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Ep:y*> =2+ AD*c + BD?, (2)
where D denotes a positive squarefree integer. Consider the set of integral points
Ep(Z) = {(z,y) € Z* : y* = 2® + AD*xz + BD?} .

It follows from a result of Mordell [17] that #FEp(Z) is always finite.

We are interested in the distribution of the number of integral points #FEp(Z) in
a quadratic twist family, when Ep are ordered according to the size of D. If E(Q)
contains a 2-torsion point, this point must have the form (a,0) for some integer a under
the model (1), and hence (aD,0) € Ep(Z) for all squarefree integers D. Therefore we
call an integral point non-trivial if it is not a 2-torsion point of Ep(Q). Define the set
of non-trivial integral points on Ep to be

Ep(Z) = {(z,y) € Ep(Z) : y # 0}.
Define

D :={D € Z: D > 0 squarefree},
Dy={DeD:D<N)}.

Granville [9] conjectured that almost all curves within a quadratic twist family have no
non-trivial integral point. We state the conjecture adapted to our model (2).

Conjecture 1.1 (Granville [9]). Fiz A, B € Z such that 4A3 +27B? £ 0. Let Ep : y* =
234+ AD?x + BD3, D € D. Then

#{D €Dy : Ep(Z) # @} ~CapN3,
where Ca g is a constant that depends only on A, B.

We note that Granville’s original conjecture considers a different model Dy? = f(z),
where f € Z[z] and deg f = 3. When f(x) = 23+ Ax+ B, any point (z,y) € Z? satisfying
Dy? = f(x) corresponds to a point (Dxz, Dy) € Ep(Z), so there are fewer integral points
using the model Dy? = f(x) when compared to our model (2). The exponent 3 stated
in Conjecture 1.1 replaces % in the original conjecture because of this discrepancy. The
exponent % is suggested by some heuristics given in [5, p. 6677-6678] for the family
y? =23 — D%z.

In this direction, Matschke and Mudigonda [16] handled the case when f(x) is re-
ducible, assuming the abc conjecture.

Theorem 1.2 (Matschke—Mudigonda [16]). Assume that the abc conjecture is true. Sup-
pose f(x) = 23+ Az + B, A, B € Z, such that 4A% + 27TB? # 0 and f(x) is reducible
over Q. Then
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#{D € Dy : Dy? = f(x) for some z,y € Z, y # 0} < Ni+o(l),

Our goal here is to gain progress towards Conjecture 1.1 on a specific quadratic twist

3

family. We restrict our attention to the congruent number curve € : y? = 23 — 2, and

study its twists
Ep:y? =a2* — D%z,

It is well known that the torsion subgroup of £p(Q) is {O, (0,0), (£D,0)} = Z/27Z x
Z/2Z (see for example [13, Chapter I, Proposition 17]), where O denotes the point at
infinity.

We now review some existing results concerning the family {Ep : D € D}, and
explain how it is implied that the moments of #&p(Z) are bounded. The 2-Selmer group
of £p, which we denote by Sela(Ep), is a finite abelian group with exponent 2 that is
defined via local conditions and admits an injection Ep(Q)/2Ep(Q) — Sela(Ep) (see for
example [21, Chapter X]). In particular, the 2-Selmer rank provides an upper bound to
the rank rank(Ep(Q)) of the Mordell-Weil group of Ep over Q. It is usually easier to
compute the 2-Selmer groups of elliptic curves with a torsion subgroup Z/27Z x Z /27
over Q, since then most of the work can be done over Q. Heath-Brown [11, Theorem 1]
computed all the moments of the size of the 2-Selmer groups of £p. For any positive
integer k, he showed that

1
#Dn

k
> (#Sela(Ep)) H (14 27) 4 ox(1). (3)

DeDn

Since the 2-Selmer rank provides an upper bound to the rank of £p, the equation (3)
implies that

1
#D S okrkEn(@ o, (4)
NDGDN

Lang [14, page 140] conjectured that the number of integral points on a quasi-minimal
Weierstrass equation of an elliptic curve E should be bounded only in terms of rank E(Q).
For the family {€p : D € D}, it follows from existing results in this direction by Silver-
man [20, Theorem A] and Hindry—Silverman [12, Theorem 0.7], that there exists some
absolute constant C', such that

#Ep(Z) < Crankén (@) (5)

In [5], we showed that C in (5) can be taken as small as 3.8. Combining the upper bounds
in (5) and (4), we can bound the k-th moment of #Ep(Z) by

1

£Dy Z (#Ep(Z))* < 1. (6)

DeDy
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We will show that in fact the moments of #&5(Z) tend to 0. The following is our
main result.

Theorem 1.3. For any € > 0 and any k > 0, we have

S (#E5(Z))F <op N(log N)~3+e,
DeDn

This shows that the k-th moment of #£5(Z) tends to 0 as N tends to infinity, since
#Dn ~ 5N,
To prove Theorem 1.3, it suffices to prove the following.

Theorem 1.4. For any € > 0, we have
#{D € Dy : E5(Z) # B} < N(log N)~i e,

Indeed, by an application of Hélder’s inequality, we have

S #eH@) < (Y #Ep2)) HD e Dy EH(@) £ 7))

DeDn DeDy

L1 N(log N)(_%"'E)(l_e),

where we have inserted (6) and the estimate from Theorem 1.4. Rescaling € gives Theo-
rem 1.3.

We now give an outline of the proof of Theorem 1.4. In Section 2, for each integral
point (x,y) € Ep(Z), we use Mordell’s correspondence [18, Chapter 25] to construct
a corresponding integral binary quartic form f that represents 1 and has discriminant
related to the discriminant of £p. Then in Section 3, we show that by picking an auxiliary
prime p | D/ ged(x, D), we can transform f into an integral binary quartic form F' that
represents p and has discriminant lowered by a factor of pb. In Section 4, we show that
ged(x, D) can be controlled by the image of (z,y) in the 2-Selmer group of £p under the
map

Ep(Z) — Ep(Q) — Ep(Q)/2Ep(Q) — Selz(Ep).

Then in Section 5 we extract some information about the distribution of 2-Selmer ele-
ments from work of Heath-Brown [10,11] to show that for almost all D, we are always
able to pick the required auxiliary prime p of a suitable size. In particular, this p is not too
small, so that there are o(N) many discriminants for the discriminant-lowered quartic F'
to take. At the same time, by ensuring that p is not too large, we can deduce from upper
bounds on the number of solutions to Thue inequalities, that each SLa(Z)-equivalence
class of F' can only be the image of finitely many integral points. In Section 6, we proceed
to count the set of those quartics F' that were discriminant-lowered by some suitable p.
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We make use of the fact that every integral binary quartic form is SLy(Z)-equivalent to
at least one reduced form with bounded seminvariants [6]. Applying the syzygy satisfied
by the seminvariants returns a set of integral points on twists of £ with bounded height.
Then Theorem 1.4 follows from an application of an upper bound by Le Boudec [15].

2. Integer-matrix binary quartic forms

We say that a binary quartic form is integer-matriz if it has the form
f(X,Y) = aoX* 4+ 401 X3Y + 602 X2Y? + 4a3XY> + asY?,  a; € Z.

Given any integral binary quartic form f and (zo, o) € Z?2, define the action of

= (‘CL g) € GLa(Z)
on the pair (£, (zo,%0)) by
7 (FXY), (20, 90)) = (FIX,Y) - 7), (2o, 50) -7 ),
where
(X,Y) -y = (aX + cY,bX +dY).

This action preserves the value of f(xq,yo).

We recall some facts about the seminvariants of quartic forms [6, Section 4.1.1]. For
our convenience, we choose to scale the seminvariants differently than in [6], since we
will only be dealing with integer-matrix binary forms. The invariants of f are

I =1I(f) = apas — 4aja3 + 3a3, and

2 2 3
J = J(f) = apazas — apa; — ajas + 2a1a2a3 — a;.
The discriminant of f is

A(f) =13 - 27J?
= agai - 64a‘rfa§ - 18a(2)a§ai - 12aga1a3ai - 6a0a%a§a4
— 180apaiazazay + 8lagasay + 36ataza3 — 27(agas + aja?)

+ 5dag(—a3 + 2aya3 + apay)(asal + aga3)
The seminvariants attached to the form are I, J, a = a(f) = ao,

H = H(f) = a® — apaz, and R = R(f) = 2a} + alaz — 3apaias.
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Comparing to the formulas in [6, Section 4.1.1], here we have taken out a factor of —48
from their H, a factor of 32 from their R, a factor of 12 from their I, a factor 432 from
their J, and a factor of 256-27 from their A. The seminvariants are related by the syzygy

.1 J s [R\’
H)—~a’H-"a*>=(=) .
1 70 (2) (7)

Notice that when I and J are both divisible by 4, (H, %R) defines an integral point on

a twist of the elliptic curve 32 = 23 — ﬁx — %.

2.1. Mordell’s correspondence

For integers A, B such that 443 + 2782 # 0, define an elliptic curve over Q with the
affine integral Weierstrass model

W: sy =a2% + Az + B.
The discriminant of E4 p is given by
Ap, , = —16(4A® +27B?).
For integers ¢, d, e € Z, define an integer-matrix binary quartic form
feae(X,Y) = X*+6cX?Y? +8dXY? +eY™.
Define

A={(Ea,B, (x0,%)) : A,B € Z, 44> + 27B*> # 0, (z0,40) € Eap(Z)},
Bi={fede:c,de €Z, e=c*mod4, A(f)#0}.

The following correspondence is given by Mordell [18, Chapter 25] (or see [3, Section 2.3]
for a modern interpretation).

Theorem 2.1 (Mordell). There is a bijection
A—B
given by
(Ea,B; (20, 90)) — [,
where

FX,Y) = X1 — 620 X2Y2 + 8yg X V> + (—4A — 322) YL,
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Moreover, under this map, A(f) = Ap, 5, I(f) = —4A and J(f) = —4B.

The inverse map comes from the syzygy (7) satisfied by the seminvariants, but we will
only make use of the map in the direction from A to B from Theorem 2.1.

3. Lowering the discriminant

We now fix an elliptic curve E : y? = 23+ Az + B, A, B € Z and consider its quadratic
twists Ep : y?> = 2% + AD?xz + BD?, where D € D. For each P = (¢,d) € Ep(Z),
Theorem 2.1 gives the binary quartic form

fP(X,Y) = X* - 6cX?Y? +8dXY? + (—4AD? — 3¢*)Y*, (8)

which satisfies A(fp) = ApD®, I(fp) = —4AD? and J(fp) = —4BD?3.
Denote the space of integer-matrix binary quartic forms by V. Let z(P) denote the
x-coordinate of the point P € Ep(Z). Define a map

. PeEp(Z), MeZ, M >0 )
v DLEJD{(P’M) M| D, sed(2-2(P), M) — 1 } — (VxZ%)/SLa(Z)  (9)
given by
(P, M) = ((e,d), M) v (F, (1,0)),

where F is defined by taking k to be any integer such that k = dc™! mod M and
1

We will show that ¥ is well-defined and injective in Lemma 3.1 and Lemma 3.2.

In work of Bombieri and Schmidt [4], to bound the number of solutions to a Thue
equation F1(X,Y) = h, they transformed the equation to F3(X,Y) = 1, where the
discriminant of F is raised by a factor of h® compared to that of Fy. Some applications
of this idea can be found in [1,2]. Here we attempt to carry out the reverse process on
the integral quartic forms fp to lower their discriminants.

Lemma 3.1. Take D € D. Let P = (¢,d) € Ep(Z) and take fp as defined in (8). Fix a
positive squarefree integer M dividing D that is coprime to 2c. Then for any integer k
such that k = dc™! mod M, we have that

F(X,Y) = %.fp ((X,Y). (]‘]f ?)) _ % fp(MX + kY, Y)

is an integer-matriz binary quartic form. Moreover, we have
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(i) F(1,0) =M,
(i) I(F) = —4A(D/M)?, J(F) = —AB(D/M)?, and
(ii) A(F) = A(fp)/M® = —16(4A43 + 27B2)(D/M)S.

Proof. Since (¢,d) € Ep(Z), we have d? = ¢ + AD?*c+ BD3. Taking any integer k such
that & = dc™! mod M, we have k? = d?’c™2 = ¢mod M. Then by Hensel’s lemma we
can find a lift K of k£ such that £ = K mod M and

c= K% mod M3, (11)

It suffices to show that F' is an integer-matrix binary quartic form with this choice of
k = K, since otherwise k = K+uM for some integer u, and we can consider F'(X —uY,Y)
instead.

Next we put (11) into d? = ¢+ AD?c+ BD? and solve for d mod M?3. Since d = kc =
k3 = K3 mod M, we see from the two square roots of (K?)?+ AD?(K?)+ BD? mod M3,
that

2

AD
d= K>+ = mod M3, (12)

By (11) and (12), we see that the coefficients of

fr(MX + KY,Y) = M*X* +4M3K X3y + 6 M?(K? — ¢)X?Y?
+4M(K? — 3cK 4+ 2d)XY? 4 (K* — 6cK? 4 8dK — 4AD? — 36%)Y*

are all divisible by M?3. Therefore F is an integer-matrix binary quartic form. The re-
maining properties are then straightforward from the definition of F'. 0O

Lemma 3.2. The map ¥ is well-defined and injective.

Proof. To show that W is well-defined, by Lemma 3.1, it remains to show that the
class (F,(1,0))/SLy(Z) does not depend on the choice of k. Since k is determined up
to modulo M by (c,d), if there are two choices of k, say k; and ks, that gives two

forms F; and Fy via (10), they must satisfy ky = ko + uM for some integer u. Then
Fy(X +uY,Y) = Fy(X,Y), and so (i ‘1)) (F3, (1,0)) = (F, (1,0)).

Next we check that WU is injective. The value of F'(1,0) determines M, and together
with the discriminant of F', determines D. In the following, fix some D € D and some
M | D such that ged(2, M) = 1. Suppose that P,Q € Ep(Z) satisfy ged(z(P), M) =
ged(z(Q), M) = 1 and write U(Q, M) = (Fp, (1,0)) and ¥ (P, M) = (Fg, (1,0)). Suppose
that (Fp, (1,0)) and (Fg, (1,0)) are SLo(Z)-equivalent, so v - (Fp, (1,0)) = (Fg, (1,0))
for some v € SLa(Z). Then (1,0) - y~1 = (1,0) implies that we can write v = i (1)
for some u € Z. Recall that
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Fp(X,Y) = % - fp <(X7Y)‘ (15:\1{ (1))>

and

Fo(X,Y) = 555 fa <(X’Y)' (’i\g (1))>

for some integers kp and kg which are determined up to modulo M. From Fp((X,Y) -
7) = Fo(X,Y), we get

e (e (A 9)) = se (e (28 9)):
) (O (D)= (et %)

1o () (ar sy §)) = Fal)

The X3Y-coefficients of fp and fg are both 0, so it must be that uM + kp — kg = 0
and fp = fg. Hence P=Q. O

Then since

we have

4. The 2-Selmer group of y? = =3 — D3a

In the following sections we will specialise in the case when A = —1 and B = 0, that
is, the quadratic twist family containing the congruent number curves

Ep 1 y? =23 — D%z,

where D € D.

Heath-Brown [10,11] computed the moments of the size of the 2-Selmer groups of the
congruent number curve family {€p : D € D}. We will extract some information about
the 2-Selmer elements in this family from the argument in [10,11], in order to show that
we can usually pick a suitable M to apply Lemma 3.1.

The 2-Selmer group of £p is defined to be

Selp(€p) =ker | H'(Gal(Q/Q),ép[2) » [ H'(Gal(Q,/Qy),€p)

p place of Q

Since &p has full 2-torsion, there is an isomorphism H'(Gal(Q/Q),€Ep[2]) = ((Q*/
(@*)?)2, and it is possible to obtain explicit equations for the homogeneous spaces.
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(See for example [21, Chapter X, Proposition 1.4].) For the curves £p, these equations
were given as part of Heath-Brown’s argument [10, Section 2]. As we will see, each 2-
Selmer element of £p(Q) corresponds to a system of two binary quadratic forms that is
everywhere locally solvable. We will follow [10, Section 2] to recover the equations.

We begin by defining the set of tuples which we will use as representatives of 2-Selmer
elements.

Definition 4.1. For D € D, define Wp to be the set of all 4-tuples of positive squarefree
integers (D1, Dy, D3, Dy) such that

(1) the system
Dy X2+ DyW? = DoY?, Dy X? — DyW? = D372, (13)

is everywhere locally solvable, and
(2) D1DyD3sDy = D.

Consider the injective homomorphism
0:Ep(Q)/26p(Q) — Q*/(Q*)? x Q*/(Q*)? x Q™ /(Q*)?
given by
(z,y) = (z — D, 2,2 + D) (14)

at non-torsion points. At torsion points, we have 6(0O) = (1,1,1), 0((0,0)) =
(7Da -1, D)7 0((D7 O)) = (2ﬂ D, 2D)7 9((7Da 0)) = (72D7 -D, 1)
In the next lemma we establish the correspondence between Wp and Sely(Ep).

Lemma 4.2. The set Wp is in bijection with

{Selg(é’D)/G({O, (0,0), (£D,0)}) if D is odd,
Sel2(€p)/0({0,(0,0)}) if D is even,

where 0 denotes the natural map

0: ED(Q) — ED(Q)/Qgp(Q) — Selz(gp).

More explicitly, identifying Sela(Ep) as a subgroup of (Q*/(Q*)?)? via (14), (D1, Do,
D3, D4) € Wp maps to

(D1D3, DoD3, D3Dy), (—DyD3,—D3Ds, D2Dy),
(2D2Dy, D1 Dy, 2Dy D), (—2D3Dy, —D4D1, D1D3)
{(D1D27D2D37D3D1)7 (—D4D3, —D3D2,D2D4)} ’LfD s even.

} if D is odd,
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Moreover, if the image of (¢,d) € Ep(Z) under the map

Ep(Z) = Ep(Q) - €p(Q)/26p(Q) — Selz(Ep) - Wp (15)
is (D1, Do, D3, Dy), then

ged(e, D) € {Dy D3 D3, DyDsDy, DyDoDy, DyDsDy}. (16)

Proof. Following [10, Section 2], we first show that there is a bijection between
0(Ep(Q)) =2 Ep(Q)/26p(Q) and the set of tuples of squarefree integers (B, Be, Bs, By)
such that

D or 4D if D is odd,
BlBngB4 = ng(Bl,BQ,B3) = ]., BleBg > 0, (].7)
D if D is even,

and the system
B1X? 4+ By3W? = ByY?, B1X? - BJW? = B3Z? (18)

is solvable over Q. Then in the same way, by working over QQ, over all places p of Q
instead, Sely(Ep) corresponds to the set of tuples (B, B, B3, By) satisfying (17) and
such that (18) is everywhere locally solvable. Note that (By, Bs, B3, B4) is not necessarily
in Wp yet, but this will be adjusted in a later step.

We begin by constructing (Bi, B2, B3, B4) from an arbitrary element of (z,y) €
Ep(Q). Suppose (z,y) € Ep(Q), and write x = r/s and y = t/u, where r,s,t,u are
integers, s,u > 0, and ged(r, s) = ged(t, u) =1. Putting this into y? = x® — D%z, we have

r(r+sD)(r — sD)u? = t?s>.

3

Then since ged(t,u) = ged(r, s) = 1, we must have s3> = u?, so s = W? for some integer

W. Now write ged(r, D) = By, and r = Byr’. From
r(r+sD)(r — sD) = t?,

we see that B§ | t2, hence B? | t since By is squarefree. Then writing By = D/By, we
have ged(r’, sBy) = 1 by construction, and the equation becomes

r(r' + sBa)(r' — sBy) = Bo(t/B)*.

The factors on the left are pairwise coprime except possibly a common factor of 2 between
r" + sBy and v’ — sBy, which only occurs when 7' and sBy are both odd; in this case
', (1" 4+ sB4)/2, (r' — sBy4)/2 are pairwise coprime. Now we can write

¥ =B X?% ' +sBy=ByY? 1 —sBy=B3Z? (19)
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where B1, By, B3 are squarefree integers such that

{ By if By, Bo, B3 are pairwise coprime,

B1ByB3 =

4By if ged(Ba2, B3) = 2 and By, By are odd.

In the first case B1B>B3Bs = D and in the second case B;ByB3Bs = 4D with By, By
odd and Bsy, B3 even. When D is even, the case B;By;BsB4 = 4D is not possible since
8 | B1B2B3 By is not compatible with the parity conditions on the squarefree B;. Putting
s = W? into (19) and rearranging, we obtain a solution to the system (18). Identifying
0(Ep(Q)) with a subgroup of (Q*/(Q*)?)3 as in (14), it is clear from the construction
that 6((z,y)) = (B1Bs, B2Bs, B3By).

Conversely, given (B1, Be, B3, By) and a solution to (18), take By to be the squarefree
part of B1ByBs, then (x,y) = (BoB1X?/W?% BiXYZ/W3) € Ep(Q) and §((z,y)) =
(B1Bg, BaBs, B3By). For any element w € (Q*/(Q*)?)3, we can check that there is
at most one (Bj, Be, B3, By) satisfying (17) such that w = (B; Bz, ByBs, B3B1). This
shows that 6(Ep(Q)) is in bijection with the set of (B, B2, Bs, By) as claimed.

The tuple (Bi, Bs, B3, By) constructed is not always in Wp because of the signs
of Bi, Bs, B3, By and their valuations at 2. To obtain the bijection as required in the
lemma, we add a suitable torsion point of £p to (x,y). If D is odd, exactly one of
@, y") € {(z,y), (z,y) +(0,0), (z,9) + (D,0), (x,y) + (=D,0)} satisfies ' > 0 and
va(2') # 0. Take (D1, Do, D3, Dy4) to be the tuple corresponding to (z’,4’) and take this
as the image of (z,y) in Wp. By studying 6((z’,y’)), we see that the image of (z,y) in
Wp relates to (By, Ba, B3, By) as follows

(B1, B, Bs, By) if va(x) # 0 and = > 0,
(B4, —Bs, B2, —By) if va(x) # 0 and x < 0,
(B2/2, By, B4, B3/2) if va(x) =0 and x > 0,

(=Bs/2,B4,—B1,B3/2) if va(x) =0 and z < 0.

(D1, D2, D3, Dy) =

If D is even, then exactly one of (z',y’) € {(z,y), (z,y) + (0,0)} satisfies 2’ > 0 and
v2(2’) = 1 mod 2. We take the image of (z,y) in Wp to be

(Bl,BQ, Bg, B4) if and z > O,
(D1, D2, D3, Dy) = )
(B4, —Bg, BQ, —Bl) if and x < 0.
For the final claim in the lemma, notice that if (z,y) € Ep(Z), by construction
ged(x, D) = By, which is the squarefree part of ByByBs. This gives (16) by rewriting
B1BsBs in terms of Dy, Dy, D3, D4 in each of the above cases. 0O
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5. Generic 2-Selmer elements

In Lemma 4.2 we constructed a map from Sely(Ep) to Wp. We want to show that for
almost all P € £5,(Z), there exists a prime p of suitable size such that p | D but p t z(P)
in order to apply Lemma 3.1 with M = p. The observation in (16) suggests that it will
be useful to show that D, Do, D3, D4 all have prime factors in an expected range. To
achieve this, we will follow Section 2 to Section 4 in work of Heath-Brown [10] closely
with suitable modifications. (See also [11].)

Henceforth 0 < e < % will be a fixed constant. Let S be the interval

S = [exp((log N)*), exp((log N)'~*)],
so that any p € S satisfies
2eloglog N < loglogp < (1 — 2¢)loglog N.
Define
w(n) = #{p prime : p | n},
ws(n) = #{p prime : p | n, p € S}.

Further define a parameter

Nt = exp ((log N)%E) .
The goal of this section is to prove the following result.
Theorem 5.1. Define two properties on (D1, Da, D3, D4) € Wp:

(S1) (D1, D, D3, Dy) comes from a torsion point on Ep(Q);
(S2) for each i € {1,2,3,4}, we have D; > N* and there exist some p | D; such that
peSs.

Then

(S1) and (52) both fail for

D eDy:
#{ N some (D1, Do, D3, Dy) € Wp

} < N(log N)_i“.

From Lemma 4.2, we can check that all torsion points map to (1,1,1, D) € Wp if D
is odd. If D is even, {O, (0,0)} maps to (1,1,1, D) and {(£D,0)} maps to (2, 1, %D, 1)
in Wp. Therefore the condition (S1) is equivalent to
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(1,1,1,D) if D is odd,
(1,1,1,D) or (2,1,2D,1) if D is even.

(DlaD27D37D4) - {

PRSI}

When D is even, exactly one of Dy, Dy, D3, Dy is even. For the subsequent character

sum argument, it will be easier to first isolate the prime factor 2 by replacing the even
D; with 2d; and consider instead tuples of odd integers. Define

1 ifn=4,
8i(n) = { 7

0 otherwise,

so that if D,, is even, we have D; = 20, for i € {1,2,3,4}, and we take = 0 when
D is odd so that trivially D; = d; = 2%©)d; for i € {1,2,3,4}. To prove Theorem 5.1, it
suffices to bound the number of 4-tuples of positive odd integers (dy, da, d3, d4) satisfying
the following conditions for some 7 € {0, 1,2, 3,4}:

(1) (251(’7)d1, 202(m) g, 295(n) 254(")d4) € Wp for some D € Dy, and
(2) one of the conditions (W1) and (W2) listed below.

(W1) For some i € {1,2,3,4}, we have d; < N*, and

(1,1,1,D) ifn=0or 4,

20
(1,1,3D,1) ifn=2. (20)

(di,d2,ds, ds) # {

(W2) We have d; > N* for all i € {1,2,3,4}, and there exists an i such that d; has no
prime factor in S.

In the above notation, n = 0 implies that D = djdsdsdy is odd, and n € {1,2,3,4}
implies that D = 2d;dsdsd, is even.

5.1. The indicator function

For (D1, D3, D3,Dy4) = (251(")d1,2‘52(’7)d2,253(")d3,264(")d4) to lie in Wp, the sys-
tem (13) has to be everywhere locally solvable. Following the proof of [10, Lemma 3], we
will package the local conditions as a sum of product of Jacobi symbols. The function
we will obtain to detect the local solvability conditions is essentially the same as in [10,
Lemma 3] for odd D. For simplicity, we shall only keep the conditions at odd primes
dividing D. (Though we remark here that there are automatically real solutions because
D; > 0 and the conditions at 2 do not really contribute further, see [10, Lemma 2].) The
condition that (Dy, Dy, D3, Dy) € Wp implies that
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DaDy) _ (=DsDs) —q
(2222) = (F2221) =1 ifp|dy,

(—D;Dz;) — <2D;D3) =1 lfp | d27
<2D11)D2> _ <D1PD4) =1 ifp]lds,
=1

(¥) - (%) if p | dy.
I, — II (1+ (D;D‘*)) (1+ <_D;’D4)> :
=IO (552)) 0 (57)).
T (229) - (72)
o I (22) (- (22).

Gy(dr, do, d3, dy) = 47D d2dad) ] T TITT,

takes the value 1 when 7 and (di,ds,ds,ds) satisfy (21) and 0 otherwise. Since
(D1, D2, D3, Dy) € Wp implies (21), we have

1 if (201 qy, 252Ny, 203y 204N d,) € Wp,

22
0 else. (22)

Gn(dla d2a d37 d4) > {

The next step is to expand II, Iy, IT3, II4. Substituting D; = 2% d;, we get

- 292(m)+64(n) 5 d, —203(m+b4(n) g, —202(m+03(n) g,
1_Z< di3 > ( dia ) ( dis )7

where the sum is over all factorisations d; = dygdi2d13d14;

- —9201(m+d4() g, 4, 21+01(m)+03(n) J, dq — 03 +84(M) g,
QZ( das ) ( daa ) ( da1 )

where the sum is over all factorisations dy = dogda1dozday;

- 21+81(m+02(n) g, d, 201(M+8s(m) g, d, 21+02(n)+64(n) gy d,,
3_2:( dsa ) ( ds2 ) < ds1 )’
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where the sum is over all factorisations ds = d3od31d32dsq;

- 201(m+82(n) ¢, d, 201(m+35(n) 4, 14 202(m)+03(n) 1, 1
4_Z< das ) ( dyo ) ( day )

where the sum is over all factorisations dy = d4ods1dandss.

Write d = (d;;) as the 16-tuple of positive odd integers that arise from the expansions
above, where the indices (4, j) are in the range

1<i<4,0<j<4,i+]

For odd D, set

d
d) = g—w(dio) TT 4—w(dis) < kl)
o= () () T+ Tl T 1]
J#0 k#ig 1
where o = d12d14d23d21 and 50 = d24d21d34d31. Then
Go(di,d2,d3, ds) = Z go(d).

HJ;éLdu'_d

For even D, from the expansions of IIy,Il5, 13,114, we see that the only difference
from the odd case is with the terms % that appear in the sum. Set
ij

m = () (;) [+ = T 1T (dm)

J#0 k#ij 1
where
B1 = dazdaidsadsidazdas, B2 = di3diadaadaidazdan,
B3 = diad1adzsdzidaadsr, Ba = di3diadazdaadaadss.
Then

Gy(dy,dy,ds,dy) = Y gy(d).
d
Hj#i dij=d

5.2. Setting up the sums

We now set up the sum which bounds the number of elements in Wp that satisfy (W1).
For each n € {0, 1,2, 3,4}, we want to estimate the sum
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> Gyldy,dy,ds,dy),

(d1,d2,d3,da)
(W1)

where the sum is taken over all positive odd integers di, da, ds3, d4 that satisfy (W1) and
such that dydadsdy € Dy . Following [10, Section 3], dissect the sum according to the size
of each d;; in the factorisation. For each (i, ), take A;; to run over powers of 2. Then
for A = (A;j), define the restricted sum

SPA)=" > g(d),
Aij <d5 <2A;;

where the sum is taken over all 16-tuples of odd positive integers d = (d;;) such that
IL j di; € Dy and A;; < dij < 2A;5 for every 4, j, with the further condition that

11 dx < N*. (23)

J

The property (23) is equivalent to di < N*, which for any given k € {1,2,3,4} is a
subcase of (W1). Note that if A;; = %, the interval A;; < d;; < 2A;; forces d;; = 1. To
capture the property (20) from (W1), we exclude A that satisfy

Aij =

4
ST Gyldida,ds,ds) <D0 SH(A), (25)
A

(d1,d2,d3,d4) k=1
(W1)

for all i € {1,2,3} ifn=0or4,

(24)
foralli e {1,2,4} ifn=2.

N[= N

Then

where the sum runs over all A except those that satisfy (24). We shall begin bound-
ing (25) in Section 5.4.

We next set up the sum that treats the property (W2). For ease of notation, assume
that it is dy > N* that has no prime factor in S. The cases with d4 replaced by di, ds,
ds will turn out to be the same after relabelling. We want to bound

E Gn(d17d2;d37d4)'
di1dad3ds€DN
dy,d2,d3,ds>N*
plda=p¢S

Similar to the previous case, define the restricted sum
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/ — E
Sn(A) T g”](d>7
d
Aij<dij§2Aij

where the sum is taken over all 16-tuples of odd positive integers d = (d;;) such that
L j di; € Dy and A;; < di; < 2A;5 for every 4, 7, with the extra conditions that

(p | daodardazdszs = p ¢ S) and (26)
diodi2di3dia, daodoidozdas, dsodsidsadss, daodaidiadss > NE. (27)

Then

Z Gn(dl7d27d3ad4):ZS:7<A)‘ (28)
did2d3ds€DN A
di,do,ds,ds>N*
plda=p¢S

5.3. Preliminaries
We collect some results used in [10] which we will utilise.

Lemma 5.2 (/19, Theorem 1]). Fiz 0 < € < 1 and some positive constant C. Let f be a
multiplicative function such that f(p®) < C for all prime p and £ > 1. Then

Y f(p)
Z fln) < Tog X exp Z e
X-Y<n<X p<X
uniformly for 2 < X17¢ <Y < X.
The next result by Heath-Brown handles double oscillation of characters.

Lemma 5.3 (10, Lemma 4]). Let am, b, be complex numbers of modulus at most 1. Let
M,N,X > 1. Then

> ambn (%) < MNmin{M, N}~ %

uniformly in X, where the sum is for squarefree m,n satisfying M < m <2M, N <n <
2N, mn < X.

We will also use the following version of the Siegel-Walfisz theorem for character

suIms.
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Lemma 5.4 ([10, Lemma 6]). Let k > 0 be given. Let d(r) denote the number of divisors
of r. Then for arbitrary positive integers q,r and any non-principal character x mod ¢,
we have

Z 47y (n) < X -d(r) - exp (—c\/log X) ,

neDx
ged(n,r)=1

with a positive constant ¢ depending only on k, uniformly for ¢ < (log X)*.
5.4. Bounding the subsums

We proceed to bound the subsums in (25) and (28) following [10, Section 3] closely.
To study the indices u, v of the symbols (Z—“) that can appear in the expression of gy,

we make the following definition as in [10].

Definition 5.5 (linked indices). We call two indices uw = (i,7) and v = (k,l) linked if

L ¢{0,i},
J¢1{0,k}

1 # k and precisely one of the conditions { holds.

If two indices u and v are linked, then exactly one of (‘;—:) and (j—“:) appears in

the sum g,,. When both (g—“) and (zll_:) appear in the expression, which is a possibil-

ity if u and v are unlinked, we can apply quadratic reciprocity to get (3—“) (3—") =

(_1) dy1 dy—1 .

We first bound the contribution of S,gk)(A) from A with less than 4 large indices to
the sum (25).

Lemma 5.6. We have

> IS (A)] < N(log N)~ate.

A
#{uw:A,>N¥}<3

Proof. Let W = {u : A, > N*}. Bound |g,(d)| trivially by I, 4= i) Write m =
Hu@,v dy and n = [[,cyy du. Then for any given prime factor of n there are #W < 3
ways to place it into one of {d, : u € W}, and for any given prime factor of m there are
at most 16 ways to place it into one of {d,, : u ¢ W}. Therefore

RCACVESD o (s ()

#AV\E/z?) m<(N¥) n<&
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Applying Lemma 5.2 and Mertens theorem, the inner sum becomes
w(n)
3 N _1
S (5) < aoemt
Then substituting this back gives

w(m)

ST ISM(A) < N(logN)™5 Y < N(log N)~ite,

AcF m< (Nt
#W<3
This gives the claimed upper bound. O

5

When there are two large variables with linked indices, we apply Lemma 5.3
Lemma 5.7. Suppose Ay, Ay > (log N)%** for some linked indices u and v. Then
—17 k —17
Sp(A) < N(log N) and  S{P(A) < N(logN)~'".
Proof. We follow the proof of [10, Lemma 5]. Since u and v are linked, we can write

() = alda)pias) (52

where the functions a and b depends on the other variables (dw)w?gu’v but is independent
of dy and d,,. Moreover |a(dy)], |b(dy)| < 1.

For S} (A), when dy does not satisfy (26), we impose that a(dy) = 0. Similarly when
dy does not satisfy (26), we impose b(dy) = 0. We have

swe XXX e (),

(dw)w=u,v dy dy
A s du oA, |[Au<du<24, Ay <dy <24,

where the sum is further subject to [[; ;dij € Dy and (27) being satisfied. Then an
application of Lemma 5.3 implies that

SiA)< Y AuAv(min{Ay, Av}) " < N(log N)~'7,

(dw)w#u,v
Aw <dw<2Aw

where we have substituted the lower bound for Ay, Av.
The sum for S,(,k)(A) can be bounded similarly. O

If the set of indices £ that are linked to u are such that []
is large, we apply Lemma 5.4 instead.

ver dv # 1 is small and dy
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Lemma 5.8. Fiz an index u. Let L be the set of indices that are linked to u. Suppose
Ay < (log N)** holds for every v € L, and Ay # % for at least one v € L. Then if
Ay > (NH)%, we have

Sp(A) <e N(log N)™'7 whenever u ¢ {40,41, 42,43},
and

Sr(]k)(A) < N(log N)™'7 holds for any u.

Proof. We follow the proof of [10, Lemma 7]. Write d’ for the product [], .. dv. We can
put g,(d) into the form

—w du
et () w(ane,

where x is a character modulo 8, |C] < 1, and x and C do not depend on d,. Then

gl (%) \(dw)

dy

SA) < Y

(dw)wu

i

where the sum of d,, is subject to the conditions A, < dy < 244, Hi,j d;; € Dy and (27)
(but not (26) because u ¢ {40,41,42,43} by assumption). Then (5;) x is a character
mod 8 and non-principal because d’ # 1. Since 8d' < (log N)3*415 < (log(N*)) 54415
we can apply Lemma 5.4, then sum over all (dw)wsxu, We get

Sy (A) < N(log N)¥ exp (—c\/log Au> ,

where ¢ is a constant depending only on e. Inserting the lower bound A, > (N i)% yields

the required estimate.
The proof for S,(f)(A) is similar noting that imposing (23) does not require the as-
sumption u ¢ {40,41,42,43}. O

Combining Lemma 5.7 and Lemma 5.8 we have the following.

Lemma 5.9. Suppose Ay > (NH)i and A, # 3 hold for some linked indices u and v.
Then

—17
S;(A) < N(log N)~'" whenever u ¢ {40,41,42,43},
and

Sv(;k)(A) < N(log N)™'7 holds for any u.
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The following is inferred by [10, Lemma 9.

Lemma 5.10. If U is a set of pairwise unlinked indices, and #U > 4, then U takes one
of the following form

{10, 20, 30,40}, {i0, j0,j, ji}, {40, ij, ik, il},

29
{40, ji, ki, li}, {37, ik, 15, Ik}, {ig, 53, kl, Lk}, (29)
where i, 7, k,l denote different non-zero indices.
5.5. The case d; < Nt
We now work towards bounding the contribution from (W1).
Lemma 5.11. For each n € {0,1,2,3,4}, we have
# { (251(”)d1, 202(m) g, 993(M) g 254<’7>d4) €EWp: (W1) hozds} < N(log N)~ite,
We adapt the argument in [10, Lemma 9, Lemma 11] to prove Lemma 5.11.
Lemma 5.12. For each k € {1,2,3,4},
> ISH(A)] <. N(log N)TH,
A
where the sum is over all A other than those that satisfy
1
Ay > N* forallueld and Auzifor allu ¢ (30)
for some U being one of
{10, 20, 30,40}, {40, 41,42, 43}, {20, 12, 32,42}, {30, 13,23,43} if n =10,
{10, 20, 30, 40}, {40, 14, 24, 34} ifn=1,
{10, 20, 30, 40}, {20, 12, 22, 32}, {30, 31, 32, 34} ifn =2, (31)
{10, 20, 30,40}, {30, 13, 23,43} ifn =3,
{10, 20, 30,40}, {10, 11,21, 31}, {40, 41,42, 43} ifp=4.

Proof. By Lemma 5.6, we can assume that there exists a set of indices U of size at least
4, such that A, > N¥ for all u € Y. By Lemma 5.9, we can assume that the indices in
U are pairwise unlinked.
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Therefore it remains to show that for each n € {0,1,2,3,4}, the bound

> ISP(A) < N(log N)ite (32)

A
weU=A,>N*
ugU=Au=1%

holds for every U in (29), unless U is one of the sets in (31). When D is odd, namely
when 1 = 0, (32) essentially follows from [10, Lemma 11].

For even D, fix any 1 € {1,2,3,4}, then consider A such that A, > N* for all u €
and A, = % for all u ¢ U. We see that for every possible U, there exists v € U such
that dy is one of the variables in 3,. Now fix one such v € Y. Since the indices in U/ are
unlinked, putting in dy = 1 for all u ¢ U, we see that g, (d) has the form

gn(d) = (?,1) (%) [T I ¢uwldudw),

ueld {u,w}cu

where o’ is the product of the variables dividing o with indices in U, ,6’1’7 is the prod-

uct of variables dividing 3, with indices in U, and ¢y w(du, dw) is either trivially 1 or
(-1) gt e depending on the indices u, w. Viewing (du)ucu v} as fixed, we can write

gq(d) = 47)x(dy)C,

where C' depends on (du)yeu\{v} but not dy and satisfies [C] < 1, and the function

x(dy) is (%Q or (;—f) depending on (du)ueu\ (v} and whether v is the index of a

variable dividing «. Then we have

LRIV

(dw)uet\ (v}

Z 47w(dv)X<dv)

dV

)

where (dy) are restricted to satisfy A, < dy < 244, []
Lemma 5.4 to the inner sum we conclude that

wer @u € Dy and (23). Apply

k —17
IS (A)] < N(log N)

as in the proof of [10, Lemma 7]. Summing over all O((log N)!%)-many possible A, the
bound in (32) holds as required. O

We are ready to bound the contribution from (W1).
Proof of Lemma 5.11. By (22), G, provides an upper bound to the indicator function

of Wp, so we can bound the number of elements in Wp satisfying (W1) by the sum
in (25). The assumption (23) implies that S’ék)(A) is an empty sum whenever Ay; > N*
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for some j. Checking the sets in (31), the only possibility that S%k)(A) is non-trivial and
not covered by Lemma 5.12, is if A satisfies (30) with

{40,41,42,43} when n =0,
U =4{30,31,32,34} when n =2,
{40,41,42,43)  when 1 = 4,

but these are within the exclusions set out in (24). This completes the proof. O
5.6. Prime divisors of a large d;
We now bound the contribution from (W2).

Lemma 5.13. For each n € {0,1,2,3,4}, we have
#{(251(n)d1’262(n)d27263(n)d3,264(n)d4) eWp: (W2) holds} <. N(log N)7%+6'

To prove Lemma 5.13, we again modify the estimates in [10, Section 3] to account for
the extra restrictions in the sum.

Lemma 5.14.

Ysm <Y Y S)A) - NiogN)
A u A
vEU=Ay=1%

where the sum over U is over allU of the form {1i,2j5,3k,4l}.

Proof. For each A such that S;(A) is non-trivial, the condition (27) allows us to find a
set of indices

U = {1i,25,3k, 4},

where 1, j, k, [ are not necessarily distinct, such that dy;, daj, dsg, da > (Ni)%. Hence we
may assume that Aq;, Agj, Asg, Ay > (Ni)i. By Lemma 5.7, we can further assume that
the indices 11, 2j, 3k, 41 are pairwise unlinked, so U must take one of the form in (29).
Now suppose v ¢ U. If v is not linked to any one of 14, 27, 3k, then {14, 25, 3k, v} is also
a set of unlinked indices with size 4. Comparing against the list in (29), if {14, 27, 3k, 4}
and {14,27,3k, v} are both sets of unlinked indices, they must be the same set, which
contradicts the assumption that v ¢ U. Therefore v must be linked to one of {14, 25, 3k},
and this allows us to apply Lemma 5.9. Hence we are left with the terms S} (A) with
A, = & for all v ¢ U. The sum of S} (A) over those A treated by Lemma 5.7 and
Lemma 5.9 contributes O(N (log N)~!) since there are O((log N)16) possible A. O
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Proof of Lemma 5.13. Tt suffices to bound (28). We further simplify the expression ob-
tained in Lemma 5.14. Note that there are only finitely many possible U = {14, 2j, 3k, 41},
then on setting di = di;, do = daj, d3 = d3j, da = dy, we deduce that

Z Z S;’(A) < Z 4—w(did2dzda) < Z 4~ (D) Z 1
u A

. d1dodsd €D N DeDy (dl,d27d3,d4)
V¢U:>AV:§ dl}dz,d37d42Ni didadzdy=D
plda=pgS plds=p¢S
3)“”) ,
=2 (Z> <e N(log N)~i+e,
DeDyN

where the final inequality follows from Lemma 5.2 and Mertens theorem. Therefore we
conclude that

> S(A) < N(log N)~i+e,
A

which gives the required bound for (28) as desired. O
Combining Lemma 5.11 and Lemma 5.13 proves Theorem 5.1.
6. Counting generic points

The goal of this section is to prove Theorem 1.4. We begin by collecting the exceptional
set of D € Dy that will be disregarded in the subsequent argument. Take Gy to be the
collection of D € Dy that satisfy at least one of the following:

(P1) w(D) > 2loglog N,
(P2) D < exp(3(log N)t=2¢),
(P3) the conditions (S1) and (S2) both fail for some (D;, Dy, D3, Dy) € Wp.

Lemma 6.1. We have

#Gn <. N(log N)~ate.
Proof. By the Erdés-Kac theorem [7], the number of D € Dy satisfying (P1) is bounded
by O(N(log N)~2). The number of D € Dy that satisfy (P2) is trivially bounded by

exp(3(log N)!72¢). Theorem 5.1 allows us to bound the number of D € Dy that sat-
isfy (P3) by O.(N(log N)~17¢). Collecting the upper bounds proves the lemma. 0O

Recall that any integral point in £p(Z) maps to Wp under the map in (15), and

Ep(Z) = Ep(Z) \ {(0,0), (£D,0)}.
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For the non-trivial integral points that have image of the type (S1), we have the following
bound from [5, Theorem 1.4] and the discussion after [5, Theorem 10.1].

Lemma 6.2. We have

> > #(EH(Z) N (T +26p(Q))) < VN log N.

DeDy Te{0,(0,0),(+D,0)}

Therefore it remains to handle the integral points on Ep with D € Dy \Gy that have
image satisfying (S2). Define

Zy= |J {Pe€é&p(@):P¢2p(Q)+{0,(0,0),(£D,0)}}.
DeDn \GnN

Then the image of P = (x,y) € Zy corresponds to (D1, D2, D3, Dy) € Wp of the
type (S2). By Lemma 4.2, we have

D
— € {Dy,Dy,Ds,D,},
ged(z, D) {D1, D3, D3, Da}
so the property (S2) allows us to pick a prime factor Mp of D/ ged(z, D) of size
exp((log N)*¢) < Mp < exp((log N)*~2). (33)

Now since D is squarefree, Mp divides D but does not divide x. Therefore we can apply
the map ¥ defined in (9) to (P, Mp). Having fixed a choice of Mp for each P € Zy,
define

U Zy — (V x Z?)/SLy(Z)

by
P (P, Mp) % (F,(1,0)).
Also define
&2y Y (V x 22)/SLa(Z) — V/SLa(Z)
by

P (F (1,0) 0 F.

By Lemma 3.1(i), if ¥'(P) = (F, (1,0)), then F(1,0) = Mp and so (33) can be rewritten
as
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exp((log N)*¢) < F(1,0) < exp((log N)'~2). (34)
For any P € Zy, write

~ D
D=—
Mp’

so A(F) = (2D)8 if F = ®(P) by Lemma 3.1(iii). Since D > exp(3(log N)'~2¢) by (P2)
and Mp is in the range (33), we have

exp(2(log N)'72) < Dexp(—(log N)'7%¢) < D < D exp(—(log N)?). (35)
6.1. Points lowered to the same quartic

We now show that each class in im ® cannot arise from too many integral points.
Lemma 6.3. For any F € im ®, we have
#01(F) <« 1,
where the implied constant is absolute.

Proof. From Lemma 3.2, we know that W is injective, so ¥’ is also injective. Therefore
we want to show that the size of the fibres of im ¥’ — im® C V/SLy(Z) is bounded.
Fix an arbitrary Fy € im ®. Suppose (F,(1,0)) € im ¥’ is such that F and Fy are
SLs(Z)-equivalent, so we can write

for some v € SLy(Z). Then

v (F(Xv Y)? (1’0)) = (F((X’ Y) "7)7 (1’0) '771) = (FO(Xa Y)7 (1’0) '771)'

Setting (z,y) = (1,0) - y~1, we see that Fy(z,y) = F(1,0), then by (34), (z,y) gives a
solution to the Thue inequality

1< |Fy(X,Y)| < h, (36)

where h = exp((log N)'72¢). In particular this solution is primitive (i.e. z and y co-
prime), since v~ € SLy(Z) has determinant 1 and entries in Z. Therefore to bound the
number of possible SLo(Z)-equivalence classes of (F, (1,0)) that maps to Fy, it suffices
to bound the number of primitive solutions to (33).

A result by Evertse [8, Theorem 6.4(ii)] implies that when 28A(Fy) > (13h)10, the
number of solutions to (36) is bounded by some absolute constant. Since A(Fp) =
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(2D)% > exp(12(log N)'~2¢) from (35), and h'® = exp(10(log N)'~2¢), we conclude
that the number of possible classes (F, (1,0)) € im ¥’ that maps to each class of Fy is
absolutely bounded. 0O

6.2. Integral points with bounded height

The last piece of the argument is to bound the size of the image of ®. In the remainder
of this paper, our task is to prove the following estimate.

Lemma 6.4. We have
#im & <. N exp(—(log N)°).

Every integral binary quartic form is SLa(Z)-equivalent to at least one reduced form
in the sense of [6, Section 4.3]. The seminvariant a, H of the reduced form are bounded in
terms of the seminvariants I and J. We restate a theorem in [6] in terms of our rescaled
seminvariants. The scale factors of the seminvariants can be found in Section 2.

Theorem 6.5 ([0, Proposition 11]). Suppose Fo(X,Y) € Z[X,Y] is a SLa(Z)-reduced
quartic form, and A(Fp) > 0, with leading coefficient a = a(Fy) and seminvariant H =
H(Fy). Order the three real Toots ¢1, pa, 3 of X> — ﬁX — % so that apy < ags < aps.
Then (a, H) satisfies one of the following:

(1) la|l < 3lo1 — ¢3| and max{agy, ags — 4¢3 + 31} < H < ags; or
(2) la| < %|¢>1 — o] and a3z < H < apy — 4¢3 + %].

For F' € im @, recall from the properties in Lemma 3.1 that A(F) = (2D)® > 0, I(F) =
4D? and J(F) = 0, so in the notation of Theorem 6.5, we have {¢1, ¢3} = {—D, D} and
¢2 = 0. Suppose Fj is a reduced form of F' with leading coefficient a = a(Fp) and
seminvariant H = H(Fp). Then the two possible cases in Lemma 6.5 both lead to

- 4 -
la| < =D and |H| < gD2. (37)

The syzygy in (7) for Fy now takes the form

H?® — (aD)’H = <;R)2 : (38)

Notice that this gives an integral point (H, i R) € &4p|(Z) when a # 0. In the following,
we show that the possibility that a = 0 does not happen to the forms in im ®.

Lemma 6.6. Suppose F' € im ®. Then any form in the SLy(Z)-equivalence class of F' has
non-zero leading coefficient.
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Proof. Assume for contradiction that ®(P) = F for some P = (¢,d) € Zy and F
is equivalent to some quartic form with leading coefficient 0. Then there is a non-
trivial integral solution to F(X,Y) = 0. From ®(P) = F, we know that F(X,Y) =
%fp(MX + kYY) for some M,k € Z, so fp(X,Y) = 0 has a non-trivial rational
solution, say (xo,¥yo). Then from the expression of fp in (8),

fr(wo,y0) = x5 — 6eadys + 8dxoys + (4D = 3¢*)y5 = 0.
We see that yo # 0 since the solution is non-trivial. The roots of fp(X,1) are
W= Vet Vet D4ve= D, —e—VerD-ve-D,
Vit VeI D-ve—D, Vi-veiD+vVe D

For xg/yo to be rational, it must be that 6(P) = (1,1,1), where 6 is the 2-descent
homomorphism defined in (14). This implies that P € 2Ep(Q), but such points were
excluded from Zy. O

Since the seminvariants a, H, R, I and J together determine the quartic form up to
SLo(Z)-equivalence classes, to bound # im ®, it suffices to count the number of tuples
(a, D, H, R) associated to reduced forms in im ®. In light of Theorem 6.5 and Lemma 6.6,
to prove Lemma 6.4, we can assume (35), (37), (38), and a # 0. We split into two cases
according to whether (H, 3R) is a torsion point on Eap|(Z).

6.3. Torsion points
Here we bound the number of classes in im ® that contain a reduced form which
produces a torsion point (H, R) € &1,p|(Z) through the syzygy (38). Recall from (35)
that
D < N exp(—(log N)%).
Let
N = N exp(—(log N)*),
so that D < N.
Lemma 6.7. The total number of SLa(Z)-equivalence classes that contain an integer-
matriz binary form F that satisfies a(F) # 0, H(F) € {—a(F)D,0,a(F)D}, I(F) =

(2D)? and J(F) = 0 for some D € Dy, is bounded by

K¢ Nexp(—(log N)°).
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Proof. Suppose that F(X,Y) = agX* + 401 X3Y + 6a2X?Y? + 4a3XY? + a,Y4, so
a(F) = ag. Since H(F) = a3 — apaz, and by assumption ag | H(F), it must be that
ap | a3. Then ag | A(F) = (2D)® by the formula of the discriminant in Section 2.
Therefore for each D, there can only be a maximum of 2 - 7°(22) possible ao. Inserting
the assumptions to (7), we see that R(F) = 0. Summing over D € Dy, then applying
Lemma 5.2, the number of classes can be bounded by

a#0, a|(2D) D € Dy,

#{(“DH)GZS He{—aD, 0, aD}

} < 3 P <« N(log N)°.
D<N

Finally putting in N = N exp(—(log N)?¢) completes the proof. 0O
6.4. Non-torsion points

We now bound the number of classes in im ® that contain a reduced form which pro-
duces a non-torsion point (H, 3R) € &|op|(Z) through the syzygy (38) and satisfies (37).
Since D € Dy \Gn, those £p that satisfies (P1) have been removed, we can assume that
w(D) < w(D) < 2loglog N. Also by Lemma 6.6, a # 0.

Lemma 6.8. We have

1< |a| <8N, D € Dy,

#14 (a,D,H,R) € Z* : w(D) < 2loglog N, } K¢ Nexp(—(log N)°).
(H’%R) €g|*D‘( )a ‘H| S %Dz
Proof. Write n = |aD\ < %Nz. For each positive integer n, the number of positive

squarefree divisor D of n satisfying w([)) < 2loglog N, is bounded by

> ()< 2w

k<min{w(n),2loglog N} k<2loglog N
< exp (2(loglog N)? 4+ O(loglog N)), (39)
where we have used the fact that w(n) < log N.

The number of integral points P = (H, 3 R) € £,(Z) we are counting are of bounded
height |z(P)| < %]\72, so applying a result by Le Boudec [15, Theorem 2] we get

> o# {P €&2): |z(P)| < §N2} < N(log N)S. (40)

n>1

Now multiplying together the upper bounds in (39) and (40), then substituting N =
N exp(—(log N)?¢), we get that the total number of (a, D, H, R) is
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< Nexp (—(log N)* + 2(loglog N)* + O(loglog N)) .
This proves the claim. O

Lemma 6.7 and Lemma 6.8 completes the proof of Lemma 6.4. Theorem 1.4 follows
from Lemma 6.1, Lemma 6.2, Lemma 6.3 and Lemma 6.4.

References

[1] S. Akhtari, A positive proportion of locally soluble quartic Thue equations are globally insoluble,
Math. Proc. Camb. Philos. Soc. 173 (2) (2022) 333-348.

[2] S. Akhtari, M. Bhargava, A positive proportion of Thue equations fail the integral Hasse principle,
Am. J. Math. 141 (2) (2019) 283-307.

[3] L. Alpoge, W. Ho, The second moment of the number of integral points on elliptic curves is bounded,
Preprint, arXiv:1807.03761, 2022.

[4] E. Bombieri, W.M. Schmidt, On Thue’s equation, Invent. Math. 83 (1) (1987) 69-81.

[5] S. Chan, Integral points on the congruent number curve, Trans. Am. Math. Soc. 375 (9) (2022)
6675-6700.

[6] J.E. Cremona, Reduction of binary cubic and quartic forms, LMS J. Comput. Math. 2 (1999) 64-94.

[7] P. Erdos, M. Kac, The Gaussian law of errors in the theory of additive number theoretic functions,
Am. J. Math. 62 (1940) 738-742.

[8] J.-H. Evertse, Upper Bounds for the Numbers of Solutions of Diophantine Equations, Mathematical
Centre Tracts, vol. 168, Mathematisch Centrum, Amsterdam, 1983.

[9] A. Granville, Rational and integral points on quadratic twists of a given hyperelliptic curve, Int.
Math. Res. Not. (8) (2007) 027.

[10] D.R. Heath-Brown, The size of Selmer groups for the congruent number problem, Invent. Math.
111 (1) (1993) 171-195.

[11] D.R. Heath-Brown, The size of Selmer groups for the congruent number problem. II, Invent. Math.
118 (2) (1994) 331-370, With an appendix by P. Monsky.

[12] M. Hindry, J.H. Silverman, The canonical height and integral points on elliptic curves, Invent. Math.
93 (2) (1988) 419-450.

[13] N. Koblitz, Introduction to Elliptic Curves and Modular Forms, Graduate Texts in Mathematics,
vol. 97, Springer-Verlag, New York, 1984.

[14] S. Lang, Elliptic Curves: Diophantine Analysis, Grundlehren der Mathematischen Wissenschaften
[Fundamental Principles of Mathematical Sciences], vol. 231, Springer-Verlag, Berlin-New York,
1978.

[15] P. Le Boudec, Linear growth for certain elliptic fibrations, Int. Math. Res. Not. 2015 (21) (2015)
10859-10871.

[16] B. Matschke, A.S. Mudigonda, Quadratic fields admitting elliptic curves with rational j-invariant
and good reduction everywhere, J. Number Theory 247 (2023) 162-210.

[17] L.J. Mordell, On the integer solutions of the equation ey? = az® + bz? + cx + d, Proc. Lond. Math.
Soc. (2) 21 (1923) 415-419.

[18] L.J. Mordell, Diophantine Equations, Pure and Applied Mathematics, vol. 30, Academic Press,
London-New York, 1969.

[19] P. Shiu, A Brun-Titchmarsh theorem for multiplicative functions, J. Reine Angew. Math. 313 (1980)
161-170.

[20] J.H. Silverman, A quantitative version of Siegel’s theorem: integral points on elliptic curves and
Catalan curves, J. Reine Angew. Math. 378 (1987) 60-100.

[21] J.H. Silverman, The Arithmetic of Elliptic Curves, second edition, Graduate Texts in Mathematics,
vol. 106, Springer, Dordrecht, 2009.


http://refhub.elsevier.com/S0001-8708(24)00461-4/bib0EA407AB56DAEE90FFF4EE3310D66582s1
http://refhub.elsevier.com/S0001-8708(24)00461-4/bib0EA407AB56DAEE90FFF4EE3310D66582s1
http://refhub.elsevier.com/S0001-8708(24)00461-4/bibB86FC6B051F63D73DE262D4C34E3A0A9s1
http://refhub.elsevier.com/S0001-8708(24)00461-4/bibB86FC6B051F63D73DE262D4C34E3A0A9s1
http://refhub.elsevier.com/S0001-8708(24)00461-4/bib5E80106F36047A81271A4688C2BD564Es1
http://refhub.elsevier.com/S0001-8708(24)00461-4/bib5E80106F36047A81271A4688C2BD564Es1
http://refhub.elsevier.com/S0001-8708(24)00461-4/bibDACC84A0755640B2E3858173A98BD357s1
http://refhub.elsevier.com/S0001-8708(24)00461-4/bib7968EAC92F9ECACD9D9CB626627FC61Es1
http://refhub.elsevier.com/S0001-8708(24)00461-4/bib7968EAC92F9ECACD9D9CB626627FC61Es1
http://refhub.elsevier.com/S0001-8708(24)00461-4/bib9A677A8FEF077D847CC1D6D558B8630Fs1
http://refhub.elsevier.com/S0001-8708(24)00461-4/bibF8C0D30D58EB5884C721DDA9B92B261Ds1
http://refhub.elsevier.com/S0001-8708(24)00461-4/bibF8C0D30D58EB5884C721DDA9B92B261Ds1
http://refhub.elsevier.com/S0001-8708(24)00461-4/bib0085A2F403DD0FFDB6D62A102F631790s1
http://refhub.elsevier.com/S0001-8708(24)00461-4/bib0085A2F403DD0FFDB6D62A102F631790s1
http://refhub.elsevier.com/S0001-8708(24)00461-4/bib71CB3552F7CE248E471CAC40645DE0FFs1
http://refhub.elsevier.com/S0001-8708(24)00461-4/bib71CB3552F7CE248E471CAC40645DE0FFs1
http://refhub.elsevier.com/S0001-8708(24)00461-4/bib5A150BEB70453AA1D459A62989F834F1s1
http://refhub.elsevier.com/S0001-8708(24)00461-4/bib5A150BEB70453AA1D459A62989F834F1s1
http://refhub.elsevier.com/S0001-8708(24)00461-4/bib62CBF2BCC833D823EBF0E5F7796F033Cs1
http://refhub.elsevier.com/S0001-8708(24)00461-4/bib62CBF2BCC833D823EBF0E5F7796F033Cs1
http://refhub.elsevier.com/S0001-8708(24)00461-4/bib55A055409207A12D5937B243FD508BDEs1
http://refhub.elsevier.com/S0001-8708(24)00461-4/bib55A055409207A12D5937B243FD508BDEs1
http://refhub.elsevier.com/S0001-8708(24)00461-4/bib8055B42CEBE48C6C6E1934235345F4CCs1
http://refhub.elsevier.com/S0001-8708(24)00461-4/bib8055B42CEBE48C6C6E1934235345F4CCs1
http://refhub.elsevier.com/S0001-8708(24)00461-4/bibA59B1E82806A0C9B1AE3F0C3B734CFC8s1
http://refhub.elsevier.com/S0001-8708(24)00461-4/bibA59B1E82806A0C9B1AE3F0C3B734CFC8s1
http://refhub.elsevier.com/S0001-8708(24)00461-4/bibA59B1E82806A0C9B1AE3F0C3B734CFC8s1
http://refhub.elsevier.com/S0001-8708(24)00461-4/bib3E36A650CF599C765631665AC7BFCC75s1
http://refhub.elsevier.com/S0001-8708(24)00461-4/bib3E36A650CF599C765631665AC7BFCC75s1
http://refhub.elsevier.com/S0001-8708(24)00461-4/bibAD05F78187C942F9DD521605FA81F1BAs1
http://refhub.elsevier.com/S0001-8708(24)00461-4/bibAD05F78187C942F9DD521605FA81F1BAs1
http://refhub.elsevier.com/S0001-8708(24)00461-4/bib671F0FCA49F19590E48B50B243DC9827s1
http://refhub.elsevier.com/S0001-8708(24)00461-4/bib671F0FCA49F19590E48B50B243DC9827s1
http://refhub.elsevier.com/S0001-8708(24)00461-4/bib736F8E33007B50B1E2D5E7F073AD29C5s1
http://refhub.elsevier.com/S0001-8708(24)00461-4/bib736F8E33007B50B1E2D5E7F073AD29C5s1
http://refhub.elsevier.com/S0001-8708(24)00461-4/bib413D68F804954E2F78A7B6CE78D91466s1
http://refhub.elsevier.com/S0001-8708(24)00461-4/bib413D68F804954E2F78A7B6CE78D91466s1
http://refhub.elsevier.com/S0001-8708(24)00461-4/bibA0503459BEF36EA9B2B3FF638EEBFEEEs1
http://refhub.elsevier.com/S0001-8708(24)00461-4/bibA0503459BEF36EA9B2B3FF638EEBFEEEs1
http://refhub.elsevier.com/S0001-8708(24)00461-4/bibE65CAB4958C8CEAD6693F1E3D1DBD370s1
http://refhub.elsevier.com/S0001-8708(24)00461-4/bibE65CAB4958C8CEAD6693F1E3D1DBD370s1

	The average number of integral points on the congruent number curves
	1 Introduction
	2 Integer-matrix binary quartic forms
	2.1 Mordell’s correspondence

	3 Lowering the discriminant
	4 The 2-Selmer group of y2=x3−D2x
	5 Generic 2-Selmer elements
	5.1 The indicator function
	5.2 Setting up the sums
	5.3 Preliminaries
	5.4 Bounding the subsums
	5.5 The case di≤N‡
	5.6 Prime divisors of a large di

	6 Counting generic points
	6.1 Points lowered to the same quartic
	6.2 Integral points with bounded height
	6.3 Torsion points
	6.4 Non-torsion points

	References


