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1 | INTRODUCTION

LetF € Z[x] = Z[x,, ..., X,,,] be a cubic form in m > 4 variables. Let V' be the hypersurface F = 0
in Pg‘l. Let w: R™ — R be a smooth, compactly supported function. Let Supp w be the closure
of the set {x € R™ : w(x) # 0} in R™. Assume that V is smooth and (for convenience) that 0 ¢
Supp w. For reals X > 1, let

NpoX) = ) w(x/X). (L1)

xezm: F(x)=0

Let Y be the set of vector spaces L C Q™ over Q of dimension |m /2] with F|; = 0. The “Hardy-
Littlewood model” for N ,(X) can fail via Y if m < 6." But based on [17, Conjecture 2], [11, 24,
Appendix], [21], and so on, one may conjecture

Ng ,(X) — D W(x/X) = (Cpyp + 0x— oo (1)) - X" *(log X))~ H1m=4 (1.2)

xezm:xe(Jrey L

 For singular V, a similar failure can occur for larger m; see [4] for a nice example with m = 8.
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for a certain predicted constant ¢, € R and integer r > 1, where r = 1 if m > 5. Here, r is the
rank of the Picard group of V.

For further discussion and references on (1.2), see [3, §2] or [25, §6.5]. The natural analog of (1.2)
for rational points is closely related to (1.2), and is, in fact, equivalent when m > 5, but the precise
sieve-theoretic relationship is delicate when m = 4; cf. [14, paragraph preceding Corollary 2] and
[14, Theorem 8 vs. Corollary 2] on quadrics.

In the present paper, we seek to organically detect, within the delta method of [6, 14], the locus
ey L featured in (1.2). In the delta method, as in [20]’s circle method, one averages over numera-
tors to a given denominator (modulus), and often then invokes Poisson summation. SetY := X 3/2
as on [15, p. 676]; then

(1+04(Y™)) - Np,(X)=Y"2 Z Z n"mS (n)I.(n) (1.3)

n>1cez™

(for all A > 0) by [14, Theorem 2, (1.2), up to easy manipulations from §3], where
I.(n) := / dx w(x/X)h(n/Y,F(x)/Y*)e(—c - x/n) (1.4)
xXERM

for a certain fixed smooth function h: (0,0) X R — R usually left in the background (see [15,
(2.3)] for the precise definition of i), and where

S.(n) 1= Z 2 e,(aF(x) +c-x). (1.5)

1<agn: ged(a,n)=1 1<x<n

Here, ¢-x :=c¢;x; + -+ + ¢,,X,,,, and in S.(n), the variable x runs over 1 < xy, ..., X,,, < n. See
Proposition 5.1 for the basic analytic properties of I.(n).

Given ¢ € Z™, the sum S,(n) is multiplicative in n, and roughly governed by the solutions to
F(x)=c-x=0over Z/nZ. Let V, be the intersection F(x) =c-x = 0in Pg‘l. There is a clas-
sical discriminant polynomial F¥ € Z[c] associated to the family ¢ — V. The equation FV(c) = 0
cuts out the projective dual variety VV of V. See §2 for details on FV, VV.

It is natural to analyze the right-hand side of (1.3) separately over F¥(c) # 0 and FV(c) =
0. In another paper [28], we conditionally address FV(c) # 0 for certain F, w. In the present
(self-contained) paper, we focus on FY(c) = 0. From this locus in (1.3), our main theorem
unconditionally isolates | J, .y L, for certain F:

Theorem 1.1. Suppose that F is diagonal and m € {4,6}. For Y = X3/% as above, we have

Y2 > Y TS (WI(1) = Op (X274 13N w(x/X).  (16)

ceZ™: FV(c)=0, c#0 nx1 LEY xeLnz™

For m = 4, Theorem 1.1 follows from [15, Lemmas 7.2 and 8.1], with a better error of
Op (X 3/2+¢). As we will explain in §8, the case m = 6 seems to present new difficulties, perhaps
most easily resolved using our new, more geometric, strategy. But [15] does bound the left-hand
side of (1.6) by O, ((X3*¢) for m = 6, giving us a good foundation to build on. In view of [13],
one might also hope to adapt our results to function fields."

Very recently, our work has largely been extended to function fields [1].
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SPECIAL CUBIC ZEROS AND THE DUAL VARIETY | 30f35

Our main results assume that F is diagonal, but we do also discuss nonsingular F to a nontrivial
extent. In particular, we will isolate explicit technical ingredients (listed in Remark 1.6) that — if
true more generally — would allow one to generalize Theorem 1.1.

If 2 | m (as in Theorem 1.1), the set Y is known to be finite for general reasons (recalled in §3
below). Furthermore, we can relate (1.6) to (1.2) by inclusion-exclusion:

YD wE/X) = 0p, (XM + > w(x/X).

LEY xeLnzm xezm: x€(J ey L

Foreach L €Y, if we define o, ;1 , as in (4.1), we also have (for all A > 0)

Y w@/X) =01 X4 Op g 4(XY. (1.7)
xeLnzm

If F is diagonal, Y has an explicit classical description: see Proposition 3.6. In general, lin-
ear subvarieties of cubics are closely tied to the h-invariant introduced by [8, 9]. (See [7,
Lemma 1.1] for a more general relationship.) In fact, the present §7 relies on a convenient choice
of “h-decompositions of F” corresponding to the elements of Y.

We believe that with enough work, the power saving 1/4 in Theorem 1.1 could be improved. It
would be very interesting to go past 1/2 for m = 4.

Theorem 1.1 has the following corollary, which we need for subsequent work [28].

Corollary 1.2. Let m = 6. Define o, ., © as in §6. Then, in the setting of Theorem 1.1,

y=2 oy D TS (WI(1) = Oy (X*7) + 00 1, @pX> + D 00y 11, X
cez™: FV(c)=0 nx1 LeY

Proof. Combine (1.6) (on ¢ # 0) with (6.5) (on ¢ = 0). Note that m/2 =m — 3 = 3. O

Theorem 1.1 and Corollary 1.2 are completely unconditional. When m = 6 and F is diagonal,
these results let us reformulate the conjecture (1.2) as a statement purely about cancelation in the
SUM Y. om: pv(eyzo 2uns1 1 Se(MI(n). A similar reformulation might be possible much more
generally. But at least when m = 4, subtleties in the constant ¢y ,, in (1.2) would likely demand a
recipe beyond “restriction to FV = 0” in (1.3).

Before proceeding, we make some convenient definitions. Let

Si(n) 1= n~HM/2g (n); (1.8)
then, in particular, n™"S,(n)I.(n) = n(t-m)/ 2SE(n)Ic(n). The following is also convenient.

Definition 1.3. Given a vector space L C Q" over Q, let L* be the orthogonal complement of L
with respect to ¢ - x. Then, let A := LN Z™ and AL := Lt nz™.

We now sketch the proof of Theorem 1.1. The proof starts generally, observing that F¥|; 1 =0
for all L € Y (see Proposition 3.1). Conversely, at least for diagonal F, most ¢’s on the left-hand
side of (1.6) are, in fact, linear, in the sense of the following definition.
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40f35 | WANG

Definition 1.4. Call a solution ¢ € Z™ to F¥(c) = 0 linearif ¢ € | J; oy A*.

We expect “typical” linear ¢’s to be the simplest. Proposition 3.1(2), which establishes a
vanishing baseline for the jets j*F" over | J; oy L*, thus inspires the following definition.

Definition 1.5. Call F¥ unsurprising if uniformly over reals C > 1, the box [-C, C]™ contains at
most O.(C™/271+¢) points in the union of the following two sets:

g :={cez" : F©=0}\ A" &:= {ce Jat: jzm/HFV(c)=0}. (1.9)

Ley Ley

We prove (in §8) that when F is diagonal, F is unsurprising, so that if Y # @, then almost all
solutions to FV = 0 are linear with nonzero 2™/ 2_1-jet.+ A weaker version of Definition 1.5, with
C™/2-3 in place of C™/2~1+< would suffice for qualitative purposes.

For the “least degenerate” linear ¢’s, Lemma 7.11 isolates an explicit positive bias

SHPY = [Ap(e) + 0] -1 = p™ - p/? (L.10)

for most primes p, with Ap(c) =1land A pl (c) < 1. The resulting reduction in arithmetic com-
plexity of S.(n) lets us dramatically simplify ) ... S.(n)I.(n) by Poisson summation over various
individual residue classes ¢ = b mod nyA* with n, < n/X dividing n. When m = 6, we must also
carefully separate ¢ = 0 from ¢ # 0; we use Lemma 6.1 (decay of the singular series over large
moduli). Eventually, o, ;1 ,X m/2 appears, yielding (1.6).

As the positivity of S,(n) for linear ¢’s might suggest, we do not need cancelation over n in
(1.6). The deepest result we use on L-functions (when m = 6) is the (purely local) Weil bound
for hyperelliptic curves of genus < 2. However, it might be possible to improve the error term in
Theorem 1.1 using deeper results on L-functions.

The following remark proposes axioms that would let us go beyond diagonal F.

Remark 1.6. In general, (1.6) holds, provided m € {4, 6,8} and (1)—(4) hold:

(1) FV is unsurprising (in the sense of Definition 1.5).
(2) Suppw C {x € R™ : det(Hess F(x)) # 0}.
(3) There exists a homogeneous polynomial W € Z|[c], satistying

{c e Jat:wio= o} Cicez": ?""'FV(c) = 0}, (1.11)
LEY
such that uniformly over integers C,n > 1, we have
2
n! SE(n)’ <, (Cn)e(Cm/2 + nm/ﬁ), (1.12)

ce[-C,C]™: FV(c)=0, W(c)#0

n1 /2
ce[-C,C]™: FV(c)=0, W(c)=0

Sg(n)| <, (Cn)e(C(m'D/znl/6 + n’”/é). (1.13)

¥ An amusing corollary is that the Gauss map y : V — V" introduced in §2 can be far from surjective on Q-points, since
y~1([e]) n V(@) may be empty for a typical nonzero ¢ € | J; oy L*.
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(4) In Lemma 7.11, the formula for S.(p) and upper bound for S.(p>?) remain true, provided that
p exceeds some constant depending on m and F.

(There could be alternatives to (3), but (3) would be convenient. See §5 and §8 for details.)

In Remark 1.6, we expect (4) to be the most tractable in general out of (1), (3), and (4). In fact, [1,
27] already make progress on (4). Also, [22] could be helpful for (1), at least if m = 4. Furthermore,
the case where m = 8 and F is diagonal might be fully accessible, and might provide insight on sec-
ondary terms in the circle method. This would be similar in spirit to [12], where secondary terms
were obtained for quadrics in an even number of variables. The most mysterious axiom might be
(3), but it does at least hold for diagonal F, and could plausibly follow from some undiscovered
geometric stratification.

Proposition 1.7. Suppose that F is diagonal, and m > 4 is arbitrary. Then, 1.6(3) holds.

Proof sketch. Let W := ¢, --- c,,,. One can prove (1.12) and (1.13) using (5.2). (See [26, §7]; (1.12)
holds with C™/2 in place of C"/2 + n™/%.) Also, Observation 3.10 implies (1.11). O

Remark 1.8. It would be interesting to extend our analysis to m = 5, even just for diagonal F. See
[3, §3] for a discussion of the potentially infinite family of lines on V C P* if m = 5. Can one see
these lines via V'V (cf. Proposition 3.1)? It is conceivable that for m = 5, one might have to look
past the locus F¥ = 0 in (1.3), and perhaps include all ¢ for which V, has Picard rank > 2. The
“bias” philosophy behind (1.10) may shed some light here.

We now outline the rest of the paper.

§2 collects some classical algebraic geometry used as a black box in parts of §3.

§3 suggests a geometric backbone in (1.3) for the eventual harmonic detection of Y.

§4 proves some identities to be used in §8 to obtain the expected “main terms” in (1.6).
§5 provides general upper bounds to be used at several points in §8.

§6 analyzes the ¢ = 0 contribution in (1.3), while also proving Lemma 6.1.

§7 proves some new asymptotic formulas for S,(p') (see (1.10) and Lemma 7.11).

§8 uses Lemmas 6.1 and 7.11, plus results from §§3-5 and [15], to prove Theorem 1.1.

1.1 | Conventions

We let disc(F) denote the discriminant of F, so that disc(F) # 0 if and only if V' is smooth. We
always assume that V' is smooth, unless specified otherwise.

We define 1 to be 1if E holds, and 0 if E does not hold. We let e(t) : = e*™, and e, (t) := e(t/r).
Also, we use the following notation for integrals:

/def(x) :=[(f(x)dx, /Xxydxdyf(x,y) :=/de</ydyf(x,y)>.

We let Eycs[f(D)] 1= |S|7! X, s f(b) (if S is finite and nonempty).
IfF = lei’ + -+ 4+ F, x> , then we assume (after scaling F" if necessary) that

FY e 7Z[c] and ged(coefficients of FY) = (6™)!F; -+ F,,,. (1.14)
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For a vector space U, we let PU denote the projectivization of U.

We let Hess F = Hess F(x) denote the usual m X m Hessian matrix of F.

Welet Z,, :={n€zZ:n>0L Weletd, :=0/0x; weletd] := 62 62: (for r € 7)) and
|b| :=Y,.s b; (for b € Z5). We let

Y = @ rezn : rier (1.15)

denote the r-jet of FV, recording all partial derivatives of F¥ of order < r.

We write f <g g, or g > f, to mean “|f| < Bg for some real B = B(S) > 0.” We let Og(g)
denote a quantity that is <g g. We write f =<g g if f < g <5 f.

When making estimates, we think of m, F, w as fixed constants.

2 | ALGEBRAIC GEOMETRY BACKGROUND

We do algebraic geometry in the language of schemes, with the symbols = and C interpreted
scheme-theoretically unless specified otherwise. We call a reduced, locally closed subscheme of
projective space over a field a variety. Ultimately, geometry lets us cut out subsets of Z™, and count
points over finite rings, in rigorous ways (see, e.g., the key Lemma 7.11). Most of our work can be
interpreted classically, in terms of points over algebraically closed fields.

The rest of this section reviews the geometry of the gradient map

VF = (0F /0xy, ... ,0F /0x,,).

For diagonal F, a more explicit analysis is possible (see §3.2).

Since V is smooth (and 3F = x - VF), the gradient VF defines a morphism [VF]: P"! —
(P"=1)V. (We will often identify the dual projective space (P"~1)V with P!, using c,, ..., c,,, as
projective coordinates.) The map [VF], known as the polar map of V, is finite surjective of degree
2™-1 by dimension and intersection theory; cf. [10, p. 29]. Since P™~! is smooth, [ VF] must then
be flat (by “miracle flatness”).

Definition 2.1. Let VV C (Pg_l)v be the scheme-theoretic image of V under [VF].

Since V is a smooth projective hypersurface, V'V is the dual variety of V. Upon restricting [VF]
to V, we get the finite surjective Gaussmapy : V — VV.

Here, V is geometrically irreducible, so VV = imy must be too. Since y is finite, Vv must
therefore be a geometrically integral hypersurface, that is, the zero scheme of some absolutely
irreducible form F¥ € Q|c]. The definition of V'V then implies that if ¢ € C™ \ {0}, then F¥(c) = 0
if and only if the projective scheme F(x) = ¢ - x = 0 over C is singular.

(At least for diagonal F, one can explicitly compute FV; see (3.3) in §3.2.)

Remark 2.2. There are many equivalent ways to define V. For example, V'V is the locus of zeros
c of a certain polynomial disc(F,¢) in ¢, ..., ¢, and the coefficients of F; see, for example, [27,
Proposition 4.4]. It should also be possible to interpret V¥ as a norm of V under [ VF], in the sense
of [23, Tag OBD2 ].

The polar map [VFY]: P! --» P"~1 of V'V is a rational map defined away from Sing(V'"), the
set of singular points of VV. (Here, Sing(V'V) is a proper closed subset of V. It is known that V'V is
singular, since deg F > 3; see, e.g., [27, Proposition 4.4].)
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The reflexivity theorem says that (VV)¥ = V. The biduality theorem says that if [x] € V and
[c] € VV are smooth points, then [VF(x)] = [¢] if and only if [VFY(c)] = [x]. (Both facts are on
[10, p. 30].) For us, V is smooth, so biduality implies that the polar maps [VF], [VF"] restrict to
inverse morphisms between V \ [VF]~!(Sing(V'V)) and V'V \ Sing(V").

It is known that deg F¥ = 3 - 22 [10, p. 33, (1.47)].

Since [VF]: P™1 — (P™~1)V is a finite surjective morphism of smooth varieties (and in par-
ticular, is generically étale), its ramification theory is well behaved. Following [23, Tag 0BWI |,
let Rjyp) be the closed subscheme of P™~! cut out by the different ideal Dy C Opm-1 of [VF].
Following [23, Tag 0BWS8 and Tag 0BWA |, let Bjyp) be the norm of Ry (or equivalently, the
discriminant of [VF]). In our setting, Ry is an effective Cartier divisor in P™1 and Biyp) is
thus an effective Cartier divisor in (P™1)V.

The points of Ry are precisely those x € P™=1 at which [VF] is unramified. Furthermore,
we have a set-theoretic equality Bjyy = [VF](Rjyg))-

Definition 2.3. Call Rjyp and B}y the ramification divisor and branch divisor of [VF], respec-
tively. Let Hy € Z[x] and Hp € Z[c] be homogeneous polynomials defining Rjyr in P! and
Byp) in (P"~1)Y, respectively.

Since deg F > 3, one can show that Rjyz| and Bjyp) are nonempty, and thus hypersurfaces.
In fact, by [10, p. 29, Proposition 1.2.1], Ryp) = hess(V), where hess(V) denotes the subscheme
det(Hess F(x)) = 0 of pm—1,

Proposition 2.4. Say we let F vary over the locus disc(F) # 0. Then, one can choose F¥ and Hy to
be polynomials in cy, ..., c,, and the coefficients of F.

Proof. This is possible by standard “universal” constructions compatible with our definitions of

VY and By ). For Bjy), one can appeal to [23, Tag 0BD2 |; norms respect base change (and thus

vary nicely in families). For V'V, see, for example, Remark 2.2. O
It is known that V ¢ hess(V) [19, Lemma 1]. How about after applying [VF]?

Question 2.5. Ts it necessarily true that V' ¢ Bjyp?

Question 2.5 comes up in Proposition 3.1, but we happen to be able to sidestep it there.

3 | MAXIMAL LINEAR SUBVARIETIES UNDER DUALITY

Fix a smooth cubic V' /Q as in §1. The reader only interested in diagonal F can skim forwards to
§3.2, which explicitly analyzes Y through the lens of FV.

3.1 | A preliminary general analysis

IfL € Y, then differentiating F along L implies L 1 VF(x) for all x € L. So, the restriction y|p; =
[VF]|p, maps into PL*.
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Since deg F > 3, it is also known by [5, Lemma 3] (or Starr [2, Appendix]) that if m is even, then
Y is finite. We would like to understand Y in terms of (1.3). Proposition 3.1 suggests one plausible
starting route: duality (i.e., detecting L through FY).

Proposition 3.1. Suppose2 | m >4, andfixLinY.

(1) ylpy is a finite flat surjective morphism PL — PL* of degree 2™/2~1 » 2,
(2) Thejet jzm/H_lF v, defined as in (1.15), vanishes over PL™.

For diagonal F, we provide an explicit proof of Proposition 3.1 in §3.2. For more general F,
we instead rely on §2, plus some progress on Question 3.2. We would not be surprised if better
technique allowed one to answer Question 3.2 in general.

Question 3.2. Let y = [c¢] € (P™~1)V. If the scheme-theoretic fiber P! Xvp) y of [VF] over y
has degree d, is it necessarily true that j9~'FV(c) = 0?

We now begin the proof of Proposition 3.1. Since [ VF] is finite, the restriction y|p; : PL — PL*
is itself finite, and thus surjective by dimension theory. So, PL* C imy|s; Cimy C VV.

Proof of (1). Since y|p; is finite surjective and PL, PL' are smooth, “miracle flatness” implies
flatness of y|py. Also, y|p; has degree 2/2~1 (cf. [10, top of p. 29]), since it is a morphism given
by quadratic polynomials, between projective spaces of dimension m/2 — 1. [

Proposition 3.1(2) is inspired by the factorization of F¥ over Q[c!/2] when F is diagonal (see (3.3)
in §3.2 below). However, giving a rigorous “factorization” of FV seems to require a bit of setup,
since the map [ VF] presumably need not be Galois in general. Furthermore, our factorization will
only be useful for (2) if

PL ¢ Bjypy (or equivalently, Hy|;1 # 0). (3.1)

Question 3.3. Is PLL C By possible (if V' is smooth and L € Y)?

We do not know the answer to Question 3.3. Fortunately, if we fix m and L, then the set %
of all m-variable cubic forms P/Q with disc(P) # 0 and P|; = 0 is a dense open set in a copy of

Ag(m), where N(m) = (m;“Z) - (%:2) Furthermore, Proposition 2.4 implies that 3.1(2) is a closed
condition on F € %, and that (3.1) is an open condition on F € %. Since (3.1) holds when L is
X; + X, = X3 + X, = X5 + Xs = 0 (as we may assume, by a linear change of variables) and F is
x3 + - + x2, it thus suffices to prove 3.1(2) assuming (3.1).

Hence, for the rest of §3.1, we assume (3.1), though (3.1) will only come into play after some
initial work. Consider the hypersurface complements S := P! \ Bjyp) and X := [VF]7Is C
P™=1.Then, [VF]|y : X — Sisfinite étale of degree 2™~!. Write ¢ := [VF]|y. By Grothendieck’s
Galois theory, there exists a finite étale Galois cover 7 : X’ — X with X’ connected and
¢orr : X' — S (finite étale) Galois. Let G := Auty(X’) and H := Auty(X').

The group G acts transitively on X’. So, for any geometric points [¢] € S(Q) and p € X, [’c], we

can characterize the fiber X as the set {z(gp) : g € H\G} C X Q).
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SPECIAL CUBIC ZEROS AND THE DUAL VARIETY 9 of 35

3.1.1 | Constructing a product “divisible” by F"

View F =F(x) as a section of Ox(3). Consider the G-equivariant line bundle L :=
®g€H\G g*(7*Ox(3)) on X’. The product

a = H (¢*7*F) (3.2)

gEH\G

defines a G-invariant section of £ on X’. (A G-invariant section a € I'(X’, L) is equivalent in data
to a G-equivariant morphism a : Oys — L.)

For every geometric point p € X’(Q) with ¢r(p) € SN VY, there exists g € H\G with 7(gp) €
X NnV,sothat (¢*7*F)(p) = F(mrgp) = 0. So,

igm-1(snvv) = 0-

Therefore, by Galois descent (in the form of an equivalence of categories), there exist a line bundle
Don S with £ = (¢7)*D, and a section § € I'(S, D) vanishing along S N V'V, with a = (¢7)*5. Let
F:=¢"Dandp :=¢*6 € I'(X, F); then L 2 7*F and o0 = 7*f.

But S, X are hypersurface complements in P!, so Pic(P™~!) — Pic(S) and Pic(P"!) —
Pic(X) are surjective and we may identify F, D with suitable powers of Oy (1), O4(1), respec-
tively. Then, up to a choice of nonzero constant factors, we may view 8, § as homogeneous
rational functions (i.e., ratios of homogeneous m-variable polynomials) satisfying FV(c) | § on
S and FY(VF(x)) = ¢*F" | B on X. Here, we interpret divisibility of two sections on a scheme to
mean that their ratio is a global section of the obvious “tensor-quotient” line bundle.

312 | “Factoring” F"

By the definition of VY and FY in §2, we have F(x) | FY(VF(x))in Q[x].SoF | $*F¥ on X. By (3.2),
itfollows thata | (*¢*FV)H\Cl on X’, since g*m*¢p*FY = m*¢p*F" forall g € G.Sincea = *¢*5,
it follows (by Galois descent) that & | (FV)!"\Cl on S. Since F¥ | § on S, and FV is prime in Q[c],
we conclude that there exists an integer e > 1 satisfying (FV)¢ | §and & | (FY)¢ on S.

We need to restrict to VV. Luckily, (3.1) and PL+ C VV imply that SN VY # @ (but see Ques-
tion 2.5). Furthermore, V'V is geometrically reduced, so VV \ Sing(V"V) is a dense open subvariety
of VV (by “generic smoothness”). Thus, (SN VV) \ Sing(V"V) # @.

Choose a geometric point [c] of (SN VV) \ Sing(V"). Biduality furnishes a unique point [x] €
X¢) with F(x) = 0. So, if p € X[’x] and g € G, then the section ¢g*7*F on X’ evaluates to 0 at p
ifand only if ¢ € H. Thus, 7*F } H[1]¢geH\c(g*7f*F) on X’. It follows that (7*F)? 4 a, whence
F? } B; whence (FV)? 4 6.

Thus, e = 1. In particular, § | F¥ on S, so a | (¢77)*FY on X'.

3.1.3 | Differentiating the product

Using (3.1) one last time (more seriously than before), we will now complete the proof of the
second part of Proposition 3.1.
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10 of 35 | WANG

Proof of (2). By (3.1), SNPL # @. Yet, dlxnpr = ¥lxrpr : X NPL — SNPL* is finite étale of
degree 2/2~1 by part (1) and the definition of S. Let [¢] € (S N PL1)(Q), and fix p € X (CJ. Then,

there exist at least 2/2~1 cosets g € H\G with rgp € (X N PL)(Q) C V(Q). Applying the Leibniz
rule to (3.2), after restricting to a small affine neighborhood of p, we thus get jlrja( p)=0forr :=
2m/2=1 _ 1, where j": £ — J'L denotes the rth-order jet map “along” £ (from L to its rth jet
bundle J"L).

Since « | (¢p7r)*F", Leibniz then implies j;(qﬁn)*F V(p) = 0 “along” the pullback line bundle
(¢p7)*Og(deg F¥). But ¢z : X' — Sisétaleat p € X', s0 j[’cJFV([c]) = 0 “along” Og(deg FV) itself,
over all points [¢] € (S N PLY)(Q). Finally, S N PL! is dense in PLL, so the vanishing of the rth-
order jet section j"F" extends to all points [¢] € PL*, as desired. [

Remark 3.4. In the friendly setting above, our étale morphisms (such as ¢z : X’ — S), after base
change to an algebraically closed field, always induce isomorphisms on completed local rings. So,
we could do calculus purely in terms of formal power series.

3.2 | The diagonal case

Say m is even and F is diagonal, and write F = F 1xf + - +F mxfn. Then, we can explicitly verify
all the theory above. Here, [VF]: [x] — [3F1xf, s 3meﬁ1] is multiquadratic Galois of degree
21, We proceed by studying Y and FV combinatorially.

For combinatorial purposes, let [n] := {1, 2, ..., n} for each integer n > 1.

Definition 3.5. Let J = (J(k)),cx denote an ordered set partition of [m]: a list of pairwise
disjoint nonempty sets .J (k) C [m] covering [m], indexed by a set £ € {[1],[2],[3], ...}.

(1) Call J, J' equivalent if they define the same unordered partition of [m] (i.e., if £ = K" and
{Jk) ke =1{T'(k) : ke K'}.

(2) Call J a pairing if |J (k)| = 2 forall k € K.

(3) Call J permissible if for all k € K and i, j € J (k), we have F; /F; € (@%)3. For a permissible

J,let R, = {ce 7™ : itk € Kandi, j € J(k), thencl-/Fil/3 = cj/F;B}; and given c € R 4,

definec: K — Rsothatifk € KL andi € J(k), then cl-/Fil/3 = c(k).

We now recall the well-known construction of the % -dimensional vector spaces L/C with F|; =
0. Each equivalence class of pairings J yields 3"/2 distinct L/C, obtained by setting F l-xl.3 +F jx]3. =
0 for each part J (k) = {i, j}. Over Q, we must set x; + (Fj/Fi)1/3xj = 0 — which is valid when
F; = F; mod (@%)3. The vectors spaces L/C and L/Q thus constructed are known to be the only
possibilities [25, Remark 6.3.8]. Hence, the following holds.

Proposition 3.6. There is a canonical bijection, between Y and the set of equivalence classes of
permissible pairings J, characterized by LN 7™ = Ré (an equality of sublattices of Z™).

. . 1
Next, we turn to FV. For convenience, fix square roots Fi /

.....

Q*, the polynomial FV(c) factors in @[c'/2] as follows:

F¥(c) = Bp,

.....

F, H (elFl_l/zci/2 + eze_l/zci/z + o+ emF,:ll/chn/z) € Q[c], (3.3)
€
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SPECIAL CUBIC ZEROS AND THE DUAL VARIETY | 11 of 35

with the product taken overe = (€1, ..., €,,,) Withe; = 1ande,, ..., €,, = +1.(This classical formula
is a simple consequence of Definition 2.1 and the Jacobian criterion.)

Let £, :=¢F, -1/2 3/2 + - +¢,F, ~1/2 3/2 € Q[c!/?]. For each ¢ € @™ \ {0}, fix square roots
cl.l/ ‘eq. Using formal power series calculus over variables c; # 0 (by Remark 3.4, adapted to
A}a - A}a, t — t? away from the origin), we will prove the following result, which precisely

characterizes the order of vanishing of FV at ¢:

Proposition 3.7. Fixr > 0 and ¢ € Q™ \ {0}. Then, the following are equivalent: (1) j"FY vanishes
at c and (2) there exist at least r + 1 distinct e with &, = 0.

Proof. We first prove (1)=(2), by induction on r > 0. The base case r = 0 follows directly from
(3.3). Now fix r > 1, and assume the implication (1)=(2) holds for r — 1. Suppose that (1) holds;
we wish to prove that (2) holds.

By the inductive hypothesis, #{e : £, = 0} > r. To rule out the possibility that #{¢ : &£, = 0} =
r, we work with “pure” derivatives 6\' for just a single index i with ¢; # 0. For example, 1f c; #0,
and #{e¢ : &, = 0} = r, then the product rule and (3.3) imply

3, FY(e) = PBp,..r r!'(z Fr'%e 1/2) H Z: #0,

contradicting (1). Thus, #{¢ : &, = 0} > r + 1. This completes the induction.

It remains to prove (2)=(1). To avoid confusion, rename our given c to £. Say §; = 0 fori €1,
and &; # O for i € [m] \ I. We must take extra care over i € I.

Let J; be the set of triples (a, b, E), with (a,b) € leo x zIM\l and E C {e € {+1}" : ¢, = 1},
such that for each i € I, the set E U (—E) is invariant under the flip ¢; = —¢;. Consider the
following “formal analytic functions” (inspired by (3.3)), indexed by (a, b, E) € J7:

< H c?"> < H cf”'/2> < H §f€> € Qlelier [cil/z, ci_l/z] . 3.4
icl il €k il

The functions (3.4) span a vector space over Q that contains F¥ and is closed under differ-
entiation in c. In fact, differentiating (3.4) in ¢; leads to terms with a; —» a; — 1 or (a;, |E|) —
(a; +2,|E| —2) ifi €I, and to terms with b; = b; —2 or (b;, |[E|) = (b; + 1, |E| - 1) ifi ¢ I. In
each case, applying d,, decreases min, j, z(|a| + |E|) by at most 1.

Now suppose (2) holds, and fix r € Z o With [r| <r. Then, OrFY is a Q-linear combination
of functions (3.4) indexed by triples (a, b,E) € J; with |a| + |E| > 2"~! —r (and thus, |E| >
2™m=1 —r or |a| > 1). By (2), each such function must vanish at our original given point ¢ = £.
Thus, 67FY(£) = 0. So, (1) holds. O

Remark 3.8. A short computation yields the equality

#e: L =0p= )  2FliEmin=0] (3.5)
[xley @) (ie])

where y(Q)~'([c]) := {[x] € V(Q) : [VF(x)] = [c]} = {singularQ — points ofV,.}. (Here, x; corre-
sponds to ;F, 172,172 , with some ambiguity or “multiplicity” in ¢; when x; = 0.) Using (3.5), one
can forrnulate Proposition 3.7 more geometrically, without reference to €’s. Does this geometric

formulation extend somehow to more general F?
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12 of 35 | WANG

Finally, we analyze the interaction between Y, FV. Fix L € Y. By Proposition 3.6, L corresponds
to some permissible pairing 7. Proposition 3.7 has the following corollary.

.om/2-1

Corollary 3.9. For L as above, we have (j “IFV)| L =0.

Proof. For each part J (k) = {i, j}, there are exactly two choices of signs (¢;, €;) € {+1}> — or only
one choice if 1 € J(k) — such that el-Fi_l/ZC?/2 + EJ-Fj_l/Zc%/2
R ; lying in a given orthant of R™. So, given ¢ € L* \ {0}, we can apply Proposition 3.7(2)=>(1)
with r :=2"/2"1 _ 1. Since L' \ {0} is dense in L', the vanishing of j"F" then extends to all

of L*. O

vanishes over allc € L+t n 7™ =

Thus, we have explicitly verified the conclusion of Proposition 3.1. The next result shows that,
in fact, FV generally does not vanish to higher order along L+ (and furthermore, 3.10(1) gives us a
simple description of when higher vanishing occurs). Lets : Q@ - Q, q — ¢>.

Observation 3.10. Given L, J as above, fixce Lt nz" =R - Define c(k) as in Definition 3.5.
For each k € K, fix a square root c(k)?/2 € @ of c(k)?. Then, the following hold.

(€)) jzm/ 2_IFV(c) =0 if and only if there exist [ > 1 distinct indices ki, ...,k; € K such that
c(ky)*/? + -+ + c(k;)*/? = 0 holds for some choice of signs.
() Iszm/HFV(c) = 0, then c(k,)3c(k,)* € s(Q) for some distinct k,, k, € K.

Proof.

.om/2-1

(1) Ifc =0, then j FY(c) = 0 (since deg F¥ = 3-2""2 > 1+ 2"/271) and c(k)? = 0 for all
k € K. If ¢ # 0, apply Proposition 3.7(1)<(2) with r :=2"/2-1 (and then “simplify” the
condition 3.7(2) using the fact that 7 is a pairing).

(2) Suppose jzm/ 271FV(c) = 0. Apply (1); choose k,...,k; € K with | minimal. We now do
casework on [, making use of minimality if [ > 2.
 Ifl =1, then c(k)? = 0 for some k € K.

* Ifl = 2, then c(k,)* = c(k,)® € ©* for some distinct k;, k, € K.

* Ifl > 3, thenc(k,)® € @* forall ¢ € [I], and by multi-quadratic field theory in characteristic
0, the square classes c(k;)?, ..., c(k;)* mod (@*)? must all coincide. (In fact, say we fix i, €
J (k) fort € [1]. Then, ¢, /F; = xl.ztdfor some d,x; € Q*such thatFl-lx?1 + ot Fl-lel =0.
So, c(k,)? = Fl.ztx?t d3.)
In each case, c(k;)*c(k,)* € s(Q) holds for some distinct k, k, € K. O

Remark 3.11. Though written in characteristic 0, the main results of §3.2 carry over to arbitrary

fields of characteristic p { (6™)!F; .- F,,, under (1.14). Such extensions of Proposition 3.7, (3.5),
Corollary 3.9, and Observation 3.10(1) to F,, will prove useful in §7.

4 | POISSON SUMMATION FOR THE ENDGAME

Suppose 2 | m. Fix L € Y, and recall Definition 1.3. Then, F|, = 0, and A, At are primitive rank-
% sublattices of Z™. Now choose bases A, At of A, AL, respectively. Identify A, A+ with m x %
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SPECIAL CUBIC ZEROS AND THE DUAL VARIETY | 13 of 35

and % X m integer matrices, respectively, so that A = AZ"/? and AL = Zz™/2AL (where we view
A as a “column space” and A as a “row space”).

We seek to prove Lemma 4.6 and Proposition 4.7 below, about certain averages over a given
shifted dilate of A* (for the “endgame” of §8).

For the rest of §4, let x, h, x’ denote column vectors and ¢, b, v row vectors. In particular, the
dot product ¢ - x then coincides with standard matrix multiplication.

4.1 | Preliminaries

We have A = (AL)L, thatis, A = {x € Z" : Alx = 0}. Let

Toollw -= ll_l)% (2e)~m/? / dx w(x). 4.0

Alze[—ec]m/?

Then, the formula (1.7) holds, by Poisson summation over L N Z™ = A (or, at least morally, by the
circle method applied to A*x = 0). In particular, o, ;1 , does not depend on the choice of A*.
For an alternative interpretation of o, ;1 ,,,, see the second part of Lemma 4.6.

For calculations to come, it will help to extend Al to a basis of Z™.

Definition 4.1. By primitivity of At, choose I (itself primitive) such that Z™ = A+ @ I. Then,
choose a % X m basis matrix I so that T' = z"/2T..

The rows of the m X m matrix [/}f ] form a basis of Z™. Therefore,
det[atr] = +l. (42

Let R denote a ring, for example, R or Z/nZ. Given a Z-module A, let Ay := A ® R. To study
Fourier transforms over x € R™ at ¢ € AL, it will help to rewrite ¢ - x.

Definition 4.2. Using the definition of AL as a basis matrix, let 1 : A+ — Z"/2 be the Z-
linear isomorphism ¢ — ¢* defined by the equation ¢ = ¢*A'. Let ¢ := ¥ ® R be the R-linear
isomorphism (A1), — R™/2 induced by 3.

For each x € R™, let [ %] := [A"] x. Equivalently, let

h:=A'xeR"?  x' :=TI'xeR™2 (4.3)

Example 4.3. If F = xJ + .- + x} and A+ = R ; (in the notation of Proposition 3.6), then we
can choose At so that by, = Y, 00 X forallk € K.

We need two more algebraic propositions. Over R, let ¢-x: (A')g X R™ — R denote the
“obvious” R-bilinear map induced by the usual dot product ¢ - x : At x 72" — Z.

Proposition 4.4. Ifc € (AY)z and x € R™, thenc - x = Pp(c) - h.

Proof. By R-linearity properties, reduce to the case R = Z, which is trivial. O
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14 of 35 | WANG

Let A - R C R™ be the R-module generated by A (via the composite map A — Z™ — R™).
Proposition 4.5. Let x € R™. Then, h =0 ifand onlyifx € A-R.
Proof. The multiplication map A+ : z™ — z™/2 (given by x — A'x) is surjective by (4.2), and
thus defines an exact sequence A — Z™ — Z™/2 — 0. The right exact functor @R therefore gives
an exact sequence Ay — R™ — R™/2 = 0. So,

ker(A': R™ — R™?) = im(Ay — R™).

Butim(Ar — R™) = A - R, since Ay, is R-linearly generated by A. 1

4.2 | Averaging the oscillatory integrals

Recall I,(n) from (1.4). Let R := R in (4.3). Since x + (h,x’) is unimodular by (4.2), we have
I.(n) = / dhdx' w(x/X)h(n/Y,F(x)/Y?*)e(—c - x/n), (4.4)
(hx")erm
an integral in which we view x as a function of (h, x’). For each h € Z™/2, let
J(h;n) := / dx' w(x/X)h(n/Y,F(x)/Y?).
x/eRm/Z

(The integral J(h; n) corresponds to the integral J,(j) on [15, p. 692]. But in the present paper, we
do not make any serious use of J(h; n) for h # 0.)

Lemma 4.6. Suppose n = nyn, (where ny, n, > 1 are integers) and b € A*. Then,

Y L= Y e (-b* - miin). (45

ceb+nyAL hen,zm/2

Here, J(0;n) = 0, 11 ,X m/2 . h(n/Y,0). Furthermore, if n; > M,X for a sufficiently large positive
real My <1, 1, then J(h; n) = 0 for all nonzero h € n,zm>2,

Proof. Write ¢ = b + nyv for v € AL. Define c¢*,b*,v* € z™/? using Definition 4.2. Proposi-

tion 4.4 then delivers the equality ¢-x/n =c¢* - h/n =b* - h/n+ v* - h/n,. So, by (4.4), the
integral I.(n) = Iy, ,(n) is the Fourier transform at v*/n, € R™/2 of the function

R™? 5 R, hw e(—b* - h/n)J(h;n).
Poisson summation over h € n; Z™/? hence yields

Y e-b* /i) =" Y (),

hen, zm/2 v*xezm/2

which implies (4.5) (upon recalling the correspondence between v* € Z"/2 and v € At).
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SPECIAL CUBIC ZEROS AND THE DUAL VARIETY 15 of 35

We now compute J(0; n). Let X := x/X. Since F|,.r = 0, we have

J(0;n) = X"? . h(n/Y,0) - dx’ w(x).
(h,%")e{0}xR™/2

But an e-thickening in k, followed by an application of (4.1), yields

- i . im2
/ dx’' w(x) = lim dh d%' w(x) - LS
(hx")e{0}xr™/2

=0 Ll w*
=0 J(hx")erm (2(-:)’”/2 005"

Finally, suppose h € n,Z™/? and J(h;n) # 0. Take X' € R™/2 with w(x/X) # 0. If n, > M X,
then n, | h = A*x < X, so h = 0 if M, is sufficiently large. O

4.3 | Vertically averaging the exponential sums

Recall S.(n) from (1.5), for each tuple ¢ € Z™ and integer n > 1. Let ¢(n) denote Euler’s totient
function.

Proposition 4.7. The quantity S.(n) is a function of n and c mod n. If j € Z"M/2, then

Ecent /nat[Se(me,(—c* - j)] = D Y eu(aF@)) - 1yj (4.6)

1<agn: ged(a,n)=1 1<x<n

(where the left-hand side is well defined). In particular, E c1 JnAL [S.(m)] = d(n)n™/2.

Proof. The first sentence is clear by definition of S.(n). (Here, ¢ mod n refers to ¢ mod nz™.)

A priori, if ¢ € At, then ¢ mod nA* determines ¢ mod n. So, (4.6) makes sense. Since A™ is
primitive, one can say more about “congruence modulo n”, but we need not do so.

Now fix je& z™/2. Let R :=Z/nzZ. Via the map ¥, from Definition 4.2, elements ¢ €
AL /nAt = (A1)y correspond isomorphically to ¢* € R™/? = (Z/nz)™/?, so that if x € R™, then
¢-x = c¢* - hby Proposition 4.4. By (1.5), it follows that

Ecent/nat[Sc(me,(—¢* - PI= D D e,(aF(x)) - Epregmplen(c* -h—c* - j)l.

aERX xeRm
Summing over ¢* gives (4.6). Furthermore, if we take j = 0, then by Proposition 4.5 and the

identity F| .z = 0, the right-hand side of (4.6) simplifies to $(n)n™/2, O

Let T(j;n) denote the right-hand side of (4.6). Then, T(j; n) corresponds to the sum Tq( j)on
[15, p. 692]. It would be interesting to better understand T'(j; n) in general. The sums T(j; n) are
multiplicative in n, and related to the singular series of certain %-variable affine quadrics varying
with j. Below, however, we only make use of the j = 0 case of (4.6).

5 | GENERAL UPPER BOUNDS

We first recall some background on (1.3). Let ||c|| := max(|c;], ..., ¢, ])- Recall (1.8).

A ‘€ '¥20C ‘0SLL69VT

dny wouy

1pUOD pUe Swie 1 a1 89S *[7202/80/02] Uo Ariqiauluo )i ‘ABojouyds | puy 80us1S JO Imisul Aq /62T SW(/ZTTT OT/I0p/uod A8 | Ariqipul

85UB0|7 SUOLUWIOD BAERID 3|qeat|dde au Aq pausenoh afe sapie WO ‘88N JO S3|NJ 10§ Aeiq1TaulUO AS]I/ UO (SUORIPUCD-PLE



16 of 35 | WANG

Proposition 5.1 See, e.g., [25, §3.1], or [15, (2.3)-(3.7)]. The following hold:

(1) I.(n)vanishes over n > M,Y, for some positive M, <, 1 independent of c € Z"™.
(2) Forany fixed e, A > 0, we have I.(n) <p . 4 X4 over ||c|| > X1/2*<,
(3) We have

Y TR S| = Y Y n IS < oo.

nz1cezm nxz1cezm

Now fix a set S C{ce€ Z™ : FY(c) = 0} and a real & > 0. Suppose SN |[—C,C]™ has size
O(C™/2=9) for all reals C > 1. Let

f(S) :=Y2 Z Z |I(n)| - pl-m/2. Z n;1/2

cesS\{0} n>1 nyln

Sen,)|. (5.1)

At several points in §8, Lemma 5.2 will let us cleanly discard f(S) for various choices of S.

Lemma 5.2. Assume that F is diagonal. Suppose {qc : (q,¢) € Q* X S}NZ™ = S. Assumem < 6
and § < 1(m —2). Then f(S) <, X(m=9)/2+<,

The work [15, pp. 688-689] proves a simplified version of Lemma 5.2 with (m, §) € {(4, 1), (6,0)},
and with 1, _, instead of Zn*l ,- The method of [15] should directly extend to Lemma 5.2. How-
ever, we transpose Heath-Brown’s argument a bit in order to highlight an intermediate result that
one may hope to generalize: Proposition 5.3. Proposition 5.3 offers a potential partial alternative
to axiom (3) in Remark 1.6.

Let v,(—) denote the usual p-adic valuation. For integers ¢ # 0, let sq(c) := 11 p”P(C) and

p*le
cub(c) :=]] p3e p”P(c); and for convenience, let sq(0) := 0 and cub(0) := 0. A positive integer
n is said to be square-full if n = sq(n), and cube-full if n = cub(n). In the absence of a deeper
algebro-geometric understanding of S, one relies heavily on the following bound of Hooley and

Heath-Brown, valid for diagonal F (for alln > 1 and ¢ € Z™):

n_I/ZSE(n) <p, Nt H ged (cub(n)?, ged(cub(n), sq(cj))3)1/12.

1<j<sm

(5.2)

(See [26, Proposition 4.9] or [25, Proposition 3.3.3] for precise references.)

Suppose m < 6, and assume that F is diagonal. Let C,N € {1,2,4,8,...}. For each i € [m], the
cfeng coefficient of the homogeneous polynomial FV € Z|c] is nonzero, by (3.3). Suppose ¢ € S
with C < |||l < 2C; then |¢;| > C for at least two indices i € [m]. In particular,

I(n) <. X™E(XC /N4, (5.3)

by [15, p. 688, (7.3)]. We also have the following result (for ¢, N as above).

Proposition 5.3. Here, Y\, on Zn*ln nll/zlsﬂ(n*)l <. (CN)? cub(ged(e))'/°N.
Proof. Let My : =[], Fi- Write ¢ = g¢’ with g := ged(c) > 0, so that ¢ is primitive. For each

prime p, the equation FY(¢’) = 0 implies, via (3.3), that #{i € [m] : v,(c]) < v,(Mp)} > 2. The
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bound (5.2) for n, | n now implies

2 n;1/2

nyln

SE(n*)| <, n° cub(n) ™=/ ged(cub(n), sq(My - ¢))*/*

(since cub(n,) | cub(n), and v,,(sq(c;)) < v,(sq(Mp - g)) whenever v,(c!) < v,(Mp)). Thus,

> 2 sﬂ(n*)j < Y T /@ gy, (54)
N<n<2N ny|n d|sq(Mp-g) g<2N: g=cub(q)

However, for any integer d > 1 and real € > 0, the sum Y, ;. o—cun(q)(2N)°q7/3d" /21y is

d1/21d|q

1/3+¢

N

vp(d)/2
= <H L) [Ja+0(p™"7) <. d° cub(d)"/®.
pl ptd

o1 (@) q 7 pmax(l,up(d)/3)

Since (m — 2)/6 < 2/3, the right-hand side of (5.4) is therefore <. (CN)¢ cub(M, - ¢)Y/°N. But
cub(Mp - g) | Mf; cub(g), so Proposition 5.3 follows. O

Proof of Lemma 5.2. By Proposition 5.1, (5.3), Proposition 5.3, and dyadic decomposition of ||c||, n,
the quantity f(S) (see (5.1)) is

<oq XA+ Y2 > (XC/N)E=m/ANZ=m/2 N cub(ged(e))!/°.
C,Nef1,2,4,8,..}: CcES:
1SC<X1/2+E, 1<NSM2Y C<”C||<2C

Our hypotheses on S imply

cub(ged(e)'/° < Y cub(g)'/® - (2C/g)"™/*7°. (5.5)
ceS: C<|lc||<2C g<2C

But the Dirichlet series ), o1 cub(g)'/®¢~S converges absolutely for R(s) > 1. Since m/2 — & > 1,
the right-hand side of (5.5) is therefore <, cm/2=6+¢ go,

f(S) <oy X~A + Y 2xmH2 Z (XC/N)@—m/4N2-m/2cm/2=5 (5.6)
C,N€Ef1,2,48,..}:
1<C<X /2 1<NEM,Y

m 6—m

The total exponent of N in (5.6) is mT_Z +2-2 =720, and the total exponent of C in (5.6)
mt2 6). It follows that

4

g Z=m 4 m = m+2 _ ince Mt2 5 m—2

is == +5—0=""-3>0(since == > == form <
F(S) <, Y2X™H3e(x3/24e fy2mm)/ay2-m/2(x1/2+eym/2-5

Since Y = X3/2, we get £(S) <, X m+0(me) x—3m/4xm[4—5/2 _ xm/2—8/2+0(me) O

Now drop the earlier assumptions “m < 6” and “F is diagonal.” The axioms in Remark 1.6
would allow us to prove a version of Lemma 5.2 without assuming that F is diagonal.

Lemma 5.4. Assume 1.6(2)~(3). Say 8 < min(1, 2(10 — m)). Then f(S) < X™/>=8/4+¢,
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When m < 9, this beats the square-root threshold X”/2, corresponding to linear subspaces.
(Some degenerate ranges of ¢, n seem to prevent us from handling m > 10.)

Proof sketch for Lemma 5.4. Under 1.6(2), it is known that
L(n) < X™Q +X|lell/n)!~™/%; (5.7)
see, for example, [16, p. 252, (31)]. It is also known that if n is cube-free, then
n~25%n) <, nf; (5.8)
see, for example, [16, Lemmas 8-9]. Fix ¢ > 0. For integers C,N > 1, let
B(C,N) := (C™/2=8)/(Cc™/2 4 N™M/O)1/2 4 (C(m=D/2NY/6 4 N™/6),
By (1.13), plus Cauchy on (1.12) over S, it follows that if X is sufficiently large, then

1/3

f(S) < Y2X™(1 + XC/N)!"™/2N'"""/(N/N,) - N,/°B(C,N,)

for some choice of C,N, N, € {1,2,4,8,..}withC < X/2*¢and N, < N < Y.Optimizing N, over
1< N, < Nyields f(S) <, X" 3*¢(N + XC)'="/2(N - B(C,1) + N'/3 . B(C,N)). But B(C, 1) <
C™/2-8/2 (since § < 1) and B(C,N) < (C/2 + NV/6)yn g0

f(s) <<E Xm—3+€(N +Xc)1—m/2(NCm/2—5/2 +N1/3Cm/2 +N1/3+m/6)‘

Let M := N + XC, and plug in the bounds N < M and C < M /X, to get

FS)/XM3HE < MPO/2 [XMI27312 4 (A3 X2 4 MO,

But X < M < 2X%/2%¢, 50 f(S) < X¥(X™/278/4 4 xm/2=1 4 X2m/375/3) Here, 2 —1< 2 - %
and sz - % < % - %, since § < min(1, 5(10 —m)). O

6 | ESTIMATES AT THE CENTER

In this section, we collect some standard facts we need about the quantities Ij(n), Sy (n) defined
in (1.4) and (1.5). By [14, Lemma 16], we have

Ip(n) < X™. (6.1)

By (6.1) and [14, Lemma 13], we have (uniformly over X, n > 1)

X"o(n) = O o + 04((0/Y)?) (6.2)
(for all A > 0), where
O ryp .= lim2e)™! dxw(x) <p, 1. (6.3)
o =0 |F(x)I<e ’

A ‘€ '¥20C ‘0SLL69VT

dny wouy

1pUOD pUe Swie 1 a1 89S *[7202/80/02] Uo Ariqiauluo )i ‘ABojouyds | puy 80us1S JO Imisul Aq /62T SW(/ZTTT OT/I0p/uod A8 | Ariqipul

85UB0|7 SUOLUWIOD BAERID 3|qeat|dde au Aq pausenoh afe sapie WO ‘88N JO S3|NJ 10§ Aeiq1TaulUO AS]I/ UO (SUORIPUCD-PLE



SPECIAL CUBIC ZEROS AND THE DUAL VARIETY 19 of 35

Aside from the real density o we also have the singular series

oo, F,w»

©p 1= 3 n"Se(m) = Y nM/ 250 (), (6.4)

n>1 n>1

which converges absolutely for m > 5 (as one can show using Lemma 6.1, for instance).
Lemma 6.1. Assumem > 4. IfN € {1,2,4,8, ...}, then

nl—m/Z Z d—l/2 |Sg(d)| <. N(4—m)/3+c—:.
N<n<2N dln

Proof. We have Sg(d) <, d/?*¢ cub(d)™/® by (5.2) for diagonal F, and by [19, p. 95, (170)] in
general. Thus, ¥, , d_l/zlsg(dﬂ <, n€ cub(n)™/°. But

Z cub(n)m/6 < Z n;"/ﬁ (N /n3) <. N . N™/6-2/3+¢ Z n;l/S—e’

N<n<2N n3<2N: n3=cub(ns) ny=cub(nz)

-1/3—¢
ny=cub(ns) n,

since m/6 —2/3 > 0. Observe that Y’ <. 1, and multiply by N1=m/2+¢, O
Since Iy(n) = 0 for n > M,Y (by Proposition 5.1), a routine calculation” using (6.2), Lemma 6.1,
and (6.4) gives, for m > 5, the equality

Y72 ) nTSo(mIp(n) = 0y 5y @pX ™ + O, (X™/271H), (6.5)

n>1

Remark 6.2. The presence of Edln in Lemma 6.1 is not important for (6.5) (where 1,_, would
suffice in place of Zdln), but rather for Lemma 8.12 (to help separate ¢ = 0 from ¢ # 0).

7 | ESTABLISHING BIAS IN EXPONENTIAL SUMS

In this section, we will realize (1.10) from §1. We will start with general theory, and gradually
impose restrictions. It will be convenient to work over the p-adic integers, Z,,.

Let p be a prime. Certain hyperplane sections govern the behavior of S.(p!) for I > 1, as ¢ ranges
over Z™ or more generally, Zg? Let ¥ and V, denote the closed subschemes of ng‘l defined by
the equations F(x) = 0 and F(x) = ¢ - x = 0, respectively. Throughout the present §7 only, let
Vo=V, andV, := (VC)FP, so that V and V live over F, (not Q).

We now recall some standard background recorded (with references) in [25, §3.2]. Let m, :=
m — 3. In terms of the point counts [V(F )| and |V .(F,)| over [, let

E(p) := VDI =@ =1/(p=1), Ep) :=IV(Fl-(@"*=1)/(p—-1).

TWith the same numerics as the diagonal treatment in [26, §6].

¥ The formula for S,(p) in (1.5) still makes sense for ¢ € ZZ‘, because ¢ mod p! € 7/p'z.
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Then, let E%(p) := p~("+D/2E(p) and Eﬁ(p) := p~"™/2E_(p). By Deligne’s resolution of the Weil
conjectures,

E'(p) <5 1. (7.1)
Furthermore, whenever p } ¢, we have S.(p) = p?E.(p) — pE(p), or equivalently,

Si(p) = E(p) — p~'/2E"(p). (7.2)

For prime powers p! with | > 2, a different flavor of geometry, based on Hensel lifting, comes
into play; cf. [18, pp. 65-66]. For the sake of other work [28], we prove more than we presently need;
we encourage the reader to skip ahead to Corollary 7.5 on a first reading. We start by identifying
a clean source of cancelation in (1.5). For each integer d > 0, let

S, pt) 1= U {xe Zg’ :p? | VF(x)—/lc}. (7.3)

Aez;
Lemma 7.1. Letc,x, € Z;". Letl > 2andd € [0, (Il + 1p|x0)/2]. Then,d <1—1, and

Z Z lexo mod pl—d lxéé’(c,pd) . epz(aF(x) +c- X) =0. (7.4)

1<a<pl: pta 1<x<p!

Proof. 1Ifl = 2,thend <1 <2l/3;ifl > 3,thend < (I +1)/2 < 2l/3. Thus,d < [21/3] <1—-1.

On the left-hand side of (7.4), write x = x, + p'~?r (withr € ZZ‘ running over a complete set
of residues modulo p?). Trivially, ¢ - x = ¢ - x, + ¢ - p~4r mod p'. Also, since F is homogeneous
of degree 3, Taylor expansion (using min(1,, + 2(I — d),3(l — d)) > 1) gives

plxy
F(x) = F(x,) + VF(x,) - p'~%r mod p'.

Furthermore, VF(x) = VF(x,) mod p¢ (since VF is “homogeneous of degree 2,” and min(1
(1= d),2(1 = d)) > d), whence 1,4 g pay = Ly g s(c pt) (by (7.3)).

If x, € S(c, p?), then the left-hand side of (7.4) directly vanishes. Now suppose x, & $(c, p%).
Then, for each a in (7.4), we have p¢ + aVF(x,) + ¢, whence the sum of e i(aF(x) + ¢ - x) over
x = x, mod p'~? (i.e., over r mod p?) vanishes. Summing over a gives (7.4). O

plxy +

We now show that to understand Sc(pl) for [ > 2, it suffices to understand

Sé(pl) = Z Z ey (aF(x) +c - x). (7.5)

1<a<pl: pta 1<x<pl: pix

Before proceeding, note that by (1.5), (7.5), we have

S.(p") — Sé(pl) = 2 2 e (aF(x) + ¢ - x). (7.6)

1<a<p!: pta 1<x<pl: plx

Lemma 7.2. Fixa tuplec € ZZ’ and an integer | > 2. Then, S.(p) — Sé(pl) equals

ey) 1p|c : ¢(p2)pm ifl =2, and
@) 1 - [¢(P)/P(P)] - p*™ - Se/p2 (P! ) if 1 2 3.

In particular, if p + ¢, then S (p') = SL(p").
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Proof. Letd := min(2, |(I + 1)/2]); then Lemma 7.1 applies whenever p | x,. Summing (7.4) over
{1 <x < p'~: p|xo}, we get (by (7.6))

S.(p") = SL(ph) = Z Z Lics(epd) - ep(aF(x) +c - x).

1<a<pl: pta 1<x<p!: plx

Here, p? | VF(x),and d < 2,50 Ly g pa) = Lpa)c (by (7.3)). So, if p? ¢t ¢, then S.(p') — Si(p") =0,
which suffices (since d = 1ifl = 2, and d = 2 if | > 3). Now suppose p¢ | c.

If I = 2, then p' | F(x),¢- X, 50 Sc(p") = SL(PY) = $(P) X1 cxept: pix 1 = $(0HP™.

Now suppose I > 3. Thend = 2,and ¢’ :=c¢/p* € ZZI. Now write x = px’ to get

S.(p) - Si(p") = Z Z e i(ap’F(x") + p’c’ - X').

1<a<pt: pta 1<x/<pl-t

Now let!’ :=1—3 > 0.Then e,i(—) is determined by (a,x") mod pl/. Therefore,

Se(p) = Sup) = [$(p)/d]- P Y Y ep(@F&) +¢ X)),

1<a<p!: pta 1<x'<p!
which equals [¢(p!)/¢(p")] - p>™ - S (p") by (1.5). This completes the proof. O

The general study of Sé(pl) needs some setup. For any vector b &€ ZZ‘, let vy(b) 1=
vp(gcd(bl, s b)) € [0,00]. Given ¢ € Z?j \ {0} and integers r,s,d > 0, let

S, s(e,d) :={xe Zgl NS pd):ptx, p|F&x), por® e x}, o
Sied) = {x € S, (e,d) 1 v, (VF() = v,()} '
Let Mp denote the usual Haar measure on ZZ’, so that for all [ > max(1,r, s,d), we have
,up(S,,s(c, d)) = p‘lm - {x € S(e, pd) t1<x< pl, ptx, p'| Fx), ps+”P(c) |c-x}. (7.8
Lemma 7.3. Supposec € Z’I’; \{0}and g = v,(c). Letu,v > 1 and d > g be integers. Then,

Mp(Sy (e, d)) = p*" “pp(Syu(e,d), ifv>dandd <u<g+vy; (7.9)

1p(Sy (e, d) = p~ - uy(Si_y (e, d)), ifu—1—g > max(1 + g,d,v). (7.10)
Proof. Letr,s > 1 be integers. Using (7.7) and the congruence
F(x + p™&@dr=9)p) = F(x) + VF(x) - p™*@ =9 mod p"

(valid since 2 max(d, r — g) > 2max(g,r — g) > r), we find that

(1) S, (c,d) is invariant under addition by any element of pmax(dr ‘g’S)ZZ“ (since p? | VF(x) for
all x € S, ((c,d), by (7.3)), and therefore
(2) S (c,d)is invariant under pmax(“g’d”‘g’s)zg.

Casel: v > dand d < u < g + v Then, max(d,u — ¢g,v) = v and max(d,u — g,u) = u.
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* If u <v, then the inclusion S, ,(c,d) — S, ,(c,d) descends to a map S, ,(c,d)/ Pz -

Syule,d)/ p“ZZ“; and this map has fibers of size p(™~D(®=%) 50 (7.9) holds.
* If u > v, then the inclusion S, ,(c,d) — S, ,(c,d) descends to a map S, ,(c,d)/ pzy -

Sy.(€e,d)/p°Z’y; and this map has fibers of size pm=DE=0) 50 (7.9) holds.

Case2:u—1— g > max(1 + g,d,v). Then,u > 2,and max(1 + g,d,r — g,v) =r — g forallr >

u — 1. So, the inclusion S;’U(c, d)— S L ,(¢,d) descends to a map

St (e d)/prz > S,

u—1,0

(c, d)/p”‘-‘"lzZ‘.

This map has fibers of size p™~1, since for all x,, € S, (e.d)andr € Zg, we havev,(VF(x,)) =
g and the “lifting congruence”

F(xy+ p*~97'r) = F(x,) + VF(x,) - p*~¢"1r mod p“.
(This congruence holds because 2(u — g — 1) > u.) Thus, (7.10) holds. O
The next result synthesizes a lot of old and new Hensel work.

Proposition 7.4. Letc € Zg‘ \ {0}, and let g = v,(c). Letd > g if V is smooth, and letd > 1 + g if
V is singular. Let | > max(2 + 2g, 2d). Then,

p"$(pHSL(p") = PP, (S (e, d) — PP, (S 1o (e, ). (7.11)
Proof. Lemma 7.1 applies, since d < /2. Summing (7.4) over {1 < x, < p"~¢ : p } x,} gives

Siph = Z Z Licsepd) * €pt(@F(x) + ¢ - X).

1<a<p!: pta 1<x<pl: ptx

Replacing ¢ with Ac for 4 € ZIXJ, and summing over 4, we get (via the scalar symmetries S/, ph) =
S7 (pH and S(c, p?) = S(Ae, p?) that follow from (7.5) and (7.3), respectively)

pmeesiph = Y, pmSL N = Y (=P (S (e d)), (7.12)

1<Agpl: pia I-1<u,v<l

by a short calculation using 3%y e pi: p1y = Zichepl — Dicbepl: pip 0r b =a, 1) and (7.8).
Letr, s > 1. Before proceeding, we prove (by casework) that

Si(e.d) =S, (c,d). (7.13)

Casel:d = g > 1. Then, V issmooth, so {x € ZZ’ ptx, p|F(x), p| VF(x)} =@.Sincep | c,
we conclude by (7.3), (7.7) that S; ; (¢, 1) = @. So, both sides of (7.13) are empty.

Case 2: d = g = 0. Then V is smooth, and p } ¢. So, by (7.7), we have (7.13).

Case 3:d > g + 1. Then, vp(VF(x)) = g forall x € $(c, p%). So, by (7.7), we have (7.13).

Having established (7.13) in all cases, we now return to (7.12). Since d > ¢ and I > max(2 +
2g,1+ g +d,1), we may apply (7.10) (withu =landv =1 -1 — g) and (7.13) to get

Hp(Sii1-g(e,d)) = p! p(Si_11-1-4(c, d)).
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Butsinced > g and ! — 1 — g > max(1, d), we may use (7.9) to get

:up(Su,v(c’ d)) = Pu_v . :up(su,u(c’ d))

forall (u,v) € {l - 1,1} x{l —1 — g, — g} such that u < ¢g + v. Thus, the right-hand side of (7.12)
equals pl+l+g : :up(Sl,l(cs d)) - (Pl+(l_1)_1+g + p(l—1)+l+(g—1) - p(l—l)+(l—l)+g) ' #p(sl—l,l—l(c’ d))’
which simplifies to the right-hand side of (7.11). So, (7.12) implies (7.11). O

Corollary 7.5. Suppose ¢ € Zg \ {0} is primitive and V is smooth. Let | > 2. Then,

S.(ph) = p|v(z/p'2)| - p**™ |V (2/p' ).

Proof. Here v,(c) = 0, so (7.8) implies u,(S,,(¢,0)) = p~*"¢(p*)|V.(Z/p*Z)| for u > 1. Plug
this into Proposition 7.4 (with d = g = 0); then note that S.(p') = S.(p') by Lemma 7.2. O

Now fix L € Y. We will build up to Lemma 7.11 (realizing (1.10) from §1). As Remark 1.6 suggests,
Lemma 7.11 might extend to more general F. But to maximize the accessibility of §7, we focus on
the diagonal case. We will use an ad hoc change of coordinates, highlighting specific features (of
diagonal forms) that may be of independent interest.

So, for the rest of §7, assume that F is diagonal with m € {4, 6}. Let J be a permissible pairing
corresponding to L in Proposition 3.6. Since 7 is permissible, there exist unique cube-free integers
F (for k € K) such that F; /F; is an integer cube for all k € K and i € J (k).

Suppose c lies in AL or more generally, A* ® Z p- Assume

p+iT R @) (7.14)
In particular, by (1.14), we have
p+(6F; - F,,. (7.15)

Proposition 7.6. Under (7.14) and (7.15), the following hold.

(1) Eachc(k)’ liesin 7,

() Ifk, < - <k, then p 4 [[(c(k,)*/? £ - % c(k,)*/?). In particular, p } c(k)?, hencec(k)® € zy,
foreach k. Also, p + c(i)® — c(j)? wheni # j.

(3) V. has exactly 2/?=! singular F ,-points.

Proof.

(1) By Definition 3.5, c(k)? = cf/Fi for alli € J (k). Here, p } F; by (7.15).

Next, we use some results of §3.2, carried over from Q to Fp, via Remark 3.11.

(2) Use (7.14) and the F ,-analog of Observation 3.10(1).

(3) p| %" '~1FV(¢) by Corollary 3.9, carried over to F,.Butp t 72" FV(e) by (7.14). So by the
[Fp-analogs of Proposition 3.7 and (3.5), the scheme V has at least, but also at most, 2m/2-1
singular ﬁp -points. (Note that each singular Ep -point of V. has all coordinates nonzero, by the
Jacobian criterion, since p { ¢; --- ¢,,, by (2).) O
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Assume, until further notice, that

for all k € K and i € J(k). For convenience, assume J(k) = {k,k + m/2} for each k € K =
[m/2]. Then,c € A* ® Z, implies ¢y = Cjypmyz- Lt € 1= € = Cjyyy2, SO that

c(k)’ = (¢})*/F o). (7.17)

Now consider the equations F(x) = 0 and ¢ - x = 0 defining V... These equations become

Y, Fuo-hlklylkP==3 ) Fgy-hlkP  and Y cf-hlk]l=0 (718)

1<ksm/2 1<ksm/2 1<ksm/2

after a linear change of variables over Z[1/6]. Explicitly, if J (k) = {i, j} with i < j, then we take
hlk] :=x; + x; and ylk] 1= 3(x; —xj), so that the equation h[1] = --- = h[m/2] = 0 cuts out
A ® Z,.(We use the letter “h” in analogy with van der Corput or Weyl differencing. The definition
of h := (h[k])1<k<m /> is compatible with that in §4.)

Geometrically, over K := F,, the space {[h] € Pm/2-1 : ¢* . b = 0} = P"/22 parameterizes
projective Z-planes PH C Pct = P™~? containing the fixed (5 —1)-plane PAg. Over this
[h]-space, we have the “quadratic fibration” (related to the blow-up of V, along PAg)

V. \PAg = P[c*]* = P™272, [x] ~ [h].

Concretely, each slice V, N PH consists of PAx and a (possibly singular) quadric hypersurface
Qy C PH of dimension m/2 — 1, where Qy \ PA is the fiber of V. \ PAg over PH.
Below, let (%) denote the Legendre symbol (if p is odd), and write y(r) := (i).

Lemma 7.7. Under (7.14), (7.15), and (7.16), we have Eﬁ(p) = p/2 + 0(1).

Proof. Let C(V,) denote the affine cone of V,: the subscheme F(x)=c-x =0 of A™.
Then, [C(V)(F,)| =1+ (p—1|V(F,)|. We must show that |[C(V.)(F,)| = p™> + pm/2 4+
O(p("=72),

We count solutions to F(x) = ¢ - x = 0 using the (h, y) coordinates in (7.18). The locus h = 0
contributes [A/pA| = p™/? solutions to (7.18). Let

U=V,n{h#0}, U =V,n {Hh[k] ;éo}, Z, = Un{hlk] = 0},
and by slight abuse of notation, define the corresponding cones with origins removed:
CW) =cWanih#0, cU)=cwon{[hlkI#0}. cZ)=CW)nihlk] =0}
Recall (7.17). Since p } c;‘ for all k € [m/2] (by Proposition 7.6(2)), the equation ¢* - h = 0 implies
that U = U’ if m = 4, and that Z,, Z,, Z, are pairwise disjoint if m = 6.

Suppose first that m = 4. Then, U = U’ is covered by a single affine chart, say with h[2] = ¢
and h[1] = —c; . The (remaining) defining equation F(x) = 0 becomes

*
1

—Fy ¢ Y1+ Fpy - ¢f - y[21* =3 [Fy - (5)° = Fy - (e} )]
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Since p ¢t c(2)* —c(1)* (by Proposition 7.6(2)), we get |U(F,)| = p — x(c(1)*c(2)*) by compar-
ing U with P'. Thus, |C(U)(F,)| = (p — DIU(F )| = p> + O(p). So, |[C(V.)(F,)| = |A/pA| +
IC(U)(F )| = p™ % + p™/2 + O(p), which is better than satisfactory.

Suppose next that m = 6. Plugging h[k] = 0 into (7.18) identifies C(Z,) as the product of Al
(with coordinate y[k]) with a cone of the shape “C(U) for m = 4” (which has p? + O(p) points
by the previous paragraph). Thus, [C(Z)(F,)| = p® 4+ O(p?) for each k, and | | J, C(Z)(Fp)l =
2 ICZ)F)| = 3p® + O(p?) in total over 1 < k < m/2.

For U’ (Fp), first consider an individual h € [F'Zf/ * with [1 Alk] # 0. The equation F(x) =0 (a
ternary quadratic in y) has 4}, = p* + p - x(Fqh[1] - F(3h[3] - 3 ¥ Fyh[k]*) solutions y €
[F;”/ *. Indeed, if Y Fyohlk]® =0, then {y € A* : F(x) =0} is an affine cone over a smooth
conic Q = P!; otherwise, {y € A3 : F(x) = 0} is a nondegenerate affine quadric (and is thus the
complement of a smooth conic in a smooth quadric in P3).

Now identify U’ with its affine chart h[3] = 1. The equation ¢* - h = 0 becomes h[2] =
—(c;) (e} - h[1] + ¢}). Thus, |U'(F,)| equals the sum of ./}, over ¢t := h[1] € Fr\ {=c¥/c}
(where we restrict t so that h[1] - h[2] # 0):

= Y Mt L M=-2p+p +p- (MEOEF i 2 =P0}-p),  (719)

tef0,—cy /cf} ek,

where  P.(t) := —3F)F5)F 3 (C;)_l cte(ef - t+cr) - [Foyt® —F (c;)_3 (cf-t+ c;)3 +
F(3)]. The count |C(U’)([Fp)| is p — 1 times the right-hand side of (7.19).

Here, deg, P, = 5, since p 4 ¢(1)* — ¢(2)* by Proposition 7.6(2). By a routine computer calcu-
lation, the discriminant of the quintic polynomial P.(t) simplifies — up to a harmless “unit

monomial” in 3*!, F(“—;cl), ) —to [e(1)? = c(3)*1% - [e(2)® — c(3)*]? - [T[c(1)*/? + c(2)*/? +

¢(3)3/2], which lies in s (by Proposition 7.6(2)). Thus, z% = P,(t) defines an affine hyperelliptic
curve over [, of genus 2. All in all, we have (by the Weil bound for z> = P,(t))

IC(VOE )| = [A/pA] + (3p* + O(p»)) — 2(p* — p») + (p* — p*) + (p* = p) - O(p'/),
which simplifies to [A/pA| + p* + O(p®/?) = p"~2 + p™/2 + O(p"—1/?), as desired. O

Remark 7.8. By Lang-Weil for curves, we only need z> = P,(t) to be absolutely irreducible over Fp
— not necessarily smooth. However, p } c(k)* and p } c(i)* — ¢(j)? remain essential throughout
the proof of Lemma 7.7; without them, the bias could increase.

Lemma 7.9. Letl > 2 be an integer. Under (7.14), (7.15), and (7.16), we have
Siph = Ly ()= mytclmy2y) - 22 d(pHp 72 (7.20)
Proof. By (1.8), the desired formula (7.20) is equivalent to

p~S.(ph) = Ly (c(1)3)==x(cim/2)%) * 2m/271(p — 1)plm=2/271, (7.21)

By Proposition 7.6 and (7.17), we have p } c(k)? = (c;‘)3 /F ) for all k € [m/2]. In particular,
p 4 ¢, so Corollary 7.5 applies, since V' is smooth by (7.15). Consider the map

V(z/p'7) - V(z/p"" 2). (7.22)
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Whenever [x] € V,(Z/p'~'Z) lies over a smooth point of V,, the fiber of (7.22) over [x] has size
exactly p™+ (by Hensel’s lemma). Therefore, Corollary 7.5 simplifies to

pASs.(pH = 1B D] - p™|B'(-1)|, (7.23)

where B'(v) denotes the subset of V,(Z/pZ) lying over the singular locus of V..
If x(c(i)*) # x(c(j)?), that is, x(c} /3F;)) # )((C;/3F(j)), for some i, j € KC, then B/(1) = ¥: in
fact, there are no x € [FZ’ \ {0} with VF(x), c linearly dependent over F p- S0, unless

x((1)’) = -+ = x(c(m/2)*) (7.24)

holds, we have S.(p') = 0 by (7.23). So, from now on, assume that (7.24) holds.

By the conditions (7.24) and p # 2, there exists 1 € Z; such that 4 - cl’: /Fuo € (Z;;)2 for all
k € [m/2]. Say A - cl’: = F(k)d(k)2 for some choices d(k) € Z;; write d; = d(k) when i € J (k).
Then, B'(1) is the set of F,-points [x] = [id_i]ie[mj with F(x) = 0. But by Proposition 7.6(3), the
scheme V. has exactly 2"/2~1 singular points [x] € VC(FP), which — by the Jacobian criterion,
and the fact that +d; € F, for all i € [m] — must all lie in 53(1). Explicitly, these 2m/2=1 points
[x] arise from the sign choices for whichx € A ® Fp.

We now seek to count B’(l) for [ > 2. Recall (7.18), expressing V, in terms of the (h,y) coor-
dinates. Fix a point [x] € B'(1), say given in (h,y) coordinates by h = 0 mod p and y[k] =
d(k) mod p. Upon writing c: = F(yd(k)?/A, the system (7.18) modulo p! becomes

Y Fgohlkl] 3 ) Feohlkl, Y Fud(k)?hlk] =, 0. (7.25)

1<ksm/2 1<ksm/2 1<ksm/2

Let B:l(l) be the set of solutions (h, y) to (7.25) lying over our fixed [x] € B'(1).

Fix an affine chart (i.e., representatives in /3’ (1) by setting y[m/2] = d(m/2) identically over
Z,.Write h[k] = p*h[k]and y[k] = d(k) + p ys[k] (with s = 1fornow, butalls > 1tobe relevant
below), so y,[m/2] = 0. Then, (7.25) becomes

Y, Fuohslkld()y,[k] + py[k]) =pia =3p* 2F<k)h kP, 2F<k)d<k>2h k] =05 0
k#m/2

So, |B:i(l)| = p"™~2| A, (1 — 2)|, where A(]) is the (nonhomogeneous, affine) system

Y Faohylkl@d()y[k] + p'y,[k]*) =, =3p° Y FohylkPP, Y Fod(k)hylk] =, 0.
ktm/2 k k

Fix s > 1. Clearly, |.A,(0)| = 1, while A (1) is isomorphic to a cone over a smooth” quadric in
m — 2 variables (i.e., in P, of even dimension m, — 1) with discriminant in (—1)"/2~ 1([F;;)Z,
so |A,(1)] = p™ + (p—1)p"™~V/2 For |32, the origin of the cone .A,(1) contributes
P 2| A1 (1 — 2)| points to A(l), while points away from the origin (i.e., smooth points!) lift
uniformly to a total of (].4,(1)| — 1) - p~1™ points of A(l). Thus,

| A = p™ T A, (L= 2)] + (JA,Q)] = 1) - pd=Dm (7.26)

i hg[m/2] is determined by the remaining hg[k], and Zk;&m/z Fyd(k) - h[k]y[k] = 0 is smooth.

A ‘€ '¥20C ‘0SLL69VT

dny wouy

11pUOD pue SWiB | 84} 88S *[¢Z02/80/02] Uo AriqiTauliuo Aa|1m ‘ABojouyse 1 puy 80Us IS JO INISU| AQ 52621 SWII/ZTTT 0T/I0p/wod A Areiqipul

85UB0|7 SUOLUWIOD BAERID 3|qeat|dde au Aq pausenoh afe sapie WO ‘88N JO S3|NJ 10§ Aeiq1TaulUO AS]I/ UO (SUORIPUCD-PLE



SPECIAL CUBIC ZEROS AND THE DUAL VARIETY | 27 of 35

for s > 1 and [ > 2. (The same holds for I = 1, provided that we interpret | A (=1)| := p~("++1))
By induction on [ > 0 (with base cases | = 0, 1), we immediately find that |.A ()| is independent
of the choice of 4 and the p-adic square roots d(k); furthermore, | A ()| = |A,;()| for all s > 1,
that is, there is no d-dependence or s-dependence!

Finally, by symmetry, |B'(1)| = 2’”/2_1|B:1(l)| =2m/2=1pm=2| A, (1 —2)|foralll > 1. (Forl = 1,
recall |A,(—1)| := p~™+D = p=(m=2) y Thus, (7.23) gives

p4S.(p) = B W] — p™|B'(1-1)| =227 pm2(J 4,1 - 2)| - p™ | A, = 3)])
for I > 2. To prove (7.21), it remains to show that
A4, (D] = p"™ 1A, = DI = (p = Dp!" D27 = (p — pplmt D

for I > 0. To this end, we compute |.A,(I)] — p™|.A,(l — 1)| (using (7.26) if | > 2) to get

(1) 1—p™ . p Mt =1 p~! thatis, (p —1)p~ L, forl = 0;
@) [p™ +(p = 1)p=V/2] = pm . 1= (p — D)p™~V/2, that s, (p — 1)p™+D/271 for | = 1;
3) p™ (A (- 2)] — p™ | A, (L= 3)]) for | > 2, since pll=Dme = pm. . pli=2m..

By induction on [ > 0, we are done, since p™+*1 . p=2(m.+1)/2=1 — pl(m,+1)/2-1, O
Remark 7.10. By induction on ! > 0 (with base cases ! = 0, 1), one could prove the explicit formula

|A,(D)| = p'™ + (p — 1)pmtD/2=1(plm=1/2 _ 1) /(p(m:=1D/2 — 1) (also valid for | = —1).
One could then explicitly compute |B,())| = p™*!|A;(I - 2)| for l > 1.

For the rest of the paper, drop the assumption (7.16). We can finally state and prove the main
result of §7. Let Z?p) ={g€eQ* :v,(q)=0}= Z; N Q.

Lemma 7.11. Assume that F is diagonal, with m € {4, 6}. Let ¢ € A*. Assume (7.14). Then,

Sip) = ¢(p)p~'/% + 0Q1). 7.27)

Also, c(k)® € Z?p) forall k € K. Finally,

Siph =¢hp - [T (1 + x(e®y etk +1)%)) < ¢(php~/ (7.28)

1<k<m/2—1

for all integers | > 2. The implied constants in (7.27) and (7.28) depend only on m.

Proof. Aswe noted earlier, (7.14) implies (7.15). Now consider the unique invertible Z[1/F; --- F,,]-
linear map x — x’ such that Fixi3 = F(k)(xlf )} for all k € K and i € J(k). This map transforms
F(x)into F'(x') = F|(x!)* + - + F) (x],)?, where F] = F;, forall k € K and i € J (k). If we let
¢ — ¢ denote the dual linear map, then the following hold:

* ifp } F, ---F,, then S.(p'), defined using F as in (1.5), equals S (p'), defined using F’ in place
of F,;

* one can define the polynomial (F’)V(c’) to be F¥(c) times a power of F; --- F,,,;

* the vector space L’ corresponding to L is still associated to J; and

* we have ¢ /F; = (c])*/F] for alli € [m].

By (7.15), we may thus assume (7.16) (when proving Lemma 7.11).
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The claim (7.27) now follows upon plugging Lemma 7.7 and (7.1) into (7.2). For the claim c(k)* €
Z(Xp), see Proposition 7.6(1)-(2). Finally, Lemma 7.9 implies (7.28) for | > 2. O

Remark 7.12. Since Ecenl/nat [Si(n)] = ¢(n)n~1/2 (for all n > 1) by Proposition 4.7, we have

chosen to formulate Lemma 7.11 using ¢(n)n=/2, not n'/2.

8 | MAIN DELTA-METHOD ANALYSIS

Fix F in Theorem 1.1. For each L € Y, recall A, A* from Definition 1.3. By Proposition 3.1, FV(c) =
Oforallc e | Ley A*. (Recall, from Definition 1.4, that we call such ¢’s linear.)

Since F is diagonal, Proposition 3.6 characterizes the linear ¢’s via certain pairings introduced
in Definition 3.5. More precisely, the identification At = R 7 defines a bijection between Y and
the set of equivalence classes of permissible pairings .J of [m].

Consider the left-hand side of (1.6). Recall the sets &;, &, from (1.9).

Proposition 8.1. Forreals C > 1, we have |€; N [-C, C]"| <, cm/2-14e,

Proof. This follows from the combinatorics of [15, p. 687]. (In Heath-Brown’s notation, any

exponent % coming from &, must lie in Z}~ifm=4, and in i,g,ﬁ,g}ifm=6.) O
p k 2 g 1 2 2°2° 22

Proposition 8.2. For reals C > 1, we have |&, N [-C,C]™| <, C™/?71+¢,

Proof. Lets: Q- Q, g+~ g Let M := max(|F,|, ..., |F,,|). Suppose L € Y and ¢ € &, N A*.
Then, by Observation 3.10(2), there exist distinct k;, k, € K with c(k,)*c(k,)* € s(Q). Fix i €
J(k,) and j € J(k,); then (ci?’/Fi)(cj.’/Fj) € 5(Q). So (Fic;)(Fc;) € s(Z), whence there exists
a € Z with 0 < |a|] < MC such that Fic;/a € s(Z) and Fjc;/a € s(Z). Since |K| = m/2, it fol-
lows (upon summing over all possibilities for 7, k;, k,, i, j) that & N [—C,C]™ has size <,
C™22 ¥ ctajemcMC /a2 - (MC/la])!/? < €™/ og(2 + O). O

Propositions 8.1 and 8.2 imply that FY is unsurprising (in the sense of Definition 1.5). Lemma 5.2
then gives the useful bound f(&; U &,) <, X(m=1/2+¢_(Recall f(S) from (5.1).)

Corollary 8.3. The equality (1.6) holds, provided that for each L € Y, we have

Y2 Y Y a2k (n) = 0.(X™2VHE) v o 1 X2, (8.1)

cent\e, n>1
Proof. Assume (8.1) for L € Y. Since f(&,) <, X("~D/2*¢_the relation (8.1) implies

y—2 2 z n(l_m)/ZSE(n)Ic(n) — Oe(Xm/2_1/4+€) + Gm,LL’meﬂ.
ceAt\{o}n>1

Upon summing over the finite set Y (handling intersections using Lemma 5.2), we obtain

y—2 Z Z n(l—m)/ng(n)Ic(n) — Oe(Xm/2_1/4+€) + Z Goo,Li,wXM/z'
c€Upey AT\{0} 21 LeY

By (1.7), (1.8), and the bound f(&;) <, X(m~1/2+¢ the desired (1.6) follows. O
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So, (8.1) would imply Theorem 1.1. The rest of §8 is devoted to the proof of (8.1). Fix L € Y, and
recall Proposition 3.6. We first explain why Heath-Brown’s approach for m = 4 in [15] does not
seem to directly extend to m = 6; we then describe our approach.

Using Lemma 4.6 (with ny, = n and n; = 1) and Proposition 4.7, one can show that (in terms of
certain quantities T(j; n),J(j; n) we briefly discussed in §4)

X7 ¥ XS I =X Y Y T Gin); (82)

ceRJ n=1 nx1 jEZm/2

cf. [15, p. 692, Poisson summation underlying Lemma 8.2]. When m = 4, Heath-Brown proves
that j = 0 in (8.2) captures the “J-diagonal” contribution to (1.1), and that the locus j # 0 in
(8.2) forms an “error term” of <, X3/2+¢,

Whenm =4and o, ., # 0, the J-diagonal in (1.1) strictly dominates the ¢ = 0 contribution
to (8.2). When m = 6 and 0, p ) 0o 1.1 5 # 0, however, ¢ = 0 in (8.2) is comparable in size to
the J-diagonal in (1.1), so that j # 0 in (8.2) is likely no longer an error term. Perhaps for typical
Jj # 0, the sums T(j;n) can be analyzed in terms of L-functions, but it is not clear where the
¢ = 0 contribution to (8.2) would arise for m = 6. To push (8.2) further — perhaps by considering
small and large n separately — thus seems technical and possibly delicate, though it could be
enlightening.”

Our approach to (8.1) delays Poisson summation to the “endgame,” thus sidestepping (8.2). Con-
sider the left-hand side of (8.1). We open not with Poisson summation over ¢ € A*, but with local
geometry (Lemma 7.11). Lemma 7.11 exposes a uniform bias in S,.(p!) over ¢ € At \ &,, allowing
us to decompose S.(n) into simpler pieces (see (8.11)). Even then, tricky issues remain (especially
regarding the excised loci {0} and &, \ {0}), but Lemma 7.11 is undoubtedly the driving force in
our argument. (However, if we could compute I(n) to greater precision when ¢ € At \ &,, that
might reduce our reliance on Lemma 7.11.)

For ¢ € A*, consider the Dirichlet series ®(c, s) : = anl n_Ssg(n). Let

W(s) 1= Y pmn 2 = (s +1/2)7 - {(s — 1/2)

n>1

be the Dirichlet series for ¢(n)n~1/2. By Lemma 7.11, ®(c, s) should typically resemble ¥(s), to
leading order. So, divide @(c, s) by ¥(s) to define the “error series”

Z n_sSio(n) 1= ®(c,s)/¥(s) =¢(s —1/2)71 - (s 4+ 1/2) - B(c, 3). (8.3)

n>1

Since ¢(s)~! = Yns1 P u(n) and {(s) = ¥, n~*, it follows from (8.3) that

Seom = Y, wdo)dy* - dr'? - sk(dy). (8.4)
dod,dy=n

For convenience, let S, 4(n) := n+m)/ ZSE o(n). The multiplicativity of S.(n), ¢(n) in n leads to
Euler products for @, ¥, and then to multiplicativity of S, ().
We will need some basic properties of S, ,(n) as a function of ¢ € Atandn > 1.

T Heath-Brown’s argument for m = 4 is already challenging, and the geometry involved might become even more
complicated as m grows (though the parity of m /2 may also play some role).
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Proposition 8.4. The quantity S, ,(n) is a function of n and ¢ mod n. Also,
Eeentuat [Sho(m)] = L. (85)

Proof. By the first sentence of Proposition 4.7, S.(n) depends at most on n and ¢ mod n. But
Sco(n) depends at most on the list of values (S.(d,))q4,|,, hence at most on n and ¢ mod n. Yet,

by (8.3), the Dirichlet series identity Zn>1 n-ssﬂ(n) = Y(s) Zn>1 n‘sSE 0(n) holds for any ¢ € A*.
Averaging formally (coefficient-wise) over ¢ € A+, we get

Y T Eeeptjnat [Sh(n)] = (s) Y T Eeeptjnat [SE,O(n)] . (8.6)
n>1 n>1
But by the final sentence of Proposition 4.7, the left-hand side of (8.6) equals ¥(s). So, (8.5) follows
formally by division. U
We now provide some bounds on S, (n) for ¢ € A'L. By (8.4), we have
n2sE = Y udy)-dit - dy VS, 8.7)

dodydy=n

Let 75(n) := Zdodldzzn 1. For any n > 1, the triangle inequality on (8.7), followed by an
application of (5.8) to cube-free divisors of n, yields

Sto(m] < Ts(wn'/? - maxd /2

f 1/24¢ -1/2 |
Sc(d)’ <. 13(mn de@aﬁmnd ’Sc(d)’. (8.8)

If p + j2"* ' F¥(c) and | > 2, then (8.8) and (7.28) imply

Seo(P)] < Ta(P)P2. (8.9)
Ifp} jzm/HFV(c), then (8.4) and (7.27) imply
St o(p) = =p'/* + p7/2 + S(p) = 0(D). (8.10)
The bounds (8.8), (8.9), (8.10) are most useful in conjunction with multiplicativity. Let
Nei=fnz1:pln=pt " 'F@L N,i={n>1:pln=pl " Fe}
for each ¢ € AL. For each integer ¢ > 1, let
N(®):=fnz1l:pln=v,(nm)<tl, N.(O):={n>1:p|n=>v,(n) >t}

Lemma 8.5 Cf. [26, Lemma 3.4]. Let N, t > 1 be integers. Then |{N <n <2N : n € N, (1)} <,
Nt Also, ifc € AL\ &, then |{N <n < 2N : n € N,.}| <. N¢|lc|l°.

Proof. The first bound is familiar. It remains to prove the second. Say ¢ € At \ &,. Then, the vector
jzm/ “'F V(c) is nonzero, and thus, has a nonzero coordinate R. But #{N < n < 2N : n | R®} <,

(RN)¢ (by Rankin’s trick), and R < ||¢||9e8F". O
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Lemma 8.6. Letc € A1\ & and N € {1,2,4,8,...}. Suppose ||c|| < X'°. Then,

Y [siom| < xny N > d!

N<n<2N d<2N:deN,(3)NN,

Sia)|.

Proof. Any integer n > 1 can be written (uniquely) as n,n,n;, where n,, n,, n, are pair-
wise coprime integers satisfying n; € NN N (1), n, € NN N, (2), n; € N. Upon writing
Seo(n) = H1<i<3 S¢o(n;), and applying (8.10) to primes p | ny, (8.9) to primes p | n,, and (8.8) to
ns, we get (by dyadic summation over n;, n,, ns)

i € 1/2 1/2 | ch
D[S < > N > n, > (ns/d)"/? |S{(d)] .
N<n<2N N1,N,,N3|2N : ny,np>1: nsy,d>1:
N/4<N;N,N3<2N Ny<ny<2Ny, N3<n3<2N3, ns€N,
N,<n,<2N,, ny €N (2) deNL(3), dIn3

Upon summing over n;, n,, n; (for each fixed d), we get, by Lemma 8.5,

Y [siml<e Y NNN, Y (Nllel N/
N<n<2N N7,N,,N3|2N: d<2N;:
N{N,N;<2N deN NN, (3)

Se(d)].

But (N5/d)'/? < N;/d for d < 2N;. And ||c|| < X'°. So, Lemma 8.6 follows. O

Given n in (8.1), we may use (8.3) to decompose SE(n) as a Dirichlet convolution:

Sim =Y, Si(ng)-glnn; 2, (8.11)

nony=n
We will study the ranges n, > Y/P and n; < Y /P separately, for a parameter P to be chosen in
(8.16). We first handle the range n; < Y /P, using Lemma 8.6. It turns out we will not need the full

strength of Lemma 8.6 (which might, however, still be useful in the future).

Definition 8.7. For a real number K > 0 and aset 7 C Z™, let

Sk T) =Y 2 Y N a2 ) Y SE () - plnn;
ceT n>1 nony=n:
n; <K

Similarly, define Z, (X, 7) (by replacing n; < K with n; > K).
Using (8.11), one may rewrite the left-hand side of (8.1) as
ZoypCGAT\ E) + Zoy p(X A = 2oy p(X, E). (8.12)
Lemma 8.8. Uniformly over reals X, P > 1, we have

Sy p(X AT\ &) < XM/2HepTl/2, (8.13)
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Proof. We proceed somewhat crudely. By Proposition 5.1, the absolute value of the left-hand side
of (8.13) is at most O, 4 (X —4) plus the quantity

Y2 Z Z (non) /2|1 (ngn, )| - ”li/z

ceAt\&,: Mo <MyY:
lellx?/24s - m<Y/P

Sto(no)| (8.14)

We now examine an individual ¢ € A' \ &,. By Observation 3.10(1), ¢; -+ ¢,,, # 0. So,

() <. X" (Xlell/n) [] Kleil/m)~/? (8.15)

1<ism

by [15, Lemma 3.2]. Upon inserting (8.15) into (8.14), dyadically decomposing n,, and then applying
Lemma 8.6, we find that the quantity (8.14) is

Y—2Xm+EX1—m/2”c” 1/2 _
< ¥ y Ny Y d! SE(d)|.
(Nyn )1/2|C e |1/2
cenl\&,: Nony<M,Y: 071 1 m d<2Ny:
”c”<X1/2+g No€{1,2,48,..}, <Y /P dE.N.;(3)

But (5.2) yields SE(d) < Y2 o sa(c)* (when e, -+ ¢, # 0). Plugging this in, and noting
that Y v 3) d~1/2 « 1 by Lemma 8.5, we find that (8.14) is

$q(Cmin J(k))l/ 2

s

< D 2, YT (MY fn)!? [ ==
ceAL\&,: [lell<X/2+e ny<Y /P kek min J (k)

in the notation of Definition 3.5. But ), <lel<C sq(c)/2/|c| <, C¢ by Lemma 8.5 (or a calculation
with Euler products). So, (8.14) is

<<€ Z Y—2X1+m/2+eX1/2+s . (Y/n1)1/2 < Y_2X3/2+m/2+2€Yl/z(Y/P)l/z.
n <Y /P

Plugging in Y = X3/2 leads to (8.13). d

Remark 8.9. We have used diagonality of F. In general (leaving details to the interested reader),
one can prove (8.13) for m < 11 under the axioms 1.6(2)-(3), by replacing (8.15) with (5.7), then
using (1.11), (1.12) instead of (5.2), and then verifying the inequality
Y—2Xm+€N1/2
0
(XC + NN, )m/2-1

N1P1/2 cmiAcm/4 ¢ dm/12)
dl/2

<. Xm/2+O(e)
d<2N,: deN,(3)

over reals C, P, Ny, N; > 1 with C < X'/2*¢ and N, P < 100(1 + M,)Y/N].
In terms of M, from Lemma 4.6, let
P =Py 1= M'x/2 (8.16)

We now turn to the range n; > Y /P in (8.12). Recall Z, i (X, T') from Definition 8.7.
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Lemma 8.10. Uniformly over reals X > 1, we have
Sy (X AY) =0 10 XA+ 0(PTY). (8.17)

Proof. Suppose n, ny, n; > 1areintegerswithn; > Y /P. By the first part of Proposition 8.4, S,. 5(n,)
only depends on ¢ mod n,. Because n; > Y/P = M, X, Lemma 4.6 therefore implies

Y S L= Y Sh () n? a1 X 2h(n /Y, 0),
cent beAl /noAt

By (8.5) and the equality |At/n,At| = n(')n/ 2 we conclude that

Z Sio(no) -I.(n) = nm/2 . o'oo,Li,me/zh(n/Y’ 0) - L1
cent

The left-hand side of (8.17) (see Definition 8.7) thus simplifies to

Y2 Y o X" h(n/Y,0) - $(n),
nxY /P

which equals o, 1 ,X m/2(1 + O(P~1)) by Proposition 8.11 (below). O
Proposition 8.11. ¥, ., /» $(n)h(n/Y,0) = Y*(1 + O(P~1)).

Proof. By [15, final paragraph on p. 692, and second paragraph on p. 676], we have (in terms of the
function w defined on [15, p. 676])

D ¢h(n/Y,0)=Y Y w(n/Y)=Y* A+ 0, ).

n>1 n>1

Furthermore, h(x,0) < x~! by [14, Lemma 4], so

Y ¢mh(n/Y,00< Y ¢()-Y/n< Y Y <Y?/P.

n<y /P n<y /P n<y /P
Proposition 8.1 follows upon writing 3.,y /p = X551 — Zucy/p- O
Lemma 8.12. Uniformly over reals X > 1, we have
oy p(X, E) < XD/, (8.18)

Proof. The main subtlety here is that we must treat ¢ # 0 and ¢ = 0 separately.
First, given n, the bound (8.8), applied directly to S, o(n,) for each n; | n, implies

)

ngny=n:
nzY/P

sﬂo(n0)| - pnn, <, 1y p - 02 maxd =12 ’sﬂ(d)( . (8.19)
S dln
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Inserting (8.19) into Z. /P(X , &€, \ {0}) (see Definition 8.7), and recalling (5.1), we get

Ty pCCE\OY < Y2 Y Y ! L ()] - maxd 2
ce&\{o}pn>l dln

SUD)| <. Y&,

where f(&,) <, X(m~1/2+¢ by Proposition 8.2 and Lemma 5.2. Similarly, (8.19) gives

Soyp(X 10D < Y72 N n I (n)] - max d /2 |sg(d)|,
B n>Y /P din

which is <, Y72X™+e(y /P)4—m/3 < xm=3+{d-m)/3+¢ by (6.1) and Lemma 6.1 (summed over
Ne{1,2,4,8,.}).Butm—-3+{@—-m)/3<(m—1)/2,sinced <m<7. O

Remark 8.13. We have used diagonality of F. In general, under 1.6(1)-(3), one can prove
2y p(X, &) <, X™/271/4+¢ (by using Lemma 5.4 in place of Lemma 5.2).

By (8.13), (8.16), (8.17), and (8.18), the quantity (8.12) simplifies to
Oe(Xm/2_1/4+€) + O,oo L me/2,
matching the right-hand side of (8.1). So (8.1) holds, thus concluding §8.
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