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A B S T R A C T 

Red giant stars host solar-like oscillations which have mixed character, being sensitive to conditions both in the outer convection 

zone and deep within the interior. The properties of these modes are sensitive to both core rotation and magnetic fields. While 
asteroseismic studies of the former have been done on a large scale, studies of the latter are currently limited to tens of stars. We 
aim to produce the first large catalogue of both magnetic and rotational perturbations. We jointly constrain these parameters by 

devising an automated method for fitting the power spectra directly. We successfully apply the method to 302 low-luminosity 

red giants. We find a clear bimodality in core rotation rate. The primary peak is at δνrot = 0.32 μHz, and the secondary at δνrot 

= 0.47 μHz. Combining our results with literature values, we find that the percentage of stars rotating much more rapidly than 

the population average increases with evolutionary state. We measure magnetic splittings of 2 σ significance in 23 stars. While 
the most extreme magnetic splitting values appear in stars with masses > 1.1 M �, implying they formerly hosted a conv ectiv e 
core, a small but statistically significant magnetic splitting is measured at lower masses. Asymmetry between the frequencies 
of a rotationally split multiplet has previously been used to diagnose the presence of a magnetic perturbation. We find that of 
the stars with a significant detection of magnetic perturbation, 43 per cent do not show strong asymmetry. We find no strong 

evidence of correlation between the rotation and magnetic parameters. 
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 I N T RO D U C T I O N  

agnetic fields play a critical role in stellar evolution. The prevailing
heory regarding those which are observed in the Sun and other main-
equence solar-type stars is that they are generated by a dynamo
rocess. This mechanism is, crucially, dependent on the interplay
etween turbulent convection and differential rotation (Noyes et al.
984 ). Convection is supported at various phases in the life cycle
f low to intermediate mass stars, pro viding sev eral av enues for the
ormation of a magnetic field. Magnetic fields have been invoked as
 possible solution to many open problems in stellar evolution (see
run & Browning 2017 for a re vie w). Notably, a magnetic field could

ransport angular momentum from the core to the outer envelope,
educing the degree of differential rotation occurring in evolved
tars (Cantiello et al. 2014 ; Spada et al. 2016 ; Eggenberger et al.
019 ; Fuller, Piro & Jermyn 2019 ; Gouhier, Jouve & Ligni ̀eres 2022 ;
ggenberger, Moyano & den Hartogh 2022 ; Moyano et al. 2023 ).
 E-mail: ehatt98@gmail.com 
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his could resolve the observed discrepancy between predicted
otation rates in the cores of evolved stars and those observed, the
atter being (at best) two orders of magnitude too small (Eggenberger,

ontalb ́an & Miglio 2012 ; Marques et al. 2013 ; Ceillier et al. 2013 ).
Given magnetic fields in the outer layers of stars can be detected in

ight curves due to the manifestation of this field as star-spots, most
etected stellar magnetic fields in convection zones are Sun-like in
ature. Ho we ver, a magnetic field capable of producing observed red
iant branch (RGB) rotation rates would need to operate near the
tellar core (Maeder & Meynet 2014 ). Core convection is expected
n stars with masses abo v e ≈1.1 M � during the main sequence
Kippenhahn & Weigert 1990 ). It is possible for these fields to
emain stable as the star evolves off of the main sequence, where the
nterior becomes radiative (Emeriau-Viard & Brun 2017 ; Villebrun
t al. 2019 ; Becerra et al. 2022 ). Even without the presence of a
onv ectiv e core on the main sequence, it is possible to create a
agnetic field in stably stratified zones via a Tayler–Spruit dynamo

r related processes (Spruit 2002 ; Fuller et al. 2019 ; Eggenberger
t al. 2022 ; Petitdemange, Marcotte & Gissinger 2023 ). 

Asteroseismology, the study of stellar pulsations, offers the only
robe sensitive to near core regions. Solar-like oscillations come in
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wo types, propagating in two largely distinct regions. In the sur-
ace convection zones, turbulent motion drives acoustic oscillations 
nown as pressure or p modes. Closer to the core, strong density
tratification supports bouyancy oscillations, gravity or g modes. 

hen the frequencies of p and g modes approach each other, the
wo types of modes can couple forming what is known as a mixed
ode (Unno et al. 1989 ). Sharing properties of both the pure p and
 modes, mixed modes are both sensitive to conditions near the 
tellar core and the surface. Mode amplitudes reach a maximum 

bout a characteristic oscillation frequency ( νmax ) that scales with 
he acoustic cutoff. On the main sequence, the maximum g-mode 
requency is significantly lower than νmax , such that mixed modes are 
ot excited to observable amplitudes. As a star evolves off of the main
equence on to the RGB, νmax decreases in response to the expansion 
f the outer layers. Concurrently the core contracts, increasing the 
ensity of g modes. As νmax approaches the maximum frequency 
f the g modes, mixed modes become increasingly observable. The 
epler telescope (Borucki et al. 2010 ) observed a large number of
volved stars with high-precision photometry, such that we are able 
o measure mixed modes in thousands of stars (Mosser et al. 2014 ;
rard, Mosser & Samadi 2016 ; Kuszlewicz, Hon & Huber 2023 ). 
The presence of a magnetic field within the region where modes 

ropagate has been shown to perturb mode frequencies (Gough & 

hompson 1990 ; Goode & Thompson 1992 ; Takata & Shibahashi 
994 ; Hasan, Zahn & Christensen-Dalsgaard 2005 ; Mathis et al. 
021 ; Bugnet et al. 2021 ; Li et al. 2022a ; Mathis & Bugnet 2023 ).
his owes both directly to the introduction of the Lorentz force into

he equations of stellar oscillation and indirectly by impacting the 
roperties of mode cavities. Unlike rotation, magnetic fields are not, 
n general, azimuthally symmetric. As such, the degree to which 
 mode is perturbed is dependent both on field strength and its
eometry and topology (Gomes & Lopes 2020 ; Mathis et al. 2021 ;
ugnet et al. 2021 ; Loi 2021 ). Alongside identifying the presence of
 magnetic field, measurements of perturbations to mode frequencies 
an put key constraints on field strength and structure. The theoretical 
ools required to exploit the perturbed spectra of evolved stars 
n such a way have only just been established. Furthermore, the 
ize of the parameter space involved with fitting even unperturbed 
ixed modes makes the problem computationally e xpensiv e and 

ontingent on well-informed priors (Kuszlewicz et al. 2023 ). Even 
ore free parameters are required when considering perturbations, 

mplifying the issue. As such, only the cases with the strongest
agnetic signatures have thus far been analysed. Accordingly current 

atalogues of core magnetic fields identified through perturbations 
o mode frequencies are very limited, numbering 24 stars at time of
riting (Li et al. 2022a , 2023 ; Deheuvels et al. 2023 ). 
In addition to perturbing frequencies, it has been shown that once 

he field strength exceeds a critical value (typically in the range of
0 5 –10 7 G for a low-luminosity red giant) it can act to suppress the
mplitudes of mixed dipole modes (Fuller et al. 2015 ). A number of
ed giants observed by Kepler exhibit mode amplitudes that suggest 
he y hav e been altered by such a field (Garc ́ıa et al. 2014 ; Fuller et al.
015 ). The identification of these depressed dipole modes implies 
 field strength in the core which must exceed the critical value.
n this work we investigate perturbations to the mode frequencies, 
uch that we do not select stars in which the dipole modes are
ubstantially depressed. Accordingly we are sensitive to intermediate 
eld strengths, likely below the critical value defined in Fuller et al.
 2015 ). 

We investigate the perturbations caused by core rotation and 
agnetic fields using a sample of 302 low-luminosity RGB stars 

bserved by Kepler . In Section 2 , we describe how the sample is
elected from the > 16 000 RGB stars in Yu et al. ( 2018 ) (hereafter
18 ). We then go on to fit a perturbed asymptotic expression to the
ower spectra. To enable a large-scale fitting without the problem 

ecoming computationally intractable, we construct priors on the 
erturbed quantities. This is done via a no v el method of exploiting
tretched period échelle diagrams calculated using the spectrum 

irectly, a tool so far only used on previously measured mode
requencies. In Section 3 , we detail the resulting measurements, 
efore discussing correlations with fundamental stellar properties in 
ection 4 . 

 SURV EY  M E T H O D O L O G Y  

.1 Target selection 

e used Kepler long-cadence light curves, calculating the power 
pectral density via a Lomb–Scargle periodogram (Lomb 1976 ; Scar- 
le 1982 ) using the LIGHTKURVE package (Lightkurve Collaboration 
018 ). 
Of the observable mixed modes present in a given spectrum, 

hose which are gravity-dominated are the most sensitive to core 
onditions. As the widths of these modes are smaller than their
ressure-dominated counterparts (Mosser et al. 2011 , 2015 , 2018 ;
rard et al. 2016 ), they set an upper limit on the frequency resolution
e required. For such modes, the linewidths are on the order of
.01 μHz ( Y18 ; Li et al. 2020 ) necessitating time series that exceed
hree years in length. Therefore, we restrict ourselves to stars that
ere observed by Kepler for a full 4-yr. 
F or a giv en radial order and � , rotation breaks the de generac y

etween modes of differing azimuthal order, m . To leading order
n perturbation theory (i.e. for slow rotation), the degree to which a
ode is perturbed by rotation is proportional to m , such that modes of

rder m = 0 are not affected, remaining at the unperturbed frequency.
or modes with non-zero m , the magnitude of the perturbation is
hared between two modes having azimuthal orders m and m 

′ if
 m | = | m 

′ | . The sign of m then determines whether the mode increases
r decreases in frequency. 
Magnetic fields will perturb all components of a multiplet, with 

generally) a different shift for all | m | components. The resulting
symmetry in the spectrum of a magnetically perturbed multiplet 
s distinct, and as such is commonly used to establish a detection.
o we v er, the de gree to which the shift differs among components is
ependent on the topology of the field (see Section 2.3 ) and certain
onfigurations result in zero asymmetry regardless of field strength 
Loi 2021 ; Li et al. 2022a ; Mathis & Bugnet 2023 ). Therefore, we
ake no selection based on asymmetry but rather focus on the a ver -

ge shift of the multiplet. In the following we used modes of angular
egree � = 1 (dipole modes, see Section 2.3 ), such that multiplets
onsist of 3 components ( m = 0 , ±1). Given all components of the
ultiplet contain information about the magnetism, we restricted 

urselves to targets where-in we could visually identify all three 
eaks for a given � = 1 mode. This occurs at intermediate inclination,
pproximately in the range 30 ◦<i< 60 ◦. 

Finally, as a star evolves along the RGB, the mixed mode density
 N = �ν/�� 1 ν

2 
max ) increases. Once the rotational splitting is of the

rder of the separation between adjacent mixed modes, identification 
f multiplet components becomes difficult. Therefore we restrict 
urselves to targets with νmax > 100 μHz (implying mixed mode 
ensities in the region of N < 10). The upper limit on νmax is set by
he Nyquist limit in the data (277 μHz). Applying these constraints
o the > 16 000 targets identified in Y18 , we construct a list of 334
tars (see Fig. 1 ). 
MNRAS 534, 1060–1076 (2024) 
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Figure 1. νmax and T eff values for the selected sample (outlined scatter points 
in foreground) compared to those from the catalogue by Y18 (scatter points in 
background). For reference we show the MIST (Mesa Isochrones and Stellar 
Tracks, Choi et al. 2016 ; Dotter 2016 ) evolutionary tracks for 1 , 1 . 5 , 2 , and 
2 . 5 M � stars at [ Fe / H ] = −0 . 25 which approximately corresponds to the 
median metallicity of the selected sample, as reported in table 2 of Y18 . 
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.2 Data pr e-pr ocessing 

ather than measuring mode frequencies prior to fitting for the
erturbed quantities, we fit the power spectra directly. Given p modes
f angular degree � = 0 do not couple to g modes, they will not
rovide information about core magnetism or rotation. Additionally,
ode coupling in modes of angular degree � = 2 is orders of
agnitude smaller than that in � = 1 modes. As such, we remo v ed

he additional power from the � = 0 and 2 modes (see Sections 2.2.1
nd 2.2.2 ) prior to fitting a perturbed expression to the spectrum of
he dipole modes (Section 2.3 ). 

.2.1 Computing the S/N spectrum 

he first step in the process is to estimate the background noise
evel. Here, we define the background noise as any power that is not
irectly attributed to the oscillation modes. For stars on the RGB the
ackground typically consists of a frequency-independent term due
o photon noise, two frequency-dependent terms due to granulation
n the stellar surface, and finally a third frequency-dependent term
hich accounts for any residual, long-term, instrumental variability

see e.g. Kallinger et al. 2014 ). 
Here we model the photon noise as a frequency-independent,

andom, variable. Three frequency-dependent terms as Harv e y-
ike profiles (Harv e y 1985 ), following Kallinger et al. ( 2014 ), are
ntroduced to model the signature of granulation. All the terms in the
ackground noise model v ary slo wly with frequency, and so we bin
NRAS 534, 1060–1076 (2024) 
he spectrum in log-frequency, after which the model parameters are
ampled. 

We e v aluate a set of 100 draws from the model posterior distribu-
ion to compute a mean background level on the unbinned frequency
rid. We divide the power spectral density by the mean background
odel to obtain a residual signal-to-noise (S/N) spectrum which now

nly contains the oscillation envelope. 

.2.2 Establishing a mean � = 2 , 0 model 

he next step is to remove the contribution of the � = 0 and � = 2
odes to the S/N spectrum. This is done by computing a mean
 = 2 , 0 model which is then used to obtain a residual S/N spectrum
hich notionally only contains the � = 1 modes. The � = 2 , 0 model

hat we use is consistent with that of Nielsen et al. ( 2021 ) which, to
ummarize, consists of a set of mode frequencies determined by
he asymptotic p-mode relation for the � = 0 and � = 2 modes. The
pectrum is then approximated as a sum of Lorentzian profiles at these
requencies, modulated by a Gaussian envelope in power setting the
ode heights. For simplicity, we set a single width for all modes.
o construct the mean � = 2 , 0 model we draw 50 samples from

he model posterior distribution, and average the resulting model
pectra. The sampling is performed using a principal component
ased dimensionality reduction method presented in Nielsen et al.
 2023 ). 

Dividing the S/N spectrum by the mean � = 2 , 0 model leaves us
ith a residual spectrum which consists primarily of power due to

he � = 1 modes, any potential � = 3 modes, and to a lesser extent
ny residual power remaining due to errors in the � = 2 , 0 model.

hile this simplifies the sampling of the � = 1 model posterior
istribution, the inference on the core rotation and magnetism is now
onditional on the background and � = 2 , 0 models. This means that
n the following we ne glect an y errors due to uncertainty in these

odels. Ho we ver, for high S/N red giant stars where the background
nd � = 2 , 0 model parameters can be precisely estimated, this is
ot expected to be a significant contribution to uncertainty on the
otation and magnetic field terms. We also cannot capture correlations
etween perturbed quantities and the background. 

.3 Estimating the � = 1 model parameters 

e then used the remaining S/N spectrum to estimate the posterior
istribution of the � = 1 model parameters. At high-radial order, pure
 modes approximately satisfy an asymptotic eigenvalue equation, 

 /νg ≈ �� 1 ( n g + εg ) , (1) 

here �� 1 is the period spacing for � = 1 modes, n g is the g-mode
adial order and εg is the phase offset. To calculate the frequencies
f mixed modes, these pure g modes must be coupled to the pure p
odes. For this purpose, we used the matrix construction of Ong,
asu & Roxburgh ( 2021a ) (see also Deheuvels & Michel 2010 ). That

s, mixed modes emerge as the eigenvalues ( ω) of the following, ([−�2 
p L 

L † −�2 
g 

]
+ ω 

2 

[
I D 

D 

† I 

])
v = 0 , (2) 

here �p = 2 πνp and �g = 2 πνg are diagonal matrices containing
he angular frequencies of the pure p- and g-mode frequencies ( νp and
g ), v is the eigenvector specifying mixed modes as a combination of
ure p and g modes, L and D are coupling matrices (with elements
 ij and D ij respectively). In general, the elements of these coupling
atrices vary with their associated p- and g-mode frequencies. We
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arametrized this frequency dependence as L ij ∼ ω 

2 
g,j · p L , where 

 L is a scalar, and similarly D ij ∼ ω g,j /ω p i · p D , where p D is a
calar. A full moti v ation for this parametrization will be provided
n Nielsen et al. (in prep.). Therefore, for a given set of pure p-
nd g-mode frequencies, mixed mode frequencies can be described 
sing the introduction of two parameters, p L and p D . For each star
e sample these as random, independent variables. 
The parameters �� 1 , εg , p L , and p D were used to provide

nperturbed m = 0 mode frequencies, to which we introduced the 
erturbations due to core rotation and a core magnetic field. In the
resence of slow rotation, as is the case in these red giants, modes are
erturbed linearly. Here, we approximate the rotation as happening 
n the core, ignoring the much slower envelope rotation (Goupil 
t al. 2013 ). Under such assumptions, pure g modes are perturbed
ccording to, 

′ 
m, g = νg + mδνrot , g , (3) 

here νg is the unperturbed frequency and δνrot , g is the rotational 
plitting of the pure g modes. In the following, we will drop the
ubscript g for simplicity. 

A magnetic field in the core will also perturb the pure g-mode
requencies. In the following we used models consistent with those 
stablished in Li et al. ( 2022a ), which are subject to the constraint
hat effects of non-axisymmetry of the magnetic field are negligible. 
nlike the case of rotation, a magnetic field will also impact the
 = 0 modes, such that we have, 

νmag ,m = 0 = (1 − a) δνmag 

(
νmax 

ν

)3 

, (4) 

νmag ,m = ±1 = (1 + a/ 2) δνmag 

(
νmax 

ν

)3 

, (5) 

here a is a parameter dependent on the field topology, dependent 
n an average of the radial field strength weighted by a second-
rder Legendre polynomial. As such, the value ranges between 
0 . 5 < a < 1, with the maximum ne gativ e value corresponding to
 field concentrated about the equator and maximum positive values 
orresponding to a field concentrated at the poles. A full inversion 
or the structure of the field is not possible, given the de generac y
etween fields of different spatial scales (see Loi 2021 ; Mathis &
ugnet 2023 ). The parameter δνmag is dependent on an average of

he radial field strength (see Section 4.2.1 ). It should be noted that
he assumption of non-axisymmetry are met only when the ratio of
he magnetic to the rotational splitting is less than one. 

Our total model for the perturbed pure g-mode frequencies is thus, 

′ 
m 

= ν + mδνrot + δνmag ,m 

. (6) 

i ven v alues for the parameters �� 1 , εg , p L , and p D , we may then
alculate the resulting mixed-mode frequencies by performing mode- 
oupling calculations via equation ( 2 ) for each m separately, linearly
erturbing the pure g-mode frequencies as abo v e to describe core
otation and a core magnetic field. For this purpose, we neglect the
ffects of rotation and magnetism on the pure p modes, which are
argely insensitive to the core. 

The final additional parameter required to describe the mode 
requencies is the � = 1 small frequency spacing ( δν01 ), which
escribes the deviation between the pure p mode � = 1 frequencies
nd the midpoint of the adjacent � = 0 mode frequencies. The
omplete set of parameters required to describe the frequencies 
umbers 8 ( �� 1 , p L , p D , εg , δν01 , δνmag , a, δνrot ). 
Similar to the analysis in Section 2.2.2 , we used these frequencies

o fit a forward model to the power spectrum, described by a sum
f Lorentzian profiles. Linewidths are fixed at the value of the
 = 0 linewidth modified by the ζ function, � � = 1 = � � = 0 (1 − ζ ).
his accounts for the reduction in linewidth for g-dominated mixed 
odes, where the mode inertia is large. We assume mode heights

an be approximated by the product of the envelope height from
he � = 0 , 2 model with the relative mode visibility of � = 1 modes
 V � = 1 ), which for Kepler is V � = 1 = 1.505 (Mosser et al. 2012a ;
und et al. 2017 ). Additionally, the relati ve po wer between modes

n a multiplet depends on stellar inclination, i. This is frequently
ccounted for by multiplying mode heights by the factor E �, | m | ( i).
or dipole modes with m = 0 this is given by E 1 , 0 ( i) = cos 2 ( i), and
or m = ±1 by E 1 , | 1 | ( i) = 1 / 2 sin 2 ( i). We included this in our model,
llowing i to vary as a free parameter, setting a uniform prior in the
ange 0 ◦–90 ◦. 

To estimate the posterior distribution on the parameters of the 
 = 1 model we use the DYNESTY nested sampling package (Speagle
020 ). This relies on establishing a set of prior distributions for each
f the model parameters. 

.3.1 Priors on �� 1 , p L , p D , εg , δν01 

o construct priors on these parameters, we exploited the so- 
alled stretched échelle diagram construction (Vrard et al. 2016 ). 
n the asymptotic approximation, mixed modes are the roots of the
haracteristic equation 

tan θp ( ν) tan θg ( ν) − q( ν) = 0 , (7) 

here q is a coupling strength (in most cases approximated as a
onstant), and θp , θg are smooth functions of frequency constructed 
uch that at pure p- and g-mode frequencies νp and νg , 

p ( νp ) = πn p ; and θg ( νg ) = πn g . (8) 

i ven observ ational access to only mixed modes, but also inferences
f notional p-mode frequencies, g-mode period spacings, and cou- 
ling strengths consistent with equations ( 1 ), ( 7 ), and ( 8 ), one may
nvert equation ( 7 ) to produce ‘stretched’ frequencies νg associated 
ith each mixed mode ν. While several numerical formulations 

or doing this exist (e.g. Mosser et al. 2012b , 2015 , 2017 , 2018 ;
ehan et al. 2018 , 2021 ), Ong & Gehan ( 2023 ) prescribe an analytic

xpression, 

1 

νg 
≡ τ ( ν) ∼ 1 

ν
+ 

�� l 

π
arctan 

(
q 

tan θp 

)
, (9) 

ssuming that the pure p modes are affected by neither rotation nor
agnetism. Traditionally, these stretching functions are applied to 
ixed-mode frequencies fitted in advance from the power spectrum. 

n this work, we instead apply the stretching directly to the frequency
oordinate of the power spectrum. Having done so, the morphology 
f the resulting stretched period- ́echelle power diagrams correspond 
irectly to the linear expressions equations ( 3 ) to ( 5 ). 
To exploit this diagram to construct priors we note two features: 

(i) If the correct values of �� 1 and q are used to construct the
iagram, modes of given azimuthal order should sit in distinct ridges.
herefore, by varying these parameters manually and identifying 

hose which return the most well defined ridges we arrive at initial
stimates of �� 1 and q. 

(ii) In the absence of a magnetic field, m = 0 modes would align
ertically in a ridge at the value of εg . As such, once we have settled
n the combination �� and q, we can use the central ridge as an
stimate of εg . 
MNRAS 534, 1060–1076 (2024) 
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Figure 2. Stretched échelle power diagrams for two red giants showing 
characteristic features of rotation and magnetism. (a) KIC 10006097, showing 
symmetric rotational splitting. (b) KIC 8684542, from the sample of Li et al. 
( 2022a ), showing pronounced asymmetric rotational splitting indicative of 
core magnetism. The power spectrum indicates excess power along the g- 
mode ridges that do not correspond to identified and fitted modes in, e.g. their 
fig. 3. 
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We varied these parameters by hand using the interactive tool
ntroduced in Ong et al. ( 2024 ). We show examples of the resulting
ower diagrams in Fig. 2 . 
Priors on �� 1 and εg were set according to a normal distribution

entred on our estimate from the stretched ́echelle. Uncertainties on
� 1 from methods exploiting stretched échelles are on the order

f a few percent (Vrard et al. 2016 ). The only literature work using
tretched échelles to measure εg is Mosser et al. ( 2018 ). There-
n the mean uncertainty on εg is ≈30 per cent. We also note that
revious uncertainty estimates do not account for the presence of
agnetic asymmetry. For cases where m = 0 components have

een significantly perturbed by a magnetic field, the combination
f parameters constructing the most vertical m = 0 ridge will not be
n accurate representation of the true values. In an attempt to quantify
his effect, we constructed a mock spectrum with values of δνmag and
 consistent with those reported for KIC8684542 by Li et al. ( 2023 )
the full set of asymptotic values used can be found in the appendix).

e found that the difference between the injected and reco v ered
� 1 was below the 1 per cent le vel. The dif ference between the

nput εg , input and that from the hand tuned stretched ́echelle was more
ignificant, at approximately 10 per cent, but remained below the
ean uncertainty reported in Mosser et al. ( 2018 ). 
We set the width of the prior on �� 1 as 10 per cent of the mean.

s previously discussed, the average fractional uncertainty on εg 

eported in the literature is ≈30 per cent (Mosser et al. 2018 ). The
NRAS 534, 1060–1076 (2024) 
omputational expense associated with nested sampling scales with
he volume of prior space, such that setting a very wide prior leads to
he calculation becoming infeasible. As such, the width of the prior
n εg was set to 30 per cent of the mean. To ensure our results are
ot prior dominated, we visually inspected the posterior versus prior
istributions on εg . 
Exploiting the stretched period échelles required us to use the

symptotic expression for mixed modes, rather than the matrix
ormalism used in the sampling. Following Ong & Gehan ( 2023 ),
he value of q evaluated at νmax can be determined from the matrix
oupling parameters as 

 ≈ 1 

�ν�� 1 

(
L + ω 

2 D 

8 πν2 

)2 

= 

1 

�ν�� 1 

(π

2 
( p L + p D ) 

)2 
, (10) 

ith all frequencies e v aluated at νmax . This expression indicates that,
rom a single value of q alone, it is not possible to uniquely identify
 L and p D . Ho we ver, gi ven they are informed by the internal profile of

he star, certain values will be more physically motivated. To identify
haracteristic values of p L and p D for our stars, we exploited the grid
f stellar models used in Ong et al. ( 2021b ). For a given model star
n this grid, values of p L and p D were subsequently calculated from
he corresponding coupling matrices. Stellar tracks were calculated
ith masses from 0.8 to 2 M �, and [Fe/H] from −1 . 0 to 0.5 dex. 
For a given star, we select stellar model tracks in a mass range

onsistent with those reported in Y18 . We then located models
ith νmax in the range νmax , obs ± σ ( νmax , obs ), �� 1 in the range
� 1 , prior ± 0 . 1 �� 1 , prior and a value of q consistent with that derived

rom the stretched échelle (to within 10 per cent). The means of the
istributions of p L and p D in the selected models were taken as the
eans of the normal distributions we used as priors on p L and p D .
or all the stars in our sample, the model grid returned values of p L 

nd p D in ranges spanning standard deviations that were on average
 per cent and 10 per cent of the mean model v alues, respecti vely.
ccordingly we set the widths of the priors on p L and p D for each

tar at 10 per cent of their mean value. 

.3.2 Priors on δνmag , a, δνrot 

nce �� 1 , q, and εg have been set, ridges in the stretched échelle
an be approximated using the three remaining parameters in our
ixed mode model. Therefore, for each star we constructed a grid

f templates describing possible ridges given test values of δνmag , a,
nd δνrot . We uniformly sample δνmag in the range 0–0.2 μHz, δνrot in
he range 0.0–0.8 μHz and a from −0.5 to 1. Our grid had 50 points
n each direction, such that the resolution on the magnetic splitting
s 0.004 μHz, on the rotation it is 0.02 μHz and on a is 0.03. 

To establish the parameter values required to best describe the
ata we performed a null hypothesis test (H0 test). For a given
tar, we summed the total observed power in these ridges, and
stablished the likelihood that we would observe the resulting
ower just due to white noise (the H0 likelihood). If we were
umming power in N bins without performing the stretching, this
ould simply amount to the likelihood of drawing a given value
f summed power from a χ2 distribution with 2 N degrees of
reedom. Ho we ver, the stretching introduces correlation between
ins, such that the number of degrees of freedom in the stretched
pectrum is no longer 2 N . An analytical definition of the correct
umber of degrees of freedom required to describe a stretched
pectrum is yet to be established. Given the degree of stretch-
ng depends on �� 1 and q, this will vary on a star-by-star
asis. 
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Figure 3. Distribution of summed power across ridges defined by δνrot = 0, 
δνmag = 0, and a = −0.5 for a white noise spectrum stretched according to 
the asymptotic parameters of KIC10006097. The number of realizations has 
been increased from 50 to 100 for illustrative purposes. 
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To approximate the statistics for the summed stretched power, we 
herefore used white noise simulations. For each target, we performed 
0 realizations of a white noise spectrum e v aluated on the same
requency grid as the real data. We then stretched this spectrum 

ccording to the value of �� 1 and q used in the prior and calculated
he summed power about the predicted ridges according to our grid 
f δνmag , a, and δνrot (as would be done for a real star). This resulted
n 50 realizations of a three-dimensional summed power array for a 
i ven star. Gi ven each point corresponds to the sum of a large number
f χ2 distributed parameters, the resulting sum should be distributed 
ccording to a Gaussian (according to the central limit theorem). 
ccordingly, we calculated the H0 likelihood of the real data for a

ombination of δνmag , a, δνrot via, 

 ( � | H 0) ≈ N ( μ�, WN , σ�, WN ) , (11) 

here μ�, WN and σ�, WN are the mean and standard deviation of the 
hite noise realizations. The parameters are � = ( δνmag , a, δνrot ).
ig. 3 shows the distribution of summed power in a single cell of

he 3D array for a white noise spectrum stretched according to the
symptotic parameters of KIC10006097. 

The width o v er which we summed the power about the predicted
idge was informed by the expected (stretched) linewidth for g- 
ominated modes. At the base of the RGB, the distribution of
adial mode linewidths peaks at ≈0.15 μHz ( Y18 ). The dipole
ode linewidth for a given mixed mode then scales as � 1 ( ν) =
 0 (1 − ζ ( ν)). For a mode νi with ζ ( νi ) = 0 . 9, this implies � 1 ( ν) ≈
.015 μHz . Therefore, we sum power in a width of 0.03 μHz. Given
his definition was set using an arbitrary selection of ζ , we tested 10
ifferent widths up to a maximum of 0.15 μHz. For KIC10006097, 
e found the resulting value of δνrot was consistent across widths 

rom 0.015 to 0.084 μHz. At widths larger than 0.084 μHz, the
easured value of δνrot was consistently smaller by ≈0.1 μHz. 
Examples of the 2D distributions in likelihood for the échelle 

iagrams shown in Fig. 2 can be seen in Fig. 4 . The H0 likelihood
as then marginalized o v er each axis, and the minima of the 1D
istributions used to inform the mean of the prior used in the
ampling. 

In a handful of cases the likelihood space was multimodal. To 
dentify which mode best described the data, we manually vetted the 
ssociated ridges and subsequently reduced the range to exclude the 
purious peak. This multimodality was a by-product of the use of H0
ikelihood, as a model that is not necessarily the best descriptor of
he signal can still capture power that is very unlikely to be the result
f noise (for example residual power from � = 0 , 2 modes). 
Given these likelihoods are conditional on the combination of 
� 1 , q, and εg , we did not use the width of the minima in the
0 likelihood to establish the width of the prior. To establish the
ost appropriate width to set on the prior on rotational splitting, we

ompared our values to those from Gehan et al. ( 2018 ) (henceforth
18 ). The resulting differences in measured rotation rates give a
etter estimate of the uncertainty associated with varying asymptotic 
arameters. Of the 334 stars in our target list, 142 are also in G18 .
he differences between the values in that catalogue and those we
easured can be well approximated using a normal distribution with 
= 0.00 μHz and σ = 0.05 μHz (see Fig. 5 ). As such our prior was
 ( δνrot, echelle , 0 . 05 μHz ). 
The largest catalogue of magnetic parameters is that of Li et al.

 2023 ) (henceforth L23 , see also Li et al. 2022a , henceforth L22 ). Of
he 13 stars listed there, eight appear in our target list. We found our
alues of a differed substantially (see Fig. 6 ), with a preference for
arge values, which could be a consequence of the correlation with
� 1 (noted in L23 ). As such we ignore the result from the summed

tretched power and set a uniform prior on a between −0.5 and 1 for
ll stars. 

Our values of δνmag are in better agreement (see Fig. 6 ), with a
tandard deviation of 0.05 μHz. We set the prior as uniform, allowing
alues in the range [ δνmag , echelle − 0.15 μHz, δνmag , echelle + 0.15 μHz]. 
MNRAS 534, 1060–1076 (2024) 
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Figure 5. Core rotational splitting from the template matching technique 
versus those reported in G18 . Black dotted lines show the 1–1 relation 
±0.05 μHz. 

Figure 6. Top panel: magnetic splitting, δνmag , measured using summed 
power versus that reported in L23 . Black dotted lines are the 1–1 relation 
±0.05 μHz. Bottom panel: topology parameter, a, measured using summed 
power versus that reported in L23 . Black dotted line is the 1–1 relation. 

F  

v  

t  

0
t  

s  

a  

a  

n  

K

3

O  

i  

c  

p  

s  

c  

w  

a  

A  

a  

p

3

T  

o  

≈  

a  

a  

F  

p  

o  

r
 

i  

w  

i  

δ  

t  

L  

m  

u  

r  

s
e  

s  

t

3

T  

−  

F  

p  

t  

a  

s  

o  

f
 

i  

m  

v  

h  

fi  

c
b  

T  

c
 

a  

L  

I  

a  

σ  

p  

i  

w  

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/534/2/1060/7746778 by library@
ist.ac.at user on 07 O

ctober 2024
or cases where this width would cause the prior to allow negative
alues of δνmag , we set the lower limit on the prior at 0. In one outlier,
he grid method has a δνmag which is smaller than that in L23 by
.13 μHz. This is likely a consequence of selecting the value of �� 1 

hat made the m = 0 ridge appear most vertical (see Section 2 ). Given
etting a wider prior on δνmag for all stars would result in significant
dditional computational expense, we manually vetted posteriors
nd best-fitting models and only expanded the prior ranges where
ecessary. This amounted to expanding the prior range on δνmag for
IC8684542. 

 RESULTS  

f the 334 targets, we report the magnetic and rotational parameters
n 302 stars. Those 32 stars for which we do not report results are
ases where the posterior distribution was simply a replica of the
rior. Such were the result of either low S/N or low inclination
uch that the rotational splitting was not well constrained. Example
orner plots for two stars drawn from the sample of 302 (for which
NRAS 534, 1060–1076 (2024) 
e report results) are shown in the appendix (Figs C1 and C2 ). For
 comparison of our values of �� 1 , q, and literature values, see
ppendix B . The full catalogue of asymptotic g-mode parameters,

longside δνrot , δνmag , and a is available online, with the first 10 rows
resented in Table 1 . 

.1 Rotational splitting 

he distribution of core rotational splitting is shown in the top panel
f Fig. 7 , and is bimodal. The more populous peak is located at
0.32 μHz with the secondary peak at ≈0.47 μHz. There does not

ppear to be any strong correlation between the rotational splitting (or
ssociated bimodality) and the remaining asymptotic parameters (see
ig. B1 , which shows a corner plot of the distribution of asymptotic
arameters across the whole population). Notably the distributions
f δνmag and a with δνrot > 0.4 μHz are consistent with those in the
emaining catalogue. 

Revisiting the 142 stars which appear in G18 which we used to
nform the width of the prior on δνrot , we found general agreement,
ith ≈80 per cent agreeing to 10 per cent or better. As can be seen

n Fig. 8 , we found a correlation between the difference in δνrot with
νmag . For the star with the largest value of δνmag (KIC8684542),
he difference in δνrot is of order 0.23 μHz. This was also noted in
23 . Given the small values of magnetic splitting present in the vast
ajority of our targets, the offset in δνrot is below the scale of the

ncertainties. As such, this is unlikely to impact previous conclusions
egarding the distribution of rotational splittings on a population
cale. We note a small number of stars (9) with differences in δνrot 

xceeding 0.1 despite having δνmag values below 0.001. This is a
ymptom of low SNR on the m = ±1 components of multiplets due
o low-stellar inclination, the average in the nine cases being 45 ◦. 

.2 Magnetic parameters 

he distribution in magnetic splittings peaks about log 10 ( δνmag ) =
2.54, with a standard deviation of σ (log 10 ( δνmag )) = 0.45 (see
ig. 9 ). This indicates that, from an observational perspective,
erturbations to mode frequencies due to a core magnetic field of
he scales reported in L22 and L23 are uncommon regardless of
symmetry. In total we find the mean on the posterior of the magnetic
plitting is at least 2 σ from zero in 23 stars, approximately 8 per cent
f the total sample. The corner plots and stretched échelle diagrams
or these 23 stars are available as online materials. 

The measurements of the topology parameter a span the full range
n values allowed by the prior, with a peak at zero – the value which
inimizes the asymmetry (see Fig. 9 ). For stars in which the mean

alue of the posterior on δνmag is at least 2 σ from zero, 35 per cent
ave values of a exceeding 0.5. These are inconsistent with a dipolar
eld, and must be identified with an architecture having the field
oncentrated more towards the poles than the equator. Values of a 
elow −0.2 occur in 30 per cent of the stars with significant δνmag .
hese also cannot be the result of a dipolar field, instead being
onsistent with a field concentrated near the equator. 

The asymmetry between modes in a multiplet is often used as
n identifier of the presence of a magnetic perturbation. L22 and
23 quantify this using an additional parameter, δasym 

= 3 aδνmag .
n our catalogue δasym 

also peaks near zero, the distribution having
 mean value log 10 ( δasym 

) = −2.78 with a standard deviation of
(log 10 ( δasym 

)) = 0.67 (see Fig. 9 ). Only 12 stars have asymmetry
arameters that are at least 2 σ from zero, making them easily
dentifiable by eye. All eight of the stars that we have in common
ith L23 appear in this set. The remaining targets identified as having
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Figure 7. Distribution of δνrot . The top panel shows the distribution for the 
measurements made in this work. The following three panels include values 
from G18 with νmax > 100 μHz and are separated into three mass ranges. 
The black curves show Kernel Density Estimates (KDEs) of the distributions. 
Black dotted lines mark the locations of the two peaks identified in the lowest 
mass set to guide the eye. 

Figure 8. Fractional difference in δνrot measured here and reported in G18 
as a function of δνmag . 
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ignificant δνmag values but little asymmetry have not been previously 
dentified. 

We find no obvious correlation between δνmag and any other 
symptotic parameter, including the topology. This was also noted 
n L23 . Bugnet ( 2022 ) noted that not accounting for a magnetic
erturbation could produce a systematic underestimate of �� 1 when 
sing the techniques presented in Vrard et al. ( 2016 ). They simulated
 star with a magnetic splitting of δνmag = 0.4 μHz, which is much
arger than those reported in L22 and L23 (where-in the maximum
eported value is 0.21 μHz), and found this would cause a 1 per cent
ifference in the measured period spacing. We do not find a clear
rend between the difference in our period spacing and that recorded
n Vrard et al. ( 2016 ) with the magnetic splitting. As such, for
MNRAS 534, 1060–1076 (2024) 
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Figure 9. Distributions of magnetic parameters. Histograms are built using 
100 draws from the posterior for each of the 302 stars. Top panel: distribution 
of δνmag . Middle panel: distribution of δasym 

. Bottom panel: distribution of a. 
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tars with the magnitudes of magnetic perturbation reported here,
iscrepant �� 1 alone cannot be used as an identifier. 
For the eight stars we have in common with L23 , our values of

νmag are in broad agreement, with the mean absolute difference
eing 1.09 σ . Agreement on a is slightly worse, with a mean absolute
ifference of 1.5 σ . Our methods do differ, Li et al. ( 2023 ) fit the
symptotic expression to mode frequencies rather than directly fitting
 forward model to the spectrum. Additionally we differ in our
ethod of coupling modes, where we used the matrix construction

iscussed in Deheuvels & Michel ( 2010 ) and Ong et al. ( 2021a ), L23
se the Jeffreys–Wentzel–Kramers–Brillouin (JWKB) construction
f Unno et al. ( 1989 ). Finally, our priors on asymptotic parameters
iffer (see L23 for details). 

 DISCUSSION  

.1 Rotation and stellar mass 

s previously noted, the distribution of core rotational splitting
ppears bimodal. To better sample the underlying distribution, we
xpand our data to include stars from the G18 catalogue with νmax in
he range of the stars in our sample. To that end we selected stars from
18 that both do not appear in our target list and have νmax greater

han the minimum in our targets at νmax , min = 135 μHz. In total the
xpanded sample numbers 583 stars. Although it was not reported in
18 , a bimodality in core rotation does appear to be present in their
easurements for stars in this range in νmax (see the discussion in
ppendix D ). 
We show the distribution of δνrot as a function of stellar mass in

ig. 10 . Masses are from Y18 , where-in they are calculated via
caling relations with νmax , �ν, and T eff . In the left-most panel
showing the new measurements reported here without the additional
tars from G18 ) it appears the divide between the two populations
NRAS 534, 1060–1076 (2024) 
n rotation is mass dependent, with the more rapidly rotating peak
referentially populated with less-massive stars. To identify whether
he two apparently distinct o v erdensities remain in the sample with
he additional stars from G18 , a KDE estimate is plotted in black
n the final panel in Fig 10 . There-in we can identify the clear
 v erdensity at δνrot ≈ 0.3 μHz, alongside the less populous peak in
ensity at δνrot ≈ 0.5 μHz. 
We divided the combined catalogue into stars in ranges

.0 M �< M ∗< 1.2 M �, 1.2 M �< M ∗< 1.4 M �, and M > 1.4 M �. The
esulting distributions in δνrot can be seen in Fig. 7 . In the lowest
ass range, the secondary peak is identifiable at δνrot 0.47 μHz. In

he mid range, the peak shifts upwards in δνrot to 0.50 μHz and is less
ell populated. The set with the highest masses contains the fewest

otal stars and it is unclear whether a secondary peak is present. In
otal 25 per cent of the population have δνrot > 0.40 μHz. 

In Fig. 11 , we show our measurements of δνrot and those from
18 as a function of stellar mass in three ranges of N . The left-hand
anel is a reproduction of Fig. 10 . The following panels show this
istribution with increasing mixed mode density, N . As such, for a
iven mass, stars go from least to most evolved from the left-most
o the right-most panel. G18 and Mosser et al. ( 2012b ) concluded
hat core rotation rates in red giants decrease slightly as stars evolve,
ut do not undergo significant change. Indeed, the highest density
f stars is at ≈0.3 μHz in all three subsets. Ho we ver, the spread in
he distribution increases, such that the secondary peak identified at
.47 μHz appears to migrate to larger values with increasing N . For
tars with N < 7, 2.4 per cent of the population have δνrot > 0.6 μHz,
his increases to 6.1 per cent for stars with N > 11. 

Red Clump stars are expected to have core rotation rates that differ
rom those on the RGB. Ho we ver, gi ven the cores are undergoing
xpansion due to the onset of helium burning, rotation rates are
xpected to decrease. This was observed to be the case in Mosser
t al. ( 2012b ). There-in the authors reported splittings ranging from
.01 to 0.1 μHz. Therefore, it is unlikely the subset of rapid rotators
re misclassified clump stars. 

One interpretation of this result is that the stars in the more rapidly
otating population in each range in N belong to a single population
ith a weaker rotational coupling between core and envelope, such

hat the efficiency of angular momentum transport has been reduced.
ccordingly their cores would be able to more ef fecti vely spin-up

s they contract. As the core contracts, the envelope is undergoing
xpansion, such that we can use the evolution of core rotation with
tellar radius to infer the sign of the dependence on core contraction.
antiello et al. ( 2014 ) found that the increase in core rotation should

cale with stellar radius as �core ∝ R 

α
∗ , with α taking a value of 1.32

r 0.58, depending on whether they include just rotational instabilities
r fold in those due to magnetic torques in radiativ e re gions. That
s, the cores should spin-up as the star evolves. This is in clear
isagreement with the core rotation rates measured by Mosser et al.
 2012b ), who found exponents of −0.5 for stars on the RGB and −1.3
n the RC. The mean values of stellar radius in the stars with N <

 and N > 11 are 4.89 and 7.14 R �, respectiv ely. F or representativ e
tars at these radii to spin-up from ≈0.5 to ≈0.7 μHz would imply
 relation of the form �core ∝ R 

0 . 8 
∗ . This exponent sits in between

hose predicted by Cantiello et al. ( 2014 ). 

.2 Magnetic perturbations and stellar properties 

s noted in Section 1 , a core magnetic field could impact the transport
f angular momentum within a star. We found no clear correlation
etween the bimodality in δνrot and δνmag or a. Ho we ver, gi ven a
trong core magnetic field is frequently hypothesized as a solution
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Figure 10. Distribution of δνrot as a function of stellar mass for the combined set of stars reported here and in G18 . The left-most panel shows just the 
measurements reported in this work. In the centre panel, we fold in measurements from G18 (additional points, shown in orange). The contour lines in the right 
hand panel are a kernel density estimate (KDE) highlighting the bimodality. There-in the bin-width has been set according to Scott’s rule of thumb (Scott 1992 ). 

Figure 11. Distribution of δνrot reported in G18 (light edgecolour) and here (dark edgecolour) for stars in three different N ranges. The left-most panel shows 
targets with N < 7, the middle panel has targets in the range 7 < N < 11. The right most shows stars with N > 11. Dotted lines are at δνrot = 0.32 and 0.47 μHz. 
Histograms on the right show the distribution in the stars with N < 7 in pink and with N > 11 in green. 

t
r  

s
o
fi

4

A
s

〈

w  

T

I

w  

d

t  

fi
 

p  

m
e  

i  

0  

o  

f  

t  

f  

c
 

t
R  

w
t
C  

g
g  

r  

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/534/2/1060/7746778 by library@
ist.ac.at user on 07 O

ctober 2024
o the discrepancy between modelled and observed core rotation 
ates, constraints on the average field strength in a large sample of
tars remain in demand. In the following sections, we invert the 
bserved magnetic splitting to constrain the average core magnetic 
eld strength. 

.2.1 Stellar models 

ccording to L22 , the root-mean-square (rms) of the radial field 
trength scales with the magnetic splitting as 

 B 

2 
r 〉 = 

∫ r o 

r i 

K ( r ) B 

2 
r d r = 

16 π4 μ0 ν
3 
max δνmag 

I , (12) 

here I is a factor determined by the internal structure of the star.
his is given by, 

 = 

∫ r o 
r i 

(
N 
r 

)3 d r 
ρ∫ r o 

r i 

N 
r 

d r 
, (13) 

here N is the Brunt–V ̈ais ̈all ̈a frequency, r is radius, and ρ the stellar
ensity. Therefore, we require models of the internal profile of our 
argets to invert our measured δνmag to give an estimate of the radial
eld strength. 
To that end, we used modules for experiments in stellar astro-

hysics (Paxton et al. 2011 , 2013 ) to calculate a grid of stellar
odels with varying mass and metallicity. We calculated stellar 

volution tracks with masses varying in the range of those reported
n Y18 for our targets, spanning from 1 to 2 M � in increments of
.05 M �. Metallicities ranged from −1.0 to + 1.0 dex with a spacing
f 0.25 dex. We used a mixing length of αMLT = 2.29, which was
ound via calibration of a solar model. Overshoot was treated using
he exponential formalism with f 1 = 0.015 and f 0 = 0.004. Mode
requencies were then calculated using GYRE. To a v oid too much
omputational expense, we restricted the grid to just radial modes. 

A suitable model from this grid was selected for each star using
he AIMS package (Asteroseismic Inference on a Massive Scale; 
endle et al. 2019 ). To do this AIMS searches the grid for the region
ith the highest posterior probability given the observed parameters, 

hen explores the surrounding space using an Markov chain Monte 
arlo (MCMC) sampler ( EMCEE ; F oreman-Macke y et al. 2013 ). F or
eneral use in fitting global properties, AIMS interpolates between 
rid points. Ho we ver, we require internal profiles and are, therefore,
estricted to selecting models in the grid. We choose the model with
MNRAS 534, 1060–1076 (2024) 
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Figure 12. δνmag as a function of stellar mass. In the central panel, the 23 
stars with magnetic splitting values that are at least 2 σ from zero are shown in 
white diamonds, the remaining measurements are filled circles. The top panel 
shows KDEs of the mass distribution of the 23 stars in black and the remaining 
targets in pink. The right-most panel shows KDEs of the distribution of δνmag , 
with the same colour-scheme. 
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Figure 13. Best-fitting 
√ 〈 B 

2 
r 〉 as a function of stellar mass. The 23 stars 

with magnetic splitting values at least 2 σ from zero are marked with white 
diamonds. The remaining stars are marked with pink circles. 
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he highest posterior probability, but note this is naturally restricted
y the grid resolution. AIMS provides several methods to apply surface
orrections to model frequencies, of which we selected the method
f Ball & Gizon ( 2014 ). We provided T eff , [Fe/H], log ( g), mass (from
18 ) alongside �� 1 , νmax , �ν, and radial mode frequencies from

he � = 2 , 0 model (see Section 2.2.2 ) as observables. 
The only model parameter which could induce additional uncer-

ainty in equation ( 12 ) is I. Across all of the best-fitting models,
he variation in this parameter is well approximated by a Gaussian
ith a spread which is 30 per cent of the mean. If we take this

s a conserv ati ve proxy for the model uncertainty on this parameter
given our stars share similar observable properties), we would expect
 modelling error on the inferred field strength of order 30 per cent.
e took this value forward as the model error, stating it in addition

o the statistical error from the measurement of δνmag , noting this is
 very conserv ati ve estimate. 

.2.2 Mass 

he presence of core convection during the main sequence is
ependent on stellar mass, requiring the star to have a mass greater
han ≈1.1 M � (Kippenhahn & Weigert 1990 ). A magnetic field could
hen be driven in this convection zone and remain on the RGB in fossil
orm. Should significant magnetic perturbations only be measured
n stars of mass > 1.1 M �, we may take this as evidence that core
agnetic fields in red giants are the remains of those generated in a

onvection zone on the main sequence. Ho we ver, as sho wn in L22
nd L23 , stars with masses below 1.1 M � can still develop small
onv ectiv e cores on the main sequence, due to the burning of 3 He
nd 12 C outside of equilibrium. There-in the authors find that the
ore sizes are not large enough to reach the hydrogen burning shell
n the red giant branch. As such, modes would be less sensitive to
he presence of the field and therefore require a larger field strength
o produce a shift of similar scale. Assuming field strength does
ot depend on stellar mass, we should then find that measurable
agnetic perturbations in stars with M < 1.1 M � are broadly smaller

n magnitude. 
Fig. 12 shows δνmag as a function of stellar mass (mass values

rom Y18 ). We note that δνmag values in excess of 0.04 μHz only
NRAS 534, 1060–1076 (2024) 
egin to appear at masses larger than ≈1.1 M �. Ho we ver, this is not
he case for small but significant magnetic splittings at values below
.04 μHz. In this regime, stars span the full range in stellar mass
resent in our population. This could be consistent with a field driven
n the small main sequence convection zone caused by the burning
f 3 He and 12 C outside of equilibrium. Given that these targets have
ot previously been published due to the lack of asymmetry, this
ighlights a potential detection bias when manually selecting targets.
his result could also be the signature of a systematic underestimate
n stellar mass for the stars with significant δνmag at M < 1.1 M �.
o we ver, comparisons to masses derived from eclipsing binaries
ave shown masses from asteroseismic scaling relations are likely to
e systematically o v erestimated rather than underestimated (Gaulme
t al. 2016 ; Brogaard et al. 2018 ; Themeßl et al. 2018 ; Li et al.
022b ). 

.2.3 Magnetic field strengths 

o determine the value of 〈 B 

2 
r 〉 that would reproduce the magnetic

plitting we measured, we utilized the best-fitting models from the
rid outlined in Section 4.2.1 . From these models, we calculated
he value of I for each star. We then drew 1000 samples from the
osterior distributions on δνmag and νmax and calculated the mean
eld strength, 〈 B 

2 
r 〉 , according to equation ( 12 ). The reported field

trength for each star is taken as the mean of the resulting distribution
n 〈 B 

2 
r 〉 . Uncertainties are the standard deviation on this distribution

lus the expected uncertainty from the models (see Section 4.2.1 )
dded in quadrature. 

The distribution of 〈 B 

2 
r 〉 peaks at zero, reflecting the measured

agnetic splitting. For the stars with a field value at least 2 σ from
ero, 30 per cent of the population have 〈 B 

2 
r 〉 < 30 kG. The distribution

hen tails with increasing field strength to the maximum at 169.4 ±
1 kG, occurring in KIC5696081. 
There is no significant correlation between the measured core field

trengths and stellar mass (see Fig. 13 ). At the low-mass end of the
istribution, the scale of the spread appears larger in 〈 B 

2 
r 〉 than δνmag .

his is a consequence of the ν−3 
max dependence on δνmag . For a given

eld strength, a larger νmax (preferentially occurring in lower mass
tars) implies a smaller magnetic splitting. 

L23 identified a decrease in the core field strength as stars evolve
long the RGB, b ut ca veat this with a note that there is significant
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Figure 14. Best-fitting 
√ 〈 B 

2 
r 〉 as a function of mixed mode density, N . Stars with δνmag − 2 σ ( δνmag ) > 0 are shown in orange circles. The remaining 

measurements are in light grey circles. Blue diamonds show values reported in L23 for stars that do not appear in this work. 
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catter. We observe the same dependence in our larger set of stars,
s is shown in Fig. 14 . There-in the authors identified the decrease
ollows the decrease in the critical field strength, which sets an upper
imit on the observable field strength. 

 LIMITATIONS  

lthough the aim of this w ork w as to catalogue a large number of
tars such that we could start exploring population statistics, we were 
till subject to various detection biases. First, we restricted ourselves 
o spectra where-in we could clearly identify all three components 
f the � = 1 multiplets. Therefore, we are restricted to inclination in
he approximate range 30 ◦<i< 60 ◦. With the assumption that stellar
nclination is isotropically distributed this limits us to ≈40 per cent 
f the possible sample of stars. 
Secondly, targets were selected by manual identification of ro- 

ational splitting. This meant that we required spectra where-in 
he separation between mixed modes was significantly larger than 
he rotational splitting. This defined both the lower limit on νmax 

100 μHz) and sets an upper limit on the δνrot for a given star. For
 target with νmax = 150 μHz, �� 1 = 80 s, the expected separation
etween adjacent mixed modes is approximately 3 μHz. Currently, 
he maximum recorded core rotation rate for a red giant is 0.95 μHz
 G18 ). Therefore, while our method is well suited to the range in
ore rotation previously reported in the literature, stars with rotation 
ates exceeding a few μHz would not have appeared in our initial
ample selection. 

Finally, We do not treat envelope rotation, which would introduce 
dditional splitting in the p-dominated modes. Should the envelope 
otation be significant, this could lead to an o v erestimate in our
easurement of core rotational splitting. Ho we ver, surface rotation 

ates in red giants are observed to be orders of magnitude smaller than
he core rotation (Goupil et al. 2013 ), such that they are unlikely to
ause significant error. Non-standard stellar evolution (e.g. mergers) 
an cause rapid envelope rotation in red giants. Ho we ver, best
stimates for the pre v alence of such non-standard rotators is on
he order of 8 per cent (Gaulme et al. 2020 ). In our catalogue,

25 per cent of stars have core rotational splitting larger than 
.4 μHz. A study of the relation between envelope rotational splitting, 
ore rotational splitting, and magnetic parameters is reserved for 
uture work. 

 C O N C L U S I O N S  

xploiting the stretched period échelle, we have demonstrated how 

emplate matching can be used to construct initial estimates of the
erturbations to dipole mode frequencies caused by core rotation 
nd a magnetic field. We parametrize these using the magnetic 
plitting ( δνmag ), a parameter dependent on field topology ( a), and
ore rotational splitting ( δνrot ). This allowed us to establish well-
oti v ated priors for δνmag and δνrot in 334 low-luminosity red giants.
Utilizing the information gained from the stretched échelles, we 

erformed a full fit of the perturbed asymptotic expression to the
ower spectrum. This allowed us to jointly constrain �� 1 , q, εg ,
ν01 , δνrot , a, and δνmag in 302 targets. We found that not accounting
or the magnetic perturbation when measuring the rotational splitting 
an lead to biased measurements when the magnetic perturbation is 
arge ( δνmag on the scale of 0.1 μHz). For the star with the largest
alue of δνmag , the value of δνrot reported in G18 is 70 per cent smaller
han the value we measured. 

We identified a bimodality in the core rotation rates of the stars
n our sample. The more populous peak is at δνrot = 0.32 μHz, with
he secondary at 0.47 μHz. The location and size of this secondary
eak appears to be mass dependent. We found the distribution also
volves with N , with the upper limit on core rotation increasing
ith increasing N . Assuming that in each N range the most

apidly rotating stars belong to a secondary population, the observed 
ncrease in core rotation rate would imply a relation of the form

core ∝ R 

0 . 8 
∗ . This is much closer to the predictions in Cantiello

t al. ( 2014 ), suggesting in these stars the evolution of core rotation
ould be reproduced using a combination of rotational and magnetic 
nstabilities. 

We measured a magnetic splitting that is at least 2 σ from zero
n 8 per cent of the total sample (23 stars). Strong asymmetry
as only present in 57 per cent of these targets (4 per cent of the

ull catalogue). For the stars with a clear detection of magnetic
plitting, the topology parameter is not uniformly populated. A large 
ercentage (35 per cent) have values of a exceeding 0.5, identifiable
MNRAS 534, 1060–1076 (2024) 
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ith an architecture with the field more concentrated at the poles than
he equator. Another large group (30 per cent of stars with significant

agnetic splitting) have values of a below −0.2, consistent with a
eld concentrated near the equator. 
We did not observe any correlation between magnetic and rota-

ional parameters, and so are unable to comment on whether the
dditional angular momentum transport is directly related to the
agnetic fields we measured. 
Although the largest magnetic splittings we measured were in stars

ith masses greater than 1.1 M �, magnetic splittings inconsistent
ith zero were measured in stars with masses from 1.03 to 1.6 M �.
his suggests that a main-sequence conv ectiv e core may not be the
nly channel for generating stable magnetic fields that are observed
n fossil form on the red giant branch. 

For the targets in which we measured significant magnetic split-
ings, the field strengths are on the order of tens of kG, with the
umber of detections decreasing with increasing field strength. The
aximum value we measured was 169.4 kG in KIC5696081. We

onfirm the tentative conclusion made in L23 that measurable field
trengths decrease as stars evolve. 
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PPENDIX  A :  PA R A M E T E R S  F O R  I N J E C T I O N  

E C OV E RY  TEST  

able A1 contains the parameters used to generate the f ak e spectrum
sed in Section 2.3.1 . 
able A1. Values of the asymptotic parameters used to construct a mock 
pectrum for KIC8684542. 

� 1 (s) εg q δνmag ( μHz) a δνrot ( μHz) 

0.39 0.8 0.124 0.195 0.47 0.33 

a  

w  

m  

i

er on 07 O
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PPENDI X  B:  C O M PA R I S O N S  TO  L I T E R AT U R E  

A LUES  

1 G-mode asymptotics 

e note here we manually inspected both the stretched echelles 
nd the models of the power spectrum that result from our values
f �� 1 and q for each star in our sample, to confirm the values
roduced models in good agreement with the data. None the less,
e include a comparison of our values with those from the literature
elow. Vrard et al. ( 2016 ) ( V16 ) published measurements of g-mode
symptotics in 6100 red giants. Mosser et al. ( 2017 ) ( M17 ) built on
his catalogue to include the mode coupling parameter, q. In Figs B2
nd B3 , we show comparisons between our measurements of period
pacing and coupling parameter (which we derive from equation 10 )
nd those from the aforementioned catalogues. The strong gridding 
n q is a result of the methods used in M17 . On average, the values
f q reported here are higher, with the mean offset being 10 per cent.
his is below the average uncertainty reported in M17 , which is
6 per cent. For a test star where-in the value of q in our work differs
ignificantly from that in M17 we have included an example of the
tretched échelle according to both results in the online materials. 
ur period spacing measurements are consistent with those reported 

n V16 in all but two cases, KIC 7009365 and KIC 9945389. The
ormer case is one with a measurable magnetic signature, which was
lso reported in L23 . For the latter star, the period spacing reported
n V16 is 68.8 s, which is substantially lower than the average in their
ample (at 83.7 s). The value reported here, however, is consistent
ith that average, at 86.4 s. Though the mean of the posterior
istribution when fitting for a magnetic shift in KIC 9945389 is
ot significantly different from zero, we note the posterior space is
imodal. A secondary set of solutions occurs at slightly higher period
pacing and a significant magnetic shift. The stretched ́echelle for this
tar using the parameters published in this work and those in V16 can
e found in the online materials. We note the uncertainties reported
ere are smaller than those in V16 by two orders of magnitude. They
re, ho we ver, consistent with those reported in more recent studies
xploiting similar fitting methods ( L22 ; Kuszlewicz et al. 2023 ;
23 ). 
Using a different method involving forward modelling mixed 
ode frequencies, Kuszlewicz et al. ( 2023 ) ( K23 ) reported the g-
ode asymptotic parameters in 1074 Kepler red giants. A compar- 

son between our values and those in K23 can be seen in Figs B4
nd B5 . There-in we find better agreement on both parameters than
ith V16 and M17 . Noticeably, there is no trend or offset in q (the
ean difference between the values reported here and those in K23

s 0.03 per cent). 
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Figure B1. Corner plot showing the distribution of the asymptotic parameters, rotational splitting, and magnetic parameters across all 302 stars. 

Figure B2. Difference in period spacing measured here and reported in V16 . 
Figure B3. Difference in q measured here and reported in M17 . 
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Figure B4. Difference in period spacing measured here and reported in K23 . 

Figure B5. Difference in q measured here and reported in K23 . 
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Figure C2. Corner plot of the asymptotic parameters of KIC7018212. 
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PPENDIX  C :  EXAMPLE  C O R N E R  PLOTS  

igs C1 and C2 show the corner plots of the parameters in the
erturbed dipole mode model for two example stars. KIC 7018212 is
 star in which no clear magnetic signature is measured, while KIC
1515377 has a clear signature of magnetic splitting. 
Figure C1. Corner plot of the asymptotic parameters of KIC11515377. 
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PPENDI X  D :  ESTA BLISHING  T H E  

I GNI FI CANCE  O F  B I M O DA L I T Y  IN  C O R E  

OTAT I O N  

o e v aluate the significance of the apparent secondary peak in
he distribution of δνrot , we tested fitting different numbers of 
aussians to the distribution of core rotational splitting in G18 

for stars with νmax > 135 μHz, the minimum in our sample) and
o the measurements reported here. To quantify which number of 
omponents best represented the data, while including a penalty 
or models with arbitrarily large numbers of free parameters (i.e. 
hose that are o v erfitting the data), we used the Bayesian information
riterion (BIC; Schwarz 1978 ). This is defined as: 

IC = kln ( n ) − 2 ln ( ̂  L ) , (D1) 

here ˆ L is the maximum of the likelihood for a given model, n
s the number of observations, and k is the number of parameters
n the model. Models that minimize the BIC are thus preferred.

e found in both the subsample from G18 and our measurements
MNRAS 534, 1060–1076 (2024) 

igure D1. Left panel: Histogram showing the distribution of core rotational 
plitting for stars with νmax > 135 μHz, as reported in G18 . Lines represent a 
t of two Gaussian distributions to the data. The individual components of this 
t are represented by dotted lines. Right panel: the BIC as a function of the 
umber of Gaussian components used the fit the distribution. The minimum 

f this curve is for two components. 
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igure D2. As in Fig. D1 , but with the core rotational splitting measured in
his work. Again the two component fit has the lowest BIC. 
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Published by Oxford University Press on behalf of Royal Astronomical Society. This is an 
( https://cr eativecommons.or g/licenses/by/4.0/), which permits unrestricted reus
he value of the BIC was lower for the fit with two components,
ather than one (see Figs D1 and D2 ). For the models with two
aussian components, the means of the components were also

onsistent across the subsample from G18 ( μlower = 0.29 μHz,
higher = 0.49 μHz) and the measurements reported here ( μlower =
.31 μHz, μhigher = 0.48 μHz). 
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