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Abstract

This thesis consists of two separate parts. In the first part we consider a dilute Fermi gas
interacting through a repulsive interaction in dimensions d = 1,2, 3. Our focus is mostly on
the physically most relevant dimension d = 3 and the setting of a spin-polarized (equivalently
spinless) gas, where the Pauli exclusion principle plays a key role. We show that, at zero
temperature, the ground state energy density of the interacting spin-polarized gas differs (to
leading order) from that of the free (i.e. non-interacting) gas by a term of order agp2+2/d with
a, the p-wave scattering length of the repulsive interaction and p the density. Further, we
extend this to positive temperature and show that the pressure of an interacting spin-polarized
gas differs from that of the free gas by a now temperature dependent term, again of order
agp2+2/d. Lastly, we consider the setting of a spin—% Fermi gas in d = 3 dimensions and show
that here, as an upper bound, the ground state energy density differs from that of the free
system by a term of order a,p? with an error smaller than a,p?(a,p'/?)'~¢ for any € > 0,
where a, is the s-wave scattering length of the repulsive interaction.

These asymptotic formulas complement the similar formulas in the literature for the dilute
Bose and spin—% Fermi gas, where the ground state energies or pressures differ from that of the
corresponding free systems by a term of order a,p? in dimension d = 3. In the spin-polarized
setting, the corrections, of order af;ps/?’ in dimension d = 3, are thus much smaller and requires
a more delicate analysis.

In the second part of the thesis we consider the Bardeen—Cooper—Schrieffer (BCS) theory of
superconductivity and in particular its associated critical temperature and energy gap. We
prove that the ratio of the zero-temperature energy gap and critical temperature =(7' = 0) /7.
approaches a universal constant me™” & 1.76 in both the limit of high density in dimension
d = 3 and in the limit of weak coupling in dimensions d = 1,2. This complements the proofs
in the literature of this universal behaviour in the limit of weak coupling or low density in
dimension d = 3. Secondly, we prove that the ratio of the energy gap at positive temperature
and critical temperature =(7") /T, approaches a universal function of the relative temperature
T /T, in the limit of weak coupling in dimensions d = 1,2, 3.
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Preface

This thesis consists of two completely independent parts. They may be read in any order.
Each part begins with an introduction to the subject matter studied in the respective part.
These introductions are given in Chapters 1 and 8.

Apart from Chapters 1, 2 and 8 each chapter consists of one of the papers included in the
thesis [GSEUpp; GSELow; Spin-1/2; PressLow; PressUpp; LowDim; HighDen; AllTemp]. As
such, they are (mostly) self-contained and can in principle be read in any order. There are
however a few recommended dependencies/prerequisites illustrated in Figure 0.0.1. Note that
these chapters do not appear in chronological order of their arXiv submission date.

’@é

Figure 0.0.1: Recommended dependencies/prerequisites. The dashed arrows
indicate that the preceding chapter contains many of the same ideas treated in a
simpler setting and may thus suitably be read beforehand.

Chapters 1 and 2 serve as introduction and motivation for Chapters 3—7 and Chapter 8 serves
as introduction for Chapters 9, 10 and 11.
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CHAPTER

Introduction to the theory of dilute
quantum gases

The study of dilute quantum gases with strong repulsive interactions has a long and rich
history in theoretical physics going back to the 1950s and 1960s, when the energy asymptotics
of both dilute Bose and Fermi gases were first computed to increasing levels of accuracy in the
particle density [Dys57; Efi66; EA65; HY57; LHY57; Wub59]. Renewed interest was sparked by
the experimental realization of Bose-Einstein condensates (BEC) [AEMWC95; Dav+95] and
of dilute quantum gases with tunable interactions using Feshbach resonances, see [BDZ08;
CGJT10; GPS08] and references therein. Further, in the recent years, it is now possible to
tune the interaction in a dilute Fermi gas such that the fermions interact as if they were
spinless, see references in [DZ19], where in particular the energy asymptotics of such a spinless
Fermi gas is calculated.

The energy asymptotics of such dilute quantum gases are of a certain universal nature. They
depend on the interaction only through a few parameters, being the s- and p-wave scattering
lengths and (to higher order) the s- and p-wave effective ranges, but otherwise not on the
microscopic details of the interaction. These are the relevant parameters of the interaction for
particles that are far apart. The “dilute” in “dilute quantum gases” means exactly that the
average interparticle distance is large compared to the length scale of the interaction. We
define the scattering lengths in detail below and motivate why these are (to leading order) the
only relevant parameters of the interaction.

On the mathematical physics side, the recent interest in the study of such dilute quantum
gases was sparked by the seminal work of Lieb and Yngvason [LY98], wherein they give a
rigorous lower bound for the leading order term in the asymptotic expansion of the ground
state energy of a dilute Bose gas complementing the rigorous upper bound of Dyson [Dys57].
Since then, much effort has been devoted to prove rigorously the claimed asymptotic formulas
from the 1950s and 1960s physics literature. These asymptotic formulas concern both the
ground state energy and the free energy (or pressure) at positive temperature.

In large parts, the main object of study has been the 3-dimensional dilute Bose gas. Here
only the s-wave scattering length of the interaction appears. For the Bose gas the validity
of the leading order term has been extended to positive temperature [Sei08; Yin10] and
recently also the next order term, the so-called Lee-Huang—Yang (LHY) term [LHY57] was
proved both as upper [BCS21; YY0Q9] and lower [FS20; FS23] bounds and extended to positive
temperature [HHNST23; HHST24]. In addition, also the two-dimensional [FGJMO24; LY01]

3



1. INTRODUCTION TO THE THEORY OF DILUTE QUANTUM GASES

and one-dimensional [ARS22] Bose gases have been studied. While many of the asymptotic
formulas have thus been put on rigorous ground, it remains an important open problem to
verify the existence of Bose—Einstein condensation in a dilute interacting Bose gas [LSSY05].

The Fermi gas behaves quite differently compared to the Bose gas: For bosons, many of the
particles may occupy the same one-particle state. This is not so for fermions. The Pauli
exclusion principle dictates that at most ¢ fermions may occupy the same one-particle state, ¢
being the number of spin components. In particular, even the non-interacting Fermi gas has a
non-zero ground state energy. Further, the effect of the interaction is highly dependent on the
spin. For two fermions with different spin, there is no effect from the Pauli exclusion, and
they interact similarly to two bosons. For fermions with the same spin, on the other hand, the
Pauli exclusion suppresses the probability of the two particles being close, and the interaction
is effectively much weaker. Following along this picture, Lieb, Seiringer and Solovej [LSS05]
proved that the leading order correction to the ground state energy of the non-interacting
Fermi gas is the same as that for the Bose gas if the number of spin components is ¢ > 2.
In particular here only the s-wave scattering length appears. This was later reproved using
different methods and getting improved error bounds in [FGHP21; Gia23a] (see also [Gia23b])
and extended to positive temperature in [Sei06b]. The two-dimensional setting is studied in
[LSS05; Sei06b] and the one-dimensional setting is discussed in the PhD thesis of Agerskov
[Age23].

Notably absent from the rigorous analysis is the study of the spin-polarized (equivalently
spinless) Fermi gas, with only one spin component ¢ = 1. The only work on such a gas is
in 1 dimension [ARS22]. As the fermions here all have the same spin, the Pauli exclusion
plays an important role. An important consequence is that only the p-wave scattering length
(and to higher order the p-wave effective range) matters, but not the s-wave parameters.
Further, because of the Pauli exclusion suppressing the probability of two particles being close,
the energy contribution coming from the interaction is much smaller than that for bosons or
fermions of different spins. This means that the analysis of such a spinless Fermi gas is more
delicate and requires a more precise analysis than that of the Bose gas or Fermi gas with spin
in order to find the leading correction to the energy of a free (meaning non-interacting) gas.

Spin-polarized /spinless fermions may a priori seem somewhat academical — After all, real-world
fermions have spin > 1, meaning that the number of spin-components is ¢ > 2. However,
it is possible in experiments, using Feshbach resonances, to tune the interaction in a dilute
Fermi gas such that the s-wave scattering length vanishes and so that only p-wave (and higher
angular momentum) scattering appears, see references in [DZ19]. Such a Fermi gas then
behaves as if the particles were spinless and may thus be studied by considering a spinless
gas. A second physical setting, where a description of a spin-polarized /spinless Fermi gas is
applicable is exactly (as the name suggests) that of a completely spin-polarized gas, where all
the spins are aligned. This is for instance the case for a gas in a very strong magnetic field.
If all the particles have the same spin we can equivalently forget about the spin, and treat
the gas instead as a spinless gas. (This also explains the equivalence of the nomenclature of
‘spin-polarized’ and ‘spinless’.)

1.1 Asymptotic formulas

We describe next the results and in broad strokes the methods of Part | of the thesis (Chapters
3-7) beginning with the precise statement of the asymptotic formulas for the energies (and
pressures) of dilute Fermi gases.



1.1. Asymptotic formulas

To state the (conjectured) asymptotic formulas for the energies of dilute Fermi gases, we
first define the system precisely. At zero temperature the relevant object is the ground state
energy of an N-particle system in a large box A = [~L/2, L/2]® in d dimensions. (Our focus
is mostly on the physically most relevant case d = 3.) The ground state energy is the lowest
eigenvalue of the Hamiltonian describing the system. This Hamiltonian is

N _h2

HN = Z TA% + Z V(JIJ - Ik),

j=1 41 1<j<k<N

and defined on some (appropriate domain in) some subspace of L?(AY;C). (We shall work in
natural units, where 2 = 1 and 2m = 1, to simplify the formulas by not having to carry around
the factor i%/2m.) Concretely this means that if the particles are in the state 1)y € L?(AY; C)

(with ||@/)N||iz(AN) = [fin [N (21, .. ,xy)|> dzy ... dzy = 1) then the energy is given by

(Un|Hn[n) = //AN Lé Vo, on (21, n))?

+ > Vizj—axp)n(,. ., on) | dog ... day.

1<j<k<N

The ground state energy is then defined as the lowest possible energy:

B = qint  (OnHN )

where the infimum is taken over appropriate states ¢)y. Exactly which states are appropriate
depends on the type of particles, be it bosons or fermions with ¢ spin components. In the
following we restrict to the settings of fermions with either ¢ = 2 or ¢ = 1. Any gas of
fermions with ¢ > 2 behaves like a gas with ¢ = 2 for our purposes, and it is notationally
simpler to just consider ¢ = 2. The spin-polarized (spinless) fermions with ¢ = 1 behave
significantly differently as discussed above. The particles being fermions, one has to consider
antisymmetric wave-functions ¥ . This is the Pauli exclusion principle. Concretely this means
that for spin-polarized fermions, the relevant L?-space is

N
Ly(AY:C) = A\ L*(AY:C)
= {n € L*(AY;C) : ¥ (@ny, - Ta(y) = (=1)"Un (21, ., 2n) V7 € Sn ),

with Sy the set of all permutations on N indices and (—1)" the sign of the permutation
7. For spin—% fermions (meaning ¢ = 2) we can consider a fixed number N; of spin-1 and
N, = N — N; of spin-] particles. Then the relevant space of 1y's is LZ(AM) @ L2(AM).
The ground state energy is then En, v, .

We consider the thermodynamic limit, where N and L are both large, but such that the
particle density p = N/L< stays finite. (In the spin—% case with ¢ = 2 we require the particle
densities pr = N;+/L% and p, = N /L% = p — p; of spin-1 respectively spin-|. particles to stay
finite.) In this limit the ground state energy E is proportional to the number of particles
(equivalently the volume L?) and the following limits exist [Rob71]

Ey En, N
e(p) = lim — e = lim —,
(p) N,L 00 Ld ’ (pT7p~L) NT,NJ/,LA)OO Ld
NL/Ld:pl



1. INTRODUCTION TO THE THEORY OF DILUTE QUANTUM GASES

This defines the ground state energy density in the thermodynamic limit for both the spin-
polarized and spin—% Fermi gas. The asymptotic formulas of the energy discussed above are
then expansions of the function(s) e(p) (and e(ps, py)) valid in the limit p — 0. To state
these we next define the scattering lengths properly.

Definition 1.1.1 (see also [LY01, Appendix A] and [SY20, Section 4]). The s- and p-wave
scattering lengths a, and a,, are defined (in 3 dimensions) by

Ara, = inf{/ (]Vf‘2 + ;V’f|2) dz : f(x) — 1 for |z| — oo},
R3
127a) = inf{/Rg <|Vf|2 + ;Vm?) |z|?dz : f(z) — 1 for |z| — oo}.

In case V(z) = 400 for some x we interpret V(z)dx as a measure. The minimizing f's are
the s- and p-wave scattering functions. They are denoted f; and f, respectively and satisfy
the scattering equations, being the Euler-Lagrange equations of the minimization problems:

—2Af;+Vf, =0, fs(x) = 1 for |x| — oo,
COAfy -4 VAV =0, fy@) o L forfe] oo, LD

jz[?

Remark 1.1.2. The scattering lengths can equivalently be defined using the scattering
equations (1.1.1) as the numbers a, and a, appearing in fs(x) = 1 — as/|z| and f,(z) =
1—a3/|z|? for z outside the support of V' (for a compactly supported V). This is the approach
used in Chapters 4 and 7 (where we consider the function ¢, = 1 — f, instead, however).

We give some intuition behind the scattering lengths in Chapter 2. They arise as the ground
state energies of systems of two interacting fermions in a large box. (They are essentially
defined by this fact.) Further, the ground state wave functions of such systems of two fermions
in a large box are to leading order given by the scattering functions (s- or p-wave depending on
the spins of the particles) times the ground states of the corresponding free (non-interacting)
systems. For the details, see Chapter 2.

Admitting this fact, the relevance of the scattering lengths in the many-body problem can then
be understood heuristically as follows: For the dilute system the particles are on average far
apart (at distances of order p~/¢ >> ¢ compared to some order one length scale ¢ set by the
interaction). In particular, three particles being close enough to have all three particles interact
simultaneously is a very rare event. Thus, the many-body problem is, at least to leading order,
conceptually just given by a lot of two-particle problems, where the two particles are in some
large box and don't interact with the remaining particles, which we can then ignore. As such,
the energy of a two-particle system should play a key role in the energy of the many-body
system.

Armed with this definition of the scattering lengths we can then state the conjectured formulas
from the physics literature [AE68; DZ19; Efi66; EA65; HY57;, WDS20]. For the spin-polarized
Fermi gas (with ¢ = 1 spin component), this formula reads (in 3 dimensions)

elp) _ 12 3., 6 1 5 2066 —312log?2
- Vp

za?’k?’ — ——a,r +
P 5 b5r PF 35p ppefE 1039572

agkg + o(agk%) :

(1.1.2)



1.1. Asymptotic formulas

For the Fermi gas with ¢ = 2 spin components of equal population p/2 the formula reads

p/2:02) _ 2

3 2 4
[ + —askp + —— (11 — 2log 2)a’k} + O ((ag’ +a + airs,eff)k%)l :
p

5 37 3572
(1.1.3)

Here kr = (672¢~1)Y/3p"/? is the Fermi momentum, 7, ¢ and 7, are the s- and p-wave
effective ranges and O ((ai’ +ad + airs,eﬁ)k})’;) is an explicit term of this order.

The main theorem of Part | of the thesis is the validity of the formula in (1.1.2) to order a’k?..

Theorem 1.1.3. Let V' > 0 be radial and compactly supported. Then the ground state energy
density of the 3-dimensional spin-polarized Fermi gas satisfies

3 2
-+ —agki’; + o(aik%)

e(p) 2
— =k
Fls ' 5r

p

for sufficiently small a,kr.

The leading term 2k% = 2(67%)%/%p?/? is the ground state energy per particle of a free
(non-interacting) Fermi gas and the next term (of order a)k}:) is the leading correction arising
from the interaction. The proof of Theorem 1.1.3 as an upper bound is given in Chapter 3
and as a lower bound in Chapter 4. Theorem 1.1.3 is illustrated in Figure 1.1.1.

Remark 1.1.4. We remark that the upper bound in Chapter 3 in fact captures the formula
in (1.1.2) to order alr, ¢k}, and is valid also in dimensions d = 1,2. The lower bound
in Chapter 4 is valid also in dimension d = 2. Further, the 1-dimensional analogue of
Theorem 1.1.3 is proved in [ARS22], see also [Age23]. For the details we refer to the respective
chapters.

Finally, we note that the interaction V' need not be well-behaved. In particular Theorem 1.1.3
allows for a hard core (also known as a hard sphere) interaction, where formally V(z) = +oo
for |x] < Ry and V(x) = 0 for |z| > Ry.

In Chapter 5 we prove the validity of the formula in (1.1.3) to order a,k? as an upper bound
with an error almost of order a?k%.. More precisely we show that

Theorem 1.1.5. Let V > 0 be radial and compactly supported. Then for any € > O there
exists a constant C. > 0 such that the ground state energy density of the 3-dimensional spin—%
Fermi gas satisfies

5/3 5/3

3 —
e(pr, py) < 5(672) (02 + 9}%) + 8asprpy + Ceagp®(adp)'?

for sufficiently small a3p.

This reproves the result of [LSS05] as an upper bound, but with an improved bound on the
error. This formula was also reproved in [FGHP21; Gia23a] both as upper and lower bounds
with improved errors compared to [LSS05] only there it is assumed that V' is a smooth function.
In particular the upper bound in [Gia23a] says that the error term is bounded by a2p”/3. The
analysis in [FGHP21; Gia23a] only deals with smooth V', however, and thus in particular not
the case of a hard core interaction. In Theorem 1.1.5 no smoothness or regularity on V' is
assumed, and we may take V' to be a hard core interaction.

7



1. INTRODUCTION TO THE THEORY OF DILUTE QUANTUM GASES
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Figure 1.1.1: (Copied from Chapter 3.) Energies of dilute spin-polarized Fermi
gases. The curves and points labelled HC are for a Hard Core interaction of
radius @, with then a, = a. The curves and points labelled SC are for a Soft Core
interaction of radius 2a and strength 1, chosen so that it's p-wave scattering length
is a, (meaning V' (x) = VoX(jz|<24), X being the characteristic function.) The points
(labelled QMC) are Quantum Monte Carlo simulations from [BTP23]. The curves
include the (conjectured) corrections up to the labelled order in kp = (672p)/3.

1.1.1 Positive temperature

Further, we consider in Chapters 6 and 7 the dilute spin-polarized gas at positive temperature.
At positive temperature the natural quantity to consider is not the ground state energy (density)
but instead the pressure. The pressure of the interacting and free systems are defined as

1 1
Y —B(HAV—pN) _ 1 —B(H—pN)
$(B,p) = Jim —=—logTrre WO aho(B ) = nggomlogTrfe ),

with 5 = 1/kgT the inverse temperature, p the chemical potential, F the fermionic Fock
space, and H, V and N the second quantized free Hamiltonian, interaction and number
operator respectively. (Here kg is Boltzmann's constant. We choose units so kg = 1.)

The natural temperatures to consider are those at most on the order of the Fermi temperature
of the free gas Tr. The Fermi temperature is the temperature scale at which the thermal
(kinetic) energy per particle is comparable to the (kinetic) energy per particle arising from
the Pauli exclusion. The thermal energy per particle is of order kT = T',! and the energy

A monoatomic gas has a thermal (kinetic) energy per particle of %kBT, for instance.

8



1.2. Gaudin—Gillespie—Ripka expansion

per particle from Pauli exclusion is of order pg/?’. That is, the Fermi temperature is of order

Tp ~ pg/?’. The constraint that 7' < T is the same as the constraint that the fugacity
z = €M satisfies > 1. For temperatures larger than the Fermi temperature the thermal
energy exceeds that from quantum effects, and so the gas behaves more like a classical
(high-temperature) gas.

We prove in Chapters 6 and 7 the positive temperature analogue of the formula in (1.1.2) to
order af)k}r’;. This is the second main theorem of Part | of the thesis.

Theorem 1.1.6. Let V > 0 be radial and of compact support. Then for small af;pg we have

— Li5/o(—2) R
(— Ligja(—2))55 #"°

V(B 1) = tho(B, ) — 247° [1+0.(1)],

where py = 0,%0(5, 1t) is the particle density of the free gas (in infinite volume), Lis denotes
the polylogarithm of order s and 0,(1) vanishes for af}po — 0 uniformly for z = e®* in compact
subsets of (0, 00).

Remark 1.1.7. We note that the lower bound in Chapter 6 holds also in dimensions d = 1,2
and is in fact uniform in z = 1, meaning that o0.(1) vanishes uniformly for bounded 1/z. The
upper bound in Chapter 7 holds also in dimension d = 2.

Note further that the pressure is decreasing in the Hamiltonian, describing the energy. Thus,
a lower bound for the pressure corresponds to an upper bound for the ground state energy
and vice versa.

We describe next the two different methods used in the following Chapters 3—7 to prove
Theorems 1.1.3, 1.1.5 and 1.1.6. We discuss the reason for the two different methods in
Remark 1.3.1 below.

1.2 Gaudin—Gillespie—Ripka expansion

At the centre of the argument in Chapters 3, 5 and 6 lies the Gaudin—Gillespie-Ripka (GGR)
expansion [GGR71]. This is one example of a cluster expansion developed in the physics
literature in order to deal with strongly correlated systems. To explain this expansion and its
relevance in the many-body problem we first explain the overall structure of the proof of the
bounds in Chapters 3, 5 and 6.

In Chapters 3 and 5 we prove upper bounds on the ground state energy of a spin-polarized
and spin—% Fermi gas respectively and in Chapter 6 we prove a lower bound on the pressure of
a spin-polarized Fermi gas at positive temperature. All of these bounds arise from computing
the energy (respectively pressure functional) of a trial state, being then an upper (respectively
lower) bound for the ground state energy (respectively pressure) by the variational principle.
The trial state we consider is of (Bijl-Dingle—)Jastrow type [Bij40; Din49; Jas55], meaning
that (in the spin-polarized setting) the trial state is given by

770‘135(3717""1‘]\/) = \/é_N H fp(xj —l"k:)@bo(fla---,l"N), (121)
1<j<k<N

where f, is the p-wave scattering function defined in Definition 1.1.1, vy is the ground state
of the free system, being a Slater determinant of the IV smallest momenta, and Cy is a

9



1. INTRODUCTION TO THE THEORY OF DILUTE QUANTUM GASES

normalization constant. For the problem of spin—% fermions or spin-polarized fermions at
positive temperature analogous trial states are constructed. (For technical reasons the trial
states we consider in Chapters 3, 5 and 6 are slightly modified.)

This type of trial state is motivated by the following picture: As discussed after Definition 1.1.1
above, we expect that the many-body system is essentially described by a bunch of two-particle
interacting systems. More precisely, we expect that keeping all but two particles fixed, the
wave function in the remaining two particles should be close to that of just the two-particle
ground state. As discussed above, the ground state for the two-particle system in a large
box is (to leading order) given by the scattering function times the ground state of the free
two-particle system. That is, between any pair of particles the wave function should be
modified by inclusion of the scattering function compared to the ground state of the free
system. This naturally leads to the idea that the ground state of the free system modified by
a factor [Ty <;<r<n fp(7; — 71) should be a good approximation to the ground state of the
many-body system. This motivates the choice of trial state in (1.2.1).

To calculate the energy of the trial state 1,5 we use the following observation: For any
real-valued functions F, G we have

/|v (FG)J? /\VF| G + /yF| G- (1.2.2)

(Verifying this is a simple exercise, which we leave to the reader.) We use (1.2.2) with
F =T1If, and G = 1y and note that >, —A, 1y = Eytbg with Ej the ground state energy
of the free system. Then,

2
<¢J35’HN|wJas> = by + //Pf,l(xl,@) (‘W + ;V(I’l — 1’2)) dz; dzs

®) Vfp(x1 = 22)V fy (w2 — 3)
+ ///pJas(xla L2, '7;3) fp(xl — .TQ)fp(ZL'Q — 173) dz; dzs dl’37
(1.2.3)

and pg‘?s are the 2- and 3-particle reduced densities of 1,5. Thus, to compute the
energy, we need only compute the reduced densities pﬁ)s and pgi)s Calculating these reduced
densities is essentially a complicated combinatorics problem. The solution of this combinatorics
problem is the contents of the GGR expansion, giving the formulas for the g-particle reduced

densities:

(2)

where pj..

pgg)s<x17"’7xq): H fp( _‘rk) (q)<x17"'7 +Z | Z FZ’,G(I17“'7$Q)
1<j<k<q p=1D (m,G)eL?
(1.2.4)
Here pl@ is the ¢-particle reduced density of the free state and the sets of diagrams £Z and

their values I‘fr’G are described in detail in Chapters 3, 5 and 6.
All the terms in the theorems of Chapters 3, 5 and 6 are contained in the contribution of the
first two terms in (1.2.3) (suitably modified in the spin-% setting or at positive temperature,

see the respective chapters for the details). Moreover, for the expansion of pﬁl in (1.2.4) only
the leading term contributes to the order we consider in Chapters 3, 5 and 6. The third term
in (1.2.3) and the higher order terms in (1.2.4) are error terms. Ignoring these, we thus find
the approximate formula (in the spin-polarized setting)

1
(Wyas| HN | 1as) = Eo + // p (a1, m5) [|pr|2 +5V 11,12 (21 — 23) day das.
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1.3. Modified second order perturbation theory

It is a simple exercise to Taylor expand p® (z1, x5) =~ %k;%p2|x1—x2|2 for z1, x5 close. Recalling
the definition of the p-wave scattering length in Definition 1.1.1, we arrive at the formula in
Theorem 1.1.3.

To control the errors in the above approximations we need to understand the expansions
(1.2.4) in more detail. For the first few terms in the expansions we need somewhat precise
calculations in order to control the errors from the remaining terms accurately enough. To
aid in the calculation of these first few terms (the sets of diagrams ZZ are quite big, even
for small p's and ¢'s) we wrote a short python-script [GGRscript]. Finally, bounding the tails
of the expansions is again a complicated combinatorics problem. To bound these tails we
need to replace f, in the trial state in (1.2.1) by a slightly modified function and the Slater
determinant 1)y by a slightly different Slater determinant, see the details in Chapters 3, 5
and 6.

1.3 Modified second order perturbation theory

In Chapter 4 we prove the lower bound in Theorem 1.1.3 and in Chapter 7 we prove the
upper bound in Theorem 1.1.6. A central ingredient is a modified version of second order
perturbation theory, where one considers part of the interaction to be part of the unperturbed
operator. We explain here the main ideas, focussing on the approach in Chapter 4.

We introduce the particle hole transformation R factoring out the ground state of the free
system, being the filled Fermi ball/sea. This satisfies R = 1)y, with {2 the vacuum state and
1o the ground state of the free system. Then

R*HNR =~ (0| Hn|bo) + Ho + Qo + Qu,

with Hy > 0 an effective kinetic energy and Q; and Q4 > 0 being effectively the ‘off-diagonal’
and ‘diagonal’ parts of the interaction, see Chapter 4 for the details. Then, second order
perturbation theory is the claim that if B satisfies [Hy + Q4, B] + Q2 ~ 0 (this equation is
essentially the scattering equation (1.1.1) for f,, in disguise), then e=? R* Hy Re® approximately
has (2 as its ground state. Using a Baker—Campbell-Hausdorff expansion to second order in
Q2 and B (this is the “second order” in “second order perturbation theory") we have

€_B(Ho + Q2 + Qy)e” ~ Hy + Q4 + Hy + Q4, B] + Q2 + ;[[Ho + Qu, B], B] + [Q2, B]
~Ho + Qi + 5[Qs, Bl

Evaluating in the state {2 we find the following formula for the ground state energy:

By = (ol Hvlgo) + (1o + Qul) + 3 (©[Qs, BIIR) = (ol Hxly) + 5 ([0, BIIO)

These terms may then be evaluated to be the first two terms in the formula in (1.1.2).

The main argument in Chapter 4 consists of doing the computation above precisely, taking
into account all the error terms. More precisely, we find the formula for the energy of any
N-particle state ¥y

(Un[Hn|Nn) = (Yol Hy|tho) + ; (Q[Qq, B]|2) + (&1 [Hy + Qulér) + E(Un), (1.3.1)

11



1. INTRODUCTION TO THE THEORY OF DILUTE QUANTUM GASES

where & = R*e By and E(2y) is an explicit error term, see Chapter 4 for the details. The
first two terms evaluate to the claimed formula in Theorem 1.1.3 as above and the term
(&1|Ho + Q4|&1) can be dropped for a lower bound since Hy + Q4 > 0. The main work in
Chapter 4 then concerns bounding the error term E(¢y).

In the positive temperature setting considered in Chapter 7 there is no natural particle hole
transformation, since there is no filled Fermi ball. We can still conjugate the Hamiltonian by
a unitary operator ¢® with appropriately chosen B, however. (The relevant B is related to
the operator B above by B = RBR*.) We then conclude a formula similar to (1.3.1). In
the positive temperature setting, the evaluation of (the positive temperature analogue of)
the term (Q|[Qy, B]|€?) is further complicated. An essential part of the evaluation is showing
the validity of first order perturbation theory at positive temperature in a certain appropriate
regime.

We conclude this chapter with a discussion of the necessity of the two different methods; the
GGR expansion and perturbation theory.

Remark 1.3.1 (Choice of method for upper versus lower bounds). We use the GGR expansion
to obtain upper bounds on the energy and modified second order perturbation theory to obtain
lower bounds on the energy (and vice versa for the pressure). The reasons for not just using
one method for both upper and lower bounds are as follows:

The GGR expansion is a trial state based approach computing the energy (or pressure functional)
of a particular type of trial state. A priori it is not clear whether this class of states contain
the ground state, however. Thus, the GGR expansion can inherently only prove upper bounds
on the energy. It has the benefit of requiring no regularity of the interaction, however, and
can in particular treat also hard core interactions. Further, it gives better bounds on the error
term and works also in lower dimension, see Remarks 1.1.4 and 1.1.7.

The perturbation theory method, on the other hand, can be used to prove lower bounds on
the energy. It works by conjugating the Hamiltonian by a particular unitary operator and in
particular no class of states are excluded. The perturbation theory method can also be used to
prove upper bounds, see Chapter 4. However, this doesn’t work for too irregular interactions.
Indeed, from the formula (1.3.1) we see that, in particular, we need that [ V|z|?dz < oo for
the expectation (o] Hy|tg) to be finite. In fact, we need V' € L' to control also the error
term, see Chapter 4. This is not an issue for proving lower bounds, since any interaction can
be bounded from below by an integrable one, see Remark 4.1.4.

12



CHAPTER

Pair of particles in an infinite square well

Any introductory physics textbook on quantum mechanics considers the toy problem of a
particle in an infinite square well, meaning that the particle is constrained to some box (being
the bottom of the infinite well). This example serves to illustrate many important aspects of
quantum mechanics. Following along these lines we consider here the problem of two particles
in an infinite square well (equivalently localized to some box). We study this toy problem here
for two main reasons:

1. It motivates clearly the definition of the scattering lengths in Definition 1.1.1, and

2. It illustrates and motivates the method of proof used in the following Chapters 3-7 to
prove Theorems 1.1.3, 1.1.5 and 1.1.6.

More precisely, we consider the toy problem of two interacting indistinguishable fermions
constrained to a large box A. For this system we shall determine the ground state energy to
leading order in the volume of the box. We first describe the system more precisely.

We take the box to be A = [—L /2, L/2]3 with L some large length. That is, we shall consider
the limit L — oco. The particles interact through a radial interaction V', which we assume to
be repulsive and short-ranged. Concretely this means that V' (z) > 0 and that V' has compact
support. That is, there is some Ry > 0 such that V(z) = 0 for |z| > Ry,

Working in units where the particle mass is m = 1/2 and h = 1, the energy is then given by
the Hamiltonian
H=-A,—A,+V(z—y).

Concretely this means that if the particles are in the state ¢ € L*(A%;C) (with HwHiQ(AQ;(C) =
[fsun |¥(2,9)]* dzdy = 1) then the energy is given by

i) = [| (9P + V0 + Ve = plie)l) dedy
X
The ground state energy is then defined as the lowest possible energy:

E= inf (JH[P),

Pil[ll g2 =1

where the infimum is taken over appropriate states 1. Exactly which states are appropriate
depends on the spins of the particles. We consider two settings:

13



2. PAIR OF PARTICLES IN AN INFINITE SQUARE WELL

1. Fermions of different spins: In this case the appropriate space for ¢ is the product space
L*(\;C) ® L*(A; C) = L*(A%C).

2. Fermions of the same spin: In this case the Pauli exclusion principle dictates that
¥(x,y) = —1(y,x) and so the appropriate space for 1) is

LA(A;C) A LA €) = LE(A% ©) = {(a,y) € LA(A%C) s vl y) = —u(y,2) .

Further, we need to specify the boundary conditions. The particles being in an “infinite square
well” the relevant boundary conditions would be Dirichlet boundary conditions, requiring that
¥ (x,y) vanishes whenever z or y are on the boundary. We shall instead consider the system
with periodic boundary conditions. (Strictly speaking it would thus be more appropriate to
call the system a “pair of particles in a periodic box".) These are the boundary conditions
used in the finite systems in the following chapters and are slightly more convenient to work
with. One can compute the ground state energy also for other choices of boundary conditions,
but we do not do this here.

We calculate the ground state energy E in the limit of a large box in two ways:

1. Variationally, by considering trial states of a particular form, and

2. Perturbatively, using second order perturbation theory.

In both settings we shall solve the problem in a way familiar to many mathematicians by simply
defining ‘something’ to be the solution and declaring victory. (This is a bit disingenuous. We
still need to do some work.) This ‘something’ is the all-important scattering length(s) of
the interaction defined in Definition 1.1.1. (One should really read Definition 1.1.1 then as
defining the scattering length(s) to be the solution(s) of the present toy problem(s).)

Remark 2.0.1. The two different methods of calculating the ground state energy reflects
the two different methods used in calculating the ground state energy of the many-body
interacting system in the following chapters. In Chapters 3, 5 and 6 we use a trial state based
on the variational methods here to find upper bounds on the ground state energies and a lower
bound on the pressure of the many-body systems. In Chapters 4 and 7 we use a perturbation
theory argument (modified compared to ‘standard’ perturbation theory as the argument given
here) to give a lower bound on the ground state energy and an upper bound on the pressure
of the many-body systems.

2.1 Non-interacting problem

To understand the interacting setting we first consider the simpler non-interacting setting,
where V' = 0. In the non-interacting setting the Hamiltonian is given by Hy = —A, — A,
and we shall determine the ground state energy £, = inf,, (¢)|Hy|¢) and the ground state(s)
0. Such 1y satisfy Ey = ([Ho|¢) and Hyo = Egtbo.

To find Ey and 1)y we first note that the Hamiltonian Hy is a sum of 1-body operators, —A,
and —A,. The eigenstates of —A, are the planes waves u;(r) = L=3/2¢™** for momentum
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2.2. Variational calculation

k € 2*73. These have energy (uj|—A|u;) = |k|%. Thus, the space of ground states is spanned
by states of the form (see [Sol14, Theorem 8.6] for more details)

_ k=+—ej, e; € {(0,0,1),(0,1,0),(1,0,0)}.
ug A ug  for same spins, L

ug ® ug for different spins, 21
Yo =
For the case of different spins there is just one ground state ug ® ug, whereas for the case of
same spins the space of ground states is 6-dimensional. It will be convenient to choose a basis
of real-valued ground states 1)y. For instance the ground state space is spanned by the ground
states

1
L for different spins,
Yo(z,y) = 2 fcos ZIxj+yj . (W( j j)) i =1.2.3 fi [

L3 sin[\ L 2 s\ @ =y ), J=129 forsame spins,

(2.1.1)
cos : . - y :
where ¢ . 0 means either cos or sin and 2/ is the j'th coordinate of - = (', 22, 23). The

ground state energy is
0 for different spins,
T2 for same spins.

2.2 Variational calculation

Next, we solve the interacting problem with a variational method. This serves as

1. Motivation for the definition of the scattering length(s) in Definition 1.1.1, and

2. lllustration and motivation for the method of proof used in Chapters 3, 5 and 6.

As a first step we claim that any ground state v of the interacting system can be written as
W(z,y) = f(z — y)bo(x,y) with ¥y a ground state of the non-interacting system and f some
function. Clearly, any state 1) can be written as ¢(z,y) = f(x,y)vo(z,y). The statement is
that for the ground state it suffices to consider functions f only depending on the difference
x —y. (Rather f should depend on the difference x —y (mod A), since f should be A-periodic
by the periodic boundary conditions. Here mod A means that in each component one possibly
adds or subtracts L such that the result is in the interval [—L/2, L/2].)

To see this we change variables to the variables (X,Y) € A% They represent the ‘relative
coordinate’ z — y and the ‘centre-of-mass coordinate’ L;“y The relative coordinate is more
precisely given by X =z — y (mod A). For the centre-of-mass coordinate Y we possibly add
or subtract a term L to one or more of the components of x or y, such that the resulting
tuple (X,Y) satisfies (X,Y) € [—-L/2, L/2]%, see Figure 2.2.1.> By the change of variables
formula it follows that dzdy = dX dY.

INote that this change of variables is only really useful for functions that are A/2-periodic in the centre-of-
mass variable, since the centre-of-mass is changed from % by some integer vector multiple of L/2. Otherwise,
(X, Y)-integrals would not factorize into products of the X- and Y-integrals. For 19 a non-interacting ground
state |1)g|? satisfies this, since sin(t + 7) = —sint and cos(t + m) = — cost. (Recall that a non-interacting

ground state vy is spanned by states of the form in (2.1.1).)
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Figure 2.2.1: Change of coordinates to the ‘centre-of-mass’ coordinate Y and
the ‘relative’ coordinate X. The picture is in one dimension and is applied to the
three-dimensional setting component wise. Using the A-periodicity each of the
regions labelled 1,2, 3,4 are identified with the corresponding region for which
(X,Y) e A2

In these coordinates the Hamiltonian takes the form

1

To evaluate the expectation of this in any state ) = f1y we recall (1.2.2): For any real-valued
functions F, G we have

[ivwer = [Ivepier+ [pre-a)c

We use this for F'= f and G = 9. Then (—2Ax — %Ay)@bg = FEqg1)g since 1y is a ground
state of the non-interacting system. Thus,

1
W) = Bt | (2VxfP+VISE+ 5IV0SF) [P X ey, @21)

To minimize this clearly Vy f = 0 and thus for the ground state 1) we may take f to depend
only on X, i.e. on x — y. (Recall the A-periodicity.)

The ground state energy F is then given by (2.2.1) only with f depending only on X. Further,
we expect that the effect of the interaction is somewhat localized to particles close enough,
say |z — y| < Ry, since the interaction has range Ry < L. If the particles are further apart
the effect of the interaction should be small. We should thus expect that any ground state
satisfies ¢(z,y) ~ o(x,y) for | — y| > Ry. That is, we expect that f(X) =~ 1 for large
| X|.

2.2.1 Different spins

For the setting of different-spin fermions we have only one ground state for the non-interacting
system o(z,y) = 1/L>. Hence, the Y-integration in Equation (2.2.1) simply evaluates to
[, dY = L?. Further, f is constrained by the normalization that [[¢)[|;. = 1. Thus, the
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2.2. Variational calculation

energy and optimal f (meaning the f for which the state ¢(x,y) = f(x — y)¢o(z,y) has
lowest energy) are given by the minimization problem

E = ;inf{/(2|Vf|2+V|f|2)dX : /|f|2dX:L3}.

Next, we replace the constraint that [ |f|*dX = L? by the constraint that f(X) — 1 for
| X | = oo. In the limit of large L this is a good approximation. Indeed, by the discussion above
we expect f & 1 for | X| > Ry anyway, and this clearly satisfies the constraint [ |f|?dz = L?,
at least to leading order in L.? This leads us to the definition of the s-wave scattering length
as stated in Definition 1.1.1, and we thus find the formula

8mag
E =~ 73

for the ground state energy of two different-spin fermions in a large periodic box.

2.2.2 Same spin

For the setting of same-spin fermions we again compute the Y-integral first. Noting that
sin(t + ) = —sint and similarly for cos we see that for any non-interacting ground state
the Y-integral evaluates to [, sin? = [, cos® = $L3. (Recall that a non-interacting ground
state 1y is spanned by states of the form in (2.1.1).) Thus, combining Equations (2.1.1)
and (2.2.1) we find that the ground state energy and optimal f are given by

2 J J
E= 4;+L23inf{/(2|Vf|2+V]f|2)sin2 (”f) dX : 2/yf|25m2 <7Tf> dX = L3}.

As above, we replace the constraint by f(X) — 1 for | X| — co. As sin? is 1/2 “on average”,
this is a good approximation for large L exactly as above. Next, we expect the integrand in
the first integral (2|V f|? + V| f|?)sin?(7 X7 /L) to be supported essentially only for | X| < L.
(Clearly the term with V' is by the compact support.) Thus, we Taylor expand the sine and
find for large L that

47 2m? 9 9 P9
Ez?—i—ﬁlnf CIVIF+ V)X )|?dX : f(X) — 1 for | X]| =00y,
R3

Further, this minimization problem is symmetric in relabelling the coordinates X7, and thus we
may replace | X7|? by |X|?/3. This leads us to the definition of the p-wave scattering length
as stated in Definition 1.1.1. We conclude the formula

472 167r3a13;
N — +
L? LS

E

for the ground state energy of two same-spin fermions in a large periodic box.

2This can be done more rigorously as follows: By the Euler-Lagrange equations for the first minimization
problem, f converges to some constant for large | X|. To leading order in L this constant has to be 1 in order
to satisfy the constraint [ |f[*dX = L3.
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2. PAIR OF PARTICLES IN AN INFINITE SQUARE WELL

2.3 Perturbation theory

Next, we illustrate how to solve the present toy problem using an appropriately modified
version of second order perturbation theory. We do this for two main reasons:

1. It motivates an alternative definition of the scattering function using the scattering
equation, (being the Euler-Lagrange of the variational definition given in Definition 1.1.1)
and

2. It illustrates the method of proof used in Chapters 4 and 7.

Perturbation theory can be formulated in many equivalent ways. We use here a slightly
modified form, where we treat only part of the interaction as the perturbation and formulate
it using a unitary operator e”.

To formulate this modified version of perturbation theory we split the interaction operator
V into two parts; Vp the ‘diagonal’ part of V' and Vop the ‘off-diagonal’ part. To define
them more precisely we introduce the projection operator P on L?*(A) being a projection
onto low-lying eigenvalues of —A such that P ® Py = 1. We can achieve this while
simultaneously having the approximations P ~ 0 and Q = 1 — P ~ 1.3 For instance, one can
consider P = x(_a<(2x/1)?) the projection onto the Oth and 1st excited modes of —A.

To simplify notation we write PP = P ® P and Q@ = @ ® ). We define then
Vb = PPVPP + QQVQQ, Voo = PPVQQ + QQV PP,

and approximate V' = Vp + Vop. We then treat Hy + Vp = —A, — A, + Vp(z,y) as
the unperturbed operator and Vpp as the perturbation. Using a Baker—Campbell-Hausdorff
expansion to second order (in B and Vpp) we find

1
e BHeP ~ Hy+ Vp + ([Ho + Vb, B] + Vop) + (2[[HO + Vb, B], B] + [Vob, B]) .

The statement of second order perturbation theory is then the following: If B is chosen so
that [Hy + Vp, B] + Vop =~ 0, then 1) is approximately the ground state of e B HeP.

We choose B to be (with s/p in the case of different/same spins)

B =PP(1— f,)QQ — QQ(1 = fyp) PP.

We claim then that this satisfies [H + Vp, B] + Vop = 0. (This boils down to f;, satisfying
the scattering equation as we show below.) Admitting this, the ground state energy is

)

1
—A, — A, + PPVPP +QQVQQ + 5[VOD, B]

o).

3Here we are a bit vague regarding what exactly is meant. The analogous approximations in the many-
body setting are made precise in Chapters 4 and 7. The same comment applies to subsequent operator
approximations in this section.

E%<¢o
= Eo + <l/}0

1
V + §[VOD7B]
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2.3. Perturbation theory

For the commutator we have (approximating @) &~ 1 and P ~ 0 whenever they appear not as
the first or last term of an operator)

Voo, B] = [PPVQQ + QQV PP, PP(1 — f.,,)QQ| + h.c.

— QQVPP(1 — f,,)QQ — PPVQQ(1 — f./,) PP +h.c.
~ —2PPV (1 — f,;,)PP.

Thus, we find that the energy is given by
E = Ey + (vo|V fospltho) (2.3.1)

To evaluate this and show that [Hy + Vp, B] + Vop ~ 0 we distinguish between the two
settings of different or same spins.

2.3.1 Different spins

In the setting of the two particles having different spins, the ground state of the free system is
Yo(z,y) = 1/L3. Thus, by (2.3.1), we find the ground state energy of the interacting system
as
1
NO—i—// y)fs(x —y )dxdy:ﬁ Vf,dx.
Using the scattering equation (1.1.1) and integrating by parts once we find [V f, = 8mas,
and so we again find
8mag
I3

for the ground state energy of two different-spin fermions in a large periodic box.

E =~

Next, to show that [Hy+ Vp, B] + Vop ~ 0 we compute similarly to the commutator [Vop, B]
above

[Ho+ Vb, Bl 4+ Vop = PP2Af, +2V fs- (V. — V,) + V] QQ
+[PPVPP 4+ QQVQQ, PP(1 — f,)QQ] + h.c.
~ PP2Af, 4+ 2V [, - (Ve — V,) + V] QQ + h.c.

Noting that (Vfs- V)* = —=Af, — V fs - V we can write this as

[Ho + Vo, B] + Vop ~ QQ [-2Af, — 2V f, - (Vo — V,) + V£] PP + hec.
— —2QQVf, (VPP — PVP)+h..

by the scattering equation (1.1.1), where VP is the multiplication operator in momentum
space multiplying by kP (k). Since P projects onto low-energy eigenstates of the Laplacian, k
in the support of P is small. Thus, we see that [Hy + Vp, B] + Vop = 0.

We remark that for the scattering function f; we used only the scattering equation (1.1.1),
but not the variational formulation in Definition 1.1.1. Thus, the analysis above serves as
motivation for taking the scattering equation (1.1.1) as the definition of the scattering function
and length instead of the variational formulation in Definition 1.1.1. This is the definition used
in Chapters 4 and 7, recall Remark 1.1.2.
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2. PAIR OF PARTICLES IN AN INFINITE SQUARE WELL

2.3.2 Same spin

Similarly, as above we find by (2.3.1) the ground state energy to be

Ar® 4 cos) (2l + 40\ | 2 (T,
ENB+[ﬁ//V<x_y)fp<x_y) {sin} T 3 sin (L(:L’ -y )) dz dy
4r? 2

==+ V(z)f,(r)sin’ (Zx]) dz

We Taylor expand the sine and replace (z7)? by |z|>/3 by the radial symmetry. Noting further
that [V f,|z[* = 24mal, which follows from the scattering equation (1.1.1) and integrating
by parts once, we find as above

472 1673a’

D
S FIET

for the ground state energy of two same-spin fermions in a large periodic box.

E

Next, to show that [Hy + Vp, B] + Vop approximately vanishes we have as above
[Ho+ Vo, Bl + Vob = QQ [-2Af, =2V f, - (V, — V) + V f,] PP+ h.c.
Further, by exchanging the two particles, meaning interchanging x and y, we see that
[Ho + Vb, Bl + Vop = QQ [-2Af, =4V [, - V. + V f,] PP+ h.c.

For any state ¢ we have that (PP1)(x,y) vanishes for x = y by the Pauli exclusion principle.
Thus, we can Taylor expand it in x around x = y. That is

(PPY)(x,y) = (x —y) - [Vo(PPY) (2, y)]a=y = (2 —y) - (VPPY)(2,y).

Performing such a Taylor expansion for the two terms —2Af, and V f,, in the commutator
above we find for any state v

(¥[[Ho + Vb, B] + Voo|¢) = 2Re (V|QQ [-2(-)Af, = 4V f, + ()V f] - VPP|3)) .

By the scattering equation (1.1.1), this vanishes, and we conclude that [Hy+ Vp, B]+ Vop ~ 0
as desired.

As in the different-spin setting considered above, we only used the scattering equation (1.1.1)
for the scattering function f, and not the variational formulation in Definition 1.1.1. Thus,
the computation above serves as motivation for why one might take the scattering equation
(1.1.1) as the definition of the scattering length instead.

2.4 Concluding remarks

From the variational calculation we saw that, for both the different- and same-spin settings,
the ground state is approximately given by f,/,(z — y)¥o(x,y) with 1)y a non-interacting
ground state. This serves as the motivation behind the Jastrow-type trial state considered in
the many-body problem in Chapters 3, 5 and 6, see the discussion in Chapter 1.

From the perturbative calculation we saw that, for both the different- and same-spin settings,
the ground state is approximately given by ¢4y, with B = PP(1 — f,,,)QQ — h.c.. This
motivates in part the analysis in Chapters 4 and 7.
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2.4. Concluding remarks

The prefactor f,/, and the unitary operator eP are two different methods of how to implement
the correlations arising from the interaction. Their many-body generalizations are the basis
for the implementation of the correlations in the following Chapters 3—7: The Jastrow type
trial state used in Chapters 3, 5 and 6 is built using the scattering function f,/, and the
unitary operator used in Chapters 4 and 7 is €® with B the second quantization of B. (Up to
technicalities.)

Finally, we saw quite clearly that the effect of the same-spin interaction is much weaker than
that of the different-spin interaction. Indeed, a,/L® > a}/L® for large L. This point was
already discussed in Chapter 1, but this toy problem serves as a simple concrete problem,
where this effect is clearly illustrated.
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CHAPTER

Ground state energy of the dilute
spin-polarized Fermi gas: Upper bound
via cluster expansion

This chapter contains the paper

[GSEUpp] A. B. Lauritsen and R. Seiringer. “Ground state energy of the dilute spin-
polarized Fermi gas: Upper bound via cluster expansion”, J. Funct. Anal. 286.7
(2024), p. 110320. DOI: 10.1016/5.§fa.2024.110320.

Abstract. We prove an upper bound on the ground state energy of the dilute spin-polarized
Fermi gas capturing the leading correction to the kinetic energy resulting from repulsive
interactions. One of the main ingredients in the proof is a rigorous implementation of the
fermionic cluster expansion of Gaudin, Gillespie and Ripka (Nucl. Phys. A, 176.2 (1971), pp.
237-260).
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3.1 Introduction and main results

We consider a Fermi gas of NV particles in a box A = A;, = [~L/2, L/2]¢ in d dimensions,
d=1,2,3. We will mostly focus on the case d = 3. The particles interact via a two-body
interaction v, which we assume to be positive, radial and of compact support. In particular we
allow for v to have a hard core, i.e. v(z) = oo for |z| < r for some r > 0. In natural units
where i = 1 and the mass of the particles is m = 1/2 the Hamiltonian of the system takes
the form
HN = Z Amz + Z - ZL’k
i<k

We are interested in spin-polarized fermions, meaning that all the spins are aligned. We may
thus equivalently forget about the spin. This means that the Hamiltonian should be realized
on the fermionic N-particle space of antisymmetric wavefunctions L2(AY) = AN L2(A). We
consider the ground state energy density in the thermodynamic limit

Uy Hy| W
eq(p) = lim inf M

L—00 WyeL2(AN) LA
N/LS0 g )12, =1

It is a result of Robinson [Rob71] that the thermodynamic limit exists, and that it is independent
of boundary conditions (say, Dirichlet, Neumann or periodic).

We study the dilute limit, where the inter-particle spacing is large compared to the length
scale set by the interaction. For spin-polarized fermions, the relevant lengthscale is the p-wave
scattering length a which we define below. Our main theorem is the upper bound

3 5 55 12 9 f
eas(p) < 5(67r )2/3p5/3 + %(6@2/3&%8/3 1— 35(67r )2/3a2p2/3 +o ((a:%p)z/s)]

in the dilute limit a3p < 1, where aq is another length related to the scattering length and
effective range, also defined below. The leading term 2(67%)%/3p%? is the kinetic energy
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3.1. Introduction and main results

density of the free Fermi gas. The next term 2%(67)*3a®p®? naturally results from the
two-body interactions using that the two-body density vanishes quadratically at incident points,
leading to the cubic behavior in the scattering length. Finally, the correction term of order
a*a2p'/? is a consequence of the fourth-order behaviour of the two-particle density.

This formula is expected to be sharp [DZ19]. (How the length ay is related to the effective
range appearing in [DZ19] is perhaps not immediate. We discuss this below.) To order
a®p®/? the formula follows by truncating expansion formulas of Jastrow [Jas55], lwamoto and
Yamada [IY57], Clark and Westhaus [CW68; WC68] or Gaudin, Gillespie and Ripka [GGR71].
Additionally the formula (to order a®p®?) is claimed by Efimov and Amus'ya [Efi66; EA65],
see also [WDS20] and references therein. Our result thus verifies this formula from the physics
literature, at least as an upper bound. An important ingredient in our proof is a rigorous
implementation of the cluster expansion introduced by Gaudin, Gillespie and Ripka [GGR71].

For the dilute Fermi gas one can also study the setting where different spins are present. This
is studied in [FGHP21; Gia23a; LSS05], see also [Gia23b]. This system is realized by having
the Hamiltonian Hy act on a definite spin-sector L2(A™) @ L2(AN+), where one fixes the
number of spin-up and -down particles to be Ny and N, = N — NN, respectively. The energy
density satisfies (in 3 dimensions)
ea=s(pt, p)) = :;(6W2)2/3 (67 + p}) + 8rasp,py + olasp®),

where p, denotes the density of particles of spin o € {1,]} and p = p, + p+. Here a
is the s-wave scattering length of the interaction. The leading term is again the kinetic
energy density of a free Fermi gas. The next to leading order correction was first shown
in [LSS05] and later in [FGHP21; Gia23a] using different methods. The next correction is
conjectured to be the Huang—Yang term [HY57] of order a?p™/3, see [Gia23a; Gia23b]. Note
that even the Huang—Yang term of order a?p”/3 is much larger than the leading correction in
the spin-polarized case of order a’p%/3.

For the dilute Fermi gas with spin, effectively only fermions of different spins interact (to
leading order). For fermions of different spins, the Pauli exclusion principle does not give
any restriction, and the energy correction of the interaction is the same as for a dilute Bose
gas (to leading order). For fermions of the same spin, the Pauli exclusion principle gives an
inherent repulsion between the fermions. This gives the effect that the energy correction of
the interaction is much smaller for fermions all of the same spin.

In addition to the dilute Fermi gas, much work has been done on dilute Bose gases. Here one
realizes the Hamiltonian on the bosonic N-particle space of symmetric functions L2(AY) =
L?(A)®»™ instead. One has the asymptotic formula (in 3 dimensions)

128
ea=s(p) = 4masp? <1 + 15\/7—T(a§’p)1/2 +o ((aip)l/2)> .

The leading term was shown by Dyson [Dys57] for an upper bound and Lieb and Yngvason
[LY98] for the lower bound. The next correction, known as the Lee-Huang—Yang correction
[LHY57], was shown as an upper bound in [BCS21; YY09] and as a lower bound in [FS20;
FS23]. In some sense, the term 127 (67)%/%a?p®/3 for the same-spin fermions is the fermionic
analogue of the 4ra,p? for the bosons. It is the leading correction to the energy of the free
Fermi/Bose gas.

Finally also some lower-dimensional problems have been studied. The 2-dimensional dilute
Fermi gas with different spins present is studied in [LSS05], where the leading correction to the
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kinetic energy is shown. Recently also the bosonic problem has been studied in [FGJMO24].
We show that for the spin-polarized setting in 2 dimensions we have the upper bound

ea=2(p) < 2mp* +4r%a’p’[1 +0(1)]  as a’p — 0.

Additionally, the 1-dimensional spin-polarized Fermi gas is studied in [ARS22]. Agerskov,
Reuvers and Solovej [ARS22] show that

2 272
ea=1(p) = 303 + ?CLP4 [1+o(1)]  asap—0.

We give a new proof of this as an upper bound with an improved error term.

3.1.1 Precise statement of results

We now give the precise statement of our main theorems. We start with the 3-dimensional
setting. First, we define the p-wave scattering length. (See also [LYO01, Appendix A; SY20].)

Definition 3.1.1. The p-wave scattering length a of the interaction v is defined by the
minimization problem

127a’ :inf{/]R3 |z)? (|Vf( )|? + v( )| fo(x)] ) de: fo(zr) = 1 as |z] — oo}.

The minimizer f; is the (p-wave) scattering function. (In case v has a hard core, i.e. v(z) = 00

for |x| < r one has to interpret v(z)dx as a measure. Necessarily then the minimizer has
fo(z) =0 for |z| <r.)

We collect properties of the scattering function f; in Section 3.2.1. We define the length ag

as follows.

Definition 3.1.2. The length ayq is given by

30 = oz [ ol (19 + 5o (o)) d,

where f is the scattering function of Definition 3.1.1. The normalization is chosen so that a
hard core interaction of radius Ry has ag = a = Ry, see Remark 3.2.3. (If v has a hard core
we interpret v(z) dz as a measure as in Definition 3.1.1.)

We can now state our main theorem.

Theorem 3.1.3. Suppose that v > 0 is radial and compactly supported. Then, for sufficiently
small a®p, the ground-state energy density satisfies

3
(67T2)2/3p5/3

ed=3(p) < =

127 9
+T(67T)2/3 3p8/3 35(677 )2/3 2 2/3+O(( )2/3+1/21|10g( Sp)|6)‘|'

The essential steps in the proof are as follows.
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3.1. Introduction and main results

(1) Show the absolute convergence of the formal cluster expansion formulas of [GGR71] for
the reduced densities of a Jastrow-type trial state. The criterion for absolute convergence
will not hold uniformly in the system size, and in order to allow for a larger particle
number we need to introduce the “Fermi polyhedron”, described in Section 3.2.2,
as an approximation to the Fermi ball. The formulas of [GGR71] are computed in
Sections 3.3.0.1, 3.3.0.2, 3.3.0.3 and 3.3.0.4 and stated in Theorem 3.3.4. The absolute
convergence is proven in Section 3.3.1.

(2) Bound the energy of the Jastrow-type trial state. For this we shall in particular
need bounds on “derivative Lebesgue constants” given in Lemma 3.4.9 and proven in
Section 3.B. The computation of the energy of such a Jastrow-type trial state is given
in Section 3.4.

(3) Use a box method to glue together trial states in smaller boxes to obtain a bound in the
thermodynamic limit. This is done in Section 3.4.1.

Remark 3.1.4. The term of order a®a2p'%/? is in fact the same as is claimed in [DZ19].
To see this we relate the effective range R to the length ag. In the physics literature the
effective range is defined via the formula

3 1

E? cot d(k) = —— —
€0 <) a3 2Reff

k? + higher order in k k—0 (3.1.1)

for the phase shift §(k) of low energy p-wave scattering. A formula for the effective range is
found in [HL10, Equation (56)]. With this we find

Proposition 3.1.5. The effective range is given by

18
Ry = Ea%a_g.

Using this formula we recover the formula [DZ19, Equation (15)] to order p'%/3. The formula
of [DZ19] reads

cas(p) 503 2 4. 1 4 ..  2066—312log?2
— 122 S - SR
P o S TR

a®k% + higher order| ,

with kr = (672p)'/? the Fermi momentum. We give the proof of Proposition 3.1.5 in
Section 3.2.1 below.

Remark 3.1.6 (Numerical investigation). The validity of the formula in Theorem 3.1.3 is
investigated numerically in [BTP23] using Quantum Monte Carlo simulations. We plot their
findings in Figure 3.1.1 and compare them to the formula in Theorem 3.1.3 and the claimed
formula to order p''/? of [DZ19, Equation (15)].

Remark 3.1.7. One may weaken the assumptions on the interaction v a bit at the cost of
a longer proof. The compact support and that v > 0 are not strictly necessary. Essentially,
we just need sufficiently good bounds on integrals of the scattering function fy as used in
Sections 3.3.1 and 3.4 and that the “stability condition” of the tree-graph bound [PUQ9,
Proposition 6.1; Uel18] used in Section 3.3.1 is satisfied.

Remark 3.1.8. With the same method one should be able to improve the error bound slightly.
At best one could get the error to be O.(p?(a®p)?~¢) for any € > 0 (i.e., the error-term in
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Figure 3.1.1: Energies of dilute Fermi gasses. The curves and points labelled
HC are for a Hard Core interaction of radius a. The curves and points labelled
SC are for a Soft Core interaction of radius 2a and strength V[ chosen so that
it's scattering length is a. (Meaning v(z) = ViX|z|<24, X being the characteristic
function.) The points (labelled QMC) are Quantum Monte Carlo simulations from
[BTP23]. The curves include the (conjectured) corrections up to the labelled order
in kp = (6m2p)'/3,

Theorem 3.1.3, O((a®p)?/3+/2'1og(a®p)|°) could be replaced by O.((a®p)'~¢)). The bound
of the error-term in Theorem 3.1.3 arises from bounding the tail of the Gaudin-Gillespie-Ripka-
expansion. Exact calculation for small diagrams (meaning small number of involved particles)
reveal that this bound is very crude. Using such exact calculations for more diagrams would
improve the error-bound as stated. This is somewhat similar to the recent work on the Bose
gas [BCGOPS23]. We shall discuss this further in Remark 3.4.10.

We consider the lower-dimensional problems next. We start with 2 dimensions, where the
scattering length is defined as follows.

Definition 3.1.9. The (2-dimensional) p-wave scattering length a of the interaction v is
defined by the minimization problem

4ra? = inf {/R 22 <]Vfo(x)\2 + ;v(x)\fo(x)]2> do: folx) = 1 as |z — oo}

The minimizer f; is the (2-dimensional) (p-wave) scattering function.
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3.1. Introduction and main results

With this, we may state the 2-dimensional analogue of Theorem 3.1.3.

Theorem 3.1.10 (Two dimensions). Suppose that v > 0 is radial and compactly supported.
Then, for sufficiently small a®p, the ground-state energy density satisfies

ea=a(p) < 2mp? + dm?a’p? [1 +0 (a?p| 10g(a20)\2)]-

We sketch in Section 3.5.1 how to adapt the proof in the 3-dimensional setting to 2 dimensions.

Finally, we consider the 1-dimensional problem. The scattering length is defined as follows.

Definition 3.1.11. The (1-dimensional) p-wave scattering length a of the interaction v is
defined by the minimization problem

1
9 = inf {/ ]2 (|8f0(3:)]2 4 2v(x)]fo(x)]2) d : fo(x) = 1 as |z] — oo}
R
The minimizer f; is the (1-dimensional) (p-wave) scattering function.

We show in Proposition 3.5.12 that Definition 3.1.11 agrees with the (seemingly different)
definition of the scattering length in [ARS22]. With this, we may state the 1-dimensional
analogue of Theorem 3.1.3.

Theorem 3.1.12 (One dimension). Suppose that v > 0 is even and compactly supported.
Suppose moreover that [ (%vfg + \afo\Q) dx < oo, where fq denotes the (p-wave) scattering
function. Then, for sufficiently small ap, the ground-state energy density satisfies

? 3 2r° 4 9/13
ei=1(p) < —p +?a,0 1~|—O<(ap) ) :

T
3

We remark that Agerskov, Reuvers and Solovej [ARS22] recently showed (almost) the same
result with a matching lower bound e —;(p) > %Qp?’ + ?ap‘*(l +0(1)). Compared to their
result we treat a slightly different class of potentials and obtain an improved error bound. The
conjectured next contribution is of order a?p®, see [ARS22].

Remark 3.1.13 (On the assumptions on v). Any smooth interaction or an interaction
with a hard core (meaning that v(z) = +oo for |z| < ag for some ag > 0) satisfies
i (%vfg + |8f0|2) dx < oo, see Propositions 3.5.13 and 3.5.14.

We sketch in Section 3.5.2 how to adapt the proof in the 3-dimensional setting to 1 dimension.
This turns out to be more involved than adapting the argument to 2 dimensions.

The paper is structured as follows. In Section 3.2 we give some preliminary computations and
in particular we introduce the “Fermi polyhedron”, a polyhedral approximation to the Fermi
ball. In Section 3.3 we introduce the fermionic cluster expansion of Gaudin, Gillespie and
Ripka [GGR71] and we find conditions on absolute convergence of the resulting formulas. In
the subsequent Section 3.4 we compute the energy of a Jastrow-type trial state and glue many
of them together using a box method to form trial states of arbitrary many particles. Finally,
in Section 3.5 we sketch how to adapt the argument to the lower-dimensional settings. In
Section 3.A we give computations of “small diagrams” needed for some bounds in Sections 3.4
and 3.5.2 and in Section 3.B we give the proof of Lemma 3.4.9, an important lemma used in
Section 3.4.
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3. GROUND STATE ENERGY OF THE DILUTE SPIN-POLARIZED FERMI GAS: UPPER BOUND

3.2 Preliminary computations

We will construct a trial state using a box method, and bound the energy of such trial state.
To use such a box method we need to use Dirichlet boundary conditions in each smaller box.
In Lemma 3.4.3 we show that we may construct trial states with Dirichlet boundary condition
out of trial states with periodic boundary conditions. We will thus use periodic boundary

conditions in the box A = [~L/2, L/2]3. For periodic boundary conditions, the Hamiltonian
is given by
HN— R/erL_Z A ‘l’zvper - jv
1<J

where A; denotes the Laplacian on the j'th coordinate and vper(z) = >_,cz8 v(z + nL), the
periodized interaction. By a slight abuse of notation we write v = v, since we will choose L
bigger than the range of v.

The trial state in each smaller box is given by the Jastrow-type [Jas55] trial state (also known
as a Bijl-Dingle-Jastrow-type trial state)

N \/_};[]f DN(I‘l,...,ZEN), (321)

where f is a scaled and cut-off version of the scatting function fy, Dy is an appropriately
chosen Slater determinant, and C'y is a normalization constant. More precisely,

flx) = {Hl?’/zﬁfO(!x\) 2| < b,

1 |z| > b,
1 ikx
Dy (a1, on) = det [up(zi)i<isn ,  un(r) = —7e™,
kePr L
where f; is the p-wave scattering function, |-| := min,ezs |- — nL|gs (with |-|gs denoting the

norm on R3), b > Ry, the range of v, is some cut-off to be chosen later, Pr is a polyhedral
approximation to the Fermi ball By of radius kr described in Section 3.2.2, and the number of
particles is N = # Pr, the number of points in Pr. We choose b to be larger than the range of
v; in particular, then f is continuous. (Note that the metric on the torus is d(z,y) = |z — y].
We will abuse notation slightly and denote by |-| also the absolute value of some number or
the norm on R3.)

Before going further with the proof we first fix some notation.

Notation 3.2.1. We introduce the following.

= For any function h and edge (of some graph) e = (4,7) we will write h, = h;; =

We denote by C' a generic positive constant whose value may change line by line.

= For expressions A, B we write A < B if there exists some constant C' > 0 such that
A<CB. Ifboth A< Band B S A we write A ~ B,

For a vector z = (z!,...,2%) € R? we write 2%, ..., 2¢ for its components.
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3.2. Preliminary computations

We will fix the Fermi momentum £z and then choose L, N large but finite depending on kg.
The density of particles in the trial state ¢y is p := N/L?. The limit of small density a®p — 0
will be realized as kra — O.

To compute the energy of the trial state ¢,y note that for (real-valued) functions F, G we have

/|V FQ)I? —/|VF| IG)? — /\F| GAG.

Using this on F' =[],.; fi; and G = Dy we have
o)

1
+ Ev(xj — Ty)

Vi — )|

(Un|Hn|YnN) :E0+QZ<?/}N f(x] — xp)

i<k

+6 > <¢N V?J:fjk ¢N>
i<j<k 1jJ jk 2 (3.2.2)
= Fy+ //pﬁ)s(an, ) ( m + ;v(:cl — xg)) dz; dzsy

/// pJas Ty, T2, Q:3) v;izzzgfég dxl dI‘Q d$3,

—wDn and p\") denotes the n-particle reduced

where Ey = 3¢ p, |k|? is the kinetic energy of
density of the trial state ¢y, given by

Py, wy) = N(N=1)--- (N —n+ 1)/-/ ln (a1, ... zn)|* dTngs . .. doy,

n=1,...,N. (3.2.3)

The division by f is non-problematic even where {‘ = 0, since it cancels with the corresponding
factors of f in ¥y. We need to compute pgas and bound pJa)S Before we start on this

endeavour we first recall some properties of the scattering function.

3.2.1 The scattering function

The scattering function fy is defined by the minimization problem in Definition 3.1.1, see
also [LYO1, Appendix A; SY20]. In particular fj satisfies the corresponding Euler-Lagrange
equation

—4x - Vf() — 2|$|2Af0 + |ZL‘|2Uf[) = 0.

The minimizer f, is radial and with a slight abuse of notation we sometimes write fo(|z|) =
fo(x). In radial coordinates the Euler-Lagrange equations reads

4 1
—affo - ;@fo + §Uf0 = 0, (324)

where 0, denotes the derivative in the radial direction. This is the same equation as for s-wave
scattering in 5 dlmen5|ons see [LYO1, Appendix A]. Thus, properties of this carry over. In
particular fo(z) =1— E ‘5 for x outside the support of v. Moreover
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3. GROUND STATE ENERGY OF THE DILUTE SPIN-POLARIZED FERMI GAS: UPPER BOUND

Lemma 3.2.2 ([LYO1, Lemma A.1]). The scattering function f, satisfies

for all z and |V fy(z)| < % for |z| > a.

We give a short proof here for completeness.

Proof. From the radial Euler-Lagrange equation (3.2.4) we have 0,(rd, fo) = vr'fy/2 > 0.
Denote by fi. = {1 — ‘;%L the solution for a hard core potential of range a. Then

33 r>a
0 r<a

T4arfhc = {

In particular 9,(r%0, fic) = 0 for r > a. We thus see that 0, fo < 0, fne = 3a®r~* and fy > fic
for r > a by integrating. Trivially fo > 0 = fi,c for r < a. O

Remark 3.2.3. A hard core interaction of range Ry > 0,

(z) +oo |z| < Ry,
Vhel) =
" 0 |z > R,

has fo(z) = fic(x) = {1 — ‘Z_%L and thus ag = a = Ry.
Finally, we give the

Proof of Proposition 3.1.5. Let Ry denote the range of the interaction. Then the effective
range is given by [HL10, Equation (56)]

_ 2 2R? 2R° r
—R4 = R 3 trs 2/0 u(r)*dr,  for R> R, (3.2.5)

where u solves [HL10, Equation (22)]
2 1
2 _
—0-u + ﬁqu Juu = 0
with 0, denoting the radial derivative. In particular then f, = —‘j—;u satisfies the scat-

tering equation, Equation (3.2.4). For r > R, we find using [HL10, Equation (27)] and
Equation (3.1.1)

— 1 = 1——1.
u(r) " rsin (k) a’ r

sin(kr + 6(k)) — krcos(kr + 6(k))  —r? [ a3]

We conclude that f; = —;‘f—;u is indeed the scattering function. Thus (3.2.5) reads

2 2Rz 2R 2 (R
- - — rf2 dr, for R > Ry
0

Rl =—--_ = L
eff R a3 5a%  ab

The remainder of the proof is a simple calculation using integration by parts and the scattering
equation. We omit the details. This concludes the proof of Proposition 3.1.5. O
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3.2. Preliminary computations

3.2.2 The “Fermi polyhedron”

We introduce a polyhedral approximation Py of the Fermi ball By = {k € 2*Z* : |k| < kp}.
The main properties we will need of the polyhedral approximation are given in Lemmas 3.2.12,
3.2.13 and 3.4.9. We discuss why we need such a polyhedral approximation in Remark 3.3.5.
The problem is that

1 . 1 /
— Z el dor =
/MP’ L2 btz z (27)* Jio.2m)2

for large N (see [GL19; Lif06] and references therein) is too big for our purposes. Note
that this behaviour is a consequence of taking the absolute value. In fact we have that

1 ikx _
75 | Theprupnzzzs €7 dr = 1.

du ~ N/3

Z eiqu

gEB(cN1/3)NZ3

This type of quantity is referred to as the Lebesgue constant [GL19; Lif06] of some domain €,

1
L(Q):= K /[0’27@3

These kinds of integrals appear in estimates in Sections 3.3.1 and 3.4. For an overview of
such Lebesgue constants, see [GL19; Lif06]. Of particular relevance for us is the fact that
the Lebesgue constants are much smaller for polyhedral domains than for balls. Hence we
introduce the polyhedron P = P(NN) as an approximation of the unit ball. Then the scaled
version Pp = krpP N %Z?’ approximates the Fermi ball. We will refer to Pr as the Fermi
polyhedron. In [KL18, Theorem 4.1] it is shown that for any fixed convex polyhedron P’ of s
vertices

o1
LRF) = (2m)? /[0,277}3

for any R > 2, in particular for R ~ N3, where C'(s) is some unknown function of s. We will
improve on this bound for the specific polyhedron P = P(N) to control the s-dependence of
the subleading (in R) terms, i.e. of C'(s). For the specific polyhedron P we have C(s) < Cs.
This is the content of Lemma 3.2.12 below. We first give an almost correct definition of the
polyhedron P.

1qu

du

(&
qeNNZ3

eiqu

du < Cs(log R)* + C(s)(log R)? (3.2.6)

gERP'NZ3

“Definition” 3.2.4 (Simple definition). The polyhedron P is chosen to be the convex hull
of s = s(N) points k1,...,ks on a sphere of radius 1 + §, where § is chosen such that
Vol(P) = 47 /3. We moreover choose the set of points to have the following properties.

» The points are evenly distributed, meaning that the distance d between any pair of
points satisfies d > s~/2, and that for any k on the sphere of radius 1 + ¢ the distance
from k to the closest point is < s7'/2. That is, for some constants ¢, C' > 0 we have
d > cs~Y? and inf; [k — k;| < Cs™Y2,

= P is invariant under any map (k', k% k3) — (£k?, +kb, £k°) for {a,b,c} = {1,2,3},
i.e. reflection in or permutation of any of the axes.

The Fermi polyhedron is the rescaled version defined as Pr := kp PN %Z?’, where L is chosen
large (depending on k) such that krL is large.
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3. GROUND STATE ENERGY OF THE DILUTE SPIN-POLARIZED FERMI GAS: UPPER BOUND

Remark 3.2.5. Note that the symmetry constraint adds a restriction on s. For instance, a
generic point away from any plane of symmetry (i.e. k', k2 &k all different and non-zero) has
48 images (including itself) when reflected by the maps (k' k2, k%) — (dk®, K, +k°) for
{a,b,c} ={1,2,3}.

For s points on a sphere of radius 1+ 4, the natural lengthscale is (1 + §)s™ /2 ~ s71/2. The
requirement that the points are evenly distributed then ensures that all pairs of close points
(for any reasonable definition of “close points”) have a pairwise distance of this order.

Remark 3.2.6. For all purposes apart from the technical argument in Section 3.B one may
take this as the definition. In particular, the convergence criterion of the cluster expansion
formulas of Gaudin, Gillespie and Ripka [GGR71], given in Theorem 3.3.4, holds also for this
simpler definition of P. We provide this simpler definition to better give an intuition of the
construction.

We now give the actual definition of P. We first give the construction. Then in Remark 3.2.9
we give a few comments and in Remark 3.2.10 we give a short motivation.

Definition 3.2.7 (Actual definition). The polyhedron P with s corners and the “centre” z is
constructed as follows.

First, choose a big number (), the “size of the primes"” satisfying
Q_1/4 < CS_I, N4/3 < Q < CNC
in the limit N — oo.

= Pick three large distinct primes ()1, Q2, Q3 with Q; ~ Q.

= Place s evenly distributed points x%, ..., k% on the sphere of radius Q~3/* and such
that the set of points {7}, ..., k%} is invariant under the symmetries (k', k%, k%) —
(£ke, £kb £k°) for {a,b,c} = {1,2,3}.

Here, evenly distributed means that the distance between any pair of points is d 2
s~1/2()=3/* and that for any k on the sphere of radius Q~3/* the distance from k to
the nearest point is < s~Y/2Q~%4. That is, d > csY/2Q73/* and inf; ‘k— /ﬁ?‘ <
C's~1/2Q)=3/* for some constants ¢, C' > 0.

» Find points k1, ..., ks of the form
1 .2 3
p; D; pj> " )
ki = | ==, =, =], p;€l, pu=123 j5=1,...,s, 3.2.7
’ <Q1 Q2 Qs ! ( )

such that ’Iij —KJR‘ < Q7! forall 5 = 1,...,s and such that the set of points

J ~Y

{K1,...,Ks} is invariant under the symmetries (k', k2 k%) — (LK1, k2, ££3).
= Define P as the convex hull of all the points k1, ..., k. Thatis, P = conv{si,..., A}

= Define P as 0P, where o is chosen such that Vol(P) = 47/3. We will refer to the
scaled points or; = o(pj/Q1,p5/Q2,p}/Qs) for j =1,...,s as corners of P.

= Define P® = gconv{xE,... k%} as the scaled convex hull of all the initial points
R R
T
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3.2. Preliminary computations

= Define the centre as z = 0(1/Q1,1/Q2,1/Q3).

The Fermi polyhedron is the rescaled version defined as Pr := kp PN %’TZ3, where L is chosen
large (depending on k) such that % is rational and large.

We additionally define P§ := kpP® N 2273,

Remark 3.2.8. We choose N := # P, so that the Fermi polyhedron is filled. The dependence

in N of, for instance, () should therefore more precisely be given in terms of a dependence on
krL. Note that N = pL? ~ (krL)? and kp = (67%p)'/3(1 + O(N~1/3)).

We will choose also s depending on N (i.e. on krL) satisfying s — oo as N — oc.

Remark 3.2.9 (Comments on and properties of the construction). We collect here some
properties of the Fermi polyhedron, some of which will only be needed in Section 3.B.

= The points k1, ..., K, are evenly distributed on a thickened sphere of radius Q~%/* —
their radial coordinates are |x;| = Q%%+ O(Q™'). Indeed, the points x%, ..., k% are
evenly distributed and Q' < s~/2QQ=3/%. For s points on a thickened sphere of radius
(3%, the natural lengthscale between points is s~1/2Q~3/4.

= There is some constraint on the number of points s. A generic point k (with k!, k2, k3

all different and non-zero) has 48 images, including itself. The constraint on s is more
or less the same as for the simpler “‘Definition” 3.2.4.

» By choosing the points k1, ..., ks as in Equation (3.2.7) we break the symmetries of
permuting the coordinates, i.e. (k' k2 k3) — (k% kb k¢) if (a,b,¢) # (1,2,3). These
symmetries are however still almost satisfied, see Lemma 3.2.11.

= We choose s, Q such that Q~/* < s~/ in the limit of large N. Hence, for N sufficiently
large, all the chosen points {1, ..., k,} are extreme points of P, i.e. all corners are
extreme points of the polyhedron P. That is, the name “corner” is well-chosen, and we
do not have any superfluous points in the construction.

= For any three points (z;,¥;,2;) € R, i = 1,2, 3 the plane through them is given by the
equation

(y2 —y1)(23 — 21) — (Y3 — y1)(22 — 21) Z
(29 — 21)(x3 — 1) — (23 — 21)(x2 — 1) | - | y | = const.
(o —21)(ys — Y1) — (23 — 21)(y2 — 1) z

Hence, for three points K1, Ky, K3 of the form K; = (p}/Q1,p?/Q2,p3/Qs3),p!' € Z,
1,0 = 1,2, 3 the plane through them is given by

M gy @2 g2

3 3
Q203 1Qs3 - QlQQk =7€@ (3.2.8)

where
ar = (5 — p}) (s — pi) — (03 — 1) (5 — p) € Z

and similarly for aip, 3. From these formulas it is immediate that for K;'s corners of
P or the centre z we have |o;| < C\/Q for j = 1,2,3. For some planes we may have
a; = 0 for some j.
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3. GROUND STATE ENERGY OF THE DILUTE SPIN-POLARIZED FERMI GAS: UPPER BOUND

= We claim that 0 = Q**(1 4+ O(s™!)). In particular, that any point on the boundary O P
has radial coordinate 1 + O(s™!). To see this, note that Q**P is a polyhedron whose
corners are evenly spaced and have radial coordinates r with » = 14+ O(Q~'/*). Thus,
by scaling Q3/*P by 1 — CQ~/* we get that (1 — CQ~/*)Q**P c B,(0) so that this
has volume < 4?”. It follows that o > Q%4(1 — CQ~'/*). On the other hand, scaling
Q**P by 14+ Cs~" we have that (1+Cs~)Q**P > B,(0). Indeed, since the distance
from any point k on the sphere of radius 1 to any corner of Q**P is < s71/2 and the
sphere is locally quadratic, the smallest radial coordinate r of a point on the boundary
d(Q¥*P)isr>1—Cs'. It follows that o < (1 + C's~1)Q%*. Since Q™4 < C's™!
this shows the desired.

= Note moreover that o is irrational. Indeed, the volume of a polyhedron with rational
corners is rational. (This is easily seen for tetrahedra, of which any polyhedron is an
essentially disjoint union.) Thus o = 7r for a rational 7. Hence the equations of the
planes defined by corners of P (i.e. scaled points) are of the form Equation (3.2.8) with
an irrational constant oy on the right-hand side. Indeed, the corners of P (and the central
point z) are all scaled by o compared to points of the form (p'/Q1, p?/Q2,p*/Q3). The
equation of the plane through three scaled points only differ by scaling the constant
term. Since o is irrational, and the constant term was rational for the unscaled points,
this shows the desired.

= We now construct a triangulation of P. For all (2-dimensional) triangular faces of P
simply consider these as part of the triangulation. That is, we construct edges between
any pair of the three corners of such a triangle. Some of the (2-dimensional) faces of P
may be polygons of more than 3 sides (1-dimensional faces). Construct edges between
all pairs of corners sharing a side (i.e. a 1-dimensional face) and choose one corner and
construct edges from this corner to all other corners of the polygon.

Doing this constructs a triangulation of 0P and we will refer to all pairs of corners with
an edge between them as close or neighbours. Since the points {1, ..., Kk} are evenly
distributed, that the distance between any pair of close corners is d ~ s~ 1/2.

= Additionally, one may note that the corners of P have < C' many neighbours since the
points are evenly distributed.

» The reason we need % rational will only become apparent in Section 3.B and will be
explained there.

Remark 3.2.10 (Motivation of construction). The purpose of the construction is twofold.
Firstly we avoid a casework argument as in the proof of [KL18, Lemma 3.5] of whether the
coefficients of the planes are rational or not. The argument in Lemmas 3.B.6 and 3.B.7 is
heavily inspired by [KL18, Lemmas 3.6, 3.9], where such casework is required. Secondly we
have good control over how many (and which) lattice points (i.e. points in 2XZ?) can lie on
each plane (or, rather, a closely related plane, see Section 3.B for the details).

These are technical details only needed in Section 3.B. We reiterate, that apart from the
arguments in Section 3.B, the reader may have the simpler "'Definition” 3.2.4 in mind instead.

As mentioned in Remark 3.2.9 the Fermi polyhedron is almost symmetric under permutation
of the axes. This is formalized as follows.
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3.2. Preliminary computations

Lemma 3.2.11. For i # v let F,,, be the map that permutes k" and k" (i.e. Fio(k', k* k%) =
(k* k', k3), etc.). Then for any function t > 0 we have

> ‘X(kePF) - X(keFW(PF))‘ t(k) S QYN sup t(k) S N** sup t(k),
ke2r7z3 |kl~kF |kl~kp

where () is as in Definition 3.2.7 and x denotes the indicator function.

Proof. Note that

> ‘X(kEPF) - X(ker(Pp))‘ t(k)

ke2r 73
< Z ’X(kEPF) — X(kePE) t(k) + Z ‘X(keF,“,(PF)) = X(k€Fu, (PR)) t(k) (3.2.9)
ke2r73 ke 2273
since P§ is invariant under permutation of the axes, i.e. F),(Pf) = Pg. The points

77777777777777

X(rkePr) — X(kepR) is contained in a shell of width ~ krQ~'/* around the surface 9(kpP).
That is,

2w _ _
supp (X(kGPF) - X(kepg)) - {k: € fZS s dist(k, 0(kpP)) < kr@ 1/4}.
The surface 9(krP) has area ~ k% so
Vol ({k € R® : dist(k,0(krP)) < krQ *}) S KRQ7,

The spacing between the k's in 25Z3 is ~ L~! and any k with dist(k, d(krP)) < kr@~'/4
has |k| ~ kp. Thus

> ’X(kGPF) — X(kepdy| t(k) S L*ERQV* sup t(k) ~ QN sup t(k).
kePp |k|~kp |k|~kp

The same argument applies to the second summand in Equation (3.2.9). We conclude the
desired. O

We now improve on Equation (3.2.6) for our polyhedron.

Lemma 3.2.12. The Lebesgue constant of the Fermi polyhedron satisfies
1
A L3

The proof is (almost) the same as given in [KL18, Theorem 4.1]. We need to be a bit more
careful in the decomposition into tetrahedra.

Z eik:p

kePr

1 .
der = n)? / i > e du < Cs(log N)?.
[0,27] gc ( Lip P) g3
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3. GROUND STATE ENERGY OF THE DILUTE SPIN-POLARIZED FERMI GAS: UPPER BOUND

Proof. Define R = % We decompose RP into tetrahedra using the “central” point 2
from the construction of P. We triangulate the surface of RP as in Remark 3.2.9. For each
triangle in the triangulation add the point Rz to form a tetrahedron. Note that Rz ¢ Z3 since
|Rz| < CRQ™Y* < 1 and z # 0. This gives m = O(s) many (closed) tetrahedra {7}} such
that RP =T} and that 7; N T} is a tetrahedron of lower dimension (i.e. the central point
Rz, a line segment or a triangle). Then, as in [KL18, Theorem 4.1] by the inclusion—exclusion
principle we have

L(RP) = SO dm—Y Y g du
J qeT;NZ3 i<y’ qujmTj/mZ3
<3 Y LTn..0Ty).
=1 j1<...<Je

In [KL18, Theorem 4.1] it is shown that for a d-dimensional tetrahedron 7" with 7" C
[0,71] X ... x [0,n4] we have L(T) < C(d)TIL, log(n; + 1). All the tetrahedra in our
construction are d-dimensional for d < 3 and contained in boxes [0, CR]? (after translations
by lattice vectors r € Z?). Hence for all tuples Tj,, ..., T}, we have

L(T,N...NT;,) < C(log R)* < C(log N)®.

We need to count how many summands we have. The 3-dimensional tetrahedra each appear
just once, and there are m = O(s) many of them. The 2-dimensional tetrahedra (triangles)
appear just once, namely in the term £(7;NT}/) where the triangle is the intersection T; N 7).
Hence there are O(s) many such terms. The 1-dimensional tetrahedra (line segments) may
appear more times, with 3,4,...,C many T;'s. Indeed an edge may be shared by more
tetrahedra, but only a bounded number of them. (This follows from the points being well-
distributed, so each corner of P has a bounded number of neighbours.) Since there is also only
O(s) many 1-dimensional line segments this gives also just a contribution O(s). The central
point appears many times, but all appearances contribute 0, since Rz ¢ Z*. We conclude
that L(RP) < Cs(log N)? as desired. O

By replacing Br with Pr we make an error in the kinetic energy. (The Fermi ball Bp is the
set of momenta of the Slater determinant with lowest kinetic energy.) We now bound the
error made with this approximation. That is, we consider

DDLU DR

kePp keBp

Note that there might not be the same number of summands in both sums. To compute this
difference we interpret the sums as Riemann-sums and replace them with the corresponding
integrals. It is a simple exercise to show that the error made in this replacement is Ck%N2/3,
That is,

LS
k|? — k|? = (/ k:Qdk—/ k:2dk:>+0 K2 N?/3)
P = 30 k= s MK s (k3N?)

kePrp keBp

The integrals can be computed in spherical coordinates,

kpR(w) kp
/ \k:|2dl<;—/ ]k\2dl€:/ (/ 7‘4dr—/ r4d7‘> dw
kpP B(kr) S2 0 0
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3.2. Preliminary computations

For kxP the radial limit is krR(w) = kr(1 + e(w)), where e(w) = O(s™!) uniformly in w by
the argument in Remark 3.2.9. Expanding the powers of R we thus get

/k P|k:|2dk:—/B(k )|k:|2dk .y /S (e(w) + O(s7)) dw.

By construction, P has volume 47/3. That is, kp P and B(kr) have the same volume. This
means that

krR(w) ko
0 :/ (/ r?dr —/ 7 dr) dw = ki’;/ (g(w) + 0(5’2)) dw.
sz \Jo 0 52

We thus get that
S kP = X [KP = O(kENs~2) + O (kEN*?).
ke Pp keBp

We conclude the following.

Lemma 3.2.13. The kinetic energy of the (Slater determinant with momenta in the) Fermi
polyhedron satisfies

S kP =Y kP (1+O(NTE) + O(s72))

kePp keBp

Proof. The computation above gives the first equality. The second follows by noting that
> ken, |k|? is a Riemann sum for

L3 / |/{;|2d/€ o 4r K13 = §(67T2)2/3 2/3N(1 + O(Nfl/?))) O
(2m) Jjkj<hp 5(2m)3 T 5 P )

Completely analogously one can show that

> kIt = == (6m) AN (14 O(N %) + O(s7%)) . (3.2.10)

kePrp
We need this formula for Lemma 3.2.14 below. Additionally we need a formula for icp, |E'[*,
where k! refers to the first coordinate of k = (k!, k2 k®). Here we have

1872
oK = %(GW)”?’/)“/?’N (1+ 0N +0(s7). (3.2.11)
ke Pr

To see this we compare it to Y ;. |k'[*. The only difference from above is when doing the

spherical integral. We have

Z |k1’4— Z ‘k1’4

kePr keBp

L3 br(14e(6.0)) ki
= / d9/ d¢ cos(p (/ rOdr — / 7 dr) + O(kEN?/3)
0

= O(k4 s + O(kEN3),

since we can't use the volume constraint that [, e(w)dw = O(s™2) but only that e(w) =
O(s™1). Thus we only get an error of (relative) size s™'. The sum over Br may be readily
computed by computing the corresponding integral.
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3. GROUND STATE ENERGY OF THE DILUTE SPIN-POLARIZED FERMI GAS: UPPER BOUND

3.2.3 Reduced densities of the Slater determinant

We now consider the 2-particle reduced density of the (normalized) Slater determinant. We
have the following.

Lemma 3.2.14. The 2-particle reduced density of the (normalized) Slater determinant ﬁDN
satisfies

PP (21, 15) = p*P |y — ol

672)2/3 3(67m2)2/3
L KPR (e

+O(NT2) +0(s7) + O(N V2P |2y — mof?) + O(p" |1 — 1:2|4)>.

This follows from a Taylor expansion akin to the argument in [ARS22, Lemma 11].

Proof. The Slater determinant is in particular a quasi-free state, hence we get by Wick's rule

that
1
PP (@1, m2) = p (1) (w2) — W (@1 22)9 (2, 1), (32.12)
where 7](\}) denotes the (kernel of the) reduced 1-particle density matrix of the Slater determinant.
We have
W (@13 72) = > uglar)up(zs) L3 Yo ekl p (1) = p.
ke Pp ke Py

By translation invariance, vﬁ)(xl; x2) is a function of x; — x5 only, and we shall Taylor expand
7](\,) in £1 — zo. By construction Pr is reflection symmetric in the axes, see Definition 3.2.7.
This means that all odd orders vanish and that all off-diagonal second order terms vanish.
Thus, by defining z15 = (71,, 725, ¥3,) = 21 — x5 and expanding all the exponentials we get

7](\})(:61;%2)
1
=75 3 (1= 50 =)+ 5y(k- (5 = 22))"+ Ok = al)
kEP
= o= 555 3 (K Pletal + 2P + Pl

kePp

1
o (2 (B rdal? -+ 21l + 9] %))
€Pp
+6 3 KPRl Plats? + KPR Pl ) + |k2|2lk3|2\x?2\2|w?2|2]>
k‘ePF
+ O<p3|$1 — I2|6).

By Lemma 3.2.11 we may write

S P = 3 k4O (N2

kePp kGPF

and similar for the 3" |k#|* and 3" |k#|?|k”|*-sums. Using this the second order term is given
by
— > kP |za] + 00" e P NP,

kePg

6L
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3.3. Gaudin—Gillespie-Ripka expansion

Similarly by also rewriting everything in terms of |z15|* and [|al,|* + |22,]* + |23,]?] the fourth
order term is given by

(5 w5 2 )

48L3 keP, k‘GPF

+ (5 Z |k1|4_ Z |]<;’4) [|x}2|4+|xf2|4+\x§2|4] +O(p7/3|x12|4N‘1/3),

kePr kePr
Using Lemma 3.2.13 and Equations (3.2.10) and (3.2.11) we get that

W, - (672)%/3 372 (67%)1/3
W (#15%2) = p = 5 140
+ O(p5/3N_1/3|:U1 — 1)) + O(p5/3s_2|x1 — 1]?)

+O(p PNy — mal") + O(p™Ps™ g — wa|*) + O(p’ w1 — w2]%).

p5/3|:c1 . 513'2’2 + p7/3\x1 . (I?2|4

Plugging this into Equation (3.2.12) we conclude the desired. [

Finally, we have the following bound on the 3-particle reduced density
Lemma 3.2.15. The 3-particle reduced density of the (normalized) Slater determinant \/%D N
satisfies

pO (@1, w3, 23) < Cp* Py — 2o’y — wg)?,

Proof. Note that p® vanishes whenever any 2 of the 3 particles are incident and moreover
that p(® is symmetric under exchange of the particles. We may bound derivatives of p(*)
we did for p®. By Taylor's theorem we conclude the desired. O

3.3 Gaudin—Gillespie—Ripka expansion

We now present the cluster expansion of Gaudin, Gillespie and Ripka [GGR71]. The argument
given here is essentially the same as in [GGRT71], only we give sufficient conditions for the
formulas [GGR71, Equations (3.19), (4.9) and (8.4)], given in Theorem 3.3.4, to hold, i.e., for
absolute convergence of the expansion.

Recall the definition of the trial state ¢ in Equation (3.2.1). We calculate the the normalization

constant C'y and the reduced densities pii,pﬁ and pﬁi)s defined in Equation (3.2.3)

We remark that the computation given in the following is not just valid for the function f
and (square of a) Slater determinant |Dy|? we choose, but these can be replaced by a more
general function and determinant of a more general matrix. We comment on this further in
Remark 3.3.3.

3.3.0.1 Calculation of the normalization constant

First we give the calculation of C'y. Rewriting the f's in terms of g = f2 — 1 we have

Cy :/-/Hfm|DN|2dx1 de—//H 1+ g;j)|Dy|*dy ... dzy

1<) 1<)
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3. GROUND STATE ENERGY OF THE DILUTE SPIN-POLARIZED FERMI GAS: UPPER BOUND

We factor out the g;; and group terms with the same number of values z;. (For instance
12923 and g45946956 both have 3 values x; appearing, the values xq,xs, 23 and xy4, x5, T,
respectively). To state the result we define G, as the set of all graphs on {1,...,p} such that
each vertex has degree at least 1 (i.e. is incident to at least one edge) and define

Wz, ... zp) = > ] e

Gegp eeG

(Note that for p = 0,1 we have G, = @ and so W, = 0.) By the symmetry of permuting the
coordinates we have

CN:/~/ ll—i—]\W_UWQ(xl,xg)+N(N_;?<N_2)W3(x1,x2,x3)+...]

|DN| dl’l

1+Z //W T1,y. .., T )()(xl,...,a:p)dxl...dxp],
p=

where again the reduced densities are normalised as

1
pP(xy,...,2,) =NN—-1)---(N—p+ 1)/~/M]DN(xl,...,xN)]2dxp+1... day.

A simple calculation using the Wick rule shows that

= det[S}5,],

o) — det [%(V”(xi; xj)} iy = det { > uls)up(x))

kePp 1<i,j<p

where S, is the Pp x p “Slater”-matrix with entries ug(z;). This has rank min{N,p} =p
and so by taking this determinant as the definition of p®) for p > N we have p® = 0 for
p > N. Thus we may extend the summation to co. We now expand out the determinant and
the W,. That is

@—14—2 Z / H96H7N Tj, Tr(j) )dxy ... dz,,

Gegp eeG  j=1

TES)
where S, denotes the symmetric group on p elements. We will consider m and G together as
a diagram (7, G). We give a slightly more general definition for what a diagram is, as we will
need such for the calculation of the reduced densities.

Definition 3.3.1. Define the set G/ as the set of all graphs on ¢ “external” vertices {1,...,q}
and p “internal” vertices {¢ + 1,...,q + p} such that all internal vertices have degree at least
1, i.e. each internal vertex has at least one incident edge, and such that there are no edges
between external vertices. The external edges are allowed to have degree zero, i.e. have no
incident edges. For ¢ = 0 we recover Qg = Gp.

A diagram (7, G) on g "external” and p “internal” vertices is a pair of a permutation 7 € S,
(viewed as a directed graph on {1,...,¢q+ p}) and a graph G € G. We denote the set of all
diagrams on ¢ “external” vertices and p “internal” vertices by D]

We will sometimes refer to edges in G as g-edges, directed edges in 7 as 7](\})—edges and the
graph G as a g-graph. The value of a diagram (7, ) € D] is the function

q+p
T 1
FZ,G(%, e 7xq) = (—1) / H Je H VJ(V)(xjaxﬂ(j)) dzgir. .. dogyy.

ecG 7=1
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3.3. Gaudin—Gillespie-Ripka expansion

For ¢ = 0 we write 'y ¢ =T ; and D, = D).

A diagram (7, G) is said to be linked if the graph G with edges the union of edges in G
and directed edges in 7 is connected. The set of all linked diagrams on ¢ “external” and p
“internal” vertices is denoted LJ. For ¢ = 0 we write £, = L.

By the translation invariance we have that F}F’G is a constant for any diagram (m, G).

(m1,Gh) (73, G'3)

(2, Ga)

Figure 3.3.1: A diagram (7, G) € D3 decomposed into linked components. The
dashed lines denote g-edges and the arrows (i, j) denote that 7(i) = j. Vertices
labelled with * denote external vertices.

In terms of diagrams we thus have

C o0
]\;T:1+pz Y e

1
=¥y (7,G)ED,

If (m,G) is not linked we may decompose it into its linked components. Here the integration
factorizes. We split the sum according to the number of linked components. Each linked
component has at least 2 vertices, since each vertex must be connected to another vertex with
an edge in the corresponding graph. We get

C > > 1 | Iy,
MY Y G g X ¥ melnh

|
p=2 k= p1>2 pE>2 (1,G1)ELY, (74, Gr)ELp,, p1: Pk

~—
# Ink. cps. sizes linked cps. linked components

(3.3.1)
Here  is the indicator function. The factor 1/(k!) comes from counting the possible labellings
of the k linked components. The factors 1/(p1!),...,1/(px!) come from counting how to
distribute the p vertices {1, ..., p} between the linked components of prescribed sizes p1, . . ., py.
This gives the factor pn-l-).,pk = ;#;zk!' which together with the factor 1/p! already present
gives the claimed formula.
We want to pull the p-summation inside the pq, ..., pg-summation. This is allowed once
we check that 3°, ﬁ > (m@)ec, L. is absolutely convergent. More precisely we need that

the p-sum is absolutely convergent, i.e. >, z% ‘Z(mg)eﬁp Fm(;’ < 0o. This is the content of
Lemma 3.3.2 below. We conclude that if the assumptions of Lemma 3.3.2 are satisfied then

— 1 r r
07]\(:1+27'ZZ Z Z m,Gr LG
N1 2

! !
P12 pe>2(m,GlELy,  (muGrELy, P Pk

k (3.3.2)
© 1 (X1 > 1

:1+ZM(ZP, ) FW,G) = exp (Zp, ) Fn,a)-
k=1 p=2 (

T (m,G)ELy p=2 1" (m,G)eL,
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3. GROUND STATE ENERGY OF THE DILUTE SPIN-POLARIZED FERMI GAS: UPPER BOUND

3.3.0.2 Calculation of the 1-particle reduced density

We consider now the 1-particle reduced density of the Jastrow trial state. We have by the
translation invariance that p{!) = p() = p. We nonetheless compute it here, as we need the
formula in terms of (linked) diagrams. We have similarly as before

pJas 33'1 / H flz ZJIDNIQ dl’g e diL‘N

2<i<N 2<z<j<N

CN

(a1 +Z / / XppP W day . dwpy |
p_

where

= > 11 %

Gegll, eeG

with g; as in Definition 3.3.1. Again this is what one gets by just expanding all the products in
the first line and grouping them in terms of how many x;'s appear. The sum is again extended
to oo, since p(p) =0 forp> N.

We again expand out the determinant and the X;'s. For each summand 7 € S,41 and G € Q;

we again think of them together as a diagram (7, G) € D,. The formula for pgil

diagrams is

in terms of

N!
Jas_iz Z F}r,G:C +Z Z F

N p= Op (m,G)eD}, (nGGDl

As for the normalization we write out the diagrams in terms of their linked components. There
is a distinguished linked component, namely the one containing the vertex {1}. We will write
its size as p,. It is convenient to take “size” to mean number of internal vertices, i.e. p, =0
if {1} is not connected to any other vertex by either an edge in G or an edge in 7. Similarly
“number of linked components” means disregarding the distinguished one.

Analogously to the computation in Equation (3.3.1) we thus get for any p > 0

1 1 F71T*7G*
ol > Te= X l
P (x cyep} (r,Goyecy P

1

Frr*,G*
Z 2.2 ZX(ZZE{1 k) Pe=P) > 1

_ p*>0p1>2 p>2 T (W*,G*)EE;* D+

| l
(m,G1)ELp,  (mrGrIELy, P D

where the superscript 1 refers to the slightly modified structure as described in Definition 3.3.1,
where there may be no g-edges connecting to {1}, and there is no integration over z;. Note

that (m1,G1) € Ly, ..., (7, Gi) € L, only deal with internal vertices.
Again here we take the sum over p's. We are allowed to permute the p-sum inside of the p,-
and p1q, ..., pi-sums if the sums over linked diagrams are absolutely summable. That is, if
1 1 1
Yo 2 Tag <oo Z Y Trg| < oo,
p>0 D" (r.cecy = P orec,




3.3. Gaudin—Gillespie-Ripka expansion

then we have, as for the normalization in Equation (3.3.2), that

Jas_iz Z F

N p=0 p (m,G)ED]

My oy F**’G*] > (z > F)

l |
pa>0 (r2,Gr)ELy, P*: p>2 (r,Q)eL, P

-y x Beomiyl oo,

|
p>0 (r,cyecy P p>1P (TrG)eﬁl

where we used Equation (3.3.2) and that the p = 0 term just gives the 1-particle density of
the Slater determinant. Thus, by translation invariance, we have

p=pV=pl) = Z >, e

>0 P! (m,G)EL]

3.3.0.3 Calculation of the 2-particle reduced density

Let us now compute the 2-particle reduced density. As before by expanding all the f2 =1+g¢
factors apart from the factor fi5 we get

N! 0

2

Pﬁa)s _ Ciféz /Xgpw?) dzs ... dz,y9, X§ = > II 9
N p=0 GeG2 ecC

where gg is as in Definition 3.3.1.

We again decompose the diagrams into linked components. However, we need to distinguish
between the cases where {1} and {2} are both in the same component or in two different
components. The computation is analogous to the computation above. We get

2
p.(Ja?s(xla .1'2) = f122

Z Z F7171,G1 (xl)F}TQ,GQ (':E2)
Eﬁél p1'p2'
€L,

p1,p2>0 (7T1,G1

)
(m2,G2)

{1} and {2} in different linked components

+ Z Z F3r12,G12 (xl?xQ)

!
1220 (m12,Gra)EL3, P12:

{1} and {2} in same linked component

1
= 5 [Pl pia(z) + X — 3 T2 o (a0, @)
p12>0 p12 (W127G12)65%12

after pulling in the sum over p > 0. The p;5 = 0 term together with the term p(l) (ml)pgi)s(@) =

Jas

p (21)pM (25) = p? gives p® by Wick’s rule. The condition of absolute convergence is

Z > Tug

|
p>2 p: (m,G)eLy

<ooZ

p>0 p

>, Tie

(m,G)eL]

<ooz

p>0 p

>, g

(m,G)eLE

< 00.
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3. GROUND STATE ENERGY OF THE DILUTE SPIN-POLARIZED FERMI GAS: UPPER BOUND

3.3.0.4 Calculation of the 3-particle reduced density

The calculation of the 3-particle reduced density follows along the same arguments as for the
2-particle reduced density. We introduce the relevant diagrams and decompose these according
to their linked components. As for the 2-particle reduced density we distinguish between the
cases according to whether the external vertices {1,2,3} are in the same or different linked
components. They are either in 1,2 or 3 different components. Thus, schematically

all in different 2 in one

Pgi)s f122f123f223{ Z r'rirt + ( Z D (272 (2, 23) + permutations)

all in same

+ ) F3].

Any case where one external vertex is in its own linked component, the contribution for such a

linked component is pﬁ?s = p) = p (assuming absolute convergence). Thus,

pgi)s(xb T2, 553)

1
= fiaftsfas PP+ 02 - > (Ffr,c(xl, 9) + T2 (w1, 23) + T2 (o, $3))

p=0 7 (7,G)eL?

+Z > r a1, 9, 23) |-

>0 P! (mG)eLs

All the p = O-terms together give p(® by Wick's rule. The condition for absolute convergence
is that for any ¢ < 3 we have szo o ’Z(mg)eﬁg I‘mG‘ < 00.

3.3.0.5 Summarising the results
For the absolute convergence we have

Lemma 3.3.2. There exists a constant ¢ > 0 such that if sa®plog(b/a)(log N)* < ¢, then

1

>

p>0 p

< 0

>, The

(m,G)eL}

for any 0 < q < 3.

Remark 3.3.3. As mentioned in the beginning of the section, the calculation just given is
still valid if we replace f by some general function A > 0 and replace |DN|2 by some more
general determinant det[y(x; — z;)]i<ij<n, where v(z — y) is the kernel of some rank N
projection (for instance the one-particle density matrix of a Slater determinant of N particles).
The criterion for absolute convergence reads

sup [ A(zi—=x;) <C"forallneN,

TloeoTn 1 << j<n

23 |/|h2—1‘daj/\’y\dy<c
27r23

for some constants ¢,C' > 0, where the first condition is the “stability condition” of the
tree-graph bound [PUQ9, Proposition 6.1; Uel18] and 4(k) := [, y(x)e " dx.
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3.3. Gaudin—Gillespie-Ripka expansion

We give the proof of Lemma 3.3.2 in Section 3.3.1. Thus, we have the following.
Theorem 3.3.4. There exists a constant ¢ > 0 such that if sa®*plog(b/a)(log N)? < ¢, then

S exp (z > r)

= (7r GeLy
pJas = p + Z Z F71r,G7
p=1 (7r G)eL]
pJas f12 + Z Z Ffr,G] .
( ,G)ELS

PJas frafisfss|p ‘f'PZ > (Fi,a@la@)"‘F?r,c:(mlaxi%)+F72r,G(952a$3))

p>1 P (7r G)eL?

iy Loy r]

1P Gyecs

(3.3.3)

The first three formulas are the same as those of [GGR71, Equations (3.19), (4.9) and (8.4)].
Our main contribution is to give a criterion for convergence, and hence for validity of the
formulas.

Remark 3.3.5. The factor s(log N)? results from the bound in Lemma 3.2.12. If we had not
introduced the Fermi polyhedron, and instead used the Fermi ball, we would instead have a
factor N'/3 as mentioned in Section 3.2.2. That is, the condition for absolute convergence
would be N'/3a3plog(b/a) < c for some constant ¢ > 0.

In either case, the N-dependence prevents us from taking a thermodynamic limit directly, and
we instead use a box method of gluing together multiple smaller boxes, where we may put
some finite number of particles in each box, see Section 3.4.1. For the case of using a Slater
determinant with momenta in the Fermi ball, there is no way to choose the number of particles
in each smaller box so that both the absolute convergence holds (N'/3a3plog(b/a) < c), and
the finite-size error made in the kinetic energy (~ N?/3p*3, see Lemma 3.2.13) is smaller
than the claimed energy contribution from the interaction (~ Na®p®/3, see Theorem 3.1.3).
For this reason we need the polyhedron of Section 3.2.2.

Remark 3.3.6. The formulas for pﬁ?s and pﬁl only hold for periodic boundary conditions,

since in this case pS?S = p() = p. For different boundary conditions, one has to take into

account that this equality is not valid. In general one has for pJa)S that

1
P = I |0 + Z > T2+ (Pl pii(@a) — p0(@)p (22))
( G)eL2
1
= f5 |+ Z > F72r,G + > , > Fm o (v )F}rQ,Gg(f@)
p=1 (7r G)eLs p1p2>0 P1 'p.! (m1,G1)eLy,
pitpa2l (m2,Go)eL],

One of the reasons we work with periodic boundary conditions is that by doing so, we don't
have the complication of dealing with the additional term.
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3. GROUND STATE ENERGY OF THE DILUTE SPIN-POLARIZED FERMI GAS: UPPER BOUND

Remark 3.3.7. By following the same procedure as in the previous sections, one can equally
well get formulas for the higher order reduced particle densities. Similarly one can extend the
absolute convergence, Lemma 3.3.2, to any ¢, only one may have to change the constant
¢ > 0 to depend on q.

3.3.1 Absolute convergence

We now prove Lemma 3.3.2, i.e. that the appropriate sums are absolutely convergent.

Proof of Lemma 3.3.2. We consider the four sums 3 - z% Z(W,G)eﬁg F?T’G ,q=20,1,2,3 one
by one.

3.3.1.1 Absolute convergence of the ['-sum

Consider first ]%Z(mg)eﬁp Iz . Split the sum according to the number of connected compo-

nents of G, labelled as (G, ..., Gy) of sizes ny,...,n,. We call these clusters. (Note that
“connected” only refers to the graph G, and is independent of the permutation 7.) Name the
vertices in G as {1,...,n1}, in Gy as {ny +1,...,n; +ny} and so on. Then we have (for
p=>2)

1 > 1 1

5 Z I'va = Z 71 Z 7' |X (X ne=p) Z Z X((m,UGe)eLy)

p: — k! ni.:

(m,G)eLy k=1 N1y N >2 G1,...,G €Sy
Ggecne

/ H H geH’}/N m]amw d$1 dxp,

{=1eeGy j=1

where C,, denotes the set of connected graphs on n (labelled) vertices. The factorial factors
are similar to those of Equation (3.3.1). Indeed, the factor 1/(k!) comes from counting the
possible labelling of the clusters, and the factors 1/(n4!),...,1/(ng!) come from counting
the number of ways to distribute the p = >~ n, vertices into the clusters and using the factor
1/(p!) already present.

Figure 3.3.2: A linked diagram (7, G) € L1, decomposed into clusters Gy, Gy, G3.
Dashed lines denote g-edges, and arrows (i, j) denote that 7 (i) = j.

For the analysis we will need the following.

Definition 3.3.8. Let A, ..., A, denote disjoint non-empty sets. The truncated correlation
function is

Aty Ay 7 1
plAAk) Y (D) X(mue) inkedy 1] %(v)(i’fﬁ%(j))- (3.3.4)

€Sy, A, JEULA,
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3.3. Gaudin—Gillespie-Ripka expansion

for some choice of connected graphs Gy € C4,. The definition does not depend on the choice
of graphs G,.

If the underlying sets Ay, ..., A; are clear we will simply denote the truncated correlation by
their sizes,

Arlyes|A Ap,. A
,O»El 1seees| Akel) :pé 1 k)‘

The truncated correlation functions are also sometimes referred to as connected correlation
functions [GMR21, Appendix D].

Remark 3.3.9. We write the characteristic function in Equation (3.3.4) as x((x,uc,) linked) fOr
ease of generalizability to the cases in Sections 3.3.1.2 and 3.3.1.3 where we will need the
notion of truncated correlations also for some of the vertices being external. For the truncated
correlations it doesn't matter which (if any) vertices are external, only which vertices are in
which clusters.

Since 0 < f <1 we have —1 < g < 0. Thus, by the tree-graph bound [PU09, Proposition
6.1; Uel18] we have

> Il o

GeCy eeG

< > 11 lgel,

TeTn eeT

where 7, is the set of all trees on n (labelled) vertices. Thus we get

> 1
Z 7‘ Z w,G
=2 P |(r.c)ec,
o 1 1 k ( : (3.3.5)
M yeeey N
HIIDY M// S TLIT loel [ day ... dase,,,.
k=1 """ ni,..n>2 "1 k Ty,.... Ty 0=1 ecT,
T[E’Tne
Here the vertices in T} are the same as in Gy, i.e. T} has vertices {1,...,n1}, Ty has vertices
{n1+1,...,n1 +ns} and so on.

In [GMR21, Equation (D.53)] the following formula, known as the Brydges-Battle-Federbush
(BBF) formula, is shown for the truncated correlation functions

Ar,. A 1
) VJ(V)(x,-;xj)/ dpi (r) det N'(r), (3.3.6)
re AL AR) (4,5)€T
where A(A41-54%) is the set of all anchored trees on k clusters with vertices A, ..., A;. (If
the sets A;,..., A, are clear we will write A(41l-l4k) = A(A1-AK) 55 for the truncated

correlations.) An anchored tree is a directed graph on all the Uy A, vertices, such that each
vertex has at most one incoming and at most one outgoing edge (note that these are all
fy](\})—edges, and that the g-edges don't matter for this construction) and such that upon
identifying all vertices in each cluster, the resulting graph is a (directed) tree. The measure fi.,
is a probability measure on {(r)i1<o<or<r 1 0 < 1 < 1} = [0, 1]¥*~D/2 and depends only
on 7 but not on the factors ’y](\})(xi; z;). Finally, Nis an I x J (square) matrix with entries
Nij = rc(i)c(jw](\})(:pi; x;), where ¢(7) is the (label of the) cluster containing the vertex {i} and
Tepr 7= Tyryp if £ > /(. Here

I={ieU A:Bj:Gg)er), JT={jeU A i (i) e},
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3. GROUND STATE ENERGY OF THE DILUTE SPIN-POLARIZED FERMI GAS: UPPER BOUND

Figure 3.3.3: An anchored tree 7 (arrows) and trees T}, ..., T (dashed lines).

are the set of i's (respectively j's) not appearing as i's (respectively j's) in the anchored tree
T.

From [GMR21, Equation (D.57)] it follows that |det \/| < p2=7¢~(*~1) To see this, one has
to adapt the argument in [GMR21, Lemma D.2] slightly. We sketch the argument here.

Lemma 3.3.10 ([GMR21, Lemmas D.2 and D.6]). The matrix N (r) satisfies |det N (r)| <
pme=(E=Y for afl v € [0, 1]F¢-D/2,

Proof. First we bound p®) = det[%(\})(xi; z;)]1<i j<p following the strategy of [GMR21, Lemma
D.2]. This is done by writing (as in [GMR21, Equations (D.8), (D.9)])

1
’YJ(V)(%'S ;) = <ai,ﬂj>é2((2w/L)Z3) )

where for k € 2273
ai(k) = L2 ™ ixepyy  Bi(k) = L7 iy uep,y = a;(k).

By the the Gram-Hadamard inequality [GMR21, Lemma D.1] we have

p
1
‘P(p)‘ = ’det[%(v)(xi;xj)]lgi,ﬁp‘ < H ||az‘||e2((27r/L)ZB) ||6i||é2((27r/L)Z3) =’
i=1
By modifying this argument exactly as described in the proof of [GMR21, Lemma D.6] and
noting that 7, < 1 one concludes the desired. ]

Remark 3.3.11. We denote the functions as «; and ; (even though they denote the same
function) for ease of modifying the argument later in order to prove Equation (3.4.16).

In particular one concludes the bound

2 e (k1) > 11 ‘”y(l) Ti; T, ’ (3.3.7)

TeA(nl ,,,,, "k) (’Lj er

Plugging this into Equation (3.3.5) above we get

o 1 .
SUS syl ¥ o pee 55
p=21" |(m,G)eLy ni,..ng>2 0L T1 ..... Tk re A1)
Te€Tn,
k
x// dxl...dxznén H |gel H ’7](\})(:131-;%)‘.
{=1e€Ty (i.9)€T
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3.3. Gaudin—Gillespie-Ripka expansion

To compute these integrals we note that by Lemma 3.2.2
/|g(ac)|dx:/(1—f(x)2) dz
4t b a®\’ a®)’ .. b
< ) - (1= 2dr < Ca®log —.
S A=) /a ((1 b3> (1 r3> rodr < Ca’log ”

That is, each factor of g. gives a contribution Ca®log(b/a) after integration. The vﬁ)—factors
we can bound by Lemma 3.2.12 as

/\val)(l“;y)\ dy < Cs(log N)*.

This takes care of all but one integration, which gives the volume factor L3. We shall compute
the integrations in the following order:

(1.) Pick any leaf {jo} of the anchored tree 7 lying in some cluster ¢, meaning that there is
exactly one edge of 7 incident in /.

(2.) Consider {jo} as the root of T, and pick any leaf {j} of 7, and integrate over x;. Since
{7} is a leaf of T; and {jo} is a leaf of 7 we have that the only place x; appears in the
integrand is in some factor g;; for {i} the unique vertex connected to {;j} by a g-edge.
Hence the x;-integral contributes [ |g| by the translation invariance.

Remove {j} and its incident edge from 7.

Repeat for all vertices in the cluster until only {jo} remain. (At this point the entirety
of T, has been removed.)

(3.) Integrate over z;,. Since {jo} is a leaf of 7 the only place x;, appears (in the remaining

integrand) is in the vﬁ)—factor from 7. Thus, the z, -integral gives a contribution

[ 75| by the translation invariance.

Remove {jo} and its incident edge from 7.

(4.) Repeat steps (1.)-(3.) until all integrals have been computed. The final integral gives
the volume factor L?.

Steps (1.)-(3.) compute all integrations in one cluster. Repeating this process we integrate
over the clusters one by one and thus compute all the integrals. Note that each integration is
always over a coordinate associated to a leaf of the relevant graphs. This is a key point, since
then by translation invariance each integration contributes exactly [ |g| or [ |71\})| whichever
is appropriate. In total we thus have the bound

k
// dry ... dxzné H H |9e| H ‘%(\})@i;xj)‘

/=1 eGTg (i,j)ET

< (C’a3 log(b/a)) 2 ek (Cs(log N)S)

k-1 L3
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3. GROUND STATE ENERGY OF THE DILUTE SPIN-POLARIZED FERMI GAS: UPPER BOUND

This bound is for each summand 7,7}, ...,T}. By Cayley's formula #7,, = n"2? < C"n/,
and by [GMR21, Appendix D.5] #AM-m) < k14227 Thus, we get

0o o L[ L
Z 1 Z el <C Z {Cs log V) } lZ(CG?’plog(b/a))"_l]
p=2 (m,G)eLy k=1 for
< CNda’plog(b/a) i [C’sa3plog(b/a)(log ]V)ﬂ A
k=1

< CNda’plog(b/a) < oo,

for sa®plog(b/a)(log N)? sufficiently small. This shows that 3°, i Y ryec, I'nc is absolutely
convergent under this condition.

3.3.1.2 Absolute convergence of the I''-sum

Consider now >(m,G)eLt I'! ,. The argument is almost identical to the argument above. We
p: ) P )

again split the sum according to the connected components of G. Call these G, G, ..., G,

where G, is the distinguished connected component (cluster) containing the distinguished

vertex {1}. Exactly as for ﬁz(mg)eﬁp I+ we have that (for p = 0 one has to interpret the

empty product of integrals as 1, s0 3> (x cyert ILa=0p)

LY )

P (= cyecy

Z Z Z Qn*!nl!.'.nk!X(ZZ{*l AAAAA Kk} p) Z Z (_1)7r

’ n«>0n1,...,nE> Glecnl,‘..,GkGan TESp+1
G*ecn*+1

p+1
X X((W7U£€{*71 AAAAA k}Gl)GL;l)) // H H ge H ’YN -T]; .Tﬂ- de d$p+l.

EE{*,L 7k} e€Gy Jj=1

Here for the k£ = 0 term one should think of the ny, ..., ng-sums as being an empty product
before it is an empty sum, i.e. it should give a factor 1. That is, the £ = 0 term reads

pt1
>, > (=7 / 11 geH’y](\})(xj;xﬂ(j))de... dzpy1,

G*Ecp+1 TFESP+1 e€Gy J=1

since (m, G,) is trivially linked, since G, is connected. From here on, we won't write out the
k = 0 term separately to make the formulas more concise. As before we use the tree-graph
inequality and the truncated correlation function (see Remark 3.3.9) to get

> 1
SZEZ Z n gl
k=0 "' ny>0mnq,...,ni>2 o101 kT eTny . ThETn,

Tw€Tny+1
(n*—f—l N1,

T

Le{x,1,....k} e€Ty

)| das . . de(Ze{*,l FETESE

,,,,,
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3.3. Gaudin—Gillespie-Ripka expansion

To bound this we use the same bound, Equation (3.3.7), on the truncated correlations as
before. It reads

Zze{*,L.‘.,k} ne+l-(k+1-1) Z ‘7(1) Xy ZL‘])) .

TGA(n*+1,n1 ,,,,, nk) (’L j)E’T

Computing the integrals is as before, with a few differences. During each repeat (apart from
the last one) of step (1.) we pick not just any leaf j, but a leaf jy not in the cluster containing
{1}. (Since any tree has at least 2 leaves, this is always possible.) For each of these repeats,
the argument is the same as before. For the last repeat of step (1.) where only the cluster
containing {1} remains we follow step (2.) with the slight change, that the root is chosen
to be {1}. (There are no ’y](\})—factors left, so we are free to choose any vertex as the root.)
There is then no step (3.) since we do not integrate over z;.

This has the following effect. First, the last variable 1 |s not integrated over, so there is no
volume factor L?. And second, there are k integrals [ |7N | instead of k& — 1 (since there are
k + 1 many clusters including the distinguished one). For the bounds of the sum of all terms

we use that #AM=FLnrime) < (f 4 1)!42“{*»1 aaaaa 9™ Thus, uniformly in 2

>l YT

p>0 p' (m,GYeL]
[e%S) 00 S k
< Cp (Z [C’asplog(b/a)}n*) (Z(k +1) [C’s(log N)?’r [Z(Cazsplog(b/a))”_l] )
< Cp < o0,

for sa®plog(b/a)(log N)? sufficiently small. This shows that 3=, - 3°(r.zyecs Ik is absolutely
convergent under this condition.

3.3.1.3 Absolute convergence of the I'>-sum

For the third sum the argument is mostly analogous. There are a few changes needed for
the argument. First, one has to distinguish between the two cases of whether or not the two
distinguished vertices {1,2} are in the same connected component (cluster) of the graph or
not. One computes

1
H Z F72r,G = ZJdifferent + ZJsamea (338)
" (m,G)eL2

where
1
S S I SN I R »
.n*vn**>0n17 g >2 eroe G16C7L17---7ercnk
G*Ecn*_._{l}
G**Gcn**+{2}

x/.nn%wﬂwwwmww%mww,

b st , (3.3.9)

same Z k! Z Z 2H5ng!X(ZW:p)

ne>1ny,..,ng>

Gl ECnl ,,GkEan

Gy Ecn*+{1’2}
(12)¢G,

x/.HH%wﬂm%w%mmmM.

¢ ecGy
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3. GROUND STATE ENERGY OF THE DILUTE SPIN-POLARIZED FERMI GAS: UPPER BOUND

Here >, and [], are over £ € {x,*x,1,..., k} or £ € {x,1,..., k}, whichever is appropriate.
With a slight abuse of notation we write 1, + {1} for the set of vertices in the cluster containing
the external vertex {1} (similarly for n.. + {2}, n. + {1,2}). This set has exactly n, internal
vertices. For p = 0 one has to interpret the empty product of integrals as a factor 1.

The first part is the contribution where {1} and {2} are in distinct clusters (labelled * and
k), the second part is the contribution from where they are in the same (labelled ). Note
that in the second contribution we have n, > 1. Indeed, {1} and {2} are connected, but not
by an edge. Hence they must be connected by a path of length > 2, which necessarily goes
through at least one vertex {j},j # 1,2,

We treat the two cases separately. In the case where the two distinguished vertices are in
different clusters we may readily apply both the tree-graph bound and the bound on the
truncated correlation Equation (3.3.7). The latter reads

pgn*+{1},n**+{2},n1,...,nk)

< p(ZZE{*,**,l,m,k} ne+2)—(k+2-1) Z H "Y](\})(ﬁi;l’j)‘-

re Alns {1} nax+{2}ng 5 ong) (4,5)€ET

The integration procedure is slightly modified compared to that of Section 3.3.1.2. In the
anchored tree there is a path between (the cluster containing) {1} and (the cluster containing)
{2}. For the edge incident to (the cluster containing) {1} on this path, we bound m(\})’ < p.
This cuts the anchored tree into two anchored trees 71, 75 such that (with a slight abuse of
notation) 1 € 71 and 2 € 5. We may follow the integration procedure exactly as for the
[''-sum for each of the anchored trees 7, and 7». Recall the bound

#A(n*+{1},n**+{2},nl7---7nk) S (k + 2)!4226{*,**,1,m,k’} ne+2 S C(kQ + 1)k!42£e{*,**,1,m,k} ng‘

We thus get for the contribution of all terms where the two distinguished vertices are in
different clusters (assuming that sa®plog(b/a)(log N)? is sufficiently small)

[e.9]

2
’Zdifferent‘ S CP2 (Z [Cagp 1Og(b/a)}n*>

n+=0

. L0 k (3.3.10)
x (Z(k2+1) [C's(log N)?| [Z(Ca?’plog(b/a))"1] )

k=0 n=2
< C’p2 < 00.

Now we consider the case where {1} and {2} are in the same distinguished cluster. Here we
may readily apply the bound in Equation (3.3.7) on the truncated correlation but we need to
be a bit careful in applying the tree-graph bound. Indeed, then the sum over graphs in the
cluster containing the two vertices is not > cc, .., butinstead > cc. ...1.2)¢G., since in
the construction, no g-edges are allowed between {1} and {2}. To still apply the tree-graph
bound, we define

__Jge e#(1,2)

9= V0 e=(12).

Then —1 < g, < 0 so we can apply the tree-graph bound with these edge-weights to get

> IT o > ITal< > IIlal= > IT lgel-

G+€Cny42,(1,2)¢G, e€Gx G+€Cn, 42 e€Gy Tv €T, +2 e€Tx Ts€Tny+2,(1,2)¢Tx e€Tx
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3.4. Energy of the trial state

We again have to modify the integrations slightly. The integrations over all clusters apart
from the distinguished one may be computed as for the I'- and I''-sums. For the distinguished
cluster with {1} and {2} there is some path of g-edges connecting them. Pick the unique
edge on this path incident with {1} and bound |g| < 1 for this factor. This splits the tree T,
into two trees T and T2 with 1 € T} and 2 € T2. We may compute the integrations over all
the variables with index in the distinguished cluster exactly as for the I"'-sum for each tree
T! and T? separately. One gets for the contribution (assuming that sa®plog(b/a)(log N)?
sufficiently small)

|Leame| < Cp? (i {0a3plog(b/a)]n*)

nx=1

S o F 3.3.11
X (Z(lC + 1) [Cs(log N)3}k lz(ca?)plog(b/a))n—l] ) ( )

k=0 n=2

< Ca®p?log(b/a) < oo

We conclude that

al £ Cp* < oo,

>

p>0 p‘

>, 12

(m,G)eLs

uniformly in x1, 2y for sufficiently small sa®plog(b/a)(log N)3.

3.3.1.4 Absolute convergence of the I'*-sum

The argument for the last sum is completely analogous to the argument for the I'2-sum. We
have to distinguish between different cases of the clusters containing the external vertices
{1,2,3}. Either there is one cluster containing all of them, one cluster containing two of them
and one cluster containing the last vertex, or they are all in distinct clusters. One then deals
with the different cases exactly as we did for the I'>-sum. We skip the details. This concludes
the proof of Lemma 3.3.2. O

3.4 Energy of the trial state

In this section we bound the energy of the trial state ¢ defined in Equation (3.2.1). Recall
Equation (3.2.2). By Theorem 3.3.4 we have (for sa®plog(b/a)(log N)? sufficiently small)

pg?s(x17$2) = f(zl —123'2)2 113'17$2 Z Z

We can expand p® in z; — x5 using Lemma 3.2.14. The second term is an error term we
have to control. Additionally, also the three-body term is an error we have to control. We
claim that
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3. GROUND STATE ENERGY OF THE DILUTE SPIN-POLARIZED FERMI GAS: UPPER BOUND

Lemma 3.4.1. There exist constants c,C' > 0 such that if sa®plog(b/a)(log N)* < ¢ and
N = #Pr > C, then

=1
> o > e

u
=1P" (rcyecz

< Cabp'(log(b/a))?

s2a®p*(log b/a)*(log N)? + 1]

+ Ca®p*t3 |z — 25| s°a?p* (log(b/a))® (log N6 + b2p?/® + log(b/a)} :

Lemma 3.4.2. There exists a constant ¢ > 0 such that if sa®plog(b/a)(log N)? < ¢, then

P = Fifisf3s [0 + O (a®p'log(b/a) [s*a®p (log(b/a))*(log N)° + 1] )]
where the error is uniform in x1, x9, T3.

We give the proof of these lemmas in Sections 3.4.2 and 3.4.3 below. For the three-body
term, we additionally have the bound p® < Cp*+4/3|x; — 25|?|25 — 23|2 by Lemma 3.2.15.
Combining now Lemmas 3.2.13, 3.2.14, 3.4.1 and 3.4.2, Theorem 3.3.4 and Equation (3.2.2)
we thus get (for sa®plog(b/a)(log N)? sufficiently small and N sufficiently large)

(Un|Hy|Yn)
= §(67T)2/3p2/3N (1 +O(N"V3) + 0(3_2)) + L3/ dz <|Vf(:zc)|2 + 1U(x)f(x)2)

2

2\2/3 212/3

% (67°) / p8/3\x|2 1— 3(67°) / p2/3|x|2
) 35

FOUNTY) 1 057 + OV a2 + O lal)
+0 <a6,04(10g(b/a))2 [sgaGpQ(log b/a)*(log N)° + 1])

+0 (5105012t log(b/a) P (log N)'* + 12 + log(v/a) ) ]

+ /// dzy dzy d$3f12vf12f23vf23f123 [O(P3+4/3|I1 - $2|2|$2 - $3\2)

+ 0 (a®p* log(b/a) [s*a® p*(log(b/a))*(log N)° + 1})} |
(3.4.1)

We will choose N (really L, see Remark 3.2.8) some large negative power of a3p, so errors
with N~1/3 are subleading. We may compute

[ a (1Vs@P + Jeta) @) o

- <1_al3,/bs>z/||<b dz (IVfo(x)\2 + ;v(x)fo(g;)Q) |z[2 (3.4.2)

< 127a® (1 + O(a3/b3)) ,

by Definition 3.1.1 since f = ﬁfo for |x| < b and b > Ry, the range of v. For the higher
moments we recall that |V fo| < |V fuc| = % for |x| > a by Lemma 3.2.2. Then we have
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3.4. Energy of the trial state

(for n = 4,6)

[ ¢ (19r@) + o) @?) ol

N (1—6113/53)2 /|:c|<b & (\Vfo(x)|2 * ;U(x)f()(x)2> 21"

(3.4.3)
1 303\’
< R82/v|f0]2\x|2dx +/ <4) 2] dz + a”2/ IV fo ]2 da
2 |z|>a |ZL” lz|<a
< CORy?d®.
For n = 4 we have more precisely
g, 1 2 (.4
[ ¢ (195@)7 + o) @?) o
1
< [ o (IWh@F + o o) ol (1+ 0 ™)
= 36ma’ag + O(a®alb™).
For the lower moment, we have by Equation (3.2.4)
1 b
[ ar (1Vs@ + Set)s@P) = ar [ (10.f70% + 12321 + avfoLf) dr
127T23/b2 ) (3.4.4)
== ﬁ?’/b?’ +87T/0 rf@rfdr
where 0, denotes the radial derivative, and we integrated by parts using that f(r) = i:gi%i

outside the support of v. By Lemma 3.2.2 we have

b b ) 1 b a3\ 2
2/0 Tfarfdrzb—/(; f dT’Sb—(1_a3/b3)2/av (1—73> dTSCO/. (345)

Hence
1
/ dz (]Vf(:iz:)\2 + 2v(x)f(x)2> < Ca.
This concludes the bounds on all the terms in Equation (3.4.1) arising from the 2-body term.
To bound those arising from the 3-body term we bound fi3 < 1. By the translation invariance

one integration gives a volume factor L3. The remaining two integrals then both give the
same contribution. That is,

/// dz; dwy d$3f1zvf12f23vf23f123 [O(P3+4/3|951 — x*|wy — w3]?)
+0 <a3p4 log(b/a) [s3a6p2(log(b/a))2(log N)? + 1})}
2
< ONp*H/3 ( / x> O, f da:)
2
+ CNa?p*log(b/a) [s?’aﬁpz(log(b/a))Q(log N)? + 1} (/ fo.f da:) :

57



3. GROUND STATE ENERGY OF THE DILUTE SPIN-POLARIZED FERMI GAS: UPPER BOUND

Using integration by parts and Lemma 3.2.2, we have that

1 b prt2 9 b
/|x|”farfdl’:/ P2 EO, fdr = _n+ / L2
47 0 5 5 ;

o2 [ (1=dd /N’ Ca*> n=0,
< 5~ % /(17“ 71—a3/b3 dr < b n—2. (3.4.6)

Plugging all this into Equation (3.4.1) we thus get for the energy density

(Un|Hy|w) 3 2/3 5/3 127 5 2/3 3 8/3 1087T<67T2)4/3 3 2 10/3
(S 2 5/3) (N—1/3p5/3>
63 ,8/3 O (a®a2h=310/3 O (R*a3 ot
+0 (a07") + 0 (a®aip™p'"") + O (Ria'p')
a’p*(log(b/a)) {s3a6p2(log b/a)*(log N)° + 1D

+0(
< O (7423
+0(a

a0 (log(b/a))*(log N)' + 12** + log(b/a)

6p? 3+4/3) +0 (a7p log(b/a) [33a6p2(10g(b/a))3(10g N)? + 1D :
(3.4.7)
We choose L ~ a(a®p)~19 still ensuring that LﬂF is rational. (More precisely one chooses
L ~ a(kpa)™, since p is defined in terms of L.) Then N ~ (a3p)~2°. Choose moreover

b=a(a’p)?, s~ (a®p)|log(a’p)|”’.
Note that we need
2 <5< 1 5 e 13
J— J— J— a PR
9 2’ 6 15

for the error terms to be smaller than the desired accuracy of order a®a2p'%/?. We get

(Un|Hn|YNn) 3 2/3 5/3 | 12T . 5913 3 /3 108 (672)*/3 aBa2pl0/3

+O0(p"*(a’p) | log(a’p)|?).
where
. 13 8
Y :mln{Za,l—l—Sﬁ,g —3046—504,3 —26},

and v, is given by the power of the logarithmic factors of the largest error term. Optimising
in «, 3,6 we see that for the choice

1
ﬂ = o a = §> 5 =3
3 7
we have vy, = % and v =6, i.e.
(Yn|Hn|Yn)
I3
3 2/3 5/3

127 9
(6720070 1 = o (67 a3 + O((a%p) Y log(ap) )

for a®p small enough. Note that for this choice of 5, N we have s ~ N%2%(log N)3. Thus
any Q with N*/3 « Q < CNY satisfies the condition Q~'/4 < C's~! of Definition 3.2.7.
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3.4. Energy of the trial state

3.4.1 Thermodynamic limit via a box method

In this section we construct a trial state in the thermodynamic limit using a box method of
gluing trial states for finite n together. Such a method has been used for many studies of
dilute Bose and Fermi gases, see for instance [BCS21; FGJMO24; LSS05; YYQ9]. First we
show that we may choose periodic boundary conditions in the small boxes instead of using
Dirichlet boundary conditions. The setting and argument is due to Robinson [Rob71, Lemmas
2.1.12 and 2.1.13]. We present a slightly modified version in [MS20, Section C].

Lemma 3.4.3 ([MS20; Rob71]). Let 0 < d < L/2 be a cut-off, let

N
HY pyoa =D —A70 100+ D v(wi — 2))
J=1 i<j
denote the N-particle Hamiltonian with Dirichlet boundary conditions on a box of sides L + 2d,

and let
N

HRfeer - Z _A?,e[t + vaer(xi - Ij)

j=1 i<j
denote the N-particle Hamiltonian with periodic boundary conditions on a box of sides L,
with the interaction vper(z) = Y ,cz3 v(z + nL), the periodized interaction.

Then, there exists an isometry V : L2(AY) — L2(A},,,) such that for all ) in the form-domain
of HY;, we have Vi in the form-domain of HY ;| ,, and

6N
v)+ o TP

(VO[HE | o0 V) < (0]HE,

Proof. This is a trivial modification of [MS20, Lemma 4], noting that the explicitly constructed
V' respects the anti-symmetry. O

We now glue together trial states. For any (sufficiently small) density p we have above found
that we may construct a (normalized) trial state ¢, on the torus A, = [—{/2, (/2]® satisfying
Equation (3.4.8) with £ ~ a(a®p)™1%, i.e. n ~ (a®p)™2. We now use the isometry V' from
Lemma 3.4.3 to find a trial state V1), with Dirichlet boundary conditions on A 94. Our trial
state Wy for N = M?3n is then obtained by gluing together M3 copies of V1, arranged in
boxes, with a distance b between them, so that there is no interaction between the boxes. We
choose the same b as before. More precisely, for configurations where the first n particles are
in box 1 and so on,

Md
\I[N<C(71, e ,ZEN) = H an(mn(j_l)ﬂ — Tj, e ,l’nj — Tj),
7j=1

where 7; € R? denotes the centre of box number j. The state Uy is then the antisymmetriza-
tion of this. Its energy is
6n
Un) + > .

(UN|HE piessasn|Un) = M (Voo | HE, g Vi ) < M (<wn\H5§r o

The particle density of the state Wiy is p = gy = p(1 + O(d/{) + O(b/()). The energy
density is

e <\IJN(HD’ ‘\IJN> <an‘H,{ff ’V¢N>
R e T (T e (ES RN

Un|Hpg [¥on
_ (o)

(3.4.9)

[14+0(d/t) + O(b/0)] + O(pd™?).
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3. GROUND STATE ENERGY OF THE DILUTE SPIN-POLARIZED FERMI GAS: UPPER BOUND

Choosing d = a(a®p)~° and using Equation (3.4.8) we conclude that for a®p sufficiently small

(671')2/3p5/3

o] W

e(p) <

127 9
+ ?(67T2)2/36L3p8/3 [1 _ £(6W2)2/3a(2)p2/3 +0 ((a3p)2/3+1/21| log(a3p)|6)]

3 -
_ g(67_‘_)2/3,05/3

12
+ %(67?2)2/%3&8/3 [1 B 395(67r2)2/3a(2),52/3 +0 ((a3ﬁ)2/3+1/21| log(a3ﬁ)|6>]
since p = p(1 + O((a®p)®)), so p = p(1 + O((a®*p)®)). This concludes the proof of Theo-
rem 3.1.3.

It remains to give the proofs of Lemmas 3.4.1 and 3.4.2.

3.4.2 Subleading 2-particle diagrams (proof of Lemma 3.4.1)

In this section we give the proof of Lemma 3.4.1. Before doing this, we first discuss why we
don't just use the bounds of these terms from the proof of Lemma 3.3.2.

Remark 3.4.4 (Why not use bounds of Lemma 3.3.27). Inspecting the proof of Lemma
3.3.2 (more precisely Equations (3.3.10) and (3.3.11) of Section 3.3.1.3) we can extract the

following bound
=1
> 2 e

] < Csa®p* log(b/a)(log N)*.
p=1P" (r.crec2

This is immediate by considering the bounds Equations (3.3.10) and (3.3.11) and noting that
since we have p > 1 in the sum 32 *, ﬁ 2(mGeLz I'? o, the summands either have k > 1 or
ns > 1 or n,, > 1. Using this bound we would thus get for the error in the ground state energy
density the bound ~ sa’p? (ignoring the log-factors). However, as we saw in Section 3.4, using
Lemma 3.2.13, the s-dependent error of the kinetic energy density is ~ s~2p°/3. There is no
way to choose s, such that both of these errors are smaller that a3p8/3, which is the precision
we need in order to prove the leading correction to the kinetic energy in Theorem 3.1.3.

Similarly, by following the proof of Lemma 3.3.2 one could get the bound
Pl < CP* Fiafis S

This bound is not problematic in terms of getting all the error terms in the energy density
smaller than a®p%/3. However, we improve on this bound in Lemma 3.4.2 in order to get a
better error bound in Theorem 3.1.3.

Proof of Lemma 3.4.1. Note first that by translation invariance
Z nl Z FTI’,G
=11 (zcyecz

is a function of x; — x5 only. Recall Equations (3.3.8) and (3.3.9). We split the diagrams in
512) into three groups. To define these three groups we first define for any diagram (7, G) € EIQ)
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3.4. Energy of the trial state

the number k = k(m, G) as the number of clusters entirely containing internal vertices. (This
k is exactly the same k as in the proof of Lemma 3.3.2.) Then we define

v=u(rG) =} n— 2k, v =11, G) = Ny + N,

with the understanding that n.. = 0 if {1} and {2} are in the same cluster. We think of
v + v* as the “number of added vertices”. Indeed, given a k the smallest number of vertices
in a diagram (7, G) € Cfg with k clusters is 2k 4 2 and in this case we have p = 2k. For such
a diagram, there are p = 2k internal vertices and 2 external vertices. The graph G of such a

diagram looks like
G * .":”. i *
| . 2

Then v 4 v* is the number of (internal) vertices a diagram has more than this lowest number.

By following the bound in Equations (3.3.10) and (3.3.11) we see that for p = vy + 2k

1
o > 2 4| < Cp*(Cs(log Nk (Ca®plog(b/a))roro. (3.4.10)
: (ﬂ',G)EEf7
v(m,G)+v*(m,G)=rg
k(m,G)=ko

We split diagrams into different groups depending on whether or not they are “large” and
whether or not we will do a Taylor expansion of their values. We first give some motivation
for what “large” means.

Remark 3.4.5. Here “large” and “small” should be interpreted in the sense of how many
vertices appear in the diagram. Equation (3.4.10) describe how diagrams with more vertices
(larger values of k, v, v*) have a smaller value. More precisely, “large” should be thought of in
terms of the bound in Equation (3.4.10) in the following sense.

Recall that the (s-dependent) error in the kinetic energy density is s72p°/3. For this error to
be smaller than the desired accuracy of order a®a2p'®/? we need s > (a®p)~°/%. If we think
of, say s ~ (a®p) /7, then (ignoring log-factors) Equation (3.4.10) reads < p?(a®p)ko/™ o,
The large diagrams (with v* > 1) are those for which this bound gives a contribution to
the energy density < a°p'%/3, i.e. with v+ v* 4+ k/7 > 4/3 by counting powers of p. For
diagrams with v* = 0 we obtain a differentiated version of the bound in Equation (3.4.10),
where one effectively gains a power a?p?/3, see the details of the proof. The large diagrams
(with v* = 0) are those for which the differentiated version gives a contribution to the energy
density < a®p'?/3, i.e. with v+ k/7 > 2/3.

We split the diagrams into three (exhaustive) groups:

1. Small diagrams with

(A) {1} and {2} in different clusters and 1 < k < 4,v =0,v* =0,
(B) {1} and {2} in different clusters and 0 < k < 2,v =0,v* =1,
(C) {1} and {2} in the same cluster and 0 < k <2,v =0,v* = 1.

2. Large diagrams with v* = 0 (in particular {1} and {2} are in different clusters) and
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3. GROUND STATE ENERGY OF THE DILUTE SPIN-POLARIZED FERMI GAS: UPPER BOUND

(A) E>5,v=0o0r
(B) k>1,v>1.

3. Large diagrams with v* > 1 and

Note that we have p > 1, so the diagrams with £k = 0, v = 0, v* = 0 are not present. Moreover,
if & = 0 then clearly also v = 0. For drawings of the small diagrams see Figure 3.A.1 in
Section 3.A.1. We then write

> 1
Z ol Z P?EG = Esmall,0 T Esmall,>1 + &o + &1, (3.4.11)
p=145" (m,G)eL?

where &maiio is the contribution of all small diagrams of types (A) and (B), man,>1 is the
contribution of all small diagrams of type (C), & is the contribution of all large diagrams with
v* =0, and {1 is the contribution of all large diagrams with v* > 1.

The notation is motivated by that of the large diagrams, which were split into two groups
depending on whether v* = 0 or v* > 1. We will treat the small diagrams of types (A) and
(B) somewhat similar to the large diagrams in &, (hence the notation &maio) and the small
diagrams of type (C') somewhat similar to the large diagrams in 51 (hence the notation
&small,>1)- Indeed, we will do a Taylor expansion of &mai o and &y but not of &man >1 or &>1.

Using the bound in Equation (3.4.10) and the absolute convergence (Lemma 3.3.2) we get
[€21(21,22)| < Cp?(s(log N)*)*(a’plog(b/a))’ + Cp*(a’plog(b/a))?

type (A) diagrams type (B) diagrams (34]_2)
< Ca®p*(log(b/a))? [s*(log N)°a®p* (log(b/a))® + 1]

uniformly in z1, 3. For {man>1 we have

Lemma 3.4.6. For the small diagrams of type (C') we have the bound

|£sma|l,21’ < CG35293+4/3|$1 — IL'2|2 + Ca6p4(1og(b/a))2.

The proof of this lemma is a (not very insightful) computation. We give it in Section 3.A.1.
Slightly more insightful however, is why we split off the small diagrams from the large diagrams.

Remark 3.4.7 (Why one gets better bounds by computing small diagrams). We could treat
all the small diagrams exactly as we treat &, and £~1. We do however gain better error bounds
by treating them more directly, i.e. computing more precisely what the values of these small
diagrams are. In exact calculations we can make use the fact that fvj(\}) = 1, instead of

bounding the absolute value as [ |y{’| < C's(log N)3.
We Taylor expand &maio and & to second order around the diagonal. We first claim that
Esmal 0 (T2, T2) + Eo(@a, 2) + Esmai, >1(22, T2) + E51(22, 22) =0 (3.4.13)
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3.4. Energy of the trial state

Indeed by Theorem 3.3.4 we have

2
pga)s . p(z)

f12
—1
// Z-QjDNd.T,'g... de—p(Q).

gsmall 0 + &] + gsmall >1 + £>1

(Formally to do the division by f in the first equality in case f = 0 somewhere one uses
Theorem 3.3.4 with all instances of f replaced by }’(n) for some sequence f(n) > 0 with
}"(n) N, f- Then one readily applies the Lebesgue dominated convergence theorem to exchange

the limit f(n) — f with the relevant sums and integrals.) Taking x; = x5 in this we have
Dy = 0 and p® = 0. This shows Equation (3.4.13). We may thus bound the zeroth order
term of Emano and & by

|Esmat o (T2, T2) + &o(x2, 22))|
< [&sman>1 (22, 22)| 4 [€51(22, 22))| (3.4.14)

< Ca®p*(log(b/a)? [ (log N)°a’p?(log(b/a))* + 1]

Since both maio and &y are symmetric in x; and x5 all first order terms vanish. We are left
with bounding the second derivatives. For {mai o we have

Lemma 3.4.8. For any u,v = 1,2, 3 we have

o 0, fsmaII,O‘ < C'a3p3+2/3 log(b/a)

r1 7T

uniformly in x1,x5. Here ag;l denotes the derivative in the x-direction.

The proof of this lemma is a (not very insightful) computation. We give it in Section 3.A.1.

Next we consider 0¥ 0¥ &,. We write & in terms of truncated densities as in Equation (3.3.9),

1 Y21
i.e.

=1 1

=20 2 Xzsm—zor K21 m=24 D T,
k=0 """ ni,...,np>2 ¢ M- G1,...,Gg
GZECW
({1142} n1,mp)
X / H H Jepr et drg L dapye.
{ ecGy

Since we consider terms with n, = n,, = 0, there are no g-factors that depend on z; and
H H {12} n1yee ) v ({1h{2}n1,em)
thus all derivatives are of p; . We thus need to calculate 0 0% p; .

For this we use the definition in Equation (3 3.4) rather than the formula in Equation (3 3.6).
In Equation (3.3.4) the variable appears exactly twice: Once in an outgoing 7 —edge

from {1} and once in an incoming 7\ V_edge to {1}. Taking the derivatives then amounts
to replacing either one of these edges by its second derivative or both of them by their first

derivatives. Thus, using that vﬁ)(xi;xj) = 71(\})(%; x;) since 71(\}) is real, and that for (7, UG/)
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3. GROUND STATE ENERGY OF THE DILUTE SPIN-POLARIZED FERMI GAS: UPPER BOUND

to be linked necessarily (1) # 1, we have (for p =2+ >, ny)

ot al, {1},{2},n1,...,nk)

1 xl

p
v (1
- a:518:131 Z( 1) ((m,UGe)eLp) H7 ) xj’xw(j
J=1

TES)

™ 1 v 1
= > (D X(wuaoeey LT W (@55 200)) [20808 98 (213 20098 (21003 21)

€S, i#Li#An1(1)
_'_28517](\}) (z1; xw(l))a;/ﬂ](\P (Tr-1(1); $1)} :
(3.4.15)

With this formula we may then redo the computation of [GMR21, Equation (D.53)] only now
some of the vﬁ)—factors (precisely 1 or 2 of them) carry derivatives. The yﬁ)—factors with
derivatives may end up in the anchored tree, or they may end up in the matrix N (r). If they
end up in N (r) it is explained around [GMR21, Equation (D.9)] how to modify Lemma 3.3.10.
One simply includes factors ik* in the definition of (some of) the functions «; (and not of /3;)
in the proof of Lemma 3.3.10. Since we may bound |k| < Cp'/? for k € Pr we get

p2 met2=(k+2-1) if no derivatives end up in \V,
‘det N(r)’ < L Cprmet2=(k+2-1)+1/3 if one derivative ends up in A, (3.4.16)
Cp2net2=(k+2-1+42/3 if two derivatives end up in N,

where A/ (r) is the appropriate modification of A/(r). To get the formula for p, we need also
to consider two cases for how the anchored tree looks. There could be both an incoming and
an outgoing edge to/from the vertex {1}. And if there is just one edge to/from {1} it could

be either an incoming or an outgoing edge. Since 7](\}) is real, incoming and outgoing edges

gives the same factor 7( )(xl; z;). A simple calculation (essentially just undoing the product

rule) then shows that

oM al, {1},{2},n1,...,nk)

x1 xl

= Z Z a[’7](\})(1‘]'27%1)7](\})(1:1;:5]'1)}

9e{1,0k, 0¥ 0k, 0% } | re A1H{2hna 0 mg)
’ ! U Ltwo edges to/from {1} (3417)

Y Oy I oI / djir () det A o(r),

re A{A2} g, ng) (i,9)eT
one edge to/from {1} 1,j#1

where j; and j, denote the vertices connected to {1} by the relevant edges in 7 and Ay
is the appropriately modified version of N, where the derivatives not in 0 end up in N, i.e.
Equation (3.4.16) reads

‘det /Va(r)‘ < sz ne+2—(k+2—1)+(2—#0)/3

Y

where #0 denotes the number of derivatives in 0, i.e. #1 =0,#0% =1 and #0% 0, = 2.

r1 Tl

We denote the contribution of the two terms in Equation (3.4.17) to 0% 0y & by (9% 0 &) 7*™
and (0¥ OV &)* " respectively.

r1 Tl
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3.4. Energy of the trial state

We first deal with the second term of Equation (3.4.17) where there is just one edge to/from
{1} in the anchored tree. We may bound the contribution of this term almost exactly as in
the proof of Lemma 3.3.2. We give a sketch here. Using Equation (3.4.16) we get the bound

_ R 1
<C 2 prTEAE Y O (1525
oe{1,04, 0%, 0k, 0%} re A1} A2} n1 . ng)
3.4.18
x T | (@i y)| pemer D te2mn), (3.418)
(i,5)er
i,j#1

where again #0 denotes the number of derivatives in 0.

To bound the integrations we again follow the strategy of the proof of the I'?>-sum of
Lemma 3.3.2, Section 3.3.1.3. The only difference is that the fyj(vl)—edge on the path in the

anchored tree between {1} and {2} incident to {1} is the edge with derivatives, Ov}’ (z1: xj).

This we bound by |97V < Cp'*#9/3. The integrations can then be performed exactly as in
Section 3.3.1.3. We conclude the bound

k
/ T1 1T loel 079 (21s )

l=1ecT, (3,9)€T
i #1

< P8 (Ca? log(b/a)) """ (C:s(1og N

)%(\P(mi; xj)‘ dzgy. .. doyg,, 40

Again, as in the proof of Lemma 3.3.2 we have by Cayley's formula that #7,, = n"~2 < C"n/

Following the same arguments as for Equatlon (3.4.10) and recallmg that the dlagrams in §0
have either £ > 5 or v > 1 we get the contribution to 0% 0% &, of

1 -x]

’(0” € .—>‘ < Cp2+2/3

1 xl

(s(log N)*)*(a’plog(b/a))” + s(log N)*(a’ plog(b/a)) }

type (A) diagrams type (B) diagrams
< Cap*™**(log(b/a))*s(log N)* |s* (log N) *a”p* (log(b/a))* + 1]
(3.4.19)

uniformly in z, 5.

Next consider the first term of Equation (3.4.17). The argument is almost the same, only

we have to distinguish between which fy](\})—factor(s) the derivatives in O hits. We consider

the case 9 = 90 0% . The other cases are similar. Suppose that the ’y](\})—edge on the path

xr1Cxy”

(in the anchored tree) from {1} to {2} is 7](\})(%;%) and the vﬁ)—factor not on the path is

’y](\,)(xh; x1). We distinguish between three cases:

1. If both derivatives are on ’y](\})(azl;a:jl) we may bound this exactly as above.

2. If one derivative is on Y\ (z1; x;,) (say 07, ) and one derivative (say 0% ) is on fyj(vl)(a:jg ;)

we bound |8:’;17](\})(x1;xj1)| < Cp*3. Then the argument is similar, only now one of
the wﬁ)—integrations is with 8“%} instead. Thus, in the computation Ieading to
Equation (3.4.19) we should replace one factor C'sp!/3(log N)? with [ |9#~\’| da.

3. If both derivatives are on 7](\})(%@1) then analogously we bound |7N (z1525,)] < Cp

and in the computation Ieading to Equation (3.4.19) we should replace one factor
Csp*3(log N)? with f|8“8” |dx.
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In total we have the contribution to 9% 0y &, of

<Cp? (/)2/35(10% N)® + pl/g/ 0| do + p1/3/
A A

x [(s(log N)*)*(a*plog(b/a))® + (a*plog(b/a))’]

uniformly in 1, 5. One may do a similar computation for the other cases of 0 and conclude
that

(22,07, 60) 7|

< Cp? <p2/3s(logN)3+p1/3/ 07| dl‘+pl/3/
A A

x [(s(log N)*)*(a®plog(b/a))” + (a*plog(b/a))?]

o) an [ [ororaiy) ac)

o a [ ooy o)

(3.4.20)
uniformly in x1, z5. Thus, we need to bound the integrals

/A 90| do = / -

Z kueikx

1 .
dz = / qg'e' ™| du,
(2m)2L [0,27)3 . Z
q

kebr (LQ’“—FP)mZS
and
/‘8“8”%(\})‘ dx:/1 Z EFEY e | dp = ! / Z q“q”eiq“ du.
A AL3 kePp 27TL2 [07271.]3

qG(LQkTFP) nz3
Here we have
Lemma 3.4.9. The polyhedron P from Definition 3.2.7 satisfies for any p,v = 1,2,3 that

/[ \ > ¢"e'™| du < CsNY3(log N)3,
0,27]*

q€ (—L;WF P) nz3

/ Z ¢"q’e" | du < CsN?3(log N)*
[0,27]3

q€ (—L;F P) nz3

for sufficiently large N .

The proof of Lemma 3.4.9 is a long and technical computation, which we give in Section 3.B.
Applying the lemma we conclude that

/ ‘8“7](\})‘ dz < Csp*3(log N)?, / ’8"8“71(&)‘ dz < Csp*3(log N)*.
A A
By combining this with Equations (3.4.19) and (3.4.20) we get

oL oy 50‘ < Cabp*?3(log(b/a))*s(log N)* {54(10g N)2a”p*(log(b/a))?® + 1} (3.4.21)

1T

uniformly in zy, xo. Combining Lemmas 3.4.6 and 3.4.8 and Equations (3.4.12), (3.4.14)
and (3.4.21) and using that for any real number ¢ > 0 and integer n > 1 we may bound
t <"+ 1 this shows the desired. O
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3.4. Energy of the trial state

Remark 3.4.10 (Treating more diagrams as small). One can improve the error bound in
Theorem 3.1.3 slightly by treating more diagrams as small, i.e. calculating their values
more precisely. This is similar to what is done in [BCGOPS23] for the dilute Bose gas. (In
[BCGOPS23] the Bose gas is treated with a method very similar to a cluster expansion. Their
expansion is performed to some arbitrarily high order [denoted by M in [BCGOPS23]], which
if chosen sufficiently large yields the bounds of [BCGOPS23].) We sketch the overall idea.

If we choose s ~ (a®p)~'*%/2 then the error from the s-dependent term in the kinetic energy to
the energy density is p°/®(a®p)>~¢. Then choose as “large” the diagrams for which the bound
in Equation (3.4.10) gives contributions to the energy density much smaller than p°/3(a%p)?—=.
This happens for kg > K for some large K ~ e~!. We can then evaluate all small diagrams
as in Section 3.A and conclude that their contributions are as given in Section 3.A only with
some K -dependent constants, since there is some K-dependent number of small diagrams. In
total we would then get an error of size O_(p*/?(a®p)*~¢) in Theorem 3.1.3.

3.4.3 Subleading 3-particle diagrams (proof of Lemma 3.4.2)

Proof of Lemma 3.4.2. Recall the formula for pﬂ?;l of Theorem 3.3.4. In this formula there
are terms like p -, z%! Y(r.c)ecs I'2 (2, 23). We have

1

1

p=phal) = X Thal)
p'>11" (Tr’,G’)GE;,

by translation invariance. Joining the two diagrams (7,G) € £ and (7', G") € L], we get a
new (no longer linked) diagram (7”,G") € D3, , with two linked components, one of which
contains the vertices {2} and {3} and one of which contains the vertex {1}. Doing this for
all three terms of this type, we are led to define the set

~3 .
Ep = E;U U (Eg@ﬁ;/),

q+q'=p

where @ refers to the operation of joining two diagrams as above. The set Zi is then the
set of diagrams on 3 external and p internal vertices such that there is at most two linked
components, and that each linked component contains at least one external vertex. With
this, the formula for p{*) of Theorem 3.3.4 reads (assuming that sa®plog(b/a)(log N)? is
sufficiently small)

1
3
p.(la)s = f122f123f223 P(g) + Z ) Z F?r,G .
p2L 5 (rayel;
We split the diagrams in Zi into two groups, large and small similarly to the proof of

Lemma 3.4.1. To do this, we similarly define for a diagram (7,G) € Ei the number
k = k(m,G) as the number of clusters entirely containing internal vertices. (This k is exactly
the same k as in the proof of Lemma 3.3.2.) Then we define

v=u(rG) =4 n— 2k, v =11, G) = Ny + Nse + N,

where we understand n.,. = 0 and/or n,., = 0 if {1,2,3} are not all in different clusters. (One
defines n... as the number of internal vertices in the cluster containing {3} if all {1,2,3} are
in different clusters, exactly as for the n.. and n. of Sections 3.3.1.2 and 3.3.1.3.) We may
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still think of v + v* as the "number of added vertices”. As for Equation (3.4.10) we have (for
P = 2]{?0 + Vo)

1

o > I 4| < Cp*(Cs(log N)*)* (Ca’plog(b/a)) . (3.4.22)
’ (ﬂ,G)GZi

v(m,G)+v* (m,G)=v9
k(m,G)=ko

The main difference compared to Equation (3.4.10) is that we here allow diagrams that are

not linked. This doesn’'t matter, since when we compute the integrals (as in Section 3.3.1.3)

we anyway have to cut the diagram up into 3 parts (either by bounding g-edges or yﬁ)—edges)

as described in Section 3.3.1.3. We split the diagrams into two (exhaustive) groups:
1. Small diagrams with 1 < k <2, v =0,v* =0, and
2. Large diagrams as the rest, i.e. with

(A) k>3, or
(B) v+v* > 1.

As in Section 3.4.2, the splitting is motivated by counting powers in Equation (3.4.22). Note
that for p > 1 the diagrams with £k = 0, = 0, v* = 0 are not present. We write

1
Z Z Ffr,G = gmall + glgargm

p! .
p>1 p (ﬂ,G)EZ;

where &3_, and Sarge are the contributions of small and large diagrams respectively. Exactly
as in Equation (3.4.12) we may bound, using Equation (3.4.22)
[€irgel < Cp*(s(log N)?)*(a’plog(b/a))’ + Cp’a’plog(b/a)
type (A) diagrams type (B) diagrams

< Ca®p*log(b/a) [sgaGpQ(log(b/a))z(log N)? + 1} :

For the small diagrams we have

Lemma 3.4.11. We have
‘ngall| < Ca3p4 log(b/a)

uniformly in x1, x9, 3.

As with Lemma 3.4.8, the proof is simply a computation, which we give in Section 3.A.2. We
conclude the desired. O
3.5 One and two dimensions

In this section we sketch the necessary changes one needs to make for the argument to apply
in dimensions d = 1 and d = 2. We will abuse notation slightly and denote by the same
symbols as in Sections 3.2, 3.3 and 3.4 the relevant 1- and 2-dimensional analogues.
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3.5. One and two dimensions

3.5.1 Two dimensions

Similarly to the 3-dimensional setting, the p-wave scattering function f; in 2 dimensions is
radial and solves the equation

3 1
—0} fo — ;@fo + Qvfo =0, (3.5.1)

see Section 3.2.1 and recall Definition 3.1.9. Thus, it is the same as the s-wave scattering
function in 4 dimensions. In particular it satisfies the bound

Lemma 3.5.1 ([LYO1, Lemma A.1], Lemma 3.2.2). The scattering function satisfies

a2
[1 — WL < fo(z) <1

for all x and |V fy(z)| < % for |z| > a.

As for the 3-dimensional setting we consider the trial state

¢N<.I'1,...,CCN Hf DN(.Z'l,... Q?N),
V z<]
where f is a rescaled scattering function
) {Ma/yfow) 2] < b,

1 lz| > b

and

1 .
Dn(x1,...,zn) = detug(z;)]i<i<n, ug(z) = —e'*, N = #Pr.
kePp L

Here Pr denotes the “Fermi polygon”, the 2-dimensional analogue of the “Fermi polyhedron”
Pr. It is defined as follows. (Compare to Definition 3.2.7.)

Definition 3.5.2. The polygon P is defined as follows.

» First pick @, satisfying
Q< Cs?, NP <Q<CON

in the limit N — oco. (The exponents arise as _71 = 2(;7_11), -2 = d%Ql and d“ for
d=2)

= Pick two distinct primes Q1, Q2 ~ Q.

= Place s evenly distributed points k¥, ... k% on the circle of radius Q~'/2 such that the
points are invariant under the symmetries (k') k%) — (k2 £kP) for {a,b} = {1,2}.
(Here the exponent arises as == —1ford=2.)

(d 1)
Evenly distributed means that the distance between any pair of points is d > s~ 1Q 1/
and that for any k on the sphere of radius Q)~'/2 the distance from k to the nearest point
is < s71Q7'/2. (On the circle we can naturally order the points. Then the condition
for being evenly distributed reads that consecutive points are separated by a distance

~ sTIQ712)
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3. GROUND STATE ENERGY OF THE DILUTE SPIN-POLARIZED FERMI GAS: UPPER BOUND

» Find now points k1, ..., Kk, of the form
1,2
p; P ) m .
Ki=|—=,—=1, pi € Z, =1,2, 5=1,...,s
/ (Ql Qs J 8

such that the points are invariant under the symmetries (k' k?) — (£k', £k?%) and

such that for any j = 1,...,s we have ‘Fdj — /ig-%‘ <@L
= Define P as the convex hull of the points k1, ..., ks and P = o P where o is such that

Vol(P) = .

» Define the centre z = o(1/Q1,1/Q2).

The “Fermi polygon” is the rescaled version defined as Pr = krpP N Q%ZZ, where L is chosen
large (depending on k) such that % is rational and large.

Similarly as in Remark 3.2.9 we have that ¢ is irrational and o = Q'/?(1 + O(s72)). In
particular, any point on the boundary P has radial coordinate 1 + O(s™2). (The power of
s here comes from the circle being locally quadratic and the distance between close points

being ~ s~!. Compare to Remark 3.2.9.) Moreover, Pr is almost symmetric under the map
(k' k*) — (k*, k') similarly to Lemma 3.2.11.

Lemma 3.5.3. Let Fy, be the map (k', k?) — (k* k'). For any functiont > 0 we have

> [Xtkerr) = Xtkeraeoy | Hh) S Q72N sup (k) S NY* sup t(k),
RE%Z2 |k|~kF |k|~kF

where () is as in Definition 3.5.2.

The analogue of Lemma 3.2.12 is then
Lemma 3.5.4. The Lebesgue constant of the Fermi polygon satisfies

1
A L2

We can again compute the kinetic energy of the Slater determinant analogously to Lemma 3.2.13
and its 2-particle reduced density analogously to Lemma 3.2.14.

1 .
de = 2 /[02 . > e du < Cs(log N)2.

Lkp 2
qe (?P) NZ

Z eikz

kePr

Lemma 3.5.5. The kinetic energy of the (Slater determinant with momenta in the) Fermi
polygon satisfies

SRP =3 kP (140N +0(s7) = 2mpN (1+O(N )+ O(s7) .

ke Pr keBp

Lemma 3.5.6. The 2-particle reduced density of the (normalized) Slater determinant satisfies

P2 (w1, m2) = w1 — aaf? (14 O(NT2) + O(s™) + O(play — 7)) -

The computations in Section 3.3 make no reference to the dimension and are thus also valid in
dimension d = 2. For the absolute convergence in Section 3.3.1 and Lemma 3.3.2 one should
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3.5. One and two dimensions

simply replace occurrences of g and fyj(vl) with their 2-dimensional analogues. Here we have
the bounds (using Lemmas 3.5.1 and 3.5.4)

/|g|§a2+(1—a12/b2)2/a [(1—;) —(1—;) ]xdx,ﬁanog(b/a),
/Iv | < s(log N).

Thus the absolute convergence holds as long as sa?plog(b/a)(log N)? is sufficiently small.
That is, the analogue of Theorem 3.3.4 reads
Theorem 3.5.7. There exists a constant ¢ > O such that if sa’plog(b/a)(log N)? < ¢, then

the formulas in Equation (3.3.3) hold (with P Jas and I} . interpreted as appropriate in the
two-dimensional setting).

(35.2)

The analogues of Lemmas 3.4.1 and 3.4.2 read

Lemma 3.5.8. There exist constants ¢,C > 0 such that if sa’>plog(b/a)(log N)* < ¢ and
N = #Pr > C, then

~c| < Ca'p'(log(b/a))?

s*a*p*(logb/a)?(log N)® 4 1

(7r G)eLs
+ Ca?pt|zy — wo? [55a8p4<1og<b/a>>5<1og N 4 b2+ 1og<b/a>] ,
and

3
pga)s < C'J0122L7€12:s]0223 {P5|$1 - $2|2|$2 - $3|2

a?p*log(b/a) {33a4p2(10g(b/a))2(10g N + 1H

The proof is again similar to the 3-dimensional case replacing the bounds on [ |g| and [ \fyj(vl)\
as in Equation (3.5.2) above. Apart from this, there are two main changes. The first is
in the proof of the analogue of Lemma 3.4.6, namely Equation (3.A.1), where one bounds
[ 1z*|1 — f?|. In two dimensions this bound is, using Lemma 3.5.1,

/]R? (1—f(x)2) |x]2dx§C’a4+(1_ac;/bQ)2/a [(1—22) —(1—;2) ]r?’dr

< Ca®h.
The other main difference is for the analogue of Lemma 3.4.9. Here the 2-dimensional analogue
reads
Lemma 3.5.9. The polygon P from Definition 3.5.2 satisfies for any p,v = 1,2 that

/ > ¢"e'™| du < CsNY?(log N)?,
[0,27]2 q€<I‘2kTFP> -

/ > q"q"e""| du < CsN(log N)?
(0,2 qE(?—fP) nz2

for sutficiently large N.
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3. GROUND STATE ENERGY OF THE DILUTE SPIN-POLARIZED FERMI GAS: UPPER BOUND

The proof is similar to that of Lemma 3.4.9 given in Section 3.B only one skips Section 3.B.2
and notes that R = &£ ~ N1/2,

Putting together the formulas in Theorem 3.5.7 with the bounds in Lemmas 3.5.5, 3.5.6
and 3.5.8 we easily find the analogue of Equation (3.4.1). We then need to bound a few terms.
Following the type of arguments of Section 3.4, namely Equations (3.4.2), (3.4.3), (3.4.4),
(3.4.5) and (3.4.6) and using Lemma 3.5.1 we get the bounds

C, n =0,

1
/ ('Vf ()] + Qv(@f(xf) j2|" dar < {4ma? + O(a'b™?), n=2,
Ca*log(b/a) + CR3a*, n =4,

Ca n=>0
n ar dr < ) )
/‘x| fo.fdx < {CaQb, L

Plugging this into the analogue of Equation (3.4.1) we get the analogue of Equation (3.4.7),

<¢N|IZJQV|¢N> _ onp? + dra?p?
40 (s4?) + 0 (N12,2)
+0 (a'v72p%) + O (a'p*log(b/a)) + O (R2a?p")
10 <a4p4(log(b/a))2 {33a4p2(10g b/a)*(log N)° + 1D
(" [%a% " tog(b/a))?(log N)!* + 12+ log(b/a)

+0 (a4b2,05> + O <a4p4 log(b/a) [53a4p2(log(b/@))3(log N)® + 1D :
(3.5.3)
As above, we can choose L ~ a(a?p)~1° still ensuring that £~ is rational. (More precisely
one chooses L ~ a(kra)™2°, since p is defined in terms of L.) Then N ~ (a?p)~'. Choose
moreover
b=ala’p)™?, s~ (a®p)|log(a’p)| .

Optimising in «, 3,7 we see that for the choice

1 4 10
/8 - 57 a = ?a T = 7
we have ol H o)
% = 2mp® + 4n’a’p® [1 +0 (aZp\ log(a2p)|2)] (3.5.4)

for a%p small enough. Note that for this choice of s, N we have s ~ N*/133(log N)'%/7_ Thus
any Q with N3/?2 <« Q < CNY satisfies the condition Q~'/? < C's~? of Definition 3.5.2.

The extension to the thermodynamic limit of Section 3.4.1 is readily generalized. We thus
conclude the proof of Theorem 3.1.10.

3.5.2 One dimension

Similarly to the 2- and 3-dimensional settings, the p-wave scattering function f; in 1 dimension
is even and solves the equation (here 9 denotes the second derivative)

2 1
—82fo — ;8f0 + §Uf0 = 0, (355)
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3.5. One and two dimensions

see Section 3.2.1 and recall Definition 3.1.11. Thus, it is the same as the s-wave scattering
function in 3 dimensions. In particular it satisfies the bound

Lemma 3.5.10 ([LYO1, Lemma A.1], Lemma 3.2.2). The scattering function satisfies

-] o

for all z and |0fy(x)| < iz for |z| > a.

Before giving the proof of Theorem 3.1.12 we first compare our definition of the scattering
length to that of [ARS22]. In [ARS22] the following definition is given.

Definition 3.5.11 ([ARS22, Section 1.3]). The odd-wave scattering length a,qq4 is given by

g {/_R (210h[* + v|h[?) dz : h(R) = —h(—R) = 1}

R — ao4q R

for any R > Ry, the range of v.

The value of aqqq is independent of R > Ry SO aoqq is well-defined. We claim that

Proposition 3.5.12. The p-wave scattering length a defined in Definition 3.1.11 and the
odd-wave scattering length aoqq defined in Definition 3.5.11 agree, i.e. a = Qoyq.

Proof. Note first that h — E(h) = f_RR (2|0h|* 4+ v|h|*) dz is convex, so by replacing h by
(h(x) — h(—x))/2 we can only lower its value. Thus, we have

4
R — ao4q

— inf {/_R (20002 + v|n?) d : h(x) = —h(~a), h(R) = 1}.

R

Any h we write as h(z) = %@. Using this and integration by parts we get

4
R — 544
R
= };inf{/_R (2]f|2 + 4z fOf + 2|z f|? —I—v|f|2]x|2) dz: f(z) = f(—x), f(R) = 1}
R
— gt et { [ (1012 Jols) P e 10) = s(-0), £() =1},
That is,
1 _ R 1 ‘ B B

2R (HOdd/R - 1) _ inf {/_R (|afy2 + 2v|f|2> @fdz: f(z) = f(=2), f(R) = 1} .
Taking R — oo in this we recover the definition of a. We conclude that a = aoqq. O

Concerning the assumption on v that [ (%UfOQ + \8f0|2) dz < oo we have the following two
propositions.

Proposition 3.5.13. Suppose that v > 0 is even and compactly supported and that
for some interval [x1,25], 0 < x; < x5 we have v(x) = oo for xr1 < = < xy. Then
i (%vfg + |8f0|2) dr < oo, where fy denotes the p-wave scattering function.
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Proof. Let [z, x2] be an interval where v(x) = oo for 1 < z < x5 and note that fy(z) =0
for all |z| < x5. Then we have

1 1 1
/ (2vf02 + \8f0\2> dr < — (vfg + \8]‘0\2) |z)? dz = 2a15? < co. O

2 J|z|>z2 2

Proposition 3.5.14. Suppose that v > 0 is even, compactly supported and smooth. Then
i (%v fe+10 fo\Q) dz < 0o, where f, denotes the p-wave scattering function.

Proof. For smooth v also the scattering function f; is smooth. Recall the scattering equation
(3.5.5). Then a simple calculation using integration by parts shows that

/ (;vfg + ’af0’2> dz = 2/000 <f032f0 + 2/o0o + (8f0)2> dz

T

o [ fol@)? = fo(0)?
= 2/0 p dz.

The function fy is smooth and even. Thus for small = we have f(z) = f(0) + O(|z|?), hence
the integral converges around 0. By the decay of ;12 the integral converges at co. We conclude
the desired. O

We now give the proof of Theorem 3.1.12. We consider the trial state given in Equation (3.2.1)
where f is a rescaled scattering function

Fa) = {kzﬂ)fouxw 2| <.

1 |z > b
and
1 ikx
Dn(zy,... on) = detlug(zi)h<icn,  un(z) = 737¢€ N = #Bp.
keBr L

In 1 dimension, there is no difference between a ball and a polyhedron, so we may use the
Fermi ball Bp = {k € 2*Z : |k| < kp} for the momenta in the Slater determinant. In this
case we have (see [KL18, Lemma 3.2] or Lemma 3.B.11)

Lemma 3.5.15. The Lebesgue constant of the Fermi ball satisfies
dz = — > e""| du < C'log N.
0

/L/2 1
—L/2 L 2T . (B(L;%))mZQ

As for the 2-dimensional setting one easily generalizes the computation of the kinetic energy
in Lemma 3.2.13 and the calculation of the 2-particle reduced density for a Slater determinant
in Lemma 3.2.14. That is,

Lemma 3.5.16. The kinetic energy of the (Slater determinant with momenta in the) Fermi
ball satisfies

2
eikx 1

keBp

3|k = 7;2p2N (1+0(N ).

keBp
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Lemma 3.5.17. The 2-particle reduced density of the (normalized) Slater determinant satisfies

71_2

PP (1, 02) = o p'fan — maf (L4 OV + Oy — 2]?))

For the Gaudin-Gillespie-Ripka-expansion we replace occurrences of ¢ and 7](\}) with their
1-dimensional analogues as for the 2-dimensional setting. Here we have the bounds (using
Lemmas 3.5.10 and 3.5.15)

[ ol Satosa) [ IS 108N, (3.5.6)
A

Then, the 1-dimensional analogue of Theorem 3.3.4 reads
Theorem 3.5.18. There exists a constant ¢ > 0 such that if aplog(b/a)log N < ¢, then

the formulas in Equation (3.3.3) hold (with p J") and T} o interpreted as appropriate for the
1-dimensional setting.)

For the analogues of Lemmas 3.4.1 and 3.4.2 we have to a bit more careful. In order to get
errors smaller than the desired accuracy of the leading interaction term (of order ap* for the
energy density) we need to also do a Taylor expansion of (some of) the 3-particle diagrams.

(Pointwise we only have the bound ’F?’ G’ < Cap* log(b/a) log N (see Sections 3.A.2 and 3.4.3)
for any subleading diagram (7, G), i.e. for (7,G) € Ep with p > 1.)

Remark 3.5.19 (Why this was not a problem for dimensions d = 2,3). In dimensions
d = 1,2, 3 the analoguous bound reads ’Ff’r,(;’ < Csap'log(b/a)(log N)? (if d = 1 then there
is no s) for any subleading diagram, see Equation (3.4.22). This bound should be compared
to the energy density of the leading interaction term of order a?p**?/?. Considering just the
power of p, we see that such terms are subleading compared to the interaction term for d # 1.

Similarly the argument for I'? is also slightly different compared to that of Lemma 3.4.1. We
have the bounds

Lemma 3.5.20. There exists a constant ¢ > 0 such that if aplog(b/a)log N < ¢, then

< Ca2p4 {ap(log(b/a))g(log N)3 + b4p4}

IEED SR

= P! (m,G)eL2

+ Cap’|zy — 29| {bng + Nab*p® + 10g(b/a)]

and
s < CALAIE |7 lor = wallas — s + a0 (105(b/a))*(log N)?

+ap ((120° + log(v/a)) [l = wal? + oy — s + | = of*]|.

The proof is similar to that of Lemmas 3.4.1 and 3.4.2. We postpone it to the end of this
section. Note here that the N-dependence is not just via logarithmic factors. Thus, we need
to be more careful in choosing the size of the smaller boxes when applying the box method
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arguments of Section 3.4.1. With this we get the analogue of Equation (3.4.1) in 1 dimension,

(Yn|Hn|tn)

2

= SN (Lo ) L [ de (@) + Jo(orf (o))

2
X %p4]:c|2 (1 +O(N + O(p2]1:\2)) + 0 (ap5]:c\2 b’p* + Nab'p® + log(b/a)

)

+0 (a2p4

ap(logb/a)*(log N)?* + b4p4} )

+ /// dzy dwg dws f120 f1of230 fas fi

x |O(p" |y = w2z — w3]?) + O (a®p"(log(b/a))*(log N)?)

+0 (ap® [12* +1ou(b/a)] [l = waf* + [ = of? + |z — 2] |.

(3.5.7)
For the 2-body error terms we may follow the type of arguments of Section 3.4, namely
Equations (3.4.2), (3.4.3), (3.4.4), (3.4.5) and (3.4.6) exactly as for the 2-dimensional case.
By using Lemma 3.5.10 we get the bounds

/ (|af(x)|2 + 1U($)f(a:)2> | dz < {2@, n=2,

2 Ca®b, n =4,
C, n =0,
/!x\"f@f dr < { Calog(b/a), n=1,
Cab, n=2.
Define ag by
1 2, 1 2)
o = [ (101@F + Ju(@)f@)7) da

and recall by assumption on v that ag > 0, i.e. that 1/ay < co. For the 3-body terms we
may do as for the 3-dimensional case, Section 3.4. For the first term we bound f;3 < 1. By
the translation invariance one integration gives a volume (i.e. length) factor L. That is,

/// drydradrs ’f123f12f23af23f123.

x| O(p" |1 — |’z — w5]?) + O (a®p" (log(b/a))*(log N)?)

+0 (ap® [87* +log(b/a)] [Jos = aaf? + |y = asf? + o = wgﬂ)]

2

< ONp° (/O |x|2f8fdx> + CNa?p*(log(b/a))?*(log N)? (/O f@f)

</0b|:c!2fafdm> (/Obfafdx> + </0b|x|fafd$>2] |

< CNa?p* [prQ + (log(b/a))*(log N)? + bp [prQ + log(b/a)” .

+ CNap® [bsz + log(b/a)}
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3.5. One and two dimensions

We conclude the analogue of Equation (3.4.7) in dimension 1

<¢N‘I—2N|wN> = 7;2;)3 + 237T2ap4 + 0 (N_1p3) + O (aQb_lp‘l) + O (a2bp6)

+0 (a*p'ag" [ap(log(b/a))*(log N)* + b'p']) (3.5.8)
+ 0 (a2p5 [bsz + Nab*p® + log(b/a)D
+0 (426" [t%0* + (log(b/a))*(log N + bp [12? + log(b/a)]])

We need to be careful how we choose N (i.e. how we choose L), since the error depends on
N not just via logarithmic terms. We choose

N =(ap)™@, a>1 b=alap)™”, 0<p<1

where the bounds on «, § are immediate for all the error-terms to be smaller than the desired
accuracy (there is similarly also an upper limit for «, which we do not write). Keeping then
only the leading error terms we get

(Un|Hy|n) — m 3 27 4
— =Pt —a
L gl T3 (3.5.9)

+O0 (N %) +0(a’'p") + O (a®ag'b*p%) + O (Na'b*p'®) .

Using the box method similarly as in Section 3.4.1 we also have to be careful with how we
choose the parameter d. As in Equation (3.4.9) we get

(V| Hn|¥0n)
0

< 12,03 = 2—7T2ap4 +0 (n’1p3> +0 (a2b’1p4> + 0 (aza’lbzpﬁ) + 0 (na3b4p10)

-3 3 0

+0(de7'p*) + 0 (b5%) + O (pd?).

e(p) < [1+0(d/0) +O(b/0)] + O (pd™?)

Here we change notation from N to n and choose d = a(ap)~°. To get the error smaller than
desired, we see that we need to choose § > 3/2. In particular then the error is O(p*(ap)?),
where

y=min{l + 3,5 —48,7—a —48,a+ 1 — 6,20 — 2}.

Then, also p = p (1 + O((ap)?)) so p = p(1+ O((ap)?)). Optimising in a, 3,9 we see that
for

33 9 24
— == = = =" 5.1
o= I 13 (35.10)
we get v = 22/13, i.e.
2 2
~ g 21 ~\9/13
e(p) < 3P + 5 (1 +0 ((CLP) )) :

This concludes the proof of Theorem 3.1.12.

It remains to give the
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3. GROUND STATE ENERGY OF THE DILUTE SPIN-POLARIZED FERMI GAS: UPPER BOUND

Proof of Lemma 3.5.20. Note first that, completely analogously to (3.4.10) and (3.4.22), we

have
1
SN D S OFClos N Caplog(ba) ., p =2k 1y
' (m,GYeL?
V(ﬂ,i)(+zg)(7r,kg):1/0
e (3.5.11)
1
] 2 5| < Cp*(Clog N)* (Caplog(b/a))*™, p = 2ko + 1.
) (W,G)EZS
1/(7r,G)+1/*(7r,pG):1/0
k(m,G)=ko

We will use this to split the diagrams of CIZJ and Ei into groups. We split diagrams in Cg into
three (exhaustive) groups:

1. Small diagrams with 1 < k + v + v* < 2, {1} and {2} in different clusters
(A) and k > 1,
(B) and k =0,v" = 1.

2. Small diagrams with 1 < k+ v 4+ v* < 2 and

(A) {1} and {2} in different clusters and k = 0, v* = 2,
(B) {1} and {2} in the same cluster,

3. Large diagrams with £ 4+ v + v* > 3.

We then split
> 1
Z Z F’JQT,G = gsmaII,O + gsmall,ZI + 521,

!
p=1P" (r.crecz

where Emaio is the contribution of all small diagram in the first group, {man>1 is the
contribution of all small diagrams in the second group and £, is the contribution of all large
diagrams. We will then do a Taylor expansion of &mai o but not of the other terms.

We split diagrams in Zi into three (exhaustive) groups:

1. Small diagrams with k+v+v* =1 and {1}, {2} and {3} in 3 different clusters. (Then
v=0.)

2. Small diagrams with k +v +v* =1 and {1}, {2} and {3} in < 3 different clusters.
(Then k=v=0.)

3. Large diagrams with k + v + v* > 2.
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3.1. Small diagrams

We then split
Z | Z I_‘73r, gsmall ,0 + 5small,21 + 6;17

1P G)eL]

where & ., is the contribution of all small diagram in the first group, & .5, is the
contribution of all small diagrams in the second group and &2, is the contribution of all large
diagrams. Again, we do a Taylor expansion of &3, , but not of the other terms. For simplicity
we will only compute the derivatives 831. With this bound the error term for the energy density
s O(a?bp®log(b/a)) and so it is even smaller than the accuracy a?p® with b chosen as in
Equation (3.5.10). (By the symmetry, we could bound &mano by bounding its 6th derivative

02,0202, instead.) To keep the result symmetric in 1, 25, 23 we will symmetrize the result

afterwards.

We have immediately by Equation (3.5.11) that
1] < CaPp(log(b/a)*(log N)?,  |€2,] < Ca?p(log(b/a))*(log N)?.  (3.5.12)
Similarly as in the proof of Lemma 3.4.1 we have for z; = x5

Esmal 0(T2, T2) + Esmalt,>1(T2, T2) + E51(22, x2) = 0,

Eoma 0 (T2, T2, 3) + €5 i 51 (T2, T2, 3) + €2, (2, 22, 23) = 0.

Hence we may bound the zeroth order by

|Esmal0(T2, 22)| < |fsma|| >1(xg, x2)| + [E51 (22, 22)]

3
fsmall o\T2, T2, T3 ‘

smaII>1 x27x2a$3 ’ ’521 wan27$3)‘~

For the diagrams in {maio and IS o we have similarly to Lemma 3.4.8 that

small

02 &mano| < Cap® log(b/a),

02, Eano| < Cap®log(b/a) (3.5.13)

uniformly in 1, 29, z3. For the diagrams in {man,>1 and £Sma” > the analysis is somewhat
similar to the proof of Lemma 3.4.6. We have

Lemma 3.5.21. For the small diagrams in {man >1 and 53mal|,21 we have the bounds

|Esmai>1] < Ca*b*p® + Cab?*p"|z, — x9|? {1 + Naprﬂ , (3.5.14)

gmall,zl‘ < Cab2p8 (’$1 - 1’2’2 + ‘331 — 133’2 + ‘xz — $3\2> (3.5.15)

uniformly in x1, x9, 3.
We give the proof of Lemma 3.5.21 in Section 3.A.3. Combining Lemma 3.5.21 and Equa-
tions (3.5.12) and (3.5.13) concludes the proof of Lemma 3.5.20. O

3.A Small diagrams

In this appendix we compute the contributions of all the small diagrams of Lemmas 3.4.6,
3.4.8, 3.4.11 and 3.5.21. We first consider those of Lemmas 3.4.6 and 3.4.8.
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3. GROUND STATE ENERGY OF THE DILUTE SPIN-POLARIZED FERMI GAS: UPPER BOUND

3.A.1 Small 2-particle diagrams (proof of Lemmas 3.4.6 and 3.4.8)

Recall from the proof of Lemma 3.4.1, Section 3.4.2 that

gsmaII,O + 5sma||,>1 Z Z F

C(mG)eLls
(7,G) small

The criterion for being small is defined in the proof of Lemma 3.4.1 around Equation (3.4.11),
and will be recalled below. The diagrams are split into types (A), (B) and (C') according
their underlying graphs G as in the proof of Lemma 3.4.1. We further split the type (B) into
two types (B;) and (B3). The diagrams of type (B;) are those diagrams for which the extra
vertex {3} in the distinguished clusters is in the cluster containing {1}, i.e. connected to {1}.
The diagrams of type (Bs) are those diagrams for which the extra vertex {3} is in the cluster
containing {2}, i.e. connected to {2}. That is, the different types are as follows. See also
Figure 3.A.1.

(A) {1} and {2} in different clusters and 1 < k <4, v =0,v* =0,
(B) {1} and {2} in different clusters and 0 < k < 2,v =0,v* = 1,

<B1> and n, = 17”** =0,
(BQ) and n, = O,n** =1,

(C) {1} and {2} in the same cluster and 0 < k£ <2/ v =0,v* = 1.

* B * *
le ) 1le ) le 'Y le----
s }k P }k z }k?’ s }k
(a) Type (A),1 < k < 4(b) Type (B1),0 < k <2(c) Type (Bz),0 < k <2(d) Type (C),0 <k <2

Figure 3.A.1: g-graphs of small diagrams of different types. For each diagram only
the graph G is drawn. The relevant diagrams come with permutations 7 such that
the diagrams are linked.

We first give the

Proof of Lemma 3.4.6. Consider first all diagrams of type (C') of smallest size, i.e. with
g-graph

Go= le-——e———-99

Since this graph is connected, all 7 € S; give rise to a linked diagram (7, Gy). By Wick's
rule, the m-sum then gives the factor p(®. That is,

3
Z Fi,GO = /913923 Z ”nyz(vl (2}, 2x(j)) dag = /g13923p(3) dzs.
7j=1

WGS;;Z(W,G())EE% TES3
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3.1. Small diagrams

Recall the bound p® < Cp**4/3|z; — 25|21 — 23)? from Lemma 3.2.15. Now we bound
|g23| <1. Thus

Y T2 SCo O —aaf [ (1 @) o d
n€S3:(m,Go)EL2
Recalling Lemma 3.2.2 we may bound

b 3\ 2 a3 2
/(1_“”“")2) |$|2dx§0“5+<1_ac;/bg>2/a [(1—23> (1—T3> }r‘ldrSC’a?’bQ.

(3.A.1)
We conclude that all diagrams of smallest size contribute < Ca®b?p>T4/3|z; — 252,

For the larger diagrams, we consider an example diagram

For this diagram we have

17 [If W @i i)l (s (s as)lf (asiao)

X 913923945 dzs dzy dxs

/// ik1(z1—24) Zk2($4 z3) ’Lk3($3 1) zk4(m2—z5) zk5(15 z2)
T15
L k1,.. 7k56PF

X g13923945 dv3 dvy dos

—1 , ,
=55 2L ehTmelhrion / dazg /57527 g () — g) (5 — s)
k1. ks€Pp
% / dl'4 [ei(kg—k1+k5—k4)x4/ dl’5 6—i(k5—k‘4)(l‘4—w5)g(l,4 _ 1,5)
-1 ) )
=1 2 chThmelhrion / dag M3k g (2 — 23)g(xy — 3)
k1,....ks €EPp

X X(kz—k1:k4—k5)§(/€5 — k),

where §(k) := [, g(z)e"**dz. Bounding |go3| < 1 and |§(k)| < [ |g| < a®log(b/a) we get
that
12 | < Calp(log(b/a))?.

One may do a similar computation for all the remaining diagrams. By computing the
integrations of the vertices in the internal clusters first, these give some factor §(k; — k;) and
a factor L?’X(ki—kj:ki/—kj/)- By bounding as above we conclude that the contribution of small
diagrams of type (C') is bounded as desired. O

Proof of Lemma 3.4.8. As with the larger diagrams of type (C') we only give calculations for
a few example diagrams and explain how the calculation for the remaining diagrams are similar.
We consider the examples in Figure 3.A.2.
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3. GROUND STATE ENERGY OF THE DILUTE SPIN-POLARIZED FERMI GAS: UPPER BOUND

b (f v T

(a) Example of a type (4) di-  (b) Example of a type (Bj) (c) Example of a type (Bs) di-
agram of smallest size diagram of smallest size agram of smallest size

Figure 3.A.2: Exemplary diagrams of types (A), (B;) and (Bsy). The dashed lines
denote g-edges, and the arrows denote (directed) edges of the permutation.

The contribution of the diagram in Figure 3.A.2a to 0" 0% &man is

T I
785/1 xl
—1 H 10 v v
~ 912 Z (k1 — k2) (k) — K3)
k1,....,ka€Pp
X // eik:l(:B1—$3)eikg(xs—x1)€ik3(x2_z4)6ik4(z4_$2)g34 dq;g dis
—1 | |
= —= Z (Kt — kb (kY — kg)ez(lﬂsz)mez(kg—k4)m2
2L ki,....,k4a€EPp
- // e~ ha—ks)(@s—aa) pilka—kitka=hs)zs g (00 ) dag day
7 o A
=375 > (kY — ES) (kY — KS)e (k1 —ka)1 (ks —ka) ittt (s — ko)

k1,....ka€PR

= 0(p***/*a’ log(b/a))

using that §(k) = [, g(x)e ™" dx satisfies |§(k)| < [|g] < Ca®log(b/a). The same type of
computation is valid for all other diagrams of type (A).

Consider now the diagram in Figure 3.A.2c of type (B3). This contributes

—1 ) )
0z, 0r, 75 > ehrlormm) g2 g (g) — 23) dg
k1,k2,k3€Pr
1
= ﬁ Z (kiL _ ké‘)(kl’ kV) i(k1—k2)z1 z(kz k1)az /9(172 _ x3) drs
k1,k2,ks€Pp

— O(p***/*a* log(b/a))

exactly as for type (A). Similarly, all other diagrams of type (Bs2) may be bounded using the
same method as for types (A).

Finally, we consider the diagram in Figure 3.A.2b of type (B;). Here we have

m uw Ay ik1(x1—x3) Jika(x3—x2) jiks(r2—21)
or o, T 3x13x1 79 > e e e g(x1 — x3)das
k1,k2,k3€Pr

1T

— 8/1, all L Z ei(szkg)mlei(kgka)xz /ei(kzkl)(xlxg,)g(xl o .T3) dmg

k1,ko,k3s€Pp
-1
=— > (K — k) (kY — kE)e'ReRmeihsa)ng ) — k)
L k1,ko,k3s€Pp

— O(p****a* log(b/a)).
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3.1. Small diagrams

All larger diagrams of type (B;) may be bounded similarly. We conclude the desired. O]

3.A.2 Small 3-particle diagrams (proof of Lemma 3.4.11)

We now give the

Proof of Lemma 3.4.11. Recall that

smaII Z Z F?r,G’

( G)ec
(7,G) small

where “small” refers to diagrams with G-graph

— e X

and permutation 7 such that (7, G) has at most two linked components, both of which contain
at least one external vertex. As in the proof of Lemmas 3.4.6 and 3.4.8 in Section 3.A.1 we
compute the value of a few examples and explain how to compute the value of the remaining
diagrams. We consider the examples of Figure 3.A.3

* * *
A AN
-———- o—\—_;o
(a) Example of a diagram of smallest size (b) Example of a diagram of smallest
with one linked component size with two linked components

Figure 3.A.3: Exemplary small diagrams in Zg

The contribution of the diagram in Figure 3.A.3a is

. -1
Ffr,G ~ s // thrlmma) gikaleamea) gifa(a ) giba(ma=es) ohales=20) g ey ds
k1,.. ,ksGPF
—1 i(k1—k3)x1 i(ks—ka)xa ji(ka—ks)x: N
= ﬁ Z el(k’l k3) le (ka—k2) 20 (ka—ks) 3X(k27k1:k4—k5)g(k'5 N ]{34)
kl,-..,ksepp
= O(a’p* log(b/a)).

Similarly, the contribution of the diagram in Figure 3.A.3b is

Fi’G — [_/115 // tk1(zx1—2x4) zk2($4 z5) zk3($5 z1) lk4(:l‘2 Ig) iks(z3—x2) Gas dzy de
ki,.. ,ksEPF
-1 . . ,
— ﬁ Z ez(kl—k3)zl6z(k4—k5)zzez(k5—k4)$3X(kQ_klsz_k3)§(k3 . ]{32)
k17--.,k5€PF
— O(ap* og(b/a).
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3. GROUND STATE ENERGY OF THE DILUTE SPIN-POLARIZED FERMI GAS: UPPER BOUND

One may follow this kind of computation for any diagram. The central property we used is
that the internal vertices are all in the same linked component as some external vertex. This
means that the integrals over internal vertices either gives a factor of §(k; — k;) or a factor of
LSX(ki—kj:ki/—kj/)- We conclude the desired. O

3.A.3 Small diagrams in 1 dimension (proof of Lemma 3.5.21)

We now give the

Proof of Lemma 3.5.21. We first give the proof of Equation (3.5.14). We split the two cases
(A) and (B) of small diagrams further. They are given as follows.

(A) {1} and {2} in different clusters and k& = 0,v* = 2,

(A1) nw = 2,14 = 0 (or ny = 0, n4i = 2),
(A2) nw = 1,04 = 1.
(B) {1} and {2} in the same cluster and 1 < k+ v +v* < 2,
<B1> k - 0,
(By) k=1.

See also Figure 3.A.4.

ES ES ES *
1e ) 1e e lo-——-eo-——-99
/N I I x -7 1 T~0 %
SN | | Lol | e2
(a) Type (A1) (b) Type (A2) (c) Type (By) (d) Type (B2)

Figure 3.A.4: g-graphs of small diagrams of different types. For each diagram only
the graph G is drawn. The relevant diagrams come with permutations 7 such the
the diagrams are linked. The diagrams of type (A;) and (B;) may have some of
the drawn g-edges not present, but the same connected components. Moreover,
the diagrams of type (B;) may have one of the internal vertices drawn not present
(indicated by a o). With the modification of the drawings described here these are
all small diagrams.

We will consider some examples of diagrams. Namely those drawn in Figure 3.A.4 (but not
modified as described in the caption), except for the diagram of type (Bj;), where we will
consider diagrams of smallest size, with g-graph

* *

Go= Le---re-m-me2 (3.A.2)

All other diagrams can be treated in a similar fashion. For the argument we will need a different
formula for p;. Recall the definition in Equation (3.3.4). We may write the characteristic

function as
X((m, UGy) linked) = 1 — x((7,UG;) not linked).
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3.1. Small diagrams

That is,
pEAl ..... Ap)
s 1 e 1
= 3 (0" I Weizg) = 3 (1) "X (o) nottinkedy 11 7N (@53 2()-
WGSUAZ JEUA, TrESUAZ JEUAy

For our case we only need to consider cases where there are at most two clusters. If there is
just one cluster then p{* = PP ((z;)je4). So suppose we have two clusters Ay, Ay. Here,
all the 7's for which (7, UG/) is not linked are exactly those arising as products m = 7,
where m; € S4, and my € Sy, are permutations of the vertices in the 2 clusters. Thus,

Aq,A T ;
P ()i a0m,) = ST ] /y](v)(l'j;xw(j))

FESAILJAQ JEAIUAL
1 1 . ks 1 .
= X ) I W eng) X (0™ TN (@55 2m0)
m1ESA, JjEAL T2€S A, JEA2
= P ((25) e a,0a,) — PP () jeay ) 0120 () jeny)-
(3.A.3)
We now consider the diagrams in Figures 3.A.4a, 3.A.4b and 3.A.4d and (3.A.2). We get
Type (A1) : Z F?r,G’o = //913914934P§{1’3’4}’{2}) drs dry,
7E€Sy:(m,Go)ELE
Type (Ay) : Z P?r,G’o = //913924,0E{1’3}’{2’4}) drsdry,
T€Sy:(m,G Cg
Eonlme)e (3.A.4)
Type (Bl) : Z P?r,Go = /913923,0(3) dzs,

7T€S3Z(7T,G0)EL?

Type (By) : Z Pgr,Go = ///913923945P£{1’2’3}’{4’5}) dr3drydrs.

TESs: (W,Go)Eﬁg

Using Equation (3.A.3) and (the 1-dimensional versions of ) Lemmas 3.2.14 and 3.2.15 and
similar bounds for the 4- and 5-particle reduced densities we get the bounds on the truncated
correlations

(A1) oD < oWy, ) + p O (g, s, w0)p ) ()
< CpPlay — as’|lzr — zal?,
(4:) A < O, n) + O, )™ (22, 24)
< Cplay — wslPlw — maf,
(B1) p® < Cp'lay — xof*|ay — a3,
(B2) ’pﬁ{l’m}“ﬁ})‘ <P, ws) + p (w1, w0, 5) p1) (04, 5)

< C’p11|x1 — :1:2|2|x1 — m3|2|x4 — x5|2.

Bounding moreover, g34 < 1 for the diagram of type (A;) we thus get by the translation
invariance

2
¥ g <o ([l
mE€Sy:(m,Go)ELS

type (A1)
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3. GROUND STATE ENERGY OF THE DILUTE SPIN-POLARIZED FERMI GAS: UPPER BOUND

For the diagram of type (A;) we get

2
¥ e <o ([ulka)
TI'GS4I(7T,G0)€£§

type (Az2)

For the diagram of type (B;) we get by bounding g,3 < 1 (as in the proof of Lemma 3.4.6)

Y T2 <Ol —aaf [ lgfa)|of d
w€S3:(m,Go)EL2
type (B1)

Finally, for the diagram of type (B3) we get in the same way

2
S 2| <N [lolt o)

nE€S5:(m,Go)ELS
type (Bz)

We may bound [ |z|?|g|dx similarly as in 3 and 2 dimensions,

/R(l — f(2)?) |e* de < Ca® + (1_2/[))2/1) [(1 - Z>2 - (1 - jﬂ P2 dr < Cal?.

The other diagrams of types (A;) and (B;) (there are no other diagrams of type (As) or
(B2)) we may treat similarly by bounding some of the g-edges by |g| < 1. Combining these
bounds we conclude the proof of Equation (3.5.14).

To prove Equation (3.5.15) we recall that we consider all diagrams with g-graph

*
Goz ffff,.fffff f or Glz 2\\/\_.,,,,>f
1 2 3 % - 3

1

(and graphs that look like Gy where {1,2,3} are permuted). One may treat this similarly as
the diagrams above, with the result that

Z F?r,Go < / |914]|g24] ’p§{1’2’4}’{3})’ dzy < Cab®p®|z) — o)
7r654:(7r7G0)e[111”

Z Ffr,Gl < / ’914||924H934|P(4) dry < Ca5208|371 - $2|2-
7r654:(7r,G1)€E?

Summing this over all the permutations of {1, 2,3} we conclude the proof of Equation (3.5.15).
0
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3.2. Derivative Lebesgue constants (proof of Lemma 3.4.9)

3.B Derivative Lebesgue constants (proof of
Lemma 3.4.9)

In this appendix we give the proof of Lemma 3.4.9. We recall the statement in slightly different
notation for convenience.

Lemma 3.4.9. The polyhedron P from Definition 3.2.7 satisfies for any pu,v = 1,2,3 that

/ kte'**| dr < CsR(log R)?, / kFE e**| dor < CsR?*(log R)*
[0,27]3 | ke RPNZ3 0,27 | ke RPNZ3
for sufficiently large R = %

Recall that by construction R ~ N'/3 is rational.

The proof follows quite closely the argument in [KL18]. In particular the structure is that
of induction. The 3-dimensional integral is bounded one dimension at a time. We start by
introducing some notation from [KL18].

Notation 3.B.1. For any real number = we will write [z] for either [z ]| or [z]. Similarly we
will write (x) = x — [z], i.e. (z) is either the fractional part {z} =z — |x| or z — [z]. For
any computation we do below, the definition of [z] is fixed, but the computations hold with
either choice.

Additionally for a d-dimensional vector = = (2!, ..., z%) we write (@ = (!, ..., z%) for the

first d < d components.

We emphasize that expressions like k2, 23, ... do not denote squares or cubes of numbers k, x,
but instead refer to coordinates of vectors k, z. The instances where we do want to denote a
square, cube or higher power should be clear.

By potentially relabelling the coordinates it suffices to consider the cases =1, u=v =1
and p = 1,v = 2. (Alternatively, by appealing to Lemma 3.2.11 and choosing Q > N* in
Definition 3.2.7 we have a symmetry of coordinates up to error-terms which are subleading
compared to Lemma 3.4.9.) Hence define

ti (k) = k', to(k) = Kk = (k)2 ts(k) = k*E2

We want to show that

As in the proof of Lemma 3.2.12 we write RP as a union of O(s) closed tetrahedra. We
also recall that Rz ¢ Z3. As in the proof of Lemma 3.2.12 we get by the inclusion exclusion
principle O(s) terms with tetrahedra of lower dimension (triangles or line segments). All the
3-dimensional (closed) tetrahedra are convex and hence of the form

keRPNZ3

3
dr < CsR(log R)* j=1,
CsR*(log R)* j=2,3.

T={keZ: \ <k <Ay (k) <K< Ag(k), As(k',B?) < K° < Ag(k' k%) },

for some piecewise affine functions \;, A;,7 = 1,2,3. They are the equations of the planes
bounding the tetrahedron 7. Since any k € T" has integer coordinates we can replace A; by
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3. GROUND STATE ENERGY OF THE DILUTE SPIN-POLARIZED FERMI GAS: UPPER BOUND

|Aj] and A; by [A;]. It will be convenient to not distinguish between |-| and [-] and use
instead the notation [-] introduced in Notation 3.B.1. Then the tetrahedra are of the form

T={keZ®: [\ <k < [A], Po(k)] < K < [Aa(kY), .
Pa(k' k)] < B < [Ag (K, K7)] ],

where we allow [-] to be different in any of the 6 instances it appears.

Sums over lower-dimensional tetrahedra can be written as differences of sums over 3-dimensional
tetrahedra (with potentially different meanings of [-]). We will thus only consider 3-dimensional
tetrahedra. That is, for a tetrahedron 7" of the form Equation (3.B.1), we need to bound

3
/ dz < CR(logR)* j=1,
[0,27]3

CR*(logR)* j=2,3.
Gluing together tetrahedra as in Lemma 3.2.12 we conclude the desired bound, Lemma 3.4.9.
The remainder of this section gives the proof of Equation (3.B.2).

tj (k)ezkx

keTnz3

(3.B.2)

3.B.1 Reduction to simpler tetrahedron

We first reduce to the case of a simpler tetrahedron T'. Consider what happens by shifting all
k's by some fixed lattice vector x € Z* with |x| < CR. For t, we have

Z (k,l)2€ik:c — Z (k‘l—{-H) ikx

keTnz3 ke(T—k)NZ3
— Z (l{?l) ikx + 21% Z kleika: + (K,l)Q Z eikac.
ke(T—r)NZ3 ke(T—k)NZ3 ke(T—k)NZ3

A similar computation holds for ¢;,t3. We may bound |x| < C'R and thus we may assume
that 7' C [0, CRJ’. (Recall that [, . ’“”‘ dz < C(log R)? by [KL18, Theorem
4.1], see the proof of Lemma 3.2.12.)

For any tetrahedron of the form (3.B.1) we may write the k-sum as three 1-dimensional sums

A1l [Aa(kD] [As(k' k)] (A1 [Aa(kh)] ([As(k17k2)] [As(kl,kz)—1}>
keTNZ3 =[\1] k2=[Aa(k1)] k3:[)\3(k1,k2)} kl'=[\1] k2=[Xa(k1)] k3=0 k3=0

where the );'s and A;'s are the equations of the planes bounding the tetrahedron T, i.e.
piecewise affine functions. As in Equation (3.B.1) each instance of [-] may be either of the
definitions of Notation 3.B.1. By splitting the k', k? sums into at most 4 parts, we may ensure
that both A3 and A3 — 1 are only from one bounding plane, i.e. they are affine functions.
When we do this splitting, we have to choose (in each new tetrahedron) which definition of
[-] to use for the new bounding plane. This may give rise to some “boundary term”, if we
choose definitions of [-] in the new tetrahedra such that the k's on the splitting face are either
in both or in neither of the two tetrahedra sharing this face. These boundary terms are sums
over lower-dimensional tetrahedra, and may thus be bounded by sums over 3-dimensional ones
as above.

Remark 3.B.2. One may similarly let the k!~ and k*-sums go from 0 by writing e.g.

[A2(kY)] [A2(kD)]  [P2(k)-1]
k2=[\a (k)] k2=0 k2=0
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3.2. Derivative Lebesgue constants (proof of Lemma 3.4.9)

However, the upper limits Az(k', k%) and A\3(k', k%) — 1 for the k*-sum may become much
larger than R for k% < A\y(k'). This is why we don’t do this.

The terms with A3 and A3 — 1 may be treated the same way, so we just look at the one with
As. We thus want to bound

] [Aa(k)] [As(k )] Rllos R -1
/ YL Y e dxs{ Jos )’ =1
(0,27]3 |k1=[A1] k2=[A2 (k1)) k3=0 R (log R) ] = 2,3.

3.B.2 Reduction from d =3 to d =2

We show that we may bound the three-dimensional integrals by analogous two-dimensional
integrals up to a factor of (log R+ log Q) ~ log N.

First, before shifting by a constant x € Z3, A3 is given by either the plane through 3 close
corners of RP (points Ro(p'/Q1,p*/Q2,p*/Q3)) or of two close corners and the centre Rz.
This follows from the construction of P in Definition 3.2.7, since forming the edges between
pairs of close points constructs a triangulation of P.

The equation for a plane through the three points Ra(p]/Ql p; /Qg,p /Q3), j =1,2,3 s
given by
kL + k2 4 2
Qz@g Q1Q3 @1Q2

where by construction of P, see Definition 3.2.7, we have

k* = Rovy

c¢Q, 7eQ  a;€Z oy <CYJQ, =123

We might have that a; = 0. If ag = 0 then this plane is parallel to the k3-axis and so does
not give rise to a bound on the k3-sum. Hence a3 # 0. By choice of L, we have that R
is rational, and so Roy ¢ Q. (The choice of L such that R is rational, is exactly so that
Rovy ¢ Q.) The equation for A3 is an integer shift of this plane, hence it is of the form

Qiar Qs

k- K2,
Qs Q33 (3.B.3)
ns ¢ Q, oyl < C/Q, 5 =1,2,3.

As(E' k) = ng — m'k! — mPk? = ng —

Define for j = 1,2, 3 the quantities

AZI] N e S e
j ) € )
=[A1] k2=[A2(k1)] ’ k3=0
[A] [A2(kY)]
Z Z j(kl, k2)6ik<2>w(2),
=[A1] k2=[A2(k1)]
1 , 3~ ~j

Gi(x) = (0% D (2 — m®a?) — Dy(®))

eie® — 1
i(ng+1)z> [A1] [Az2 (kD))

: i( , .
A= ¥ X R () ),

=[] k2=[ha (k)]
(3.B.4)
where m® = (m!, m?) is defined in Equation (3.B.3). We shall prove the following bound.
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3. GROUND STATE ENERGY OF THE DILUTE SPIN-POLARIZED FERMI GAS: UPPER BOUND

Lemma 3.B.3. We have for some k” € 72, some (non-zero) k = k® € 72 and a h € Z,
h >0 with |k{”| < CR and h|x®| < CR that for any j = 1,2,3

< (log R +log Q) /

[0,27]2

D%(x(?’))’ dz®

. 2
D;(a:@))‘ dz® +1 + / dz!.
0

7=0

As a first step, consider the case where both a; = as = 0 in Equation (3.B.3). Then the
k3-sum and z3-integral in Lemma 3.B.3 factors out. Using [KL18, Lemma 3.2] to evaluate
the k3-sum and 23-integral we conclude the desired. Hence we can assume that at most one
of ay, as is 0. (This will be relevant for Lemma 3.B.8, but only then.)

A simple calculation shows that [KL18, Lemma 3.1]
Dj(z) = Gi(x) + Fi(x), j=1,2,3. (3.B.5)

By a straightforward modification of the argument in [KL18, Lemma 3.3] (including the factor
t;) we have

Lemma 3.B.4 ([KL18, Lemma 3.3]). For any j = 1,2,3 we have

/[;]727‘—]3

We thus want to bound the integral of F3] Again, by a straightforward modification of the
argument in [KL18, Lemma 3.7] (including the factor ¢;) we have

Lemma 3.B.5 ([KL18, Lemma 3.7]). For any j = 1,2,3 we have

/[0,271']3

To bound the right hand side of Lemma 3.B.5 we bound either definition of (-) by the fractional
part {-}. This follows the strategy in [KL18]. In analogy with [KL18, Lemma 3.6] we have

Lemma 3.B.6 ([KL18, Lemma 3.6]). For either definition of (-) we have the bound
Z tj(kl, k2>eik(2)x(2) <A3(k(2))>r

/[0,27@2 El=[\1] k2=[A2(K1)]

< / Dy(™)| dz®
[0,27]2

" (r
(),
uz::l (V ) [0,27]2

uniformly in (integer) r > 1.

G%(.%)’ der < logR/ Dé(ﬂ”)\ dz®.

[0,27]2

[A1] [Aa(k")]

) e’} 27T>r
J <o
Fy (x)‘ dr < ; o /[0%]2

tj(kl, kQ)eik@)x(?) <A3<k(2))>r dx(?)
kr=[M] k=2 (k)]

(A1l [A2(kY)]
dzr®

(A1) [Aa(kY)] P
> kLR A (R}
kr=[M] k2=[A2(k1)]

dr®

Proof. If (-) = {-} this is clear. Hence suppose that () =z — [z]. Then

1 ifzecZ

0 otherwise.

<$>={l’}—1+{
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3.2. Derivative Lebesgue constants (proof of Lemma 3.4.9)

By construction Az(k', k?) ¢ Z for k', k* € Z. Thus, (A3(k', k?)) = {A3(k',k?)} — 1. Then

(] A2k ik(2) £(2) r
Z Z tj(k?l,k?Q)ezk T <A3(k(2))>
kl=[A1] k2=[x2(k1)]

, [A1] [Az (k1)) 2 (2)..(2)
= (-1 () S 4k )T (A (k)

=[] k2=[A2 (k)]

» 1] [Aa(kh)] o
_ (_1)TD‘;(1,(2)) + Z(_1> <V> Z Z tj(kl, kz)ezk( )l ){Ag(k(Q))}V' n
v=1

k=[] k2=[Aa2 (k)]

We now bound the second summand of Lemma 3.B.6 similarly to [KL18, Lemmas 3.8 and
3.9]. We first define As, a rational approximation of As. Recall the definition of A3 in
Equation (3.B.3). By Dirichlet's approximation theorem we may for any QQ«, find integers p, ¢
with 1 < ¢ < Qo such that

1
Y3 =Nz — P satisfies 3| < ——.
q Qo
We will choose ()., = (Q3c3. Define then
Ro(k®) = Ag(k®) — 7y = £ — Q1010 o0y (3.B.6)

q Q303 Q303

Note that this takes values in %Z for integers k1, k2 In particular (for integers k', k?)
{A3(k@)} € {o, qéw, ey qgg 11 Thus, since |73 < g we have

1 ifys3 <0and A3(k®) eZ

_ ’ (3.B.7)
0 otherwise.

{As(k®)} = 73 + {As (@)} + {

We claim that

Lemma 3.B.7. For N sufficiently large, we have uniformly in (integer) r > 1 that
L] A2l 1(2)£(2)
Z tj(k?17 k)z)elk x {As(k(Q))}v d$(2)

/[0,27r]2 kl=[A1] k2=[X2(k1)]

< log(r@Q) Dy ()] dz®

[0,27]2

M) [A2(kh)] o
+ / S kL EDET T da® 42
[0,27]

2 k=[] K2=[Na2 (k1))
As(kl,k?)ez

The proof differs from that of [KL18, Lemmas 3.8 and 3.9] in a few key location, so we give it
here.
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3. GROUND STATE ENERGY OF THE DILUTE SPIN-POLARIZED FERMI GAS: UPPER BOUND

Proof. Using Equation (3.B.7) we have

l [AQ(kl)] i(2) £(2)
oo > kLR A (R
K =[\1] k2=[ra (k)]

A [Ae(kY)]

S G (g + (A ()}

El=[A1] k2=[X2(k1)]

[A1] [Ag(kl)] o
(13<0) Z > tj(/fl,k2)ezk( "= 1 mixed terms.

=[A1] k2=[xo (k1))
As(k k2)eZ

All the mixed terms have at least one power of v3 + {A3(k®)} = 5. (Indeed, in the mixed
terms we have A5(k®) € Z so {A5(k®)} = 0.) Since 75| < 1/(¢Qs) < 1/Q the sum of all
mixed terms may be bounded by 2" R*Q~! < 2" for N sufficiently large (independent of r) by
our choice of ), see Definition 3.2.7. Similarly expanding the first summand, all the terms
with at least one power of 3 may be bounded the same way. We thus have

[A] [A2(kY)]

ti(kY k2)e® (A (K@)

_ ; . S 4R R (A (k) (3.8.8)

[A1] [Ag(kY)]

Xow<o) 3. > (kLR L og2n),
kl ] k2= [Az(kl)}
As(k,k?)ez

where the error is O(2") uniform in 2(2). For the first summand we have by a simple modification
of [KL18, Lemma 3.8] (including the factor ¢;) that

(Aa] [Aa(kY)]

Z tj(kzl, kz)eik<2)x<2){[\3<k(2))}r

kr=[M] k2=[Aa (k)]

dz®

Slog(raQu) | DY) dat®.

[0,27]2

This importantly uses that {A3(k®)} € {0, FoREERE chzg;l} for integers k', k2, so that on
can find some smartly chosen function h(u) =~ u" on [0, 1] but with a smooth cut-off at 1 and
h({A3(k®)}) = {A3(k@)}" for which one can bound Fourier coefficients, see [KL18, Lemma
3.8].

We have ¢ < Qo = Q305 < CQ%?. We conclude the desired. O
Next we bound the second term in Lemma 3.B.7, where /N\g is integer. If there are no valid

choices of k', k> for which As(k', k) is an integer, then this term is clearly zero. Otherwise
we have the following.

Lemma 3.B.8. Let N be sufficiently large and suppose that the set
Iy = {(k’lakQ) € Z? : [M] <k < [A], Po(RY)] < B < [Ma(kN)], As(K',47) € Z}
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3.2. Derivative Lebesgue constants (proof of Lemma 3.4.9)

is non-empty. Then we may find a point k[(f) ¢ Iy, a (non-zero) lattice vector k = k?) € 7
and an integer h > 0 with k\” + hx € I (in particular h|r| < R) such that Io = {k{® +7x®
7€{0,...,h}}. In particular

A [Aa(k D) 7.(2) (2 2w | h (2
/ Z Z tj(kl, k2)€zk( )z (2) dx(2) S / Z t] (k((]Q) + 7_/{(2)) ez‘r|ﬁ( )|z dr.
[0,27]2 El=[\1] k2=[)\2(k1)] 0 —
As(k k2)eZ
(3.B.9)

The proof is an exercise in elementary number theory analysing the set 1.

Proof. Define k((f) to be any point in the (non-empty) set [y. Recall Equation (3.B.6), and
that ’AS(kl,RQ)‘ < CR for any k® ¢ I;. (This follows since the relevant tetrahedron is
contained in [0, CRJ?.) By redefining ; as «;/ ged(aq, as, a3) we may assume that aq, an, as
have no shared prime factors. (This only decreases their values, so that still |o;| < C/Q.)
In case one of the «;'s is zero we will use the convention that ged(«, 3,0) = ged(a, 5) and
ged(a, 0) = a for a, B > 0.

Solving the general problem. We first consider the general problem of finding all KLk cZ
for which A3(k', k?) is an integer. This set has the form k((f) + I' for some two-dimensional
lattice I". We now find spanning lattice vectors of I'.

Define a;; = ged(ou, aj) for i # j. (Note that the a;'s are not necessarily pairwise coprime,
only all 3 «;’s have no shared factor by the reduction above. Also, since a; and ay are not

both 0, we have a1 # 0 is well-defined.) Shifting ki by ro := (@222, —Q12L) we have

As(k? +bro) = As(k ez, beZ

and kg is the shortest lattice vector with this property. One should note here that kg is not
“short”. Indeed |ro| = @ since both Q1, Qs = @, see Definition 3.2.7, and a4, s are not both
0. We now look for the lattice vector in T giving the smallest possible (integer) increase of As.
This lattice vector together with ko spans I'. Note that

—Qloqlfl - Q2062lf2

Q303

Suppose first that either a3 = 0 or ap = 0, say s = 0. Now, Q1 # Q3 and |a;| < C'/Q so
Q); is not a factor of o; forany i = 1,3, j = 1,2,3. Thus, ged(Qsa3, Q1) = ged(ag, a3) = 1
since ay; = 0. For the ratio 6A;3(k) to be an integer we need that the numerator is some
multiple of @33, and thus that |k| 2 (3 > R. Thus there is at most one k:(()Q) € Iy and the
lemma is clear.

SAs(k) = A3 (kS + k) — As(k) = (3.B.10)

Suppose then that oy # 0, ap # 0. Varying k € Z? we have by Bézout's lemma that the
numerator in Equation (3.B.10) assumes as values all multiples of ged(Qqa1, Q2c2). We have
ged(Qraq, Qaae) = ged(aq, an) = aya. For the ratio (5/~\3(f<a) to be an integer we need that
the numerator is some multiple of Q3ci3. Since by assumption there are no prime factors
shared by all a;'s and ()3 is not a factor of a5 we have ged(aig, Qsas) = 1. Thus, the
smallest integer increase of As is a2 > 1 and this happens along some lattice vector ;.
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3. GROUND STATE ENERGY OF THE DILUTE SPIN-POLARIZED FERMI GAS: UPPER BOUND

Immediately then I" O {ar; + bro : a,b € Z}. To see that I C {ary + bkg : a,b € Z} note
that by Bézout's lemma the (integer) solutions to the equation

—Qloélfil - QzOészQ = 334,

for some integer A € Z, is exactly (k!, %) € { Ayl +bro:be Z} if a5 divides A and there

aiz
are no solutions otherwise. In summary then

I = {ari+bko: a,b € Z},  As(kS +ari+bro) = Ay(k$?)+aos, a,b e Z. (3.B.11)
Moreover

Iy = (K +T) N {(k" k%) € 22 [\] < k' < (A4, Pa(kh)] < &2 < [Aa(k)]}

Finding the candidate for k. We now find the candidate for the x in the lemma. Either
Iy = {k((f)}, in which case the lemma is clear (take h = 0), or there exists some (non-zero)

Kk = aky + brg € T such that k((]2) + K € Iy. For such k we have (for sufficiently large V)
that @ # 0 as |kg| = @ > R and any such & has || < CR. Let ky = aski + bakg be
the r such that k) + & € Io with minimal value of |as|. (k2 is unique up to potentially
a sign if both k(()z) — kg € Ip and k((f) + ko € Iy.) It follows from Equation (3.B.11) that
lag] < CR/a1s < CR since [0A3(k2)| < C'R as the tetrahedron is contained in [0, CRJ?.

If by = 0 then as = £1, else if by # 0 then ged(ag, by) = 1. Indeed, if as and by shared some
common factor, we could factor this out to find a k with smaller value |a| contradicting the
minimality of |as|.

Characterizing all allowed «’s. We claim that by potentially redefining k:((f) to ké2) — ako
with a € Z largest such that still k:(()Q) — akg € Iy we have that

Iy={k& +7ry:7€{0,...,h}},  for some h € Z,h > 0. (3.B.12)

(The intuition for the remainder of the argument is as follows. Essentially, if some  had

k:éQ) + k € Iy but was not a multiple of ks, it would have to differ from some multiple of xo
by at least kg or k1. Since |ko| > R and either k1 = kg or |k1| > R, this is impossible.)

To prove Equation (3.B.12) we first introduce the following notation. We view a lattice vector
k € 72 as a vector k € R? and write &l for its component parallel to . Note that !l need
not have integer coordinates. Define the constant A such that /1! = Aky. (Note that A need

not be an integer.) Let 0 # k = ary + bry € T with k((]2) + k € Iy. We have

Kl = arll + bry = (aA + b)kyo.
Thus, since |ko| 2 @, || S CR and |a| > 1 (since k # 0) we have ‘3 +A‘ < %.
Using this also for ko = ask1 + bakg we get

b by

|ba2 — bga‘ = ’ _ —
a a

b b R
|CL(12| S |CL(12| (‘a + A‘ -+ ‘—2 - A’) S CRQ@ < 1.

But bay — bya is an integer. Hence (for N sufficiently large) we have bas = baa. Now, if by = 0
then b = 0 and so ay = +1 is a divisor of a so k = +aky. If by # 0 then ged(ag, by) = 1 and
thus ay is again a divisor of a and a/ay; = b/by. Then k = ilig is a multiple of ky. This
shows the desired.
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Integral form. To prove Equation (3.B.9) we do the following. Define es = r2/|k2| as
the unit vector parallel to x5 and e as the unit vector perpendicular to k5. Then define the
domain

Sy = {x@) cR?: ‘x@) cey| <

2). eZL’ < 47?}

and note that [0, 27]*> C Sy. Thus, using Equation (3.B.12)

+® < /
/[O,QWP Z So

kely
The integrand is constant in the e%-direction, and 2m-periodic in the es-direction. Thus,
computing the integral in these coordinates we have

/ dz —3271'/
So

This concludes the proof. n

Sk K2)e e dz®.

3ty (D + 7a®) ire??

7=0

h
Z tj (k((f) + 75(2)) piT@a® N

T7=0

( )4 ) e

Combining Lemmas 3.B.5, 3.B.6, 3.B.7 and 3.B.8 the - and v-sums in Lemmas 3.B.5
and 3.B.6 are readily bounded because of the factor 1/r! from Lemma 3.B.5. We conclude
that

()| dz S log Q da',

/ Y (x < Dg(x)’da:—l—1+/
[0,271]3 [0,27]2

where kz(()z) and k@ are as in Lemma 3.B.8. If the set [, from Lemma 3.B.8 is empty, then
the bound is valid without the last term. In particular it is valid with any k:éQ) € [0,CR)?,
(non-zero) k = k) € Z% and h = 0. Thus, by Lemma 3.B.4 and Equation (3.B.5) we prove
the desired bound, Lemma 3.B.3.

1, (457 4 7)o

3.B.3 Reduction fromd=2tod=1

For 7 = 1,2 we will do one more step reducing the dimension. The argument is basically
the same as for going from dimension d = 3 to d = 2 in Section 3.B.2. We sketch the main
differences.

As we did in Section 3.B.1 for d = 3 by adding and subtracting the lower tail of the sum, we

1
may assume that the k?-sum is Z,:;Q ]g N

Remark 3.B.9. It is valid here to make the k%-sum go from 0, since now the k2-sum is
the innermost sum and we do not risk values of k% much larger that R by doing so (as in
Remark 3.B.2). Indeed, we already computed the sum over the relevant k. We could at this
point also do the same splitting of the k'-sum, but we would have the same problems that
Ao(k1) or Ay(k') might be much larger than R for k' < \; as in Remark 3.B.2.

Additionally, by splitting the k'-sum into at most 2 parts, we may assume that A, is just the
equation for a line. Here again one needs to be careful with what to do with the boundary
terms. This gives some sums over 1-dimensional tetrahedra (i.e. line segments), which we can
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write as differences of sums over 2-dimensional tetrahedra exactly as for the 3-dimensional
case. We are led to define the quantities

_ [A1] A2k
Dy(w) = > (k) > &
k=[] k2=0
o [A1]
Di(x) = > t( Jeikte!
k=[]
Gh(x) = eMl_ : (6i(n2+1)1’2D31(x1 —mya?) — Di(xl)) ,

. i(ng+1)x2 [Ad] . ‘
Fi(x) := e 3 tj(kl)ezkl(:vl—m1x2) (ez<A2(k1)>x2 B 1) '

ix?
e’ —1 M=

We claim the following inductive bound.

Lemma 3.B.10. For j = 1,2 we have for N sufficiently large that

Proof. As for A3, we have that the equation of a line between any two points (p}/Q1, p?/Q>),
1 =1,2 is given by

R j=1,
R j=2

D%(x@))‘ dz® < (log R + log Q)/

[0,27]

D} ()] da! +{

= const.

pi —pékl +p§ —p?kQ
Q2 1

If we choose the points to be either corners of RP or the central point Rz we get the equation

1 _
QQk Q k% = Rovy ¢ Q.

Here we might have that a; = 0 or as = 0.

If iy = 0 this line is parallel to the k*-axis and so does not give rise to a bound for the k*-sum.
Thus as # 0. If @y = 0 the sum in Dj(x) and integral thereof factorizes, and hence by [KL18,
Lemma 3.2] we have that

Hence, this case yields the desired inductive bound, Lemma 3.B.10. Suppose then oy, s # 0.
Then

27 .
Q(x(z))’ dz® < C’logR/ ’f)i(zl)‘ da!.
0

Q101
Q202
Lemmas 3.B.4, 3.B.5 and 3.B.6 are readily adapted and proven as before. The adaptation

of Lemma 3.B.7 is then mostly analogous. One chooses (), = ()22 and finds the rational
approximation of A, as

Ao (k') = ng — myk! = ny — ', ne g Qo <CQYE =12

Ao (kD) = Ao (kL) — :8_@;{;1’ <7< -
2(k') = Aa(k7) — 72 ¢ Oy 2] 0~ Q!
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The rest of the argument follows exactly as for d = 3 only that the extra term of the sum
where Ay (k') € Z may be bounded as follows.

A1 .
[Z] fhyers | < J8 T =1
WP SR =2
Aa(kYYez

since there is at most one k' such that Ay (k') is an integer. To see this note that ged(a, Qo) =
1 since |a;] < CQY* < Q,, hence the change in k! to change Ay(k') by an integer is at
least Q3 > R. We thus conclude the desired bound. O

3.B.4 Bounding the one-dimensional integrals

Now we bound [ 1D’ and f’Z?:o t (k‘(()z) —l—T/{) eilsle

Lemmas 3.B.3 and 3.B.10. For D) we may assume that the lower bound of the summations

dz from the right-hand-sides of

are at 0 by the same procedure as in Section 3.B.1. Expanding t; (k((f) + Tli) we see that

j =1 gives an affine expression in 7 and j = 2, 3 give quadratic expressions in 7. For instance,
to (k(()2) + Tli) = (ky)? + 2kyr'T + (k')*72

Thus, bounding both the integrals amounts to bounding the following:

Lemma 3.B.11. Let M > 2 be an integer. Then

2w | M

(1) Z eikm

0 k=0

dr < C'log M,

@ [ [ ke

k=0

dz < CMlog M,

dz < CMQIOgM.

@ [

k=0

Proof. The bound (1) is elementary, see also [KL18, Lemma 3.2]. For any M € N and
g € C\ {1} we have

M qM+1 -1

2=
>kt = v _ql)z ¥ (Mq— M —1) +1] (3.B.13)
S kg = (q_qm [ (Mg = 1)2 —2M(g— 1) +q+1) —g—1].
k=0

Consider now the integrals (2) and (3). By symmetry of complex conjugation f027r =2/
We split the integrals according according to whether z < 1/M or x > 1/M. For z < 1/M

we have
/1/]\/[
0

1/M
J

M .
Letke
f: > ik
k2 etk

k=0

1M
dxg/ M?*dx < M,
0

1/M
dxg/ M3dz < M.
0
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For x > 1/M we use Equation (3.B.13) and note that |¢®* — 1| > cz for x < 7. Expanding
the exponentials €¢* = 1 + O(x) we thus have

[

) 1 )
ke | dx < [Me’Mx( 1)+ 11— e’Mﬂ dz
a7

/M 1
5/ (+>dx§M10gM
/M N T

k=0
2

and
M

(>

k=0

< /Tf L [eiMm (M2(ei"” —1)2 —2M(e” — 1) + €“ + 1) — e — 1} dz

3
/ML

(M M 1
S/ <—|—+3> dz < M?log M.
T

M\ T x2

k2| dg

This concludes the proof. O

With this we may thus bound for (j = 2, say)

2| h
/ >ty (/{;82) + T:‘i) emlnlzl dg
0 =0
2| h )
::/1 > (k)2 + 2kgr' + (5)°72) €717 dr
0 =0
2

Z 7_2 iT|k|x

7=0

2
dx+ORmt/
0

Eh: | k|
eiTlklz

7=0

h .
Z ’7'6”'“‘1
=0

gcﬁ/
0

dz + C|x|? /
Substituting y =

Lemma 3.B.8 we may bound this by R?log R. An analoguous bound holds for j = 1. This
takes care of all the one-dimensional integrals. In combination with Lemmas 3.B.3 and 3.B.10
we get the bounds for j = 1,2 of Equation (3.B.2). It remains to consider the two-dimensional
integral for j = 3.

3.B.5 Bounding the ; = 3 two-dimensional integral

We are left with bounding the integral [ |D§| on the right-hand-side of Lemma 3.B.3. We
first reduce to the case of a simpler tetrahedron (triangle). By shifting the sums by a fixed
k = (k',0) € Z? and using the bounds in Lemma 3.B.11 to evaluate the extra contributions
of the shift, we may assume that the k'-sum starts at 0. By splitting the k2-sum as in
Section 3.B.1 we may assume that that k2-sum also starts at 0. That is, we need to evaluate

the integral
[A1] [A2 (k)]
// Z kle* et da dy,
[0,27]% |k=0 ¢=0

where Ay (k) = no— Qlo‘lk for an irrational ny. Recall that |A;] < CR and forany 0 < k < [A4]
we have |Aq (k)| < C’R
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3.2. Derivative Lebesgue constants (proof of Lemma 3.4.9)

The analysis given here is in spirit the same as given in Sections 3.B.2, 3.B.3 and 3.B.4. It is
sufficiently different that we find it easier to do the arguments separately. We shall show the
following.

Lemma 3.B.12. We have the following bound

[Al [A2(k
// Z kfe““” ) dz dy < CR*(log R)*log Q.
[0,27]* [k=0 ¢=0

Combining then Lemmas 3.B.3, 3.B.10, 3.B.11 and 3.B.12 and choosing () some sufficiently
large power of N as required in Definition 3.2.7 we conclude the proof of Equation (3.B.2)
and thus of Lemma 3.4.9. It remains to give the proof of Lemma 3.B.12.

Proof. Denote M = [A;] and recall Ay(k) = ny — mik = ny — Ql‘“/{; First note that by
mapping ¢ — [Aa(k)] — ¢ we may assume that m; > 0. If my = 0 the sum factors, and
so does the integral into two one-dimensional sums/integrals. These may be bounded using
Lemma 3.B.11. In this case we get the bound < C'R*(log R)? as desired. Hence assume that
my > 0. Moreover, if ny > my M we may split the (k, ¢)-sum into two parts,

M [A2(k)] M [n2—miM] M [A2(k)]
>0 = Z +> >
k=0 =0 k=0 ¢= [’nZ mlM]—i-l

The first sum factors into one-dimensional integrals which we may bound using Lemma 3.B.11
again. The second we may shift by a constant ¢ (again then using Lemma 3.B.11 to evaluate
the contribution of the shift) and assume that the lower limit of the /-sum is 0. The upper
limit then becomes [A(k)], where

A(k) =ng — ([ng —mi M) + 1) —myk :=n —mk.

Geometrically, this means that the domain of the (k, ¢)-sum is a triangle with two sides along
the axes. We thus need to bound

//[;) 2m)2

A(k) = n —mk, M <R, mM =n+ O(1), n < R.

M [A(k
Z kgezka: by

k=0 ¢=0

dx dy,

where

By the symmetries of translation invariance and complex conjugation we may integrate over
the domain [—m, 7| x [0, 71| instead. We evaluate the /-sum using Equation (3.B.13). Recall
that [A(k)] = A(k) — (A(k)). We thus have

[AG) i

S ety — e [N EI(A (R — [A(R)] = 1) +1]

= (eiyeiyl)Q [(eiA(’“)y(A(k)eiy —A(k)—1)+ 1)
( —i(AR)y _ ) ( MR (A (K)e — A(K) — 1) + 1)
( pi(A(k A(k)>)y(eiy — 1)+ (€—i<A(k')>y _ 1))]

=)+ (H) (HI)
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The third summand (III) may be calculated as

—e

(e [(AG) (1 = 1) iy + O]

The factor e 1)2 may be bounded by 1/12. For this term we split the y-integral according

to whether y < 1/n or y > 1/n. For y < 1/n we expand additionally e*®)lv — 1 = O(ny).
We get the contribution

[Laef o

For y > 1/n we bound e!™®)v — 1 = O(1). We get
/ dx/ dy
1/n

For the second summand (II) we again split the integral according to whether y < 1/n or
y>1/n. If y < 1/n we have

Z kezkx { ( iAk)y 1) y+ O(yQ)} 5 TllMQn + iMZ 5 R2.

< (logn)M? + M?

Z ket [( [ ( ARy _ 1) Y+ O(gf)}

k=0

< R’log R.

(eiy(iy o (7AW — 1) (AEW(A(k)e™ — A(k) — 1) + 1) = O(A(k)*y) = O(n).

Hence this contributes the term

™ 1/n
/ dx/ dy
-7 0

For y > 1/n we write

zkzO )‘ < —M2n < R2.
n

e
(eiy —1 ) 2
eiy 00

(v =17

(70w — 1) (MM (A(k)e™ — A(k) — 1) + 1)

)Y (e (A(R)e™ — A(k) = 1) +1) .

Again we bound the factor &z yl > as 1/y%. We treat each summand similarly as in Lem-

mas 3.B.6 and 3.B.7 (or rather, the 2-dimensional version of these as used in Section 3.B.3.)
Completely analogously to Lemma 3.B.6 we see that for any integer » > 1 we have

oM (k)Y i _ B
// ika € (A(R) . AR =D+1 o] goay
Z feetke € k)y(f\(/f)e"yy; A(k) —1) + 1‘ dods
zA(k Giy . _
( ) // i €A (A (R) = AR =D+1 ol g,

for either definition of (-) (i.e. either (-) = {-} or (:) = - —[-]). Also the application of
Lemma 3.B.7 is analogous to its use in Section 3.B.3. There is at most one k such that
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A(k) € Z for the appropriate rational approximation A of A. Using that e = 1 + O(y) we
obtain the bound

e MO (A(K)e — A(k) — 1) + 1
Y2
valid for any k. Hence this error term contributes at most
" " R* R 2 2
dz dy(— +— | S R'logn+ Rn < R7log R.
T 1/n Y Yy

The rest of the argument in Lemma 3.B.7 is the same. We conclude that we may bound the
contribution of the term (IT) by that of (I) up to a factor of log () and an error R*log R, i.e.

ny+1 _ R?> R
S—+

<M 5
y? Y Y

keika:

// Z"m(n)‘ “””(I)‘ dz dy + R*log R.
In particular
M [A(k
// Z kle™ e dx dy
[0.27]2 |k=0 =0

| | (3.B.14)
e ARV (A(K)e™ — A(k) — 1) + 1

T M
< logQ/ dx/ dy 5
- 0 k=0 Yy

In order to evaluate the integral on the right-hand side, we split the integration domain into 5
regions, see Figure 3.B.1.

I = {Je] < 2/M.y < 2/n}, I = {a] < /M.y > 2/n},
I3 = {y < 1/”? |J}| > 2/M}7 I, = {y > 1/n7‘x| > 1/M7 |x—my| > 1/M}
Is = {lo —my| < 1/M, (z,y) ¢ I}.

We will be a bit sloppy with notation and refer to both the domain of integration and the
value of the integration over that domain by I;.

(11). We expand

ikx

+ R?log R.

Mo e MBI (A (K)e — A(k) — 1) + 1

(%) ==Y ke

) RZZ% "

(or rather the numerator) to second order in y. Using that A(k) = O(n) we get that
(x) < M?n?. Thus the integral gives

2/M
[1§/ dac/ dyM*n®> < Mn < R2.

2/M

(I,). We expand e = 1+ O(y) in (*). Then (x) < M:”
IQ R2 10gR

+ ]y”—; The integral is then

(I3, 14, 15) For the remaining integrals we use the explicit formula for A(k) = n — mk. Then

(%) y2 Z ke (M FW (A (K)e® — A(k) — 1) + 1)
k=0

1M | - | | |
2 Z (kelkx + keke=m) iy (nel —p — 1) 4 k2eFEmmy) iy (i me’y))
Y k=0

= % (—i(‘?D(x) —ie™(ne” —n — 1)0D(x — my) +me™ (e — 1)0*D(z — my)) ,
(3.B.15)

<
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Y r=my

1, ,/

Iy

—2/M 2/M x

Figure 3.B.1: Decomposition of the domain [—7, 7] x [0, 7] into different regions.

) . iW(M41)z_
where we introduced D(z) = YL ™ = <=1

that we may bound derivatives of D as

. From Equation (3.B.13) we conclude

M 1 M2 M 1 M3 1
DS S+ 50 1PDEIS -+ 5+ 5 0°DEIS -+ . (3B.16)

22 ? ~Y z 22 23 ’ ~/

(I3). We have y < 1/n and |z| > 2/M. We expand Equation (3.B.15) to second order in y.
Expanding first the exponentials and then derivatives of D where needed we get

(3.B.15) = ;2( —i0D(x) + i0D(x — my) + imyd*D(z — my)
+ O(n*y*0D(x — my)) + O(nmy*0*>D(x — my)))

< n?sup |[0D(z — my)| +nmsup |0>D(x — my)| + m? sup |0°D(z — my)]|.
y v y

Now we use the bounds Equation (3.B.16) and use that z := = — my has |z| > |z| — m/n =
|z| = 1/M + O(1/(Mn)) (recall that mM =n+ O(1)) and |z| > 2/M. Thus

1 ™
I3 < / dz (n2\8D(z)\ +nm|0®D(z)| + m2\83D(2)]> < R’log R.
nJim

(Iy). We expand the exponentials ¢ = 1 + O(y). Then

0D ()| | nldD(z —my)| , [8D(x —my)| = m|0"D(z — my)|

3.B.15)| <
I( )l 2 ; /7 y

Using the bounds Equation (3.B.16) as before and noting that |z| > 2/M and z = x — my
has |z| > 1/M one easily sees that [, < R*(log R).

(I5). Again, expanding the exponentials ¢ = 1 + O(y) we have as for I, that

0D ()| | nl0D(z —my)|  |0D(x —my)|  m|&*D(x —my)|

3.B.15)| <
I( ==z " /7 "
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We use the bounds

M M
0D (2)] = |>_ ke'™| < M?, 1°D(z)| = > K*e™| < M?.
k=0 k=0
Thus . 2 2 A
4 n +m
[5§M 72+—dy,§R210gR.
1/n Yy
We conclude that
T T M ] zA(k;)yAk Zy_Ak_l 1
/ dx/ dy Zkezkxe ( ( )e - ( ) )+ SRZ(IOgR)Q
—T 0 k=0 Yy
Together with Equation (3.B.14) this concludes the proof. O
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CHAPTER

Ground state energy of the dilute
spin-polarized Fermi gas: Lower bound

This chapter contains the paper

[GSELow] A. B. Lauritsen and R. Seiringer. “Ground state energy of the dilute spin-
polarized Fermi gas: Lower bound”. arXiv: 2402.17558 [math-ph]. 2024. DOI:
10.48550/arXiv.2402.17558.

Abstract. We prove a lower bound on the ground state energy of the dilute spin-polarized
Fermi gas capturing the leading correction to the kinetic energy resulting from repulsive
interactions. This correction depends on the p-wave scattering length of the interaction and
matches the corresponding upper bound in Chapter 3
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4.1 Introduction and Main Results

In recent years much effort in mathematical physics has been devoted towards establishing the
validity of asymptotic formulas for the ground state energy (and the free energy at non-zero
temperature) of dilute quantum gases, motivated in part by the advances in the physics of
cold atoms. The validity of leading order terms was proved for bosons at zero [Dys57; LY98;
LYO01] and positive [DMS20; MS20; Sei08; Yin10] temperature, as well as for fermions with
q > 2 spin components [FGHP21; LSS05; Sei06b], in dimensions d > 2. For bosons, even the
next-order term (the Lee-~Huang—Yang correction) has been established [BCS21; FGJMO24;
FS20; FS23; HHNST23; YY09]. In all these cases, the strength of the interparticle interaction
is quantified by the s-wave scattering length. In the special case of one dimension, both
bosonic and fermionic gases were recently studied in [ARS22].

Notably absent from this list is the spinless Fermi gas in dimensions d > 2. At low density, the
effect of the interactions (quantified by the p-wave scattering length in this case) is significantly
smaller than for bosons or for fermions with spin, due to the vanishing of the wave functions
at spatial coincidences of the particles as a consequence of the Pauli principle. This makes
the mathematical analysis much more subtle. In Chapter 3, an asymptotically correct upper
bound on the ground state energy of a dilute spinless Fermi gas was obtained, by developing a
cluster expansion technique (see also Chapter 6 for a version of this technique applicable at
non-zero temperature). In this paper, we prove a corresponding lower bound. Our method is
inspired by [FGHP21], and utilizes a suitable unitary transformation implementing the relevant
correlations when two particles are at close distances.

To formulate our result more precisely, consider a gas of IV indistinguishable fermions in a
d-dimensional box A = [—L/2, L/2]? of side length L > 0 interacting through a repulsive pair
potential V', meaning that V' > 0. Our main focus will be on the physically most relevant
case d = 3. The Hamiltonian of such a system is given by (in units where 4 = 1 and the

106
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particle mass is m = 1/2)

i<k

and is defined on (an appropriate domain in) L2(AY;CY) := AY L%(A;CY) with ¢ € N the
number of spin states. We consider such a system in the regime where the particle density
p = N/L% is small compared to the length scale set by the interaction potential V. The
particles being fermions, an important role is played by the spin: The interactions between
fermions in different spin states gives a much larger contribution to the energy than the
interactions between fermions in the same spin state. This is due to the Pauli exclusion
principle suppressing the probability of two fermions of equal spin being close. For fermions of
different spin there is no such suppression.

In this paper we study the setting of spinless (or, equivalently, fully spin-polarized) fermions,
meaning that ¢ = 1. In the physics literature, one finds the following conjecture for the
ground state energy Ey = inf spec Hy [AE68; DZ19; Efi66; EA65] (see also the numerics in
[BTP23]): for small akp

2

» 3
ES3 = Nk s + aa%p — g aSRES +

2066 — 312 log 2
1039572

aSkS + o(a®kS)|  (4.1.2)

with kp = (672p)'/3 the Fermi momentum, a the p-wave scattering length and Reg the p-wave
effective range. The first term 2Nk7 is the (kinetic) energy of the free (i.e., non-interacting)
Fermi gas. In Chapter 3 the validity of the first three terms was proved as an upper bound. In
this paper we shall prove the validity of the first two terms as a lower bound. In particular, in
combination with the result in Chapter 3 we establish the validity of Equation (4.1.2) to order
Na’ky..

For comparison, let us consider the case of fermions with spin > 1/2, where there are ¢ > 2
spin states. To leading order, one only sees the interaction between fermions of different spins.
In this case it is known [FGHP21; Gia23a; LSS05], [Chapter 5] that, for a gas with N, = p, L?
fermions of spin o,

ERY = Z N, (6720,)%* + " 4ra;Ny Ny L% + o(Nayp) (4.1.3)
o#o’!

with a, the s-wave scattering length of the interaction V. The first term -, 2N, (67%p,)*/*
is again the energy of a free Fermi gas. We note that the second term, of order Nagp, is much
larger than the corresponding second term for the spin-polarized fermions in Equation (4.1.2).
The next term in the expansion Equation (4.1.3) is conjectured to be of order Na?p*/? [Gia23a;
Gia23b; HY57]. Also this term arises from interactions of fermions with different spin and is still
much larger than the largest term coming from the same-spin interaction in Equation (4.1.2)
above.

Finally, we consider also the lower-dimensional cases d < 2. Here the expected formulas for
the spin-polarized gas read [ARS22] (and Chapter 3)

1 2
E&? = NE2 + a2k2 + o(a®k%)| , E&! = NEZ 3+ 3ake+ o(akp)
T
with kp = (47p)/? for d = 2 and kp = 7p for d = 1, and a the p-wave scattering length in
the respective dimension. In Chapter 3 we proved the validity of both of these formulas as
upper bounds, and in [ARS22] the one-dimensional formula is proved both as an upper and a
lower bound. In this paper, we shall also prove the formula for d = 2 as a lower bound.
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4.1.1 Precise statement of results

We shall now give a precise statement of our main results, given in Theorem 4.1.2 below. To
do this, we first define the Hamiltonian Hy and its ground state energy Ey properly.

We shall work with periodic boundary conditions on A = [—~L/2, L/2]3. In particular we
replace the interaction V' by its periodization 3,,czs V (x 4+ nL), which we will with a slight
abuse of notation continue to denote by V. We assume that V' has compact support, so for L
large enough at most one of the summands in 3,43 V(x +nL) is non-zero and no confusion
should arise. The Hamiltonian Hy is then defined as in Equation (4.1.1) with A denoting
the Laplacian with periodic boundary conditions on the box A and realized as a self-adjoint
operator on (an appropriate domain in) the fermionic space L2(AY) = AN L2(A). The ground
state energy Ey is then given by

Wl HNl)
vebion) (@)

The p-wave scattering length of the interaction potential V' is defined as follows (a different-
looking but equivalent definition is given in [SY20] and Chapters 3 and 6).

En =

Definition 4.1.1. Let ¢, be the solution of the p-wave scattering equation
1

on R3, with po(z) — 0 for || — oo. Then ¢o(z) = a®/|z|® for z ¢ suppV for some
constant a called the p-wave scattering length.

With these definitions we can formulate our main theorem:

Theorem 4.1.2. Let V € L' be non-negative, radial and compactly supported. Then for akp
small enough and N large enough we have

Ey 3 _
~ 2 > k2, : 5?@3%% + O((akp)>*3/' [log akp|) + O(N~V3)] .
Remark 4.1.3. The appearance of the scattering length a in the error term is for dimensional
consistency. The error term O((ak)3*3/10 |log aky|) really depends on the range Ry of V
and on ||V||;: (both of dimension length). We think of a as a constant of dimension length

and thus use the bounds
Ry < Ca, VIl < Ca

with the constants C' then being dimensionless.

Remark 4.1.4 (Extension to less regular V). A posteriori we can extend Theorem 4.1.2 to
less regular V' (and, in particular, to the case of hard spheres where, formally, Vis(z) = c©
for || < Ry and Vis(x) = 0 otherwise). Indeed, any positive radial and compactly supported
measurable function V' can be approximated from below by some (positive radial compactly
supported) V € L'. Then we can apply the theorem for V and note that Ey > Ex with
EN the ground state energy with interaction V. The error bounds in the theorem, being
dependent on ||V|| 1, necessarily blow up when V converges to V. However, choosing V to
converge to V slowly enough we may achieve a(V) = a(V)(1 + o(1)) with the error-terms of
Theorem 4.1.2 still being small. Then

Ex 32 _
~ > k2 - 57a3k%+0(a3k%)+0(]\/ 3,
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In the same way, also the restriction to V' having compact support can be lifted. For finiteness
of the p-wave scattering length it is only needed that x +— |z|*V/(z) is integrable outside some
ball.

While the main focus of this paper is a lower bound on the ground state energy, our method can
also be applied to obtain a corresponding upper bound. In fact, we shall show the following.

Proposition 4.1.5 (Upper bound). Let V € L' be positive, radial and compactly supported.
Then for akyr small enough and N large enough we have
Ex

3 2 _
- < k% =t 5—7Ta3k:} + O(a*k} |log akp|) + O(NV/3)| .

We remark, however, that in Theorem 3.1.3, using a very different method, a significantly
stronger upper bound was shown (capturing also the next term of order (akr)®) under weaker
assumptions on the interaction V' (in particular, allowing also for hard spheres).

In the proof of Theorem 4.1.2 and Proposition 4.1.5 we will consider particle numbers N arising
from a “filled Fermi ball”. This is done for convenience. We shall discuss in Remark 4.1.7
below why this is in fact not a restriction on N to the precision given in Theorem 4.1.2.
Concretely this means the following.

Definition 4.1.6. For kp > 0 the Fermi ball is defined as By = {k € 2*Z* : |k| < kp}. We
then take N = #Bp.

In this case there are two variables, which we are free to choose: The side-length of the
box L and the Fermi momentum kp. The particle number N and density p = N/L? then
depend on the values of L, kr. Any constraint on N (that it is sufficiently large, say) should
thus more precisely be written as a constraint on kxL ~ N'/3. Counting the number of
lattice points inside a ball of a given radius we see that p = N/L? and kr are related by

kr = (672p)Y3(1 + O(N~3)).

Remark 4.1.7. The choice of N = # By puts a restriction on which values N may assume
— not all integers arise as # B for some L and kp. To the precision given in Theorem 4.1.2
and Proposition 4.1.5, however, it suffices to consider N arising as N = # Bp. To see this,
assume that Theorem 4.1.2 and Proposition 4.1.5 hold for integers N arising as N = #Bp.

For a general integer N and length L define k5 and k7 as the largest, respectively smallest,
kp such that N = #Bj < N < #Bp = N~ with By, By defined using the Fermi
momenta ki and k7. Then N<,N> = N + O(N*3) since ki + 22 > k7. Moreover,
ki, kz = (6m2p)Y/3(1 4+ O(N~'/3)). We may apply Theorem 4.1.2 and Proposition 4.1.5 for
particle numbers N~ and N<. By positivity of the interaction we have Eny< < Ex < En>.

Thus,
Ex _ En<

—_— >
N = N<

3 2
> (5?5 + o-a*(F)" + O((ak)* /" log ki) + O(N /)]

2 )
el E + —abk} + Of(akp)* /" llog k) + O(N—1/3)]

(1+ON%)

and similarly for the upper bound.
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4.1.1.1 Two dimensions

We consider next the analogous problem in two dimensions. The scattering length is defined
as in Definition 4.1.1, with the only difference that now one has pg(x) = a?/|z|* outside the
support of V. The two-dimensional analogue of Theorem 4.1.2 is as follows.

Theorem 4.1.8 (Two dimensions). Let V € L' be positive, radial and compactly supported.
Then for akr small enough and N large enough we have

E 1

~ k|5 + L 0°kE + O((akp)**1/* log akr|) + O(N ).
Remark 4.1.9. Theorem 4.1.8 matches the upper bound of Theorem 3.1.10 to order Na?k}..
Indeed, kr and p are related by kp = (4mp)'/2(1 + O(N~/2)).

We sketch in Section 4.A how to adapt the proof of Theorem 4.1.2 to the two-dimensional
setting.

4.1.2 Second quantization

An important step in the proof is to write the Hamiltonian in second quantization and analyse
it using an appropriate unitary transformation. The choice of the unitary can be motivated by a
suitable version of second order perturbation theory, as we shall discuss in the next subsection.

We will here only briefly describe the central concepts of second quantization. A detailed
introduction to second quantization in general can be found in [Sol14]. Moreover, the specific
case of a Fermi gas in a periodic box A = [~L/2, [/2]? is discussed in detail in [FGHP21;
Gia23a], see also [Gia23b].

Since we consider the box A with periodic boundary conditions, a natural basis for the one-body
space L?(A) is given by the plane waves fi,(z) = L~%/2¢™* with momenta k € 2XZ3. We will
denote the creation and annihilation operators in the state fi by a; = a*(fx) and a, = a(fx),
respectively. They satisfy the canonical anti-commutation relations {a},ar} = dpp and
{ak,ar } = {aj,a;} = 0. In second quantization the Hamiltonian is then given by

H - dF(—A) + dF Z |k|2akak + 2L3 Z V ak—l—pak’ Q' Qg (415)

p,k,k’

and defined on the Fock space F = @52 L2(A") = ;2 , A" L*(A). Here we have adopted
the notation

Notation 4.1.10. The Fourier transform of a function g (on A) is given by (k) =
[ g(x)e " da.

Notation 4.1.11. For any sum the variables are summed over 2%23 unless otherwise noted.
That iS, Zk) = ZRE%ZS'

We will consider N-particle states 1), meaning that Ni) = Nt with N = Y} aja, the number
operator. To extract the leading contribution to the ground state energy it is convenient to
introduce the particle-hole transformation R, satisfying

I a

keBp

* keB
R*akR:{ak € o RQ = Q=Y. (4.1.6)

Qg k%BF,
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Here €2 denotes the vacuum and the free Fermi state ¢ is given by

VYp(ry,...,0N8) = \/%det [fr(;)] keBr

1<j<N

with N = #Bp. The state ¢ is the ground state of the corresponding non-interacting system.
For later use we introduce the following convenient notation.

Notation 4.1.12. The expectation of an operator A in the free Fermi state 1r is denoted by
(A) p-

It will prove helpful to distinguish between creation and annihilation operators for momenta
inside and outside the Fermi ball. Moreover, it will sometimes be convenient to consider
operators written in configuration space, i.e., using the operator-valued distributions a,, a;,
given by a, = L™3/2Y, e***a;. For instance we have

1 ko
- 2/ V(z —y)ayaya,a, dv dy.

Also for the operator-valued distributions a,, a; we wish to be able to distinguish whether they
arise from particles inside or outside the Fermi ball. This leads to the following definition.

Definition 4.1.13. Define

Ck = ARX(keBr) by = arX(k¢Br)

with y denoting the characteristic function. Define further the operator-valued distributions

1 )
ikx 77,]61’ 7zk:p
b Z be= 755 2 € Co= T3 2 € =3 D€
L3/2 L3/2 KD [,3/2 p L3/2 e
(4.1.7)

Note the different choice of signs in the exponents. This is done for convenience, so that the
particle-hole transformation satisfies

Ra,R=0b, +c]. (4.1.8)

< C’ki’/? Moreover,
since their supports (in momentum-space) are disjoint we have that b, and ¢, anti-commute.

Note that ¢, and ¢! are in fact bounded operators with ||c,| = ||k

For later use we define the operators u, v as follows.

Definition 4.1.14. Define the operators u, v as the projection outside and inside the Fermi
ball, respectively. That is, their kernels are given by (with a slight abuse of notation)

v(z;y) =v(r —y) LBZ lkx—m Z

k€eBp

w(z;y) = u(z —y) LSZ “W:L?)Ze d(x —y) —v(z—y).
k¢Bp

Remark 4.1.15. The operator-valued distributions b, and ¢, are denoted a(u,) = a(u(-;x))
and a(v,) = a(v(-;)), respectively, in [FGHP21; Gia23a]. The different signs in the exponents
in Equation (4.1.7) above reflect the ~ in a(7,).
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4.1.3 Heuristics

Conceptually, the strategy of the proof of Theorem 4.1.2 can be motivated via (a suitable
version of ) second order perturbation theory, where one treats only the “off-diagonal” parts
of the interaction as the perturbation and includes the “diagonal” part in the unperturbed
operator. This is similar to the method of [FGHP21; Gia23a], which itself is inspired by
Bogoliubov transformations in the case of bosons; the latter effectively appear as pairs of
fermions with opposite spin. This (bosonic) picture does not apply in the spinless case, but
the method can be applied nonetheless, as we shall show below.

Before we explain this is more details we first recall second order perturbation theory in general.

4.1.3.1 General second order perturbation theory

Consider a generic perturbed Hamiltonian H = Hy + AV and write V = Vp 4+ Vop with 1V
the part of V' diagonal in a basis where H is diagonal. We use a formulation of second
order perturbation theory using a unitary operator e*® with B chosen appropriately such
that e *2 He B is (approximately) diagonal. Using the Baker—Campbell-Hausdorff formula
e YeX =Y 4+ [V, X]+ 5[V, X], X] + ... we have

e*)\BHe/\B
— Hy+ \([Hy, B] + V) + A2 <2[[H0, B, B] + [V, B]> OO
— Ho+ A([Ho + A\Vo, Bl + V) + A2 ( ([Ho + \Vo, B), B] + [Voo, B]> L OO,

Since Hy and Vp are both diagonal operators, [Hy + A\Vp, B] is off-diagonal for any B. We
choose B to (approximately) cancel the off-diagonal part of V, i.e., such that [Hy+ AVp, B] =
—Vop. Then

1
e PHeMP ~ Hy+ \Vp + f/\2 [Vob, B] (4.1.9)

is diagonal to order \. With e(”) = (n|H, + AVp|n) the eigenvalues of Hy+ AVp the equation
for B reads (n|B|m) (e?) — 67(72)) (n|V|m). Thus, we find the well-known formula for the

eigenvalues e, of H as the diagonal matrix-elements of e *Z He*B
2 2
() 4 2 [(nVIm)|” 2 [(n|V]m)|
en e, + A ~ (n|Holn) + A (n|V|n) + X

valid to order \2.

If one is only interested in the ground state energy, one can simplify the computation above.
Decompose the Hilbert space as span{|0)} & span{|0)}* with |0) being the ground state
of Hy. We then instead take Vp as the part of V' block diagonal in this decomposition and
choose B to only cancel the block off-diagonal part of V. (This is in general a considerably
simpler choice of B.) The formula in Equation (4.1.9) then still applies, being however only
(approximately) block diagonal, and we find the ground state energy as

4y OV

m#£0 60 — €m

e (4.1.10)

In our case of interest, there is no small coupling parameter A. Nevertheless, the relevance of
(4.1.10) is suggested by the following observation. If one integrates Equation (4.1.4) against
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x, one finds via an integration by parts that
1
1270% — 2/V(x)\x|2(1 ~ o)) da. (4.1.11)

Equation (4.1.4) can be rewritten as (—zA — 2V + 12V)gy = 12V, hence (4.1.11) is
reminiscent of (4.1.10), only that it is actually exact!

4.1.3.2 Application to the many-body setting

Our goal is to apply the formula in Equation (4.1.9) to the Hamiltonian Hy, with A = 1. This
is not a small parameter — the potential V' is not assumed to be small. For Equation (4.1.9)
to still be a good approximation, it is essential that the “diagonal” part of V' is taken as part
of the unperturbed Hamiltonian. Indeed, the formula in Theorem 4.1.2 is non-perturbative
and does not arise from any finite order “standard” perturbation theory, where all of V' is
taken as the perturbation.

First, we need to define what we mean by “diagonal” and “off-diagonal”. Recall from
Definition 4.1.14 that v and u = 1 — v are the projections inside, respectively outside, the
Fermi ball. For the two-body operator V' we then have

V~Vp+ Vob, Vo = vvVov + uuVuu, Voo = voVuu + uuVou.

(By an expression like vv we mean the two-body operator v ® v.) Here we have neglected
terms with a factor uv or vu. These will turn out to be small. The ground state of the free
Hamiltonian Z;VZI —A,, is the free Fermi state 1)r. Hence the calculation above suggests that

the ground state of Hy is roughly e§¢p with B the analogue of the operator B from above.

To compute <e§1/JF)HN‘e§¢F> it is convenient to first conjugate the Hamiltonian Hy by the
particle-hole transformation R, defined in Equation (4.1.6) above. Define also B = R*BR.

Then the ground state of Hy is expected to be roughly ey = RTQ with T = eZ. Our
choice of B will be of the form

1 1
B=—>" ®(p)bspbr—pcrrcr —h.c. = = // o(z — 2")bbcoc,dzdz’ — h.c
2L 4=, 2

for v &~ . This particular choice of B will be justified by the validity of Equation (4.1.16)
below.

Remark 4.1.16. The form of the operator B is (up to the spin dependence) the same as for
the operator B — B* considered in [FGHP21; Gia23a]. Furthermore, we note that B is closely
related to the transfer operator M, considered in [AE68]. In [AE68] it is claimed that the
ground state is (up to normalization) approximately given by (1 4+ M;)ur. Pretending that

B ~ M, is small we find that the ground state is roughly eZvyr = RT) as claimed.

To compute the expectation of Hy in the state ¢ =~ RT() we first compute the conjugation
of the Hamiltonian H by the particle-hole transformation R. (Recall that #, defined in
Equation (4.1.5), is the second quantized analogue of Hy.) To calculate R*HR we use
Equation (4.1.8) and normal order. This is a straightforward calculation which we omit. The
details of the calculation can for instance be found in [HPR20, Proposition 4.1]. We have for
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the kinetic energy (on the space of states of the form R*i) with ¢ an N-particle state, see
[HPR20, Proposition 4.1])
RYU(~A)R=Ep +Ho,  Ep= Y [k, Ho=Y_ ||k~ k}|ajar (4.1.12)
k

keBr

and for the interaction (in the second & by neglecting the quadratic terms)
R*dI'(V)R ~ R*dI'(Vp + Vop)R = (dI'(V)) o + Q2 + Qq

with @, and Q4 given by

1 ~ « % P 1 Ik Kk
Q2 = ] > V(P)biypbiv_pchci + h.c= 3 // V(z —y)bybyc,cpdudy +he,  (41.13)
Pk

1 ’ 1
Q=573 2 V)bibibwbe =5 // V(z — y)bybibyb, dz dy. (4.1.14)
p,k,k’

Here (dI'(V')) - + Q4 is the operator corresponding to the “diagonal” part voVovv + uuV uu
and Q, is the operator corresponding to the “off-diagonal” part voVuu + vuVov.

Remark 4.1.17 (Comparison to [FGHP21; Gia23a]). The analogues of the operators Q2 and
Q4 above are denoted by Q4 and Q, respectively, in [FGHP21; Gia23a].

The calculation of general second order perturbation theory above then translates to the
calculation

1
T*(Ho + Q2 + Qu)T ~ Hy + Q4 + [Hy + Q4, B] + Q2 + 5[[Ho + Q4, B, B] + [Qy, B].
(4.1.15)
The operator B is chosen such that

[Ho + Qu4, Bl + Q2 ~ 0, (4.1.16)

which constrains the function ¢ in the definition of B to (roughly) satisfy the p-wave scattering
equation (4.1.4). Then,

T*(Ho + Q2+ Q)T ~ Hy + Q4 + ;[Qm BJ.
Next, one computes that ([Q2, B])o =~ —2(d['(V¢)) . We then find
En = Ep + (Ho + Qa)g + (dT'(V)) p + ; ([Q2, Bl)g = Er +(d(V(1 = 9)))p -

Finally, we compute that Er ~ 2Nk% and (dT'(V(1 —¢)))p ~ =Na’k} (see Equa-
tion (4.2.13) below). This recovers the formula of Theorem 4.1.2.

4.2 Rigorous Analysis

In this section we shall describe how to rigorously implement the heuristic computation above

in order to prove Theorem 4.1.2. A first step is the precise definition of the operators B and
T.
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4.2.1 Regularizing the operators

For technical reasons, we need to regularize the operator(-valued distribution)s b, and b,. We
introduce regularized by-operators using a smooth radial function 4" : R® — [0, 1] with

k| < 2k
ar(k) — O ‘ | — F
1 |k| > 3kp.
Let 1
bp =" (k)ap, b= T > ety (4.2.1)
k

The function 4" defines an operator u” on L*(A) with kernel (with slight abuse of notation)
u"(z;y) = u"(x —y). As an operator 0 < u” < 1. Moreover, by proceeding as in [FGHP21,
Proposition 4.2] one easily checks that u" — d € L'. More precisely:

Lemma 4.2.1. Writew” =6 —v". Then ||v"||,. < C for large kpL.

4.2.2 The scattering function

We shall now define the function ¢ appearing in the operator B. Since ¢y is not integrable at
infinity (it decays like a®/|z|?) it will be necessary to introduce a cut-off for technical reasons.
Moreover, we need to periodize to define ¢ on the torus.

Let x, : [0,00) — [0, 1] be a smooth function with
1 t<1
t) = -
XsO( ) {0 t>9.
Then we choose the function ¢ as

p(x) = po(x)xep (krlz]) (4.2.2)

with ¢y the p-wave scattering function defined in Definition 4.1.1. To be more precise, we
choose ¢ to be the periodization of ¢ox,(kr| - |). We shall always assume that L > 4k' so
that supp wox,(kr| - |) C A, in which case no confusion should arise.

To measure the error in ¢ not exactly satisfying the scattering equation (4.1.4) we define
1
Ep(1) = 2hp(z) +2Vep(z) + SaV(z)(1 - ¢(z))
= 2kpaV* 0o (x) VX, (kpr) + kFapo(2) Ax, (kpT) + 2kpoo(2) VX (krpo).

Again, &, is more precisely the periodization of the expression in the second line. Here we
have used the notation:

(4.2.3)

Notation 4.2.2. We adopt the Einstein summation convention of summing over repeated
indices denoting components of a vector, i.e., z/'y* = 22:1 ahyt = x -y for vectors x,y € R3.

Remark 4.2.3. We will in general abuse notation slightly and refer to any (compactly
supported) function and its periodization by the same name. For sufficiently large L at most
one summand in the periodization is non-zero and so no issue will arise.

Remark 4.2.4. Any derivative of x,,(t) is supported in 1 < ¢ < 2. In particular &, is supported
in the annulus k5" < |z| < 2k, For aky small enough such x are outside the support of V/
and hence ¢g(x) = a®/|x|® there. In particular

CL3

Ey(z)| < CkFkaglg‘ﬂSZk;l < Ckrop(x/2). (4.2.4)
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4.2.3 The transformation T

The operators B and T are defined as

T =éP, B = 2L3 Z O(p)by i pbrr_pcrcr —h.c. = // 2=, e, dzd2’ —h.c..

pok k!
(4.2.5)
with ¢ given in Equation (4.2.2) and b}, the regularized operators in (4.2.1).

Remark 4.2.5 (Comparison to [FGHP21; Gia23a]). Compared to the analogous construction
of an operator T in [FGHP21; Gia23a] we avoid regularizing the operators ¢, and we do not
have an ultraviolet regularization of the operators b,. This simplifies much of the analysis
below, since we do not have to treat the errors arising from such a regularization.

4.2.4 Implementation

We shall describe now how to rigorously implement the heuristic calculation in the previous
section. The main step is the calculation in Equation (4.1.15), which uses the Baker—Campbell-
Hausdorff expansion. We give a rigorous implementation of this calculation using a Duhamel
expansion as follows.

As discussed in the heuristic analysis above, we expect the ground state to be roughly RT).
Thus define (for some 1))

& =T R, whereT™:=e?? Xec|0,1] (4.2.6)
Then ¢ = REy = RTE. We will consider the following v)'s:

Definition 4.2.6. Let v be an N-particle state. Then 1) is called an approximate ground
state if

< ONa’kh..

‘(HN > |k

k€eBp

for some C' > 0 (independent of N and akp).

Remark 4.2.7 (Existence of approximate ground states). Note that the free Fermi state ¢p
is an approximate ground state. Indeed, we show in the proof of Lemma 4.3.3 below that
(dI'(V)) » < CNaPk}. In particular, the ground state is an approximate ground state.

Motivated by the discussion above we write

(Hn)y = Ep +(dT(V)) g + (Ho + Qg + Q)¢ + Ev(¥) (4.2.7)

with €y (1)) defined so that this holds, i.e., & (¢) = (dI'(V)),, — (dT'(V)) p — (Q2 + Qu)s, -
We shall show in Proposition 4.2.8 below that £y(1)) is small for an approximate ground state
1, i.e., it is negligible compared to Na®k%. To compute (Hy + Q; + Qu),, we note that for
any operator A we have

1
@416 = {alala) [ o ok elalen) = @il + [ o (evlla, Bllew).

A
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Using this for Hy and Q4 we find
<HO + Q4>§0

1 1
— (alHy + Qulér) + / d\ (&x][Ho + @1, B] + Qaléy) — / dA (EQaE)

0

Similarly, for Q, we find

(@), = (E1Ql6r) + / dA (&)@, BIIEy)

1 01 1
/ dX (6 Qalr) = (611Dl + / d / A (€x][Qa, Blléx) -
0 0 A

In conclusion then

1 1 1
(o[ Ho + Qs + Qo) = / dX (60][Qs. Bl — /0 dA /A 4N (En][Qa. BllEn)

0

1
(6 Ho + Qulé) + / d\ (6l[Ho + Qu, B] + Qslé)

The two terms with [Qy, B] are the leading terms. To leading order they are given by the
constant (i.e. fully contracted) contribution from [Q,, B] obtained after normal ordering. This
constant term is (approximately) given by —2 (dI'(V'¢)) .. This motivates to write

[Q2, B] = =2 (dl(V)) - + Q5. (4.2.8)

The last term, with [Hy + Q4, B] + Qy, is an error term. It is small by virtue of ¢ (almost)

satisfying the p-wave scattering equation. The third term (& |Hy + Qq4|&;) is positive. We
thus find

(€o|Ho + Q2 + Q4lé0) = — (dT'(Vp)) p + (§1Ho + Q4|&1) + Eq, (V) + Escar (),

where

eulv) = | L (a5l - / L / Cax (g

1
Euent(t)) = /0 dX (6][Ely + @1, B] + Qlé) (42.10)

Qler) (4.2.9)

We will derive bounds on these terms in Propositions 4.2.9 and 4.2.10 below. In conclusion
then (for any N-particle state 1))

(Hn)y = Ep+(dT(V(1 = ¢))) p + (&1 Ho + Qulér) + Ev () + Eg, (V) + Escar(¥h). (4.2.11)

With this formula we give the

Proof of Theorem 4.1.2. First, we calculate that Ep = 2Nk} (1 + O(N~'/%)) by viewing the
sum Ep = Yy, |k|? as a Riemann-sum for the corresponding integral % Sik<p |EI? dE.
Next, we calculate (dI'(V'(1 — ¢))) . With the aid of Equation (4.1.11) we find (since V' has
compact support) that

/V(l —)|z|*dz = / V(1 — ¢o)|z|*dr = 247a®
jel<kz'
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for small kr. Moreover, the two-particle reduced density of the free Fermi state satisfies
Lemma 3.2.14

1 o
P (e,) = grgrayahble — ol (1 Ol —yf?) + ON'1)) (4.2.12)

(with |2 — y| denoting the metric on the torus.) Thus,

_ :1 x— —plr — @ (z L
dr(V(1— )y 22//V( y) (1 — o y))p'? (z,y) dz dy (4.2.13)

= ——Nakp(1+ O((akp)?) + O(N~'/%).
T
For the third term in Equation (4.2.11), we can simply use Hy + Q4 > 0. Bounding the error

terms Ev (¢), Eg, () and Egat(1)) occupies the main part of this paper. We shall show that
they are bounded as follows.

Proposition 4.2.8. Let ) be an approximate ground state. Then
&y ()| < ONa k% (akp)¥*.

Proposition 4.2.9. Let i) be an approximate ground state. Then
[€a:(¥)] < CNa@’kj(akp)*.

Proposition 4.2.10. Let 1) be an approximate ground state. Then

|Escat (V)] < C’Na?’k:%(ak‘p)g/lo llog akp| .

Noting that the ground state is in particular an approximate ground state, we conclude the
proof of Theorem 4.1.2. O

The remainder of the paper deals with the proofs of Propositions 4.2.8, 4.2.9 and 4.2.10.

Structure of the paper

First, in Section 4.3, we prove some useful a priori bounds and give the proof of Proposition 4.2.8.
Next, in Section 4.4, we calculate the commutators [Hy, B], [Q4, B] and [Q2, B] and extract
the claimed leading terms. Then, in Section 4.5, we bound the error terms arising from the
commutators in a general state £. Finally, in Section 4.6, we use the bounds of Section 4.5 for
the particular states &, to prove Propositions 4.2.9 and 4.2.10. Additionally we shall give the
proof of Proposition 4.1.5.

In Section 4.A we sketch how to adapt the proof to the two-dimensional setting.

4.3 A Priori Bounds

We begin our analysis with some a priori bounds on the operators N, Hy, Q; and Q, (defined
in Equations (4.1.12), (4.1.13) and (4.1.14) above) and on the scattering function ¢ in
Equation (4.2.2).
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4.3.1 A priori analysis of the kinetic energy

We may bound (N) .., and (Ho) z.,, for an approximate ground state 1 exactly as in [FGHP21,
Lemma 3.5 and Corollary 3.7] using the positivity of the interaction. We give the arguments
here for completeness.

Lemma 4.3.1 (A priori bound on Hy). Let ¢ be an approximate ground state. Then

(Ho) oy < CNa’kp.

Proof. By the positivity of the interaction we have (recalling Equation (4.1.12))
(Hx), = (H), > [dT(=A)), = (RAT(~A)R) gy = Fp + (Ho) oy

Then,
<HO>R*w S <HN>¢ — EF S ONCL?’]C%

by assumption of ) being an approximate ground state. O

Lemma 4.3.2 (A priori bound on N). Let 1) be an approximate ground state. Then

Proof. For any A > 0 we can bound

N=>aga.< > 1+Xx" > |k* —kElaar
k

k|2 —k2 | <A i [[2 — K2, >
< CNAER? + A 'Hp.
Using the bound on Hj, from Lemma 4.3.1 and choosing the optimal A = kZ(akr)%/? we

conclude the desired bound. O

4.3.2 A priori analysis of the interaction

Next, we study the interaction V' and prove a priori bounds on the operators Q, and @, (defined
in Equations (4.1.13) and (4.1.14)) and bound the error-term &y (¢) from Equation (4.2.7).

Lemma 4.3.3. Let i) € F be any state. Then

(dF(V)M = <dr(v)>F +(Q2+ Q4>R*¢ +Ev(¥),

with
|Ev(Y)| < eNaPky + ¢ (Q4) gy + e 1aPk} (N) gey + e Pk (Ho) gy
for any 0 < e < 1.

Proof. Recall Definition 4.1.14 and the short-hand notation uu for u ® u. Viewing V' as a
two-particle operator, we can write

V = [vv 4+ vu + wv 4+ wulV[vv + vu + uv + uu]

and expand the product. Since V' > 0 we may bound the cross-terms as
1
+(uuV (vu + uv) + h.c.) < cuuVuu + —(vu + uv)V (vu + uv)
€

1
+(vvV (vu + uv) + h.c.) < evoVov + g(vu + uv)V (vu + uv)
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4. GROUND STATE ENERGY OF THE DILUTE SPIN-POLARIZED FERMI GAS: LOWER BOUND

for any € > 0. Then we have the bound

V> (1—E)UUVvv+vauu+uquv+(1—5)uuVuu+(1 - i) (vutuv)V (vutuv). (4.3.1)
(An analogous upper bound on V' holds if the signs in front of all e-dependent terms are
reversed.) Next, we shall write (4.3.1) in second quantization, conjugate by the particle-hole
transformation R in (4.1.6), use Equation (4.1.8) and normal order the terms. We leave out
the details of the computations; they can be found for instance in [HPR20, Proposition 4.1].
The result is

RAD(VIR > (1 — &) (dD(V)) o + Qz + (1 — £)Qu + X. + Q.. (4.3.2)

(Again, an analogous upper bound holds reversing the sign of £.) Here Q,, Q4 are as in
Equations (4.1.13) and (4.1.14) and

1—¢ A~ ~ N 1-— 2/5 A~ N .
X. = 3 Z Vp—a) - V(O)]chq o 3 Z Vip—aq) - V(O)]bqu
L D,q L D,q
p,9€EBF pEBFR
q¢Br

1—
Q. = c // V(x— y)c;c*cycz dx dy

// r —y)[bycrcyby + bc;coby — bycye by — byciepby| dody.  (4.3.3)

In particular, for any € > 0

[Ev ()] < e (@dD(V)) p+ 8 (Qu) oy + | (Kee) oy

+ ’<Q:ﬁ:a>R*w

(where the £¢ has to be interpreted as taking the maximum over the two terms, either with €
or —¢). To bound this we first note that (dI'(V')). < CNa®k}. Indeed, by a simple Taylor-
expansion, the two-particle density of the free Fermi gas is bounded by p® (x, ) < Ck$.|z—yl|?,
see Lemma 3.2.14 or Equation (4.2.12) above. Hence

// x—y)p(z y)dxdy<CkF// x—y)|lr —yl*drdy < CNa’k).

(Here [ |z|?V dz is a finite constant of dimension (length)® and hence we write it as C'a®, as
discussed in Remark 4.1.3.) We are left with bounding the operators X, and Q..

To bound X, view V(k) = [, V(z)e~** da = [i, V(x)e=** (for L sufficiently large, by the
compact support of V') as defined on all of R? (i.e not just on 27Z?) and Taylor expand.

We find V (k) = V(0) + O(|k|? [ |22V (z) dz) = V(0) + O(a®|k|?) since V is a real-valued
radial function. Thus, for any state £ € F,

’Xﬂ ‘NL3 Z Z |k — €| CgCé>

k€eBr ¢eBr

2 WKE2_bibede + 2 DI (bibe)e
kEBr KeBp ¢
<e” a?’kF (N)e+e” a?’kF (Ho),
(for any 0 < £ < 1) by noting that 3, |k|?afar < Hy + k2N
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4.3. A Priori Bounds

Finally, we shall show that Q.. is suitably small. Note that the first term in Equation (4.3.3)
is actually non-negative for 0 < ¢ < 1 and could be dropped for a lower bound; since we will
also derive an upper bound with our method, however, we shall not do this and estimate it
instead. The main idea is to “Taylor expand in = — y". More precisely, for the first term in
Equation (4.3.3) we write

1
cy=¢,+ (y—x)- / Vg it(y—a dt. (4.3.4)
0

The integration has to be understood as connecting the two points x and y by the shortest
line on the torus. We apply this to the factors ¢ and ¢,. Noting that c2 =0 (recall that ¢, is
in fact a bounded operator) and changing variables to z = y — = we then find (recalling that
V is even)

1 1
// T — y)cpc,CyCy dr dy = //V(z)z“z”/ dt/ dsc,V¥c, .V’ Cpis.Crdrdz.
0 0

In norm we have ||Vec, || < C’k:3/2+1. Thus, the expectations value of the first term in

Equation (4.3.3) in any state £ is bounded by
<t [PV [ e i

|1:F€// T —y cxcycycx> dzr dy
/ leatl? de = 3 (€lajarlé) < A,
k

Furthermore,
€Bp

Denote the second term of Equation (4.3.3) by Q.2 and define for any state £ the function
o(z,y) = <b;c;cyby + by ¢y caby — bicyeyby — b;c;cxby>£. We note that ¢(y, x) = ¢(z,y) and
¢(x,x) = 0. Thus, by Taylor-expansion in y around y = x the zeroth and first orders vanish,
and hence

b, y) = (y — 2)"(y — 2)” / dt (1 — £)[VEVE) (o, 2 + H(y — 7).

(Here V4 denotes a derivative in the second variable.) Thus (changing variables to z = = — y
and using that V' is even) we have

1 1

<Qi5,z>5 = (2 ¥ €> /01 dt (1 — t)/ dz z“z”V(z)/ dz [V4V50)(z, x + t2).

The z-integral is given by (with the derivatives now being with respect to x)
/ dx <b* VIV  Cppboyis]) + [VEVIDLLch ] cabe — DL [VIVYC L o]y
VIV kb, — B Cia V9V by
(Tl T b + (0 ).

= / i (= (V5] V7 Copizbiris] = (V98 e [V eab) = B VIV o
+ [vub;-i-tz][vyczcﬂva-i-tz] + [Vﬂbiuzci%] [Vybx-i-tz]
— ([V*0, 1] ca [V bpyi] + (1 y))>5
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4. GROUND STATE ENERGY OF THE DILUTE SPIN-POLARIZED FERMI GAS: LOWER BOUND

by integration by parts. Using the norm estimate ||V"¢,| < Ck;’;/%" with V" denoting any

n'th derivative we thus bound the z-integral with the aid of Cauchy-Schwarz as

5k%/ d:c||Vbx5||2+k%/ dx [buc])°

Noting that
st do = 5 elaianle) < V),
k¢ Br
[ 190617 do = 3 I €laiarle) < (Bl + 2 ),
k¢ Br

we thus obtain
‘<@:I:a,2>£‘ SeldPk (N)e + e 1Pk (H), -

Together with the bounds above, this concludes the proof of the lemma. m

Additionally, we need a priori bounds on Q2 and Q4 (defined in Equations (4.1.13) and (4.1.14)).
These follow from arguments similar to the analogous bounds in [FGHP21, Proposition 3.3(e)
and Lemma 3.9].

Lemma 4.3.4 (A priori bound for Q2). For suitable C' > 0 we have

Q)] < 6(Qu) +CO Nk

for any 6 > 0 and any state £ € F.

Proof. By Cauchy-Schwarz we have for any 6 > 0
2 ’(@2>5’ < // V(z —vy) '<b;b;§c;;c; + h.c.>£’ dx dy

< [[via-u (bl + 57

<25Q)c+57 [V

G

2
) dx dy

Xk 2
C,Cx|| dzdy.

*

We Taylor expand ¢} as in Equation (4.3.4) above. Being fermionic operators (c;)* = 0. In
particular we have Hcyc; < Ckp|z — y| since ||ci|| < C’ki)’p/z and |Vci| < C’k%/zﬂ. With
[ z|*V dz < Ca® we conclude the proof of the lemma. O

Lemma 4.3.5 (A priori bound for Q4). Let ¢ be an approximate ground state. Then

<Q4>R*1/1 < CNCZ?’]{%

Proof. Recalling Equation (4.1.12), applying Lemma 4.3.3 and Lemma 4.3.4 with 6 = 1/2,
and using (dI'(V)) > 0 we find

1
(Hy)y 2 Er+ (Ho) gy + (5 =€) (@i)gey —~ ONG*K

— Ce™a’kp (N) geyy — Ce™ @’k (Ho) ey -

Using the a priori bounds of Lemmas 4.3.1 and 4.3.2 and noting that H, > 0 we obtain the
desired result (by taking ¢ = 1/4, say). O
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4.3. A Priori Bounds

With the results of this section we can give the

Proof of Proposition 4.2.8. Combining Lemmas 4.3.1, 4.3.2, 4.3.3 and 4.3.5 and choosing
the optimal € = (akr)>* we conclude the proof of Proposition 4.2.8. O

4.3.3 The scattering function

We now prove some a priori bounds on the scattering function ¢ defined in Equation (4.2.2)
above.

Lemma 4.3.6 (Properties of o). The scattering function ¢ satisfies

Il < Ca’kiy", n=1,2, || |"V"|;: < Ca®|logakp|, n=0,1,2
I ol 2 < Ca®?T, I "Vl 2 < Ca®?, n=0,1.

Here N represents any combination of n derivatives and |-| denotes the metric on the torus
in the sense that |x| is the distance between x and the point 0.

Remark 4.3.7. Recalling the bound in Equation (4.2.4) for £, we see that £, satisfies the
same bounds as ¢ only with an additional power kp.

Proof. Recall that the scattering function is given by (the periodization of ) ¢ = @ox,(kr| - |).
Since ¢y is a radial function, so is ¢ (rather, @ox,(kp| - ) is). In particular, for the bounds
we may replace V" by 9", with 0, the derivative in the radial direction.
We first establish the bound
Ca?
Orpo(2)] < — e, for all z € R3. 435

To prove this, we note that, in radial coordinates, the scattering equation (4.1.4) reads
1
r02po + 40,00 + iﬂ/(l — o) = 0.

Further, we recall that 0 < ¢y(z) < min{1,a®/|x|?} for all x and that ¢ is a radially
decreasing function, which follows from [LY01, Lemma A.1] applied to 5 dimensions. Using
the scattering equation we then compute

4 4 4 4 1
O, {8,400 + 900} = 3900 + —0rp0 — %P0 = ——5%0 — V(1 =) <0.
r r r r 2

Integrating and recalling that o(x) = a®/|z|* outside the support of V' we find
4
Ortpo + —po 2 0.

Since 0,9 < 0 this proves Equation (4.3.5). From Equation (4.3.5) and the scattering
equation (4.1.4) we immediately find

a3

? < - 4V
ool 2 pp e

To extract the bounds on ¢ we note that |[0"x,|/;« < C for any n, since x,, is smooth
by assumption. Furthermore, also by assumption, V' € L. Finally, ¢ is supported only for
2| < 2kp" since x,(t) = 0 for t > 2. The bounds immediately follow. O
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4.4 Calculation of Commutators

In this section we shall calculate the commutators [Hy, B], [Q4, B] and [Q, B] and find
formulas for the error-terms &gy, (1) and Esat(?) in Equations (4.2.9) and (4.2.10). The
computations of the commutators are analogous to those in [FGHP21; Gia23a], where similar
commutators are computed.

4.4.1 [Ho, B]

We have (recalling the formula for Hj in Equation (4.1.12) and using the representation of B
in momentum-space in Equation (4.2.5))

1 * T T
Ho, Bl = 515 3 llal = K3 2()lajaq by b cwei] + he.

p,q,k,k’
To compute the commutator we note that [a;ay, ar] = —d, rar, hence
* T T T T
[aqaq, bk+pbk’—pck’ck] = —(0g+p + Ogpr—p + g + 6q7k)bk+pbk’—pcklck‘

Next, for k + p, k' — p ¢ Br and k, k' € Br we have

|k +p|* — k3| + ||k — p|* — k3| + ||k]> = k3| + ||K)? — k7|
=lk+pP+ K —p]*—|k]* - |K|?
=2pl* +2p- (k=K.

We conclude that

[Ho, B] = — Z (PP +p- (k= ) $(p)bhy by power + hoc.

pkk’

By the symmetry k <+ k£’ and p — —p we may write the second summand as

Z p-ko(p)byybp_pcrcr + h.c..
S

Writing then in configuration space we get (recall the Einstein summation convention, intro-
duced in Notation 4.2.2.)

[Hy, B // Ap(z — y)brbycyc, + 2VFip(x — y)b;b;cyV“cx) drdy + h.c..
We first replace the b's by their non-regularized counterparts. That is, we write
[Hy, B // Ap(x — y)bebycyc, +2VH p(x — y)babyc, V¥ e,) dedy +h.c. +Hyp (4.4.1)
with H; defined so that this holds. Write now (similarly as in Equation (4.3.4))
1
Cp = Cy + (SC — y)“/ dt V“Cy+t($_y)
0

1
=c,+ (r —y)'VFe, — (z —y)!'(x — y)”/o dt (1 = t)V!'V’Coit(y—a)- (4.4.2)
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4.4. Calculation of Commutators

Note that the first order term V*c¢, is evaluated at x and not at y. We apply Equation (4.4.2)
to the factor ¢, in the first term in Equation (4.4.1) above. Being a fermionic operator ¢, = 0.
Thus, we have

[Hy, B] = // [(z — y)*Ap(x —y) + 2VFo(z — y)] bybyc, VF e, dxdy + h.c.
+ HTaylor + Ho "

(4.4.3)

with HOT%'” as in the first term of Equation (4.4.1) only with the factor ¢, replaced by the
last term of Equation (4.4.2). It is an error term.

4.4.2 [Qy Bl:

Recall the definition of Q4 from Equation (4.1.14) and of B from Equation (4.2.5). We
compute

[Q4, B /// drdydzd2' V(z — y)p(z — 2')[030;bybs, D20 corc.] + h.c.
The commutator is (using that b's and ¢'s have disjoint support in momentum-space so they
anti-commute: {b},¢c,} = 0)
[030;,0yb5, Db crc.] = [bby, 0107 1bybycere..
Using that
by} = 73 Z” ) =l (y — x) = ' (x — y)

one computes

B2, B0 = o (o = 2 (= ) = ' (y = 2 (o= 2) e

+u'(y — 2)0pbL + u"(x = 20T — u' (@ — 2)bpbl — u” (y — 2')byb]

The two first terms, respectively the four last terms, give the same contributions to [Qy, B]
when the integration is performed by the symmetries x <+ y and z <> 2z’. We write the u"'s as
u” = — v". The quartic term with two d’s is the main term. In conclusion then

[Q4,B] = —= // — —y)bybycyc, drdy + h.c. + QiB (4.4.5)
with
Qip = /// r—1y)p(z —2) [(25(3; — 2 (x—2) —v"(x— W (y — z))bybmczzcz

200(x — z) —v"(x — 2))b; b ibybycac.| dzdydzdz’ 4+ h.c..

(4.4.6)
In the first term we rewrite ¢, using Equation (4.4.2) as for the case of Hy. Then we find
[Q., B :_// z — )"V (2 — y)o(r — y)bibyc, V¥e, drdy + h.c. + Q" + Qf g
(4.4.7)

and QTaylor as in the first term of (4.4.5) only with ¢, replaced by the last term of Equa-
tion (4.4.2).
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4. GROUND STATE ENERGY OF THE DILUTE SPIN-POLARIZED FERMI GAS: LOWER BOUND

4.4.3 [Q., Bl:
Recall the definition of Qy from Equation (4.1.13) and of B from Equation (4.2.5). We have

[Q, B /// r —y)o(z — 2)[byb,cycy, Db coc ] dedydzd2’ 4+ hc..
The commutator is given by (recall again that b's and ¢'s anti-commute)

(03,5 Cy VoL o] = —[b3by, bIL ][y Crs care] + Dby I [chcy, carce

wyyw"zz X 7%k VNS xyzz yw’ (448)
+ ¢ cpearc.[brby, bIDL].
The b-commutator is as in Equation (4.4.4). Similarly
et eqe] =v(r—2)vy —2) —vly — 2)v(r — 2
eyt ewes) = (e — 2Joly — ) — vly — =)oz — ) a0

+u(y — 2)cer +v(r — 2)eje. —v(x — 2)cyea —v(y — 2')che.

The leading term is the constant (i.e. fully contracted) one. All other terms contribute to the
error. Furthermore, in the constant term we write " = § — v". Then the term with all d's is
the main one and the remainder are errors. We conclude

@B =~ //// v =yl = #) (e = 2)0(y = ) — 8w — )3y - 2)
v(z — 2)v(y — 2') —v(z — 2)u(y — 2)] dedydzd2’ + Q54

- // V(z —y)e(x —y)p? (z,y) dedy + Q5.5 = —2(dT (Vi) p + Q5
(4.4.10)
using that the two-particle density of the free Fermi state is given by p® (z,y) = |v(0)]> —
v(z —y)[*.

4.5 Bounding Error Terms

To prove the bounds in Propositions 4.2.9 and 4.2.10 we first bound [Hy+Q4, B]+Qs and @iB.
Then in Section 4.6 we use these bounds for the particular states £, from Equation (4.2.6)
with 1) an approximate ground state to conclude the proofs of Propositions 4.2.9 and 4.2.10.

To bound [Hy + Q4, B] + Q; we first recall the definition of Q, in Equation (4.1.13)

// Y)bbycyc, drdy + h.c..

Rewriting the factor ¢, as in Equation (4.4.2) we thus have
1 aylor
Q=3 // (x = )"V (@ = y)babyc, Ve, dwdy + h.c. + Q™

with Q™' appropriately defined. Then, recalling Equations (4.4.3) and (4.4.7), we have
[Ho + Q4, B] + Q2 = Qgcat + Hg)l;eglor 4 HO "y QTaylor 4 Q4 g QTaonr (4.5.1)

with (recalling Equation (4.2.3))
Qscat = //5“ Y)bbyc, V¥ e, dedy + h.c.. (4.5.2)
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Below we bound separately each of the operators

T:= Hgaélor + QTaylor + @Taylorj @scata H(ITB7 QiB and @g;B
with Q5,5 from Equation (4.4.10). We shall show that
Lemma 4.5.1. For any state £ € F, and any a > 0, we have

‘ ‘ + ‘(Qscat> N N1/2a3k;]5;(akrp)_3a/2 |log akr| <N>é/2 + Nl/Qak%(akF)l/“a <H0>§/2 ’
<H > < NY26k4 |log akp| <Ho>é/2 + NY263k3 [log akp| <N>§/2 ,

Qip),| S NV kp(ake)"? (@) + @’k (V)¢ (Qu)¢",

(@5)| <’k (Ho)* (Qu)¢ + a’ky (N + Na*k], [log akir|.

The rest of this section deals with the proof of Lemma 4.5.1. We first give some preliminary
bounds.

4.5.1 Technical lemmas

In the proof of Lemma 4.5.1 below we shall need a bound on integrals of the form [ F'(y)b,c, dy
and similar. The following lemma will turn out to be very helpful.

Lemma 4.5.2. Let ' be a compactly supported function with F(x) = 0 for |x| > Ckz".
Then, uniformly in x € A and t € [0, 1], (with V™ denoting any n'th derivative)

H/ z—ylaye,dy| S kL IIF e (4.5.3)
|/ P v, aiaeds] < 1F (452)
Remark 4.5.3. Recall that [ F(y)a,dy = a(F) has norm |[a(F)| = [|F||,>. The

lemma shows that for certain bounded operators A, (being either ¢, or ¢,V"¢iyq(1-1)x
Hf F(y)a,A, dyH can be bounded by (a constant times) ||F|| . sup, || A,]|.

Remark 4.5.4. A similar bound is given in [Gia23a, Lemma 4.8]. There, however, the right-
hand side depends on ||F||,., |[VF||;: and ||AF];:. In Lemma 4.5.2 we do not require any
smoothness on F'. This translates to having no smoothness assumptions on V' in Theorem 4.1.2.

Remark 4.5.5. Applying Equation (4.5.3) for F' = ¢ we find (by writing 7, = a,» — (a, — b%))

z

and noting that ||a,, — b%| < Ck:i)’p/2 since both operators agree for momenta |k| > 3kr)

H/gp(z — 2"l cd2’

where we have used Lemma 4.3.6 to bound the norms of ¢. Moreover, by Taylor-expanding
as in Equation (4.3.4) we have

1
/gp(z — 2, d2 = /(z — 2Vo(z — 20 eu / dt Ve, sy dz'.
0

Thus, by Equation (4.5.4), we conclude in a similar way the bound

H/cp(z — 2Ncac, d2

Skl + KX ol 2 < Clakp)®? (4.5.5)

Sk el + k2N lell e < CRi (ake)?2. (4.5.6)
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Proof of Lemma 4.5.2. The main ingredient in the proof is a result of Birman and Solomjak
[BS69; BS80], stated in [Sim05, Theorem 4.5]. We start with Equation (4.5.3) and write the
integral as

/ (x — aycydy—//Fx (y — z)aya, dy dz, F*(y) = F(xz —y).

We write the operator K* with integral kernel K*(y,z) = F*(y)v(y — z) in terms of its
singular value decomposition. That is, for some orthonormal systems {¢?} and {¢)¥} we have

Fr(y)oly — 2) = > ey ()¢ (2) (4.5.7)

with 1; > 0 the singular values. (Note that the singular values do not depend on x since K*
is unitarily equivalent to the translated operator with 2 = 0; moreover, ¢¢(y) = ¢%(y — z)
and likewise for ¢)7.) Thus

[ P, dn =S [[ 1w asa.dvds = 3 pal@awr)

In norm this is thus bounded by 3" yi; = || K*||g,, the trace-norm of K*. Furthermore, K7 is
unitarily equivalent to the dilated operator with kernel k3 F* (k' y)v(kz'(y — 2)). Since the

functions F*(kp'-) and k*v(kp') = (kp-) are compactly supported (in configuration and
momentum-space, respectively) with diameter of support of order 1, we can apply [Sim05,
Theorem 4.5]' and conclude that

[ P vae,

where we introduced the notation || f||,2 = L™32(X, |f(k)|?)"/2.

Notke) e < CEYP | F| e

<Y wi = K", < C|F* ki),

In order to prove Equation (4.5.4) we similarly write

/F(x —y)aycy V" Cryr(1—t)e dy = /// F(y)v(y — 2)V™0 D% (ty — w)aya.a,, dy dz dw

with v*(y) = v(y + z). Using again (4.5.7),
/F(J? - y)aycyvnctgﬂr(lft)m dy - - Zﬂza(W) ﬂ ¢f(y)vnv(1_t)x(ty - w)ayaw dy dw.

We do one more singular value decomposition, this time for the operators f(/ft with kernels
K2 (y,w) = ¢f (y) Vol =97 (ty —w) = ¥, i) 6% (y)y; (w). In combination we thus obtain
the bound

<Dy g
7 J

Similarly as above, observe that [N(f’t has the same trace norm as the dilated operator with
integral kernel ¢F (kp'y)kyz>t32Vro(=9%(tk! (y — w)). Each ¢¢ has compact support of
diameter < k' (since F'* has). Furthermore, the Fourier transform of k*t3/2V"y(=D7 (k1)

H F(I - y)aycyvncter(lft)x dy

1[Sim05, Theorem 4.5] is stated only for Euclidean space but can be extended to the torus A without
much difficulty.
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has compact support of diameter t < 1. Thus we can again apply [Sim05, Theorem 4.5] to
conclude

~x, T, T/71.— — n-~ — 3/2+n
S =K, < ofertEt)] L [0 1m0 k)|, < ORE
J
uniformly in 4, z and t. In combination with the bound 3, pi; < Ck3/* || F||,. from above,
this concludes the proof of Equation (4.5.4). O

In order to state some of the intermediary bounds in the proof of Lemma 4.5.1, we introduce
the following operators.

Definition 4.5.6 (Highly excited particles). For o > 0 we define
Nog = Z aay, NS = Z ayag.

|k|>kp(akp)~ |k|>2kp

Remark 4.5.7 (see also [Gia23a, Proposition 4.15]). For any |k| > 2kr we have ||k|? — k%] >
k%, and for any |k| > kp(akr)~® with a > 0 we have ||k|* — k4| > Ck%(akyp) 2 for small
akr. Hence

No < Ckp*Hy,  Noo < Ckz?(akp)**H. (4.5.8)

Before giving the proof of Lemma 4.5.1 we first explain some intuition behind the proof.

Remark 4.5.8 (Intuition behind the bounds). Conceptually, the main difficulty is “how to
deal with the b,'s”. The operator-valued distribution b, is not a bounded operator, so we
cannot bound it in norm. Essentially we have 3 different methods of treating a factor b,.

» We can bound one factor b, in terms of N via a computation similar to
—3/2
[ 1ol an < 22 ([l ar) < 292 002 < on 0

Analogously, the regularized operator b’ can be bounded in terms of N~ and the operator
b (introduced in Equation (4.5.10) below) can be bounded in terms of N-,,.

= We can bound two factors of b, in terms of Q4 using a factor V' (z —y) via a computation
similar to

[ Vel drey
< ( [[ve-v dxdy> " ( | R dxdy> !

— [3/2 HVH%Q <2Q4>2/2 < CN1/2a1/2k;3/2 <Q4)§/2.

2

= Finally, we can bound one factor b, “in norm” using any appropriate (compactly
supported) function F' and a factor ¢, (or two) via an application of Lemma 4.5.2.

Factors of ¢, are not problematic. These we either bound in norm as ||c,|| < C’/’{:f’p/2 or Taylor
expand and bound the resulting Ve, in norm as |Ve,| < C’k:‘;/“l. Similarly, factors of
v(z — y) can either be bounded by ||v]|;. < CEY? or |v]| L < Ck%. Finally, for factors
u"(z —1y) we either use 0 < u" < 1 as operators or write u” (z —y) = 6(x —y) —v"(x —y) and
compute separately the terms with ¢ and v". Here we note that ||v"||,, < C by Lemma 4.2.1.
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4. GROUND STATE ENERGY OF THE DILUTE SPIN-POLARIZED FERMI GAS: LOWER BOUND

The remainder of this section gives the proof of Lemma 4.5.1. We prove each of the bounds
separately.

4.5.2 Taylor-expansion errors

We bound all error-terms with a superscript “Taylor” in Equation (4.5.1), resulting from the
remainder term in the expansion (4.4.2). Together they are of the form

1
T = // Fr(x — y)bgcbycy/ dt (1 — t)V"*V”Cpi4(y—a) dx dy + h.c. (4.5.9)
0
for the function(s) (using Equation (4.2.3))
v v 1 v 14 14
F*(x)=— [a:“x Ap(x) + 53:‘% V(x)(1—p(z))| = 22" V() — 2"E ().

We note that by Lemma 4.3.6 and Remark 4.3.7 we have (with || F|[,, =, [[F*|;: and
similarly for the L? norm)

|F||: < Ca®|logakg|, |F||,. < Ca®?.
To bound (']I‘>f we write
1 )
kF(CLkF

K[> )~

for some a > 0. Note that N~ = [(b7)*b; dz with N>, from Definition 4.5.6. For the
term with b5 we bound |[bS | < CkY?(aks)~3%/2 and HV“V”CHt(yﬂ) < CkY*™ . Then by
Cauchy-Schwarz

1
‘<// F*(x — y)bjbycy/ dt (1 —t)V'VYCpip(y—a) do dy>
0 3

< C 1Py (o) [ b,€] dy < ONY2aK log ake (akr) 2 (V)Y

Here we used that b, and ¢, anti-commute to reorder the annihilation operators such that
b, is the last operator and we can bound all others in norm, while b, yields the bound ||b,£]].
For the terms with b2 we use Equation (4.5.4) to bound the y-integral. To do this we write
b, = a, — c_,. The term with c_, can be bounded in the same way as the term with b3
above. For the term with a, we obtain

1
‘<// F* (z — y)b;aycy/ dt (1 — t)VH*VYCppi(y—s) d dy>
0 3

< CI|F e / 162€]) do < ON'2akh(akp)? (Noa)/?

We conclude the bound
(T)| S N'2a®k}, |log akr| (akp) =/ (N2 + NY2akip(akp) /2 (Noa)e®

for any @ > 0. Using the bound on A, in Equation (4.5.8) we conclude the desired.
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4.5. Bounding Error Terms

4.5.3 Scattering equation cancellation

We proceed with bounding Qs in Equation (4.5.2). This bound is analogous to that of T
above, only F* is replaced by &L and V#V”c is replaced by V¥c. That is, the bound for
Qscat is as for T, only we have one fewer power of kr (from ||[V¢|| instead of ||V3c||) and
norms of I are replaced by norms of £,. We conclude the bound

(Qucat)e| < N2k (akp) 2 €]l 1 (N + CNV2ELZH €|l 2 (Noa)g”?
< ON'V2&3k5 (akp) 2/ [log akp| (N)? + ONV2aki (akp) ' (Noo)

for any a > 0, where we have used Lemma 4.3.6 and Remark 4.3.7 for the bound on the
norms of £,. Again, using the bound on N~ in Equation (4.5.8) we conclude the desired.

4.5.4 (Non-)regularization of [Hj, B]
Next we bound H;; defined in Equation (4.4.1), given by

Hg.z = // (Ap(z — y)eye, + 2V p(x — y)c, Vie,) (bgb; — bxby) drdy + h.c.. (4.5.11)

To bound this, write b, = b}, + ¢, with the latter operator satisfying ||c} || < CK? since by,
and b}, agree for all momenta |k| > 3kp. Further, we Taylor expand the factor ¢, in the first
term as in Equation (4.3.4). Then we have (changing variables to z = y — z)

1
<Ho+;%>§ = —2Re // Z“Aso(z)/o dt (V" ppaaca( &), + Ui, + C;C;+3)>£ drdz

+2 Re/ VHo(z) <cx+zV“cx(c;b;+z + by, + c;cg+z)>£ drdz.

(4.5.12)
The two terms are treated similarly. We start with the first. Define for any state £ the function
o(z,2) = <V“cm+tzcm(crb’" + 0Ll + c§c§+z)>5 and note that it vanishes at z = 0. Thus

T r+z

we Taylor expand: (with V% denoting a derivative in the second argument)

o(z,2) = z”/o ds [Vydl(x, sz).

The derivative hits either a factor ¢ or ¢" or a factor b". In the terms where the derivative
hits a factor ¢ or ¢" we bound the ¢'s and ¢"'s in norm. (Apart from the term with only ¢'s

and ¢"'s, where we keep one factor ¢" without a derivative.) Recall that ||V"¢|| < Clﬂ%/ﬂn

for any n. Similarly ||V"cL|| < Ckf;/ﬂ". Thus, the terms where the derivative hits a factor ¢
or ¢" are bounded by

U (R

o [N+ €l do < ONV2aK log abe] ()

using the bounds of Lemma 4.3.6. For the term where the derivative hits a factor 0" we again
bound the ¢'s and ¢"'s in norm. These terms are then bounded by

o 19l ds
< ON'2a*k} [log akp| (Ho){? + CONY2a*k3 [log akp| (N)y/?

since [ ||Vbig|]® da < (Ho), + k7 (N)¢. The second term in Equation (4.5.12) is treated
analogously, only the bound has a factor ||| - [Vl instead of ||| - |*?A¢p]|,.. Collecting all
the terms, we conclude the desired bound on Hi ;.

U (R
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4. GROUND STATE ENERGY OF THE DILUTE SPIN-POLARIZED FERMI GAS: LOWER BOUND

4.5.5 Error terms from [Qy, B]

We now bound QiB, given in Equation (4.4.6). We split the operator into 4 terms and bound
each separately:

1. The quartic term with one § and one v",
2. The quartic term with two v"’s,
3. The order 6 term with J, and

4. The order 6 term with v".

4.5.5.1 Quartic term with one § and one v":

This term is of the form

A = /// dz dy dz’V(aj —y)p(y — Z/)’UT(Z/ . ﬂf)bybmcz/cy St he.

We bound ||c.¢c,|| < Cly — 2|k} and |[v"]],« < Ck}. Then by Cauchy-Schwarz we get
(using Lemma 4.3.6 to bound the norm of ¢)

[(B1)| < CREIII -l // V(w —y) [beb&]l dudy < CRE [ - [@ll VI L272 (Qa)e"
< C’Nl/QaSH/Zkifl/z <@4>2/2‘

(Here we reordered the annihilation operators such that b,b, is last so we can bound c./c, in
norm and get the factor ||b,0,£]|.)

4.5.5.2 Quartic term with two v"’s:

This term is of the form
1
Ay = —3 //// drdydzdz' V(z — y)p(z — 20" (2" — 2)v"(z — y)bybyce, + hoc..

As above, we bound ||c,.c.|| < C|z — 2/|k}. By Cauchy—Schwarz the z, 2’ integrals are then
bounded as

// dzdz'[p(z — 2)[|z = Z||v" (2 = 2)|[v"(z = )| < I| - [@ll o 10717 < Ca®h.
Then by Cauchy—Schwarz as above we obtain

[(Aa)| < Ca’ily // V(w = y) [beby€ |l dody < CNY2a2k2 (Qu) 2.

4.5.5.3 Order 6 term with §:

This term is of the form

As=— /// drdyd?’ V(z — y)p(x — 2)bHbybacarc, + hec.
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4.5. Bounding Error Terms

Computing the expectation in some state £ we bound the z’-integral as

|/ dz' p(x — 2') <b;b;bybggcz/cgc>5 < / dz’ o(x — 2\ e,
Using Equation (4.5.6) to bound the first factor we get by Cauchy-Schwarz
(ha)e| < Clake) 213 ] Vi =) €] Ibabye] dn

< Clakp)? kY2 VI (N (Qu)”
< Ca’ki (N (Qu) 2.

1yl 1[b=byE]l -

4.5.5.4 Order 6 term with v":

This term is of the form
— /// drdydzdz"V(z — y)p(z — 2')v" (2 — 2)bybl,bybycorc. + h.c..

Computing the expectation in some state £ we bound the z, z’-integrals, again using Equa-
tion (4.5.6), as

|// dzdz ¢(z — 2" )" (2 — x) <b2b;bybxczlcz>§|

< / dz [v"(z — )] |/ dz’ (2 — 2" )blcuc,
< C(akp) KL 07| 11 1B,€ ] [12by€] -

[nq pind|

Recall that ||v"||;1 < C by Lemma 4.2.1. Using then Cauchy-Schwarz as above we find
(Ad)e| < Caki (V) Q)2

This gives the desired bound on QiB.

4.5.6 Error terms from [Q,, B]
Finally we bound Q5 . Recalling Equations (4.4.8) and (4.4.10), it is given by

Q5= //// drdydzdz' V(z —y)p(z — Z’){beZbeZ [y CorC] + cyCreac [bLby, bIDT]

+ (0 = 2)6(y = ) = 8z — 2oy - 2)
x (v = 2)v(y — 2) —v(z = 2)o(y - 2))
[b;bz, bobL ey I,@Q])} +h.c.
We split the terms into three groups:
1. The terms with only the c-commutator (i.e. of the form b*b*bb|c*c*, cc]),

2. The terms with only the b-commutator, and

3. The rest, involving terms with both commutators, with the leading term [of the form
ddvv] subtracted.
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4. GROUND STATE ENERGY OF THE DILUTE SPIN-POLARIZED FERMI GAS: LOWER BOUND

4.5.6.1 Terms with only the c-commutator:

Recalling the formula for the commutator in Equation (4.4.9) all terms with ¢*c give the same
contribution, so do all the constant terms. That is, we need to bound terms of the form

A = — //// V(e —y)p(z — 2 )o(x — 2)bby b0 cer dodydzd2’ + he.,
1
Ay = 3 //// V(z —y)p(z — 2 )w(x — 2)v(y — 2 )ob; 000, drdy dzd2’ + h.c..

For A;, we note that as an operator 0 < v < 1. Then by Cauchy—Schwarz we have for any
e > 0 (recall that {b,,c;} = 0)

+A,, =F // drdzo(x — 2) [/ dy V(x — y)b;‘;bZCZ] [/ dz’ (2 — 2" )blblc. | + h.c.
< eki? /// drdydz V(z —y)V(x — 2)bbicic,byb,

e /// drdy dz ol — y)p(x — )W) () B,
=:eA], +e AL,

For AY, we bound c%, ¢, in norm. Then by Cauchy—Schwarz we have
(At ] < e [If Ve =)o = 2) Io:bat] I bt dody
< e [f Via - V(o 2) I dodyds < Cake (@)

For AY, we use Equation (4.5.5) to bound the y- and z-integrations. We find

)l < [ o] [ dyota i,
Optimising in € we thus obtain the bound

[(Ara)e| < CaPk (ML) (Qu)". (45.13)

2

05611 < Okia(akr)® (N> -

Next, we bound Ay as

[t < [ doarasvia=iote = 21| [ o ot - 0ty - 2

Since 0 < 4" < 1, we have

[ a2t = oty - | < | [ 8o = oty - a

(with * denoting convolution) and hence, by Cauchy-Schwarz,

/// dzdydz V(z —y)|v(z — 2)|? HbybgcfHQ] 1/2
X [/// drdydz V(z —y)p? x v*(y — 2) ||bZ§||2] 1/2

< o7 (@) IVIE Iellie (N=)g® < Ca’ki (Qu)* (N2, (45.14)

where we have used Lemma 4.3.6 to bound the L?-norm of ¢ in the final step.

1ZE 1 11byb£ ]l

< = (P * 0’y -2)"

’<A1b>§‘ S
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4.5. Bounding Error Terms

4.5.6.2 Terms with only the b-commutator:

Recalling the formula for the commutator in Equation (4.4.4) all terms with b*b give the same
contribution, so do all the constant terms. That is, we need to bound terms of the forms

— /// V(e —y)p(z — 2 (x — 2)byblcychec. drdydzde’ + h.c,

1
Ay = 3 //// V(z —y)p(z = 2 (v — 2)u"(y — 2')c;cpec. dedydzdz’ + hec..

For Ay, we use that 0 < u" < 1 as an operator. Thus, for any € > 0,

+Ay, =F // dedzu'(x — 2) l/ dy V(x — y)chZC;] [/ dz' o(z — 2" )blce, | + hc

< ekz? /// dedydzV(z —y)V(z — 2)biciccucyb,
+ e k% /// dz dydz p(z — y)p(r — 2)c,c (b)) by cyce
= Ay +e AT,
For A}, we bound ||c,c,|| < Clz — y|k}.. Then by Cauchy-Schwarz we have
(at) ] <o ] dwdydsvie— v =l ylle - ol gl [04]
< Ckp |l VIIZ (Mg < Ca'kf (N

Analogously
(AZ.)e| < CRE llllll7: (M) < Calk (NS, .

Optimising in € we find

(o) | < Ca®hE (N (VL) < CaR (N, (4.5.15)
For Ay, we write " = d — v". The term with both factors J is
45 = [[ Ve = pete - e dody
By Taylor expanding ¢, and ¢ as in Equation (4.3.4) and bounding ¢ < 1 we have
(a) | < ox - V], 00 < catig 0.

Both terms with one factor § and one factor v" can be treated the same way. They are of the
form

1
AY = 3 /// V(r —y)e(z —y)v"(z — z)c,coe c. drdydz + hc.

Thus, by Cauchy-Schwarz and Taylor-expanding ¢, as in Equation (4.3.4)

/// 7=y = 2)* flescy] daedydzr/2
" [// V(“”U—y)so(z—y)g||cyCz€||2 dxdde )

< ORI PV]E Il IVIE 1T el N < Ca*Bake) > ().

U(5
AQb
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4. GROUND STATE ENERGY OF THE DILUTE SPIN-POLARIZED FERMI GAS: LOWER BOUND

Finally, we bound the term A} with two factors v" by Cauchy-Schwarz as

1/2
/// V(z —y)p(z — 2 (x — 2)? chcySH2 drdydz dz']

1/2
. N\, 2 , 2 /
X U//V(ﬂf Yz — 2" (y — 2)7 [lea e dxdydzdz]

1/2 1/2 1
<R\ 1BV el v

< Ca’k log akp|"* (V)

(AR ] <

1/2 12
12

|- %

¢
We conclude that

(M| < Ca®k (V). (4.5.16)

4.5.6.3 Terms with both commutators:

Recalling the formulas for the commutators in Equations (4.4.4) and (4.4.9) we split the terms
into four groups

a. Terms of the form b*bc*c,
b. Terms of the form b*b,
c. Terms of the form c*c, and

d. The constant (i.e. fully contracted) terms.

—Terms of the form b*bc*c:  These terms have one factor u” and one factor v. The
factors u” and v can either have both different arguments, share one variable or have the same
argument. That is, we have the different types of terms

1
Azyq = - //// drdydzdz'V(z — y)p(z — 2)u"(x — 2)v(y — 2)b,c;e.bl + h.c.,
1
Azao = 1 //// drdydzdz’' V(z —y)p(z — 2)u"(x — 2)v(y — 2)b;chebl + h.c,
1
Aguz = - //// drdydzdz'V(z — y)p(z — 2" )u"(x — 2)v(z — 2)bjc,cbl, +h.c..

We consider the term Aj,; and write " (z — 2z) = §(x — z) — v" (2 — z). For the term with ¢

we bound ||v||; < Ck} and [|c,|| < Ck%/Q. Then by Cauchy-Schwarz the expectation value
of this term in a state ¢ is bounded by

e [ Vie = piete - ) I8l Il drdyds’ < CRE VI el (N ()
< Ca'k}. [log akr| (M) (N2) 2.
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4.5. Bounding Error Terms

Similarly we bound the term with v" by
e ] Vie = et = )@ = 2oty = )] I 18] ddyd e
1/2
< K [ v -t = ety - 2 dxdydzdz']

1/2
) U// Ve —y)p(z = 20 (x = 2)* [0L&]I" du dy dzdz’]
< Ca'kf log aks| (N> (V)2

using that ||v]| 2, [0l ;> < Ck3/*. The terms As,» and Ag, s can be bounded in the same

way. We conclude that

‘<A3a71>£| + ’<A3a,2>§‘ + ’<A3a,3>£‘ S Ca4k?7 ‘log Clkpl <N>é/2 <N>>§/2 (4517)
< Ca*k [log akrp| </\/’)f

—Terms of the form b*D: These may be dealt with as the terms A, 1, As,2 and Ag, 3
only we bound |[v]| . < Ck? instead of ||c||* < Ck?..

—Terms of the form c*c:  For these terms it is important to take into account the cancella-
tions between different terms. Recalling the formulas for the commutators in Equations (4.4.4)
and (4.4.9) and noting the symmetries = <> y and z > 2’ we find that together all terms of
this form are given by

bae=2 [[f Vie =)ot = )l = 2y = )~ o = 2 = ety — 2

X cicdrdydzdz.

Writing the term in momentum-space we find

2 % A~ A~ INT AT AT APES
Ase = 75 k% V(k)[@p(k) — p(k + €= )] 0" (k — O)a" (k + €)cper.
0,0 B

We view ¢ as being defined on all of R3 (as opposed to just on 2%23) and Taylor expand.
Noting that ¢ is a real radial function the first order vanishes. That is,

P+ 0—0)=o(k)+ (L — 0y —10) /01 dt (1 — )V Gk + (0 — 1)),

We write 4" (k) = 1 — 9"(k) and observe that 9" is supported for |k| < 3kp. Since further
(,l' € Bp we have 0" (k + ('), 0" (k — £) < Xkj<akp- The terms with at least one factor 0" we
then bound by

2[at-0g X 0= eR i), Y VIV -+ - 0)

< Cky IV .. I Z <CZC€>§ < Ca'ky <N>g :
¢

|- [P
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4. GROUND STATE ENERGY OF THE DILUTE SPIN-POLARIZED FERMI GAS: LOWER BOUND

We compute the term with both factors 1 using Parseval's theorem. It is given by

—2/0 dt (1 — zf)g3 o=y =y <CZCZ>£/V(x)m"x”e_itw—el)xcp(x) dz.

Ll eBR

Using ¢ < 1 we bound this by CE% ||| - [*V|| .. (V) < Ca’kp (N). We conclude that

(Ase)e| < Ca®hf (V) . (4.5.18)

—~Constant terms: The constant term is given by

Asg == ////dxdydzdz Ve —y)o(z —2")

(0= 2y = )+ (o = 2y — 2)]

X (v(x —2)v(y — 2') —v(x — 2 v(y — 2)).

dx—2)0(y—2')—d(x—2")o(y — 2)

We write ©" =  — v" and expand everything. The terms with one factor v" and one factor §
together give

Agy1 =2 /// Viz—y)p(r—2)v"(y — 2) (v(0)v(y — 2) —v(r — 2)v(y — x)) dedydz.
Noting that the last factor vanishes for x = y we Taylor expand and bound it as
[0(0)v(y — 2) = v(z — 2)v(y — 2)| < Ckple —y|
using that || Vv||z~ < Ckf. Then
sl < . [[[ 1o = o1V (@ = et = 2y - o) dwdyd:
< CLkp - (VI el 1)l < CNa®k [log ak|.
Similarly all terms with two factors v" are together bounded by
CLPKL - IVl il 1071172 < ONa®kE, [log akee|
In particular, we conclude that
|Asq| < Na kL |log akp| . (4.5.19)
Combining then Equations (4.5.13)—(4.5.19) we find
’< S;B>£’ N <N>>;/2 (@4)?2 +a’kyp (N) + Na’k, [log akp| .

Finally, using (4.5.8) to bound N> we conclude the desired.

4.6 Finalizing the Proof

In this section, we use the bounds of Lemma 4.5.1 to prove Propositions 4.2.9 and 4.2.10.
We shall also give the proof of Proposition 4.1.5.
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4.6. Finalizing the Proof

4.6.1 Propagation of a priori estimates

To use the bounds of Lemma 4.5.1 we need bounds for the expectation value of N, Hj and
Qg in the states £,. These states do not necessarily arise from approximate ground states,
so we cannot just use the a priori bounds of Lemmas 4.3.1, 4.3.2 and 4.3.5. We show (as in
[Gia23a, Proposition 4.11])

Lemma 4.6.1 (Propagation of N). Letv € F be any state and let £, be as in Equation (4.2.6).
Then, for any 0 < \, N < 1,

(N)g, < C (N, + CON(akp)’.

Proof. This is an application of Gronwall’'s lemma. We compute

d
Y N, = = (&IIN, B[§y) = —4 Re//go(z — 2 (&L ce,)€y) dzd2.

Using Equation (4.5.6) to bound the integral in 2’ we find

d
\dA (W)ey| < O (ake)? [ ] d= < ONVE(ake)/2 ()L
By Gronwall’'s lemma we conclude the desired. O

Remark 4.6.2. Using Lemma 4.6.1 for an approximate ground state ¢ for A’ = 0 we find
(forany 0 < A <1)

(M), <C(N), +CN(akp)® < CN(akp)*? (4.6.1)
by Lemma 4.3.2.

Lemma 4.6.3 (Propagation of Hy, Q4). Let b € F be any state and let £, be as in
Equation (4.2.6). Then, for any a > 0 and any 0 < A\, X\ <1,

(Ho + Qu), S (Ho + Q4>§A, + Na*k, [1 + (akp)®?732/% |log akrpu

+ kp(ake)® (N, + N2k (ake)® = log akpe| (V)7
the implicit constants depending only on «.

Remark 4.6.4. We apply Lemma 4.6.3 for an approximate ground state ¢) and choose ov < 1/2
and X' = 0. Noting that both Hj and Q, are positive operators we find (for any 0 < A < 1)

(Ho),, < CNa’ky, (Qu), < CNa’ky (4.6.2)

by Lemmas 4.3.1, 4.3.2 and 4.3.5.

Proof. Again, this is an application of Gronwall's lemma. We have

dd/\ (ExlHp + Q4l6x) = — (Eal[Ho + Qu, Bl|€x) = — (§x|[Ho + Qu, Bl + Q2[6x) + (6] Q2[&y) -
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4. GROUND STATE ENERGY OF THE DILUTE SPIN-POLARIZED FERMI GAS: LOWER BOUND

We may bound the first term using Equation (4.5.1) and the bounds of Lemma 4.5.1. This
way we obtain

|(Ex[Ho + Qq, B] + Q2[&0)]
< N2k (akp)* =2 log akp| (N){? + N2 kp[(akp)* T + (akp)?® [log akp] (Ho)¢
+ N2 kg (akp)™ 72 (Qa)e + akip (NP (Qu)
S (Qa)e, + (Ho)g, + NkZ [(akF)erQa + (akp)35/2730/2 | log akF”

+ kp(akp)® (N, + N2k (akp)* =/ log akp| (N)?
for any a > 0 and 0 < A\, M < 1, where we have used Lemma 4.6.1 in the last step. Bounding
’(@2)& < (Qq), + CNa?k? by Lemma 4.3.4 we obtain

[(6I[Ho + Qu, Bl S (Ho + Qu)g, + Na®k3: [1 4 (akp)**~**/* [log akp||
+ ki (akp)® (N, + N2k} (akp)* =/ log akp| (N) ¢/

By Gronwall’'s lemma we conclude the desired. O]

4.6.2 Lower bound

We now give the proof of Propositions 4.2.9 and 4.2.10, therefore concluding the proof of
Theorem 4.1.2.

Proof of Proposition 4.2.9. Combining Lemma 4.5.1 with the bounds on A/, H, and Q4 from
Equations (4.6.1) and (4.6.2) we find for any approximate ground state ¢ that

’<@§;B>EA’ < Na*kS (akp)Y/?

with & as in Equation (4.2.6). Recalling Equation (4.2.9), this concludes the proof of
Proposition 4.2.9. O]

Proof of Proposition 4.2.10. As in the proof of Proposition 4.2.9 above we find for any
approximate ground state 1) and any a > 0

+ | (Quc)e, | S NaPk [(akp)¥/ 1772 log akep| + (akp)?]

’<H5;TB>£A < NGPKS (akp)?/* |log ak] |

’< iB>& < NPk (akp)?.
In particular, recalling Equations (4.2.10) and (4.5.1), we have the bound
[Eucar(W)] < CNa*k], (ki) /=12 flog k| + (akr)?]
for any @ > 0. Choosing the optimal « = 3/10 we conclude the proof of Proposition 4.2.10. [J
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4.1. The Two-Dimensional Case

4.6.3 Upper bound

Finally, we prove the upper bound stated in Proposition 4.1.5. The starting point is again
Equation (4.2.11). To obtain an upper bound, we need to choose some trial state ¢ and
compute the energy. For the lower bound we used that Hy + Q4 > 0, whereas in general
we can only bound (H, + Q4>5l < CNa®k3. for an approximate ground state v (recall the
definition of &, in Equation (4.2.6)). This bound is not good enough for our purposes. We
can, however, choose the specific trial state ¢ = RT2, satisfying & = T-'R*) = Q and
thus (Hp + Qu),, = 0. However, it is not a priori clear whether or not this trial state is
an approximate ground state. Thus, we cannot just apply the bounds on the error terms
Ev(v), &g, (1) and Ear()) from Propositions 4.2.8, 4.2.9 and 4.2.10. Instead, we bound
these error terms as follows.

We first note the bounds (for any 0 < A < 1)
(N)e, < CNa’ky, (Ho),, < CNa’ky, (Qu),, < CNa’k; (4.6.3)

by applying Lemmas 4.6.1 and 4.6.3 for )’ = 1 and using that & = 2. Using these bounds,
Lemma 4.3.3 reads

&y ()| S eNa®k% + e 'Na®kS < CNa*kS (akp)'/?

by choosing the optimal ¢ = (akp)>?. Next, using Lemma 4.5.1 and the bounds in Equa-
tion (4.6.3) we find the bounds (recall Equations (4.2.9) and (4.2.10))
[€0,()] < CNa’kp [log akrl
|Ecat (V)| < CNa®kL(akp)/*73%/2 |log akp| + ONa k% (akp)®
+ CNa*kS (akp)Y? [log akp|
for any « > 0. Choosing the optimal o = 1 we find |Escar (V)| < CNa*kS [log akr|. Together

with the computation of (dI'(V'(1 — ¢))) in Equation (4.2.13), this concludes the proof of
Proposition 4.1.5.

4.A The Two-Dimensional Case

We sketch here how to adapt the proof of Theorem 4.1.2 to the two-dimensional setting. The
structure is the same as in the case d = 3. The main step in the proof of Theorem 4.1.8 is
proving the two-dimensional analogue of Lemma 4.5.1. This reads

Lemma 4.A.1. For any state £ € F, and any o > 0, we have

()| + |(Qucar)e| S NV2a?kfo(akip) ™ [log akip| (V)¢
+ NY2ak} (akp)® log akp|'? (Ho)/?,

(i) | S NV2ak llog akiel (N)/? + NV2a?k log ak| (Ho)Y

(Qin) | S N2a’ki [logake| (Qu)”* + a’ki: [log akr["* (V) (Qu)¢”

<<@§;B>§ < akp (Ho)y* (Qu)¢? + a®ki [log akp| (N + NPk} [log akp| .
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4. GROUND STATE ENERGY OF THE DILUTE SPIN-POLARIZED FERMI GAS: LOWER BOUND

Further, as in 3 dimensions, we have the a priori bounds
(N)e, < CNakp, (Ho),, < CNa’kg, (Qu)g, < CNa*ky
for an approximate ground state v (recall the definition of £, in Equation (4.2.6)). Using

Lemma 4.A.1 and these a priori bounds we give the

Proof of Theorem 4.1.8. Propagating the a priori bounds as in Section 4.6, using Lemma 4.A.1
and choosing the optimal & = 1/4 we conclude the proof of Theorem 4.1.8. O

To prove Lemma 4.A.1 we note the bounds on norms of ¢: (being the analogue of Lemma 4.3.6)
Lemma 4.A.2. The scattering function o satisfies

-1l < Ca’kg™, n=12 |[[-["V"| < Ca’logakp|, n=0,1,2

Il lell 2 < Ca® [log ake|', - 1"Vl > < Ca, n=0,1

Further, we have the analogue of Lemma 4.5.2: (which we state in general dimension d)

Lemma 4.A.3. Let F be a compactly supported function with F(z) = 0 for |z| > Cky".
Then, uniformly in x € A and t € [0, 1], (with V™ denoting any n'th derivative)

H/ x — y)ayc, dy

We then sketch the

Sk e

d n
S kp /2 1F 12, H/F(x —y)ayc,V Cty+(1-t)e dY

Proof of Lemma 4.A.1. The proof is the same as that of Lemma 4.5.1 only with trivial changes.
We here just state all the intermediate bounds. We state these in general dimension d, to
make clear the changes needed to extend the proof also to the one-dimensional setting.

We may bound T, Qsc.: and Hy; by

(T)| < CNVRRER (ahip) =2 | Pl (V)2 + ONYRYE2 | By (Vo).
]@m (| < ONVRRE ahp) ™ (€, (A2 + ONVZEL [, (Noa) 2.

< ONV I Pag],, 11 Vel (B2 Y2 + R (B

For the error terms from [Qy, B] we have the bounds

NYVZEZEE o)l VIR (Qa)y?
KEN - Tl VI (V)2 (Qa)e.
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4.1. The Two-Dimensional Case

Finally, the error terms from [Q,, B] are bounded as follows.

[(Ava)| + [(An)e| < CRE el IV V) (Qa) 2
[(Baa)e| < CRE2 -1l Il - V11 (A
N+ ChH P2 |- 2V
oREE || v e - el
[(Asa)| + |(Aa)e| < CRE ol [V 11 (M)
[(Ase)e| < CREZ VI (1 o], (M) + CRE2 - 1PV
[(Asa)e| < CNEFI - [V a llpll -

1/2 1/2
o VI - Tl 2 V)

ol 122 (),

(Aa)| < CRE2|||- PV

o

|- P

i Ne

Bounding A~ and N-, as in Equation (4.5.8) and using the bounds on norms of ¢ above we
conclude the proof of Lemma 4.A.1. O

Remark 4.A.4 (Possible extension to the one-dimensional case). In dimension d = 1 the
analogous bounds on norms of ¢ read

- 1"l < Cakp™, n=1,2, |- ["V"||, < Callogakp|, n=0,1,2

—1/2 nyyrn
I - |l 2 < Cakp'”?, I - "Vl 2 < Cal’?, n=0,1.

Further ||| - ["V||,;, < Ca"™'. Using these bounds and bounding (N), < CN(akp)"/?,
(Ho)e < CNak} and (Qu), < CNakj (as is appropriate for relevant £ by the propagation
of the a priori bounds) we see that only the estimates of the error terms T, Qgcat, H&%, Ao,
and Ay, in the proof or Lemma 4.A.1 are smaller than Nak?. The estimates of the (many)
remaining error-terms are too big. One would have to improve these remaining estimates in
order to extend our proof of Theorems 4.1.2 and 4.1.8 also to the one-dimensional setting. We

do not pursue this. As already mentioned, the one-dimensional analogue of Theorems 4.1.2
and 4.1.8 is proved in [ARS22].
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CHAPTER

Almost optimal upper bound for the
ground state energy of a dilute Fermi
gas via cluster expansion

This chapter contains the paper

[Spin-1/2] A. B. Lauritsen. “Almost Optimal Upper Bound for the Ground State Energy
of a Dilute Fermi Gas via Cluster Expansion”, Ann. Henri Poincaré (2024).
DOI: 10.1007/s00023-024-01450-1.

Abstract. We prove an upper bound on the energy density of the dilute spin—% Fermi gas
capturing the leading correction to the kinetic energy 8map;p; with an error of size smaller
than ap?(a®p)/®~¢ for any € > 0, where a denotes the scattering length of the interaction.
The result is valid for a large class of interactions including interactions with a hard core. A
central ingredient in the proof is a rigorous version of a fermionic cluster expansion adapted
from the formal expansion of Gaudin, Gillespie and Ripka (Nucl. Phys. A, 176.2 (1971), pp.
237-260).
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5.1 Introduction and main results

We consider an interacting Fermi gas of N particles interacting via a two-body interaction v
which we assume to be non-negative, radial and of compact support. In units where A = 1
and the particle mass is m = 1/2 the Hamiltonian is given by

HN—Z A—i—z —xj

1<j

where A; denotes the Laplacian on the j'th coordinate. For spm—f fermions in some domain A =
Aj, = [~L/2,L/2]? one realises the Hamiltonian on the space L?(A™,C2?) = AN L2(A, C?).
Since the Hamiltonian is spin-independent we can specify definite values for the number of
particles with each spin, i.e. N, particles of spin o € {1,]} and Ny + N, = N. In this setting
the Hamiltonian is realized on the space Hy, n, = L2(AM) @ L2(AMN+). The ground state
energy on the space LZ(AN,C?) is then given by minimizing in N, (satisfying Ny + N, = N)
the ground state energies on the spaces Hy, v,

This system was previously studied in [FGHP21; Gia23a; LSS05] where it is shown that for a
dilute system in the thermodynamic limit

B . <q/;\HNW> _3
e(pr,py) = nglgo we?llev{; Ny L i
No/L*—pos 1l 2=1

3 3
(6722302 + p1°) + 8maprp, + ap*e(a®p),

where p = p++p,, a is the (s-wave) scattering length of the interaction v and (a®p) = o(1) in
the limit a®p < 1. The existence of the thermodynamic limit follows from [Rob71]. Moreover
the limit doesn't depend on the boundary conditions.

The leading term 2 (672 )2/3(p5/3+p5/3) is the kinetic energy of a free Fermi gas. The next term

8mapsyp, is the Ieadmg correction coming from the interaction. This term may be understood
as coming from the energy of a pair of opposite-spin fermions times the number of such pairs.
The energy correction arising from interactions between fermions of the same spin is of order
af,ps/‘g, where a, denotes the p-wave scattering length (see Chapter 3) and so much smaller.

The first proof of this result was given by Lieb, Seiringer and Solovej [LSS05]. Their proof
gives the explicit error bounds —C'(a®p)'/3° < e(a®p) < C(a’p)?/*" for some constant C' > 0.
These error bounds were later improved in [FGHP21] and very recently in [Gia23a], where in
particular the “optimal” upper bound £(a®p) < C(a®p)'/? is shown. The works [FGHP21;
Gia23a] however deal with more regular potentials than the quite general setting studied
in [LSS05], where it is assumed that the interaction is non-negative, radial and compactly
supported. In [FGHP21; Gia23a] the interaction is additionally assumed to be smooth. In
particular interactions with a hard core are not treated in [FGHP21; Gia23a].
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5.1. Introduction and main results

The upper bound of order ap'/? is optimal in the sense that this is the order of the conjectured
next term in the expansion. Namely the Huang—Yang term [HY57], see [Gia23a; Gia23b].

Our main theorem is the “almost optimal” upper bound &(a®p) < Cj(a’®p)'/3=9 for any 6§ > 0
for some J-dependent constant Cs > 0 under the same assumptions as in [LSS05], i.e. weaker
than that of [FGHP21; Gia23a]. In particular we allow for v to have a hard core. A central
ingredient in the proof is to prove a rigorous version of a fermionic cluster expansion adapted
from [GGRT71]. This is analogous to what is done in Chapter 3 for spin-polarized fermions.
(See also Chapter 6 for the application to spin-polarized fermions at positive-temperature.)

5.1.1 Precise statements of results

To give the statement of our main theorem, we first define the scattering length(s) of the
interaction v.

Definition 5.1.1 ([LYO1, Appendix A; SY20, Section 4]). The s- and p-wave scattering
lengths a and a, are defined by

dmta = inf{/ <|Vf]2 + ;v|f|2) dz: f(z) — 1 for |z| — oo},
127a? = inf {/ <|Vf|2 + ;U|f|2> lz|?dz : f(z) — 1 for |z| — oo}.

The minimizing f's are the s- and p-wave scattering functions. They are denoted f5, and fpo
respectively.

The minimizing functions fs and f,o are real-valued. We collect properties of them in
Lemma 5.2.5.

With this we may then state our main theorem.

Theorem 5.1.2. Let 0 < v < 400 be radial and of compact support. Then for any § > 0
and for sufficiently small a®p we have

3 —
e(pr, py) < 5(6772)2/3(0?/3 + Pi/g) + 8maprpy + Os (apQ(a3p)1/3 5) .

The subscript ¢ in Os denotes that the implicit constant depends on d. Further, the v-
dependence of the error-term O; (apQ(a3p)1/3‘5) is only via the scattering lengths a and a,
(meaning that the implicit constant depends on the ratio a,/a but otherwise not on v). In
particular we note that v is allowed to have a hard core, meaning v(x) = +oo for |z| < rq for
some 79 > 0.

The essential steps of the proof are

(1) Show the absolute convergence of a fermionic cluster expansion adapted from the
formal calculations of [GGR71]. For this we need the “Fermi polyhedron”, a polyhedral
approximation to the Fermi ball, described in Section 3.2.2. The calculation of the
fermionic cluster expansion is given in Section 5.3 and the absolute convergence in
shown in Section 5.4.
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5. ALMOST OPTIMAL UPPER BOUND FOR THE GROUND STATE ENERGY ...

(2) Bound the energy of a Jastrow-type trial state. For this step, the central part is computing
the values of all diagrams of a certain type exactly and using these exact values up to
some arbitrary high order. This is somewhat similar to the approach in [BCGOPS23] for
the dilute Bose gas. This calculation is part of the proof of Lemma 5.5.1.

Remark 5.1.3 (Higher spin). With not much difficulty one can extend the result to higher
spin and with a spin-dependent interaction v,,s = v,s. The result for S > 2 spin values

{1,...,S}is

S

e(pr,...,ps) < §(6W2)2/ SN E8T Y ewpeper + Os (ap(a’p)/P0)
o=1 1<o<o’<S
where a,, is the s-wave scattering length of the spin o — spin ¢’ interaction v,, and
a = Sup,., ass. For conciseness of the proof we will only give it for S = 2, i.e. for spin—%
fermions. We will however give comments on how to adapt the individual (non-trivial) steps
of the proof to the higher spin setting. These comments are given in Remarks 5.3.3, 5.4.2,
5.5.4 and 5.5.6.

Remark 5.1.4 (Comparison with [FGHP21; Gia23a; LSS05]). The trial state we consider,
Y, (defined in Equation (5.2.5) below), is in spirit the same as that considered in [LSSO05].
They differ only in technical aspects (discussed in Remark 5.2.1 below). The reason we are
able to improve on the bound in [LSS05] is that we treat the cancellations between (¢)|H y|))
and (1)) more precisely (for the [non-normalized] trial state ¢ being defined as ¥y, v, in
Equation (5.2.5) only without the normalization constant Cy, v, ).

In [FGHP21; Gia23a] a completely different method is employed. There the system is studied
using a method inspired by Bogoliubov theory for dilute Bose gases. (The “bosons” appearing
here as pairs of opposite-spin fermions.)

The paper is structured as follows. In Section 5.2 we give some preliminary computations
and recall some properties of the scattering functions and Fermi polyhedron from [LY01]
and Chapter 3. Next, in Section 5.3 we give the calculation of a fermionic cluster expansion
adapted from [GGR71]. Subsequently, in Section 5.4 we find conditions for the absolute
convergence of the cluster expansion formulas of Section 5.3. Finally, in Section 5.5 we use
the formulas of Section 5.3 to bound the energy of a Jastrow-type trial state.

5.2 Preliminary computations

We first give a few preliminary computations. We will construct a trial state using a box
method of glueing trial states in smaller boxes together in Section 5.5.4. In the smaller boxes
we will need to use Dirichlet boundary conditions, however in Section 5.5.4 we will construct
trial states with Dirichlet boundary conditions out of trial states with periodic boundary
conditions. (See also Chapter 3.) Thus, we will use periodic boundary conditions in the box
A=Ay, =[-L/2,L/2)3.

First we establish some notation.

5.2.1 Notation

= We write ; and y; for the spatial coordinates of particle i of spin 1 respectively particle
j of spin |.
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5.2. Preliminary computations

We write z; to mean either x; or y; if the spin is not important.

We write additionally z(; 1) = x; and 2(; ) = ¥;.
= We write [n,m] = {n,n+1,...,m} for integers n < m. If n > m then [n,m] = @.

= For a set A we write Z4 = (z4)aca for the coordinates of the vertices with labels in A.
(Similarly for X4 and Y}y.)

In particular we write Zj, ;) = (2n,-..,2n) for the coordinates of particles n,n +
1,...,m.
If n =1 we simply write Z,,, = Zp ) = (21, .., Zm)-

= We write C' for a generic (positive) constant, whose value may change line by line. If
we want to emphasize the dependence on some parameter A we will denote this by C'4.

We consider the indices of the coordinates as vertices 1 = (i,0) € Voo := N x {1,]}. Here
o € {1,]} labels the spin of the particle. Then we define

Vi == VIUVE Vy o ={(1,0),....,(0,0)} C Vo, o€{1, 1}, peNU{oc0}.

(We mean VZ = N x {0} for p = 00.) On the vertices V, o, we define the ordering < as
follows.

def
<~

p=(i,0) < (j,o')=v (0=t and o' =]) or (¢ =0¢"and i < j).

Define the rescaled and cut-off scattering functions fs and f, as

. <t s fnllel) el <
(a) = | mepFollal) el <0 z) = { TaE - (521
@ {1 L hw=d SIS
where | - | := inf,czs | - —nL|gs (with | - |gs denoting the norm on R?), b = p~'/3 and the

scattering function fy, and f,o are defined in Definition 5.1.1. (They are radial functions,
see Lemma 5.2.5, so f, and f, are well-defined.) We prefer to write b instead of its value
p~ /3 to keep apparent dependences on b. For b = p~ /% we have b > Ry, the range of v, for
sufficiently small a®p. Hence, f, and f, are continuous for sufficiently small a®p. (Note that
the metric on the torus A is given by d(z,y) = |z — y|. We will abuse notation slightly and
denote by | - | also the absolute value of some number or the norm on R3.)

To simplify notation we write for p,v € Vg o

fp(xi - xj) n= (LT)?V = (]7T)7
fs(qzi_yj) M:(i7T)7V:(j7\l/>7

b hwm ) n= G =G (5:22)
fp(yz - y]) H= (i?\L)7V = (]7\1/)7

and similar for all quantities derived from f; and f,. In particular Vf,, = V f/,(2, — 2)
with s/p meaning s if the spins of 1 and v are different and p if they are the same.

Next, we introduce the (non-normalized) Slater determinants Dy, and Dy, as

Dy, (Zn,) = det [up(2)] repz . Ne=#Pg,  wi(z) =L %",

i=1,...,Ny
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where P7 is the “Fermi polyhedron”, a polyhedral approximation to the Fermi ball described
in Section 5.2.3, see also Section 3.2.2, and # P denotes the number of points in Pf.

Further, we denote for p,v € Vi «

Wozizy) p=(01).v= (1)
_Jo n=(0,1),v = (j,4),
= b= 4),v = (.1 (523)
Wwiy) p=(04).v =0,

(1) . . . 1 1
where )’ are the one-particle density matrices of WDNT and WDM.

Finally, for any (normalized) state v € L2(AN) @ L2(AM+) we will normalize reduced densities
as follows (for n +m > 1).

sz,n’m) =Ny(Ny = 1)+ (Ny —n+ 1)N(N, = 1)--- (N, —m + 1)

2 (5.2.4)
< foof 194Xty Vi

For a (normalized) Slater determinant ¢ = ¢)(Xn,,Yn,) = WDNT(XNT)DM(YM) we

(n,m) (n,m)
Jas

(n,m = n,m
YNy N

write p(»™) = Jo! ) and for the trial state YN, N, We write p

We will fix the Fermi momenta k% such that the ratio k}/kfp is rational, see Remark 5.2.3. This
is a restriction on which densities p, can arise from the trial state ¢N¢»N¢' see Remark 5.2.4.

We extend to all densities in Section 5.5.4. The dilute limit will be realized as (kL + k§)a — 0.

5.2.2 Computation of the energy

We consider the trial state

1
Uy n (XN, Y)) = — fuv| Dny(Xn, ) Dy, (Yn,)
Ny + LNy T’NTJ\Q u:vel‘:[NT,m I t + N

p<v

:# H fs(xi — ;) H fo(@i — xj) H fovi — y;)

\/ CNT,NJ' 1§’L§N¢ 1§Z<]§N¢ 1§Z<]§N\L

1<j<N,
X DNT (XNT>DN¢ (YNi>’ (525)

2
where CNT7N¢ is a normalization constant such that f ‘wNmM’ dXy, dYy, = 1.

Remark 5.2.1 (Comparison to [LSS05]). As mentioned in Remark 5.1.4 the trial state ¢y, v,
is mostly the same as that of [LSS05]. They differ in two technical aspects:

1. The choice of function implementing the correlations between particles of the same spin.

The exact function used is not particularly important since the same-spin interactions
give rise to a much smaller energy correction (than that of different-spin interactions).
The function f, is a natural choice.
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5.2. Preliminary computations

2. The choice of Slater determinant.
Our choice of Slater determinants with momenta in the Fermi polyhedron (as opposed

to the Fermi ball, which is what is used in [LSS05]) is a technical necessity as we discuss
in Section 5.2.3 below.

We compute the energy of the trial state ¢y, v,

(00 | Hov |t v, ) / / .|
HEVN, N|

- Z v(z, — 2y)

VEVNL N|
p<v

2
w | [dXn, dViy,.

Note that for (real-valued) functions F, G we have

/|V(FG)]2 = —/GAG]F]2+/|G]2]VF\2. (5.2.6)

By symmetries of the Fermi polyhedron, see Definition 5.2.2, we have that Dy, and Dy, are

real-valued. Thus, using Equation (5.2.6) for F' =[], fu and G = Dy, Dy, for each of
the derivatives V,,, V. we get (recall that Vf,, = V£, (2, — 2,))

/ / V. dw, | dXy, Yy,

lLEVNT Ny

V|
fuv

:E3+E3+/./ Xy, dYy, [onn| 2 2 2

evl vevi
K Ny Ny

V1wV fu
+ ¥ Z > ViV furn

oI} HEVR, v eV, Fra fux
VFEN

V|

+2 > Y I

oe{td} preVg,
p<v

vf;wvf,u)\ vf,uuvfw\
oe{t 1} mreVi, aevy© 1y J pA oe{t ) mrAEVE v JvA
pF v w,v,\ distinct

where E§ = Yiepy |k|? is the kinetic energy of the Slater determinants \/%DNJ and —o is

2
the “other spin”, i.e. — 1=/ and — |=1. (The factor 2 in the term 237 v ¥ .1 Vfiﬂ”
N. NJ, v

arises as 2 = 34,3 1.) The terms are grouped according to how many s-wave f's appear.
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In terms of the reduced densities we thus get
<¢NT,N¢’HN’¢N¢,N¢>

s [l |
// (2,0) ‘pr $1—$2)2
Pas fp T — ZEQ)
e | Vi@ —y)Vs(xa =) Vi@ —y)Vp(z — x2>]
/// e [ fo(zr —y0) fs(w2 — 1) i fs(@1 —y1) folr — x2) da dza dy

(3,0) pr 1= Sﬁz)pr(ilUQ ) 0,2) (1,2) (0,3)
dzy dxod t ith .
/// PJas fp T — x2)fp($2 — 1’3) T1drpdr3 + terms With P07, Pjas s Pas
(5.2.7)

We find formulas for the reduced densities in Section 5.3. Before doing so, we first recall some
properties on the “Fermi polyhedron” P7 and the scattering functions f;, f,,.

2

1
+ *U(.Tl - yl)] dl’l dyl

1
+ *’U(Il — .%'2)

B dxl dl’z

5.2.3 Properties of the “Fermi polyhedron” and the scattering
functions

In this section we recall a few properties of the “Fermi polyhedron” from Section 3.2.2 and
Lemma 3.4.9 and scattering functions from [LYO1, Appendix A].

The reason for introducing the “Fermi polyhedron” is that for the analysis of the absolute
convergence of the Gaudin—Gillespie-Ripka expansion we need good control over

[ w0l [
A A

By Equation (5.2.9a) below (coming from Lemma 3.2.12 and [KL18]) this is bounded by
s(log N)3. If we had instead chosen the Slater determinants in the trial state ¥n,,N, to have
momenta in the Fermi ball B = {k € 2*Z* : |k| < k%} we would have [GL19; L|f06]

[ e [ 12

This N-dependence would prevent us from achieving that both the Gaudin—Gillespie—Ripka
expansion converges absolutely and that the finite-size error from the kinetic energy is negligible.
See also Remark 5.3.4 and Remark 3.3.5.

1 ikx
EDIR

kePg

dz.

do ~ N/3,

L3 Z ezk;r

keBg,

The “Fermi polyhedron™ is defined in Definition 3.2.7. We give here only a sketch of the
definition and state a few properties needed for our purposes. For a full discussion with proofs
we refer to Sections 3.B and 3.2.2.

Definition 5.2.2 (Sketch, see Definition 3.2.7). For each spin o € {1,]} define the (convex)

polyhedron P? with s, “corners” (extremal points) as follows. All “corners” x7,..., k7 are
1 2

chosen of the form R = Ca(ga, gﬂ, Qg) where ¢, € R, pj eZfori=1,2,3,5=1,...,8,

and Q7,Q9, Q3 are Iarge distinct primes. Then P? is the convex hull of these “corners’ and

(, is chosen such that Vol P? = %”.
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5.2. Preliminary computations

The polyhedron P? approximates the unit ball in the sense that any point on the surface
OP? has radial coordinate 1 + O(s,!). The polyhedron P? is moreover symmetric under the
maps (k' k2, k%) — (k' £k* +k3) and “almost symmetric” under the maps (k', k% k3) —
(k% kb k) for (a,b,c) # (1,2,3), see Lemma 3.2.11.

The Fermi polyhedron P is then defined as P7 := k%P7 N %TZ:‘.

. koL . .
Moreover, L is chosen large such that =~ is rational and large for o € {1, ]}.

Remark 5.2.3. We choose k% such that l{:}/lﬁfm is rational since we need L with % rational
for both values of o € {1, /}.

Remark 5.2.4. The free parameters are the Fermi momenta k., the length of the box L
and the number of corners of the polyhedra s,. The particle numbers are then N, = #P¢
and the particle densities are p, = N, /L3 = 55 (k7)? (1 + O(N;l/?’)). Not all densities pyo
arise this way. We need some argument to consider general densities p,o. This is discussed in
Section 5.5.4. Essentially by continuity and density of the rationals in the reals we can extend
results for the densities arising as p, = N,/L? to general densities py0.

We will later choose L, s, depending on a®p, meaning more precisely on (k;} + k}m)a, such that
L,s, — 00 as a’p — 0. Concretely we will choose s, ~ (a®p)~1/3+¢ for some small € > 0.

Next, we recall some properties of the Fermi polyhedron from Chapter 3. For the kinetic
energy (density) of the Slater determinants we have by Lemma 3.2.13

1 3 _ .
T3 2 Ikf? = (6700 (14 O(s5%) + O(N; 7). (5.2.8)

ke Py,

Here the s,-dependent error is only negligible if we take s, large enough — we need that
the Fermi polyhedron approximates the Fermi ball well in order for the kinetic energies (of
the associated Slater determinants) to be close. (Recall that the Slater determinant with
momenta in the Fermi ball is the ground state of the non-interacting system.)

Moreover, for N, = # Py sufficiently large, the Fermi polyhedron satisfies the following bounds
by Lemmas 3.2.12 and 3.4.9 (see also [KL18]).

1 )
/ 3 > e dr < Cs,(log N,)* < Cs(log N)?, (5.2.9a)
A kePg
1 o
/ 3 S ket dr < Cs,pt3(log N, )* < Csp'/*(log N)?, (5.2.9b)
A kePy,
1 L,
/A 3 3" Kk k| do < Cs,p2/*(log N,)* < Csp*3(log N)*, (5.2.9¢)
kePyg

for any 7,7 = 1,2,3 where s = max{st,s;}, p=pr + p,, N =Ny + N, and k7 denotes the
j'th component of the vector k = (k' k2, k3).

The first bound, Equation (5.2.9a), is needed to prove the absolute convergence of the
Gaudin—Gillespie-Ripka expansion discussed in Sections 5.3 and 5.4. The second two bounds,
Equations (5.2.9b) and (5.2.9¢c), are needed to bound the terms with pﬁ’so) and ,050 ? in

)
as
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5. ALMOST OPTIMAL UPPER BOUND FOR THE GROUND STATE ENERGY ...

Equation (5.2.7). More precisely they are used in the proof of Lemma 5.5.5 below, but only
then.

Finally, we recall that the scattering functions satisfy the scattering equations (Euler-Lagrange
equations of the defining minimization problems in Definition 5.1.1)

—2Afy0 +vfso =0, —4x - Vo = 2l2*Afp + |z|*vf0 = 0. (5.2.10)

Moreover

Lemma 5.2.5 ([LYO01, Appendix A], see also Lemma 3.2.2). The functions fs and f,, are
real-valued and radial. Moreover

[1 = &k < fulz) <1, [1 = pL < frolz) < 1.

For |z| > Ry, the range of v, the left-hand-sides are equalities.

5.3 Gaudin—Gillespie—Ripka expansion

In this section we calculate reduced densities of the trial state ¥n, n,- The ideas behind this
calculation are mostly contained in (the formal calculations of ) [GGR71]. The calculation we
give here is a slight generalization thereof including the spin. Additionally, we give conditions
for the final formulas (given in Theorem 5.3.2) to hold, i.e. we give conditions for their
absolute convergence. The argument here is in spirit the same as that of Section 3.3. Here it
is slightly more involved as we have to take into account the different spins. In Section 3.3
there is only one value of the spin.

In the calculations below one may replace the functions fs, f, and the one-particle density
matrices 71(\}3 by more general functions. We discuss this in Remark 5.3.5 below.

5.3.1 Calculation of the normalization constant

We first compute the normalization constant C’NT,NJ Recall the definition of the trial state
Y, n, in Equation (5.2.5). Write f/fy = 14 g, for all the f-factors and factor out the
product [T,.<, [, = ITu<, (1 4 gu ). We are then led to define the set G, , as the set of all
graphs on p black and ¢ white vertices such that each vertex has degree at least 1, i.e. has an
incident edge. We label the black vertices as VpT ={(1,1),...,(p,1)} and the white vertices
as VX ={(1,]),...,(q,1)}. For an edge e = (i1, ) we write g, = g,, and define

Wy = Wp,q(va Y;;) = Z H Ge-
GeGp,q e€G
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5.3. Gaudin—Gillespie-Ripka expansion

Then
nu<v
1) (Np—p+ DN(N, = 1)+ (N, — g+ 1)
Ny 1 LUV i
:// b Z Ig! Wha
0<p<N;p b-q:
0<g<N,

p+q>2

X |DNT|2|DNL|2 dXNT dYVNi

1
= NIN{14+ ) il // W, ,p"? d X, dY,
0<p<ny PO
0<g<N,
p+q=2
(Recall the definition of p®% in Equation (5.2.4).) A simple calculation using the Wick rule
then shows (recall the definition of +,, in Equation (5.2.3))

PP, Yy) = det [l ey, , = detli] (2195 1<isep dethi) (4 v <<
Taking this determinantal expression as the definition we have p(*? =0 for p > N; or ¢ > N
since the matrices [y(; 1),(j1) )i jen and [Ya.),0,0))ijen have ranks N} and N respectively. Thus
we may extend the p- and g-sums to co. Now, expanding the determinant p»® and the W, ,
we group the permutations and the graph together in a diagram. We will for the calculation
of the reduced densities need a slightly more general definition, which we now give.

Definition 5.3.1. The set G/ is the set of all graphs with p internal black vertices, n
external black vertices, ¢ internal white vertices and m external white vertices, such that there
are no edges between external vertices, and such that all internal vertices has degree at least 1.
That is, all internal vertices are incident to at least one edge and external vertices may have
degree 0. As above we label the black vertices as me ={(L,1),...,(p+n,T)} where the first
n are the external vertices. The white vertices are labelled Vqﬂm ={(1,4),...,(g+m,})},
where the first m are the external vertices. In case n = m = 0 we recover G0V = G, ..

If we need the vertices to have certain labels we will write QE’*WW* (or similar with only
some of p, q,n, m replaced by sets) for the set of all graphs with internal black vertices B,
external black vertices B*, internal white vertices W and external white vertices W*, where
B,B* C VI and W,W* C Vi are all pairwise disjoint.

The set D" is the set of all diagrams on p internal black vertices, n external black vertices, ¢
internal white vertices and m external white vertices. Such a diagram is a tuple D = (7, 7, G)
where m € S,i0, T € Syim (viewed as directed graphs on the black and white vertices
respectively) and G € G\

We will refer to the edges in G as g-edges and the graph G as a g-graph. Moreover, we refer
to the edges in both 7 and 7 as y-edges.

The value of the diagram D = (m,7,G) € Dy" is the function
I (X, Yon)

p+n +m
= (_]-> / H e H ’YNT Li; xﬂ'(’b H yja Yr () dX[n+1 n+p| d}/[m—l—l m+q]-
ecG i=1 j=1

155



5. ALMOST OPTIMAL UPPER BOUND FOR THE GROUND STATE ENERGY ...

If p=0 and/or ¢ = 0 there are no integrations in the z; and/or y; variables.

A diagram D = (m,7,G) is said to be linked if the graph G’ with union all edges of 7,7 and
G is connected. The set of linked diagrams is denoted L.

In case m = n = 0 we write D0 = D, L% = £, and I'}’ = I'p (i.e. without a
superscript).

Figure 5.3.1: Example of a diagram (m, 7, G) with 3 linked components. Vertices
denoted by e are the black vertices, i.e. of spin 1, and vertices denoted by o are
the white vertices, i.e. of spin |. Moreover, vertices with label * are external,
dashed lines denote g-edges and arrows (i, v) = ((i,0), (j,0’)) denote y-edges,
i.e. that w(i) = jif o = o’ =1 or 7(i) = j if 0 = ¢’ =]. Note that there are no
v-edges between vertices of different colours (i.e. with different spin).

In terms of diagrams we have

Cy N N'NJ, 1+ I'pl|. 5.3.1
VY N

p,q=0 pq DeDy,q

p+q>2

We may decompose any diagram D = (w, 7, ) into its linked components. For this, note
that its value I'p factors over its linked components. Moreover, each linked component has at
least 2 vertices, since they have degree at least one. Thus,

2. o

plq! DGqu
1 I'p I'p
f— —_— .« .. DY 1 “ .. k
S T SRS DU (oSS SRR DR .
k=1 © p1,q1>0 Pr>qk >0 Di€Lp;,q Dy€Lpy g F17HL krik:
~~ p1+q1>2 Pr+qr>2
# Ink. cps. linked components

sizes linked components

Here the factor = comes from counting the possible ways to label the k linked components
and the factors gl come from counting the possible ways of labelling the vertices in the
different linked components (and using the factor ﬁ already present). If we assume that

1 . .
the sum >, 1 >0 ol > per,, D is absolutely convergent, (more precisely we assume that

> opapta>2 ﬁ Y _DeLy, FD‘ < 00,) then we may interchange the p, g-sum with the py, g,-sums.
The absolute convergence is proven in Theorem 5.3.2 below. Thus, under the conditions of
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5.3. Gaudin—Gillespie-Ripka expansion

Theorem 5.3.2, we have

Cnyny = NiINHT+ Z Z o Z Z

] Ce
k‘=1 . pl,thO pk::qk>0 Dleﬁpl a Dkeﬁpk,qk plql pqu’
L p1+q1>2 prtar>2

) k
| | L L
k=1 p,q>0 DeLy,q
L p+q=>2
| | 1
= NyINlexp ) Z I'p
pa>0 P"C per,,
p+q>2

(5.3.2)

5.3.2 Calculation of the reduced densities

For the calculation of the reduced densities we need to keep track of also the external vertices.
First, we have the formula (for n +m > 1)

P = Ny(Ny = 1)+ (Ny —n + DN(N, = 1) -~ (N, = m + 1)

oo o (X YOO X010 @V

H f/fl/

CNTvNi pu<v
UvVeVn,m
< [+f (+gw) T (1+0w)
HEVR, m,ugéVn m u<v
Ly V¢Vn m

NN -
= C H fuu 1// (rtpanta) Z ngdX[nH,ner] dY[m+1,m+q]
Ny, N, p<v pq>0 plq Gegym c€G
le’evn,m
NN , 1
=—— I |+ > - > " (5.3.3)
CN¢,N¢ u<v . p,q>0 p: Q' DGD" ,m
U VEVR m L p+q>1

where we extended the p, g-sums to oo as in Section 5.3.1 above and used that the p =g =10

term gives
> Ip™=pmm.
DeDgy"
Note here that the p, g-sum does not require p+ ¢ > 2, since the internal vertices may connect
to external ones. As for the normalization constant in Section 5.3.1 we decompose each

diagram D into its linked components. Here we have to keep track of which linked components
contain which external vertices. To do this we introduce the set

B* = (Bf, ..., BX) partition of {1,...,n},
™ .= ¢ (B, W*) : W* = (Wf,...,W}) partition of {1,...,m}, ;. (5.3.4)
For all A : B} # @ and/or Wy # @.
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5. ALMOST OPTIMAL UPPER BOUND FOR THE GROUND STATE ENERGY ...

The set TI>"™ parametrizes all possible ways for the diagram D € D" to have exactly &
many linked components containing at least 1 external vertex each. Note that for k > n +m
we have II7"™ = &, since we require that for all A we have B} # @ or W5 # &. Denoting
then k the number of linked components with only internal vertices we get the following.

—ZF’BW

lo!
pq: DeDy "

0 1n+m1

—Zk.z T Y Y ey

=1 """ (B*W*)elly™ pt,a; >0 P5,45>0 p1,q1>0 Pk, >0
p1tq1>2 Pr+qr=>2

XX, 3, pe=p) X (X, 4+ 3, 20=9) (5.3.5)
Do M (Xay Yig) T (X, Vi)
y Z Y .

. pilg;! pilgr!
D*EL# 1 AW ELZ:B%#W kY%
I'p I'p
z : § : 1 k
. pilgr! .Upk!Qk!'
Dleﬁpl,ql DkEEPkﬁqk

(Note that the linked components with external vertices may have 0 or 1 internal vertices,

i.e. the p}, gi-sums do not require p} + ¢% > 2.) The factorial factors come from counting
the different Iabellings The factors ; and - from the labellings of the clusters and the
factors *,, qi pl,, ol from labelling the mternal vertices of the different clusters exactly as in
Section 5 3.1 above.

If we assume absolute convergence of all the I -sums with n’ < n and m’ < m (i.e. that

2 p.q>0 ﬁ ZD&Z,&W I‘g’m/’ < 00) then we may interchange the p, g-sum with the p}, ¢}- and

pe, qe-sums. We then get

Z*ZF

p,q=>0 p q DeDy

1

2 g 2 o (5.3.6)

1
7!
p,9=>0 P:q: DeLy,q

p+q>2
ntm 1 #BL WS
<D D H > . Ih T M Xeg Yuy)
k=1 I (g ypeyerrm ™ A=1 [ pr,gr>0 plan! #BY #WS
)\E,Cp»q)\

Thus by Equations (5.3.2) and (5.3.3) we conclude the formula

P5 (X, Vo)
2 | "X 1 E 1 #BA,#W
= 1 Jw| 2 M| X 5 X Tp 7" (X Yig)
V€V, m r=1 B (B wyerm A=1 | paanz0 PATON #BY #W
p<v AEhpy, Q,\

under the assumption of absolute convergence.
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5.3. Gaudin—Gillespie-Ripka expansion

5.3.3 Summary of results

With the calculation above we may then state the following theorem.

Theorem 5.3.2. For integers ny, my > 0 there exist constants ¢y mg, Cng.mo > 0 (small and
large respectively) such that if sab®p(log N)* < cpm, then

1

< 00, Z—

p,q>0 p!q!

>
p,q=>0 p!q!
p+q>2

< Cromep ™™ <00 (5.3.7)

>

DeLly "

for any n < ng and m < mqg with n +m > 1. In particular, then

p(n’m) (Xnv Ym)

Jas
n+m 1 K 1
_ 2 - #BY,#W5
- H f;u/ /ﬁ?' Z | | Z FDA (XB; ’ YW;:) ’
1€V m k=1 I (g ypeyermmm A=1 | py,gr20 PAIN #BL #W
p<v AELpy.ay

(5.3.8)

where 117V is defined in Equation (5.3.4).

As particular cases we note that for n +m = 1 we have by translation invariance that

1
Y. ST o VNI LR S S VN (XD

lg!
pa0 P4 pepto P.a>0

We give the proof of Theorem 5.3.2 below.

Remark 5.3.3 (Higher spin). One may readily generalize the computation above to a general
number of spins S. For this one introduces vertices of more colours and diagrams with such,
ie. t.h.e sets of graphs and diagrams_ oLl Dobeelts Lo-o0S and the values 7™, The
condition of absolute convergence is completely analogous.

Remark 5.3.4. The condition for the absolute convergence is not uniform in the volume, hence
the need for a box method as given in Section 5.5.4. The condition of absolute convergence is
additionally the reason for introducing the Fermi polyhedron. This is discussed in Remark 3.3.5.
If one did not introduce the Fermi polyhedron and instead used the Fermi ball the factor
s(log N)? in the assumption of Theorem 5.3.2 should be replaced by N1/3.

Remark 5.3.5 (General f and ). In the computation above we may replace the specific
functions f, f, by more general functions f,, = f,, > 0. (One then introduces g. =

foor(zi = 25) = 1 for e = ((i, 0), (4, 0")).)

Moreover, for the absolute convergence we may additionally replace the one-particle densities
7](\}3 by general functions 7, (2; — 2;). (One then defines v, as in Equation (5.2.3) above.) In
the computation above we crucially used that [det v,,],.vev,, = 0 for appropriately large p, ¢
in order to extend the p, g-sums to co. If for the general v, this is not valid, this step of the
computation above is not valid. The rest of the calculation starting from what one gets out of
this step is however still valid. That is, the calculation in Section 5.3.1 is valid starting from
Equation (5.3.1) and the calculations in Equations (5.3.5) and (5.3.6) in Section 5.3.2 are
valid.

The statement of the absolute convergence in this more general setting reads
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5. ALMOST OPTIMAL UPPER BOUND FOR THE GROUND STATE ENERGY ...

Lemma 5.3.6. Suppose there exists a constant Ctg > 1 such that

sup sup H foor(zi — zj)2 < (Cre)? for any g € N. (5.3.10)

0,07 2120 1< j<q

Then for integers ny o, ..., ng, there exists constants c,, ;. nsosCnio....ngo > 0 such that if

< C’nl,o,...,nsyoa (5311)

sup Y [,(k IXSUP/\J%U [1+Sup/|%|
g A

7 ke 2n73

where 4, (k) = %5 [, 7o(x)e~** dz denotes the Fourier transform, then

1
Y ———| Y <o
prps>0 P12 PS  peg,
ZJPUZQ
1 2ot
> T Yo T < Chpgrmso [SUp Y. [A4(K)] < 00
p1yops>0 P17 PS! DeLylyS 7 ke 2273
(5.3.12)
for all n, < n,o with 3, n, > 1. In particular then
1 1

Z:=1+ )Y,

!
pryopezo D1l pst DeDy,

Z I'p =exp Z

l...pe!
Py >0 P1° Ps: DeLy,

,,,,, Ps yeeP S
D, Po>2 S
and
1 1 Fnl,...,ns Xo-
z > L p.! > (X7, o=1...s)
p1;.-,ps >0 o Po DEDZ} AAAAAAAAAA ;L 5
Zgnf" 1
k=1 K' (V*l ..,V*S)GHnl ..... ng
- 1 #V, #V,
X H Z H po" Z FDAA, VA (( ‘O/-;cr)o—:l, S) ,
A=1 pi,,,.’pizo o)\ DAGE#V;\A 7777 #V;S
p%\ ..... p§
where

[IPons {(V*l VS Vo = (V9 ..., V*9) partition of {1,... ,ng}}

For all A : V7 # & for some o

parametrizes the ways for the external vertices to lie in r different linked components, the
coordinates of each spin o are labelled x%,j € N, and we denote by X§ = (27);ca the
coordinates with labels in the set A.

The condition in Equation (5.3.10) is the “stability condition” of the tree-graph bound [PUQ9,
Proposition 6.1; Uel18].
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5.4. Absolute convergence of the Gaudin—Gillespie—Ripka expansion

We give the proof of Lemma 5.3.6 in Section 5.4 below for the case S = 2. The proof for
general S is a straightforward modification, but notationally more cumbersome. The case
S =1 is treated in Section 3.3.1. Theorem 5.3.2 is an immediate corollary.

Proof of Theorem 5.3.2. Note that f,, f, < 1 and 4y (k) := L7 [, fyl(vlz(x; 0)e ke dy =

L_SX(kepg) so Zke%m %Va(k)‘ = po < p. Moreover, we have the bounds

/\g5| < Cab?, /\gp\ < Calog(b/ay) < Cab?, (5.3.13)
which follow by a simple computation using Lemma 5.2.5. Recalling also Equation (5.2.9)
then Lemma 5.3.6 proves the desired. O

5.4 Absolute convergence of the Gaudin—Gillespie—Ripka
expansion

In this section we give the proof of Lemma 5.3.6 for the case S = 2. The proof is similar to that
of Theorem 3.3.4. We need to prove (for all n,m and uniformly in X,,,Y,,) Equation (5.3.12)
if Equations (5.3.10) and (5.3.11) are satisfied. To simplify notation we define

Yoo 1= sUp D A, (R)] —sup/\fw 1\—Sup/|ge L= Sup/I%I,
7 kelnzs o Ja

where as above 4, (k) = L™ [, 7,(x)e”** dz. Equation (5.3.11) then reads that v, Iy (1+1,)
is sufficiently small.

We give the proof in two steps. First we consider the case n = m = 0.

5.4.1 Absolute convergence of the ['-sum

In this section we show that

1

2 i
,9>0
pt+q=>2

under the relevant conditions. Defining clusters as connected components of G we split
the sum into clusters as in Section 3.3.1. Denoting the sizes of the clusters by (n,,my),

¢=1,...,k (meaning that the cluster ¢ has n, black vertices and m, white vertices) we get
1
o 2 o
P% peg,,
=25 > X, me=p) X, me=a) Tik_ i 1
= k! N1, >0 o T Ty melmy!

mi,...,mi>0
For each ¢: ng+my>2

/ / dx, dv,
GgECn[me

ﬁng

(=1eeGy

] (5.4.1)

p q
X Y (=)™ (=) X((rruiGe) tinked) L] 71(@i — 22) 1] 70 (w5 — v-)) |
TES) i=1 j=1
TES,
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5. ALMOST OPTIMAL UPPER BOUND FOR THE GROUND STATE ENERGY ...

where C, , C G, , denotes the subset of connected graphs. The factorial factors arise from
counting the possible labellings exactly as in Section 5.3.

The last line of Equation (5.4.1) is what we will call the truncated correlation. We give a
slightly more general definition for later use.

Definition 5.4.1. Let By,..., B, and W1, ..., W, be sets of distinct black and white vertices
respectively, such that for each ¢ = 1,...,k we have By # @ and/or W, # &. Then the
truncated correlation® is defined as follows.

E(Bl,Wl),...,(Bk,Wk))

= Z (=)™ (=1)"X((r.m.0eG) linked) H (z H YWy — yri)) (5.4.2)
WESUZBZ 1€EUp By JEU W,
TESUZWK

for any connected graphs G, € Cp, w,. The definition does not depend on the choice of the
graphs Gy.

If the underlying sets By,..., By, W1, ..., W, are clear we will also use the notation

((#Bl7#W1)7"'7(#Bka#wl€)) _ ((Blvwl)v'“:(Bkak))
Pt = Pt .

The truncated correlations are studied in [GMR21, Appendix D]. To better compare to the
definition in [GMR21] we note the following.

In Equation (5.4.2) we may view (7, 7) together as a permutation of all the vertices (both
black and white). Moreover, if we instead sum over all permutations 7’ € Sy, 5,uu,w, We have
that any 7' not coming from two permutations 7, 7 on the black (respectively white) vertices
contributes 0, since any y-factor between vertices of different spins is 0. That is,

B1,W1),...,(Bg,W, T
pp e B ) N () X e ked) LT Yo

€Sy, B,uU,W, HEUB,UUW,

In [GMR21, Equation (D.53)] is shown the formula for the truncated correlation

pEI B s [T 2w [ diat)detRE),  (543)

Ac AUB1,W1), (B, W) (p,v)€A

where A denotes the set of anchored trees, 114 is a probability measure and R(r) is an explicit
matrix. The set A(B1W1).(BWi)) of anchored trees is the set of all directed graphs on
the vertices U, B, U U,W, such that each vertex has at most one incoming and at most one
outgoing edge, and such that upon identifying all vertices inside each cluster the resulting
graph is a (directed) tree. The matrix R(r) satisfies the bound

Z[ #By+#W,)—(k—1)

det R(r)| < v (5.4.4)

This follows from [GMR21, Equation (D.57)]. We give a sketch of the argument here, see
also [GMR21, Lemma D.2] and Lemma 3.3.10.

1The truncated correlation is also sometimes referred to as the connected correlation. In particular, this is
the terminology used in [GMR21].
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5.4. Absolute convergence of the Gaudin—Gillespie—Ripka expansion

Proof (sketch) of Equation (5.4.4). Write v, (2, — 2,) = <ozu|/6’l,>52(2%23), where for k € 2 7?

—ikz, | 2 ﬁa(kj) —tkzy | 2
(k) = e W s Bk = e AW

with 4, (k) = L™ [, v-(x)e”"** dx the Fourier coefficients. Then by the Gram-Hadamard
inequality [GMR21, Lemma D.1]

p

[detfyo (2 — 2)uvevg | < TT lowllaeezs) 1Bulleengs < | X2 A(R)]

REVY ke2rz3

It is then explained in the proof of [GMR21, Lemma D.6] how to adapt this argument to
bound det R(r). O

Combining Equations (5.4.3) and (5.4.4) we conclude the bound

(#Be+#W;)—(k—1)
< e HBHW 3 I bl  (545)

Ac AUB1,W1), (B Wg)) (u,v)EA

B1,W1),..., B, W,
‘pg(l 1)5e-,(Br,Wk))

With the truncated correlation we may write the last line of Equation (5.4.1) as p,(fN’M), where

N:<n17"'7nk)7 M:(m17"'7mk)7 (NaM):((n17m1>7"'7<nk7mk))-
That is,
1 1
IR Z X(ZZW=P)X(ZZTW=(1

| ) 1Tk
— K N1y >0 [Ti—1 nelmy!
mi,...,mi >0
For each ¢: ny+mp>2

x// dX, dy, ﬁ SO ge] pMNAM.,

/=1 G[Ecnl,me eeGy
To bound this we use the tree-graph bound [Uel18], see also [PUQ9, Proposition 6.1]. By
assumption Equation (5.3.10) is satisfied and thus [Uel18]

>, 1l

GeCp g e€G

<cpet S e, (5.4.6)

T€Tp,q e€T

where 7, , C G, , denotes the subset of trees. (To see this note that C,, (respectively 7, ,)
is the set of connected graphs (respectively trees) on p + ¢ vertices with the colours of the
vertices just serving as a handy reminder of the edge-weights g..) By moreover using the
bound on the truncated correlation in Equation (5.4.5) we conclude that

1
Z 11 Z I'p
p,q>0 P:q: DeLp,q
p+q=>2

1 n.
e+myp)—(k—1 k—1
% | ,’(CTG%o)Z‘Z( . )CTG
P R | SR (5.4.7)
mi,...,mp>0
For each £: ng+my>2

> > [ ey
(ng,mg))

T1,..., Tk AeA((nl )5
Tzene,mé

111 rge\} 1wl

(=1e€Ty p,,z/)eA
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5. ALMOST OPTIMAL UPPER BOUND FOR THE GROUND STATE ENERGY ...

To do the integrations we note that the graph 7 with edges the union of (g-)edges in
Ti,...,T) and (y-)edges in A is a tree on all the Y, n, + >, m,; many vertices. One then
integrates the coordinates one leaf at a time (meaning that the index of the corresponding
coordinate is a leaf of the graph .7) and removes a vertex from the graph after integrating
over its corresponding coordinate.

To be more precise suppose that 1y is a leaf of .77. Then the variable z,, appears exactly once
in the integrand. Either in a factor g,,, (in which case the z,,-integral gives [ |g| < I, by the
translation invariance) or in a factor 7, (in which case the z,,-integral gives [ |y| < I, by
the translation invariance). The final integral gives L? by the translation invariance. There
are k — 1 factors of v and > "y(n; +my — 1) = p+ q — k factors of g. Thus we get

1 L | 1 k
> | 2 T <25 > T it [LL# T
pa>0 P4 |\pec,, k=1 N1, >0 o=1 Tt [y
p+q=>2 m,...,mp>0

For each £: ng+my>2

% #A((nl’ml)""’(nk’mk))(CTGIg'Yoo)Z‘(W—FmZ)_k(CTGIV)k_ICTG’YooLg-
In [GMR21, Appendix D.5] it is shown that

#A((n1,m1),...,(nk,mk)) < k,!czg(ng-ﬁ-m@)‘

Moreover, 7y, ., = (n 4+ m)"™™=2 < C"™(n + m)! by Cayley's formula. Finally, we may

bound the binomial coefficients % < 2ntm Thus
I k
1 3 (ntm)l ]
> T Yo Ip|<CL Y | D ﬁ(C[gﬁ)/oo) il (o) e
pa>0 P4 |pez,, | et niml
pt+q=>2 Ln+m>2
co [ o k
<Ol D UCLyse) | (OL)F!
k=1 Le=2

< CLSPng[g < 00
for yooly and Yoo I, I, small enough. This shows that 3=, ., 22 sy Zpec,, I'p is absolutely
convergent under this assumption. Next, we bound the I'™"™-sum for n +m > 1.

5.4.2 Absolute convergence of the ['"-sum

In this section we prove that (for n +m > 1 and uniformly in X,,,Y,)

1

ﬁ < o0
p:q:

>

p,9>0

< Cpmyt™

>

Decly"

if Equation (5.3.10) is satisfied and . 1,(1 + I,) is sufficiently small.

We do the same splitting into clusters (connected components of () as in Section 5.4.1 above.
There is however a slight complication: One needs to keep track of in which clusters the
external vertices lie. This is exactly parametrized by the set I (defined in Equation (5.3.4)).
Denoting the sizes (number of internal vertices) of the clusters containing external vertices by
(n}, m}) and the sizes of clusters only containing internal vertices by (n,, m;) and introducing
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5.4. Absolute convergence of the Gaudin—Gillespie—Ripka expansion

- B*W* B*W*
C}’;’q’f C Gy as the subset of connected graphs (and similarly Cpp i C Ggy , recall
Definition 5.3.1) we get

1
T Fn,m
Ig! Z D
pq Decn,'m
e’} 1 n-+m 1
Say L Y% >
k=1 (B*,Ww*)ell o™ ni,..ng>0 ni,...,nE>0
my,...,my; >0 mi,...,m >0
For each £: ng+my>2
1 1
X ret Esms =X med Esmi=0 T nxIm3 | TTE, nelme!
K k
X // an+1 ,n+p) de[erl m+q] H H Ge| X H H Je
a* ECBT\ W* GZECW mp A=1 eer\ {=1eeGy
A n m
n-+p m+q

X | D (CUT (=) X (mrunaiouGe) tinked) TT (@ = o) TT 7005 — vr)

TE€ESnip i=1 j=1

TESm+q

(5.4.8)
For kK = 0 the ny,mq, ..., ng, mg-sum should be interpreted as an empty product, i.e. as a

factor 1. Similarly for p = 0 and/or ¢ = 0 the empty product of integrals should be interpreted
as a factor 1.

The last line in Equation (5.4.8) is the truncated correlation

p(B*+N*,W*+M*)@(/\/,M)
t )

where
N =(n3,....n0), N=(n,....,n), M'=(mi,....m5), M= (mq,...,my)
and @ means concatenation of vectors, i.e.
(B* + N*, W* + M*) & (N, M)
= ((Bik + n? Wl* + mi)a R (B: + n:v W: + m:)> (n1’m1>7 SRR (nk’vmk’))7

where we abused notation slightly and wrote B} + nj for the union of the vertices B} and the
nj internal black vertices of the graph G7. (Similarly for the other terms.)

We use as in Section 5.4.1 the tree-graph bound and the bound on the truncated correlation
in Equation (5.4.5). For the clusters with external vertices we add 0-weights to the disallowed
edges as in Section 3.3.1.3, i.e. for G € C;ﬁg” define

R 0 e=(i,j) with 7, j external vertices
e = .
ge otherwise.

Then we may readily apply the tree-graph bound [Uel18] with edge-weights g.:

> Il >. Il

GeCyy" e€G GeCpin,q+m e€G

< S 11Hael

T€Tptn,q+m €T

p+q+n+m Z H ’ge’

Te”["’f M oecT
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5. ALMOST OPTIMAL UPPER BOUND FOR THE GROUND STATE ENERGY ...

where 7, , C G, , and 7;’2””‘ C ng” denotes the subsets of trees. Thus

1 n,m
> > Tp

Iq!
paz0 P4 |pepnr

=% = 2 2 2 I, nlmr TTE, nglmy!
k=0 V' k=1 . (B*,W*)el‘[',;"'m nI?"'y”ZZO N1y >0 i=1 T 210 - =1 !y
my,...,mg> mi,...,mi >0

For each ¢: ny+mp>2

x 2 22

ACAB*HN* WL MISWN M) TF . T5  Ti,..Ty
T*GTB;‘\,W; Te€Tng,my
A Tngmg

. // dX[n+1’n+ZAn§+Zene] de[m—i—l,m—l—ZAm;-i-ZemA
K k
< | 1T IT lgel 1T IT loel 11 Il

A=le€T;  (=le€T,  (uv)cA
X (Crrgyoo ) 2o A2 (et ma) tnbm—(ktr—1) Okl
(5.4.9)
To do the integrations we bound some g- and ~-factors pointwise. Recall first, that there are

k clusters with external vertices. We split the anchored tree into pieces according to these
clusters as follows.

We may view the anchored tree A as a tree on the set of clusters. If kK = 1 set A; = A.
Otherwise iteratively pick a y-edge on the path in A between any two clusters with external
vertices and bound it by

o) =] Y A (k)e™| < v
ke2zz3

and remove it from A. This cuts the anchored tree A into pieces. Doing this xk — 1 many

times we get k anchored trees Ay, ..., A, with each exactly one cluster with external vertices.
That is,
K
—1
IT hwl < T 1T bl
(nv)EA A=1 (p,v)€AN

Next, in each cluster with external vertices, say with label \q, we do a similar procedure of
splitting the cluster into pieces according to the external vertices.

In the cluster A\q there are # B} + #Wy > 1 external vertices. If #B3 + #Wy =1 set
15,1 =15, Otherwise iteratively pick a g-edge on the path in T} between any two external
vertices and bound it by

21| < max{f?,1} < C3¢

|ge| =

using Equation (5.3.10) for ¢ = 2. Remove the edge e from 75 . This cuts the tree
Ty, into pieces. Doing this #B} + #W5 — 1 many times we get #B3 + #W trees

* * H .
UAVRTRRS ,TAOV#HB;OJF#M,;0 with each exactly one external vertex. That is,
#B +#W;;
2(#B; +#W; —1) ° o
0 0
H |ge| SOTG H H |ge|'
€€T;0 v=1 eeT;O y
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5.4. Absolute convergence of the Gaudin—Gillespie—Ripka expansion

We do this procedure for all the x many clusters with external vertices. Then the graph .7
with edges the union of all (g- or v-)edges in T ,, Ty, Ax (for A€ {1,...,k}, £ €{1,... k}
and v € {1,...,#B5 + #WJ — 1}) is a forest (disjoint union of trees) on the set of vertices
VoS e, memt S, mi 437, m With each connected component (tree) having exactly one
external vertex. Moreover, we have the bound

// dX[n—&-l,n—l—E)\n;—‘rZzng] dY[m+1,m+EAm§+Z£mz {H H |9e| H H |9e| H |7uu|

A=1e€eTy} {=1e€T, (p,v)EA

K #B*+#W
<OTn+m K) :O—l // H |ge |’Y}LV| H H |ge| )

c€TS,  (nw eAA G:Ty~Ay €T,

(5.4.10)
where T, ~ A\ means that 7, and A, share a vertex. (Equivalently they are part of the same
connected component of .7.)

Since each connected component of .7 is a tree we may do the integrations one leaf at a time
exactly as for the I'-sum in Section 5.4.1 above. To bound the value we count the number of
~- and g-factors that are left.

The number of ~-integrations is exactly the number of ~-factors. There are k + x many
clusters, so A has k+ x — 1 many edges. In constructing Ay, ..., A, we cut x — 1 many edges,
thus there is £ many ~-factors left and so there are k many v-integrations in Equation (5.4.10).
The remaining >, (n} +m3}) + >¢(ne + my) — k integrations are of g-factors. The integrals
may be bounded by [|y| < I, and [ |g| < I, as in Section 5.4.1. Moreover, since each
connected component of .7 has one external vertex, which is not integrated over, there are no
volume factors from the last integrations in any of the connected components of 7. That is,

// dX[n—&—l,n—i—E)\n;—i-Zzng] d}/v[m+1,m+z/\m§+2emg H H |g@| H H |ge H |’yl“’|

A=1e€eTy {=1e€Ty (p,v)EA

(n+m—k) k-1 (n*+m*)+2 (ne+me)—k 1
< OT :o ]g AV A A I’y

We use this to bound the integrations in Equation (5.4.9). Additionally we need to bound the
number of (anchored) tree. In [GMR21, Appendix D.5] it is shown that

#A(B*+N*,W*+M*)@(N,M) < (k’ + H)!Cn+m+z>\(n’;‘+m§)+ze(ng+mg)’

since we have k+r many clusters and n+m+32, (3 +m3)+32,(ng+m,) many vertices in total.
Moreover, #7,%™ < #Tpingim = (0 + q+n+m)PHtm=2 < (p 4 g + n 4 m)CPratntm
by Cayley's formula as in Section 5.4.1. These bounds together with Equation (5.4.9) then
gives

1 n,m
> o 2 TB
o Pl | p
oo n+m (k‘ + /‘i)'
C m —_—
( ’YOO) I;) k=1 k!k! (B* W;enn’m n*,.§*>0 n1,.§k>0 411
7 ; m%,..l,m'ﬁ;—zo m1,...; M >0 (5 : )

For each ¢: ny+mp>2

o (n} + #BY +my + # W)
QIS ]

X (Clyy )ZA(”§+mi)+Ze(nz+me—1)(C]



5. ALMOST OPTIMAL UPPER BOUND FOR THE GROUND STATE ENERGY ...

Multinomial coefficients may be bounded as (’“pﬁ% < kPrt-+Pe - Moreover, #B5 < n and
#WY < m. Thus we may bound

(n} 4 #By +m5 + #W)! < (0} +m5 +n+m)! < 45Ty mIntim}!

We conclude the bound

2 > Ip”

p.g>0 P- q' pecpr
k
oo n+m "
S (0700 n+mz Z 2k‘+li [ Z Cn,m(CIngoo)n6+mg] C['y Z (ng,yoo)n(ﬂrmofl
k=0 k=1 ng,mg>0 ng,mo>0
no+mo>2
(5.4.12)

For some ¢, ., > 0 we have that if v,.I,(1 + I,) < ¢, the sums are convergent and we get

y L

paso P!

> Ty

Declyd"

< Crm ™ < 0.

This shows the desired. We conclude the proof of Lemma 5.3.6 for the case S = 2.

Remark 5.4.2 (Higher spin). For the case of higher spin S > 3, the computations are
essentially the same.

For later use we define for all diagrams some values characterising their sizes.

Definition 5.4.3. Let D € £}7". Define the number k& = k(D) as the number of clusters
entirely within internal vertices (i.e. the same k as in the computations above) and xk = k(D)
as the number of clusters containing at least one external vertex (i.e. the same k as in the
computations above). Define then v* = v*(D) and v = v(D) as

(ng + mg) — 2]{7,

1

K k
Zn,\—l—mA v =

4

where n}, m}, ng, my are the sizes of the different clusters exactly as in the computations
above. (Then v+ v*+2k =p+q.)

For a diagram D the number v + v* is the “number of added vertices” in the following sense.
A diagram with n 4+ m external vertices and k clusters entirely within internal vertices has at
least n + m + 2k many vertices, since each cluster (with only internal vertices) has at least 2
vertices. Then v 4 v* is the number of vertices a diagram has more than this minimal number.

Note that in the special case of consideration with the scattering functions f;, f, and the

one-particle density matrices 7](\2 we have

Yoo < P, I, < Cab?, I, < Cs(log N)?

by Equations (5.2.9) and (5.3.13), see also the proof of Theorem 5.3.2. Then, by following
the arguments above (see in particular Equations (5.4.11) and (5.4.12)), we have (for p+q =
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5.5. Energy of the trial state

2]{70 + l/())
1
FTL,’H’L
141 Z D
PO pecpm
k(D)=ko
v(D)+v*(D)=vg

for any n,m with n +m > 1. We think of

increasing vy by 1 we decrease the size of the diagram by (a®p)

decrease the size of the diagram by (ap)°.

< Crpnp™ ™ (Cab?p) 0 (C's(log N)?)*

(5.4.13)

s as s ~ (a®p) Y3+ for some small ¢ > 0. Thus
1/3 " and increasing ko by 1 we
(Recall that b = p~1/3))

5.5 Energy of the trial state

In this section we use the formulas in Equation (5.3.8) to calculate the energy in Equation (5.2.7).

We will refer to a term in Equation (5.2.7)

5.5.1 2-body terms

(n,m

Jas

)

where p appears as a (n, m)-type term.

In this section we consider the terms in Equation (5.2.7) where a two-particle density (pﬂﬁ;’”’
with n + m = 2) appears. We consider first the term with m =n = 1.
5.5.1.1 (1,1)-type terms
We consider the term
an [IVfsm —y)* 1 o d
- — . 55.1
// Plas [ Fo(T1 — 512 + 2’0(951 y1)| didy ( )
The formula in Equation (5.3.8) reads for pﬁ’j) as follows.
1,1 1,0) 1,1
pgas )(‘Tlayl) = fs(l'l - yl) pgas pJas) + Z Z FD
! a0 P4 ey
g (5.5.2)
= filz1 —y)* |proy + 2 I
p,g>0 pq: Derll
L p+q>1 -

since L))} = @ for p=¢q = 0. The second s

ummand is an error term. We bound it as follows.

Lemma 5.5.1. There exists a constant ¢ > 0 such that if sab*p(log N)? < ¢, then for any
integer K there exists a constant C'ic > 0 such that

) 1
p,q>0 p!q! 1,1
pa>1 DeLra

3" B < Cral?s? + Cp(Csal? pllog N+ + Csa®p* log(b/a) (log N

We give the proof at the end of this section.
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5. ALMOST OPTIMAL UPPER BOUND FOR THE GROUND STATE ENERGY ...

Using Equation (5.5.2) and Lemma 5.5.1 we get for any integer K
1
(5.5.1) = 2L3/ (|st|2 + QUfg) de[pypy + Ok (ab*p°)

+ Ok (pQ(sapr(log N)S)KH) +0 (sa3 log(b/a)(log N)?’)}.
By Definition 5.1.1 we have

1 1 1 4dma
2 L o < 2 1 2) _
/(!st\ * 2”f5) @S ATy / ('st(” Tt ) 4=
= 471a + O(a®/b).
We conclude that
(5.5.1) < L*8maprp;, + O(LPa*b™'p?) + O (L*a®b*p*) + Oy (L3ap2(sab2p(log N)3)K+1)
+ O(L?sa®p® log(b/a)(log N)?).
(5.5.3)

Finally, we give the

Proof of Lemma 5.5.1. We split the diagrams into three groups using the numbers v*, v and
k from Definition 5.4.3:

(A) Diagrams with v +v* > 1,
(B) Diagrams with v 4+ v* =0,

(B1) at least one p-wave g-factor.

(B2) only s-wave g-factors.

Remark 5.5.2. The diagrams of types (A) and (B1) are those for which the bound in
Equation (5.4.13) is good enough to show that these diagrams give contributions to the
energy density < Ca?p”/3. Naively using the bound in Equation (5.4.13) for the diagrams of
type (B2) we only get that these are bounded by p?(a®p)® with b = p='/% and s chosen as
described immediately after Equation (5.4.13). We will calculate the value of all the (infinitely
many) diagrams of type (B2) below and use this exact calculation for all diagrams up to some
arbitrary high order. This is an essential step in proving the “almost optimal” error bound in
Theorem 5.1.2. It is similar to the approach in [BCGOPS23] for the dilute Bose gas.

The contribution of all diagrams of type (A) (with v+1* > 1) is < C'ab?p® by Equation (5.4.13)
if sab®(log N)? is sufficiently small (recall Theorem 5.3.2). For diagrams of type (B) note
that we have k£ > 1, since any summand p, ¢ has p + ¢ > 1. Moreover, for diagrams of type
(B1), at least one factor [ |gs| < Cab?® should be replaced by [ |g,| < Ca®logb/a (recall the
bounds in Equation (5.3.13)). Thus, again by Equation (5.4.13), we may bound the size of all
diagrams of type (B1) by C'sa®p®log(b/a)(log N)3. More precisely we have

1
> | X Tp| < Cab?p,
pa>0 P4 DeLhy
ptqzl D of type (A)
1
Z ]TQ' Z F}jl < Csa®p? log(b/a)(log N)3
p,g20 £ Dech!
ptq=1 D of type (B1)
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5.5. Energy of the trial state

if sab’p(log N)? is sufficiently small. It remains to consider the diagrams of type (B2), where
v+v* = 0 and only s-wave g-factors appear. These diagrams have g-graph as in Figure 5.5.1b.

Note that in particular p = ¢ = k(D) for any such diagram.

A (L,1)e ' '
| Ll)e o o
1 H/—/
(1,4) 450 k
(a) Diagram Dgman of smallest size (b) Graph G of general diagram, k& > 1.
(b) only the g-graph G is drawn. The

Figure 5.5.1: Diagrams of type (B2). |
relevant diagrams (7, 7, G) have 7, 7 such that the diagrams are linked.

We now evaluate all these diagrams. We give an example calculation of the (unique) diagram
of smallest size, and then do the computation in full generality. The diagram of smallest size

is the diagram in Figure 5.5.1a. Its value is

71 j—

1
Dsmall

//%(Vﬂ) (21 22)9N (@23 20N, W15 92) 9N, (013 92) 95 (2 — 2) ds digo
ﬂ eikl(xl*932)eik;(zszﬂl)eikf(ylfyz)eikg(yzfyﬂgs (x2 _ y2) dz, dys

- X ¥

12
Ttept b deopt
k1 k]ePl Kt kieP}
1
- L Z izi: ¢e
TlTept
K ke Pl Kt kie P}
o S SN i (o
X / dxy [ez(kz ky k3 kl)M/ dys (95(962—?&)6 ik —ky) (22 yz))]

i(k] k) itk =k

1

T kMg ik — kb 7 o
=T Z Z etk —ky)z1 i(ky k2)y1L3X(kg—kI:kf—ké)L3 s(k% _ /{%)

T 1lept b pdepl
k] klePl kt kieP

where §,(k) = L3 [ gs(x)e~"** dz denotes the Fourier transform and we used the translation
invariance to evaluate the g,-integral. We have the bound (recall Equation (5.3.13))

L3 15.(k)] < / lg(2)|dz < Cab?.

The characteristic function Xkl k=t k) effectively kills one of the four k7-sums. The
2 1— ™ 2
remaining k;’-sums have at most N, < N many summands. We conclude the bound

(uniformly in z1,y;)

1,1
FDsmall‘ S Cab2p3

171



5. ALMOST OPTIMAL UPPER BOUND FOR THE GROUND STATE ENERGY ...

For the general diagram in Figure 5.5.1b we may use the same method. We then have

1,1 1
I'p = ,6+6k Z // dXpo k1 dY2k41
T Tl l .
ki sk EPL KT ook, EPF
k+1 k+1
He“% Ti—Tx()) o (Wi —Y-()) Hgs _
_ L Z Z ei(kI_kIflu))xlei(H"iﬂm)yl
Lotk T I .
ki ook EPL KT ook, EPF
k+1 ( Tt T ) ( Lol )
k:—k _,  FkI—k¥_, o )xz; —ilkr—k*_, )(xz;j—y;)
T J =1 J J 1 J J
X H dz; [e () () / dy; (QS(% —y;)e ()
1 ) > ei(kl”“;*(l))“e’(k% kf*(l))yl
LO+6k 0 1 I .
k:l 7k“lvl»lePF kl """ kk+1EPF

ng (m " ki)LBAS (ki kT 1(9) )]

n=1l@G) Trml@) I

Again, each factor L3, we may bound by Cab®. Moreover, since the diagram is linked we
have for each j that 7=1(j) # j and/or 771(j) # 7. (Otherwise the vertices {(5,1), (j, )}
would be disconnected from the rest.) Thus, each characteristic function is non-trivial, and
hence effectively kills one of the £f-sums. Each surviving £7-sum has at most N, < N many
summands. Thus (uniformly in x1,y;)

T3 < p*(Cab?p)*

for any diagram D of type (B2) with k clusters of internal vertices, i.e. with g-graph as in
Figure 5.5.1b. For any integer K we have some finite K-dependent number of diagrams with
k < K. Concretely let My, < co be the number of type (B2) diagrams with k£ = k. Thus,
using Equation (5.4.13) for diagrams with & > K, we get

1 11 K1 1,1
Sowl ZomsYm X Y om X
rao P pecy = perly ket B peciy
ptqz D of type (B2) D of type (B2) D of type (B2)

K
M
< 3 T (Cab’p)* + Cp? (Csab?p(log N+
k=1 """

< Crab?p® + Cp*(Csab*p(log N)?)K+!
(5.5.4)
for some constant Cx > 0 if sab?p(log N)3 is sufficiently small. O

Remark 5.5.3 (Upper bound on number of diagrams — why we can't pick K = o0). For
an upper bound on the number of diagrams we first find an upper bound on the number of
graphs. All the underlying graphs look like Figure 5.5.1b, but the labelling of the internal
vertices may be different. We are free to choose which white (internal) vertex connects to
(2,1) and so on. In total there are thus ¢! = k! many possible graphs.

Next, to bound the number of diagrams with any given g-graph we may forget the constraint
that the diagram has to be linked and consider all choices of 7 € S;11 and 7 € Siy1 instead
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5.5. Energy of the trial state

of just those, for which the diagram is linked. For both 7 and 7 there are then (k + 1)! many
choices. Thus for each graph G there is at most (k + 1)!? many linked diagrams of type (B2)
with g-graph G. Thus there are at most k!(k + 1)!* diagrams of type (B2) with % clusters of
internal vertices. With this bound the sum

zkj klm 3 |r}51\ < ij k(K + 1)2(Cab?p)*

DEE,IC’.}C of type (B2)

is not convergent. This prevents us from taking K = oo in Equation (5.5.4) and using the
exact calculations for all (infinitely many) diagrams of type (B2).

Remark 5.5.4 (Higher spin). For S > 3 values of the spin the evaluation of the diagrams
is the same, but the combinatorics of counting how many diagrams there are for each given
size is more complicated. Still, there is only some finite K-dependent number of diagrams
with k(D) < K and thus (the appropriately modified version of) Equation (5.5.4) is valid if
sab?p(log N)3 < cg for some constant cg > 0.

5.5.1.2 (2,0)- and (0,2)-type terms

We bound the term

// pﬁ’f)

is completely analogous. We may bound the 2-particle density as follows.

’Vﬁ@y—m)Q
fo(T1 — 29)

1
-+ 51)(])1 — IQ)] dl‘l d$2. (555)

The term with pggf)
Lemma 5.5.5. There exist constants ¢,C > 0 such that if Ny = #P; > (' and
sab?p(log N)3 < ¢, then

20 < Cfy(rr — 22)*p° [apr + p?3|xy — 3|2 {1 + sab®p(log N)4H :

‘p.(JaS

This is essentially (a slightly modified version of) Lemma 3.4.1. We give the proof at the end
of this section.

Using now Lemma 5.5.5 we get

< CNa*’p+ CNp*3a® {1 + sab*p(log N)ﬂ

where we used that

v+ 5820

The first inequality follows directly from the definition of the scattering length, Definition 5.1.1.
The second inequality is a simple computation following from Lemma 5.2.5 and Equa-
tion (5.2.10): Using integration by parts and fyo(z) > 1 — a}/|z|* with equality outside
the support of v we have, denoting the derivative in the radial direction by 0,,

1
|z|? dz < Caf, < Ca?, / [\prp + Efp% dxr < Ca, < Ca.

1 b

/(|pr|2 + 2vf§> dz = 47r/ (10: £l 172 + £,02 6,07 + 4£,0, fyr) dr
0

_ 127a} /b

b
=—" 447 |b—2 2dr| < Ca,,.
1—ag/b3+ ﬂ[ /Ofp r]_ a,

Finally, we give the
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5. ALMOST OPTIMAL UPPER BOUND FOR THE GROUND STATE ENERGY ...

Proof of Lemma 5.5.5. Equation (5.3.8) reads for n = 2, m = 0 (recall Equation (5.3.9))

2,0
pgas) fP(‘Tl —1’2 2 pT—i_ Z Z %O

paz0 P De£2 o

We split the diagrams into two types, according to whether v* =0 or v* > 1 (v and v* are
defined in Definition 5.4.3). We write

1
p%—&— Z ﬁ Z F%O:§O+£217

p,g>0 74" pep20
where ] ]
9 2,0 . 2,0
p,g>0 DeLll p,g=>0 DeL’?
v*(D)=0 v*(D)>1

We will do a Taylor expansion of &, but not of {~;. This is completely analogous to what is
done in the proof of Lemma 3.4.1. Consider first {&>1. By Theorem 5.3.2 and Equation (5.4.13)
we have &1 < Cab?p® uniformly in z1, 25 if sab*p(log N)?

Consider next &. We do a Taylor expansion to second order around the diagonal. For the
zero'th order we have & (z1 = x2) + &>1(x; = 23) = 0 since pﬂas)(xl,xg) vanishes for
x1 = To. The first order vanishes by the symmetry in x; and z5. Finally, we may bound the
second derivatives 02 07 &, by following the same procedure as in the proof of Lemma 3.4.1,
Equation (3.4.15)—(3.4.20). This crucially uses the bounds in Equation (5.2.9). We give this

argument for completeness.

Write (recalling Equation (5.4.8) and using that the k£ = 0 term together with p% give the
two-particle density p>? by Wick's rule)

| k
— (2,0 — -
ST VD Jof X5 085 T 1T o0
Pl Hénf'mf' GgGC B2t T2 me =1 ecGy
mi,...,mi >0

For each £ing+my>2

e,y

L R
m T 1 . 1 .

X Yo D)D) X tamuienionan inked) 1T v (@5 2ew) TT ) (W5 420)

€5 n i=1 j=1

e

TGSZ[MZ
The only dependence on z; is in the 7-factors in [---]. Computing the second derivatives
9. 01 & we see that they are sums of terms where one or two of the ~-factors gain the
derivatives 0% and 07 . The term [- - -] above is the truncated correlation. So is its derivative
9. 07 [---] now only some of the ~-factors carry derivatives. To bound this term we do as in

Section 5.4 and use the (appropriately modfied) formula in Equation (5.4.3). The v-factors
with derivative can either end up in the anchored tree, or in the matrix R(r). Following the
argument in Section 5.4.2 to bound 9., 97 & we see that we need bounds on the determinants
of the matrix R(r), modified with the -factors with derivatives, and/or of the integrals of
~-factors with derivatives.

If the y-factors with derivatives end up in the matrix R(r) we gain a factor C'p'/3 in the bound
of its determinant, Equation (5.4.4). This follows from a slight modification of Equation (5.4.4)
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5.5. Energy of the trial state

and is explained around [GMR21, Equation (D.9)]: One changes the definition of some of
the functions «, in the proof of Equation (5.4.4) by including factors ik’ and/or ik?. If the
~-factors with derivatives end up in the anchored tree we either have to bound them pointwise,
in which case we gain a factor Cp'/3, or we have to bound their integrals, in which case we
use Equation (5.2.9).

Following the argument in Section 5.4.2 we thus get a bound similar to Equation (5.4.12) with
the following modifications: One or two factors fA ‘%(\})‘ is replaced with factors with derivatives

N ‘(917 N ‘82,7]\7?’ where 9y,0, € {1,0. ,0] ,0. I } are the derivatives hitting ~-factors
in the anchored tree that we do not bound pointwise. For diagrams with only one internal cluster
(i.e. with k& = 1) there is only one such 7-factor. Moreover we gain a factor C p(2~#91=#02)/3
where #0; denotes the number of derivatives in 9;, i.e. #1 =0, #8;1 =1 and #8;18%1 = 2.
This factor arises from the matrix R(r), modified to include the derivatives, and the ~-factors
with derivatives we bound pointwise. The derivatives in either (the modification of) R(r) or

on v-factors we bound pointwise are exactly those not in 9y or 0. That is,

% 7 (2,0
01,05,6| < |03, 00, 0
+ Cp2 Z p(2*#8)/3 / ‘871(\2‘ Z (C«apr)n()«#mofl
0€{1,0i, .04, .05 01} A %04%0202

+ ) 2 HO—#D2) /3/ & v(l)\/ 000

01,00€{1,0}, .04, .0, 0%, }
61826{178:’:‘1 aagsl 78;:1 617:1 }

X i [Cs(log N)B}k—l S (Cab?p)rotmo!

k=2 no,mo>0
no+mo>2

Noting that chﬁilp(w)’ < Cp®/? by a simple computation using the Wick rule and using
Equation (5.2.9) to bound the integrals we conclude that

ot 7 & ’ < Cp*3 [1 + sab®p(log N)4]

T -z

if N; is sufficiently large and sab*p(log N)? is sufficiently small. By Taylor's theorem we
conclude the desired. O

5.5.2 3-body terms

In this section we bound the 3-body terms of Equation (5.2.7).

5.5.2.1 (2,1)- and (1,2)-type terms

We bound the term

o s

The (1, 2)-type term is bounded analogously.

‘st(l‘l _yl)vfs(xQ )
fs(xr =) f(w2 —

1 d&?l dZL’Q dy1
(5.5.7)
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5. ALMOST OPTIMAL UPPER BOUND FOR THE GROUND STATE ENERGY ...

By Theorem 5.3.2 we have the bound

P < CpPfuar — )2 falma — 10)? folay — 23)°

if sab*p(log N)? is sufficiently small. In the first summand in Equation (5.5.7) we moreover
bound fs(z2 —y1) <1 and in the second summand we bound f,(x; — 22) < 1. Then by the
translation invariance we have

(55.7) < CN? [(/ fSIst\> (/ fp|pr\> " (/ foA)z

By radiality and Lemma 5.2.5 we have
1 - Lo 1 2
yp fsIV fs| = i rfs&,fsdrzﬁ[r fs]0—§ i 2r fZdr

1 1 b a\?
< —hP - 1—) <
_2b (1—a/b)2/a r( " dr < Cab,

where 0, denotes the radial derivative. Similarly by Lemma 5.2.5

1 b 1 1 [
M/fplvfﬂ :/0 TpranpdT: 2[T2fzﬂ8_2/0 27‘f§dr

1, 1 b a®\’ )
Zb_(l—ag/b3>2/ar<1_r§> dTSCap.

We conclude that (for sufficiently small sab*p(log N)?)
(5.5.7) < CNp*ab*. (5.5.8)

IN

5.5.2.2 (3,0)- and (0, 3)-type terms

We may bound

s

using the same method as for the (2, 1)-type terms. The (0, 3)-type terms may be bounded
analogously.

pr r1 — 22)V fp(w1 —

73) 2 4
dzydzydrs < CNpa 55.9
p(T1 — 22) fp(w1 — 23) PRt = A ( )

Remark 5.5.6 (Higher spin). For higher spin we also have terms of type (1,1,1). These may
be bounded exactly as the (2, 1)-type terms with two s-wave factors.

5.5.3 Putting the bounds together

Combining Equations (5.2.7), (5.2.8), (5.5.3), (5.5.6), (5.5.8) and (5.5.9) we immediately get
for any integer K

<¢NT,Nl ‘HN‘wNT,NL>
73
3 _ _ _
= 2 (6% (2 4 p") + Smapypy + O((s” +57%)p%%) + OWNTp*) - (5.5.10)
+ 0(a®b ' p?) + Ok (a®b*p*) + Ok (ap*(sab®p(log N)*)K+1)
+ O(sa®p® log(b/a)(log N)*) 4+ O(a®b?*p®) + O (p8/3a3 [1 + sab*p(log N)ﬂ)
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5.5. Energy of the trial state

for sab*p(log N)? sufficiently small and N, = #P¢ sufficiently large. As in Section 3.4
we will choose N, some large negative power of a®p. By choosing, say, L ~ a(a3p)~1°

(still requiring that % is rational) we have N ~ (a®p)™2°. (More precisely one chooses

L ~ a((kL + kk)a)=°, see Remark 5.2.4.) Additionally we choose

Sy~ <a3p)71/3+s’

where £ > 0 is chosen as ¢ = & for K > 6. Recall moreover that b = p~/3. Thus for any
fixed integer K > 6 we have

<¢N¢,N¢‘ZI§‘¢N¢,N¢> _ 2(6%2)2/3 (p?/:s + pi/s) + 8rapipy, + Ok (apz(a3p)1/3—2/f<> ’

(5.5.11)

5.5.4 Box method

We extend to the thermodynamic limit using a box method exactly as in Section 3.4.1. We
sketch the details here. Using a bound of Robinson [Rob71, Lemmas 2.1.12, 2.1.13] (more
specifically the form in [MS20, Section C], see also Lemma 3.4.3) we have an isometry U such
that Uy, v, has Dirichlet boundary conditions in the box Af o = [~L/2 —d, L/2+d)? and

6N

<U¢NT,N¢’H]€7L+2d’UwNT,N¢> < <¢NT,N¢‘HREFL R

wNT,N¢> +

where H}\%Lwd denotes the Hamiltonian on a box of sides L + 2d with Dirichlet boundary
conditions, and HJ’; denotes the Hamiltonian on a box of sides L with periodic boundary
conditions. We are free to choose the the parameter d. We will choose it some large negative
power of a’p.

We use this to form trial states Uty v, with Dirichlet boundary conditions in a box of sides
L +2d. Using then a box method of glueing copies of the trial state U1y, v, together (as
in Section 3.4.1) with a distance b between them (same b as before) we get a trial state
Wassn, msn, of particle densities p, = % = ps(1+O(b/L)+ O(d/L)). The state
sy, M3, has the energy density

<\IJM3N¢,M3N¢‘HA?[3N,M3(L+2d+b)‘\IIM3N77M3N¢>
M3(L + 2d + b)3
U HE U
U Bl Peoi) 1 o141 + 0001
<¢NT,N¢‘HR?L‘¢N¢,N¢>
L3

(1+ O(d/L) + O(b/L)) + O(pd~?).

Choosing say d = a(a®p)~® and using Equation (5.5.11) we thus get

Profu) = TP M3(L + 2d + b)3

3 —
< 5(67r2)2/3(p?/3 +Pi/3) + 8mapip, + Ox (ap2(a3p)1/3 2/[{)

3 5/ - - s
= = (67 300 + ) + 8mapypy + Ok (ap(a’p)/*2/)
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5. ALMOST OPTIMAL UPPER BOUND FOR THE GROUND STATE ENERGY ...

since p, = p,(1+ O((ap)~?)). For any § > 0 we may take K > (20)~!. This concludes the
proof of Theorem 5.1.2 for pairs of densities (p;,p,) arising from the construction above. As
noted in Remark 5.2.4 this is not all possible values of the densities p,. Finally, we extend
Theorem 5.1.2 to all pairs of (sufficiently small) densities.

Consider any pair of densities (p10, py0) and define py = pyo + pjo and the Fermi momenta

kg, = (672)/3pk%. Let € > 0 be some small parameter to be chosen later and find (by
density of the rationals in the reals) k% with (1 4+ )k%, < k% < (1 + 2¢)k%, and kb /k
rational (recall Remark 5.2.3). Following the construction above we find a trial state ¢y, v,
with particle densities p, satisfying

(1434 0D + ONY2) oo < po < (1466 + O(2) + O(NIY3)) poo.

Thus by constructing the trial states Warsn, msN, of particle densities p, as above we find
(1432 4+ 0(%) + O((a*p0) ®)) po0 < By < (1+ 62 + O(e?) + O((a*p0) ~*)) poo.

Choosing then & = (a®py) ™ we have py0 < p, and p, = po(l+ O((a®py)™)) for sufficiently
small a®py. Since v > 0 the energy is monotone increasing in the particle number, thus so is
the energy density. Hence for any 6 > 0

e(pro, pro) < e(Prs Py)

< §(67T2)2/3(ﬁ?/3 n ﬁi/s) + 87ap.p, + Os(ap?(a®p)1/3-9)

= 2(67r2>2/3(p%3 i p%3) + 8rapropyo + 05(ap3(a3p0)1/3—5).
This concludes the proof of Theorem 5.1.2.
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CHAPTER

Pressure of a dilute spin-polarized Fermi
gas: Lower bound

This chapter contains the paper

[PressLow| A. B. Lauritsen and R. Seiringer. “Pressure of a dilute spin-polarized Fermi
gas: Lower bound”, Forum of Mathematics, Sigma 12 (2024), e78. DOI:
10.1017/fms.2024.56.

Abstract. We consider a dilute fully spin-polarized Fermi gas at positive temperature in
dimensions d € {1,2,3}. We show that the pressure of the interacting gas is bounded from
below by that of the free gas plus, to leading order, an explicit term of order a?p?*%/¢, where
a is the p-wave scattering length of the repulsive interaction and p is the particle density. The
results are valid for a wide range of repulsive interactions, including that of a hard core, and
uniform in temperatures at most of the order of the Fermi temperature. A central ingredient in
the proof is a rigorous implementation of the fermionic cluster expansion of Gaudin, Gillespie
and Ripka (Nucl. Phys. A, 176.2 (1971), pp. 237-260).
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6.1 Introduction

The study of dilute quantum gases [GPS08] has received much interest from the mathematical
physics community in the recent decades. In particular much work has been done pertaining
to the ground state energies of both Fermi and Bose gases in the thermodynamic limit.

For Bose gases in 3 dimensions the leading term of the ground state energy was first shown
by Dyson [Dys57] as an upper bound and by Lieb—Yngvason [LY98] as a lower bound. The
leading term depends only on the density and the s-wave scattering length of the interaction.
More recently the second order correction, known as the Lee-Huang—Yang correction, was
shown [FS20; FS23; YY09]. Also the 2-dimensional [FGJMO24; LY01] and 1-dimensional
[Age23; ARS22] settings have been studied.

The fermionic setting has been similarly studied in the 3-dimensional [FGHP21; Gia23a; LSS05],
[Chapters 3, 4 and 5], 2-dimensional [LSS05], [Chapters 3 and 4], and 1-dimensional [Age23;
ARS22], [Chapter 3] case. For fermions the spin is important. For non-zero spin, the leading
correction to the energy of the free gas is similar to the leading term for bosons and depends
only on the density and the s-wave scattering length of the interaction. For fully spin-polarized
(i.e., effectively spin-0) fermions the behaviour is different. By the Pauli exclusion principle
the probability of two fermions of the same spin being close enough to interact is suppressed.
As such, the leading correction to the energy of the free gas depends on the p-wave scattering
length of the interaction instead and is much smaller for dilute gases, which makes its analysis
significantly harder.

A natural question to consider is the extension of these results on the ground state energy
to positive temperature. This has been done both for bosons [DMS20; HHNST23; MS20;
Sei08; Yin10] and non-zero spin fermions [Sei06b]. In this paper we consider the extension
for fully spin-polarized fermions. More precisely, we consider the problem of finding the
pressure 1([3, i) at positive temperature 7' = 1//3 and chemical potential x in the setting of a
spin-polarized Fermi gas. We are interested in the dilute limit a?p < 1, where a denotes the
p-wave scattering length of the interaction and p denotes the particle density. In this dilute
limit we show the lower bound in dimensions d € {1, 2, 3}

(B, 1) = 1ho(B, 1) — ca(Bp)a’p* /(1 +0(1))  asa’p—0,

for an explicit (temperature dependent) coefficient c4(Su). Here 1) respectively 1) denote the
pressure of the interacting respectively non-interacting system at inverse temperature 3 and
chemical potential .

As discussed in more details in Remark 6.1.6 below, the term c,(B1)a?p* /% arises naturally

from the two-body interaction and the fact that the two-body density vanishes quadratically for
incident particles. In the low-temperature limit S — oo the coefficients c¢4(5u) converge to
the corresponding zero-temperature constants [ARS22], [Chapters 3 and 4]. The temperature
dependence of this term can then be understood via the temperature dependence of the
two-particle density of the free state.
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The result is valid for temperatures 7" at most of the order of the Fermi temperature T ~ 5*/¢
of the free gas. For larger temperatures one should expect that thermal effects become larger
than quantum effects, and thus the gas should behave more like a (high temperature) classical
gas. The natural parameter capturing the temperature is the fugacity z = e¢’*. In terms of
the fugacity the constraint that the temperature satisfies T' < T reads z 2 1.

In contrast, for non-zero spin fermions the pressure in the dilute limit is in 3 dimensions
[Sei06b]

V(B ) = (B, ) — 4w (1— ¢ ") ap* (1 +0(1))  asalp—0,

with ¢ and 1)y the pressures of the interacting respectively non-interacting system, ¢ > 2 the
number of spin sectors and a, the s-wave scattering length of the interaction. Notably here
the coefficient 47(1 — g~!) does not depend on the temperature.

Our method of proof is split in two cases depending on the temperature. For sufficiently
small temperatures, the result follows by a simple comparison to the zero-temperature setting
and using the result of Chapter 3. In the more interesting case of higher temperatures our
method of proof consists of computing the pressure of a Jastrow-type trial state using the
rigorous implementation from Chapters 3 and 5 (given in Lemma 6.4.4) of the fermionic
cluster expansion of Gaudin—Gillespie-Ripka [GGR71]. (More precisely in Chapters 3 and 5 we
found conditions under which the formulas of [GGR71] are convergent.) A similar method was
employed in the zero-temperature setting in Chapter 3, with the important difference that,
because of the smoothness of the momentum distribution, the condition for convergence we
obtain at positive (not too small) temperature is uniform in the volume (see Theorem 6.4.3).
Thus we can compute the thermodynamic limit directly, without appealing to a box method
of localizing a trial state into large but finite boxes as done in Chapter 3.

6.1.1 Precise statement

To state our main theorem precisely, define the (spin-polarized) fermionic Fock space F =
o, L2 ([0, L] (C) =P N\ L? ([O, L)4; (C). On this space we define the free Hamilto-
nian H, the number operator A/ and interaction operator V as follows (in natural units where

L)
H=(0,H,... Hy,..), Hy =S -A,,
j=1
N=(0,1,...,n,...),
V=(0,0,Vo,...,Vp,...), Vo= Y vz —ay).
1<i<j<n

The interacting Hamiltonian is then H + V. In the calculations below we will use periodic
boundary conditions for convenience. The pressure doesn't depend on the choice of boundary
conditions [Rob71] and hence we are free to choose the most convenient ones. We are
interested in determining the pressure of the system described by this Hamiltonian at inverse
temperature 3 and chemical potential p. We denote this by

$(B, 1) = lim sup P[I],  —LAPI) = Tup [(H — pN + V)T — ~S(D),

L—oo p 6

where S(I") = —Tr I"'log I" is the entropy of the state I" and P[I] is the pressure functional.
By state we mean a density matrix, i.e., a positive trace-class operator on F of unit trace.
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(We suppress from the notation the dependence on the dimension d and the length L.) We
denote moreover by

Yo(B, ) = L11_>T£10811{P BlI7, —LIR[I']) = Trp [(H — pN)TT] — ;S(F)a

the pressure and pressure functional of the free gas. The supremum is a maximum and is
achieved for the Gibbs state

I'=Z"% exp(—B(H —uN)) =2 Iy, Ih,...,.Tn,...), I, =eme P (6.1.1)

Then [Hua87, Equation (8.63)]
(B, ) = lim i [— Trr [(H — pN )T + ;S(F)} = lim LlogZ

L—oo Ldﬁ
_ Bu—pBlk|?
= 3en) /Rdlog (1+e ) dk.

To state our main theorem we moreover define the p-wave scattering length a. (See also
[LY01, Appendix A] and [SY20, Equations (2.9), (4.3)].)

(6.1.2)

Definition 6.1.1 (Definitions 3.1.1, 3.1.9 and 3.1.11). The p-wave scattering length a of the
interaction v in dimension d is defined by

caa® = inf {/R (|Vf0(x)|2 4 ;v(:):)fo(x)2> 22 da < folz) — 1 for o] — oo} ,

where
120 d =3,
ca=1 4 d=2, (6.1.3)
2 d=1.

The minimizer f; is the p-wave scattering function. (If v(z) = +oco for some z [for instance if
v has a hard core, v(x) = 400 for || < Ry] we interpret v(z)dx as a measure. We suppress
from the notation the dependence of a and f; on the dimension d.)

The dimensionless parameter measuring the diluteness is then ap, with p the particle density!
(in infinite volume) given by p = 0,1(0, 11). We are interested in a dilute limit, meaning that
ap < 1. Moreover, we are considering temperatures 7' < T ~ 5°/? meaning that z > 1. As
mentioned in the introduction, small z corresponds to a (high-temperature) classical gas.

We shall prove the following theorem.

Theorem 6.1.2. Let v > 0 be radial and of compact support. If d = 1 assume moreover that
i (\8f0\2 + %vfg) dz < oo. For any zy > 0 there exists ¢ > 0 such that if a’p, < c then,

uniformly in z = ePr > z,, we have the lower bound

—Li _
w(ﬁv N) Z ¢0 (Ba M) - 27Tcd (_ lel/dz/(QilZ())li)Q/d adﬁg+2/d []- + 5d] 3

!For the sake of simplicity of notation we assume that the derivative 9,1 (8, 1) exists. The function
(B, u) being convex in u always has left and right derivatives. Should these not coincide, we can just replace
instances of 0,4(f, ) with either the left or right derivative.
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where py = 0,90 (0, 11) is the particle density of the free gas (in infinite volume), the constants
cq are defined in Equation (6.1.3) and

_ _ 112/13
C(a%py) 1 log a®p, |

d
164 < < Cla®py) "/ [log a®py|°  d
12/7 d

3,
2, (6.1.4)
1.

C(“ﬁo)lﬁ |log apy|

Here Li, denotes the polylogarithm. It satisfies [NIS, Equation 25.12.16]

_Lis(—ez):NlS)/ooo (A (6.1.5)

et + 1
with I" the Gamma function.

We expect that the lower bound of Theorem 6.1.2 is in fact an equality (with a potentially
different bound on the error term). It remains an open problem to prove this.

Remark 6.1.3. For better comparison with the zero-temperature result in Chapter 3, we find
it convenient to write the correction to the pressure of the free gas in terms of the particle
density (of the free gas) 7,. The latter is given explicitly as

1
Po = ~Anpyie Lig/a(—2) (6.1.6)

This follows from an elementary computation, which we give in Lemma 6.3.6 below.

To leading order p ~ p,. More precisely

Corollary 6.1.4. Under the same assumptions as in Theorem 6.1.2 we have for the particle
denSit)/z p= alﬂﬁ(ﬁ, H)
=17y |1+ 0((a"5)"?)] .

We shall give the proof at the end of this section. In particular the conditions of small a?p
and of small a?p, are equivalent. Moreover, the error terms of Theorem 6.1.2 can equally well
be written with p, replaced by p.

Remark 6.1.5. The additional assumption on v in dimension d = 1 is discussed in Re-
mark 3.1.13. If v is either smooth or has a hard core (meaning that v(x) = +oo for |z| < ag
for some ay > 0) this assumption is satisfied.

Remark 6.1.6. The term of order adﬁg+2/d depends on the temperature. This is different
to the setting of spin-1 fermions, where the analogous term (in 3 dimensions) is 2wap;

[Sei06b] uniformly in the temperature. That the term of order adngrZ/d should depend on
the temperature may be heuristically understood as follows: This term arises from the fact
that the two-body density vanishes quadratically for incident particles. The rate at which it
vanishes depends on the exact state, and thus the temperature. Concretely, the two-particle
density of the free gas (in infinite volume) satisfies

_ —Ligjoq1(—2)  _242/a _2/d
o) = 2 S =l [1 0 (Y - )] 617

2Should the left and right derivatives of ¥(f3, 1) not coincide, the statement holds for either derivative.
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where O (pﬁ/dm — x2|2) is understood as being bounded by Cﬁg/d]xl — x5|? uniformly. This
follows from an elementary computation, which we give in Lemma 6.3.6 below.

In the low-temperature limit z — oo we recover the zero-temperature constants in the terms
of order adﬁ§+2/d. The zero-temperature results read (Theorems 3.1.3, 3.1.10 and 3.1.12)

e(7o) < eo(Py) + coaay 1+ 84,

with e(p,), eo(p,) denoting the ground state energy density of the interacting respectively the
free gas and

LBr(672)%% d =3, a’p?/? d=3,
cod = § 4m? d=2, 10a] < { a2p, |log a2p,|> d =2, (6.1.8)
% i-1 (@7 =1
Indeed, we claim that
—Li _
27cy faj211(=2) = coa+ O((log2)™?) as z — oo. (6.1.9)

(= Liga(—2)

To see this write (following [W0092])

Liy(—e®) 1 /°O 51 dt
— Lig(—€®) = = —_—
L(s) J, et=+1

_— /Its‘ldt /m v dt+/oo o
- T(s) | Jo o o t+1 . €T 41

_ 1 ) /Oa: (z—u)*' — (z+u)*! o 1 ) /:O (z + )1 N

[(s+1) TI¥(s e +1 [(s e +1

where we changed variables t = x + u. The middle and last integrals can easily be bounded
as O(z*7?) and O(x°e™") respectively. Thus

Li(—et) = F(f+1> + 0@, (6.1.10)

and Equation (6.1.9) follows.

Remark 6.1.7. The error bounds in Theorem 6.1.2 are uniform in z. They arise as the worst
cases of two types of bounds, one good for z ~ 1 and one good for z > 1. In particular, for
concrete values of z, the error bounds can be improved. See Propositions 6.1.8 and 6.1.9
below.

Finally we give the

Proof of Corollary 6.1.4. Note that ¢(3, i) is a convex function of y. Thus we may bound
its derivative by any difference quotient. More precisely for any £ > 0 we have

V(B u+e)— %b(ﬁ,u)‘

€

p=0u(B, ) <
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Using the trivial upper bound ¥ (5, 1+ ¢) < ¥o(5, 1 + €) (which is a consequence of the
assumed non-negativity of the interaction potential v) and the lower bound of Theorem 6.1.2
we conclude that

__ to(Bipte) —o(B, 1) 242/d 1 242/d_—
p< ’ + Ca'py %™ = py + O (0200 ) + O (a'py /e 7t) |
Using the explicit formula for p, = 0,10 and optimising in ¢ we get that p < py(1 +
O((a%py)'/?)). For e < 0 the argument is analogous only the direction of the inequalities is
reversed. O

6.1.2 Strategy of the proof

To prove Theorem 6.1.2 we distinguish two cases. That of a “low-temperature” setting and that
of a “high-temperature” setting. For sufficiently small temperatures we compare to the ground
state energy studied in Chapter 3. For larger temperatures we consider a specific trial state
I'; of Jastrow-type (defined in Equation (6.3.1) below) and compute the pressure functional
evaluated on this trial state. For these computations we use the rigorous implementation from
Chapters 3 and 5 of the formal cluster expansion of Gaudin—Gillespie-Ripka [GGR71].

Temperature-dependent errors naturally arise as powers of ( := 1 + [log z| . We shall prove
the following propositions.

Proposition 6.1.8. Let v > 0 be radial and of compact support. If d = 1 assume moreover
that [ (]8f0]2 - %vfg) dz < co. Then for sufficiently small a®p, and large z = e’ we have

_1i _
5.0 2 V0l ) 2 U (61.11)

where p, is the particle density of the free gas, ¢, is defined in Equation (6.1.3) and

a2p(2)/3 (a Po)” Ci d=3,
104l S § a*py ‘log(zQﬁo‘ +(a®p)) ¢ d=2, (6.1.12)
(app)”™ +(apy) ¢ d=1.

Proposition 6.1.9. Let v > 0 be radial and of compact support. If d =1 assume moreover
that [ (|8f0|2 + %vf(?) dz < oo. Then for z = e°* satisfying z > 1 there exists a constant

¢ > 0 such that if a®p, < ¢ and a®p,¢?? ‘log adﬁo‘ < c then

—Li _
w(ﬁv M) Z ¢0 (Ba M) - 27Tcd (_ lel/i/(Qilz())li)Q/d adﬁg+2/d []- + 5d] 3

where p, is the particle density of the free gas, c, is defined in Equation (6.1.3) and

_ _ _ _ 2 _ _ 3
(@®p)S/12C3% + (a®py)(M/* [log a®py|” + (a®py) /3% [log a®py|”  d =3,

164 S § (a®B9) V2C72 + (a®B)C [log a?py| + (a25,)%C3 log a?py | d=2,
(apo)'/? log apo|'"* + apeC?/? |log apy|” d=1.
(6.1.13)

Proposition 6.1.8 is a simple corollary of Theorems 3.1.3, 3.1.10 and 3.1.12, extending the
result to small positive temperatures. Proposition 6.1.9 is the main new result of this paper.
Most of the rest of the paper is concerned with the proof of Proposition 6.1.9. Theorem 6.1.2
is an immediate consequence:
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Proof of Theorem 6.1.2. \We use the lower bound in Proposition 6.1.8 for

—6/13

(a%75) 2/ [log a¥| ™ d =3,
> Goi= 14 (a%py) ¥ Jloga’p | *° d =2,
(apo) ™" [log ap| /" d=1
and the lower bound in Proposition 6.1.9 otherwise. Theorem 6.1.2 follows. O

We note that for { ~ (j the last of the summands in Equation (6.1.13) (in all dimensions)
dominate the error term in Proposition 6.1.9.

Remark 6.1.10. The proof of Proposition 6.1.9 uses the Gaudin—Gillespie-Ripka expansion.
This expansion consists of formulas for the normalization constant Z; (defined in Equa-
tion (6.3.1) below) and the reduced densities of the state I, see Theorem 6.4.3. Both Z;
and the reduced densities are given as infinite series of diagrams (defined in Definition 6.4.1).
Using these formulas the “smallest” diagrams give the corrections of Proposition 6.1.9 and
the remaining diagrams are error terms. To bound the error terms we calculate the values
of (finitely many) “small” diagrams and give crude bounds for all (infinitely many) “larger”
diagrams.

Remark 6.1.11. We expect that with the method presented here one could improve the
error bounds in Proposition 6.1.9 (and consequently Theorem 6.1.2) slightly by treating more
diagrams in the Gaudin—Gillespie—Ripka expansion as small, i.e. calculating their values more
precisely. See also Remark 3.1.8. This is similar to what is done in [BCGOPS23] and Chapter 5.
(In [BCGOPS23] the hard core Bose gas is treated with a method similar to a cluster expansion.
Using such an expansion to sufficiently high order proves the bounds of [BCGOPS23].)

More precisely we expect that by treating more diagrams as small one could improve the
bounds in Proposition 6.1.9 to

(a3po)6/15<—3/5 d=3
64 S O [ (a25) 212 d =2 | +0 ((a%py) " (a"5e¢?? log a’py)) ") (6.1.14)
(app) /2 [log apy|?  d =1

for any n. This would then propagate to better error terms in Theorem 6.1.2. More precisely,
by using the bound in Proposition 6.1.8 for ( > (, and the bound in Proposition 6.1.9 with
error improved as in Equation (6.1.14) otherwise and optimising in (s one would improve the
error bound in Theorem 6.1.2 to

C€<a3p0>1/3_6 d = 37
[6a] < § (a%pp)'/? d=2,
(app) /2 [log apy|* d =1

for any € > 0, where C. depends on ¢, by taking n sufficiently large in Equation (6.1.14).

The first terms in Equation (6.1.14) come from the precise evaluation of certain small diagrams.
In dimension d = 2, 3 one should not expect to get better bounds than this using the method
presented here. In dimension d = 1 one might be able to do a more precise analysis, see
Remark 6.5.6, and thus improve the bound.

The proof of Proposition 6.1.8 will be given in in Section 6.2. It is mostly independent of the
rest of the paper (Sections 6.3, 6.4 and 6.5) which is devoted to the proof of Proposition 6.1.9.

186



6.2. Low temperature

Structure of the paper: First, in Section 6.2 we give the proof of Proposition 6.1.8.
Then, in Section 6.3 we define the trial state I'; and give some preliminary computations.
Next, in Section 6.4 we compute reduced densities of the trial state I'; using the (rigorous
implementation of the) Gaudin—Gillespie-Ripka expansion. Finally, in Section 6.5 we calculate
the individual terms in the pressure functional and prove Proposition 6.1.9. In Section 6.A we
show that [; has particle density ~ p,.

6.2 Low temperature

In this section we prove Proposition 6.1.8 by comparing to the zero-temperature problem.

Proof of Proposition 6.1.8. The pressures 1,1, (of the interacting and non-interacting gas,
respectively) are the Legendre transforms of the corresponding free energy densities ¢, ¢.
That is,

(B, ) = Sup [P — &(B, p)] = Dok — (53, po)

(8, 1) = sup o1 = 60(B. )] = P = (5. 70) (621)

with p, the density of the free gas at chemical potential 1 and inverse temperature 3, given in
Equation (6.1.6). We may trivially bound the free energy density by the ground state energy
density e. The latter is bounded from above in Theorems 3.1.3, 3.1.10 and 3.1.12. That is,

(B, 70) < e(Po) < eolPo) + coaa’py ' [1 + b, (6.2.2)

with eg(p,) denoting the ground state energy density of the free gas and ¢y 4 and d4 as in
Equation (6.1.8). By a straightforward calculation, the ground state energy density of the free
gas is

a2d g\ ¥? 2/d—1+2/d
colpy) = 4 d+2(2) D(d/2)/ it

By Equations (6.1.2), (6.1.6) and (6.1.10) we have for large z = e’* (see also [Hua87,
Equation (11.31)])

s41 1(d/2)
2(2m)4

—Li (—efH) 2
- _14+2/d d/2+1 _“ _ _142/d —92
=dm 0 (_ Lid/Q(—€6H)>1+2/d - deo(pO) + O (/00 (/B//L) )

bo(B, ) = B2 (— Ligja1(—e™))

where ’Sdil‘ = lgngd//;) is the area of the (d — 1)-sphere. Thus

60(B,70) = Pott — to(B, 1) = o + O (Ao /" (Bp)2) .

Combining this with Equations (6.2.1) and (6.2.2) we conclude the proof of Proposition 6.1.8.
[

The rest of the paper concerns the proof of Proposition 6.1.9. We start with some preliminary
computations.
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6.3 Preliminaries

To prove Proposition 6.1.9 we will consider a finite system on a cubic box of side length L
with periodic boundary conditions and bound (3, 1) from below by the pressure functional
evaluated on the trial state

7 oo
[y=2-FIF, F=@F, F,= [[ fli-z), (6.3.1)
n=0

Zy 1<i<j<n

where f is some cut-off and rescaled scattering function defined in Equation (6.3.2) below,
where [ is defined in Equation (6.1.1), and where Z; is such that this is normalised with
Tr I'; = 1. Concretely, on the n-particle space I'; acts via the kernel

7 F (X)) Do (X, Yo ) Fo(Y3).
(Recall that I" acts via the kernel Z7'T},(X,,,Y,).) The function f is more precisely

) {Hz/bdfo<x> o] <0 632

1 |z| > b

where fo(z) is the p-wave scattering function defined in Definition 6.1.1 and b is a length to

be chosen later. We will choose a < b < C’po_l/d. Here and in the following py denotes the
particle density of the free gas in finite volume. In particular for a?p, small enough b is larger
than the range of v and so f is continuous (since fy(z) =1 — % for x outside the support
of v).

Notation 6.3.1.

= We will denote expectation values of operators in the free state I" by (-), and in the trial
state Iy by (-);. Thatis, (A), = Trz[AI'] and (A), = Trz[AIj] for any operator A
on F.

= We denote g(z) = f(z)* — 1.
= For any function h we write h, = h;; = h(x; — x;) for an edge e = (i, 7).

= Moreover we write (! = fyi(jl) = yW(z;; ;) for an edge e = (i, j), where vV is the

1-particle density matrix of I" defined in Equation (6.3.4) below (see also Notation 6.3.3).

= We write X,, = (21,...,2,) and X}, = (Zp, ..., 2m) if n < m. For n > m then
X[mm] = (.

Remark 6.3.2. The trial state I'; does not have (average) particle density po. However we
have that

i W) =p0 (1+ 0(a"?p5 ™) + O ((a”po)*¢*(log b/a)?) ) . (6.3.3)
This is not needed for the proof of Proposition 6.1.9, however. We give the proof of (6.3.3)
in Section 6.A.

We normalize ¢-particle density matrices of a general state I' = (I'y,I'y,...) as

n!

Vg)(XqQYq) =2 (n—q)! // F(X g, Xigarnls Yoo Xigrrm) dX g1 - (6.3.4)
n=q :
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Notation 6.3.3. For the Gibbs state I' = (Z ', Z7'I7, . ..) and the trial state I'; we denote
their g-particle density matrices by 79 (X,;Y,) = yl(f’) (X, Y,) and 7§Q)(Xq; Y, = 71(%) (X4 Yy)
respectively. The same applies to the ¢-particle densities, being then denoted p(? and pf]q).

The Gibbs state I" is quasi-free and particle preserving. Thus by Wick's rule (see [BR97,
Section 5.2.4], [Sol14, Theorem 10.2]) we have for the g-particle density

PO(X) = 79Xy X,) = det [11)]

1<ij<q

Moreover, by translation invariance, we have that v()(z;%) is a function of 2 — y only. With
a slight abuse of notation we then write

YW(wy) =W —y) == > 4V (ke M,
ke2rzd
A simple calculation shows that (see [Hua87, Equation (8.65)])
J— oB—BlkI?

- 1 + Ze*mk'Q - 1 —+ e/BN'*IB“CP ’

70 (k)

For the proof of Proposition 6.1.9 we compute the pressure of the trial state I';. We have

¥(B, ) > limsup zd [— (H—puN+V), + 15(13)]

fmeo 1 15 , (6.3.5)
= liILnj;ip 7d [_ (H)y—nN),; — 2 //012P§2) dry dzy + BS(FJ) )

where pSQ) is the two-body reduced density of the trial state ;. We calculate p?) in

Section 6.4 using the Gaudin—Gillespie—Ripka expansion and we compute the individual terms
of Equation (6.3.5) in Section 6.5 below. First, however, we need some preliminary bounds.

6.3.1 Useful bounds

We recall some useful bounds on the scattering function (defined in Equation (6.3.2)) from
Chapter 3.

Lemma 6.3.4. The scattering function f satisfies

Catlogb/a n=0
2 n
/\1 — f(@)?||2]" do < {Cadb” 0 (6.3.6)
1
/ (|Vf(:c)|2 + 2v(x)f(x)2> j]? dar = cqa® (14 O(a”/b%))) (6.3.7)
. Ca™td—2 n+d<2d+1
/ (|Vf(x)|2 + QU(x)f(x)Q) 2" dz < { Can+i-2logbfa n+d—=2d+2  (6.3.8)
Ca?dpn—d-2 n+d>2d+3
Ca’! n=0
|/f(x) Vf(@)| 2" da| < { Catlogbja n =1 (6.3.9)
Cap! n>?2

where ¢, is defined in Equation (6.1.3).
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Proof. Equations (6.3.6), (6.3.7), (6.3.8) and (6.3.9) all follow from the definition of the
scattering length, Definition 6.1.1, and the bounds [LYO1, Lemma A.1], Lemma 3.2.2

a? da?
1— T2l . < folx) <1, IV fo(z)| < L for |z| > a

where the left inequality in the first inequality is an equality for x outside the support of v.
We refer to (3.4.1)—(3.4.6) for a detailed proof. O

We will need the following technical lemma.

Lemma 6.3.5. Let 5(k) = ze ?* Let p,n, m be non-negative integers with 1 < n < m.
Then

= LI S B U 0 g (g )
R 130 = @ a0 (£ emax )

< C'max {B‘l, ,u}pzd

for z = e’ > 1 and L sufficiently large.

Note that 4(k) # 7(1)(19)- In fact, ﬁ(l)(k) = %

Proof. We interpret the sum as a Riemann sum and compare it with its corresponding integral

L[ ey
hon = Gt [ T A

Writing F, . (k) = A2 then

(144 (k)™
2 | [P4 ()"
LA ;Zd (1 +A(k))™
1
=Y <Fp7n,m(k +¢) — / O Fy (K + t€) dt> d¢
k 2mzad [~ 1.3 ‘ 0

The first term is the integral I,,,, ,,. For the second term we may bound by direct computation
(defining F, ., = 0 for p < 0)

|0cEp.nm (k4 t€)] < ClE| [Fp-1nm (K + 1) + BFpi1nm(k + 18)]
< Ol PPN E, ) (K +€) + Byt nm(k +€)].
That is, the second term is bounded by the integral

CL1eCL s / d LB, ) (k) + Byt nm(k)) dE.
R

Next, to bound the integral, we note that F},,,,, < F,11. First, consider z > e, i.e. S > 1.
Then we bound

/ CLPME | (k) dk
Rd

&z 1 o 1 2
< C/ €CL_ 5kk,p+d71 dk + C/ eCL_ BkkardflefB(k ) dk
0

p+d

(o ¢]
< CMLJSdeCL‘lﬁul/Q L OB =1~ +CL7 Bt gy < C,U%

Jum
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for L sufficiently large.

Next, for z < e we bound
/ CLE (k) dk < C / eCL Bk pptd=1,o=Bk g,
Rd 0

o0
< Cﬁ—’ﬁd/ ppd=1,—t*+CL™1 B2t 4y < CBJTH
0

for L sufficiently large. The equality in the lemma follows. We may bound 1, ,, ,,, in a similar
manner and conclude the proof of the lemma. O

Finally, we have the following lemma for the reduced densities of the free state.

Lemma 6.3.6. The reduced densities of the free Fermi gas satisfy

1 . 1, -
pV(z1) = po = ) 5B (= Ligpa(=2)) [1+ O(L™Cpy YN, (6.3.10)
—Li —z
P ) = 27T(— Lid/z/(zilz())132/d/)3+2/d’9”1 — 2
x [L+0(pg w1 — xal?) + O(L7"¢pe V)] - (6.3.11)

Equations (6.3.10) and (6.3.11) are the finite volume analogues of Equations (6.1.6) and (6.1.7).

Remark 6.3.7. Note that 3 ~ (p; 7/ (Recall that ¢ = 1+ |logz|.) Indeed, for z < C
this is clear from Equation (6.3.10). For z > 1 this follows from the asymptotics of the
polylogarithm, Equation (6.1.10). Moreover, for Su > 1 then pu ~ pg/d. In particular then
Lemma 6.3.5 may be reformulated as

1 kP4 (k)" 1 |k‘pzn6_nﬁlk‘2 1+p/d
Ld 2 (1 +A(k)™ L4 2 (1 + ze=BlkIH™ <Cpo” (63.12)

21 7 d 27 7d
ke T 7 ke L7

for z 2 1 and L sufficiently large. This is the form we will later use.

Proof. By translation invariance

1
== L [ @ dr =0

Moreover, by Lemma 6.3.5

ﬂ(l)(o) = 74 T o Bu—BlkZ
L 1 + eBu—BIk|

ke2Z 74
1 ze PIRI? 1 -1 o4
~ (2n) /Rd 1+ ze BIkP dk + O <L B max {5 ’“} )
r(d/2) s
- 2(2m)d

B~Y2(= Liaa(—2)) (1 +0 (Llﬁ max {5, u}m»
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where ‘Sd_l‘ = Fzzr;//;) is the surface area of the (d—1)-sphere. Using that max {3, u} ~ pg/*
(which follow from this equation for L sufficiently large, see Remark 6.3.7) we conclude the

proof of Equation (6.3.10).

Next, we consider the 2-particle density. By Wick’s rule we have

p (a1, 3) = pW(21)pM(x2) — v (@15 2) v (225 29).

By translation invariance y()(zy; z3) is a function of z; — 25 only. We expand it as a Taylor
series in x1 —xo. By symmetry of reflection in any of the axes all odd orders and all off-diagonal
second order terms vanish. Additionally, all second order terms are equal by the symmetry of
permutation of the axes. That is,

1 )
’Y(l)@?l; T) = 7d ﬁ(l)(k)elk(xrm)

1
= 5 AV [1 = SolkPlan = 22 + O(bl oy — wal?)
k

1 1 24 (1 2
= 0= 30|73 SV 1~ o
1 .
+0 (| rs i -l

(Here O(|k|*|x1—x2|*) means a term that is bounded by |k|*|z; —z5|* uniformly in |k|*|x)—x5 |,
even if it is large.) For the first sum we have by Lemma 6.3.5 and Equation (6.3.10) (and
writing the error term in terms of py as above)

i Z ’k|2A(1)(k) . 1 / 26*3|k|2 |k|2dk Lo (L_IC 4/d)
L1 ke2r7d ! N (27T)d 1+ ze= Ik P
L

I(d/2+1) |8
- 2(27)d

—Ligpi(=2) 1424 —1p,-1/d
- Qdﬁ(— Lid/2(—z))1+2/dp0 (1 + 0L Cpy )) '

BT (— Lig/o41(—2)) (1 + O(L_legl/d))

Using again Lemma 6.3.5 to bound the second sum we conclude that

- Lid/2+1(_z) 142/d
(— Lid/Q(_Z))1+2/dp0

+0 (L_ICPéH/d’ﬂ?l - $2|2) +0 (P(l)+4/d|$1 - 1’2|4) -

7(1)(3613552) =pPo— T |21 —552|2

We conclude the proof of Equation (6.3.11). O

6.4 Gaudin—Gillespie—Ripka expansion
We use the Gaudin—Gillespie-Ripka (GGR) expansion [GGR71] to compute Z; and pf,q), the
g-particle reduced densities of the trial state I';. For this we recall some notation from

Chapter 3.
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6.4. Gaudin—Gillespie-Ripka expansion

Definition 6.4.1 (Definition 3.3.1). We define G/ as the set of graphs on g external vertices
{1, ...,q} and p internal vertices {q+1, ..., g+ p} such that there are no edges between external
vertices and such that all internal vertices have degree at least 1, i.e. there is at least one
edge incident to each internal vertex. We replace ¢ and/or p with sets V* and V' respectively
and write GY/" if we need the external and/or internal vertices to have definite indices V*
respectively V. Concretely this means that for a set of edges £ C {{i,j}: 1 <i<j<q+p}
the corresponding graph is in G! if and only if

Vig+1<i<qg+p3I(1<j<q+p):{i,j} €F, V1<i<j<gq):{i,j} ¢ FE.

Define 77 C C! C GI as the subset of trees and connected graphs respectively. (Define
similarly 7;Y" C C{/" C Gy/".) Define the functions

Wi =Wil(x1,... Tprqg) = > IT ge-
Gegg eeG

A diagram (m,G) (on ¢ external and p internal vertices) is a pair of a permutation 7 € S,
and a graph G € G. We view the permutation 7 as a directed graph on the p + ¢ vertices.
The set of all diagrams on ¢ external and p internal vertices is denoted DJ.

For a diagram (7, G) we will refer to G as the g-graph and 7 as the y-graph. The value of a
diagram (7, G) € DY is the function

ecG

p+q
F?r,G<$17 s xg) = (=17 // H 7(1)(%3 xﬂ(j)) H Ge dX(g11,g+4p)-
j=1

A diagram (7, G) € D is linked if the union of m and G is a connected graph. The subset of
all linked diagrams is denoted L] C Dj.

For ¢ > 1 define the set ZZZ C D} as the set of all diagrams such that each linked component

. ~0
contains at least one external vertex. For ¢ =0 we set £, = Eg.

A cluster is a connected component of the graph G.

AV It

Figure 6.4.1: Example of a diagram (7, G) € D} with 3 linked components with
each linked component containing 2 (left linked component), 1 (centre top linked
component) and 2 (right linked component) clusters respectively. Vertices labelled
with * denote external vertices, dashed lines denote g-edges and arrows denote
~v-edges, i.e. an arrow from i to j denotes that 7(i) = j. Note that all internal
vertices have at least one incident g-edge, that external vertices may have none,
and that there are no g-edges between external vertices.

<4— 0 X

Notation 6.4.2. By a picture of a diagram, such as Figure 6.4.1, we will also denote the
value of the pictured diagram.

We shall in the remainder of this section prove the following theorem.
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6. PRESSURE OF A DILUTE SPIN-POLARIZED FERMI GAS: LOWER BOUND

Theorem 6.4.3. For any q there exists a constant c,, > 0 independently of L such that if
a?po¢??logb/a < ¢, then

ZJ—Zexp

Z 3 rﬂg}, (6.4.1)
p=2 (ﬂG YEL,

=TI fUZ Y I (6.4.2)

1<i<j<q " (m,G)eL]

for any q < qq.

Note that the p-sum in Equation (6.4.2) starts at p = 0 as opposed to that in Equation (6.4.1).
This arises from the fact that diagrams with at least one external vertex may have zero internal
vertices, while diagrams with no external vertices have at least 2 internal vertices.

In the proof we will use the GGR expansion as formulated in Lemma 5.3.6 and Theorem 3.3.4.
For convenience we recall it here. Note that - > ke 2nga ”7(1)(/{3)’ = po. We continue to abuse
: o f[o,L]d 7(1)(x)‘ dz.

Lemma 6.4.4 (Lemma 5.3.6, Theorem 3.3.4). For any integer q there exists a constant
g > 0 such that if ||g|| ;. |+

notation slightly and treat 4! as a function and write H’y(l

3
11 Po < Cg then

<1
_1+Z Z ng—exp |:Z' W,G]?

p (7,G)eDy
1 X1

1
Z Z >, Iig= Z ] ITe

(7r G)eDy (m,G)eL]

for any q < qq, the p-sums being absolutely convergent.

We shall bound |||

I and ||g||;: in Lemma 6.4.6 below.

6.4.1 Calculation of 7;

We calculate Z;. This is analogous to the computation in Sections 3.3.0.1 and 5.3.1 For
simplicity denote the diagonal of I, by I}, = I,(X,,) = I,(X,,; X,,). Then

7, = i o T ax, - f: o Ta+ aprc)ax,

1<J 1<j

Expanding the product and grouping all terms where p variables x; appear in the factors g;;
we find the function W, (evaluated on the respective p coordinates z;). Noting further the
permutation symmetry of the coordinates we have

%/

3In Lemma 5.3.6 and Theorem 3.3.4 the sum Z(w,G)eZ:Z ' o is written by decomposing all diagrams

I,(X,)dX,

1+Z

lpl

(m,G) € Zg into their linked components and noting that I'? ., factorizes over linked components.
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6.4. Gaudin—Gillespie-Ripka expansion

since there are (7;)])! many ways to choose p coordinates out of n coordinates. Now, if

sz w/jﬁmr¢X<m

n0p2

then we may interchange the two sums. A criterion for this is given in Lemma 6.4.5 below.
Thus, if the condition of Lemma 6.4.5 is satisfied, namely that pg ||g|| ;. is sufficiently small,

we have
Z=7[1+3 l, // dx, W, [1 PP // dxwl,n]rn]
=1 Z = (n—Dp)!
=7 |1+ i 1, // dX, W,p®
[ =2
The free Fermi gas is a quasi-free state, and thus by Wick's rule we have

— 1 (1)
- p; ¥ // dX, 10, det [ Lgi’jgp]

Expanding W, and the determinant we get

1+Z Z F,T,G] )

p= 2p (m,G)EDy

Ly=2

Zy=2

Applying then Lemma 6.4.4 we conclude that, if pg ||g|| ;1 |7
small, Equation (6.4.1) holds.

L, and po llg|| ;1 are sufficiently

6.4.2 Calculation of pff)

Next, we calculate the reduced densities pf]q) of the trial state I';. This is analogous to the
computations in Sections 3.3.0.2, 3.3.0.3, 3.3.0.4 and 5.3.2. We have

1 & n!
PP(X,) = - ,/ I[I f50(Xn) dX(g1m

ZJ n=q (Tl - Q) 1<i<j<n

We write fj = 1+ g;; if at least one of 7, j is an internal vertex and expand the product of
the (1 + g;;)'s. Grouping together those terms where p internal vertices are present we find
the function W}. Using additionally the symmetry of permutation of the coordinates we find

1 s nl & (n—gq)!
= H z'2j Z (n— Z I(n — //Wq pra) L n(X5) dX(g+1.n)-

27 1<ij<q  n=q q)! ;=5 pl(n

By Lemma 6.4.5 below we may interchange the sums if pg ||g|,: is sufficiently small. Then

)0 Z f”Z / / W

ZJ 1<i<y<q
1 o0
— e — I,dX | dX
X Zn_zp;_q (n p— q // lg+p+1, ]:| lg+1,q+p]
A4
=7 T B3 [ w6
J1<i<j<q
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6. PRESSURE OF A DILUTE SPIN-POLARIZED FERMI GAS: LOWER BOUND

Expanding the W}I and using the Wick rule for the reduced densities of the free gas as above

we get
A
o=~ 11 Z >, e
J 1<i<j<q (WG YEDY
As above, by Lemma 6.4.4, we get that Equation (6.4.2) holds for pg [|g||;. 7(1)’ ., and

po|lgll ;1 small enough (dependent on g).

6.4.3 A convergence criterion

In this section we show

Lemma 6.4.5. There exists a constant ¢ > 0 such that if po ||g|| ;1 < ¢ then

fZZ o / [ WAIT0X, < eaCLipllall) < oo (643

nOpZn_

and for any ¢ > 1

1 & 'E
5 W o WD X0 < Cosesp(C L 1) < 20 (6:44)
n=q p= 0
uniformly in x4, ..., z,.
Proof. Write

P [, - LSS s L e,

n0p2n p p2n—p

- Z ol // pr|Wp|P(p)
p=2 1"

By splitting all graphs into their connected components we have

// dX, ‘WP‘P(p)

k
p
= [+ dX, ( )Xn:HZngp
// k' nk>2 n]_ 7nk' (Z £ p) =1 G’gecne eEGZ

We abused notation slightly and denote by C,,, the set of connected graphs on n, specified
vertices, say {> -y yne +1,..., 2 p<,ne}, such that no two G/'s share any vertices. Here k
is the number of connected components having sizes nq,...,n;. Note that n, > 2 since each
connected component needs at least 2 vertices since any vertex in a graph G' € G, is internal
and hence connected to at least one other vertex. The factor - comes from counting the

possible labelings of the connected component and the factor (nlf’,nk) comes from counting
the possible labelings of the vertices in the different connected components.

(»)

Next, we employ the tree-graph inequality [Uel18]. This reads (since 0 < g < 1)

> I gl <

GeCp ecG

> I gl

TETn eeT
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6.4. Gaudin—Gillespie-Ripka expansion

Thus,

k
S XS [ 4 Hb:ﬂmpm
k=1""" ni,..,np>2 1! =1 |T;€Tn, e€Ty

Next, we bound p® analogously to Lemma 3.3.10. First, p®) = det [%J l1<ij<p by the Wick
rule. Next, define a;(k) = L~%%¢*#15W (k) € (2(22%). Then ~})) =
by the Gram—Hadamard inequality [GMR21, Lemma D.1]

0

(az|a]>e2(2wzd and so

P
_ (1) 2 —
p) = det {%‘j LSZ’JSp < 1:[1 ||sz‘||z2(2fzd) = 1.

Thus

=1
Zp'// pr’Wp’P(p)
p=2 4"

> 1 1 Z"e
<y iy b p Jof 1o
k! so Tl eyl e [TzETnZ

ecTy

For each tree the integration is over all variables, thus by the translation invariance the
integration over the variables in the tree T} gives L%([|g|)"~'. Using moreover Cayley's
formula #7, = n" 2 < C™n! we get

1 > e ek dk
= Z K Z 7#)0 C2mep, .. ! (/ |9|> L

!
,,,,, nk>2 nl

> [CpoLd > Cmloll |

n=2
< exp (CLpo |lgll) < o0
if po|lgll;: is sufficiently small.

The proof of Equation (6.4.4) is in spirit the same. Write

1 @ n—q .
zZ Z —q—p)p! // Wl dX g = 2 P // X (g1, Wi TP,
” q p= 0 = p!

By decomposing the graphs into their connected components we have

// dX[g+1,q+4p) |W§’|P(q+p)

71
:// dX[q+1,q+p] E H E E: Z /{J' Z X(ZA”A"‘ZN‘Z P)
k=1 (VFLLL V) nfheani20k=0 T na,.,
partition of {1,...,q}

Vi#o
p - i
R RN H%H[ZIM%WP
1y« - ko 161y ooy TR ) N o GCVA e€G§ =1 G[GCné ecGy
sec



6. PRESSURE OF A DILUTE SPIN-POLARIZED FERMI GAS: LOWER BOUND

Here k is the number of connected components having external vertices and k is the number
of connected components only with internal vertices. The partition (V{*,..., V) partitions
the external vertices into the x different connected components with external vertices and the
numbers n7, ..., n% are the number of internal vertices in the connected components with
external vertices. The numbers nq,...,n; and the combinatorial factors are as above.

Using the tree-graph inequality as above we will obtain a sum of trees. (Technically we need
to use a trivial modification of the tree-graph bound adapted to the setting with external
vertices as in Sections 3.3.1.3 and 5.4.2. One simply defines g. = 0 for a disallowed edge ¢
between external vertices.) Namely we will have factors like

> T lgel:

vy eeTy
TreT 2 A

nA

We bound these as follows. If #Vy = 1 we do nothing and define T}, = T}. Otherwise
iteratively pick any edge on the path between any two external vertices and bound the factor
|ge] < 1. Remove this edge from T5. Repeating this procedure #V)* — 1 many times results
in #Vy many trees all with exactly 1 external vertex. Label these as 77 ,,... T3 4y.. We
then have the bound

#VY
I gl < IT IT loel-
e€T} v=1 e€T} ,

Using this bound together with the Gram—Hadamard inequality as above we get

// dX{g11,4+p) ‘Wq|P a+e)
q

1 n* Ny
< Z —' Z Z Z Z pq+2/\ A+

0
| |
k=L B0y Ty >0 k= ok n1,...,nk22 [T 3! Hz 11
part. of {1,....,q}

Vo
n #V k
< $ S I [+ I lad| |1+ e
T;G,C:/f* Ty€Tn, /\ 1v=1 e€Ty , (=1 e€Ty

In the integrations each tree 75, is integrated over all but the one external vertex and so
gives a value ([ |g|)7‘ﬂfvv_1 and each tree T} is integrated over all coordinates giving the value
(f1gl)*~'L®. Moreover 3=, (#Tx, — 1) = n}. Thus, using additionally Cayley's formula

- - . . . V* * *
(trivially extended to the setting with external vertices: #T < C™F#VX (n} 4+ #Vi)),

g 1 1 q+2)\nj\+zeng
S5 Y Y Yr ¥ oo
k=1 (Vi Vi) mf >0 k=0 Al U R D A

part. of {1,...,q}
ViAo

) & k ZA n§+24ne_k
) QT2 At e [T (3 +#V) T ne! (/ |g|> L.

=1 /=1
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6.4. Gaudin—Gillespie-Ripka expansion

Next, we may bound the binomial coefficients as (n+m)! < 2" ™nlm! so [T5_; (n+#V)! <
22T, nil(#Vi)!. Thus

<oy Z 177 1| 35 Camlator|

nl"i n*=0

..... R

o0 (e}

k
<3 [orm > gl

n=2
< Cyplexp (CLps llgll, ) < oo
if pllg|l;: is small enough. O

6.4.4 Calculation of ||g]|,., |7

Y

In this section we bound the quantities ||g||,. and H’y(l) = [ ’fy ‘ dz. We show (recall
¢ =1+]logz|)

Lemma 6.4.6. The quantities ||g|| ;. and Hv(l)HLl satisfy

lgll < Ca'logb/a, |y

/2
o < CO¢v=.
Note that these bounds are uniform in the volume L<.

we have
Ll

Proof. The bound | g||;: < Ca®logb/a follows from Equation (6.3.6). For Hy(l)
for any (length) A >0

(1) _/ (1)
AW = v (x
T
1/2 1 1/2
1) AQ d
(Lol orrra) ([ e e)
1/2
d/2—2 1 2 L 12\ (1 2
— O\ i 2 | HP)O®)
ke2r7d

Moreover (with 4(k) = ze /¥ is as in Equation (6.3.12))
(¥ + a0 (k) = 3 = AJ 40 (k)
_ Nk + (207 — 4Bk — 2dB)A(K)* + (N + 4B%|k[* — 2dB) (k)
(1+4(k))? '

Using Equation (6.3.12) we conclude that

1 — 2
(A2 + |2[*)y ) (k)

Ly

2
kesfzd

< Cpo (X4 890"+ 5%) < Cpo (N + %)

Thus for A = 8/2¢1/2 we have HW)HLI < CCY2. (Recall that 8 ~ Cpy ' by Remark 6.3.7.)
0

We conclude that py ||g]| ;1 |7
rem 6.4.3.

(1) g Ca®po(??logb/a. This concludes the proof of Theo-
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6. PRESSURE OF A DILUTE SPIN-POLARIZED FERMI GAS: LOWER BOUND

6.5 Calculation of terms in Equation (6.3.5)

In this section we compute and bound the different terms in Equation (6.3.5) and thereby
prove Proposition 6.1.9.

6.5.1 Energy

The kinetic energy of the trial state I'; is
), = 3 Jof 1-0) BT (0 V) Fually ., 45X
_ ZJnZ_:l// (1V 0, FPLa(X0: X0) = F2(A, 1) (X X)) dX
The second term may be calculated as (recall that (-) ; means expectation in the state 1))
2( 4 2
//F -8, 1)(X, X 4X, = - TH{FHI)

— le Tr[F?(—03(ZT) + pNZ1T)]

= —0glog Z; + pu(N),

Here we used that I is differentiable in 3 in the topology of trace-class operators. This may
be easily verified. For the first term we have that

Vf. |2 \ AV
|VXnFn|2 = 22 ffjk Z ;Jffjk FS
j<k!| Jik i,k ijJ jk
all distinct
Thus the full energy is
\Y%
(H—pN +V), = —0s 10gZJ+// ‘ ff12 V12 PJ dxl dzy
12 (6.5.1)

+// VleVflS (3 dl’l dl’g dl‘g
f12f13

6.5.2 Entropy

We note that [y = Z%FFF is isospectral to %F1/2F2F1/2. Moreover, since F' < 1 we have
I'Y2F211/2 < I as operators. Thus by operator monotonicity of the logarithm

Z Z
Tr[[ylog I'y] = 7 Tr {FWF?FW (log 7 +log F1/2F2F1/2>}
zZ Z .
4 /2 2 1/2
< log YT Te [V P20 log I |
Z
—log Zy — BTt [F*I(H — pN)|
Zy
1
—log Z; + — 83 Tr [FZZ[’}
Zy
—10gZJ —I—BaglogZJ
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6.5. Calculation of terms in Equation (6.3.5)

We conclude the bound on the entropy

1 1 1

6.5.3 Pressure

Combining Equations (6.5.1) and (6.5.2) the terms +0glog Z; cancel and we conclude the
bound for the pressure

LIP[Ty) = — (H = uN + V), + =S(I)

5
> ;ngJ—//

‘Vf 12
fi2

Remark 6.5.1. The cancellation of the terms £03log Z; is not essential. Namely the energy
of the trial state I'; is the energy of the free gas plus the relevant interaction term up to small
errors. And the entropy of the trial state I'; is bounded from above by the entropy of the free
gas up to small errors. To see this write

712

pJ dxl drs — // Vf12Vf13 dxl dxy dxs.
f12f13

Z Z
—dslog Z; = —E%logZ—(?ﬁlogfj = (H — pN), — aﬁlog?]

One can show that Jg log % is small compared to the interaction of order L% dp2+2/d Thus,
the energy of the trial state I is

(=N +V), = (M= Yo + [

Similarly for the entropy

+ 012 pJ dxldxg—i-small error.

12

‘ Vil

Zy

1 1 1 A
——logZJ—l—aglogZJ:—ElogZ—l—aglogZ——log—‘]+8glog7

5 B Z
1 Z; Z;
= —5(I) = ~log 2L + 9ylog 2.

5S<> ﬁogZ+8gogZ

Zy d 2+2/d

We show below that é,log is small compared to the interaction term of size L%a%p;
Thus the entropy of the trlaI state /'; may be bounded as

—;S(FJ) < —;S(F) + small error.

The proof that 0 log &/ Z1 is small is somewhat analogous to the proof of Lemma 6.5.2 in
Section 6.5.4. As we W|II not need it, we omit the details.

By Equation (6.4.2), we have for a®py(%?log b/a sufficiently small that

pJ —f12 p! "’Z Z F

( G)e[:
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6. PRESSURE OF A DILUTE SPIN-POLARIZED FERMI GAS: LOWER BOUND

We may then write

1 Z
LdP[FJ = 10gZ / |Vf12| + ’Ulgf12:| dl’l dl’Q—FBlOg?J
——
ez
- / IV fio|* + vlzfn] Z S T2, dadrs
=1 e (6.5.3)

€2

- ///W)p?)daﬁdl'gdl‘g
f12f13

€3

The first term is the pressure of the free gas (times the volume), the second term leads to
the leading order correction, and the remaining terms are error terms. We shall show in
Section 6.5.4 below the following bounds. (Recall that ( = 1 + |log z|.)

Lemma 6.5.2. For » > 1 there exists a constant ¢ > 0 such that if a®py(?/? ‘loga ,00‘ <c
then, for sufficently large L, the error terms are bounded as

|LZ| < Ca%p? 2+4/dC_1 + Ca2dpg+2/d§d/2_1(log b/a)?

|z—:2| < {Can P M ogb/a + Cad=2p3c32(logb/a)®  d > 2

Cabpilogb/a + Ca?pj¢3/*(logb/a)? d=1,
@ _ Cazdb2p3+4/d 4 Ca3d—2p61<d/2 logb/a d > 2,
| Ca®pi¢(logb/a)? d=1.

In particular we have the bounds (recalling that a < b < p_l/d)

Ca*b?p” ¢t + Ca®pg° M2 (log b/a)?
+ Ca' 5(’9/2(10g b/a)?

< Ca®?pe¢t + Ca*pyClogb/a i—9 (6.5.4)
+ Ca® 3¢ (log b/a)? -

Cabplogb/a + Ca?pi¢3*(logb/a)? d=1.

Note that this is increasing in b. For the second term in Equation (6.5.3) above we use

Equations (6.3.7), (6.3.8) and (6.3.11), thus

/ |Vf12| + v12f12} ) dz; dzs

- Ll eﬁﬂ 1 ) )
~ o e 1 [ (194 Gr?) e e (1 O(L 6™ )

1
+ 0 (Ldng/d/ (]Vf\2 + 211f2> ]x\4dx>

- Ll —eﬁﬂ . .
(- Lid/z/iilfe(lm))lﬁz/d La® 22 (14 O(a’ b%) + 0 (L")

O (Ldad+2pg+4/d log b/a) d>?2
O (La*bph) d=

d=3,
lez| + |e2] + |es]
74

= 27TCd

(6.5.5)
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6.5. Calculation of terms in Equation (6.3.5)

where ¢, is defined in Equation (6.1.3). Note that the first error term is decreasing in b.
This competes with the other error terms and leads to the choice of b below. Combining
Equations (6.5.3), (6.5.4) and (6.5.5) we thus conclude the bound

(B, 1) > limsup P[]

L—oo
. 1 — Ligjoq1(—€™) 4 21074
= i lm log Z] Mz Liyo(—con))irzra® Fo
<a6b‘3p§/ S a®?py ) d=3
11/3 =9,
+a%pp'°¢ M2 (log b/a)? + a'pi¢** (log b/a)?
+ a*b™2pp + a*b?py¢ ! d=9
+ a*pgClogb/a + a®pi¢? (logb/a)? '
O (azb‘lpé + abplogb/a + a%p3¢3%(log b/a)3) d=1.

L%Blog Z} = 1o(3, 1) and optimising in b we find for the choices (recall

that we require b < pgl/d)

Using that limy [

min {a(a*p0)>°C, py "} d =3
= i falatp) V) a2
d=1

a(apy) ™2 [log apo|

that

(B, 1) = (B, 1) — 2mca— Ligjz:1(—e™) adp(2)+2/d 1+ d4],

(~ Liya(—e7))

where 04 is as in Equation (6.1.13). The calculations above are valid as long as the conditions of

Theorem 6.4.3 are satisfied. That is, if a%py(?%/? ‘log adpo‘ is sufficiently small. This concludes
the proof of Proposition 6.1.9. It remains to give the proof of Lemma 6.5.2.

6.5.4 Error terms (proof of Lemma 6.5.2)

In this section we give the

Proof of Lemma 6.5.2. To better illustrate where the different error terms come from we
will write them in terms of the quantities | g|| 1, ’7(1) poand ([ gl = Jga [2]"g(x)] dz,

n > 1. By Lemma 6.4.6 and Equation (6.3.6) we have the bounds

lglls < Catlogb/a, [ | < O = €1+ [log 2, Il I"glls < Ca’h

For the analysis of the error terms we use the bounds in Equations (3.4.10), (3.4.22)
and (5.4.13). To state these, we define for any diagram (7w, G) € Zg the numbers
k = k(G) = k(m,G) as the number of clusters (connected components of G, recall Defini-
tion 6.4.1) entirely with internal vertices (of sizes ny,...,n;) and Kk = k(G) = k(7,G) as
the number of clusters with each at least one external vertex (of sizes [meaning number of
internal vertices| nj,...,n?). Define



6. PRESSURE OF A DILUTE SPIN-POLARIZED FERMI GAS: LOWER BOUND

As discussed around Equations (3.4.10), (3.4.22) and (5.4.13) the numbers v* and v count the
“number of added vertices”. Concretely, a diagram with & clusters of only internal vertices has
at least 2k internal vertices. Then v* is the number of additional internal vertices in clusters
with external vertices and v is the number of additional internal vertices in clusters with only
internal vertices.

The bounds in Equations (3.4.10), (3.4.22) and (5.4.13) (note that there bounds on ||g||; 1,
"7(1)“L1 analogous to those of Lemma 6.4.6 are already used) then read for any ko, v

d vo+k 1 ko—1 =
L e | < SOl O m=
T, - g 0 |
N Conp (Cpo gl )|, m >0,
k(m,G)=k
y(W,G)+V*(7T7C();)—V0

(6.5.6)
where the constants C, C,,, depend only on m but not on v or kg (in particular not on p).

Remark 6.5.3. The case m = 0 is not included in the statement in Equations (3.4.10),
(3.4.22) and (5.4.13). It follows from the analysis in Section 3.3.1 (see also Section 5.4.1),
however.

More precisely the analysis in Section 3.3.1 consists of the following steps: 1. Decompose
the linked diagrams in £, according to the connected components of the graphs. 2. Use
the tree-graph inequality [Uell8] to bound each sum over graphs by a sum over trees in
each connected component of the graph. 3. Use the Brydges—Battle—Federbush formula (see
[GMR21, Appendix D]) to bound the truncated correlations. 4. Compute the integrals, each
being now an integral of either |g| or |[y(V)].

In any of the equations in Section 3.3.1 the only effect of the p-summation is to eliminate the
factor X(3, ne=p) Present in the very first equation (where there is no p-summation). That
is, not performing the p-summation, all equations in Section 3.3.1 remain valid, only with
no p-summation on their left-hand-sides and with an additional factor X(S2, ne=p) ON their
right-hand sides. Thus, from the analysis in Section 3.3.1, modified by not performing the
p-summation, we find the following modification of the final formula in Section 3.3.1:

1 ko—1 np—
S Teal <N O Y Gollall )Y p= 2k 4w,
p: (m,GYELy L eyl >2

k(m,G)=k e

VEW,G%:VS > me=2ko+o

from which Equation (6.5.6) in the case m = 0 follows.

From this bound the natural “size” of a diagram (7, G) € ZZ is not p but rather v + v* + &,
since its value is (neglecting log’s and dependence on z) < pi*(a%py)”™ T*. For the bounds of
the terms &5, £3, 7 we will bound sufficiently large diagrams by the bound in Equation (6.5.6)
and do a more precise computation for small diagrams.

Additionally we have
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6.5. Calculation of terms in Equation (6.3.5)

Lemma 6.5.4. The reduced densities p'® and p'*) satisfy

34+4/d

p(g)($1,562,333) < Cpy Ny — w021 — 3],

0(4)(%7%2,353,1?4) < C/)o%/d’l’l - 552\2|3?1 - $3\2|~’Cl - x4’2-

Proof. Note that both p® and p{* vanish whenever two particles are incident and are invariant
under permutation of the particle positions. Thus, for fixed x; as functions of z;, j # 1
they vanish quadratically around z; = ;. Writing p(@ = det[%-(;)]lgi,qu using the Wick rule,
Taylor expanding in x;, j # 1 around z; = x; and using Equation (6.3.12) to bound the
derivatives we conclude the proof of the lemma. n

We first bound ¢5.

6.5.4.1 Bound of ¢,
We have by Theorem 6.4.3

1 131
e’SZ:—Bl J_ *Z Z F7TG

(7rG VELY

We use the bound in Equation (6.5.6) above for m = 0 and for diagrams with v + k > 2.
These are precisely the diagrams with p > 3 (note that k& > 1 for any diagram (7, G) € L,).
Thus

< 1
Z Z Fﬂ'G
=5 D! (r,C)eLy
ko—1
<CL% Y (Cpollgll) ™ |y,
ko>1
vo+ko>2
d > vo+1 S vo+k 1y|[Fo—1
=CL%o | 32 Cpollgll)™ + 32 32 Crollall) ™ |72,
vo=1 ko=2 10=0

<CL% Nglga (1 + [y

for sufficiently small py || g ;1 and po |||l ’y(l)HLl. For the diagrams with v + k = 1 we do
a more precise calculation. These are precisely the diagrams with p = 2. In particular these
diagrams have v = 0 and k = 1. We have then (recall that pictures of diagrams refer to their

values)
+4)

_ // det [W(K((Z(E)x) %:((g;@y)} ol — y) dedy

_ //p@)(x’y)g(x — y)dz dy

-0 (Ld H| 2+2/d>

Z Fﬂ',G =

(m,G)ELS
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6. PRESSURE OF A DILUTE SPIN-POLARIZED FERMI GAS: LOWER BOUND

using Equation (6.3.11). Thus, using Lemma 6.4.6 and recalling that g ~ Cpawd from
Remark 6.3.7, we conclude that

Zy
log

<c|i-rg,, +1) py ¢

< Cab? 2+4/d( 4+ Ca 3+2/dCd/2’1(logb/a) '

PP A=t 1 o gl2 (H 1’

Ld lez] = ﬁLd

6.5.4.2 Bound of ¢;
We have by Theorem 6.4.3

> 1
=f122f123f223 P(3)+Zﬁ Z 1ﬂ?r,G

p=117 (w,G)er;

We use the bound in Lemma 6.5.4 to bound p® and the bound in Equation (6.5.6) on the
remaining terms. (That is, a precise calculation for diagrams with v + v* + k = 0 and the
bound in Equation (6.5.6) for diagrams with v+ v* + k& > 1.) Thus, by a similar computation
as for ez

Z Z 7rG <CP0

(71' G)EE

oo V oo o0 5 ko
> (Cpollgllp)™ + Z > (Cpollgll )t L1]

vo=1 =11p=0
< Cpblgll (1+ )

for sufficiently small po [|g[| 1 and po [|gl[ 1 ||7*7]|,,- Moreover, f <1 and the support of V f
is contained a ball of radius ~ b. Thus by Equation (6.3.9) and Lemma 6.4.6

1)} ( / f|Vf|>2

Refined analysis in dimension d = 1. In dimension d = 1 we need also to analyse diagrams
with & 4+ v + v* = 1 in more detail. Intuitively this follow by “counting powers of py": The
claimed leading term in Theorem 6.1.2 is of order ap. Thus, we need to compute precisely
all diagrams for which the naive bound Equation (6.5.6) only gives a power < 4 of py.

2
< L ([ 1971+ 02 ol

< CL%a 5" + O L™ gy log b /a.

‘7(1)

The diagrams with k& + v 4+ v* = 1 have either p = 1, in which case v* = 1, or p = 2, in which
case k = 1. For the diagrams with p = 1 for any graph any permutation makes each linked
component have at least one external vertex and thus we get

Z FTI'G - Z p(4)(x17x27‘7;37x4) H ge dx4'

(n,G)el’ Geg? e€G

Bound all but one g-factor, by symmetry say g14, by |g;;| < 1 and bound p'¥) using Lemma 6.5.4.
We conclude

-1 Ol — aaPlas = aof? [ lof2)] 82

< Cab?p w1 — xo|* |2y — 23)%
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6.5. Calculation of terms in Equation (6.3.5)

By Equation (6.3.9) this gives the contribution La®b*pl° to e3. For p = 2 we have the graph
(recall that *'s label external vertices)

4 5

The only 7's for which (7, G) ¢ Zg are those not connecting {4,5} to {1,2,3}. Thus

> ng—/[p( w1, w5) = p® (@, 2, 2)p (24, 5)| g5 da ds.
(W,G)GEQ

This vanishes (quadratically) whenever any z; and z;, i, j = 1,2,3 are incident. Thus, as with
3 and p™®, we bound the derivatives and use Taylor's theorem. Denote the derivative w.r.t.
x; by 8,,. We are thus interested in bounding 92,02, ,. By explicit computation (with the

permutation denoted 7! for convenience of noicvgtégn)ﬂwe have
02,0012 ¢
— 852853 {(_1)”25 Z :y(l)(kl) .. -‘y(l)(kg,) // ki—kr@)ar ., ei(’%*’fwm))ﬂﬂsg45 dzy dzs
k1,eeesks
= —(—1)”24 klzk5(k2 — kn(2)? (ks = k340 (k1) - -4 (ks)

¢!ks~kn(a)va (k4 - kﬂ(4))x(k5 by (5yt+ka—Fkr(4)=0)>

where x denotes a characteristic function. Any permutation such that (7,G) € E§ has
m({4,5}) # {4,5}. In particular for the relevant permutations the characteristic function is
not identically one, and thus effectively it reduces the number of k-sums by 1. More precisely
we get for the permutations with 7(5), 7(4) # 5 (the others are similar)

= (=175 D (ks = ke) (ks = k) (B1) - A (k) AV (< ks + ra) + kn(s)
« ei(lﬂ—kw(l))zl ce @i(k3 k()73 (k4 - k”(4))

Bounding "y (—ks+ kry + krs )‘ < 1 and |g| < |lgll;: < Calogb/a the k-sums are
readily bounded by Equation (6.3.12). Thus for any valid permutation 7 we have

2 eI Gl < Capg™™logb/a.
By Taylor's theorem we conclude that
1% 4| < Capy™logb/alay — 2’|y — 3]

We thus get the contribution to 3 of La®b?pSlogb/a by Equation (6.3.9). Finally, using the
bound in Equation (6.5.6) for diagrams with k + v + v* > 2 we get (again for suffiently small

pollgllz: and po [lg]l ’)/(1)‘

v L

p:2p!

)

S T2 < Cabgic(logh/a)
(7r,G)€ZZ27
(k4v+v*)(m,G)>2
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6. PRESSURE OF A DILUTE SPIN-POLARIZED FERMI GAS: LOWER BOUND

By Equation (6.3.9) this gives a contribution to &3 of La®pj(logb/a)?. We conclude the
bound
les] < CL (agb4p8 + a®b* o’ + a®b?pf log b/a + a®p3¢ (log b/a)Q)

< CLa*pi((log b/a)’

in dimension d = 1.

6.5.4.3 Bound of ¢,

We use the bound in Equation (6.5.6) for diagrams with v 4+ v* + k > 3 and a more precise
analysis for the small diagrams. Write

=1
> o Y. D=6+ +Es, (6.5.7)
p=21" (ﬂ,G)EZi

where £_; is the sum of the values of all diagrams with v +v* +k = j and >3 is the sum of
the values of all diagrams with v + v* + k > 3.

For the large diagrams with v + v* + k > 3 we have similarly as above for py ||g||;. and
po llgll s

7(1)HL1 sufficiently small

1

p! ) (6.5.8)

S T2 <Chy gl (14|
(7r,G’)€[~3127
(k+v+v*)(7,G)>2

€3l = D
p=2

Diagrams with k£ + v +v* = 1. For the diagrams with p =1 and p = 2 with £k =1 we do
a more precise calculation. For p = 1 there are three possible g-graphs: (Recall that *'s label
the external vertices)

Any permutation makes any of these diagrams have at least one external vertex in each linked
component and thus

Z Fi,G = /P(g)(iﬁa Ta, 23) [g13 + g3 + G13G23] dxs
(W,G)Eﬁf

+4/d’x1_

Bounding |g13g23] < |g13| and recalling the bound p® (1, x4, 23) < Cpi T9|* |y — 23]

from Lemma 6.5.4 we get by symmetry

d
> | < O -l [ lg(a)lsP ez = |-
(n,G)er

. oot — 2y (6.5.9)

The diagrams with p = 2 and k£ = 1 have g-graph

1 2
* @ * @
G = (6.5.10)
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6.5. Calculation of terms in Equation (6.3.5)

The only permutations 7 such that (7, G) ¢ Z§ are those connecting only external to external
and internal to internal, i.e. those with either 7(3) = 3, 7(4) = 4 or 7(3) = 4, m(4) = 3. Thus

_ e — ) dag das.
e // (@1, 4) — 7 (21, m2)p <x3’x4>} 934 0% A4 (6.5.11)
(7rG E£2

k(m,G)=

Clearly this vanishes quadratically in z; — x5 since both determinants do, thus we bound it
using Taylor's theorem, expanding in x; around x; = x5 analogously to what we did for (some
of the diagrams for) 5 above. We treat each diagram separately. (For convenience we denote
the permutation 7~'.) Denoting the derivative with respect to /' by 9% we have

i g = > (W = ko) (B = ko)) A ()3 (k)3 (ka3 (k)
k:1 ..... k’4

w et F1=kr))21 gi(k2—kr(2) )22 // ei(kS*kw(P)))lBsei(k4*kﬁ(4))$4g(aj3 _ :L‘4) drsdz,

1 . . . .
== > (M = K) (B = k) A0 )3 ()3 (k)3 ()
k

X G (K(3) = K) X (ka—hn(ay=n(a)—h3)

The only permutations for which the characteristic function is identically 1 are those with
either 7(3) = 3,m(4) =4 or m(3) = 4, m(4) = 3. These are exactly the permutations that do
not appear in Equation (6.5.11) above. Thus, similarly as for (some of the diagrams for) ¢3
above the charactersitic function effectively reduces the number of k-sums by 1. Bounding
3] < llgll .1, Y < 1 for one of the y(V-factors, and using Equation (6.3.12) to bound the

k-sums we have for any diagram (7, G) € Zi with G as in Equation (6.5.10)

v 3+2/d
nO T2 ol < Cllgll oo™

1Yz w,G

We conclude the bound

S 26l <Clgll oo™ an — wo)?. (6.5.12)

(r.G)ELs
k(m,G)=1

In particular, by combining Equations (6.5.9) and (6.5.12), we have

€21 < Cllgllgs oo™ — 2o (6.5.13)

Diagrams with k£ + v + v* = 2. Finally consider all diagrams with k + v 4+ v* = 2 more
precisely. We split these into three groups.

(i) v* =2
(i) v* =1 and vertices {1} and {2} are connected
(iii) Remaining diagrams
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6. PRESSURE OF A DILUTE SPIN-POLARIZED FERMI GAS: LOWER BOUND

We will use a Taylor expansion to bound the values of the diagrams in group (iii). Write
§=2 = &u) + Eay + Eain
Then as pE,Q)(xg; x9) = 0 we get from Equation (6.5.7)
‘f(iii)(x% 96’2)’ < ‘f(i)(@, 96’2)’ + ’f(ii)(@, 96’2)’ + |§1(m2, m2)| + [E53(w2, 22)] -

Moreover, iy is symmetric in exchange of x; and x5 so the first order vanishes. We conclude
by Taylor's theorem that

‘f(iii)(xbﬂﬁz)‘ < ‘5(0(3727332)‘ + ‘6(“)(3327552)‘ + €21 (22, 22)| + |E53(22, 22))|

6.5.14
aﬁlaglf(iii)(zla Zz)‘ |21 — 562|27 ( )

+ C'sup sup

wV z1,22

where again 0 denotes the derivative w.r.t. z}. Bounding 0¥ 0% iy is analogous to the
argument in the proof of Lemmas 3.4.1 and 3.4.8: For diagrams with an internal vertex
connected to {1} with a g-edge we do a precise calculation as in the proof of Lemma 3.4.8.
For the remaining diagrams where {1} has no incident g-edges we modify the proof of the

absolute convergence of the GGR expansion as in the proof of Lemma 3.4.1.

First, the diagrams in group (iii) with an internal vertex connected to {1} with a g-edge all
have g-graph

kxe----e@ ® Xk
G = (6.5.15)
4 5
since v* =1and k+v+v*=2. Then
T 1 ~ A

Fe= (D" 2 40030k

ki, ks
% /// tki—kr@y))zr |, 6i(k5_k"<5))$5913g45 dzs dz, dzs
= (—1)”L14d Z ﬁ/(l)(kl) . ﬁ/(l)(kS)ei(kl*kﬂ<1)+k3*kw<3))x1ei(szkﬂz))xz

ki, ks

X §(ks = kn(3))9(ks — Kn(5)) X (ka—kpay +hs—En(5)=0)

The characteristic function x is identically 1 only if 7({4,5}) = {4, 5}, but then (7, G) ¢ Zi
so these permutations do not appear in &gi). Taking the derivative, bounding [§| < ||g|,. and
using Equation (6.3.12) to bound the k-sums we conclude as above that

o002 o < Cog ™|l

r1Fx1

for all diagrams (7, G) € E; with G as in Equation (6.5.15).

Next, for the diagrams with no g-edges connected to {1} the argument is as for the bound of
ok 0% &o in the proof of Lemma 3.4.1. Analogously to Equations (3.4.19) and (3.4.20) we
conclude the bound (the term 1 in the factor Hv(l)HLl + 1 arises similarly as in the bounds
above from the value of diagrams with k = 1)

ail Z F72T71,G

(m,G)ELS
no g-edges incident to {1}

< Cpgllglis (7@, +1) [o6™ 4]
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6.5. Calculation of terms in Equation (6.3.5)

where with a similar abuse of notation

H@'y(l) = max/ o'y L= max/
L mJo,z)e Lo Jio 0

Recall that Hy(l)HLl < C(%? by Lemma 6.4.6. By a simple modification of the proof of
Lemma 6.4.6 we may bound “87(1)"L1 < C¢Y?p* and H827(1)HL1 < CCY2pY" . Thus

or, o

(1)’ dz.

02 &1, 22)| < Cpo ™ [lgll7 ¢*. (6.5.16)

Next, we bound &j). For the diagrams with v* = 2, if G is any graph with v*(G) = 2 then for

any permutation 7 € S; we have (7,G) € E;. Thus using Lemma 6.5.4 to bound p(* and
bounding some g-factors by 1 we get similarly to Equation (6.5.9)

// @ H ge dx3 day
Geg2 ecG

“(G)=2

€| < Coo™ | — waf? // 19(20)Plg(z2) (|21 + 22 + |1 — 22]*)* d21 iz

< Cllgll2: po ™ a1 — wo (8% + |21 — 2a]*)?.

(6.5.17)

Finally, we bound &g;). All diagrams with v* =1 and {1} and {2} connected have g-graph
Go = (6.5.18)

For convenience of notation we denote the permutation in the diagram 7—!. Then
Mg = (0" 22 A% (k)4 (hs)

X /// elbr=knay)zr . pilks=hr(s)Ts g () 223)g(29 — x3)g(x4 — 25) dag day das

1 i(klfkﬂ(l)fk:;ikﬂ'(?’))ﬂ?l i(kQ*kﬁ(2>*k37kw(3>)x2
=(-1)"— Z ’Ay(l)(kl)---’?(l)(/fg,)e 2 e 2
L5 k1,....ks
T1— Ty T+ Do
Xg\— 9 9 — I3 d.fl?5

% //9@4 _ xB)ei(M—kw@))(M—Is)ei(ks—kw(5)+k4—kw(4))1’5 dzy dzs

k3—k, ) k3—k,.
: 2 (3))$1el(k2—kw(2)_ - 2 (3)>$2

s X 400 e (e

X G1(ks = kr3)) §(Kr(ay = Ka)X (ks 5) a1 =0)

Gy(k) = /e_“”g (561;3;2 + z) g <_x1 ; T2y z> dz.
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6. PRESSURE OF A DILUTE SPIN-POLARIZED FERMI GAS: LOWER BOUND

We group together pairs of diagrams 7 and (using cycle notation) 7 - (45) = (w(4) n(5)) - ,
meaning where 7(4) and 7(5) are swapped. These have opposite signs. Thus,

T2 6o + Thras) 160

1 R R i k1—Fp(1y—
=(0'm 2 0 (k) +-40 e (74

X Gl(k?) - kﬂ(?)))X(ks—kﬂ(5)+k4—k,r(4):0) [?](k? — ky) — (kn(5) - k?4)} .

kg—k kg—k
: 2W<3>)x1€i<k2*kr(2)* : 2w(3)>932

We Taylor expand §(kx(sy — ka) in kr5) around K5y = kr(a). That is,

9(kn(z) = ka) = §(kn(a) = Ka) + O (V) |Ex(a) = kris) |
where O (V§) should be interpreted as being bounded by |V§(k)| < [|z|lg(z)] = ||| - |9l 1
uniformly in k) — k(5. Moreover, ’@1’ < ||gl/:- Thus
IT2-1 60 + Tasy-1.00
<cmmmwmgxﬁd23 k) A (hs) [kt = Fon(o)| Xy im0

.....

The characteristic function is not identically 1 for linked diagrams. Indeed, if 7({4,5}) = {4, 5}
then the diagram would not be linked. Thus, the characteristic function effectively reduces the
number of k-sums by 1. Bounding similarly as above ?(1) < 1 and using finally Equation (6.3.12)

. -2
to bound the k-sums we conclude for any permutation 7 such that (7, G) € L that

4+1/d
2060+ Dhoamysco] < Coe™ 11 -lgll s Nlgl o

Since, m and 7(45) either both give rise to linked diagrams or neither do we conclude that

1 4+1/d
ol = 5| T Teo < o™ N Dol lgl (6.5.19)
(W,G0)6£3

Combining then Equations (6.5.8), (6.5.13), (6.5.14), (6.5.16), (6.5.17) and (6.5.19) and
using Lemma 6.4.6 we conclude the bound

’5(,”)‘ < Canbp4+1/d logb/a + C’a?’dng?’d/Q(log b/a)® + Ca 4+2/d{’d(log b/a)?|x, — z9)?.
We conclude the bound

Z ) Yo T2, < Calp o2 o b/alry — xo|? + a®b?pl |y — o)
(r,G)eL

+ Cadp4+6/d’$1 — o2 (0* + |21 — 22)*)?(log b/a)®
+ Ca®bpy™ ' logb/a + Ca®lpy ar2/dd ¢*(logb/a)?|z, — 2o
+ Ca® P332 (logb/a)?.
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6.5. Calculation of terms in Equation (6.3.5)

Thus, using Lemma 6.3.4 we get

lzz' < Ca*py ™ Mlogb/a + Ca® by + Ca''~1p3" ' log b/a)?
+Ca*bpy " logbja + Ca*pg ¢ (log b/a)® + Ca**=2pi¢**2 (log b/a)®.

< Calpd™ ogb/a + Ca*i=2p3¢342(logb/a)® d > 2,
~ | Cabpjlogb/a + Ca?p3¢??(logb/a)? d=1.

This concludes the proof of Lemma 6.5.2. O]

Remark 6.5.5 (Necessity of precise analysis of diagrams with k + v + v* = 2). For the bound
of €5 we give here a precise analysis of the diagrams with k + v + v* = 2. In general, one
should not expect this to be needed in dimensions d = 2,3. More precisely, by just considering
powers of py, one would expect that diagrams with k£ + v + v* > 1 are all subleading as
they carry a higher power of p, (using Equation (6.5.6)) than the claimed leading term, with
exponent 2 + 2/d.

The reason we need a precise analysis here is the temperature dependence of our bounds: For
some regime of temperatures the bound one would get by using Equation (6.5.6) is not good
enough.

Remark 6.5.6 (Optimality of the error bounds). One should not expect the bound given in
Equation (6.5.19) to be optimal. More precisely in Equation (6.5.19) we only took into account
the cancellations of pairs of diagrams. However, one should expect much more cancellations.
We have

1
f(ii) = 31 /// [0(5) (T1,...,25) — P(g)(%, T, 1‘3)/)(2)(%47 955)} 913923945 dw3 dzy ds.

Naively, just using that p©® (zy,...,25) — p® (21, 2o, 3)p? (24, 25) vanishes whenever any
two of the particles 1,2, 3 or the particles 4,5 are incident we get by Taylor expansion

‘,0(5)(%» e, T5) — P(S)(xlaba $3)P(2)($4a 355)’ < CP8+6/d|$1 - $2|2|$1 - $3|2|$4 - !E5|2-
(6.5.20)
Using this bound and bounding |g23| < 1 we get
‘5(“)‘ < pg+6/da2db4Ld|x1 — 1y)?. (6.5.21)

This bound is too large by a volume factor. (This arises since we “forget” that the relevant
diagrams are linked when we do the Taylor expansion.) It however illustrates how many more
cancellations between the different permutations are present than what we used in the bound
Equation (6.5.19) — it carries a higher power of py. Using these cancellations but losing the
information that diagrams are linked is what we did in Chapter 3.

If one could somehow see these cancellations, while still keeping the information that the
diagrams have to be linked, one might be able to improve upon the bound Equation (6.5.19).
In 1 dimension this error term is actually (for some regime of temperatures) the dominant
error term. Thus, by improving the analysis of these diagrams, one might improve the error
term in Proposition 6.1.9 in d = 1.
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6. PRESSURE OF A DILUTE SPIN-POLARIZED FERMI GAS: LOWER BOUND

6.A Particle density of the trial state

In this section we give the

Proof of Equation (6.3.3). We calculate (N) ; and compare it to ('), = poL¢. We have by
Equation (6.4.2)

1>+Z > Tigl = +Ldz > TL

p=1 ! (m,G)eL] p=1 p. (m,G)eL)

7% / o0 (@) dz =

Next, we bound >72, Ii Y (m@)eLs I} . We use the bound in Equation (6.5.6) for diagrams
with k +v 4+ v* > 2, i.e., for p =2 with £k = 0,v* = 2 and for p > 3. That is,

1 2 =1 2
EEID SES LW PYCT P S DEA B S v Pyl PPN MU
T (m,G)eLd p=3 1" (W,G)Eﬁll,

k(m,G)=0

)P0

for sufficiently small pq |||/ .+ and po [lg]| 1 ||/

)HLI. Thus, we get

2 3
s 1) Po> :

For the p = 1-term there are two diagrams. Thus (where * labels the external vertex)

1
Z Y. Tig= > F71rG+§ > T, G’_I'O(”gHil (HV(D
(ﬂ' GeL, (m,G)eLt ’R'G)E[,l
k(m,G)=

>I<
f o 0 7(1) (x)] 2+2/d
FW—: + (i /det[ g(x)d - 9|, Po
R (=)o) o] o@sr=0 (1Pl a™).
For the p = 2-term with £ = 1 there are 4 diagrams. Thus
>|<
} I _1
2<w>;W’G2v//‘O OQ\ /\ /\
k(m,G)=1 e S
// drsdry A% (k)30 (k)3 s 2 — )
k1 ko, k3
x [ i(k1 Yz1—z2) zkl(xl z2) ’Lkz(:ﬂg—l’3)6ik3(l’3—$1):|
1 . . . .
72 Z ’Y(l)(lﬁ)’Y(l)(kz)’Y(l)(k:s)g(kl — k) {X(lﬂ:kz) - X(k1=k3)}
k1,k2,k3

B L12d DA k)31 () [9(0) — 9k — 0)].

Taylor expanding § and using that [‘zg(z) = 0 so V§(0) = 0 we get

2+2/d

F71r7G < CH| ) ‘2 11 Po
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6.1. Particle density of the trial state

Thus, by Lemma 6.4.6

1 2+2/d

2 2 2
Lo gl 2O b+ Cllall P

SLoy i <ofip

ol
=1 Pz ect

< C’adb2p[2)+2/d + Ca*pd¢i(logb/a)?.

That is, Equation (6.3.3) is satisfied. O
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CHAPTER

Pressure of a dilute spin-polarized Fermi
gas: Upper bound

This chapter contains the paper

[PressUpp] A. B. Lauritsen and R. Seiringer. “Pressure of a dilute spin-polarized Fermi
gas: Upper bound”. arXiv: 2407.05990 [math-ph]. 2024. DOI: 10.48550/
arXiv.2407.05990.

Abstract. We prove an upper bound on the pressure of a dilute fully spin-polarized Fermi gas
capturing the leading correction to the pressure of a free gas resulting from repulsive interactions.
This correction is of order a®p®3, with a the p-wave scattering length of the interaction and p
the particle density, depends on the temperature and matches the corresponding lower bound
of Chapter 6.
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7.1 Introduction

Dilute quantum gases have been the focus of much recent study in the mathematical physics
literature. A natural question is the determination of asymptotic formulas for the ground
state energy (at zero temperature) or the free energy or pressure (at positive temperature)
valid for small particle densities. Naturally these quantities are to leading order given by the
corresponding quantities for a free (i.e. non-interacting) gas, and the task is to determine
the correction to the quantities for a free gas arising from repulsive interactions in such a
dilute regime. The first works on such problems are the works of Dyson [Dys57] and Lieb and
Yngvason [LY98], giving upper respectively lower bounds for the ground state energy of a dilute
Bose gas in 3 dimensions. Here, to leading order, the ground state energy density differs from
the free gas by a term of order a,p? with a, the s-wave scattering length of the interaction
and p the particle density. Similarly the spin—% Fermi gas has been studied [FGHP21; Gia23a;
LSS05], [Chapter 5], and also here the ground state energy density differs from that of the
free gas by a term of order a,p>.

We consider here a spinless Fermi gas (equivalently completely spin-polarized) with a repulsive
interaction. At zero temperature, we found in Chapters 3 and 4 that the ground state energy
density of the interacting gas differs from that of a free gas by a term of order 5%/, with a
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7.1. Introduction

the p-wave scattering length of the interaction. We consider here the extension of this result
to positive temperature and show that (at fixed [Su)

G(8, 1) < (B, 1) — c(Br)ap**[1+0(1)]  as a®p— 0, (7.1.1)

where ¥(3, p) and 1o(3, i) are the pressures of the interacting respectively free gas at inverse
temperature 3 and chemical potential p, and ¢(5u) is an explicit temperature-dependent
coefficient. This upper bound matches the corresponding lower bound in Chapter 6 and we
thus conclude that the asymptotic formula in (7.1.1) holds with equality.

Notably for dilute gases, where p is small, the correction for the spinless Fermi gas is much
smaller than that for a Bose gas or spin—% Fermi gas. This can be understood from the Pauli
exclusion principle. For fermions of the same spin, the Pauli exclusion principle suppresses the
probability of particles being close enough to interact. This has the effect that the interaction

now enters through the p-wave scattering length and its effect is much smaller.

Both the dilute Bose gas and spin—% Fermi gas have also been studied at positive temperature
[Sei06b; Sei08; Yin10] and for the Bose gas, even the next order correction has been found
at both zero [BCS21; FS20; FS23; YY09] and (suitably low) positive [HHNST23; HHST24]
temperature. Also the analogous lower-dimensional problems have been studied, again both
at zero [Age23; ARS22; FGJMO24; LSS05; LY01] and positive temperature [DMS20; MS20;
Sei06b].

We consider here also the two-dimensional setting and prove that, for fixed Spu,

V(B 1) < (B, ) — c(Bu)a®p’[1 +o(1)]  asa’p— 0, (7.1.2)

with the quantities being here the two-dimensional analogues of those in (7.1.1). Again, this
matches the lower bound in Chapter 6 and the asymptotic formula thus holds with equality.
Our method does not directly extend to the one-dimensional case, however, and it remains an
open problem to establish the validity of the analogue of (7.1.1) and (7.1.2) in one spatial
dimension.

7.1.1 Precise statement of results

Consider a system of fermions confined to some large box A = [—L/2, L/2]>. We impose
periodic boundary conditions on the box A. The pressure of the gas in the thermodynamic limit
L — oo is independent of the boundary conditions [Rob71] and periodic boundary conditions
is a convenient choice. Define the one-particle space h = L?*(A; C) and the (fermionic) Fock
space F(h) = P2y A" h. On the Fock space we consider the grand canonical interacting
Hamiltonian

H="Ho+V,

with the free (non-interacting) Hamiltonian 7, and interaction V given by

Ho =dT(=A — p) =D (|k]* — w)aja,
k

. (7.1.3)

V=dl'(V) = 5 //A R dzdy V(r — y)a,a,aya,.
X

Here a} = a*(fx) and ax, = a(fx) are the creation and annihilation operators in the one-particle
state f.(x) = L3/2¢'** and a* and a, are the operator-valued distributions formally given by
a, = L3/? >k e q,. Further, i € R is the chemical potential and V' > 0 is the (repulsive)
two-body interaction. We assume in addition that V' is radial and compactly supported. We
used the notation
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7. PRESSURE OF A DILUTE SPIN-POLARIZED FERMI GAS: UPPER BOUND

Notation 7.1.1. In any sum the variables are summed over %Z?’ unless otherwise noted.
That is, we denote ), = 2ke2nzs-

We consider the pressure ¢ (3, i) of the interacting system. It is defined as

1
_ 1 —pH
(B, p) = LIEEO@TYH“) e
The limit exists and is independent of the boundary conditions [Rob71]. Similarly, the pressure
of the free system is given by [Hua87, (8.63)]

1 1 2
_ 1 —BHo _ —Blk|
Uo(B, pn) = hrgo Trrg e 7™ = EESE /]1@3 log (1 + ze ) dk,

with 2z = e the fugacity.

To state our main theorem we first define the (p-wave) scattering length of the interaction
V. We define it as in Chapter 4. Different-looking but equivalent definitions are given in
Chapters 3 and 6 and [SY20].

Definition 7.1.2 (Definition 4.1.1). Let ¢y be the solution of the p-wave scattering equation
1

on R? with po(z) — 0 for || — oo. Then ¢o(z) = a®/|z|® for x ¢ suppV for some
constant a > 0 called the p-wave scattering length.

The function ¢, satisfies 0 < pg(z) < min{1,a®|z|3} for all z € R3. The dimensionless
quantity measuring the diluteness of the gas is given by a*p with 5 = 9,¢(3, 1) the (infinite
volume) particle density.! The density p is to leading order the same as that of the free gas
Po- More precisely, 7 = p,(1 + O((a*p,)'/?)) assuming that z = ¢’ is bounded away from
zero by Corollary 6.1.4. We thus formulate the diluteness assumption as the assumption that
a®p, is small. The density of the free gas is given by (see for instance Lemma 6.3.6)

1
Po = Outbo(B, ) = T @mppr Liza(—2),

with Li, the polylogarithm satisfying [NIS, (25.12.16)]

Lis(—e®) = — / L >0
— Llg(—€e ) = 5 S )
I'(s) Jo e—=+1

with I' the Gamma function.

The temperature is naturally measured using the dimensionless fugacity z = e®#. A temperature
on the order of the Fermi temperature (of the free gas) T' ~ T ~ 53/3 corresponds to a
fugacity z ~ 1. The relevant temperatures to consider are ' < Tg. This corresponds to
z 2 1. At larger temperatures thermal fluctuation dominate the quantum effects, and the gas
should behave more like a (high-temperature) classical gas.

With these definitions at hand we may then formulate our main theorem:

'We abuse notation slightly by assuming that the derivative 9,9 (53, j1) exists. The function (3, ut), being
convex in u, has both left and right derivatives. Should these not coincide we may replace instances of p with
either.
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7.1. Introduction

Theorem 7.1.3. Let V € L'(R?) be non-negative, radial and compactly supported. Then,
for any € > 0 there exist a function C(z) > 0 bounded uniformly on any compact subset of
(0,00) such that if a®p, is sufficiently small, then

— L15/2<—Z)
(= Lizjo(—2))>/3

V(B 1) < vo(B, ) — 247 @’y 1+ C(2)(a*5) /] . (7.15)

Remark 7.1.4. The appearance of the scattering length in the error term is for dimensional
consistency. This error term depends on the interaction V' also through its range and L!-norm,
both of dimension length. We think of the scattering length as a constant of dimension
length, and so write range(V') < Ca and ||V||;. < Ca with the constants C' > 0 being then
dimensionless. The function C'(z) in (7.1.5) depends only on these constants C'.

Remark 7.1.5. The upper bound in Theorem 7.1.3 matches the corresponding lower bound in
Chapter 6. Contrary to the lower bound in Chapter 6, however, Theorem 7.1.3 is not uniform
in temperatures 1" < Tr. We discuss the reason for this in detail in Remark 7.7.3 below. One
should rather expect the formula in Theorem 7.1.3 to hold uniformly in temperatures T < T,
meaning that we expect that C'(z) is bounded uniformly in z > z, > 0 for any fixed zy > 0.
It remains an open problem to prove this.

Remark 7.1.6 (Extension to less regular V). We can a posteriori extend Theorem 7.1.3 to less
regular V' as in Chapter 4. (In particular to the case of hard spheres, where formally V' (z) = oo
for |z| < a and V(z) = 0 otherwise.) Indeed, any non-negative radial measurable function
V' can be approximated from below by a (non-negative, radial and compactly supported)
L'-function V. Then clearly (B, p) < 1/7(6,/1) with @(ﬁ,u) the pressure with interaction
V. Assume in addition that z — |z|?V/ () is integrable outside some ball. Then the p-wave
scattering length of V' is well-defined. If V is not of finite range or L'-norm, the error term in
Theorem 7.1.3 necessarily blows up when V — V. Choosing V' converging to V' slowly enough
(as a®p, — 0) however, we may achieve that a(V') = a(V)(1 + o(1)), while still keeping the
error term in Theorem 7.1.3 small. That is, we conclude for any such V' that

—Lisa(—2) 3 83

V(B, 1) < o(B, 1) — 2472(_ Lig/g(—Z))B/Ba Po

[1 + 02(1)] )
where 0,(1) vanishes as a®p, — 0 uniformly for z in compact subsets of (0, co).

7.1.1.1 Two dimensions

Consider now the two-dimensional setting. The scattering length is defined as in Definition 7.1.2,
only in this case ¢o(x) = a?/|x|? outside the support of V, with a > 0 then the two-dimensional
p-wave scattering length. The two-dimensional analogue of Theorem 7.1.3 reads

Theorem 7.1.7 (Two dimensions). Let V € L'(R?) be non-negative, radial and compactly
supported. Then, for any € > 0 there exist a function C(z) > 0 bounded uniformly on any
compact subset of (0,00) such that if a?p, is sufficiently small, then

(B, 1) < o(B,p) —8m “Tiy(—2)?

o’z |1+ C(2)(a’py) /] .

Theorem 7.1.7 matches the lower bound of Chapter 6. Again, the upper bound in Theorem 7.1.7
is not uniform in temperatures 7' < T, though one should expect a uniform bound to hold.
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7. PRESSURE OF A DILUTE SPIN-POLARIZED FERMI GAS: UPPER BOUND

7.2 Overview of the proof

To prove Theorem 7.1.3 we introduce a unitary operator ¢ implementing the correlations
between the particles arising from the interaction. This is analogous to the strategy in Chapter 4
and [FGHP21; Gia23a], see also [Gia23b]. We first introduce the variational formulation of
the pressure, however.

7.2.1 Variational formulation

The pressure 1(5, ;1) may be characterized variationally. We define the pressure functional P
of a state I' by

1 1
—L*P(T) = (H)p — BS(P) = Trr@ HD + 3 Trrm TlogT.

By a state we mean a positive trace-class operator on F () of unit trace. Here we introduced
the entropy S(I') = — Trr) I'logI" and used the notation

Notation 7.2.1. We denote by (A);. = Trz@) Al the expectation of an operator A in a
state I'.

The pressure ¥ (3, i) at inverse temperature 5 > 0 and chemical potential ;1 € R then satisfies
$(B;p) = lim sup P(I).
Similarly, the pressure of the free system satisfies

. . ) 1
bo(B, p) = lim 51F1p730(F) = Jim Py(I') = nggoﬁlog Zo (7.2.1)

with Py the pressure functional of the free system (defined as P above only with # replaced
by Ho), Ty = Zioe*m‘o the free Gibbs state and Zy = Trzg) e 0 the free partition function.

7.2.2 Momentum cut-offs

As in the zero-temperature setting with or without spin [FGHP21; Gia23a], [Chapter 4] we
wish to distinguish between small and large momenta. At zero temperature a natural cut-off
is the Fermi momentum. At positive temperature there is no clearly defined Fermi momentum
since the temperature “smears out” the Fermi ball. Instead we define the following:

Definition 7.2.2. Define the projections P and () = 1 — P onto low and high momenta by

A

P(k) = Xquarg),  Qk)=1=P(k), k= |p+ 5 "s| lf , (7.2.2)

where [z]; = max{0,z} denotes the positive part. The parameter x > 0 will be chosen large
so that k% > 0. In fact, we shall choose

k= Clap0) ™, C= 1+ flogz, (7.2.3)

for some (small) a > 0; for small a®py then k% > ps/?, see Eq. (7.3.3) below. (Recall that
z = e’ denotes the fugacity.) The temperature dependence of the error terms are naturally
given in terms of (. Here and in the following, we use the notation
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7.2. Overview of the proof

Notation 7.2.3. We denote by pg the particle density of the free gas in finite volume.

The integral kernels of P and () are, with a slight abuse of notation,
1 7 ik(z—
Plz—y) =7 gk: P(k)ekle=v),
1o A iriee
Qu—y) =15 Xk:Q(k)e M) = §(x — y) — P(x —y).

The momentum £k} serves as an enlarged Fermi momentum. The operators P and @) are
chosen so that the approximations

Py ~ v, Q~1

are both good in appropriate senses. Here 7 is the one-particle density matrix of the free
Gibbs state IT'y.

As in the zero-temperature setting studied in Chapter 4 and [FGHP21; Gia23a] we introduce
creation and annihilation operators for small and large momentum. They are defined as follows.

Definition 7.2.4. Define the operators

A A

Cr — P(k)ak, bk = Q(k‘)ak,
Define further the operator-valued distributions

1 ikz 1 ik T ikx ikx A
Cm:m;e Ck:mge P(k)aka bx:mze bk:mze Q(k>ak

We will further need a regularized version of b. We define

AT

T T 1 ikxpr
v =Q (k)a, b = T3 zk;e kepr
with Q" : R? — [0, 1] a smooth function with

e {o k| < k5,

Q' (k) =1, H > 2k IVQ" (k)| < C (k)™ Xrgp<ipl<ang)-
- F>

Remark 7.2.5. Contrary to Chapter 4 we do not define ¢, with the opposite sign in the
exponent. Since we do not conjugate by the particle hole transform (which is not readily
available at positive temperature), it is more convenient to define ¢, as done here.

The function QT naturally defines an operator Q" on h = L?(A; C) with integral kernel (with
a slight abuse of notation)

Q@ —y) = 73 2@ B,
k

As in [FGHP21, Proposition 4.2] we have
Lemma 7.2.6. Let P" =6 — Q". Then ||P"||, ) < C for sufficiently large L.
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7.2.3 The scattering function

We define the scattering function ¢ as in Chapter 4 (see also [Gia23a]) only with kr replaced
by k7. For completeness we recall the details here.

Let x, : [0,00) — [0, 1] be a smooth function with

P
XeW =30 t>2

Define then

o(x) = po(@)x, (Kp|z|) (7.2.4)
with ¢y the p-wave scattering function defined in Definition 7.1.2. More precisely ¢ is the
periodization of the right-hand-side.

Remark 7.2.7. We will in general abuse notation slightly and refer to any (compactly
supported) function and its periodization by the same name. For L larger than the range of
the function, at most one summand in the periodization is non-zero and so no issue will arise.

The function ¢ does not satisfy the p-wave scattering equation (7.1.4) exactly. We define the
discrepancy

£,(x) = 2Dp(r) + 2V () + LoV ()1~ p(x))

= 2k V" po(2) V"X (K |2]) + (k) w00 (2) Axp (ki) + 2k?@o($)vxw(k}?!$|)- )

7.2.5

Again, more precisely, £, is the periodization of the right-hand-side. Here we have used the
notation:

Notation 7.2.8. We adopt the Einstein summation convention of summing over repeated
indices denoting components of a vector, i.e., z#y* = Zi:l ahyt = x -y for vectors x,y € R3.

7.2.4 The operator B

With the definitions above we can define the operator B implementing the correlations. It is
defined as

1
B=— [ o= )0 00 v gz e

1 o
o Z P(p)( k+p) (bkup) crer — hoc..
p.k, k'

(7.2.6)

We expect that the Gibbs state of the interacting gas is then approximately given by e®I'pe 5.
This is analogous to the zero-temperature setting in Chapter 4, where one expects that the
interacting ground state is approximately given by e®W,, with ¥, the ground state of the free
gas.

Remark 7.2.9 (Comparison to Chapter 4 and [FGHP21; Gia23a]). In Chapter 4 and [FGHP21;
Gia23a] an analogous operator B is constructed. There, however, also a particle-hole trans-
formation is used and so the operator B is not particle number preserving. Conjugating the
operator B by the particle-hole transformation, however, we recover the operator B (up to
the precise momentum cut-offs in the operators ¢, b, and the inclusion of spin considered in
[FGHP21; Gia23a], in which case a different function ¢ needs to be used).
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With the operator B above we define for any state I
M=e™re?, 0<A<1L (7.2.7)

Any state I thus satisfies I' = e5T'e 5.

7.2.5 Implementation

To prove Theorem 7.1.3 we shall consider the pressure functional evaluated on appropriate
states. Let V' = dI'(1) denote the particle number operator. We shall consider the following
states:

Definition 7.2.10. A state I' is said to be an approximate Gibbs state if it is translation
invariant and satisfies

(Mp<CL% , (H)p— ;S(F) < —;log Zo + CL3*p (7.2.8)

for some C > 0 (independent of L, a®py and 2).

Remark 7.2.11. We note that the Gibbs state of the interacting gas is indeed an approximate
Gibbs state (for L large enough, a®py small enough and 1/z bounded). Indeed, this follows
from Theorem 6.1.2 and Corollary 6.1.4.

An immediate consequence of Definition 7.2.10 is that in an approximate Gibbs state I" we
have

V)r < C’L3a3pg/3. (7.2.9)

We shall now sketch the proof of Theorem 7.1.3. Using (7.2.7) above, any state I" can be
written as I' = e®I'le~ 5. As discussed above, we expect that if I is the (interacting) Gibbs
state, then I'! is approximately given by the free Gibbs state I'y. Hence, it is natural to write
(H)p = <e‘B’HeB>F1. Heuristically to compute e ®He? we would expand to second order
in a Baker—Campbell-Hausdorff expansion. To do this rigorously, we instead do a Duhamel
expansion as follows.

Note that for any operator A we have (for any 0 < A\, N < 1, recall (7.2.7))

s = W = [ 000 e = A+ [ O (B (1210
We decompose the interaction V as
V=dI'(V) =Vp+ Vo + Voo + Qv, (7.2.11)
with (denoting the two-body projection P ® P by PP and similar)
Vp =dI'(PPVPP), Vo = dI'(QRVQQ), Vop = dI'(PPVQQ + QQV](DP). )
7.2.12

The operator Qy containing all the remaining terms will not contribute to the pressure to the
desired accuracy, i.e., it is an error term.
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Decomposing as in (7.2.11) and employing (7.2.10) we find for any state I" the formula
<H>r - <VP>1“ + <H0 + VQ + VOD>I‘ + <QV>F

= (Vp)p + (Ho + Vo)1 + (Qv)r + /1 dA ((Ho + Vg, Bl + Vob) ra
+/01 42 ([Voo, B} — /01 d)\/: 4N ([Voo, Bl
= (Vp)r + (Ho+ Vo) + (Qv)p + /1 dA ([Ho + Vo, Bl + Vob)

+ /01 dA (1 = X) ([Vob, B])pr» -

We shall write [Vop, B] = 2(Wp—Vp)+ Qop, with W = V(1—p) and Wp = dI'(PPW PP).
The term Qop is then an error term. Again using (7.2.10),

(Vob, Bl)pa =2 (Wp — Vp), — 2 /0A dX' (Wp — Ve, B]) v + (Qob) o -

Defining Qv = [Vp — Whp, B] and the error terms

Ev(T) =(Qv)r, (7.2.13)
Eun(T) = / dX ([Ho + Vo, B] + Vob) i (7.2.14)
Eop(T) = /1 4 (1= A) (Qon)pa - (7.2.15)
£ (I) = /1 dA (1= N2 (Qyp) (7.2.16)

we find for any state I
(H)p = (Ho)ps + We)p + (Vo)pi + Ev(T) + Excar (D) + Eon(T) + Eve(I).
This is analogous to the similar formula (4.2.11) in the zero-temperature setting.

The desired leading contribution from the interaction is the term (Wp)y.. In fact, we expect
that to leading order we can replace I' by I'y in this expression, and drop the projection P
(i.e., replace it by 1). With W = dI'(W), let us consequently define the difference between
(We)p and (W), by Ex; e,

Wp)p = W)p, +Ex(T). (7.2.17)

The term &,(') is another error term. It quantifies, to some extent, the validity of first order
perturbation theory, as we shall explain in more detail Section 7.7. Furthermore, by the Gibbs
variational principle (applied to the free system) we have

1 1 1
(Ho)r: — ES(FI) > (Ho)p, — ES(FO) =73 log Zo.
Finally, Vo > 0 and S(I'!) = S(T') since €P is unitary. Thus we find for any state I the lower

bound

(H),. — ;S(F) > —; log Zo + W)y, + En(T) + E(T) + Excan(T) + Eon(T) + Evip(T).
(7.2.18)
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To evaluate (W) we use Lemma 7.3.1 below. Note that [ |z[*W = 247a®. Indeed, by the
compact support of V' we have for small enough a3p,

2P () dar = / 22V (2)(1 — wo(x)) dz = 247a®.
R3 || <(kF) "

The first ‘=" follows from the fact that p(x) = @o(z) for |z| < (k%)~!, noting the asymptotics

for k% in (7.3.3). The last ‘=" follows from a simple integration by parts using the scattering

equation (7.1.4). Bounding also [ |z[*TV < Ca® (the integral [ |z|*W is some constant of

dimension (length)® and hence we write it as C'a®, cf. Remark 7.1.4) we have

— 92 _L15/2(_Z>
<W>F0 =24 (_ Lig/g(—Z))5/3

Here we have used the notation

LPa*py [14+ 0(a?pi*) + e . (7.2.19)

Notation 7.2.12. We denote by ¢; any term vanishing as L~! in the limit L — oc.

The main part of this paper concerns bounding the error terms ('), Ev(I), Escat (L), Eon(I)
and Ey,(I'). They are bounded as follows. Recall our choice k = ((a’py)~* for some (small)
a>0in (7.2.3).

Proposition 7.2.13. Let I be an approximate Gibbs state. Then, for any o > 0 sufficiently
small,
Ex(T) > —C(2)L a3pg/3(a3p0)1/16—21a/32 . L3€L,

with the function C(z) uniformly bounded on compact subsets of (0, 00).
Proposition 7.2.14. Let I be an approximate Gibbs state. Then, for any a > 0,

5\/( )> _CL3a3 8/3( 3p0)1/2_5°‘/2—L36L.

Proposition 7.2.15. Let I be an approximate Gibbs state. Then, for any o > 0 sufficiently
small,

2/5
Ercn(T)| < CLY*p5/(*po)'* > [log g + Ly,

Proposition 7.2.16. Let I be an approximate Gibbs state. Then, for any o > 0 sufficiently
small,
|op(I)| < CL%a® 8/3(a3p0)1/2—13a/4+L32L

Proposition 7.2.17. Let I be an approximate Gibbs state. Then, for any a > 0,
[Evo(D)] < CLP P (0 po)/* + LPey,

With these we may give the

Proof of Theorem 7.1.3. We evaluate the first two terms in (7.2.18) using (7.2.1) and (7.2.19)
and bound the error terms by Propositions 7.2.13-7.2.17. Taking an infinite volume limit, we
obtain the desired bound (7.1.5). O

Remark 7.2.18. We note that the error bounds in Propositions 7.2.14-7.2.17 are uniform in
the temperature, while the bound in Proposition 7.2.13 is not.

Remark 7.2.19. Propositions 7.2.14-7.2.17 are analogous to Propositions 4.2.8, 4.2.9
and 4.2.10. The main novelty of the present paper is Proposition 7.2.13.

The remainder of the paper deals with the proofs of Propositions 7.2.13-7.2.17.
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7. PRESSURE OF A DILUTE SPIN-POLARIZED FERMI GAS: UPPER BOUND

Structure of the paper:

First, in Section 7.3, we recall some useful results from Chapters 4 and 6, give some a priori
bounds for approximate Gibbs states and conclude with the proof of Proposition 7.2.14. Next,
in Section 7.4, we calculate the commutators [H,, B], [Vo, B, [Vp — Wp, B], and [Vop, B|
and extract the claimed leading terms. The error terms arising from the commutators are
estimated in Section 7.5. In Section 7.6, we propagate the a priori bounds to the states I'*
and conclude the proof of Propositions 7.2.15, 7.2.16 and 7.2.17. Finally, in Section 7.7, we
employ the method of [Sei06a] in order to estimate the validity of first order perturbation
theory at positive temperature, and conclude the proof of Proposition 7.2.13 and thereby of
Theorem 7.1.3.

In Section 7.A we estimate certain Riemann sums needed in the proof, and in Section 7.B
we sketch how to adapt the proof to the two-dimensional setting, and hence to prove
Theorem 7.1.7.

7.3 Preliminaries

7.3.1 Reduced densities
We recall from Chapter 6 the following properties for the reduced k-particle densities p(()k) of
the free gas.

Lemma 7.3.1 (Lemma 6.3.6). The reduced densities of the free Fermi gas satisfy

po (1) = po = (471)3/253/2(— Lis/a(—2)) [1+ O(L"¢pp )] | (7.3.1)

- Li5/2(—Z) 8/3
~Ligja(—2)""

oy — 2 [1+ 005 |1 — 22f?) + O(L™'¢p5 )]
(7.3.2)

P(()Z) (331, wQ) = 27((

For bounded 1/z = e=?#, we have the asymptotic behavior
B Co? < Op R~ B e piPapo) 2 (7.3.3)

Indeed, the asymptotics for 5 and for positive p follows from Remark 6.3.7. For 1/z bounded

we have u > —CB~! > —C(¢~1p¥* and the bound for y follows for negative ;. The
asymptotics for k% follows from the first two by recalling (7.2.3) noting that for a3py small
we have 371k > —p.

7.3.2 The scattering function

We recall from Chapter 6 that the scattering function ¢ and the function &, defined in (7.2.4)
and (7.2.5), satisfy

Lemma 7.3.2 (Lemma 4.3.6 and Remark 4.3.7). The scattering function ¢ satisfies
1"l < CaP(kp)™, n=1,2, ||| ["V"¢ll,, < Ca’[logakf|, n=0,1,2
I lell 2 < Ca®>*, I 1"Vl 2 < Ca™2, n=01

Here V™ represents any combination of n derivatives and |-| denotes the metric on the torus
in the sense that |x| is the distance between x and the point 0.

Moreover, £, satisfies the same bounds as ¢ only with an additional power k..
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7.3.3 Relative entropy

The relative entropy of a state I" with respect to the free Gibbs state I'j is given by

;S(F, To) = (Ho)p — ;S(F) + ;log Zo.

For a translation invariant state I' with one-particle density matrix 7, we have S(I") < §(7),
where the ‘one-particle-density’ entropy is given in terms of the Fourier coefficients §(k) of
as S(v) = =Xk [A(k) logA(k) + (1 — A(k)) log(1 — 4(k))]. Moreover, S(T'g) = S(7o) with
~o the one-particle-density matrix of Iy, since I'g is a quasi-free state. In particular, using that
olk) = (1+ A )L,

1 1 V() A 1—A(k)
=S( = k)log —~% + (1 — A(k))log ——~-%
7500) 62}; Jog 2 gy + (1= A(k)) log T— 35
1 1 1
= (Ho)r — <H0>r0 — =8(7) + 58(0) < 55T, T).
B & B
Recalling (7.2.8), we thus have for an approximate Gibbs state I"
S(v,70) < S(I,Ty) < CL**py* B < CL*Ca®p}, (7.3.4)

where we used the asymptotics of /5 from (7.3.3) in the last bound.

7.3.4 Highly excited particles

To state many of the intermediary bounds in the proof of Propositions 7.2.14-7.2.17 it is
convenient to define

Ny =S bibi = /b;bx dr, Ko =3 [kbiby = /Vb;Vbxdx, (7.3.5)
k k

being the number and kinetic energy of highly excited particles. We shall prove the following
lemma.

Lemma 7.3.3. For any translation invariant state I" with one-particle density matrix ~y, we

have
Noyp S (S(% Vo) + L*B ke + L3eL)

(Ko)r S (871 400 671) (S(7,70) + L8 ke ™ + L, )

Applying this Lemma for the choice k = ((a®py) ™ in (7.2.3) and recalling (7.3.3) and (7.3.4)
we find for any approximate Gibbs state I’

No)p < CL3 R+ LPep,  (Ko)p < CLPa’py° + LPe, (7.3.6)

with the constants C' > 0 depending only on a > 0.

Proof. Define the functions

t 1—1t
s(t) = —tlogt — (1 —t)log(1 —t), s(t,t') = tlog? + (1 —1t)log T

Then for any translation-invariant density matrices 7,7’ we have S(y) = >, s(3(k)) and

S ) = Xy s(3(k), ¥ (k)).
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7. PRESSURE OF A DILUTE SPIN-POLARIZED FERMI GAS: UPPER BOUND

Let » > 0. We claim that for all ¢ € [0, 1]

1
ht S 28(t,t0) + 1 + h/2’ tO = @ (737)
To prove this we define F'(h) := —log(1 + ¢™") = hty — s(tg) the ‘free energy’ of the

‘Hamiltonian’ h and note that s(t,tg) = ht — s(t) — F'(h). Then, by the Gibbs variational
principle applied to the ‘Hamiltonian’ h/2 we have

25(t, to) — ht = 2 ;ht—s@y—pwn 22[F@/%—<Fwﬂ::—wa/lF%u@du
1/2

Clearly |F'(uh)| < (1 + €™?)~! for any u € [1/2,1], yielding (7.3.7).

In order to prove the lemma we apply (7.3.7) for h = B(|k[* — M)Q(k) and t = 4(k) and sum
in k. Noting that t, = (1 4+ €")~' = 4,(k)Q(k) on the support of Q, and s(5(k), 4, (k)) > 0,

we have )
(\k\ — 1)

B(k2—p) "

S Bk — wAk) < 28(v,70) + Y.

|| >k k|>ky 1+ ez

The sum on the right hand side can be bounded as

k|2
<| | ) < CL36—3/2(1 _‘_k,;ﬁl/Q)e—/i/S +L3€L < CL3B_1]€;~€_H/3 —|—L3€L.
k=K 1+ o7 (K1)
(7.3.8)
This follows by viewing the sum as a Riemann sum and computing the corresponding integral;
we shall give the details in Section 7.A. The bounds in the lemma then follow by noting that
B((k%)? — u) = k according to (7.2.2) and

ZQ < [BURE? =] D2 BUKE — )y (k),
k| >k
ZQ WEPA(R) = 871 D7 BUIK* — p)y(k) + 1 (N
k| >k
Using (7.3.3) to bound p yields the statement of the Lemma. O

7.3.5 The interaction V

We shall now give a priori bounds for the interaction V' and prove Proposition 7.2.14. This is
analogous to what is done in Section 4.3.2.

Recall the definition of &y in (7.2.13)) and (7.2.11).
Lemma 7.3.4. For any state I' and any € > 0 we have the lower bound

Ev(T) > =& (Ve)r — e Vo) — O a (k5)” | (Ka)y + (KF)* (No)y|
Proof. Again denoting by PP the two-body operator P ® P, we can write
V =[PP+ PQ+QP+QQIV[PP+PQ+ QP+ QQl.
Expanding out the product we may bound the cross-terms as
(QRV(PQ+QP)+h.c) > —eQRQVQQ — *(PQ +QP)V(PQ+QP)

(PPV(PQ+ QP)+h.c.)>—cPPVPP — i(PQ +QP)V(PQ + QP).
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With the definitions in (7.2.12) we thus obtain the bound

2
VZ(1—€)Vp+(1—€)VQ+VOD+(1—6)Vx

with

Vy = dT'((PQ + QP)V(PQ + QP)) // J(Brc, + ¢ (byca + ¢ybi) daz diy.

For any state I" define the function ¢(x,y) = <(b;‘;cz + c3by) (bycs + cybx)>r. We note that

¢(z,x) = 0and ¢(x,y) = ¢(y, z). Hence, Taylor expanding in y around y = z, the zeroth and
first orders vanish. (The path from x to y used in the Taylor expansion should be interpreted
as the shortest path on the torus A.) Then

¢@ww=@—xww—xrl dt (1 — £)[VEVEG) (2,2 + ty — 1))

where V% denotes the derivative in the second variable. Changing variables to z = y — z, we
have

Ve = 5 /0 a1 1) / dz 242V (2) / Az [VEV6] (2, 2 + t2).

The z-integral is given by (with derivatives now being with respect to x and the brackets
indicating that the derivatives are of the product of operators in the brackets)

/ dx<b;v#vy[cz+tsz+tz]cw + C;vuvy[b;sztz]cm
L OVEVY L o Coraalbs + c;wv'/[b;mcm]bm>.

Integrating by parts once, so that no factor b or b* carry two derivatives we may bound this
using Cauchy—Schwarz by

‘/ da [VEVE o) (z, x + t2)

<C(k)* [ A (VB + ) [ da (bt
= C(k})* (Kq)p + C(k})” (No)r
using that | V"¢|| < C(k%)3/*". We conclude that

el < Cf1- PV, (B5)* [(Ka)r + () (Nody -

Noting finally that [ |z|*V < Ca?® (it is some constant of dimension (length)?, cf. Re-
mark 7.1.4) we conclude the proof of the lemma. ]

Lemma 7.3.5 (A priori bound for Vp). For any state I' we have

(Vp)p < C’a?’(k;f;f <N>r ‘

Proof. We have

(Ve)p = ; // dedyV (z —y) (ciejeyes ),
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We Taylor expand the factors ¢, and ¢, as

1
ey =cC+ (y— x)“/ dt V¥ cpit(y—a), (7.3.9)
0

where again the path from z to y should be understood as the shortest on the torus A. Since
¢, is a bounded fermionic operator ¢2 = 0. Doing this Taylor expansion for both ¢, and ¢,
and changing variables to z = y — x we have

1 1 1
(Vp)p = 2// drdz V(z)z“z”/ dt/ ds <C;V“C;+tzvycx+szcx>r
0 0

To bound this we can use that ||[Ve|| < C(k%)*?*'. Thus, with || - ||, denoting the
Hilbert—Schmidt norm, the Cauchy—Schwarz inequality implies that

Vel < [[ dedz VLR 2

CJCFI/Q‘

62 62 '
Noting that HFl/Qc; . = (Tr[DY2¢k e, TV2)) 2 = (che,)i?, that [ (ctey)p dz < (N)p and

that [ |z|*V < C'a® we obtain the desired bound. O

Lemma 7.3.6 (A priori bound for Vop). For any state I' and any § > 0 we have

[(Voo)rl <0 (Va)p + 07" (Vp)p < 6 (Vo) + CO a’(ky)” (N
Proof. By Cauchy-Schwarz we have for any 6 > 0

1
|(Vop)r| < 5 // V(z —vy) ’<b;chy0x + h.c.>F‘ dedy <6 (Vo) +0" (Ve)p.

Using the bound of (Vp). in Lemma 7.3.5 we conclude the desired bound. ]

Lemma 7.3.7 (A priori bound for V). For any approximate Gibbs state I' we have
(Vo)r < CL®py(k)® + Ly

Proof. Recalling (7.2.11) and applying Lemma 7.3.4 and Lemma 7.3.6 with § = 1/2 we have
the lower bound

Wl 2 =1+ ) Wl + (5 = =) Vadp — e CaP(k0)® (Ko + (K5)? (N

Moreover, (V). is bounded above as in (7.2.9). Bounding (Vp) . using Lemma 7.3.5, choosing
e = 1/4, and using the bounds of N and Kg in (7.3.6) we conclude the proof of the
lemma. O

Finally we can the give the

Proof of Proposition 7.2.14. We start with Lemma 7.3.4 and apply the bounds of Lem-
mas 7.3.5 and 7.3.7 as well as (7.3.6). We conclude for any € > 0 the bound

Ev(D) > —CeL?a®po(kf)® — Ce L3a®pd (k) — LPep,

Choosing the optimal ¢ = a3/2p(1)/2 and recalling the asymptotic behavior of k% in (7.3.3) we

arrive at the claimed bound. OJ
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7.4. Calculation of commutators

7.4 Calculation of commutators

As detailed in Section 7.2.5, our method of proof requires the calculation of the commutator
of the operator B defined in (7.2.6) with various other operators. These commutators are
analogous to the corresponding ones in the zero-temperature setting in Chapter 4 and [FGHP21,
Gia23a]. The calculations are essentially the same as those of Section 4.4, only the particle-hole
transformation used there is now absent. For completeness we give the details here.

7.4.1 [H,,B:
Recall the formulas for H and B from (7.1.3) and (7.2.6). We have

[Ho, Bl = =575 > (la* — W)@ (p)lagaq, (br4,)* (b)) crer] + hoc..
k K \p.q
To calculate the commutator we note that [a}ag, ax] = —6, rax. Thus,

[agag, (Vi)™ (Oh—p) k] = (Oqhap + Oqr—p = Oqbr = Oqe) (D)™ (D))" crr

Noting further that

(1k+pI* = 1) + (Jk ="pl* = ) = (IK']* = o) = (|k[* — o) = 2Ip* +2p - (k — &)

we have

[Ho, B] = — L3 > (ol +p - (k= K))@(p) (b)) (V) ewer + hec..

k,k',p

Using the symmetry of interchanging k <+ k&’ and p — —p and writing in configuration space
we have

[Ho, B) = // dudy (Dp(x = p)0) () ey + 2V0(w — 1) (1) ()", Ve, ) + hec
As a first step we replace the b"'s by b's and write
[Ho, B // dx dy Ago T — y)b*b;cycijQVng(x—y)b;chyV“cx) +hec.+Hip (7.4.1)

with %gg defined so that this holds. In the first term in this expression we Taylor expand c,
around z = y. More precisely we have (as in Equation (4.4.2))

1
to = ¢y + (1 — y)"VPer — (= y)*(x — y)" / 4t (1= V'V iyny.  (T42)
0
Note here that the first order term is evaluated at x and not at y. With this we have
[Ho, B // dz dy (VA +2VHo] (z — )b;‘;b*cyV“cz) thee +Ho B + Hip, (7.4.3)

with HTaylor defined such that this holds, i.e. as the first term in (7.4.1) only with ¢, replaced
by the last term in (7.4.2).

233



7. PRESSURE OF A DILUTE SPIN-POLARIZED FERMI GAS: UPPER BOUND

742 [V, B:
The operator V, defined in (7.2.12) is given by

1
Vo = 5 // dzdy V(2 —y)b,b;b,b,.

Thus, recalling again the formula for B in (7.2.6),

Vo, B] = —— //// drdydzdz'V(z — y)p(z — 2)[03b;bybe, (D7) (bL) carc] + hic..
(7.4.4)
Since b's and ¢'s anti-commute, the commutator is given by

B20by b, (B2) (W) carea] = 303 by bes (W) () e
Using that

(b, 00} = 5 QW =@ 2)
one computes

[bybe, (B))"(0)"] = Q"(z — 2)Q"(y — &) = Q"(y — 2)Q"(x — =)
— Q" (z = 2)(b2)"by + Q" (y — 2)(U)bs (7.4.5)
+Q"(z = 2)(b0)"by — Q" (y — ) (VL) "ba-
The first two and the last four terms give the same contribution to [V, BB] when the integrations

in (7.4.4) are computed, by the symmetries of interchanging x <+ y or z +» z/. By writing
Q" = 6§ — P" we thus obtain

1
Vo, B] = —3 // dzdy V(x —y)p(z — y)brb,cyce +h.c. + Qpy, 5 (7.4.6)

with

Q.8 = //// T —y)p(z —2)

+(20(x — 2)P"(y — 2') = P"(x — 2)P"(y — 2)) byb;coc.| drdydzdz’ + h.c..

(7.4.7)
In the first term in (7.4.6) we again Taylor expand the factor ¢, using (7.4.2). Then,

(6(z — 2) = P"(x — 2))byb, (bL,)"byc.rc.

Vo, B] = —= // dedy (z —y)*"V(x — y)p(x — y)b;chyV“CI +h.c. + Vg?é'm + Q.58

(7.4.8)
with VTaylor as in the first term of (7.4.6) only with ¢, replaced by the last term in (7.4.2).

7.43 [Vp— W, B:

We start by noting that
Vp—Wp = - //dxdny— Y)p(z — y)crc, cyCa.
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Thus, recalling again the formula for B in (7.2.6),
Qvy = [Vp —Wp,B
= //// drdydzdz' V(z —y)p(r — y)e(z — z’)[c;c;;cycx, (b2)* (VL) cure.] + hec..
The commutator is given by
[cacyeyca, (V)7 (0L) cures] = (B2)"(0L)"[cre

To bound this term it is convenient to order the ¢'s and b's not in normal order, but instead
according to their indices x,y and z, 2’ such that factors ¢ and b with indices z, 2’ are first.
This corresponds to anti-normal ordering the c-commutator. Using that

{ci,c.} = ngP e*E2) — P(y —2) = P(z — 2)

CrCys C21C2|CyCy

we calculate
[cyey coc] = Pl — 2)P(y — 2') — P(x — 2)P(y — 2) (7.4.9)
— P(x — 2)cacy + Py — z)cacy + P(x — 2')c.c;, — Ply — 2)e.cy.

From the symmetries of interchanging = <+ y or z <+ 2’ the first two as well as the last four
terms give the same contribution to [Vp — Wp, B] when the integrations are performed. Thus

we find
:_//// dedydzd2 V(z —y)p(z — y)e(z — 2')

Pz — 2)P(y — 2")(00)* (W) ¢yca — 2P (2 — z)(b’z“)*(b;)*cz/c;cycz} +h.c.
(7.4.10)

X

7.4.4 [Vop,Bl:
The operator Vop defined in (7.2.12) takes the form

1
Vop = 5 // dedyV(x — y)c:’;chybm + h.c..

Recalling again the formula for B in (7.2.6), we have

1
Vob, B] = ~1 //// drdydzdz'V(z — y)p(z — 2')[chc;bybe, (D7) (bL) care.] + hic..
The commutator is given by
[C;C;bybl’) (00)" (b)) carc.] = C::CZ[bybm (00)"(0%) eare. — (b7)" (b)) [care, C;CZ]bybm'

The first term is the leading one. Using the formula in (7.4.5) and writing Q" = § — P" the
main term is the term with two ¢'s. The rest are error terms. Thus we have

[Vob, B] = 2(Wp — Vp) + Qob
with
Qoo = [Jff Vo= etz = )[-a06 - 2) = Prla = sy b by
+ (—40(x — 2)P"(y — 2') + 2P"(x — 2)P"(y — 2')) c;c;crc. (7.4.11)

z Y

+ (b)) (b)) [cies czfcz]bybm} drdydzdz’ +h.c.
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7.5 Bounding commutators

To bound the error terms Eat, Eop and Ey, defined in (7.2.14)—(7.2.16), in this section we
first derive useful bounds on the expectation values of the operators [Hy + Vg, B] + Vop,
Qop, and Qy,, in general states. In the subsequent Section 7.6 we shall use these bound

for the particular states I'* with I" an approximate Gibbs state to conclude the proof of
Propositions 7.2.15, 7.2.16 and 7.2.17.

To show that [Ho + Vg, B] + Vop is appropriately small, we write
1
Vob = 3 // dzdy V(x —y)byb,cyc. + h.c.

! (7.5.1)
- 5 // dz dy (.T o y)MV(Qj - y)b;b*cyvucx +hec + VTaylor

by Taylor expanding c, as in (7.4.2) and with V33" appropriately defined. Recalling (7.4.3)
and (7.4.8) as well as (7.2.5), we obtain

[Ho + Va. Bl + Vop = Qscar + Hips + Hod™ + Qo) + Vo™ + Vg™, (7.5.2)
with

Qscat = //ﬂ dz dy SS(SU — y)b;chyV“cz + h.c..

The main result of this section are bounds on the operators

-+ Taylor Taylor Taylor
Ho;%a QTaonr . H V V s Qscata Q[VQ Bl QV@, QOD .

To state the bounds it will be convenient to define for any (small) § > 0

kS = +,u5_1/i]i/2, No>= > day. (7.5.3)

|k|>kS " w

That is, k. is defined as k% in (7.2.2) only with & replaced by 6—'x. Recall that & is chosen
n (7.2.3) as k = ((a®pg) ™ for some (small) o > 0. Recall also the definition of the operators
Ng and Kg in (7.3.5).

Remark 7.5.1 (Bound on Ny>). Noting that N> is defined as N only with « replaced by
6~ 'x we can apply Lemma 7.3.3 and conclude that N> satisfies the same bound as N only
with « replaced by ~'x. In particular, recalling (7.3.3) and (7.3.4) we conclude as in (7.3.6)
that for an approximate Gibbs state I" we have

(Ng>)p < CL*Coka’ph + Lier,.
We shall prove (analogously to Lemma 4.5.1)
Lemma 7.5.2. Let I" be any state. Then, for a > 0 sufficiently small and any 0 < 6 < 1,
(Hiw) | < CaPk)! log ak| [k (No) + (Ko)t*] (WM, (75.4)
(o) + 1(Queac) | < Ca® [log akip] (k5 )2k ) /242 (N /2 ()2
+ CLW Y2 (k) (N )2, (
(Qugm),| < Ca’(k)* [(Nadt! + (akf) > (V%] (Vali/?, (7.5.6
(Que)y| < Ca> k“)‘**?’/? (Not'” ()2, (
[(Qoo)r| < Ca'2(Kp)™ /2 (N + Ca® (k) (Vo)i/* W™ (
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7.5. Bounding commutators

For the proof the following lemma from Chapter 4 will be very useful.

Lemma 7.5.3 (Lemma 4.5.2). Let ' be a compactly supported function with F(x) = 0
for |x| > C(k%)~'. Then, uniformly in x € A and t € [0, 1], (with V™ denoting any n'th

derivative)
H/ a: ,Cy dy

H/ )a Cyv Cty+(1—t)x dy

< C(kp)* 2 ||l e

< C(kE) ™ 1Pl =

As straightforward consequences we obtain as in (4.5.5), (4.5.6)

H/ z— 2" (0L)* e d2!
H/ (z =2 (VL) eoc, d2’

where we used Lemma 7.3.2 in the last step.

< O(kp)? lloll e + C(kE)>2 oll e < Claky)*? (7.5.9)

< C(kp) ™2 - lollp + CRE) NIl - loll 2 < C(kE)*(ak)*
(7.5.10)

The remainder of this section is devoted to the proof of Lemma 7.5.2.

Remark 7.5.4. Many of the bounds and computations in the following are similar to the
analogous bounds and computations in Chapter 4. There, however, the operators are conjugated
by a particle-hole transformation. At positive temperature there is no such natural ‘particle-hole
transformation’ — there is no filled Fermi ball in the free system. Hence the bounds given
here appear somewhat different than in the zero-temperature case studied in Chapter 4.

7.5.1 (Non-)regularization of [H, B]
According to (7.4.1), Hg. is given by

Hip = // dx dy br ) (b,)" — b;‘cb;) (Agp(x —y)eyy + 2VFHp(x — y)cyV“cw) + h.c..
(7.5.11)
To bound this write b7, = b, + bZ" with b3" = L™3/2%, ¢**b7" and b = (Q' (k) — Q(k))ax.
We note that Q" — () is supported on the set k% < |k| < 2k%. In particular |[b37|| < C(k%)%/2.
We further Taylor expand the factor ¢, in the first term in the integrand in (7.5.11) around
x =y as in (7.3.9) (with x and y interchanged) and change variables to z = & — y. Then for
any state I' we obtain the identity

(Hik),
= 2Re [ dzdy=nan(e) [ an (5057 + B + (1) 057)) 6 T ),

+2Re // dz dy Vo(2) ( (0. (0;7)" + ()70 + (1) (0;7)7) €, Vi ey
(7.5.12)
The two terms are treated similarly. We start with the first. Define the function ¢,(z) =

<(bz+z(b+ ) A (bygs) by + (b )* (b)) ) cy VH Cy+tz> . Note that it vanishes at z = 0, and
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7. PRESSURE OF A DILUTE SPIN-POLARIZED FERMI GAS: UPPER BOUND

hence .
e T v .
b(2) / 5 V76,(52)

The derivative hits either a factor Ve, (b=")* or b*. In the case where the derivative hits either
Ve or a factor (b=")* we bound the factor Ve and a factor (b>")* in norm (in the term with
two (b™")*'s we keep one factor (b™")* without a derivative). These terms are then bounded

by
(k%) // dzdy |z*| Ap(2) (Hrl/%* )HcyFI/Q’
< C|I- Pag],, (k) (Nl 1.

For the terms where the derivative hits a factor b* we again bound the factors V¢ and (b¥")*
in norm. These terms are then bounded by

05" [[ dzaul=P1aea) [P

The second term in (7.5.12) is treated analogously, only the bound has a factor ||| - |Vl| ;.
instead of ||| - [2A¢||,.. Together with the bounds of Lemma 7.3.2 this completes the proof
of (7.5.4).

e

So G2

CyF1/2

<ol

L (R (o™ ()2

(P

7.5.2 Taylor expansion errors
According to (7.4.3), (7.4.8) and (7.5.1) the term Qr.yior is given by

OTaylor = // dz dy F*(x — y)byb;c, / dt (1 —t)V"V”Cpi4(y—a) + h.c., (7.5.13)
0
where
1
F(x) = — {x”x”Acp(x) + gx“x”V(m)(l — go(x))} = 22"V (x) — 2" (x)
using (7.2.5). To bound this we write

b; = (bgf)* + (b;)*v b =L~ 3/2 ZQ ka Q (k) = X(|k|>k%—1n)

for some 0 < § < 1, with k% '~ defined in (7.5.3), i.e. as k% only with  replaced by 6. In
the term with (b7)* we shall use Lemma 7.5.3. To do this we first write b; = a; — c;, and
rewrite Qayior aS

QTaylor
1

_ // dady F*( — ) [(65)"b + (2)"a, — (62)°¢)] <, / dt (1 — )VFV Crrryn + hoc.
0

—. O< >
- QTaonr + QTaylor + Q'Cl'aylor'

First, for the term Qf,,, containing (b5)*, we note that ||(b3)*| < C(k§ %)¥2. Thus,
bounding also V2¢ in norm we have

(@) = € [ cny 17— ),

< O F | (K )2 (k)P 242 (N> (N2

(k%*%):s/z(k;)sﬂw Hcyrl/z‘

S
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7.5. Bounding commutators

Next, for the term Qf,,, containing c;, we bound ¢; and V2c in norm. Then this term is
bounded by

(@) <€ [ dndy [P = )l [T720)°
< C || Fl e (k) (Nog=)1/* (N2

o (65 [}t

Sy

Finally, for the term Q<,,, we use Lemma 7.5.3 to bound the y-integral. This term is then
bounded by

‘<QTay|or ‘ < 2/ dl'/ dtHFl/Q b> H/ dyF/“’ a Cyv \Vid Cotit(y—z)
< CL*P||F| 2 (K5)® (N> ).

Combining the bounds for OF, .., Q7.0 and QF,i0r» Using Lemma 7.3.2 and noting that
No> < Ng and kf < k&' we thus obtain the bound (7.5.5) for the expectation value of
QTaonr-

7.5.3 Scattering equation cancellation

We can bound Q..+ analogously to Oayior. The only difference is that V2c is replaced by
Ve, hence the bounds have one fewer power of k7., and F' is replaced by &,, leading to an
additional factor k. Hence we arrive at the same bound.

7.5.4 Error terms from [V, B]

Recall the definition of Qy,, 5 in (7.4.7). We split the operator into 4 terms and bound each
separately:

1. The quartic term with one § and one P,
2. The quartic term with two P"’s,
3. The sextic term with J, and

4. The sextic term with P".

7.5.4.1 Quartic term with one ¢ and one P"

This term is of the form

Ays = /// drdydz' V(z —y)e(x — )P (y — 2/ )bybycrca +hec..

Taylor expanding c./ around 2’ = z as in (7.3.9) and bounding in norm ||V¢| < C(kf)%/?*+!

and ||P"||; < C(k})* we obtain the bound

[Auahe] < RPN el [ Vi =) [T,

< ORI ol IVIEE V)il (NP < CaP T2 ()22 <vQ>i/2(<N>;/2)
75.14

dx dy

1/2
I
xT Gy

using Lemma 7.3.2 in the last step.
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7.5.4.2 Quartic term with two P"s

This term is of the form
1
Asp = —3 //// dzdydzd2'V(z — y)p(z — 2')P"(x — 2) P (y — 2')bybycoc. + hec..
As above we Taylor expand c¢,. and bound V¢ in norm. By Cauchy-Schwarz
[(Asp)p|
< [ dedydsdz Vo =yl - lete = NP = AP - 2)

Hl—q/zb*b*

oy

CZF1/2

(D)

C(kp)>2H U// dzdydzdz' V(z Hrl/%*b*

1/2
= et = P = 2

1/2
X [/// dxdydzdz’V(m —y)|z— z’\gp(z — Z,)‘Pr(y _ Z’)‘Q CZF1/2 i ]
< CEH el VI NP 122 (Vo) > (N
< CaPT2 (k)Y (V)P (M) (7.5.15)

using again Lemma 7.3.2.

7.5.4.3 Sextic term with ¢

This term is of the form

1
Ags = 3 /// drdydz' V(z —y)p(z — z’)b;bZ(bZ,)*bch,cz +hec.

We use (7.5.10) to bound the z’-integral. Thus, by Cauchy-Schwarz,

(A 5) ‘<//da:dyV y) |20y H/ d=' plx — )W) ewes | 0,02
< C(kp)Y(aki ) VI (Vo) (No)? < CaP(k)* (Va)y!? <NQ>§(/2. )
7.5.16

7.5.4.4 Sextic term with P"

This term is of the form
1
Asp = —5 //// drdydzdz'V(z — y)p(z — ') P (x — 2)b3b;,(bL)"bycorc. + h.c..

As above we use (7.5.10) to bound the z’-integral. The z-integral afterwards is then bounded
by ||P"||;. < C. As above then

(Asp)r| < Ca(KE)" (Voh” (NQ)i!*. (7.5.17)
Combining (7.5.14)—(7.5.17) we conclude the proof of (7.5.6).
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7.5. Bounding commutators

7.5.5 Error terms from [Vp — Wp, B|

Recall the definition of Qy., in (7.4.10). We consider the two terms separately:

1. The quartic term,

2. The sextic term.

7.5.5.1 Quartic term

This term is of the form
1
A= //// dor dy dz d2' V(e —y)p(0—y)p(z — 2)Pla—2)Ply— ) (0) () cycathoc..

We bound its expectation value in an arbitrary state I' as
(Ag)p] < /// dzdydzV(z — y)e(z — y)|P(x — 2)| [1V2(81)"

dz' P(y — 2')p(z — 2") (VL))"

[SP)

1/2
‘cyczf /

Gy

To bound this we note that since Qr < 1 we have

H/ dz' Py — 2)e(z — 2)(0L)"| < / d2' Py — 2)p(z = 2)ab | = (P?x ¢y — 2))"/?

with * denoting convolution. Then, noting that ¢ < 1, we have by Cauchy-Schwarz

= W drdydzV(x —y)|P(r = ) e, ] :

V// dedyd= V(e —y)P? » o(y — 2) [T2(00)° 262]1/2

< O VI el 2 (Vo)™ <NQ>”2
< Ca™ R (kE) 2 (N ” (V)2 (7.5.18)

where we used Lemmas 7.3.2 and 7.3.5.

7.5.5.2 Sextic term

This term is of the form

Ag = //// drdydzdz'V(z — y)p(z —y)e(z — 2/ )Pz — 2) (b)) (b)) crcyeyca + hec.

_ // dydz Py — 2) [ / d2 (s — z’)(bg)*(bg,)*@/] [ / do V(z — y)olz — y)chycx]

+h.c..
Noting that as operators P < 1 we thus have by Cauchy-Schwarz for any A > 0

A < /\/ dz U d2 (2 — z’)(bg)*(b’;,)*cz/] U dz (2 — x)cxb;b;]
A / dy U d2V(z — y)p(z — y)cicie ] [/ dz V(z — y)p(a — y)c;;cycx]

= AL+ NTAY
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7. PRESSURE OF A DILUTE SPIN-POLARIZED FERMI GAS: UPPER BOUND

We bound A{ using the bound in (7.5.9). This yields

i < [ a oy H/dzsoz—z vl — st o).
< Clakp)” (No)r-
(7.5.19)
To bound A} we again note that ¢ < 1. Then, by Lemma 7.3.5,
/// dodyd2V(z —y)V(z —y) HFl/chcZ Go CyC,y CyCZFI/Q‘ &s

< C(kE)* VIl (V) < Ca'(kp)* (N
Choosing the optimal A we thus find
[(Ao)r] < Ca® (KR (M) (Ng)y”. (7.5.20)
Combining (7.5.18) and (7.5.20) we conclude the proof of (7.5.7).

7.5.6 Error terms from [Vop, B]

Recall the definition of Qop in (7.4.11). Writing the c-commutator using (7.4.9) we have
four types of terms, which we treat separately.

1. The quartic term with only ¢'s,
2. The sextic term with four ¢'s and two b's,
3. The quartic term with only b's, and

4. The sextic term with four b's and two ¢'s.

7.5.6.1 Quartic term with only ¢’s

We have two terms,

a. The term with one factor § and one factor P", and

b. The term with two factors P".

They are of the form
Ages = /// dzdydz’' V(z —y)e(z — 2')P"(y — 2')c;c;cace + hic,
1
Ascp = —3 //// drdydzd2' V(z — y)p(z — 2')P"(x — 2) P"(y — 2')c;ccarc. + hic..

To bound the first term we Taylor expand ¢, around z’ = x. Then by Cauchy-Schwarz

[Aveate] < O [If dodyaz Vi = y)le = (o~ )Py - 2)
x [P
So So

< CRES PV Toll e 1Pl (Vedi!® (N2 < Ca4+1/2(/f?>6+1/(2 W>F)
7.5.21

cxfl/z‘

J:y
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7.5. Bounding commutators

by Lemmas 7.3.2 and 7.3.5. Similarly we have for the second term, again using Lemmas 7.3.2
and 7.3.5,

|(Ase.p)l
1/2
< C(kp)*** l/// drdydzdz' V(z —y)|z — 2/|p(z — 2)|P"(x — 2)| HF1/2 &5, ]
, 11/2
X l/// drdydzd2’ V(z —y)|z — 2'|p(z — 2)|P"(y — 2)|*||c.TV/? o 1
< CREY I [l oo 1P 1172 VI (Vo) NP < CaP (k)T (N (7.5.22)

7.5.6.2 Sextic term with four ¢’s and two b’s

We have two terms,

a. The term with a factor §, and

b. The term with a factor P".
They are of the form
Ages = /// drdydz’' V(z —y)e(x — 2')c e, (b)) bycce + hc.,
Agep = — //// drdydzdz'V(z —y)p(z — 2') P (x — 2)c;c, (0L)"bycrc. + hoc..
To bound the first term we use (7.5.10) to bound the z’-integral. We have

A6C5 ‘<2// dedy V(z HF”Q H/ dz' o(x — 2") (VL) *carcy

< C kﬁ 3/2(akn )5/2 ||V||1/2< >1£/2 >1/2 < Ca4+1/2(kn >6+1/2 <NQ>%\/2 (<N>11~/2),
7.5.23

L

(&P

where we used Lemma 7.3.5. The second term is bounded similarly, only the z-integral is
bounded by || P"||;. < C. We conclude that

[(Ase.p)p| < Ca™2(k5)5 12 (NG (N2 (7.5.24)

7.5.6.3 Quartic term with only 0’s

This term is of the form
1
1w="7 //// dedydzdz’' V(e —y)p(z — 2")P(x — 2)P(y — 2")(b])*(bL,)*bybs + h.c..

We bound its expectation value as

(Ass)p| < /// dzdydzV(z — y)|P(z — 2)|

X HFl/Q(b’;)* / d2' p(z — 2" )Py — 2) ,1/2

2 2
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Then, since 0 < Q' (k) < 1 we have

H/ d2’p(z — 2Py — 2)OL)*|| < || [ d2 @z = 2)P(y — 2)ali|| = (&* = P*(y — 2))'/*

with x denoting convolution. Hence, by Cauchy-Schwarz, using Lemma 7.3.2,

1/2
2
JJ] ¢tz = wiP -2 Hbybwﬂ”\@}

1/2
X [/// dzdydz V(z —5y)p* * P*(y — 2) HFl/Q(bZ)* 26 ]
< CIVIFZ NP1 el (Vo) t/? Noht!? < CaP(kp) (V)i (N)/? . (7.5.25)

’<A4,b>r‘ <

7.5.6.4 Sextic term with four b’s and two ¢’s

This term is of the form

Agp = //// drdydzdz'V(z — y)p(z — 2')P(x — 2)(b2)"(b%))"corcybyby + h.c.

_ // dedz Pz — 2) U d=' (- z’)(bg)*(bg,)*cZ/] U dy V(e — y)chybx] +he.

To bound it we note that as operators 0 < P < 1. Thus by Cauchy-Schwarz we have for any
A > 0 the bound

eiop <A [ oz [ a2 ot = 0y 0ye] | [ anots - e

+ )\_1/ dy [/ dzV(z — y)b:,b;cy] [/ dx V(x — y)chybgc]

= AAL’éb + A_lAé/zb.
Note that AGb = Ay from the bound of Qy., see (7.5.19). In particular,
(Af)p < Clak)® (Ng)r -

With Cauchy-Schwarz we bound A, as

(AY,) < C(kp) /// dadyd=V(z —y)V(x —y) [V2020;)

(G
< OV (k) Vol < Calki)® Vo)
Choosing the optimal A we find
(Ap)r| < Ca?(k5)* (Vo)t/* (NQ)Y*. (7.5.26)

Combining (7.5.21)—(7.5.26) we conclude the proof of (7.5.8). Hence the proof of Lemma 7.5.2
is complete.
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7.6 Propagating a priori bounds — Bounding
gscat; 8OD7 ngo

To bound the error terms Ecat, Eop and Ey, in (7.2.14)—(7.2.16), we use Lemma 7.5.2. Thus,
we need bounds on

N, N, (Ko, (Voim

for 0 < A\ < 1 (recall the definition of T'* in (7.2.7)). For an approximate Gibbs state I’
the states I'* are not necessarily approximate Gibbs states, so we cannot directly apply the
bounds of (7.3.6) and Lemma 7.3.7. Instead, we obtain the desired bounds by propagating
the corresponding bounds for the state I'. This is similar to what is done in Chapter 4 and
[FGHP21; Gia23a].

7.6.1 General propagation estimates

To start, we consider propagation estimates for a general state I'. First, since B is particle
number preserving we have

<N>F)\ = <N>F
for any state I'. Next, we have

Lemma 7.6.1 (Propagation of N). Let I be any state and let T* be defined as in (7.2.7).
Then,

(NQ)rs < C(NQ)pw + CLP (kE)? (akf)®
for any 0 < A\, N < 1.

Proof. This is an application of Gronwall's lemma. We calculate

d

Y (No)pr = — (N, Bl)pa = 2Re// dzdz @z — 2") ((b7)"(bL) coc)pa -
Using (7.5.10) to bound the z’-integral we find

d . f
o Na)m| < CLY2(RE) 2 (ak)** (NG) Y

By Gronwall’'s lemma we easily obtain the desired bound. O

Lemma 7.6.2 (Propagation of Kg). Let I' be any state and let T* be defined as in (7.2.7).
Then,

(Ko < C{Kg)pw + Ca’(kf)* [L* + a® [log akfy|* (V)]
forany 0 < A\, N < 1.

Proof. This is again an application of Gronwall's lemma. We calculate
d

a3 (Kb = = (I Bl = Re g5 32 (07" =)o) (0hey )" Oy ves),

Noting the symmetry of interchanging k& with &’ and p with —p we write this in configuration
space as

d .
3 Kol = =2 Re// z—y) ((AB)"(B) eyes ), dody.
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7. PRESSURE OF A DILUTE SPIN-POLARIZED FERMI GAS: UPPER BOUND

Taylor expanding ¢, around x = y and integrating by parts once in the z-integral we have
(with the derivatives being with respect to )

dd/\ (o) = 2Re // <(Vlfbg)*(b2)*cy/0 dt V¥ [(m —y)o(x — y)VﬂcyH(J}_y)} >FA dz dy

We bound the y-integral using Lemma 7.5.3. Write first (b;)* = a; — (c;)*. We bound the
term with (c})* by, using Lemma 7.3.2,

cli)! [f doay @128 o+ 1 196w = )] o)

< CEE) el + NIl Vel 1] Ko)ih (NN < a® (k) [log akfp| (Ko) i (M)A

G2

Using Lemmas 7.3.2 and 7.5.3 the term with ay is bounded by

1
/ dt/dxH(F*)l/%VVb;)*
0 &2

dy| (6ol = ) + (2 = )"V pla = 1)) a5,y pita

e = )"l — ) TV ey i)

< CL(kE) (el + I - V@l e+ B N - Lol o) (Ko)rh”
< CL a2 (k) (Ko

X
Using that (N)p. = (N) we obtain the bound

d

3 Kol < Ca®P(kE)* [L22 + a2 log k| (N)y?] (Ko)ph?

By Gronwall’s lemma this proves the lemma. O]

Lemma 7.6.3 (Propagation of V). Let I' be any state and let I'* be defined as in (7.2.7).
Then,

Vo) < CVo)pw + Ca’ (k) (N)y
for any 0 < A\, N < 1.

Proof. We again employ Gronwall's lemma. Recalling (7.4.6) we have

d‘; (Vo) = — (Va, Bl = Re // dedyV(z —y)e( —y) (Bibjeyes) , = (Quos).

The second term is bounded in Lemma 7.5.2. Using that ¢ < 1 we bound the first term with
the aid of Cauchy-Schwarz by

U/ - —y) (bbb, ]1/2 U/ z —y)p(z —y) <c;chycx>Fk] -

< (v >“2 <vp>”2.

246



7.6. Propagating a priori bounds — Bounding Escat, £op, vy

Using Lemmas 7.3.5 and 7.5.2 and recalling that (NV), = (NV) we obtain the bound
d K
|dA (Vo | < Ca’(ki)* [(NQ)r + (k) > (M) (Vo)

+ Ca* (k)™ (N (Vo)
< Ca* (k)2 N (Vo)

By Gronwall's lemma this yields the desired bound. ]

7.6.2 Bounding &, Eop, Evy,

We now apply the propagation estimates above to approximate Gibbs states I'.
Lemma 7.6.4. Let I be an approximate Gibbs state. Then, (for any 0 < A <1)

No)ps < OL (v’ p + Ley, (7.6.1)
(Ko)p < CL3ka®py” + Liey (7.6.2)
(Vo)ps < CL¥25™2a% pi)* +L3eL (7.6.3)

Proof. Apply Lemmas 7.6.1, 7.6.2 and 7.6.3 for \’ = 0, use the bounds in (7.3.6) and
Lemma 7.3.7 and recall the bound in (7.3.3) for k%.. The statement of the lemma follows. [

The bounds of Lemma 7.6.4 can be used to prove Propositions 7.2.15, 7.2.16 and 7.2.17.

Proof of Proposition 7.2.15. Recall the definition of Eat in (7.2.14) and the formula (7.5.2).
Combining Lemma 7.5.2 and the bounds in (7.3.3), (7.6.1), (7.6.2) and (7.6.3) we have for
any 0 < § < 1 (using that N> satisfies the same bounds as Ng only with  replaced by
6 'k, recall Remark 7.5.1)

(i)
+ {Qseat)n| < CL%” 8/3 {C 2K%07 3/4(0‘ po)'/? ‘1085@ Po ’*l-C 2/€2(51/2} + L3e;,
’<Q[VQ,B]>F L3383 {C WG 0 4 (g po)z/ﬂ 4 L3,

Choosing the optimal § = (a3po)?” [log a®po|*/® we conclude the desired statement for o > 0
small enough. (Recall that k = ((apy) ™ as per (7.2.3).) O

R @) logapn| + L,
‘ <QTaonr>p>\

Proof of Proposition 7.2.16. Recall the definition of Eop in (7.2.15). Combining Lemma 7.5.2
and the bounds in (7.3.3), (7.6.1) and (7.6.3) we have

{Qon)al < CLRabp}/* [ 13/419/4(a%po) /2 + ¢4t (@09 + L.

We conclude the desired bound by taking a > 0 small enough. [

Proof of Proposition 7.2.17. Recall the definition of £y, in (7.2.16). Combining Lemma 7.5.2
and the bounds in (7.3.3) and (7.6.1) we have

(Quolr| < CLYa ¢ a0 4 ey

from which the statement follows. OJ
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7. PRESSURE OF A DILUTE SPIN-POLARIZED FERMI GAS: UPPER BOUND

7.7 \Validity of perturbation theory — Bounding &

In this section we give the proof of Proposition 7.2.13. In broad strokes this amounts to
showing the validity of first order perturbation theory in an appropriate regime. The main idea
is to use the a priori bound (7.3.4) on the relative entropy to show that the expectation value
of Wp = dI'(PPW PP) in an approximate Gibbs state I is to leading order the same as in
the non-interacting state I'y, which in turn can be replaced by the (W), (i.e., the projection
P can be dropped).

The main result of this section is the following proposition. A key ingredient in its proof is
the method of [Sei06a] for obtaining correlation estimates at positive temperature (see also
[Sei08], and [GS94] for earlier work at zero temperature.)

Recall the definition of £, (") in (7.2.17).
~1/3

Proposition 7.7.1. For any state I', anya < R < L, any py " Sd <L, any 0 < qp < k.
with (k% — qp)?> 2 1 anyn € N and any z 2> 1

En(D) 2 —LPa®R2py ™" — (k)T R* (N — LPa®py* Rd™!
. 1/2 .
= L @R a4 p)] S D) 4 L3 (k)T

) 1/4
+ LB (kS — qp)e AR —aE) 4 O P (dgp) =" log Zo] — Lie;.

(7.7.1)
The constant C,, > 0 depends only on n.

Remark 7.7.2 (Interpretation of parameters). In Proposition 7.7.1 appear many free parame-
ters. They may be understood heuristically as follows: The length R is the range of a new
interaction. To prove Proposition 7.7.1 we use in particular an argument that can be viewed as
an analogue of the “"Dyson lemma” (see Section 7.7.1) where the interaction W gets replaced
by a weaker and longer ranged interaction U of range R. The length d is a localization length.
To prove Proposition 7.7.1 we split the box A into many smaller regions of size of order d
and separated by a distance of order d, see Section 7.7.2. The momentum cut-off ¢ and the
integer n are technical parameters introduced to estimate non-leading error terms.

Remark 7.7.3 (Non-uniformity in the temperature). We do now know how to prove the
result of Theorem 7.1.3 uniformly in temperatures 7' < Tr. This is due to the temperature
dependence of the error bounds in Proposition 7.7.1. We illustrate this here.

As in Chapter 6 we can, for sufficiently small temperatures, i.e. large (, simply compare to
the zero-temperature result in Chapter 4. For ¢ > (a®py)~"/? the contribution of the main
term v (3, i) resulting from the temperature is negligible compared to the leading interaction
term of order a®py’*
temperatures T' < T it suffices to consider ¢ < (apy)

; see Section 6.1.2 for the details. Thus, to get a bound uniformly in
—-1/2

Further, one might consider changing the choice of x in (7.2.3) to K = (' 7¢(a®p)~* for some
e > 0. As in (7.3.3) we then have k% ~ (1 + ¢~Y/251/2) 0%,

Using the bounds from (7.3.3) and (7.3.4) and this new choice of «, two of the error terms in
Proposition 7.7.1 are bounded as

. 1/4
L9/4G3pg/3 {d?)S(F,Fo) + L364(k’;)7d_1} /
< C’L3a3pg/3 [C1/4(a3p0)1/4(d3p0)1/4 1+ [1 + C—?/S,{?/S} (d3p0)_1/12} .
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7.7. Validity of perturbation theory — Bounding &

For ¢ ~ (a®py)~'/? these terms are of order
L3a3p3/3 {(a3p0)1/8(d3p0)1/4 + (a3p0)_1/2 [1 + (a3p0)7e/16—7a/8] (d3p0)—1/12] .

It is impossible to choose d such that both of these terms are negligible compared to the

leading term of order L3a®py/*.

With Proposition 7.7.1 at hand we can give the

Proof of Proposition 7.2.13. We shall apply Proposition 7.7.1 with ¢ = C*1/2,0(1]/3. Recalling
(7.3.3) then

Bkqr ~ '? <k,  Bap~1<k,  BlkE—qr)’ ~r>1

We shall choose d > Cl/Qpal/?’. Then, by taking n large enough, we can ensure that the last
two summands in [...]"4in (7.7.1) are negligible.
We can use (7.2.8) to bound (NV)p, and (7.3.4) to bound S(I",Ty). Thus, using (7.3.3), the
leading terms in the lower bound on & (L") are
. L3a3pg/3 [H7/2C_7/2R2p3/3 + Rd_l}
3[ 3p—5/2 4/3 ;-3/2 3 8/3 3 3 2 1/2,.7/2 —1/3 ;-1 1/4
—L[aR po " d +ap0}[gdap0+é K'Y py " 0d

We shall restrict our attention to a compact set of z's, i.e., we can assume that ( ~ 1 and
hence x ~ (a®py)~®. We shall choose

—1/3 _s —1/3
d=p;*(a®p0)™*,  R=py"(d’m)

for some s, > 0 to be determined. Then, £, () > —C(z)L3apy/® [(a®po)” + 1] with C(=2)
bounded uniformly on compact sets of z's and

1
o= 3 min{16t — 28a, 2+ 6s — 20t, 2 — 6s, 14s — 20t — T, 25 — 7a}.

The choice
TTaTRY TTa e
yields 0 = 1/16 — 21a/32, and hence the desired bound. O

The rest of this section is devoted to the proof of Proposition 7.7.1. It is divided into three
parts. We first introduce some convenient notation.

Notation 7.7.4. We write
Tr = Trzey), tr = Try .

That is, tr for the trace of the one-particle space h = L?(A;C) and Tr for the trace over the
Fock space F(h).

Definition 7.7.5 (See also [LNR21, Definition 5.5] and [HLS09, Appendix A]). For any
projection X on b and state I' we define the operator ['x as the state I restricted to the space
F(Xb) as follows: Any operator A on F(Xbh) may naturally be extended as A ® 1z(y1y)
on F(Xbh) ® F(X1h) ~ F(h). With this extension and unitary equivalence hidden in the
notation, the state I'x is defined by duality satisfying Tr Al'y = Tr AT for all A on F(Xb).
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7. PRESSURE OF A DILUTE SPIN-POLARIZED FERMI GAS: UPPER BOUND

7.7.1 Regularizing the interaction

As a first step we shall replace the effective interaction W = V(1 — ¢) by a much weaker
interaction U of longer range. This step is, at least in spirit, analogous to the “Dyson lemma"
[Dys57, Lemma 1] (see also [LY98, Lemma 1]) applied first for dilute Bose gases. In our case,
the presence of the projection P effectively smears out the particle coordinates on a length
scale (k%)™ > a, allowing us to replace W = V(1 — ¢) by U as long as the range of U is
< (k)7 ' and [ |z]2U = [ |z[*W = 24ma®. For any interaction U we define

U=dI(U), Up=d[(PPUPP).

More concretely we show
Lemma 7.7.6. Let U be a radial function with [ |z|°U = [ |x|*W. Then for any state T,

We)r = WUp)p +O ((R)T|-11© = W), (M)

Proof. We start by writing
Wp —Up =dT'(PP(W — U)PP) / (W = U)(x — y)c,c,cyce d dy.

We Taylor expand ¢, and ¢, around y = x as in (7.3.9). Changing variables to z =y — x we
have

1 1 1
Wp —Up = 3 //(W - U)(z)z“z”/o dt/0 dsc,V¥c, .V’ crps.crdrdz

Evaluating in the state I" we define the function(s) ¢ (z) = <c;V“c;§+tZV”cx+szcx>F. We
shall Taylor expand ¢* around z = 0. Noting that ||V"¢|| < C(k%)3/**™ we can bound

V2 (z)] < C 02 (k)T = C(kp)" (Chea)y

chl/Ql

(GD)

Consequently

B (2) = @ (0) — VA (0)| S 2P (k5T {Chea)y -
Noting further that [ 2#2"U = [ z#2"W and [ 2/2"2*U = 0 = [ zz"2*W we find

(Wp — Up)] < CRE)T / 2T — W] d / (ctex)y da.
Since [ ke, dz < N this proves the lemma. m

71.7.2 Localizing the relative entropy

Because of Lemma 7.7.6, our task is now to evaluate (Up). for an appropriate choice of U in
an approximate Gibbs state I'. Our goal is to show that we can replace I' by ' to leading
order, which amounts to showing the validity of first order perturbation theory. To be able to
utilize the a priori bound (7.3.4) on the relative entropy S(I',I'y), we shall localize the latter in
a suitable way, following the method in [Sei06a, Proof of Theorem 3.1]. Due to the presence
of the projection P, the case considered here is slightly different from the one considered in
[Sei06a], hence we cannot just quote the result but give the complete argument here.
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7.7. Validity of perturbation theory — Bounding &

A first step is localizing the relative entropy S(I'p,I'y) for a state I'; closely related to the
free Gibbs state I'y, but with a cut-off the removes all correlations between well separated
regions. The state I'y is defined as follows.

Let n : R — R be a smooth function with

= 7(0) =1 and n(z) =0 for |z| > 1,
= 7i(p) = [ den(z)e”™®* >0 for all p € R®.

(To construct such a function 7 simply take any smooth compactly supported function and
convolve it with itself.) Define then for 0 < d < L/2 the function n,(z) = n(z/d) (more

precisely its periodization ng(x) = 3,cz8 1 (%)) Let I'; be the quasi-free state on F(b)
with one-particle density matrix

Ya(r;y) = Yo(w; y)na(z — v),

with 7o the one-particle density matrix of the free Gibbs state. Define then d > d by
L/2d = |L/2d] (here |-] denotes the integer part) and define for r < d/2

Xo(m) = X Xeelo)

£€2dz3n[0,L)3
Noting that 7, vanishes outside a ball of radius d < 2d — 2r we have

Xrﬁ)/er = Z XreYdXrg-
£€2d73n[0,L)3

Thus,
(Fd)Xr = 7® (Pd)Xr,§
€€2d73n[0,L)3
Next, we note that the relative entropy is monotone decreasing under restriction [OP04,
Theorem 1.5] and further that it is superadditive for its right argument being a product state

(which follows easily from the subadditivity of the von Neumann entropy). Concretely this
means that

Sp,Ta) > S(Tp)x,, Ta)x,) = > S((Tr)yer Tay,e) -
£€2dz3n[0,L)3
Replacing X, by X,(- + a) for a € [0,2d]® and averaging over a we find for any r < d/2 (this
is [Sei06a, (5.10)])
1

S(0p.L0) > o /A 4 S ((Pp)yer (Tl (7.7.2)

The next step is relating the relative entropy S(I'p,T'y) to the relative entropy S(I",T'y) for
which we have a priori bounds. In the absence of the projection P, this is done in [Sei06a,
Section 5.2]. We claim that (compare to [Sei06a, Eq. (5.31)])

Lemma 7.7.7. Let T be any state and let 0 < qr < k% with (k% — qr)? > 1. Then, for
anyn € N

S(Tp,Tyq) < S(I,Ty) + L34 (k5)d™*
+ LYK — qp)eHPCKREar=aE) L O (dgp) " log Zo + LPey.

The constant C,, depends only on n.
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7. PRESSURE OF A DILUTE SPIN-POLARIZED FERMI GAS: UPPER BOUND

Combining Lemma 7.7.7 and Equation (7.7.2) we thus find that

[ 465 ((Tr) e o)y ) S PSIDT) + L8 MR d " + Cod(dar) ™ 1o Zo
A

+ L3d36_1(k3; i qF)e—n-&-B(%;qF—q%) + L3€L.

(7.7.3)

forany 0 <r <d/2 < L/4.

Proof of Lemma 7.7.7. Following [Sei06a, Section 5.2], we first make the following observation.
Denote by I',, the quasi-free state with one-particle-density matrix w. Then for any state I'
(whose one-particle-density matrix we denote by ) we have that

S(I,Ty,) =TrT'log’ — trylogw — tr(1 — ) log(1 — w) (7.7.4)

is convex in w. We may write 74 as a convex combination

1 . . 1 . .
=1y >0 0a@)vg Ap) = 5(%(1?+61)+%(2?-Q))-
qE%’TZ3

(Note that for ¢ = 0 we indeed have 7, = 7.) Recalling that 7, > 0 and ﬁ i, =n(0)=1
by construction, we thus have

1
S(FP7Fd) < W Z ﬁd(Q)S(FP7F’Yq)' (775)
qE%’rZﬁ

We claim that for any ¢ > 0 (compare to [Sei06a, (5.14)])

S(Tp,Ty,) < (L+1)S(Tp, (To)p) — tr Qlog(1 — )

P 1 1 (7.7.6)
+ tr P(hg — ho) (1 + e(1+tho—thy 1+ehq)
where h, = logﬂ, e, v, = (1+ ehq)‘l. We will later choose ¢ = 1 but for now it is

Yq
convenient to leave it as a variable.

To prove Equation (7.7.6) we first note that (I'g)p is a quasi-free state with one-particle
density matrix P~y. Using the formula in Equation (7.7.4) we have

(1+t71)S(Tp, (To)p) — S(Tp,T,,)
=t 'TrTploglp + trQlog(l —v,)
+tr P [ylogyg + (1= 7) log(1 = 7,) — (1+ 1 )ylogyo — (1+11)(1 = 7) log(1 — 7))
=t ' [TrTploglp + tr Py((1 + t)ho — thy)] + tr Qlog(1 — v,)
—trPlog(1 + e )+ (1 +t ) tr Plog(l +e ™).

By the Gibbs variational principle applied to the one-body Hamiltonian P((1 + t)ho — th)
and Taylor expanding we have

TrI'plogT'p + tr Py((1 4+ t)ho — thy)
> —tr Plog (1 + e*(1+t)ho+thq>

1
1 + e(1+st)hofsthq

1
= —tr Plog (1 + e_h‘)) +t/ ds tr P(hg — hy)
0
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7.7. Validity of perturbation theory — Bounding &

Similarly we have

1
14+ e(1=s)ho+shq

1
—tr Plog(1 4 e ") = —tr Plog(1 4 e ") + / ds tr P(hy — ho)
0

Combining these equations and noting the the integrands in the s-integrals are monotone in s
we conclude the proof of Equation (7.7.6).

To bound the first term on the right-hand-side of (7.7.6) we note that S(I'p, (I'g) p) < S(I',Ty),
since the relative entropy is decreasing in restrictions [OP04, Theorem 1.5]. Next, we bound
the last term on the right-hand-side of (7.7.6) similarly to [Sei06a, (5.27)]. Taylor expanding
to first order in ¢ we find that

1
1 4+ e(+Dho—thq 1 4 ehg

tr P(hy — ho) < (1+t)tr P(hy — ho)™.
( )

To estimate the latter trace we recall the bound [Sei06a, Lemma 5.1]

|hq(p) = ho(p)] < CBG*(C + Bp°).
Then clearly (recalling ¢ ~ Bpe!® from (7.3.3))

tr P(hy — o) < C Y. B¢+ Bp?)? < CLPBY(kE) "

Ip| <K%,

To bound the second term on the right-hand-side of (7.7.6) we can use convexity of v
—log(1 — 7) and the symmetry p — —p to conclude that

—trQlog(l—7,) < > log (1 + 6—/3((p+q)2—u)) '

|p|>kF

We treat this sum separately for large and small ¢'s. Let 0 < gr < k% and assume that
lg| < gp. In this case

—trQlog(l =) < 37 log (1470 )
Ip|>kf—ar (7.7.7)

< CLPBP[BY2 (K — qr) + e P (Frmar = 4 e,

To prove this we view the sum as a Riemann sum for the corresponding integral and compute
the integral explicitly. We give the details in Section 7.A. For |gq| > gr we shall simply bound

—trQlog(1—7,) < 3 log (1+e770" ) =log Z,

pe2rz3

where 7 is the partition function of the free gas. Combining these bounds and choosing t = 1
we conclude that (for B(k% — qr)* 2 1)

S(Tp,Ty,) S S(U,To) + L84 (k5)q"
+ L2571 (k5 — aqr)e P CE 0 gy + 108 ZoX(gr2qr) + Ler:

We insert this bound in (7.7.5). To evaluate the g-summation we note that
1 R . . e o
= 3 () = (—A)"(0)d > = Cd?

|A| qEQTﬂZS
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7. PRESSURE OF A DILUTE SPIN-POLARIZED FERMI GAS: UPPER BOUND

for any integer n > 0. (Recall also that 1(0) = 1.) In particular for any n € N

1 ~ —2n 1 ~ n —<n
ﬁ%:nd(cﬁ 108 ZoX(gl>ar) < G5 10g Zo75 > M4(@)g™ < Cu(grd) " log Zo.

lg|>qr

Noting that —3((k% — qr)* — ) = —k + B(2k%qr — ¢%) we conclude the proof of the
lemma. O

7.7.3 Localizing the interaction

The bound (7.7.3) allows us to conclude that the states I'p and I'; are suitably close when
viewed on a ball of some radius r. As long as r is large compared to R (the range of U) this
will thus allow us to obtain the desired estimate on the expectation value (Up);., and to bound
the difference (Up). — (U)p, by the localized relative entropy.

To do this precisely, we need to also localize the interaction into balls. The subsequent analysis
follows closely the corresponding analysis in [Sei06a, Section 5.3]. We recall that, for a state
I', the state I'x denotes its localization using the projection X, see Definition 7.7.5. The
state I'y is the free Gibbs state and the state I'; is defined in Section 7.7.2. We shall prove

Lemma 7.7.8. Let I' be any state and let U > 0 be compactly supported with range R.
Then, for any 0 <r < d/2 < L/4 withd 2, pa1/3 and 1/z bounded, we have

R
Up)r > Uy, — CLP||| - PU|| , p3°=
_OL9/4 X U 2 2+2/3 C . 2U 2 3+4/3 1 3 1/2
I 10152 06" +C (- PU| |, 56" (1 + 7% p0)

1/4
X 7"_3/2 [/[; df S<<FP)XT',£7 (Fd)x7-75)‘| — LBQL.

Proof. Write for any r» > 0

B 3
43

/ déU(z — y)xre(y)
A
3

g /A d€ Xre (@)U (x = y)xre(y) + 4:r3 /A d€ (1 = Xpe (@)U (2 — 1) Xre ()

U(r —y)

with x,¢ the characteristic function of a ball of radius r centered at £. As a lower bound we
may keep only the first term since U > 0. Define U, ¢(z,y) = xre(2)U(z — y)xre(y) and
ur7§ = dF(Urf). Then

3 3
rp < A3 /A 4 Trlthel'p) = A3 /A de [Z/{TAFP)X“J

<uP>r = <L{>

since we may replace I'p by (I'p),, , since U, ¢ is localized to this domain.

For any K we introduce
fult) =min{t, K} =t —[t— K];,  []+ = min{-,0}.
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7.7. Validity of perturbation theory — Bounding &

Then ¢t > fx(t) for any t. Using this on ¢t = U, we thus have (with I'; as above)
>
Up)r 2 473

/A d¢ Tr [fK (U ) (FP>XT,J
_ 3 /A dg Tr [ fic Ung) (Ta)y, ]

473

+ 4;13 /A d¢ Tr {f}( (Use) ((FP)xr,a - (Fd)xﬂéﬂ

= I+gstate (778)

The first term Z is the main term. To evaluate it, we use fx(t) =t — [t — K], and bound
[t — K], <t*/4K. Thus

Tr (i Ure) (Ta)xc] = Tt [Une(Ta)y, ] — 41K Tr |[(Ure)* (Ta),.e] -

For the first term we note that (I'y),, . is quasi-free and has two-particle density

p& (@, )X (@) Xre (W) = (08 — a(® = 9)[*)Xre (@) Xre ()

2
> p8 (@, 9) X () Xre (1)

83

since |74 < |y0| by construction. In particular,

Tr {uﬁﬁ (Fd>XT,J

1
>5[ v deay
(Bre)?
1 1
[ v U — ) ) do dy.
AXBryg (A\Br’g) XBT’g

Integrating this over £ we get

3 /A d¢ Tr [Uy.¢(Ta)y, | > Tr[UT]

473
3
iy drdyU (e — ) (2.)
A (A\By¢)x By

We conclude that

3 2
2> <u>1"0 - W/A d¢ Tr [ur,g(rd)Xr,g}

(7.7.9)

gd5:
3
s [ dudy Uz — y)p(@,1).
T JA (A\By.¢)X B¢

Elocal:=

We are left with bounding the three error terms Eocal, €4 and Egiate.

First, we bound the error term Ejoca from (7.7.9). Using that U has compact support of range
R and recalling the formula in (7.3.2) for pi we have for 1/z bounded

C .
|Eocal] < 3/ d§/ dx/ dz 22U (2)p5* [1+ L™"¢pp )]
™ Ja Brire\Bre A

R
<crp*|1- P, o + L

Ll
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The error term &, in (7.7.9) can be evaluated explicitly since T'y is a quasi-free state. We have

Tr [(Llng)z (Fd>Xr,§] = ////(B . Ulx—y)U(z—2")Tr {a;a;ayazaza;azzazfd} drdydzdz'.
re

(7.7.10)
Normal ordering and using Tr {a; Al g, e amFd} = pgn) (x1,...,x,) we find

(7.7.10) = 2//( | Ulx — 2p((i)(x,y) dx dy
Br)?

vl UG- ) dedyd
(Brg)®

+ //// U(x —y)U(z — z')py)(w, y,2,2 )drdydzdz.
(Bre)*

We may Taylor expand the reduced densities as in Lemma 6.3.6, to conclude that as long as
d > py'"* and 1/z is bounded

P (x,y) < Cpg Pl =y 1+ L7
P (x,y,2) < Cpy ™ Pla = yPle — 2P [1+ L7 ¢pp ]
o2, ) < Cp ™ — Pz — 2P [L+ L7

This gives the bound

2
(7.7.10) < Cripet?/? [/ 22U dx + py* (/ |z|*U dx) + B petels (/ |z|*U dx) ]

X [1 + L c,ogl/ﬂ :
Thus

3+4/3

2
&4 < CK'TP [||| UIZ: 5372+ |- 12U, o (1+T3p0)+eL]. (7.7.11)

Finally we bound the error term Eate from (7.7.8). Since fx(t) < K for any t we have

3K
|€state’ = 4 / df H FP Xr{ (Fd>Xr§

3K 1/2
o S I ( /A d&S((mer,@(Fd)xng))

2
S S 25((FP)Xr,E7 (Fd)Xr,g)
[OP04, Theorem 1.15]. Combining this with the bound for £; and choosing the optimal K we

using the Cauchy-Schwarz inequality and that H(Fp)xnf — (Ta)x,c

have
9/4 242/3 207 3+4/3 3 1/2
[Eal + [Escare] < CLY U2 0577 + |1 - PU| L p6H2(1 4+ 7p0) + e
1/4
x r3/2 (/A d&S((Tp)y,e (Fd)xng>> .
Together with the bound of & ... above we conclude the proof of the lemma. O
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7.7.4 Combining the parts

Finally, we combine the three parts above and give the

Proof of Proposition 7.7.1. Consider the function U given by
U(z) = 30a* R "X z<r-

This has

i

Note also that ||| - [*W]|;: < Ca® and @ < R. Combining Lemmas 7.7.6 and 7.7.8 and Equa-
tion (7.7.3) we have

| = 24ma®, H| 4

—CaR?, || |U|% = Ca®RS.
Il

(We)r > Uy, — C(k5)Ta*R? (M) — CLPa*p}*Rr™!

_ 1/2 _
= CLY [ R g P )] ST D) 4+ L3 (k)T
. 1/4
+ LBV (K — qp)e PR —ai) o O B (dgp) P log Zo 4+ LPer|  — Liey.

Recalling the formula from po ) from (7.3.2), we have

U, = // x — (z,y)dxdy

—Llsz( ) 32+23 2 2/3 1, —1/3
= 2n ng/;( SRl [ @) [1+ Ol ai) + 017 )] da

— W)y, + O(L*a*R2%) + Ly,

where we have used that [ |z|?U(z)dz = [|2z]*W(z)dz and that a < R in the last

step. Choosing finally » = d/2 (as this is clearly the optimal choice) and recalling that
Ept(T') = Wp)p — (W)y, this concludes the proof of Proposition 7.7.1. O

7.A Bounding Riemann sums

In this section we prove (7.3.8) and (7.7.7). We do this by viewing the sums as Riemann sums
for the corresponding integrals. To estimate their difference, note that for any function F' and
any k € 2*Z* we have

S F (k) = (27103 /—27213 d¢ [F(/Hg) - /01 dtatF(kthf)] . (@AY

When summed over k, the first term gives the integral [ F" and the second term will in general
be of order L~! for large L.

Proof of (7.3.8). We shall apply the bound h(1 + e"?)~! < Ce /3 to h = B(|k|* — ),
obtaining

BURE 1) _ 0 5~ g

K2—p) —
|| >k 1+ 2k |k >k
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Let F (k) = z'/3¢=PI*/3 and note that
2
OF (k +1) = =22k + 1) ge 1912
Using that |¢| < CL™! for € € [-Z, 2], we may bound this by

OF (k+ 1) < 238 [LVk + €] + L2) e 2407308k 4elL1+17%),

This is clearly integrable in & + ¢ and subleading in L. (More precisely it is of the order L))
Thus, using (7.A.1),

3
Z /BB L?)/ BB gk 4 L3¢y,
k| >k, (2m) k| >k5,

The integral is explicitly given by
[ e RIS gl — a3 3) 0 (R extel(5/3)1 ) + 2(3/3)! ke S ),
|k[>kE

with erfc the complementary error function [NIS, (7.2.2)]. Bounding erfc(z) < ;—16_32 [NIS,
(7.8.3)] we thus have

/ B3Pk gk < CpB~3/2 (51/%; + 1) e BUKE)?=1)/3 _ CB3/? (51/%; + 1) o3
|k|>k%—ar
proving (7.3.8). O

Proof of (7.7.7). For any t > —1 we have log(1 +t) <¢. Thus, in order to prove (7.7.7) we
need to bound 35 ks gy ze P’ Define F(k) = ze ?* and note that

OF(k +t&) = —228(k + t&)ge P+,

Using that || < CL™! for £ € [-T, T]*, we may bound this by,

‘atF(k_i_tg)‘ < 026 {L—llk_'_f‘ _i_L—Q} 6—6(k+§)2eC,@(\k+§|L*1+L*2)'

As in the proof of (7.3.8) above, this is clearly integrable in k + ¢ and of the order L. Thus,
using (7.A.1),
LS
Z ze PR — 3/ ze ¥ dk + L3e;.
(27)° J ik —qr

|k[>kE—qF
The integral is explicitly given by

[ e = s (VR ente(52 0 — ae)) + 250 )50
|k| >k —qr

with erfc the complementary error function [NIS, (7.2.2)]. Bounding erfc(z) < Z%e‘* [NIS,
(7.8.3)] as in the proof of (7.3.8) above we thus have

/ ze” P dk < CB722 (B2 (K — qp) + 1) e PHEm00)",
|k|>k—aqF
This concludes the proof of (7.7.7). O
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7.B Two dimensions

In this appendix we shall sketch the (straightforward) changes to the argument to get the
bounds also in dimension D = 2, i.e., to prove Theorem 7.1.7. To illustrate the dimensional
dependence and make clear which parts of the argument fails in dimension D = 1 we
consider here general dimension D = 1,2. The main steps in the proof are Lemma 7.5.2 and
Proposition 7.7.1 together with the a priori bounds of Lemma 7.6.4. In general dimension D
they read

Lemma 7.B.1 (Lemma 7.5.2 in D dimensions). Let D = 1,2 and let " be any state. Then,
for o > 0 sufficiently small and any 0 < § < 1,

(M) | < CaP (k)P flog akfy| [k (NG + (Kg)?| (N,
(Qraytor)r| + (Qucat)p| < CaP [log akip] (ki )P/ (ki) P>+ (N)i/* () ?
+ CLD/QaD/2(k;)D+2 <NQ>>11—\/2

(Quos) | < Ca' (k) (V)2 (M) 2 D=1,
el Ca?(kg)? log ks[> (Vo> (N){* D =2,

‘(QV@>F‘ < C’a3D/2’1(k’})3D/2+1 <NQ>11/2 <'/\/'>11“/27

Qo) | < 4 CUREY W) + O (Vo) (W) D=1
o Ca?(kp)? [log akp| > (N + Calki)? (Vo)i/* (Noh!® D =2.

Lemma 7.B.2 (Proposition 7.7.1 in D dimensions). Let D = 1,2 and let T be any state.
Then, for any 0 < d,R < L, any 0 < qp < k% with 8(k% —qr)* 2 1 anyn € N and any
221

Ex(T) > _LDaDR2p(2)+4/D _ (k;)D+4aDR4 Ny _ PP 2+2/DRd—1

1/2
_ 3D/4 [GQDR_D_ngH/Dd_D +a2PBHP (gD 4 po)} / {dDS(F7FO)

K 2 1/4
+ LD54(1{5?7)D+4CZD_4 + LDﬁ—D/Qe—H—l-B(QquF—qF) + Cn(qu)—Qn IOg ZO]
— LDBL.

Lemma 7.B.3 (Lemma 7.6.4 in D dimensions). Let D = 1,2 and let T be an approximate
Gibbs state. Then, for any 0 < X\ <1,

(Ng)pa < CLPCR aPp2 + LPey,
(Ko)ma < CLP¢—DP-1,D+ Dp2+2/D+LDeL’
(Vg)pa < CLP¢P/21 P21 D 020 | D)

With Lemma 7.B.2 at hand we may prove the analogue of Proposition 7.2.13:

Lemma 7.B.4 (Proposition 7.2.13 in D dimensions). Let I be an approximate Gibbs state.
Then, for a > 0 sufficiently small,

£—-%a D=1
EnlT) = ~CLPaP P (Ppo)” — LPes, o = { flo D=1

1_ 3 _
e D=2,

with the function C(z) uniformly bounded on compact subsets of (0, 0).
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With these we may then give the

Proof of Theorem 7.1.7. Recall (7.2.18). Similarly as in (7.2.19) we evaluate (see also
Lemma 6.3.6)

5 —z

Wi, =3 T ()7

We bound &y (I') similarly as in Proposition 7.2.14, Ev,(I'), Escat(I') and Eop(I') using

Lemmas 7.B.1 and 7.B.3 and choosing the optimal § = (a?py)'/? [log a®py|, and &, (T) using

Lemma 7.B.4. ]

a’py {1 +O(a?po) + eL} :

Remark 7.B.5 (The case of D = 1 dimensions). The method presented here does not allow
proving the one-dimensional analogue of Theorems 7.1.3 and 7.1.7. Indeed, combining the
propagated a priori bounds of Lemma 7.B.3 with the bounds in Lemma 7.B.1, the bounds
on the error terms Q[VQB Qv, and Qop are too large. A similar issue occurs in the
zero-temperature setting, see Remark 4.A 4.

The proofs of Lemmas 7.B.1-7.B.4 are as those of Lemmas 7.5.2 and 7.6.4 and Proposi-
tions 7.2.13 and 7.7.1 only with straightforward changes, which we shall sketch here. Recall
first the bounds on the scattering function:

Lemma 7.B.6 (Lemma 4.A.2 and Remark 4.A.4). The scattering function  satisfies
11"l < Ca®(kE) ™, n=12 |- "Vl < Ca” logakf|, n=0,1,2

Ca(ky)~1/? D=1,
Il lell 2 <

VA < CaP’?, n=0,1.

Furthermore, we have the analogues of (7.5.9) and (7.5.10):

H/ z—2") (b)) d2’
H/ z—2") (b)) erc, d2

Proof of Lemma 7.B.1. The proof of Lemma 7.B.1 is exactly as that of Lemma 7.5.2 given
in Section 7.5. We simply state here all the intermediary bounds.

< C[(B0)P Il o + (B)72 ol 2]

< C{(RE P - Lol + RE)PHHN - Tl 2]

We may bound H s, Qayior and Qgcat as
(#i%) | < CEDP I IVl + - Pag] ]
x [k (Vo) + ()] (N2,
(Qrayerdr| + [(Qscat) ] < CORE ™) P2(RE) P/ [k [ Pl + 1€ ] (NI M)
+ CLPP2 (k)P (KR I o + 10 2] (N> )i

To bound Qyy,, 5 we have the bounds

(Aws)p| + [(Asp)p| < CHERPEI Lol (VI (Vo) (N2,
(Ass)p| + |(Ao.pdr| < CHEEPZH Tl + REPH -l
X VI (Vo) (N2
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7.2. Two dimensions

To bound Qy ., we have the bounds
[(Ad)pl < CaPP(REPPPNVE ol No)® (M2,
[(As)p| < CaP2(kp)P*H [(K5)P ol o+ (k5) P72 ol o] IV (NQ)* (2.
To bound Qpp we have the bounds
[(Ases)p| < CaPPEEPPPE2VIZEN - lell 2 W)y
[(Ase.r)r| < CaPPHEEP2 ]l VI Ny,
[(Asea)p| + |[(Asepdr| < CaP2(kE)PH (RGP ol + K52 Lol 2]
X IV (Noh/® (N2,
(Aw)r| < CORP IV el 2 (Vo) (o) 2,
(Asp)p| < CURP2[(RE)P el + (RPNl 2]
< VI (Vadi!® (Noh®.

Combining with the bounds in Lemma 7.B.6 we conclude of the lemma. O

Proof of Lemma 7.B.2. The proof is (almost) the same as that for Proposition 7.7.1 given in
Section 7.7. The only non-immediate change is the bound for the sum X5 ks g, ze PR’
Similarly as in Section 7.A we have

—1/2 1 —B(kR—qr)? .
Z e BRI < {CLﬁ " TR (kg —ar) © PURTary 4 Ley, D=1,

|k|> k5 —qr CL23 1z PkE—ar)® 4 [2¢, D =2,
This way we obtain the proof of the lemma. O
Proof of Lemma 7.B.3. Same as that for Lemma 7.6.4. ]

Proof of Lemma 7.B.4. We use Lemma 7.B.2 with qr = §_1/2p(1)/D. Choosing in addition
d> Cl/Qpal/D then, as in the proof of Proposition 7.2.13 above, by taking n large enough,
we can ensure that the last two summands in [...]*/* are negligible. Then,

(D) > _LDangJr?/D [HD/2+2<7D/2+2R2 2/D + qu}
_ b [aDRfD/2flpé/Dde/2 +aDp2+2/D}
1/4
% [CdDa p2 + (DI RD/242 )1 4/D 4D~ 4] _ P,

Restricting to a compact set of z's we take

_1/D s D
d=p;""(a"p0)™,  R=py"""(aPpy)!

for some s,t > 0 to be determined. Then, £, (T) > —C/(2)LPa®po ™" {(aDpO)" — eL} with

C(z) bounded uniformly on compact sets of z's and
1
=g min{th — (4D +16)a, 2 — (4D + 8)t +2Ds,

_ (4D +8)t + (2D +8)s — (D + 4)a, 2 — 2Ds, (8—2D)s—(D+4)a}
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Choosing

3 30 _ 1 10 _
S:{H+Ha D—l, t:{n—i-noz D—l,

1,3 _ 1 21 _

1+3a D=2, w6t D=2

we find

%—%a D =2.

2 30 _
o= {11 — ﬂa D= 1,
This concludes the proof of Lemma 7.B.4

262









Part 1l

Universalities in BCS Theory






CHAPTER

Brief introduction to the BCS theory of
superconductivity

Superconductivity is an important physical phenomenon with many applications ranging from
quantum computers to high-speed levitating trains. It was first observed experimentally by
Kamerlingh Onnes in 1911, see [DK10] for the history, with the first microscopic theory thereof
being BCS theory, developed by Bardeen, Cooper and Schrieffer in 1957 [BCS57]. We give
here only a brief introduction to BCS theory. For a more detailed introduction we refer the
reader to the PhD theses of Deuchert [Deul6], Maier [Mai22] and Roos [R0023], the review
[HS16], or my master’s thesis [Lau20].

An important aspect of BCS theory is that the effective interaction between the electrons
in some superconductor is sufficiently attractive. Physically this arises from the (attractive)
interactions between electrons and the ions in the crystal lattice. “Integrating out” the degrees
of freedom from the vibrations of the lattice ions, this then yields an effective attractive
interaction between the electrons.

An important feature of a superconductor is its critical temperature 7,.. The superconductor
is only superconducting for temperatures smaller than this critical temperature. For larger
temperatures it is a normal metal. A second important feature of BCS theory is its asso-
ciated energy gap =. This is the energy required to excite the superconductor out of the
superconducting state.

Both the energy gap and critical temperature measure the ‘stability’ of the superconducting
phase. While they both depend heavily on the microscopic details of any specific superconductor,
what is perhaps surprising is that they exhibit a certain universal behaviour, however. Namely,
in multiple limiting regimes, their ratio =/T.. is universal meaning that it is independent of
the microscopic details of the material. In general this is expected to appear as soon as
“superconductivity is weak”, meaning that both = and 7. are small. The ratio =/7, is then
given by a universal function depending only on the reduced temperature 7'/T. [LT23; Leg06].

Mathematically, BCS theory is described by the non-linear BCS gap equation, an equation in
the gap function A depending on the temperature of the superconductor. For temperatures
larger than the critical, no non-zero solution A exists, while for temperatures below the critical
there exists some non-zero function A solving the gap equation. The BCS gap equation arises
as the Euler—Lagrange equations of the BCS functional [HHSS08; HS16; Leg80]. Using this
functional formulation, many aspects of BCS theory have been put on rigorous grounds. In
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8. BRIEF INTRODUCTION TO THE BCS THEORY OF SUPERCONDUCTIVITY

particular, asymptotic formulas for the critical temperature [FHNSO07; HS08a; HS08b; Hen22]
and energy gap [HS08b; Lau21] have been proven.

Further, BCS theory has been studied for temperatures close to the critical. For these
temperatures superconductivity is also well-described by the phenomenological Ginzburg—
Landau (GL) theory [GL50]. For temperatures close to the critical, BCS theory in fact recovers
GL theory [Gor59]. This was recently proved, even including external electric and magnetic
fields, [DHM23a; DHM23b; FHSS12a; FHSS16; FL16]. For further discussion on the link
between BCS and GL theory and the effect of external fields we refer the reader to the PhD
thesis of Maier [Mai22].

We consider here BCS theory in the translation invariant setting and in infinite volume. In
particular, there are no boundary effects included and this describes the bulk properties of
a superconductor. For a discussion of the non-translation invariant setting and including
boundary effects we refer the reader to the PhD thesis of Roos [Ro023], see also [DGHL18;
HRS23; Roo24; RS23; RS24].

8.1 Universalities in BCS theory

We give next a precise definition of the critical temperature and energy gap in the translation
invariant setting. Further, we discuss their universal behaviour studied in Part Il of the thesis.
Again, we refer the reader to [Deul6; HS16; Lau20; Mai22; Roo23] for a more detailed
introduction and extensions to more general settings.

The BCS theory of superconductivity is described by the non-linear gap equation (being an
equation in the function A)

Ap) = —(273)3/2 /RS Vip - Q)fé%(((z;) dg, (8.1.1)
where
KR = 2200 ) = i — kP + AP

The central statement of BCS theory is that, if the effective interaction V' is sufficiently attrac-
tive, then there exists some critical temperature 7, > 0 such that for 7" > T, Equation (8.1.1)
has only the trivial solution, being the solution A(p) = 0, whereas for T' < T, there exists
some non-trivial solution A. A sufficient assumption on V is that it is of negative type V<0
(and non-zero 1% # 0), in which case also the gap function A is unique up to a constant global
complex phase.

The function Ea(p) has the interpretation as the dispersion relation of associated quasi-
particles, see [HHSS08, Appendix A]. In particular the value = = inf, FaA(p) is naturally
interpreted as an energy gap. For negative type interactions, where A is unique up to a
constant global phase, the energy gap is even uniquely defined.

The universal features of BCS theory studied in the thesis relate to the ratio =/7.. As discussed
above, this ratio is universal in appropriate limiting regimes, where “superconductivity is weak”,
meaning that 7. is small. Proving various notions of this is the contents of Part Il of the
thesis.

We consider two such universal properties, the first being the formula
E(T =0)

T T =L, (8.1.2)
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with v = 0.577 the Euler-Mascheroni constant, for the ratio of the zero-temperature energy
gap and the critical temperature. This formula is well-known in the physics literature [BCS57;
NS85]. In the mathematical physics literature this was first proven in the weak coupling limit
[FHNSO7; HS08b], where one replaces the interaction V' by AV and considers the limit A — 0.
This was later extended to also cover the low-density limit 1+ — 0 [HS08a; Lau21]. In Chapter 9
we prove this formula in the weak coupling limit in d = 1,2 dimensions and in Chapter 10 we
prove this formula in the high-density limit © — co by establishing an asymptotic formula for
the zero-temperature energy gap and using a similar formula for the critical temperature of
Henheik [Hen22]. Further, we give in Chapter 9 an exemplary proof and compare it to the
other proofs of this universality in the literature and Chapter 10 in various limits.

The second universality we consider is the positive temperature extension of (8.1.2). More
precisely one has the formula [LT23; Leg06]

E(TT) ~ facs (,/1 - T/Tc> 7 (8.1.3)

for some universal function fgcs described in detail in Chapter 11. In particular, for temperatures
close to the critical, we have the formula

=(T) | 8w — N -
T 7<,(3)\/1 T/T, ~ 3.06,/1 — T/T.,,

with ((s) = >2°; n~* the Riemann zeta function. Both universalities (8.1.2) and (8.1.3) are
illustrated in Figure 8.1.1.

=/T.

e

0 T,

Figure 8.1.1: (Copied from Chapter 11.) The ratio of the BCS energy gap and
the critical temperature, =/T,, is well approximated by a universal function of

the relative temperature T'/T,. At T' = 0, it approaches the well-known constant
me 7 =~ 1.76.
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8. BRIEF INTRODUCTION TO THE BCS THEORY OF SUPERCONDUCTIVITY

We prove in Chapter 11 the validity of the formula in (8.1.3) in the weak coupling limit. This
partially builds on and extends recent work of Langmann and Triola [LT23] showing the validity
of (8.1.3) for temperatures 7" € [0, (1 — ¢)T].

For the precise statement of the universalities discussed here and proved in Chapters 9, 10
and 11, we refer the reader to the corresponding chapters.

8.2 Birman-Schwinger principle

The proofs of the universal formulas in Chapters 9, 10 and 11 follow mostly the same structure.
A central ingredient is the Birman—Schwinger principle. We sketch the main ideas here.

First, we note that the BCS gap equation (8.1.1) is equivalent to the operator K2 + V
having O as its lowest eigenvalue and the associated eigenvector is given by the minimizer «
of the BCS functional. We use this in particular for the temperatures 7" = 0 (in which case
K2 = EA) and T =T, (in which case A = 0). The Birman—Schwinger principle then says
that the Birman-Schwinger operator

Bra =sgnV|V['"2(Kp) ™' [V|'/?
has —1 as its lowest eigenvalue with associated eigenvector sgn V [V'|'/2a. To study the
Birman—Schwinger operator we define the integral
1 1

m(T,A) = —
T8 =157 | o KED)

dp.

In the limit of weak superconductivity, where T and A are both small, this integral can be
computed directly. At "= 0 and T" = T one finds

m(T =0,A) ~ p%?7! [log =

(Tlu:()) + log(2cd)] ,

(8.2.1)
d/2-1 H e’
m(T., A =0) ~ u? {log T +log — + log(QCd)] :
e T

for an explicit dimension-dependent constant c¢,.
Using the integral m(7, A) we decompose the Birman—Schwinger operator into a dominant
term and an error term as

Bra = m(T, A)sgn VIV['2F1 5, VY2 + sgn VIV V2 Mp A |[V]'2,

with §, : L'(RY) — L*(S?!) a rescaled Fourier transform and Mr A defined such that
this holds. It is an error term. Using that By A has —1 as its lowest eigenvalue and the
decomposition above we find

1
1 +sgn V|VV2Myp |V ]1/2

-1
m(T,A) = — [infspec <3,1|V|1/2 sgnV|V|1/2SL>] . (8.2.2)

Neglecting the error term and considering the temperatures 7' = 0 and 17" = T, we thus find
that

(T =0,8) »m(T, A =0)~ —, ¢, = infspec (3,V5L) < 0.
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8.2. Birman—Schwinger principle

Combining with the direct evaluation of the integral m(7, A) in (8.2.1) we find the asymptotic
formulas

T~ 20,5 1 =(T = 0) ~ 2 !
o S OV Lt ) =(T'=0) ~ Zeacxp pi2=le, |’

from which the universal ratio Z(7 = 0) /7. = me~ " follows.

For the proof that =/T, ~ fgcs(y/1 — T/T.) in Chapter 11 a more refined analysis is required.
In particular one needs to treat the ‘log-divergence' of the BCS gap equation (8.1.1). This
‘log-divergence’ can be understood as the logarithmic divergence of the integral m(7', A) in
the limit 7, A — 0, recall (8.2.1).

For temperatures not too close to the critical the analysis is comparable to the analysis
sketched above with one key difference: In Chapter 11 we use the fact that By a has lowest
eigenvalue —1 simultaneously for two different temperatures. More precisely, using (8.2.2)
for any temperature T' together with the temperature T, we find a formula for the difference
m(T,A) —m(T., A = 0). We bound this as being exponentially small in the coupling, see
the details in Chapter 11. Further, the formula m(7, A) — m(T., A = 0) = 0 is essentially
the defining equation for the function fgcs, and so we find that Z/T, ~ fgcs(y/1 — T/T.) as
desired.

For temperatures close to the critical we instead use the relation of BCS theory to GL theory:
Defining the (rather simple in our case) GL ‘functional’ &g : C — R, the BCS gap function
is given by A & (/1 — T /T,|1gL|Ao, with 1. the minimizer of the GL functional and A, a
specific function used to define the GL functional, see Chapter 11. A precise analysis of the

GL minimizer ¢ yields |i)g| ~ 7%’{;) Ao?\c/ﬁ) and thus

= ALp) | s
TS S\weVio

This is exactly the value of the function fgcs for temperatures close to the critical, and so

we find the universal ratio =Z/7, ~ fgcs(y/1 — T'/T,) for temperatures close to the critical as
claimed.
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CHAPTER

Universality in low-dimensional BCS
theory

This chapter contains the paper

[LowDim] J. Henheik, A. B. Lauritsen, and B. Roos. “Universality in low-dimensional
BCS theory”, Rev. Math. Phys. (2023), p. 2360005. DOI: 10.1142/S0129
055X2360005X.

Abstract. It is a remarkable property of BCS theory that the ratio of the energy gap at zero
temperature = and the critical temperature T, is (approximately) given by a universal constant,
independent of the microscopic details of the fermionic interaction. This universality has
rigorously been proven quite recently in three spatial dimensions and three different limiting
regimes: weak coupling, low density, and high density. The goal of this short note is to extend
the universal behavior to lower dimensions d = 1,2 and give an exemplary proof in the weak
coupling limit.

Contents
9.1 Introduction . . . . . ... 273
9.1.1 Mathematical formulation of BCS theory . . . . . . . .. ... .. 275
9.2 MainResults . . . . . .. 277
9.3 Proofs . . . . . 279
9.3.1 Proof of Proposition9.3.1 . . . . . .. ... ... ... ... ... 281
9.3.2 Proof of Proposition 9.3.2 . . . . . . ... ... 284
9.3.3 Proof of Proposition 9.2.4 . . . . . . .. ... ... .. ... ... 289

9.1 Introduction

The Bardeen—Cooper—Schrieffer (BCS) theory of superconductivity [BCS57] is governed by
the BCS gap equation. For translation invariant systems without external fields the BCS gap

equation is
A(p) = —71 / VA( —q) (q) tanh A(p) d (9 1 1)
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with dispersion relation Ea(p) = \/(p2 — )%+ |A(p)|?. Here, T' > 0 denotes the temperature
and i > 0 the chemical potential. We consider dimensions d € {1,2,3}. The Fourier transform
of the potential V € L*(RY) N LPv(R?) (with a d-dependent py > 1 to be specified below),
modeling their effective interaction, is denoted by V(p) = (27)~%2 [, V(2)e " dx.

According to BCS theory, a system is in a superconducting state, if there exists a non-zero
solution A to the gap equation (9.1.1). The question of existence of such a non-trivial solution
A hinges, in particular, on the temperature 7. It turns out, there exists a critical temperature
T. > 0 such that for T' < T, there exists a non-trivial solution, and for T" > T, it does
not [HHSS08, Theorem 9.1.3 and Definition 9.1.4]. This critical temperature is one of the
key (physically measurable) quantities of the theory and its asymptotic behavior, in three
spatial dimensions, has been studied in three physically rather different limiting regimes: In
a weak-coupling limit (i.e. replacing V' — AV and taking A — 0) [FHNSO7; HS08b], in a
low-density limit (i.e. 1 — 0) [HS08a], and in a high-density limit (i.e. © — co0) [Hen22].

As already indicated above, at zero temperature, the function A may be interpreted as the
dispersion relation of a certain ‘approximate’ Hamiltonian of the quantum many-body system,
see [HHSS08, Appendix A]. In particular

== pleand EA(p) (9.1.2)
has the interpretation of an energy gap associated with the approximate BCS Hamiltonian and
as such represents a second key quantity of the theory. Analogously to the critical temperature,
the asymptotic behavior of this energy gap, again in three spatial dimensions, has been studied
in the same three different limiting regimes: In a weak coupling limit [HS08b], in a low density
limit [Lau21], and in a high density limit [Chapter 10].

In this paper, we focus on a remarkable feature of BCS theory, which is well known in the physics
literature [BCS57; LTB19; NS85]: The ratio of the energy gap = and critical temperature
T, tends to a universal constant, independent of the microscopic details of the interaction
between the fermions, i.e. the potential V. More precisely, in three spatial dimension, it holds

that _
S xl x176 (9.1.3)
7 R LT, 1.

where v = 0.577 is the Euler-Mascheroni constant, in each of the three physically very different
limits mentioned above. This result follows as a limiting equality by combining asymptotic
formulas for the critical temperature 7, (see [FHNSO7; HS08a; HS08b; Hen22]) and the energy
gap = (see [HS08b; Lau21] and Chapter 10) in the three different regimes. Although these
scenarios (weak coupling, low density, and high density) are physically rather different, they
all have in common that ‘superconductivity is weak' and one can hence derive an asymptotic
formula for T, and = as they depart from being zero (in the extreme cases A = 0, u = 0,
i = o0, respectively). However, all the asymptotic expressions are not perturbative, as they
depend exponentially on the natural dimensionless small parameter in the respective limit. We
refer to the above mentioned original works for details.

The goal of this note is to prove the same universal behavior (9.1.3), which has already been
established in three spatial dimension, also in dimensions d = 1,2 in the weak coupling limit
(i.e. replacing V' — AV and taking A — 0). This situation serves as a showcase for the
methods involved in the proofs of the various limits in three dimensions (see Remark 9.3.6
and Remark 9.3.9 below). Apart from the mathematical curiosity in d = 1,2, there have been
recent studies in lower-dimensional superconductors in the physics literature, out of which we

274



9.1. Introduction

mention one-dimensional superconducting nanowires [NTH12] and two-dimensional ‘magic
angle' graphene [Cao+18].

In the remainder of this introduction, we briefly recall the mathematical formulation of
BCS theory, which has been developed mostly by Hainzl and Seiringer, but also other co-
authors [FHNSO7; HHSS08; HS16]. Apart from the universality discussed here, also many
other properties of BCS theory have been shown using this formulation: Most prominently,
Ginzburg-Landau theory, as an effective theory describing superconductors close to the critical
temperature, has been derived from BCS theory [DHM23a; DHM23b; FHSS12b; FL16]. More
recently, it has been shown that the effect of boundary superconductivity occurs in the BCS
model [HRS23]. We refer to [HS16] for a more comprehensive review of developments in the
mathematical formulation of BCS theory. The universal behavior in the weak coupling limit
for lower dimensions d = 1,2 is presented in Section 9.2. Finally, in Section 9.3, we provide
the proofs of the statements from Section 9.2.

9.1.1 Mathematical formulation of BCS theory

We will now briefly recall the mathematical formulation [HHSS08; HS16] of BCS theory
[BCS57], which is an effective theory developed for describing superconductivity of a fermionic
gas. In the following, we consider these fermions in R?, d = 1,2, at temperature 7" > 0 and
chemical potential 1 € R, interacting via a two-body potential V', for which we assume the
following.

Assumption 9.1.1. We have that V' is real-valued, reflection symmetric, i.e. V(x) = V(—x)
for all z € R?, and it satisfies V € LPV(RY), where py = 1if d =1, py € (1,00) if d = 2.

Moreover, we neglect external fields, in which case the system is translation invariant.

The central object in the mathematical formulation of the theory is the BCS functional, which
can naturally be viewed as a function of BCS states I'. These states are given by a pair of
functions (7, «) and can be conveniently represented as a 2 x 2 matrix valued Fourier multiplier
on L?(R%) @ L?(R?) of the form

WM—<%@ a(p) ) (9.1.4)

a(p) 1-=4(p)

for all p € R%. In (9.1.4), 4(p) denotes the Fourier transform of the one particle density matrix
and &(p) is the Fourier transform of the Cooper pair wave function. We require reflection
symmetry of &, i.e. &(—p) = &(p), as well as 0 < I'(p) < 1 as a matrix.

The BCS free energy functional takes the form

Filt) = [ 0 = wio)dp =TS+ [ V@la@Pds,  TeD. (919

)T _ M a(p) . i 2 1/mpd 2 o 1 d
D._{F(p)_<&<p) 1_&@)).0_F§1,76L(R,(1+p)dp), EHsym(R)},

where the entropy density is defined as

ir) == [ Trea [{p) og E(0)] -
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The minimization problem associated with (9.1.5) is well defined. In fact, the following
result has only been proven for d = 3 and V € L3?(R?), but its extension to d = 1,2 is
straightforward.

Proposition 9.1.2 ([HHSSO08], see also [HS16]). Under Assumption 9.1.1 on V', the BCS
free energy is bounded below on D and attains its minimum.

The BCS gap equation (9.1.1) arises as the Euler—Lagrange equations of this functional
[HHSS08]. Namely by defining A = —2V «, the Euler-Lagrange equation for « takes the form
of the BCS gap equation (9.1.1). Additionally, one has the following linear criterion for the
BCS gap equation to have non-trivial solutions. Again, so far, a proof has only been given in
spatial dimension d = 3 and for V € L3/2(R?), but its extension to d = 1,2 is straightforward.

Theorem 9.1.3 ([HHSS08, Thm. 1]). Let V satisfy Assumption 9.1.1 and let ;» € R as well
as T > 0. Then, writing Fr[l'| = Fr(v, «), the following are equivalent.

1. The minimizer of Fr is not attained with o = 0, i.e.

inf Fr(y,a) < inf Fr(v,0),
f Fr(v.e) < inf Fr(y,0)

2. There exists a pair (v, a) € D with a # 0 such that A = —2V « satisfies the BCS gap
equation (9.1.1),

3. The linear operator Kr + V', where Kr(p) =

’ ) has at least one negative
eigenvalue.

p’—u
tanh((p?—p)/(2T)

The third item immediately leads to the following definition of the critical temperature T, for
the existence of non-trivial solutions of the BCS gap equation (9.1.1).

Definition 9.1.4 (Critical temperature, see [FHNSO7, Def. 1]). For V' satisfying Assumption
9.1.1, we define the critical temperature T,. > 0 as

T.:=inf{T">0: Kp+V >0}. (9.1.6)

By Kr(p) > 2T and the asymptotic behavior Kr(p) ~ p? for |p| — oo, Sobolev’s inequality
[LLO1, Thm. 8.3] implies that the critical temperature is well defined.

The other object we study is the energy gap = defined in (9.1.2). The energy gap depends on
the solution A of the gap equation (9.1.1) at 7= 0. A priori, A may not be unique. However,
for potentials with non-positive Fourier transform, this possibility can be ruled out.
Proposition 9.1.5 (see [HS08b, (21)-(22) and Lemma 2|). Let V satisfy Assumption 9.1.1
(and additionally V € L*(R?) in case that d = 2). Moreover, we assume that V < 0 and
V(0) < 0. Then, there exists a unique minimizer T' of Fy (up to a constant phase in ). One
can choose the phase such that « has strictly positive Fourier transform & > 0.

In particular, we conclude that A is strictly positive. Moreover, by means of the gap equation
(9.1.1), A is continuous and thus Z > 0.
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0.2 Main Results

As explained in the introduction, our main result in this short note is the extension of the
universality (9.1.3) from d = 3 to lower spatial dimensions d = 1,2 in the limit of weak
coupling (i.e., replacing V' — AV and taking A — 0). We assume the following properties for
the interaction potential V.

Assumption 9.2.1. Let d € {1,2} and assume that V' satisfies Assumption 9.1.1 as well as
V <0, V(0) < 0. Moreover, for d = 1 we assume that (1+|-|°)V € L*(R!) for some € > 0.
Finally, in case that d = 2, we suppose that V' € L!(IR?) is radial.

By Proposition 9.1.5, this means that, in particular, the minimizer of Fj is unique (up to a
phase) and the associated energy gap at zero temperature (9.1.2) is strictly positive, = > 0.
We are now ready to state our main result.

Theorem 9.2.2 (BCS Universality in one and two dimensions). Let V' be as in Assumption

9.2.1. Then the critical temperature T.(\) (defined in (9.1.6)) and the energy gap =(\)
(defined in (9.1.2)) are strictly positive for all A > 0 and it holds that

EN) 7w

Moy e
where v =~ 0.577 is the Euler-Mascheroni constant.

To prove the universality, we separately establish asymptotic formulas for 7. (see Theorem 9.2.5)
and = (see Theorem 9.2.7), valid to second order, and compare them by taking their ratio.
The asymptotic formula for T, is valid under weaker conditions on V' than Assumption 9.2.1,
because we do not need uniqueness of A. To obtain the asymptotic formulas, we first
introduce two self-adjoint operators V(¥ and W{® mapping L*(S*!) — L*(S*!) and as
such measuring the strength of the interaction V" on the (rescaled) Fermi surface (see [HS08b;
Hen22] and Chapter 10). To assure that Vlsd) and Wlsd) will be well-defined and compact, we
assume the following.

Assumption 9.2.3. Let V satisfy Assumption 9.1.1. Additionally, assume that for d = 1,
(14 (n(1+]-])?)V € LY(R') and for d = 2, V € L}(R?).

First, in order to capture the strength to leading order, we define Vfﬂ) via

V) = s [, VWi = @)ula) dsta),

where dw is the Lebesgue measure on S, Since V' € L}(R?), we have that V is a bounded
continuous function and hence Vl(ji) is a Hilbert-Schmidt operator (in fact, trace class with trace
being equal to (2m) =S| [,., V() dz). Therefore, its lowest eigenvalue e{

satisfies el(fl) < 0 and it is strictly negative if e.g. [V < 0 as in Assumption 9.2.1.

) := inf spec V,§d>
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Second, in order to capture the strength of V to next to leading order, we define the operator
W@ via its quadratic form

(i)

= ptt [ /| Sy (W — W/ ) ) dp

pl<vz P? =1

+f ! |w<w7p>|2dp] |

p|>V2 |p2 - 1|

where ¢(p) = ngd,l V(p — iig)u(q) dw(q) and u € L*(S*'). The proof of the
following proposition shall be given in Section 9.3.3.

Proposition 9.2.4. Let d € {1,2} and let V' satisfy Assumption 9.2.3. The operator W/Sd) is
well-defined and Hilbert-Schmidt.

Next, we define the self-adjoint Hilbert-Schmidt operator

T
BW(\) := 3 ()\Vlgd) _ /\2W/5d)>

I

on L?(S%1) and its ground state energy

b () := inf spec (Bﬁd)(A)) : (9.2.1)

I

Note that if ¢{® < 0, then also b{?(X) < 0 for small enough \. After these preparatory
definitions, we are ready to state the separate asymptotic formulas for the critical temperature
and the energy gap in one and two dimensions, which immediately imply Theorem 9.2.2.

Theorem 9.2.5 (Critical Temperature for d = 1,2). Let u > 0. Let V satisfy Assumption 9.2.3
and additionally eLd) < 0. Then the critical temperature T, given in Definition 9.1.4, is strictly
positive and satisfies

lim | In o + " =—y—1In <2cd>
A—0 TC()\) 2 Md/Q_l de)(A) T !

where v denotes the Euler-Mascheroni constant and c¢; =

f‘\/ﬁ and ¢y = 1.

Here, the Assumptions on V' are weaker than Assumption 9.2.1, since V(O) < 0 implies that
e/(jl) < 0. We thus have the asymptotic behavior

T = 2¢0 & (14 o(1)) e/ @45
T
in the limit of small \.

Remark 9.2.6. Theorem 9.2.5 is essentially a special case of [HS10, Theorem 2]. We give
the proof here for two main reasons.

(i) There is still some work required to translate the statement of [HS10, Theorem 2]
into a form in which it is comparable to that of Theorem 9.2.7 (in order to prove
Theorem 9.2.2). The main difficulty is that the operator W in [H510] is only defined
via a limit, [HS10, Equation (2.10)].

278



9.3. Proofs

(ii) The goal of this paper is to give an exemplary proof of Theorem 9.2.5 in order to compare
it to the proofs of the similar statements in the literature concerning the asymptotic
behavior of the critical temperature in various limits [HS08a; HS08b; Hen22].

Theorem 9.2.5 is complemented by the following asymptotics for the energy gap.

Theorem 9.2.7 (Energy Gap for d = 1,2). Let V satisfy Assumption 9.2.1 and let p > 0.
Then there exists a unique radially symmetric minimizer (up to a constant phase) of the BCS
functional (9.1.5) at temperature T = 0. The associated energy gap =, given in (9.1.2), is
strictly positive and satisfies

. 7 ™ -~
i <ln <E) * 2 1u1/2-1 bfP(A)) = ~In(2ca),
where bfld) is defined in (9.2.1) and ¢; = %\/5 and cy = 1.

In other words, we have the asymptotic behavior
Z(\) = 2¢4 (1 + 0(1>>u e/ 2nt 21 ()

in the limit of small \. Now, Theorem 9.2.2 follows immediately from Theorems 9.2.5
and 9.2.7.

Remark 9.2.8 (Other limits in dimensions d = 1,2). Similarly to the presented results, one
could also consider the limits of low and high density. We expect that also here the universality
Té Z holds. As mentioned in the introduction, this has already been shown in three spatial
dlmenS|ons [HS08a; Hen22; Lau21], [Chapter 10]. We expect that one could generalize the
arguments of [HS08a; Hen22; Lau21], [Chapter 10] to lower dimensions, but that there will be
some non-trivial technical difficulties in doing so. Also for the weak coupling limit presented
here, the overall structure and ideas of the proof are the same in lower dimensions as in three
dimensions [HS08b], but with non-trivial technical differences, see Remark 9.3.3.

The following is an example of such a non-trivial difference in the low-density limit. In three
spatial dimensions [HS08a; Lau21] the asymptotic formulas for 7. and = were obtained for
attractive potentials V' not creating bound states of —V? + V. This latter condition ensures
that the low-density limit is given by i — 0. However, in spatial dimensions one and two,
attractive potentials, no matter how weak, always give rise to bound states of —V? + V| see
[Sim76]. This means that one should not take the limit © — 0, but rather the limit © — —E,
with —Ej, < 0 the energy of the (lowest energy) bound state, see [HS12]. We will not deal
with the low- and high-density limits here.

The rest of the paper is devoted to proving Theorem 9.2.5 and Theorem 9.2.7.

9.3 Proofs

The overall structure of our proofs is as follows: First, we argue that the Schrodinger type
operators K7, + AV and Ea + AV have lowest eigenvalue zero. The second step is to study
the corresponding Birman-Schwinger operators

BY = \V'2KVY? and  BY = AVV2EL V]V,
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where V(2)1/2 = sgn(V(z))|V (z)|*/?. According to the Birman-Schwinger principle, the
lowest eigenvalue of B(ch) and Bxi) is —1. It turns out, that for X € {T, A} one can

decompose
BY = @ (X)VVAFED D2 M@ v Y2, (9.3.1)
where V209V |12 are bounded operators,
1 1
D(T) = ——— d (9.3.2)
m — D, 3.
g IS4 S p<yzm Kr(p)
1 1
D(A) = —— d (9.3.3)
m D, 3.
g IS4 S p<yzm Ealp)

and ¥ : L'(RY) — L*(S?') is the (scaled) Fourier transform restricted to the (rescaled)
Fermi sphere,
1 .
(d) — —i\/Hp-T
(SM @/J) (p) — (271_)51/2 Rd ([L’)G d.

Note that for an L!-function, pointwise values of its Fourier transform are well-defined by the
Riemann—Lebesgue lemma. (In particular the restriction to a co-dimension 1 manifold of a
sphere is well-defined.)

To satisfy the constraint that the lowest eigenvalue of the Birman-Schwinger operators is —1,
the functions m&d) must diverge as A\ — 0. It turns out that this is only possible if 7" and A
go to zero. For each m/(f) one then derives the asymptotics up to second order in two ways,
once from the constraint that Bg?) has lowest eigenvalue —1 and once by directly computing
the asymptotics of m&d) for T and A going to zero.

Indeed, for the critical temperature we obtain the following asymptotics, which, by combining
them, immediately prove Theorem 9.2.5.

Proposition 9.3.1. Let i > 0. Let V satisfy Assumption 9.2.3 and additionally el(f) < 0.
Then, the critical temperature T, is positive and, as A — 0, we have that

v
=——————+o(1),
205" (\) W

de) (T.) = p¥/?71 <ln <7/f) +~v+1In (Z;d) + 0(1)> :

C

For the energy gap we obtain the following asymptotics, which, again by combining them,
immediately prove Theorem 9.2.7.

Proposition 9.3.2. Let V' satisfy Assumption 9.2.1 and let n > 0. Then (by Proposition
9.1.5) we have a strictly positive radially symmetric gap function A and associated energy
gap =, which, as A\ — 0, satisfy the asymptotics

== A(vE)(1+0(1))

m@D(A) = "~ o,
(8) = s ol
mftd)(A) e (111 (A(/\L/ﬁ)> + In(2¢,4) + 0(1))

With a slight abuse of notation, using radiality of A, we wrote A(,/z) instead of A(,/up) for
some p € S4L,
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Remark 9.3.3. The main technical differences between d € {1,2} considered here and the
proof for d = 3 in [HS08b] arise when bounding V'/2M?|V|1/2. The underlying reason is that
the Fourier transform of the constant function on the sphere j;(z) = (27)~%2 [, | """ dw(p)
decays like 1/|x| for large |z in three dimensions, but only like 2|~/ in two dimensions and
does not decay for d = 1.

Remark 9.3.4. In [CM21], Cuenin and Merz use the Tomas-Stein theorem to define Sfj’l) ona
larger space than L!(RY). With this they are able to prove a general version of Theorem 9.2.5
under slightly weaker conditions on V. However, we do not pursue this here, see Remark 9.2.6.

9.3.1 Proof of Proposition 9.3.1

Proof of Proposition 9.3.1. The argument is divided into several steps.

1. A priori spectral information on K + AV. First note that, due to Theorem 9.1.3
and Definition 9.1.4, the critical temperature 7, is determined by the lowest eigenvalue of
K1 + AV being 0 exactly for T'=T..

2. Birman-Schwinger principle. Next, we employ the Birman-Schwinger principle, which
says that the compact Birman-Schwinger operator B\ = AVY/2K;'|V|'/2 has —1 as its
lowest eigenvalue exactly for 1" = T, see [FHNSO07; HS08b].

Using the notation for the Fourier transform restricted to the rescaled Fermi sphere introduced
above, we now decompose the Birman-Schwinger operator as in (9.3.1), where M is defined
through the integral kernel

1 1 , ,
M@ _ / ip-(z—y) _ oivEp/lpl-(z=y)) ¢
P00 = | T 7 ) &

+/ Leip-(z*y) dp] _
pl>vzi K1

We claim that V1/2M{%|V|/2 is uniformly bounded.
Lemma 9.3.5. Let 4 > 0. Let V satisfy Assumption 9.2.3. Then we have for all T > 0

(9.3.4)

Hvl/QM}d)|V|1/2H <C,
HS
where C' > 0 denotes some positive constant and || - ||us is the Hilbert-Schmidt norm.

Armed with this bound, we have that for sufficiently small A that 1 + AV/2M |[V|1/2 is
invertible, and hence

(d)
1+B(d) _ (1+)\V1/2M}d)|V|1/2) 1+ )‘mu (T) V1/z(g(d))f8,(d)|v|1/2 ‘
14+ AV1I20ME | V|12 poo

Thus, the fact that B(Td) has lowest eigenvalue —1 at T' =T, is equivalent to

1
14+ AV V|12

A (TYF D v |12 V2(FOyT (9.3.5)

m

having lowest eigenvalue —1, again at 7' =T, as it is isospectral to the rightmost operator
on the right-hand-side above. (Recall that for bounded operators A, B, the operators AB and
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BA have the same spectrum apart from possibly at 0. However, in our case, both operators
are compact on an infinite dimensional space and hence 0 is in both spectra.)

We now prove Lemma 9.3.5.

Proof of Lemma 9.3.5. We want to bound the integral kernel (9.3.4) of M uniformly in
T. Hence, we will bound K7 > |p* — u|. The computation is slightly different in d = 1 and
d = 2, so we do them separately.

d = 1. The second integral in (9.3.4) is bounded by

2/ 1 q _Zarcoth\/i.
\

p =
o>y (P2 — il N

For the first integral, we use that |¢"* —e™| < min{|z —yl|, 2}, [p* — p| > /lIp| — /A, and
increase the domain of integration to obtain the bound

[ - _«@;—W} o= [ (ma (=2 41

< fﬁ“ +In(1 + y/Emax{|z], [y]}).

We conclude that |M}1)(x, y)| S =1 +1In(1 + /pmax{|z|, |y[})). Hence,

<

2 1
e <+ <HVH%1(R> +Vllow [ V@I +n(+ Mxr))?dx) -

d = 2. We first compute the angular integral. Note that [, e* dw(p) = 27 Jy(|z|), where

Jo is the zeroth order Bessel function. For the second integral in (9.3.4) we may bound
|p? — | > cp®. Up to some finite factor, the second integral is hence bounded by

1 * 1 _ _
/rpuo(m:c—mndpsO/rpmu—m Ap < Colz— ],
pm 21

for any 0 < A < 1/2 since |Jo(z)| < C and zJy(z) < C, see e.g. [BSMM12, (9.55f),
(9.57a)]. For the first integral we get the bound

van p
| ot atple = o) = o/l — uD) .
0 p* — uf

Here we use that Jy is Lipschitz, since its derivative J_; is bounded (see e.g. [BSMM12,
(9.55a), (9.55f)]), so that

(@) = Jo()] < Clo — y[ V(| Jo(@)] + [T < Cla — y? (5713 4 y12)
That is ‘
|p _ \/IE|1/5

| Jo(plz —y]) — JO(\/mx —y))| < CW-
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This shows that the first integral is bounded. We conclude that ]M}Z) ()| S 1+ ﬁ for
any 0 < A < 1/2. Then, by the Hardy-Littlewood-Sobolev inequality [LLO1, Theorem 4.3] we
have that

2
|[vem v = / V@) M2 (2, )|V ()] dody S V[ Fagey + 1V 1702y
forany 1 < p <4/3. O

3. First order. Evaluating (9.3.5) at 7' = T, and expanding the geometric series to first
order we get

1
V125
14+ AV2MED V|12 &
= Am&d) (T.) inf spec V,Sd)(l +0N)) = )\m,&d)(TC) e&d)(l +O0(N))

1= /\mffl)(TC) inf spec (S&d)|V|1/2

(d) < 0, this shows that m(®(T,) —

d) _ (d d - -
where we used V(% = FDV (F?)T. Since by assumption ef| {

oo as A — 0.

4. A priori bounds on T.. By (9.3.2), the divergence of ml(ji) as A — 0 in particular shows
that 7./ — 0 in the limit A — 0.

5. Calculation of the integral m(?(T,). This step is very similar to [H508b, Lemma 1]
and [HRS23, Lemma 3.5], where the asymptotics have been computed for slightly different
definitions of m&d) in three and one spatial dimension, respectively. Integrating over the angular

2
variable and substituting s = ‘% -1

1 1 dj2—1 1 — g)d/2—1
mD(T,) = /2! / fanh (5| LE)TT A= )T
g 0 2(Te/ ) 2s

, we get

According to [HS08b, Lemma 1],

L tanh (577~
lim (/ st—ln”) zv—lng.
0

Telo s 1.

By monotone convergence, it follows that

11 o\d/2—1 d/2—1 _
i 1= )21 4 (14 5) )
(d)T _ d/2—1 1 H | E (

m,(T.) = p [HTC+7 g+ i 53

ds+o(1)

The remaining integral equals Inc; and we have thus proven the second item in Proposi-
tion 9.3.1.

Combining this with the third step, one immediately sees that the critical temperature vanishes
exponentially fast, T, ~ e'/*%, as A — 0, recalling that e{”) < 0 by assumption.

6. Second order. Now, to show the universality, we need to compute the next order correction.
To do so, we expand the geometric series in (9.3.5) and employ first order perturbation theory,
yielding that

@ (7 — —1
) VP ) e (s M G ) oo )
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9. UNIVERSALITY IN LOW-DIMENSIONAL BCS THEORY

where u is the (normalized) ground state (eigenstate of lowest eigenvalue) of @V (F(®)T. (In
case of a degenerate ground state, u is the ground state minimizing the second order term.)

This second order term in the denominator of (9.3.6) is close to W}(ﬂ). More precisely, it holds

that

i (d) (d) @ty = (d)

lim (u[FOV MV (EOD) |u) = (uW D) | (9.3.7)
which easily follows from dominated convergence, noting that %T increases to ﬁ as T — 0.

We then conclude that

lim | m!P(T,) + i )zO,
)\~>0< ‘u( ) 2bl(td)()\>

since (u[ AV — AW u) = inf spec(AVD — WD) + O(X) = FHD(\) + O(X), again
by first-order perturbation theory. This concludes the proof of Proposition 9.3.1. O

We conclude this subsection with several remarks, comparing our proof with those of similar
results from the literature.

Remark 9.3.6 (Structure here vs. in earlier papers on T.). We compare the structure of our
proof to that of the different limits in three dimensions [HS08a; HS08b; Hen22]:

» Weak coupling: The structure of the proof we gave here is quite similar to that of
[HS08b], only they do Steps 5 and 6 in the opposite order. Also the leading term for 7,
was shown already in [FHNSQ7], where a computation somewhat similar to Steps 1-4 is
given.

= High density: For 1 — oo, the structure of the proof in [Hen22] is slightly different
compared to the one given here. This is basically due to the facts that (i) the necessary
a priori bound T, = o(u) already requires the Birman-Schwinger decomposition and
(i) the second order requires strengthened assumptions compared to the first order.
To conclude, the order of steps in [Hen22] can be thought of as: 1, 5, 4 (establishing
T. = O(n)), 2, 3, 4 (establishing T, = o(u)), 2 (again), 6. Here the final step is much
more involved than in the other limits considered.

= Low density: As above, for the proof of the low density limit in [HS08a] the structure is
slightly different. One first needs the a priori bound T\, = o(y) on the critical temperature
before one uses the Birman-Schwinger principle and decomposes the Birman-Schwinger
operator.! Also, the decomposition of the Birman-Schwinger operator is again different.
For the full decomposition and analysis of the Birman-Schwinger operator one needs
also the first-order analysis, that is Step 2, which is done in two parts. The order of the
steps in [HS08a] can then mostly be though of as: 1, 4, 5, 2, 3, 2 (again), 6.

9.3.2 Proof of Proposition 9.3.2

Proof of Proposition 9.3.2. The structure of the proof is parallel to that of Proposition 9.3.1
for the critical temperature.

1. A priori spectral information on Ex + AV. First, it is proven in [HS08b, Lemma 2] that

1Strictly speaking, in [HS08a], it is only proven that T. = O(u) (which is sufficient for applying the
Birman-Schwinger principle), while the full T, = o(u) itself requires the Birman-Schwinger decomposition (see
[Lau20, Remark 4.12] for details).
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Fo has a unique minimizer o which has strictly positive Fourier transform. Using radiality of V,
it immediately follows that this minimizer is rotationally symmetric (since otherwise rotating
a would give a different minimizer) and hence also A = —2\V % @ is rotation invariant. It
directly follows from [HS08b, (43) and Lemma 3] that that Ea + AV has lowest eigenvalue 0,
and that the minimizer « is the corresponding eigenfunction.

2. Birman-Schwinger principle. This implies, by means of the Birman-Schwinger principle,
that the Birman-Schwinger operator B = AVY/2E'[V|1/2 has —1 as its lowest eigenvalue.
As in the proof of Proposition 9.3.1, we decompose it as described in (9.3.1) and prove the
second summand to be uniformly bounded.

Lemma 9.3.7. Let u > 0. Let V satisfy Assumption 9.2.3. Then, uniformly in small \, we
have

(veMPvie| o<c.
HS

With this one may similarly factor

)\de) (A)
14+ AV12M PV

14+BY) = 1AV MO |V]?) (1 + vl/?(s;@)*sﬁd)va/?) (9.3.8)

and conclude that

1

T@ . Amn@D (A)ZD 1712 V2 (F Dy 9.3.9
A mll, ( )8{/4 | | 1+ AVI/QM(Ad)l‘/’I/Q (Su ) ( )
has lowest eigenvalue —1.
Proof of Lemma 9.3.7. Note that Ma has kernel
1 1 . )
Ma(z,y) = [/ ' (@=y) _ giVip/Ipl-(z=v)) gy,
@m)® L) jpj<yzm Ealp) ( )

+/ ! P (z=y) dp}.
p>va Ea(p)

We may bound this exactly as in the proof of Lemma 9.3.5 using that Ea(p) > |p? — pu|. O

3. First order. Expanding the geometric series in (9.3.9) to first order, we see that

1
VY2l
14+ AV2MO V|12 (§:7)
= )\mgd)(A) inf spec Vl(td)(l +0(N) = )\eftd)m&d)(A)(l +O(N)).

—1 = Am@(A) inf spec (s;d>|x/|1/2

Hence, in particular, ml(f)(A) ~ _jﬁ) —o0oas \— 0.

4. A priori bounds on A. We now prepare for the computation of the integral ml(fl)(A)
in terms of A(y/iz). This requires two types of bounds on A: One bound estimating the
gap function A(p) at general momentum p € R in terms of A(,/1z) (see (9.3.10)), and one
bound controlling the difference |A(p) — A(q)| in some kind of Holder-continuity estimate
(see (9.3.11)).
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9. UNIVERSALITY IN LOW-DIMENSIONAL BCS THEORY

Lemma 9.3.8. Suppose that V is as in Assumption 9.2.1. Then for \ small enough

Alp) = f(A) (/Sd_1 V(p — Vig) dw(q) + Am@)) :
where f is some function of A and ||n\ ||« ray is bounded uniformly in A.

Proof. Recall that « is the eigenfunction of A + AV with lowest eigenvalue 0. Then, by the
Birman-Schwinger principle, ¢ = V/%« satisfies

1
Ba¢ = )\VWE—A]V]WVW@ = —¢.

With the decomposition Equation (9.3.8) then ¢ is an eigenfunction of

Am@(A)

nw
14+ AV2MO V|2

Vl/Z(SLd))T%gj) ’V’1/2

of eigenvalue —1. Thus, F?|V["/%¢ is an eigenfunction of T\ of (lowest) eigenvalue —1.
Now v = [S~|~1/2 is the unique eigenfunction corresponding to the lowest eigenvalue of V!(Ld)
by radiality of V and the assumption V < 0 (see e.g. [FHNS07]). Hence, for A small enough,

u is the unique eigenfunction of TXD of smallest eigenvalue. Thus,

_ 1 1/2 ((d)\T,, 1/2
6= IO @ e BT = ) (V2@ u+26)

for some number f(A). The function &, satisfies [|{y]| 2gay < €' by Lemma 9.3.7. Noting

that A = —2|V/|1/\2gb and bounding |V/|1/7§,\ _< HV||1/2 |éx]l ;2 we get the desired. [

Evaluating the formula in Lemma 9.3.8 at p = /1z we get |f(\)| < CA(/1) for X small
enough. This in turn implies that

Alp) < CA(VE) . (9.3.10)

For the Holder-continuity, we have by rotation invariance

‘/V(p— Vir) = V(g — /r) dw(r ‘/ (Ipler — ar) — V(|gler — /par) dw(r)
1 . , .
_ ipler _ ilglar —iy/pxr
= ’(271')‘1/2 /Rd dx (V($) <e p e'd >/Sd1 e WH dw(T’)>|
< ol 1al [ o (V@lmal) | [ e antn)).
for any 0 <& < 1. For d = 2 we have V € L'(R?) and
[ e dte)| = (Rl < (VR
For d = 1 we have |z|*V € L'(R) for some ¢ > 0 and
/ e~ VI du(r)
Sd-1
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We conclude that with ¢ = 1/2 for d = 2 and small enough ¢ > 0 for d = 1

A(p) = A@)] < CLFN] (1 Ilpl = lglIF + A) < ClAGB] (=2 (Ipl = lall + A) .
(9.3.11)
Additionally, since m{?)(A) — oo we have that A(p) — 0 at least for some p € R by (9.3.3).
Then it follows from Lemma 9.3.8 that f(\) — 0, i.e. that A(p) — 0 for all p.

5. Calculation of the integral m{?”(A). Armed with the a priori bounds (9.3.10) and
(9.3.11), we can now compute the integral m&d)(A). Carrying out the angular integration and

substituting s = ‘|p| ’ we have

() = (/21 {/1 ((1 _ gyl g (1+S)d/2 1 1)

1 1 1
ds| ,
<, (¢s2+x_<s>2+¢s2+x+<s>2) ]

INVZYED)
V)

where z4(s) = By dominated convergence, using that z.(s) — 0, the first
integral is easily seen to converge to

1 1 — d/2—1 _ 1 1 d/2—1 _ 1
/ <( ) +( + ) ) ds =2Incy
0

S S

for A = 0. For the second integral, we will now show that

/1 ( ! - ! ) ds =0
0 \/52 + 24(s)? \/52 + 24(0)? .

In fact, the integrand is bounded by

1 B 1
\/52 + 24(s)? \/52 + 24(0)2
_ |2:(0)? — 4(s)?|
V52 2a(5)2/52 + 22 (0)2(1/52 + 24 (5)2 + /5% + 21(0)2)
Czi(0)(s°+ \)
- \/32 + xi(s)Q\/SQ +2.(0)2

using the Holder continuity from (9.3.11). By continuity of V there exists some s (independent
of A) such that for s < sy we have x4 (s) > cx.(0). We now split the integration into [;*

and fslo For the first we have

/80
0

For the second we have

/ 1/32+xi 1/s2+mi

bl

1 - 1
\/32 + x4 (s)? \/82 + 24(0)?

o x24(0)
< NS (GE
ds_C/O 52+$i(0)2(8 + A)ds

ds < 0/1 05 45 — 0(22(0)).

52
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9. UNIVERSALITY IN LOW-DIMENSIONAL BCS THEORY

Collecting all the estimates, we have thus shown that mffl)(A) equals

d/2-1 In ¢y 1 ! ds 01)
. ( ) Jor

24 A 2 Cd
— 421 <ln cq+1In (HJ ’ W) + 0(1)) = p¥? 1 <2M + 0(1)> :

IAQv/Dl
This proves the third inequality in Proposition 9.3.2.

Combining this with the third step, one immediately sees that the gap function evaluated
on the Fermi sphere vanishes exponentially fast, A(\/ﬁ) ~ellen a5 X — 0, recalling that
e{® < 0 by assumption.

6. Second order. To obtain the next order, we recall that Téd) has lowest eigenvalue —1
(see (9.3.9)), and hence, by first-order perturbation theory,
—1

(d) —
M SV ) (I MEV ) 009

(9.3.12)

where u(p) = [S%~!|7/2 is the constant function on the sphere. Recall that u is the unique
ground state of V(%)

In the second order term we have that
; (d) (d) (d)\t — (d)
i (VM G0 ) = (2]
which follows from a simple dominated convergence argument as for 7T, noting that A(p) — 0

pointwise.

By again employing first—order perturbation theory, similarly to the last step in the proof of
Proposition 9.3.1, we conclude the second equality in Proposition 9.3.2.

7. Comparing A(,/11) to Z. To prove the first equality in Proposition 9.3.2 we separately
prove upper and lower bounds. The upper bound is immediate from

== inf, Ba(p) = inf,\/Ip* — ul + A()? < A(VA).

peR

Hence, for the lower bound, take p € R? with /[p? — | < = < A(\/f). Then by (9.3.11)

Alp) > AlR) — |AQ) — Al > Alyi) — CAWE) (Ilpl — Vil + )
> AR (1 +o(1)).

In combination with the upper bound, we have thus shown that = = A(,/i)(1 + o(1)) as
desired. This concludes the proof of Proposition 9.3.2. m

We conclude this subsection with several remarks, comparing our proof with those of similar
results from the literature.

Remark 9.3.9 (Structure here vs. in earlier papers on Z). We now compare the proof above
to the proofs of the three different limits in 3 dimensions [HS08b; Lau21], [Chapter 10]:
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9.3. Proofs

» Weak coupling: The structure of our proof here is very similar to that of [HS08b].
Essentially, only the technical details in Lemma 9.3.7 and the calculation of m{®(A) in
Step 5 are different.

» High density: For the high-density limit in Chapter 10, we needed some additional a
priori bounds on A before we could employ the Birman-Schwinger argument. Apart
from that, in Chapter 10 the comparison of A(,//z) and = are done right after these a
priori bounds. Additionally, since one starts with finding a priori bounds on A, one does
not need the first-order analysis in Step 3. One may think of the structure in Chapter 10
as being ordered in the above steps as follows: 4, 7, 1, 2, 4 (again), 5, 6.

» Low density: For the low-density limit in [Lau21] the structure is quite different. Again,
one first needs some a priori bounds on A before one can use the Birman-Schwinger
argument. One then improves these bounds on A using the Birman-Schwinger argument,
which in turn can be used to get better bounds on the error term in the decomposition
of the Birman—Schwinger operator. In this sense, the Steps 2—4 are too interwoven to
be meaningfully separated. Also, Step 5 is done in two parts.

9.3.3 Proof of Proposition 9.2.4

Note that W? = SLd)VMéd)V(SLd))T, where M\ is defined in (9.3.4). By Lemma 9.3.5,
V120V 1/2 s Hilbert-Schmidt. The integral kernel of W@ is bounded by

1 d 1 d
W0 < ooy [ V@I IVl drdy < VI VYNV s
(9.3.13)
Sdfl
It follows that || W@ s < |(27r)d’ VIV V2|, O
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CHAPTER

The BCS energy gap at high density

This chapter contains the paper

[HighDen] J. Henheik and A. B. Lauritsen. “The BCS Energy Gap at High Density”, J
Stat Phys 189.5 (2022). DOI: 10.1007/s10955-022-02965-9.

Abstract. We study the BCS energy gap = in the high—density limit and derive an asymptotic
formula, which strongly depends on the strength of the interaction potential V' on the Fermi
surface. In combination with the recent result by one of us (Math. Phys. Anal. Geom. 25,
2022) on the critical temperature T, at high densities, we prove the universality of the ratio of
the energy gap and the critical temperature.

Contents
10.1 Introduction and Main Results . . . . . . . . . . . . . ... ... .. ... 201
10.1.1 Preliminaries . . . . . . . . . . .o 293
10.1.2 Results . . . . . . . 294
10.2 Proofs . . . . . . . 297
10.2.1 Proof of Lemma 10.2.2 . . . . . . . . . ... 298
10.2.2 Proofs of Auxiliary Lemmas . . . . . .. ... .. ... ... ... 306

10.1 Introduction and Main Results

The Bardeen—Cooper—Schrieffer (BCS) theory [BCS57] (see [HS16] for a review of recent
rigorous mathematical work) has been an important theory of superconductivity since its
conception. More recently, it has also gained attraction for describing the phenomenon of
superfluidity in ultra cold fermionic gases, see [BDZ08; CSTL05] for reviews. In either context,
BCS theory is often formulated in terms of the BCS gap equation (at zero temperature)

A(p) = —(273)3/2 /RS Vip- Q)Eiiq()q) dg, (10.1.1)

where Ea ,.(p) = \/(p2 — )2 +|A(p)|%. At finite temperature 7" > 0 one replaces En ,
by Ea,/tanh(Ea ,/2T). The function A is interpreted as the order parameter describing
the Cooper pairs (paired fermions). The interaction is local and given by the potential V/,
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10. THE BCS ENERGY GAP AT HIGH DENSITY

which we will assume satisfies V' € L'(R?), in which case it has a Fourier transform given by
(EV)(p) =V(p) = (2m)? [oa V(w)e ¥ du.

The chemical potential x controls the density of the fermions, and we investigate the high—
density limit, i.e. ;1 — 00, here. Recently this limit was studied by one of us [Hen22], where
an asymptotic formula for the critical temperature T, was found. For temperatures T below
the critical temperature, 7" < T, the gap equation at temperature 7" (Equation (10.1.1)
with Ea , replaced as prescribed) admits a non-trivial solution, for " > T, it does not.
The critical temperature may equivalently be characterized by the existence of a negative
eigenvalue of a certain linear operator, see [HHSS08]. Physically, a system at temperature T
is superconducting/—fluid if T' < T, if T' > T it is not.

In this paper we study the energy gap (at zero temperature)

= = inf Ea,(p) = inf /(0 — p)” + AP (10.1.2)

The function Ex ,, has the interpretation of the dispersion relation for the corresponding BCS
Hamiltonian, and so = is indeed an energy gap (see Appendix A in [HHSS08]). We show that,
in the high—density limit, © — oo, the ratio of the energy gap and the critical temperature
tends to a universal constant independent of the interaction potential,

T
ev’

~
~

(10.1.3)

S

where v = 0.577 denotes the Euler—Mascheroni constant. This universality is well-known in
the physics literature, see, e.g., [GM61], and was rigorously verified in the weak—coupling limit
by Hainzl and Seiringer [HS08b] and in the low—density limit, © — 0, by one of us [Lau21]
building on a work by Hainzl and Seiringer [HS08a]. The general strategy for proving the
universality in these limits has been to establish sufficiently good asymptotic formulas for both,
T, and =, and compare them afterwards.

The weak—coupling limit is studied in [FHNSOQ7; HS08b], where one considers a potential
AV for V fixed and a small coupling constant A — 0. In this limit, Hainzl and Seiringer
[HS08b] have shown that the critical temperature and energy gap satisfies 7. ~ Aexp(—B/\)
and = ~ Cexp(—B/\) respectively for explicit constants A, B,C' > 0 depending on the
interaction potential V' and the chemical potential p. This limit exhibits the same universality
and the ratio C'/A = we™" is independent of the interaction potential V' and the chemical
potential .

The low—density limit © — 0 is studied in [HS08a; Lau21]. In this limit Hainzl and Seiringer
[HS08a] have shown that the critical temperature satisfies Tt ~ A exp(—B/,/p) and one
of us [Lau21] has shown that the energy gap satisfies = ~ uCexp(—B/,/i), for some
(different) explicit constants A, B,C' > 0 depending on the interaction potential V. Also
in this limit we have the same universality and the ratio C'//A = me™" is independent of
the interaction potential V. These results together with the present paper thus show that
the universality (10.1.3) holds in both, the low— and high—density limit, as well as in the
weak—coupling limit.

To show the universality, we prove in Theorem 10.1.3 an asymptotic formula for the energy gap
= in the high—density limit, similar to the corresponding formula for the critical temperature
given in Theorem 7 in [Hen22]. This formula, as well as the one given in Theorem 10.1.3,
depends strongly on the strength of the interaction potential V' on the Fermi sphere {p? = u},
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which becomes weak due to the decay of V in momentum space. Together with the formula
for the critical temperature [Hen22] we prove the universality (10.1.3) in Corollary 10.1.5. All
proofs are given in Section 10.2. We now introduce some technical constructions and give the
precise statements of our results.

10.1.1 Preliminaries

We will work with the formulation of BCS theory of [FHNS07; HHSS08; HS08a; HS16; HS08b;
Hen22; Lau21]. There one considers minimizers of the BCS functional (at zero temperature)

Fla) = ;/R % — 4l <1—\/1—4‘d(p)|2) dp—l—/ V(o)a(@)Pdr.  (10.1.4)

R3

If & is a minimizer of this, then A = —2V« satisfies the BCS gap equation (10.1.1). As
discussed in [HS08b] the minimizer « is in general not necessarily unique, hence also A and
= are not necessarily unique. However, since we will assume that the interaction V' has
non—positive Fourier transform, a and thus = is unique (see Lemma 2 in [HS08b]).

A crucial role for the investigation of the energy gap (10.1.2) in the high—density limit is played
by the (rescaled) operator V,, : L*(S?*) — L?*(S?) measuring the strength of the interaction
potential V on the Fermi surface. It is defined as

A,

1
V) (0) = i [, V(Wi = @)u(a) Dita), (10.15)

where dw denotes the uniform (Lebesgue) measure on the unit sphere S?. The pointwise
evaluation of V/ (and in particular on a codim—1 submanifold) is well defined since V' € L*(RR?).
The condition that V' € L'(IR?) could potentially be relaxed, see [CM21] and Remark 9 in
[Hen22]. The lowest eigenvalue of V,, which we denote by

e, = infspecV,

will be of particular importance. Note, that V), is a trace—class operator (see the argument
above Equation (3.2) in [FHNS07]) with

(V) = 5 /R V(z)dr = ﬁv(oy

We will assume that V(O) < 0 in which case ¢, < 0. This corresponds to an attractive
interaction between (some) electrons on the Fermi sphere.

In this work, we restrict ourselves to the special case of radial potentials V', where the spectrum
of V,, can be determined more explicitly (see, e.g., Section 2.1 in [FHNSO7]). Indeed, for radial
V', the eigenfunctions of V), are spherical harmonics and the corresponding eigenvalues are

1

27T2 R3

V(x) Ge(y/plz]))? dz. (10.1.6)

The lowest eigenvalue ¢, is thus given by

= inf /RS V(x) (jg(\/ﬁ|:1:|))2 dz.
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Here, j, denotes the spherical Bessel function of order ¢/ € Ny. Additionally, in case that
V <0, we have, by the Perron—Frobenius theorem, that the minimal eigenvalue is attained
for the constant eigenfunction (i.e. with ¢ =0). Thus

. 2

1

e, = / Vi) (SROEEDY (10.1.7)
2m% Jgs V]

For further discussions of the radiality assumption on V', see Remark 8 in [Hen22].

In order to obtain an asymptotic formula for the energy gap that is valid up to second order
(see [HS08b; Hen22]), we define the operator W) on u € L*(S?) via its quadratic form

(i) = v [ ol (i | [ 0wt (1etwmml = ot/ o)P)
pl? - 2
el RO (1018)

for any fixed k > 0 (cf. Equation (10) in [Hen22] resp. Equation (13) in [HS08b] for an
analogous definition with & = 0). Here p(p) = (27)~%2 [, V(p — /ig)u(q) dw(q), and
(|p|,w(p)) € (0,00) x S* denote spherical coordinates for p € R3. To see that this operator
is well-defined note that the map |p| — [, dw(p)|@(p)|* is Lipschitz continuous for any
u € L?(S?) since V € L'(IR?®). Hence the radial integral in Equation (10.1.8) is well defined for
[p| ~ 1. We will further assume that V € L*2(R3), in which case the integral is well-defined
for large |p| as well. We formulate our result in Theorem 10.1.3 only for x = 0, but the case of
a positive parameter x > 0 is crucial in the proof of this statement. For example, x > 0 ensures
that the second term in the decomposition of the Birman—Schwinger operator associated with
Ea, +V is small (cf. Equation (10.2.2)). Whenever it does not lead to confusion, we will
refer to some k—dependent quantity at x = 0 by simply dropping the (k)—superscript.

We now define the operator

B = g (Vi - W) (10.1.9)

o

which captures the strength of the interaction potential near the Fermi surface to second order
and denote its lowest eigenvalue by

b\ = inf spec B{ . (10.1.10)

I

The factor /2 is introduced in Equation (10.1.9) since for this scaling, the eigenvalue bff) has
the interpretation of an effective scattering length in the case of small i (see Proposition 1 in
[HS08b]). Moreover, it was shown during the proof of Theorem 7 in [Hen22] that if ¢, < 0
then also bL“) < 0 for 4 large enough. This will also follow from Equation (10.2.17) in the
proof below.

10.1.2 Results

The following definition characterizes the class of interaction potentials for which our asymptotic
formula will hold.

Definition 10.1.1 (Admissible potentials). Let V € L'(R?) N L%/2(R?) be a radial real-valued
function with non—positive Fourier transform ¥ < 0 and V(O) < 0. Denote

sio=sup{s>0:]-[*Vie LNRY}, s :=min{s’, 5"}, (10.1.11)
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where V. = max{+V,0} are the positive and negative parts of V. We say that V' is admissible
if the following is satisfied:

(a) There exists a > 0 such that

1 1 . _
sup{rZO.ll_r%g/BgVi(a:)dx—O}—Sup{rZO.;E)%ET/BsVHBa(x)dx—O},

where V. |} denotes the symmetric decreasing rearrangement of V. |p,, the restriction
of V4 to the ball of radius a around 0,

(b) if |- |72V ¢ L'(R?), we have s* = s* < s*, and

(c) |-V € L*(R?) and s* > 7/5.

As discussed around Equation (10.1.4), the definiteness of the Fourier transform is needed
for ensuring uniqueness of the energy gap =. Intuitively, the other criteria may be though as
follows: Assumption (a) captures that the strongest singularity of V' near the origin is in fact
at the origin, assumption (b) captures that V' is predominantly attractive, and assumption (c)
captures that V is slightly less divergent at the origin, than allowed by the L3/?(R?)-assumption.
In view of assumption (a), we remark that it is natural that the system is sensitive to the short
range behavior of the interaction potential, since the interparticle distance as the physically
relevant length scale that depends on the particle density tends to zero in the high—density
limit. Furthermore, note that for V € L'(R?) N L3/%(R?), the condition | - |V € L*(R?) is
mainly about regularity away from 0 and infinity.

The most important examples of allowed interaction potentials include the cases of attractive
Gaussian, Lorentzian and Yukawa potentials, also discussed in [LTB19]. That is

1 1
VGauss(m) = _(277)73/26712/27 VLorentz($) = _m7 VYUkaWB('r) = =

Remark 10.1.2. The proof of our main result formulated in Theorem 10.1.3 works without
change if we assume |- |V € L"(R?) for some 2 > r > f(s*) instead of |- |V € L*(R?), where
f is some complicated (explicit) expression, see the proof of Proposition 10.2.9. We do not
state the theorem with this slight generalization for simplicity. We will however give the proof
under this more general assumption for the purpose of illuminating where the assumption
on r = 2 comes from. Additionally, to further illuminate where the conditions are used, all
propositions and lemmas are stated with only the conditions needed on V' for that specific
statement. (Beyond the conditions that V' € L'(R*) N L3/2(R?) is real-valued, radial and has
V < 0,V(0) <0, which is always assumed.)

We can now state our main result for admissible interaction potentials.

Theorem 10.1.3. Let V' be an admissible potential. Then the energy gap = is positive and
satisfies
T

2./7ib,,

. % o
Mlgngo <logE + ) =2 —log(8). (10.1.12)
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10. THE BCS ENERGY GAP AT HIGH DENSITY

In other words,

= —2 m

E=u (86 + 0(1)) exp <2\/ﬁbﬂ>

in the limit 1 — oo. Similarly as for the critical temperature [Hen22], this asymptotic formula
is completely analogous to the weak—coupling case [HS08b] (replace V' — AV and take the
limit A — 0) but we have coupling parameter A = 1 here. This similarity is not entirely
surprising. From a physical perspective, only those fermions with momenta close to the Fermi
surface {p®> = p} contribute to the superconductivity/—fluidity. Thus, by the decay of the
interaction V' in Fourier space, the high—density limit, i — oo, is effectively a weak—coupling
limit.

In order to deduce universality as in Equation (10.1.3) in the high—density limit, we show that
every admissible potential in the sense of Definition 10.1.1 satisfies the imposed conditions
for the proof of an analogous formula for the critical temperature. These conditions were
formulated in Definition 5 in [Hen22].

Proposition 10.1.4. Every admissible potential satisfies the conditions of Definition 5 in
[Hen22].

Proof. By comparing the two definitions, the statement is trivial apart from the following two
points. First, the additional requirement [y, % dz < 0 from Definition 5 in [Hen22] in the

case | - |72V € L'(R?) is automatically fulfilled, since

—

A, () = V() < 0.

P

That is, the radial function % is subharmonic and approaches 0 as |p| — oo (by the Riemann—

Lebesgue Lemma), and thus by the maximum principle assumes a strictly negative value at 0.
Second, since 1% < 0 and by application of the Perron—Frobenius Theorem, the constant
spherical harmonic is the unique normalized ground state of V,, and thus condition (d) from
Definition 5 in [Hen22] can be dropped. O

Therefore, by means of Theorem 7 in [Hen22], the critical temperature T, satisfies

T.=p (ie%z + 0(1)> P (2\/7;75)

for any admissible potential. Here v ~ 0.577 is the Euler—Mascheroni constant. Together with
Theorem 10.1.3, this immediately proves the following.

Corollary 10.1.5. Let V' be an admissible potential. Then

This universality of the ratio between the energy gap and the critical temperature is well known
in the physics literature (see, e.g., [GM61]) and has been previously established rigorously in
the weak—coupling and low—density limits (see [HS08b] resp. [Lau21]).
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10.2 Proofs

As in the analysis of the critical temperature [Hen22] we introduce the parameter x > 0. We
have the following comparison of bl(f) with the k = 0 quantity.

Lemma 10.2.1 ([Hen22, Lemma 15]). Let V' be admissible and k > 0. In the limit of high
density, |1 — 0o, we have

Proof. This is immediate from Lemma 15 in [Hen22] by invoking Proposition 10.1.4. [

Now, one important ingredient in our proof is the asymptotic behavior of

1 1 1
W(A) = — — d
i (A) 4w /R3 (EA,u(p) p? +f~€2ﬂ>

for fixed k > 0 (recall that Ea ,(p) = \/(p2 — )%+ |A(p)|?). This is similar to the strategy
for the weak—coupling, low—density, and high—density limits of the critical temperature (see

[HS08a; HS08b; Hen22]), and for the weak—coupling and low—density limits of the energy gap
(see [HSO8b; Lau21]).

Lemma 10.2.2. Let V' be admissible and k > 0. In the limit of high density, 1 — oo, we
have

[1]

— AL+ of1).
i (8) = i (1o

md(A) o«

VI 2ym

P kT 1 lo 0
AT 2+ 2+1g(8)+ (1)),

+o(1).

These three asymptotic equalities are proven in Propositions 10.2.5, 10.2.9, and 10.2.10
respectively.

Proof of Theorem 10.1.3. By Lemma 10.2.2 and Lemma 10.2.1 we get

lim <logu+ T )—lim <log o + 7 )
JL—00 =) 2\/ﬁbﬂ H—r00 A(\//_L) 2\/ﬁbll

7 77

= lim | log + ) +/€E:lim (log r__
woee \ T A(VR) 2, /by 2 e TAVE) VB

= 2—Hg+log(8)+ng:2—log(8),

which yields (10.1.12) and we have proven Theorem 10.1.3. O

The rest of this paper is devoted to the proof of Lemma 10.2.2.
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10. THE BCS ENERGY GAP AT HIGH DENSITY

10.2.1 Proof of Lemma 10.2.2

As remarked, a key idea is to study the integral m{)(A). As in [HS08b; Lau21] we first need
some control of A in the form of a Lipschitz-like bound (given in Lemma 10.2.4) and a bound
controlling A(p) in terms of A(,/7iq) for ¢ € S* (given in Equation (10.2.10)). First, we recall
some properties (from [HS08b]) of the minimizer « of the BCS functional at zero temperature

Fla) = ;/R I — 4l <1—\/1—4\d(p)|2) dp+/ V(e)a(e)?de.  (102.1)

RS

In [HS08b, Lemma 2] it is shown that for potentials V' with non-positive Fourier transform
there exists a unique minimizer o with (strictly) positive Fourier transform. Moreover, for
radial V' the BCS functional is invariant under rotations. Hence o and thus also A = —2Va
are radial functions. Therefore, with a slight abuse of notation, we will write A(|p|) and mean
A(p) for some (any) vector p. (In general for any radial function f, we will write f(|p|) for
the value of f(p).) Additionally, since V < 0 we have that A > 0. In fact, by the BCS gap
equation (10.1.1), we even have A > 0, see Lemma 2 in [HS08b]. Now, we give some a priori
bounds on the minimizer . The proofs of Lemma 10.2.3 and Lemma 10.2.4 are given in
Section 10.2.2.

Lemma 10.2.3. Let « be the minimizer of the BCS functional (10.2.1). Then for large

lall . < Cu™™ and ol < Cp/

These estimates on the minimizer o now translate to bounds on A = —2Va.
Lemma 10.2.4. Suppose V € L"(R?) for some 6/5 < r < 2. Define §, = 3 — .. Then for
sufficiently large 11 we have

24-57r

HA”LOO < Cp 2o = O,UJ%_&‘.

Similarly, if | - |V € L"(R3) then

24—5r 1_
|A(p) — Alg)| < C = [|p] — |ql| = Cp2=""||p| — ]l
for all p,q. In particular, if r > 8/5 then §, > 0 and thus 1/2 — §, < 1/2.

We will use the first bound as ||A]|z~ < Cutt/?° = o(u) for r = 3/2, and the second bound
as |A(p) — Alg)] < Cp|lp| — |ql| for r = 2.

Armed with these a priori bounds on A, we can now prove the asymptotic formulas in
Lemma 10.2.2 and start with the first one.

Proposition 10.2.5. Suppose | - |V € L"(R?) for r > 8/5. Then = = A(\/i)(1 + o(1)).

Proof. Clearly = = inf \/\]02 —u]? + |A(p)|? < A(y/r). Take now p with [p* — p| < = <
A(y/1t). Then

Alp) = AR < Ol = i < Ol D < vy

where 0, > 0 by assumption. Hence, A(p) = A(,/z)(1+0(1)) for any such p and we conclude
the desired. O]
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10.2. Proofs

The proofs of the second and third equality (Proposition 10.2.9 and Proposition 10.2.10,
respectively) heavily use Lemma 10.2.6 and Lemma 10.2.7, which we import from [Hen22].
Lemma 10.2.6 provides an upper bound for integrals of the potential against spherical Bessel
functions jy, uniformly in £ € Ny. These naturally arise by the spherical symmetry of V'
(cf. Equation (10.1.6)).

Lemma 10.2.6 ([Hen22, Lemma 12]). Let V € L*(R?) N L32(R3) and assume that s* > 1,
with s* as in Definition 10.1.1. Set

g = {32 for s* € (1,5/3]

min (35=2 4 1, 88) for s*>5/3.

9s* -7

Note that [3* depends continuously on s* and is (strictly) monotonically increasing (between 1
and 2), and §* < min(s*,2)/2 for any s* > 1. Then for any § > 0 there exists an €y > 0
such that for all £ € [0, 2] we have

fimsup u® 7 sup [ dalV ()|l le]) P = 0.
R

H—>0 £eNy

Lemma 10.2.7 gives a lower bound on the quantity e, that measures the strength of the
interaction potential on the Fermi surface (see Equation (10.1.7)).

Lemma 10.2.7 ([Hen22, Lemma 13]). Let V' be an admissible potential (cf. Definition 10.1.1).
Then for any & > 0 there exists c5 > 0 such that

min(s*+46,2)/2

hggggfm eyl > cs.

Proof. This is immediate from Lemma 13 in [Hen22] by invoking Proposition 10.1.4. O

An upper bound is trivially obtained as |e,| < Csu~ ™" =%2)/2 for any § > 0 by definition
of s* in Equation (10.1.11) (see also Equation (10.2.9)). Note that both, upper and lower
bound, remain true if we replace the exponent with min(s*,2)/2 4§, i.e. csu~ ™n("2)/270 <
le,| < Csp=min("2)/2+9 This is the formulation we will use.

Beside these two Lemmas, we will use the following observation: It can easily be checked
(see Lemma 3 in [HS08b]) that the operator E ,(p) + V() has 0 as its lowest eigenvalue,
and that « is the (unique) eigenvector with this eigenvalue. By employing the Birman-—
Schwinger principle (see [FHNSO7; HHSS08; HS16]), this is equivalent to the fact that the
Birman—Schwinger operator .

Bay =V'?
M EA7M

|V|1/2

has —1 as its lowest eigenvalue with V1/2 being the corresponding (unique) eigenvector. Here
we used the notation V()2 = sgn(V(z))|V (z)|*/2. In the following we need a convenient
decomposition of Bx , in a dominant singular term and other error terms. For this purpose
we let §, : L'(R?) — L?(S?) denote the (rescaled) Fourier transform restricted to S* with

1 —iupw
30) (1) = G [ € 0a) da

which is well-defined by the Riemann—Lebesgue Lemma. Now, we decompose the Birman—
Schwinger operator as

Ba = m(A) VIRE GV + VIR2ME) V2, (10.2.2)
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10. THE BCS ENERGY GAP AT HIGH DENSITY

where M(A“L is such that this holds. For the first term, note that V/2F 15 ,|V|'/? is isospectral
toV, = SHVSHT. In fact, the spectra agree at first except possibly at 0, but 0 is in both
spectra as the operators are compact on an infinite dimensional space. This first term in the

decomposition (10.2.2) will be the dominant term, which is how the third equality in Lemma
10.2.2 will arise.

Analogously to the proof of Lemma 14 in [Hen22] and the proof of Theorem 1 in [HS08b], we

further decompose

VM VY2 = 1/1/2p+i2|v|1/2 +AQ, = L& + AL, | (10.2.3)

where now A u is such that this holds. During the proof of Lemma 14 in [Hen22] (see the
Equation in the middle of page 15) it was shown that

oo 2
K p .
e, < e’ [ dpste s [ dalVi) ipleD
0

p* + K2 £€Ny

which may be bounded by ;=% +1/2+9 for any 0 > 0 by means of Lemma 10.2.6. We contmue
with a bound on the operator norm of A by estimating the matrix elements <f|AA#|g> for
functions f,g € L*(R3). This computatlon is analogous to the computation in the proof of
Theorem 2 in [Hen22]. We give it here for completeness.

Note that, since V' is radial, it is enough to restrict to functions of definite angular momentum.
That is, with a slight abuse of notation, functions of the form f(x) = Y;"(Z)f(|z|), where

Y, denotes the spherical harmonics and we write & = z/|z|. The operator A(A'i)# is indeed
block—diagonal in the angular momentum as will follow from the computations below. Since
functions of definite angular momentum span L?(R3) [Hall3, Sections 17.6-17.7] it is thus

enough to bound (f|AY,|g) for f,g of the form f(xz) = Y;"(2)f(|x]), g(x) = Yz (2)g(|x]).
Now, A( ., has integral kernel

1 1
Ean(p)  p? + K2

A = v [ ) (et — i) gy,

Thus, by the radiality of V' we get

(1S Ja) =€ [ dlal v 2 a7 D) [ ol oV ()90
x /Ooo dipl |p|* (EA,j(pr - !p|2i/<a2u> /S2 dw(p) (10.2.4)
< [ dol@) [ aul) V@Y o) (e — o).

Now, using the plane-wave expansion e?® = 47 3°%° ¢ il5,(|p||z|) Y™ (D)Y;™ (%), the
spherical integrations in x and y may be evaluated as

1672 (=) Gellpllz e (Ipllyl) = de(V/mle)je (Valyl) Y (B)Ye" ()

using the orthogonality of the spherical harmonics. The spherical p—integral of this gives a
factor 0pp/ 0.y again by orthogonality of the spherical harmonics. (This shows that A(AF”L is

300



10.2. Proofs

block—diagonal in the angular momentum as claimed.) We may thus restrict to the case of
¢ ={ and m = m’. Hereinafter, we will write x, y, and p instead of |z|, |y|, and |p|.

Recall the following bounds on spherical Bessel functions

supsup ()] <1,  supsupljy(z)] <1,  supsupz™°|j(x)| < C,
£eNg >0 £eNg >0 ¢eNg >0

where the first one is elementary, the second one follows from [AS14, Eq. 10.1.20], and
the third one may be found in [Lan00, Eq. 1] (see also Proposition 16 in [Hen22]). Adding
+3j¢(px)je(y/1ty) and using these bounds we may estimate for any 0 < ¢ < 5/11

lJe(p)je(py) — Je(V/iw)je(v/iy)|
< Clp— vl (p7° + (Vi) ™) (lde(px) |~ + e (aa) 1) (10.2.5)
X (Lieloy) % + Lie(my) ' ~1<)

The radial p-integral in Equation (10.2.4) is then (a constant times)

tAwdp( ! 1 )an@mﬁuw»—ﬂmﬁmwAvﬂw> (10.2.6)

Eaulp) P +r%u
Using Equation (10.2.5) and changing integration variable p — /p we get

1

1 1
JE -2 AGE) P PR
< (eFpe) =150 L)1)
X (|jé(\/ﬁpy)|1_na/5 + |jg(\/ﬁy)|1_115/5> )

Plugging this into Equation (10.2.4) and using Hoélder for the x— and y—integrations we thus
get
(7]4%9)]

< Cum/ dp p?
0

[(10.2.6)| < Cu1/2/ dp p*
0

1 1

1
—1°F({—=+1
VO =12+ [A(p) /ul? - PR Pt (p€+ )

X /R3 d$|V<=T)| (|j£(\/ﬁp|x|)|2—225/5 + |jg(\/ﬁ|$|)|2_226/5) :

where we changed back to = denoting a vector in R3. By Lemma 10.2.6 we may bound the
x—integral by p= %" +°(1 4+ p=#"*%) for any § > 0. Also, ||A|z~ = o(u) by Lemma 10.2.4.
Hence the p—integral will be finite uniformly in p for i large enough. We conclude that

4%, < e

op

for any § > 0 and for u large enough. Combining this with the bound on HLEfWOP from above,
we get

lim sup p* ~1/%279 HVI/QMX:MVP/Q

HU—00

=0 (10.2.7)

op
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10. THE BCS ENERGY GAP AT HIGH DENSITY

for any 0 > 0. Also, since V/2§15,|V/|'/? is isospectral to V,, so its eigenvalues are given by
Equation (10.1.6), one can easily see, using Lemma 10.2.6 again, that

lim sup % 0 HV1/2$LSH|V|1/2

—00

—0, (10.2.8)

op
for any 6 > 0. Finally, by definition of s* (see Equation (10.1.11)), we get for any ¢ > 0 that
. 2
lim sup pmmE"2/2=0 [y ()] <s1n(\/,t7|m|)> dex =0. (10.2.9)
p—o00 R3 V]

As the last ingredient we need the following Lemma, which provides a bound controlling A(p)
in terms of A(,/z). Its proof is given in Section 10.2.2.

Lemma 10.2.8. Suppose s* > 1 and let u(p) = (4w)~'/2 be the constant function on the
sphere S? and let

- 1 ~
P(p) = VATFVFu(p) = 32/ V(p— 1q) dw(q)
(27T) / S2
where § denotes the usual Fourier transform. Then

A(p) = f(1) [2(p) + nu(p)],

for some function f (). The function n, satisfies

lim sup Mﬁ*+min(s*,2)/4—1/2—(5 ||77u||Loo —0 and lim sup uﬁ*+min(s*,2)/2—1/2—6 |nu(\/ﬁ)| -0

HU—>00 U—00

for any 6 > 0.

Note that ¢(\/i) = V47§,V u(l) = e,. Now, combining this with Lemmas 10.2.6 and
10.2.7, we see that A(\/i) = f(i)eu(1 +o(1)), from which we conclude that

e.“ + n#(\/ﬁ) e,u 6/1,
Now, it is an easy computation to see |p(p) — P(q)| < Cu='2|p — ¢| for all p,q. Thus
’A(p)’ < C (1 +Mmin(s*,2)/271/2+5‘p . \/ﬁ‘ + Mmin(s*,Q)/4fB*+l/2+6> A(\//_L) (10210)

for any > 0, again by means of Lemma 10.2.6 and Lemma 10.2.7, assuming that V is
admissible. So, we get the desired control on A(p) in terms of A(/f).

The bound on 7,( /1) is effectively a bound on <u‘SLVMXLVSu’u> (This will be clear
from the proof.) For sufficiently large 1« we have

[(uf§LVMELVEL|u)| < Cop? mmintsm /2417248 (10.2.11)

for any & > 0. This will be of importance in the perturbation argument in Proposition 10.2.10.

We are now able to prove the second and third equality in Lemma 10.2.2.
Proposition 10.2.9. Let V' be an admissible potential. Then we have

24k +log(8) + o(1)

mi(A) = /i <1°g A(/f/ﬁ) 2 )

in the limit © — oo.
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Proof. Computing the angular integral, and substituting s = ipzT_“ we get

mj

[s2 1 2 [s2 + 1. (s)2 Cl—s+K2 145+ k2

1 1
+ + ds
/0 (¢S2+x+(s)2 \/52+x_(s)2)
+/°°( VIts VIi+ts )dsl’

2 4 1, (s)? 14+ s+ kK2

() = \/ﬁ[/l<m—1 VIits—1  JT-s m)ds

where 24 (s) = 2WEVIES) “Now, using dominated convergence and |Al| L = o(p), it is easy
to see that the first and last integrals converge to

[(fEt I VS VT,

s s 1—s+k2 14s+ k2

and

s 1+ s+ kK2

[ )

respectively, in the limit ¢ — oo. For the middle integral we claim that

) ds -0 as pu— oo. (10.2.12)

! 1 1
/0 (\/82 Faa(s)? 50

As in [HS08b; Lau21] this is where we need both the Lipschitz—like bound on A (Lemma 10.2.4)
and the bound controlling A(p) in terms of A(,/z) (Equation (10.2.10)). In terms of x,
Lemma 10.2.4 reads

l22(s) — 2+ (0)] < Ou~s. (10.2.13)
In terms of x4, Equation (10.2.10) reads

ZL’i<S) < 0(1 + Iumin(s*,Q)/2+6s + Mmin(s*’2)/4_ﬁ*+l/2+6)x:t(0)- (10214)
Now, the integrand in Equation (10.2.12) is bounded by

22 (5)? — .0 |
\/52+xi(s)2\/52+xi(0)2 (\/52+xi +\/52+xi(0) )

Wehintroduce a cutoff p € (0,1) and compute the integrals fpl and fop. For the first integral
we have

|2+(5)* — 2+(0)°]

ds
/p \/324—1}( )2\/32+xi(0)2 <\/s2+$i(s)2+\/32+xi(0)2)
—5, )—i-(l?i(()) s
< Cn / \/sz—l—xi —l—\/s?—i-xi(()) ‘

< Cp~*|logpl.
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10. THE BCS ENERGY GAP AT HIGH DENSITY

which vanishes for any p > exp (—,u‘sr), in particular for p = = for suitable N > 0, which
we choose here. For the second integral we have

[ 2 (s)? — 40 .
0 \/32 + wi(s)Z\/SQ + 24(0)? (\/32 +x4(s)? + \/32 + a:i(())Q)
< C/‘p Nf& (1 + umin(s*,Z)/4fﬁ*+1/2+5 + umin(s*,Q)/QJréS)
0

iL‘i(O)

ds
r4(0)2 + 52 (s +4/z+(0)2 + 32)
< Clumin(s*,Z)/éL—,B*—6r+1/2+6 /p z4(0) ds
0 /x4(0)2 + 52 (s +4/x4£(0)2 + 52>

S C'umin(s*,Q)/éL—B*—(5,»—}—1/2-1-5 .

Note that for r = 2, we have 0,_o = 3/20 and thus /* — min(s*,2)/4 — 1/2 +3/20 > 0
for any s* > 7/5 (see Remark 10.1.2). Also, optimizing this expression in the allowed 7's
gives the assumption 7 > f(s*) given in Remark 10.1.2. Therefore, also this second integral
vanishes as desired by choosing 0 < § < 8* — min(s*,2)/4 — 7/20. We conclude that

SR U= SO R N

s s 1—s+k2 1+s54+k2
v1+s v1+s

1 ) 00
+/ ds+/ < - 2) ds+o(1)
0 /S2+ (A(\/ﬁ))2 1 s 1+s+k
n

This may be computed (perhaps most easily by adding and subtracting the corresponding
integral with k = 0) as

ml(f) =/ <log A(H\/ﬁ) — 2+ log(8) + ﬁg + 0(1)> . O

We conclude by showing the third equality of Lemma 10.2.2.

Proposition 10.2.10. Let V' be an admissible potential. Then

ml(f)(A) B T

N _2\/ﬁbff) +o(1).

Proof. Recall that, by the Birman—Schwinger principle the lowest eigenvalue of Ba , is —1.
Using the decomposition in Equation (10.2.2) and the bound in Equation (10.2.7) we get that

pu—oo M

—1 = lim m®(A) inf spec (Vl/QSﬂ%'NW\l/Z) = uh_g)lo m,(f)(A)eu.

Now, since s* > 7/5 we have that |,/fie,| < Cp=?/® by Lemma 10.2.6 (recall Equation (10.1.6)
and Equation (10.2.9)). Thus, by Proposition 10.2.9 we conclude that A(,/z) is exponentially
small (in some positive power of 1) as pu — oc.

To obtain the next order in the expansion of m,(A), we note that 1 + \/1/2M(A'TL|V|1/2 is
invertible for 1 large enough by means of Equation (10.2.7). We can thus factorize the
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Birman—Schwinger operator (10.2.2) as

(<) (A)
_ 1/2 3 7(K) 11711/2 ) ( 1/2~t 1/2
14+ Bay = (1+V72ME |V )(1+1+V1/2My)’wl/2v §3.V] )
M

Because Ba , has —1 as its lowest eigenvalue by the Birman-Schwinger principle, we conclude
that, for 1 large enough, the self-adjoint operator

1
1+ V1I2MP) V2

Tay = mi (A V [V vVIieg

acting on L?(S?) has —1 as its lowest eigenvalue since it is isospectral to the right—-most
operator above. (This follows from the fact that for operators A, B the operators AB and BA
have the same spectrum apart from possibly at 0. See also the argument around Equation (33)
in [Hen22] as well as around Equation (30) and Equation (47) in [HS08b].)

To highest order T , is proportional to V,,. Since the constant function u(p) = (47)~*/2 on
S? is the unique eigenvector of V,, with lowest eigenvalue, this is true also for Ta , whenever
1 is large enough.

To find the lowest eigenvalue (which is —1) we expand the geometric series to first order
and employ first order perturbation theory. This is completely analogous to the arguments in
[HS08b] and Equation (34) in [Hen22]. We obtain

Lo wA) -
\/ﬁ o (A)

for any 0 > 0 (recall Equations (10.2.7), (10.2.8) and (10.2.11)). The error term in Equa-
tion (10.2.15) is twofold. The first part comes from the expansion of the geometric series.
The second part comes from first order perturbation theory using the bounds

~1
pM2e, — M2 (ul GV ML, VEL ) + O35 +3/2+9)

(10.2.15)

|\/ﬁeu| > C6M—min(s*,2)/2+1/2—§ and ‘Ml/2<U‘S#VMELVSHU>‘ < Cw—ﬂ*—min(s*,2)/2+1+5

for any 6 > 0 from Lemma 10.2.7 and Equation (10.2.11). The error from the series
expansion is of order O(y~3%"+3/2+9) and the error from the perturbation argument is of order
O(p =28 ~min(s7,2)/2+3/249) and is hence dominated by the expansion of the geometric series,
since * < min(s*,2)/2.

Now, we need to show that SMVMX{’LV&L is close to W), when evaluated in (ul---|u).
Therefore, considering their difference, we split the involved radial p—integral according to
lp| < Y and |p| > u¥ for some large N > 0. The second part is clearly bounded by, e.g.,
CuN/2. For the first part, we have A(p) < CuMA(,/i) by Equation (10.2.10). Using
this in combination with the fact that A(\/ﬁ) is exponentially small, we find, by dominated
convergence and Lipschitz continuity of the involved angular integrals (cf. Equation (35) in
[HS08b] and Equation (36) in [Hen22]), that this part is bounded by Cpu~" for any D > 0.
Since N > 0 was arbitrary, we conclude that

(s, -y

u)| < Cpp? (10.2.16)

for any D > 0. Thus, by combining Equation (10.2.11) and Equation (10.2.16) (recall
Equation (10.1.9) and Equation (10.1.10)) we get

’<“’Wl(f)

u>’ < C(S#—B*—min(s*,Q)/Q—&-l/Z-‘ré (10217)
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for any 6 > 0. (In particular b{*) < 0 for large 1. This was also shown in [Hen22].)

In particular, combining Equations (10.2.15), (10.2.16) and (10.2.17), we get again by a
perturbation theory argument that

1 m L min(s*
T (H)(A - _ + O( —3B*+min(s ,2)+1/2+6)
m - ol ,
N 2 /fiby”
for any 6 > 0. Since 35" — min(s*,2) — 1/2 > 0 we conclude the desired. O

10.2.2 Proofs of Auxiliary Lemmas

In this Subsection, we prove the auxiliary Lemmas 10.2.3, 10.2.4, and 10.2.8.

Proof of Lemma 10.2.3. First we show
latlfZ, < Cllal|7. + Cp®2. (10.2.18)

Since V € L3/2(R?) we have by Sobolev's inequality [LLO1, Thm. 8.3] inf spec (% - V) >
—00. Thus, using v/1 — 422 <1 —22? and & < 1/2 we get

5 =l (1= T 40P ¢+ [ Violato da
> [ 0 = watf o+ [ Ve

2 2
:< p+Va>+/ <p—u>d(p)2dp
2 R \ 2
1 9 ) P2 1\ .
> ol = Clafi+ [ (5 -n 1) atror
1 9 9 1 P2 1
zgmmr«wwm—4444_ﬂ_4_@
1

1 ||a||H1 Cllalzs — Cu*?,
which gives the de5|red. Now we show that

fort =p’and 0 < § < 1/2.

O [l

To see this, we split the integrals in the functional F according to small or large momentum p
and compute

/ p* — 1—m) dp—l—/ V(z)|a(z)]* dz

3

z/ @—mwﬁ®+/ 10 — ula(p)* dp
Ip|<t

|p|>t

i (27:)3/2 //R3 S a(p)V(p — q)a(q) dpdg

, (@l |p® +V]aLgysn) — 2

" W V/kquj(p)v(p ~@)alg)dpdg +2 /Awt’q'j(p)v(p —q)a(q) dpdq] .
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Note that, again by Sobolev's inequality [LLO1, Thm. 8.3], we have

2

(@l s |p? + V]aLpsn ) = —C |adgpsn]|, -

Moreover, by application of Young's inequality [LLO1, Thm. 4.2] we obtain

R A R A R 2
a(p)V (p — q)ag) dpdg > — [V 1o 10 gpl<t} || Lo/s
Ipl<t J|q|<t
3\ 2:(5/6—1/2) | 2
> —C () Ha]l{|p|<t} L2
51~ 2
= —Cp? |l pan |,
and
/ / ap)V(p — 9)alg) dpdg > — |[algp<n , V]| [aT0wi50]) 00
ipl<t J|a|>t
> —Ct2 ||al 1 || 6L qpi<ny | .
= —Cu*? ||l |[aLgpi<n]| , -

where we used that ||§|| ;s> < C||g]|:- Thus we arrive at

2
— Oy [l

2 A A
12 algpi<ny|,, — Com H(ﬂ{\pbt}

Fla) > ep||atgy ey L2

where we absorbed all non-leading terms in these. This is a second degree polynomial in
Hdﬂ{|p‘<t}HL2 and thus the value of H@ﬂ{‘pkt}Hp lies between the roots, i.e.

2
_ G ol O ol + o Oop 41500,
L2 — 2cp

< Cllatgpp] , + CH 2 ol

Hé‘l{lpl<t}

From the estimate

2 AN2 2l p? 1 2 —25 1 112
= [ s [ a0r T d < g el < Cu ol

[

we conclude that

2 - - 2
LSO () el

2
ot H@]l{\pbt}

a7z = [[adgpi<n

Choosing the optimal § = 2/5 we get ||a|| . < Cpu=%/°

Equation (10.2.18), yields

||l g1, which, in combination with

lallzn < Cu* [lallz + 1.

Hence ||a ;i < Cp®/* and thus also [jafl,» < Cu 2 |lally; < Cu™/? for sufficiently
large . O

We now turn to the proof of Lemma 10.2.4.
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10. THE BCS ENERGY GAP AT HIGH DENSITY

Proof of Lemma 10.2.4. Let t = % — % Then we have

24—57
207

1— 158t
1A= < ClIVall < CIVIL el < Cllallz: ol < Cu = = COu

by Sobolev's inequality [LLO1, Thm. 8.3]. For the difference note that A(p) — A(q) is
(proportional to) the Fourier transform of V' (x) (1 - ei(p_Q)'“") a(x). Then

Vi (1= o) = [ v@r|t-eo o w<e [ Vil -l i
L R3 R3
Using radiality of A, the same argument as before gives the desired. n

Finally, we give the proof of Lemma 10.2.8.

Proof of Lemma 10.2.8. Recall from the factorization of the Birman—Schwinger operator in
the proof of Proposition 10.2.10, that the self-adjoint operator

1
1+ V12ME V|12

mff)(A)g,u‘v‘l/Q VI/QSL

acting on L%(S?) has —1 as its lowest eigenvalue and u(p) = (47)~'/2 is the unique eigenvector

with lowest eigenvalue for p large enough. Hence, one can easily see that
1

V1/2-STU
1+ V1I2ME) VY2 g

is an eigenvector of Bx , for the lowest eigenvalue and thus proportional to V1/2a. By

expanding 11— = 1 — 7= we conclude that A = f(u)[® + 7,], where

vl/QMmel/z
1+ V2N V|12

Ny = —VAang| V|2 V2,

which can easily be bounded as

1/2 K
all e < C VI | V22080, V]2

Vg

op L2’

For |p| = /1, we first note that ¢(\/i2) = V47§,V u(1) = e,,. Similarly, since 7, is radial,
we have that
V1/2MX€,L|V|1/2 u>

S ‘vll/Z .
I 1+V1/2M27L]V]1/2

V1/23L

0 = = [ i aeta) = - (o

§2

and we can thus bound

(VA < C||vRMmE v

2
L2’

V2§

op

It remains to check that
2

H|V|1/23LU dz

2 . 1
=C | v Wirs
=0 [ W@l [ et

¢ [ v (W)z d

Now the claim follows by application of Equations (10.2.7) and (10.2.9). O
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CHAPTER

Universal behaviour of the BCS energy
gap

This chapter contains the paper

emp . Henheik and A. B. Lauritsen. “Universal behavior of the energy gap'.

AllT, J. Henheik and A. B. Lauri “Uni | behavior of the BCS :
arXiv: 2312.11310 [cond-mat, physics:math-ph]. 2023. DOI: 10 . 48550/
arXiv.2312.11310.

Abstract. We consider the BCS energy gap Z(T') (essentially given by Z(T') ~ A(T, /1), the
BCS order parameter) at all temperatures 0 < 7" < T.. up to the critical one, T, and show that,
in the limit of weak coupling, the ratio Z(7")/T.. is given by a universal function of the relative
temperature T'/T,. On the one hand, this recovers a recent result by Langmann and Triola
(Phys. Rev. B 108.10 (2023)) on three-dimensional s-wave superconductors for temperatures
bounded uniformly away from 7. On the other hand, our result lifts these restrictions, as
we consider arbitrary spatial dimensions d € {1,2, 3}, discuss superconductors with non-
zero angular momentum (primarily in two dimensions), and treat the perhaps physically
most interesting (due to the occurrence of the superconducting phase transition) regime of
temperatures close to T..
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11.1 Introduction

The Bardeen—Cooper—Schrieffer (BCS) [BCS57] theory of superconductivity exhibits many
interesting features. Notably it predicts, for s-wave superconductors (i.e. those for which the
gap function has angular momentum ¢ = 0, i.e. is radially symmetric), that the superconducting
energy gap = (essentially given by = ~ A(,/jz), the BCS order parameter) is proportional to the
critical temperature T, with a universal proportionality constant independent of the microscopic
details of the electronic interactions, i.e. the specific superconductor. At zero temperature,
the claimed universality is the (approximate) formula Z/7,. ~ me~" &~ 1.76 with v ~ 0.57 the
Euler—Mascheroni constant, a property which is well-known in the physics literature [BCS57;
NS85]. More recently, based on the variational formulation of BCS theory first introduced by
Leggett [Leg80] and later developed on mostly by Hainzl and Seiringer with others [FHNSO7;
HHSS08; HS16; HS08c], it has been put on rigorous grounds in various (physically quite
different) limiting regimes [FHNSO7; HS08a; HS08b; Hen22; Lau21], [Chapters 9 and 10]
(see Section 11.1.2.1 for details). The general picture in all these works is that the universal
behavior appears in a limit where “superconductivity is weak”, meaning that 7, is small.
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11.1. Introduction

The predicted universality at positive temperature is notably less studied. It is expected that
the ratio Z(7°)/T. is given by some universal function of the relative temperature 7'/7, [LT23;
Leg06], see Figure 11.1.1. For three-dimensional superconductors,! this has recently been
shown in [LT23] (building on ideas of [LTB19]) for temperatures uniformly in an interval
[0, (1 — &)T.] for any € > 0 in an appropriate limit where T, is small. The perhaps most
interesting regime of temperatures, however, are those close to the critical temperature, due

to the phase transition occurring there. For such temperatures one expects® the behavior
[Tin04, Eq. (3.54)]

2
E(T)/Tc ~ Cunivm, Cuniv = ’7857(3) ~ 3.06. (1111)

Notably, the critical exponent 1/2 (i.e. the order parameter A(,/1) ~ = vanishing as a square
root) agrees with the prediction from the phenomenological Landau theory [Lan37] for second

order phase transitions (not to be confused with Ginzburg-Landau theory of superconductivity
[De 66; GL50; Gor59]) in mean-field systems.

=/T,

e 7

0 HT/T,

Figure 11.1.1: The ratio of the BCS energy gap and the critical temperature,
=/T., is well approximated by a wniversal function of the relative temperature

T/T., which is given by fgcs(y/1 — T'/T.) with fgcs defined in (11.2.9) below. At
T =0, it approaches the well-known constant me™ ~ 1.76, with v ~ 0.57 being
the Euler-Mascheroni constant.

In this paper we extend the previously shown universality in three important directions:
Firstly, we consider all spatial dimensions d € {1,2,3}. Secondly, we treat the full range of

In [LT23], only the three-dimensional case is considered explicitly. However, their arguments seem to be
easily extendable to handle also the cases of one- and two-dimensional superconductors.

2Historically, the first article suggesting the square root behavior near T, is by Buckingham [Buc56]. In
[BCS57, Eq. (3.31)], BCS verified this in their original model, however, with the numerical constant given by
3.2 instead of Cyniv =~ 3.06.
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11. UNIVERSAL BEHAVIOUR OF THE BCS ENERGY GAP

temperatures 0 < 7' < T,.. Thirdly, we extend the result to the case of non-zero angular
momentum in two dimensions, in particular proving the formula in (11.1.1). Interestingly the
case of non-zero angular momentum in two dimensions has the exact same universal behavior
as s-wave superconductors in any dimensions: Independently of the angular momentum we find
the same universal function describing the ratio Z(7")/T.. This is substantially different from
the three-dimensional case, where one still expects some sort of universal behavior to occur,
only the universal function strongly depends on the angular momentum, see, e.g., [PFCP07]
and Remark 11.2.15 below.

One of the central ideas in the analysis of temperatures close to the critical temperature
is the use of Ginzburg-Landau (GL) theory. In the physics literature it is well-known that
for temperatures close to the critical BCS theory is well-approximated by GL theory [Gor59].
This correspondence has been studied, and put on rigorous grounds, quite recently in the
mathematical physics literature [DHM23a; DHM23b; FHSS12b; FL16]. See Section 11.1.2.2
for more details.

11.1.1 Mathematical formulation of BCS theory

We consider a gas of fermions in R for d = 1, 2, 3 at temperature 7' > 0 and chemical potential
i > 0. The interaction is described by a two-body, real-valued and reflection-symmetric
potential V € LY(R?), for which we assume the following.

Assumption 11.1.1. We have that V € LPV(R) for py = 1if d =1, py € (1,00) if d = 2,
or py =3/2if d = 3.

A BCS state I' is given by a pair of functions (y, ) and can be conveniently represented as a
2 x 2 matrix valued Fourier multiplier on L*(R%) & L*(R?) of the form

1A”(p)=<ﬁ(p) &) ) (11.1.2)

a(p) 1—=4(p)

for all p € R, Here, 4(p) denotes the Fourier transform of the one particle density matrix
and &(p) is the Fourier transform of the Cooper pair wave function. We require reflection
symmetry of &, i.e. &(—p) = &(p), as well as 0 < I'(p) < 1 as a matrix. Recall the definition
of the BCS free energy functional [HHSS08; Leg80], which is given by

Foll] = / (W~ W) dp— TSI + / V()lo(x)P dr, (11.1.3)

where the entropy per unit volume is defined as

S = - / Tres [[(p) log I'(p)] dp.
Rd
The variational problem associated with the BCS functional is studied on

D:={lasin (11.12):0< ' <1, §€ L'(R%, (1+p)dp), a € H (R} .

sym

The following proposition provides the foundation for studying this problem.

Proposition 11.1.2 ([HHSSO08], see also [HS16]). Under Assumption 11.1.1 on V', the BCS
free energy is bounded below on D and attains its minimum.
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11.1. Introduction

However, in general, the minimizer is not necessarily unique. This potential non-uniqueness
shall not bother us at this stage but will be of importance later on (see Sections 11.1.1.1
and 11.2.3). The Euler-Lagrange equation for « associated with the minimization problem is
the celebrated BCS gap equation

A(p) = _(273)5’/2/]1@ Vip— Q)KA;E];) dq, (11.1.4)

satisfied by A(p) = —2 (2m)"%2(V x &)(p), where a is the off-diagonal entry of a minimizing
I' € D of (11.1.3), see [HHSS08; HS16]. Here, V(p) = (2m) %2 [, V(z)e " dz denotes
the Fourier transform of V', and we have introduced the notation

E~(p)
K2(p)= ———
7 (?) tanh (Lg}p))

with — Ea(p) = /(02 — )2 + |A(p) 2.

The gap equation can equivalently be written as
(KR +V)a=0, (11.1.5)

where K2 (p) is understood as a multiplication operator in momentum space and V/(z) is
understood as a multiplication operator in position space. The Euler—Lagrange equation for ~
(see [HHSS08; HS16]) is given by

R 1 p*—p
(p) =

2 2K2(p)

. (11.1.6)

Remark 11.1.3 (Log-divergence). For T = A = 0 we have K2=(p) = |p* — u|. This
gives rise to a logarithmic divergence in Equation (11.1.4). Understanding how to treat this
log-divergence was one of the key insights of Langmann and Triola [LT23].

11.1.1.1 Critical temperature and energy gap

The system described by Fr is superconducting if and only if any minimizer I' of Fr has
off—diagonal entry a = T'15 # 0 (or, equivalently, (11.1.4) has a solution A # 0). The
question, whether a system is superconducting or not can be reduced to a linear criterion
involving the pseudo—differential operator with symbol

2
pT—u
Kr(p) = KA(p) = —————.
T( ) T( ) tanh (pz;u)

In fact, as shown in [HHSS08], the system is superconducting if and only if the operator K+ V'
has at least one negative eigenvalue. Moreover, there exists a unique critical temperature
T. > 0 being defined as

T, :=inf{T >0:Kr+V >0} (11.1.7)

for which K7, +V > 0 and inf spec(Kp + V) <0 for all 7" < T... By Assumption 11.1.1 and

the asymptotic behavior K7, (p) ~ p? for |p| — oo the critical temperature is well-defined by

Sobolev's inequality [LLO1, Thm. 8.3]. Note that, for 7" > T the BCS functional (11.1.3) is

uniquely minimized by the normal state I'rp = (7¢p, 0), where
1

14 er@®-w

Yeo(p) (11.1.8)
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is the usual Fermi-Dirac distribution. In contrast, for temperatures 0 < T' < T, strictly below
the critical temperature, the normal state I'rp is not a minimizer of (11.1.3) and it is a priori
not clear whether or not the minimizer of (11.1.3) is unique.

In this paper we deal with two different cases. In the case of s-wave superconductivity we will
assume properties of V' such that the minimizer is unique and in the case of 2-dimensional
non-zero angular momentum we will assume properties of V' such that there are at most 2
minimizers, see Section 11.2.3.

For the s-wave case we assume the following.

Assumption 11.1.4. Let the (real valued) interaction potential V € L'(R?) be radially
symmetric and assume that V' is of negative type, i.e. V <0 and V(0) < 0.

As shown in [HS08b], Assumption 11.1.4 implies that, in particular, the critical temperature is
non-zero, i.e. T, > 0.3 Moreover, as already indicated above, it ensures that the minimizer of
(11.1.3) is unique. While this fact is already known at zero temperature [HS08b, Lemma 2],
we are not aware of any place in the literature where the extension to positive temperature is
given. As we will need this extension, we formulate it in the following proposition and give a
proof in Section 11.A.1.

Proposition 11.1.5 (Uniqueness of minimizers for potentials of negative type). Let V' satisfy
Assumptions 11.1.1 and 11.1.4, and consider the BCS functional (11.1.3). Then we have the
following:

(i) For0 <T < T, letT' = (v, «) be a minimizer of the BCS functional (11.1.3) (which
exists by means of Proposition 11.1.2). Then the operator K5 + V from (11.1.5) is
non-negative and « is its unique ground state with eigenvalue zero 0.

(ii) The minimizer I" =: T', = (., aw) of (11.1.3) is unique up to a phase of cv, and can
be chosen to have strictly positive Fourier transform ¢... Moreover, both v, and ., are
radial functions.

In particular, under Assumption 11.1.4, we have that the energy gap

E(T) = inf \/(p? — p)? + |A(p)]?

pERA

(11.1.9)

for A being the (up to multiplication by a constant phase) unique non-zero solution of (11.1.4)
and temperatures 0 < T < T, is well-defined.

In case there is more than one solution A of the BCS gap equation (11.1.4) (i.e. more than
one minimizer of the BCS functional) we may for each such A define the energy gap = as in
Equation (11.1.9). In the case of two dimensions with (definite) non-zero angular momentum
we shall prove that there exist exactly two (up to multiplication of either by a constant phase)
such functions, Ay. They however satisfy |A,| = |A_| and so the energy gap = is also here
uniquely defined. For the details see Section 11.2.3.

Remark 11.1.6. The energy gap is essentially the same as the order parameter ‘A(\/ﬁ)‘ as
we show in Equations (11.3.18) and (11.3.29) below. In particular, one may replace = with
’A(\/ﬁ)‘ in our main results, Proposition 11.2.1 and Theorems 11.2.4 and 11.2.11.

3To be precise, the arguments in [HS08b] cover only the case d = 3, but, as already noted in [FHSS12b],
they are immediately transferable to the cases d = 1, 2.
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11.1.1.2 Weak coupling

We consider here the weak—coupling limit where the interaction is of the form AV fora A > 0
and we consider the limit A — 0. In the weak—coupling limit an important role is played by
the (rescaled) operator V), : L*(S4~1) — L?(S¢~1) [CM21; HS08b; HS10], [Chapter 9]. This
operator, which is defined as

A

V) (0) = G [, VWit = @)ut) deta). (11.1.10)

where dw denotes the uniform (Lebesgue) measure on the unit sphere S?~1, measures the
strength of the interaction potential V on the Fermi surface. The pointwise evaluation
of V (and in particular on a codim—1 submanifold) is well-defined since we assume that
V e LY(RY).

The lowest eigenvalue ¢, = infspecV), is of particular importance. Note, that V), is a
trace-class operator (see the argument above [FHNSO7, Equation (3.2)]) with

_ s+ s

tr(V,) = ) o V(z)dr = (am)i V(0).

For radial potentials one sees that the eigenfunctions of V), are the spherical harmonics.

For potentials of negative type we have V(O) < 0 and so ¢, < 0. This corresponds to an
attractive interaction between (some) electrons on the Fermi sphere. Further, one easily sees
that the constant function u(p) = (|S*!|)~'/? is an eigenfunction of V,, which, since V' < 0
by Assumption 11.1.4, is in fact the ground state by the Perron—Frobenius theorem, i.e.

ey = (zﬂl)dn /S V(I — qy/n) dw(q). (11.1.11)

In two dimensions the spherical harmonics take the form u.,(p) = (2m)~ /2t with ¢
denoting the angle of p € R? in polar coordinates. In this case the ground state space of V),
is spanned by {u}sc, for some set of angular momenta L. If £y # 0 for some ¢y, € L then
the ground state is at least twice degenerate, since then both u,, are eigenfunctions with
this lowest eigenvalue.

11.1.2 Previous mathematical results

So far, all mathematical results on solutions of the BCS gap equation (11.1.4) focused either
on zero temperature, 7' = 0, or the regime close to the critical one, T' =~ T,, where the
transition from superconducting to normal behavior is described by Ginzburg-Landau theory.

11.1.2.1 BCS theory in limiting regimes: Universality at 7' = 0

At zero temperature it is expected, that the ratio of the energy gap and the critical temperature
is given by a universal constant,

~me 7 (11.1.12)

with v = 0.577 the Euler—Mascheroni constant in a limiting regime where “superconductivity
is weak”, meaning that 7, is small.
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In the literature three such limits have been studied: Historically, the first regime, which has
been considered is the weak coupling limit in three spatial dimensions [FHNSO07; HS08b],
which we recently extended to one and two dimensions in Chapter 9. The critical temperature
in the low density limit in three dimensions was studied in [HS08a] and later complemented
by a study of the energy gap by one of us in [Lau21], thus, in combination, yielding the
above-mentioned universal behavior. Finally, we considered the high density limit, again in
three dimension, in [Hen22] and Chapter 10 and proved (11.1.12) in this regime.

11.1.2.2 Superconductors close to 7T,: Ginzburg-Landau theory

For temperatures close to the critical BCS theory is well-approximated by Ginzburg-Landau
(GL) theory. In contrast to the microscopic BCS model, GL theory is a phenomenological
model, which describes the superconductor on a macroscopic scale. Moreover, as suggested
by Equation (11.1.1) a natural parameter measuring “closeness to 7,."” is the parameter
h = /1 —T/T.. A rigorous analysis of various aspects of BCS theory in the limit h — 0 was
then studied in [FHSS12b; FHSS16; FL16], very recently also allowing for general external
fields [DHM23a; DHM23b]. Of particular interest to us is the fact that any minimizer of the
BCS functional (v, @) has a = hipay with ay € ker(K7, + AV) fixed and ¢ € C a minimizer
of the corresponding GL functional, see [FL16, Theorem 2.10].

11.1.3 OQutline of the paper

The rest of this paper is structured as follows. In Section 11.2 we present our main result,
starting with the prototypical universality in the original BCS model (Section 11.2.1). Af-
terwards, in Sections 11.2.2 and 11.2.3 we describe our results on universality for s-wave
superconductors in arbitrary dimension d € {1,2,3}, and for two-dimensional superconductors
having pure angular momentum, respectively. The proofs of these results are given in Section
11.3, while several additional proofs are deferred to Appendix 11.A.

11.2 Main Result

We next describe the main results of the paper. We first consider the example of an interaction
as considered by BCS [BCS57]. The reason for doing this is twofold:

1. It highlights, how the universal function Z(h)/T. ~ fgcs(h) appears.

2. A central idea in the proof of removing the log-divergence is already present in the BCS
gap equation (11.1.4). (Recall Remark 11.1.3.)

11.2.1 Energy gap in the original BCS approximation [BCS57]

In their seminal work [BCS57], Bardeen—Cooper—Schrieffer modeled the interaction by a so
called separable potential V(x,y) (i.e. factorizing and depending not only on the relative
coordinate x — y), whose Fourier transform V(p, q) is a product of two radial single variable
functions, that are compactly supported in the shell

S.(Tp) :=={p e R |p* — pu| < Tp} (11.2.1)
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around the Fermi surface {p € R?: p? = u}, the only (material dependent) parameter being
the so-called Debye temperature 0 < Tp < p. Switching from momentum p to energy
e = p* — 1, the just mentioned single variable functions are chosen in such a way, that*

V(e )N(E) = —dacs 01 — |e/To)0(1 — 1€ /To]),  Agcs >0, (11.2.2)

where the electronic density of states (DOS) is denoted by N(g) ~ (¢ + 1)@=2/2 and @ is the
Heaviside function. (6(t) =1 for ¢ > 0 and 6(t) = 0 otherwise.)

In this case, the (unique non-negative) solution to the BCS gap equation (11.1.4) is given by
Ale)=A-0(1 —|e/Tp|) (11.2.3)

for some temperature dependent constant A > 0, which is determined by the scalar gap
equation (cf. [BCS57, Eq. (3.27)])

o 2T

scs  Jo Ve? 4+ A?

for any temperature 0 < T' < T.. In turn, the critical temperature T,. > 0 is determined by

(11.2.4) with A = 0, i.e.

1 Tp tanh ( 5=

— :/ Mde. (11.2.5)
Ascs  Jo €

1 Tp tanh (7\/82W)
de (11.2.4)

In case of a small BCS coupling parameter, Agcs < 1,° it holds that 7., is exponentially small
in Agcs, i.e. T, ~ e~1/78cs (see [BCS57, Eq. (3.29)]). Moreover, it is easily checked that A
as a function of temperature is monotonically decreasing in the interval [0, T,] and satisfies
A(T = 0) ~ e~1/8cs_similarly to the critical temperature.

Next, changing variables as z := ¢/T. and setting § := A/T, as well as®

T
hi=1-7 for 0<ST<T,, (11.2.6)

we can subtract (11.2.4) and (11.2.5) to find

/TD/TC {tanh(ﬁ) tanh <§>}dx: . (11.2.7)
0

Note that this difference formula (11.2.7) removes the divergences of (11.2.4)-(11.2.5) as
>\BCS — 0.

The proof of the following proposition is given in Section 11.3.1. (In the statement of
Proposition 11.2.1, one may replace = by the order parameter A(,/1t), see Remark 11.1.6
above.)

*Assuming that V' is constant throughout the energy shell (11.2.1) (as done in [BCS57]), the BCS coupling
parameter emerges as Agcs = —V (0,0)N(0).

5This can happen for various reasons. One example is that V itself is scaled by a coupling parameter
A >0, ie. V— AV, and one considers the limit A — 0, as done in Sections 11.2.2-11.2.3.

®As mentioned above, the parameter h is commonly used (see, e.g., [FHSS12b; FL16]) in the context of
Ginzburg-Landau theory, where it served as a ‘semiclassical’ small parameter in the derivation this theory.
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11. UNIVERSAL BEHAVIOUR OF THE BCS ENERGY GAP

Proposition 11.2.1 (Energy gap in the original BCS model [BCS57]). Let i > 0, fix a Debye
temperature 0 < Tp < p and let Agcs > 0 be the BCS coupling parameter as above. Let the
critical temperature T, and the gap function A(p) be defined via (11.2.3)<11.2.5).

Then the energy gap = (defined in (11.1.9)) as a function of h = /1 —T/T. for 0 < T < T,
(recall (11.2.6)) is given by

=(h) = Tefacs(h) (14 O(e™'/ o)) (11.2.8)

uniformly in h € [0, 1], where the function fgcs : [0, 1] — [0, 00) is implicitly defined via

s24+fgcs(h)?
tanh Y~ 2= (. ph S
/ 20 2L g =0 (11.2.9)
R 82 + fgcs(h)2 S

and plotted in Figure 11.2.1.

This means that, independent of the material dependent Debye temperature Tp > 0 and the
chemical potential i > 0, the energy gap = within the original BCS approximation [BCS57],
follows a universal curve, described by (11.2.8), in the limit of weak BCS coupling. A similar
formula for fgcs like (11.2.9) (but as a function of = := 1—h?) also appeared in the monograph
of Leggett [Leg06, Eq. (5.5.21)]. We now list a few basic properties of fgcs, whose proofs
we omit, as they can be obtained by means of the implicit function theorem and further
elementary tools (see also [LT23, Lemma 1] as well as Lemmas 11.3.1 and 11.3.13 below).
Almost all of these properties become apparent from Figure 11.2.1.

Lemma 11.2.2 (Properties of fgcs). There exists a unique implicitly defined solution function
fecs 1 [0,1] — [0,00) of (11.2.9). Moreover, fgcs has the following properties:

(i) It is strictly monotonically increasing in [0, 1].
(i) It is C* in (0,1) and has continuous one-sided derivatives at the boundaries 0 and 1.

(iii) It has the boundary values fgcs(0) = 0, fges(0) = Cuniv and fgcs(1) = me™ &~ 1.76,
scs(1) = 0. Here, v ~ 0.57 is the Euler-Mascheroni constant and

872

7¢(3)

Coniv = ~ 3.06, (11.2.10)

where ((s) denotes Riemann’s (-function.

Remark 11.2.3 (Contact interactions). Our proof of Proposition 11.2.1 can easily be gen-
eralized to all BCS models, in which the energy gap is constant (at least near the Fermi
surface).

(a) In case of a delta potential, V(z) = —d(z) in one spatial dimension, d = 1, the gap
function solving (11.1.4) is given by a constant (simply because here V is constant).
This setting can be analyzed similarly (in a weak coupling limit, i.e. replacing V' — AV
and taking A — 0) as done in Proposition 11.2.1 for the original BCS model [BCS57].
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fBcs(h)

e 7

Figure 11.2.1: Sketch of the function fgcs obtained via the implicit relation
(11.2.9).

(b) Also for contact interactions in three spatial dimensions, d = 3, the situation is similar.
This setting is studied in [BHS14a; BHS14b], where it is shown that for a suitable
sequence of potentials V; converging to a point interaction with scattering length a < 0,
the gap function A, converges (uniformly on compact sets, see [BHS14a, Eq. (14)]) to
a constant A solving the gap equation

1 1 1 1
dma ~ (27)° / (Kqé(p) - p> -

Replacing the limit of weak coupling by a small scattering length limit, a — 0, one can
obtain a result similar to Proposition 11.2.1.

11.2.2 Universal behavior of the s-wave BCS energy gap

After having discussed the prototypical universality in the seminal BCS paper [BCS57], we can
now formulate our main result on general s-wave superconductors with local interactions. The
proof of Theorem 11.2.4 is presented in Sections 11.3.2-11.3.4, while the main ideas are briefly
described in Remark 11.2.7 below. (We remark that, in the statement of Theorem 11.2.4, one
may replace = by the order parameter A(,//z), see Remark 11.1.6 above.)

Theorem 11.2.4 (BCS energy gap for s-wave superconductors). Let d € {1,2,3}, u > 0,
A > 0 and let V satisfy Assumptions 11.1.1 and 11.1.4. Let T, and = be as in (11.1.7)
and (11.1.9) with interaction \V and A the unique non-zero solution the BCS gap equation
(11.1.4) with interaction AV .

Then, with fgcs(h),h = (/1 —T/T. being the function defined via (11.2.9), we have the
following:
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(a) Assuming additionally that | - |*V € L'(R?), it holds that
=Z(h) = T.fecs(h) (1+O(h~ ') (11.2.11)
for some constant ¢ > 0 independent of A and h.
(b) Assuming additionally that (1 + |- |)V € L*(R%), it holds that
=(h) = T.fecs(h) (14 O(he") + 0x0(1)) (11.2.12)

for some constant ¢ > 0 independent of A and h and where 0)_,o(1) vanishes as A\ — 0
uniformly in h.

For the special case h = 1, i.e. T'= 0, (11.2.11) reproduces the results from [HS08b] (for
d = 3) and Chapter 9 (for d = 1, 2), which state the universality

_E(T=0) «
e T o

at ' = 0. Moreover, by (11.2.11) again, we find that, uniformly in temperatures bounded
away from T, i.e. h € [g,1] for some fixed € > 0,

. Z(h)
\im T,

= fgcs(h),

recovering the universality result in [LT23] (for d = 3), with an exponential speed O(e~*)
of convergence. In the complementary case, for temperatures very close to the critical
temperature, T' ~ T,, the question of universality is (i) physically more interesting due to
the phase transition from superconducting to normal behavior and (ii) mathematically more
delicate than in the previous scenarios. This is because now there are two small parameters A
and h, instead of A only, and the error term in (11.2.11) might actually be large compared to
one. However, now involving both, (11.2.11) and (11.2.12), we find that

. 2(h) ) Z(h)
)}}IIEO h Cuniv  and /\1}}30 h Cluniv (11.2.13)
e~/ A<h hece—c' /A

with the aid of Lemma 11.2.2 (iii). In particular, the ratio =(h)/(T.h) converges to the
same universal constant C,;, (recall (11.2.10)) in both orders of limits, lim,_,olim_,, and

Remark 11.2.5 (Joint limit). A careful inspection of the proof reveals that the constants
¢, c satisfy ¢ < ¢’. In particular, the proof does not allow the two regimes considered in
(11.2.13) to be overlapping and we cannot prove that lim, o % = Clyniv in any joint limit.
We expect this to hold in any joint limit, however, as we saw for the particular example from

[BCS57] in Proposition 11.2.1

Remark 11.2.6 (Comparison of assumptions with [LT23]). Compared to the similar result
in [LT23] our assumptions hold for a slightly different class of potentials. The assumptions
of [LT23] are essentially on the smoothness of the interaction V' (formulated via some
regularity /decay assumption on the Fourier transform V) Our assumptions on the other hand
are on the regularity /decay of V. In particular, our assumptions cover the examples of [LT23,
Table 1] which are not covered by the assumptions of [LT23]. These are (in three dimensions)
eIl (2a + b|z|)e~ ! _30(1 — |=|)

=T Vi = ) x-box T
Anla| v+ie(®) 87| box () im

VYukawa ($ )
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Remark 11.2.7 (On the proof). The main ideas in the proof of Theorem 11.2.4 are the
following.

(a) For part (a), we crucially use that both, K2+ AV and K, +\V, have lowest eigenvalue
zero. We then consider their corresponding Birman-Schwinger (BS) operators and use
that, for A small enough, two naturally associated operators on the Fermi sphere both
have the same ground state. Evaluating the difference of these two associated operators
in this common ground state, we find that a difference of two logarithmically divergent
integrals, similarly to (11.2.9), vanishes up to exponentially small errors O(e=¢/*).

The removal of the log-divergence in this way (which — in a similar fashion — was the
major insight in [LT23]) is the key idea to (i) access also non-zero temperatures and (ii)
obtain extremely precise error estimates (compared to all the previous results mentioned
in Section 11.1.2.1).

(b) For part (b), we employ Ginzburg-Landau (GL). The principal realm of GL theory is to
describe superconductors and superfluids close to their critical temperature 7. In this
regime, when superconductivity is weak, the main idea is that the prime competitor for
developing a small off-diagonal component & for a BCS minimizer, is the normal state
I'ep = (7D, 0), with vep given by the usual Fermi-Dirac distribution (recall (11.1.8)).
Moreover, to leading order, the off-diagonal component @& lies in the kernel (which agrees
with the ground state space) of the operator Kp + \V.

The main input, which we use, is that every minimizer (v, ) of the BCS functional has
a ~ hypag with ay € ker(K7, + AV) fixed and ¢ € C minimizing the corresponding
GL functional [FL16, Theorem 2.10]. Taking the convolution of &, with V/, we find the
universal constant (11.2.10) appearing in Z/(T.h) ~ Cyniy-

Moreover, the “additional assumptions" in Theorem 11.2.4 are not quite rigid, meaning that
they can be weakened in the following sense.

(a) In case that | - [**V € L! for a 0 < a < 1 the error term in Equation (11.2.11) should
instead be O(h~'e~°*/*) with the constant c then being independent also of a.

(b) In case that (1 + |-|)V € LP(RY) for p < 2, the factor h in the first error term in
(11.2.12) would not appear raised to the first power but with exponent

(3p—4)/p for d=1, (3p—4)/p—e for d=2, and (4p—6)/p for d=3.

Remark 11.2.8 (Other limits). Although, in this paper, we considered only the weak coupling
limit, we expect the relation Z(h) ~ T.fgcs(h) to hold also in other limiting regimes in which
“superconductivity is weak", that is, e.g., the low-’ and high-density limit, that were studied in
[HS08a; Lau21] and [Hen22] and Chapter 10, respectively. This idea is already contained in
[LT23], where the authors considered a “universal" parameter A in [LT23, Eq. (7)], which can
be small for various physical situations.

Remark 11.2.9 (Non-universality). We recover also the formula [LT23, Equation (16)]

A(p)
A(yn)

"For dimensions d = 1,2, the same caveats mentioned in Remark 9.2.8 apply.

= F(p) + O(e™?) (11.2.14)
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for some function F' not depending on the temperature and some constant ¢ > (. The function
F depends on the interaction V' however. For this reason (11.2.14) is called a “non-universal”
feature in [LT23]. The proof of (11.2.14) is given in Section 11.3.3.

11.2.3 The case of pure angular momentum for d = 2

In this section, we generalize Theorem 11.2.4 from s-wave superconductors to two-dimensional
systems which have a definite (or pure) angular momentum ¢, € Ny, which can differ from 0.

Assumption 11.2.10 (Pure angular momentum). Let V € L'(R?) be radially symmetric
and attractive on the Fermi sphere, i.e. the lowest eigenvalue ¢, of V, is strictly negative
(recall (11.1.10)—(11.1.11)). Moreover, suppose that for all A > 0 small enough the lowest
eigenvalue of K7, + AV is at most twice degenerate, i.e. dimker(Kr, + AV) € {1,2}.

Since K7, commutes with the Laplacian, Assumption 11.2.10 ensures the ground state of
Kr, + AV to have definite angular momentum. More precisely, it holds that

ker(Kr, + A\V) = span{p} ® Sy, with S := span{eiie‘p} C L*(S') for some /; € Ny,
(11.2.15)
where p € L*((0,00);7dr) is a (\-dependent) radial function.®

We can now formulate our main result in the case of pure angular momentum for d = 2. (We
again remark that, in the statement of Theorem 11.2.11, one may replace = by the order
parameter |A(,/11)|, see Remark 11.1.6 above.)

Theorem 11.2.11 (BCS energy gap for 2d pure angular momentum). Let d = 2, ;1 > 0 and
let V' satisfy Assumptions 11.1.1 and 11.2.10. Define the critical temperature T,. and energy
gap = as in (11.1.7) and (11.1.9) with interaction \V for a A > 0 and A being any (arbitrary!)
non-zero solution the BCS gap equation (11.1.4) with interaction \V'.

Then, with fgcs(h),h = (/1 —T/T. being the function defined via (11.2.9), we have the
following:

(a) Assume additionally that V € L*(R?), V. € L"(R?) for some 1 < r < 2 and that
|- |*V € L'(R?). Then there exists 0 < T < T, with T/T, < e™/* for some ¢ > 0,
such that for all temperatures T € (T, T.) it holds that

=2(h) = T.fecs(h) (1+O(h~'e™)) (11.2.16)
for some constant ¢ > 0 independent of X\ and h.

(b) Assuming additionally that (1 + |- |)V € L*(R?), it holds that
=(h) = T.fecs(h) (14 O(he") + 0x0(1)) (11.2.17)

for some constant ¢ > 0 independent of A and h and where 0)_,¢(1) vanishes as A\ — 0
uniformly in h.

The proof of Theorem 11.2.11 is given in Section 11.3.5.

8n fact, the angular momentum of the kernel of K1, + AV must be even, i.e. {; € 2Ny. This is because
BCS theory is formulated for reflection symmetric «, whence K, + AV is naturally defined on the space of
reflection symmetric functions only.
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Remark 11.2.12 (On the assumptions). The additional assumptions in part (a) here compared
to Theorem 11.2.4 (namely V € L? and V € L") are those of [DGHL18, Theorem 2.1]. The
proof of Equation (11.2.16) centrally uses this result. As discussed in [DGHL18, Remark 2.3]
these additional assumptions are expected to be of a technical nature.

Remark 11.2.13 (The temperature T). The presence of the temperature T in Theo-
rem 11.2.11 (a) arises from the first excited eigenvalue of K1, + AV, see [DGHL18, Remark 2.2].
As discussed in the proof, the temperatures T,, T are given by T, = T.(¢o) and T = T.(4y),
the critical temperatures restricted to angular momenta ¢, and ¢y, for some angular momenta
o # {1, see also [DGHL18, Remark 2.2]. For temperatures T' € (T, T..) the BCS minimizer(s)
then have angular momentum ¢, [DGHL18, Theorem 2.1]. For temperatures T' < T however,
we do not in general know whether the BCS minimizer(s) have angular momentum ¢;. The
proof crucially uses that the minimizer(s) have a definite angular momentum. If we however
know a priori, that the BCS minimizer(s) have angular momentum ¢, for some larger ranger
of temperatures (77, 7T.), then the formula in Equation (11.2.16) holds in this larger range of
temperatures.

Remark 11.2.14 (Nodes of the gap function). As already mentioned in Section 11.1.1.1,
we establish during the proof, that any solution A of the BCS gap equation (11.1.4) has a
radially symmetric absolute value, |A(p)|, which is, moreover, independent of the particular
solution A. In particular, every solution A of the BCS gap equation (11.1.4) does not have
nodes on the Fermi surface. This contrasts many examples of d-wave superconductors in the
physics literature, where a (necessarily) non-radial interaction V' leads to a gap function A
with nodes on the Fermi surface, see, e.g., [BH94; Fle+09; MW96; Zha+12].

Remark 11.2.15 (Non-extension to three dimensions). The formula =(h) ~ T.fgcs(h) is
not expected to hold in three dimensions for non-zero angular momentum, see for instance
[PFCPO7, Figure 14.6]. More precisely, we have the following:

(i) For non-zero angular momentum in three dimensions, our method of proving Theo-
rem 11.2.11 (a) breaks down. In fact, we crucially use that K2 +-\V > 0 for A = —2\Va
with v a minimizer of the BCS functional. However, as shown in [DGHL18, Proposition
2.11] this implies that |&| is a radial function. In particular, in three dimensions, « (and
therefore also A) cannot have a definite non-zero angular momentum.

(ii) Assume that we know a priori that a solution of the BCS gap equation (11.1.4) (in
spherical coordinates) satisfies A(p,w) = Ag(p)Y,"(w) — at least to leading order.’
Here, Y,™ is the usual L?-normalized (complex) spherical harmonic with ¢ € N; and
m € {—{,...,L}. Then, by application of [FL16, Theorem 2.10], following very similar
arguments to Sections 11.3.4 and 11.3.5.2, we find that the radial part of the gap
function is given by

1Ao(/10)| % ClamConvh T (11.2.18)

on the Fermi sphere {p®> = p}. Here C,;, was defined in (11.2.10) and we denoted

—1/2
o = ( / |Y;”<w>\4dw)
SQ

2 (204 1)
- A~(O9T + 1) €7£70,0 L,O 2 £7£7 , L72 2
<Lz:047'r(2L_|_1)|< | >| |< mm| m>|>

%If one models the interaction V by a rank one projection V' = |x) (x| (similarly to (11.2.2)), instead of a
multiplication operator, such a form of A can easily be enforced by taking x(p,w) = xo(p)Y;™(w).

L (11.219)
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with ((q, ¢5;my, mo|L; M) being the well tabulated Clebsch-Gordan coefficients (see,
e.g., [CDL91, p. 1046]). The relation (11.2.19) shows that, in particular, even in the
subspace of fixed angular momentum ¢ # 0, the behavior (11.2.18) is non-universal due
to a non-trivial dependence on m € {—/, ..., (}, as, for example (see [FL16, Eq. (6.8)]),

281w 147
Co0 = E and Co+1 = C2 42 = ?

For temperatures 0 < 7' < T, and h := /1 — T'/T,, we expect (11.2.18) to generalize
to

|Ao(Vi)| ~ T.f522) (h)

with f(BZ’C";) : [0,1] — [0, 00) being implicitly defined via

2
t h\/s2+(fg%;”)(h>) Y @)l h
o0 an 72 t s
/ ds/ dw 205 A Ly )P =0, (11.2.20)
2 £m m S
oS e (R m) @)

similarly to [PFCP07, Eq. (14.33)]. For ¢ = m = 0, (11.2.20) yields that fod =
(47)"/?fgcs with fgcs from (11.2.9) due to the L?-normalization of the spherical har-
monics (recall A(p,w) = Ag(p)Y,™(w)).

A detailed analysis of the three-dimensional case with non-zero angular momentum is deferred
to future work.

11.3 Proofs of the main results

This section contains the proofs of our main results formulated in Section 11.2.

11.3.1 Proof of Proposition 11.2.1

For ease of notation, we shall henceforth write \ instead of A\gcs. From the explicit form
(11.2.3) it is clear that = = A and §(h) = § = A/T, is determined through (11.2.7). Hence,
the goal is to show that §(h)/fgcs(h) = 1+ O(e™'/*) uniformly in h € [0, 1]. The proof of
this is conducted in three steps.

11.3.1.1 A priori bound on ¢

We shall prove the following lemma.
Lemma 11.3.1. For 6 = 6(h) defined through (11.2.7) and A > 0 small enough, it holds that

5(h) < Ch. (11.3.1)

Proof. First, we note that d(h) < C' uniformly for h € [0,1]. This easily follows from
observing that d(h) is strictly monotonically increasing (as follows from elementary monotonicity
properties of the integrand in (11.2.7)) and (1) is necessarily bounded.
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In order to show (11.3.1), we employ the implicit function theorem to derive an asymptotic
ODE for 6(h). For this purpose, we now introduce the function (recalling 7, ~ e='/*)

2(1—h2)

ViZ+ ol x

Tp/Te | tanh ( ””2“52) tanh (%)
G,\:[O,l]X[O,oo)—>R7(h,(5)»—>/ dx
0

and trivially note that (11.2.7) is equivalent to Gy (h,d(h)) = 0. Since G, is C*' (away from
the boundary) in § and h (this easily follows from dominated convergence), we can apply the
implicit function theorem to obtain the differential equation

0 (h) - (1-— h2)h /‘TD/TC /TD/Tc g1 1962;;262) dr (11.3.2)
oh — 6(h) 0 cosh2 x2+52 Va?+3? ’ o

2(1 h2 1—-h?

where we introduced the auxiliary functions

go(z) :== tanhiz/Q) : g1(2) == —go(2) = 27 go(2) — ;Z_lcosh;(z/Z)' (11.3.3)

It is elementary to check that the even function z — g;(2)/z is (strictly) positive and (strictly)
decreasing for z € [0,00). In combination with §(h) < C and T, ~ e~'/*, one can thus
bound the denominator on the r.h.s. of (11.3.2) from below. Together with an upper bound
on the integral in the numerator (obtained by using elementary monotonicity properties of the
hyperbolic cosine), we find that

() ¢ g :132—1—02) L h

for h > 0 and A > 0 small enough (to ensure Tp /T, > C).

Finally, the differential inequality (11.3.4) can be integrated using the boundary condition
§(0) = 0 to conclude the desired.'® O

11.3.1.2 Uniform error estimate

Having Lemma 11.3.1 as an input, we shall now prove the following.
Lemma 11.3.2. For § = §(h) defined through (11.2.7), it holds that

o |tanh ( V2402 ) tanh (%)
/TD/TC

21=h%))
Va2 + 02 x

10Strictly speaking, this requires to extend the function J(h) in (0,1), obtained via the implicit function

theorem for G, to the boundary points 0. In order to do so, note that, for h € (0,1/2), (11.3.2) yields

as(h)  h
“on " s(h)’

dz < Ch?e 2/, (11.3.5)

from which we immediately conclude that |0,6(h)| < C, uniformly in (0,1/2). Hence, §(h) continuously
extends to 0. The same is true for its derivative by means of (11.3.2) again. We remark that by a similar
argument, 0(h) can be extended to 1 as well.
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Proof. First, we add and subtract tanh(z/2)/v/z? + 62 in (11.3.5). Then, we employ T, ~
e Y/* and Lemma 11.3.1 to estimate

© |tanh (3255)  tanh ()
/TD/TC

200-h2))

Va? + 62 Va? + 62

> 1
dr < C’hz/ ————dr < Ch?e
1p1, cosh”(x/2)

and
o ltanh (% tanh (£ S |
/ (2) . (2> deChQ/ 73d$§0h2672/)\'
Tp/T. | VT2 + 02 z Tp/T. ¥
Combining these bounds yields the claim by means of the triangle inequality. O

From Lemma 11.3.2 and Equation (11.2.7), we immediately conclude that

/ tanh (3755)  tanh (3) dz = O(h2 e~ (11.3.6)
R| V2t z

11.3.1.3 Comparison with fgcs

Given (11.3.6), the remaining task is to show that, because § approximately solves the defining
equation of fgcs, it is actually close to fgcs. This is the content of the following lemma.

Lemma 11.3.3. Fix h € [0,1]. If ¢ € [0, 00) satisfies'

,/m2+¢2 z
/ tanh ( S(=h2) ) B tanh (5) de— B (1137)
for some |R| < C, then
¢ = facs(h) + O(|R['?) (11.3.8)

with fgcs defined in (11.2.9).
Hence, combining (11.3.6) with (11.3.8) and invoking Lemma 11.2.2 (iii), we find that
5(h) = facs(h) + O(he™/*) = facs(h) (1+ O(e™)) .

This concludes the proof of Proposition 11.2.1.

Proof of Lemma 11.3.3. First, we note that, given h € [0, 1], (11.3.7) has a solution ¢ €
[0,00) if and only if R <log(1/(1 — h?)). Then, as in the proof of [LT23, Lemma 6] (see
[LT23, Equation (C50)]) we find that

¢ = ¢ Tfpcs <\/h2 + (1 —n%)(1— eR)> : (11.3.9)

Taylor expanding in R around 0, using regularity of fgcs from Lemma 11.2.2, we get

—(1 — h?)Re'E
2,/h2 + (1 — h2)(1 — e'h)

\We follow the convention that, if h = 1, we replace tanh(...) by the constant function 1.

dt.

el = faes(h) + /01 BCS <\/h2 +(1—h2)(1— em))
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To bound the integral we change variables to s = h?+(1—h?)(1—¢!) and bound |fgcs(h)| < C
by Lemma 11.2.2. We split into cases depending on the sign of R.

R > 0: For R > 0 the integral is bounded by

h? 1—h%)(ef -1
/ 7—h \/h2 (1—h2)(eR —1) = ( )(e ) '
B2 (1-h2)(eR—1) 2V/S Vh2— (1= h2)(ef —1) +h
Noting that \/7+\f § and that (1 — h?)(eft — 1) < CR we find that the integral is

bounded by v/R.
R < 0: For R < 0 the integral is similarly bounded by

h2+(1-h2)(1—eh) ds
[ 2 _ h2 _ AR\ _ < .
/h N Vh2 + (1= h2)(1 —eR) —h < C\/|R|

2

Plugging these bounds into (11.3.9), we conclude the desired. [

11.3.2 Proof of Theorem 11.2.4(a)

We give here the proof of Theorem 11.2.4(a). The argument is divided into several steps.

11.3.2.1 A priori spectral information

For any temperature 7' we have by Proposition 11.1.5 that there exists a unique (up to a
constant global phase) minimizer (7., ) of the BCS functional. The function c is radial
and has &, > 0. Moreover, the operator KTA + AV has lowest eigenvalue 0 and «, is the
unique eigenfunction with this eigenvalue.

11.3.2.2 Weak a priori bound on A

From the proof of Proposition 11.1.2 in [HS16] we have the following bound on the minimising
(74, @) of the BCS functional [HS16, Eqn. 3.12]

[ 0w + 4.0 db

< 8T/log (14 e @ =117 dp + 8/ PP/4—1+4Co(N)] dp<Cy

with Cy(\) = inf spec(p?/4 + AV)) < 0 and thus Cy, uniformly bounded for A small enough.
In particular ||| ;1 < C uniformly for A small enough. By Sobolev's inequality [LLO1, Thm
8.3] we then have

loli~ < ClIValls flall,. < € (4=1)

lols < ClIValls flall,. < © (4=2)

lallze < C1Vally: < € (a=3)

for any 2 < ¢ < oco. Thus,

2Vl d=1

Al < 20 [Vall s < XV, [lall 227020 [Fr0/ee0 - d =2 < O)
MVl o el d=3

(11.3.10)
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11. UNIVERSAL BEHAVIOUR OF THE BCS ENERGY GAP

uniformly for A small enough (for any 1 < p < min{2,py} by choosing ¢ large enough in
dimension d = 2). In particular we see that A(p) — 0 as A — 0.

11.3.2.3 Birman—Schwinger principle

Next, by the Birman—Schwinger principle [FHNS07; HHSS08; HS16] the fact that K2 +\V has
lowest eigenvalue 0 with «, being the unique eigenvector is equivalent to the Birman—Schwinger
operator

1
Bra = AV |V|'/?
K7

having —1 as its lowest eigenvalue and ¢ = V/2q,, being the unique eigenfunction corre-
sponding to this eigenvalue. Here we use the convention V/2(z) = sgn(V (x))|V (x)|'/2.
We decompose the Birman—Schwinger operator into a dominant singular term and an error
term. For this purpose we define the (rescaled) Fourier transform restricted to the sphere
S0 LYRY) — L*(S?1) by

1 .
Su(p) = (2m)2 /Rd U(x)e VI dg,

which is well-defined by the Riemann—-Lebesgue Lemma. Define then

1 1
m(T,A) = ——— dp (11.3.11)
S92 i<y K7 (p)

and decompose
Bra = (T, A)\V2EE VY2 + AV My | VY2,

with Mp A defined such that this holds. Analogously to [FHNSO7, Lemma 2] and Lemma 9.3.5
we have the following lemma, the proof of which (it is analogous to the one of Lemma 9.3.5)
is given in Section 11.A.2.1.

Lemma 11.3.4. We have HVl/QMT,A’VWQHHS < C for small \ uniformly in'T and A, where
| - [[us denotes the Hilbert-Schmidt norm of an operator.

We conclude that 1+AV/2 Mz |V|'/? is invertible for sufficiently small A and thus, analogously
to [HS08b, Lemma 4] and Lemma 10.2.8 and Proposition 10.2.10 the fact that By a has
lowest eigenvalue —1 is equivalent to the fact that the operator

1
1+ AVI2 My A | V]2

Sra = Am(T, A)F,|V|"/? VIieEn (11.3.12)

acting on L2(S?!) has lowest eigenvalue —1. Moreover, the function F,|V|*/2¢ = F,V . is
the unique eigenfunction of S A corresponding to the eigenvalue —1.

11.3.2.4 A priori bounds on A

For the analysis of the integral m(7, A) we need some a priori bounds on A. Analogously as
in Chapter 9 and [HS08b] we need some control of A(p) in terms of A(,/z) and some type
of Lipschitz-continuity of A. These are collected in the following lemma.
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11.3. Proofs of the main results

Lemma 11.3.5. The function A satisfies the bounds

A(p) < CA(VR), (11.3.13)
IA(p) — Alq)| < CAGVR)|p — 4 (11.3.14)

for sufficiently small \.

Proof. As noted above, the function F,|V|'/2¢ = F,V « is the eigenfunction of Sy A corre-
sponding to the lowest eigenvalue —1.

Further, to leading order, St A is proportional to V,, = SHVSL. Since the constant function
w= st e L*(S%!) is the ground state of V), (see the argument around (11.1.11)),
the same is also true for Sy Ao whenever \ is small enough. Hence, one can easily see that
1
1L+ AVY2Myp A|V]1/2
is an eigenvector of By a corresponding to the eigenvalue —1 and thus proportional to

_y1/2 : : : : 1 x
[0) —hV 2a,. Thus, with § denoting the usual Fourier transform, by expanding T =1l
we have

1/2 4
V/Suu

1
1+ A\VI2 My A |V[1/2

0 ([ 70 v asta) + o)

for some constant f()\) (where we absorbed the factor [S*~!|7¥/2(27)~%2 into f()\)). One
easily verifies that

A= =223V |72 = FNFIV[V? VA

V1/2MT,A’V’1/2
L+ AV2Mp A|V]1/2
has ||| < C uniformly in A < A for some Ay by Lemma 11.3.4. By evaluating at p = /1

we find |f(\)] < CA(\/n) for small A and thus the global bound (11.3.13). Moreover, we
have the Lipschitz-bound:

m = —(2m)2F |V |2

1/2
VIS

1

Alp) — A < _ 1/2 1/2t
1A0) ~ M) < 1N~ |11V sy 8k
_ 2y 1 1/2
< Camlp = a1V T oy IV Sl
< CA(VR)lp — 4
for sufficiently small \. m

11.3.2.5 First order

Expanding the resolvent in Equation (11.3.12) to first order in a geometric series we see
that Sp A to leading order is proportional to the operator V,, (defined in (11.1.10) above).
Moreover, we have
1
V1/2 t
SN VAN DA
= Am(T, A)inf specV,(1 + O(N)) = Ae,m(T, A)(1 + O(N)).

In particular m(T,A) = —(14+ O(\)) = 00 as A — 0.

=L
ey

—1 = Am(T, A) inf spec <SM\V|1/Q
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11.3.2.6 Exponential vanishing of A

Pointwise we may bound KTA > EA. Thus, by the first—order analysis above, we have

Laron) =mT,a) = — !

d
e, P

1S4 <y K7
1 1

< o
S Jii<vam (/12 — pl? + |A(p) 2

dp

The latter integral is calculated in Chapter 9 and [HS08b]. The same calculation is valid here
by the bounds (11.3.13) and (11.3.14) and the fact that A(p) — 0 by (11.3.10). That is

S (bg Wl Om)

in the limit A — 0. We conclude that A(\/zz) < e/* as A — 0 (with ¢ = —1/e,u¥271).

The constant ¢ shall henceforth be used generically and its precise value might change from
line to line.

11.3.2.7 Infinite order

Recall that, for small A, the unique eigenfunction of Sy A corresponding to the eigenvalue —1
is given by the constant function u. Thus, for small A we have

1

V1/2
Su‘ ‘ 1—|—)\V1/2MT7A‘V‘1/2

—1 = (T, A) <u Ve

Combining this for the temperatures 1" and T, we find
m(T, A) —m(T¢,0)

-1 1 1

DY | i
<U 8:“|V|1/2 T+ AVI/ZMp A V12 V12E

1
= )\—ei(l +O(N)) <u

u> <u’§ﬂ|‘/|1/2 1+/\V1/2A}T&0‘V‘1/2 V1/23Hu>

1 1
WL — VY,
BV <1+Av1/2MT,AIV|1/2 1+AV1/2MTC,0|V|”2> i
(11.3.15)

for small enough A by expanding to first order in the denominator and noting that inf spec V,, =
eu. The proof of the following lemma (which is somewhat analogous to the proof of
Lemma 11.3.4) is given in Section 11.A.2.2.

Lemma 11.3.6. There exists \g > 0 such that for 0 < A < A\g
[V22 (M = M) VIV < G

for some constants C',c > 0 uniformly in \.
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11.3. Proofs of the main results

Having Lemma 11.3.6 at hand, we write the difference as a telescoping sum
1 1
L+ AVIY2MpA|VV2 1+ AVI2Myg o| VY2

_ i(_)\)k {(Vl/QMZA‘V‘l/g)k B (Vl/QMTuO

1/2)"3}

k—1—2¢ ¢
Z (VI/QMT7A|V|1/2) ‘/1/2(]\4T7A . MTC,O)|V|1/2 (VI/QMT070|V|1/2> ‘
£=0

-2

Thus, by Lemmas 11.3.4 and 11.3.6 we have

IN

1 1
H L+ AVI2MpA|[VV2 1T+ AVI2My, o[V

k—1
)\k: Z Crk’—l—ﬁ % Ce—c/)\ % C«K
/=0

VAN

ENFCFe=¢/A < O e/,

k=
> kX
We conclude that

|m(T, A) — m(T.,0)| < Ce /. (11.3.16)

11.3.2.8 Calculation of the integral m(7, A) — m(T,,0)

To extract the asymptotics in (11.2.11) from the bound in (11.3.16) we calculate the difference
m(T, A)—m(T.,0) and show that it is essentially the left-hand-side of (11.2.9). The argument
is essentially given in [LT23, Appendix C.4]. For completeness, we give the argument here.

By changing variables to s = (p? — p)/u and defining x(s) = A(y/u(1 + 5))/p we get

m(T, A) — m(T,,0) /0m (1 _ 1) i dp

K2 Kr,
ydiz=1 1 [ tanh (V S;;/Z(S)j tanh 52
= / — =1 (1 4 5)¥21 ds,
2 1 % + x(s)? 5

This is of the form where we can use [LT23, Lemma 5].

Lemma 11.3.7 ([LT23, Lemma 5]). Let g, G be functions with g(0) = G(0) =1 and g € L>
and let 7,7.,0 > 0. Assume that §(s) := (g(s) — 1)/s and G(s) := (G(s) — 1)/s satisfy
3,G € L™(R). Let s; > 0 such that g(s) > 1/2 for |s| < s, and define

p tanh VIO panh - Y
T,0,T¢ g> 52+g 252 S §)ds,
\/s 92 s
SO _ (1.1) = tanh **7E= tanh 5 ds
’7'76,’7'0 7'57'c 82 +52 s

Then
JT,(S,TC (ga G) - J(O)

7,0,T¢

e . 5
< |G, (47 + a7 + 76 llgl ) + 45 3] (1 -+ gl ) (1 n 2) |
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11. UNIVERSAL BEHAVIOUR OF THE BCS ENERGY GAP

To apply this lemma we write

Then g € L™ uniformly in A by (11.3.13) and § € L* uniformly in A by (11.3.14). Finally,
clearly G(s) = (14 s)¥*71y|5<1 has G € L*°. We conclude that

d/2—1 tanh —\/SQ—MW tanh S
m(T, ) = m(T,0) ="~ [ e PG oy o,
2N S NN

Writing 7' = T.(1 — h?), recalling the bound in (11.3.16) and changing variables we find

tanh Y s2+(A(x/ﬁ))/Tc)2

2(1—h2 tanh

.é NNV A

2% ds =R,

with R = O(e~“/*). Hence, by Lemma 11.3.3, we find that

S — focs(h) + ORI = focs (W1 + 00 e1Y) (11.3.17)

since fgcs(h) ~ h for small h by Lemma 11.2.2.

11.3.2.9 Comparing A(,/ii) and =
We finally prove that = is essentially given by A(\/).

Clearly = = inf, Ea(p) < Ea(\/1t) = A(\/1). To show a corresponding lower bound consider
pwith |p>—p| < Z < A(/R). Then by Equation (11.3.14) and the bound A(,/f) = O(e~“/?)
we have

Alp) = A(vi) = CAVR)p = VEl = A(ya) (1= CA(VE) = AlyE)(1+O(e™).

We conclude that
== AR (140 ). (11.3.18)
Together with (11.3.17) this concludes the proof of Theorem 11.2.4(a).

11.3.3 Non-universal property of A: Proof of Equation (11.2.14)

From the Birman-Schwinger argument (Section 11.3.2.3) we have that ¢ = V1/2q, is the
(unique) eigenvector of
Am(T, A)
1L+ AVY2Mp |V ]1/2

Vl/?gLsﬂlvP/Q

corresponding to the eigenvalue —1. Recalling that A = —2A\FV av, we thus get the equation

Am(T, A)

A= — 1/2
SV VA

VIPE AR
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11.3. Proofs of the main results

with A(,/jz-) being the constant function on the unit sphere of value A(,/z). Recall that

—1=Am(T, A) <u‘g“’v’1/21+M/1/21\14T,A|V|1/2VI/ZS:D
argument as in Section 11.3.2.7 we may replace My by My, its corresponding value at
T = A =0, up to errors of order e=/*. (Concretely one can define My via the representation
of its kernel as given in Equations (11.A.3), (11.A.4), (11.A.5), (11.A.8) and (11.A.9), setting
T = A =0.) Hence, for sufficiently small A,

u> for small enough \. By the same

_ 1
A B |Sd 1|1/23‘V|1/2 VI/QgLu

1HAVLI/2 Mg |V ]1/2

AW (ul8ul VIV g eV /28h )

+0(e7) = F+ 0(e™?).

Clearly, the function F' does not depend on the temperature 7.

11.3.4 Ginzburg-Landau theory: Proof of Theorem 11.2.4(b)

As mentioned above, the proof of Theorem 11.2.4(b) builds on Ginzburg-Landau (GL) theory.
For convenience of the reader, we recall the main input from GL theory for the purpose of
the present paper in Proposition 11.3.9 below. More general and detailed statements can be
found in the original papers [DHM23a; DHM23b; FHSS12b; FL16]. In particular, these works
allow for external fields or ground state degeneracy (cf. Lemma 11.3.8 below), respectively.

As a preparation for Proposition 11.3.9, we have the following lemma.
Lemma 11.3.8 (Ground state of K7, + AV'). Let V satisfy Assumptions 11.1.1 and 11.1.4.

Then K1, + AV has 0 as a non-degenerate ground state eigenvalue and its L?(R®)-normalized

ground state ay can be chosen to have strictly positive Fourier transform. Moreover, it holds
that 6y € L™ (R?).

Proof. Since T, > 0 (recall the discussion below Assumption 11.1.4), we first note that
the Fourier multiplier K, is strictly positive. Then using V <0, the claim follows from a
Perron-Frobenius type argument (see also [HS08b] and [FHSS12b, Assumption 2]). The fact
that dy € L°°(RY) follows from [FHSS12b, Proposition 2] by invoking Assumption 11.1.1. [J

We can now formulate the main results from GL theory, needed for the present paper.

Proposition 11.3.9 (Ginzburg-Landau theory, see [FL16, Theorem 2.10]). Let V' be a function
satisfying Assumptions 11.1.1 and 11.1.4 and suppose that 0 < T' < T.. Then, using the
notations from Proposition 11.1.5 and Lemma 11.3.8, we have that

JT"T[F*] — fT[FFD] = h45G|_(77/JG|_) + O(hﬁ) as h— 0,

where gL # 0 minimizes the Ginzburg-Landau “functional” £ : C — R,

eaulw) =l 35 [ 2= I  ) at) a
- IoP|

11.3.19
) . ( )

2T, [Rd cosh? ((p? — 1) /(2T,))

Here we used the auxiliary function g, from (11.3.3). Moreover, we can decompose the
off-diagonal element &, of I, as

u@w%wwﬂ'

a, = hliolag + € (11.3.20)
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where ||€||r2 = O(h?) and ¢y # 0 approximately minimizes (11.3.19), i.e.

EaL(Yo) < EaL(YeL) + O(R?). (11.3.21)

Remark 11.3.10. We emphasize that all error terms in the above proposition (and also the
implicit constants hidden in d; € L°°(R?)) are not uniform in A. This crucially limits the
applicability of our GL theory based method for temperatures slightly away from the critical one
with e=“/* < h < 1 (cf. the error bound in (11.2.12)). Indeed, a careful examination of the
proofs in [FHSS12b; FL16] reveals that the hidden dependencies on the critical temperature
T, are at most inverse polynomially and hence exponential in )\, i.e. e/* for some ¢ > 0
(independent of A and h).

11.3.4.1 Minimizing the Ginzburg-Landau functional

Given the inputs from GL theory, Theorem 11.2.4(b) is based on the following Proposi-
tion 11.3.11, the proof of which we postpone after finishing the proof of Theorem 11.2.4(b).

Proposition 11.3.11. The (up to a phase unique) minimizer g of the GL functional
(11.3.19) satisfies

T.
VoL = Cuniv +——= (1 +0ox=0(1)), 11.3.22
el | Ao(\/ﬁ)( Ao )) ( )
where Ay := —2(270)~¥2\V % @o,'2 the constant Clyy, is given in (11.2.10), and the error is

uniform in h.

The fact that |¢)g] > 0 approximately minimizes (11.3.19) (see (11.3.21)), implies that
(recalling Remark 11.3.10)

[Yo] = |beL| + O(hec/’\> .

Therefore, by means of (11.3.20) in combination with Proposition 11.3.11, we infer

A

~ Qg c/A ¢
&, =CuivI.h 1+o0 1) + O(he® +£.
Ao(\/m( (1) +0(he)) ¢
Thus, after taking the convolution with AV,
A = Coniy T 20 (14 0xs0(1) + O(he?)) + A, (11.3.23)
Ao(y/11)

where A > 0 is the unique solution of the BCS gap equation (11.1.4) (see Proposition 11.1.5)
and we denoted A, := —2(2m) "2V K €.

11.3.4.2 A priori bounds on A,

For the proof of Theorem 11.2.4(b) we need some a priori bounds on A analogously to
those of Section 11.3.2.4. The bounds follow from the following lemma, the proof of which is
analogous to the argument of Sections 11.3.2.3 and 11.3.2.4 and given in Section 11.A.2.3.

12Note that Ay was denoted by ¢ in [FHSS12b; FL16]. We also remark that Ag(,/z) # 0 as follows from
Go > 0 (by Lemma 11.3.8) and V < 0 (by Assumption 11.1.4).
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Lemma 11.3.12 (c.f. [HS08b, Lemma 4] and Lemma 10.2.8). Let ay € H*(R?) with ay > 0
be the unique H'(R%)-normalized ground state of K1, + \V from Lemma 11.3.8. Moreover,
let u(p) = (|S?¥*|)~*/2 be the constant function on the sphere S~ and let

60) =~ [, V0= Vi) duta). (11.3.24)
Then Ay = —2(21)~%2\V Gy can be expanded as
Ao(p) = FNV[E(P) + Ana(p)] (11.3.25)

for some positive function f(A) and ||1x|| e re) bounded uniformly in X\ > 0.

After realizing (/1) = —e, by (11.1.11), we conclude for small enough A > 0 that

[2(p) — (/)] + Alma(p) — ma(y/1)] A
—ey + (/1)

Now it is an easy computation to see |p(p) — @(¢q)| < C'min {||p[ — ql|, 1} for all p,q € R%
Thus,

Ao(p) — Ao(v/p) =

o(v/1) -

[Bo(p) = Do(y/im)| < € (min {lpl = VA, 1} +A) Bo(v/i). (11.3.26)
11.3.4.3 A priori bounds on A,
For the following arguments, we need two estimates on A = —2(27) #2AV # £,

= First, it is a simple consequence of Young's inequality and ||€]| .2 = ||€]|.2 = O(thC/A),
that
1A = V][22 O(h*e) . (11.3.27)

= Second, we note that A¢(p) — A¢(q) is (proportional to) the Fourier transform of

V(x)(l — ei(p_‘”'“*’)ﬂx), and thus
= [ Iv@Pfi-e

ng—qF/|V®Mumx
R4

-

dx

Using radiality of A and Ay, we conclude the radiality of A, and therefore

Ac(p) = Ac(@)| < [lpl = lal| 1+ 1V ]|z O(h%e). (11.3.28)
Recall that ||(1+ |- ])V||z2 < oo by assumption.

11.3.4.4 Comparing A(,/1) and =

We aim at proving

[1]

= A(VE) (140N + h?e”)) . (11.3.29)

In order to see this, we note that clearly = = \/(p2 — )2 +|A(p)|? < A(y/p). For the reverse
inequality, let p € R? with [p? — pu| <= < A(\/z). Then

Ap) = AR < OTeh(1+0xs0(1) + O(he)) - (|lp| = v/ir| + ) + Clp| = /| e
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by application of (11.3.26) and (11.3.28). Using that A(,/i) ~ T.h, as a consequence of
(11.3.23) for h small enough (meaning he®/* < 1), we then conclude

AP) = AVE < C(A+h2e ) Avi)

In combination with the upper bound, this proves (11.3.29).

11.3.4.5 Conclusion: Proof of Theorem 11.2.4(b)
We evaluate (11.3.23) at p = /i, such that we find
= = |Cunv Toh (14 0xs0(1) + O(he?)) + O(B?e)| - (1 4+ O(A + h?e™))
with the aid of (11.3.27) and (11.3.29). Collecting all the error terms leaves us with
= = Cunv Te h(1 + 0250(1) + O(he*) ) . (11.3.30)

Hence, using fecs(h) = Cunivh+O(h?), by Lemma 11.2.2, we arrive at Theorem 11.2.4(b). [

11.3.4.6 Proof of Proposition 11.3.11

In the following estimates, we use the shorthand notations (recall the definition of the auxiliary
function g; from (11.3.3))

ol —p)/T.) o 1
fa(p) == /T, fa(p) = — el (11.3.31)

such that the absolute value of the minimizer ¢ of (11.3.19) is given by

@@ﬁumw%mwwy T(@hIMUW%W
4 feu P, () oo (p)]* dp Jeu Fi(9)| Bo(p)] dp

We denoted Ay = —2(27)"%2AV * @, (as in Proposition 11.3.11) and used that a, €
ker (KTC + )\V). Note that, Ay = |Ag| by means of Proposition 11.1.5 and V < 0 from
Assumption 11.1.4.

Next, we add and subtract [Ag(,/12)[* (resp. [Ao(/&)|*) in the integral in the numerator
(resp. denominator). The terms involving |Ao(,/i2)| are evaluated as follows.

Lemma 11.3.13 (Emergence of C\iy in GL theory). Let u > 0. In the limit T./pn — 0 we
have that (recall Cy;, from (11.2.10))

1/2
(/ h2 // nllr _M/T)dp> — Cuni (11.3.32)
R4 COS Rd

(»* — )/ T,
for alld =1,2,3.

[YeL| =

2T

Proof. Since the integrands are both radial, we switch to spherical coordinates and neglect
the common |S¢!|—factor in numerator and denominator. By splitting the remaining radial
integration according to p?> < u and p? > u and changing the integration variables from
(p* — ) /2T, to —t resp. t we find the numerator of (11.3.32) being equal to

n/2Te 0o

B (d—2)/2 (d—2)/2 1

2T\ 4=2)/2 / 1— 2Ly / 14 2Lt — | dt. (11.3.33
H 0 ( Iz ) + ( T ) coshZ(t) ( )

0
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Similarly, we find the denominator of (11.3.32) to equal

T, (=212 [ [r/2Te (d—2)/2 00 (d-2)/2] [tanh(¢) 1
Sl 1— 9Ty 14 2%t - dt.
8 /0 ( I ) T /0 ( + Iz ) 3 2 coshz(t)

(11.3.34)
We now take the ratio of (11.3.33) and (11.3.34) and send 7,./p — 0. By means of the
dominated convergence theorem (note that the integrand in (11.3.34) behaves as ¢~ for large
t) we thus find the limit being given as the ratio of

o 1 1 [ [tanh(¢ 1
/ ———dt  and / anh(t) _ | dt.
o cosh?(t) 8 Jo t3 t2 cosh”(t)
7¢<(3)

While the former is easily evaluated as being equal to one, the latter is given by 23 (see,
e.g., [GRO7, p. 3.333.3]). This proves the claim. O

With the aid of (11.3.26) and noting f; > 0, the resulting differences (from adding and
subtracting [Ag(,//z)}?) can be estimated as

[ 51800 - 130(v) dp‘

< C18u(VAY [ 15(0) (s |l = V. 1) + ) dp

R
for j = 2,4. These integrals can be treated analogously to (11.3.33) and (11.3.34) in Lemma
11.3.13 (for the ‘|p| - \/ﬁ‘—term, note that f; essentially concentrates around |p| ~ /1) and

we find them to be smaller than the corresponding leading term [L.. f;(p)|Ao(y/2)’ dp in the
limit A — 0 (and hence T, — 0). Therefore,

7. f]Rd fa(p) dp /2 _ _ | L | )
0(\/17) (fRd f4(p) dp) (1 * O/\—>O(1>) = Cuniv Ao(\/ﬁ) (1 + /\—>0(1)) ,

where we used Lemma 11.3.13 in the last step. As the GL functional (11.3.19) is entirely
independent of the relative difference to the critical temperature (7. — T)/T, = h?, it is
clear that all the errors here hold uniform in the parameter h. This finishes the proof of
Proposition 11.3.11. O]

|¢GL| - A

11.3.5 Pure angular momentum for d = 2: Proof of
Theorem 11.2.11

11.3.5.1 Part (a)

The proof of Theorem 11.2.11 (a) is mostly the same as that of Theorem 11.2.4 (a). We
sketch the argument here, highlighting the few differences.

The operator V,. Using the Birman-Schwinger principle on the operator K7, + AV (as
is done in [FHNSO7; HS08b]) we find that, for sufficiently small A, the lowest eigenvalue e,
of V, (recall (11.1.10)) is an eigenvalue for angular momentum ¢, since this is the angular
momentum of the ground state(s) of K7, + AV by assumption. Further, since V' is radial,
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the eigenfunctions of V), all have a definite angular momentum. In particular the first excited
state has some angular momentum ¢; # /q:

el = inf (u[Vlu) = (use[Valuss,)
ulUusg,

with use(p) = (27)~1/2e*% the eigenfunctions of angular momentum ¢. Here ¢ denotes the
angle of p € R? in polar coordinates. Note that el(}) < 0 since V), is a compact operator on
an infinite-dimensional space.

A priori spectral information. It is proved in [DGHL18, Theorem 2.1] that there exists a
temperature 7' such that for temperatures T' < T' < T, the minimizers of the BCS functional
are given by

G (p) = %G (p)

where ¢ denotes the angle of p € R? in polar coordinates, &y is a radial function, and ¢
is the angular momentum given by Equation (11.2.15). The BCS gap functions are then
As(p) = Ag(p)e*™ 0¥, with Aq a radial function.®® Further, we have K20 + AV > 0 for
temperatures T € (T, T,) [DGHL18, Proposition 4.3] and ker(K2° + A\V) = span{o, a_}.

The temperature T. As discussed in [DGHL18, Remark 2.6] the temperature T is given by
T = T,(¢y), the critical temperature when restricted to angular momentum /¢;. Following the
argument in [FHNSO7] (see also [HS10, Theorem 1]) we find

T <

m
Ce—c/* e/(}) = 0.

{Cel/)‘e'(}) el <0,

Recalling that T, ~ e!/*¢» and that e, < ef}) < 0 then clearly /T, < C'e=*/* for some ¢ > 0.
Weak a priori bound on A.. Exactly as in Equation (11.3.10) we have [|[AL|;. < CA.

Birman—Schwinger principle. Analogously to Section 11.3.2.3 we have by the Birman—

Schwinger principle that
1

_ 1/2
Bra, =V e

|V’1/2
has —1 as its lowest eigenvalue, only the eigenspace is spanned by the two vectors ¢ = V'/2a...
By a completely analogous argument is in Section 11.3.2.3 we find that

1
1+ AVI2My 5, [V]'/?

Sty = Am(T, AO)&JVP/Q V1/23L

has —1 as its lowest eigenvalue with corresponding eigenspace spanned by §,V ..

A priori bounds on A_.. Analogously to Lemma 11.3.5 we claim

Lemma 11.3.14. The functions AL satisfy the bounds (with slight abuse of notation, recall
that Ay is a radial function)

A (P)l < ClAo(Vi)l,  [Ax(p) — Ax(g)] < ClAo(V)llp — 4l -

13This should not be confused with the function Aq used in Section 11.3.4.
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Proof. The proof is analogous to that of Lemma 11.3.5. First we note that V, = S,LVSL

has eigenfunctions of lowest eigenvalue w4, (p) = (27)~1/2e*¥% and that the operator Sy a,
preserves the angular momentum. Analogously to the proof of Lemma 11.3.5 we find

8200 = £ [ V10 = Vs (@) ds(a) + Mns(o))

with |[7y£]| « < C uniformly in A. Evaluating on the Fermi surface {p? = i} we get (recall
that inf specV, = ¢e,)

Ax(Vip/Ipl) = J2N) (epuse (p/1p]) + Ams (Vip/Ip))) -

In particular, we conclude that ‘AO(\/ﬁ)‘ = ’Ai(\/ﬁp/|pl)‘ > 0 for A small enough and that
|fsM)]<C ‘Ao(\/ﬁ)‘. We conclude the rest of the proof exactly as for Lemma 11.3.5. [

The remaining parts of the argument (first order analysis of m, the exponential vanishing
of AL, infinite order analysis of m, calculation of the integral m(T, Ag) — m(7.,0) and
comparing A on the Fermi surface with =) are exactly as in Sections 11.3.2.5, 11.3.2.6,
11.3.2.7, 11.3.2.8 and 11.3.2.9 only replacing A and u by AL and u.y,, respectively. This
concludes the proof of Theorem 11.2.11 (a).

11.3.5.2 Part (b)

Again, we highlight only the main differences compared to the proof of Theorem 11.2.4 (b).

Ginzburg-Landau functional Since every function ag in kernel of K7, + AV can be written
(in polar coordinates) as

o(p, ) = p(p) [+ ? +p_e0]

for an appropriate normalized p € L?*((0,00);pdp) and 9. € C by Assumption 11.2.10
(cf. (11.2.15)), the analog of the Ginzburg-Landau functional (11.3.19) becomes [FL16,
Theorems 2.10 and 3.5]

EaL(Vy,1h_)
= o4 ot Pl |

27 /°° 91((p* — 1)/ T)
13 Jo (p? — )/ T.

e o] ¢ |7 [ e K PR o)
(11.3.35)

Ko, () 5() dp]

Minimizers of the GL functional In contrast to (11.3.19), the functional (11.3.35) now
has two (up to a phase unique) minimizers. This follows from observing that g (¥, 1 ) =
EaL(¥_,1,) and that one of the v, is necessarily zero for any minimizer of (11.3.35). In
fact, these minimizers are

(|eL],0) and (0, [thaL|)

with [¢cL| given in (11.3.22) but with Ay := —2(27)~%2AV « p, where p is understood as
a radial function in L?(R?).1* Hence, using the notation from Proposition 11.3.9 (see also

4The fact that Ao (y/1) # 0 can be seen in a similar way as in the proof of Lemma 11.3.14.
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[FL16, Theorem 2.10], which provides a general analog of (11.3.20)—(11.3.21), valid also for
the concrete functional (11.3.35)) and (11.3.23), we find that (up to a constant phase) every
non-zero solution of the BCS gap equation (11.1.4) can be written as

Ay (P)

A b, :Cuniv Tch

eiifogo(l 4 O,\H0<1) + O(hec//\>) + Ag(p, SO)

The rest of the argument (a priori bounds on Ay(p)e*o¥ and A¢, comparison of |A| on the
Fermi surface with =) works completely analogously to Section 11.3.4 with similar adjustments
as explained in Section 11.3.5.1. This concludes the proof of Theorem 11.2.11 (b). O

11.A Additional proofs

11.A.1 Uniqueness of the minimizer: Proof of Proposition 11.1.5

Finally, we present the proof of Proposition 11.1.5.

Proof of Proposition 11.1.5. We remark that the argument has alrgady partly been sketched
in [DGHL18; HS16]. The key observation for our proof is, that, if V' < 0, then

(a|V x &

>) (|a] [V *|al| ) - (11.A.1)

Let (4,&) minimize the BCS functional (11.1.3). Then, by means of (11.A.1), we have
Fr[(3,&)] = Fr[(4,]&|)], hence also (¥, |&|) is a minimizer. Consequently, the (inverse)
Fourier transform of |a| is an eigenvector of K2 + V with A = —2(21)~%2V x |&| with the
eigenvalue zero. Note that, using continuity of A and the BCS gap equation (11.1.4), we not
only have |&| > 0 but also |&| > 0 everywhere (see [HS08b, Lemma 2.1]). By the observation
(11.A.1) again, we find that for any ground state égs of K2 + V also |dgs| is a ground state.
But |égs| is non—orthogonal to |&|, which implies that zero has to be the lowest eigenvalue of
KTA +V,ie.

KR +V >0. (11.A.2)

By writing out (11.A.1), we see that the inequality is actually an application of Cauchy-
Schwarz and thus becomes strict, unless &(p) = € |&(p)| for some fixed ¢ € R. Therefore, by
repeating the above arguments, we find that the ground state of (11.A.2) is non—degenerate
and we have proven item (i).

In order to prove item (ii), let I'; = (v;, ), @ = 1,2, be two (non-trivial) minimizers of the
BCS functional (11.1.3) and denote the corresponding gap functions by A; resp. Ay. We now
apply the relative entropy identity (see [FHSS12b] and [FL16, Prop. 5.2]) and a simple trace
inequality (see [FHSS12b, Lemma 3] and [FL16, Lemma 5.7]) to find that

Fr[T1] = Fr[Ta] > (o1 — a2)|[KR + V(o1 — @2)) > 0
(and the same inequality with indices 1 and 2 interchanged) by means of (11.A.2). Since
Fr[l1] = Fr[[y], this implies (g — ay) € ker(Kﬁ1 + V) and thus as = 19101 for some
91 € C\ {0} (recall from (i) that ker(K5" 4 V') is one-dimensional). From this we conclude

(K7 +V)ay = 0.
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Now, the pointwise strict monotonicity of [t | — K42'2'(p) together with the fact that one
can choose |&| to be strictly positive, implies that |19;| = 1 and we have shown uniqueness
of minimizers up to a constant phase, which can be chosen in such a way that it ensures strict
positivity of &. Finally, it is shown in [DGHL18, Proposition 2.9] that if « is not radial, then
(11.A.2) is violated. Radiality of the corresponding y follows from (11.1.6). This finishes the
proof. O

11.A.2 Proofs of technical lemmas within the proof of Theorem
11.2.4

This section contains the proofs of Lemmas 11.3.4, 11.3.6, and 11.3.12.

11.A.2.1 Proof of Lemma 11.3.4

The argument is slightly different in dimensions d = 1,2,3. The case d = 3 is similar to
[FHNSO7; HS08b] and the case d = 1,2 is similar to Chapter 9.

The case d = 3: We write

1 1
VY20 AV Y2 = V1/2?|V|1/2 + V2 (MT,A - p2x|p|>m> V|2

. (11.A.3)
- Vl/QﬁMmngW-
The first term in Equation (11.A.3) has kernel (proportional to)
V(a:)m‘ ‘|V( )% € L*(R® x R?) (11.A.4)
T —

by the Hardy-Littlewood—Sobolev inequality [LLO1, Theorem 4.3]. The kernel of the second
term in Equation (11.A.3) is given by

1 1 , .
V(2)2|V (y)|? : (ew(m—y) — 6Zﬁp/\pl(w—y)> dp
(2m)? % K7 (p)

Pl (11.A5)

1 1Y\ .

A
psvai \ K7 (p)  p?
We compute the angular integral first. In the first term the integral is
Va9 ; _ i _

47r/ < lsm plle = y| _ sin vl y'] ip[2dlp|. (1L.A.6)

o Kz | Ipllz—yl Vilz =yl

Here we bound |22 — Smb

C"a b' for a,b > 0. Thus we get the bound

|(11.A.6)\§C/m - )‘p \/_‘p dp<C/ ! ‘p_\/ﬁ‘pzdpgc.
0

K2 (p P> —pl p+ It

In the second term the integral is (bounded by)

> | sin |p[|z — y||
i / pPdp] <
e o pllr—yl |z yl
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To bound the remaining integral we bound

VPP —p2+A(p)? u\ +A(p
Kf(p) p? VI — ul? + Ap)? \/|p AP+ Ap2E PP
N ‘ s
P> —pul p?|
Note first that [tanhz — 1| < 2¢72*. Thus, we have
/OO i — 1 VP iPTAE)?/ 1
pdp<2/ p2—u|2+A(p)2/T pdp
vai \/lp? = ul? + A(p)?2 VP2 = ul2 + A(p)?2

< 2/ |p2—#I/T+ dp < CT.
e Ip? — p

Next, we estimate

1 1
J@”—M2+A(V__WI‘M
A(p)?
P* —u! VP2 =l + A (I — pl + /I — ul2 + A(p)?)
o1 |l I
Wi = P 1A (192l i - aP 1A ) T 2P P

(11.A7)

using pointwise monotonicity in A(p). Thus, changing variables to u = p? — u we have

e

Finally,

1 .
Ve =P+ A2 PP u
—|pdp < C.

/\/ﬂ pz—M’_Pz

We conclude that the kernel of the second term in Equation (11.A.3) is bounded by

1 1
pdp< 1AL [ sdusClali..
4 uou

1 1

|z —y|

1+ T+ A7
|V(.T)|1/2 < +1 + || ||L 4+ 1> |V(y>|1/2 c L2(R3 > RS)
Finally, the last term of Equation (11.A.3) has kernel

VIR il — ‘
47rV(x)1/2]V(y)\1/2/0 w dp € L? (R x R?) (11.A.8)

since the integral is bounded by /2.
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The cases d =1 and d = 2: The kernel of My A is given by

1 1, | 1
Mra(z,y) = —— [/ ——_ (etrz=y) _ civEp/Ipl(z—y) _,_/ elp(:vy)]
@2m)? [ jp<yan K7 ( ) pl>va K7

(11.A.9)
Now, one may bound K2 > |p? — p| uniformly in T, A. Then we may bound My A exactly
as in Lemma 9.3.5. That is, we have the bounds

2
[V eas v < {||V||il+||V||L1fR|v<x>|[1+log<1+¢mx|>} do d=1,
| " UVIE +IVIE d=2

for any 1 < p < 4/3. This concludes the proof of Lemma 11.3.4. O]

11.A.2.2 Proof of Lemma 11.3.6

To bound the difference, first note that by computing the angular integrals we have

|Sd—1| vV [ 1 . » i1
[Mr.A — Mr, o] (2,y) = el ), K2 K a(ple = yl) = ja(v/plz —y))]p* dp
* 11 1. _
+ /\/T lI(TA - }(T] Ja(plz — y|)pd ldp}
M c
(11.A.10)
where
) cosx d=1
Ja(r) = - e dw =1 Jo(|z]) d=2
IS Jga :
S sin |z| d=3

|z

with Jy the zero'th Bessel function.

Bounding Equation (11.A.10) is similar in spirit to the proof of Lemma 11.3.4 above. We
bound

2_
‘ 11 <‘tanh%—1‘ 1 1 ‘_Jl—tanh%‘
K§  Kr |~ Ex Ex  [p? —pl p? — pf

We bound the first term as follows

En
M < 267EA/TL < 26*|p2fﬂ|/T; < 267‘p27“|/T6#~
Ex - En P — | ~ p* — u

Similarly,

_ lp®—p|
|1 — tanh 2 S

p? — p| p? — pl
Finally, we estimate, exactly as in (11.A.7) in the course of proving Lemma 11.3.4,

1 1 1 [N
- _ < L
2 - 2 _
Ea|p* = pl] ™~ [P = pl VIp? = pl? + Al (lpZ—u|+¢|p2—u|2+ ||A||2Loo>
2
= 2[p? - pf?
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We will use the first bound for the first integral in Equation (11.3.13) and the second bound for
the second integral in Equation (11.3.13). Note further that is decreasing

1
\/$2+A2<:v+\/ac2+A2)
in z and [p*> — p| > /1t|lp — /B|. That is, we have the bound

Lo N
<l Te = L=
’KTA Kr.| =~ PP —pl P — i
] N
pl<v2u _ .
Vil = VI fulp = i+ AT (Ve = v+ Jule = iP + AT )

(11.A.11)

In the first integral in Equation (11.A.10) we bound |[ji(a) — ja(b)] < Cl|a — b|. Then the
contribution of the first term of Equation (11.A.11) to the first integral in Equation (11.A.10)

is bounded by (changing variables to s = \/ulp — /| /1)

V2p 2T 1 i V2p .
/ " nlf Cmb? —Vullz —y[p* dp < Cla - y\/ e VIP=VEHITE dp
0 - 0

w/Te
§Tclx—y]/ e *ds < CT, |z —y|.
0

Next, the contribution of the last term of Equation (11.A.11) is bounded by (changing variables

to s = \/iulp — /il / || Al o)

[ Al p— Al =yl
o \fulp = VP + 1A (Ip = VAl VE+ yulp = VAR + 1A P~ VEIVE
_ /Al oo 1 A
< ol — ds<C ~ |T =Yyl
<Ol =l [ o g 9 S Ol ey

Next we estimate the last integral of Equation (11.A.10). Here we note that |j;(a)| < C. Then
the contributions of the first and second term in Equation (11.A.11) to Equation (11.A.10) is
bounded by

/ €—|p2—u\/Tc 1 pd—l dp < C’/ e—lpz—uI/Tc
Nem P* — u Nem

oo A 200
and / Mpd‘ldpﬁ ClAl7~ -
Vau [PT M

p? — p|Y*2pdp < CT.e™/™ < CT,

We conclude that (using || A~ < CT,)
2
V12 (M s — My )|V < CT2 / V@) [V)l(ulz — y[* + 1) dady
<Cr? (u|l-PV| VI + V) < Cem?
by assumption on V. This finishes the proof of Lemma 11.3.6. O

11.A.2.3 Proof of Lemma 11.3.12

The proof is very similar to the ones of [HS08b, Lemma 4] and Lemma 10.2.8 and follows
from a Birman—Schwinger argument analogously to Sections 11.3.2.3 and 11.3.2.4.
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First of all, recall from Proposition 11.1.5 (ii), that K. + AV has 0 as a (non-degenerate)
ground state eigenvalue, which, by the Birman—-Schwinger principle, is equivalent to the fact
that the Birman-Schwinger operator By, := AV'/2K;'|V|'/2 has —1 as its (non-degenerate)
ground state eigenvalue. As in Section 11.3.2.3, defining m(7}) := m(7T.,0) (recall (11.3.11)),
we decompose B, as

Br, = \m(T)V'2FE VY2 + AV My |V V2

where Mr, is such that this holds. It has been shown in [FHNS07, Lemma 2] (for d = 3) and
Lemma 9.3.5 (for d = 1,2), that the Hilbert-Schmidt norm ||[V1/2Mr. |V|'/?||4s of the second
term is uniformly bounded for small 7, (i.e. small \).

Then, by an argument completely analogous to the one in the proof of Lemma 11.3.5
in Section 11.3.2.4 we find that Ay = f()) [Cp + )\m} with ¢ defined in (11.3.24) and
nx has ||m]l; < C uniformly in small A (cf. (11.3.25)). This concludes the proof of
Lemma 11.3.12. []
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