THE FROHLICH POLARON AT STRONG COUPLING: PART II
— ENERGY-MOMENTUM RELATION AND EFFECTIVE MASS

by Morris BROOKS and Roserr SEIRINGER

ABSTRACT

We study the Frohlich polaron model in R?, and prove a lower bound on its ground state energy as a function of
the total momentum. The bound is asymptotically sharp at large coupling. In combination with a corresponding upper
bound proved earlier (Mitrouskas et al. in Forum Math. Sigma 11:1-52, 2023), it shows that the energy is approximately
parabolic below the continuum threshold, and that the polaron’s effective mass (defined as the semi-latus rectum of the
parabola) is given by the celebrated Landau—Pekar formula. In particular, it diverges as o* for large coupling constant a.

1. Introduction and main results

This 1s the second part of a study of the Frohlich polaron [5] in the regime of
strong coupling between the electron and the phonons, which are the optical modes of a
polar crystal. Our goal is to quantify the heuristic picture that the mass of an electron in a
polarizable medium effectively increases due to an emerging phonon cloud attached to it.
We are going to verify that the energy-momentum relation of a polaron is asymptotically
given by the semi-classical formula E(P) — E(0) = g—zﬂ, which agrees with the energy-
momentum relation of a particle having mass a*m, where a*m is the asymptotic formula
conjectured by Landau and Pekar [7] for the mass of a polaron in the regime where the
coupling parameter o goes to infinity.

Following the notation of the first part [1], where a second order expansion for
the absolute ground state energy of a polaron was verified, we are going to use creation
and annihilation operators satisfying the semi-classical rescaled canonical commutation

relations [a(f), a'(g)] = a~% {(f]g) for /,g € L2(R?), in order to introduce the Frohlich
Hamiltonian acting on the Fock space L*(R*) ® F(L*(R?)) as

H:=-A —aw)—dw)+N,

where w,(¥) := 77 2|x¥ — x|"? and the (rescaled) particle number operator N equals
N = Z:il a'(¢,)a(g,) for an orthonormal basis {g, : n € N} of L2(R®). The Frohlich
Hamiltonian H commutes with the components (P, Py, P3) of the total momentum op-
erator

1 2 T
P:=-V+4u ka,ardk,
[/ R3

where we use the standard notation ng ya (k)aZakdk as a symbolic expression for the
operator mezl((p,llf(%V)|(pm)aT((pn)a((pm). Hence we can study their joint spectrum
o (P,H) C R*, and define the ground state energy E,(P) of H at total momentum P
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as Ey(P) :=inf{E : (P, E) € o (P, H)}. Our main result below is the proof of the asymp-
totic energy-momentum relation

PP —(2+¢)
(1.1) E.(P) =E,(0) + miny —, o +Oa_>oo(oc ),
20*m

where € > 0 is a suitable constant and m is the conjectured constant by Landau and
Pekar. In order to provide an explicit expression for m, let us first define the Pekar func-
tional F'*(p) := |l¢||* + info (—A + V) for ¢ € L*(R?), where we define the potential
V, = —2(=A)"2Re @. If follows from the analysis in [9] that there exists a unique radial
minimizer ¢ of the functional F'*, With this minimizer at hand, we can introduce the
constant m := %HV(pPCkH2 in Eq. (1.1).

In order to formulate our main Theorem 1.1, let us further introduce the minimal
Pekar energy ¢ := inf, F"*(¢) as well as the Hessian H™* of F'* at the minimizer
@™k restricted to real-valued functions ¢ € Li(R®), i.e. we define H™* as the unique

self-adjoint operator on L?(R?) satisfying

((p}HPCk

: 1 Pek (Pek Pek
¢) = lim = (F" (6™ + eg) — )
for all ¢ € Lf{(Rg’). With this notation at hand, we can state our main new result in
Theorem 1.1. It provides a sharp asymptotic lower bound on the ground state energy
E, (P) of the operator H as a function of the total momentum P.

Theorem 1.1. — There exists a constant € > O such that

PJ”

20*m

1
(1.2) Eo(P) > ¢ — FTI"[I — VHPek] + min{ ,a—Q} _ @O
o

Sor all P € R® and for all @ > oy, where ot is a suitable constant.

That the lower bound in Eq. (1.2) is indeed sharp follows from the corresponding
asymptotic upper bound established in [10], given by

|P|?
2t

1 5
(1.3) Eo(P) <™ — ﬁTr[l — VHPk] + min{ ,oﬂ} + it
o

m

where « > 0 is arbitrary and C, a suitable constant. In combination with Eq. (1.2) this
shows that

1 P
E,(P) = &’ — ﬁTr[l — v/ HP] —i—min{ P oz_z}
o

2utm’

+ O (o)
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for all P € R?, which in particular proves Eq. (1.1). Note that &~ corresponds to the
continuum threshold; i.e., o (P, H) D R? x [E,(0) + a2, 00), the latter corresponding
to states describing free phonons on top of the polaron ground state [6, 11].

In particular, E,(P) has an approximate parabolic shape below the continuum
threshold, i.e., for |P| < +/2ma. The Landau—Pekar formula for the effective mass ap-
pears in the limit o — o0 as the semi-latus rectum of the parabola, in the sense that for

any 0 < |P| < +/2m

2
(1.4) m= lim a™* il .
a—>00 Q(Ea((XP) - Ea(o))

It is common the define the polaron’s effective mass for fixed o as

o P’
1O Y AP~ Eu ()

The quantity on the right hand side of Eq. (1.4) is clearly related to the large o limit of
a *M.p(e), with the difference being that the limit P — 0 is taken before the limit o« —

00. While it is not clear at this point how to obtain the lower bound lim,,_, o, & ™ *M_g(ct) >

[P
2Meqr(a)

order to verify the upper bound limg,_, oo & *Mg(ar) < m. In fact, by applying Eq. (1.1) in
the special case of P satisfying |P| = +/2mo we have

m, we can make use of the inequality E,(P) < E,(0) + recently proved in [14] in

2

Mcff(a) ,

1
B (0) + =5 4 Oumoo@™ ™) = Eo(P) < Eo(0) +

which yields the claimed upper bound on M.y(ar). We formulate it as the subsequent
Corollary.

Corollary 1.2. — There exists a constant € > O such that
Mg(a) < atm + Oa—)oo(a4_e)-

The remainder of this paper contains the proof of Theorem 1.1. In order to guide
the reader, we start with a short explanation of the main strategy.

Proof strategy of Theorem 1.1. — Since (P, E, (P)) is an element of the joint spectrum
of the operator pair (P, H), there clearly exist states W, satisfying P¥W, ~ PW¥, and
HY, ~ E,(P)¥,. In order to verify Theorem 1.1, it is therefore enough to show that
(W, |H|W,) 1s bounded from below by the right hand side of Eq. (1.2). For this to hold
it is crucial to use the additional information P¥, &~ PW¥, on the momentum, since in
general H, as an operator, is not bounded from below by the right hand side of Eq. (1.2).
It is not possible to transform the constrained minimization problem to a global one by
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the usual method of Lagrange multipliers, since the operators P are not bounded relative
to H. More precisely, while clearly

(1.5) E,(P) > info (H+ A(P — P))

for any A € R?, such a bound is insufficient as the right hand side is —oo for A # 0, which
follows easily from the fact that E, (P) is bounded uniformly in P (compare with Eq. (1.1)).

In order to improve the lower bound in Eq. (1.5), we introduce a wavenumber cut-
off A in the Hamiltonian H as well as in the momentum operator P, leading to the study
of the ground state energy E, o (P) of the truncated Hamiltonian H, as a function of
the truncated momentum P,. As we will show in the subsequent Section 2, it is enough
to prove Eq. (1.2) for the modified energy E, A (P) in order to verify our main Theorem
1.1. By introducing the cut-off we manually exclude the radiative regime where a single
phonon carries the total momentum, which is responsible for the (approximately) flat
energy-momentum relation E,(P) above the threshold |P| = V2ma and the resulting
collapse of the quadratic approximation E, (P) — E,(0) ~ 2‘5—!; above this threshold.

In contrast, in the presence of the cut-off, it turns out that we can apply the method
of Lagrange multiplies. We shall follow the strategy developed in the first part [1], and
construct approximate eigenstates W, to the joint eigenvalue (P, E, o (P)) of the opera-
tor pair (P, H,), which in addition satisfy (complete) Bose—Einstein condensation with

Pek

respect to the minimizer @™ of the Pekar functional F . In this context we call ¥, an

approximate eigenstate in case
(Wo|Pa — P)*|W,) = Oy (@),
Ea,A(P) = (‘IjalHAl\Ija> —+ Oa—>oo(O(7(2+7))

for some 7 > 0. In order to verify that E, 5 (P) is bounded from below by the right hand
side of Eq. (1.2), it is consequently enough to show that

1
(1.6) (U[H) + AP —Py)| W) > ™ — FTr[l — VHP ]

o

ap o G e

for all states W satisfying (complete) Bose—Einstein condensation with respect to the min-
imizer ¢"*, providing the desired lower bound for the optimal choice A = %, with the
term % in Eq. (1.6) arising naturally as the Legendre transformation of the quadratic
approximation Q|§fm

Since Eq. (1.6) claims a global lower bound, i.e. there is no constraint on the mo-
mentum of W, we can utilize the methods developed in the first part [1], where a lower
bound on the total minimum E, = info (H) was established. The basic idea is that we can
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find, up to a unitary transformation, a lower bound on the operator H, + %(P —-Py)
of the form
v, PP —(2+7)
(1.7) ¢+ ——— + Qu + Oy (@ ),
20*m

where Q4 is a system of harmonic oscillators, which holds when tested against states sat-
isfying (complete) Bose—Einstein condensation. The operator Q, is bounded from below
in the presence of a (suitable) wavenumber cut-oft A and the ground state energy of Q,
can be computed explicitly, giving rise to the quantum correction —ﬁTr[l —+/H ]in
Eq. (1.2).

Finally, we note that it would be a natural idea to study the right hand side of the
following Eq. (1.8)

1.8) Ey(P) = info <H Pl P)Q),
o

in the limit 4 — 00, which, in contrast to Eq. (1.5), would be sharp enough to yield
the desired lower bound even without a wavenumber cut-off A. However, in order to
establish a lower bound on H + a% (P — P)? of the form

2
Pek |P| —(2+1)
€ + = 4 + + Ooz—> (04 )
2atm Q ! )
where Q is a semi-bounded system of harmonic oscillators, we believe it is still a necessity
to include a wavenumber cut-off’ A. For technical reasons we therefore prefer to work
with Eq. (1.5) due to the presence of the (typically) small parameter oA = % in front of

the operator O[%(P —P). O

Outline. The paper is structured as follows. In Section 2 we shall show that it
is sufficient to prove Eq. (1.2) for a model including a suitable ultraviolet wavenumber
cut-off in order to verify our main Theorem 1.1. In the subsequent Section 3, we will
construct approximate eigenstates for the truncated model defined in Section 2, which in
addition satisfy (complete) Bose—Einstein condensation with respect to the state . Sec-
tion 4 is then devoted to the proof of our main technical Theorem 2.1, where we use the
method of Lagrange multipliers in order to get rid of the momentum constraint. Finally,
Appendix A contains auxiliary results on commutator estimates as well as properties of
the Pekar minimizer ¢"*, which get used in the proof.

2. Reduction to bounded wavenumbers

In this section we shall introduce the truncated Hamiltonian H, , which includes a
wavenumber restriction |£| < A, and we are going to state our main technical Theorem
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2.1, which provides an analogue of Theorem 1.1 for the truncated model. While the
proof of Theorem 2.1 is the content of Sections 3 and 4, we will verify in this Section
that Theorem 1.1 is a consequence of Theorem 2.1, 1.e. we will explain why it is enough
to prove Eq. (1.2) for a model including a wavenumber regularization. The quantum
nature of our system, and in particular the discrete spectrum o (N) = {0, 0}—2, %, ...} of
the number operator NV, is essential for this argument to work. In contrast, in the classical
case the effective mass is infinite since there nothing prevents a priori the wavenumber
from escaping to infinity without an energy penalty, and one has to introduce a suitable
regularization in order to observe the expected asymptotics Moy = a*m + 04, oo (¥, see
[3].

Before formulating Theorem 2.1, we shall introduce some useful notation. Follow-
ing [1], we define for a function f : X — R, € > 0 and —00 < a < b < 00, the function
X (@=<f<b):X—[0,1]as

(P20 B fore > 0

(2.1 x(a<f(x) <b):= {1[ n(f(x)), fore =0

where a, 8 : R —> [0, 1] are given C* functions such that a® + 8% = 1, supp(a) C
(=00, 1) and supp(B) C (—1, 00). Similarly we define the operator

x(@<T<b:= f x(a<t<b)dE,

where T is a self-adjoint operator and E the corresponding spectral measure. Further-
more let us write x (¢ <f < b) in case € =0 and x (- < b), respectively x“(a < -), in case
a = —00 or b = 00, respectively. With this notation at hand, we define the Hamiltonian
H, with wavenumber cut-off A > 0 as

(2.2) H, = —A, —a(x(IV] < A)w,) — ' (x (V] < A)w,) + V.

Theorem 2.1. — Let Ey o (P) be the ground state energy of the operator Hy as a_function of
the (one-component of the) truncated total momentum

1
PA = _-VXI —|—O{2 f XI(A_1|/ﬁ| < 2)/‘?1 aZakdk
4

and let A = a3+ with 0 < o < é Then there exists a constant € > 0 such that for all C > 0,
|P| < Co and o > ay(o, C)

1 P2
(2.3) Bua(P) 2 M = i1 — V] 4 PP _ y-evo,
o

2a*m

where o (o, C) is a suitable constant.
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For technical reasons we use here the smooth cut-off x'(A~!|k | < 2) instead of
the sharp cut-off x (A7'|£;| < 1) in the definition of the momentum operator P,. Note
also that the momentum cut-off appears in (2.2) only in the interaction term, and not in
the field energy . In the following we shall argue that, as a consequence of Theorem
2.1, Eq. (2.3) is also valid with P, replaced by

/ 1 2 T
P1 = _.vxl + o /Cj(lkdkd/f
t RN

having the sharp cut-off, and with H, replaced by the fully restricted Hamiltonian
H, =H, — / a} aydk.
Ikl> A

In order to see this, observe that P} and H', are the restrictions (in the sense of opera-
tors) of P, and H, to states of the form ¥’ ® Q, where W’ is an element of the space
L?(R?, F(rany (|V| < A))) and € is the vacuum in F(rany (|V| > A)). Hence

o(P,,H,) Co(Ps, Hy),

and therefore we obtain as an immediate consequence of the previous Theorem 2.1 that

1 P|?
(2.4) E > — ﬁTr[l — VHPK] + 2|a—lm — @
for all (P, E) € o (P}, H)) with |P| < Ca and @ > (o, C). In the proof of Theorem 1.1
below it will be useful to have Eq. (2.4) for P| and H/,, instead of Eq. (2.3) for P, and
H,.

In order to verify Theorem 1.1, it is convenient to introduce the ground state en-
ergy E; , (P) of the operator H, as a function of P. Note that in contrast to E, s (P), we
do not use a wavenumber cut-off in the momentum operator here, while we still have
the cut-off in the Hamiltonian H,. In the following Lemma 2.2 we are going to utilize
the results in [4, 13], where the energy cost of introducing a wavenumber cut-off in the
Hamiltonian is quantified, in order to compare E, , (P) with E, (P).

Lemma 2.2, — Let A = a%(H")for o > 0. Then there exists a constant C' > 0, such that
Sfor all P € R* and « large enough

E.(P) > E} , (P) — Cla?*7.

Proof. — By the results in [4, 13], there exists a C > 0 such that for « large enough

(2.5) H, < H+ Ca 2% (H? 4 1).
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This was first shown in [4] for a confined polaron model on a bounded domain, but the
method extends in a straightforward way to the model on R?, as shown in [13] (see also
[2] for the corresponding result for a polaron model on a torus). In the following, let W,
be a state satisfying X(ZJ‘3:1(PJ' — PJ-)2 <eHW, =V, and (V. |(H— E,(P)?|W¥,) < €2,
where € > 0. By Eq. (2.5) we therefore have

(W [H W) < Eo(P) + Ca 2 (W [H?|W,) + 1) 4 €
<E(P) 4+ Ca 7 (2E,(P)* + 2¢* + 1) + €
<E,(P) + Cla™?1) 4 ¢

for 0 < € <1 and a suitable C’, where we used that E,(P) is uniformly bounded for
P R’ and o > 1 in the last inequality. Hence

X (Ha < Ea(P) + C'a* 4+ €)W, #£0.
Using x (., (P; — P))? < €)W, = W, we obtain
Ac:=0(P,Hy) N (B(P) x (=00, Eg(P) + C'a " +€]) £ 0.

Since H, is bounded from below, (A¢)o<c<| 1s @ monotone sequence of non-empty com-
pact sets, 1.e. A, € A, for €; < €9, and consequently

o (P, H,) N ({P} x (=00, E,(P) + C'a ™)) = (1) A #4,

which is equivalent to E;, , (P) < E,(P) + Clo20+0), ]
Given Theorem 2.1 we can now give a proof of Theorem 1.1.

Proof of Theorem 1.1. — 1In the first step of the proof, we are going to verify Eq. (1.2)
for |P| < +/2mo. Due to the rotational symmetry, we can assume wl.o.g. that P =
(P1,0,0), and by Lemma 2.2 we know that

(2.6) Eo(P) 4+ C'a "+ > inf{E: (P,0,0,E) € 6 (P}, Py, P;, Hy)
> inf{E: (P, E) e o (P, Hy)}.

Making use of the fact that the operators P}, H,, P, — P, and Hy, — H/, are pairwise
commuting and that P}, H, and P, — P, Hy, — H/, act on different factors in the tensor
product L*(R®, F(rany (|V| < A))) ® F(ranyx (|V| > A)), their joint spectrum is well-
defined and satisfies

o(P,H,,P, —P,,H, —H,)=0(P,,H,) x (P, — P|,H, —H}).
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Hence we can rewrite the right hand side of Eq. (2.6) as

inf {E'+E:(P,E)eo(P,H,),

P|+P =P

(P,E)eo(P, —P,,H, —H,)}.

In order to verify that E' + E is bounded from below by the right hand side of Eq. (1.2)
for a suitable € > 0 and |P;| < +/2ma, let us first consider the case E > o~ 2. Since E €
o(H),), we have £’ > info (H),) > info (H) = E, and therefore

~ 1 /

E+E>E,+a?>%*— FTr[l — VHPK ] o7 — o O
o

for a suitable €’ > 0, where we have used [1, Theorem 1.1]. Regarding the other case

E < a2, note that we have

~ ~ o0 ¢
(P,E)eo (P, —P|,Hy —H,) ={(0,0)} UURX {07}
=1

and therefore E = 0 and P, = 0. Hence |P}| = |P;] < +/2ma and consequently

~ 1 P 2
E+E=E>/% - —Ti[l - VH* ]+ L1 o=+
202 4

20t m

= Pk LTr[l _ \/ﬁ] | 15 a2,
202 20*m

where we have used (P}, E') € o (P}, H)) together with Eq. (2.4). This concludes the
proof of Eq. (1.2) for [P| < v/2ma.

In order to verify Eq. (1.2) for [P| > +/2ma, we are going to use the fact that
P — E,(P) is a monotone radial function, as recently shown in [14], and consequently
E,(P) > Ea(\/Q_ml—g‘) for |P| > +/2ma. This reduces the problem to the previous case, and
hence concludes the proof of Theorem 1.1. U

3. Construction of a condensate

This section is devoted to the construction of approximate p ground states W,

Pek

satisfying complete condensation in ¢ ¢, which we will utilize in order to prove Theorem

2.1 in Section 4. In this context, we call ¥, an approximate p ground state in case

(Wo [HA|W,) = Eq a(°p) + Ogsoo (™),
(Wa|(Ta — )% W) Sa™ @,
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with € > 0, where E, 5 (@?p) and H, are defined in, respectively above, Theorem 2.1,
and we define the (rescaled and truncated) phonon momentum operator

Ty = f XI(A_1|/~§1| < 2)k1 aZakdk.

Similarly to Hy, it also depends on « due to the rescaled canonical commutation rela-
tions [a(f), a'(g)] = a2 (g|f) but we suppress the & dependence for the sake of readabil-
ity. Here and in the following, we write X SY in case there exist constants C, oty > 0
such that X < CY for all @ > «g. It is clear that there exist states W, that satisty
both (W, [H, W) — Eqr(6%) S @ @9 and (W,[(@ 2Py — p)*W,) S o+, since
(p, Eq.a(a?p)) is a point in the joint spectrum of (¢ 2Py, H,). As part of the subsequent
Lemma 3.1 we are going to show that the contribution of W%VXI ina Py = M%VXI + Y4
is negligibly small, i.e., we shall show that it does not matter whether one uses Y, or
o >P, in the definition of approximate ground states. In particular, this will imply the
existence of approximate p ground states. We will choose W,, such that supp(¥,) € B,(0)
for a suitable L, where we define the support using the identification

L'(R’) ® F(L*(RY)) = L*(R’, 7(L*(R)))

in order to represent elements ¥ € L*(R%*) ® F(L*(R%) as functions x — W(x) with
values in F(L*(R?)), i.e. supp(W) refers to the support of the electron.

In the rest of this paper, we will always assume that o > 1. Most of the results
in this Section include E, 4 (a?p) < E, + C|p|* as an assumption for an arbitrary, but
fixed, constant C > 0, where E, denotes the ground state energy of H. YFor the purpose

1

of proving Theorem 2.1 this is not a restriction, since we can always pick C > ;- and

therefore E, 5 (@?p) > E, + C|p|? immediately implies the statement of Theorem 2.1

s . 1 9 ‘
Eo.a(a?p) > Eq 4 Clp|* = ™ — ﬁTr[l — VHM] + gi _gere,
o m

where we used E, > ' — 2O[LQTr[l — v/ HPk] — =9 by [1, Theorem 1.1].

Lemma 3.1, — Given 0 < 0 < 1, let A = @317 and L= «'*°, and assume p satisfies
Ipl < % and By p (a*p) < By + C|p|* for a given C > 0, where By, is the ground state energy of H.
Then there exist states W, satisfying
(WelHA|WS) — Ega () S0,
el o) <o

as well as supp(W;) C By, (0).
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Proof — Since (p, E, o (a®p)) is an element of the joint spectrum (I(Z.O%ZVX1 +
Y, Hy), there exist states W? satisfying (W?|( | V. + Ta —p)?¥)) <a *and

ia?

( 1 _
(3.1 (WOHL W) < Eqa(a®p) + 5or2<1+">.
From [1, Lemma 2.4] we know that (\112| — AX|\IJ2) <2 (\D2|HA|\I/2) + d for a suitable
constant d > 0, which implies that (\Ilgl — Axllllg) < 1 due to Eq. (3.1) and our assump-
tion Eq o (ap) < E, + Clpl> < Clpl> < &, and hence
\p0>

1 2

— 20 HWIIA W)

—4

(3.2) (WI|(Ta — p)?| W) < 2<1p§

< cx
for a suitable ¢ > 0.
Let 7 : R? — [0, 00) be a smooth function that is supported on B, (0) and satisfies

f n* = 1. With this at hand we define W, (x) := L*%U(L*I(x —y))\llg(x) and Z, := ||V, ]|,
as well as the set S € R? containing all y satisfying

(‘Ij)leAl\Ij) > Zj(Ea,A((XQp) + (1 + ||vﬂ||2)05_2(1+0)).

Making use of the IMS identity we obtain
(W) = [ (U w) &~ L2V
> /;Zjdy(Ea,A(azp) + (L + [IVyll*)a™2*)

2 -2 2
+ (1 —fszy dy)Ea ~ L%V,

where we have used (W,[H|V,) > E, for y ¢ S and ny2 dy = 1. Using Eq. (3.1) and
L% = @72(%9) therefore yields

(Bun (@) = Euct (14 190190200 [ 22

( 1 iles
<Eqa(ep) —Eo + (5 + IIVUIIQ)Ot e,
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1 a—?(H—n’)
T 2 Eg,a(@?p)—Eg (1] Vn||2)a 21 F0) -

and consequently fs Z}2 dy <1 —y, withy,: Let us further

define S’ € R? as the set of all y satisfying
2 22¢ 4
(w,|(rs —p)?|¥,) > Zyy—oe .

o

Clearly we have, using Eq. (3.2),
Q_“/ Z, < f (W] (Ca = p* | W) dy = (W5 | (T = p)?| W) < o™,
g

o

and hence [, 72 dy < %. Consequently

: Ye
/ Zjdyﬁijdy+ijdy§l—3<l.
SUS’ S N

Since [ Zf, dy = 1, this means in particular that there exists a y ¢ SUS" with Z, > 0, i.e.
We = ZJ' W, satisfies

<\IJ{;|HA|lIJ;) < Ea,A(O[Qp) + (1 + ”VUHQ)O[—Q(H-G),

<\I’; (Tu —]7)2‘\11(;> < %O{_4 < a’r

where we have used E, 4 (0?p) —Eq < |p)* < o2 in the last estimate. Moreover, we clearly
have supp(W;) C B, (»). By the translation invariance of H, and Y,, we can assume
w.l.o.g. that y = 0, which concludes the proof. U

In the following Lemmas 3.2 and 3.4, we will use localization methods in order to
construct approximate p ground states with useful additional properties, which we will use
in Lemma 3.6, together with an additional localization procedure, in order to show the
existence of approximate p ground states satisfying complete condensation. In Theorem
3.7 we will then apply a final localization step in order to obtain complete condensation
in a stronger sense, following the argument in [8].

In order to formulate our various localization results, we follow [1] and define for
a function F : M(R?*) — R, where M(R?®) is the set of all finite (Borel) measures on
R?, the operator Fon FILAR?)) = EB:iO L2 (R¥>") as

(3.3) fé v, :=éqj;
n=0

n=0

with \D:(xl, o) =, L )WL LK), where

(3.4) (.. ) = F(a2 Zaxk>,
k=1
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and F; := F(0), i.e. F acts component-wise on € Lfym(Rgx”) by multiplication with
the real-valued function (x', ..., x") > F(a™?>",_, 8.4).
With this notation at hand, we define for given positive ¢_, ¢, and €’ the function

F.(p):=x(c.+€ < fdp < ¢, — €') and the states

N 2 > B
3.5) v, =7, FWV;,
with normalization constants Z, := [|[F. W} |, where W} is the sequence constructed in

Lemma 3.1. Since N = G with G(p) = f dp, it is clear that the states W/, are localized
to a region where the (scaled) number operator N is between ¢_ and ¢y, i.e. x(c. <N <
¢)W, =W, The following Lemma 3.2 quantifies the energy and momentum error of
this localization procedure. The subsequent results in Lemmas 3.2, 3.4 and 3.6 as well
as Theorem 3.7, which quantify the energy and momentum error of specific localization
procedures, are generalizations of the corresponding results in [1], where only the energy
cost of such localization procedures is discussed. In the following we will usually refer
to the respective results in [1] when it comes to quantifying the energy error, and only
discuss the localization error of the momentum operator Y,.

Lemma 3.2. — Given 0 < 0 < 1, let A = a3 and L= a'*°, and assume p satisfies
Ipl < % and Eq o (o*p) < B, + Clp|? for a given C > 0. Then there exist constants c_, cy and €',
such that the states W, defined in Eq. (3.5) satisfy

(W, [HA|W,) — B, 4 (%) S a7,
(W] —p)? W) Sa™
Progf. — By our assumptions we clearly have Eo — Eq < a~m with E, =

(WeHAW?), and therefore we can apply [1, Lemma 3.4], which tells us that we can
choose ¢_, ¢; and €', such that (W, |H,|W.) — E, o (a?p) S 2% and furthermore

Z, —> 1. Since F, commutes with Y, , we obtain with ¥, := = we
o—> 00 —Za

72| (0 = 2| WL) + (1 = 22) (T, | (Cn = p)2| )
= (W2 (Ta — p)?| W)
Hence (W [(Ya — p)?|W)) < Z 2 (W2(Ty — p)?|P2) St 0

1-12

When it comes to localizations with respect to more complicated functions F
compared to the one used in Eq. (3.5), we first need to introduce some tools in or-
der to quantify the localization error of the momentum operator. Given a function
F: MR% — R, Q C M(R?) and A > 0, let us define

2

dF”(t V| dt
a " ’

(3.6) I3, := sup sup|(F*)[|"= sup sup fR

1<n<ia? ¥€L2 1<n<ia? x€L2
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where x = (x!, ..., ¥") € R¥>" with ¥ = (x/f, xé, xé) and x := (x;, xé, X2, ..., &) e Rl
i.e. we define ¥ such that x = (x, X), €2, is the set of all x such that ¢ ™2 ZJ’;I 8, € Q and
F7: R —> Riis defined as F () := F"(¢, ) for y € R*>"! where F" is as in Eq. (3.4).

Lemma 3.3. — Guven ). > 0, there exists a constant T > 0 such that we have for all quadratic
partitions of unity P = {F; : M(R®) — R :j €]}, i.e. families of functions satisfying 0 < F; < 1
Erid Zjej F]2 =1,A>0,|p <A, QS MR and states V satisfying x (N < M)W =V and
1oV =w

D A |(Ta = )7 | W) — (W] (s — )| W)

JeJ

<TAY |Fllg,.

Je)
where we define V; := E‘IJ with E being introduced in Eq. (3.3).
Proof. — Using the IMS identity we can write

S (W] (Th = 92 B) — (W[(s — p)*| W)
J€J
—“Z‘I’I (Yo =% E]F]|w).
J€J

Hence it suffices to show that
HW|[[(rs = p* FL.F]| W) < AIFIG,

for any bounded F : M(R®) —> R and state satisfying x (N < 1)¥ = ¥ and 100 =W,
Let us start by estimating

£[[(Ta — % F].F] = 22004, FP £ {Ys — p. [[ T4, F1.F]}

~9 ||F||?m 9
< =20, FI" + (Ta—p)

Tp, F
||F||sn [ ﬂ

where {A, B} := AB 4 BA. By the definition of T, it is clear that

& ”m(T — )’ SAIFIG, WV +1)?

HFHQ P

for [p| < A, and consequently (W |—22(Y, — p)?|¥) < A||F||§M. Using that W is a
function with values in Fo,q (12 (R3)) = @mml Lsym(RSX”), we are going to represent
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itas ¥ = ®n<ka2 W, where W,(z, x', ..., x") is a function of the electron variable z and
the n phonon coordinates ¥ € R satisfying W,(z, x', ..., ¥") =0 for all (x',...,x") ¢ Q,.
In order to simplify the notation, we will suppress the dependence on the electron variable
z. We have

[TA TV = P o ¥

1<n<ia?
with W := % Z;zl[g(%vﬂ), F"1W,, where g(k) :== x'(A~'k| < 2)k for k € R. Hence
(|00 FP|9) = [ 10a, Fre |

= > o=t 30 v

l1<n<ia? l1<n<ic?

2
’

and [|Wr] < 1> ||[g(%Vx]i), F'IW, || = I[g(5V.), F'IW, |, where we have used the per-
mutation symmetry of W,. By Lemma A.l we know that

{057l [22)

S VA supl|(F=5) | 1w,

x€Ry,

[l

op

< sup
xesupp(¥,)

and therefore

(W=[Ta FP|W) <224 sup () Y 1W02 = A2 ANFI,.

2
1 <n<ia*,xe, n<ia?

In order to estimate the expectation value of [[Y,, T],F12 we proceed similarly, by writing

[T F].F]¥ = @ a ¥,

n<io?

with @n = % Z;':l [[g(év%), "], F*]W,, and estimating

(W[[ra FLE] W) <22 > 10,112

n<ia?

()]

where we have again applied Lemma A.1. This concludes the proof. UJ

as well as

1,1l < sup | (E) [F11®, I,

op x€R,

IV, < sup

xesupp(¥,)
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With the subsequent localization step in Eq. (3.7), we want to restrict the state W,
to phonon density configurations p which have a sharp concentration of their mass. To
be precise, for given R and €, § > 0, let us define

K (p) : = / / X (R =€ < lx—1l)dp(ndo (),

1S

26
3.7 Fr(p): = 1 (KR<p> < 3),
W= z;{}a’F‘ny;,

where W/ is as in Lemma 3.2 and Zg o := ||fR\IJ(;||. Clearly i;lll(;/ = W/ where 2 is the
set of all Pl satisfying f fleyIZR dp(x)dp(y) <4. In. the folhlow.ing Lemma 3.4 we are going
to quantify the energy and momentum cost of this localization procedure.

Lemma 3.4. — Guwen 0 < 0 < i, let A = a3t and L:= 't and assume p satisfies
Ip] < g and By p (0’p) < Eo + Clp|* for a given C > 0. Then for any €,8 > 0, there exists a
constant R > 0, such that the states V|, defined in Eq. (3.7) satisfy

(W [HA W) — Ea,A(OlQﬁ) Sa ),
(W] (0Cn = )| )) S35
Proof. — By the results in [1, Lemma 3.5], there exists a constant R > 0 such that
(W/|HA W) — Ega(@?p) Sa 2179 and Zg , —> 1. Applying Lemma 3.3 yields
(3.8) (fR\IJ;‘(TA —]7)2"1'51{‘1/(;) + (aR\IJ;|(TA —ﬁ)Q{aR\IJ;)
< gt +ag(1+a)(

2 2
”FR”'/\/[(Rfﬂm+ + ||GR||M(R3),5+)

with Gy := /1 — Fg, where we used (W [(Ta — p)?|¥)) Sa?tand x (N <)V, =
W/ . In order to estimate ||[Fr|lamr3),., , let us define the functions g(s) := x 3 (s< %) and
h(s) := x*(R — € < /). Then Fjy (x) = g(a™* ZZ/:] h(]¥' — #|%)) and therefore

Fy (1) =g<ot_4 > h((t )+ 8,) + ,U«})
=2
with 87 := () —5)” 4+ (04 —f)? and pu, ==~ 37, A()y' —¥/|*). Hence

)1 <tale1 30 [elote )

, , 2R3
<o g o= D[] B

2dt
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where we have used supp(#) C [0, R?) in the second inequality. Consequently

IFR | mgs)., = sup  sup || (Fiﬁi)/H Sa”’

1§n§c+ot2 xeR3xn

Similarly we have ||Ggr | mws),., So ~2, In combination with Eq. (3.8) we obtain

(Wil (rs = p?|wy)

=2 (204 1(140) 2 2
S’ ZRﬂ(a Tt ’ (||FR||M(R3),L'+ + ||GR||M(R3),6+))
16

< gl O

Before we come to our next localization step in Lemma 3.6, we need to define the
regularized median of a measure v € M(R), see also [1, Definition 3.8], and derive a
useful estimate for it in the subsequent Lemma 3.5. In the following let x*(v) := sup{¢:
f_too dv <k f dv} denote the k-quantile, where we use the convention that boundaries are

included in the domain of integration fabfdv = f[a’b]fdv, and let us define for 0 < ¢ < %
and v #0

1
3.9 _ hdv(h),
3.9) o= fK JREZC

where K, (v) := [x%_‘/(v),x%“(v)], and m,(0) := 0. Furthermore we will denote the
marginal measures of p € M(R?) as p;, i.e. p;(A) := p([x; € A]), where A C R is mea-
surable and : € {1, 2, 3}.

Lemma 3.5. — Let us define Q,cq as the set of all p € M(R?) satispying fx — dp(x) <

a? for t e R and i € {1,2,3}, and Q as the set of all p € Qyeq salisfying ¢ < fd,o and

fflx R dp(x)dp(y) <& for given R, ¢, 8 > 0. Furthermore let q be a constant satisfying ¢+ *— <
5 — . Then we have for any n > 1 and function of the form ¥(p) = f (m,(01)) the estimate

2
n, %\ -9 ”f,”oo /
(F ) || =« QQC QR’

where my s defined in Eq. (3.9) and §2,, below Eyq. (3.6).

(3.10) SUp,cq,

Proof. — Given x € Q,, let us define v, := a™%(§, + ZJ"ZQ 8%), which allows us
to rewrite F"¥(t) = f (my(vy)). Let us first compute the derivative %mq(vt) for t €
R\ {xf, ..., x}. For such ¢, there clearly exists an € > 0 such that (t —€,¢+ €) C
R\ {,..., x1}. It will be useful in the following that the set Y := (o, ..., X1 N K (vy)
is independent of s € (¢ — €, + €), with K (v) being defined below Eq. (3.9). Fur-
thermore we have for s € (t — €,7 + €) that s € K,(s) if and only if ¢ € K ,(0). There—
fore o? fK’[(U‘Y)hd\)J(h) = ZheYh + Squ(S)(S) = ZheY}l + SIK ([)(t) and o fK (v)
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Y] 4+ 1k, (5) = a? qu(v[) dv, for s € ({ — €,1 + €), and consequently we obtain for
tER\{x%,...,xi‘}

d Ld Dk tslko@ L, Tkn()
gmq(w) = d_l‘v:t 1 =
l S qu(v,) Vi ng(U/) Ve
Note that due to our assumption p € €2,,, m,(v;) can be continuously extended from R\
] _9 Ix,0p® . . .
{(x,...,x"} to all of R, and therefore Lm,(v,) = a~2-—L2_ in the sense of distributions.
1 1 5 de'*q qu(w) dy,
Since qu(Uz) dv, > 2¢c we conclude [(F“*)'(1)| < a‘Q%qu@(t) for almost every ¢. In

order to obtain from this the upper bound on the L*(R)-norm in Eq. (3.10), we are
going to verify that the support of ¢ = 1k (,(#) is contained in an interval of the form
(§ —R,& +R) for a suitable & € R. Let us start by verifying that

(3.11) E () = 5 (1)

for 0 <k <1 and #, € R. Note that any y € R satisfying the inequality [~ L dv, =

-2 .
(kK — %) fdv,Q, also satisfies

3 3] o2
/ dv <a_2+/ dv <a_2+</c——)/dv
4 — o — lo
—0oQ0 —00 4
flcfdvtz:/c/dv“,

_ o2
where we have used a2 < “TZ fdvtg, and therefore » < x*(v,). Using that x*~ < (v,,)
is the supremum over all such y, we conclude with the desired Eq. (3.11). Furthermore
observe that v, = p; with { := x| and p :=a? ;l:l 8, € €2, and therefore we know by

[1, Lemma 3.9] that there exists a & € R such that § —R < x277(v,) <x2%7(v,) <& +R

. -2 . . .
for ¢ < % — % By our assumptions, ¢ := ¢ + “— satisfies this condition, and therefore
we obtain using Eq. (3.11) with ¢, 1=, & 1= {y and k := 5 — ¢, respectively ¢, 1=, & 1=

andK:=%+q+a—;2,that

E—R<x () <x*(v) <&+R

for all £ € R, and consequently 1k (/) =0 for | — &§| > R. ]

Lemma 3.6. — Given 0 <o < é and C > 0, let A = a3+ and L= &'+, and assume
p satisfies |p| < % and B p (a’p) < Eq + Cp|? for a given C > 0. Then there exist ', ¢y > 0 and
states W with

(W HA ) — g a(a?p) Sam @,
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(‘ij}(TA —1{))2}\11///> S O[_(2+V),
as well as supp(¥!”) € Byy.(0) and x (N < e )V =V such that

b

(3.12) (W2 W NWons | ©

" -
VS«

where W e is the Weyl operator corresponding to the Pekar mimimizer o™, characterized by
w;;zkagf)wquck =a(f) — {fle™*) for all f € L2(R).

Progf. — For u > 0, let us define the functions f,(y) := X%(E — % <oy <L+ %) for
¢ € Z satistying €] < %a“L, as well as /() 1= X%(a“y < —Lga”LJ — %) and foo(p) 1=
X%(L%a“LJ + % < a"y). With these functions at hand we define for z € {1, 2, 3} and v > 0
the partitions P; := {F,; : £ € A}, where

Fei(p) =/ (morv (,01')),

3 3 3
A={—00,—| —a¢'L|,—| =a"L|+1,...,| —a“L |, 00
oo | g} [ on # 1 o]

CZU{—o0, 00},

as well as P :={F, : G A’} with F, :=F_ sF,,,F. . In the following let W be as in

Lemma 3.4 with § < 7 and let £2,., and €2 be the sets from Lemma 3.5 with § and R as
in Lemma 3.4, ¢ := ™" and ¢ := ¢_. Due to the straightforward result [1, Lemma 3.6] we
have lgmg\If’ ' =W and by the definition of W in Eq. (3.7) it is clear that we furthermore
have IQ\IJ/ ' = W Therefore we can apply Lemma 3.3 together with Eq. (3.10) in order
to obtain

D (F (s = p*[F, W)

Z1€EA
2

< (W] (Th = | W)) + Tt 3 "o Vil
= Paltia =7 2022

Z1E€EA -
< a%ff—% +Ol% _T( SupH}i H Zl < O”U+2v+%u ”Ol_Q
~ 1

Z1E€A
-2
for all & large enough such that o™ + = < % — =, where we have used sup_ ., /7 | S

a';aswellas )0, 1 <3(@'L+1) Sa'*e, Smce the functions I} ; are independent
of x for i € {2, 3}, we furthermore obtain

(F\zl,l\ljgl(TA _p)Qlfm,lqjg)

= Z (’F\zg,S/F\‘zQ,Q/le,llpg‘(TA _p)Q‘fzg,SﬁzQ,Q/F\‘a,l\pg)

29,23€A
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and therefore

(3.13) S22 (W (Th — 2|, S @il

z€A3
with W, := Z7'F.W/ and Z. := |F.W/||.
Regarding the localization error of the energy, we obtain by [1, Lemma 3.3] and
[1, Lemma 3.10] (see also the proof of [1, Eq. (3.22)]) that

(3.14) D 72 W HA W) < (WLHA W) + Orso (07

z2eA3

< Ea’A(an) + G209

for a suitable constant C > 0, aslong as u +v < % In the following, let S be the set of all
z € A’ such that

(W.Hp W) > Ea,A(oﬂp) + @)

for a given € > 0, and define M := )" __Z?. By Eq. (3.14), we have

zZ€S

M(Eq s (@) +a%9) + (1 = M)E, < Eg 5 (o%p) + Ca™'*7,

—@2+€) _ (g —2(1+0)
> _@ o
and therefore 1 — M Far (@) —Fa a0

suitable constant C, where we have used the assumption E, 4 (0’p) — E, S g S a2
Moreover, let us define S’ as the set containing all z € A*, such that

Cia™¢ for € < 20, o large enough and a

(‘I{J(TA —p)Q{\IJJ - a%(%aJerJrBIh%)an

and M':= )" _ 7. By Eq. (3.13) we see that M’ < Coa2GOH2H31-5) for o suitable con-
stant Cy. Consequently

Z 72> 1 —-M~=M > Cia€ — CQQ%(%U+QU+3u—%)
:= =

2¢SUS’

1

92

%O’ +2v+3u< %, and consequently » ¢ s 22 > 0 for a large enough, which implies

the existence of a z* ¢ SUS with Z_, > 0, 1.e.

for o large enough. Since o < 3, we can take «, v and € small enough, such that 2¢ +

(qu*lHA sz*) < Ea,A((XQ/?) + a—(2+e)’

19 1
(W |(Th = p)°| W) <2 Gorvtinss) =2,

In order to rule out that one of the components 2z is infinite, let us verify
that (W.|H,|W.) > E, a(a?p) + @@ for a large enough in case there exists an
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1 €{1,2,3} with z; = +00. Note that p € supp(F_ ;) implies my—(p;) < —gL and
7§L mu—v( i) —v . .

therefore f|x|>ngp > f_oé dp; > f_oo P dp; > (% - )fdp. Similarly f|x\>§Ld'0 >

(% —a™) [dp for p € supp(Fw ;). Consequently we have for any z with z; = £oo for
some ¢ € {1, 2, 3}

1
<\Ijz|NR3\B%L(O)|qJ5> = (5 — Olv> (U NP, ,

where NRB\BSL(Q) := G with G(p) = j}xb%Ldp. Therefore [1, Corollary B.7] together
3 A>

with the fact that supp(¥,) C supp(¥,) C B, (0), yields

1
(¥ |HA|\I">ZE04+<__O[_U> (W N) = /-
z z 9 z z gL—L

1
> Eq + (5 - a“)c_ — /2D 1+9)

|
== Ea,A (052/7) + § + Oa—)oo(a_v)
- Ea,A(QQﬁ) + a—(2+6)

for a suitable constant D > 0 and « large enough. Hence we obtain that all components
Z; are finite, i.e. mg—(p) € B sz,-.(@™2") C R® for p € supp(F: sF 5 oFx 1).

Let W :=T_4-1»W«, where 7 is a joint translation in the electron and phonon
component, i.e. (T,¥)(x) := U, W (x — z) with U, being defined by U;la(f)UZ = a(f))
and f.(y) :=/(y — 2). Using the fact that

<\IJ€*|HA|\I”5*> = Ea,A(O[Qp) + o~ 5 E, + a_%

as well as 1o«W" = W where Q* is the set of all p satisfying [ dp < ¢y and me—(p) €
B /3,-.(0), we can apply [1, Lemma 3.11], which yields

(W W N W[ W) S o™ a7

By taking v > 0 small enough such that 7' < % +— 320 —2v — 3w, ¥ <€ and
rY < min{%, u, v}, we conclude that (\Ifg/lw(;l}ck NW e | W) < o~ . Since supp(¥,') C
Br.(—a™"z") C By yq—u:+(0) C By, (0), this concludes the proof. ]

In the following Theorem 3.7, which is the main result of this section, we will
lift the (weak) condensation from Eq. (3.12) to a strong one without introducing a large
energy penalty, using an argument in [8]. We will verify that the momentum error due to
the localization 1s negligibly small as well.
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Theorem 3.7. — Given 0 < 0 < é and C > 0, let A = o349 and 1, = al™ and
assume p satisfies |p| < g and By p (a®p) < Ey + Clp|* for a given C > 0. Then there exists a
r > 0 and states Y, with

(Wo [HA|W,) — Eg a(a?p) Sa™ @7,
<\Ijot | (TA —P)2|‘"Da> ,S, Ol_(Q-H)

and supp(W,) € Byy1.(0), such that
<3'15) X (W;Plel\,lé Nwwl’ek,ig =< a_’,) \Ilot = \I‘Iou

where & 1= LV, 0" with V,, := x ' (A7'|V,| < 2)V,,.

Note that & is small in magnitude, ||€ ]| < |p| < o' The statement of Theorem 3.7
is also valid for § = 0, i.e., in case we conjugate by the Weyl transformation Wr« instead
of Wyre_jz. For technical reasons, it will however be useful in the proof of Theorem
2.1 to use QP — & & Pk —
momentum constraint

iivxl @™ as a reference state, since the latter satisfies the

|
-V

€ p €
<(pPk . z—Vxlgopk
m

S .
o'k — Ly, P k>:p'
m

Proof. — Let W' be as in Lemma 3.6 and let us define for 0 < € < % and 0 < & <
min{r’, i

1
\IJO( = Z;lxe <0(}IW;1>IC]&_Z.S NW(pP“k—iS < §> ‘IJ(;N,

where Z, := || x¢ (ot"W;plek_iéE NW pa_e < %)W‘;’/ || is a normalization constant. Clearly the
states W, satisfy Eq. (3.15) for r < 4. Let us furthermore define

~ 1 o,
U, = ———x( = <a'W

-1
Sz g =% N

An application of [1, Lemma 3.3] yields

NW(pPekiS> \IJ(;//

72 (W, [Hp|W,) + (1 —Z2) (§,[Hu | ,)
< (W/[HA W) + Coa 7 (W VN F 1|0
S Ea,A(O[Qp) + Cla—(Q—l—r//)
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for suitable constants Cy, C; > 0 and 7/ := min{/’, 2 — 24} > 0. We have

i

1 -7 =<\IJ;;/

1 2
€ (§ < ahw(p}’lfk—iSNW(pPek_iS)

2ah " —1 "
=< 1 — 9% <‘Ija ‘W(pPek_iSNW(pPek_iS v/ )
4’(X}l " — " 4-“}1”5 ||2
< T WA N W W)+ 2
1
< h—r h—92
ST @ ) 20,

where we used Eq. (3.12) and the inequalities
Wi N Wori_e < 2(W o NWora 4 1IE 1),
1§1% < |pI*]| Vo™
Making use of (Uy|H, |Wy) > Eq and Eq 4 (@2p) — Eq < 912 < a2, we therefore obtain
(W, [HA [Wo) — Eq 2 (a”p)
<Z2(Cra™ ) + (1 = Z2) (Eua (@’p) — Ea))

Sa™ ) 4 (@' + o) (Ega (0?p) — Eo) S )

~Y

2 -2
Sa .

with 7" ;= min{/",v — h,2 — i} > 0.
In order to estimate (W, |(Yx — p)*|W,), let us apply the IMS identity

(3.16) Zo (o (Fa = ) [Wa) + (1 = Z2) (W | (X = )| e
= (/O = 7| W) = (W 1X 1),

where we define X := J[[(Ya — )%, A, Aj]+ 5[[(Ta — )%, Asl, Ao] using the operators
A=W i e NWoraig) and A 1= (W e NWora_g) with /(%) := x“(@'x < 5)
and f; := Xe(% < o’x). In the following let us compute

[[(ra—p% A A]
=W [lWoroie TaWo o = £) SO ]S [Wor e
=W [[(Ya =F+2%ed" (@) SO SN Wori_e

where ¢ := %§X1 (@™ — i&) and
)

1 ~
_.Vxl
[/

~ - X - 20 p
p::p_ <¢Pck _ lé (pPLk _ l$> :p<1 _ %”Vmgo})ck



294 MORRIS BROOKS, ROBERT SEIRINGER
We have 3| < [p| < < since m = 2| V™| = 2||V,,¢"*||” > 2||V,,¢"*||°. Defining the
discrete derivative 8£(x) := a(f(x + a~2) — £(x)), we can further write
[[(ra =7+ 2%ed ()", )] V)]
= 8[%ed (). f(N)]’
+2{Ta =7+ 2Red (@), [[Red (@), L] )]}
= —8a~"(Im(a' (9)8f(N)))*
+ 207y —F + 2%ed’ (), Re(al (9) (8)*(N)))

where we used

[Ta =7+ 2%Red (). f(N)] = 2[Red (9). f(N)].
[Rea' (0). fN)] = *Tm(a (@)3[N)),
[[9ed (@) S]] = &~ Re(a’ () (32 N)).

Hence

(3.17) —[[(*s =F+ 2%ed (@)’ L], )]
< 8a~*Im(a’ (@)Sf(N))’
+ 4o Re(a! (@) () MN))* + a7 (Ts —F 4 2Red (9))
< 20lplI* (20 ISF I, + 20 I11L, + 30 7) (2N +a7%)
+ 270 N2 + 32 [f2,
where we have applied multiple Cauchy—Schwarz estimates and used T3 < 9a?A%. Note

that the expression in the last line of Eq. (3.17) is of order a*=3(N + 1), since 16/ ll0e S
o' and ||l¢|| < 1. Using W(;}el_iS N+ 1)?Wra_ie S (N + 1)% we therefore obtain

1 o , (
—X=-7 S =% AL A] S e W+ D%

J=1
Using this together with Eq. (3.16) and (U, |(Ta — $)2|W,) > 0, yields
(Wa|(Fa — 9% |Wa) = Z2 (W5 [T — %[ 9)) — (91X 9))
5 a7(2+/) + a4lz—3(\p;u}(N+ 1)2|\D¢;N>

< a—(?—H/) + a4/z—3.
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Since & < i we have min{/’, | —4#4} > 0, and therefore we can choose 7 > 0 small enough
such that » <min{r, 1 — 44}, » </"” and r < &, which concludes the proof. O

4. Proof of Theorem 2.1

In this section we shall prove the main technical Theorem 2.1, using the results of
the previous sections as well as the results in the previous part of this paper series [1].
Before we do this let us recall some definitions from [1].

Defination 4.1 (Finite dimensional Projection I1). — Gien o > 0, let A := a3+ and
€= oYY and let us introduce the cubes

Co=la—latOxln—Ltntlxzs—~Lz+l)
Jor z= (21, 20, 23) € 2 Z(3 T/Len we define T1 as the orthogonal projection onto the subspace spanned

by the functions x fc dk Jor z € 2027 \ {0} satispying C. C Bx(0). Furthermore, let

@1, ..., QN beareal on‘/zonormal basis of TIL2(R®), such that ¢, = ‘"(ppck” Jorne{l,2,3}.

(TIV.

Definition 4.2 (Coordinate Transformation T ). — Let ™ (y) := @"*(y — x) and let t — x,
be the local wmverse of the function x — ((g0n|<pm‘))3 € R® defined for t € Bs,(0) with a suitable

n=1

8. > 0. Note that we can take Bs,(0) as the domain of the local inverse, since ((,0,L|(,0P"k =0 for all

ne{1,2,3} due to the fact that " and T1 respect the reflection symmetry y, — —,. Then we define
f:R*— ML*R?) as

S@ = x(lt] <8.) (Hw&k }:m%>

and the transformation T : TIL*(R?*) — TIL*(R®) as
() =9 —f(¥)
with t := (1l@) , (2le) , (@s]9)) € R’
Definition 4.3 (Quadratic Approximation J,,, ). — Let us first define the operators

e e 1 e 1 - |wPek> <wP6k| e _1
(4.1) KM= 1 — HP* = 4(—A)"2y" k_A R Mpekwp S(=A)72,
(4.2> LPek 4( A)—E 1p_Pek(l A)—le&k(_A)—%,
where VI := —2(— A)_" Pek " Pk .= ok — || |2 and ™ is the, non-negative, ground state

of the operator — A + VP& Furthermore let T, be the translation operator, r.e. (T,)(») := @ (y — x),
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and let Kfek =T ,K'T_, and Lfek =T, LT _,. Then we define
Juy =1 (1= (4 ) (K + y L))

Sfor|t] <y and y < 8., where 8, and x, are as in Definition 4.2 and 7w : 12 (R®) —> L2(R?) is the
orthogonal projection on the space spanned by {@y, ..., ox} with @, as in Definition 4.1. Furthermore
we define ), ,, »= 70 for |t| >y and we will use the shorthand notation J, , [¢] := (@], @)

Recall the definition of E, 5 in Theorem 2.1. In the following we will assume that
p satisfies the assumption E,  (@?p) < E, + C|p|* of Theorem 3.7 with C > ﬁ, which
we can do wl.o.g., since E, 4 (a?p) > E, + C|p|* immediately implies the statement of
Theorem 2.1 (compare with the comment above Lemma 3.1). We shall also assume in
the following that |p| < % Due to these assumptions we can apply Theorem 3.7, which
yields the existence of a sequence W, with

<\Ija |HA |\I}a> - Ea,A(aQP) S (Xi(2+7),
(\I”a | (TA —[9)2|\Ija> 5 a—(2+7)’

and supp(¥,) € By1.(0) with L = &'*?, such that ¥, 1= W_; W, with & = 2V, ¢"* sat-
isfies condensation with respect to ™, i.c.

(4.3) X (Wb N Wi <o), = T,

Using fin(p — Ty <a? % +a?(p—"Tx)?and |p| < %, we therefore have

(4.4) Ega (oﬂp) > <\Da‘HA + %(p —T4)

%>+ow(a@+é>),

where ﬁ formally acts as a Lagrange multiplier for the minimization of H, subject to the
constraint Y, = p. In the rest of this Section we will verify that

H,+ -1y
m

is bounded from below by the right hand side of Eq. (2.3) when tested against a state W
satisfying supp(¥) € By1.(0) and complete condensation with respect to ¢ — i€ (where
we find it convenient to use ¢ — i£ instead of ¢™* for technical reasons). The momen-
tum constraint on W will not be needed for this; i.e., we have transformed our original
constrained minimization problem into a global one, which we handle similarly as in the
previous part [1] concerning a lower bound on the global minimum E, = info (H). As
already stressed in the Section 1, it is essential to work with the truncated Hamiltonian
H, and the truncated momentum Y, here, since in contrast to H, + ﬁ(p — Y,) the
operator H 4 %(p — P) is not bounded from below for p # 0.
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Following [1], we will identify F(TTL*(R?)) with L?(RY) using the representation
of real-valued functions ¢ = ZL A, by points

A=, ..., Ax) € RN,

With this identification, we can represent the annihilation operators a, := a(¢,) as a, =
A+ 20[%8,\", where A, 1s the multiplication operator by the function A + A, on L2(RY). Let
us also use for functions ¢ > g(¢) depending on elements ¢ € TTL?(R?) the convenient
notation g() := g(z;j:l X.@,), where A € RY,

It is essential for our proof that W, satisfies complete condensation in @™ see
Eq. (4.3), since it allows us to apply [1, Lemma 6.1] which states that in terms of the
quadratic operator J,, and the transformation t on I1L*(R?) in Definitions 4.3 and 4.2

we have
4.5) (U, |[H, |W,) > & + <€17a if:a>

1 o
- D00 +Jia[tD] + Nox
n=1

for suitable €, 5y > 0 and any 0 < s < 59, where we define
N
./\/;1\* Z:N— ZaZak
k=1

and ¢ is defined as in Definition 4.2 such that #* = (A, Ao, A3) € R®. Furthermore it is
shown in [1, Lemma 6.1], that there exists a 8 > 0, such that

Q272

(4.6) (W, |1 —B|Y,) <

for all 0 < s < 59, where B is the multiplication operator by the function A — x (|¢*] <
a ™). In the following we will always choose s < 1. We will use the symbol w for a generic,
positive constant, which is allowed to vary from line to line.

4.1. Quasi-quadratic lower bound. — In order to find a good lower bound on

. )

and therefore on E, 4 (a?p), it is natural to conjugate H + ﬁ(p —T'») with the Weyl trans-
formation W rx_;z = W, W_g, since @ — i€ is close to the minimizer ¢"* — iivxl Pk

H,+ ¢,
m

of the corresponding classical problem, see [3]. Since i is purely imaginary, the inter-
action term in H, is invariant under the transformation W_g, i.e. W_;Rel[a(x (V| <
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A)wx)]W:}E =NRela(x (V] < A)w,)], and furthermore

X1

)

where we have used (i£|1V, ]i€) = 0 (since (A1V,|A) = 0 for any real-valued or
imaginary-valued function % € L2(R?)). Therefore conjugating H, + ﬁ(p — T,) with

W_l‘g YICIdS
(v )
HA — £TA + 2%e[a(£%x1$ - ZS)]
m m

> M 4 <{i}a

N
-——+ 2%e<

202

wz

(4.7) W_g TAWZ, =Ta — Qme[a( " zs)] + <i§ %%

=Ty — 2%e[a(V, 8],

21y
m

2
W> m'+kw

@a>

1 )
37 L e [ ]+ Mo = 2T

(50

+MM+Oww(@”L

where we have used Eq. (4.5). In the next step we apply the Weyl transformation W p«,
which satisfies W(chk)\.W;Plck = A 4+ AP and hence

W, Pekpnw = pn+29%e[ (p v )} pTA — 2%e[a(i®)],

-wwmnp<£ﬁﬁ>4{ﬂwmﬁ—ﬁu[(£ - )] HE
m m

where we have used Re (9"|LV, & — i£) = (p"*|LV, &) = —||]|*. Furthermore
WS,JPCMW;IECk = (A A AT Ao+ A5 A+ AN = (M, Ao, Ag) =1
with AP .= ((¢,|TTp"™*) l,j:l- Therefore defining

\IJ: = W(p}’ek ﬁ}a = W(ppek,ié v,
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and conjugating with Wr« yields the lower bound

|

4.8) <xya

H,+ -1,
m

1 N
> ek + <\IJ;< _r.ﬁ E 8)%” +J[A’a—,\‘[r ()» + )\_Pek)]
n=1
o P »
+ W(pl’ek >NW¢l’ek - _TA \Ija>
m

N ~
~ N ome|wrlo 29,8 ) v
2a? m
|147|2 2 —(2+e€)
+7—||§|| + Ogroo (@ ).

The advantage of conjugating with the Weyl transformation Wyra_;z = WoraW_;
stems from the observation that we have an almost complete cancellation of linear
terms, 1.e., as we will verify below, the term linear in creation and annihilation op-
erators %e(‘l’;m(%%xlé )W) in Eq. (4.8) is of negligible order, and the function A
Joa—s [T (A + AP¥)] vanishes quadratically at A = 0. The latter follows from the fact that
T(A"*) = 0. Utilizing the inequalities (W |N|W*) = (\Da|W;P1tk_l.§./\/’W¢Pck_i§ W) <a™,
see Eq. (3.15), and ||%%xl§|| < |p]?, where we have used that ¢ € H*(R®), see [9, 12],

we obtain that
a <£ %m & )
m

.. .. . 2
is indeed negligible small. Furthermore we can estimate, up to a term of order o~ %5,
W ra V- >NW;Plek from below by a proper quadratic expression

4.9) 29%e<\y;

\I'::> Satpl S

(4.10) W¢PCkN>NW;Plck =Non+a((1 — ™)

+d?((1 _ H)chk) + “(1 _ H)(pl’ck 2

|
> SNy = 2] (1 = ™|
= é/\/;l\' + Oa%oo(a_(z—i_%))a

where we have used ||(1 — IT)p"*||? < a_(“%), see [1, Lemma A.1]. In the following

let us use the convenient notation eﬁCk = Pk 4 L;—';. Combining Eq. (4.8) with Eq. (4.9),



300 MORRIS BROOKS, ROBERT SEIRINGER

Eq. (4.10) and the observation that % — €% > %, and using the fact that

Ea,A (‘XQI)) > <lIJoz £(/) - TA) \I"a> + Ooz—)oo(a_(%_%)),
m

see Eq. (4.4), we obtain

(4.11) Eoa(a®p) = 6% + <\11* —— Z 0 +Jira[t(A+A"N)]
l — £ ) _ l —(2+e€)
+ 2-/\/’>N mTA "Ija> 20(2 +Oa—>oo( )

The right hand side of Eq. (4.11) is up to a coordinate transformation in the argument
of J. o~ quadratic in creation and annihilation operators. In the next subsection we will
apply a unitary transformation in order to arrive at a proper quadratic expression.

4.2. Comugation with the unitary U. —In order to get rid of the coordinate
transformation 7 in the argument of J, 4, let us define the unitary operator ¢ on

F(MLX(RY)) = LA(RY) as
UW)(A) =T (EW)),
where  : RY —> R is defined as
B :=1(1 + ") e IL*(R’) =R

Note that the inverse of T is simply given by t7'(¢) = ¢ + f(#) where f : R —
[TL*(R®) is defined in Definition 4.2, which can be checked easily using the fact that
(@ lf (D)) =0 for n e {1, 2, 3} and consequently /@ = #. Hence

(4.12) U0 U= (@)t () — A =4, 4 (@lf (1)) — AP
and therefore
U U = (@t ') = A7, o (gslt () — A5)
=1y, hy) =10

Defining the matrix (J;,, )un 1= (@ulJy |@) we furthermore have

u_l.]z‘)‘,oﬁf [T ()\- + )MPek)] U :Jt*,aﬁ [A] = Z GZ" a~ )n -

n,m=4
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aswell astd "0, U = 19, for 3 < n < N, which immediately follows from the observation
that 8 is a * = (A1, Ay, A3)-dependent shift. In the following let us extend {¢i, ..., ¢x}
to an orthonormal basis {¢, : n € N} of L?(R®) and introduce a, := a(g,) for all n € N,

and let us extend the action of U to all of F(L*(R?)) such that i/ ~'a,U = a, for n > N.
Defining

vo=U"",
we obtain by Eq. (4.11)

3 N

1 1
2 Pek / —1q2 2
(4.13) Eg () = g% + <\pa ~ nzzlu LU= 2 %
N ! b
+ Z (_]-lk,a_‘)n,m)"n)“m + _N>N - U_I—TAU \Ijt;>
n,m=4 2 m
N
—(2+¢€)
- @ + Oa%oo(a )

Using Eq. (4.12) and U "9, U = 19, for 3 < n < N, we further obtain the transforma-
tion law U ~'a,U = a, + (@,|f (1) — TIp"™*) for all n > 3.
In order to express U ™! f’—nTA U, let us introduce the operators ¢, defined as
=
—U 0, U

202

forne{l, 2,3} and ¢, := a, for n > 3, as well as

€=

3
o(t) == f(1) — TTp™* + Z L, € TIL*(R®)

n=1

and g,(?) := (@,|g(?)). With these definitions at hand we obtain
U e, U=U" (ﬁam + xn>u = iu—la&,u + A,
=, +gn(tk), forl <n<3,
U o, U =a,+ ((pﬂ[f(tk) — ™) =, —i—gﬂ(tk), for4 <n<N
and U 'a,U = ¢, = ¢, + g,(t*) for n > N, and therefore
Ul =+ ()

for all » € N. In the following we want to think of ¢, as being a variable of magnitude
a~! and #* as being of order ™" for some r > 0, and consequently we think of g,(#*) as
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being of order o™ as well, since g(0) = 0. While the former will be a consequence of

the proof presented below, the control on #* follows from our assumption that we have
condensation with respect to the state @™,

In the following we want to show that for suitable € > 0, %TA is bounded by

— Zn_ U U+ Z ors —i— N_x) with B =a~, up to a term of negligible

magnltude, see Eq. (4.16). Since — 4a4 anl Uu- lafnu and N.y appear in the expression

on the right hand side of Eq. (4.13) as well, and since they are non-negative, this will leave

us with the study of

N N
_ﬁ 30+ Goadunhihn— B Z da,
n=4 n=4

n,m=4

for a lower bound on the expression on the right hand side of Eq. (4.13). Using the
representation

P S o2 |, |
mTA - n;l <§0n vaxl §0m>anam’
we obtain
_1£ . > ﬁ"" T A
(4.14) U mTAZ/{_ n;1<(pn imv gom>(c +2.(2)) (cn + 2.(£))
= Z<<pn Lg, <pm>c G
n,m=1 tm
+ Z<(on %% §0m>(cﬂ gm( )+gn(t)h) Cm)v

where we have used

e¢]

> <¢>n

n,m=1

L

x|
m

g(t)\)> o,

rg
m

e e () = {ete)
see the comment below Eq. (4.7). Using the bound on the operator norm

£%n = QBA = Mga%(lw) < a%(l+a)—1
m m m

op

yields

(4.15) + Z< L, (pm>c 6y S s+~ IZC%,,
m

n,m=1 n=1
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For the bound in Eq. (4.15) it is essential that we are using the truncated momentum Y5
defined in terms of the bounded operator V,, instead of the unbounded operator V,,.
Defining the coefficients

e¢]

ha(2) = Z<<pn

m=1

rg.
m

¢)m >gﬂl (t)

and applying Cauchy—Schwarz furthermore yields for all 8 > 0

+ ) <<pn %%
1

n,m=

1 <ﬂm>(UI g(?) +2.(?) c)

Note that ||£§xlg(t)|| < %l [[Vg(?)]|. Making use of Vg(#) = VIIn(¢) with

n(t) = X(Itl < 3*) (%Eek gDPek)

8, <) by — "],
=1 (Z AT )

we obtain |[Vg) || < IV + a *F|n(#)] by Lemma A.3. Using again ¢ €
H?(R?), we have [[n(0)[| + [Vn@) || S 1+ ¢, as well as

IV = | Vel — Vo™ | < lxl]| Ae™ | S 1t

for |1] < 8,. Consequenty, [|£%,, (0 < Colpl (14l + ") (1 + [#)) for a suitable con-
stant Cp. The choice B := a~ ™51} yields for a large enough

(4.16) U ET U <) (e,
m

n=1

+COCQ(a—2amin{§,l}‘tk‘2 +a—5—40(1 + |tk‘)2)
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with €’ <minf{7, | — 4(1 + 0)}. In the following let & be large enough such that €’
Then we have

A

3
a Z do,=a™¢ (Z aa, — % ZL[‘W@U)

n¢{4,...,N} n>N n=1

Using Eq. (4.13), Eq. (4.16) and
W19 = (| < @I T + o <o+
“ 207 200
see Theorem 3.7 for the last estimate, we obtain for a suitable € > 0

N

N
—% Z Bfn + Z Gt’\,(rf)n,m)‘ﬂ)‘m

n=4 n,m=4

anA((pr) > e;’ek_i_ <\Ij/

a N
—€' + / —(2+¢€)
—« Zana,, \Pa>—@+0a_)oo( + )
n=4
! 75/ N
_ Pek —€ ! o 1 —(2+4¢€)
— (1 —a )<\pa AT \Ila>+0a_,oo(oe )
with
I < -
Q—lj,y = —@ Z afﬂ + m Z ((_]z‘,)/)n,m - K(Sn,m))"n)"m,
n=4 n,m=4
where we used the fact that Zn_4 aa,= —ﬁ 21;4 3,\2” + Zij_ A — Q(X;Z

4.3. Properties of the harmonic oscillators Q; . — Let 7w be the projection from Defini-
tion 4.3 and note that J,,, > ¢ for suitable ¢ > 0, y small enough and « large enough by

[1, Lemma B.5]. Therefore Q7 , : > 0 for a large enough. Since J,,, < 1, we furthermore
have

N A\
(1 —k)info (Q ) < ol < aQ(z> <o

for a suitable exponent ¢, see Definition 4.1. Combining this with the estimate

o272

(V.1 —BlW,) = (F,|1 - B|Y,) <
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for a suitable 8 > 0, where B := x (|t*| < a™*), see Eq. (4.6), yields

inf info (Q%, ) (W,|BIW,) > inf info(Q%, ) + O no(are ™ ™).

[t|<a™* || <™

Therefore we obtain for a suitable € > 0

(4.17) Ea(a?p)

N
Pek / / —(2+4€)
>+ (- < Q. B —@‘I’a>+oww(0‘ )
> ok 4 inf info (Q¢, ) v, |B|Y,) — N
— \t|<¢xﬂ to! 2&2

+ 0,0 ( —(2+e)
Pek R - E —re)
2+ (1-a) (nng i (Q,-) 20!2) F Oeceela™7),

Since Q] , 1s a harmonic oscillator, we can write its ground state energy explicitly as

info (Q) = oo

1
:infa(Q?’y) + ﬁTran(Rg)[ Jzy /_.Jt :|

Using J,, @ =J;,, and therefore [J,,, 7] =0, and again the fact that J,,, > ¢z for y
small enough and « large enough, as well as |/x — Wl = # |x —p| for x>0 and y > ¢,
we obtain for such y, o, and k <¢

Jiy, — k7
:I: TrHLQ(R3)|: ”’7 — 1/‘][’1/

l —«

Jz’y — KT

—Juy

< —=Trn2ms

Nz 1 —«
K TU
= -
Je(l—r) U
_ L—i_y) [KPe-k + J/LPek] K
Je(l —k) 1 —«’

where we have used that K* and L defined in Definition 4.3 are trace-class. Combin-
ing what we have so far with the bound

0 (Q),) = 5 — L1 - VA ] Doty +a7e)

202 22
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for small y, |{| < y and large «, and a suitable D > 0, see [1, Lemma B.5], yields

inf info (Q_m J) _N + LTr[l _ ./HPck]

It <o 202 202
> _(a—(2+x) + a—(2+3) +Ol_(2+€/)).

In combination with Eq. (4.17) we therefore obtain for a suitable € > 0

B (68) 2. — 5oy T~ VAT 4.0, 9),
o

which concludes the proof of Eq. (2.3).

Appendix A: Auxiliary results

Lemma A 1. — Letg(k) := x" (K7 |k| < 2)k for k € R. Then there exists a constant C. > 0
such that for any bounded function f : R — R with f' € L*(R) and K > 0, the double commutator is
bounded by

S T

where we write f (1) for the multiplication operator with respect to the function t +— f(t). Furthermore
we can choose the constant C. > O such that

v D)

Proof. — Let us denote with T.¢ (») := ¢ (y + 2) the translation operator on L*(R)
and let us write F(-) for the Fourier transformation. Then

[[g (%)f <z:>]’f (p] - / FlQOT.[ft+2 —f 0] dz

<clrl

op

< VK|

op

Using the Sobolev inequality

Fa+2 s < |14
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and the fact that F~'(9)(2) = K*F(g,)(Kz), where g,(k) := x'(|k| < 2k is a K-

independent smooth function with compact support, therefore yields

(&) )]l -

\f @) ()] suplf(t 4+ 2) —f (1] dz

op teR

<K/ fR | F (g (K2)||z]dz

=1 17 ol

Since fR|]:_1(g*)(,z)||z|dz < 00, this concludes the proof of Eq. (A.l). Regarding
Eq. (A.2), we obtain in a similar fashion

[4(:5) 0] =xv1 [17 emoiviEa:

<VE|f/| / F ()| v/Fldz. O

Lemma A.2. — For K > 0 we have the estimate || x (V] > K)V'®*|| < %

. 1 ’ . . ..
Proof. — We can write ¢ = 4/ (=A)"2|"|?, where ¥ is as in Definition
4.3. Hence the Fourier transform of V! reads

f(v(pPek)(k) (}l/fPek} )(k)
and therefore

(91961 = [ 1F(v" ol

[k>K
2 2 1 1

<

)®], / NPt

where we used 9™ € H*(R®) and consequently || |£]2F (|1"*|?) (k)]0 < 00. O

< D

Lemma A.3. — With I1 the projection defined in Definition 4.1, we have

H [|V|’ H] op S—’ a74(l+0).

Proof. — Using the Fourier transformation, we can write

N
FMp)k) =Y (hIF @)L,
n=1
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with the help of non-negative functions f, having pairwise disjoint support, which addi-
tionally satisfy ||, || = 1 and supp(f;) C B 5,-11+0 (") for some 2" € R®. Therefore

N

FIvI. o)k = (I F @) 16l = (LIF(1VIe)))fik)

n=1

:Z/fn(k’)]-"(tp)(k’)(lkl — [K])dEL (k).

Using that the functions f, have disjoint support, as well as the fact that ||£] — |£|| <
24/3a~ 1% for k, K € supp(f;), we obtain furthermore

[[1v1, e = i f ' f S(K)F @) (K) (k) — |¥)dk 2m<k>|2dk

N
512a8(1+a)2/ﬁ(k/)
n=1

< 1227 || F (@) || = 1227+ o],

|2

Fp)(K)|d¥

where we have used that /, is an orthonormal system. U
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