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1. Introduction

The classification of dynamics is an important topic in dynamical systems. One well-
known example is the classification of circle diffeomorphisms. Let T := R/Z and f : T —
T be an orientation-preserving C” homeomorphism, where r € N U {oo,w}. Poincaré
laid the foundations of the theory of circle diffeomorphisms and introduced the concept
of rotation number in the classification of these diffeomorphisms. The rotation number
p(f) € R of f is defined as the uniform limit

lim M
n—00 n

The rotation number is independent of the choice of z € T and is invariant under
conjugations, making it a useful dynamical invariant. Poincaré’s classification theorem
states that if the rotation number p(f) is rational %, then f has a periodic orbit of period
gq. If the rotation number is irrational, then f is semi-conjugate to the irrational (rigid)
rotation. Denjoy [17] further showed that if the rotation number is irrational and In D f
has bounded variation, then the semi-conjugacy is a homeomorphism. This result was
later extended by Arnold [15], as part of the KAM theory, who showed that if f is C¥
close to a rotation and the rotation number p(f) satisfies the Diophantine condition, then
the conjugacy is analytic. Subsequent work by Herman, Yoccoz, Katznelson, Ornstein,
Sinai, and others [28,29,52,53,41-43,49] extended this result to the global version of
analytic, smooth, or finitely differentiable circle diffeomorphisms f. They showed that
when f is analytic (resp. C°°, C*¥ with k > 2) and p(f) is Diophantine, the conjugacy is
analytic (resp. C>°, C¥~" for some 0 < r < k). Moreover, the Diophantine condition can
be weakened to the Brjuno condition, which turns to be necessary [53]. Therefore, the
dynamics of the circle diffeomorphism f can be completely determined by its rotation
number p(f).

A one-frequency cocycle is a natural generalization of a circle diffeomorphism in high
dimensions. Let G be a Lie-subgroup of GL(s,C). A C" one-frequency G-cocycle (a, A)
is a skew-product defined on T x C* such that

(,A): TxC* =T xC? (z,v) = (x4 o, A(z) - v),

where @ € R\Q, 4 € C"(T,GL(s,C)), r € N U {oo}. The iterates of the cocycle
(o, A)™ = (nay, Ay,) are defined as Ag(z) = I,

A() = Al + (n=1)a) - A(), n>1,

and A,(-) =A_,(- —na)~! forn < —1.
When G = SO(2,R), taking projective action, it naturally induces the cocycle

Ty T xT—-TxT, (z,9)— (z+a,éx)-g).
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Moreover, if ¢ is smooth, then dynamical properties of T depend on the topological
degree d(¢) of ¢. For example, if ¢ is C? with d(¢) # 0, then Ty is ergodic and it
has a countable Lebesgue spectrum on the orthocomplement of the space of functions
depending only on the first variable [33]. If ¢ is absolutely continuous with d(¢) = 0,
then T has a singular spectrum [25].

However, when G is non-compact, hyperbolicity appears. Therefore, another impor-
tant dynamical invariant is introduced. For a cocycle (a, A) € R\Q x C°(T,GL(s, C)),
we define the Lyapunov exponents Li(a, A) > Lo(a, A) > ... > Ls(a, A) as

1
Lufa,A)i= Jim o [ (o (Aye))da, k=1,
n—oo N
T

(repeatedly according to multiplicities), where for a matrix B we denote by o1(B) >
... > 04(B) its singular values (eigenvalues of v/ B*B). As the k-th exterior product A*B
of B satisfies ||A¥B| = Z?zl 0j(B), one can define

k
ﬁWm:Z%Wmiﬁi/WWMankﬂww.(mh

Jj=1 T

Unfortunately, these Lyapunov exponents are far from enough to classify the cocycles.
In fact, even for cocycles with all Lyapunov exponents vanishing, the dynamics still have
a variety of possibilities [19,40].

1.1. Accelerations

A breakthrough came recently, with the establishment of the global theory of one-
frequency analytic Schréodinger operators. Avila [4] classified one-frequency analytic
SL(2,R) cocycles and proposed another dynamical invariant called “accelerations” In-
deed, for any analytic cocycle (a, A) € R\Q x C¥(T,GL(s,C)), there exists 6 > 0 such
that A can be holomorphically extended to {|Sz| < d}. Let Ac(x) := A(x+ie) for |e] < 4.
We can then define the accelerations of (a, A) as follows:

1
Wk = lim — (L*(a, A) — LF(a, A)), wy 1= wh — Wk (1.1.1)
e—0+ 27e
Furthermore, we define (w1, - ,w;s) as the acceleration vector of («, A). The most im-

portant observation is that the accelerations are quantized [4,7], namely that there
exists [ € {1,---,s} such that both lwy and [w"* are integers. Actually the accelera-
tions are dynamical invariants as they remain invariant under conjugations. We recall
that (a, 4;) € R\Q x C¥(T,G), i = 1,2, are C¥-conjugate to each other, if there exists
B e C¥(xcT,G), where xgT :=R/xgZ, xg € N* depending on G,' such that

! In particular, xg = 2 for G = SL(2,R), and xg = 1 for G = SO(3,R).
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A1(-) = B(- + @) A5 ()B(-) .

Moreover, a cocycle is said to be reducible if it is conjugate to a constant. A cocycle
(o, A) is said to be almost reducible if the closure of the analytic conjugate class of
(a, A) contains a constant cocycle.”

With these notations, Avila’s classification of one-frequency analytic SL(2, R)-cocycles
is introduced [4]. If A is homotopic to the identity, or in other words, if the topological
degree d(A) = 0, then the dynamical behavior can be determined by the Lyapunov
exponent and acceleration. To be precise, if w; = 0, then the cocycle is subcritical (resp.
uniformly hyperbolic) when L (a, A) = 0 (resp. Li(c, A) > 0). On the contrary, if w; #
0, (v, A) is critical (resp. supercritical or non-uniformly hyperbolic) when Ly (a, A) =0
(resp. Li(a, A) > 0). On the other hand, if the topological degree d(A) # 0, i.e., A:
T — SL(2,R) is homotopic to & + Rg(ag, where

Ry cos2mwf —sin 270
9= \sin2rf cos2mh |’

Avila-Krikorian [11] proved that if («, A) is L2-conjugate to rotations, then it is C“-
conjugate to rotations. In conclusion, the classification of analytic SL(2,R)-cocycles
depends on three dynamical invariants: the topological degree, Lyapunov exponent, and
acceleration.

The natural inquiry is whether this kind of classification can be generalized to high-
dimensional cocycles. As an initial attempt, we consider this question for cocycles valued
in SO(s,R), s € N*. Note that if A takes values in SO(s,R), then Li(a,A) = 0,
k=1,---,s. Hence the monotonicity on singular values therefore Lyapunov exponents
provides that

In particular, for any SO(3,R)-cocycle, as determinant is identically 1, we have wy +ws +
ws = 0. As singular values A\, \™! come in pairs, we deduce that nonzero accelerations
are in pairs w, —w. Hence the acceleration vector must be in the form

(wl,O, —wl), (1.1.2)

i.e., essentially has one variable. And we get the following classifications of the dynamics
of analytic one-frequency SO(3,R) cocycles.

Theorem A. Let « € R\Q and A € C¥(T,SO(3,R)), then we have the following:

1. w1 =0 if and only if (a, A) is C¥-almost reducible.

2 One can consult section 2.2 for more details.
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2. Assuming additionally that o € RDC, if wy # 0, then (a, A) is C¥-conjugate to

0 wirx+c 0
(a,exp | —wiz — ¢ 0 0]),
0 0 0

for some c € R.
We say a € R\Q satisfies a Diophantine condition DC(k, ) if K > 0 and 7 > 0, where

K

i (p,q) € 2%, ¢ #0,

llga — pllz >

where ||-||z represents the distance to the nearest integer for a real number. Furthermore,
we say that « € R\Q is recurrent Diophantine if there exist some v > 0,7 > 1 such
that G™(a) € DC(v, 1) for infinitely many n, where G : (0,1) — (0,1) is the Gauss map
defined by G(z) = {2} and {z} denotes the fractional part of . Let RDC be the set of
recurrent Diophantine numbers, which has a full Lebesgue measure. We point out that
the condition a € RDC is used for technical reason. It would be interesting to generalize
the result to all & € R\Q.

Theorem A is interesting for several reasons. Firstly, Theorem A (1), provides another
understanding of Avila’s well-known Almost Reducibility Conjecture (ARC) for SO(3,R)
cocycles. The ARC states that any subcritical (o, 4) € R\Q x C* (T,SL(2,R)) is an-
alytically almost reducible, which has important implications for both dynamical and
spectral aspects, as highlighted in various works [2,4,8,13,14]. Notably, our proof of The-
orem A (1) for SO(3, R) cocycles is different from the one in the case of SL(2, R) [2,3]. Our
method is applicable to compact group. However, in this article, we focus on SO(3, R) co-
cycles. It is interesting to extend Theorem A (1) to cocycles on general compact groups,
see also the discussions in Remark 1.1.

Moreover, Theorem A provides classification for one-frequency analytic SO(3,R)-
cocycle: all cocycles can be classified into almost reducible ones and non-almost-reducible
ones, since the normal form cocycle in Theorem A (2) is obviously not almost-reducible.
Furthermore, Theorem A (1) states that almost reducibility for SO(3,R) cocycles holds
for all irrational frequency (not merely RDC as in [24,39]), which is a completely new
result.

Finally, we would like to mention that for the case w; = 0, the result should hold for
general compact groups. However, when wy # 0, the rigidity result, as demonstrated in
Theorem A (2), can only be expected in a weaken version (achieving by a sequence of
conjugations) for general compact groups. This is due to extra difficulty solving cohomo-
logical equation, arising in the possibility of the matrix form of dynamical degree being
degenerate and having a large centralizer. One can consult [47] for more discussions.



[ X. Hou et al. / Advances in Mathematics 457 (2024) 109943

1.2. Dynamical degree

As mentioned earlier, for G = SO(2,R) or SL(2,R), where the fundamental group
of G is nontrivial, the topological degree plays a significant role in dynamical classifi-
cation. However, for G = SO(s,R), s > 3, the fundamental group is Z/2Z, rendering
the topological degree less applicable. In contrast, another degree called the “dynamical
degree” can be defined and utilized. The concept of dynamical degree was initially pro-
posed by Krikorian [39] and formally introduced by Fraczek [24] for SU(2)-cocycles. It
can be extended to any compact cocycles and general cocycles L?-conjugate to rotations
[12,34,47).

Let o € R\Q and 4 € C'(T,SO(s,R)), s > 3, A, be the operator defined as follows:

Au s L*(T,s0(s,R)) «— L*(T,s0(s,R)), Y s A1 )Y(-+ a)A(),
and AJ, represent its j-th iteration. It is known that A, is a unitary operator. According

to von Neumann’s ergodic theorem, there exists an A,-invariant D € L?(T,so(s, R)),
such that the following convergence holds:

|
—_

AL 0AN() = 1 S0 AL(AC) AR £ D, (1.2.1)

1n
n <

I
=}

J

and A(x)"'D(z + a)A(z) = D(z) almost everywhere. We call any matrix D in the
algebraic conjugate class the dynamical degree of («, A). The dynamical degree is in-
variant under measurable conjugacy [24, Theorem 2.10]. Since D € so(s,R), there exist
Q € SU(s) and dy,--- ,ds € R such that D is conjugate to the diagonal form

D = Q - 2midiag (dy,--- ,ds) - Q™.

Furthermore, notice that conjugation of (_01 (1) € SO(2,R) on diagonal matrix acts

like a transposition on diagonal elements, we can properly order the diagonal entries of
D such that

dlZst

We thus define the vector of dynamical degree to be d= (dy,--- ,ds).

We note that the dynamical degree is quantized (dy € Z, k = 1,--- , s), as proven in
[12,47]. Since acceleration is also quantized [4,7], a natural question arises as to whether
there is any relation between them. In fact, for analytic SO(s, R)-cocycles, they are the
same.

Theorem B. Let o € R\Q and A € C¥(T,SO(s,R)). The acceleration vector of («, A)
is the same as the vector of dynamical degree of (a, A).



X. Hou et al. / Advances in Mathematics 457 (2024) 109943 7

Remark 1.1. In fact, Theorem B remains true in a more general setting. For any Lie-
subgroup G of GL(2s,R), it has a maximal compact subgroup G N SO(2s,R). For any
G-cocycle which is further L2-conjugate to rotations (valued in G N SO(2s,R)), one can
still define the dynamical degree [12,47]. Moreover, the proof of Theorem B remains true
for this class of cocycles.

In particular, when G' = Sp(2s,R), L2-conjugacy to rotations can be provided by gen-
eralized Kotani theory [51]. Therefore, high dimensional generalization of Theorem A (1)
would be particularly interested in the spectral application of quasi-periodic Schrédinger
operators on the strip [27], or Schrédinger operators with trigonometric polynomial [50].

As the vector of dynamical degree has integer entries, we deduce the following result.

Corollary 1.1. Let o € R\Q and A € C¥(T,SO(s,R)). The accelerations of (a, A) are
all integers.

We recall [7, Theorem 1.4]: when A € C¥(T, L(C*,C*®)), for k =1,--- ,s, there exists
an integer 1 < [ < s, such that lwy € Z. Our improvement is essentially due to the
compactness of SO(s,R): eigenvalues always have algebraic multiplicity 1, which leads
tol=1.

Consequently, the dynamical degree can be used to classify analytic one-frequency
quasi-periodic SO(3,R)-cocycles. In particular, we can establish the relation between
acceleration, dynamical degree, and almost reducibility.

Corollary 1.2. Let o« € R\Q and A € C¥(T,SO(3,R)). Then the following statements
are equivalent:

1. The dynamical degree is zero,
2. The largest acceleration wy is zero,
3. (o, A) is C¥ almost reducible.

1.8. More histories and comments

A quasi-periodic linear system on a Lie group G (referred to as a linear system for
short) is an ordinary differential equation on T¢ x G of the form

i = A(f)zx,
{0, (1.3.1)

)

Il
&

where 4 : T4 — g (g is the Lie algebra of G), and w € T? is rationally independent.
Poincaré time-1 map of (1.3.1) is in fact a quasi-periodic cocycle on G. Naturally, conju-
gation and in particular almost reducibility results of the corresponding cocycle is closely
related to the ones of the original linear system [55], cf. section 3.1.
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Let the frequency a € T? be Diophantine and A € C¥(T<¢SL(2,R)). In 1975,
Dinaburg-Sinai [18] used the KAM approach to prove that for a typical one-parameter
family of cocycles close to a constant, reducible cocycles are of positive measure. Subse-
quently, by using the resonance-cancellation technique developed by Moser-Poschel [46],
Eliasson [19] made a significant breakthrough by proving, under the same assumption,
that reducible cocycles are of full measure, through an essential improvement of the KAM
approach. By adapting and improving Eliasson’s approach, Krikorian [37] extended the
full-measure reducibility result in [19] to the cases of semi-simple compact Lie groups. It
was further generalized to GL(s,R) cocycles quite recently by Wang-Xu-You-Zhou [50].
Eliasson’s approach was also developed to SO(3,R) cocycles to show the local genericity
of uniquely ergodic and, in particular, non-reducible [20]. We remark that all of these
results hold for smooth or finitely differentiable cases, regardless of whether we consider
linear systems or cocycles [1,16,21,38].

However, the Diophantine condition on frequencies in local problems can be relaxed
when considering one-frequency cocycles or two-frequency linear systems on SL(2,R),
as shown in [2,6,31]. Both of these articles developed non-standard KAM techniques to
deal with conjugation problems. Although the method developed in [31] only applies to
linear systems, the result still holds for cocycles due to the local embedding theorem
[55].

One may inquire whether any conclusions can be derived regarding conjugation for
cocycles or linear systems that are not necessarily close to constants (referred to as the
global case). In the case of one-frequency cocycles, global results can be anticipated.
In [40], Krikorian proved a profound result stating that for a recurrent Diophantine
frequency, C°°-reducible smooth cocycles valued in SU(2) are C°°-dense. Moreover,
Krikorian proved that for a recurrent Diophantine frequency, non-reducible smooth cocy-
cles on SU(2) can be divided into countable conjugation classes. In fact, the proof in [40]
indicates the existence of a quantified conjugation-invariant quantity, which is precised
later by Fraczek [24]. Fraczek [23] also studied ergodicity and mixing property related to
SU(2) cocycles. In the case of SL(2,R), Avila-Krikorian [10] proved that given recurrent
Diophantine frequency, for almost every energy, the corresponding Schrédinger cocycle
is either C“-reducible or non-uniformly hyperbolic, based on Kotani theory [44,48] and
the renormalization scheme introduced in [40].

Furthermore, several interesting results have been established in [24,34-36,12,30],
which include topics such as degree, reducibility, almost-reducibility, unique ergodic-
ity, non-reducibility, and spectrum of one-frequency cocycles on semi-simple compact
groups. Avila’s global theory and accelerations in [4,7] for analytic one-frequency cocy-
cles provide new insights into understanding global conjugation problems.

It is important to note that most of the conclusions about cocycles on semi-simple
compact groups, whether local or global, require Diophantine or recurrent Diophantine
conditions. In this paper, we aim to examine the relations among accelerations, dynamical
degree, and almost-reducibility for analytic cocycles over any irrational frequency. We
firstly recall the convergence of renormalization proved in [12,47]. Then by proving the
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preservation of acceleration along renormalization and using the explicit form of limit
of renormalization, we deduce Theorem B concerning coincidence of acceleration vector
and vector of dynamical degree. As for Theorem A, if w; = 0, we conclude by showing a
local almost-reducibility result over any irrational frequency. We prove such result using
the KAM scheme developed by Hou-You [31] and the local embedding theorem [55],
which are applicable only to the analytic case. On the other hand, if w; # 0, we prove
conjugation result through an adapted KAM scheme developed by Krikorian [39] for
SU(2)-cocycles. A technical point in the function of this KAM scheme is the estimates
on length, which were developed in [39,34] for compact cocycles. Since accelerations can
only be defined for analytic cocycles, Corollary 1.2 holds only for the analytic case.

Finally, let us mention that the dynamics of cocycles has received significant attention
from researchers, with a focus on the conjugation problems and their classifications.
These questions are not only important in the field of dynamical systems, but also
in mathematical physics, where they have wider applications in the spectral theory of
Schrédinger operators [2,4,5,8,9,13,14,26,45,54].
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2. Preliminary
2.1. Lie group and Lie algebra
Let
SO(s,R) :={X € M(s,R) : XTX = XXT =13},
50(s,R) be the Lie algebra of SO(s,R), namely
so(s,R):={X € M(s,R) : X =—-XT}.

For a matrix X € M(s,R), we work with its operator norm induced by Euclidean norm
on R?, i.e.,

IXl[= sap  [|Xn]].
veRs, ||v||=1

For a matrix D € so(s,R), its centralizer 3(D) is defined to be
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3(D) ={C € so(s,R) | DC = CD}.

In this article, we mainly work on SO(3,R) and so0(3,R). As for the Lie algebra
50(3,R), it has a basis

0 10 0 01 0 0 1
JL=(-1 00, b=(0 00),75=(0 0 0],
0 00 -1 0 0 -1 0 0

[J1, o] = J3, [Jo, T3] = J1, [J3,J1] = Ja.

satisfying

Then we have the following observation.

Lemma 2.1. For D € s0(3,R)\{0}, its centralizer is the 1-dimensional linear subspace
generated by D.

Besides, it is easy to see that for A € s0(3,R), it has eigenvalue {||A||¢, —||A||i,0} and
there exists B € SO(3,R) such that

BTAB = ||A||J;.
2.2. Almost reducibility of C*-cocycles

In this paper, we focus on analytic category. We start with the norm. Let h > 0,
n € N*. We define the strip

T :={0= (61, - ,0,) €C" } [SO1] + -+ + |SO,] < h}/Z™.

We denote by Cy(T",x*) the space of all maps F' : T"™ — % admitting an analytic
extension on T;’, equipped with the norm

[Flln == sup [[F(B)],
0eT)

where * could be R, C, SO(3,R) or so(3,R). Then C“(T", %) := ;5o C¥(T", *) be-
comes the set of all analytic *-valued function on T™.

With the analytic norm, we can define C“-almost-reducibility precisely. Given a Lie-
subgroup G of GL(s,C), a C¥ G-cocycle («, A) is said to be C¥-almost-reducible if there
exist a sequence of h,, > 0, B,, € C} (x¢T,G) and a bounded sequence of A,, € G such
that

li_>m ||B,(z + @) A(z) B (z) ™t — Au|n, = 0.
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Here one has to consider conjugations defined on xygT due to algebraic reason, and A,
is changing along the KAM scheme. For more details, one can refer to [38]. We remark
that x¢ =1 when G = SO(3,R).

2.3. Continued fraction expansion
Define as usual for 0 < a < 1,
ap =0, ap=0a, q@=1, po=0, ¢1=0, p1=1
and inductively for n > 1,

_ _ 1
anp = [anil]a Ap = anil — ap = G(an—l) = {

2

Pn = apPn—1+Pn-2, Gn = @nGn—-1 1 qn—2, (231>

Qp—1

where [-] denotes the integer part, {-} denotes the fractional part and G is the Gauss
map G(z) = {z7'}. Let

Bn = 1} _gaj, U(z) = ((1) _[;_10 )
Define

Qo=-1, Q,= U(an—l) ce U(aO)-

Then (2.3.1) shows that

R

—DPn dn

And we have

1

B = (~1)"(gner — pp) = —————,
n= (D Pn) Qn+1 + Qnt1@n

1
—— < B < .
Gn+1 1 qn qn+1

2.4. Renormalization of actions and cocycles

Z?-actions and renormalization of actions will be a fundamental tool in this paper.
We recall here, following [10], Z?-action and the scheme of renormalization introduced
in [40]. In particular, we focus on analytic case for SO(s,R), s > 3.

Denote by Q¢ = R x C*(R,SO(s,R)) the group composed of skew-product diffeo-
morphisms (a, 4) : R x SO(s,R) — R x SO(s,R),
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(o, A)(z,v) = (z + a, A(x)v), (2.4.1)

with the composition being the group operation. An analytic fibered Z2-action is a homo-
morphism ® : Z2 = Q“. We use A“ to denote the space of analytic fibered Z2-actions,
endowed with the pointwise topology.

For two elements in Q" (aq, A1), (a2, Ag), they form a commuting pair, denoted by

((0417141)

(as A2)>’ if they are commuting with each other, i.e.,

Ay (.CC + O(Q)AQ(.I) = AQ(J? + Oq)Al(I).

As ®(1,0) and ©(0,1) determine ® and commute with each other by definition, they form
a commuting pair. In below, we will not distinguish an Z2-action ® and the corresponding
commuting pair ((D(l’o))

For any ® € A“, we define 7, := II; o ®(n,m) € R and A}, := Il 0 ®(n,m) €
C*(R,SO(s,R)) for all (n,m) € Z2, where II; : R x C*(R,SO(s,R)) — R and Iy :
R x C¥(R,S0(s,R)) — C¥(R,SO(s,R)) are coordinate projections. Let A§ be the set
of ® € A with 7¥; = 1.

Notice that C¥(R, SO(s,R)) acts on Q¥ by Conjg(a, A(+)) = (a, B(-+a)A(-)B(-)71).
This action extends to an action, still denoted Conjg, on A“. For ® € A, the Conjgz(®P)
is given by

Conjp(®)(n,m) = (V) m, B + 90 m) A (VB() ™), nym e L.

We say that @, @ € A¥ are C¥-conjugate via B € C¥(R,SO(s,R)) if &' = Conjgz(P)
holds.

We say that a ZZ2-action ® is normalized if ®(1,0) = (1,1). In this case, ®(0,1) =
(o, A) can be viewed as an analytic cocycle, since A is automatically 1-periodic. Con-
versely, given an analytic cocycle (e, A), we associate a normalized action ®,_ 4 by setting
(I)Q’A<1, 0) = (1, 1)7 (I)Q,A((L 1) = (a, A)

We cite the normalizing lemma from [10], whose proof remains true for Z2-actions
valued in compact groups. We will provide a quantitative version of it in section 5.2.

Lemma 2.2. For any ® € Af, ® is C¥-conjugate to a normalized action.

Let ® € Ay, B € C¥(R,SO(s,R)) such that Conjz(®P) is normalized. Then we call B
a normalizing map of ®. The choice of B may not be unique.

To define renormalization, we start with Z2-actions. We introduce the following maps.

1. Let A # 0. Define rescaling M) : A“ — A“ by

My(®)(n,m) == (A" An (X)), @ € A (2.4.2)
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2. Let U € GL(2,Z). Define base change U : A¥ — A¥ by

U(®)(n,m) = d(n/,m), (”) —U- (Z) D e A (2.4.3)

m

We point out that these two operations are pairwise commutative. Besides, U commute
with Conjg while My o Conjg = Conjp(y.y © M.
For Z2-action ® € A¥, n € N, we define the n-th renormalization of ® around 0 to be

R™(®) := Mg, , o Qn(P). (2.4.4)

Based on the renormalization of Z2-action, we introduce renormalization of cocycles.
For a C" cocycle (a, A), we consider renormalization on the related Z2-action ®,_4. We
can also express renormalization explicitly by commuting pair:

n _ _1\n Pn—1 —Pn (17 I)
R (q)oz,A) - Mﬁn—1 o ( ]-) (—in In > <(OZ7A) s n € N.
As R™(®q,a) € Ag, by Lemma 2.2, there exists B € C“(R,SO(s,R)) such that
ConjgR™(®q4,4) is normalized. We denote the commuting pair of this normalized Z?
1,1 <
action by < (a( ’fl()”)) ) Since normalizing map is not unique, A is not unique either.
n»
We call (ar,, A™) a representative of the n-th renormalization of (v, A).
A fundamental observation is that the conjugation relation is invariant under renor-
malizations. More precisely, we have the following result. The proof is relatively direct
by definition, we refer to [47, Lemma 4.4.1, Lemma 4.4.2] for example.

Lemma 2.3. 1. Representative of renormalization is unique up to conjugation.
2. Two cocycles are conjugate to each other if and only if they have conjugate represen-
tatives of renormalization.

Now we talk about the convergence of renormalization. As compact cocycle is a special
case of cocycles L2-conjugation to rotation, by [47, Theorem 5.1.1], [12], we have the
following results.

Theorem 2.1. Let o € R\Q, A € Cy(T,SO(s,R)). There exist D € so(s,R) satisfying
exp(D) = I, a sequence of representatives of renormalization (o, A™), C, € 3(D),
on € C¥(T,s0(s,R)) such that

A () = exp(pn(z)) exp((=1)"Dx + C,,), (2.4.5)

satisfying the estimate

lim ||¢n|ln = 0.
n—oo
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This means representatives of renormalization (v, fl(”)) converge to a precise normal
form. This kind of normal form result was firstly stated for SU(2)-cocycles in the C'*°-
topology [39,24], and then for SL(2, R)-cocycles in the C°° and C*-topology [10,11]. It
is also generalized to quasi-periodic cocycles valued in semi-compact Lie groups in the
C*>-topology [34].

3. Local results I. Close to constant

To prove the conjugation result in Theorem A, by the preservation of conjugation
along renormalization, it can be achieved by conjugating renormalizations. Moreover, by
the convergence of renormalization given in Theorem 2.1, we will fall into a neighborhood
of some normal form after deep enough renormalization. Therefore we only need to study
conjugation in local case, namely close to some normal form («,exp(Dxz + C)), where
exp(D) = I, ¢ € 3(D). We will deal with D = 0 in this section and D # 0 in the next
section.

In this section, we will prove that any one-frequency SO(3, R)-cocycle close to constant
is C¥-almost-reducible. Our main result is the following.

Theorem 3.1. Let « € R\Q, h >0, L > 1, C € s0(3,R). There exists 6 = 6(h, L), such
that for any A € C¥(T,SO(3,R)), if ||A — exp(C)||n < 0, then (a, A) is C¥-almost-
reducible, in the sense that, there exist h, > 0, B, € C (T,SO(3,R)), n € N*, such
that

Tim (A4, = exp(Co) . | BallE, =0, (3.0.1
for A, == B, (- + a)AB,! and some C,, € 50(3,R), n € N*.

Remark 3.1. The perturbation § = §(h) does not depend on the frequency «. Thus the
result is of semi-local nature [22].

For technical reasons, we will not prove Theorem 3.1 directly. Instead we consider
almost reducibility of linear systems. We will firstly formulate a parallel theorem to
Theorem 3.1 for linear systems and show that one can deduce Theorem 3.1 from the
parallel result in section 3.1. Then we will work on almost reducibility of linear systems
in the rest of this section.

3.1. Change to almost reducibility of linear systems

Let w € R?, A € C¥(T?2,SO(3,R)). Consider the linear system

(3.1.1)

= A(0)x
0=



X. Hou et al. / Advances in Mathematics 457 (2024) 109943 15

We say that B € C*(T?,SO(3,R)) conjugates (3.1.1) to another linear system

{j” = A+()e (3.1.2)

0 =w,

for some A € C*(T?2,SO(3,R)), if

where

0 0
awB(Hl,GQ) = wl—B(Gl, 92) + wg—B(Ol, 02), for w = (wl,wg).
00, 004

Denote by ® € C¥(R x T2,SO(3,R)) the basic solution (which is in fact unique) of
(3.1.1) that satisfies

d
E@(t,@) = A0 +tw)®(t,0), ®(0,0)=1, tcR,0cT?

Let @, be the basic solution of (3.1.2). Then B conjugating (3.1.1) to (3.1.2) is equivalent
to

B(0 + tw)®(t,0)B(0,0) " = &, (t,0). (3.1.3)

We claim the following almost reducibility result for linear system, whose proof will
be given later.

Theorem 3.2. Let a € (0,1)\Q, w = (a,1) € R?, C € 50(3,R). For h >0 and L > 1,
there exists 6 = §(h, L) such that for any F € C;'(T?,50(3,R)) satisfying ||F||n < 9, the
system

{x =(C+F()x (3.1.4)

0=w
is C¥-almost-reducible, in the sense that, there exist h, > 0, B, € Cy’ (T?,SO(3,R)),
n € N*, such that B,, conjugates (3.1.4) to

) 3.1.5
6=, (3.1.5)

{:’v = (Cp + Fu(0))x

for some C,, € s0(3,R), F,, € Cﬁn(TQ,so(&R)), n € N*, and the following estimate
holds

i [[Eyla, |1BalF, = 0. (3.1.6)
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To show that we can deduce Theorem 3.1 from Theorem 3.2 directly, we need to use
in addition the following local embedding theorem proved in [55, Theorem 1.1]. It was
proved for any Lie group G. We will restrict on the case SO(3,R), which also has a better
estimate as shown in [55, Remark 1.1].

Theorem 3.3 (/55], Local embedding theorem). Let h > 0, d € N*, u € T4 ! with
(1, 1) rationally independent, C' € so(3,R), H € C¥(T? 1, s0(3,R)). There exist ¢ =
e(C, h,|ul) >0, ¢ = ¢(C, h,|u|) > 0 such that the quasi-periodic cocycle (j1,e€e?()) can
be analytically embedded into a quasi-periodic linear system provided that ||H|n < e.

More precisely, there exists I € C’,“j/( )(Td,so(S,R)) such that (p,eCef0)) is the

I+|p
Poincaré map of

&= (C+F(0)
0= (u1),

and the estimate holds
I FNnyatin)y < cllH |-

Proof of Theorem 3.1. Assume that o € (0,1) without lose of generality. For A €
Cy(T,S0(3,R)) with ||[A — exp(C)||, small for some constant C' € s0(3,R), by The-
orem 3.3, there exists F € C}f/(1+a)(T2,50(3,R)) such that («, A) is the Poincaré map
of the linear system

i=(C+ F(0)
{9_ 1) (3.1.7)

and the estimate holds

1/ (4a) < cllA = exp(C)|n-

As long as ||A — exp(C)||, is small enough, by Theorem 3.2, (3.1.7) is C*-almost-
reducible, i.e., there exist h, > 0, B, € C’,“IJH(T27SO(3,R)), n € N* such that B,
conjugates (3.1.7) to

{:t: (Cpn + Fr(0))z (3.1.8)

0= (aa 1)7

for some C, € so0(3,R), F, € C,‘jﬂ(TQ,ﬁo(S,R)), n € N*, and the following estimate
holds

T [[Eu, 1 BallE, = 0. (3.1.9)
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Concerning the quantitative estimates, suppose that ®(t,6), ®,(¢,0) are the corre-
sponding basic solution of (3.1.7) and (3.1.8), then we have

t
@,(1.0) = (14 /e_c"an(Q + (0, 1)) (s, 0)ds). (3.1.10)
0
Let g, (t) = ||e“nt®,,(t,0)||n, . We deduce from (3.1.10) that

t
gnlt) <1+ / | Fln, 9n(5)ds.
0

Gronwall’s inequality therefore provides
gn(t) < elFrlmt, (3.1.11)
Back to (3.1.10), let t =1, 8 = (#1,0), we have
®,(1,01,0) = e + F,(6y), (3.1.12)

where F, € Cy (T,s0(3,R)) is given by
1
Fo(6;) = e /e‘cnan(el + sa, 8)®P, (s, 61,0)ds.
0
Then by (3.1.11) we deduce that
1
1Ealln, < / 1Eulln, gn(s)ds < el —1 <2 By, (3.1.13)
0

where the last inequation is provided by smallness of || F,||x,, -
Since B,, conjugates (3.1.7) to (3.1.8), we have the relation of basic solutions
Bn(gl + taa t)fb(t, 91; O)Bn(gh 0)_1 = (I)n(ta 913 0)
Let t = 1. As (o, A) is the Poincaré map of (3.1.7), we deduce that

Ap(61) = Bn(01 + o, 0)A(61) By, (01,0) " = e + F,,(61),

where we use the fact that B is 1-periodic in both coordinates. Besides, (3.1.13) and
(3.1.9) give that
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HAn - eCn”h ‘BnHﬁn = 0.

n |

Hence we have completed the proof of Theorem 3.1. O
3.2. Proof of Theorem 3.2

In this subsection, we will introduce an alternative analytic space and norm to work
with. We will also introduce an iteration scheme, by applying which we will be able to
prove Theorem 3.2. The proof of the iteration scheme will be given in the next subsection.

3.2.1. Spaces and norms

To make the future estimates simpler, we introduce an alternative analytic space and
norm. For h > 0, we define By (%) as the space of functions F' € C¥(T?2, %) (* can be
50(3,R), SO(3,R), R or C) satisfying >, .- |E (k)| [e>FIM < oo, where |k| := |k1| + | k2|
for k = (k1, k2), equipped with the norm

IFIF = D0 IR < oo
keZ?

It follows immediately that for any F,G € By, (*), we have FG € By, (*), and
il italvalalie

Sometimes, for an analytic matrix valued function, we need to consider the relations
between its analytic norm and the analytic norms of its entry functions. As for so(3,R)
case, we obviously have the conclusion

3

3 3
1> Tl = <Z(||fs||#>2> . Vfi o f3 € Bu(R), h > 0. (3:2.1)
s=1

s=1

For any N > 0, we define the operators Ty, Ry on B (*) as

(TNF) (9) = Z F(k)€27ri<k,9>’ ('RNF)(G) — Z F(k)€27ri<k,6>.

kEZ |k|<N keZd,|k|>N

Then Ty + Ry = I. And for any 0 < b/ < h, since ||E(k)|| < ||F||ne” 2" %" we compute
that

IRxFIE = S IR
kEZ,|k|>N
2A[Eln__ —oxn-n) (3.2.2)

~ min{1, (h — #/)?}
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The spaces B, (x) and C¥(T?2, %) are closely related. For h > 0, F' € By, (), we have

sup ||F(z)]| < ||F|IF. (3.2.3)
z€T?

Hence F € C¥(T?,x). It follows that
Bp(¥) C C(T?, %).
And for any h > h' >0, F € C¥(T?, x), we have the estimate

2[[Fln
min{1, (b — ')}

Z ||F(k)||e27r|k\h/ < Z ||F||he—27r|k|h627r|k\h/ <
keZ? keZ?

(3.2.4)

Therefore F' € By (x). We deduce that
C# (T2 %) C By (%).

3.2.2. Proof of local almost reducibility of linear systems
We will prove Theorem 3.2 via a nonstandard KAM iterations. The key iteration
proposition is the following.

Proposition 3.1. Let 0 < h < 1, L > 1, C € s0(3,R), F € B(s0(3,R)), € = ||FH#,
p < q < qy be positive integers. Under the following assumptions

e 30 < ¢ < min{(10L) 7100 ptIAD) omsahy (3.2.5)
L <lga-pl<—, (3.2.6)

294 q+
(heZ? | | w)l < 7, Wl < By € {ila,—p) | 1€ 2), (3.2.7)

one can construct B € By, (SO(3,R)), Cy € s0(3,R) and F € By, (s0(3,R)), with

P=(C+FO)r {x = (Cy + Fy(0))x

hy = such that B conjugates {9

__h
6(L12)’

= W é:W

and for e, = \|F+||f+, the estimate holds

2L
s (||B\|ﬁ+) < e~ the, (3.2.8)

We point out that (3.2.7) requires the resonant sites to be in some special form. In fact
this is satisfied as a consequence of following small divisor lemma given in [31, Lemma
4.1].
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Lemma 3.1 ([51]). Let o € R\Q, w = (, 1), E= be the best approximation of c, we have

1 n
e Z? |k o)l <z W < T2} € an—pa) [ 1€ 2} (3:29)

The proof of Proposition 3.1 is rather technical and will be given in the next subsec-
tion. Now we use the proposition to prove Theorem 3.2.

Proof of Theorem 3.2. We choose

h? h

6=6(hI) =5 min{(10L)~100% (5)4<L+1>, e ) (3.2.10)

For F € C}(T? 50(3,R)) with [|F||p < d, by (3.2.4), we deduce that F' € Bx (s0(3,R))
satisfies the estimate

8 8
#
IFIE < 5511 Flln < 56 (3.2.11)

To study almost reducibility of the linear system

: 3.2.12
6=, ( )

{j; = (C+ F(0))x

we construct conjugation inductively.
Let Bp =1, hg = %, Co =C, Fy = F. Then By automatically conjugates (3.2.12) to

{:‘g = (Co + Fy(0))x

0=w,

and the estimate holds for ¢y = ||F0||#0,

L
€ <||Bo||f0) = €y < min{(10L)100L pAEFTY c=3a0hoy (3.2.13)

where we use (3.2.10) and (3.2.11).

To do induction, we assume that for some n € N*, there exist h, > 0, B, €
By, (SO(3,R)), C,, € s0(3,R) and F,, € By, (s0(3,R)), such that B, € By, (SO(3,R))
conjugates (3.2.12) to

{‘? = (Co + Fu(9))x (3.2.14)

0=w,

and the estimate holds for ¢, = ||Fn||#n,
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L
€n (||Bn||#n) < min{(10L) 100 (p,, )1+ | o= 3anliny (3.2.15)
To construct conjugation at step n+ 1, we separate into two different cases, depending
on the size of €,.
Case 1. If €, < e’%q"“h", then we trivially define
hn—l—l = hn7 Bn+1 = an Cn+1 = Cn7 Fn+1 = Fn
Immediately, B,+1 conjugates (3.2.12) to

& = (Cny1 + Fpia(0))x
0=w

)

and the estimate holds for €,1 = || Fy11 ||#n+1

L
enst (IIBOFVIE )T < min{(10L) 7108, (g )40, et

Case 2. 1f €, > e~ 29n+1hn then together with (3.2.15) we have
e 3ttt <o < min{(10L)7100L | (R, ) EFD g3ty (3.2.16)

By preceding estimate and Lemma 3.1, we are able to apply Proposition 3.1. This
provides the existence of B"*tY) € B, . (SO(3,R)), Cpy1 € s0(3,R) and Flyq €

Bh,, ., (50(3,R)), such that B"*Y conjugates (3.2.14) to
&= (Cng1 + Fry1(0))x (3.2.17)
0 =w,
and the estimate holds
2L
wr (IIBOVIE,, ) < chemmtnn, (32.18)
In particular,
eni1 < €2. (3.2.19)

Then B, := BtV B, conjugates (3.2.12) to (3.2.17). Moreover, by (3.2.15), (3.2.18)
and (3.2.19), we have the following estimate

L L L
enst (IBasallf,) " <enss (IBCHONE ) (IBAIIE)
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1
2L\ 2 L
ﬁvwrl) ) “En <||B"| Z&wrl)

< (min{(lOL)‘lOOL, (hn)4(L+1), e—%qnhn}>2 . e_%Q7L+1hn+1

< (cwsn (1B

<min{(10L) 100 | (hy, 41 )4 EHD | emantihni)

Hence in both case, we are able to construct conjugacy B, € By, ., (SO(3,R)) and

satisfy estimates in the same form.
By induction, we conclude that for any n € N, there exist h,, B, € By, (SO(3,R)),
Cn € 50(3,R), F,, € By, (s0(3,R)), such that B,, conjugates (3.2.12) to

{g': = (Cp + Fo(0)),

0 =w,

and the estimate holds
L
VEE, (1Ballf) " < min{(10L)7100F, ()14, e=bantn} (3.2.20)

Moreover, (3.2.20) provides that

L
; # # _
Tim (|FIF (I1BalIE) =0,

As shown in (3.2.2), By, (x) € C¥ (T2, %) with || - ||, < || - ||#, we deduce that B,, €
Cy (T?,8S0(3,R)), F, € Cy (T?,50(3,R)) and

h) "= 0.

|Bul

lim {|Fn, (
n—o0

Hence we complete the proof of Theorem 3.2. 0O
3.8. Proof of iteration scheme

In this subsection, we construct the iteration scheme. We will firstly introduce a nice
subspace of Bj(s0(3,R)) in the sense of conjugation, then give the proof of Proposi-
tion 3.1.

For simplicity of notation, we denote Bj(so(3,R)) briefly by Bj,. Without lose of
generality, we assume that

C =27pdy, p € R.
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3.8.1. A nice subspace of By,
For F' € By, to construct B € B,(SO(3,R)) so that for some C; € s0(3,R) and a

t=(C+ F(0 = (C.+F._(0
smaller F'y € By, B conjugating {Z (C+F()x to {33 (Cy+FL(0)x

)

= W 9=w

is sufficient to solve
0,.B=B(C+F)—(Cy+ F.)B. (3.3.1)

If B is close to the identity, namely B = e¥ with Y € By, small, then (3.3.1) provides a
linearized equation

a,Y — [C,Y] = F + D, (3.3.2)

for some constant D € so(3,R). However, when solving (3.3.2), one may encounter the
small divisor problem, i.e., the liner operator

By — Bn, Y 0,Y —[C,Y], (3.3.3)

may be not invertible or invertible but with an inverse operator of too large norm.
As studied in [31,32], a key observation is that there exists a subspace B;L"Te) of By,
satisfying the property that for any Y € B;Lme), one has

a,Y, [C,Y] € B, (3.3.4)
and the estimate holds
10.Y = [C YT = nllYI[}, (3.3.5)

for a uniform constant n > 0. In other word, the restricted linear operator (3.3.3) on
B'"") behaves well. Therefore, we are able to solve (3.3.2) in B\"™). To formulate the

result precisely, we decompose the space B into a direct sum B,(Lme) ® B,(:e).

Lemma 3.2 ([31,32]). Let h > 0, n > 0, w € R%, C € s0(3,R). For any F € By

satisfying ||F|\h# < 107892, there exist Y € B, H € Bffe) such that e¥ conjugate

{j:: (C+FO) {n'cz (C+ H(0)z
. o< .

, satisfying the estimates
0=uw

0=w

10
Y117 < ;HFII#’ I[H[] < 2I|F][}. (3.3.6)
Remark 3.2. Preceding lemma was firstly given in [31, Lemma 3.1] and there are some
minor improvements in later articles such as [32, Lemma 4.1]. Here we use the version
in [32].
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Given € > 0. We define
Ay = {k € Z*||(k, w)| > 26%}, Ay = {k € Z*||(k, w) — p| > ei}.
Then it follows directly that
A — ko :={k—ki|ke A5} C A, Vk.€AS. (3.3.7)
Furthermore, we have the following simple fact.

Lemma 3.3. Under the assumptions of Proposition 3.1, the estimate holds

100(L + 2)%qed < 1. (3.3.8)
Consequently, we have
An{kez? ||kl < %*} C {i(q,—p) | L € Z). (3.3.9)
Proof. By (3.2.5), we get
a1

100(L + 2)%qe < 100(L + 2)%qeses < 100(L + 2)2ge ™ To et

1 L+2)?
L}j_)eé < 10°L2%eF < 1,
e

then (3.3.9) follows from (3.2.7) and (3.3.8). O

Given h > 0, now we define B}(L"Te), B,(:e) explicitly and verify the properties (3.3.4)
and (3.3.5). Let

B(nre) {E € By, | E=fJ;+Rwly+ Swds, for f € Bh( )

in the form Z f e2mik.0)
keA,

w € Bp(C) in the form Z qf)(k;)QQWi(ka)}’
k€A

B .= {H € B, |H = fJ; + RwJy + SwJs, for f € By(R)

in the form Z f1 2mikk.0)
keA§

w € Bp(C) in the form Z W(k)e?mik0Y, (3.3.10)
keEAS

It follows the direct sum splitting
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Bh _ B}(lnre) ® Bére).

By definition, for any £ € B, (nre) , there exist f = 37, ) f(k)exmitk0) ¢ By (R), w =
> ken, W(k)e 2rik0) ¢ By, (C ), such that £ = fJ1 + RwJy + SwJs. We can express E

explicitly

Z f(k,)eQﬂ'i(k,G) J

ke,

+% S (k)i 4 5 G2t | g,

keAs keAs

_% Z w(k)e%ri(k,@) _ Z w(k)e—%ri(k,e) Js.

keAs keAo

Then we compute that

0, E =2mi Z (k, w) f(k)e2™ &0 gy

keA;

+ i Z <l€, w>w(k)627ri(k,9) o Z <l€, w>w( )e—Zﬂi(kﬁ) Jo

keAs keAs

[ Dk w)y(k)e™ B0 4 N " (ke wyi(k)e 2RO ) g,

keAo kel

and

[C, E] =mip Z w(k)e%i(kﬁ) _ Z mef%ri(k,e) I

keAs k€A
+7p § 27T’L<k} 0) + E 7271'2 k,0) J37
kEA2 k€A

where we recall that C' = 27wpJy, p € R. It follows that
(nre) (nre)
0.EeB, ', [C,EleB, .
Moreover, by direct computation, we have

10.E — [C, B} = mev || E|F. (3.3.11)
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Hence the two characterizing conditions are satisfied therefore the space Béme) is well-
defined.

3.3.2. Proof of Proposition 3.1
Based on the nice space B¢ defined in the preceding section, we can now prove
Proposition 3.1. We will also make use of Floquet theory.

Proof of Proposition 3.1. We start with the linear system

{:'r =(C+F() (3.3.12)

0=uw,

satisfying the assumptions (3.2.5), (3.2.6), (3.2.7). Motivated by the quantitative esti-
mate (3.3.11) of B we work with 1 = mei. Then (3.2.5) provides that

IF|Iff =e<107%,

which enables us to apply Lemma 3.2. It shows the existence of Y € By, H € Bye), such
that e¥ conjugates (3.3.12) to

t=(C+ H(O
E=(C+HEO)= (3.3.13)
0 =w,
and the estimates hold
# 10 1 #
VI < —e<ez, [[H|[} <2 (3.3.14)
n

where (3.2.5) is used for the first inequation. By construction of Bgre) in (3.3.10), there
exist

f=> f)e™ 0 e By(R), w= Y (k)" e B,(C), (3.3.15)
keA keAS

=a

such that
H=fJi+ RwJy + Swds.

To study further conjugation of (3.3.13), we separate into two cases depending on A§.
Case 1. If AN {k € Z?||k| < L} = 0, then T%H = Tq%f,h. By Lemma 3.3,

ANk e Z? |k < T} € {Ula,—p) | 1€ 2},
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Correspondingly, we define

f(k)e2m‘(k,9>
Bl(ﬁ) = exp Z mjl
kEA\{0}, [kl<%E ’

f(k)e2mitia:=p).0)

= Ji . 3.3.16
P Z . 2mil(ga — p) ! ( )
Ua,—p)EAS\{0}.|1(q,—p)I<TF
Immediately, By conjugates (3.3.13) to
6 =w,

where C = C + H(0), Fy = Ad(Bl)Rr%r H. By the assumptions (3.2.5) and (3.2.6), for

hy = ﬁ, the construction of B; (3.3.16) provides the bound

B[}, < e < exmrmachs, (3.3.18)

Let B = BjeY. Then B conjugates (3.3.12) to (3.3.17). For €4 = ||F+||#+, by (3.3.18),
(3.3.14), (3.2.5), we compute that

2L 2(L+1) 2L
er (1BI1F,)" <IRaemlf, - (1) (1e¥11E,)

§2€e_ 27rq+-(6§+11)h+ - eq+h+ ) eZLe%
<ottt (3.3.19)
Hence (3.2.8) holds, which completes the proof in Case 1.

Case 2. If A5 N {k € Z?||k| < L=} # 0, then there exists k, € Ag, such that
[kl = min k], 0 < k.| < ‘%
We deal with k, through a rotation step as follows.
Lemma 3.4. Let Q = exp{—2n(ks, 0)J1}, C1 = 27(p — (k«,0))J1,
Fy = fJ1 + R{we 2 E= 0 J) 4 S{we 2™k 01 g (3.3.20)

Then Q conjugates (3.3.13) to the system
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{x = (Gt RG) (3.3.21)
0 =w,
and the estimates hold
Iy < 2met, IR < 2e. (3.3.22)
Moreover, Tq% F1 is in the form
Tap Fy = > Fy (k)e2mitk6) (3.3.23)

9t
ke€(q,—p)Z,|k|< 5

t = (Cy +Ad(Q)H (0
Proof. Direct computation shows that @) conjugates (3.3.13) to {: (C1 (@H )):c
=w

In addition, we compute that

Ad(Q)H =Ad(Q) - (fJ1 + Rwds + Swls)
=fJ1 + RwAd(Q) - Jo + SwAd(Q) - J3
=fJ1 + {Rwcos 2w k., 0) + Swsin 27w (k., 0)}.Jo
+ {Swcos 27 ks, 0) — Rwsin 2w (k,, 0)}J3
=fJ1 4+ R{we 7 Fo O 1) 4 S{we 2 R0 0 5. (3.3.24)

Hence we deduce (3.3.20) for F; = Ad(Q)H.
Recall (3.3.15), we can rewrite

we ™20 = N (k)T R O =N (ko Ky )20, (3.3.25)
kEAS kEAS—k.

As k. € A§, by (3.3.7) and (3.3.9), we have
c 2 q+ c 2 q+
(A5 - k)N {kez? |1kl < Ly casnkez? | 1k < T} C {ig,-p) | 1€ 2},
Therefore we get the truncated form of Fy (3.3.23). O

To do further conjugation of (3.3.21), we firstly work with the truncated system

r = at F
{l‘ (Ch —|—7'?+ 1)T (3.3.26)

0 =w.

By the precise form of Tq% Fy given in (3.3.23), we can apply Lemma A.1. By (3.3.22),
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IC1 + T Fy[[7 < 10€5. (3.3.27)
3
Applying Lemma A.1 to the system (3.3.26) on the domain of |36| < %, there exists By €
e
C%(T?,S0(3,R)) which conjugates (3.3.26) to {Z ** for some C; €s0(3,R). By
3 = w

(3.3.27), Lemma A.1 and Lemma 3.3, we have the estimate

15q+qe% h @—}mq+h+
1Billy < ctomacth < cmimanhs,

Then by the assumptions (3.2.4), (3.2.5), we deduce the estimate for hy = ﬁ,
2
1Bl < %euin‘”’“ < 2006 THT eI It < eIttt (3.3.98)

Consequently, By conjugates (3.3.21) to

{93 = (Cy + F1.(0))x (3.3.29)

0 =w,
where F, = Ad(Bl)Rq% Fy. To sum up, let
B = B1QeY = By exp{—2n(k,, 6)J}e" .

Then B conjugates (3.3.12) to (3.3.29).
By (3.2.5) and (3.3.28), recalling |k.| < §q4, for e4 = HF+||#+, we compute that

2L 2L+2 2L 2L
et (IBIF) " <IRw Al e (1B Q¥ le¥ |1
+ 3 + + + +
§2€e_2”'%‘2@+§)h+ . ed+ht <62W~%q+h+)2L . 92L
<e2e 1+

Hence (3.2.8) holds, which completes the proof in Case 2. Therefore we have completed
the proof of Proposition 3.1. O

4. Local results II. Close to exp(Dx 4+ C) with D # 0

When restricted in 3 dimension, since the dynamical degree D € s0(3,R), we could
always conjugate it to 2wdJ; for some d € R. By Theorem 2.1, expD = I. It forces
deZ.

In this section, we study the normal form in the neighborhood of («,exp(Dz + C))
for D,C € s0(3,R), where D = 2nd.J1, d € Z, C € 3(D). By Lemma 2.1, C' must be in
the form cJ; for some ¢ € R. We will prove the following theorem.
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Theorem 4.1. Let h > 0, v > 0,0 > 0, d € Z. There exists € > 0 such that for a €
DC(y,0), A € C(T,SO(3,R)), if ||A — exp(2n(dz + ¢)J1)||n < € for some ¢ € R and
(o, A) has dynamical degree dJy, then (a, A) is C¥-conjugate to (a, exp(2w(dz + ¢')Jy1))
for some ¢ € R.

4.1. Cohomological equation
Let @ € DC(7,0). A can be written in the form
A(z) = exp(2m(dz + ¢)J1) exp(p (@),

where ¢ € C{Y(T,s0(3,R)) satisfies ||¢||n, < €. We try to find the simplest function
¢ € Cy(T,s0(3,R)) and a ¢ € C}(T,s0(3,R)) for some 0 < h' < h such that

exp(1)(z + o)) exp(2m(dz + ¢).J1) exp(p(x)) exp(—1)(x)) = exp(2m(dz + ).J1) exp(¢' ().
(4.1.1)
If ¢ is small enough and if we seek a small 1), the linearized equation becomes

Ad(exp(—2n(dz + ¢)J1))Y(x + @) + p(x) — P(z) = ¢’ (x). (4.1.2)

Let {w1, w2, ws} be a basis of s0(3, C) given by the adjoint action of exp(2w(dz+c).Jy),
ie.,

exp(—=2m(dx + ¢)Jy)wg exp(2m(da + ¢)J1) = 2T et 2y - g =1,2,3,

for some I, A\, € C. As exp(2ndJ;) = I we have [}, € Z. We express ¢ with respect to
the basis p(x) = Zizl ¢k (x)wg. Then (4.1.2) becomes

2 TNy (3 4+ o) + g (z) — () =0, k=1,2,3. (4.1.3)

By Lemma 2.1, there exists only one k € {1,2,3} such that [, = 0. We assume that
I3 = 0. Then Lemma 2.1 gives that ws = J3. Therefore A3 = 0. In this case, we have the
following classical lemma:

Lemma 4.1. Let o € DC(vy,0), h > 0, ¢ € C¥(T,C). For 0 < h' < h, there exists
v e Cy (T, C), such that

—p(x) + 4(0) = ¥(z +a) — P(x),

and

lpllnr < estellglln,

where the constant depends only on .
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For k € {1,2}, I, # 0. Similar to Proposition 8.1 in [39], we have the following lemma.

Lemma 4.2. Let « € R\Q,h > 0,9 € C*(T,C),l € Z\{0}, X € R. For 0 < h’ < h, there
exists € Cy (T, C) such that

62771‘(19:-&-/\)1/](1. + a) _ ¢(l‘) — —(p(.%‘) + Pa,l,)\((P) (g;), (4.1.4)

where

Sy e M, (@) (m),  if 1< 0;
Z?rz:—1+1 ezﬂimmpale\((P)(m)v Zfl > Oa

oo

Paaa(@)(m) =3 p(m = jt

J

Po (o) () = {

)e2m{[<j+1)m—@l}awﬂm

I
=)

()5(,”1_,'_jl)e—Qm‘{[jm—',—@l]a-‘,—jk}7

M2

+

<
I
—

and the following estimates hold:

|1

2~ 2mlh omk(h—h’ |lel|n
[1Pain (@)l < lplln(t+ 7= =5mm) 2 e ") S est 222,
j=1
lelln 1 ol
! < < T h b
19l < 3 S U+ T =ammmy) < St —

For ¢ € Cy(T,s0(3,R)), we decompose it with respect to the basis {w1,ws, w3} to
be o = S0, prwy. Let a € R\Q, D € s0(3,R)\{0}, C € 3(D). We define

Pop = @3(0)ws,  Pa,d,c = Paiy 2 P1W1 + Pa iy 2, p2ws.

Combining Lemma 4.1 and 4.2 in each direction, and using preceding lemma, we
deduce the following result.

Corollary 4.1. Let € > 0 small, « € DC(,0), h > 0, ¢ € C¥(T,50(3,R)) with ||o||n <,
d € Z,ceR. Then there exists ¢, F € C,(T,C), h' < h, such that

exp(¥ (@ + ) exp(2m(da + ¢)J1) exp(p(x)) exp(—=¢(x))
= exp(27(dz + ¢)J1 + Pog) exp(Pa,a.cp(2) + F(2)),

where F' = O2(p, ¥, Pa,d.cp) and the following estimates hold:

lleelln
h(h— )

h
1Prac@lln < est. 20, < st
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4.2. Proof of Theorem /.1

Let D = 2ndJy with d € Z, {wy, w2, w3} be the basis given by adjoint action of d,
namely

2milgx

exp(—Dz)wy exp(Dz) = e W,

for some I, € Z, ¢ € CY(T,s0(3,R)). We assume that I3 = 0. Then we decompose ¢
with respect to {w1, ws, w3}, namely ¢ = 22:1 prwi. We define

2 —1=1 9omimz,), .
m=0 € 1/) m), ifl < 07
Pro:=> T, ppwy, Tip:= {ZOL 0 mmi R . (4.2.1)
k=1 D om——141€ Y(m), ifl>0,

for i € Z, ¥ € CF(T,C). We cite [34, Lemma 7.1] and reformulate it as follows. It is
proved through the estimates on length.

Lemma 4.3. There exists a positive constant ¢, such that for ¢ € C(T,s0(3,R)) small
enough, if (a, exp(2n(dx + ¢)J1) exp @) is of dynamical degree 2wdJy, then it satisfies

[IPrellz> < ¢f|(I = Pr)de||Lz. (4.2.2)

Proof of Theorem 4.1. By our assumption, we can write A(z) = exp(2w(dx + ¢)J1) X
exp ¢(z) for some ¢ € CY(T,s0(3,R)) with ||¢||n < e. By Corollary 4.1, there exists
c1 € R, 1, Fy € CF (T,50(3,R)), hy = % + %, such that for ¢; = Pa,a.cp,

exp(¢1(z + a)) exp(2m(de + ¢)J1) exp(p(x)) exp(—y (2))
= exp(2n(dz + ¢1)J1) exp(p1(x) + Fi(x)),

with estimates

[lolln ol
le1lln, < cst. "5 ||, < CSt~m-
Then Lemma 4.3 gives that
[I[Pr(p1 + F1)llL2 < cl|(I = Pr)d(pr + F1)||z>- (4.2.3)

As 1 = Py.a.cp, we have ¢1 = Proy. Then (4.2.3) gives that
[lo1 + Pr Fil||p2 < c||(I — Pr)0F1||p2 < cst.||Fy||.

Moreover, as ¢; = Pr 7 and Pr Fy stay in a finite dimensional linear space (function with
finite number of nonzero Fourier coefficients), norms on such space are all equivalent.
Hence we deduce that
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llo1 + Pr Fy||n < cst.||pr + Pr Fy|p2 < cst.||Fi]|n-
Therefore,

el

||§01 +F1||h S H@l +PI'F1||}L + ||(I*PI‘)F1H}L S CSt.HFth S CSt.m.

4Let o' = 1+ F1,¢" = ¢, ho = h. Inductively, we can find h; = % + 23-%, cj € R,
@’ 1h; € CF (T,50(3,R)), j =1, ,n such that

exp(¥;(z + o)) exp(2m(dz + ¢j—1)J1) exp(¢’ ™" (2)) exp(—1);(x))
= exp(2m(dz + ¢;)J1) exp(¢’ (),

with estimates

17,
he_y(hj—1 = hy)?’

‘|(pj”hj§CSt' ]:17"’7n'

Now we deal with ¢". By Corollary 4.1, there exists c,41 € R, 9¥py1,Fri1 €
Cy (T, 50(3,R)), hny1 = b+ 22t < hy, such that for ¢, 11 = Pade, @™,

exp(Yny1(z + a)) exp(2m(dz + cp) 1) exp(p” (x)) exp(—tnia(x))  (4.2.4)
= exp(2m(dz + cny1)J1) exp(@nt1(2) + Foya (@),

with estimates

1™ |l " In,
lentilln,n < cst.———, Fnsalln, g < CSt-m~
Then Lemma 4.3 gives that
I Pr(on+1 + Fria)llz < Cll(I = Pr)0(pns1 + Foga)ll 2. (4.2.5)

As ©ni11 = Pa,d,cPn, we have @p1 = Pro,i1. Then (4.2.5) gives that

"3,

llens1 +PrFupallee < Cll(I = Pr)oF, 1|2 < Cl|[Fatalln, ., < CS’C-W-

Hence we deduce that

lpntr + Fatalln, o < llenta +PrFoalln, ., + (1= Pr)Foalln, .,

[le" 17,

< Cllensa + Prboallee + estllFngalln,, < ostogrm =72,



34 X. Hou et al. / Advances in Mathematics 457 (2024) 109943

Let "t = ¢, 11 + F,11. Then we have

n||2
1™ s < cst.% = cst.2%"[|" |7, (4.2.6)
Let €, = ||¢"||n,,- We have the following result for the convergence of the sequence.
Lemma 4.4. Let the positive real sequence {€;} satisfy
ejr1 <cdel jEN (4.2.7)

for some constant ¢ > 0. If ¢g small enough, then there exists § > 0 such that
e <e ¥ jeN.
Proof. Let v; =1Inej, n; =In(c4?) = ¢+ jIn4. Then (4.2.7) gives
vit1 < 2v5 +n;.
Inductively we get
N nmo, N ).

tot s+ F g

v < PTG 22 " 2

Notice that Z;io % converges. Denote the limit by 7,,. Choose vy < —7, then
v; < 27 (v +Mee) <0, jEN.
Let 0 = |vg + 7oo| > 0. Therefore, €; = €% < e*2j5, which completes the proof. O
We choose € be small enough. Then we could inductively define ¢™ € By, (€) satisfying
lle™||n, <e 2% nelk.

Therefore,

n
e lne oo g

0 e , nelZ. 4.2.8
hn(hn - hn+1) ( )

[[ns1lln,.,, < cst.

Let 1, € Cy (T,s0(3,R)) such that exp(thn) = exp(¢1) - - - exp(1y,). Then (4.2.8)

gives that v, converges in C (T, s0(3,R)). We denote the limit by ¥. As ||c,i1 — cn|| =
2
1Poe™ | < |l¢"|n,, ¢n converges. We denote the limit by é. By (4.2.4),

exp(—iﬂ(x + a)) exp(2n(dx + ¢)J1) exp(p(x)) exp(—z/?(m)) = exp(2n(dz + ¢)J1),

i.e., (a, A) is CY-conjugate to (o, exp(2n(dz + ¢)J1)). O
2
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5. Proof of main results
5.1. Proof of Theorem B

In this subsection, we establish the equivalence of acceleration and degree. We firstly
study the accelerations along renormalization, which can be seen as generalization of [4,
Corollary 14].

Lemma 5.1. Let a € R\Q, G be a subgroup of GL(s,R), s € N*, A € C¥(T,G),
(an,fl(”)) be a representative of nt" renormalization, n € N. Then
1

Lo, AM) = 3 Li(a,Ag, o), i=1,2,---,s.
n—1

Consequently, we have
w'(a, A) = uﬂ'(ozn,;l(”))7 1=1,2,---,s.

Proof. Let N € C’(R, GL(s,R)) be a normalizing map of nth renormalization of («, A),
ie.,

N((E + 1)A(_1)"71q?z—1(x0 + anlx)N(‘r)_l = I7
N(x + an)A(,l)nqn (l‘o + Bn_ll‘)N(x)_l =AM,

Then for any k,l € Z.
A 1yngnti(—1yn—1g,_, (0 + Bn17) = N(z + kay + 1) AV N (). (5.1.1)

As there exists a canonical ring endomorphism from End(R*) to End(A*R*), we have
for P,Q € GL(s,R),

A(PQ) = AP - A'Q.
Hence by (5.1.1), we have
(A" Ak 1yngu ta(- 1) 1g, (@0 + Buor@) = (AN (z + kay, + 1) 7 (ATAD) AN (2).

Let ¢ > 0 be such that A ¢ C#(T,G) and N admits an analytic extension to a
open neighborhood of R containing V' = [0,2] x [—€q, €]. Let Ag = sup,¢y ||[A*N(2)|[2.
For k € Z, let | = l(k) be the unique integer such that 0 < ka,, +1 < 1 and t = t(k) =

k(=1)"q, +1(=1)""1g,_1, then we have

pot < Iy + el _
DS @A e T
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where z,y € C/Z are related by y = 2o + S,—12 and we assume that |S(z + €i)| < €.
It follows that

\/1H\I(Aif1("))k(ff+6i)l|dff—/lnl\(AiA)(—lm(fE+5n716i)||dffl
T T

- /m (AA™)Y (2 + €6)]|da — /m (A A) (& + Brrei)||dz] < In Ao,
T T

Notice that when k is large, t satisfies

l
(=1)" =an — Zdn—1=an+ Ongn_1+ o(1) +o(1).

1
ﬁn—l

Bl

It follows that for large k,

1 i A(n . 1+ o(1 1 % .
E/ln”(A Az + €i)||da = &:(1 ) —r /1n||(A A)Cryne (@ + u_sei)|da

T T

—_

Taking the limit, we get

’ po 1
Ll(amAgn)) - 5 1

Li(a7A5n—1€)v 121,2, 3 S,

which immediately implies w*(a, A) = w (o, A™). O
With preceding lemma, now we can prove Theorem B by renormalization.

Proof of Theorem B. Let A,E’” = AWM (. +it), t € R. We rewrite the convergence of
renormalization from Theorem 2.1 to be

A L oxp(C + D(z +it)) onR, te[—h,h (5.1.2)
for some subsequence of even integers {ny} and C € 3(D). We assume that L(a, A) is
affine on (0, hg) for some hy > 0. By Lemma 5.1, L*(a,,, A"™) is also affine on (0, h)
and

wi(an,fl(”)) =uwi(a,A) =w', i=1,---,5, neN.,
By compactness of SO(s,R), L;(a,, A™) = 0. We deduce that for t € (0, hy),

Li(amflgn)) =2mtw;, t=1,---,5, neN.

By continuity of Lyapunov exponent [7], (5.1.2) gives that
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Li(a,exp(C + D(x +it))) = nhﬁ\rréo Li(an,ﬁgn)) =2mtw;, i=1,---,s t€(0,hg).
(5.1.3)
Meanwhile, we recall the definition of Lyapunov exponents through singular value. As
C, D € so(s,R) commute with each other, C' will not contribute in L;(a, exp(C + D(z +
it))). Moreover, compactness shows that there exist @ € SU(s) and integers d; > --- > d;
such that D = @Q - 2mwidiag(dy, - -+ ,ds) - Q1. We then compute explicitly that

Li(a,exp(C 4+ D(x +it))) = 2wtd;, i=1,---,s.
Comparing with (5.1.3), we deduce that

(wlv"' 7ws) = (dla"' ads)a

which completes the proof of Theorem B. 0O
5.2. Proof of Theorem A (1) w1 =0

Now we start to prove Theorem A. Since the case when w; zero or not has different
dynamical nature, we separate the proof of Theorem A into two subsections. We deal with
w1 = 0 here. To study almost reducibility along renormalization, we need the following
lemma.

Lemma 5.2. Let h > 0, a € R\Q, A € Cy(T,SO(3,R)), n € N. There exists a constant
8(h) > 0, such that if a representative of nth deep renormalization (cu,, A7) satisfies
[|A() — Aol < 8(h) for some constant Ay € SO(3,R), then (o, A) is C¥-almost reducible
and accumulated by reducible cocycles.

Proof. We apply Theorem 3.1 for h > 0 and L = 4, denoting 6(h,4) briefly by d(h),
when ||A(™) — Ag||,, < §(h), Theorem 3.1 gives that (v, A(™) is C“-almost reducible.
More precisely, for j € N, there exist h; > 0, B; € C’;“jj (T,S0(3,R)), C; € SO(3,R),
such that for A; = Bj(- + o, ) A™ () B; (")™Y, ¢; = ||A; — Cj||n,, we have

IBjllh,e; =0,  asj— oo (5.2.1)

We will work with large j so that €; small.

Let (o, Aj)™ = (may, Ajm), m € N. As

1A m41(x) = C7 Iy = 1A (2 + ma)(Ajm(x) = CF") + (Aj(z + ma) = CH)CT|n,
< (14 )| Ajm(@) = CF I, + €5

inductively we deduce that ||A;,,(x) — C| < (1+ €)™ — 1. We choose j large enough

so that €; << —~. Then we have

1
an



38 X. Hou et al. / Advances in Mathematics 457 (2024) 109943

1454, = CF"

h < Qnej. (5.2.2)

Now we define the distance for commuting pairs. We start with a notation of maximal
norm. Let J C R be an interval, h > 0, f : J x i[—h,h] — SO(3,R) be a continuous
map. We define

17

h,J = sup |1 f ()]l
zeJXi[—h,h]

We recall that A“ is the space of analytic fibered Z2-actions. Let A} ; be the set of all

® € A¥ with AT, AJ, analytically defined on a set containing J x i[—h, h]. For & € A 5,
we denote by ||®||,s the quantities

|®]11,s == sup(|[ATol[n.s, || AT 11]n.),
and then define a distance on A“}j’ ; as
dp,s (P1, o) = sup(||ATH — AT3|ln.s. IAGY — Agillns), @1, @2 €AY .

If ®,9" € A} ; are C*-conjugated via B € C“(R,SO(s, R)) analytically defined on a set
containing J x i(—h, h), then

19 1ln, < 1B [n,g max(1Bll, ¢ 0 1Bl g @],

Let ®1,®5 € A} ;, B € C¥(R,SO(3,R)) analytically defined on a set containing J x
i(—h,h), ®, = Conjp(P;), i = 1,2, then

dp, (P}, @3) < [|B7]

o 08(|[Blly g o | Blln s s )i (81, 82). (5.2.3)

Let ®; = Conij (anl’/{(”))’ Py = (ai:éj). Then almost reducibility provides

that diy ;(®1,®2) < ¢; for any interval J C R. It is easy to see that

dyy, g, s(Mg-1 (®1),My—1 (®2)) = B, 1,5y, 5(P1, o). (5.2.4)

dil, 5., 5(Qnt o My-1 (®1),Q," 0 My (®2)) < gnflycj- (5.2.5)

Assume that N € C¥(R,SO(3,R)) is the normalizing map such that

1,1 . 1,1
(an,A(n)> - COHJN ° Mﬁn_l ° Qn (a;A> ’
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Let ®3 := Conj, . g1, OCOHJB—l (51, OQ (<I>2) I= 67;11[—5 1]. Then by
(5.2.3) and (5.2.5),

. 1,1 _ )
&,y 4h) #) < Nl IR b B 6 = . (526)

By (5.2.1), €, — 0 as j — oo. We work with j large so that €; small enough.
To continue analysis, we recall the quantitative normalizing lemma, based on normal-
izing lemma in [10], with a detailed proof in [47, Lemma 8.1.1].

Lemma 5.3. For any ® € AY, ® is C¥-conjugated to a normalized action. Moreover, there
exist an € > 0 and a constant cst such that for any ® € Af satisfying ||A<1D,0—I||h7[_%71] <

€, for some h > 0, we can construct a normalizing map B € C¥(R,SO(3,R)) such that
B(-+1)ATo()B() " =1, [IB~1llnoz < cstl|ATo — Illn -1
Notice that ®3 is not necessarily normal. Since (5.2.6) shows that
1A% — Il 1) < &
we can construct from Lemma 5.3 a conjugacy B € Cy (R,50(3,R)) such that
B(-+DAB() ™ =1
and satisfying
||B — I[|n; j0,2) < cst.€;.
As we can express B~!(x) by entries of B(z), we get
1B~ = Il|n, (0,9 < cst.;.

Then

1B(a + @) A (2) B(2) ™" — A3 |n, o
—|1B(a + )AL (B(2) ™" = 1)+ (Blz + a) — DAL @)ln, o) < cst.g;,

as €; is small enough. Together with (5.2.6), we deduce that
1,1 . _
dn; j0,1)( a A ,Conjz®3) < cst.g;. (5.2.7)

This means that there exist Aj € C;‘;’j(T,SO(s,R)),Ej c C}u;j (T,SO(s,R)), where
Bj() = B;()B; (8,21 )N (8,1, ) satisfies

n—1
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1Bjl1n, < cst.||Bjlln, (5.2.8)
such that
|A — Aj||n, < cst.& (5.2.9)
and
(a, A;) = (0,B;) o (a, C}) 0 (0, Bj) L. (5.2.10)

Thus A is approximated by reducible cocycles. By (5.2.8), (5.2.9), (5.2.10) and the con-
vexity inequality, we have

1B;(x + )" A(w) Bj(x) = Cilln, < est.||B;ll &

By (5.2.1), \|Bj||ij€j = HBjH‘;Ljej — 0 as j — oo. Hence (o, A) is C*-almost re-
ducible. O

Proof of Theorem A (1). We prove the equivalence of w; = 0 and almost reducibility for
analytic SO(3, R)-cocycles.

If (o, A) is C¥-almost-reducible, i.e., there exists B, € C%(T,SO(3,R)), 4y €
SO(3,R) such that

By(x + o) ' A(x) B, () — Ao.

As acceleration is invariant by conjugation and upper semi-continuous in C*“-space, we
deduce that w; = 0.

Conversely, if w; = 0, by Theorem B, the dynamical degree of («, A) is zero. Then
Theorem 2.1 provides the convergence of renormalization to constant. In other word,
for §(h) > 0, there exists ng € N, such that A is §(h) close to constant. Lemma 5.2
therefore shows that (o, A) is C*¥-almost reducible. O

5.3. Proof of Theorem A (2) wy # 0

To prove the main theorem, we will find a conjugation representative when w; # 0.
As conjugation is preserved along renormalization, we firstly compute how the normal
form change along renormalization.

Lemma 5.4. Let o € R\Q, D € s0(3,R) satisfyingexp D = I, C' € 3(D). Then the cocycle

(a, exp(Dx+C)) has representative of renormalization ({1}, exp(—Dz—D(£+1)-9)).

Proof. Let a = a; = 1 — {1}, Y (z) = exp(Dz + C). We start with the commuting pair

wae (1 2) (09) = (2.0e 05y =) (531
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We define J(z) = exp(—$D(a? — 2) — Cz). Then
Y(az)=J(z+ 1) J(z), Conj,(1,T(a)) = (1,1). (5.3.2)

Hence J is a normalizing map of the one-step renormalization (5.3.1).
Now, inversing (5.3.2) and computing its a power, we get

Conj;(1,Y(a)) ™ = (1,1)7% = (—a,I).
Then we compute

Conj(,((i, Io(1,T(a:))™) :Coan(é, I)oConj;(1,Y(a))™

—(0,) 0 (=, 1) 0 (0,7) o (~a, T)

—({) I+ D0 (533)
Let
Y(x) =J(z + {é})J(x —a)' =exp(—D(x + % + %) - g) (5.3.4)

We then get a representative ({1}, T) of one-step renormalization of (o, T),

(({5(}1,’?@))C°“j~'<avdvc>°Ma°<—01 31)(&3%)' .

Proof of Theorem A (2). When w; # 0, by Theorem B, we only need to prove that if
dynamical degree D is nonzero, then the cocycle (o, A) is C¥-conjugate to (a, exp(Dx +
()) for some C € 3(D).

By Theorem 2.1, we have convergence of renormalization, namely for a sequence of
Cn €3(D), on € (T, 50(3,R)),

fl(")(ac) = exp(¢n(z)) exp((—1)" Dz 4+ Cy),
Jim ||n||n = 0. (5.3.5)

As a € RDC, there exist k > 0,7 > 0 such that «,, € DC(k, 7) for infinitely many n € N.
For such n large enough, by (5.3.5), Theorem 4.1 gives that (a,, A(™) is C“-conjugate
to (o, exp((—1)"Dzx + C”)) for some C’ € 3(D).

By Lemma 5.4, the form (o, exp(£Dzx + -)) with - € 3(D) is preserved by renormal-
ization. Hence there exists C' € 3(D) such that (o, exp(Dx + C')) has a representative of
nth renormalization as (ay,,exp((—1)"Dz + C”)).

In other word, (a, A) has a representative of nth renormalization (a,, A(™) conjugate
to (an,exp((—=1)"Dx + C")), a representative of nth renormalization of («,exp(Dx +
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()). Then Lemma 2.3 gives that (o, A) is C*¥-conjugate to (o, exp(Dx + C)). Hence we
complete the proof of Theorem A. 0O

Appendix A. Floquet theory

We introduce the following quantitative Floquet Theory. In [31], we have introduced
a quantitative Floquet Theory for quasi-periodic linear system on SL(2,R). Here we
consider the case of SO(3,R), but the conclusion and the proof also hold for general
compact matrix group.

Lemma A.1. Let o € R\Q, suppose that F' =), _, lf’(lq7 —Ip)e?milah—r02) ¢ B, Then
there exists B € C¥(T?,SO(3,R)) which conjugates the system

z=F(0)x
f=w=(a,1)

to the constant system

t=Cz
0=w=(a,1)

with estimates

(lgl + IpDh

1Bl < exp{
]

||F|h#}, S (A1)

Proof. Let x = gfh — pba, h = (|g| + [p|)h, G(¢) = 3,cz F(lg, —lp)e*™"*. Then we have
F(91,92) = G(q@l —peg), and

G115 < S (lg, ~p)l[>™ 1 = || [ (A2)
leZ

Let ®(t) be its basic matrix solution of the Fll-periodic ODE
d
d—f = G(rt)z (A.3)

with ®(0) = I. Let C := |7|log ®(%;) € s0(3,R), i.e., C satisfies

7]

1 1
o) =e(-0), 0N < IG5 < lialie (A.4)

We consider the complexification of (A.3), and consider the case of t+is with some fixed
t € R and ‘8‘<|7h‘,
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a(is) =G(t+ Tsi)x. (A.5)

Then, by Grownwall inequality and (A.2), as long as |s| < %,

[|®(t +is)|| < ||q,(t)||e|8\HGlla < ||q>(t)||e\SIIIFH?f < eISIHFllf’ (A.6)

(I2(t)]] =1 for t € R and ®(¢) is then SO(3,R)-valued). Then,

#
sup [|®(t)]| < {” I h}gexp{WHFI#}. (A.7)

ISt < 2 ‘ |
And, for fixed t € R and |s| < &, by (A.4)

15 15 s #
499 < et ]| < exp{ls[[[C]]} < el (435)

(C € 50(3,R) and t € R means that ¢! € SO(3,R)), which leas to

FlI”h
sup ||| Sexp{&} gexp{MnFnz%}. (A.9)

ISt < By |7 |7|

Let By(t) = ®(t) exp(=Ct). By the definition of C, Bi(t) = Bi(t + 1 ), and B

conjugate (A.3) to d—f Cx. It means

B (t) = B1(t)G(t) — CBy(1). (A.10)

Define B(6;,065) := Bl(%(qel —pbs)) € C¥(T2,50(3,R)). By (A.10), it satisfies

0
——DB(6,,05)

0
({9WB = OZ%B(91702) -+ 892

an pjt ( (g0 — pb)) = Bi(l(qgl — pbh))
= Bl( (qbh — pb2))G(g01 — pb) — CBl( (g — pb2))
= BF — CB. (A.11)

y (A7), (A9), (A.1) follows. O

0=w

. &= F(0)x t=Cz
Thus B conjugate < . to ¢ .
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