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Abstract

Let X be a vector field and Y be a co-vector field on a smooth manifold M. Does there exist
a smooth Riemannian metric g5 on M such that Y5 = g4 X“? The main result of this note
gives necessary and sufficient conditions for this to be true. As an application of this result
we provide a gradient-flow characterisation for dissipative quantum systems. Namely, we
show that finite-dimensional ergodic Lindblad equations admit a gradient flow structure for
the von Neumann relative entropy if and only if the condition of BKM-detailed balance holds.

Mathematics Subject Classification 49S05 - 46L55 - 34C40 - 82C10

1 Introduction

This paper deals with the following general question:

Let X* € I'(TM) be a vector field and Yg € T'(T*M) be a co-vector field on a
smooth manifold M. Does there exist a smooth Riemannian metric gog on M such that
Yg = gupX?!

1 For the reader’s convenience, we collect some standard notation from Riemannian geometry that is used in
this paper. For a smooth manifold M, its tangent bundle and its co-tangent bundle will be denoted by 7'M and
T*M respectively. A tensor of type (p, ¢) is an element of (TM)®P @ (T*M)®4 . The space of smooth (C°°)
sections of a tangent bundle V is denoted by I'(V). In particular, smooth vector fields and co-vector fields are
denoted by I'(T M) and ' (T* M) respectively. A subscript g in a tensor product ®g indicates that we consider
the symmetric tensor product. Throughout the paper we use index notation. Greek letters denote abstract
indices, Roman letters denote concrete indices. Abstract indices are merely placeholders, e.g., U = Ugy

means that U is a tensor field of type (1, 2). Concrete indices U denote coefficients of a tensor in a basis
expansion. E.g., given a frame (ey), for the tangent bundle and its associated dual frame (e%),, we write
U=U l‘,‘c eq ®e” ® e Here and throughout the paper we employ the usual Einstein’s summation convention,
which implies summation over repeated indices. The notation Yg = gog X“ means that ¥, = g, X“ for any
frame. For f € TI'(R), its differential is denoted by V,, f € T'(T*M). More generally, given a connection V
and a tensor field f € T'(V), we write Vo f € T(T*M ® V) for the tensor field satisfying Vx f = X*Vqy f.
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Clearly, this is not always true: X* and Yg will have to satisfy some compatibility conditions.
Firstly, X* and Y need to have the same set of zeroes (critical points). Secondly, at all
other points m € M, they need to satisfy X*Yy|, > 0. A third (and slightly less obvious)
compatibility condition is obtained by differentiating the equation Yg = gosX*: at each
critical point m € M there should exist a scalar product gog € T,"M ®s T,iM such that
VoYylm = g8y VaX B\, for some (equivalently, any) connection V,. This condition does
not hold automatically: it represents a compatibility constraint on X* and Yg with a natural
interpretation in some examples below.

While these three conditions are clearly necessary, it is not obvious that they are also suffi-
cient. The main result of this paper shows that this is indeed the case, under mild smoothness
and non-degeneracy assumptions; namely, at all critical points, we require non-degeneracy
of the derivative of Yg and we assume that X% and Yg are real analytic in suitable local
coordinates; cf. Sect.2 for the details.

Theorem 1.1 (Main result) Let X* € I'(TM) and Yg € I'(T*M) satisfy Assumption 2.1
below. Then there exists a metric gop € T'(T*M ®s T*M) satisfying Yg = gopX“ if and
only if the following conditions hold:

(i) Forallm € M with Ygl|,, # 0 we have XYyl > 0;
(ii) Forallm € M with Yg|, = 0 we have X*|,, = 0;
(iii) Forallm € M with Yg|,, = O there exists a scalar product g4 € T M ®s T,* M such
that

VaYylm = gﬁyvaxﬁ|m-

The choice of the connection V in (iii) is arbitrary.

We shall also prove a variant of this result where X% and Y are of class C¥*! for some
k € N. In this case, the metric gqp is of class C k. see Theorem 2.7 below.

While Theorem 1.1 is of independent interest, our motivation comes from an open question
on gradient flow structures for dissipative quantum systems, that will be discussed below.

Let us first briefly sketch the structure of the proof. To prove the sufficiency of conditions
(i)—(iii), it suffices to construct a local metric around every point of M. The global metric can
then be constructed using a partition of unity. Around non-critical points the construction is
straightforward: in local coordinates, it corresponds to constructing a positive definite matrix
that maps one given vector to another one. However, it is not trivial to construct a smooth
metric satisfying Yg = g4 X* in a neighbourhood of a critical point.

To solve this problem, we assume that the sought metric has a power series expansion
in a suitable chart around the critical point. We then derive an infinite hierarchy of tensor
equations, which express power series coefficients of degree N in terms of coefficients of
degree at most N — 1 for N > 1. Solvability of the lowest order equation is guaranteed
by compatibility condition (iii). We then prove that higher order equations can be solved
iteratively. Moreover, the norms of the solutions are exponentially bounded in the degree,
which allows us to construct a convergent power series that satisfies the desired equation in
a neighbourhood of the critical point.

Application to gradient structures
Consider now the special case where Y € I'(T*M) is the derivative of a smooth function

f € C™®,i.e, Yg = Vg f.Then our question becomes: Does there exist a smooth Riemannian
metric gqp such that X is the gradient of f with respect to the metric g, i.e., X* = gP Vg f?
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In other words, the question is whether the ODE &t = —X (u) on M can be formulated as a
gradient flow equation u(t) = —V f (u (t)) for a suitable Riemannian metric. Our main result
yields necessary and sufficient conditions.

Gradient flows describe motion in the direction of steepest descent of the function f in the
geometry defined by the metric g. The identification of an ODE as a gradient flow equation
is often fruitful, as there are powerful techniques available for the analysis of gradient flows
[1].

As an application of our main result, we address an open question on the gradient flow
structure of finite-dimensional dissipative quantum systems. To put this result into context,
let us first discuss the corresponding classical setting.

Classical Markov semigroups

Consider an irreducible continuous-time Markov chain on a finite set X with transition rates
qxy > 0for x,y € X with x # y. The associated Markov semigroup (FP;);>¢ is a Co-
semigroup of positive operators on R that preserves the constant functions. Its infinitesimal
generator L : RY - RYis given by

(LY) @) =D quy (¥ () — ¥ ().

yeX

As time evolves, the marginal law of the Markov chain describes a curve (i)~ in 2, (X), the
simplex of probability densities with positive density. It evolves according to the Kolmogorov
forward equation (KFE)

e = L¥pr, where (L) (x) = Y it(¥)qyx — 1(x)qxy
y#X

for u € Z(X). Let 1 € £,.(X) be the unique stationary distribution. It is well known and
easy to verify that the relative entropy
p(x)
Ente () = Y @) log (22

xeX 7 (x)

decreases along trajectories of the KFE.

Much more is true if the Markov chain is reversible, i.e., the detailed balance condition
Txqgxy = Tyqyx holdsforall x # y.Equivalently, this means that the generator L is selfadjoint
in the Hilbert space L?(X, 7). In this case, it was shown in [ 17, 18] that the KFE can be written
as the gradient flow equation of Ent,; with respect to a Riemannian metric on Z,(X). The
associated Riemannian distance is given by a discrete dynamical optimal transport problem,
in the spirit of the Benamou—Brenier formulation for the Wasserstein distance [4]. This
gradient flow structure is a discrete version of the Wasserstein gradient flow structure for the
Fokker—Planck equation discovered by Jordan, Kinderlehrer, and Otto [15]. This construction
has been the starting point for the development of discrete Ricci curvature based on geodesic
convexity with applications to functional inequalities [10-13, 20]

It was shown by Dietert [9] that the reversibility assumption is also necessary: if the KFE
can be written as gradient flow equation for Ent, with respect to some Riemannian metric
on Z,(X), then the underlying Markov chain is necessarily reversible. Combined with the
results from [17, 18], this result characterises reversible Markov chains as exactly those that
admit a gradient flow structure for the relative entropy Ent,;.

In this paper we provide a noncommutative analogue of this result.
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Quantum Markov semigroups

Let ()0 be a quantum Markov semigroup on a finite-dimensional C*-algebra A, i.e.,
(P10 is a Co-semigroup of linear operators on .4 such that &%, 1 = 1 and the operators
P, are completely positive, i.e., & ® I, is a positive operator on A ® M, (C) forall n > 1.
(Here, 1 € A denotes the unit element, and 7, denotes the identity operator on the algebra
of n x n-matrices M, (C).) The infinitesimal generator of (27 );>o will be denoted by .Z.

Let (W,T )i=0 be the adjoint semigroup with respect to the duality pairing (A, B) =
Tr[A*B]. This is a Co-semigroup of completely positive and trace-preserving linear oper-
ators with generator ¢, In particular, the operators 2 map the set of density matrices
PB:={p €A p=>0and Tr[p] = 1} into itself. Here we restrict our attention to the ergodic
setting: we assume that there exists a unique stationary state, i.e., a unique density matrix
o € P satisfying 7o = 0. We shall assume that o is invertible.

The non-commutative analogue of the KFE is the Lindblad equation 0,p; = 7 o Itis
well known [22, 23] that the von Neumann relative entropy

Hy (p) :=Tr[p(log p —logo)]

decreases along solutions to this equation. Moreover, following the earlier works [6, 19], it
was shown in [7, 21] that the Lindblad equation 9,0 = £ p can be written as gradient flow
equation for H, under the condition of GNS-detailed balance. This condition means that the
generator . is selfadjoint with respect to the weighted L2-type scalar product

(A, B)S™ :=Tr[c A*B]

named after Gelfand, Naimark, and Segal. As in the discrete setting above, the associated
Riemannian metric is related to a dynamical optimal transport problem.

It is now natural to ask whether the condition of GNS-detailed balance is also necessary
for the existence of a gradient flow structure for the von Neumann relative entropy. However,
it was shown in [8] that a different symmetry condition is necessary, namely the condition of
BKM-detailed balance. This condition corresponds to the selfadjointness of . with respect
to another weighted L>-type scalar product

1
(A, B)BM .= / Trlo !~ A*o* B] ds,
0

named after Bogoliubov, Kubo, and Mori. As the condition of BKM-detailed balance is strictly
weaker than GNS-detailed balance [8], there was a gap between the known necessary and
sufficient conditions. As an application of Theorem 1.1 we prove the following result, which
closes this gap.

Theorem 1.2 Let . be the generator of an ergodic quantum Markov semigroup on a finite
dimensional C*-algebra A, and let o € P be its stationary state. The following statements
are equivalent:
(1) The operator Z is selfadjoint with respect to the BKM scalar product (-, -)B™.
(2) There exists a Riemannian metric on the interior of Q3 for which the Lindblad equation
o = LV p, is the gradient flow equation of the von Newmann relative entropy Hy.

The implication (2) = (1) was proved in [8, Theorem 2.9]. The converse implication is
new.
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Structure of the paper

Section 2 contains the main result and a reformulation of the result in the gradient case. The
proof of the main result is contained in Sect. 3, except for the construction of the local metric,
which is presented in Sect.4. Section5 deals with the construction of a metric of class C¥
under the assumption that the fields X and Y are of class C k+1 The application to quantum
Markov semigroups is contained in Sect. 6.

2 Main results

Let X* € I'(T M) be a vector field and Yg € I'(T*M) be a co-vector field on a smooth
manifold M. Let Ny := {m € M Y|,, = 0} be the set of critical points of Y.
In the sequel we impose the following assumptions on the fields X* and Yg.

Assumption 2.1 (i) (Non-degeneracy) The bilinear form V,Ygl,, is non-degenerate for
all m € Ny for some (equivalently, any) connection V.

(ii) (Real analyticity) For all m € Ny there exists a neighbourhood U,, > m, an open set
Q c R", and a coordinate chart Om : Up — 2, such that the fields X4 := X0 (pm
Q — Rand 70 i=Y,0¢," : Q2 — Rarereal analytic at ¢,, (m), i.e., X4 and Y have
a converging power series expansion around ¢, (m) foralla € {1, ..., n}.

The non-degeneracy assumption (i) implies that critical points are isolated. This assump-
tion is necessary, in the sense that it cannot be removed in the statement of our main result; see
Remark 2.5 below. In the special case where Yg = Vg f is the differential of a function f, the
assumption (i) corresponds to the invertibility of the Hessian of f. The second assumption
is a mild regularity condition. Note that its validity depends on the choice of the chart.

Remark 2.2 The choice of the connectlon in (i) above is irrelevant, since the difference of
two connections V and V satisfies V Yg— VoY =T ﬂYy, where Faﬂ isa (1, 2) tensor. In

particular, V Yg = Vo Yg for m € Ny. For the same reason, the choice of the connection is
irrelevant in (iii) in the following result.

Using the notation introduced above, we restate our main result (Theorem 1.1) for the
convenience of the reader.

Theorem 2.3 (Main result) Let X* € I'(TM) and Yg € I'(T*M) satisfy Assumption 2.1.
Then there exists a smooth metric gop € IU'(T*M ®s T*M) satisfying Yg = gapX®, if and
only if the following conditions hold:

(i) X“Yylm > 0 forallm € M\ Ny;
(ii) X%|,, =0 forallm € Ny;
(iii) For all m € Ny there exists a scalar product g5 € T M ®s T,x M, such that

VozYy lm = S_',Byvaxﬁ lm s
where Vg is an arbitrary connection.

Remark 2.4 As the necessity of the three conditions has been discussed above, it remains to
prove their sufficiency. This will be done in Sect. 3 below.
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Remark 2.5 1t is worth pointing out, that Theorem 2.3 fails when the non-degeneracy condi-
tion (i) in Assumption 2.1 is violated.

To see this, we work in R? with the standard coordinate chart and write x = (x1, xp) for
x € R2. Consider the vector field X and the co-vector field ¥ defined by

|x |2 X1+ xp
X = NG [—xl +x2
These fields are polynomial, hence real analytic. (Furthermore, ¥ = V f, where f(x) =
11x|*) Since Ny = {0} and (X, Y)(x) = |x|%/~/2 for all x € R?, it is readily seen that
conditions (i) and (ii) from Theorem 2.3 are satisfied. Moreover, since VX (0) = 0 and
VY (0) = 0, condition (iii) from Theorem 2.3 holds as well (for any scalar product). However,
the non-degeneracy assumption (i) in Assumption 2.1 is violated. We will show that there
does not exist a continuous metric gqg satisfying Yg = g X*.

To obtain a contradiction, suppose that such a metric g,g exists. Let G, denote the coor-
dinate matrix of the metric gog. Using the matrix U := %[ _11 { ], which describes a rotation

] and Y (x) = |x|’x.

by —%, we can write X (x) = |x|?> Ux. Therefore, the equation Yg = gupX® implies that
x = G, Ux forall x € R?. Applying this identity to 7x with 7 € R, we infer that x = G, Ux.
Since we assume continuity of g,g, we therefore obtain

GoUx = lim G;, Ux = x,
t—0

hence U = G, ! Since G, Lis symmetric, but U is not, this is the desired contradiction.

In the special case where the co-vector field Y, := V,F € I'(T*M) is the derivative
of a scalar function f : M — R, the above result admits a convenient reformulation.
Assuming that f attains its minimum at a unique critical point m € M, the next results
shows that property (iii) above is equivalent to the symmetry and positivity of the linearised
map A : T; M — T; M, Z — VzX, at the critical point m. The relevant scalar product is
given by the Hessian of f.

Corollary 2.6 (Gradient case) Letr f € C°°(M) be a function and X* € T'(TM) be a
vector field, such that X* and Yy, := V, f satisfy Assumption 2.1. Suppose that Y has a
unique zero, m € M, at which f attains its minimum. Then there exists a Riemannian metric
8ap € T(T*M ®s T*M) satisfying
Vﬂf = gaﬁXa7
if and only if the following conditions hold:
(i) Vxe flm <0 forallm € M withm # m;
(ii) X%|m =0;
(iii) The linear map A = VaXﬁ|n-1 : TaM — T;M is positive and symmetric2 with
respect to the Hessian scalar product heg := Vo Vg fl7 on Tz M.

Proof 1t is clear that the conditions (i) and (ii) match the corresponding conditions in Theo-
rem 2.3.

Suppose now that condition (iii) from Theorem 2.3 holds, for some scalar product g*# €
TaM ®s T M. We have to show that

hap(AZ)* WP = hog Z* (AW)P for all Z*, W¥ € T,;M, and

2 More explictly, symmetric means that hap(AZ)* wh = hag Z% (A W)P forall Z%, W € Tz M.
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hap(AZ)*ZP > 0 forall Z% € TyM, Z% # 0.

To show this, note that (AZ)* = Z¥V, X% = Z7g*°hs, for Z* € T M. Hence, for
W e T;;; M, we see that the expression

hap(AZ)* WP = hogg®hs, 2 WP

is invariant under interchanging Z and W, which proves the desired symmetry. Moreover,
this expression implies that /g (AZ)2ZP = gaﬁz Z,g where Za = haﬂZﬁ Since hqp is
invertible by Assumption 2.1 and g*# is positive definite, it follows that hop(NZ)*Z £ >0
whenever Z¢ # 0.

Conversely, suppose that condition (iii) of the corollary holds. For all Z%, W* € T; M
it follows that hyg(AZ)* wh = gaﬁZ“ W# for a positive and symmetric tensor go,,g €
TiM ®s TiM. Since hoag(AZ)* WP = hoagZVV,, X*WF we infer that §up = hys Ve X7
Now define

g% = n*%s, WP € TaM ®s TuM
Since Zyp is positive and symmetric and h*® is invertible, g%/ defines a scalar product.
Moreover, we have the desired identity Vy X Bl = gPr hgy , which completes the proof. O

In the special case were Yg is the derivative of a scalar function f, the existence of a
metric satisfying Vg f = gopX® was proved in [3] on the complement of the set of critical
points. The existence of a metric with the desired property on the whole manifold was stated
as an open question [3, Question 1]. Subsequently, under an additional assumption, which
corresponds to (ii7) in Theorem 2.3, the existence of a continuous extension of gug to all of
M was obtained in [5]; cf. Sect. 5 below for more details. However, the metric constructed in
[5] is in general not differentiable, even if the fields X* and Y are smooth; see Example 5.2
below.

Here we show that C¥-regularity of the metric can be obtained if the fields X and Yg are
assumed to be of class C¥+1,

Theorem 2.7 (Existence of a metric of class C¥) Ler X and Yg be of class Clon M
for some k € N and assume that VoYg|, is non-degenerate for all m € Ny for some
(equivalently, any) connection V. Then there exists a metric gqp of class C kon M satisfying
Yg = gup X if and only if conditions (i), (ii), and (iii) of Theorem 2.3 hold.

The proof of this result will be given in Sect. 5 below. It relies on the construction based
on tensor equations that we develop in the proof of Theorem 2.3.

3 Proof of the main result

Our main result (Theorem 2.3) relies on two local versions of this result. First we construct
alocal solution around any non-critical point m € M \ Ny. In the special case were Y is the
derivative of a scalar function, a different construction of a metric away from critical points
was carried out in [3]; see Sect. 5 below.

Theorem 3.1 (Local solutions around non-critical points) Suppose that X* € I'(T M) and
Yg € T(T*M) satisfy X*Yo |5 > 0 for some m € M. Then there exists a neighbourhood U
of m and a smooth local metric gop : U — T*M Qs T*M such that

Xl = 8P Yglm 3.1)
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forallm € U.

Proof Since X*Yyl|n, > 0, we have Y|, # 0. Therefore, we can complete the co-vector
field eé =Y, € T*M to a dual frame FE := (egl, ..., el) in a neighbourhood V of m, i.e.,
(eg[|m, ..., €hln) is a basis of T, M for all m € V. The coordinates of X with respect to
this frame are given by X/ = X%, : V. — Rfor j = 1, ..., n. Since X'|;; > 0, the set
U =V N{X! > 0} is still a neighbourhood of 7. Let us define X’ : U — R*! and
f:U— Rby

ol w2 o . X! 2 v/ |2

X =X ..., X", f = > }_(1|X|.

We then define the bilinear form g in coordinates G = (g*/ )i j=p as

Xt (xnHt
G:=|g, (X ,
X fIn—l
where I, is the identity matrix. Since the matrix G is symmetric, the bilinear form g is
symmetric as well. To verify that G > 0, we write

X! _ X!
\/{(T?X [\/g \/%(X/)T] + [% Flt — %X/(X’)T}
vl

G
X!

X 0 x!
2 - =—1,>0,
[0 (f - ,—§,|X’|2)1n1} 2"
as desired. To complete the proof, we compute
¢PYpel, = gPelel = ¢! = X' = x“el,
which shows (3.1). ]

The second local version of Theorem 2.3 concerns the construction of a smooth local
metric in a neighbourhood of a critical point.

Theorem 3.2 (Local solutions around critical points) Let X* € I'(T M) and Yg € T'(T*M)
satisfy Assumption 2.1. Suppose that X*|z = Yolm = 0 for some m € M, and suppose that
there exists a scalar product g € T; M ®s T;; M, such that

Vo XPlia = 8% Vo Yy L.

Then there exists a neighbourhood U of m and a smooth local metric gop : U — T*M ®s
T*M such that

Xa|m = gaﬂyﬂ|m
forallm € U.

The proof of Theorem 3.2 is the main challenge of this paper and will be carried out in
Sect. 4.

We now show that the main result (Theorem 2.3) follows readily from the local Theo-
rems 3.1 and 3.2 using a partition of unity argument; see, e.g., [14, Theorem 1.131] for the
existence of a partition of unity.
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Proof of Theorem 2.3 The local results Theorems 3.1 and 3.2 guarantee that for any m € M
there exists a neighbourhood U, and a local metric gy defined on U,,, such that the desired
identity

X% = ga’BYﬁ,

holds on U,,.

Let { fx}xen be a partition of unity subordinated to the cover {U,, : m € M} of the
manifold M, i.e., there exists a locally finite open covering {Vi}ren of M, such that each
Vi is contained in U,,, for some m; € M, each function f; : M — R is nonnegative and
smooth and its support is contained in Vj, and we have ZkeN fx(m) = 1forallm e M
(where the sum is finite for each m). We then define

g =) it

keN

As g®P is a finite convex combination of the scalar products gf,‘,’z, it is a scalar product. By
linearity, g*? satisfies the desired equation X* = g*# Yg. O

4 Local solutions around critical points

In this section we give the proof of Theorem 3.2, which deals with the construction of the
metric around critical points.

Fixm € M and let ¢ = (¢',...,¢") : U = Q be a coordinate chart which maps a
neighbourhood U of i onto an open set 2 C R", where n is the dimension of the manifold
M . Using this chart we can identify the vector field X* € I'(T M) definedon U € M with the
function X% : @ — V := R”, where X* := (X!,..., X") with X/ := (Vop/X*) 0 o~ L.
Similarly, the co-vector field Yg € I'(T*M) defined on U € M can be identified with a
function )7/3 :  — V¥, and the metric g4 € I'(T*M ®s T*M) can be identified with a
function gup : @ — V* ®s V*. In the remainder of this section, we will work on a fixed
chart and remove the tildes to lighten notation.

4.1 Motivation of the tensor equations

Let x € Q be such that Yg|z = 0, and suppose that the identity X% = g*Py, s holds in a

neighbourhood of x. For N € N and all indices ¢y, ...,cy € {1,...,n} we will derive a
system of equations that the partial derivatives ch’f,ACN = ¢y -+ 0oy g0 satisfy at x = X.
Taking partial differentives 9. for ¢ € {1, ..., n} yields

9. X% = 3.8, + g°3.Ys.
Since Y|z = 0, we find that
X" = g3,
at x = x. Taking second order derivatives, we find, for c1,c2 € {1, ...,n},
8,0, X = 3, 8,87V + 0, 870, Yo + 8,870, Y + 8778, 00y V.-

As Yp|z = 0, the first term on the right-hand side vanishes, and we infer that the tensor of
first-order derivatives TC‘”’ := 9.¢°" is a solution to the system

Uepp TSP + U p T = RS

cie?
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153 Page 10 of 22 M. Brooks, J. Maas

where Uap, := 8,Yp and RY, ., = 0, 0c, X — g0, 0, V).
More generally, for N = 1,2, ..., we find

ey -+ Z ang C[N]\S bs

where we use the shorthand notation 9.y = Bcil "'3c,-k for § = {i1,...,ix} € [N] =

{1,...,N}withi, # i, for u # v. Since ¥}, = O, the term with |S| = N vanishes. Thus,

the derivatives of order (N — 1), given by TC“lb en_y = 0c Oy g% solve the system
Y UhT o) = RE oy (4.1)

where U, := 9.Y}, and

a o—
Reyoey 7= ey Z 858" depyps Vi
\S|<N L

depends on (derivatives of) X and Y, and on derivatives of g of order at most N — 2. The
notation T”b oy eans that the index ¢; is removed.

The 1dent1ty (4.1) suggests an iterative scheme to construct a local solution g% to the
equation X% = g®fy s around a critical point X € U as a power series

[ee)

1 _ .
g0 1= STy (= BT (= D)
N=0

with coefficients T,fi‘.g..m € V&2 (V*)®N The idea is to define, for N = 0, T% := gab,
where g € T M ®s T3 M is the scalar product satisfying

Xz =& 9.Vl

which exists by assumption. Higher order Taylor coefficients T“b ¢ are then constructed by
iteratively solving a system of tensor equations of the form (4. 1)

Section 4.2 deals with the existence of a solution to these equations. The construction and
the convergence of the iterative scheme is contained in Sect. 4.3.

4.2 Solving the tensor equations

We start by formulating an explicit solution to the tensor Eq.(4.1) of order N = 2. We
will make the crucial assumption that Uyg is invertible. In our application, this assumption
corresponds to the non-degeneracy in Assumption 2.1.

Lemma 4.1 Let V be a finite-dimensional vector space, and let R;a eV (V*®sV*) and
Uup € V* @ V* be given. We assume that Uyg is invertible with inverse W cvVQV,ie.,

UppWFY =57
Then the tensor T;‘B € (V®V)Q® V* defined by

1
af .~ BS pa aspb aa yi7 BB’
Ty = 2<W ng + W RyS U,, W WFFE'R ’ﬁ)
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satisfies the equations Ty’ - T)f3 * and
Usp TS + U, T;P = R (4.2)

Proof The fact that T]f‘ F— Tf  follows readily from the definition. To show that (4.2) holds,
note that by definition of 7',

2sp TP = RS + UsgW R, — U, W™ 'R, (4.3)
24T = R, + Uy W Rfe — Usy W' RY, . (4.4)

Relabeling indices on the right-hand side and using the symmetry of R, we observe that the
second term in (4.3) equals the third term in (4.4), and the second term in (4.4) equals the
third term in (4.3). Summing these identities, we thus obtain (4.2). O

We also need the following multilinear generalisation.

Lemma4.2 Fix N > 2. Let V be a finite-dimensional vector space, and let R}Ofl_,.yN €

V Q (V®N and Uyp € V* @ V* be given. We assume that Uyg is invertible with inverse
W € V ® V. Then the tensor T;,)ié..qu e V&2 @ (VW=D defined by

! 1
fowen PR °R — B8 RV
Ty = N<W RSy T WER ay, wa TN ZU ,W ‘WP R BTy 1)
i=1
4.5
satisfies
N
af _ pa
Z Unib )iy = By (4.6)

Proof The fact that T belongs to V®2 @ (V*)® W=D follows readily from the definition.
To show that (4.6) holds, note that

N N
1
of _ BS R o)
> :UnﬂTy,...y,...,yN =N > :{UmﬂW Sy1--giyy T UnigW RSw--%---m
o1 i=1
1

By, e
2 Uy g WP Uy W R ~~y“,~~~-wv}
// 1

N
1 a ad ph o’
Y ZI: {R”'"VN T Ui WoRs, g Z# Uy, W oryn Vi YN
i= JF

This yields the result, as the first term has the desired form, and the second term cancels
against the third term, as can be seen by renaming indices (o, y]’.) into (8, B). O

4.3 lterative construction of the power series & Proof of Theorem 3.2

We now place ourselves in the setting of Theorem 3.2. Thus, let X% € I'(TM) and Yg €
I'(T*M) satisfy Assumption 2.1, and suppose that X*|;;; = Yy |,z = O for some fixedm € M.
We assume that there exists a scalar product g € T;; M ®s T M satisfying

Vo XPli = %7 Vo Yy 1.
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Our goal is to construct the local metric g®# around /i as a convergent power series centered
at x = @(m). We now present the definition of its coeffients TC“II.’_, N which is motivated by
the Eq.(4.1). Our computations will be performed in a fixed chart ¢ : U — € around m
which satisfies Assumption 2.1.

Definition 4.3 (The power series coeffients TC“I’,’,,CN ) Write Uyp := VYg|;n for brevity.
e Initialisation: We define the initial tensor 7% € V ®g V of our iteration as

Tab gtlb

e l[terative step (special case N = 2): We first define R"‘(S eV ((V*®s V*) by
R, = 0:04 X" — T%8.9,Y)
and then define T; = (V ®s V) ® V* as the solution to the system
Uap T + Uy TS = RY,

constructed in Lemma 4.1.

e lterative step (N = 2,3, ...): We first define R% €V Q (V%N in terms of the

Y1 YN
lower order tensors 7%, T;,)fﬁ e, T;j’.g..y,\,f2 by
- b
RE oy =0y 0y X = " T By V. 4.7
SC[N]
IS|I=N—1
Here we use the shorthand notation 7 := Tci1 iy for § := {i1, ..., i} withi, # i,

for . # v. Then we define the tensor Tﬁ’s € VW=D o (V*)®s2 a5 the solution

to the system

YN—1

N
b —
ZU“ Ta--~i--~c Ra “eN?

constructed in Lemma 4.2.

Remark 4.4 The nondegeneracy assumption on the derivative V, Yg|; from Assumption 2.1
is crucially used in this construction, as the application of Lemmas 4.1 and 4.2 requires the
invertibility of Ugg.

Our next aim is to show that the power series

o0

1 = -
ah|x = Z ﬁTC{IIZ‘)"CN (x — ) -- (x —X)N
N=0 """

converges and defines a Riemannian metric in a neigbourhood of x. For this purpose we
equip the spaces V& @ (V*)®¢ with the norm

by
|Wh=& o, [ Wal

,,,,,,,,,,

where W k are the coordinates of Wo’?l' o’?,f in the standard basis of R”. For brevity, let us
write

v = IR e and oy = TS5, [l

We then obtain the following crucial growth bound on the power series coefficients.
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Lemma 4.5 There exist constants C, p < oo such that ty < CN!p" forall N > 1.

Proof Recall that we work in a chart for which Assumption 2.1 holds. Therefore, the real
analyticity assumption implies that there exist constants C’, g < oo such that

|9, -+ 3y XI5 | < C'Mg™ and |9, -+ ey, Yalz| < C'MIgM (4.8)

forallm e Nandall ¢y, ...,cpy € {1, ..., n}; see, e.g., [16, Proposition 2.2.10].
Since Uyp is non-degenerate by Assumption 2.1, its inverse WP is well-defined and we
have

K :=max {[|Uggllos. [W* [0} < c0.

Using the bounds on the power series coefficients from (4.8) and the definitions of 7 and R
from (4.5) and (4.7), we obtain the following relations between the norms ry and #:

C'n

N N N—|S
mfc’q + 7 § ts1g™ TSN — |S))!
SCIN]
|SI<N—1
C'n N-2 N N-2 fe
_ /N N—k ar _ N
=C'qN + Vi k§_0<k>tkq (N—k!=Cg <1+nk§_ k!qk>

and

' <—1(2K T+ K33 ) LS
_ nKr n’ry) =: —ry,
Nl_N N N NN

where K < oo depends on K and n. Using these estimates we shall now prove the desired
result by induction.

We thus assume, for some N > 0, that the desired inequality #; /k! < Cpk holds for all
k < N, with suitable constants C, p < co. We will now show that 1y 41 /(N +1)! < CpN“.
Indeed, using the inequalities above and the induction assumption, we obtain

~ N N
ING1 K & N+2< 1k ) )& N+2( Pk
< rni2 < C'K 1410y X ) <k 1+ Cn (7) .
(N+D! = (N+2)1' M 1 gk!qk 4 ; 4

Assuming, without loss of generality, that C > 1 and p > g, this yields

N
t ~ N+1 N—k+1 ~
_NFL CpN“c/Kq((Z) +n) (g) > < Cp"’“c’Kq(g + 4 )
(N + D! 4 i \P p pP—q

By choosing p sufficiently large, the last term in brackets can be made smaller than (C’ K 9~
This yields the result. O

Corollary 4.6 There exists a neigbourhood U > X, such that the power series

o0

1 _ _
gl=)" ﬁTg’i,cN (X —X)°T-os (x — XN 4.9)
N=0

converges for all x € U, its inverse defines a Riemannian metric, and the equality X“|, =
g“ﬁYﬂ|x holds for all x € U.
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Proof The definitions yield

T =) (=N <V T llsollx — XY,
where [|y|l; := Y, |y%| for y € V*. Since ||T;'1',3..VN loo < CN!pY by Lemma 4.5, we infer

that the power series (4.9) converges for |x — x||1 < 1/(pn).

To verify that g*¥ defines a metric, note first that g%’ = g” by construction. To show
that g%P is positive definite when x is close enough to ¥, it suffices to note that g*#|; = g%
is positive definite and the map x — g%|, is continuous.

Since the tensor fields X%, Yg, and g*P are given by convergent power series, and since
X%z =g Yg|z by assumption, it is enough to verify that all derivatives at x coincide, i.e.,

ey -+ ey X9 = By -+ Doy (872 V)

forall N e Nandall ¢, ...,cy € {1,...,n}. To prove this identity, we use the notation
from Definition 4.3, to obtain at x = X,

Ocy =+ Ocy (gabe) = Z aCSgabaC[Nl\S Yy

SC[N]
= (801 o CNg )Yh +Z( ey 0y cl+1 "'aczvgab>3c,-yh
i=1
Y 858 Bepys Yo (4.10)
SC[N]
IS|<N—1

=0+ Uap T o+ (98 X = RO, )

= Oy - Doy X°.

To obtain the third equality, we use that x is a critical point, together with the definitions of
R, T, and U in Definition 4.3. In the final step we use the tensor Eq. (4.6). ]

The proof of Theorem 3.2 is now complete, as the metric g*? constructed above can be
pushed back to M using the chart ¢.

5 Construction of a metric of class C¥

Let X be a vector field and Yg be a co-vector field on a smooth manifold M. As before, let
Ny := {m € M Y|,, = 0} be the set of critical points of Y. In this section we weaken the
regularity assumptions on X and Y. In Proposition 5.1 these fields are assumed to be merely
differentiable. Subsequently we provide the proof of Theorem 2.7, which deals with fields
of class C**! for k € N.

The following result, which does not require an iterative scheme, is known in the special
case where Y is the derivative of a scalar function [3, 5]. In this setting, the existence of a
metric with the desired property away from critical points is proved in [3]. The construction
of the metric below is taken from there. It relies on the unique decomposition of vector fields
into a component parallel to X and a component annihilating Y, which only works away from
critical points. The proof of the existence of a continuous extension to all of M is adapted
from [5].
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Proposition 5.1 (Existence of a continuous metric) Let X* and Yg be differentiable fields
on M and suppose that the bilinear form VyYg|,, is non-degenerate for all m € Ny for some
(equivalently, any) connection V. Suppose that the following conditions hold:
(i) X“Yylm > 0 forallm € M\ Ny;
(ii) X%y =O0forallm € Ny;
(iii) For all m € Ny there exists a scalar product g,, € T, M ®s T,, M, such that

Vayylm = gﬂyvaxmmv

where Vg is an arbitrary connection.
Then there exists a continuous metric g8 on M satisfying Yg = g4 X*.
Proof Let m € M \ Ny be a non-critical point, hence X|,, # 0 and Y|, # 0 by (ii). The

assumption (i) implies that we have the direct sum decomposition 7, M = Y,- @ span{X,,},
hence every vector Z € T,, M can be uniquely decomposed as

Z,Y,
Z=29 470  with z@ eyt and zV .= Mxm € span{X,,}.
m
(Xms Yim)
Let g = gup be an arbitrary continuous metric on M satisfying gl,, = gp, at all critical points

m € Ny. Following [3], we construct a perturbation of g on M\Ny as follows:

(zW,y)y (why)

(X, 1)
for Z, W € T'(T M). In view of (i), it readily follows that g defines a continuous metric on
M \ Ny. It remains to show that g can be continuously extended to all of M.

It will be convenient to use abstract index notation. Taking into account that (Z D yy =
(Z,Y)yand (WD Yy = (W, Y), it follows from the definition that
Yo¥g — 8ay X" Vg — 8yp X Yoy 816XV X0VsYp
X3yy (X38Ys)?
Introducing the deficit Rg := Yg — gop X, we can write
-~ RyYg +RgYy R, X7Y,Yg
= — . 5.2
8ap = 8ap + X%, (X37;)2 (5.2)
Fix a critical point m € Ny. Using assumptions (i) and (iii) we shall show that g|,, —
glm as m — m, following the arguments in [5]. Using the notation from Sect.4, we shall
perform a Taylor expansion of the terms in (5.2) in a fixed chart, where m € M corresponds
tox € R". As X and Y are differentiable, and x is a critical point, it follows from (i) that

TZ, W) :=g2z9, w4 , 5.1

gotﬁ = gup +

X(x) = VeX“(X)(x —X) 4+ o(lx —x]) and Y,(x) = VeYp(X)(x — %) + o(|x — XJ).
(5.3)

Since g, (x) is a scalar product, there exists k > 0 such that gub(i)v"vb > /c|v|2 for all
v € R". Furthermore, V, X¢ is non-degenerate by assumption (iii) and the non-degeneracy
assumption on VY. Therefore, |V, X 2|2 > ¥|v|* for some constant & > 0. Using these
inequalities, together with (iii), yields

XY, (x) = VX (F) Ve Yo (@) (x — )P (x — ) + o(|x — )
= Zad (D) VpX @)V X! (D) (x — 0’ (x = D) +o(lx — %)
> k| VX4 () (x — ) + o(lx — 5 )

> kK|x — X7 + o]x — XI),

5.4
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which bounds the denominator in (5.2) from below. As for the terms in the numerator, we
first note that X% (x) = O(lx - )El) and Yp(x) = 0(|x — )E|). These bounds trivially imply
that Rp(x) = O (|x —X |) as well, but this is not sufficient. The key point of the proof is that
this bound can be improved. Indeed, using (iii) and the continuity of g at x, we obtain
Rp(x) = (Yp — gapX“)(x)
= VeYp(X)(x — X)° = gap(X) Ve X (X) (x — X) + o(|x — X|)
= (8ab(X) — 8ab(X)) Ve X (X)(x — X)° 4 o(|x — X)

= 0(|x —)E|).

(5.5)

It now follows from (5.4) and (5.5) together with the bounds on X and Y, that the fractions
in (5.2) vanish as x — X. This shows that g can be continuously extended to M by setting

Sab(X) 1= gap(X). o

While the metric g constructed in the proof of Proposition 5.1 is continuous, it is not in
general differentiable, even if the background metric g4 and the vector fields X and Y4 are
smooth. Here is an explicit counterexample.

Example 5.2 Let M be the open unit ball in R2. We work in cartesian coordinates. Set X (x) =
Y (x) = x for x € M, and consider the background metric gqg defined by

_|1+x0
8ab(x) = |: 0 1i|

for x = (x1,x2) € M. Since g is smooth and g|op = I, it is a valid background metric. An

explicit computation using the identity R(x) = [—xlxz] yields

0
~ (x) 1 X; d V% (x) 4 x1x§
g1x) =14+ -——=5= an 1811x) = —4—F—5—

for x € M \ {0}. The latter is a non-constant homogeneous function and, therefore, its limit
as x — 0 does not exist. We conclude that g, does not extend to a C! metric on M.

Theorem 2.7 shows that better regularity properties can be obtained by a careful choice
of the background metric g,g. In the following proof we define g, by making use of the
construction in Sect.4, which yields improved bounds on the deficit Rg := Yg — gopX“
around critical points. This allows us to construct a metric gug of class C K whenever X% and
Yg are of class CK+1.

Proof of Theorem 2.7 First we note that the necessity of conditions (i) and (ii) was already
observed in the introduction. The necessity of (iii) follows, even when g is assumed to be
merely continuous, from the expansions for X and Y in (5.3) and the expansion g(x) =
g(x)+ 0(|x —X |) in local coordinates around a critical point x. Therefore it remains to show
that these three conditions are also sufficient.

Asin Proposition 5.1, we construct a metric of the form (5.2) on the non-critical set M \Ny:

RoYs + RsYy R, XVYoYp
X%Ys (X%Ys)?
where Rg := Yg — gop X* denotes the deficit, and gqp is a background metric on M that will

be carefully chosen below. As noted before, it is immediate to verify that the desired identity
Yg = ZupX® holds on M \ Ny.

gup = gap + , (5.6)
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Construction of the background metric Fix m € Ny. As in Sect.4 we work in a fixed
coordinate chart where m corresponds to x € R". In these local coordinates we then define
the background metric by

k

g () =y Lrar — B — B

NI cren
N=0

for x in a small neigbourhood around x. It is crucial that we use the tensors Tﬁjﬂ ..yy that were

constructed in Definition 4.3. Note that Tﬁ'?..yN is indeed well defined for N < k due to our
assumption that X% and Yg are k + 1 times continuously differentiable. As T%P is positive
definite, it follows that (g7 )¢p defines a metric in a neighbourhood of x.

For each cricitical point m, this construction yields a Riemannian metric in an open
neighbourhood V;; of m. By the non-degeneracy assumption, we may assume that the sets
{Vinhineny are pairwise disjoint. Let Uy be an open neighbourhood of 7 satisfying Uz € Vi
and let fz : M — [0, 1] be a smooth function on M satisfying fy |y, = 1 and fzla\v; = 0.
Using an arbitrary metric (g«)op on M and the function f =1- ZnaeNY [, we define
gap = D fi(8iap + [Zup. (5.7)

meNy

whichyields a C* metric 8ap on M satisfying guglm = (g7)aplm forallm € Ny andm € Uy.
The crucial property of this background metric g, which will be used below, is that the
deficit Rg := Yg — gop X“ satisfies

ey = 0c, Rplm =0 (5.8)

for all m € Ny and p < k + 1. This follows from the definition of the tensors Tc‘lﬂ N using
the computation (4.10).

Differentiability of the metric To verify that g, is k times continuously differentiable,
we will show that the partial derivatives

Ry Yp

R, X"Y,Yp
.BC”XTY,; Zva fetf

and Vapere, = B9, =y s

Uchl...C,, = 8c1 e

can be continuously extended from M \ Ny to all of M for p < k. In view of (5.6) this yields
the desired result.

We use the notation from Definition 4.3, thus d.; = Bcl.l S 8% for § = {iy,...,i4} €
{1,..., p} withi, # i, for u # v. With this notation we have
u (-Dter s s
Upercy = 9 > ﬁacsl(x Ys) -+ 0e5,(X°Y5) Oy Re 0y Y
0 (51 Sen B, (X°Ys)
2 (—Dte SuN2 o rebu2 ey
Vape.c, = Z Z 78631()( YS) ”'dCSg(X Yr?) e Ry dCB(X YaYﬂ)’

2011
=0 (81,0 Se. A Blex, (X°Ys)

where X, is the collection of all possible partitions of {1, ..., p}.
Let us fix a critical point i € Ny and let X be the corresponding point in R". Recall from
(5.4) that

(x°vs) ') = o(Ix — 7 7?).
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Furthermore, since X* |z = 0 and Y, |z = 0, Taylor’s formula yields, forany S € {1, ..., p},
des (X°5)(x) = O(Jx — x| F718D+), 9 Yp(x) = O(|x — x| 715D+),
2 —(4— —(3—
e (X°F5) () = O(Ix —X|471D+), 8, (X7 Yo Yp)(x) = O(|x — & C715D+).

To estimate d.¢ Ry (x) we use the crucial point, observed in (5.8), that our background metric
is constructed so that d.; Rg(x) = 0 when |S| < k + 1. This ensures that

des R (x) = O(Jx — &[FF27181),

Combining these bounds, we estimate the right-hand sides of Uyge,..c, and Vype,..c, as
follows:

1
Wacsl(xﬁys) + 05, (X°¥5) 0y Ra ey Yp = O(Ix — "),
8
1 2 2 -
W 8CS1(X8Y5) " 'acs[(X(SY(?) dc\Ry 8CB(XVY01Yﬁ) = O0(lx - x|v)’

where the exponents u and v satisfy
w==20+1)+2=I81), +...+ 2= 1Sel), + (k+2—1Sal) + (1 = IS5, .
4+ D+ @E—1S1) + A+ @ 1Sel), + (k+2—1Sal) + (3—181), -

Since [S1]| + -+ + [Se|l + |A| + |B| = p for {Sy,..., 8¢, A, B} € X)), we obtain u >
k—p+1>1landv >k — p—+ 1> 1, which shows that

Uotﬁcl...cp = O(|X _)E|) and Vaﬂcl.“cp = 0(|X _i|)

v

Therefore Uyp cr.cp and Vg c1..cp Can be extended continuously to all of M by assigning
the value zero for m € Ny. ]

6 Application to quantum Markov semigroups (QMS)

In this section prove Theorem 1.2 by an application of Corollary 2.6. As in Sect. 1, let .
be the generator of an ergodic quantum Markov semigroup (£);>¢ on a finite dimensional
C*-algebra A with stationary state o € 3. The manifold under consideration is the set of
strictly positive density matrices

Pir={peP:p>0}
Note that B is a relatively open subset of the affine space o + T C A, where
T:={AcA: A=A" Tr[A] =0}

Therefore, the tangent space of 3 can be naturally identified with 7. We will apply Corol-
lary 2.6 to the triple (M, f, X) where M := 3 and

P+ >R f(o) = Hs(p) = Tr[p(log p — logo)],
X: Py —>T, X(p):=Lp.

The functional H, is everywhere strictly positive, except at its global minimum o . More-
over, a standard computation shows that, for p € 8, and A € T,

de|,_oHo (p + €A) = Tr[(log p — log o) Al 6.1)
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Therefore, the differential of H, is everywhere non-zero except at o, so that we are in a
position to apply Corollary 2.6.
Recall that we are interested in the BKM-scalar product on A given by

1
(A, B)¥*™ := Tr[A*.#,(B)], where .#,(B) ::f o' Bo* ds,
0

for A, B € A. We refer to [2] for a recent study of this scalar product. It is natural to also
consider the inner product on A defined in terms of the inverse operator ., ! : A — A
given by

<A,B>§E“/4:=Tr[A*///;1(B)], where ./, ' (B) :=/ (t+0) "Bt +0)""dr.
0

We will use the following simple result.
Lemma 6.1 For a linear operator % : A — A the following assertions are equivalent:

(1) ¢ is selfadjoint with respect to the inner product (-, -)ET./

(2) T is selfadjoint with respect to the inner product (-, )3,
Proof 1t is readily seen that both assertions are equivalent to ./Z, . # = ¥ .. O
The entropy production functional I, : B+ — R is defined by
Is(p) = = Ti[(log p — log 0).2" p]

for p € B. Note that indeed %HU (9: p)=—I, (,@: p). The functional I, is nonnegative
and convex [22, 23]. The following result shows the strict positivity of the entropy production
(except at stationarity) under the assumption of BKM-detailed balance.

Proposition 6.2 Let % be the generator of an ergodic quantum Markov semigroup on a finite
dimensional C*-algebra A, with invariant state o € P. If BKM-detailed balance holds,
then I, (p) > 0 forall p € P4 with p # o.

Proof As remarked above, I, is nonnegative and convex. Therefore, it suffices to show that
I, is strictly convex at its minimum o. Take A € T with A # 0.

For p € P+ we set p; := p + A for |¢| sufficiently small to ensure that p, € P. Using
the standard identities

oo
as|szologps=f (t+p) 'AC+p)7 " drand 3|,y + ) = —(s +p) A+ )
0

for s > 0, we obtain

oo
0e|,_o Lo (pe) = Trl(log p —logo) £ A] + Tr [ / (t+p) " AC+p) LT dz},
0
and

00
882’5:010(98) =2Tr |:/0 (t + ,0)71A(t n p)fl,,i,”TA dt]

—2Tr [/ t+p) "AGC+p) T AG +p) L2 dt].
0
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In particular, for o, := o + €A, we obtain

o0 —
2|, _olo(0e) =27Tr [/ t+0) A +0)'2TA dz] =2(A, LT A)BM,
0

Since I, is convex, this identity implies that (A, .27 A)BM > 0.

On the other hand, .#" is selfadjoint with respect to (-, -)>™ by Lemma 6.1 and the
assumption of BKM-detailed balance. Moreover, the restriction of .#" to 7T is invertible by

the ergodicity assumption. Therefore, (A, .27 A)BKM £ .

We thus conclude that (A, .27 A)BX™ > 0, which yields the result. O

Proof of Theorem 1.2 First we will translate condition (iii) of Corollary 2.6, namely the
selfadjointness of the linearised operator A with respect to the Hessian scalar product . We
claim that this is exactly the assumption of BKM-detailed balance in our setting.

Indeed, since .7 is a linear operator, its linearisation A : T — T appearing in condition
(iii) is simply given by A := #T. Moreover, the Hessian of p — H, (p) at p = o is given
by

1
A
s+o0o s+4+o

o0 —
h(A, B) := | _ody |, _oHo(o +£A+1B) = /0 Tr[ B] ds=(A, B)BM

e~

for A, B € T. Hence the Hessian scalar product in condition (ii7) is the BKM-scalar product.

Thus, condition (iii) is the BKM-selfadjointness of .#". By Lemma 6.1 this corresponds to
the BKM-selfadjointness of .#, which is the assumption of BKM-detailed balance.

This argument shows that the necessity of BKM-detailed balance for the gradient flow
structure follows from Corollary 2.6. To show that BKM-detailed balance is also sufficient,
we note first that condition (i) of Corollary 2.6 is simply the stationarity condition ¢ o = 0,
which holds by assumption. Thus, it remains to show that condition (i) of Corollary 2.6 is
implied by the assumption of BKM-detailed balance. Then the existence of the gradient flow
structure follows by applying Corollary 2.6 in the opposite direction.

For this purpose, recall that f = H, and X = . T so that

Vx f = Tr[(logp —logo).L p] = —1,.

Hence, condition (i) is the strict positivity of the entropy production I, (p) or p # o, which
follows from the assumption of BKM-detailed balance by Proposition 6.2. O
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