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0. Introduction
0.1. Context and history

The realization of representations of finite groups of Lie type — groups of points of
reductive groups G over F, — in the cohomology of the so-called Deligne-Lusztig vari-
eties dates back to [10]. At that time, the desire was to describe representations of the
finite group G = G(IF,) over an algebraically closed field of characteristic zero.! After
certain choices, one explicitly produces a variety X with an action of the finite group
G xT = G(F,) x T(F,) where T is an Fg-rational torus of G. The ¢-adic cohomol-
ogy H, C‘(X ,Q,) for ¢ # p inherits this action — one can regard its Euler characteristic
[H?(X,Q,)] as an element of the Grothendieck group Go(G x T, Q,) of finite-dimensional
representations. This decomposes into isotypic components labelled by characters of T',
and the procedure of picking such a weight space relates characters of T' with representa-
tions of G. The categories rep(G, Q,) and rep(T, Q,) of finite-dimensional representations
are semisimple, and the results of classical Deligne—Lusztig theory make the above rela-
tion meaningful and computable.

There are two interesting directions in which one can try to generalize this theory.
Firstly, we can consider reductive groups G over a non-archimedean local field K in-
stead of ¥y, and seek a description of smooth representations of the locally profinite
group G(K) with coefficients in an algebraically closed field of characteristic zero. The
existence of a parallel theory was conjectured already by Lusztig, and its development
is still in progress. The consequent relation between smooth characters of T(K) and
smooth representations of G(K) should be tightly connected to the local Langlands
correspondence. See [16,15,3,5,6,8,7,13].

Secondly, one can consider different coefficient rings A, for instance an algebraically
closed field of positive characteristic ¢ # p. This becomes interesting already in the clas-
sical case — when ¢ | |G|, the category rep(G,F;) ceases to be semisimple. Suddenly,
the Grothendieck group does not contain enough information to fully describe the rep-
resentation theory of G. A natural way to circumvent these issues is to work in the
finer setting of the bounded derived category D’(G, A), as in [4,1,11]. Nevertheless, the
semisimplified information is interesting.

In this paper, we are interested in the combination of the two directions above: we
consider the coefficients A = F, of positive characteristic £ # p for the p-adic Deligne—
Lusztig theory. In doing so, we necessarily end up phrasing certain arguments on the
level of derived categories.

In particular, we carry forward the results of [8] concerning the partial realization
of the local Langlands correspondence for GL,, to the modular setting with coefficients
A =T, on the level of Grothendieck groups. This has two main ingredients — the results

L Such coefficient fields are indistinguishable from the point of view of first order logic, so the representa-
tion theory is independent of the specific choice.
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of [8] and the comparison to modular local Langlands correspondence constructed by
Vignéras [28,27,26].

0.2. Our approach and results

Let K be a nonarchimedean local field with residue field I, of characteristic p. In
other words, K is either a finite extension of Q, with residue field F, or the function
field F,((@)). Let ¢ # p be another prime. Consider the group G = GL,, over K with
G = G(K) and its maximal torus T, whose K-points T = T(K) correspond to the
multiplicative group L* of the degree n unramified extension L/K.

To sketch our approach and results, consider the following diagram.

+[H? (X, Qy)o] (K, Q) " o) (K, Fe) +[H? (X, Fo)r y)
4 Z(L, Q)% "y (L, Fe)*® ¥
cInd}y* (1 - 0) GO(K,Qp) -y 90K, Fy) cInd " (1 - )

Diagram 1. The reduction diagram.

The left-hand side of Diagram 1 takes values in the characteristic zero field Q,, while
the parallel right-hand side lives over the field IF, of positive characteristic. The middle
row parametrizes smooth characters of the multiplicative group L™ in strongly general
position? in each of the characteristics. From here, we can go to the bottom row, which
parametrizes n-dimensional smooth irreducible representations of the Weil group W
This goes by adjusting the given character by the so-called rectifier u, inflating and
inducing — it is explicit and well understood.

The passage to the irreducible supercuspidal representations of G parametrized by the
upper row is the interesting part. Here we consider a suitable Deligne-Lusztig space X
equipped with commuting actions of G and T, take its cohomology, look at the isotypic
component® of the character of T we started with, and consider its Euler characteristic
in the corresponding Grothendieck group. For characteristic zero coefficients, this is done
in [6,8,7], leading to the following.

Theorem 0.1 (/S, Theorem A]). Assume p > n. Let § € 2°(L,Q,)* be a character in
strongly general position. Then £[HS(X,Q,)g] is up to sign an irreducible supercuspi-
dal representation of G and the left-hand side of Diagram 1 partially realizes the local
Langlands correspondence.

2 The notion of strongly general position is a strengthening of the notion of general position; see Defini-
tion 2.6.

3 In characteristic zero, this is given by picking the weight space of 0. In positive characteristic, one needs
to do this on the derived level — the naive definition of isotypic part yields and extra multiplicity for small

L.
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Now consider the horizontal reduction mod ¢ maps 7, in Diagram 1. These make
sense after additional technical assumptions and are well-defined only on the level of
Grothendieck groups. At this cost, we can prove clean compatibility statements about
the parallel sides of the diagram. The results of Vignéras [28,27,26] further show that for
GL,,, the local Langlands correspondence can be partially reduced via r; to the modular
setting. Putting these compatibilities together with the above theorem, we obtain our
main result.

Theorem 0.2 (Theorem 5.25). Assume p > n. Let ¢ € 2 (L,F4)%® be a character in
strongly general position. Then :l:[H;(X, Fo)L »] s up to sign an irreducible supercuspidal
representation of G, and the right-hand side of Diagram 1 partially realizes the modular
local Langlands correspondence.

Taking the isotypic part of ¢ naively results in an extra multiplicity for those ¢ which
are small with respect to G. We make this explicit in Theorem 5.29.

0.3. Consequences and further questions

Our Theorem 0.2 shows that the cohomology of p-adic Deligne-Lusztig spaces for
GL,, encodes a big part of modular representation theory of the locally profinite group
G = GL,(K).

The employed compatibilities between the sides of Diagram 1 are quite general, so
one could hope to apply them for other reductive groups G where the theory is less
developed. In such a setting, there is a good notion of p-adic Deligne-Lusztig spaces
[13]. However, the modular local Langlands correspondence — let alone its relation to the
characteristic zero case — is not understood. A better understanding of H? (X,F,) may
be fruitful.

This leads to another question: can we understand the cohomology H? (X ,F¢) already
on the level of the bounded derived category D°(G, F,) of G-representations? Indeed, such
an understanding is necessary for mimicking the geometric arguments of characteristic
zero Deligne-Lusztig theory in the modular setting. Already on the level of classical
Deligne—Lusztig theory with modular coefficients, this carries important information
[4,1,11].

The geometric methods are close in spirit to the recent construction [12], while hav-
ing more explicit features. One could hope to use them to get a better handle on this
approach.

0.4. Structure of this article

After the current §0, this article is structured as follows. In §1 we discuss the smooth
representation theory of locally profinite groups. We recall the notion of reduction modulo
£, relating characteristic zero and characteristic ¢ coefficients. In §2 we review the smooth
character theory of the T' = L* and discuss the notion of strongly general position of
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characters. In §3 we recall the modular local Langlands correspondence of Vignéras and
its relationship with the usual local Langlands correspondence via reduction modulo
£. In §4 we review certain homotopical complexes representing étale cohomology with
group actions. These were constructed by Rickard [20] and give an important tool for
our comparison of characteristic zero and characteristic £ cohomology.

In §5 we turn towards p-adic Deligne—Lusztig theory, concentrating on the hyperspe-
cial Deligne-Lusztig space of Coxeter type for GL,,. We generalize the construction of
the isotypic parts in the étale cohomology groups H®(X,A) of [6,8,7,13] to the finer
setting of the bounded derived category Db(G, A) for A such as Zy and Fy. At the same
time, we record a few statements from [6,8,7,13] about the characteristic zero case and
employ them to get control over its characteristic £ counterpart. We then use the body
of this paper to establish the necessary compatibilities between the vertical maps and
the horizontal reduction modulo ¢ in Diagram 1, deducing Theorem 5.25. We finally
comment on a non-derived version of our result in Theorem 5.29, leading to extra mul-
tiplicities for those ¢ which are small with respect to G. This yields extra information
about the structure of the cohomology.

0.5. Notation

Throughout, K will be a local non-archimedean field with ring of integers Ok, max-
imal ideal px and residue field £ = F of size ¢ and characteristic p. A uniformizer of
Ok is denoted @w = wg. Such K is either a finite extension of the p-adic numbers Q,
with residue field F, or the function field F,(@)).

We fix an integer n € N and denote by L the degree n unramified extension of K.
Thus the residue field of L is F,». We fix a different prime ¢ # p and let m = v,(¢" — 1)
be the (-adic valuation of ¢" — 1 = |F 5. |. In other words, £™ is the size of the (-torsion
part of ..
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1. Grothendieck groups of smooth representations

We review the representation theory of locally profinite groups in sufficient generality
valid also for characteristic ¢ coefficients. A very good reference is the book [28]. See also
[2] for coefficients of characteristic zero.
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1.1. Coefficients rings

We will be considering representations with coefficients in a commutative ring A. The
interest lies in the following choices.

Setup 1.1. Fix a prime ¢ # p. Let Q,, Z, 2O m, F, denote respectively the ¢-adic numbers,
their ring of integers with its maximal ideal, and their residue field of size £. By Q,,
Z, O m, Fy we mean the algebraic closure of Q, with its ring of integers, its maximal
ideal, and residue field. In general, we write £, Op 2 mpg, F for a field extension
Q, € E C Q, with ring of integers O, its maximal ideal mg, and residue field F'. For
finite extensions, a uniformizer of O is denoted wg.

Denote respectively pi,, pfloo, fese, ,uj;o the functors of r-th roots of unity, roots of
unity, roots of unity of order a power of ¢, roots of unity of order coprime to £. The
canonical surjection O — F induces a multiplicative map Oy — F*. The Teichmiiller
map gives a canonical multiplicative section O + F*. It identifies F* = pus(F)
with the direct summand u(}x (E) of the multiplicative group E* whose torsion part is
fioo (E) = pe (E) X piss (E).

1.2. Categories of smooth representations and their Grothendieck groups

Given a locally profinite topological group G and a coefficient ring A, we have the
category of smooth representations Rep(G, A) of G on A-modules, i.e. continuous repre-
sentations with respect to the discrete topology on A-modules. We denote by K°(G, A)
and D°(G, A) its bounded homotopy category and bounded derived category.

A closed subgroup H < G is again locally profinite and we have the functors of
compact induction cIndf[, restriction Resfl and induction Indg. When G possesses a
compact open subgroup whose pro-order is invertible in A, all three of the above functors
are exact [28, §1.5.10].

Remark 1.2. Any open subgroup H < G is automatically closed (hence clopen). Indeed,
H is the complement of its other cosets gH, which are open as images of H under the
homeomorphisms g- : G — G for varying g € G.

If H < @G is clopen, cInde, Resg and Indg form two adjoint pairs in this order-
ing. Moreover, cInde is exact: for each V' € Rep(H, A), the underlying vector space of
cInd$ V is given by @H\G V. See [28, §1.5] for details.

Definition 1.3. A representation V' € Rep(G, A) is called

e of finite length, if it has a finite composition series,
o of finite type, if it is finitely generated as G-representation,
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o admissible, if V! is a finitely generated A-module for each compact open subgroup
H<G.

In order to have well-behaved Grothendieck groups, we will further restrict to the
subcategory

rep(G, A) € Rep(G, A)

of representations of finite length.* We denote by Rep(G, A)® C Rep(G, A) the subcat-
egory of representations of finite type. A representation of finite length is automatically
of finite type.

Example 1.4. Assume A is artinian. Note that if G is finite, rep(G, A) = mod(A[G]) is the
category of finitely generated representations of G over A. Similarly when G is profinite,
the conditions “finite type” and “finite length” are equivalent for smooth representations,
so rep(G, A) is the subcategory of representations of finite type.

Lemma 1.5. Let A be a coefficient ring and H < G a clopen subgroup. Then cIndg
preserves the property of being of finite type.

Notation 1.6. Given a coefficient ring A and a locally profinite group G, we denote by
Go(G, A) the Grothendieck group of the category rep(G, A) of smooth representations of
G over A of finite length discussed above.

We denote by Irr(G, A) a set of representatives of isomorphism classes of irreducibles
in rep(G, A). The imposed finite length condition forces Go(G, A) to be the free abelian
group on Irr(G, A).

When G is abelian and A is an algebraically closed field (and G/G’ is countable for
any compact open subgroup G'), the Schur lemma holds: all elements of Irr(G, A) are
one-dimensional. For more general A, we write Homg,, (G, A*) for the character group.

1.8. Integral representations

Consider a coefficient ring A among E,Og, I as in Setup 1.1. In order to relate these
different choices of coefficients, we recall the subcategory rep(G, E)™® C rep(G, E) of
integral representations.

Definition 1.7. A representation V' € Rep(G, E) is called integral if it lies in the essential
image of the functor (E ®o, —) : Rep(G,Og) — Rep(G, E).

4 This is necessary so that the Grothendieck group Go(rep(G, A)) does not degenerate by Eilenberg swin-
dle.
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In other words, V is integral if it contains a full G-stable Og-lattice M. A choice of
such isomorphism is referred to as an integral structure of V.

Definition 1.8. Let rep(G, E)™ C rep(G, E) denote the full abelian subcategory of inte-
gral representations. We denote by Go(G, E)"* < Go(G, E) the subgroup given by the
Grothendieck group of rep(G, E)™.

Notice that there is a small statement to check, namely that integral representations
cut out an abelian subcategory closed on subobjects, quotients and extensions — we then
really have a map on Grothendieck groups, which is injective by Jordan—-Holder theorem.

Lemma 1.9. Let 0 — V' =V — V" — 0 be a short ezact sequence in rep(G, E). Then
V is integral <= both V' and V" are integral.

Proof. Given an integral structure M on a representation V', we obtain an integral
structure on any subrepresentation resp. quotient by intersecting resp. quotienting M. On
the other hand, if V', V" have integral structures M’, M"' | we obtain an integral structure
M on their extension 0 — V' — V — V" — 0 by lifting M” to some M", rescaling M’
by some ¢ € EX so that G maps some finite generating set of M" € rep(G, Og) into
¢M’ 4+ M", and finally putting M := cM' + M". 0O

Example 1.10. If G is profinite, an integral structure for V' € rep(G, E) always exists:
one takes any finite generating set of V' and closes it on translations by G. The resulting
set is still finite, hence generates an Og-lattice M inside V.

Remark 1.11. Note that for locally profinite G an integral structure need not exist. The
basic counterexample appears for characters: A character 6 : G — E* is integral if and
only if it factors through the inclusion O} C E*.

Indeed — up to a scalar, there is only one candidate for an integral structure M of the
one-dimensional representation given by 6. This M is stable if and only if 6 doesn’t hit
any element with negative f-adic valuation, i.e. if and only if # hits only elements of E*
with zero ¢-adic valuation.

Example 1.12. A relevant example of the above failure appears for the multiplicative
group G := K* of a non-archimedean local field K. Any smooth character of G is then
uniquely determined by its restriction to a smooth character of the profinite group Oj
and its value at some uniformizer wg. This gives an identification of abelian groups

Homg,p, (K™, E*) = Homg,p(O ), EX) x EX.

Since each smooth character 6 of O factors through a finite quotient, its image lies in
the torsion subgroup p(FE) whose elements have zero f-adic valuation. The integrality of 6
thus depends only on the /-adic valuation of the image of the uniformizer. The subgroup
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of integral characters thus identifies as Homg,, (K%, E*)™ = Homg,, (O, E*) x Of C
Homg,p,(OF, EX) x E*.

Example 1.13. For p-adic reductive groups, the above examples describe the essence of
the failure of integrality — by [28, p. I1.4.13], a representation of such G over Q, is integral
if and only if the central character of its cuspidal support is integral.

For G = GL,(K), we have Z(GL,(K)) = K* via the diagonal embedding. The
integrality of a cuspidal representation of GL,(K) is thus equivalent to the integrality
of the corresponding character of K>, discussed in the previous example.

Lemma 1.14. Let G be a locally profinite group and H an open subgroup. If a smooth
representation V. of H is integral, then so is cIndg V.

Proof. Let V € Rep(H, E), and let M be an integral structure of V. We claim that
cIndg M gives an integral structure of cInde V. The natural map F ®o, cInde M —
cInd$ V is injective because M is a lattice in V.

On the other hand, any f € cIndg V' is compactly supported modulo H. Hence it is
supported on finitely many points of the discrete quotient space H\G, this being the
case by clopeness of H. Because M is a full lattice, we can now multiply f by a suitable
scalar so that its values for each of these finitely many cosets land in M — indeed, M is
stable under the H-action, so all values of f on a given coset lie in M whenever one of
them does. This shows surjectivity, proving the lemma. O

In other words, cIndg canonically preserves integral structures on smooth represen-
tations.

1.4. Reduction modulo ¢

Consider a coefficient ring A among E, Og, F as in Setup 1.1. For a locally profinite
group G, we will discuss the existence of reduction modulo ¢ map

Go(G, E) > Go(G, E)™ ™5 Go(G, F).

This 7, is only well-defined on the level of Grothendieck groups of finite length repre-
sentations. The domain Go(G, E)™¢ of r, was introduced in Definition 1.8.

When G is finite, 7y forms one side of the so-called Cartan—Brauer triangle; it is usually
called the decomposition map [22]. With certain technical restrictions, r is defined also
in the locally profinite setting [28]. We now describe the construction of rg; the well-
definedness in cases of interest is discussed immediately afterwards.

Construction 1.15. Start with V' € rep(G, E)™™ and choose an integral structure M. Then
M /mM is naturally a G-representation with coefficients in the residue field F. If M/mM
has finite length, it lies in rep(G, F') and we may pass to its class 7,(V') := [V] € Go(G, F).
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Remark 1.16. Whenever Construction 1.15 determines a well-defined map A — Go(G, F)
independent of the choices of integral structures on some abelian subcategory A of
rep(G, E)M*, it automatically gives a map Go(A) — Go(G, F) on Grothendieck groups.
We will denote this map by r, as well.

To see this, one only needs to note that relations given by short exact sequences are
sent to such relations again. Given a short exact sequence 0 — V/ -V — V" — 0
in A, one can choose integral structures fitting into a short exact sequence 0 — M’ —
M — M’ — 0 as in the proof of Lemma 1.9 and reduce via these, obtaining the desired
relation.

Remark 1.17. Note that r, preserves vector space dimension.

The following Brauer-Nesbitt principle addresses the independence of r, on the choice
of integral structure in reasonable generality.

Proposition 1.18 (/28, §1.9.6]). Let G be a locally profinite group. Assume V € rep(G, E)
is admissible and contains an integral structure M of finite type such that M/mM has
finite length. Then r¢(V) € Go(G, F) is well-defined and independent of the choice of M.

Discussion 1.19. Let us now record three important instances when Construction 1.15
works. These include all cases relevant later.

(i) If G is profinite, the above construction yields a well-defined map
T : Go(G,E) — GQ(G,F)

Indeed, all representations V' in question are automatically finite-dimensional by
compactness of G. We have already observed this implies rep(G, E)™* = rep(G, E)
for profinite G. The assumptions on admissibility and finite length of Proposi-
tion 1.18 are clearly satisfied for finite dimensional representations, so the reduction
re(V) € Go(G, F) is independent of the choices made. This is a priori true for ir-
reducible V| but immediately extends to all representations by looking at their
composition series. By Remark 1.16, we get a map Go(G, E) — Go(G, F).

(ii) If G is a locally profinite group and Go(G, E) ™ is the Grothendieck group of
the category rep(G, E)f "t of finite-dimensional integral representations, the above
construction yields a well-defined map

re: Go(G, E) ™ — Go(G, F)™.

The argument is the same as in (i), the only difference being that the finite-
dimensionality comes as an assumption.
(iii) If G is a p-adic reductive group, the above construction yields a well-defined map

Ty : Gr()(Cl,E‘)int — GQ(G,F)
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Such G is locally profinite, but we are now dealing with infinite-dimensional
representations. Luckily, the assumptions of Proposition 1.18 (for irreducible V)
hold by [28, I1.5.11.b]. Note that the admissibility condition in this proposition is
automatic, since any irreducible representation (and hence any finite-length repre-
sentation) of G is admissible. The extension to all finite length representation and
to a map of Grothendieck groups is again immediate.

Example 1.20. Take G finite abelian and A = Q,, F,. Then each irreducible representa-
tion is a character and the reduction r, : Go(G, Q,) — Go(G, Fy) is induced by postcom-
posing characters with fioo(Q,) = ftoo(Ze) — teo(F¢). Since pioo (Fy) sits inside i (Qy)
as the direct summand . (Q,), the fibers of the surjection Irr(G,Q,) — Irr(G,Fy)
are given by Homg,,(G, e (Q,)). In particular, the size of these fibers is given by the
number of elements of G whose order is a power of /.

1.5. Compatibility of ry and cInd

Let G be a locally profinite group and H < G a clopen subgroup. The functor cIndg :
Rep(H,A) — Rep(G, A) is exact by §1.2, but it need not restrict to a map rep(H, A) —
rep(G, A) between finite length representations nor the associated Grothendieck groups.

Notation 1.21. We denote by rep(G,A)*"" C rep(G,A) any Serre subcategory: a
nonempty strictly full (abelian) subcategory closed on subobjects, quotients and exten-
sions [25, Tag 02MP]. By looking at Jordan-Hélder series, such rep(G, A)*P corresponds
to a subset of irreducible objects in rep(G, A). Its Grothendieck group Go(G, A)s*P <
Go(G, A) is the subgroup spanned by these irreducibles.

If cInd$} restricts to a functor rep(H, A)*® — rep(G, A)*"P, we get an induced map
cnd$ : Go(H,A)*™ — Go(G,A)*"P. On classes of genuine representations, this sends
[V] = [cInd$(V)]. We now discuss its behaviour with respect to 7.

Lemma 1.22. Let G be a locally profinite group and H < G a clopen subgroup. Consider
subcategories as in Notation 1.21 such that the following two reduction maps r, are

well-defined:

T T

Go(G,E)SUb’im 4£> Go(G,F), G()(H7 E)Sub’int 4(;') Go(H, F)

Let [V] € Go(H, E)*">™ be a class of a genuine representation V. such that cInd$[V]
lies in Go(G, E)**P. Then it is integral and

e o cnd$[V] = ¢Ind$ o r[V] € Go(G, F).
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Proof. First note that cInd%[V] € Go(G, E)*™™". Indeed, it has finite length by as-

sumption and it is integral by Lemma 1.14 — given V € rep(H, E) with an integral

structure M, the compact induction cIndg M gives an integral structure of cIndg V.
Reducing by r, with respect to these two integral structures shows that

re o cInd$[V] = cInd$ o rg[V],

because cIndg over O pg-coefficients commutes with modding out the image of the max-
imal ideal mg C Op by explicit inspection. O

Remark 1.23. In particular, the setup of Lemma 1.22 implies that cIndg o re[V]is a
well-defined class in the Grothendieck group of finite length representations Go(G, F).

Corollary 1.24. Suppose we are given subcategories of finite length representations as in
Notation 1.21 so that the following square is well-defined. Then it commutes.

T

GO (G, E)subﬂnt 4 Go(G, F)sub

cIndgT cIndgT

T

GO(H7 E)sub,int £ GO (H, F)sub
Proof. Use Lemma 1.22 for classes of irreducible representations [V] € Go(H, E)stPint, O
1.6. Finite groups and permutation modules

For a finite group G and a commutative coefficient ring A, we have the subclass of
objects in Rep(G, A) of permutation modules. By definition, these are cut out by the
essential image of the free A-module functor

A[-] : FinSetg — Rep(G, A)™ sending S — A[S].

For each S € FinSetq, denote € : A[S] — A the natural augmentation map given by
summing up the coeflicients in the canonical basis of A[S].
We recall the following standard characterization of projective permutation modules.

Lemma 1.25. Let H < G be a subgroup. Then the permutation module A[G/H| €
Rep(G, M) is projective if and only if |H| € A*.

Proof. The projectivity of A[G/H] is equivalent to the splitting of the projection 7 :
A[G] — A[G/H]. To give a splitting of 7 is the same thing as to lift the element 1- H €
A[G/H] to some h € A[G] invariant under the left action of H. Writing such h in the
natural basis labelled by elements of G, it must have constant coefficients along the left
cosets of H.
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If |H| ¢ A*, such lift h does not exist as e(h) ¢ A* but (1 - H) = 1. On the other
hand if |[H| € A%, the element h := |H|~!- > gem 9 gives such lift. O

Setup 1.26. We will use the following (possibly non-commutative) rings A as coefficients.
All modules are implicitly left modules.

(i) We denote by A any torsion Artin algebra. In particular, this covers the case A =
A[G] with A = F or its finite self-extensions.

(ii) We further allow A = A[G] for any A from Setup 1.1. Such A is an inverse limit of
a flat system of torsion Artin algebras, or its subsequent flat base change.

For a subclass M of objects of an abelian category A, we write add(M) for the
smallest additive idempotent-complete full subcategory of A containing M. In particular,
starting from the class M = {A[G/H] | ¢t |H|} inside rep(G, A), we see that add(M) =
add(A[G]) consists precisely of finite projective A[G]-modules. Indeed, since M contains
only projectives by Lemma 1.25, the same is true for add(M); the other direction is
obvious as A[G] € M.

2. The structure of T' and its characters

In this section we discuss the characters of 7' = L* with values in A = Q,, F,. Apart
from their general structure, we consider the question of their integrality and discuss the
reduction map r,. We keep track of the Galois action on them.

2.1. Characters of T

Let T = L* be the locally profinite group of units in the degree n unramified extension
L/K as in §0.5. We denote by To = T° = OF the units in the ring of integers O, of L;
this is a profinite subgroup of T'. Note that L* can be written as the pushout of abelian
groups

K’X c LX

T T (2.1)

Of —— OF

Thus for A = Q,, F, we can write
Irr(T, A) = Trr (K™, A) X Ler(O % A) Irr(OF,A) = A x Irr(To, M), (2.2)
the second equality given by fixing a uniformizer wx. For A = Q,, the question of

integrality is answered as in Example 1.12 — a character is integral if and only if the
image wg lies in Zz.
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Lemma 2.1. The reduction map ry : Irr(T,Q,)™ — Irr(T,Fy) is surjective.

Proof. Postcomposition with the Teichmiiller lift gives a section of Irr(T,Q,) —
Irr(T,Fy). Since the image of the Teichmiiller map lands in ji(Q,) C Zz, this sec-
tion factors though Irr(7,Q,)™*. O

Now we return to the square (2.1) to address the Galois action. The group Gal(L/K)
acts on Irr(T, A) by precomposition with its defining action. Under the identification
(2.2) this action decomposes into the trivial action (induced by precomposition on K*)
times the natural action on OF. Altogether, there are two independent contributions
to Irr(T, A) — the “profinite” contribution of T and the “free” contribution of the uni-
formizer.

2.2. Characters of the profinite T

We have the locally profinite group T' = L* with its profinite subgroup Tp = T° =
OF.For h > 1set Th := 1+ ph. For any 0 < h < I/, we obtain the finite group
T} == T"/T" . In particular, we get the truncations Tj, := T = OF /T#.

The profinite group OF has a decreasing filtration

Of=T">T'>--.oT"> ...

by clopen subgroups which form a basis of neighbourhoods of 1; this filtration is also
Gal(L/K)-stable. The truncation T, fits into a Gal(L/K)-equivariant short exact se-
quence of abelian groups

1 =T =T, =T, — 1. (2.3)

The cokernel T} is isomorphic to F ... On the other hand, the kernel T}, has size g1,
So the short exact sequence (2.3) is canonically split, giving the decomposition of T}, into
p-torsion part and p-torsion-free part. As ¢ # p, the size of the kernel T} is coprime to .

Applying Homg,p(—, A™) to the split sequence (2.3) gives a split short exact sequence
of character groups with coefficients in A, naturally in A. In particular, we apply this
for A = Q,,Zy,F,. Comparing characters with values in Q,,F, via the natural maps
from characters with values in Z, implies that this sequence is compatible with reduction
modulo ¢ — the following diagram is commutative and Gal(L/K)-equivariant.

j [ E— Irr(Tﬁ,@e) — Irr(Th, Q) +—— Irr(Ty,Q,) +—— 1

l” JW lm

1 «—— Iie(T}, Fy) «—— Tie(Th, Fy) «—— Toe(T1,Fy) +— 1

Since the order of T} is coprime to ¢, the left-hand side reduction map is an isomor-
phism by Example 1.20. On the other hand, the order of 77 need not be coprime to
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£. If we denote by m its f-adic valuation, it also follows from Example 1.20 that the
right-hand map is a surjection with fibers of size £™. We may record the following.

Lemma 2.2. The reduction r¢ : Irr(T),,Q,) — Irr(Ty,Fy) is a Gal(L/K)-equivariant
surjection with fibers of size £™.

The smoothness of § € Irr(Tp, A) is equivalent to the existence of an integer h € N
such that 6 factors over T},. The smallest such A is called the level of 6 and denoted
1vl(6). We will often confuse 6 € Irr(Tp, A) with such factorization in Irr(7T},, A) for some
h > 1vl(0). The statement of Lemma 2.2 carries word for word to a statement about
smooth characters of the profinite group To.

Remark 2.3. Altogether, given a character ¢ € Irr(T,F;), we can choose lifts 6; €
Irr(T,Q,)™ for i = 1,...,4™ of 1 under r, whose restrictions to T are precisely the
unique ™ lifts of ¥|r,. Indeed, one simply needs to lift the image of the uniformizer
w € Ok from Fex to ZZX as discussed in the previous section — the Teichmiiller map
provides a canonical choice.

2.3. General position of characters

We now discuss the action of Gal(L/K) on Irr(7T, A) by precomposition more closely.
There is the following standard vocabulary.

Definition 2.4. A smooth character 6 € Irr(7, A) lies in general position if it has trivial
Gal(L/K)-stabilizer. We denote the set of characters in general position by Irr(7, A)se".
When referring to the local Langlands correspondence, it is also denoted 2 (L, A).

Remark 2.5. Since T' = L* is the pushout (2.1), the Gal(L/K)-action on T is uniquely
determined by its restriction to Tp. Therefore, a character § € Irr(T, A) is in general
position if and only if its restriction 6|7, has trivial Gal(L/K)-stabilizer.

The discussion of the preceding section shows that for our purposes, 8|71 is the better
behaved part of 8. We consider the following stronger condition.

Definition 2.6. A smooth character 6 € Irr(T, A) lies in strongly general position if 0]
has trivial stabilizer in Gal(L/K). We denote the subset of characters in strongly general
position by Irr(7T, A)8 or by 2 (L, A)%s.

One reason for this definition is the appearance of the same condition in [8, Theorem
A], which we use crucially. Another reason is that it behaves well with respect to ry.

Lemma 2.7. A smooth character 6 € Irr(T,Q,)™* lies in strongly general position if and
only if its reduction r¢(0) € Irr(T,F ) lies in strongly general position.
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Proof. By smoothness, 8|1, is a character of T}, for some big enough h. Lying in strongly
general position means that the restriction to 7} has trivial Gal(L/K)-stabilizer. But the
reduction map 7y : Irr(T}, Q) — Irr(T},F,) is a Gal(L/K)-equivariant isomorphism,
implying the result. O

Remark 2.8. Note that Lemma 2.7 would not be true if we replaced strongly general
position by general position everywhere.

3. Local Langlands correspondence

In this section we recall certain facts about the local Langlands correspondence for
G = GL,(K) with coefficients A = Q,, F,. See [28,27,26] for the modular setting and
[2] for the characteristic zero setting.

3.1. Notation and the statement

Consider the coefficients A = Q,, Fy. In both cases we use the following standard
notation. Let &7 (K,A) be the set of isomorphism classes of irreducible supercuspidal
representations of GL,,(K) over A. On the other side, let ¥9(K, A) be the set of isomor-
phism classes of irreducible n-dimensional representations of the Weil group Wg over
A.

For us, the local Langlands correspondence is a unique bijection
GEK,A) =% (K A),

satisfying certain naturality properties. Its unique existence is known for GL, (K) for
both A = Q, and F,. When A = Q, we call this simply the local Langlands correspon-
dence; for the case A = F, we use the name modular local Langlands correspondence.

3.2. The modular local Langlands correspondence and reduction mod ¢

The modular Local Langlands correspondence for GL, (K) has been deduced by
reduction modulo ¢ from the zero characteristic case by Vignéras [28,27,26]. A brief
summary can be also found in [23].

In addition to the notation of the previous section, we write

"dr?(K, @g) D) «,Q{TLO(K, @E)int D) Q{S(K’@K)é—scu

for the consecutive subsets of «70(K,Q,) given by integral representations resp. integral
representations with supercuspidal reduction modulo £.
Analogously let

99K, Q,) D 9°(K,Q,)™ 2> 9K, Q,)
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be the consecutive subsets of ¥%(K,Q,) given by integral representations resp. integral
representations with irreducible reduction modulo /.

Theorem 3.1 (Vignéras). The following diagram commutes

T

"Z{7?<Ka@€) A— %ﬁ)(K’@K)K—scu — ‘Q{no(Kvﬁf)

LLTE LLTE LLTE

T

gg(Kv @Z) — gfz)(Kv @é)fﬁirr %) %7?(1(7 Fﬁ)
Proof. Up to reformulation, this is [23, Theorem 4.6.]. For details, see [27,26]. O

To phrase this in words: the local Langlands correspondence preserves integral rep-
resentations and identifies ¢-supercuspidal representations of G with f-irreducible repre-
sentations of Wy . After the reduction 4, it descends to a bijection realizing the modular
local Langlands correspondence.

3.8. Weil induction of characters

We need the following partial parametrization of 40(K,A). Let L be the degree n
unramified extension of K and 2°(L,A) C Irr(T, A) the subset of characters in general
position. There is a map

o: 2 (L,A)/Gal(L/K) — 9°(K,\)
rec n-é (31)
0 o(8):= cIndwf (WL — Wb I, BT ) :

Here, the rectifying character i is determined by sending a uniformizer @ to (—1)"~! and
being trivial on the compact part under the identification Irr(T, A) = A* x Irr(To, A).
The map recy, is the Artin reciprocity map of class field theory.

The following seems well-known, but we lack a reference in the modular case. For
completeness, we sketch a proof.

Proposition 3.2. The map (3.1) is a well-defined injection.

Proof. Since p is stabilized by the Gal(L/K)-action, the adjustment 6 — p -6 only
permutes 2 (L, A) resp. 2 (L,A)/ Gal(L/K), and thus is irrelevant for the statement —
hence we ignore it.

Given a character 8 € Irr(L*, A), denote V the corresponding one-dimensional repre-
sentation of Wy, obtained via the reciprocity isomorphism of class field theory.

We have a short exact sequence 1 — Wy — Wg — Gal(L/K) — 1. In particular,
Wy is normal in Wg. For g € Gal(L/K), we denote 9V the twisted representation
obtained from V by precomposing with the conjugation Wy — Wy, w — gwg~! by any



98 J. Léwit / Journal of Algebra 663 (2025) 81-118

lift § € Wi of g; the isomorphism class of the resulting representation is independent of
the choice of §. Therefore, Gal(L/K) acts on the character group of Wr,.

The Galois group Gal(L/K) also acts on the character group Irr(L*, A) via precom-
position with its defining action on L. It is a standard result of local class field theory
that the identification of the character groups via the reciprocity map is Gal(L/K)-
equivariant with respect to the above described actions, the relevant fact being that the
reciprocity map comes from a morphism of modulations [19, Definition 1.5.10.].

Using the normality of Wy in Wk, we obtain a Mackey decomposition

Res)y“ clndjy V' @ V.
g€Cal(L/K)

Note this has dimension n = |Gal(L/K)|. The terms 9V on the right-hand side are
one-dimensional, so in particular irreducible — it follows that this WWp-representation is
semisimple.

From now on, assume 6 is in general position as in the statement. By the above
discussion, the terms 9V on the right hand-side are pairwise non-isomorphic.

Consider any nonzero subrepresentation U C cIndxf V. By the Krull-Schmidt theo-
rem, Res%f U contains a Wp-representation isomorphic to 9V for some g € Gal(L/K).
For any h € Gal(L/K), the translate of this by a lift of hg~! gives a representation of Wy,
isomorphic to V. Using Krull-Schmidt, this forces dimp U > n, showing U = cInde V.
Altogether, cInd%f V' is irreducible.

We thus have a map 2°(L,A) — 9°(K,A) and it remains to see that it identifies
precisely the Galois orbits. This is now immediate — given two characters 0,0’ € 2°(L, A)
with corresponding Wy -representations V, V', Frobenius reciprocity and the Mackey
formula above yield

Homyy (cIndwf Vyclndxf V’) =~ Homyy, (V, Reswf cIndxf V’) )

By the already proven irreducibility, the left-hand side is nonzero if and only if the
inductions are isomorphic, whereas the right-hand side is nonzero if and only if V, V'
(hence the original characters 6, 8) lie in the same Gal(L/K)-orbit. O

We will also need a compatibility of the map (3.1) for A = Q,, F; with the reduction
Ty.

Lemma 3.3. The following well-defined diagram commutes

T

X (L, Q) — 2°(L,Fy)%

| |

T

gg(K7 @Z)int *Z> gr?(K7 Ff)
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Proof. Take § € 2°(L,Q,)*® ™ and ¢ € 2 (L,Q,)*® be its image under r,. We have
already seen that all of this makes sense — the smooth character 6 has an integral structure
by design; ¢ preserves its strongly general position by Lemma 2.7. The adjustment by p
does not affect integrality; the formation of the inflated representation to Wy, commutes
with r,. Compact induction carries forward the integral structure and commutes with
re by Lemma 1.22, whose assumptions are satisfied by Discussion 1.19 (ii) — indeed,
[ Wi /Wr | = n is finite, so all representations in question are finite-dimensional. The
diagram thus commutes.

Finally, we should point out that the vertical maps land in irreducible representations
of Wk by Proposition 3.2. 0O

4. Group actions on étale cohomology

For an algebraic variety X, we have its compactly supported étale cohomology groups
H*(X,A); these are the cohomology groups of the complex RI'.(X,A) € D’(A). When
X carries an action of a finite group G, we get an induced action on its étale cohomology:
RT.(X,A) € D’(G,A).

Rickard [20] noticed that this complex has a canonical representative GI'.(X,A) in
the homotopy category Kb(G, A) of a specific shape. Many constructions on RT.(X, A)
— which are necessarily derived in nature — can be performed directly on this repre-
sentative. This makes GI'.(X,A) an important tool for understanding the behaviour of
representations coming from cohomology under the change of coeflicients. We briefly
review the properties of Rickard’s complexes [20]. The relevance for classical modular
Deligne-Lusztig theory is considered in [4,1,11].

4.1. Conventions

Let X be a separated scheme of finite type over a separably closed field k. Let A be as
in Setup 1.1. All cohomology groups are étale cohomology groups with compact support
or their ¢-adic version [24,17]. We denote them H? (X, A).

Given a coefficient ring A as in Setup 1.26-(i), we denote Sh(X, A) the category of con-
structible étale sheaves of A-modules on X. We denote its bounded homotopy category
by K°(X, A) and its bounded derived category by D?(X, A). By R['.(X, —) : D’(X, A) —
Db(A)7 we denote the derived functor of compactly supported global sections. For a co-
efficient ring A as in Setup 1.1-(ii), we use Sh(X, A) for the corresponding category of
l-adic sheaves.

If M C Mod(A) is an idempotent complete abelian subcategory, we denote
Sh(X, M) C Sh(X, A) the full subcategory of sheaves with stalks in M. We further
denote K’(X, M) and D’(X, M) the subcategories of objects which can be represented
by a complex with entries in Sh(X, M).

We write ¢ : K’(—) — D?(—) for the canonical localization functor.
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4.2. Rickard’s complex

In order to effectively manipulate RT'.(X,A), we need to work with explicit repre-
sentatives; in order to perform certain operation on RI.(X, A), such a representative
has to be sufficiently acyclic. Rickard [20] constructed a useful canonical representative
KT (X, A) for RT'.(X, A) on the level of the homotopy category. See also [11].

Let X be a separated scheme of finite type over a field k and A a coefficient ring as
in Setup 1.26. Rickard’s construction gives a functor

KT (X, —) : Sh(X, A) — K°(A)
with the following properties.
Properties 4.1 (Rickard’s complez).

(1) Rickard’s functor KT'.(X,—) is additive and gives a functorial representative for
RI.(X,—) on the level of K°(A). In other words, RT (X, —) = o(KT'.(X, —)).

(2) For any .Z € Sh(X, A), the complex KI'o(X,.F) has finite type terms and is concen-
trated in degrees 0, ...,2dim X. More precisely, it is concentrated in the interval of
degrees where Hi(X, ) # 0.

(8) If all stalks of % € Sh(X,A) lie in add(M) for some M € mod(A), then also
KD (X,.Z) lands in K°(add(M)). Put in different words, if M is an additive
idempotent complete subcategory of mod(A), then KI'.(X,—) restrict to a functor
Sh(X, M) = K*(M).

(4) Rickard’s complex KT .(—, —) is functorial in the first variable in the following sense:
a finite morphism of pairs (X, #) — (Y,¥9) induces a map KT'.(Y,9) — KIU'.(X, F).

(5) If F : mod(A) — mod(B) is an additive functor, we have a canonical isomorphism

F(KT.(X, 7)) = KT .(X, F*"(F))

inside K°(B). Here, Fs*(.F) stands for the sheafification of the presheaf given by
applying F sectionwise.

Proof. See [20, Theorem 2.7. and Lemma 2.8.] for coefficients from Setup 1.26-(i). The
extension to coefficients from Setup 1.26-(ii) is done as in [20, Theorem 3.5.] and further
base change. O

Remark 4.2. Property (5) is quite strong. For instance — together with property (1) — it
reveals that RT'.(X, F*"(.#)) may be computed by naively applying F to the representing
complex KT'.(X,.%). Also, (5) shows that the construction of KI'.(X, —) is compatible
with forgetful functors between module categories. Consequently, we can dismiss these
forgetful maps from the notation.
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Remark 4.3. Without any difficulty, one can extend KT'.(X, —) to a functor K’(X, A) —
K’(A).

4.3. Finite group actions

Let X be a separated scheme of finite type over a separably closed field k. Consider
an action of a finite group G on X.

Notation 4.4 (Stack quotients). We denote (X/G) the stack quotient of X by G. The
conventions from §4.1 extend to algebraic stacks.

Notation 4.5 (Coarse quotients). We denote X /G the quotient of X by G in the sense of
algebraic spaces. This gives a course moduli space for (X/G) by [14,21].

When X is a quasi-projective scheme over k, so is X/G. It can be constructed as
follows: find a G-invariant affine covering of X (which exists by quasi-projectivity), take
invariants (—)“ on functions and then glue back [18, Appendix A]. This is the approach
taken in [20,10]; it is sufficient for this paper.

A G-equivariant sheaf is an object # € Sh(X, A) equipped with isomorphisms «, :
F — (g71)*F for each g € G satisfying the cocycle condition. More conceptually, this
amounts to an object .# € Sh((X/G),A). In particular, Sh({(pt /G), A) is the category
of finite type G-representations; similarly for D°((pt /G), A).

The cohomology of an equivariant sheaf carries a natural G-action: denoting f :
(X/G) — (pt /G) the canonical map, base change allows to identify

RI.(X,.Z7) = Rfi.# € D"(G, \).

Taking the constant sheaf A with the trivial G-equivariant structure, we get R['.(X,A) €
D*(G, A).

Here is an alternative way of computing this complex via the coarse quotient. Let
7 : X — X/G be the quotient map. Given a G-equivariant sheaf .# in Sh(X,A), the
pushforward 7, .# naturally lives in Sh(X/G, A[G]). Since 7 is finite, Rm, = 7 = m =
R has no higher cohomology. Given any further map h : X/G — S to some scheme S,
we deduce

R(h o 77)5 = Rh!Rﬂ'!
In particular,
RI.(X,.7) = RT.(X/G, 7. F) € D’(G, A). (4.1)

Notation 4.6. Given a point z € X (k), we write Cg(z) for its stabilizer under the G-

action. Denoting y = 7(z) its image under the quotient map 7 : X — X/@G, the stalk of
the pushforward of A identifies as (m.A), = A[G/Cq(z)].
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Definition 4.7 (Rickard’s complex of a group action). For a finite group G acting on X
and a G-equivariant sheaf .%, denote

GT.(X,Z) := K[ (X/G, 7, .7) € KY(G, \)

By §4.2, this is a complex of finite type A[G]-modules representing RI.(X, %) €
D(G, A).

Lemma 4.8. For a finite group G acting on X, the complex GT'.(X,A) € Kb(G,A) has
terms in M = add{A[G/Cq(z)] | x € X(k)}.

Proof. This follows from the Property 4.1-(3), because the stalks of the relevant sheaf
A on X/G are precisely of the form A[G/Cq(z)]. See [20, Theorems 3.2. and 3.5.]. O

Lemma 4.9. Let A be as in Setup 1.1. Then on the level of bounded homotopy categories
GI.(X,A) =2 GI'.(X,Zy) ®z, A

Proof. This is an instance of Property 4.1-(5) for F = (= ®z, A). O

Corollary 4.10 (Euler characteristic and reduction). The map r¢ : Go(G,Q,) —
Go(G,Fy) sends

re: [H(X, Q)] = [HE(X,Fo)]. (4.2)

Proof. Indeed, this can be rewritten as ry : [GT'.(X,Q,)] — [GT.(X,F,)]. By Lemma 4.8,
GI'.(X,Z;) is a complex of torsionfree Z,-modules; by Lemma 4.9 it thus gives an inte-
gral structure of GI'.(X,Q,) which reduces to GT.(X,F,;) modulo ¢ and the statement
follows. O

Corollary 4.10 can be also checked directly without Rickard’s complexes. In particular
if G is trivial, it amounts to the standard equality of Betti numbers of X with Q, and
F coefficients [17, p. 166]. We will employ similar reasoning in Corollary 5.9 for derived
isotypic parts.

4.4. Derived isotypic parts
Let Y be a separated scheme of finite type over a separably closed field k. Let G and

H be finite groups. Suppose Y carries commuting actions of G and H. In other words,
G x H act on Y and we get the complexes

GT.(Y,A) e K°(G x H,A) and  RI.(Y,A) e D’G x H,A).

We now want to make sense of the isotypic parts for the H-action on them.
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Notation 4.11. For 6 € Rep(H, A), we denote
(=)o := (= ®ar 0) : Rep(G x H,A) — Rep(G, A)

the usual tensor product with . We use the same notation for the induced functor on
homotopy categories

(=)o = (— ®@arm) 0) : K’(G x H,A) — K"(G, A).
We call this (—)g the isotypic part of 0.
Notation 4.12. For 6 € Rep(H, A), we write
(—)o == (— @Ky 0) : D°(G x H,A) = D"(G, A)
for the derived tensor product with 6. We call (=), ¢ the derived isotypic part of 6.

It turns out that when H acts freely, the derived isotypic parts of RT'.(Y, A) may be
computed as the non-derived isotypic parts of GI'.(Y, A).

Lemma 4.13. Suppose Y carries commuting actions of finite groups G and H. Assume
that H acts freely on'Y . Let 0 € Rep(G, M), Then on the level of Db(G, A), we have

RI(Y,A)Lg = o(GL(Y, A)g).
Proof. Denote p: Y — Y/(G x H) the quotient map. We compute:

RI.(Y,A)Lg = Y/(Gx H), pu) @5 0

(
Y/(G x H), p.A @ 5 0)
Y/(G x H), pA @p1m1 0)

RI )P
— R ),
=RTl
(Y/(Gx H), pA®@p(m) 0))
(Y/(G x H), pi\) ®p1m) 0)
(Y, A)o)

o
o
o
(KT
(KT
L(GT,.
Indeed, the first equality is just the definition of (—)r,¢ together with (4.1). The second
line is a general property of étale cohomology [24, pp. XVII, 5.2.9]. The third equality
uses the freeness of the H-action on Y: each stalk of p,A is the permutation module
on the corresponding (G x H)-orbit inside Y, so in particular free as A[H]-module — we
thus do not need to derive the tensor product. The fourth line holds by Property 4.1-(1),

whereas the fifth one is Property 4.1-(5). The last line is again just the definition of
(—)9. O



104 J. Léwit / Journal of Algebra 663 (2025) 81-118

Remark 4.14. Denoting 7 : Y — Y/ H be the obvious quotient map, we can alternatively
think of RT'(Y, A)r ¢ as the cohomology RI'.(Y/H, Ay) of the G-equivariant local system

Ag := m A QAT 0
onY/H.

Proof of Remark 4.14. This is clear say from the third or fourth line of the above com-
putation: to conclude, one only needs to factor p as

Y % Y/H 2 Y)(G x H)
and identify the coefficient sheaves
P\ @pm) 0 = Pl @) 0 = pl(m A ®@a(m) 0)

by commuting (—)y with the complementary pushforward on stalks. The isotypic part
from Lemma 4.13 thus indeed identifies with RT.(Y/H, Ag) = GI.(Y/H,Ay). O

5. p-adic Deligne-Lusztig spaces and their cohomology

In §5.1 we provide a brief account of the p-adic Deligne—Lusztig spaces of [13]. In §5.2
we specialize to the case of our interest for GL,, following [8,6]. In §5.3 we discuss étale
cohomology of the truncated spaces X} with coefficients in any A from Setup 1.1 and
its derived isotypic parts. We use Rickard’s complexes to control their behaviour with
respect to reduction ry. In §5.4 we consider the isotypic parts of the cohomology of whole
space X. In §5.5 we show that this definition is independent of h up to an explicit even
cohomological shift. In §5.6 we prove that it gives a well-defined class in the Grothendieck
group of finite length representations for both A = Q, and F,. During the process, we
prove that these classes are compatible under the reduction ry. In §5.7 we review the
partial realization of the local Langlands correspondence in characteristic zero via p-adic
Deligne-Lusztig spaces of [8]. In §5.8 we deduce our main result — Theorem 5.25. In the
complementary §5.9 we present a more naive version of this theorem, resulting in an
extra multiplicity for small 4.

5.1. Overview of p-adic Deligne—Lusztig spaces

Let K be a local non-archimedean field as in §0.5. For a scheme X over K, the
loop space LX is the presheaf on the opposite category of perfect k-algebras given by
LX : R— X(W(R)[ww™!]). When X actually lives over Ok, the positive loop space LT X
resp. the truncated loop spaces L X for h € N defined as L*X : R — X(W(R)) resp.
LI X : R— X(W,(R)). See [29,13].
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Let G be an unramified reductive group over K. Fix a maximal K-rational maximally
split torus T, which splits after an unramified extension, and a K-rational Borel B =
UT with unipotent radical U. Let K be the maximal unramified extension of K and
o € Aut(K/K) the Frobenius lift. Then G and T split over K and we denote N resp.
W the normalizer resp. the Weyl group of T ;; in G ;. The Bruhat decomposition yields
a stratification of G/B x G/B into locally closed subspaces O(w), w € W. The bigger
space G/U x G/U can be decomposed into O(w), w € Ng(T).

Fix b € G(Iu{)7 and w € N resp. its image w € W. The p-adic Deligne-Lusztig spaces
are defined in [13, Definition 8.3.] as the following fiber products in presheaves on the
opposite category of perfect algebras:

Xp(b) ———— L(O()) Xo(b) ———— L(O(w))
l l l (5.1)
L(G/U) X% 1(G/U) x L(G/U) L(G/B) 3 1(G/B) x L(G/B)

They depend up to isomorphism only on the o-conjugacy class [b] := {g71bo(g) | g €
G(K)} of b. There is a natural map

Xp(b) = X (b). (5.2)

The spaces (5.2) carry actions of the profinite groups

More precisely, both X,;(b) and X, (b) carry an action of Gy, such that (5.2) is Gj-
equivariant [13, §8.2.1.]. Furthermore, X (b) carries a T),-action, commuting with the
above Gp-action [13, §8.2.2.]. The map (5.2) is a T,,-torsor [13, Proposition 11.9.].
Given a reductive O g-model of G, we can replace the loop space L(—) in (5.1) by the
integral and truncated loop spaces L*(—) and L} (—), h € N. This yields the presheaves

Xu(b)*t and X (b)) resp. Xu(b)T and Xu(b)F

When h = 1, these truncated spaces are representable by the (perfections of) usual
Deligne—Lusztig varieties. In this sense, the above definition generalizes the standard
setting.

In many cases, p-adic Deligne-Lusztig spaces are ind-representable by perfect pfp
schemes [13, Theorem 9.1., Corollary 9.2.]. Moreover, pfp perfect schemes have a well-
behaved theory of étale sheaves equipped with six operations [29, Appendix A, §A.3.];
it agrees with the theory of étale sheaves on finite type models. In particular, compactly
supported cohomology of such spaces is well-defined.
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5.2. The case of our interest

From now on, we specialize to the case of split G = GL,, over K and its hyperspecial
parahoric model Gp = GL,, over Og. We put b = 1 and consider a Coxeter element
w € W, we take w € N to be a lift of w with the same Kottwitz invariant as b. This is
the most elementary case among those studied in [8,6,13]. For brevity, we denote

X = Xu-,(b) resp. Xo = Xw(b)+ resp. X, = Xw(b);;,
X = X, (b) resp. Xo = X,(b)" resp. X, = X, (b))

These spaces satisfy [8, §2.6.]

X ]_[ Xo and  Xo=limX,. (5.3)
G/Go

In accordance with §5.1 they bear commuting actions of the following groups:

e X has commuting actions of the locally profinite groups G = GL,(K) and T =
T,(K)=L*;

« Xo has commuting action of the profinite subgroups Go = GL,(Ok) and Tp = or;

e X, h € N have commuting actions of the finite quotients

Gh = GL,(Og)/(L+ Myyn(pl))  and T, =OF /T" =0OF /(1 +ph).

These actions are compatible with the isomorphisms (5.3) in the obvious way and the
morphism (5.2) from X to X is equivariant.

Proposition 5.1 (/6, Proposition 7.4.]). The truncated spaces X, for h € N are repre-
sentable by perfections of smooth affine F,-schemes of finite type.

Remark 5.2. In particular, there is a good notion of compactly supported étale cohomol-
ogy for these finite level X}, and the discussion of §4 applies. The compactly supported
cohomology of X}, is concentrated only in the range [dim Xp,2dim X r] by affineness.
The Poincaré duality between H® and H? holds by smoothness.

The discussion in §5.1 implies the following.

Proposition 5.3. The T)-action on X, is free and the quotient map m : Xp — Xp, is a
Ty, -torsor.

We now remind the reader about the notation 7)'~! = ker(T), — Tj—1) from §2.2.
The maps X}, — X1 factor as follows.
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Proposition 5.4 (/6, Proposition 7.7.]). The morphism X, = Xu_1 factors through a
perfectly smooth map Xh/Tff1 — Xp_1 whose fibers are isomorphic to the perfection of
An—1,

5.8. Isotypic parts at finite level

Let us now discuss the equivariant cohomology of the truncated spaces X, h € N and
their derived isotypic parts. These finite level phenomena play a crucial for the discussion
of the cohomology of the whole space X in §5.4.

The spaces X, and X}, are equipped with commuting actions of G, and T}. Their
compactly supported cohomology is well-defined and inherits an action of Gp x Tj.
Appealing to §4.3 for some finite type models, we get the complexes

GTo(Xn,A) e K(Gp x Th,A)  and  RIL.(Xp,A) € DY(G), x Ti, A).

We now want to consider the isotypic parts for the Tp-action on them. In the semisim-
ple case, this takes the form of a direct sum decomposition indexed by characters. In
the non-semisimple case, one needs to be careful in choosing the right definition — see
Remark 5.10. To not distract the reader, we simply present the correct notions: for any
6 € Home,p(Th,A™), the discussion from §4.4 gives the complexes

GTo(Xn,A)g € K°(Gy,A)  and R (Xp, A)g € D°(Gh, A).

In our situation, the derived isotypic parts of RI‘C(X n, \) may be computed as the non-
derived isotypic parts of GI‘C(Xh, A). This plays an important role in our comparison.

Lemma 5.5. On the level of Db(Gh,A), we have
RFC(X}“A)LQ = L(GFC(X}“A)Q).

Proof. Since the action of T}, on X}, is free by Proposition 5.3, the claim follows from
Lemma 4.13 applied to the action of Gy x T), on X,. O

Remark 5.6. Note that this argument applies to other truncated Deligne—Lusztig spaces
of §5.1.

Remark 5.7 (Description via local systems). Denoting 7 : X}, — X, the obvious quotient
map, we can alternatively think of RT'(X},, A)r g as the cohomology RT.(Xy, Ag) of the
G-equivariant local system

Ay :=m A QA[Th] 0

on Xp = X n/Th- Indeed, this follows from Remark 4.14.
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Lemma 5.5 allows to compute RI'(X;, A)s by applying the additive functor (—)g
to the concrete representative GF(X n,A) in the homotopy category. This procedure is
compatible with base changes of the coefficient ring A, so in particular with reduction
modulo 4.

Notation 5.8. We abuse notation and write [HS(Xy, A)Lg] = [RT.(Xn,A)ng] €
Go(Gh, A).

Corollary 5.9. The reduction map ¢ : Go(Gr, Q,) — Go(Gr,Fy) sends

[H?(Xn,Qp)o] = [HS (Xn,Fe)Lry(0))-

Proof. Let 6 € Irr(T,Q,) regarded as an element in Rep(T},,Z)™; then (6 ®z, Fo) =
r¢(6) by design. By Lemma 4.9, the complex GI'.(X},, Z,) specializes to analogous com-
plexes with Q, and F, coefficients under the obvious base changes. Tensoring with 6
and using the associativity of the tensor product, we obtain the following identifica-
tion.

_ (-®%,Q)p) _ (—®5 Fy) _
K (G, Q) et K (G, Tp) ——2—5 KOGy, Ty)

GLe(Xp, Qp)o «—— GT (X, Z¢)g — GLe(Xn.Fo)yry o)

Since T}, acts freely on Xj,, the complex GI'.(X},Z,) actually consists of projective
Z4[Th,]-modules by Lemma 4.8. The map GI'o(Xp,Z¢)g — GTe(Xp, Q,)g is thus injec-
tive, so GFC(X]—L,Z@)Q defines an integral structure of GI‘C(Xh,@Z)g which reduces to
GFC(Xh,Fg)W(g) modulo 4. O

Remark 5.10. When the category rep(7T}, A) is semisimple, the complexes GI'(X,, A) de-
compose into a direct sum of isotypic components for the Tj-action and everything can
be computed on the graded vector space H? (Xp,A). When rep(T},, A) is not semisimple,
this is not the case. Although one can still consider naive definitions of isotypic compo-
nents on the graded vector space H C’(X n,A), they do not behave well with respect to
geometric arguments. We briefly return to such naive definition in §5.9; this reveals a
pathology in terms of an explicit multiplicity £™ — see Theorem 5.29.

Remark 5.11. In the case h = 1, the space X is the perfection of the usual Deligne—
Lusztig variety and G = GL,,(F,). The complexes RT.(X1, A)1, ¢ were studied in [4,1];
they play an important role in the structure of Db(Gl,Fg).
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5.4. Isotypic parts for whole Deligne—Lusztig spaces

The goal of this section is to introduce the isotypic parts of cohomology of the whole
Deligne-Lusztig varieties X. More precisely, we provide a definition of the derived iso-
typic components

RI.(X,A)Ly € DY(G,A),

where A is a coefficient ring and 6 € Homg,p (T, A™).

Since X is infinite-dimensional, the compactly supported cohomology does not a priori
make sense. The actual construction proceeds as in [8] — we take the cohomology at a
finite level X}, for sufficiently big h > 1, and construct the cohomology of X out of it by
an explicit representation-theoretic procedure.

Take X, Xo, X}, resp. their quotients X, Xo, X}, as in §5.2 and A as in Setup 1.1.

Construction 5.12. Let § € Homg, (T, A*) and h > Ivl(#). Then we define
RI.(X, M) := cIndZ  RT.(Xp, A)g € D'(G, A)

where RT.(X}, A)g is regarded as an element of D’(ZGp, A) by inflation to G and
by letting the center Z of G act via 6. This is well-defined up to an even cohomological
shift.

Discussion 5.13. Let us expand the construction in words and point out what needs to
be checked. The restriction of the smooth character 8 to T factors through any T3, with
h > 1vl(0). By §5.3, we get the derived isotypic part

RI.(Xp, A)1g € DP(Gp, A).

We will show in Lemma 5.15 that the equivariant tower of the finite level Deligne-Lusztig
spaces X}, is representation stable; the derived complex above is thus independent of the
choice of h > 1vl(#) up to an even cohomological shift.

Having a good notion of derived isotypic parts at finite level, we regard RI‘C(X hy AN)Lo
as an object of Db(G@,A) by inflating along the quotient map Gp — Gj. This makes
good sense, because the inflation is exact. Furthermore, we upgrade this to an object of
DY(ZGo,A) by letting the center Z act via the desired character 6 of T

Finally, we obtain the sought-for complex

RI.(Xy, A)Le € DY(G,A)

by applying the functor cIndEG » of compact induction from the clopen subgroup ZGo.
This makes good sense, because cInd%G o s exact by §1.2.
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We have completely ignored the question of finiteness throughout the discussion. How-
ever, we will eventually need some sort of finiteness to have a good notion of Euler
characteristic. We will discuss this thoroughly in §5.6. For the moment, we record one
elementary lemma in this direction.

Lemma 5.14. Let 6 € Home,, (T, A*). Then RT.(X, M)y € D°(G,A) is of finite type.

Proof. At the finite level, RFC(Xh,A)L g, is of finite type in Db(Gh,A) by Lemma 4.8.
This clearly remains true when we inflate to Go and when we let Z act via 6, simply
because we add more structure to the same complex of A-modules. Finally, compact
induction from the clopen subgroup ZG o preserves finite type by Lemma 1.5, so that

RI.(X,A)ro = cIndg g RL(Xp, Ao € D°(G,A)
is of finite type: it can be represented by a bounded complex with finite type terms. O
5.5. Representation stability of the truncated Deligne—Lusztig spaces

To provide the missing input for Construction 5.12, we discuss the representation
stability of the sequence of spaces X}. This works up to an explicit even cohomological
shift.

Lemma 5.15. Let 0 € Homg,, (T, A*) and h > h' > WI(A). Then we have a canonical
identification

RI(Xp, A)Lo = RO(Xp, A)o[2(n — 1) (k' — h)] € DY(Gy, A).

Proof. From Propositions 5.3 and 5.4 we obtain a commutative diagram of schemes

X —2 X1 ! N Xn_1

I

X S AN Xn—1

The fibers of f are perfections of affine spaces A"~ ! over the base field ﬁq. At the same
time, the maps g and =, resp. 7/, " are finite quotient maps for the group actions of
T[L‘_l and T}, resp. Tj,_1. For any 6 € Rep(Th/, A)® C Rep(Th, M), we can compute
inside D*(G},, A) as follows.

RIo(Xp, A) ®F 7, 0 = RUe(Xp, mA) @, 0
= ch(XhaW*A) ®k[Th] A[Thfl] ®k[Th—1] 0
> RT(Xp, T ®R[Th] AlT}h—1]) ®k[Th71] 0
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= ch(Xhaﬂ—;A) ®R[Th—1] 0
= RE(Xn /T A) @Fp, 1 0
2= (RPo(Xn-1,A) ®Fp, ) 0)[-2(n — 1)]

The first equality holds by (4.1). The second is just the abusive identification of 6 as
representation of either T}, or Tj_1; the second tensor product is actually nonderived.
The third line holds by the projection formula for étale cohomology.

For the fourth line, we need to see that m.A ®k[Th] A[Ty_1] = w. A. Here, we note
that A[Ty_1] = A[T},/T}"] is projective as A[T,]-module by Lemma 1.25 as T}~ " is
a p-group for h > 2. The desired isomorphism can be checked on stalks; by the above
projectivity it reduces to the nonderived formula

ATy /Cr, (2)] @Az, AlTh—1] = A[Th1/Cr,, _, (2))];

which is clear. (Here, z is any geometric point of X;, and Cr, () is its stabilizer with
respect to our character §.) The fifth line is then obtained in the same way as the first.

The sixth line holds because f is a smooth map with fibers perfections of A"~!.
Indeed, one can use smooth base change together with the canonical local identifications
of the form RT.(V x A"71 A) 2 RI.(V,A) ®% RI. (A"~ A) 2 RT.(V, A)[—2(n — 1)].
One should observe that this is compatible with the Tj-actions. O

Remark 5.16. In the fourth step, we employed the projectivity of A[T},_1]. Alternatively,
we can use that the Tj-action on X n is free, showing the stalkwise projectivity of the
other factor m,A.

Remark 5.17. The above stabilization holds only up to an even degree shift — as remarked
in [8, p. 10], one can formally get rid of this shift. In the current context when all X}, are
perfectly smooth, this is simply achieved by taking cohomology RI'(X},A)rs without
the compact support condition.

5.6. Finiteness and Fuler characteristic

Construction 5.12 is given by a composition of several exact functors. It follows that
whenever it preserves finite length of Euler characteristic, it specializes to the level of
Grothendieck groups.

Construction 5.18. Let h > 1vl(f) and assume that cIndgGO [RI.(X, M) ] is a formal

linear combination of finite length representations. Then it gives a well-defined element
of Go(G, A) which we denote

[RT(X, A)re] := cIndZ [RC(Xp, A1) € Go(G, A).
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We alternatively denote this element by [H®(X, A)y,¢]. It is independent of the choice of
h > 1vl(#) by Lemma 5.15.

Beware that by our conventions, Go(G,A) is the Grothendieck group of smooth fi-
nite length representations. A priori, we only know that RI‘C(X , AL g is of finite type by
Lemma 5.14. This necessitates in the extra assumption that cInd%, o [RLo(Xp, A1 o] is
a formal linear combination of finite length representations. Whenever RFC(X ,M)Lg €
Db(X ,A) can be represented by a complex with finite length entries, its Euler charac-
teristic gives rightaway an element of Go(G, A) which agrees with Construction 5.18.

We now explain why Construction 5.18 applies to the cases considered in this paper
—see §5.6.1 for A = Q, and §5.6.2 for A = [Fy.

5.60.1. Characteristic zero coefficients

Employing results of [28] and [8], we now show that Construction 5.18 applies for
[H®(X,Q,)L 6] when 6 lies in general position. At the same time we keep track of integral
structures. This will imply the same finiteness for [RT.(X,F,)1] via reduction ry in
§5.6.2.

Since we work in characteristic zero, we can work non-derived. The main input is the
following.

Proposition 5.19 (/S, Theorem 5.1.]). Let 0 € 2 (L, Q,). Then £[H®(X,Q,)q] is admis-
sible.

We now make the promised discussion; we also address the question of integrality.

Proposition 5.20. For any 0 € 2°(L,Q,)™ we have a well-defined element

[H;(X,@z)e] € Go(Ga@e)im'

Proof. Denote h = Ivl(6), so that [H2(X,Q,)s] = cIndZe, [He (X, Q,)e] holds by def-
inition. We want to prove that this lands in finite length representations, and that it is
integral.

Let us first discuss why [H®(X,Q,)g] is of finite length. By Lemma 5.14 we already
know that [H®(X,Q,)g] is of finite type. We now use results of [8], which are valid
under the assumption that € lies in general position. By [8, Corollary 3.3], the finite
level class [H®(Xn,Q,)¢] is up to sign an irreducible representation, which we call V/
for the moment. By Proposition 5.19, cInd%G oV is a finite direct sum of irreducible
supercuspidal representations, i.e. it is admissible. Now by [28, p. I1.5.10] admissibility
and finite type together imply finite length, as desired.

Secondly, we address the integrality of H®(X,Q,)g. Again, H? (X, Q,)g is obviously
an integral Gy -representation. The inflation to G clearly preserves integrality. Also
prolonging to ZG» by 6 doesn’t hurt the choice of integral structure by the integrality
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assumption on 6. Finally, cIndgG » sends an integral structure of the original represen-
tation to an integral structure of the induced representation by the clopeness of ZGp
and Lemma 1.14. O

5.6.2. Characteristic £ coefficients
We now show that Construction 5.18 applies for [H2(X,Fy)1,] with ¢ in general
position. At the same time, we check that this is given by r,[H?(X,Q,)s] for any lift 6

of 9.
Lemma 5.21. Let ) € 2 (L,Fy) and 0 € 2°(L,Q,)™ one of its lifts under ro. Then
re[HS (X, Qp)o] = [H (X, Fo)ry] € Go(G,Fo).

Proof. By Lemma 2.2 and subsequent discussion, |z, has precisely ¢™ lifts under 7,
each of which can be non-uniquely extended to a desired lift 6 from the statement. Such
a lift has the same level h = Ivl(¢)) = lvl(6). At this finite level, Corollary 5.9 yields an
equality

relH (Xn, Qp)o] = [He (X, Fo)Ly)-

Now we go through Construction 5.18 of the Euler characteristic of X. First we
inflate to Ge; this operation is additive and commutes with r,. Then we extend to
Z G o-representations by letting Z act via 1; this is again additive and can be commuted
through r, to the action of 6 on the left-hand side.

Finally, we apply cInd%G o to both sides; this is additive and commutes with 7.
More precisely, Lemma 1.22 simultaneously shows that Construction 5.18 applies to
[H2(X,F,)Ly] and that

relHS (X, Qp)o) = [H2(X,Fe)ryl.

Indeed, during the entire computation, we stayed in the Grothendieck groups of finite
length integral representations. Up to the final step, this is clear by the choice of 6 and
finite dimensionality of the representations. Finally, [H®(X,Q,)¢] is integral of finite
length by Proposition 5.20. In particular, the application of Lemma 1.22 is correct for
the ZGn-representation constructed above; the reduction maps r; indeed land in the
correct targets by Discussion 1.19 (iii) resp. (ii). O

5.7. Realization of the characteristic zero local Langlands correspondence

We briefly summarize the main results of [6,8,7,13] regarding the relationship of the
isotypic parts [H2(X,Q,)s] to the local Langlands correspondence with @ -coefficients.

Let 0 € Irr(T,Q,). The Howe decomposition asserts the existence of a unique tower
of subfields K = Lo C L; C --- C L1 € Ly = L such that
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0= (90 ONL/LO) : (91 ONL/Ll)"'(HO ONL/Lt—l) : (915)

for some characters 6; : L — Q, of unique levels. From this, we get numerical invariants
of 0. Regarding 6 as an element of Irr(7},, Q,) for a fixed h > 1v1(6), [7, Theorem 6.1.1.]
defines an integer cd(f) (called r, there) by an explicit formula dependent only on the
group G and 0|p:.

Proposition 5.22. The function cd : Irr(Ty, Q,) — Z factors through the reduction Ty :
Irr(Ty, Q,) — Irr (T, Fy). We use the same notation cd : Irr(Ty, Fy) — Z for this induced
map.

Proof. By the discussion in §2.2, the lifts of given ¢ € Irr(T,F;) along 7, differ at most
by a character of Ty = OF /T, i.e. the restrictions of all these lifts to T are equal. The
statement now follows from the definition of cd discussed above. O

Theorem 5.23 ([S]). Assume p > n. Let 0 € 2 (L,Q,)%8. Then M(0) := (—1)°d®) .
[H®(X,Q,)] is an irreducible supercuspidal representation of G and the association
o(0) <> M(0) is a partial realization of the local Langlands correspondence.

Proof. Up to the explicit determination of the sign -[H®*(X,Q,)], this is [8, Theorem
Al.

The sign is discussed in the course of [8, §7.1.]. By [7, Theorem 6.1.1.], we get the
definition of cd, which returns the single nonzero degree of the |r1-isotypic component
of the cohomology of certain closed subscheme X} of our X,. Therefore it gives also the
single nonzero degree of the f-isotypic component of another closed subscheme Xj, .,
which is given by a finite disjoint union of copies of X}, see [7, §2]. By [8, Corollary
4.2, there is an identification [H$(Xp n, Qp)o] = [H? (Xn, Q()e] inside Go(G, Q) and
consequently (—1)°4(®).[H*(X},Q,)o] is indeed an (irreducible) representation; the same
sign then appears for cohomology of the whole X by design. O

Remark 5.24. It is expected that this holds for any § € 2°(L,Q,), i.e. after replacing
“strongly general position” by “general position”.

5.8. Main result

We are now ready to piece everything together and deduce our main result.

Theorem 5.25. Assume p > n. Let 1 € 2 (L,F,)%. Then:

(1) the Weil representation o (1) is irreducible,

(2) the representation M (1) := (—1)°dW¥) . [H*(X,F )Ly is irreducible supercuspidal,

(3) the association o(vp) «— M (¢) partially realizes the modular local Langlands corre-
spondence.
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Proof. Fix an integral lift 6 € Irr(T, Q)%™ of ¢ € Trr(T,F()%® as in Lemma 2.1; such
lies in strongly general position by Lemma 2.7. As v in particular lies in general position,
Proposition 3.2 shows that o(v) is irreducible. By Lemma 3.3 we have r4(c(6)) = o(v).

Using the assumption p > n, Theorem 5.23 applies to the strongly general character
6. Thus M (0) := +[H2(X,Q,)e] is an irreducible supercuspidal representation of G' and
the sign identifies as (—1)°4(?). By Lemma 5.21, reduction modulo ¢ returns the modular
representation in question:

re (M(0)) = (=11 - rg[H2 (X, Qp)g] = (1)) - [HI(X, Fo)ryg] = M(y).  (54)
Moreover, still by Theorem 5.23, the association
a(0) =6 = M(0) = (=1)*/D - [H2(X,Qy)o]

realizes the local Langlands correspondence over Q,.

Now Theorem 3.1 applies: since o () is sent by the local Langlands correspondence to
M (), its irreducible reduction o (%)) is sent by the modular local Langlands correspon-
dence to r,(M(#)), which is thus irreducible supercuspidal. Since r,(M (0)) = M(¢)) by
(5.4), the proof is finished. O

5.9. A version with multiplicities

In this complementary section, we present a variation on Theorem 5.25 coming from
a naive definition of isotypic parts. The proof of this version goes along the same lines
as the proof of Theorem 5.25.

When ¢ 1 |Ty|, the category rep(T},A) is semisimple and these naive isotypic parts
coincide with the derived ones. When ¢ | T3], an extra multiplicity ¢™ appears in our
theorem. This discrepancy reveals that the complexes GI‘C(X 1, F¢) contain interesting
extensions. The reader may compare this with the results of [4,1].

Notation 5.26. Let A be an algebraically closed field and G, G’ two finite groups. Then
there is a bijection [9, Theorem 10.33]

Irr(G,A) x It (G, A) = Ire(G x G',A),  (V,V') = V@, V!

inducing canonical isomorphism of free abelian groups Go(G x G',A) = Go(G,A) @z
Go(G", ).

We equip each G with the scalar product making the classes of irreducible represen-
tations into an orthonormal basis. For any V' € Irr(G’, A) we then have the orthonormal
projection

(5)[V']: Go(G x G',A) = Go(G, ), [M] — [M][V']

We call it the naive V'-isotypic part.
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Considering this for the groups G, x T}, of our interest, we now address the compati-
bility of naive isotypic parts with the reduction map .

Lemma 5.27. Let M € Go(Gp, x T, Q,). Take ¢ € Trr(Ty,Fy) and let 0; € Trr(Ty,, Q,)
forie I ={1,...,0™} be its finitely many lifts. Then

S e (M[6:]) = re(M) [,

i€l

Proof. The map 7, is additive, as well as the formation of an isotypic part. Hence both
sides of the equality are additive in M. So we only need to check the equality on the
generators [V @, V'] from above, where it obviously holds. O

Remark 5.28. Altogether, one can define the naive isotypic parts of the cohomology of
X as in Construction 5.18: for § € Irr(T, A) and h > lvl(f), this naive isotypic part is
given by

[H2 (X, A)][6] := cIndZg, [H? (Xn, A)][6] € Go(G, A).

The well-definedness of this variant can be bootstrapped from what we’ve already
seen. For instance, consider the independence on h. We know this holds for A = Q,,
because the naive and derived isotypic parts coincide. The case of A = F, then follows by
reduction modulo ¢ through Corollary 4.10. Similar reasoning together with Lemma 5.27
shows that [H(X,F,)][f] lands in the correct Grothendieck group Go(G,Fy).

Replacing derived isotypic parts by the naive ones, our main theorem transforms as
follows.

Theorem 5.29. In the setting of Theorem 5.25, the irreducible supercuspidal representa-
tion M (1) is given by

(M) = (~1)) - 2 (X F),

In other words, [H2(X,F()][¢)] € Go(G,Fy) is an £™ multiple of the class of M ().
When ¢ doesn’t divide |T1| = ¢" —1, the multiplicity is 1; this is the case when rep(T},, Fy)
is semisimple. When ¢ divides |T}|, this multiplicity becomes nontrivial. This discrepancy
shows that the complexes RF(X;L,F@) and GI'(X 1, F¢) contain interesting information
for small £.

Proof. Denote by 6; for i = 1,...,¢™ lifts of ¢ under 7, : Irr(T,Q,)"™ — Irr(T,F,),
whose restrictions to Ty are pairwise distinct as in Remark 2.3.

The proof of Theorem 5.25 applies for each of these 6; separately, giving irreducible
supercuspidal representations M (6;) := (1)) . [H*(X,Q,)][0;] of G — indeed, the
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naive and derived isotypic parts coincide here. By the arguments in that proof, each of
these representations reduces to M (¢)) modulo ¢, which is independent of i = 1,... ™.
By Lemma 5.27 and additivity of r, we infer

o o
(~D)W) - [H (X Fo)l[v] = Z re((~D) O H (X, Q][0:]) = Z re[M(6:)]
=" M(y)]. D

Remark 5.30. This naive version can be deduced without Rickard’s complexes. Indeed,
only Corollary 4.10 is needed and this can be proved directly.
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