ¢3- and p, g;-sums. We then get
1

n,m
g 2 TP
P,q>0 DeDy "
k
o0 1 1 n+m 1 K
D | 2 2T X 11
k=0 p,q>0 DEL,., r=1 " (B We)elr™ A=1
ptq=>2
1 LB AW
x Z NN Z I (X, Ywrg)
PA,qx=0 Dxellffgi#wi
(3.6)
Thus, by Egs. (3.2) and (3.3) we conclude the formula
n+m 1
(n,m) 2
P (X Yin) = | 2 2
HVEV m k=1 """ (B*,W*)ellp™
p<v
- 1
#BX,#WX
X H Z NN Z N (Xg: Ywy)
A=1 [ px,gx>0 DAEE:j:B&#W;‘

under the assumption of absolute convergence.

3.3. Summary of Results

With the calculation above, we may then state the following theorem.

Theorem 3.2. For integers ng, mg > 0 there exist constants cngymg, Cng,mo > 0
(small and large, respectively) such that if sab*p(log N)3 < cpgm, then

Z p'iq' Z FD < 0, Z i Z Fgm < Cn0,7rzopn+m < 0

1!
p,q>0 DEL, 4 paz0 VT DeLlyq"
pt+q=>2
(3.7)
for any n < ng and m < mg with n +m > 1. In particular, then
n+m 1
(n,m) _ 2
grc=| T 2|Y 5 %
VEVn m k=1 (B* wW=)ell™
pn<v
= 1
# B #WS
<1 2 055 X T (XB3, Yuy)|
A=1 | pa,ga>0 7700 #BY H#WS

Dye TSN

(3.8)
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where II™ s defined in Eq. (3.4).

As particular cases we note that for n+m = 1 we have by translation invariance
that

1 _pI;sO) Z |q' Z FBO’ pl_p(](;sl Z 'q| Z

p:q20 DEeLyy p,q20 DeLyy
(3.9)
We give the proof of Theorem 3.2.

Remark 3.3 (Higher spin). One may readily generalize the computation above
to a general number of spins S. For this one introduces vertices of more colours
and diagrams with such, i.e. the sets of graphs and diagrams G !> "5, Dp1>20s

Lrions and the values '™, The condition of absolute convergence is

completely analogous.

Remark 3.4. The condition for the absolute convergence is not uniform in the
volume, hence the need for a box method as given in Sect. 5.4. The condition
of absolute convergence is additionally the reason for introducing the Fermi
polyhedron. This is discussed in [11, Remark 3.5]. If one did not introduce the
Fermi polyhedron and instead used the Fermi ball the factor s(log N)? in the
assumption of Theorem 3.2 should be replaced by N'/3.

Remark 3.5 (General f and 7). In the computation above, we may replace the
specific functions fs, f, by more general functions f,o = fore > 0. (One then
introduces g. = f2_,(z; — z;) — 1 for e = ((i,0), (j,0")).)

Moreover, for the absolute convergence we may additionally replace the
one-particle densities ”yN) by general functions 7v,(z; — zj). (One then de-
fines v,, as in Eq. (2.3). ) In the computation above we crucially used that
[det ’Y;w]u,uevp,q = 0 for appropriately large p,q in order to extend the p,g-
sums to oco. If for the general v, this is not valid, this step of the computation
above is not valid. The rest of the calculation starting from what one gets out
of this step is, however, still valid. That is, the calculation in Sect. 3.1 is valid
starting from Eq. (3.1) and the calculations in Eqgs. (3.5) and (3.6) in Sect. 3.2
are valid.

The statement of the absolute convergence in this more general setting
reads

Lemma 3.6. Suppose there exists a constant Ctg > 1 such that
sup sup H foor(zi — 2j)? < (Crg)? for any ¢ € N.  (3.10)
0,07 21,..,2q 1<i<j<q

Then for integers ny o, ..., Ns,o there exists constants cn, 4. .ns o1 Cnio,.ingo >
0 such that if

sup > ol )Ixsup/|fwf 1] x [Hsup/%l} < Carormsos
[ea

ke2rz3
(3.11)
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where 45 (k) = 25 [\ Vo (x)e”** dx denotes the Fourier transform, then

Dt HED SRR R

|
props>0 PV TIPS ipe s
- Ps>2
E 1 § Fnlw-“ns
p1!-- - ps! b
P1yesps >0 DeLptiys
Yo Mo
< Chygrnso |SUD > o (k)] < o0
7 kezmps
L

(3.12)

for all ng < ngo with Y _n, > 1. In particular, then

pi ,ps>>20 " DEDypy,..pg
o Do
1
= exp E — E I'p
prps20 PVTPS pe g
UPGZQ
and
1 1 n n
) s g
Z 2 i 2 BT e s)
Py-sps>0 1150 pepplins
Yo Mo
- >
- !
k=1 (V’d, ..,V*S)EHL” """" ns
K 1 1 S
HV I VS o
<II| > L3 > Ip? Y (XVpe)o=1.8) |
A=1 1 s o FX* FLo..., *S
pXseP5x >0 DAEE#lvf_)’ s,#v
where

Ni,...;NS *1 *S . Vo = (‘/l*aa”'vvf:a) partition of {1"”7”/”}
I .—{(V e V) For all X : V7 # & for some o

parametrizes the ways for the external vertices to lie in k different linked com-
ponents, the coordinates of each spin o are labelled 7, j € N, and we denote
by X3 = (27)jea the coordinates with labels in the set A.

The condition in Eq. (3.10) is the “stability condition” of the tree-graph bound
[16,19, Proposition 6.1].

We give the proof of Lemma 3.6 in Sect. 4 for the case S = 2. The proof for gen-
eral S is a straightforward modification, but notationally more cumbersome.
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The case S = 1 is treated in [11, Section 3.1]. Theorem 3.2 is an immediate
corollary.

Proof of Theorem 3.2. Note that f, f, < 1 and gn, (k) :== L™® [, 71(\}0) (x;0)
| =ps <

e~ dz = L™3x (he pg) 50 Zke%"ﬁ 1w, (k)
bounds

p. Moreover, we have the

/|gs| < Cab?, /\gp| < Callog(b/a,) < Cab®, (3.13)

which follow by a simple computation using Lemma 2.5. Recalling also Eq. (2.9)
then Lemma 3.6 proves the desired. O

4. Absolute Convergence of the Gaudin—Gillespie-Ripka
Expansion

In this section, we give the proof of Lemma 3.6 for the case S = 2. The proof
is similar to that of [11, Theorem 3.4]. We need to prove (for all n,m and
uniformly in X,,Y;,) Eq. (3.12) if Egs. (3.10) and (3.11) are satisfied. To
simplify notation we define

Yo =sup > k), I, izsup/j\|f§gf—1|=sup/j\lgel,

o
27
ke 2z 73

I’y = Sup/ |7a‘ )
o A

where as above 9,(k) = L73 [, y5(z)e"**daz. Eq. (3.11) then reads that
Yoolg(1 + I,) is sufficiently small.

We give the proof in two steps. First we consider the case n = m = 0.

4.1. Absolute Convergence of the I'-sum

In this section we show that

1
ZMZFD<OO

p,q>0 DeLy q
p+q=2

under the relevant conditions. Defining clusters as connected components of
G we split the sum into clusters as in [11, Section 3.1]. Denoting the sizes of
the clusters by (ng,m¢), £ =1,...,k (meaning that the cluster ¢ has n, black
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vertices and my white vertices) we get

1 ZFD

1g!
plat 57
=1
2 > X(2, ne=p) X(5, me=q)
k=1 """ ny,...,np>0

My, my >0
For each £:n 4m>2

1 k
e B SR B KL [H 1l ]

L=1eeG,

P q
X | (=)™ (=) X((ry 0o tinked) || V1 @i—2ey) [] 70 (w5 — )| 5

TES, i=1 j=1
TES,

(4.1)
where Cp, 4 C G, 4 denotes the subset of connected graphs. The factorial factors
arise from counting the possible labellings exactly as in Sect. 3.

The last line of Eq. (4.1) is what we will call the truncated correlation.
We give a slightly more general definition for later use.

Definition 4.1. Let Bq,..., By and W1,..., W} be sets of distinct black and
white vertices, respectively, such that for each ¢/ = 1,...,k we have By # &
and/or W, # @. Then the truncated correlation." is defined as follows.

B1,W1),....,(Bk , Wy s T
py B BN N ()T (<1) T (,70,6) tinked)

TESY, B,

TESU,W,

< 11 w@i—ee) I v —v-0) (42)
€U By JEU W,

for any connected graphs Gy € Cp, w,. The definition does not depend on the
choice of the graphs Gy.

If the underlying sets By, ..., Bg, W1, ..., W} are clear we will also use
the notation

(F#Br,#W1),s(#Br,#Wr)) _  ((B1,Wh),...,(Br,Wk))
Pt =Pt :
The truncated correlations are studied in [7, Appendix D]. To better compare
to the definition in [7], we note the following.

In Eq. (4.2), we may view (m,7) together as a permutation of all the
vertices (both black and white). Moreover, if we instead sum over all permuta-
tions 7’ € Sy, B,uu,w, We have that any 7’ not coming from two permutations
m, 7 on the black (respectively, white) vertices contributes 0, since any y-factor
between vertices of different spins is 0. That is,

((Bth)a"'»(Bk’Wk)) Z

Pt = (_1)7TX(TF’,UGg) linked) H V! (1)

' ESU, B, LU, W, HEUeBeUU Wy

1The truncated correlation is also sometimes referred to as the connected correlation In
particular, this is the terminology used in [7].
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In [7, Equation (D.53)] is shown the formula for the truncated correlation

W) (BW)) _ 3 11 W/ dpa(r) det R(r),

ACAUBLW) (B Wi)) () €A
(4.3)

where A denotes the set of anchored trees, 14 is a probability measure and
R(r) is an explicit matrix. The set A(B1W1)(BisWi)) of anchored trees is
the set of all directed graphs on the vertices U, B, UU, W, such that each vertex
has at most one incoming and at most one outgoing edge, and such that upon
identifying all vertices inside each cluster the resulting graph is a (directed)
tree. The matrix R(r) satisfies the bound

|d€t R(T)| S 70%£<#B€+#W2)_(k_1)~ (44)

This follows from [7, Equation (D.57)]. We give a sketch of the argument here,
see also [7, Lemma D.2] and [11, Lemma 3.10].
Proof (sketch) of Eq. (4.4)

i — = 2m 73
Write v, (2, — z0) <a# ﬁl,>£2(2%23), where for k € F7Z
—tkz, |2 ’AYU k) —ikz, |2
au(k) = e o (0 2 Bl = e ()],

with 9, (k) = L™ [, 7o (x)e~"* dz the Fourier coefficients. Then by the Gram-
Hadamard inequality [7, Lemma D.1]
P

< H ||0‘/L||ez(2fw23) ||ﬂu||42(277r23) < Z 15 (k)|

HEVS ke2r73

‘det[% (th - ZV)]/L,I/GVPU

Tt is then explained in the proof of [7, Lemma D.6] how to adapt this argument
to bound det R(r).
Combining Egs. (4.4) and (4.3) we conclude the bound

B1,W1),..,(Bi, Wy, Bet# W )—(k—1
‘pg( 1,W1),...,(Bk k))‘g,yozoz(# H#Wo)—(k-1) Z H |’Y;w|~
Ac AUBL, W), (B, W) (p,v)EA
(4.5)

With the truncated correlation we may write the last line of Eq. (4.1) as
(N7M)
I , where

N:('I’Lh s 7”]@)3 M:(m17 s 7m]€)a (N7M):((n15m1)7 ERE) (nk7mk))'
That is,

1 — 1 1
a2 =24 > X(S me=p) XS me=a) i

k
' Imy!
DeLly,q k=1 ni,...,nE>0 HZ:I Nnetmy!
mi,...,mp >0
For each £:ing+my>2

k
<[ faxuan [TT S0 L a|

1=1G¢€Cny,m, e€Gy
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To bound this we use the tree-graph bound [19], see also [16, Proposition 6.1].
By assumption Eq. (3.10) is satisfied and thus [19]

S ITee| =& > 1T eels (4.6)

GeCp,q e€G TET, 4 e€T

where 7, , C Gp 4 denotes the subset of trees. (To see this note that Cp,
(respectively, 7, ) is the set of connected graphs (respectively, trees) on p + ¢
vertices with the colours of the vertices just serving as a handy reminder of the
edge-weights g..) By moreover using the bound on the truncated correlation
in Eq. (4.5) we conclude that

p,q=>0 DeL, 4
pt+q=>2
=1 1
S o(ng+me)—(k—1) ~k—1
LY e ot
k=1 Ny >0 [Te—y netme!
my,...,mp >0

For each Z ng+me>2

X Z / /dXdY

Ty, T AcAl(n1s ml) 77777 (g mp))
Tee np,my

Hm;e} I el

l=1e€cT, (p,v)EA
(4.7)

To do the integrations, we note that the graph & with edges the union of (g-
Jedges in T, ..., T} and (7-)edges in A is a tree on all the ), ny+>, my many
vertices. One then integrates the coordinates one leaf at a time (meaning that
the index of the corresponding coordinate is a leaf of the graph .7) and removes
a vertex from the graph after integrating over its corresponding coordinate.

To be more precise suppose that vg is a leaf of .7. Then the variable
2y, appears exactly once in the integrand. Either in a factor g,,, (in which
case the z,,-integral gives [ |g| < I, by the translation invariance) or in a
factor 7,,, (in which case the z,,-integral gives [ |y| < I, by the translation
invariance). The final integral gives L3 by the translation invariance. There
are k — 1 factors of v and ) _,(ng +my — 1) = p + ¢ — k factors of g. Thus, we
get

# Ty, My
, — |0
k=1 N1y np>0 He 1 ! L 1

mi,...,mp >0
For each ¢: np+my>2

~ #A((n1,m1)7~~-»(nk,mk))(CTGIQ,Y )Z[("l"‘mé (CTGI ) CTG’YooL
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In [7, Appendix D.5], it is shown that
#A((nl,ml),...,(nk,mk)) < klcxe(ng—&-mz).

Moreover, 7y, 1, = (n+m)" =2 < C"+™(n4+m)! by Cayley’s formula. Finally,
(n+

we may bound the binomial coefficients Wm,)' < 2n*t™m Thus

> o
10!

pa>o DT

p+q>2

> o

DeLy q

G (n+m)! ntm— -
< CLeo Z Z W(Clg'YOO) et (Clw)k !
= Im!

n,m>0
n+m>2
o0 oo k
< CLe0 Z |:Z K(Clg'YOO)271 (Cfv)kil
k=1 Le=2

<CL3A2 I, < oo

for oo Iy and voo [y Iy small enough. This shows that 3 . <, ﬁ ZDEEM I'p
is absolutely convergent under this assumption. Next, we bound the I'™"-sum
for n +m > 1.

4.2. Absolute Convergence of the I'">" -sum

In this section, we prove that (for n +m > 1 and uniformly in X,,,Y;,)

> p!iq! Y TE < Cumyi™ < o0
p,q>0 DecLy "
if Eq. (3.10) is satisfied and v..14(1 + I,) is sufficiently small.

We do the same splitting into clusters (connected components of G) as in
Sect. 4.1. There is, however, a slight complication: One needs to keep track of in
which clusters the external vertices lie. This is exactly parametrized by the set
IT7™ (defined in Eq. (3.4)). Denoting the sizes (number of internal vertices) of
the clusters containing external vertices by (n},m}) and the sizes of clusters
only containing internal vertices by (ng,my) and introducing C;;" C GJ"

as the subset of connected graphs (and similarly CETV’VW* - gg’}VW*, recall
Definition 3.1) we get

DI

plat o
DeLlyy
oo n+m
YaXa X % )3
o k! k!
k=0 k=1 (B*,W*)EHL”” n’f,...,nzzo ny,...,n>0
mi,...,m:>0 mi,...,mp >0
"~ For each £: ng+m,>2
1 1

X X ne+ ni=p X my+ m3i=q
(Z( 3 Ex A ) (Z[ 3 E% A )H;:1”;!mf\!ni§:1nz!m£!
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X Z Z / / dAXV[7’L+1 n-+p] de+l m+q]

B{.WS Gr€Coyim,

GREC, 28
K k
H H ge| X [H H ge] X { Z (_1)7T(_1)TX((7r,T,UAG§UU[G£) linked)
A=1eeG} l=1eeGy TESnip
TESm4q
n+p m-+q
< [ v@i —zeiy) [ 7w - ym’))] : (4.8)
i=1 j=1
For k = 0 the ny,mq, ..., ng, mg-sum should be interpreted as an empty prod-

uct, i.e. as a factor 1. Similarly for p = 0 and/or ¢ = 0 the empty product of
integrals should be interpreted as a factor 1.

The last line in Eq. (4.8) is the truncated correlation

p(B*+N*,W*+M*)éB(N,M)
t )

where

N*=(ni,....,n0),  N=(ni,...,ng), M =(mj,...,mp),
M= (mq,...,my)

and @ means concatenation of vectors, i.e.

(B + N* W + M*)® (N, M)
= ((Bi< +nT7Wf +m>1k)7 ERR) (B: +n:aW/: +m:)a (nhml)a ceey (nlmmk)))

where we abused notation slightly and wrote B} + nj for the union of the
vertices B and the nj internal black vertices of the graph G7 (similarly for
the other terms.)

We use as in Sect. 4.1 the tree-graph bound and the bound on the trun-
cated correlation in Eq. (4.5). For the clusters with external vertices, we add
0-weights to the disallowed edges as in [11, Section 3.1.3], i.e. for G € C);"
define

_ {0 e = (i,7) with 4, j external vertices
ge =

ge otherwise.
Then, we may readily apply the tree-graph bound [19] with edge-weights g.:

> Iel=| > TIlg|=cre™ > Il

GeCpy" e€eG GECpin,qtm e€EG TETpin,q+m e€ET

_ p+q+n+m Z H |ge|7

TeT, " eeT



Vol. 26 (2025) Dilute Fermi Gas via Cluster Expansion 227

where 7, 4 C G, 4 and Tp%m C C]’;”qm denotes the subsets of trees. Thus

Bl

|
plq
p,q>0 DeLyq
00 n+m
- 1 1
DD D 2 >
k=0 k=1 (B*,W*)ell™ nl .ne>0 ni,...,nE >0
mi,.. mn>0 mi,...,mp >0
—  For each é ng+me>2
1 1

7 a1 a1k
[Lio nftmi [T, nelmy!

~ 2 2 2

ACAB*+N* W+ MBS, M) TF . T: T1,..

K
T ETBA WA TZGTne ;my

X / : / d‘Xv[n-l-l,n-‘rX:A ni+y, ng] de[m-i—l,m-‘rZ)\ mi+y, mz]

[T TI T ol TT el

A=1e€cTy (=1e€Ty (p,v)EA
> (CTGVOC)Z)‘(n;er;)jLZ[‘(ne+m£)+n+m7(k+K71)O'II€‘—(§K_1~

(4.9)

To do the integrations, we bound some g- and ~-factors pointwise. Recall first
that there are k clusters with external vertices. We split the anchored tree into
pieces according to these clusters as follows.

We may view the anchored tree A as a tree on the set of clusters. If k = 1
set A; = A. Otherwise iteratively pick a y-edge on the path in A between any
two clusters with external vertices and bound it by

170 (2)] = Z &o(k)eikz < Yoo
ke2r73
and remove it from A. This cuts the anchored tree A into pieces. Doing this
x — 1 many times we get xk anchored trees Ay, ..., A, with each exactly one
cluster with external vertices. That is,

K
H Y| < 75071 H H V|-

(m,v)EA A=1 () EAN
Next, in each cluster with external vertices, say with label Ay, we do a similar
procedure of splitting the cluster into pieces according to the external vertices.
In the cluster Ao there are # B} +#WJ > 1 external vertices. If #B3, +
#W3, = 1set T ; =T . Otherwise iteratively pick a g-edge on the path in
Ty, between any two external vertices and bound it by

|ge| = | £2 — 1| < max{f2,1} < C3¢
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using Eq. (3.10) for ¢ = 2. Remove the edge e from T7,- This cuts the tree T%
into pieces. Doing this #BJ + #Wy — 1 many times we get #B} + #WJ,
trees T 1,..., 1%, BB5 A #WS, with each exactly one external vertex. That is,

#BY, +H#HWS,

2(#BX +#WS —1)
H |ge|SCTG ro o H H |ge|'
v=1

e€T, €Ty,

We do this procedure for all the x many clusters with external vertices. Then,
the graph 7 with edges the union of all (g- or ¥-)edges in 15 . T, Ax (for
Axe{l,...,k}, Le{l,...;k}and v € {1,...,#B} + #W; — 1}) is a forest
(disjoint union of trees) on the set of vertices Vi, s ni 43, npmt s, mi+3, me
with each connected component (tree) having exactly one external vertex.
Moreover, we have the bound

/' o / dX[n+1,n+Z)\ ni+y, TL@] d‘Yv[m+1,rnJrZA mi+y, mg}

X[ﬁﬂlgeﬁﬂw 11 W]

A=1e€T;  =1¢€Ty  (up)eA
K #BIHHWS

e | O | A i |
A=1 v=1

eeTy ,

< TI bl IT TI lel| -

(p,v)EAN L:To~Ay e€Ty
(4.10)

where Ty ~ Ay means that Ty and A share a vertex. (Equivalently they are
part of the same connected component of 7.)

Since each connected component of 7 is a tree we may do the integrations
one leaf at a time exactly as for the I'-sum in Sect.4.1. To bound the value,
we count the number of - and g-factors that are left.

The number of ~-integrations is exactly the number of ~-factors. There
are k + k many clusters, so A has k + k — 1 many edges. In constructing
Ay, ..., A; we cut kK — 1 many edges, thus there is k many ~-factors left and
so there are k many y-integrations in Eq. (4.10). The remaining ), (n} +
m3) + >_,(ng + my) — k integrations are of g-factors. The integrals may be
bounded by [|y| < I, and [|g| < I, as in Sect.4.1. Moreover, since each
connected component of .7 has one external vertex, which is not integrated
over, there are no volume factors from the last integrations in any of the
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connected components of .7. That is,

/' o / dX['rH»l,nJrZ/\ ni+>, ng] dYr[m«Flm”LJrz:A mi+y, mg}

[T TI T ol TT el

A=1e€T} [=1e€Ty (n,v)EA

< C«%((';L-'rm—ﬂ),y:of1Igzx(”§+m;)+22("2+ml)—kl’l§.

We use this to bound the integrations in Eq. (4.9). Additionally, we need to
bound the number of (anchored) trees. In [7, Appendix D.5], it is shown that

#A(B*+N*,W*+M*)€B(N,M) < (k—i— KJ)!C?’L+m+z>\(’I’L;-’rm;)-’rz:g(ng"rmz),
since we have k + x many clusters and n +m + >, (n} +m3) + > ,(ns +
my) many vertices in total. Moreover, #7," < #7p1n gym = (p+q+n+

m)Pratntm=2 < (4 g4+n+m)!CPHatntm by Cayley’s formula as in Sect. 4.1.
These bounds together with Eq. (4.9) then gives

1 n,m
Yool > TB

|
WIZOpq DecLy®
oo n+m
C n+m k + l{
Voo) k'n'
k=0 k=1 (B* W*)eIl'™ n},...,n5>0 N1,y >0

my,...,m; >0 m,...,mp >0
For each £: ne+me>2

K

1 <n:+#3;+m’;+#vv:>!]

x|

nylmy! e nglmy!
> (C]g%c)EA(nHmKHZz(nHme*l)(C L
(4.11)
Multinomial coefficients may be bounded as W < kprtetPe More-

over, #BY < n and #W; < m. Thus, we may bound
(n 4 #Bx +mi + #W)! < (0} +mi +n+m)! < ABFEAER gLy IS L
We conclude the bound
> | T
pl! P
p,q>0 DeLy !

oco n+m

< (C,yoo)n-i-m Z Z 2k+n Z Cn,m(CIg'Yoo)né—i_mS

k=0 k=1 ng,mg>0
k

x |CL, Y (Clyyse)™otmo™t | (4.12)

ng,mo >0
ng+mo>2
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For some ¢y, ,, > 0 we have that if 7o, [y (14+1,) < ¢, the sums are convergent
and we get

Z . Z F%m < Cn,M'ngm < Q.

1!
p,g>0 P Delyd

This shows the desired. We conclude the proof of Lemma 3.6 for the case
S =2.

Remark 4.2 (Higher spin). For the case of higher spin S > 3, the computations
are essentially the same.

For later use, we define for all diagrams some values characterizing their sizes.

Definition 4.3. Let D € £}/, Define the number k = k(D) as the number of
clusters entirely within internal vertices (i.e. the same k as in the computations
above) and k = k(D) as the number of clusters containing at least one external
vertex (i.e. the same x as in the computations above). Define then v* = v*(D)
and v = v(D) as
K k
v = Z(nj—km;), V:Z(ng—l-mg) — 2k,
A=1 =1

where n}, m3,ng, mg are the sizes of the different clusters exactly as in the
computations above. (Then v + v* 4+ 2k = p + q.)

For a diagram D the number v + v* is the “number of added vertices” in the
following sense. A diagram with n+m external vertices and k clusters entirely
within internal vertices has at least n+m+ 2k many vertices, since each cluster
(with only internal vertices) has at least 2 vertices. Then, v+ v* is the number
of vertices a diagram has more than this minimal number.

Note that in the special case of consideration with the scattering functions

fs, fp and the one-particle density matrices 71(\2 we have

Yoo <py g <Cab®, I, < Cs(log N)®

by Egs. (3.13) and (2.9), see also the proof of Theorem 3.2. Then, by following
the arguments above (see in particular Eqgs. (4.12) and (4.11)), we have (for
P+ q = 2ko + o)

1
|3 B < Cump™ T (Cabp) R (Cs(log NP
P& pégpm

k(D)=ko

v(D)+v*(D)=vg
(4.13)

for any n, m with n+m > 1. We think of s as s ~ (a®p) /3¢ for some small
£ > 0. Thus increasing v by 1 we decrease the size of the diagram by (a® p)l/ 3,



Vol. 26 (2025) Dilute Fermi Gas via Cluster Expansion 231

and increasing ko by 1 we decrease the size of the diagram by (a®p)®. (Recall
that b= p~1/3)

5. Energy of the Trial State

In this section, we use the formulas in Eq. (3.8) to calculate the energy in
(n,m)

Jas

Eq. (2.7). We will refer to a term in Eq. (2.7) where p
(n, m)-type term.

appears as a

5.1. 2-Body Terms
In this section, we consider the terms in Eq. (2.7) where a two-particle density

(pgzsm) with n +m = 2) appears. We consider first the term with m =n = 1.

5.1.1. (1,1)-Type Terms. We consider the term

2
an [ IV s(xr—y1)l 1
2 e - dzy dy;. 5.1
// PJas fs(«Tl — y1>2 + 21}(351 yl) T1dy1 ( )
The formula in Eq. (3.8) reads for pgz’sl) as follows.

1 10 01
P (@) = fulwr —y)? | o5 ol + 3 lql >

P,q>0 DeLl}s

= fs(zr —y1)? | prpo) + Z Z

q>0 De£1 1
p+q>1 p.q

(5.2)

since L); = @ for p = ¢ = 0. The second summand is an error term. We
bound it as follows.

Lemma 5.1. There exists a constant ¢ > 0 such that if sab*p(log N)? < ¢, then
for any integer K there exists a constant C > 0 such that

> 1| 3 T < Cxabs + Cp(Csab*p(log N))
p,qZO DeL,l,},
pt+g=>1

+Csa®p®log(b/a)(log N)?.

We give the proof at the end of this section.
Using Eq. (5.2) and Lemma (5.1), we get for any integer K

(5.1) = 2L3/ <|st|2 + ;va?) dx

x [prp) + Ok (ab®p*) + Ok (p*(sab®p(log N)*)K*1)
+ O (sa®log(b/a)(log N)*) ].
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By Definition 1.1, we have

/ (|Vf52 + ;vff> dx
dma

v O S L AN 2
S(1—a/b)2/<|v‘f“| "3 5°>d Ay ~ dmatOla/b)

We conclude that
(5.1) < L*8mapip) + O(L3a®b~' p?) + O (LPa?b*p?)
+ Ok (LPap®(sab®p(log N)*)K+1)
+ O(L3sa®p?log(b/a)(log N)?).
(5.3)

Finally, we give the

Proof of Lemma 5.1. We split the diagrams into three groups using the num-
bers v*, v and k from Definition 4.3:

(A) Diagrams with v+ v* > 1,

(B) Diagrams with v + v* =0,
(B1) at least one p-wave g-factor.
(B2) only s-wave g-factors.

Remark 5.2. The diagrams of types (A) and (B1) are those for which the
bound in Eq. (4.13) is good enough to show that these diagrams give contri-
butions to the energy density < Ca?p”/3. Naively using the bound in Eq. (4.13)
for the diagrams of type (B2) we only get that these are bounded by p?(a®p)®
with b = p~/3 and s chosen as described immediately after Eq. (4.13). We
will calculate the value of all the (infinitely many) diagrams of type (B2) be-
low and use this exact calculation for all diagrams up to some arbitrary high
order. This is an essential step in proving the “almost optimal” error bound
in Theorem 1.2. Tt is similar to the approach in [1] for the dilute Bose gas.

The contribution of all diagrams of type (A) (with v+ v* > 1) is < Cab?p?
by Eq. (4.13) if sab?(log N)? is sufficiently small (recall Theorem 3.2). For
diagrams of type (B) note that we have k > 1, since any summand p, ¢ has
p+q > 1. Moreover, for diagrams of type (B1), at least one factor [ |gs| < Cab?
should be replaced by [ |g,| < Ca®logb/a (recall the bounds in Eq. (3.13)).
Thus, again by Eq. (4.13), we may bound the size of all diagrams of type (B1)
by Csa®p?log(b/a)(log N)3. More precisely, we have

1
Ly |cwn
pazo D' DeLlht
ptgzl D of type (A)
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(1L1)e4 e
. 3 (17 l) o 1) )
(1,1)Z5e k

(a) Diagram Dgpay of smallest size (b) Graph G of general diagram, k > 1.

FIGURE 2. Diagrams of type (B2). In b only the g-graph G
is drawn. The relevant diagrams (7, 7, G) have 7, 7 such that

the diagrams are linked

1
Z - Z I‘}j’l < Csa®p®log(b/a)(log N)?
ER Dpecl!
ptgzl D of type (Bl)

if sab?p(log N)3 is sufficiently small. It remains to consider the diagrams of
type (B2), where v+ v* = 0 and only s-wave g-factors appear. These diagrams
have g-graph as in Fig. 2b. Note that in particular p = ¢ = k(D) for any such

diagram.
We now evaluate all these diagrams. We give an example calculation of

the (unique) diagram of smallest size, and then do the computation in full
generality The diagram of smallest size is the diagram in Fig. 2a. Its value is

Dgman

//“YNT T13T2) (1)(562%1)71(\})@1;y2)71(\}1)(y1;y2)gs($2 — y2) dzz dyz

Z Z // ikl (z1—m2) zkz(m 1) ¢ ikt (y1—y2)

kT kb ePl ki kieP}
ik —
x e W20 g () — ) dary dyo

Ly Y ke gt
L

k] klePl ki kiep}

X/de [ei(kékl+kék{)z2/dy2 (gs(@ _yz)ei(kék{)(mw)):l

(kT gl (b gl
Z Z etk —ks)m1 i(ky kZ)ylL?’X(k;—kI:kf—kg)
Kl klePl ki kicP}
X L5 (ky — ki)
where §s(k) = L2 [ gs(x)e~™** dz denotes the Fourier transform and we used
the translation invariance to evaluate the gs-integral. We have the bound (re-

call Eq. (3.13))
L3 13.(k)] < / lg(2)] dz < Cab?.
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The characteristic function X (el —k] =kt —k) effectively Kkills one of the four k7 -
sums. The remaining k;-’—sums have at most N, < N many summands. We
conclude the bound (uniformly in z1,y1)

< Ca62p3.

1,1
Dsman

For the general diagram in Fig.2b, we may use the same method. We then
have

I
rs = Toror Z Z / / dX2 k1) dY)2 k1)

T
K],k €PL kL, kb, €PE

k+1 k+1

ik (2 — ) kY (yi—yo s
H elkj (zj Iw(y))elkj (y_] yT(])) H gs(x]
j=1 j=2
(T 1 1
HERESY D Gt A Gt I
L,6+6k

k], k], €PL ki, ki  €PL

k1
X H/dxj [ Rj =KLtk kL))o

ikt —kt Ty
></ dy; <9s(xj—1/j)e (k) =71 ) s y]))]

— 1 Z Z ei(kI —k *1<1>>I1 1(’#_%*1(1))’“
7,6+6k

k], k], €PL ki, ki  €PL

k+1
L3X 36 (k.l _ k}l, _ )
'1;[2 (k] =kl =kt oy —ky) 7 72T T G)

Again, each factor L3, we may bound by Cab®. Moreover, since the diagram
is linked we have for each j that 7= 1(j) # j and/or 771(j) # j. (Otherwise
the vertices {(4,1),(j,1)} would be disconnected from the rest.) Thus, each
characteristic function is non-trivial, and hence effectively kills one of the k-
sums. Each surviving k7-sum has at most N, < N many summands. Thus
(uniformly in z1,y1)

P3| < pP(Carp)*

for any diagram D of type (B2) with k clusters of internal vertices, i.e. with
g-graph as in Fig.2b. For any integer K we have some finite K-dependent
number of diagrams with & < K. Concretely let M, < oo be the number of
type (B2) diagrams with k = kg. Thus, using Eq. (4.13) for diagrams with
k> K, we get
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DD A B D S ]

plq!

P,q>0 DeLy DeL,
ptq=1 D '
of typc (B2) D of type (B2)
o0
1 1,1
LD DN 1 D DR
k=K1 | DeLy,

D of type (B2)
< Z X p*(Cab?p)F+Cp? (Csab®p(log N)3)EH

SOKab2P3+CP2(Csab2p(1og N)HEH
(5.4)

for some constant Cx > 0 if sab?p(log N)? is sufficiently small. O

Remark 5.3 (Upper bound on number of diagrams—why we can’t pick K =
o0) For an upper bound on the number of diagrams we first find an upper
bound on the number of graphs. All the underlying graphs look like Fig.2b,
but the labelling of the internal vertices may be different. We are free to choose
which white (internal) vertex connects to (2,1) and so on. In total, there are
thus ¢! = k! many possible graphs.

Next, to bound the number of diagrams with any given g-graph we may
forget the constraint that the diagram has to be linked and consider all choices
of m € Sk41 and 7 € Sy instead of just those, for which the diagram is linked.
For both 7 and 7 there are then (k + 1)! many choices. Thus for each graph
G there is at most (k + 1)!? many linked diagrams of type (B2) with g-graph
G. Thus, there are at most k!(k + 1)!? diagrams of type (B2) with k clusters
of internal vertices. With this bound the sum

DED DI P4 ) Sy SRS XA,
ko k

Deﬁ};}e of type (B2)

is not convergent. This prevents us from taking K = oo in Eq. (5.4) and using
the exact calculations for all (infinitely many) diagrams of type (B2).

Remark 5.4 (Higher spin). For S > 3 values of the spin, the evaluation of the
diagrams is the same, but the combinatorics of counting how many diagrams
there are for each given size is more complicated. Still, there is only some finite
K-dependent number of diagrams with k(D) < K and thus (the appropriately
modified version of) Eq. (5.4) is valid if sab?p(log N)? < cg for some constant
cs > 0.

5.1.2. (2,0)- and (0, 2)-Type Terms. We bound the term

// (2,0) ’pr(xl —z)|?
pJas T . N

fp(xl *1'2) 2

1
+ —v(xy — 112)‘| dzq das. (5.5)
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The term with pif)

density as follows.

is completely analogous. We may bound the 2-particle

Lemma 5.5. There exist constants c,C' > 0 such that if Ny = #P} > C and
sab? (log N)3 < ¢, then

(2,
pJas

< Cfy(zy — 22)2p? [apr—l— P23 |zy — xo? [1+ sab’p(log N)ﬂ} .

This is essentially (a slightly modified version of) [11, Lemma 4.1]. We give
the proof at the end of this section.
Using now Lemma 5.5 we get

1
(5.5) < CNp/ [|pr|2 + 2f§v] [apr + p*3|z|? [1 + sab®p(log N)4H dz
< CNa*v?p + CNp*/3a® 1+ sab®p(log N)ﬂ
(5.6)

where we used that

/ {\pr|2 + %fsv} |z|? dz < C’ai < Cd®, / {\pr|2 + %f;v} dz < Ca, < Ca.

The first inequality follows directly from the definition of the scattering length,
Definition 1.1. The second inequality is a simple computation following from
Lemma 2.5 and Eq. (2.10): Using integration by parts and fyo(z) > 1—a3/|x]?
with equality outside the support of v we have, denoting the derivative in the
radial direction by 0.,

/ (|pr|2 + ;vfg) dr = 4n /Ob (10057 12+ 02 f0% + 41,0, fyr ) dr
= MHW [b—2/bf2dr] < Cay,.
L—a3/b? 0o 7 -7
Finally, we give the
Proof of Lemma 5.5. Equation (3.8) reads for n = 2,m = 0 (recall Eq. (3.9))
(2,0) _

PJas fp($1—$22 pT+ Z pql Z

p,q>0 Deﬁff,‘;

We split the diagrams into two types, according to whether v* =0 or v* > 1
(v and v* are defined in Definition 4.3). We write

Z Z =&+ &1,

pazo? D £39
where
2.0 2,0
So=pi + E E rs, &1 = g pq' E Iy
pazo ¢ Der2? p.g>0"""" Der20

v* (D)=0 V* (D) >1
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We will do a Taylor expansion of £y but not of £>1. This is completely analogous
to what is done in [11, Proof of Lemma 4.1]. Consider first {>1. By Theorem 3.2
and Eq. (4.13) we have &1 < Cab?p? uniformly in z1, x5 if sab?p(log N)3 < c.

Consider next &. We do a Taylor expansion to second order around

the diagonal. For the zeroth order, we have {y(z1 = z2) + {>1(x1 = 22) =

0 since pgi’so) (z1,x2) vanishes for x; = wxo. The first order vanishes by the

symmetry in 21 and xo. Finally, we may bound the second derivatives 07, 189{ S0
by following the same procedure as in [11, Proof of Lemma 4.1, Equations
(4.15) to (4.20)]. This crucially uses the bounds in Eq. (2.9). We give this
argument for completeness.

Write (recalling Eq. (4.8) and using that the & = 0 term together with
,0% give the two-particle density p>? by Wick’s rule)

o0
_ 20 1 :
o= +;k! 2 [T, nelme! 2.

ny,...,ng >0 ¢€Cnym,
mi,...,mg >0
For each l:ng+me>2

X / / dX3245, 1, Y5, my

111+

{=1ecGy

x| Y (DT D)X (1)UL, UUG) Tinked)

7T682+Ze ny
TESZ[ my
2+Ze ne Zz my
1 1
< 1 W @szaw) TT W8 wive0)
i=1 j=1
The only dependence on z; is in the y-factors in [- - - ]. Computing the second
derivatives 0, 07 o we see that they are sums of terms where one or two of
the y-factors gain the derivatives % and 82 . The term [---] above is the
truncated correlation. So is its derivative 9¢ 07 [-++] now only some of the

~-factors carry derivatives. To bound this term, we do as in Sect. 4 and use the
(appropriately modified) formula in Eq. (4.3). The y-factors with derivative
can either end up in the anchored tree, or in the matrix R(r). Following the
argument in Sect.4.2 to bound 9. 9% & we see that we need bounds on the
determinants of the matrix R(r), modified with the y-factors with derivatives,
and/or of the integrals of y-factors with derivatives.

If the ~-factors with derivatives end up in the matrix R(r) we gain a
factor C')p'/? in the bound of its determinant, Eq. (4.4). This follows from a
slight modification of Eq. (4.4) and is explained around [7, Equation (D.9)]:
One changes the definition of some of the functions «,, in the proof of Eq. (4.4)
by including factors ik® and/or ik’. If the y-factors with derivatives end up in
the anchored tree we either have to bound them pointwise, in which case we
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1/3_ or we have to bound their integrals, in which case we use

gain a factor Cp
Eq. (2.9).
Following the argument in Sect. (4.2), we thus get a bound similar to

Eq. (4.12) with the following modifications: One or two factors [ A ‘71(\}3’ is
‘82'71(\}3 , where 01,02 €

{1,0%,,87 ,0. 0% } are the derivatives hitting v—factors in the anchored tree
that we do not bound pointwise. For diagrams with only one internal clus-
ter (i.e. with & = 1) there is only one such ~-factor. Moreover we gain a
factor Cp(2~#01=#92)/3 where #0; denotes the number of derivatives in 9,
ie. #1 = O,#@;l =1 and #8;163{1 = 2. This factor arises from the matrix
R(r), modified to include the derivatives, and the vy-factors with derivatives
we bound pointwise. The derivatives in either (the modification of) R(r) or
on ~y-factors we bound pointwise are exactly those not in d; or 0. That is,

replaced with factors with derivatives f A ’817

0%, 03, & <

i ai (2,0
5,0, pt ))

+Cp2{ > p2- #‘9)/3/ 098] S (Cappyrotmot

i J Y ng,mo>0
9e(1,05, .04, 0%, 94, } noymo20

n ) (2= #01 - #62)/3/ ‘617<1>‘/ 10

01,00€{1,0%,0% 0% 8]}

Tl Ty

9102€{1, ik aJ Bt 8l

TyTwy ey Ty

k

Z [Cs(log N)?] > (Cab?p)rotmot ]
k=2 ng,mo>0
no+mo=>2
Noting that ’6;183{1;)(2’0)‘ < Cp8/3 by a simple computation using the Wick
rule and using Eq. (2.9) to bound the integrals we conclude that

02,02 & < Cp¥* [1+ sab®p(log N)*]

1 ~x1
if Ny is sufficiently large and sab®p(log N)? is sufficiently small. By Taylor’s
theorem we conclude the desired. 0
5.2. 3-Body Terms

In this section, we bound the 3-body terms of Eq. (2.7).

5.2.1. (2,1)- and (1, 2)-Type Terms. We bound the term
/// (2,1) vas z1 — Y1)V fp(z1 — x2)

Pias fo(@r — 1) fp(1 — 22)
‘st(l'l —y1)Vfs(z2 —y1)

fs(xr —y1) fs(z2 —

The (1,2)-type term is bounded analogously.
By Theorem 3.2, we have the bound

P20 < CpP fo(wr — y1)2 ful@a — 1) fp (w1 — 22)°

:| dil?l d’JJg dyl. (57)



Vol. 26 (2025) Dilute Fermi Gas via Cluster Expansion 239

if sab’p(log N)? is sufficiently small. In the first summand in Eq. (5.7) we
moreover bound fs(z2—y1) < 1 and in the second summand we bound f,(z1 —
x9) < 1. Then, by the translation invariance we have

(5.7) < CNp? [(/fswsl) ([ 51951) + (/fSIVfSI)Q] .

By radiality and Lemma 2.5 we have

;/fsm—/obr?fsarfsdr—[ 2208 /2er dr

1 1 b a
<7277 — — <
< 2b (1—a/b)2/a 7"(1 T) dr < Cab,

where 0, denotes the radial derivative. Similarly by Lemma 2.5

b
%/fﬂvfpl :/0 r2fparfpdr_*[ 2f2] 1/ 2Tf2dr

1 1 b a’ ? 9
y4
= 2b (1 a%/b3)2 /a ! r3 dr < Cay,

We conclude that (for sufficiently small sab®p(log N)3)
(5.7) < CNp*a®b*. (5.8)
5.2.2. (3,0)- and (0, 3)-Type Terms. We may bound
/// 3,0) | V(w1 — 22)V i (21 — 3)
Pras |7 f @y — w2) fyl1 — 3)

using the same method as for the (2, 1)-type terms. The (0, 3)-type terms may
be bounded analogously.

dzy dzy dzs < CNp*a*  (5.9)

Remark 5.6 (Higher spin). For higher spin we also have terms of type (1, 1,1).
These may be bounded exactly as the (2, 1)-type terms with two s-wave factors.

5.3. Putting the Bounds Together

Combining Egs. (2.7), (5.6), (5.8), (5.9), (5.3) and (2.8) we immediately get
for any integer K

<¢NT,N1 Hy 7/1NT,N1>
I3
3 . _ _ . B .
:5(%2)2/3 (p?/3+pi)/3) +8rapyp,+O((s; 2 5] 2)55/3) 4 O(N—1/35/3)
+ 0(a®*b™1p?) + O (a®V?p3) 4 Ok (ap®(sab®p(log N)?)K+1)
+ O(sa®p® log(b/a)(log N)?)

+ 0(a*V?p?) + O (p8/3a3 [1+ sab?p(log N)4]>

(5.10)
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for sab?p(log N)? sufficiently small and N, = # P& sufficiently large. As in [11,
Section 4] we will choose N, some large negative power of a®p. By choosing,
say, L ~ a(a®p) =10 (still requiring that % is rational) we have N ~ (a®p)~2°.
(More precisely, one chooses L ~ a((k:}7 + k%)a)_%, see Remark 2.4.) Addi-
tionally, we choose
Sy ~ (a3p)—1/3+e’

where € > 0 is chosen as ¢ = % for K > 6. Recall moreover that b = p~ /3,
Thus, for any fixed integer K > 6 we have

HN‘wNT,Nl>
VE

<¢NT,Nl

_3 212/3 ( 5/3 5/3
—3(677) ('OT tr )

+8maprp; + Ok (apQ(a?’p)l/?’_Q/K) . (5.11)

5.4. Box Method

We extend to the thermodynamic limit using a box method exactly as in
[11, Section 4.1]. We sketch the details here. Using a bound of Robinson [17,
Lemmas 2.1.12, 2.1.13] (more specifically the form in [15, Section C], see also
[11, Lemma 4.3]) we have an isometry U such that Uiy, n, has Dirichlet
boundary conditions in the box Ay 24 = [~L/2 —d,L/2 + d]? and

er 6N
<U1/JNT,Nl H57L+2d’UwNT,Nl> < <'(/JNT,N1 HR[’L’QZ}NT,N1> + 2

where H ]e 124 denotes the Hamiltonian on a box of sides L +2d with Dirichlet
boundary conditions, and H]Pi,e 1, denotes the Hamiltonian on a box of sides L
with periodic boundary conditions. We are free to choose the parameter d. We
will choose it some large negative power of a3p.

We use this to form trial states Uy, n, with Dirichlet boundary condi-
tions in a box of sides L+ 2d. Using then a box method of glueing copies of the
trial state Utn, n, together (as in [11, Section 4.1]) with a distance b between
them (same b as before) we get a trial state Vs, arsn, of particle densities

- 3
Po = wrtiradmmy = Po(1+ O(b/L) + O(d/L)). The state Wassn, aon, has

the energy density

HﬁSN,M3(L+2d+b)“I’MBNT,M3N1>
M3(L+2d+b)3
Hﬁ,L+2d‘UwNT,N1>
3
<¢NT’N1 H]%%i’wNmNi>
< s

<‘I/M3NT,M3Nl

_(Tewn

(14+0(d/L)+0(b/L))

(1+0(d/L) +O(b/L)) + O(pd?).
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Choosing say d = a(a®p) > and using Eq. (5.11) we thus get

: <\I/M3NT,M3N1 H]\1313N7M3(L+2d+b)’\I’M3NT,M3Nl>
R
e(p1, p1) < limsup AL+ 201 b

3 —
< 5(67r2)2/3(p?/3 _H)i/s) 1 8mapip, + Ok (apQ(a?’p)l/?’ 2/K)

= S(Om PG + ) + maipy + Oxc (a(a*p) /%)
since p, = py(1+ O((a®p)~%)). For any 6 > 0 we may take K > (26)~!. This
concludes the proof of Theorem (1.2) for pairs of densities (g1, p;) arising from
the construction above. As noted in Remark 2.4 this is not all possible values
of the densities p,. Finally, we extend Theorem 1.2 to all pairs of (sufficiently
small) densities.

Consider any pair of densities (p1o,pj0) and define py = pro + pjo and
the Fermi momenta k% := (67?2)1/3p(1,63. Let € > 0 be some small parameter
to be chosen later and find (by density of the rationals in the reals) k% with
(14 e)k%y < k% < (1 + 2¢)k%, and k}/k% rational (recall Remark 2.3).
Following the construction above we find a trial state ¢y, n, with particle
densities p, satisfying

(143 +0(e?) + O(N; /%)) po0 < po < (1+ 62+ O(e?) + O(N;?)) pao.

Thus, by constructing the trial states Wyssn, a3y, of particle densities p, as
above we find

(14324 0(*)+0((a®p0) ™)) poo < o < (14 6c+0(?) + O((a®p0)~°)) poo-
Choosing then & = (a®pg)™* we have pyo < jo and js = poo(1+0((a®po)™?))
for sufficiently small a®py. Since v > 0 the energy is monotone increasing in
the particle number, thus so is the energy density. Hence, for any § > 0

e(pT()vplO) < e(ﬁTaﬁl)

3 - - - . _
S(6W2)2/3(P?/3 +5,%) + 8map py + Os(ap?(a®p)'/*~0)

IA

3 _
= 3(67T2)2/3(P%3 + P%S) +8mapropio + Os(apy(a®po)'/*~0).

This concludes the proof of Theorem 1.2.
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