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Abstract

We introduce a new all-electric platform, that strong couples light to mechanical motion
by ensuring that the external environmental coupling dominates over internal mechanical
dissipation. The system only has three everyday components: AC, DC, and a flip-chip, in which
a metallized silicon nitride membrane is flipped on top of the device under test. This everyday
electromechanical device can be operated at low or room temperature and has 10000× lower
insertion loss than a comparable commercial quartz crystal, achieves a position imprecision
matching state-of-the-art optical interferometer, and enables remote cooling of mechanical
motion. The spatial properties of higher order mechanical modes are a promising feature for
reconstructing unknown charge distributions.

vii



Acknowledgements

I would like to thank all professors, friends, and colleagues that inspired, supported, and
encouraged me during this last 5 years. I am very grateful to my advisor, Prof. Andrew
Higgimbotham, for embarking on this adventure of developping a new measurement technique
with me. A special thanks goes to Rachel, for making the day-to-day of electrical measurements
lighthearted and funny, and to Niklas and Silvan, for showing me how to make membranes and
fighting for my access to their cleanroom. I am grateful for the help from the Miba Machine
Shop and Nanofabrication facility at IST Austria, the finantial support from the Austrian FWF
grant P33692-N, and the DOC Fellowship of the Austrian Academy of Sciences (DOC – No.
26088).
As the PhD project did not work for the first 2,5 years, I had to bitterly learn that my life is
not my work. For their support and eternal patience to hear me venting about my project,
I give special credit to Manas, Barbara, Misha, the whole team Fljac, and Sybele. For his
companionship and making the days of homeoffice very pleasant, I thank my partner André.
Finally, as thanking one’s parents has no age limit, I am very very grateful (one very is not
enough) for my mom and dad for their unconditional love, support, and endless supply of
entertainement and distraction. To everyone my “Muito Obrigada"!

viii



About the Author

Denise Puglia completed a BSc in Engineering Physics at the Universidade Federal do Rio
Grande do Sul (UFRGS) with a one year exchange at the University of California Berkeley.
The Bachelor thesis focused on implementing a dual-tip magnetic force microscopy, while the
internship aimed to develop a beam position monitor for Carnauba beamline of the synchrotron
SIRIUS. In 2017 she joined the University of Copenhagen for a Msc in experimental condensed
matter physics, while she worked as a cleanroom junior assistant. For the master thesis, she
worked on the Microsoft project that aims to build a quantum computer based on majorana
qubits. At ISTA, she focused her research on MEMS, presenting her work on several conferences
on this field. Denise also joined a science education project and briefly eplored the field of
bioMEMS.

ix



List of Collaborators and Publications

This thesis contains the following preprint: Denise Puglia, Rachel Odessey, Peter S Burn,
Niklas Luhmann, Silvan Schmid, and Andrew P Higginbotham. Everyday electromechanics:
Capacitive strong coupling to mechanical motion. arXiv preprint arXiv:2407.15314, 2024.
The following publication is not included in this thesis, but it is a result of scientifc collaborations
at ISTA during my PhD: Soham Mukhopadhyay, Jorden Senior, Jaime Saez-Mollejo, Denise
Puglia, Martin Zemlicka, Johannes M Fink, and Andrew P Higginbotham. Superconductivity
from a melted insulator in josephson junction arrays. Nature Physics, 19(11):1630–1635, 2023.

x



Table of Contents

Abstract vii

Acknowledgements viii

About the Author ix

List of Collaborators and Publications x

Table of Contents xi

List of Figures xii

1 Introduction 1

2 Theoretical Background 3
2.1 Continuum model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
2.2 Collapse physics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
2.3 Dynamics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
2.4 Coupling to a circuit . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
2.5 Parametric gain . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
2.6 Converting 2-port measurement into 1-port measurement . . . . . . . . . 15
2.7 Noise Temperature . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

3 Design Simulation 19
3.1 Dynamic deflection of the Membrane . . . . . . . . . . . . . . . . . . . . 19
3.2 Static deflection of the membrane . . . . . . . . . . . . . . . . . . . . . . 20
3.3 Flip-Chip design . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
3.4 Sonet Simulations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

4 Fabrication Techniques 23
4.1 Flip-Chip Fabrication . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
4.2 Fabrication Techniques . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

5 Measurement setup and non-everyday results 29
5.1 S-Parameters . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29
5.2 Parametric amplification . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

6 Everyday Electromechanics at the fundamental mode 35

7 Everyday Electromechanics at the high order modes 45
7.1 Charge Distributions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

xi



7.2 Multimode Measurements . . . . . . . . . . . . . . . . . . . . . . . . . . 47

8 Conclusion 51

Bibliography 53

A Calculating static displacement with Mathematica 61

B Sample parameters 63

List of Figures

2.1 (a) potential energy by plate separation with a static applied voltage. Note that
as a larger static bias is applied, the minimum becomes increasingly unstable. (b)
equilibrium value of x by applied voltage. . . . . . . . . . . . . . . . . . . . . 6

2.2 Two possible configurations for a one-port measurement. (a) Using a power splitter
to add reflected and transmitted components. (b) Using a hybrid coupler to
subtract reflected and transmitted components. . . . . . . . . . . . . . . . . 15

3.1 (a-d) Comsol simulation of the mode shape from a square membrane for modes
(1,1), (2,1), (2,2), and (3,1). (e-f) Hybrid modes simulated by comsol at the
eigenfrequencies from modes (4,2) and (2,4). (g) Sine-like mode (2,4) (h) Sum 1:1
of the sine-like modes (2,4) and (4,2) (i) Static deflection of a 500 µm membrane
under VDC = 1 as calculated with Mathematica. . . . . . . . . . . . . . . . . 20

3.2 (a) Comsol simulation of the bending of the top chip due to the cooling to liquid
nitrogen temperatures. The center of the chip is located at the left edge, while
the stycast is placed on the bottom edge. (b) Electrode geometry considered for
the simulation of scattering parameter S21 along the electrode. (c) Scattering
parameter S21 along the electrode simulated with Sonnet. Such electrode would
be flipped under a 500 µm membrane. . . . . . . . . . . . . . . . . . . . . . 21

4.1 Fabrication process of a flip-chip. Membrane Fabrication: (i) high-resistivity silicon
is covered in Si3N4, (ii) photolithography exposes a window which defines the
membrane size, (iii) Si3N4 is etched with RIE, (iv) photolithography and RIE are
used to remove Si3N4 from the front side, defining the area of the posts and the
membrane, (v) KOH etches the silicon, and (vi) the membrane is metallized with
gold. Electrode Fabrication: (vii) high-resistivity silicon is used as substrate, (viii)
photolitography exposes the regions for the posts, (ix) posts are evaporated, (x) a
second photolithography exposes the region for the electrode, (xi) the electrode is
evaporated, and the wafer is dices and cleaned. (xii) The membrane chip is flipped
on top of the electrode. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

xii



4.2 E-beam evaporation. (a) Dark field optical images of platinum on the electrode at
0.2 nm/s evaporation rate with the formation of Hillock grains (shown in the inset)
and (b) at 0.1 nm/s without Hillock grains. (c) SEM of gold on the membrane at
25 deg evaporation angle. (d) Resistance across the step between region 1 and 2
as a function of evaporation angle. The inset shows the metal along the step for
an evaporation angle of 30 deg. . . . . . . . . . . . . . . . . . . . . . . . . 27

4.3 (a) Top view of a flip-chip taken with an optical microscope. A quarter electrode
is seen as yellow in the middle while the silicon substrate appears in pink. (b)
Separation distance infered from the interference between the membrane and the
electrode. (c) Filmetrics reflectance meaurement in blue and fit for the thickness
of the air layer in red. (d) PCB with two flip-chips ready to be loaded into the
measuring chamber. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

5.1 (a) Circuit diagram in transmission mode. (b) Scattering parameter S21 measured
in transmission mode with a Lorentian fit. (c) Circuit diagram in reflection mode.
(d) Scattering parameter S11 measured in reflection mode and an inset showing
the imaginary and real components of S11. A circular fit to these components
allows us to obtain the circuit parameters. . . . . . . . . . . . . . . . . . . . 30

5.2 (a) Scattering parameter S21 measured in transmission mode for the measuring
device being at high input impedance and at 50 Ω. (b) Demodulated X and Y
time traces taken at high input impedance. (c) Demodulated X and Y quadratures
with gain on and off taken at high input impedance. The solid line indicates 5×
the variance of the data. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

5.3 (a) Scattering parameter S11 as a function of frequency and ellapsed time. (b)
Cryostat temperature as a function of time. (c) Voltage trace as a function of
time for the amplified quadrature. (d) Mechanical Temperature with cryostat at
LN temperature and a reference resistor at LN or RT. The black marker indicates
the trace shown in (c). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

6.1 Everyday electromechanics (EEM) setup. A metallized Si3N4 membrane chip
is flipped on an electrode chip and both are coupled to transmission lines, allowing
the transmission S21 to be measured. The front left quadrant of the membrane
chip is omitted from the schematics and only the contour lines are shown. A DC
bias tunes the coupling between the transmission lines and the flipped chip. . 37

6.2 Tuning from weak to strong electromechanical regime. a, S21 transmission
parameter around resonance for different voltages. The dashed green line indicates
expected threshold transmission when the device is operated in the strong coupling
regime 2g > κin. b, External coupling g and internal coupling κin as a function of
voltage. Green marker was calculated from the highlighted trace in a. The full
lines represent the voltage dependence fits. c, Cooperativity C as a function of
voltage, with the green marker calculated from the highlighted trace in a. The
dashed green line shows C = 1, above which the device is considered to operate
in the strong coupling regime. The full line indicates the expected cooperativity
based on the voltage dependence fit from b, while the dotted line indicates the
expected cooperativity for a constant internal coupling. . . . . . . . . . . . . 38

xiii



6.3 Comparison with a commercial device. a, S21 around the resonance and
antiresonance for the crystal and the EEM at VDC = 1 V. Full line represents a
fit. b, Antiresonance Ωa and resonance Ωm voltage dependence. The full line
represents a fit of the voltage dependence from the mechanical resonance and
expected antiresonance dependence based on this fit. c, Inductor quality factor QL

data (marker) and fit (full line). The inset shows the commercial quartz crystal
(CC1V-T1A) resonance. d, Inductive bandwidth BWL, defined by the frequency
range over which Im(Z) > 0 for a fixed VDC,S . Points are calculated from the
data in c, and the line is a guide to the eye. Horizontal line indicates inductive
bandwidth of the crystal. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

6.4 High-precision position measurements. a, demodulated X and Y quadratures
for EEM with (orange) and without (green) parametric gain. The full line represents
4x the standard deviation of the data. b, the voltage spectral density SVV for the
parametrically amplified trace shown in a. The solid line is a fit to a Lorentzian
with an offset bg (dotted line). The green shading indicates the voltage noise of
the measurement amplifier and the orange shading indicates the excess noise due
to thermomechanical fluctuations. c, Position imprecision inferred from b using
Eq. 6.8. The full gray line represents the expected contribution of thermomechanical
fluctuations at 295 K. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

6.5 Back-action isolation. a, EEM circuit in reflection and back-action isolation
mode. The temperature of the external port is determined by a 50 Ω resistor at
LN (ice cube) or room (fire) temperature. b, Voltage spectral density for an EEM
device thermalized to RT and LN. The full line represents a Lorentzian curve as a
guide to the eye. The thermomechanical fluctuations are proportional to the area
between the trace and the background, as indicated by the shading. c, Area under
the curve of the thermomechanical fluctuations for different apparent gains. The
circle markers correspond to traces shown in b. The full line represents a fit of the
gain dependence. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

7.1 (a) and (b) Simulated charge distributions in a Hall bar. A pixel represents 0.5 µm.
(c) Frequency shifts of the mechanical resonance for the two distributions shown
in (a) and (b) for the first 7×7 resonant modes. (d) and (e) Reconstructed charge
distribution based on the frequency shifts in (c). . . . . . . . . . . . . . . . . 47

7.2 Scattering parameter of the probe tone as a function of pump frequency. Inset
shows last measured mode. . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

7.3 Scattering parameter with probe tone at the fundamental mode S21,0 as a function
of pump tone frequency. The gray shaded area indicates the measurement range
in Fig.7.2. Inset shows last measured mode. . . . . . . . . . . . . . . . . . . 49

xiv



CHAPTER 1
Introduction

Microelectromechanical systems (MEMS) integrate mechanical sensors and actuators at the
microscale to other physical domains [32]. These miniature devices profited from semiconductor
manufacturing techniques and quickly spread everywhere. If you pulled out your phone and the
screen lit up or used parking assistance for your car, you used MEMS inertial devices [42]. If
you used game controllers, RF or satellite communication, lab-on-a-chip or other drug delivery
systems, you probably used MEMS as well [65]. The list of MEMS applications is extensive
and growing fast. Most schemes are based on coupling static devices or mechanical oscillators
to the parameter to be measured and detecting changes in the properties of the MEMS. The
performance of a device is benchmarked by the responsitivity - the ratio of sensor output to
input parameter - and the sensitivity - the minimum detectable change in the input parameter
[87].
Silicon nitride membranes are a particular class of MEMS presenting world-record force
sensitivities [45, 78, 97, 35, 49] and unimaginable quality factors of above 10 billion [9]. This
thesis exploits the sensitivity of Silicon nitride membranes to study condensed matter physics
interactions in everyday conditions: without high magnetic fields, special piezoelectric materials,
or cavities. This ambitious project is only possible by developing a new platform inspired by
two known techniques: mass spectroscopy with cantilevers and electrostatic detection with
membranes. The first technique determines the mass of single proteins based on the frequency
of out-of-plane vibrational modes in a cantilever. The cantilever behaves as a spring-mass
system with resonance frequency inversely proportional to the square root of the oscillating
mass. Once a molecule adsorbs to the surface of the cantilever, the frequency of the vibrational
modes shifts and the total mass of the system is determined with atomic resolution and
spatial distribution [26, 36, 37]. The second technique senses electrostatic force between
two capacitor plates: a conductive membrane flipped on top of an electrode. The applied
DC voltage between the two plates generates an electrostatic force [48, 99], which alters the
effective spring constant of the membrane and, therefore, its frequency. The voltage between
the electrode and the membrane is determined by the shift in the resonant frequency.
This thesis combines these two techniques in one extremely versatile platform: everyday
electromechanics (EEM). The method capacitively couples a metallized silicon nitride membrane
to a sample under scrutiny and is compatible with standard transport and reflectometry
techniques [23, 60, 75, 4]. The applications are multifold, so here we present how to implement
EEM and begin to explore a few of its applications in 8 chapters. Chapter 2 provides the
theoretical background of the model to understand the device, based on the supplementary
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1. Introduction

information of the article Puglia et al. [76]. The simulations required to design the experiment
considering DC and AC voltages, as well as, keeping the environment at room temperature
or cooling it to liquid nitrogen temperatures are introduced in Chapter 3. Chapter 4 details
the fabrication procedures of the flip-chip. The measurement setup and the measurements
acquired in a high impedance environment and at low temperatures are presented in Chapter 5.
The measurements in 50 Ω environment and room temperature were published in Puglia et al.
[76] and shown in chapter 6. Here it is explored how everyday electromechanics can be used
as a low-loss inductor, for parametric amplification or remote cooling of mechanical motion.
Chapter 7 expands these measurements to higher order mechanical modes and introduces
two-tone spectroscopy. A preliminary study indicates that characterizing higher-order modes
provides spatial information about the electrode as well. A brief conclusion and outlook finalize
the thesis in Chapter 8.
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CHAPTER 2
Theoretical Background

This chapter aims to explain the theoretical model derived to explain the data and was
published as supplement information in [76]. The extract follows bellow.

A simple way to understand capacitive coupling with EEM is to see it as a 1D problem of
a mechanically compliant capacitor as shown in Fig. 1 of the main paper. It consists of a
metallized silicon nitride membrane suspended over a stationary electrode with plate separation
d. The 2D membrane maps on to this problem with some effective mass m, mechanical
spring constant k0, and capacitance C, which we cover later in Sec. 2.1. For the 1D problem,
we consider a mechanical spring coupled to an electrical spring Hint = −1

2C(x)V 2
DC where

capacitance depends on the deflection of the spring and VDC is applied DC bias. For the
theoretical model, we consider that the applied VDC is directly felt by the sample without
the presence of a voltage shift (VDC = VDC,S). If we consider x to be the 1D coordinate of
deflection of the mechanical spring from its equilibrium position in the absence of an applied
DC bias, we can write a Hamiltonian for the system:

H = p2

2m
+ 1

2k0x
2 + Hint, (2.1)

where p represents the momentum. From here forward, unless otherwise specified, we assume
that C and its spatial derivatives C ′ and C ′′ are evaluated when x is at its mechanical
equilibrium value x = xeqm. Expanding the capacitance about equilibrium gives

Hint = −1
2C(x)V 2 ≈ −1

2CV 2 − 1
2C ′V 2x − 1

4C ′′V 2x2. (2.2)

The last term gives rise to an electrostatic spring constant, ke = −1
2C ′′V 2, which is responsible

for parametric electromechanical coupling. The second term indicates the presence of an
electrostatic force, 1/2C ′V 2, which couples the mechanical resonator to propagating voltages.
Considering a transmission line of impedance Zi, the mechanical oscillator couples to the
propagating voltages at a rate gi = C ′2V 2

DCZi/m and to a dissipative bath at a rate κin. The
total mechanical linewidth is κin + g1 + g2 + ... . Considering a standard line impedance of 50
Ω (Z0) and VDC below 30 V to facilitate integration to other circuit elements, it is necessary to
carefully choose the geometry parameters to reach the strong coupling limit gi > κin. Below,
we present a theoretical model for capacitive coupling with EEM and some of it’s applications.
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2. Theoretical Background

2.1 Continuum model
We start our endeavor by imagining a rectangular membrane with side lengths Ly, Lz and 2D
density ρ2D, under a pre-stress σ. It is described by a continuum Lagrangian density [53]

L = T − V = 1
2ρ2Du̇2 − 1

2σh|∇u|2 − U , (2.3)

where h is the thickness of the membrane, U = −1
2

ϵ0
d+u

V 2 is the electromechanical interaction
energy, and u(V, y, z, t) is the 2D continuum displacement from the zero-bias equilibrium
position in the vertical direction, with ϵ0 being the vacuum permittivity and V the total
voltage.

2.1.1 Small dynamic displacement
We will allow for large static displacements plus a small dynamic part. Assuming that the
dynamic part does not effect the static solution, justified only for small dynamics, we will
independently solve the static problem and expand about this solution to find the dynamics.
The static problem is solved in Sec. 2.1.2.

To expand around the static solution, we separate variables into static and dynamic parts
V (t) = VDC + VAC, and u(V, y, z, t) = u0(VDC, y, z) + u1(VAC, y, z, t). Expanding U up to
quadratic order in dynamical variables and neglecting terms that couple u0 and VAC gives

U ≈ − ϵ0

2(d + u0)
V 2

DC + ϵ0

2(d + u0)2 u1(V 2
DC + 2VDCVAC) − ϵ0

2(d + u0)3 u2
1V

2
DC. (2.4)

Inserting this expansion into Eq. 2.3, the Lagrangian density breaks into static and dynamic
parts L = L0 + L1(t). The static Lagrangian density L0 is identical to Eq. 2.6, which gives
the static displacement. The dynamic Lagrangian density is

L1 = 1
2ρ2Du̇1

2 − 1
2σh|∇u1|2 + ϵ0

2(d + u0)3 u2
1V

2
DC − ϵ0

(d + u0)2 u1VDCVAC. (2.5)

To arrive at the expression for the static Lagrangian density, we cancel the cross term
σh∇u0 · ∇u1 arising from the expansion of the mechanical potential with the static u1V

2
DC

in Eq. 2.4 by making use of the equations of motion for u0 (Eq. 2.7) and the boundary
conditions of u1. Physically, this is a consequence of the fact that static forces must balance
in equilibrium.

2.1.2 Static solution
Starting from Eq. 2.3, we seek a static solution u0 with u̇0=0. u0 has the Lagrangian density
L0

L0 = −1
2σh|∇u0|2 + 1

2
ϵ0V

2
DC

d + u0
. (2.6)

The Euler-Lagrange equation gives the equilibrium condition for u0,

σh∇2u0 = ϵ0V
2

DC
2(d + u0)2 . (2.7)

4



2.1. Continuum model

Expanding the above expression for u0 ≪ d results in a linear equation of motion, which
is solved in terms of the Fourier series u0(V, y, z) = ∑︁

a,b ℓab(V )fab(y, z) with fab(y, z) =
sin(aπy

Ly
) sin( bπz

Lz
). The Fourier coefficients ℓab are

ℓab(V ) = −8ϵ0V
2

DCΦab/(d2π2ab)
ρ2DΩ2

0,ab − ϵ0V 2
DC

d3

, (2.8)

where Ω0,ab is the zero voltage mechanical frequency for modes a, b, and Φa,b is the mode
matching factor with Φa,b = abπ2

4LyLz

∫︁∫︁
S sin(aπy

Ly
) sin( bπz

Lz
)dydz, where S is the electrode surface

under the membrane. In case of perfect electrode-membrane overlap, Φa,b = 1 for a, b odd
and Φa,b = 0 if a or b is even. The expression above reduces to ℓab = 2C′

ppV 2
DCΦa,b

π2abmΩ2
pp,ab

, with
Ω2

pp,ab = Ω2
0,ab − Ω2

e,pp, C ′
pp = −ϵ0LyLz/d2 and an electromechanical frequency shift in the

parallel capacitor approximation Ω2
e,pp = ϵ0V 2

DCLyLz

4md3 .

2.1.3 Effective 1D model
To create an effective model, one may decompose the displacement into a sum of normal
modes times an amplitude function xn,j(t),

u1,nj(y, z, t) = xn,j(t) sin
(︃

nπy

Ly

)︃
sin

(︃
jπz

Lz

)︃
(2.9)

and insert into the linearized Lagrangian density. Due to the orthogonality of the normal
modes, the Lagrangian L1 =

∫︁
dydzL1 becomes a sum of independent contributions from

each normal mode, L1 = ∑︁
n,j L1,n,j. Each normal mode is equivalent to a simple harmonic

oscillator with position xn,j,

L1,n,j = 1
2mẋ2

n,j − 1
2mΩ2

m,njx
2
n,j + C ′VDCVACxn,j. (2.10)

The effective mass is m = ρ2DLxLy/4. The resonance frequency is given by

Ω2
m,nj = Ω2

0,nj − Ω2
e (2.11)

where Ω2
0,nj = σh

ρ2D

(︃
π2n2

L2
y

+ π2j2

L2
z

)︃
is the bare resonant frequency and Ω2

e = C ′′V 2
DC/2m is the

electromechanical frequency shift. The capacitance C =
∫︁ ϵ0

d+u0
dydz and its derivatives

C ′ = −
∫︂ ϵ0 sin

(︃
nπy
Ly

)︃
sin

(︃
jπz
Lz

)︃
(d + u0)2 dydz, C ′′ = 2

∫︂ ϵ0 sin2
(︃

nπy
Ly

)︃
sin2

(︃
jπz
Lz

)︃
(d + u0)3 dydz (2.12)

can be calculated numerically. Equation 2.10 defines a 1D model equivalent to the electrome-
chanical spring model introduced in Eq. 2.1.

2.1.4 Large dynamic displacements
We derived an effective 1D model under the assumption of small dynamic displacements. This
assumption can be relaxed by instead taking advantage of the fact that we have a high-Q
system and making use of a rotating wave approximation. Instead of expanding the Lagrangian

5



2. Theoretical Background

in orders of VAC, u1 and neglecting coupling between u0 and VAC, we can instead collect
terms in the Lagrangian oscillating at 0ω, ω, 2ω. The upshot is that there is now a static
contribution from ⟨V 2

AC⟩, where ⟨.⟩ denotes a time average. One can include this term by
using the formulae in Sec. 2.1.3 with the substitution

V 2
DC → V 2

DC + ⟨V 2
AC⟩. (2.13)

2.2 Collapse physics
As shown in Eq. 2.11, the DC voltage causes corrections to the mechanical resonant frequency
Ωm according to Ω2

m = Ω2
0 − Ω2

e. The equilibrium position xeq also depends on voltage. The
dependence can found exactly by minimizing the potential part of the energy, solving

xeq = C ′(xeq)V 2

2mΩ2
m

. (2.14)

Since C ′ depends on x, this gives a cumbersome expression. The important result is that for
sufficiently strong voltages there are no longer stable minima. A parallel-plate capacitor with
plate separation d then collapses once xeq/d ≈ 0.67.
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Figure 2.1: (a) potential energy by plate separation with a static applied voltage. Note that
as a larger static bias is applied, the minimum becomes increasingly unstable. (b) equilibrium
value of x by applied voltage.

A leading-order approximation can be found by neglecting the collapse physics. For a parallel
plate one then finds

xeq(V ) ≈ −ϵ0AV 2Φn,j

2md2Ω2
m

, (2.15)

valid well below the collapse voltage.

2.3 Dynamics
We return to the dynamic Lagrange’s equations for a single mode (Eq. 2.10) to write the
equation of motion of x

mẍ = −mΩ2
mx + C ′VDCVAC, (2.16)

where we have have dropped the n, j subscripts for convenience. We want to consider an
applied voltage VAC = |VAC| cos ωt and add a phenomenological damping parameter κin to

6



2.4. Coupling to a circuit

describe mechanical dissipation. With these changes, we obtain the linearized equation of
motion

mẍ = −mΩ2
mx − mκinẋ + Fem, (2.17)

where Fem = C ′VDC|VAC| cos ωt is the electrostatic force. We can also write (2.17) in the
frequency domain as follows:

−ω2x = −Ω2
mx − iωκinx + Fem/m, (2.18)

where we have divided by m for simplicity. This equation is solved in frequency space by

x = χmFem/m, (2.19)

where χm = (Ω2
m − ω2 + iκinω)−1 is the mechanical susceptibility and i is the imaginary unit.

Note that since C ′ considers the mode matching factor, the force will be zero for even modes
coupled to an electrode with full overlap. Note also that if VAC = |VAC|cos(ω2t) and ω2 ≫ ω,
than the force component at ω is zero and therefore x(ω) is zero.

2.4 Coupling to a circuit
To understand coupling to an electrical circuit, one may start with the constitutive relation for a
capacitor q = CV . Differentiating gives I = ĊV +CV̇ . Given a varying current I = I0+I1e

iωt,
we again keep only terms oscillating at ω, arriving at I1 = iωC ′xVDC + iωCVAC. Finally,
inserting the solution for x gives

I1 = (Z−1
m + Z−1

C )VAC, (2.20)

where the mechanical impedance is Z−1
m = iωC ′2V 2

DCχm/m. As pointed out in Ref. [94], one
can now construct an effective circuit model consisting of the mechanical impedance in parallel
with the capacitor impedance Z−1

C = iωC. The membrane impedance is equivalent to that of
a series RLC circuit with parameters

Ceff = C ′2V 2
DC

mΩ2
m

(2.21)

Leff = 1
Ω2

mCeff
(2.22)

Reff = κinLeff . (2.23)

This gives the expected circuit resonant frequency of Ωm and linewidth κin. A key insight
is that for typical silicon nitride membranes and moderate voltages, one can already obtain
R ∼ 50 Ω. Thus, the odd-index modes of the mechanical oscillator can be matched to the
transmission line.

2.4.1 Antiresonance
The balancing of a gate capacitance by the RLC circuit gives rise to an antiresonance.
The antiresonance occurs when the imaginary part of the total reactance Y is zero. Using
Y = Ym + YC and Ym = iωgχm/Z0 gives an approximate expression for the antiresonance
frequency Ωa

Ω2
a = Ω2

m + g

Z0C
, (2.24)
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2. Theoretical Background

valid when the antiresonance is detuned from Ωm by much more than a linewidth. When the
linewidth is dominated by coupling, this condition is equivalent to 1/(ΩmC) ≫ Z0, which is
well satisfied even for the largest achievable capacitances.
For analysis of the antiresonance frequency, it is useful to express Ωa in terms of the bare
mechanical resonance and geometric quantities. Combining with the bias-dependence of
resonance frequency (see Sec. 2.1.2) gives

Ω2
a = Ω2

0 +
(︄

C ′2

C
− C ′′

2

)︄
V 2

DC
m

, (2.25)

where C, C ′, and C ′′ are determined numerically (Eq. 2.12).

2.4.2 Mechanical damping from a transmission line
A physical view of damping can be given by writing down a dressed mechanical susceptibility
due to the electromechanical interaction. To do this, let’s think about a minimal setup where
the oscillator is coupled to a single port through a transmission line with impedance Z0. An
incoming wave generates a force proportional to V +

AC. However, Eq. 2.17 considers an external
driving force proportional to VAC = V +

AC + V −
AC. This reflects the fact that a reflected wave

will be generated by the mechanical oscillator, which also generates a force. As we will see
below, the force from this reflected wave is responsible for damping.
To see how this comes about, we need to write the mechanical susceptibility to the applied
force, which is proportional to V +

AC. Differentiating q = CV and inserting the expression for
current I = (V +

AC − V −
AC)/Z0 = (2V +

AC − VAC)/Z0 we find the expression

V = 2V +
AC − iωC ′Z0xVDC, (2.26)

where we have neglected the effect of the gate capacitance for simplicity.
Inserting this result into the frequency-domain version of Eq. 2.17 we find

−ω2x = −Ω2
mx − iω

⎛⎝κin + Z0(C ′VDC)2

m

⎞⎠x + 2C ′VDCV +
AC/m. (2.27)

We can immediately see that the susceptibility to an incident wave χm = (Ω2
m −ω2 + iκeffω)−1

is dressed with an effective damping rate

κeff = κin + g, (2.28)

where g = Z0(C′VDC)2

m
is the electromechanical coupling. We can then write the mechanical

displacement on the incoming signal,

x = 2
√︃

g

m
χm

V +
AC√
Z0

. (2.29)

2.4.3 Scattering parameters from Z
Now that we have a model for the impedance seen by the transmission line, Z−1 = Z−1

m +Z−1
C ,

scattering parameters can be written down for the three possible configurations of the
transmission line: with a single port, with two identical ports, and with two different ports.
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2.4. Coupling to a circuit

To treat different line impedances symmetrically, its useful to work with power waves, defined
for instance by

v+
1 = V +

1 /
√︂

Z0, (2.30)
where V +

i is the incident wave on port i. Note that |v+
1 (t)|2 then has units of power and

|v+
1 (f)|2 has units of energy spectral density. This also makes them nice to work with from

the perspective of thermodynamics.

1 port

In a one-port reflection configuration one has S11 = (Z − Z0)/(Z + Z0) where Z0 is the
characteristic impedance of the transmission line. A simple limit for understanding the results
is to work near resonance and neglect the gate impedance, taking Z ≈ Zm. One then finds

S11 ≈ 1 − 2Z0

Z0 + Zm

(2.31)

= 1 − 2igωχm. (2.32)

The same expression can also be found by neglecting gate capacitance in Eq. 2.20, which
gives v− = v+ − iω

√
gmx, and then combining with Eq. 2.29.

What is the temperature of the mechanical oscillator? In the limit that the dominant coupling
is to the transmission line (g large) the position spectral density Sxx is related to the electrical
power spectral density of v+

1 , S+,+ by

Sxx = 4 g

m
|χm|2S+,+. (2.33)

Using ∫︁∞
0 |χm|2 = 1/(κΩ2

m), and equipartition kBTm = mΩ2
m⟨x2⟩ we find, kBTm = S+,+,

where kB is the Boltzmann constant. If port 1 is in equilibrium then Johnson-Nyquist noise
gives S+,+ = kBT+, so

Tm = T+, (2.34)
confirming that the mechanics equilibrates with the transmission line when it is strongly
coupled.

2 port

In a 2-port transmission configuration S21 = 2Z0/(2Z0 + Z). For general transmission-line
impedances on ports one (Z1) and two (Z2), the transmission is 2Z2/(Z1 + Z2 + Z) ·

√︂
Z1/Z2,

where the last factor is present because we work with power waves. One can see that
when Reff ≪ Z2 one approaches unity transmission on resonance. Thus, the mechanical
oscillator acts as a low-insertion loss bandpass filter. The reflection coefficient from port 1 is
S11 = 1 − 2Z1/(Z1 + Z2 + Z).
One can then proceed in analogy with Sec. 2.4.3 to find scattering parameters. For instance,
one finds

S21 = 2iω
√

g1g2χm (2.35)
S11 = 1 − 2iωg1χm. (2.36)

where now
κeff = κin + g1 + g2, (2.37)
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2. Theoretical Background

and the coupling constants are gi = C ′2V 2
DCZi/m for a port with input impedance Zi.

To understand the effect on the mechanics we write

I = 1 − S11

Z1
V +

1 + S12

Z1
V +

2 , (2.38)

where V2 is the incident voltage wave on port 2. In analogy with Sec. 2.4.3 find

x = χm

(︃√︃
g1

m
v+

1 +
√︃

g2

m
v+

2

)︃
(2.39)

We can now determine which port the mechanical oscillator thermalizes to in the strong-
coupling limit that g1 + g2 ≫ κin. In the limit of equal line impedances g1 = g2 and thermal
fluctuations enter in equally from the two ports. In the more general case

Sxx = |χm|2

m
(g1S1+,1+ + g2S2+,2+) . (2.40)

We see that the mechanical oscillator will thermalize to a weighted sum of the temperatures
from the two ports.

2.4.4 Dissipation and resonant transmission
Dissipation associated with κin can be easily incorporated by adding a third virtual port with
impedance Z3 given by

Z3 = mκin

C ′2V 2
DC

. (2.41)

To understand the consequences, consider a model with one physical port and with mechanical
dissipation coupled through a virtual port v. Imagine for simplicity that the physical port is at
zero temperature. The voltage fluctuations measured at port 1 are then only those originating
from the virtual port, satisfying v−

1 = S13v
+
3 , where we can read off the transmission coefficient

from the two-port model. The fluctuations at port 1 then satisfy
S1−,1− = 4g1κinω2|χm|2kBT. (2.42)

The thermo-mechanical noise transmitted on resonance is then

S1−,1− = 4g1κin

(g1 + κin)2 kBT. (2.43)

We see that thermo-mechanical noise is resonantly transmitted when the impedance matching
condition g1 = κin is satisfied.

2.4.5 Input-output theory
In analogy with cavity optomechanics, these findings can be neatly summarized by an input-
output theory. This will give the same results as the impedance formalism, but is more
convenient. The fundamental input-output relation derived from q = CV and neglecting gate
capacitances is

v−
i = v+

i − iω
√

gimx. (2.44)
This must be combined with the equations of motion for x,

x = 2
√︃

gi

m
χmv+

i , (2.45)

where as before χm is the damped linewidth, and the sum over i is implied by the repeated
index. Scattering parameters Sij = ⟨vi/vj⟩ and power spectra can be immediately derived
from the above equations.
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2.5. Parametric gain

2.5 Parametric gain
Mechanical parametric amplification was first studied in Ref. [82]. Later work studied gain in
the presence of a cavity and generalized to non-zero detunings in Ref. [12].

Imagine the case where a voltage is applied at twice the mechanical frequency. Due to the
electromechanical spring effect, this introduces a parametric shift in the mechanical frequency
Ω2

0h0 sin(2Ωmt) where h0 = 2V2Ωm/VDC. According to Ref. [82] we should expect mechanical
gain in a single quadrature. The equation of motion of the membrane becomes:

ẍ + κinẋ + Ω2
mx(1 + h0 sin(2Ωmt)) = F/m. (2.46)

To solve, we introduce quadrature components xI and xQ,

x = xI(t) cos(Ωmt) + xQ(t) sin(Ωmt), (2.47)

which can be encoded by quadrature vectors x⃗ = (xI , xQ), with a similar decomposition for F .
Keeping only terms varying at Ωm, the equations of motion become

¨⃗x + κin ̇⃗x + 2Ωmiσy
̇⃗x + κinΩmiσyx⃗ + Ω2

mh0

2 σxx⃗ = 1
m

F⃗ , (2.48)

where σx and σy are Pauli matrices in quadrature space. Changing into frequency domain,
we can collect terms

(−ω2 + iκinω)x⃗ + Ωm(κin + 2iω)iσyx⃗ + Ω2
mh0

2 σxx⃗ = 1
m

F⃗ , (2.49)

or explicitly as a 2x2 matrix equation(︄
−ω2 + iκinω Ω2

mh0
2 + Ωmκin + 2iΩmω

Ω2
mh0
2 − Ωmκin − 2iΩmω −ω2 + iκinω

)︄(︄
xI

xQ

)︄
= 1

m

(︄
FI

FQ

)︄
. (2.50)

This matrix is easily invertible to solve for xI and xQ. This gives quadrature susceptibilities(︄
xI

xQ

)︄
=
(︄

χ0 χ12
χ21 χ0

)︄(︄
FI/m
FQ/m

)︄
(2.51)

with
χ0 = iω(κin + iω)

(κin + 2iω)2Ω2
m − (κin + iω)2ω2 − h2

0Ω4
m/4 (2.52)

χ12 = −Ωmκin − 2iωΩm − Ω2
mh0/2

(κin + 2iω)2Ω2
m − (κin + iω)2ω2 − h2

0Ω4
m/4 (2.53)

χ21 = Ωmκin + 2iωΩm − Ω2
mh0/2

(κin + 2iω)2Ω2
m − (κin + iω)2ω2 − h2

0Ω4
m/4 (2.54)

On resonance (ω = 0) χ0 = 0, and it is small for all frequencies in the high-Q limit. The
gains are Gij = χij(h0 ̸= 0)/χij(h0 = 0), with zero-frequency (ω = 0) values

G0
12 = GA = κin

κin − Ωmh0/2 , G0
21 = GS = κin

κin + Ωmh0/2 . (2.55)
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The solution for xQ/I(ω) can be approximated by a Lorentzian with a height GA/S and a
bandwidth κin/GA/S,

(︄
xI

xQ

)︄
≈ 1

κinΩm

⎛⎝ 0 iκin/2
ω−iκin/(2GA)

−iκin/2
ω−iκin/(2GS) 0

⎞⎠(︄FI/m
FQ/m

)︄
= 1

m
χmF⃗ , (2.56)

where the last equality defines the matrix susceptibility χm.
We can redefine the equation of motion in terms of a gain function (G) and an undriven
susceptibility χ0

m:
x⃗ = 1

m
Gχ0

mF⃗ (2.57)

with

G =

⎛⎜⎝ ω− iκin
2

ω−iκin/(2GA) 0

0 ω− iκin
2

ω−iκin/(2GS)

⎞⎟⎠ (2.58)

χ0
m = 1

κinΩm

⎛⎝ 0 iκin/2
ω−iκin/2

−iκin/2
ω−iκin/2 0

⎞⎠ (2.59)

2.5.1 Quadrature input-output theory
Since the parametric gain problem was solved in terms of quadratures, we need a quadrature
input-output theory in analogy to Sec. 2.4.5. From the derivative rule ẋ → Ωmσyx⃗ + ̇⃗x, we
find the relation analogous to Eq. 2.44,

v⃗−
j = v⃗+

j − i
√

gjm(Ωmσy + ω)x⃗. (2.60)

We now need to write the quadrature equations of motion in terms of an input wave v⃗+, in
analogy with Eq. 2.45. Writing F⃗ in terms of the total voltage and eliminating the out-going
wave v⃗− using Eq. 2.60 gives

F⃗

m
= 2

√︃
gj

m
v⃗+

j − igj(Ωmσy + ω)x⃗, (2.61)

where for multiple ports one must simply sum the right side over j. The first term on the
right-hand side is the force due to the incoming wave. The second term can by identified,
after substitution into Eq. 2.49, as introducing an effective damping at rate gj . The linearized
of motion can now be written down

x⃗ = 2
√︃

gj

m
χmv⃗+, (2.62)

where the dressed susceptibility χm is the same as χm but with an effective linewidth
κeff = κin + gj . Additional ports can be added by introducing more summands into the above
equation.
These input-output relations make it straightforward to calculate scattering parameters and
power spectral densities in the presence of gain. To get tidy expressions, we can neglect the ω
in Eq. 2.60, valid when the position quadratures are slowly varying (ω ≪ Ωm), which gives
the scattering formula

v⃗−
j = (1 + χlin

jj )v⃗+
j + χlin

jk v⃗+
k + ... , (2.63)
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where the linearized susceptibility is

χlin
jk = −2i

√
gjgkΩmσyχm =

⎛⎝ i
√

gjgk

ω−iκeff/(2GS) 0
0 i

√
gjgk

ω−iκeff/(2GA)

⎞⎠ (2.64)

and the ... denote analogous terms for more ports. We finally see that that the output modes
consists of a prompt-reflected input mode, plus each mode squeezed in phase and amplified
out of phase. This expression is reminiscent of Eq. 2.36. In fact, when there is no gain (h0 = 0,
GA = GS = 1), we have χm = −1

κinΩm

κin/2
ω−iκin/2σy, and we arrive at a linearized version of

Eq. 2.36.
Power spectra are also straightforward at the level of Eq. 2.63 because all matrices are diagonal;
there are no cross-correlations between quadratures.

2.5.2 Position inference
From the previous section, in particular Eq. 2.63, it’s trivial to write the outgoing power
spectral density S−− in terms of the incoming ones S++. It’s less trivial to relate S−− to the
position spectral density Sxx. This is trickier because v⃗+

j and x⃗ are correlated. We need to
work with a power spectral matrix BWv⃗−

j ⊗ v⃗∗−
j , where BW is the measurement bandwidth

and ⊗ is the outer product. Assuming the input field is in a thermal state, v⃗+
i ⊗ v⃗∗+

j = kBTδij ,
we find the power spectral matrix

S−− = (1 + 2Re[χlin
11 ])kBT + gmΩ2

mSxx, (2.65)

where Re[x] denotes the real part of x and we have labeled the measurement port as
j = 1. As a check, one can verify that without gain and with only one input field, the
above expression is equal to kBT , which is expected because our quadrature definition gives
⟨x2⟩ = ⟨x2

I⟩/2 + ⟨x2
Q⟩/2.

Undriven Position Fluctuations

We can now combine equations (2.57) and (2.62) to write the position fluctuations in terms
of an undriven susceptibility and the incoming scattering waves at port i:

Sxx,i = 4 gi

m
|G|2|χ0

m|2Si+i+. (2.66)

The total undriven position fluctuations (Sxx = |G|2S0
xx) is the sum of the fluctuation

contributions from each port i:

S0
xx = 4

m
|χ0

m|2
∑︂

i

giSi+i+ = 1
mΩ2

m

κ

ω2 + (κ/2)2

∑︂
i

gi

κ
Si+i+. (2.67)

We can define the undriven bath temperature (Tm) as the average of the incoming radiation,
weighted by the coupling:

kBTm =
∑︂

i

gi

κ
Si+i+. (2.68)

On resonance the expression for the bath temperature reduces to mΩ2
mSxx = 4kBTm. In the

high gain limit, the outgoing power spectral density can be approximated from the position
fluctuations:

S−− = gmΩ2
m|G|2S0

xx. (2.69)
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Area analysis

In the experiment, we can estimate the mechanical temperature by analyzing the area of
Lorentzians in power spectral density traces. A handy relation is∫︂ 1

(2πf)2 + ( κ
2G

)2 df = G

κ
. (2.70)

The area associated with the Lorentzian parts of Eq. 2.65 evaluates to

A = g
(︂
mΩ2

m⟨x2
I⟩ − kBT

)︂
. (2.71)

In thermal equilibrium we get A = 0, as required for equilibrium white noise.

Imagine a situation where the input mode has a known temperature T , but the mechanics is
coupled to additional ports that, in the absence of gain, would set it to some temperature
Tm. Tm can be understood as the temperature of the mechanical bath. Using Eq. 2.62 and
carrying out the frequency integral for the amplified quadrature gives the area

A = gkB(GATm − T ). (2.72)

In our experiment we measure the output mode vo from a coupler, which can be accounted
for with the additional input-output relation

v⃗o = √
ηv⃗− + v⃗add, (2.73)

where vadd accounts both for added thermal noise due to loss the added noise of the chain.
Here η includes both the directional coupler and system losses between the sample and the
measurement device. The output area Ao is a factor of η smaller than the input area A, so
we have

Ao

kBg
= ηGATm − ηT. (2.74)

For simplicity, we can redefine the area as Aeq = Ao/g and gain as Geq = ηGA. In addition,
we need to relate the apparent gain measured in the experiment to GA. The apparent gain is
measured using the increase in the height of a pilot tone, as shown in the following section.

2.5.3 Signal recovery and apparent gain
Imagine there is one physical port with coupling g1 and a dissipation port with coupling κin.
For the amplified quadrature, the output noise on resonance is

Smm = η

(︄
1 − GA

2g1

κin + g1

)︄2

S++ + η

(︄
GA

2√
κing1

κin + g1

)︄2

S00 + Sadd (2.75)

When measuring, we referred to an apparent gain G0
app = √

η|1 − 2GA
g1

κin+g1
|. Inverting this

expression gives GA in terms of the apparent gain,

GA = κin + g1

2g1

(︄
Gapp√

η
+ 1

)︄
, (2.76)

which should be used in the area analysis discussed in Sec. 2.5.2.

14



2.6. Converting 2-port measurement into 1-port measurement

The input-referred noise of the amplified quadrature is

S++ + κing1

ω2 + (g1 − κ/(2GA))2 S00 + 1
G2

app
Sadd, (2.77)

where we have introduced the frequency-dependent apparent gain G2
app(ω) = |1+χlin

m |2, which
satisfies Gapp(0) = G0

app. The second term in Eq. 2.77 represents the unavoidable addition
of noise due to mechanical loss, and the third term is the noise added by the subsequent
components, which is suppressed by gain.

For a 2-port device, i.e., a device with two physical ports and a virtual one, an analogous
derivation can be done. Consider we add an incoming wave v⃗∗+

1 to port 1 while measuring
the outgoing wave from port 2 and that the only incoming radiation at port 2 comes from its
thermal fluctuations. For the amplified quadrature, the output noise on resonance is

Smm = η
(︃

1 − GA
2g

κeff

)︃2
S2+2+ + η

(︃
GA

2g

κeff

)︃2
S1+1+ + η

(︄
GA

2√
κing

κeff

)︄2

S00 + Sadd. (2.78)

where κeff = κin + 2g. We can once again relate the apparent gain to GA

GA = κeff

2g

Gapp√
η

. (2.79)

2.6 Converting 2-port measurement into 1-port
measurement

A two-port measurement is limited by the room-temperature noise contribution of multiple
ports. We would like to convert to a one-port measurement in order to minimize the noise
added by ports. Naively, one could take this measurement as shown in Fig. 2.2(a), using a
power splitter to add the reflected and transmitted portions of the signal together. However,
returning to (2.35) and (2.36) shows that when g1 = g2, S21 + S11 = 1. No information is
gained from this measurement.

Figure 2.2: Two possible configurations for a one-port measurement. (a) Using a power splitter
to add reflected and transmitted components. (b) Using a hybrid coupler to subtract reflected
and transmitted components.

Another possible approach, as shown in Fig. 2.2(b), is to use a hybrid coupler, which adds a
180◦ phase shift to one port, in place of a power splitter. The scattering matrix of a hybrid
coupler is:
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2. Theoretical Background

[S] = −i√
2

⎡⎢⎢⎢⎣
0 1 1 0
1 0 0 −1
1 0 0 1
0 −1 1 0

⎤⎥⎥⎥⎦ . (2.80)

A signal a incident on port 4 of the hybrid coupler (the ∆ port) will generate a signal of
−ia/

√
2 out of port 3 and a signal of ia/

√
2 out of port 2, both of which will interact with

the sample. We can assume reciprocity, S21 = S12, and symmetry, S11 = S22, which gives a
signal of

ia√
2

(S21 − S11) (2.81)

incident on port 3. Likewise, port 2 receives a signal of

ia√
2

(S11 − S21). (2.82)

The hybrid coupler again modifies the signal from ports 3 and 2 by −i/
√

2 and i/
√

2,
respectively, and combines them, returning a signal of

a(S21 − S11). (2.83)

Returning again to (2.35) and (2.36), we evaluate the ratio of the returned signal to the
original signal for g1 = g2:

Sout = (1 − 4iωgχ̄m), (2.84)

giving us a device which is effectively converted to a one-port configuration.

2.6.1 Conservation of energy in converted measurement
Equation (2.84) can be evaluated on resonance to:

Sout = 1 − 4iωg

i(κin + 2g)ω (2.85)

for κ = κin + 2g according to (2.37). In the case of zero loss (κin = 0) this works out to

Sout = 1 − 4g

2g
= −1 (2.86)

which corresponds to a sign change in voltage but no power loss. This is the same as (2.36)
for g → 2g.
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2.7. Noise Temperature

2.7 Noise Temperature
We have developed a protocol to determine the added noise temperature of the EEM amplifier
based on a two-point temperature calibration. The noise temperature for individual voltage
trace (V−) is calculated as described in 2.5.2 with Gapp

Gapp = V−

Pt/ATT
, (2.87)

where the attenuation (ATT ) is the ratio of measured voltage fluctuations due to a probe
tone and its amplitude (Pt). The input referred noise of the membrane amplifier Tref(Gm) is
calculated by Tm/Geq and measured for a reference resistor at RT (295 K) and LN (70 K)
temperature. The intercept value of Tref(GA) gives the added noise temperature (Tadd) of the
membrane amplifier.
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CHAPTER 3
Design Simulation

This chapter aims to explain the studies performed to simulate the static and dynamical
deflection of the membrane, the design the layout of the chip, and the optmization of
radiowave transmission through the bottom electrode.

3.1 Dynamic deflection of the Membrane
Mode shape simulations were done using the eingenfrequency solver of Comsol Multiphysics
version 5.6. Comsol divides the structure into a fine mesh and uses finite element analysis to
solve partial differential equations at each node of the mesh. The membrane was simulated by
creating a layered material and assigning one layer as high stress Si3N4 and another as gold
without pre-stress. The gold layer adds mass and relaxes the pre-stress of the Si3N4 (σSN) to
an effective metallized stress σ [53]

σ = tSN

tSN + tgold
σSN, (3.1)

with tSN/tgold being the thickness of the Si3N4 membrane/gold layer. Both the added mass and
stress relaxation decrease the mechanical resonance frequency. The mode shape itself does not
change with the metallization and, as Eq.2.9 suggests, the mode shape for square membranes
are sine-like. In order to break the degeneracy of (a,b) and (b,a) modes, the membrane was
made rectangular, with one side being 2 µm bigger than the other. Unfortunately it was not
possible to apply DC voltage to the layered material to check the distortion of the mode shapes
caused by capacitive forces. Therefore, the mode shapes presented here are the solution of
the dynamic deflection suffered my the membrane under an AC voltage. The static deflection
of the membrane was solved with Mathematica and presented in Sec. 3.2.
Figure 3.1(a-d) presents the dynamic mode shape for 4 modes: (1,1), (2,1), (2,2), and (3,1) at
0 DC voltage. The mode shape of the mode (1,2) looks like its pair (2,1), but rotate by 90o. It
is also known that degenerate modes hybridize, creating a non-sine like mode [96, 71, 22, 84].
This was the case for modes (4,2) and (2,4) simulated with Comsol, which became the hybrid
mode shapes shown in Fig. 3.1(e-f). The hybrid modes can be obtained by summing the sine
like version of mode (2,4) (Fig. 3.1(g)) and its 90o rotated pair. In particular, the sum 1:1 of
the sine like modes return the mode shape in Fig. 3.1(h) and reproduces the hybrid mode
simualted by Comsol. In order to verify if the modes hybridize, the simulation would have to
be cross-checked by a measurement technique, as for example, optical interferometry.
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3. Design Simulation

Figure 3.1: (a-d) Comsol simulation of the mode shape from a square membrane for modes
(1,1), (2,1), (2,2), and (3,1). (e-f) Hybrid modes simulated by comsol at the eigenfrequencies
from modes (4,2) and (2,4). (g) Sine-like mode (2,4) (h) Sum 1:1 of the sine-like modes
(2,4) and (4,2) (i) Static deflection of a 500 µm membrane under VDC = 1 as calculated with
Mathematica.

3.2 Static deflection of the membrane
The deflection of the membrane under DC voltage is described by the partial differential
equation 2.7. This equation was solved numerically using the function NDSolveValue in
Mathematica and considering Dirichlet Boundary Conditions, i.e., the deflection along the
edges is zero. For the full code, please refer to Appendix I. Figure 3.1(i) shows the solution for
a 521 µm membrane and VDC = 1. Contrary to the dynamic deflection, the static deflection is
not well described by a single sine-like mode shape, but rather a sum of them (see Sec.2.1.2).
This results in a deflection shape that is flatter at the bottom, than the fundamental mode
shown in Fig. 3.1(a). The amplitude of the static deflection is orders of magnitude higher
than the dynamic deflection, which only reaches a maximum deflection of around 30 nm.

3.3 Flip-Chip design
The flip-chip design was simulated with Comsol Multiphysics version 5.2a. The height of the
posts on the bottom chip determines the separation distance when the bottom posts touch the
top ones. This assertion assumes that there is no undesired particles between the two chips
and that both top and bottom chips are flat. The front etch eases the cleanliness requirement,
but the flatness requirement is not met if the epoxy (stycast 2850FT catalyst 23LV) used
to fix the top and bottom chips expands or contracts in comparison to the silicon. Stycast
was applied at room temperature and once the flip-chip is cooled, stycats will shrink about
15 times more than the silicon, due to its higher thermal expansion coefficient. The chip will
therefore bend, changing the separation distance betweem the membrane and the electrode.
The bowing in the center of the chip can be minimized by carefully placing the outer posts.

Figure 3.2 (a) simulates the displacement perpendicular to the membrane plane for top and
bottom chip glued by stycast at RT and then cooled to liquid nitrogen temperatures. Given
the 90°-symmetry of the problem, it is possible to set two perpendicular planes with symmetry
boundary conditions, reducing the geometry to one quarter of the chip. Even though the
membrane chip bends around the edges at low temperature, the center displacement remains
approximately 150 nm by placing the posts 300 nm from the chip edge.

To further minimize the risk of center displacement, later designs include inner posts that rest

20



3.4. Sonet Simulations

Figure 3.2: (a) Comsol simulation of the bending of the top chip due to the cooling to liquid
nitrogen temperatures. The center of the chip is located at the left edge, while the stycast is
placed on the bottom edge. (b) Electrode geometry considered for the simulation of scattering
parameter S21 along the electrode. (c) Scattering parameter S21 along the electrode simulated
with Sonnet. Such electrode would be flipped under a 500 µm membrane.

on the frame around the membrane (see Fig.4xi). These inner posts do not make a difference
if the membrane chip bows up, but help preventing the membrane chip from bowing down. It
is useful to point out that hurdling the deformation with the inner posts creates stress on the
top chip, which might cause unwanted effects on the membrane. Furthermore, the inner posts
help to prevent the collapse of the membrane due to downwards bowing, but play no role on
the collapse due to applied voltage.

3.4 Sonet Simulations
Electromagnetic simulations with the software Sonet version 17.52.1 were carried out to
estimate the transmission of electromagnetic waves within the electrode. Figure 3.2 (b)
shows the geometry considered for a 50 nm thick platinum electrode under a 500 µm
square membrane. We considered a conductivity of 9.43 MS/m and de-embedding for the
electromagnetic simulation. Figure 3.2 (c) shows the transmission of electromagnetic waves
between two ports located at the extremes of the electrodes. The frequency range focus
around the mechanical frequency of a 500 µm square membrane at 0 DC voltage (380 kHz)
and at around 10 % of the collapse voltage (330 kHz). There is a negligible 0.89 dB loss
betweem the extremes of the elctrodes, i.e., the bottom, where the electrode is bonded to a
PCB, and the top, where the membrane is flipped.
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CHAPTER 4
Fabrication Techniques

An EEM die was produced by first fabricating the bottom and top chip and then flipping
the membrane die on top of the electrode. This chapter focus on explaining the fabrication
techniques used in this process.

4.1 Flip-Chip Fabrication
Figure 4.1 i-vi shows the fabrication procedure of the membranes. The procedure is as follows:

i. 50 nm of high-stress Si3N4 is deposited through Low Pressure Chemical Vapor Deposition
(LPCVD) on a high-resistivity silicon wafer. The wafer is bought ready from the company
Hahn-Schickard.

ii. Both sides of the wafer are covered with resist. A window is opened on the resist
covering the back side of the wafer using photolithography. This window defines the
size of the Si3N4 membrane.

iii. The exposed Si3N4 is removed with reactive-ion etching (RIE) and the remaining Si3N4
acts as a mask to protect silicon from being etched. The leftover resist is stripped.

iv. Steps 2 and 3 are repeated on the front side of the wafer, removing Si3N4 from everywhere
except around the posts and the membrane. The front etch reduces the requirement of
cleaningness of the chip, as small particles (< 30µm) will no longer push the bottom
and top chips apart.

v. The back side of the wafer is exposed to KOH, etching the silicon from the exposed
window and releasing the membrane. The front part of the wafer is then exposed,
creating the posts.

vi. The membrane is cleaned to remove etch residues and then metallized by evaporating
gold at 25° angle on the back side of the wafer using ebeam evaporation. At the end,
the wafer is diced.

The bottom electrodes are fabricated as shown in figure 4.1 vii-xi:

vii. a high/resistivity silicon wafer is used a substrate.
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4. Fabrication Techniques

i. Back View ii. Back View iii. Back View

v. Back View vi. Back Viewvi. Front View

ix.vii. viii.

x. xi. xii.

Silicon Silicon Nitride Resist Platinum Gold
Figure 4.1: Fabrication process of a flip-chip. Membrane Fabrication: (i) high-resistivity silicon
is covered in Si3N4, (ii) photolithography exposes a window which defines the membrane size,
(iii) Si3N4 is etched with RIE, (iv) photolithography and RIE are used to remove Si3N4 from
the front side, defining the area of the posts and the membrane, (v) KOH etches the silicon,
and (vi) the membrane is metallized with gold. Electrode Fabrication: (vii) high-resistivity
silicon is used as substrate, (viii) photolitography exposes the regions for the posts, (ix) posts
are evaporated, (x) a second photolithography exposes the region for the electrode, (xi) the
electrode is evaporated, and the wafer is dices and cleaned. (xii) The membrane chip is flipped
on top of the electrode.
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4.2. Fabrication Techniques

viii. Photolitography exposes the substrate, where the posts will be evaporated.

ix. 350 nm of platinum are evaporated at 0.1 nm/s rate using e-beam evaporation and the
resist is stripped.

x. A second photolithography defines the electrode shape.

xi. 50 nm of platinum is evaporated at 0.1 nm/s rate. The difference between the top of
this layer and the top of the posts defines the separation distance between the top and
the bottom chip (in this case 300 nm). The resist is stripped and a new layer of resist is
spun on the front side of the wafer. Both sides of the wafer are covered in tape and the
wafer is diced. The dice are individually cleaned in acetone, IPA and plasma etched.

Once both chips are fabricated we flip the membrane on top of the electrode using a die
bonder. The chips are aligned and glued with stycast, see the representation in figure 4.1 xii.
The chips are then ready to be bonded and measured.

4.2 Fabrication Techniques
This section focus on explaining the fabrication techniques used in this thesis.

4.2.1 Photolithography
This technique imprints a pattern onto a substrate by exposing a resist and then developping
it. For the top chip, we first spin AZ6612 at 4000 rpm for 60 seconds and then baked at
125 oC for 50 seconds. The resist was exposed using a photomask aligner Suss Microtec MA6
in hard contact mode for 35 s. Development was done using MBQA. After evaporation the
resist was stripped using acetone with sonication, and later rinsed in acetone and IPA.
For the bottom chip, we first spin LOR 5B for 60 seconds at 8000 rpm for the electrodes
(1000 rpm for the posts). The chip was baked for 5 minutes at 170 oC and S1818 was spun
for 30 seconds at 4000 rpm and baked for 1 minute at 115 oC. The resist was exposed with a
dose of 150 mJ/cm2 using the Photomask aligner EVG 610 and later developped in MF-319
for 40 seconds and then DI water for 1-2 minutes. Liftoff was done with acetone overnight or
at 50 oC for 30 minutes. Finally the wafer was rinsed and sonicated in acetone and IPA.

4.2.2 Reactive Ion Etch
This technique combines the directionality of dry etching techniques with the high etching
rates of wet etches by accelerating reactive ions towards the substrate. A reactive ion etch
STS 320PC employed a mixture of CF4 with flow rate 30 sccm and O2 with flow rate 3 sccm
to etch the equivalent of 52.5 nm of Si3N4. The process was carried using 150 W of RF power
for 90 seconds.

4.2.3 Silicon Etch
KOH at 80 degrees was used as a silicon etchant, etching primarly the <100> silicon plane
at a 54.7° angle with the <111> plane. Despite the high anisotropy of the etch rates with
respect to silicon planes, it is not recommended to expose the wafer to KOH longer than
necessary. The backside etch runs trough the whole 350 µm thick silicon, while the frontside
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4. Fabrication Techniques

only removes 30 µm of silicon. Therefore a special holder was used to expose only the back
side of the wafer for around 7 hours. At this stage, there are still 30 µm left of silicon on
the backside. The wafer is, however, very fragile and it is not possible to turn it and fixate
it to the holder for the front etch. Therefore, both sides of the wafer are exposed to the
etchant, removing approximately 30 µm of silicon from both sides. Etching on both sides is a
very energetic process and creates residues that were not observed in one-sided etch. These
residues were later rinsed as described in section 4.2.4. After the etch, the wafer is rinsed
thoroughly in water and dried by a perpendicular flow of N2.

4.2.4 Membrane cleaning
Iron oxide residues were removed by dipping the wafer in HCl 37% for 6 minutes. The wafer
was then rinsed in DI water two times. This procedure also removes the gold coating from the
membranes, so it is important to perform it before the metalization.

4.2.5 E-beam Evaporation
This technique evaporates a target material by bombarding it with an electron beam. The
bombardment vaporizes the target material which precipitates on the substrate. If parts of the
sample are covered with resist, the resist is later lifted off while the metal directly in contact
with the substrate stays.

E-beam evaporation was used to evaporate 50 nm (350 nm) of platinum for the electrodes
(posts) using 3 nm of titanium as a sticking layer. The evaporation rate of metals for this
thickness range muss be chosen carefully. High evaporation rates create in-plane stress in the
evaporated layers, which is released in the form of Hillock grains, shown in Fig.4.2 (a). If
present on the electrodes, these grains puncture through the membrane, if present on the posts,
they increase the separation distance. Figure 4.2 (b) shows a smooth metal layer without
Hillock grains obtained by evaporating platinum at a 0.1 nm/s rate.

The backside of the membrane was metallized with 25 nm of gold using 3 nm of titanium
as a sticking layer. The metal layer has to be continuos across 3 regions: 1. the backside of
the die, 2. the 54.7° step between region 1 an the etched silicon, 3. the membrane. At 0°
evaporation angle (substrate parallel to evaporating material), the gold layer is not continuous
between regions 1 and 2. By placing the electrode at an evaporation angle of 25°, a continuos
metal layer is observed with 4 Ω resistance between region 1 and 3 as shown in figure 4.2 (c).
Figure 4.2 (d) shows how the resistance across the step between regions 1 and 2 change as a
function of evaporation angle. At angles higher than 25°, the metal creates a brim between
regions 1 and 2 (see the inset from figure 4.2 (d)) and the resistance across these regions
increases again.

Ebeam evaporation was also used the metallize the back side of the membrane wafer. The
whole wafer is coated by a 3 nm titanium sticking layer, followed by 25 nm gold. Given the
small thickness of this gold layer, no Hillock grains were observed. The wafer is then cleaved
along small trenches that surround each die, so they are ready to be flipped.

4.2.6 Die Bonder
A die bonder model FNS 53XXBDA is used to flip the membrane chip on top of the electrode
chip. The membrane is placed facing down on a teflon holder on top of a Thor Labs platform.
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Figure 4.2: E-beam evaporation. (a) Dark field optical images of platinum on the electrode at
0.2 nm/s evaporation rate with the formation of Hillock grains (shown in the inset) and (b) at
0.1 nm/s without Hillock grains. (c) SEM of gold on the membrane at 25 deg evaporation
angle. (d) Resistance across the step between region 1 and 2 as a function of evaporation
angle. The inset shows the metal along the step for an evaporation angle of 30 deg.

Here it is important that only the edges of the chip touch the holder and the membrane
remains pristine. A vacuum head picks up the membrane chip at a single point close to the
edge of the membrane and brings it a few micrometers above the electrode. This way the chip
can be pressed flat down against the bottom posts. The two chips are aligned and the Thor
lab stage is raised until the posts on both chips touch. We then apply stycast 2850FT catalyst
23LV to the sides of the chips with an eyelash and wait for 15 minutes until the stycast starts
to cure. After this stage, the separation distance between the top and bottom part is basicaly
fixed. After another 24 hours, the stycast finishes curing and the chip is ready for bonding.

Figure 4.3 (a) shows a top view of a flip-chip. The golden backside of the membrane chip and
the etched step are seen on the edges of the picture. An electrode with a 3/4 shape is seen
through the membrane in the center of the picture. The silicon substrate, that usually appears
dark gray, is seen in orange and the platinum in yellow. The change in color occurs due to
the interference of light reflecting between the substrate and the membrane and indicates
the separation distance betweem the two surfaces. Figure 4.3 (b) gives an estimation of the
separation distance based on the color of the surfaces.

For higher separation distances (d > 600 nm), the interference fringes are no longer visible
and a filmetrics light interferometer F20 was used. The tool is designed to determine thickness
of thin films. In this case, the air layer between the membrane and the electrode is the
thin film we are trying to measure. Figure 4.3 (c) shows a filmetrics measurement and the
model calculation for a separation distance of 3.3 µm. The wavelengths lower than 500 nm
are absorbed by the Si3N4 membrane and an oscillation in the reflection intensity of higher
wavelenths is caused by light interference inside the air layer. The calculation of the light
reflection is based on a complex stack: 25 nm gold, 3 nm titanium, 50 nm Si3N4, air layer
with unknown thickness, 50 nm platinum, 3 nm titanium, and a silicon substrate. Fixing all
thicknesses but the air layer, we obtained the separation distance for the sample. These quick
separation distance measurements would help us to acesss if the chip is worth bonding and
measuring.
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Figure 4.3: (a) Top view of a flip-chip taken with an optical microscope. A quarter electrode
is seen as yellow in the middle while the silicon substrate appears in pink. (b) Separation
distance infered from the interference between the membrane and the electrode. (c) Filmetrics
reflectance meaurement in blue and fit for the thickness of the air layer in red. (d) PCB with
two flip-chips ready to be loaded into the measuring chamber.

4.2.7 Wire Bonder
Wire bonding was carried out using a bonder model FNS 5330. The bonding force and time
were chosen as the minimum possible. Bonds to the membrane chip were placed closed to
stycast, minimizing the chance of collapsing the membrane. Figure 4.3 (d) shows a picture of
two samples mounted and bonded to a printed circuit board. Note that the platinum here
appears in light gray and the silicon in dark gray.

4.2.8 Uncollapsing Technique
A very important, if not the most important technique presented in this chapter, is how to
uncollapse a membrane. During the electrical measurements, a spike or static voltage might
add to VDC overcoming the collapse threshold voltage. Membranes with 300 µm or less might
be uncollapsed by pressing at the corners with a tweezer. The separation distance then is
approximately restored and the membrane might present a static voltage, which appears as
a DC voltage shift in the electrical measurements. Larger membranes (>500 µm) usually
require more pressing on the corners to uncollapse and, unfortunately, the silicon frame of the
membrane usually breaks before then.
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CHAPTER 5
Measurement setup and non-everyday

results

This chapter aims to explain the setup used for electrical measurements. More detailed results
on low impedance S-Paramenter measurements and parametric amplification are presented in
Chapter 6.

5.1 S-Parameters
Scattering parameters are a useful metric to characterize the propagation of electromagnetic
waves in electrical networks. For a two port network, the scattering parameters are defined as

S11 = out1

in1

⃓⃓⃓⃓
in2=0

, S12 = out1

in2

⃓⃓⃓⃓
in1=0

, S21 = out2

in1

⃓⃓⃓⃓
in2=0

, S22 = out2

in2

⃓⃓⃓⃓
in1=0

, (5.1)

where in/out is the incoming/outgoing radiation. For a matched circuit, all radiation is
transmitted (S21 = 1) and nothing is reflected (S11 = 0). If, however, the circuit is
mismatched, transmission will be lossy (S21 < 1). From Eq.2.21, it is clear that the EEM
circuit is approximately 50 Ω matched on mechanical resonances, but mismatched at other
frequencies. Therefore, measuring the scattering parameters allows us to characterize the
mechanical resonator.

5.1.1 Measurement Setup
There are several ways of measuring the scattering parameter. In this thesis, we studied
two: a reflection or effective single-port method and a two-port or transmission method.
Figure 5.1(a) presents the transmission method. A microwave is sent from a lock-in amplifier
through the coupled port of a directional coupler. A bias-tee adds DC voltage to the AC signal
that arrives at the metallized membrane (port 1). The radio frequency is transmitted to the
bottom electrode (port 2), where a DC ground is added through a bias-tee. The signal is then
measured using a lock-in amplifier.

Figure 5.1(b) presents the magnitude of scattering parameter |S21| measured in transmission
mode. A lorentzian peak is seen centered at the mechanical resonant frequency. On resonance,
the electrical circuit is approximately 50 Ω matched, showing a transmission loss of less than

29



5. Measurement setup and non-everyday results

Figure 5.1: (a) Circuit diagram in transmission mode. (b) Scattering parameter S21 measured
in transmission mode with a Lorentian fit. (c) Circuit diagram in reflection mode. (d)
Scattering parameter S11 measured in reflection mode and an inset showing the imaginary
and real components of S11. A circular fit to these components allows us to obtain the circuit
parameters.

4 dB. Out of resonance, the transmission decreases within a few Herz to the background
transmission of around -50 dB. The transmission peak is fitted to Lorentzian curve (Eq.2.69),
from which we extract the full-width half maximum (κ), the height of the lorentzian, and
the mechanical frequency (Ωm). This method is specially convenient for measuring low-loss
circuits: as most of the signal is transmitted, a peak tens of dB tall is observed.
Figure 5.1(c) introduces the reflection method. An 180-degrees hybrid coupler is added
between the bias-tees and the rest of the measurement chain. This hybrid coupler combines
the reflected and transmitted signals, transforming the 2-port measurement into an effective
1-port measurement (see Sec.2.6). The reflected wave is then measured through the couple
port of a directional coupler, completing the characterization of the scattering coeffiecient S11.
Figure 5.1(d) presents the magnitude of scattering parameter |S11| measured in reflection
mode and the inset presents the real and imaginary components of S11. The magnitude
of |S11| shows a dip at the mechanical resonant frequency. It is important to point out
that the measurements shown in figures 5.1(b) and (d) are for different samples and have
thefore different mechanical resonant frequencies. Note also that the signal is overcoupled
and attenuated due to the directional coupler, so the dip in magnitude is only a few dB. A
circular fit for the real and imaginary components of S11 allows us to obtain the full-width
half maximum (κ), the external coupling (g), and the mechanical frequency (Ωm).

5.1.2 High/Low Impedance Environment
The scattering parameters can be measured in a high or a 50 Ω impedance environment. The
choice of input impedance depends on the application, with 50 Ω being the obvious choice for
narrow band applications or when a low impedance network is required. High input impedance
offers, however, around 0 dB of insertion loss, tunable linewidth up to kHz, and remarkable
gain stabilities (see Sec. 5.2.2).

5.2 Parametric amplification
Section 2.5 introduces the theory of parametric amplifification. A pump tone was created
by an arbitrary waveguide generator and added to the circuit through the coupled port of a
directional coupler. The pump tone was locked to be exactly twice the frequency of a probe
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460

(a) (b) (c)

Figure 5.2: (a) Scattering parameter S21 measured in transmission mode for the measuring
device being at high input impedance and at 50 Ω. (b) Demodulated X and Y time traces
taken at high input impedance. (c) Demodulated X and Y quadratures with gain on and off
taken at high input impedance. The solid line indicates 5× the variance of the data.

tone, which was kept close to the mechanical frequency based on successive S21 measurements.
The mechanical amplification causes the amplification of one voltage quadrature and their
phase with respect to the measurement apparatus changes as the amplified wave travels down
the circuit. Once at the measurment input port, the amplified radiation is measured and
projected onto the X and Y quadratures of the demodulator.

5.2.1 Calibration
A phase and amplitude calibration converts the demodulated voltage into an amplified (X) and
deamplified (Y) quadrature with gain GA and GS. The phase calibration is done by calculating
the angle between the principal component of the demodulated voltage and the X-quadrature.
By subtracting this phase from the demodulator’s phase, the principal component rotates
bringing the amplified quadrature to the X-axis.

The amplitude calibration is carried out by measuring the attenuation in the measurement
chain based on a known tone. The conversion between apparent gain and GA/GS is explained
in Sec. 2.5.3.

5.2.2 Results
Figure 5.2(a) shows a comparison of the magnitude of the scattering parameter S21 measured
in transmission mode at 1.15 V for the high Z input impedance and 50 Ω option. As the
resonance frequency depends primarly on VDC, both resonances occur at approximately the
same frequency. The 1.5 kHz difference between the two peaks can be explained by the
constant slow red shift observed in the first hours pf pumping the vacuum chamber. The
transmission on resonance is lossless at high input impedance, but about -4 dB for 50 Ω input
impedance. The high input impedance Lorentzian shows a linewidth bigger than 4 kHz, while
the 50 Ω input impedance Lorentzian has a linewidth of 0.3 kHz. This indicates the presence
of extra damping at high input impedance. In this section, we will focus on further analysis of
measurements taken with high input impedance.

Figure 5.2(b) presents the demodulated X- and Y-quadratures in high impedance mode under
parametric amplification. The standard deviation of the X-quadrature is more than 5 times
the Y-quadrature, confirming the amplification of the X-quadrature. The pump tone shifts
the average of both quadratures away from zero, with a 5× higher shift of the amplified
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Figure 5.3: (a) Scattering parameter S11 as a function of frequency and ellapsed time. (b)
Cryostat temperature as a function of time. (c) Voltage trace as a function of time for the
amplified quadrature. (d) Mechanical Temperature with cryostat at LN temperature and a
reference resistor at LN or RT. The black marker indicates the trace shown in (c).

quadrature. The trace is remarkably stable over 5 minutes, a feature that is not so common
for similar traces taken with 50 Ω input impedance.

Figure 5.2(c) shows the demodulated quadratures with and without gain and 5× their standard
deviation marked by an ellipsis. The ’gain off’ data indicates that the noise is equally devided
among the two quadratures, as expected. The "gain on" data shows the amplification of
the X-quadrature by the shadowing of the unamplified trace and strech of the ellipsis parallel
to the x-axis. Analogously, the squeezing of the Y-quadrature is noticed by the visibility of
the underlying unamplified trace and the compression of the ellipsis along the y-axis. The
amplification/squeezing is determined by the gain GA/GS introduced in Eq. 2.55.

5.2.3 Low temperature
This sections is dedicated to explain the experiments acquired by cooling the flip-chip to
liquid nitrogen temperatures. Cooling the sample to LN temperatures decreases the internal
dissipation κin, as the dissipative current gets frozen at low temperatures. The ratio of external
coupling g/κ, therefore, increases from around 0.65 at RT to 0.85, bringing the device deeper
into the strong coupling regime.

However, the slow 0.1 Hz/s shift in the mechanical resonant frequency at room temperature
increases to 2 Hz/s at LN temperatures. This shift is explained by the higher adsorption of
molecules on the surface of the membrane, which increases the mass of the resonator and
lowers its frequency. There are three ways of diminishing the effects of this frequency shift
on the measurements. The first is by switching the measurment to a high input impedance.
Although the frequency shift rate does not change, the large linewidth of the mechanical
resonance might provide enough stability for the intended measurement.

The second method stabilizes the resonant frequency by applying constant cooling. Cooling
the membrane decreases its size due to thermal contraction, increasing the resonator frequency
(see Eq. 2.11). The increase in the resonantor’s mass is balanced by the decrease of its size
and the frequency remains approximately constant, as shown in Fig. 5.3a. The cooling rate
was increased to 10 mK/s at 100 seconds of ellapsed time (Fig. 5.3b), reducing the frequency
shift to 0.2 Hz/s. A subsequent measurement was done after 350 s of elapsed time to track
the the resonant frequency at later times. The stability obtained with this technique surpasses
the requirement for our experiment, although a better frequency stability can be obtained with
a heater controller that offers finer steps in cooling rate.
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5.2. Parametric amplification

The third way of circumscribing the effects of the frequency shift is by acquiring short voltage
traces and correcting the frequency shift by post-processing the data. Figure 5.3c shows a 30
seconds trace of a sample at LN temperature in 50 Ohm environment. The average voltage
fluctuation decays from 80 nV to 20 nV within 30 seconds. This roll-off is corrected by applying
a low-pass filter with time constant 0.7 s and a filtered trace is obtained by divinding the raw
data by the roll-off fluctuations. A voltage spectral densities is then calculated and a lorentzian
on top of a background is fitted to the data. The unamplified mechanical temperature Tm is
proportional to the height of the lorentzian (Eq 2.68). Figure 5.3d shows Tm obtained with
the reference resistor at RT or LN temperature, presenting an average of 331±61 K for RT
meaurement and 146±45 K for the LN measurement. Both values are higher, but not far from
the expected Tm of 254 K and 101 K for the reference resistor at RT and LN, respectively.
PID locking the measurement frequency to the resonance would in theory provide a fourth
way of dealing with the frequency instability. However, we found that the magnitude of the
probe tone required for the PID locking would drive the mechanics and alter the measurement
results.
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CHAPTER 6
Everyday Electromechanics at the

fundamental mode

This chapter is based on the article Puglia et al. [76] and describes the room temperature
measurements done in a 50 Ω environment. The article explores the applications of EEM,
including low-loss inductor, parametric amplification, and remote cooling of mechanical motion.
The extract follows bellow.

Light incident upon a massive body exerts a famously weak optomechanical force [52, 66, 28].
For the particular case of an oscillating mass with average speed v, Braginskĭı and Manukin
argued that the optomechanical coupling is suppressed by a factor of (v/c)2, and is therefore
a small quantity due to the enormity of the speed of light c [13]. Their realization that a
cavity can resonantly enhance this coupling gave birth to the field of cavity optomechanics
[13, 14, 7], in turn leading to experimental breakthroughs such as quantum ground-state
cooling [79, 92, 16, 80, 56], quantum transduction [11, 3, 8, 98, 38, 61, 70, 25, 83], and
detection of gravitational waves [2, 1]. Without the use of a cavity, substantial optomechanical
coupling has nevertheless been achieved at optical frequencies [5, 6, 86, 51, 73, 91, 30].
However, at radio and microwave frequencies, cavity-free coupling has so far been impractically
weak [87] unless piezoelectric materials [93, 64, 44, 69, 17, 18] or specialized experimental
regimes involving high magnetic fields [21, 19, 20, 46] or Coulomb blockade [89, 50] are
employed.

The weakness of cavity-free electromechanical coupling has been attributed to a mismatch,
Z0/Z ≪ 1, between the small transmission-line impedance Z0 and the large capacitive
mechanical impedance Z [95]. This mismatch, in fact, re-expresses the suppression noted by
Barginskĭı and Manukin; for a linear geometry Z0/Z ∼ v/c. To see why, note that the gate
impedance in a linear geometry is approximately Z ∼ 1/(ωϵλ), where λ is the mechanical
wavelength. Using the relationship ωλ/(2π) = vs leads to Z0/Z ∼ vs/c, where we have
approximated Z0 by the impedance of free space, Z0 ∼

√︂
µ0/ϵ0. In a two-dimensional parallel-

plate geometry similar considerations yield Z0/Z ∼ vs

√
A/(cd), where A is the plate area and

d is the plate separation. This is larger than the one dimensional case, but still small in practice.
For instance, vs

√
A/(cd) would approach unity for macroscopic plates with

√
A = 1 m

separated by 1 µm. Given both this fundamental mismatch and the absence of experimental
evidence so far, it may be questioned whether cavity-free, capacitive electromechanical strong
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6. Everyday Electromechanics at the fundamental mode

coupling is possible at all. The purpose of this study is to affirmatively answer this question,
and to explore physical and device implications.

Here we present a movable parallel-plate capacitor that reaches a strong-coupling regime where
electromechanical coupling to a 50 Ω environment overwhelms internal mechanical dissipation.
The experiment consists of two chips, a Si3N4 membrane and a bottom electrode, flipped
on top of each other. The membrane was produced from Si wafers covered with 1.1 GPa
stoichiometric Si3N4 on both sides. Using lithography, we define a window on the back of the
wafer where Si3N4 was removed through reactive ion etch. Most of the Si3N4 on the front
side of the wafer was also removed, leaving only a central square, which would become the
510-520 µm membrane, and smaller squares, which would become posts. The wafer was then
dipped in KOH to etch the exposed silicon and release the membranes. We then evaporate 3
nm of Ti and 25 nm of Au on the released membranes. The electrode on the bottom chip
was fabricated by evaporating 50 nm Pt on a high resistivity silicon wafer. We then evaporate
350 nm posts on the bottom chip, defining the separation distance between the bottom and
top chip. The membrane chip was flipped on top of the electrode while carefully aligning the
bottom and top posts. Finally, the two chips were glued with epoxy and bonded.

The samples were loaded into a vacuum chamber and kept at around 10−5 mbar and room
temperature. Figure 6.2 uses data from Sample 1, Figs. 6.3 and 6.4 use data from Sample
2, and Fig. 6.5 uses data from Sample 3. This compact, room-temperature architecture
achieves 30,000 times (45 dB) lower insertion loss and 10 times larger inductive bandwidth
than a commercial piezoelectric device operating at similar frequencies. We use this platform
to efficiently detect mechanical motion with an imprecision under 20 fm/

√
Hz, rivaling optical

Michelson interferometers [73]. Implementing a back-action isolation scheme, we verify that
mechanical motion thermalizes to the external environment, as expected for strong coupling,
and observe radiative cooling of mechanical motion by a remote cryogenic load.

We identify two requirements for strong, cavity-free electromechanical coupling: (1) that, by
definition, the total electromechanical coupling rate, 2g for a two-port device, exceed the
internal dissipation rate κin, and (2) that, in practice, no antiresonance obscure useful circuit
properties.

To achieve these requirements, we have devised a system consisting of a metallized Si3N4
membrane chip flipped on top of an electrode chip, with each chip coupled to a 50 Ω
transmission line (Fig. 6.1). The flipped pair of chips forms a movable capacitor C(x)
where x is a coordinate parameterizing the mechanical displacement (see Chapter 2). The
electromechanical system is governed by the interaction Hamiltonian Hint = −1

2C(x)V 2, where
V = VDC,S + VAC is the combination of a large static DC and small oscillating AC voltage.
The AC voltage results in an oscillating electromechanical force Fem = C ′VDC,SVAC which is
parametrically enhanced by VDC,S (here C ′ = ∂C/∂x evaluated at equilibrium). Decomposing
the AC voltage into incoming and outgoing waves in the transmission line VAC = V + + V −

reveals that there is a back-action contribution to Fem arising from the reflected wave. The
constitutive capacitive relation q = C(x)V can be differentiated to show that this back-action
force is phase delayed, generating electromechanical damping at a rate

g = C ′2V 2
DC,SZ0/m, (6.1)

where Z0 is the transmission line impedance and m is the motional mass of the membrane.
Although we find the distributed-element language convenient for describing our apparatus,
we note that at our low radio frequencies accumulated phases in the transmission lines are
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small, and the transmission line can be equivalently understood as a lumped-element resistor
with resistance Z0.

Requirement (1), 2g/κin > 1, is analogous to reaching the high-cooperativity regime in cavity
optomechanics and implies that dissipation is dominated by back-action damping from the
environment. We therefore introduce an analogous “cooperativity” metric, C = 2g/κin. We
achieve C > 1 by maximizing C ′ with large typical membrane areas of 500 × 500 µm2 and
small typical membrane-electrode separations of 300 nm. Note that for a given geometry, the
maximum achievable VDC is limited by instability (see Section 2.2).

Requirement (2) for preserving useful circuit properties is motivated by the unavoidable
presence of an antiresonance due to the electrostatic gate. This is accomplished by detuning
the mechanical resonant frequency Ωm from the antiresonant frequency Ωa. The mechanical
resonance is shifted from its zero-voltage value Ω0 according to

Ω2
m = Ω2

0 − Ω2
e, (6.2)

where Ωe = C′′V 2
DC,S

2m
and C ′′ = ∂2C/∂x2. The antiresonance Ω2

a is voltage-tuned according to

Ω2
a = Ω2

m + g

Z0C
. (6.3)

Equation 6.3 indicates that, in our approach, strong antiresonance detuning is an automatic
consequence of having large g. In fact, the antiresonance detuning Ωa − Ωm ≈ g(Z/Z0) is
controlled by Z/Z0, which, as discussed above, is large in practice. Strongly detuning the
antiresonance gives unobscured access to large effective mechanical inductance, a desirable
feature for electrical circuits.

Such circuit can be measured using a lock-in amplifier for the probe tone and, when present, an
arbitrary waveform generator was used for the pump tone. For the two-port measurement, the
pump and probe tones were added to the coupled port of a directional coupler. The mainline

Si3N4
Metal
Si

Membrane chip

Electrode chip

Figure 6.1: Everyday electromechanics (EEM) setup. A metallized Si3N4 membrane
chip is flipped on an electrode chip and both are coupled to transmission lines, allowing the
transmission S21 to be measured. The front left quadrant of the membrane chip is omitted
from the schematics and only the contour lines are shown. A DC bias tunes the coupling
between the transmission lines and the flipped chip.
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6. Everyday Electromechanics at the fundamental mode
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Figure 6.2: Tuning from weak to strong electromechanical regime. a, S21 transmission
parameter around resonance for different voltages. The dashed green line indicates expected
threshold transmission when the device is operated in the strong coupling regime 2g > κin.
b, External coupling g and internal coupling κin as a function of voltage. Green marker was
calculated from the highlighted trace in a. The full lines represent the voltage dependence
fits. c, Cooperativity C as a function of voltage, with the green marker calculated from
the highlighted trace in a. The dashed green line shows C = 1, above which the device is
considered to operate in the strong coupling regime. The full line indicates the expected
cooperativity based on the voltage dependence fit from b, while the dotted line indicates the
expected cooperativity for a constant internal coupling.

was grounded by a 50 ohm resistor. This AC signal was added to a DC bias through a bias-tee
and connected to the back of the membrane. The transmitted radio wave would travel from
the electrode directly to the input of the lock-in amplifier. The two-port measurement was
converted to one-port with a 180 degrees hybrid coupler. The hybrid coupler recombines the
scattering matrix elements with a phase, canceling the transmitted contributions and returning
the reflection parameter S11 at the output port. The incoming signal follows a similar path as
for the two-port measurement, passing through the mainline of an extra directional coupler.
Through the coupled port of this directional coupler, we can read out the reflected wave from
the sample. It is also worth to mention that the data presented in this paper was acquired
with a table-top setup occupying about 1 m2. However, this space can be greatly reduced.A
dedicated low loss inductor would require about 15x10x5 mm3 of volume for a vacuum-sealed
enclosure with an SMT connection for V . A rough estimate suggests that the parametric
amplification with (or without) back-action isolation can be carried out in a 40x40x20 mm3

enclosure with SMA connectors for V .

Using this setup, the strength of electromechanical coupling is experimentally assessed by
measuring the transmission coefficient S21 for different DC bias voltages. For VDC = 0 V, a
narrow, resonant peak in transmission is observed, suggesting weak but nonzero electrome-
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chanical coupling at low bias (Fig. 6.2a). Increasing VDC causes the resonance to increase and
widen, indicating a growth in electromechanical coupling. For large voltage (≳ 0.4 V), the
resonant transmission becomes voltage independent, saturating at a value slightly below unity.

Fitting S21 to Lorentzian lineshapes, we extract g and κin, with κin including both intrinsic
mechanical loss and any parasitic resistive losses [19]. Figure 6.2b shows that g depends
quadratically on applied voltage over the entire measurement range, as qualitatively expected
from Eq. 6.1. However, we consistently find that external coupling is minimized at non-zero
DC voltage, presumably due to interfacial charges, motivating the use of a shifted bias
VDC,S = VDC − V0, where V0 is sample dependent. The voltage offset is determined by fitting
g(VDC,S) to Eq. 6.1 with VDC,S = VDC − V0. Internal dissipation is non-monotonic in VDC,S,
reaching a minimum near 0.4 V and growing for large voltage, eventually matching the growth
in g, which is the origin of the saturation in resonant transmission at large voltages. We
speculate that the quadratic voltage-dependence of κin is due to parasitic inline resistance
from the electrodes [19]. The relative voltage shift between κin and g is not understood. The
minimum internal dissipation is limited to around 36±8 Hz for this sample, but reaches values
down to 5±2 Hz for other samples (see Appendix B).

The competition between coupling and dissipation is summarized with the “cooperativity”
metric C = 2g/κin (Fig. 6.2c). As voltage is increased C increases from a small value
eventually crossing the C > 1 threshold for strong coupling. This signals that the light-matter
interaction has entered into a regime where mechanical motion is damped primarily by radiation
in the leads. To the best of our knowledge, this is the first reported device to reach cavity-free
capacitive strong coupling between electromagnetic radiation and mechanical motion.

Strong-coupling everyday electromechanics opens up new avenues for electromechanical devices
in regimes that are challenging for existing technology. To explore this, Fig. 6.3a shows a
comparison between the everyday electromechanics (EEM) device and the commercial quartz
crystal oscillator CC1V-T1A operating at a similar frequency. EEM shows an insertion loss
30,000x (45 dB) lower than the crystal. Both systems present an antiresonance as qualitatively
expected from a Butterworth-van Dyke model [41, 95]; which includes a series RLC circuit
(Reff , Leff , Ceff) in parallel with a gate capacitor (C). The gate capacitance is defined by the
geometry of the metallized membrane at an equilibrium distance from the electrode. In terms
of measurable and fitted variables it is determined by:

C = g

Z0(Ω2
a − Ω2

m) . (6.4)

Similarly, the series RLC circuit can be defined as:

Ceff =
C2V 2

DC,S

d2
1

mΩ2
m

(6.5)

Leff = 1
Ω2

mCeff
(6.6)

Reff = κinLeff . (6.7)

To explain the shape of the EEM antiresonance, an extra shunt resistor (Rs) is added in
parallel to the Butterworth-van Dyke model. In Fig. 6.3a, we fit the transmission coefficient
for the phase of the transmission coefficient as well as C, κin, g, Ωm, and Rs (for EEM). The
effective circuit parameters are then calculated as defined above.
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Figure 6.3: Comparison with a commercial device. a, S21 around the resonance and
antiresonance for the crystal and the EEM at VDC = 1 V. Full line represents a fit. b,
Antiresonance Ωa and resonance Ωm voltage dependence. The full line represents a fit of the
voltage dependence from the mechanical resonance and expected antiresonance dependence
based on this fit. c, Inductor quality factor QL data (marker) and fit (full line). The inset
shows the commercial quartz crystal (CC1V-T1A) resonance. d, Inductive bandwidth BWL,
defined by the frequency range over which Im(Z) > 0 for a fixed VDC,S . Points are calculated
from the data in c, and the line is a guide to the eye. Horizontal line indicates inductive
bandwidth of the crystal.

In Fig. 6.3b, we fit the squared resonance frequencies Ω2
m to Eq. 6.2 with d and Ω0 as fit

parameters. The voltage shift is a fit of Eq. 6.1 to the voltage dependence of g. The membrane
mass m is calculated from the sample’s design and optically-measured geometry. C ′′(d, VDC,S)
is calculated numerically accounting for the equilibrium deflection of the membrane due to
VDC,S (see Chapter 2 Eq. 2.12).

Both the resonant and antiresonant frequencies are voltage tunable. At low voltages, there
is very little detuning of the antiresonance from the resonance. As voltage increases, the
frequency of the resonance decreases faster than that of the antiresonance, increasing the
detuning between the two (Fig. 6.3b). We fit the squared resonance frequencies Ω2

m to Eq. 6.2
with d and Ω0 as fit parameters. The voltage shift is a fit of Eq. 6.1 to the voltage dependence
of g. The membrane mass m is calculated from the sample’s design and optically-measured
geometry. C ′′(d, VDC,S) is calculated numerically accounting for the equilibrium deflection of
the membrane due to VDC,S (see Chapter 2 Eq. 2.12). The fit yields a zero-voltage frequency
Ω0 is within 0.07% of expectations based on fabrication parameters, and a zero-voltage
separation distance d = 320 nm, within 20 nm of the design value. The similarity between
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Figure 6.4: High-precision position measurements. a, demodulated X and Y quadratures
for EEM with (orange) and without (green) parametric gain. The full line represents 4x the
standard deviation of the data. b, the voltage spectral density SVV for the parametrically
amplified trace shown in a. The solid line is a fit to a Lorentzian with an offset bg (dotted
line). The green shading indicates the voltage noise of the measurement amplifier and the
orange shading indicates the excess noise due to thermomechanical fluctuations. c, Position
imprecision inferred from b using Eq. 6.8. The full gray line represents the expected contribution
of thermomechanical fluctuations at 295 K.

target parameters and fitted values demonstrates good fabrication control. Equation 6.3
predicts the voltage dependence of the antiresonant frequency to within 1.2% with no free
parameters, although the experimental antiresonance systematically depends more strongly on
voltage than expected.

Given the prevalence of quartz crystal oscillators in electrical engineering, it is natural to view
EEM as a circuit element characterized by a lumped-element impedance Z. Transforming the
measured scattering parameters into an impedance reveals an inductive region (Z ≈ Im(Z) >
0) at frequencies between the resonance and antiresonance (Fig. 6.3a). We quantify the
quality of this effective inductance with the metric QL = Im(Z)

Re(Z) calculated for the inductor
region (Im(Z) > 0). The imaginary and real projections require a fit for the phase of the
transmission coefficient. At the beginning of the inductive region, Re(Z) and Im(Z) are very
small and the error of the phase fit can make QL diverge. This can be observed in Fig. 6.3c
in which a few data points present much larger QL than the fit. The inductor loss metrics
reveals QL ≈ 30, which is comparable to that of the commercial quartz crystal.

EEM maintains this QL over more than 25 kHz of tunable bandwidth by adjusting the DC
voltage. At fixed DC voltage EEM has an instantaneous inductive bandwidth BWL surpassing
10 kHz, which is two orders of magnitude larger than the commercial crystal (Fig. 6.3d). Thus,
EEM shows promise as a compact, low insertion loss, high QL, and wide band inductor for
electrical engineering.

A fundamental consequence of reaching strong electromechanical coupling (C > 1) is that
mechanical motion thermalizes to radiation in the environment. However, at our low operating
frequencies, thermomechanical fluctuations are obscured by technical noise associated with
the measurement chain. To overwhelm this technical noise, we introduce a parametric
drive at twice the mechanical resonant frequency while measuring demodulated (X(t), Y (t))
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6. Everyday Electromechanics at the fundamental mode

quadratures at the mechanical resonant frequency. As shown in Fig. 6.4a, the introduction
of a parametric drive causes a substantial gain in the X-quadrature noise, vastly exceeding
the technical noise of the measurement, and no significant change in the Y quadrature, as
expected for this pumping configuration. The amplified X-quadrature is strongly peaked at
mechanical resonance, consistent with the expected Lorentzian profile of amplified mechanical
noise (Fig. 6.4b).
In the high-gain limit, the voltage fluctuation can be directly converted into equivalent undriven
position imprecision S0

xx using the relation

SVV = gmΩ2
m|G(f)|2S0

xx, (6.8)

where G(f) is the frequency-dependent gain of the quadrature being measured

G(f) =
2πf − iκ

2
2πf − iκ/(2GA) (6.9)

where GA is the gain of the amplified quadrature, as discussed in the Section 2.5.
Near mechanical resonance, S0

xx is dominated by mechanical fluctuations, and we find that
technical noise contributes with less than 20 fm/

√
Hz of position imprecision, which is

comparable to state-of-the-art cavity-free optical interferometers working towards ground state
cooling [73]. However, the thermomechanical fluctuations associated with the Lorentzian
fit are equivalent to a temperature of 568 ± 15 K, far exceeding room temperature. This
value is compatible with independent measurements of the electrical back-action noise of
the electronics in our measurement setup, determined by attaching several different external
resistors to the apparatus input while measuring voltage noise at the output. We found an input
voltage noise of 4 nV/

√
Hz, matching the manufacturer’s specification for our instrument,

and an input current noise of 25 pA/
√

Hz. In the un-isolated setup, we estimate that this
current noise will heat mechanical motion to a temperature of approximately 484 K, close to
the excess thermomechanical noise measured in Fig. 6.4. Thus, unlike optical interferometers,
our measurement apparatus gives substantial back-action noise.
To address this problem, we have devised a simple back-action isolation scheme to protect the
mechanical oscillator from measurement noise. The input signal is added through the main
line of a directional coupler and reflection is measured through the coupled port (Fig. 6.5a).
Attenuation from the coupled port reduces measurement back-action at the expense of
increasing imprecision. The main line carries predominantly the voltage fluctuations from a
reference 50 Ω resistor which, in the limit of strong electromechanical coupling, controls the
equilibrium temperature of the mechanical resonator. As a consequence, cooling the reference
resistor is expected to radiatively cool mechanical motion. Voltage spectral densities measured
in the back-action isolation configuration exhibit a Lorentzian thermomechanical fluctuation
peak which is reduced compared to the un-isolated setup (cf. Fig. 6.5b and Fig. 6.4a), as
expected since now the gain is attenuated by the coupled port. Cryogenically cooling the
remote, 50 Ω load noticeably decreases the peak voltage spectral density, giving an initial
indication that the mechanical temperature is lowered. This observation can be quantified by
calculating a temperature-equivalent area Aeq under the thermomechanical Lorentzian which
measures the mechanical temperature Tm,

Aeq = GeqTm − ηT, (6.10)

where η is the insertion loss from the membrane to the voltage measurement and Geq = ηGA

is the net mechanical gain. Fig. 6.5c shows the numerically-integrated area as a function of

42



10 5 0 5 10f (Hz)

20

40

60

80

S
V
V
 ((

nV
)2 /

H
z)

b
RT
LN

1.5 2.5 3.5Geq
0

300

600

900

A
eq

 (
K

)

c
RT
LN

a

Figure 6.5: Back-action isolation. a, EEM circuit in reflection and back-action isolation
mode. The temperature of the external port is determined by a 50 Ω resistor at LN (ice cube) or
room (fire) temperature. b, Voltage spectral density for an EEM device thermalized to RT and
LN. The full line represents a Lorentzian curve as a guide to the eye. The thermomechanical
fluctuations are proportional to the area between the trace and the background, as indicated
by the shading. c, Area under the curve of the thermomechanical fluctuations for different
apparent gains. The circle markers correspond to traces shown in b. The full line represents a
fit of the gain dependence.

Geq, where the gain is independently measured with a pilot tone for each experimental run.
Fitting to Eq. 6.10 gives Tm = 281 ± 7 K for the room temperature load, a reasonable value
as all system components are in thermal equilibrium and the expected mechanical temperature
Tm is 295 K. The same fitting procedure for the cold load yields Tm = 171 ± 7 K. For the cold
load, the expected mechanical temperature is given by Tm = (2g/κ)Tin + (κin/κ)TRT where
TRT = 295 K and Tin is the input radiation temperature. The parameters g, κin, and κ are
fixed from measured scattering parameters and Tin = 105 K from the temperature of liquid
nitrogen and the measured insertion loss from the cold load to the sample. The expected value
of 177 K, which is within the error for the measured value. This demonstrates the radiative
cooling of a room-temperature mechanical resonator by a remote cryogenic load.

The error bars presented in Fig. 6.5c are given by the sensitivity of the Dicke radiometer, a
common metric for thermally-emitted electromagnetic radiation. For an ideal Dicke radiometer,
the standard deviation of the area (σA) is:

σA =
√︄

Aa

Na/2 + Aw

Nw/2 , (6.11)

where Aa/w is the area contribution from the amplified thermomechanical fluctuations/white
noise, and Na/w is the number of independent samples contributed by the same sources. The
white noise is uncorrelated, so Nw is simply the length of the trace divided by the sampling
time (ts). However, the amplified thermomechanical fluctuations are correlated and Na must
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6. Everyday Electromechanics at the fundamental mode

correct the independent number of points, dividing it by Ncorr:

Ncorr = 2
κ/GAts

, (6.12)

where κ/GA is the bandwidth. It is interesting to note that the spread of the points in
Fig. 6.5c is not compatible with statistical errors. Rather, we believe it originates from gain
instabilities during individual measurements. Provided that these gain instabilities are cured,
EEM could be a competitive 50 Ω matched amplifier and would achieve noise performance
comparable to radio-to-optical receivers [8]. Alternatively the EEM amplifier can be operated
in high impedance environment, in which gain instabilities are not observed (see Supplement).
Summarizing, we have reported a platform to achieve cavity-free capacitive strong electrome-
chanical coupling in an all-electric device. This voltage-tunable coupling reaches cooperativity
C > 1 for VDC as low as 0.5 V. From a circuit element perspective, EEM presents a re-
gion of inductive behavior that is wider and less lossy than in commercial quartz crystals.
These features could be useful in applications that require large, low-loss inductance, such
as a compact step-up transformer for noise matching to transistor amplifiers. We further
demonstrate parametric amplification of the EEM, and resolve thermomechanical fluctuations.
Amplifications results in a low equivalent position imprecision S0

xx < 20 fm/
√

Hz, suggesting
future applications in sensing. In this configuration, mechanical motion was heated by electrical
back-action by more than 300 K. A back-action isolation scheme removed the excess heating,
enabling the cooling of mechanical motion to 171 K with a remote cryogenic resistor. In
addition to the possible applications mentioned above, we expect our approach to be generally
useful in environments that are challenging for optical cavities or superconducting resonators.
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CHAPTER 7
Everyday Electromechanics at the high

order modes

High order resonant modes can offer inumerous advantages compared to the so far studied
fundamental mode, as for example, higher sensitivity, faster measurements, and better noise
performance [34, 105, 24]. Besides, these mechanical modes can couple to a device under
test or another resonator, a common design applied in MEMS filters and inertial sensors
[55, 100, 102, 40, 77, 88, 68, 67, 72]. In cavity optomechanics, higher order modes are mainly
used to transduce mechanical motion into light and vice-versa [10, 39, 31, 101]. A classical
example is the usage of the mode (1,2). While one lobe is illuminated by light, the other is
free to probe the environment. The symmetry of the mode ensures that the interactions on
one lobe are mirrored onto the other, providing an indirect, non-perturbative measurement of
the environment. Mechanical modes can also couple to other mechanical modes in the same
resonator due to the presence of nonlinearities. This topic has drawn special attention after
the characterization of nonlinear dynamics in an electrostatically coupled microbeam array,
the observation of mode localization in an array of cantilevers, and the observation of strong
coupling in CNTs [15, 85, 95, 54, 27, 33].

Regardless if measured independently, coupled to a resonator or another mechanical mode,
mechanical out-of-plane vibrational modes of 1- and 2-dimensional structures carry an intrinsic
fourier-like spatial information. This advantage has already being exploited to perform mass
spectrometry on single proteins by monitoring vibrational modes of a cantilever [29, 104, 63,
26, 36, 37]. By measuring the shift in frequency of several modes in these systems, it is
possible to determine the added mass with atomic resolution and its spatial distribution. We
will now like to expand this idea from a 1-dimensional cantilever to a 2-dimensional membrane
and move from mass to electrical charge analysis.

7.1 Charge Distributions
Consider we have a single charge q in a flip-chip at position yq, zq. We can determine its
location by measuring the resonance frequency shift of modes (1,1) and (2,1):

∆ω11

∆ω21
= 2ϕ2

11(yq, zq)
ϕ2

21(yq, zq)
(7.1)
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7. Everyday Electromechanics at the high order modes

where ϕab is the mode shape for mode (a, b). Using Eq.2.9, we can determine the position of
the charge as

yq = sin−1
(︃√︄ ∆ω11

2∆ω21

)︃
Ly

π
, zq = sin−1

(︃√︄ ∆ω11

2∆ω21

)︃
Lz

π
. (7.2)

However, the location of multiple charges cannot be solved analytically as the system of
equations becomes underdetermined. In this case, the charge distribution can be estimated by
using machine learning algorithms.
A cost function describes how well the charge distribution model VDC(y, z) matches the
measured frequency shifts based on Eq 2.11

C =
⎛⎝∑︂

ab

∫︂ VDC(y, z)ϕ2
ab(y, z)

2ρhϵ0Ω2
0abπ2 dydz − ∆ωab

Ω0

⎞⎠2

. (7.3)

By minimizing the cost function, it is possible to estimate the charge distribution.

7.1.1 Adaptive Learning
Machine learning provides us with several algorithms to minimize the cost function. The
performance of the algorithms is case-dependent, therefore it is necessary to verify which
algorithm performs better for the given problem [81, 74, 59]. In this thesis, we will focus on
the algorithm called adaptive learning. The algorithm is as follow

Vt+1 = Vt + µ(Vt − Vt−1) − l∇C(Vt + µ(Vt − Vt−1)) (7.4)

where Vt is the charge distribution VDC(y, z) at computational time t, µ is the learning
momentum, and l is the learning step. Since the step is proportional to the gradient of the
cost function (∇C), this class of algorithm is called gradient descent. Contrary to Nesterov,
the learning step l in adaptive learning decreases as t increases. This way, it is possible to
make finer changes to the final charge distribution.
We input a random charge distribution (Vt=0) and empirically determine the parameters µ and l
by analyzing the change in the cost function [90, 47]. A too small learning step l or momentum
µ takes too long to converge, however, if these parameters are too big, the algorithm does
not converge. Once the parameters are determined, the reconstruction algorithm returns the
distribution VDC(y, z) that minimizes the cost function.

7.1.2 Simulation
The feasability of the method was verified by simulating the charge distribution VDC(y, z),
calculating the respective ∆Ωab, and feeding them to the reconstruction algorithm. Figure
7.1(a) and (b) show simulated charge distributions in a Hall bar under the bottom left quadrant
of a 52x55 µm membrane. In gray we see the simulated substrate (no charge) and in yellow
the electrodes and charge puddles. The resolution is defined by the size of the membrane and
the number of modes use for the reconstruction. To better estimate the resolution, let us take
the first mode of a string with length L as an example (ϕ1 = sin(πy

L
)). The frequency shift

is proportional to sin2(πy
L

) and is thus zero at the edges and nodal points. The maximum
change in amplitude occurs at the inflection point, however, the algorithm can easily distinguish
smaller changes in amplitude, resulting in a sampling frequency of approximately 6× the mode
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7.2. Multimode Measurements

Figure 7.1: (a) and (b) Simulated charge distributions in a Hall bar. A pixel represents 0.5 µm.
(c) Frequency shifts of the mechanical resonance for the two distributions shown in (a) and
(b) for the first 7×7 resonant modes. (d) and (e) Reconstructed charge distribution based on
the frequency shifts in (c).

shape frequency. For the first mode, this criterium implies reliable detection of changes in
amplitude at 5 points. Repeating this procedure for the first 7 resonant modes and excluding
duplicated measurement points, we obtain a list of unique points that produce measurable
shifts in the frequency. This criterium gives us a resolution of around 0.47 µm/pixel for a
52x55 µm membrane. Therefore, the bottom electrode was pixelated for the simulation with a
0.5 µm pixel size. It is important to point out that, very high order modes might not produce
measurable changes in amplitude at all unique points, so the resolution would have to be
experimentally verified.

The frequency shift ∆f of two charge distributions up to mode number 7 in each direction
is shown in Fig. 7.1(c). As the mode number increases, the frequency shift ∆f decreases
and both even- and odd-index modes show non zero ∆f , as the flip-chip configuration is not
90o symmetric. A clear difference between the "sparse" and "not sparse" distributions can be
observed up to the highest order modes, indicating a good sensitivity up to mode number 7.

Figure 7.1(d) and (e) show the reconstruction charge distribution based on the frequency shift
∆f shown in Fig. 7.1(c). The charge of the electrodes (1 V) and substrate (0 V) was fixed
and the charge was reconstructed only inside the region of interest: the hall bar area delimited
by the electrodes. This is reasonable limitation as it is very easy to optically measure roughly
where the electrodes and substrate are, allowing a delimitation of a region of interest. The
analysis takes around 2 minutes to run in a Mac Book Pro laptop with 16 GB of memory
and a 2 GHz Quad-Core Intel Core i5 processor. The reconstructed sparse distribution is in
very good agreement with the input charge distribution showing an average accuracy/pixel of
99.1 %, while the "non sparse" distribution shows an accuracy/pixel of 73.6 %.

7.2 Multimode Measurements
This section aims to introduce the preliminary results of the multimode analysis. We focused on
measuring the frequency of high order modes based on two techniques: scattering parameters,
in which modes are independently measured, and two-tone experiment, in which nonlinearities
couple higher order modes to the fundamental mode.
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Figure 7.2: Scattering parameter of the probe tone as a function of pump frequency. Inset
shows last measured mode.

7.2.1 Scattering Parameters
The technique presented in section 5.1.1 can be extended for measuring scattering parameters
S11 or S21 at higher frequencies. The measurement of the S21 coefficient is preferred, as it
presented better signal to noise ratio (see Fig.5.1). Figure 7.2(a) presents the S21 coefficient for
a 520 µm square membrane flipped on a square electrode and measured at different frequencies.
Given the symmetry of the flipped-chip, the C ′ integral in Eq.6.1 cancels out which makes the
external coupling g to even modes very weak, rendering these modes indectable. Odd-index
modes present an excellent coupling g and can be detected up to the order of (15,1). The
inset zooms in around the last measured peak at 3.38 MHz and an amplitude of 0.23 dB. No
higher order modes were detected, suggesting that the transmission of higher order peaks is
bellow background. To the best of our knowledge, this is the highest reported all-electrical
measurement of a resonant mode in a membrane. We would to further extend this achievement
by using two-tone spectroscopy.

7.2.2 Two-Tone Spectroscopy
Two-tone spectroscopy is a technique based on the non-linear response largely exploited in fields
from material science to quantum computing. However, this technique remains still relatively
unexplored in the field of MEMS. There are two important types of nonlinearities in a flip-chip:
actuation nonlinearity and geometric nonlinearity. The first emerges directly from the third
order term in the Taylor expansion of the electric potential (Eq.2.2). The latter comes from
the longitudinal stress generated by the elongation of the membrane under VAC, which causes
an increase in the tensile force. The time-averaged tension on the membrane is proportional
to u2

1, which becomes a significant term for large VAC [103]. These nonlinearities create an
intermodal coupling when two mechanical modes are simultaneously excited, changing the
damping and adding a nonlinear stiffness α to the equation of motion Eq.2.17:

m1ẍ1 = −m1Ω2
m1x1 − m2κin,1ẋ1 − α1(x1, ẋ1, ẍ1, x2, ẋ2, ẍ2)m1x1 + Fem, (7.5)

m2ẍ2 = −m2Ω2
m2x2 − m2κin,2ẋ2 − α2(x1, ẋ1, ẍ1, x2, ẋ2, ẍ2)m2x2 + Fem. (7.6)

The lowest order correction to the stiffness reported to be significant in clamped structures
has the form α1 = ax2

1 + bx2
2 [57, 58, 103], introducing the coupling term (x2

2x1) and a cubic
nonlinear stiffness (x3

1), which originates the Duffing nonlinearity. The first term, adjusts the
spring constant, while the second forces the flip-chip to find a new equilibrium position, similar
to the electrostatic spring constant effect. Therefore, driving a higher order mode (x2) alters
the fundamental mode (x1).
The change in the fundamental mode was observed by tracking the amplitude of a probe tone
5 Hz redshifted from the fundamental resonant frequency. A pump tone scans the frequency

48



7.2. Multimode Measurements

Figure 7.3: Scattering parameter with probe tone at the fundamental mode S21,0 as a function
of pump tone frequency. The gray shaded area indicates the measurement range in Fig.7.2.
Inset shows last measured mode.

space (f > Ωm). When the pump tone hits the frequency of the higher order mode x2, it
drives the mode incresing the coupling term. The fundamental mode lowers its frequency,
which is detected by the change in the amplitude of the probe tone. The measurement setup
is similar to the one introduced in Sec.5.1.1, with the pump tone added through the coupled
port of a directional coupler instead of the parametric amplification tone.
Figure 7.3(a) shows the transmission coefficient of the probe tone (S21,0) as a function of
frequency of the pump tone. The scan starts close to the second odd mode and has, in principle,
no limitation on the number of higher order modes. Here we show evidence of detecting a
mechanical mode of the order (49,1) (see inset). This is a much higher order mode as detected
in the scattering parameter measurement and, to the best of our knowledge, 5× higher than
the highest previously reported mechanical mode on a membrane. The change in amplitude
due to the detected mode is far above the background, presenting an astonishing signal to
noise ratio and indicating that even higher order modes should be detectable. Unfortunately,
the membrane collapsed shortly after this mode was measured, as the applied voltage was too
high. Therefore, it was not possible to repeat the measurement at low voltage, which would
provide the necessary data for reconstructing the charge distribution.
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CHAPTER 8
Conclusion

EEM is a very sensitive and versatile platform that requires only AC and DC voltages applied
to a flip-chip. A strong, tunable electromechanical coupling g is achieved and characterized
by measuring the scattering parameters S11 and S12. At the mechanical resonant frequency,
a change in the scattering parameter is observed and indicated a weak electromechanical
coupling g at low DC voltage and a large g at 1 V DC voltage. With the help of a cooperativity
metric C , we identify the transition to strong coupling regime in which the coupling to the
itinerant radiation in the leads dominates over the internal dissipation. This regime opens
new avenues for the development and application of MEMS without requiring cavities, high
magnetic fields, or special materials.

The performance of the EEM was benchmarked against a commercial quartz crystal oscillator,
demonstrating significantly lower insertion loss, better inductor quality factor, and higher
inductor bandwidth. Hence the device proves to be a valuable candidate for low-loss wide-band
inductors for electrical engineering applications. Furthermore, EEM was parametrically driven,
enabling the electromechanical fluctuations to overcome the technical noise in the setup. From
the driven voltage spectral density, a position imprecision was calculated revealing a sensitivity
that rivals modern interferometry. In this transmission setup, the flip-chip was warmed up
beyond room temperature due to back-action. A simple back-action isolation scheme based on
a reflection setup thermalized the device to the temperature of the reference resistor, enabling
remote cooling of mechanical motion.

EEM was also operated at high impedance environments revealing lossless transmission, but
higher damping effects. The parametrically amplified quadrature is stable over extended
periods, demonstrating the potential usage of EEM as an amplifier. Cooling the flip-chip to
LN temperatures reduces the internal dissipation, thereby increasing the coupling ratio and
pushing the device deeper into the strong coupling regime. However, it also increases the
frequency shift of the mechanical resonance due to higher molecular adsorption rate to the
membrane. To mitigate this, three strategies were successfully implemented: a high input
impedance environment to leverage resonance stability, active cooling to counterbalance the
adsorption frequency shifts, and short acquisition times with low-pass filtering. The subsequent
voltage spectral density measurements revealed that the mechanical resonator thermalized to
the theoretical expectations.

The last applications investigated in this thesis refer to higher order modes. A method for
charge distribution reconstruction was proposed and its feasibility was validated through
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8. Conclusion

simulations. The required frequency shifts were found through scattering parameters and
two-tone spectroscopy measurements. Two-tone spectroscopy revealed astonishing sensitivity
and significantly enhanced the detection range, enabling the characterization of modes of
the order (49,1) and opening the doors to so far unexplored high order regimes. Further
measurements need to be conducted to set a bound to the highest measurable mode with this
technique and to have a complete dataset necessary for charge reconstruction.
The experimental results and methods presented here lay a strong foundation for future
exploration of EEM. With the technique established, it would be interesting to investigate the
electromechanical coupling to samples with challenging charge configurations. Reasonable
candidates would be a chain of superconducting interference devices (SQUID) or Josephson
junction arrays (JJA). Characterizing an array with two SQUIDs would calibrate the performance
of EEM under charge tunnelings, while characterizing JJAs would give insight into not yet
understood charge rearrangement in insulating systems. The dynamics in such systems are
remarkably complex: instead of having a fixed location, electrons move around the lattice and
eventually localize due to interactions with other electrons or due to the interference of paths
in the lattice. A recent theoretical study calculated the response of a disordered system to a
time-dependent perturbation and found that perturbations over a time scale τ rearrange the
charges over a length scale ln(τ ) [43]. This discovery contradicts our current understanding of
Anderson, weak, and many-body localization and sets a time limit to the control of localized
phases. However, the finding has not been confirmed due to experimental challenges, making
it a perfect testbed for an EEM study.
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APPENDIX A
Calculating static displacement with

Mathematica

Lmax = 521 10^-6;
\[CapitalOmega] = Rectangle[{0, 0}, {Lmax, Lmax}];
d = 328 10^-9;
sigmah = 54.96;
epsilon0 = 8.8541878128 10^-12;
epsilonV = epsilon0 (1.3458)^2;
ufun = NDSolveValue[{ sigmah \!\(
\*SubsuperscriptBox[\(\[Del]\), \({x, y}\), \(2\)]\(u[x, y]\)\) ==

epsilonV /(2 d^2) - (u[x, y] epsilonV)/d^3,
DirichletCondition[
u[x, y] == 0 ,

Abs[x] == 0 || Abs[y] == 0 || Abs[y] == Lmax || Abs[x] == Lmax]},
u, {x, y} \[Element] \[CapitalOmega]];

c = ColorData["Rainbow"];
Plot3D[ufun[x, y], {x, y} \[Element] \[CapitalOmega],
ColorFunction -> "TemperatureMap", AspectRatio -> Automatic,
PlotPoints -> 100, MaxRecursion -> 8, TicksStyle -> Large,
ColorFunction -> Function[{x, y, z}, #[z]]]
Plot[ufun[x, y] /. x -> Lmax/2, {y, 0, Lmax}, PlotPoints -> 100];
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APPENDIX B
Sample parameters

Three samples were measured to produce the data for the Chapter 6. The geometric parameters
of the samples are as follows:

parameter Sample 1 Sample 2 Sample 3
L (µm) 514 520 511
d (nm) 226 321 607
m (ng) 185 189 182

tmetal (nm) 28 28 28
Ω0/2π (kHz) 500 380 389

κin (Hz) 36±8 5±2 9±6

Table B.1: Geometric and resonance parameters of the three samples used in Chapter 6. For
geometric parameters, L is the membrane side length, d is the separation distance of the top
and bottom chip, m is the membrane mass, and tmetal is the deposited metal thickness. For
resonance parameters, Ω0/2π is the resonant frequency and κin is the internal dissipation
calculated at zero effective voltage.
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