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Abstract

Consider the random variable Tr(fi1(W)A: ... fr(W)Ak) where W is an N x N Her-
mitian Wigner matrix, ¥ € IN, and choose (possibly N-dependent) regular func-
tions fi,..., fr as well as bounded deterministic matrices A;,..., Ax. We give a
functional central limit theorem showing that the fluctuations around the expectation
are Gaussian. Moreover, we determine the limiting covariance structure and give
explicit error bounds in terms of the scaling of fi, ..., fr and the number of traceless
matrices among Ai, ..., Ak, thus extending the results of [14] to products of arbitrary
length k > 2. As an application, we consider the fluctuation of Tr(e™" A;e =W 4,) /N
around its thermal value Tr(A;) Tr(A2)/N? when ¢ is large and give an explicit formula
for the variance.
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1 Introduction

The eigenvalues {\;}}_, of a large N x N Hermitian random matrix W constitute
a strongly correlated system of random points on the real line. Due to the strong
dependence, classical central limit theorems (CLTs) aimed at independent or weakly
dependent random variables do not apply. However, the linear statistics Tr f(W) =
Z;V: 1 f(X;) with a regular test function f : R — R have a variance of order one (see [31])
and, in fact, satisfy a central limit theorem with a Gaussian limit, as shown, e.g., in [32]
for the Wigner case and in [30] for invariant ensembles, see also [47, 48]. Remarkably,
the effect of the dependent random variables only manifests in the anomalous scaling,
and removing the classical N ~!/2 prefactor fully compensates for the correlations. We
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Multi-point functional CLT for Wigner matrices

emphasize that this question is well-studied for Wigner matrices, see, e.g., [25, 3, 37,
43, 50, 4, 33] and that recent work by Diaz and Mingo [19] establishes a CLT for a large
class of random matrix models and expresses the limiting covariance structure in terms
of a Fréchet integral.

Note that the information obtained from a CLT is twofold: It characterizes the
fluctuations of the linear statistics around its mean as Gaussian and simultaneously
identifies the limiting variance or, more generally, the limiting covariance structure. To
generalize the CLT for ), f(};), the linear statistics can be modified in different ways.
First, one may replace the N-independent function f by a function of the build

f(@) = g(N7(z - E)) (1.1)

where g is a regular N-independent function, F € R lies in the limiting spectrum of W,
and N7 is larger than the typical eigenvalue spacing around F. Considering the linear
statistics for a function f that is concentrated around a value E on a mesoscopic scale
allows us to zoom into the spectrum and thus study the problem locally. For Wigner
matrices, this problem was studied by He and Knowles in [27, 26, 28], yielding a tracial
CLT for the bulk spectrum that spans the entire mesoscopic regime. Similar questions
have also been studied for other models, including deformed Wigner matrices [29, 34],
generalized Wigner [35], and Wigner-type [41] matrices, sample covariance matrices
[2, 34], Haar distributed random matrices on the classical compact groups [45, 46, 49], 8-
ensembles [8, 44, 7, 6, 24, 9], free sums [5], and non-Hermitian random matrices [10, 20].
See also [14] and references therein for a discussion of further examples and previous
results.

The second generalization addresses that Z;VZI f(A;) is inherently tracial, i.e., the
statistics only involve the eigenvalues of the random matrix, but not its eigenvectors. By
testing f(V) against a bounded deterministic matrix A with ||A| < 1, i.e., by modifying
the centered statistics to the form

N
Te[f(W)A] = ETe[f(W)A] = Y f(N)(uy, Awy) — E[...], (1.2)

j=1
the normalized eigenvectors uy,...,uy of W enter into the problem. In the Wigner

case, Lytova [36] obtained a CLT for (1.2) on macroscopic scales including an explicit
formula for the limiting variance. We refer to the CLTs that also involve eigenvectors as
functional in contrast to the tracial CLTs above. The recent paper [14] extended these
results to all mesoscopic scales and further established that decomposing the matrix A
in (1.2) according to

L 1
A= (AT + A+ Ava, (A4) 1= 5 Tr A,

gives rise to three asymptotically independent fluctuation modes. Here, Id denotes
the identity matrix, and A, and A,; denote the diagonal and off-diagonal components
of A=A— (A)Id, the traceless part of A, respectively. Moreover, the results in [14] show
that the modes corresponding to the tracial and traceless part of A fluctuate on different
scales in the mesoscopic regime and two modes of the build (1.2) are asymptotically
independent if the involved functions live on different scales.

In this work, we study a third generalization of the original linear statistics Z?le F\),
which extends (1.2) from involving one (possibly N-dependent, mesoscopically scaled)
function of W and one (possibly traceless) bounded deterministic matrix to alternating
products involving k£ € IN functions and bounded deterministic matrices, respectively.
More precisely, we consider the fluctuation of the statistics

Y= (fiW)A1fo(W) Az ... frr(W)Ax) — E(fr(W)A1fo(W) Az ... fr(W)Ay), (1.3)
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show that Y satisfies a CLT with a Gaussian limit and give the limiting covariance struc-
ture as well as explicit error estimates. This generalizes [14, Thm. 2.4] to arbitrary £ > 1.
We refer to the result as a multi-point functional CLT. Similar to the results in [14], we
further verify that two modes are asymptotically independent if the functions f; are
rescaled to different scales or around different numbers E; via (1.1). However, while
the k = 1 case only allows for two relevant classes of deterministic matrices (correspond-
ing to the tracial and traceless modes, respectively), considering k£ > 2 further allows us
to pinpoint the size of the limiting covariance explicitly in terms of the lengths of the
matrix products and the number of traceless matrices involved. We further find that two
modes of the build (1.3) are asymptotically independent whenever the total number of
traceless matrices involved is odd.

A key ingredient for studying the fluctuation of (1.3) is information on the 1/N cor-
rection to E(f; (W)A; ... fx(W)Ag), which was included in the error terms of previous
results (cf. [12, Cor. 2.7]). Before considering the CLT, we hence give an expansion of
the expectation. Note that the leading term of this expansion was already identified
in [13, 12]. As the corresponding local laws are obtained by induction, the limiting object
naturally arises through a recursion. The explicit form of the expectation obtained in [13]
from solving the recursion mirrors the combinatorics encountered in (first-order) free
probability, e.g., for the alternating moments E(W; D; ... W Dy) of a finite family of inde-
pendent Wigner matrices (W;); and a finite family of deterministic matrices (D;); (see,
e.g., [39, Sect. 4.4]). Note, however, that free probability methods are typically restricted
to (N-independent) polynomials and often require an independent family of Wigner ma-
trices, while the resolvent approach presented in [13, 12] applies to a much wider class
of functions including resolvents and mesoscopically rescaled Sobolev functions. In a
similar spirit, the limiting covariance in our CLT also naturally arises through a recursion
which can be solved to obtain an explicit formula. We carry out the necessary combina-
torics in the companion paper [40] to show that the parallels to free probability identified
in [13] for the expectation continue to hold for the fluctuations. More precisely, the
structure of the limiting covariance in our CLT mirrors the combinatorics in second-order
free probability theory (see [39, Ch. 5] and [15] for an introduction) and, in the special
case f;(x) = z, correctly reproduces the structure of the fluctuation moments of Wigner
and deterministic matrices that was recently computed in [38]. To avoid introducing
additional notation, we work with the recursive definitions in the present paper and only
refer to the formulas in [40] for explicit computations and examples.

Lastly, as an application of the functional CLT, we consider the special case f;(z) = elti®
with ¢; € R. Interpreting W as the Hamiltonian of a mean-field quantum system and the
deterministic bounded matrix A as an observable, the quantity

A(t) := "W Ae™ W

describes the Heisenberg time evolution of A. In this context, applying the CLT for the
linear statistics (1.3) yields information about the fluctuations around the equilibrium in
certain thermalization problems. For k£ = 1, the main interest lies in a CLT for averages
of diagonal eigenvector overlaps (u;, Au;) (see [14, Thm. 2.3]) due to their connection to
the fluctuations in the eigenstate thermalization hypothesis (see [17]) which is referred
to as quantum unique ergodicity in mathematics (see [42], further references can be
found in [11]). For k > 2, the statistics in (1.3) translate to the simultaneous time
evolution of different observables in the same quantum system. It is expected that two
observables A;(t) and As become thermalized for ¢t >> 1, i.e., that

(A1(t)A2) = (A1)(A2)
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in the large t regime. More precisely, if both A; and A, are traceless we have

2 €
(An(D)42) = (A A DT S0y (A7) (1.4
for any fixed ¢t € R, where J; denotes a Bessel function of the first kind and (%) is a
centered Gaussian random variable with a t-dependent variance. The first term of (1.4)
was established in the recent paper [13] in the form of a law of large numbers-type result
with an effective but non-optimal error bound. Applying our functional CLT for k = 2
shows that the fluctuations around the thermal value are Gaussian and thus gives the
second term of the expansion. Considering asymptotics for ¢ > 1 after letting N — o
further yields an explicit expansion for the variance in the regime that is relevant for
thermalization.

We conclude this section with a brief overview of the paper. After introducing some
commonly used notations, we collect our assumptions on the Wigner matrix W in As-
sumption 1.1. We then briefly recall the optimal multi-resolvent local law [12, Thm. 2.5],
which constitutes one of the key tools for the analysis. The main results of the paper
are then given in Section 2. We start by giving a precise expansion of the expecta-
tion E(f; (W)A; ... fr(W)Ai) beyond the leading term (Theorem 2.4). Considering the
fluctuations of the statistics in (1.3), we then establish a CLT and give an explicit formula
for the limiting covariance (Theorem 2.7, Corollary 2.9). This is followed by a discussion
of the result, including the asymptotics in the mesoscopic regime (Theorem 2.10), suffi-
cient conditions for two modes to be asymptotically independent (Corollary 2.11) as well
as the case of multiple independent Wigner matrices. We conclude Section 2 by applying
the functional CLT to thermalization problems. In Section 3, we consider the special
case of the resolvents f;(W) := G(z;) = (W — z;)~! for some suitable spectral parame-
ters z; € C, which provides the key ingredient for the proof of our main results. Here,
the first step is introducing a recursively defined set function £[-] (Definition 3.1), which
we then identify as the subleading 3 term of the expectation E(G(z1)A; ... G(zi)Ak).
This added resolution is the main tool in proving the CLT in the case that all functions f;
are resolvents (Theorem 3.8). The role of the limiting covariance in the theorem is played
by a recursively defined set function my[-|-] (Definition 3.5). Lastly, the proofs are given
in Section 4. To keep the presentation concise, some routine calculations are deferred to
the appendix.

1.1 Notation and conventions

We start by introducing some notation used throughout the paper. For two positive
quantities f,g, we write f < g and f ~ g whenever there exist (deterministic, V-
independent) constants ¢,C > 0 such that f < Cg and ¢g < f < Cg, respectively.
We denote the Hermitian conjugate of a matrix A by A* and the complex conjugate
of a scalar z € C by z. Moreover, | - || denotes the operator norm, Tr(-) is the usual
trace and (-) = N~!Tr(-). We further denote the covariance of two complex random
variables Y7, Y2 by Cov(Y7, Y2) and follow the convention

COV(Yl,YQ) = E(Yl - EYl)(YQ — EY2)7

i.e., the covariance is linear in the first and anti-linear in the second entry. For k,a,b € IN
with a < b, we set [k] = {1,...,k} and adopt the interval notation [a,b] = {a,a +1,...,b}.
We further write (a,b] or [a,b) to indicate that a or b are excluded from the interval,
respectively. Ordered sets are denoted by (...) instead of {... }.

Given a matrix A € CVN*V, the traceless part of A is denoted by A4 := A — (4)Id
where Id denotes the identity matrix. Further, a := diag(A) denotes the diagonal matrix
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obtained from extracting only the diagonal entries of A and A; ® A, denotes the entry-
wise (or Hadamard) product of two matrices A; and A;. For a Hermitian matrix W
and z1,. .., z; € C\R, we write the corresponding resolvents as G; = G(z;) := (W —z;) ™!
and index products of resolvents using the interval notation

G[a,b] = GaGa+1 N Gb

for a,b € IN with a < b. Recalling that angled brackets indicate that an edge point of
the interval is excluded, we write G, ;) and G|, ) to exclude G, or G, from the product,
respectively. Moreover, GGy is interpreted as zero. Note that this notation differs slightly
from [13, 12]. As we often consider alternating products of resolvents with deterministic
matrices Ay, ..., Ay, define T := G;A; and apply the same interval notation as above to
write

T[k] =T1... T, = G1Ay ... G Ag, T[a,b] =Ty Tov1 ... Tp. (1.5)

Again, angled brackets are used to exclude T, or T, from the product, respectively,
and 7Tj is interpreted as zero. We call a product of the type (1.5) resolvent chain of
length k.

Throughout the paper, we assume W to be an N x N complex' Wigner matrix
satisfying the following assumptions.

Assumption 1.1. The matrix elements of W are independent up to Hermitian sym-
metry W;; = W;; and we assume identical distribution in the sense that there is a
centered real random variable x,; and a centered complex random variable x,q such
that W;; L N-1/2y,, fori < j and W;; £ N-1/2y,, respectively. We further assume
that E|x.q|> = Ex3 = 1 as well as the existence of all moments of x4 and X,q4, i.e., there
exist constants C),, > 0 for any p € IN such that

E|xal” + E|Xoal” < Cp.
Lastly, we assume that the pseudo-variance vanishes, i.e.,
Ex5q = 0.
We further introduce the notation
kg := Blxoal* — 2 (1.6)

for the normalized fourth cumulant of the off-diagonal entries. Note that the notation
matches [14], however, we restrict the model to complex matrices with vanishing
pseudo-variance, i.e., ]EWIQJ = 0 for ¢ # j, for technical simplicity. The more general
model from [14] is studied for macroscopic scales in the companion paper [40], and the
necessary modifications for an extension to mesoscopic scales are sketched.

The eigenvalue density profile of W is described by the semicircle law (see, e.g., [1,
Ch. 2] for some background), i.e., the probability measure with density

V4 — 22

o ]1[72’2] (l‘) (17)

psc(@) =

which mainly enters our analysis in the form of its Stieltjes transform

r—=z

m(z) = /de, z€ C\R. (1.8)

1The same method applies to the real case with only small modifications. For simplicity of the presentation,
we restrict the following analysis to the complex case only.
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We remind the reader that m(z) is the unique solution of the Dyson equation

1

e =m(z)+ 2, S23(m(z)) >0 (1.9)
and that its derivative satisfies
/ m(z)*
=—"—. 1.10
m(:) = (1.10)
Given fixed 21,...,2; € C\ R, set m; = m(z;) and m} = m/(2;), respectively, and let
Gij = T, (1.11)
1— m;m;

possibly setting ¢; ; = m; whenever ¢ = j. Moreover, we define the iterated divided
difference for finite multi-sets {z1,..., 2} C C\ R recursively by

m[Zg,...,Zk] —m[zl,...,zk_ﬂ

mlz, ..., 2] = (1.12)

ZE — %1
whenever there are two distinct z; # 2z, among 21, . . ., 2, and otherwise set
m*=1(2)
k times

where m(*~1) is the (k — 1)-th derivative of the function m in (1.8). Note that this is
well-defined in the sense that m[z1, ..., 2] is independent of the ordering of the multi-
set {#1,...,2r}. We abbreviate m[l,...,k] := m[z1,...,2;] and note that ¢; ; in (1.11)
coincides with mi, j].

1.2 Preliminaries: multi-resolvent local laws

Before considering the fluctuations, we briefly recall the optimal multi-resolvent local
law [12, Thm. 2.5], which characterizes the deterministic approximation of (7}; ;). We
start by introducing the commonly used definition of stochastic domination.

Definition 1.2 (Stochastic domination). Let
X = {X(N)(u)‘N eNue U(N)} and Y = {Y<N>(u)|N eNue U<N>}

be two families of non-negative random variables that are indexed by N and possibly
some other parameter u. We say that X is stochastically dominated by Y, denoted
by X <Y or X =0L(Y), if, for alle,C > 0 we have

sup IP(X(N)(U) > NEY(N)(U)) <N°¢
ueU V)
for large enough N > Ny(e,C).

Given z1, ..., 2, € C and matrices A1, ..., A, we define the set function? M) = My
for k > 2 through the recursion

k—1
My =m (AIM[2,k] + qu k(A1 Mo ) + Z<M[1,j}>(M[j,k] + Q17k<M[j7k.]>)> (1.13)

Jj=2

2Note that My, depends on (2;) c[x] @nd (A;);e[x], i-e., both the spectral parameters and the deterministic
matrices are indexed by the same set. We hence interpret M.y as a function of the (ordered) index set to
match the notation in the following sections.
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with initial condition M[l] = myId. This function was introduced in [13, Lem. 5.4] and
an explicit (non-recursive) formula for M was given in [13, Thm. 3.4]. However, we
will only use the recursive definition in the present paper. Analogously to (1.13), we may
define Mg for any (cyclically) ordered set S = (sy,..., sx) instead of an interval. In this
case, we write

Mg = Ms,, . sp)- (1.14)

The set function M plays the role of the deterministic approximation of 7}, )Gy in the
following multi-resolvent local laws.

Theorem 1.3 (Multi-resolvent local law, [12, Thm. 2.5]). Fix ( > 0 and k € IN. Let
z1,...,2, € C\ R with max;|z;| < N'% and d := min; dist(z;,[—2,2]), deterministic
matrices Ay, ..., A € CV*N with ||A;]| < 1 such that a out of them are traceless. Set
further 1, := min; |3z;| > N~1+¢. Recalling that T; = G;A,, we have the averaged local
law

1
<T[1,k]> = <M[k]Ak> + O (W), (1.15)

and for x,y € CV with ||x||, ||y|| < 1 we have the isotropic local law

1
(x, 11y Gry) = (x, My) + O< (W) (1.106)
Note that A, ..., A, € CV*¥N are, in fact, N-dependent quantities, but we do not

carry the N-dependence explicitly. As we frequently encounter (M) Ax) in the following
sections, we further introduce the notation?®

ml[Tl, cen ,Tk] = ml[zl,Al, .. .,Zk,Ak] = <M[k]Ak> (117)

It is immediate from (1.13) that the function m, [-] satisfies the recursion

m[Th,... Ty = m1<m1[T2, o Tl + quama [T, Tty Gl (Ag) (1.18)
k-1
+ Zml[Tl, - ,Tj',l, Gj](ml[Tj, - ,Tk] + qukml[Tj, - 7Tk717 Gk]<Ak>)>
j=2
with initial condition m;[T1] = (A;)m,. The arguments in the notation my[T7, ..., %]
indicate the deterministic approximation of (7} ...T)). Whenever 4; = --- = A, =1d, it

follows that the deterministic approximation is given by the iterated divided differences,
ie.,
ml[Gl,...,Gk]zm[l,...,k], (119)

which can be seen from the resolvent identity

Gj — Gj,1

25 — Zj—1

GiGj_1 = (1.20)
and the averaged local law (1.15). Note that (1.15) and (1.16) may also be applied for
any product T, ... Ts, _,Gs, that is indexed by a (cyclically) ordered set S = (s1, ..., sk)
instead of an interval. In this case, the deterministic approximation is given by (1.14).
We further note the following a priori bounds for m/[], m;[-], and M|, (cf. Lemma 2.4

and Appendix A of [12]). Recall that n; = Sz, is N-dependent in the mesoscopic regime.

3Note that mq [T, ..., T,] is a deterministic quantity. We slightly abuse notation to use the symbol 7} =
G;A; and the tuple (z;, A;) interchangeably, as this allows writing some equations more compactly.
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Lemma 1.4. Let k € IN, pick spectral parameters z, ..., z; and deterministic matrices
such that a matrices among A, ..., A are traceless. Further, set 1, = min; |Jz;| and
assume d := min; dist(z;, [-2,2]) < 1. Then,

[Ty, .. Tl S W’

1

< HM[k]” S W7

‘(M[k-])z‘j

where o’ denotes the number of traceless matrices among Ay, ..., A1 and [z]| denotes
the upper integrer part of x € R. Generically, the above bounds are sharp* when not
all 3z; have the same sign.

Theorem 1.3 together with the optimality of the bounds in Lemma 1.4 asserts that the
deterministic M) is indeed the leading order approximation of T}; ;) Gy. In particular, the
error terms in (1.15) and (1.16) are smaller than the natural upper bound on their leading
term by a factor of (N7,)~! and (N7,)~ /2, respectively. We remark that the sharpness
of the bounds in Lemma 1.4 was discussed in [12, App. A] and follows in essence from a
suitable integral representation for m[-] as well as the non-recursive formulas for m [-]
and M. If all 3z; have the same sign, the iterateded divided difference stays bounded
due to the smoothness of (1.8) in the bulk, showing that the bound in Lemma 1.4 cannot
be sharp in this case.

2 Main results

The main result of the present paper is a functional CLT for the centered statistics
VB = (W) AL fo(W)A) — B{fL(W) Ay ... fo(W)AL), (2.1)

where « is a multi-index containing the deterministic matrices and test functions involved
and a denotes the number of traceless matrices among A, ..., Ax. Note that we omit the
superscripts of Ya(k’a) whenever « or k are not used explicitly. The test functions f1,..., fx
are chosen according to the following set of assumptions.

Assumption 2.1 (Test functions). For k,p € N let g1, ..., gx € HY(R) be (N-independent)
real-valued compactly supported test functions with ||9j||Hg < 1. Fixing 6,y > 0 as well
as~i,...,vx > 0 either as

(1) [Macro]§ =y=~ =---=~,=0oras
(2) [Meso] 6 >0,v€(0,1),and 0 < y; <7,

we pick (N-independent) reference energies E; € [-2+ 6,2 — 6] for j = 1,...,k. Lastly,
we define the test function rescaled to a scale N~7 around E; by

fi(x) = g; (N (x — Ej)). (2.2)

Note that Assumption 2.1 includes both the macroscopic scale (1) and the bulk regime
for mesoscopic scales (2). While it is possible to mix both regimes by choosing part of
the test functions to satisfy (1) and the remaining ones to satisfy (2), the error estimate
obtained from the results below is of the same size as if all functions were chosen on the
mesoscopic scale. Treating this mixed regime optimally would require a multi-resolvent

4The bounds are "sharp" in the sense that they are optimal in the class of bounds involving only 7. in the
small 7« regime, see also [12].
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local law that carries the number of spectral parameters with N-dependent imaginary
part as a parameter. Since the present paper focuses on the proof of the multi-point
functional central limit theorem, we use the already established Theorem 1.3 as input
and choose either (1) or (2) for all test functions.

We further remark that the restriction to real-valued test functions is only for sim-
plicity. The extension of the results in this section to complex-valued g¢1,..., g, fol-
lows by standard arguments. Moreover, as one can decompose any matrix A; in Y,
as A; = (A;)Id + A;, by multi-linearity, it is sufficient to consider Y,, for deterministic
matrices A; that are either traceless or equal to the identity matrix.

Throughout the paper, we denote the multi-index « in the form

a = (91,71, E1, A1), .., (g, Ves Br, Ak))

with g;, v;, and E; chosen following Assumption 2.1. Moreover, we introduce F}; :=
fj(W)A, and use the interval notation

Fiij) = fiW)A; ... f;(W)A;

for i < j as well as F = 0. Note that (g;,v;,E;, 4;) and F; contain the same infor-
mation. For this reason, we will occasionally abuse notation and use both quantities
interchangeably.

We further introduce the random variables

X = (T ) — E(Th ) = (GrAr ... GrAr) — E(G14; ... Gy Ay), (2.3)

as a special case of (2.1). By a suitable functional calculus (cf. [16]), information on (2.3)
carries over to the general statistics (2.1), thus yielding a key tool for the proof of our
main results. We, therefore, consider the analog of the results in Sections 2.1 and 2.2
for the resolvent case separately in Section 3. Throughout the paper, we write

o = ((,2’1,141)7 PN (Zk7Ak))

for the multi-index in (2.3) containing the spectral parameters z1, ..., z; appearing in the
resolvents as well as the deterministic matrices. Whenever we do not need the number &
of resolvents (resp. deterministic matrices) in the product or the number «a of traceless
deterministic matrices among A, ..., A explicitly, we again omit the superscript, and
further occasionally abuse notation to use (z;, A;) and T; = G;A; interchangeably. In the
context of (2.2), we may interpret the resolvent Gi(z) as a function rescaled to scale |3z| !
around Rz (even though the corresponding function g is not compactly supported). The
analog of Assumption 2.1 for the spectral parameters now reads as follows.

Assumption 2.2 (Spectral parameters). Let k € IN. Fixing §,( > 0 either as

(1) [Macro] 6 = (¢ =0 or as
(2) [Meso]é >0and(¢ € (0,1),

pick (N-independent) reference energies E; € [—-2 + §,2 — §]. We choose the spectral
parameters z1, ..., z, € C such that z; = E; + in; with |n;| 2 N~¢ and max; |z;| < N1%.

Note that we consider spectral parameters z; for which |Qz;| is either of order
one (macroscopic scale) or only slightly above the typical eigenvalue spacing (mesoscopic
scales). Whenever \nj| is small, we further restrict to the bulk regime, i.e., those z; for
which Rz; is bounded away from the boundary of the support of the semicircle density
at +2.
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2.1 The 3 term of E(f;(W)A; ... fr(W)Ay)

We start our analysis by considering an expansion of IE(F}; ;) which identifies the
subleading 1/N term. To state the theorem, we introduce a set function £[-] that plays
the role of the 1/N term for the resolvent case [E(T}; ;). Note that £[-] characterizes the
error of order 1/N that is obtained from interchanging (7}, x)) — E(T}1 1)) and (Tj; z]) —
my[TY,...,Ty], i-e., it relates X, in (2.3) to the bounds in the local law (1.15). The proof
of Lemma 2.3 is carried out in Section 4.2 and a discussion of the properties of £[] is
included in Section 3.1.

Lemma 2.3. Let k € IN, W be a Wigner matrix satisfying Assumption 1.1, and fix
spectral parameters z1, . . ., 2} satisfying Assumption 2.2 as well as deterministic matrices
Ay, ..., A with ||4;|| < 1. Moreover, assume that a matrices among A,,..., A, are
traceless. Then there exists a set function £[] (defined recursively in Definition 3.1
below) such that

KR4 N¢
BTy ... Ty) = my [Ty, ..., Th] + &[Ty, ... T+ O ——— (2.4)
(T T = malfi T T T O )

with my[-] as in (1.17), k4 as in (1.6), and 7, := min; |Sz;]|.

We remark that (cf. Lemma 3.2 below)

1
g[Tl,...,Tk;] S m,

i.e., there is a clear distinction between an O(1) leading term, an O(N ~!) subleading
term, and an O(NE_3/2) error term for (2.4) in the macroscopic regime (Part (1) of
Assumption 2.2), but the hierarchy of the three summands is not as distinct in the
mesoscopic regime (Part (2) of Assumption 2.2). However, the resolution given in
Lemma 2.3 is sufficient for the proofs that follow, see also Remark 3.3 below. We now
give the expansion of E(F]; x)).

Theorem 2.4. Let k € IN and pick deterministic matrices A,...,A; € CY*YN with
4| < 1 such that a out of them are traceless. Let further W be a Wigner matrix
satisfying Assumption 1.1 and let f1, ..., fr be test functions satisfying Assumption 2.1
withp = k — |a/2] + 1. Then, for any ¢ > 0, we have the expansion

k
F[l k] / / H (93 fj ):| my [G(Zl)Al, ey G(Zk)Ak]dn[k]dx[k]
RF J[0,10]%

j=1

k
N7rk /Rk /0 Lo 31;[ =(fi)e.n) Zﬂ)}g[G('zl)Aly~~'7G(2k)Ak]dn[k]dx[k]

N°® max; HfJIIHp)

+O( o

(2.5)
where we write z; = x; + in;, dz = daidrs ..., dry as well as dny) = dnpidnz ... dg,
and (f;)c,, denotes the almost analytic extension of f; of order p (see (4.37) for the
detailed definition of (f;)c p).

Theorem 2.4 follows from Lemma 2.3 and the Helffer-Sjostrand formula (see [16]). As
a similar argument will be used for the more involved proof of the multi-point functional
CLT in Theorem 2.7, we omit the details here.

It follows from (93) in [14] that £[T}] is given by

mi’ /3
EN] = (A1) 7= — = (A)mymy. (2.6)

—
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Hence, computing the second integral in (2.5) shows that the 1/N term E[f1(W)A;]
of E<f1(W)A1> is

el = () ( [ hpeaanr 5t [ SS9, - SO,

where p,. denotes the density of the semicircle law in (1.7). We remark that this formula
was already included in [14, Thm. 2.4]. Theorem 2.4 hence generalizes Equation (21)
in [14] to arbitrary k£ > 1 in the setting of Assumptions 1.1 and 2.1.

2.2 Statement of the multi-point functional CLT

We now state our main result, the multi-point functional CLT for the statistics Y,
in (2.1). To give the limiting covariance structure explicitly, we introduce a set function
my[-|-] to play the role of the leading term of the (appropriately scaled) covariance®
of (Tj1,x)) and (Tjx41,k+¢) in the same way that M[; and m;[-] do for the expectation
of Tj1 xyGr (see Theorem 1.3 as well as (1.17)). Recall that we use (2,A;) and T}
interchangeably. In particular, we may write

mola|B] = mo[Th,. .., Ti|Thta, - - - Thotd]

where the two multi-indices o and 8 contain the spectral parameters and deterministic
matrices in 71, ...,T; and T4 1,. .., Tk4+e, respectively.

Lemma 2.5. Fix k,/ € N, let «, B be two multi-indices of length k and ¢, respectively, and
let W be a Wigner matrix satisfying Assumption 1.1. Pick two sets of spectral parameters

Z1,...,2, and zpy1, ..., 2k+¢ that either both satisfy Case 1 or both satisfy Case 2 of
Assumption 2.2, and denote n, = min; |3z;|. Moreover, pick deterministic matrices
Aq, ..., Ao with ||A;|| < 1 such that a matrices among A, ..., A, and b matrices among
Ag41,. .., Agye are traceless. Then there exists a set function ms|-|-] (defined recursively

in Definition 3.5 below) such that
N8

Wﬁk—a/?ﬁ[—b/Q) (27)

N2EXEO X = mafal] + O

for any ¢ > 0.
We remark that (cf. (3.14) below)

[ma[Th, ., Tl Thsrs -, Thgee] | S M7

i.e., there is a clean distinction between an O(1) leading term and an O(N¢~'/2) error
term for (2.7) in the macroscopic regime (Part (1) of Assumption 2.2), but the hierarchy
of the two summands may not be as distinct in the mesoscopic regime (Part (2) of
Assumption 2.2), see also Remark 3.9 below. The statistics X, and the corresponding
CLT, as well as the properties of the function ms]-|-] are discussed in more detail in
Section 3.2. Moreover, explicit (non-recursive) formulas for my[-|-] are derived in the
companion paper [40]. We further recall the following definition.

Definition 2.6. Consider two functions of the Wigner matrix W in Assumption 1.1,
which we denote as N-dependent random variables X(™) and Y"). We say that X(N) =
Y(N) 4 O(N—°) with ¢ > 0 in the sense of moments if for any polynomial P it holds that

EP(XM) = EP(Y ™) + O(N—°F9),

5Note the similarity between the notations m1[-] and mz]-|-], which take one and two resolvent chains as
arguments, respectively.
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for any small € > 0, where the implicit constant in O(-) only depends on the polynomial P
and the constants in Assumption 1.1.

The main result of the paper can now be stated as follows.

Theorem 2.7 (Multi-point functional CLT). Under the assumptions of Theorem 2.4 it holds
that, for any € > 0, the centered statistics (2.1) are approximately distributed (in the
sense of moments) as

Nemax; || f;] mr
NY R = ¢(a) + O —————L 20020 2.8
) = gla) + O(Z ) (2.8)
with a centered (N-dependent) Gaussian process &(«) satisfying
E[£()(8)] (2.9)
1 k
= — d d oz (fi i d d
Y, /}Rk Ty /[0710% n[k][}:[l( (fi)ep)(z )} /W Tht1,k+4] /[0’10]z N[k+1,k+£]
‘

< | TT @=(f)ea)(z) | malG)Ar, o Ga) Akl G a1 Aptrs - Glase) Ard.

j=k+1

Here, z; = z;+in;, dzy; j) = didziyy .. ., day as well as dny; j = dnidniya . ., dnj fori < j,
and (f;)c,, denotes the almost analytic extension of f; of order p. Further, § denotes
another multi-index of length ¢ containing the deterministic matrices Ax41,..., Ak+e
with ||A;|| < 1 out of which b are traceless, as well as the test functions fii1,..., frts
satisfying Assumption 2.1 with ¢ = ¢ — |b/2] + 1. Recall that my[-|-] was introduced in
Lemma 2.5.

The key ingredient for the proof of Theorem 2.7 is the case of all f; being resolvents,
which we discuss in detail in Section 3.2 below. The full multi-point functional CLT is
then obtained from the resolvent CLT using the Helffer-Sjostrand formula (cf. [16]). We
carry out the argument in Section 4.5.

2.3 Discussion of the multi-point functional CLT for mesoscopic scales

In this section, we consider the mesoscopic regime of Theorem 2.7 (Case 2 of
Assumption 2.1) in more detail. A key ingredient in this discussion is the decomposition

my[-|-] = meup[|-] + ramg[-|] (2.10)

for the set function my[-|] in Lemma 2.5 into two functions mgyg[-|/] and m,[-|-] that do
not depend on any parameters of the underlying Wigner matrix W. Equation (2.10)
induces a similar decomposition for the limiting covariance in (2.9). We remark that
the two contributions are not of comparable size in the mesoscopic regime and that the
summand with prefactor x4 is of lower order. This reduces the leading term in (2.9) to
the case x4 = 0, thus simplifying it considerably. We give a brief example in the resolvent
case to illustrate this phenomenon. More general bounds are given in Lemma 3.7 below.
Recall that we may interpret the resolvent G(z) as a function rescaled to scale |Sz|~!
around Rz to match (2.2).

Example 2.8. For k =/ = 1, we have by (92) of [14] (or Definition 3.5 below) that

+ (ajag) - kymim} (2.11)

mym mim?
ANMA ( 1Mo _ 1ma 9 / r 3 3)’
+ (A1) (Az) A=~ (L= myma) + 2K4mamimamlb — kgmims;

EJP 29 (2024), paper 191. https://www.imstat.org/ejp
Page 12/49


https://doi.org/10.1214/24-EJP1247
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Multi-point functional CLT for Wigner matrices

where a; denotes the diagonal part of the matrix A;. Assuming that || A, || 42| < 1 and
|Sz1], |S22| > 1., a brief computation using the explicit explicit form

—z+V22 -4
mE) =

of the solution to (1.9) shows that |(1 — mymz) ™|
in (2.11) satisfies the bounds

< n;l. Hence, the function my [T} |T5]

~

7771 if <A1><A2> =0
Both inequalities are sharp if &z, and $z; have opposite signs. We further note that

if (A1)(Az) # 0,
if

if (4)(Ag) =0, T2l =00),

—2
meue[T1|Te] < { .

i.e., the two parts of my[|-] (cf. decomposition in (2.10)) do not contribute equally
unless 7, = 1 (macroscopic regime).

We hence restrict the following discussion to the case k4 = 0. Even with this
simplification, the limiting covariance in Theorem 2.7 may be tedious to compute using
the recursive definition of my|-|-] alone. In the companion paper [40], we consider the
recursion defining my[-|] in detail and derive explicit formulas. Combining [40, Thm. 2.4]
with (2.9) then yields a more direct way of computing the limiting covariance which is
fully explicit whenever x4 = 0. The result is given in Corollary 2.9 below. We emphasize
that E£(«)€(B) is a sum of terms that decompose into a product of a function of the
deterministic matrices A;,..., A; and an expression in the test functions fi,..., fiie,
respectively. Moreover, the combinatorics underlying the summation mirror those
encountered in second-order free probability theory. The proof of Corollary 2.9 is given
in Section 4.6.

To state the result, we denote by NCP(k) the set of non-crossing partitions of [k],
by m(k‘, ) the set of non-crossing permutations of the (k, ¢)-annulus, and by K ()
the Kreweras complement associated with an element 7 € NCP(k) or # € NCP(k,?),
respectively. Moreover, the first and second-order cumulants h, and h., associated with
set functions A[-] and h[-|] are computed recursively from the moment-cumulant relations

hsl= > ] B (2.12)

TeNCP(S) Bew

h[S1]S] = ;j ho(B] + > hoo[Ur[U2] - T hol
TENC (lSl||SQDB€ﬂ' w1 X7 € NCP(|S1|)x NCP(|S2]), Bem\U;

U, €mq1,UzEme marked U7T2\U2
(2.13)

The full definitions and some illustrative examples are, e.g., given in [40, Sect. 1]
or [39].
Corollary 2.9. Consider the setup of Theorem 2.7 for k4 = 0. Then,

EE(a)é(B) = % ( 11 <H Aj>> II @-5(fili € B) (2.14)
nENCP(k,f) Berm

BeK(r) jEB

+ > ( 11 < 11 AJ‘>< 11 Aj>)(p7r1><7r2,U1><U2(f1a'--vflc-i—é)'

T X ENCP(k)x NCP(¢), B1€K(m), JEB1 JEB2
U,€m1,Us€mo marked By€eK (m2)
EJP 29 (2024), paper 191. https://www.imstat.org/ejp
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The functions ®, p and @, xr, v, xv, in (2.14) are given by
Orp(f;lj € B) = sco[B], (2.15)

where sc,[-] denotes the first-order free cumulant function associated with

scfit, .. . in / {Hf% }psc (2.16)

with pg. as in (1.7), and

(I)ﬂl X1e,Up X Usz (fla sy fk—i—l) = SCoo[U1|U2] H SCo [Bl}sco [BQ] (217)
B,em\Us,
Baeme\Usz

Here, sco0|-|-] denotes the second-order free cumulants associated with sc[-] in (2.16) and

Sc[ila-~~7in|in+1>-~~7in+m =3 / / Hfl (Hfu,_ﬂ ) ulr y)dxdy, (2.18)

where the integral kernel u : [-2,2] x [—2, 2] — R is given by

iln [(\/4—:r2+ V4 —y2)%( xy+4—\/4—x2\/4—y2)}
42 (VA =22 — /4 —y2)2(zy + 4 + V4 — 22\/4 — 4?) ’

We remark that the structure of (2.14) resembles the formula in [38, Thm. 6] for the
covariance of alternating products of GUE and deterministic matrices in second-order
free probability. This connection is discussed further in the companion paper [40]. In
particular, applying Theorem 2.7 and (2.14) for fi(x) = -+ = fr4+¢(x) = x reproduces the
corresponding formulas in [38] (cf. [40, Cor. 2.11]).

Theorem 2.7 and Corollary 2.9 identify the limiting process £(«) in terms of the test
functions fi,..., fx1¢. Similar to [14, Sect. 2.3] in the case kK = ¢ = 1, we can make use
of the mesoscopic scaling (2.2) to give asymptotic formulas in terms of the functions
91, -, gk+e whenever -y, > 0 for all j. The key quantltles sc[-] and scl-|-] characterizing the
covariance structure of two modes Y( ) and Y( can then be conveniently expressed
in terms of the L2 and H'/2 inner products

flz 9y
(v = [ F@a@ide. (fog)g = [ )9@) =90 g,
R €= r—y
Theorem 2.10 (Bulk scaling asymptotics). Under the assumptwns of Theorem 2.7, pick
test functions fi,..., fx+¢ that satisfy Assumption 2.1 with some 6,v; > 0.

(2.19)

u(z,y) =

(i) Whenever vy, = - - = Yo4m = 7 and the functions f;,, ..., f;.,, arerescaled around
the same Ey € [-2 + 6,2 — 0], it holds that

n+m

N’YSC[ih,, Zn+m —Psc EO <ngja H gZJ>L2 +O(N—’Y)’

j=n+1

. . . 1 _
sclity oy inling1s - ingym| = m< H Gij, H gij>H1/2 + O(N W).
j=1  j=n+1
(i) If v, = -+ = %,,,. = 7. but the functions f; ,..., f;., . are not rescaled around
the same energy, we have the bounds
Nsclin, ... ingm] = (’)(N‘”),
SC[’il, cee ;in|in+1a s 7in+m] = 0(N77>
Recall that E;,, ..., E;

inim are fixed and N-independent.
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(i) If &;, = --- = E;, .., but the scales 1, ..., V,+m do not all coincide, we have the
bounds
]\[’Yminsc[z'17 L 7in+m] — @(N*(’Ymin,zf'Ymin)),
SC[i1, -+ ining1s- - sintm] = O(N—(’Ymm—%nm)).

with Ymin = minj %‘j and Ymin,2 = min{%‘j |’71J > ’Ymin}-

The implicit constants in the error terms depend only on § and the scaling exponents v;
as well as the test functions g1, . . ., gx+¢ through ||g;||z» and [suppg;].

The proof of Theorem 2.10 follows from the definition of sc[] in (2.16) and (careful)
integration by parts of (2.18). We omit the details.

Note that the random variables £(ay),...,&(a) obtained for £ > 1 multi-indices
a,...,qf are jointly Gaussian as a consequence of Theorem 3.8 below. Next, we
discuss conditions under which two modes Y, and Y3 in Theorem 2.7 are asymptotically
independent. The case k = ¢ = 1 of Corollary 2.11 was already discussed in [14,
Thm. 2.13].

Corollary 2.11 (Independent modes). Under the assumptions of Theorem 2.7, let a
and  be multi-indices such that the test functions fi,..., fr associated with « are
all rescaled around a common reference energy E, on the scale v, > 0 and the test
functions fyy1,..., fr+e associated with § are all rescaled around Eg on the scale vz > 0.
Further, assume that o and 3 contain a and b traceless matrices, respectively, and denote
by {(«) and &(B) the corresponding limiting Gaussian processes in Theorem 2.7.

(1) IfE, 7’é Eﬁ, then the processes {(oa) and §(ﬂ) are asymptotically i Fint
sense that ptotically independent in the
|E[£((t)£([)’)]| 5 N~ mm{%“,w}.

(i) Ify, # 7, then the processes {(«) and £(3) are asymptotically independent in the
sense that

[E[E()é(B)]] S N~heml,

(iii) If a + b is odd, then the processes {(«) and (/) are always asymptotically indepen-
dent in the sense that

N¢ max;e(k] | fill ez MaxX;e(k+1,k+£] ||fj||H‘1 )
b

VN

wherep =k — |a/2] +1and g =¢ — |b/2]| + 1, i.e., the leading deterministic term
in (2.9) has the same size as the error term in Theorem 2.7.

El(a)(8)] = O(

The proof of Corollary 2.11 is immediate from Theorem 2.10 and Remark 3.9 on
independent modes in the resolvent CLT. As m,[-|] is negligible in the mesoscopic
regime (cf. bounds in Lemma 3.7), Theorem 2.10 is indeed enough to conclude.

Remark 2.12 (Multiple independent Wigner matrices). In both cases of Assumption 2.1,
the high-probability sense of Theorem 2.7 allows us to generalize the result to multiple
independent Wigner matrices by resolving the individual matrices iteratively while
conditioning on all others. We remark that a similar mechanism has also been applied for
computing the deterministic approximation of (f1(W;,)A; ... fx(W; )Ak) if W, ..., W,
are taken, possibly with repetitions, from a family of independent Wigner matrices
(see [13, Ext. 2.13]). We give an example in the case k = ¢ = 2. Let W, W’ denote
two independent GUE matrices and pick bounded deterministic matrices A4,..., A4
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with (A4;) # 0 as well as test functions fi,..., f4 satisfying Case 2 of Assumption 2.1
with p = 3. Then,

NZE[((f(W) A1 fo(W')Ag) — B(f1(W) Az f2(W') As))
X ((fs(W)As fa(W')Ay) — B(fs(W)As fs(W')As))]

= 5Coo|1[3](A1f2 (W) A2) (A3 fa(W') Ay) + sco[1, 3](Ay fo(W') Az As fa(W') Ay)
+ s¢o[1]sco [B]NE [ ((A1 fo(W') As) — E(As fo(W') As))

> (<A3f4(W/)A4> _ E<A3f4(W/)A4>)] n O(Ns HlaX{|f\1/|NH37 ||f3||H3})

= (A1A2)(A3A4)(8Co0[1]|3]8Co[2]8Co[4] + 8Co0[2]4]sCo[1]8C0[3])
+ (A1 A4)(A2As)sco[1, 3]sco[2,4] + (A1 A3 A3 Ay)sco 1, 3]sco [2]sCo[4]

N max; || i o
+ <A2A1A4A3>SCO [1]SCO [2, 4]SCO [3] =+ O( \/N ) .

In the first step, we conditioned on W’ and applied Theorem 2.7 as well as Corollary 2.9,
treating W', and hence f;(W’), as deterministic. After computing the leading term,
Corollary 2.9 is applied again for W’. Lastly, the remaining terms are identified using the
local law [12, Cor. 2.7], which yields a total of five summands. In contrast, if W = W,
all terms on the right-hand side of (2.14) may contribute. For k = ¢ = 2, this yields 27
terms in total (cf. [40, Ex. 1.18]). Analogous statements hold for an arbitrary number of
independent Wigner matrices with possible repetitions. We remark that the underlying
combinatorial structure for n independent GUE matrices is given by the so-called non-
mixing annular non-crossing permutations and non-mixing marked partitions for n
colors, which was also established in [38] for the special case fi(z) = -+ = fi(z) = 2
and general Wigner matrices.

2.4 Application to thermalization problems

We now specialize Theorem 2.7 to the functions f;(z) = e!%® with (N-independent)
numbers ¢; € R. Recall that
A(t) := W Ae™ W (2.20)

describes the Heisenberg time evolution of an observable A and that it follows from [13,
Cor. 2.9] that the observables A; (¢) and A; become thermalized for ¢ > 1, i.e., that

(A1(t)A2) = (A1)(A2)

in the large t regime. Fixing t ~ 1 and using Theorem 2.7, we readily conclude that the
fluctuations around the thermal value are Gaussian and can give the leading terms of
the variance explicitly by taking an ¢ — oo limit after letting NV — oco. As the random-
ness in (A;(t)As) cancels out if either A; = Id or A; = Id, we omit the deterministic
term (A;)(Az) from the following result and assume w.l.o.g. that (4;) = (A3) = 0.

Corollary 2.13. Let k4 = 0, (A1) = (A2) =0, and || A41]|, || A2|| £ 1. Then,

2 £

in the sense of moments, where A (t) is as defined in (2.20), J; is a Bessel function of
the first kind, and £(t) is a centered Gaussian random variable. In the t — oo limit, the
variance of £(t) satisfies the asymptotics

Varle()] = (14214217 + 055 @.21)
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and we further obtain

J1(2(t1 —t2))\2 1
Be( AP (RO oLy g
5( 1)5( ) <| ‘ ><| 2| > t — to + (mil’l{tl,tg})Q ( )
In particular, £(t1) and £(t2) are asymptotically uncorrelated if we take an |t; — ta] — o0
limit after letting N — oo.

Corollary 2.13 follows directly from Theorem 2.7 and Corollary 2.9 by specifying the
test functions. We carry out the details in Section 4.7 and remark that the case k4 # 0
can be treated analogously. As the proof of Corollary 2.13 only uses the macroscopic
regime of Theorem 2.7, the quantity (A;(¢)As) is even accessible for more general Wigner
matrices using [40, Thm. 2.9]. However, the resulting expressions for the variance are
much more involved and may require some terms to be computed recursively. We hence
restrict the detailed discussion to the GUE case.

Remark 2.14. The O(¢t~2) term in (2.21) can be given more explicitly, as the limiting
variance can be read off from Corollary 2.9 or [37, Sect. 2] (since ¢ is fixed). We obtain

Varle (9] = (A1) (1 - 20
+ AP (2 - Jl(;t)z)z PP TR EAC LR W T ‘”E;“Q
+ ((A1 A2 AT A3) + (A2 A ASAT)) (J1 2(;115) A gt)Q) Ji t(22t)
(A Aaf?) + (42412 (1 - Jl(;tV) Jlgtf
where
seaol s+ = 55 / / lt: - y”y 2\/—74952;% »dy le(ft) N Jl(;t){
scool+, ~] = 55 / / 1- c(;s7;2— Y)) \/ﬁwdxdy s Jl(;t){

Note that the (|A4;]?)(|A2|?) term is the only one having a O(1) contribution, in fact, its
coefficient is 1 + O(t~3). The first summand of the |[(A; A3)|? term is O(¢t~3) while the
double integrals behave like ¢ for t — co. Hence the entire [{A; A})|? term is O(¢t~2). In
the remaining contributions, the largest term is O(¢~3) with the lower-order terms being
as small as O(t79).

3 Central limit theorem for resolvents

In this section, we supply the recursive definitions of the set functions £[-] and ms][-|]
introduced in Lemmas 2.3 and 2.5, respectively, and study their properties. We further
state the analog of Theorem 2.7 for the resolvent case, which constitutes the main
ingredient for the proof of the multi-point functional CLT.

3.1 The 3 term of E(T}; 4)
As a first step, we revisit the function £[], starting with its recursive definition.

Definition 3.1. Let (T3, ...,T}) be an ordered set of CN*" matrices of the form T; =
G;A,;. We define £[-] to be the set function taking values in C that satisfies the linear
recursion with a source term (in the last two lines)

ETy, ..., Tk
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=m (5[T2, cos D1, Tk A + k€T, - - ., T, G A1 (Ak)

+ ZE[Th T, Gl ([T, - Tl + e [T5, - T, Gi)(Ag))

+ Zml[Tl, - 7Tj,17Gﬂ(€[Tj . ,Tk] + q1,k€[Tj7 - 7T]€,1,Gk]<Ak>) (3.1)

+ Y (M © Mg o) My © (Mg Ar))

1<r<s<t<k

tae Y, My O My g)(My g0 M[t,k]><Ak>)

1<r<s<t<k

and the initial condition €[] = 0. Note that E[T4,...,T;_1,G;| = E[G1] for j = 1 and
E[Ty,...,Tx—1,Gg] = E[Gy] for j = k. Moreover, recall that ® denotes the Hadamard
product, M[.] was defined through the recursion in (1.13), m;[-] was defined in (1.17),

m11Mm
and q; ), = 1_7}117’;%.

We remark that My is diagonal whenever A; = --- = A; = Id. In this case, the last
two lines of (3.1) are readily evaluated and the recursion simplifies to

mi

k—1
E[Gy,..., G <8[G2, Gl + S ElGh, . Gylmlj, . ]
j=1

1—mimy

1<r<s<t<k

where m/[] denotes the iterated divided differences in (1.12). Note that £[T},...,T}] is
generally not of order one, but its size is given in terms of 7, and the number of traceless
matrices among A1, ..., A,. We give a simple bound in the following lemma. The proof is
carried out in Section 4.1.

Lemma 3.2. Under the assumptions of Lemma 2.3, let « among the matrices A1, ..., Ay
be traceless. Then,

1
€Ty, ..., Tk]| S

e (3.2)
~ k—=1—T[a
il

Remark 3.3. Lemma 3.2 shows that the sub-leading term in (2.4) involving £[-] may be
smaller than the O(N¢/(N+/N 77*775 —a/ 2)) error term in some regimes. However, as we

only apply (2.4) in the form

1 N¢E
E<T[1J€]>:ml[lequk]"‘O( )

+
N7 NN

for the proof of the CLT in the resolvent case in Section 4.4, a more careful resolution of
the error is not needed.

Note that applying (3.1) once yields the formula

EIT] = (A~ — (At md
[11] = (A1) 7— — = (Ai)mymy,
1

and we readily reobtain (93) of [14] by Lemma 2.3.
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Having identified the function £[-] as the 1/N term of (7}, ;)), we may use identities
that are valid on the random matrix side, i.e., the left-hand side of (2.4), to derive further
identities for &[] (cf. the “meta argument” below [12, Lem. 4.1]). They are listed in
Corollary 3.4 below and the proof is given in Appendix A. In fact, these identities can
also be proven from Definition 3.1 directly, however, using (2.4) allows for a shorter
proof. Note that m[-] satisfies the same properties by [13, Lem. 5.4].

Corollary 3.4. Let k € N and (T1,...,T) be an ordered set of CV*~ matrices of the
formT; = GjA;. Then
(i) &[] is cyclic in the sense that E[Th, ..., Ty| = E[Ts, ..., Tk, Th].
(ii) Whenever z; # z, and A, = Id, we have
ETs, ...\ Ti1,GrAL] = €T, ..., Ti_1]

E[Ty, ..., Tro1,Gy] = - . (3.3)

(iii) Whenever A, = --- = A, = Id and the spectral parameters z, ..., z; are distinct,
&[] has a divided difference structure, i.e.,

S[GQa .. 7Gk] B S[Gla .. '7Gk71}

E[Gy,...,Gi] = (3.4)
ZE — 21
and we have the closed formula
: 1 1 _mli ]
e = | = — i 3.5
D ) | P T D ) | s AN
Jj=11i#j J=1i#j
with m[-] as in (1.19) and £[G;] = m/m3}. Moreover, &[] is invariant under any

permutation of zy, ..., zx in this case.

3.2 Statement of the resolvent central limit theorem

The main result of this section is a CLT for resolvents that identifies the joint dis-
tribution of multiple modes of the type (2.3), i.e., X((Jfa) with different k;, a;, and o,
as asymptotically Gaussian in the sense of moments. We start by defining the set func-
tion my[-|-], which characterizes the limiting covariance of the random variables X,,
and Xz involving two distinct multi-indices o and 3. Note that we only use the following
recursive definition in the present work. However, closed formulas are obtained in the

companion paper [40].

Definition 3.5. Let S; = (T4,...,Tw) and So = (Tyr41,..., Tk +e) be two (ordered)
finite sets of complex N x N-matrices of the form T; = G;A;. We define my[-|-] as
the (deterministic) function of pairs of sets Sy, Sy with values in C and the following
properties:

(i) Symmetry: mo[-|-] is symmetric under the interchanging of its arguments, i.e., for
any sets B; C S1, B, C S, we have

me[(T3,i € B1)|(T},7 € B2)l = ma[(T},5 € B2)|(Ti,i € By1)l.
(ii) Initial condition: For any sets B; C S1, Bo C S we have
mo[(Ti,i € B1)|0] = ma[0|(T},j € B2)] = 0. (3.6)

(iii) Recursion: Let By C S and Bs C Sy be ordered subsets with |B;| = k < k' and
|Bs| = ¢ < ¢ elements, respectively. We index the matrices in By by [k] and the
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matrices in By by [k + 1,k + {]. The function ms|-|-] satisfies the following linear
recursion

mQ[Th s 7Tk‘Tk+1a s aTk+f]
=m (mz[T2, vy T, GrAR AL Tig1s - - Thopd]
+qreme[To, ... Tho1, GrA1|Tht1, - - o Tyl (Ar)
k—1
+ng[Tl,...,Tj_l,Gj‘Tk_;,_l,...,Tk_;,_g] (37)
J=1
X (ml[Tj, S ,Tk] + q1,kM1 [Tj, RN S Gk]<Ak>)

k
+ Zml[Tl, - 7Tj,1,Gj} (mg[Tj, . ,T}C‘Tk+1, . ,Tk+z]
=2

+qreme[T), ..., Th—1, Gr|Thi1, - - - 7Tk+Z]<Ak>) +scuE + 55>

where the source terms sqy g and s, are given by

14
SQUE ‘= Z (ml [Tl7 s 7T/€7Tk7+j7 s 7T/€+j—1a Gk+]]
j=1
+ g [Ty, Tty Gry Thorgs - - o5 Thoyjio1,s Gk+j]<Ak>) (3.8)

k k42 s

Ski=ha Yy Y ( D My © Mes, gy, {(Mpr g Ax) © Mpg )
r=1s=k+1 t=k+1
k+¢

+ Z<M[r} © Mg ) (M) Ax) © M(t.,...,k+e,k+1,...,s)>>
t=s

k+¢ s

k
+ Kaq1,k Z Z ( Z (M) © M, ke it 1,.)) (Mg © Mg g))
r=1s=k+1 t=k+1

k+e
+ Z<M[r] © Mg )My 1) © M(t,...,k+£,k+1,...,s)>) (Ag). (3.9)
t=s
Recall that ® denotes the Hadamard product, q; j, = 11”7;’1"7;“% with my, my, asin (1.8),

M ..y was introduced in (1.14), and m,[-] was defined in (1.17).

Remark 3.6. The special role of m; in (3.7) is a result of the identity (4.12) used for
the proof of Lemma 2.5 in Section 4.3 below. Similar to the recursion for m;[-] in [12,
Lem. 4.1], it is possible to derive a version of (3.7) for every j = 2,..., k that singles out
the factor m; instead of m; on the right-hand side, i.e., (3.7) is only one element in a
family of equivalent recursions for my|[-|].

The linearity of the recursion and the two different types of source terms induce
the decomposition (2.10), where mgyg[-|-] satisfies (3.7) for k4 = 0, and kqm,[|-] sat-
isfies (3.7) without sgyr. We remark that by [13, Thm. 3.4], both m;[-] and M.y are
fully expressible as functions of Ay, ..., Ax4¢ and mq, ..., mgye. Hence, the same holds
for the source term sgu g + §, in (3.7), eventually making ms|-|-] a function of the same
quantities. Similarly, we have the decomposition

m[-|-] = mauel-|] + cam ||, (3.10)
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for the function m[-|-] defined by the relation

’IZIV’L[l7 L. ,k“k‘ +1,...,k —|—€] = mg[Gl, L. 7Gk‘Gk+17 . ,Gk+g] (3.11)
in the special case A; = --- = A = 1d.
Next, we consider the size of my[-|-]. We have the following bounds, which we prove

in Section 4.1.
Lemma 3.7. Under the assumptions of Lemma 2.5, we have the estimates

1
|mGUE[T1,---aTlek—i-l;”-,Tk—Q—ZH S m, (312)
T

1

nk-&-é—l—[(a-&-b)/ﬂ ‘ (3.13)

|mulT1, . Tl Togts - - - Trrd| S

In particular, m[-|-] is dominated by mgy gl-|-] on all mesoscopic scales and it holds that

1

|m2[T1, e ,Tk;‘Tk-+1, “e 7Tk+f” 5 m.
s

(3.14)

After this preparation, we state a CLT for resolvents which generalizes [14, Thm. 4.1]
to handle resolvent chains of arbitrary length in the setting considered. The proof follows
by induction on the number of factors Xé’j" 1a3) using the bounds from Lemma 2.5 and its
proof as input. We give it in Section 4.4.

Theorem 3.8 (CLT for resolvents). Fixp € N, let oy, ..., oy, be multi-indices, and let W
be a Wigner matrix satisfying Assumption 1.1. Moreover, for every j = 1,...,p pick a
set of spectral parameters zgj), .. z,g 9) such that either all sets sat1sfy Case 1 or all sets
satisfy Case 2 of Assumption 2. 2 aIJId denote 7, = min; |\Sz | Moreover, for every
j =1,...,p, pick deterministic matrices A}’ ...,A(J_) w1th HA(] | < 1 such that a; of
them are traceless. Then, o

NpE(ﬁXé'ﬁ"’a“)= > 11 mz[ai\aj]JrO( N kﬂm) (3.15)

j=1 QePair([p]) {i,7}€Q VN, Hf:l n

for any ¢ > 0. Here, my[-|-] is as in Definition 3.5 and Pair(S) denotes the pairings of a
set S. Equation (3.15) establishes an asymptotic version of Wick’s rule and hence identi-
fies the joint limiting distribution of the random variables (X, (kf’aJ)) ;j as asymptotically
complex Gaussian in the sense of moments in the limit N7, — oo.

Remark 3.9 (Independent modes). Note that (3.14) implies that two modes X{***)
and X&IZMZ) in Theorem 3.8 are asymptotically uncorrelated whenever a; + as is odd
and 7, < 1. This feature is exclusive to the mesoscopic regime, as all modes contribute
equally in the macroscopic regime, i.e., if n, 2 1. In the case k = 1, we may also write

the deterministic matrix as

A= (A)Td+ Ag+ Aog (3.16)

with A, and A,4 denoting the diagonal and off- dlagonal part of A=A— (A)Id, respectively.
The three resulting modes (A) Tr f(W), Tr f(W)Aq, and Tr f(W)A,q are asymptotically
uncorrelated as N7, — oo (cf. [14, Thm. 2.4]). Since this is a consequence of (B; Bs)
and (B;)(B3) vanishing whenever B; # By and By, By € {1d, fid, flod}, this phenomenon
is exclusive to the & = 1 case and decomposing A1, ..., Ay for k£ > 2 according to (3.16)
does not yield 3* uncorrelated modes in general. As an example, consider the case k = 2
with two deterministic matrices A and B, where applylng (3. 16) gives rise to 9 dlstlnct
modes. Here, computing the covariance, e.g., of Tr[GlAdGQBd] and Tr[Gleng Od]
yields terms that involve longer products, e.g., <AdAodBdBod> which do not vanish in
general.
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Similar to Corollary 3.4, we may use identities that are valid on the random matrix
side, i.e., the left-hand side of (2.7), to derive further identities among the recursively
defined quantities m[-|-] and ms[-|-]. The proof is analogous to the proof of Corollary 3.4
and hence omitted. We refer to Appendix A for the setup of the necessary “meta
argument”.

Corollary 3.10. Let S1, 52 # () be two ordered multi-sets. Then
(i) m[S1|S2] is invariant under any permutation of the elements of Sy as well as Ss.
(ii) my[-|] is cyclic in the sense that
mo[(T},7 € S1)|Th,. .., Tk = mo[(T}, 5 € S1)|Tn,. .., Tk, Th).
(iii) Whenever the spectral parameters indexed by S; and S, are distinct, m|-|-] has an

entry-wise divided difference structure, i.e.,

and we have the closed formula

m[S1] 5] = Z ( H

(s,t)€S1XSs i€ST, s jes,

is j;«ét
mlj,t] \ ~
- ¥ ( 1= H )m[s\t] (3.18)
m; — ms m; —my

(s,t)€S1xS2 €51, JESa,

i#S J#t
with f[s|t] = =™t Recall that im|-|] was defined in (3.11).

T (I—msmy )2
(iv) Whenever z, # z; and Ay = Id, we further have

mo[(T5,5 € ST, -, T1, G
mg[(Tj,j € Sl)‘Tg, - aTk—thAl] — mg[(Tj,j S Sl)‘Tl,. .. ,Tk—l]
ZE — 21

(3.19)

Moreover, we have the following alternative integral representation for mayg[-|-] (cf.
decomposition in (3.10)). The proof of Corollary 3.11 is carried out in Section 4.3 below.

Corollary 3.11. Let k,/ € IN. Then,

1 )( k+0 1 1 )
// — )2 H vy Z — 22 H — )ul@y)dzdy
(x — 2;) i TN S (y — zi) YT

with the kernel u : [-2,2] x [-2,2] — R in (2.19).

Remark 3.12. It is readily checked that the kernel u is non-negative and has a logarith-
mic singularity at z = y. Using that the two-body stability operator of the underlying
Dyson equation (1.9) is given by B(z1, z2) = 1 — m(z1)m(z2), we can also express (2.19)
in terms of 1 x 1 determinants as

u(z,y) = —T;%(ln(det[lg(w 410,y 4 i0)]) — In(det[B(z +i0,y +i0)]))

to match the formulas in [41, Sect. 7] for k = ¢ =1 and A; = A, = Id. Note that W being
a GUE matrix corresponds to the choice 5 = 2 and C¥ = 0 in the notation of [41].
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4 Proofs
4.1 Proof of Lemmas 3.2 and 3.7 (size of £[| and my[-|'])
In this section, we prove the estimates identifying the size of £]-] and my[-|-]. We start

by noting two bounds for ¢; » that are used for both proofs.

Lemma 4.1. Let z1, 22 € C and define the constants 7, := min{|Sz1|, |Sz2|} as well as
¢ := 7t min{|Sm4|, |Smsz|}. Then,

mims ¢, if Sz, 32z have the same sign,
javal = Iml1,2)] = || g 45 1 T T nes
1 n, -, IifSz1,829 have opposite signs.

— mimsa
The estimates in Lemma 4.1 are immediate from the explicit form m(z) = (—z +
V22 —4)/2 of the solution to (1.9). Next, we establish the estimate for £[].

Proof of Lemma 3.2. We show (3.2) by induction. The base case k = 1 readily follows
using (2.6) and the explicit form m(z) = (—z + V22 —4)/2. Note that Sm(z) can be
bounded from below independently of 7, for both the macroscopic scale and the bulk
regime of the mesoscopic scales (cf. Assumption 2.2). Next, assume that the bound
in (3.2) holds for up to k — 1 matrices T,...,7x_1. W.l.o.g. assume further that A is
either traceless or equal to the identity matrix.

We start by considering the case where A, = Id and Sz, and Sz, have opposite
signs. Here, (3.2) follows immediately by using Corollary 3.4(ii) and applying the
induction hypothesis for £[T5,...,Tx_1,GrA1] and E[Th,...,Ty_1], respectively. Note
that |z; — zi| > 2n. by assumption, which completes the bound for the right-hand side
of (3.3).

In the remaining cases, (3.2) follows from the recursion (3.1), which allows rewrit-
ing £[T1,...,Ty] in terms of m;[-] and values of £[-] for which the induction hypoth-
esis applies. Whenever 3z; and Sz, have the same sign, Lemma 4.1 yields ¢; 5, <
7/ min{|Smq|, |Smg|}. Thus, estimating the right-hand side of (3.1) using Lemma 1.4 and
the induction hypothesis yields the claim. In particular, we obtain 7, with the exponent
—(k — 1 —[%]) by using the inequality [£] + [4] > [Zf¥] for 2,y € N to combine the
powers of 7, when products with M are considered.

Whenever $z; and Sz, have opposite signs, the prefactor ¢ j is of size 1, 1 However,
it only remains to consider the case (Aj) = 0 for this setting, in which the terms involving
g1, on the right-hand side of (3.1) do not contribute. Hence, (3.2) again follows from
Lemma 1.4 and the induction hypothesis. O

Next, we show the estimates for mgyg[|-], m[-|-], and ma[-|-]. To illustrate the tools
at hand, the bound for mgy g[-|-] is obtained from the explicit formula in [40, Thm. 2.4]
while the bound for m,,[-|-] is proved using the recursion (3.7). We start with a lemma.

Lemma 4.2. Under the assumptions of Lemma 2.5, let A; = --- = Ag4¢ = 1d and k4 = 0.
Then,
- 1
1
|moo[1,,k|k+1,,k+£]‘§m (42)
M

where mo.[-|-] denotes the second-order free cumulant function associated with the
iterated divided differences m|-| and mqug|-|]-

If all 3z; have the same sign, mqyg[-|-] stays bounded due to the divided difference
structure (3.18) and smoothness of mgyg[s|t]. Hence, the bound is not sharp in this
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case. We expect, however, that (4.1) is generically sharp if not all 3z; have the same
sign. Note that a sharp bound in (4.1) immediately implies sharpness of (4.2) and (3.12)
using the same argument as in [12, App. Al.

Proof of Lemma 4.2. The bound (4.1) follows by induction on %k and /. As the base case
k = ¢ = 1 is covered by Example 2.8, assume that the bound for mgyg[-|-] holds for
up to k£ — 1 indices in the first argument and a fixed number ¢ indices in the second
argument. Recall that mgyg[|-] is symmetric under the interchanging of its arguments
by Definition 3.5(i) such that it is sufficient to carry out the induction step for one of the
arguments only. We distinguish two cases for z; depending on the sign of its imaginary
part.

Case 1: §z; and Sz, have the same sign: We note that |¢1 | < 7/ min{|Sm4|, |Smyg|}
by Lemma 4.1, where the right-hand side can be bounded from above independently of 7,
under Assumption 2.2. Rewriting mgug[l,...,k|k+1,...,k+ /] using the recursion (3.7),
the bound (4.1) follows directly from the induction hypothesis and the estimate for m|
from Lemma 1.4.

Case 2: Sz and Sz have opposite signs: Recalling that maug[-|-] has a divided dif-
ference structure (cf. Corollary 3.10), it follows from the induction hypothesis that

[meuell,... klk+1,...,k+{]]
. T?LGUE[Q,...,/{“C'F1,...,k+€]—mGUE[l,...,k—1|]€+17...,k+£]
Z1 — Rk

N ﬁ
ne |z — 2l

As Sz and Sz, are assumed to have opposite signs, we have |z; — z;| > 27,, which

gives (4.1). This concludes the induction step.

The bound (4.2) for m..[-|-] is an immediate consequence of the second-order moment-
cumulant relation (2.13) as well as the estimates in (4.1) and Lemma 1.4. Note that
resolving the relation for moo[1,...,k|k+1,..., k+ /] is straightforward, as its coefficient
in the representation of mqgug(l,...,klk+1,...,k + £] is equal to one. O

Proof of Lemma 3.7. Given Lemma 4.2, (3.12) readily follows from [40, Thm. 2.4]. We
omit the details but include a brief sketch of the argument for the convenience of the
reader. First, consider the case &k = ¢ = 2. Here,

meup[Th, 12| Ts, Th] = (A1) (A2)(Asz) (A1)moo[1, 2[3, 4] + (A1 A2)(A3) (A4)moo[1]3, 4]m, 2]
=+ <A1A2><A3A4>moo[1\3]mo[2]mo[4} + ...
—+ <A1><A2A4><A3>mo [1, 2, 37 4] + <A1><A2A3A4>mo[1, 2, 3]mo [4]
o,

where mo[-] and moo[-|-] denote the first and second-order free cumulant functions asso-
ciated with the iterated divided differences m[-] and mayg[-|-]. Note that the Kreweras
complement is defined differently for non-crossing partitions and annular non-crossing
permutations, and that both types of terms appear in the explicit formula for mgyg[|]
in [40, Thm. 2.4] (similarly to (2.14) above). By Lemmas 1.4 and 4.2, the largest con-
tribution is obtained from m..[1,2|3,4] and m[1,2, 3, 4], respectively, yielding a total
bound of order 7, . Note, however, that these leading terms may vanish if at least one
of the deterministic matrices is traceless, resulting in a smaller bound overall. This
effect gets stronger the more traceless matrices are included. In the case that all
four matrices A;,..., A4 are traceless, only 10 out of the initial 29 terms contributing
to mgug[T1, T»|Ts, Ty] remain, yielding a bound of order n; 2.
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For general k and ¢, the estimate for mgyg[-|-] is obtained from a careful balancing
of the sizes of the largest cycles (resp. blocks) in the non-crossing permutation (resp.
partition) = which governs the contribution of mg[-|-] (resp. moo[-|-]), and its Kreweras
complement K (7) which governs the contribution of A4, ..., Axy,. This yields

1\ k+e—(a+b)/2]
‘WG%M (BGEI(W) <J£[B 4;)) gmo[g]‘ <(3)

where the leading contribution is obtained for an annular non-crossing permutation m
with |[K(7)| < k+¢—[(a+b)/2], and

‘ > ( II <HAj>)moo[U1\U2] [T melBimo[B,]

T XmeENCP(k)x NCP({), BeK(m) JjEB Byem\Ui,
U, emy,Uz €mo marked UK (m2) Byema\Us
1\ k+i—la/2]1—[b/2]
<) ~
~J
7]«

where the leading contribution is obtained for a marked partition 7 = m; X s satisfying
|K(m1)| <k —[a/2] and |K(m2)| <1 — [b/2]. In particular, the two parts of mgyg[-|-] only
contribute equally to (3.12) if [4] + [2] = [%£2].

The bound (3.13) follows by induction on k£ and ¢. As the base case k = /¢ = 1 is
again covered by Example 2.8, assume that the bound for m,[-|-] holds for a multi-
index of length at most £ — 1 in the first argument and a multi-index of length / in the
second argument. Recalling that m,[-|-] is symmetric under the interchanging of its
arguments, it is sufficient to carry out the induction step for one of the arguments only.
To simplify notation, set 8 = {(zk+1, Ak+1), - - - » (Zk+e, Ar+¢)}. We further assume w.l.o.g.
that each A; is either traceless or equal to the identity matrix. Similar to the proof of
Lemma 3.2, we distinguish two cases depending on the deterministic matrices Ay, ..., A.

Case 1 (37 such that A; = Id): We start by noting that mgyg[-|| satisfies (i)-(iv) of
Corollary 3.10. This implies that the same holds for m,[-|-] = ma[|] — mgug[|-]. In the
following, we denote s := sign(3z;) = sign(3¥z;41) whenever Sz; and 3z have the same
sign. Using the divided difference structure, we rewrite m[T1,...,Tg|Tk+1,-- -, Tk+e| as
a contour integral

mH[Th--~7Tj—lanaT7+17"'aTk‘/8] (4.3)
_ L/ m,{[‘..,ijl,G(.’E+iT])Aj+1,... ‘5] —m,{[.. .,ijl,G(fL' —i’I])Aj+1,... |ﬁ]d1’
27 Jr (x +1isn — zj)(x +1isn — zj4+1)
whenever 0 < 1 < Sz, Szj41 (s =1) or Jz;,Szj41 < —n <0 (s = —1), oras
m [T, ..., Tj-1,G5, Tjqa, ..., T|f] (4.4)
_ mﬁ[Th"'7Tj—1anAj+17"'aTk|6] _mH[T17"'7Tj—1aTj+l7T1j+27"'7Tk|6]
Zj T Zj41

if 3z; and Sz;11 have opposite signs. Estimating (4.3) and (4.4) using the induction
hypothesis yields (3.13).

Case 2 (all Ay,.... Ay traceless): As m,[-|-] solves the recursion (3.7) without the
source term sgyr we can rewrite my[Th, ..., Tk|Tkt1,- .., Tkte] in terms of my[-] and
values of m,[-|-] for which the induction hypothesis applies. Note that (A;) = 0 implies
that all terms with prefactor ¢; , on the right-hand side of (3.7) vanish. The desired
estimate thus readily follows from the induction hypothesis and Lemma 1.4. For the
source term s, in (3.9), we obtain, e.q.,

(M) © M, kst gost,t) (M) © Mg o))
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1
< W Z ’(M[r])m(M(s,...7k+e,k+1,m,t))acx(M[r,kz])yy(M[t,s])yy‘
z,y€[N]
k+0—[(a+b)/2
o (i) +¢—[(a+b)/2]
s

forany 1 <r <kandk+1<s<t<k+/ Recall that [F]+[5] > [””7“/] forany z,y € IN,
which yields the desired exponent —(k + ¢ — [%£2]) for 7, when bounds are multiplied.
This concludes the proof of (3.13).

The bound (3.14) for my[-|-] is immediate form the decomposition (2.10) using the

estimates (3.12) and (3.13). O

4.2 Proof of Lemma 2.3 (expansion for E(T}; 1))

We use proof by induction to establish (2.4). As the base case E(T}) is trivial, assume
that the expansion in Lemma 2.3 holds for resolvent chains of length up to k — 1. We
further assume w.l.o.g. that each A; is either traceless or equal to the identity matrix.

First, consider resolvent chains that contain at least one deterministic matrix A; = Id,
i.e., that are of the form T}, »; = T jyG ;G 11411741, With the indices j, j + 1 being
interpreted mod & due to the cyclicity of the trace and the function £[-]. In this case,
rewriting the product G ;G4 allows us to obtain the claim directly from the induction
hypothesis. We distinguish two cases depending on the imaginary parts of z; and z; ;.

Case 1 (8z; and Sz;.1 have the same sign): Let again s := sign(Sz;) = sign(Szj41).
By the residue theorem, we can write the product G;G;; as a contour integral (cf.
Equation (3.14) in the proof of [12, Lem. 3.2])

1 SG(x +in)
GjGiy1 = — Az, G; =Gz 4.5
o TF/JR (x 41isn — z;) (@ +1isn — zj41) T M (%), (4.5)

whenever 0 < n < %ijszj—i-l (s = 1) or %Zjagzj—i-l < —n < 0 (s = —1). Note that
both m;[-] and £[-] have a similar representation, as

Tl,... -1, G5, T, ..., T
/ m1 J 13G($+i77)‘4j+17---]_ml['--7Tj—1aG(x_in)Aj-i-lw"]dx (4 6)
" 2mi (x+1isn — zj) (@ + isn — zj41) '
by the residue theorem and [13, Lem. 5.4] as well as
E[Tl, . 7Tj_1,Gj,Tj+1, . ,Tk]
_i g[...,ijl,G(x+i77)Aj+17...]—5[...,Tj,17G($—i’l])AjJrh...]dx “.7)
271 Jp (x +1isn — zj)(x +1isn — zj41) '

using (3.3). Note that that (3.3) can be verified directly from the recursion (3.1). This
distinction is crucial, as we use (2.4) later to apply the “meta argument” for the proof
of Corollary 3.4 (see Appendix A). Rewriting the left-hand side of (2.4) using (4.5)
and (4.6), we obtain an integral involving a resolvent chain of length k£ — 1. Note that the
parameter 7 has to be chosen large enough, e.g., as n > 7n,.. By the induction hypothesis,
it now follows that

]E((T my[T1, ..., Tk])
/ J 1, (x+i77)Aj+17"']_g[""ijlvG("E_in)AjJrlv"']dm
27r1N (x +1isn — zj)(z +1isn — zj41)
(g
N 77* T]f a/2
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Evaluating the integral using (4.7) gives (2.4) as desired.
Case 2 (8z; and Sz,.1 have opposite signs): Applying the resolvent identity (1.20)
and the divided difference structure of m;[-] (cf. [13, Lem. 5.4]) yields

E((Th %) — ma[T1, .., Tk))
]E(<T[1’j>GjAj+1T<jH”“]> — T Tii+1.00)

7 T i+
B w11, ..., Tj—1,GjA 41, Tjyo, ..., Tk —ml[Tl,...,Tj_l,TjH,Tj+2,...,Tk]>
2j — Zj41
B @5[T1,...,Tj,l,GjAjJrl,TjJrg,...,Tk] — &[T, ..., Tj—1,Tj1, Tjq2, - .-, Tk)
N Zj — Zj4+1

NE
+ O( k—1—a/2 )
N /Ny 1 |25 — 211

by the induction hypothesis. As Sz; and 324, are assumed to have opposite signs, it
follows that |z; — z;j 41| > 27,. The claim is now immediate from (3.3).

It remains to consider 7], ;) for which all matrices Aq,..., A, are traceless. Here, we
start the induction step by introducing

W (W) =W (W) — EW (95 f)(W) (4.8)

with 0;;; denoting the directional derivative in direction W and W denoting an inde-
pendent GUE matrix with expectation E. Comparing with the cumulant expansion
formula (see, e.g., Equation (94) in [14] or the more general version in [22, Prop. 3.2]),
we find that the renormalization in (4.8) cancels out the second-order term in the cu-
mulant expansion of EW f(W). In particular, EW f(W) = 0 whenever W itself is a GUE
matrix. Applying (4.8) for the resolvent f(W) = (W — z)~! yields the formulas

WGl = WGl + <G1>G1,
k
Wy Ty = WG A Ty + Y (TG T, 4.9)
j=2

and we further recall the identities

1
<G1 — m1> = 1 3 (—m1<WG1> + m1<G1 - m1>2) (4.10)
—m2 ==

(Ty) —my[T1] = —ma (WTL) + mP(G1 — ma) (A1) + mi(Gr — mi)(Ty —m[T1])  (4.11)

from (96) in [14]. To complete the induction step, we need the analog of (4.11) for
general k > 1. This allows rewriting N((Tj; z) — mi[T1,...,Tx]) in terms of shorter
chains, and the claim follows by showing that the expectation matches the right-hand
side of (3.1) up to an O(N¢/(v/Nu.nE /%)) error.

A brief calculation (see Equation (5.21) in [13]) yields

e
—

(Ti1,x)) = M ( = (W w) + (T2 A1) + (T Gi)(Thjkg) + (Gr — ma) (T k)
J

+ (T2 Gr){(Gr — mk)Ak>)- (4.12)

I
N

Next, we rewrite the equation to the form

(1 +O<(N1n ))((T[1,k]> —my[Ty,..., T}])

*
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=m ( — (W p) + (Tio,ky GrAr A1) —my[To, ..., Ty, GrArAr])

-+ Z(<T[17J>G]> — ml[Tl, v 7Tj—17 Gj])ml [T’j7 e ,Tk] (413)
+ Zml[Tl, e 7Tj717Gj](<T[j,k]> — ml[Tj7 ce ,Tk])

n Z (Th.jyGy) = ma[Th, ., Ty 1, G (T ) — [T, ,Tk])>,

where we applied (1.15) for (G; — m1) on the right-hand side and used (1.18) to get the
matching recursive form for m, [T, ..., T;]. Note that my[T4,...,T;_1,G;] = my[G4] for
j =1resp. my[T},...,Ty] = my[T] for j = k on the right-hand side of (4.13) and recall
that we set (A;) = 0 and a = k in the case considered. Moving the factor (1+O~((Nn,)~ 1)
to the right-hand side, multiplying (4.13) with N and taking the expectation yields

1
NE«ﬂLH»—mmnjuwfu>=(mq+cu(Nn))( NEW Ty ) + ma€[Th, ., Ty
ks Y (M © Mg g} (Mg © (M[t,k]Ak)>)
1<r<s<t<k
NE
+ O(\/ﬁ77 nk/Z)
by the induction hypothesis, (3.1) and the expansion 7 = 1+ O(z). We further

applied (1.15) twice for the last line of (4.13) to obtain

(T Gy) — ma[Th, . T 1,G])((Tbk])—ml[Tj,...,Tk]):(’)<<N27711€/2+1).

Note that the index j appears in both terms and that the last factor of 7}; ;) G; being a
resolvent implies that the term contains only j — 1 traceless matrices. It follows that

NE
NE((Tj 5 Gy) = ma[Th, o Tyo1, Gil) (T ) = mu[Ty, -, Ti)) = O ———5 ),
(Nns) s
i.e., the term is indeed part of the error. Hence, (2.4) is established if
N€
EWThy) = k1 Y, (Myp©Mg) (Mg © (M Ap) +O0(———7 )- (4.14)
1<r<s<t<k <\/N77* k/Q)

By cumulant expansion (cf. Equation (94) in [14]), the underlined term on the left-hand
side of (4.14) is given by

EW ) =Y. > Y. YD) B, (T ) e (4.15)

n!
n>2z,ye[N]ve{zy,yz}"

where 0., denotes the directional derivative in the direction of the zy entry of W
and k(zy,v) denotes the joint cumulant of W,,, W,,,...,W,, for any n-tuple of double
indices v = (v, ..., v,). Note that the n = 1 term of the expansion (4.15) is canceled out
by the renormalization (4.8).

Recall that k(zy, v) ~ N-¥I+1)/2 by the scaling of . It is hence sufficient to estimate
the terms for n > 4 trivially using the bounds from Lemma 1.4, as the factor N? obtained
from the double summation is canceled by the bound for the cumulant. Note that since

k

a:z:y (T[l,k])vw = Z(T[l,r) Gr)vz (T[r,k] )yw»

r=1
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every derivative yields an additional resolvent factor, which increases the size of the
bound for the corresponding resolvent chain by n!. However, each derivative also
“breaks” the chain it acts on and increases the total number of resolvent chain entries in
the term by one. This compensates for the additional factor . L (cf. Lemma 1.4) such
that the power of ! contained in the bound for BV(T[L,C])W does not depend on the
order of the derivative. We conclude that

Y02 ey = 0(——s)

L k/2
n>4 =,y ve{zy,yx}n ’ VN1 N

and identify the term as part of the error in (2.4). It remains to consider the n = 2
and n = 3 contribution to (4.15). Recall that we write T}; ;; = T;...T}; for i < j and
T[M} = T@ =0.

Estimate for the n = 2 term of (4.15): Evaluating the derivative yields, e.g.,

(ax’y)2(T[l7k] yr — xy Z T[l r) yx T[r k])

=Z(Z Gy (Tio Gy (T )

+ Z [1,r) yzc r,s>Gs)yaf(T[s,k:])y$>a

which only involves xy or yx entries of a resolvent chain. Note that the contribution
for the case = = y consists of just one sum and is, therefore, of lower order by power
counting. We thus refer to any xy or yx entries as off-diagonal below. Further, we obtain

k T
8xya Z (Z ﬂ1,5> Ge)y"c (T[s,7'> Gr)yy (T[T,k])rr

r=1 s=1

+ Z(T[m Gr)yw(T[ns>Gs>yy(T[s’k])”)’

which involves two diagonal and one off-diagonal entries. The other terms arising
for n = 2 are of a similar structure, i.e., they involve either zero or two diagonal entries.

As every term involves at least one off-diagonal entry of a resolvent chain, we use
a procedure called isotropic resummation to estimate the x and y summations. To
illustrate the strategy, consider the sum

N_3/2 Z (T[l,r>Gr)yw(T[r,s)Gs)yy(T[s,k])xw (416)
z,y€[N]

with fixed 1 < r < s < k. The factor N—3/2 in front of the term accounts for the size of
the cumulant «(xy, zy, yx). First, insert the deterministic approximation of the diagonal
terms to decompose the resolvent chain entries in (4.16) into a deterministic term
satisfying the bounds in Lemma 1.4 and a fluctuation that is controlled by the local
law (1.16). Recalling that

M A1 S 1Myl S (4.17)

1
i—i)/2
77»9 )/

for i < j by Lemma 1.4, as Mj; ; involves j — i traceless matrices and ||A;| < 1 by
assumption, and that

1
max Gy — M oyl =0 (—) 4.18
2,y [N] ‘(( 23D ]]) i)ayl < N, 77>(kjﬂ)/2 ( )
EJP 29 (2024), paper 191. https://www.imstat.org/ejp

Page 29/49


https://doi.org/10.1214/24-EJP1247
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Multi-point functional CLT for Wigner matrices

by the isotropic local law (1.16), we obtain the bound

1 1
Ty 1y Gy )l < |, Ty Gy — M, :o( )
I( [1,7) r)yac| < [ ]|| H%}&] I( [1,m)&r [ ])yw‘ < nir—l)/Z + NI, n£r—1)/2

Recall that we abbreviated M|, = M|, ,;. Putting everything together, it follows that

s 1
N 8/2 Z (ﬂl,r)Gr)ym(ﬂr,s) Gs — M[T,s])yy(T[s,k] - M[s,k]Ak)Tr = O-<( )

k/2
z,y€[N] \/Nn* M)«
and we can include this term in the error in (2.4). Recall that we consider N(]E(T[Lk] —
my[T4,...,Ty]), i-e., the error terms obtained differ from (2.4) by a factor of N.

Next, let dvec(A) = (A;;)/L, denote the (column) vector consisting of the diagonal
entries of a matrix A € CV*¥ | In this notation, we have

N2 N (T Gr)ya (M) yy (M 4 Ak
z,yE[N]

= N=%2(dvec(Mj,. ), Ti1 ) Grdvec(Mis 1y Ar))
with deterministic vectors dvec(M, ) and dvec(M[, 1 Ay) satisfying
VN )
7]5<S_T)/2

77ik—s)/Z

[dvec(Mp, )|l < VN| Mg = 0(
ldvee(Ms i Ax)| < VN[ Mo 19 4] = O

by (4.17). Recalling that T}, ,y G, contains r — 1 traceless matrices by assumptions, we
obtain

1
NT3/2 Z (T[l r}Gr)yx(M[r 5])yy(M[s k]Ak)m =0z:—— 7
eV ( /Nn* 77!:/2 1)

from (4.17) and (1.16). Hence, the term can be included in the error in (2.4).
It remains to estimate the two terms in (4.16) that involve one deterministic and one
fluctuation term each. By the Cauchy-Schwarz inequality, we obtain

N73/2 Z (T[l,r}Gr)ym(T[r,s)Gs - M[r,s])yy(M[e,k]Ak)mx
z,y€[N]

< N3\ Ty Gyl - [|dvec(Th 0 Gs — My )| - [|dvec(Mis 5 Ax) |

with a similar bound holding for the term involving M, and (T}, — M, xAr). Note
that

1
ldvee(Tir,) Gs = Mipa)ll < VN max [(Thr.s) Gs = Mips))aa| = O< (717,&5”“)/2)’
1 VN
Y
PEITE

< . - =
i1 Gell < Mo+ o (TG = Ml = O (=

by (4.17), (4.18), and the fact that ||B|| < N max, ,|B,| for any matrix B € CV*¥V,
Overall, we obtain

1
N_3/2 Z (T[l 5>G5)’UW(T[S r)Gr)yy(T[T k])mw = O_< S
@,y€[N] (an/2)
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i.e., the term is part of the error in (2.4). The other terms arising from 0, (11 ... T%)ys
with v € {zy,yz}? are treated similarly. Hence, the entire n = 2 contribution of (4.15)
can be included in the error term in (2.4).

Computation of the n = 3 term of (4.15): By a similar computation as in the n = 2
case, the terms arising from 0, (T} ))y. for |v| = 3 involve either zero, two, or four
diagonal entries of a resolvent chain. Whenever a term contains off-diagonal entries,
we can include it in the error in (2.4) by decomposing each resolvent chain entry into
a deterministic and a fluctuation part. Note that M(.) is not necessarily diagonal, i.e.,
applying (1.16) alone is not sufficient. However, as every fluctuation term contributes
a factor N~'/2 and the presence of off-diagonal terms allows us to apply the Cauchy-
Schwarz inequality to estimate the remaining (deterministic) double sum, we gain a
factor N ~!/2 over the trivial bound as needed.

It remains to evaluate the contributions that consist of four diagonal entries, which
can only occur for v € {(zy, yx, yz), (yz, zy, yz), (yz, yz,zy)}. Here,

al/(T[l,k])ya: = - Z (T[l,t) Gt)yy (T[tS>Gn5)-L‘L (T[s,'r) G7)yy (T[Tk}]).LL

1<t<s<r<k

- Z (T[l,r) Gr)yy(T[V',s>Gs)zm(ﬂs,t)Gt)yy(T[t,k-])zz e (4.19)

1<r<s<t<k

where the terms that are not written out in the last line involve two off-diagonal entries
and, therefore, can be included in the error term. Since x(zy,v) = x4/N? for the cases
considered, we obtain

o> %E@(Tw)ym

.,y ve{zy,yx}3

K4
= IN2 <_ Z (M[t])yy(M[t-,S])xz(M[s,r])yy(M[r,k]Ak)m

T,y 1<t<s<r<k
NE
- (M3))yy (M, 6) we (Mis.4))yy (Mg 1) Ar) 2z ) + O
1§r;s§t§k ) <Nv N, 77k a/2)
ke D (Myy © Mig ) (Mg © (M, A)>+<9( Al )
= —K4 [r] [s,7] [r,s] [tk Ak B p—— T
1<r<s<t<k N /N, 775 /2

where the last equality follows from the definition of the Hadamard product and the fact
that the two sums involving , s, ¢ are the same up to relabeling of the indices. Note that
the term in (4.19) is counted for each v € {(zy,yz,yx), (yz, vy, yx), (yx,yz, ry)} when
summing over v € {xy,yz}® while the other choices for v yield lower-order terms.
Adding the contributions to (4.15) together, the cumulant expansion evaluates to

_NIE<%> = ha Z ( 2 Z T] yy M[r s]):m(M[s7t])yy(M[t7k]Ak)xa:)
1<r<s<t<k
NE
Fo( )
We conclude that N (IE(7}; x)) — my[T1,. .., Tx]) coincides with the right-hand side of (3.1)
up to an error term and an additional factor 4. Applying the recursion thus yields

NE
N(E<T[1,k]> - ml[Tl, e 7Tk]) = H4(€[T17 . e ,Tk;] + O(W)

as claimed. O
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4.3 Proof of Lemma 2.5 (leading term of EX, Xp)

)

We start by noting some general estimates for Xék’a and its derivatives that are

needed for the proof of Lemma 2.5.

Lemma 4.3 (A priori estimates). ForXék’“) = (T1,k)) —IE(T11 k) and its derivatives 8,,Xék’“)
for any multi-index v, we have the estimate
1
‘&,X((Xk’a)‘ == O< (Tm) (420)
Nny @

Moreover, we have the more precise expansions for the first and second derivatives

. 17 1
8xyX((xk7 ) = N [;(M(T,...,k,l,...,r))yx + O« (Wﬂ ) 4.21)
k r
aﬂwaa:yX((Xk’a) = = [Z (Z(M(r,...,k.l,...,s))wm(M[s,r])yv
r=1 s=1
. 1
n ;(M[T,s})W(M(S,,,,er))yv) oy (Wﬂ . @22)

Proof. The bounds in (4.21) and (4.22) follow directly from (1.16), Lemma 1.4, and
L
Dy (M) = =55 D_ (Tt Tiar) Gy
L
Ovw Oy (Ti1 1) = N > (Z(T[r,k]T[Ls}GS)wx(rf[s,r)Gr)y’u

+ Z(T[r,s> Gs)wm (T[s,k] T[l,r) Gr)yv) .

S=r

The claim (4.20) follows inductively by (1.16) and Lemma 1.4. Note that (4.20) is also
true for v = () since

1
X = (Thg) —m[Th, - Tl) — (BT ) — ma [T, T3]) = O (W>

as a consequence of (1.15) and Lemma 2.3. O

Proof of Lemma 2.5. We use proof by induction on the length of the multi-indices «
and f3. First, note that the left-hand side of (2.7) vanishes if either (Tj; 1)) or (Tjx41,k+4])
is zero, i.e., if one of the terms is indexed by the empty set. Comparing with (3.6), the
base case is established. Due to the symmetry of the expression, it is further sufficient to
carry out the induction step for one of the arguments only. Assume that (2.7) holds for
multi indices « of length 1, ...,k — 1 and multi-indices S of a fixed length ¢ > 1. We need
to show that the leading term of NQEXék)X[(f) is given by ma[T1, ..., Tk|Tk+1 - - - Trte] and
estimate the error term. Wl.o.g. assume that each A; is either traceless or equal to the
identity matrix.

As a first step, consider resolvent chains T[; ;) that contain at least one deterministic
matrix A; = Id, i.e., that are of the form T}, ) = T}1 ;)G;Gj+1T(j4+1,k With the indices
being interpreted mod & due to the cyclicity of the trace and the first entry of ms[-|-]. In
this case, rewriting the product G ;G4 in terms of a single resolvent allows us to obtain
the claim directly from the induction hypothesis. We distinguish two cases depending on
the imaginary parts of z; and z;41.
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Case 1: §z; and $z;,1 have the same sign: Let s := sign(Sz;) = sign(S¥z;+1) and re-
call from (4.5) that the product G;G;; can be rewritten as a contour integral using
the residue theorem. We obtain a similar contour integral formula for ms[-|-] using the
divided difference structure in (3.19), namely

leu i— 1aG]aTj+17 . aTk|ﬂ] (4.23)

/ m2 J 1,G($ + iW)AjH, s |ﬁ] — mQ[' - vTj—hG(x - i’l’])Aj+1, s |B]d$
" 2mi (z+1sn — zj)(z +1sn — zj41) '

Note that (3.17) can be verified directly from the recursion (3.7), which is crucial if we
want to use Lemma 2.5 in the “meta argument” to prove Corollary 3.10. Rewriting the
left-hand side of (2.7) using (4.6) yields a contour integral with an integrand of the form
N?EX X for a multi-index o/ of length k — 1 and without the identity matrix A; = Id,
i.e., the number of traceless matrices a is unchanged. By the induction hypothesis, we
thus obtain

NEXF X
o i mz[. .. ,ijl, G(.’E + iT])Aj+1, N ‘5] — m2[. .. ,ijl, G((E — i/r])Aj+17 N |ﬁ] dr
27 Jgr (x +1isn — zj)(x +1isn — zj4+1)
NE
+ O(\/m n§<k+e—1)—(a+b)/2>

where the integral evaluates to my[«|3] by (4.23). Hence, (2.7) holds in the case consid-
ered.

Case 2: $z; and 82,1 have opposite signs: Applying (1.20) and the divided differ-
ence structure of my[-|-], it follows that

N2EX{FO XY
_ NzE((<T[1,j>GjAj+1T<j+1ak1> —B(Th )G A1 Ti41.0)
7 T i+
(T Ty m) — E<T[17j>T[j+17k]>))X(Z,b)
Zj — Zj+1 B
_me[, T Ty Tl Bl —wa[Th, o TG0, Ty Ay, Tiga, -, Tl B
Zj T Zj+1
NE
+0( T )
N @21
| 8]+ 0 a
:szl""7Tk + ( k é_a/ b 2)7
VN e

since |zj — zj+1| > 21, in the case considered. This concludes the proof of (2.7) for
resolvent chains that contain at least one deterministic matrix A; = Id.

It remains to consider 7], ) for which all matrices Ay,..., Ay are traceless, i.e., for
which ¢ = k. The argument is similar to the proof of Lemma 2.3, i.e., we rewrite
N2EX{FY x g’b) in terms of covariances of smaller chains and show that it satisfies the
recursion (3.7) up to an NE/(mnk a/2 £-b/2 ) error.

Combining (4.13) and Lemma 2.3 y1e1ds the starting point

[e3

Xk =my ( = (W) = EWTk)) + (T2 GrArAr) — BE(Tj2 5 GrArAr))

k—1
+ ) (T, G5) — B(T 5, Gy))ma [Ty, - ., Ti] (4.24)
j=1
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1
+Zm1 Ty,....T Jj— 17Gj](<T[j,k]> _E<T[j,k]>)) +0< (W)

Next, multiply (4.24) by N zXéé) and compute the expectation. Applying the induction
hypothesis for any terms for which the first factor involves a resolvent chain of length at
most k — 1 yields

MN

NzE(Xg’C)Xg”) = molalf] — <m1 [T1, .. T Tosgo- - Thsjet1, Girs]

1

>
T <
~

—H4Z > ( Z (M) © Mo, ko ket1,0)) (M 1 Ag) © My o)
r=1s=k+1 t=k+1
ket

+ 3 (Mg © Mo} (M sy Ax) © M. bkt 1))

() N*
+ NZE(((WT ) — E(WTn ) Xs') + O<—W)

where we used the recursion (3.7) to introduce my[«|S]. It remains to compute

2B((WT) — E(WTh ) X)) = N2 E((WTp ) X)),

By cumulant expansion, we obtain

4

2E(<WT[1,1¢]>X§Z)) = - Z E(Tt1 0 Tkt 5, k40111 k45 Gt g)
j=1

3
+NZ Z Z ME@ ((T[l,k])meg)> (4.25)

n=2z,y€[N]ve{zyyz}n

o )

where the n = 1 term was evaluated using (4.8) and the terms for n > 4 were again
estimated trivially using that x(zy,v) ~ N~(¥*1/2 due to the scaling of W as well as
the bounds from Lemmas 1.4 and 4.3. By the isotropic local law (1.16) we have

(Tt 1 Tt g v 0 T k) Ght )
N¢ )

=m[T1, .. T, Dot - -+ Thtrj—15 Gl +O((N77*)W ;

which yields an error term that can be included in the error in (2.7). Hence, it only
remains to consider the contributions for n = 2 and n = 3.

Estimate for the n = 2 term of (4.25): Evaluating the derivative 3, ((Tj1,5)y= X5 ) al-
ways yields at least one xy or yx entry of a resolvent chain, which we can use to apply
isotropic resummation (cf. estimate for (4.16) above). Note that X /_(32) always contributes a
factor N~! due to Lemma 4.3, either from evaluating derivatives using (4.21) and (4.22),
or from the trivial estimate (4.20). The additional factor NV in front of the x,y summation
in (4.25) is thus balanced out. Overall, we obtain

N > @Eau((T[l,k])yxXé@):O< A_[E - )

k—a/2 €—b/2
z,y ve{zy,yz}? VN 1 o M+ /

In particular, the n = 2 term can be included in the error in the last line of (4.25).
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Computation of the n = 3 term of (4.25): By applying the Leibniz rule, we distribute
the derivatives as

an((T[l,k])yxX/(;)): Z E(a”l(T{Lk])waﬂzXé@)

viUrvo=v

and distinguish three cases for v:
Case 1 (|v1| = 3): The derivative 0,, (T x))y. arising in this case was already computed
in the proof of Lemma 2.3. Using (4.19) and (1.16), it follows that

NY > %E«@(T[Lk])yz)‘xé@)

©.y ve{zy,yz}®

K4 0
_N Z Z (M['r])yy(M[r,s]):Ew(M[s,t])yy(M[t,k]Ak)szXé )
z,y 1<r<s<t<k

N¢ )
VAT

+0o(

- O(\/Tmnf;vz/znfb/z)

since X [(f) is centered. We hence include the term in the error in (4.25).

Case 2 (Jv1]| = 1): Evaluating the 0, derivative yields either zero, two, or four diagonal
entries of a resolvent chain. Whenever the term contains an zy or yx entry, we use
isotropic resummation to identify the term as part of the error in (4.25). It remains to
consider the case v; = (yz) and vy € {(zy,yx), (yx,zy)}. Here, we compute

k
aul (,T[l,k])ym = - Z(T[l,r) Gr)yy (T[r,k])xzv

r=1
, ket
(’9,,2X[(3) Z ( Z (Tts k0 Tt 1,6)Gt)yy (Tht,5) G5 )
s=k+1 t=k+1

ket
+ Z(T[s,t>Gt)yy(T[t,k+e]T[k+1,s)Gs)m) +..,

t=s

where the terms that are left out contain at least one off-diagonal entry of a resolvent
chain and hence can be included in the error term in (4.25) by isotropic resummation.

Applying (1.16) and recalling that x(zy,v) = k4/N? in the case considered, it follows
that

NZ ( or (Th 1) ye) (80, X Z)))

k k+¢£ s

(Z Z r] Yy M[r k]Ak)mz< Z (M(s,...,k+l,k+1,...,t))yy(M[t,s])mc
oy  r=1s=k+1 t=k+1
k+¢ NE
+ Z (s, yy (M, kvt k1, ,s))m)) + O(an‘“/2nﬁ‘b/2) (4.26)

which can again be rewritten using the definition of the Hadamard product. Note that
we obtain six terms of the form (4.26) in total from applying the Leibniz rule.

Case 3 (|v1| even): For both |v41]| = 0 and |v;| = 2, the derivative always contains
at least one off-diagonal entry of a resolvent chain. Therefore, we can apply isotropic
resummation and include the term in the error in (4.25).
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Adding the contributions to (4.25) back together, the cumulant expansion evaluates
to

- N2E(<WT[L,§])X/(;))

¢
= Zm[Th o T Trgj ooy Tty Thets -+ Thogj—15 Gt ]
=

k k4L

tha) ) ( Z (M) © Ms,.... o k41,0 (M k) Ak) © Mg o))
r=1s=k+1 t=k+1
.

Ne
+Z QM[st><(M[r,k]Ak) QM(t ..... k+£,k+1,...,s)>) +O(mnk,a/2ng,b/2)'

We conclude that, up to an O(N¢/v/N) error, (X} (k )X (« )) equals the right-hand side
of (3.7). Applying the recursion yields

N¢ )
VAT

which completes the induction step. O

E(X(g’“)X}f)) — molalf] + (9(

It remains to establish the alternative integral representation for mgygl-|-]-

Proof of Corollary 3.11. We use proof by induction, starting with the base case k = ¢ =1.
While we could establish (3.20) directly using a similar computation as in [14] or [41], it
is much quicker to read off the kernel from the existing literature. To do so, note that
the function mgyg[1|2] and its counterpart for W being a GOE matrix only differ by a
constant factor. More precisely, evaluating (92) of [14] for GOE (0 =1, k4 = 0, w2 = 0)
yields

mymy

lim NQCOV(<G1 - EC¥1>7 <G2 - EGQ)) =

— % __ =2.m 1|2]. 4.27
NS00 (1= mims)? maue(1)2] ( )

This allows us to obtain the desired integral representation for mgyg[1]2] from [18,
Thm. 2.3], which only applies to real symmetric Gaussian matrices. Applying the theorem
yields

lim N2Cov((G; — EG)), (G2 — EG,)) // @_2 u(z,y)dzdy, (4.28)
- 21)

N—o0 _22)2

where u is given by

4 — 2 a2
xv4 v / 1-w dw.  (4.29)

w?(z —y)? —wry(l —w)? + (1 — w?)?

u(z,y) =

In the notation of [18], Equation (4.28) corresponds to considering a matrix-valued
Gaussian process for which the distribution at time 1 coincides with the law of a
GOE matrix V, as well as the functions f(z) = (v — ;) ! and g(y) = (y — z2) ! for
fixed z1, 20 € C with Sz, 329 2 1. We remark that the functions f and g indeed satisfy
the polynomial bound assumed in [18, Thm. 2.3]. As (4.28) is obtained for the fixed times
s =t =1, we omit the time dependence from the kernel. By substituting v = (%jﬁ)2 and
using partial fractions, the w-integration in (4.29) can be carried out explicitly, yielding
the form in (2.19).

Comparing (4.27) and (4.28), we obtain (3.20) in the case k = ¢ = 1.
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The induction step uses the divided difference structure from Corollary 3.10(iii) and
is similar to the proof of [13, Lem. 4.1]. Assume that the integral representation (3.20)
holds for mgug[S1|S2] with |S1] = k and |S3| < £ for some fixed k£ > 1. We start by
rewriting

mGUE[ SklkE+1,. k-l—g—i-l]
_mcUE[ k|k:+2 Lk+0+1] —mgupll,.. . klk+1,k+3,.. . k+{+1]

- )

Rk4+2 — Rk+1

where the induction hypothesis applies to both summands in the numerator, respectively.
Noting that

k0 1 ke 1
Z (y —z)? Hy— - Z z) H.y—zj
i=k+2 VED = k+1 VED
i#£k+2
k+e 1 1
= (Z+2 — 2041) Z (y — 2)2 H — 2z
imh1 Y TR 5 Y T

we obtain (3.20) as claimed. Since mgyg[S1]|S2] = MmeuEe[S2]S51] by definition, the same
argument applies for the other entry of mgy e[| ] O

4.4 Proof of Theorem 3.8 (CLT for resolvents)

We use proof by induction over the number of factors on the left-hand side of (3.15).
To keep the notation simple, we drop the superscripts (k;,a;) of Xo (k“a]) throughout this
section. First, the base case p = 1, 2 readily follows from the deﬁnltlon and Lemma 2.5,
which give EX,, = 0 and

NE
NN Xo) = mafafos] + O ()

respectively. Next, fix p € IN and assume that

NPE(ﬂXaj)Z Z H m2[041‘|06j]+0< ~ anl_alm) (4.30)

j=1 QePair({1,..n}) (i,))€Q VAV

holds for n = 1,...,p. It remains to consider NP*'E(X,, ...Xa,,,). When writing
out any of the factors, we label the spectral parameters and matrices involved with a
superscript 1,...,p + 1 according to the factor they appear in.

We start by considering the case k; = 1 and inductively extend the statement to
larger products. For the first part of the induction step, we need to compute

NP+1E((<T1(”> BTV X, .. .X%+l>. 4.31)
Combining (4.11) and Lemma 2.3 (together with (4.10) and Theorem 1.3) yields

(")~ B(T{") = —m(") (L) + ol F WG (A7)

R4 1
— e+ (L(N — nfvalﬂ)’ (4.32)

where the superscript in ¢! indicates that the arguments are taken from «;. We
use (4.32) to replace the first factor in (4.31). The underlined terms are again treated by
cumulant expansion. This yields

- m(zil))Np+1E(<WT1>Xa2 . .X%+1)
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p+1 k;
1 1 7 i 7 7 7 _
=m(z") Y E(<T1( bR O AR NI R | | XW>
i=2 j=1 r#li

—mENSY S Y Man((:rf”)w‘,xaz...X%H), (4.33)

n!
n>2 z,y€[N] v {y,ya}"

where the n = 1 contribution was again evaluated using (4.8) and the computations in
the proof of Lemma 4.3. Note that we obtain one term for each resolvent in the product
KXoy - X from applying the Leibniz rule. By the local law (1.15), we have

Tt ptl

BT . 1T T Gy

J ki

i i i N¢
=m0 10,6+ O )

Further, note that every X,, contains a normalized trace, which yields a total of p
factors N~! when the derivative 8,,((T1(1))WXQ2 ...Xq,,,) is evaluated. We can hence
argue as in the proof of Lemma 2.5 to conclude that the contributions for n > 4 in (4.33)
are sub-leading. Similarly, most of the terms arising for n = 2 and n = 3 in (4.33) were
already computed in the proof of Lemma 2.5 and their treatment here is analogous. We,
therefore, focus on the differences between (4.25) and (4.33) below. Recall that |v/]
denotes the total number of derivatives acting on (Tfl))yl in a given term.

Estimate for the n = 2 term of (4.33): Compared to (4.25), new terms only arise if
|v1| = 0 and the two derivatives act on different factors of the product X, ... X,,,,. As

the resulting derivative always includes the off-diagonal entry (Tl(l))yw, we obtain

NP K@Y ) o (1), X, X ) = O N
xzﬁlue{g;m}z 2 ( s ’ P+1) (\/NT]* Hfjllnflal/z)

by isotropic resummation. Recall that every X, contains a normalized trace such that
the factor NP in front of the sum is balanced out.

Computation of the n = 3 term of (4.33): We distinguish three cases for |v|.

Case 1 (Jv1| = 3): After evaluating the derivative, we apply (1.16) to get

NY S M (0,10 X, Ky

z,y ve{zy,yz}3

NE
)

In particular, adding the above terms for the cumulant expansions resulting from the
two underlined terms in (4.32) yields

= —ram(AHAE(Xa, -+ Xar ) + O

= m(A) (= ram() AP = raal DA ) B(Xay -+ X, )
= 545[T1]IE(X@2 N .X%H).

Case 2 (|v1] = 1): Whenever the two remaining derivatives act on different factors of
the product X,, ... X, ,, (4.21) always yields an off-diagonal entry of a resolvent chain
that can be used to apply isotropic resummation. We can thus include any terms of this
build in the error in (4.33). Otherwise, we evaluate the term similar to (4.26). Let again

vo =v\v. Fori =2 ... p+1, it follows that

Ny %E((@Vl (T1)ye) Xan - Xow 1 (s Xar) Xy - .X%+1)

z,y
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= "‘542 (Zm A(l) M[(e)f]><M((t)....k,,1,...,s)>

s=1 t=1
ki
1 1 7
+ Y w2 AP oMl o E)E( T Xa,)
t=s r#1,4
Ne
+o( )

v IN 1, Hf:ll nflialﬂ

where the superscript in M () indicates that the arguments are taken from «;. Recall
that ® denotes the Hadamard product. We emphasize that this term is obtained six times
in total when all mixed derivatives obtained from the Leibniz rule are summed up.

The last case for n = 3 (|v1| even) can be treated similarly to the corresponding cases
of (4.25). We omit the details.

Repeating the expansion for the (WG§1)> term in (4.32), we hence obtain

NPHE( = m(=) (wr) + q§1£<WG§”><A§”>>Xa2 - Koy

ki

_ 1 1 7 7 %

= NP 11E( I1 XW) (V) § [E my [TV, 701 @)
r£l,j i=2  j=1

k;
my (G, T T GO AD)
j:l

k; s
1 1 i 7
+ra ) (o mEAN AP o MO )
s=1 t=1
- (1) 2 (1)
1) [
+ Y mEAPAP oM, 1 D)
t=s
ki
(1 1 7 7
gy (Zm (A e © MU 1)
s=1
+§:m( ORA® o MD |,  e)Ad)] +of Al )
——l S 1 —a
(bt P VI T

Adding the contribution for all three terms in (4.32) together allows rewriting (4.31) as

NPHIR((T0) = B(TV) X, - Ko, )

& (1) (4 (4) N*®
1 i i 1
=S w10 N (T X, )+ O )
i=2 ' r#l,j VN, Hfilln*l /2

where we used (3.7) with kK = 1 and ¢ = k;. As the remaining product only consists of
p — 1 factors, we can apply the induction hypothesis (4.30) and conclude

p+1
NE
—+1 _ . .
NHE(T] X0 )= > T melailas]+Of T ) (4.34)
j=1 QePair([p+1)) (i,/)€Q VAT Lli=1 T

for the case a; = {(ZP, Agl))}.

Assume next that (4.34) holds for all multi-indices «; that consist of up to &1 — 1 pairs
(zj(-l)7 Ag-l)), and consider o; of length k;. As in the base case, we replace the factor X,,
in the product by its leading term using (4.24). This gives

N”“]E(Xal N .X%H)
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= N E( (= w1l

(1O M A AD) 1M 6D AD AD)

k}l 1
MY T G A AR
k—1
+> (V.2 6W) — BT 6V (4.35)

Ry 1 1 1 1 1
+ WE[Tl( DL e T, 1))

k
1 1 1 1 1 1 Rq 1) 1
2 m(r L GO ) B D) + el 1))

K ar(1) (1) N*®
+ eV, T ])Xaz...X%+1>+O(\/7 T —)-

where the underlined term can again be treated by cumulant expansion. Similar to (4.33),
we evaluate

NP“IE( —mEY TV T X,, .X%+1>

p+1 ki
—m({)S (Zml RN O ORI ONYe )

i=2 \ j=1
ki k+e s
1 i
OIS (ZW[(T])@M((S,) kil ,)><(M[(T3€]A( ))QM[(t,)s]> (4.36)
r=1s=k+1 t=1
) ) ) () (@)
1 i ¢! 1 i B
+ 3 ) o MOy (AN e MY, ,&>>)>N” B [T x..)
t=s r#l,i
NE
+0( )

\/TH:DJrl ki—ay/2

and apply the induction hypothesis (4.30) for the product of p — 1 factors. Note that
any terms remaining in (4.35) now involve at most k; — 1 resolvents in the first factor.
Hence, (4.34) applies and we obtain, e.q.,

p+1
1 1) 4(1) 4(1 1) 1) 4(1) 41
NrB((T T, 60 ADAD) ~ B TGP AD AP T] X,

p+1
1 1 1 T r
=S oV, TG AN A T T,gj}( 3 I1 mg[ai|aj])
r=2 QePair([p+1\{1.i}) (i.5)€Q
N¢
+O( )

YA | A

Moreover, note that (4.36) contains the source term of the recursion for &[] (cf. Lem-
ma 2.3), which we can combine with the terms involving &[] in (4.35). Using (3.1), the
terms cancel. We conclude that (4.35) evaluates to

NP'HIE)(X(SZ" 1) X(kp+1))

Ap+1
p+1
1
-5 [ (i T
r=2
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k1 k+¢ s
1 1 7
trd > (oY em L Al e Mg

r=1s=k+1 t=1

SN ) ) D) 4D (D)
1 1 1 1 7

+ D (M © MiJg WM A, )QM(t,...,ki,l,...,sﬁ)
t=s

1 1 1 1 1 T T
FmgT, 1D GO AD 4D 1)

k
1 1 1 1 1 r r
+ > 1Y, T G oY 1)

r

k
1 1 1 r 1 1
+ 3 morV, . T G T T [T >,...,T,£1)])}

J

TORD SR 1 % ) g —

/N p+1 kz a;/2
QePair([p+1]\{1,3}) (4,5)€Q N, T2
Z H Al
ma[ov|oy] —|—O( )
/N p+1 kl a/2
Q€Pair([p+1]) (4,5)€Q ne IhZ:

where the last equation follows from (3.7). Hence, (4.34) also holds for «; of length k;.
Moreover, (4.30) stays true if the product on the left-hand side contains p + 1 factors,
which concludes the proof of (3.15). O

4.5 Proof of Theorem 2.7 (multi-point functional CLT)

The proof of the multi-point functional CLT in Theorem 2.7 consists of two parts. In the
first step, we use Helffer-Sjostrand representation (see [16]) to express fi(W)... fi(W)
as an integral of products of resolvents at different spectral parameters. This relates
the linear statistics Y, back to the resolvent chains studied in Section 3. The second
step is the computation of the leading terms, which establishes the covariance structure
in (2.9).

By eigenvalue rigidity (see e.g., [21, Thm. 7.6] or [23]), the spectrum of W is contained
n [-2 —¢,2 + ¢] for any small £ > 0 with very high probability. In particular, we have
(f - x)(W) = f(W) with very high probability for any smooth cutoff function x that is,
e.g., equal to one on [—5/2,5/2] and equal to zero on [—3,3]°. It is thus sufficient to
consider f; € HY([-3,3]) = H{, i.e., Soboloev functions on R that are non-zero only

n [—3,3]. Moreover, recall that every deterministic matrix A; in the product Fj; ) can
be decomposed as A; = (A;)Id + A with <A> = 0. We thus assume w.l.o.g. that the
deterministic matrices Aj are elther traceless or equal to the identity matrix. Moreover,
we restrict the following argument to the case a = £, i.e., all deterministic matrices are
traceless, and fix p = [k/2] + 1 (resp. ¢ = [¢/2] + 1) throughout. The proof in the general
case is analogous and hence omitted.

Let f € HY and define the almost analytic extension of f of order p by

fe(z) = fep(z +in) = [i @f@( )]SZ(NW) (4.37)

where Y is a smooth cutoff function that is equal to one on [—5,5] and vanishes on
[—10, 10]¢. Note that (4.37) together with (2.2) implies the bound

/ |0z fep(x +in)|dz S 1P~ | fll e S 0P TINP (4.38)
R
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By Helffer-Sjostrand representation, we have

FO) = 1 [ 9zfc(?)

d?z, (4.39)
T ) A—=z

where d?z = dzdn denotes the Lebesgue measure on C = R? with z = = + in and
0z = (0; +10,)/2. Applying (4.39) for fi,..., fi, respectively, we obtain

<.
I
—

(4.40)
with d?z4¢ = d?21 ... d%2;4¢. Let ¢ > 0 and define
770 = N71+c.

We start by showing that the contribution from the regime |7,| < 7o for some j € [k] to
the integral (4.40) is negligible. W.l.o.g. assume that |n;| < 7o only for the single index
7 = 1. The general case is similar and yields an even smaller bound (cf. proof of [13,
Thm. 2.6]). Our key tool is the following variant of Stokes’ theorem

10,10 1 10 N
/ 0z (z + in)h(z + in)dzdn = 5 <I>(x +in)h(z + in)dz, (4.41)
—10J7 i

which holds for any 7 € [0,10], and for any ®,h € H!(C) = H*(R?) such that -h = 0
on the domain of integration and ® vanishes on the left, right, and top boundary of the
domain of integration. Applying (4.41) repeatedly for the variables zo, ..., z; and intro-
ducing the interval notation dzy; ;) = dx;dzy1 .. .dx; as well as dn; j) = dmdniyr ... dy;
for 7 < j, we obtain

‘/dx /Wmd Mo /no dm[ﬁ ]((G(zl)Al...G(zk)Ak>

— (G (21)A; ... G(Zk)Ak>)‘

= o 1‘/dz / A (6= [H xj—l-l??o)}

X ((G(21)A1G (22 +imp) . . . G + i10) Ag) — B(G(21) A1 G (w2 + i1o) - . . Gy, + iﬁo)Ak>)‘
=: 11 + I,

where I; and I, contain the || < 7, := N~°* and the 7, < || < 1o regime of the 7,
integration, respectively. For the smallest values of 7;, the trivial estimate

(G(z1) A1 Gz) Ag)| < HIIG zj) Ajll < H\ml '

together with (4.38) implies that
I, <N

as the z;-integral of (f;)c(z; +ino) for j € [2, k] is of order one due to Assumption 2.1.
For I,, we use the bound

1 1
(G(21)As ... Gz1) Ag)| < N¥/>~1 ——r (14 =)
jg] pla; +iN-2%) U N
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from [12, Lem. 6.1]. Here, p(z) := 7 }|3m(z)| for = € C\ R denotes the harmonic
extension of the semicircle density with p(z +i0) = ps.(z). This yields

L < no(Nno)""?|| fill o

Overall, we conclude that

k

(ka) = — [ / d
Y, /le T (k] o 101" Mk H ]

x ((G(21) A1 ... G(zk) Ax) — B(G(21) Ay ... G(2k) Ar)) (4.42)

+ O (770(1\’770)’“/2 max ||fj|\Hv)

Equation (4.42) now reduces the proof of the multi-point functional CLT for general
fi,--., fr to the CLT for resolvents in Theorem 3.8.

It remains to compute the covariance structure (2.9). By (4.42) and Lemma 2.5, we
have

B(v o)

k
7 f ) w11

i=1

O] [ drisen [ dmenia

10,10

< | TT @=(f)ea) )| malG) A GE) ARGl A, Glare) Avre]
j=k+1

(NE maX;e (k) || fill mr maXje(pi1, kg ||fj||H‘1>

VN

where we estimated the error coming from Lemma 2.5 as

oy (4.43)

k+2L

1
— d d =(f1)e) (2
7 [, daiers /[ e dmen | TTO:()00G)|

j=1
x (N?E[«G(zl) AR = B(G(21) - A (Czk11) - - Ak — B(G(zk11) - - Ar))]

—ma[G(21) s, ., G() ARG (i) A, o, i) vy )

=0

3/2
(Nsno/ max;e ) || fill e max;eps 1 g ||fj||Hq>

VN

More precisely, we considered the regime 7; < .-+ < i and 711 < -+ < Ni4e, @S
all other regimes give the same contribution by symmetry, and applied (4.41) for the
variables i € [2,k| and j € [k + 2,k + {]. Estimating the remaining 0z(f1)c (21) and

Oz(fr+1)c,q(2k+1) using (4.38), we obtain a bound of order |ny[P"%. Recall that applying
Lemma 2.5 yields an (v/N7.7sx Rt “+b)/2) error, where 7, = min;n; = 1o due to the
choice of domain of integration. O

4.6 Proof of Corollary 2.9 (limiting covariance in Theorem 2.7)

Equation (2.14) is immediate from the explicit formula for mgy g[-|-] in [40, Thm. 2.4].
Moreover, the proof of (2.15) identical to [13, Lem. 4.1], as the integral defining ®,
only involves first-order free cumulants. We hence only focus on the proof of (2.17).
Abbreviate U = U; U U; and note that

¢71'1><7l'2,U1><U2(=f17 . 7fk?+€)
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ﬂ-k-&-l /Rm /[nmm]U 1L (fj)@)(zj)}moo[U”UQ]jll[dQZj)
Bemuﬁ ~/]R\B\ /[no )izl L %(fj) } jll dzzﬂ)

not marked

where we set again d?z; = dx;dn; for z; = x; + in;. In particular, the product in the last
line can again be evaluated using [13, Lem. 4.1]. It remains to compute the integral
involving m.[U1|Us]. We claim that

% /]R\Ul /[no,10]U| [ g](az(fj)C)(zj)}m[UﬂUQ] H dQZJ'

JeEU
= Sclit, .-y inling1, - - ingm] + O(ng(]v%)(wl)/? max | il _max (1 Hm) (4.44)
where Uy = {i1,...,i,} and Us = {in41,...,intm}. The corresponding result for scoo[-|]
is then immediate from the second-order moment-cumulant relation (2.13).

To establish (4.44), we use the explicit integral representation for m[-|-] from Corol-
lary 3.11 and rewrite the resulting multi-integral involving the kernel (2.19). Let again
U := U; UU,. Noting that both |z — z;| and |y — z;| are bounded from below by 7 for any
7 and recalling the bound (4.38) for the almost analytic extension, we have

1 1
/[2,2]2 /JR‘U‘ /[no,m]lu (a?(fj)C)(Zj)] <z€ZU1 (x —2)? Jl;[z T — Zj)
: ( 2 (y flzi)g g ylzj-)U(xQ’y) ‘ ngdQZj]dxdy <

€Uz

for any fixed N, as the z; integrations are bounded by an (/N-dependent) constant, which
is integrable w.r.t. to the measure v(dz, dy) = u(x, y)dedy (cf. Remark to Corollary 3.11).
Hence, Fubini’s theorem allows interchanging the order of integration and move the z
and y integrations inside. A brief calculation using (4.41) yields

L emec) =

with 7, = N~°%, and we further have

717/R/[%,m](a?(fj)m(zj)(x_12j)2d2zj = f'(z) + O(n,)

using integration by parts. Hence,

vl /R‘U‘ /[no 1)Ul L %(fj)c)(zj)}

2 = /(@) + O(n,)

JGU
X(Z(x—zi)z.nx—lz)(,z;(y—lzi)Q.H )[Hd%]]
€Uy i 1€Us ) JjEU

= (X @ T1H@) (X £ - T1Hw)
icUy i i€Us i
+ O (3 () 0 | il _ a1

such that (4.44) follows from the Leibniz rule. Recall the [, 0] regime can be added back
in exchange for an O(n3(Nno)YD/2 max;c ) || fill e maxjepp i1+ || fi]|r2) error. This
yields (4.44), which concludes the proof of (2.17). O
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4.7 Proof of Corollary 2.13 (application to thermalization)

Throughout the proof, we set fj(x) = ei%y(z) with a symmetric smooth cutoff func-
tion x that is equal to one on [-5/2,5/2] and equal to zero on [—3, 3]°. By eigenvalue
rigidity, the functions E(W) and f;(W) = e coincide with high probability and we
can use them interchangeably. The deterministic approximation as well as the Gaussian
fluctuations around it are now immediate from [12, Cor. 2.7] and Theorem 2.7, respec-
tively. Note that we use the multi-point functional CLT for the macroscopic regime due
tot € R being N-independent. The limiting variance can be read off from Corollary 2.9.
Observing that

T A = (e A )
we set fi(x) = el'*, fo(x) = 7%, f3(x) = €'®, and fy(x) = e ''* as well as A3 = A},
and A, = A% to apply (2.14). As A; and A, are assumed to be traceless, only the terms
corresponding to the permutations

7 € {(14)(23), (13)(24), (1) (24)(3), (14)(2)(3), (1)(24)(3), (13)(2)(4)} € NCP(2.2) (4.45)

as well as the terms corresponding to the marked partitions

me{{{Lh {2} x {31 {0}, {0} {2} = {3} {4}, {010 421} = {43}, {43},
{1k 421} < {13} {4}}} (4.46)

contribute to the limiting variance of (A (¢)A2). Note that the marked blocks in (4.46)
are distinguished by underlining.
It remains to discuss the ¢ — oo limit. We have

2
. J1(2t
/ e pye(r)dr = 155)
)

where J; is a Bessel function of the first kind obeying the asymptotics

Ji(x) = —cos (x—i—g) %4—(9(#), x> 1.

In particular,

sco[1] = sc[l] = Jl(t%) = O(t?’%)’ > 1.

Hence, it readily follows that the term corresponding to (A; A3)(AsA4) = (| A1]?) (| A2|?)
is the largest among the contributions from NC ?(2, 2) for large t, giving

Ji(2t).J; (2t Ji(2t).J; (2t
B (32())(1_ (22()

sCo[1,4]scs[2,3] = (1 ) =1+ O(%B), t>1,

where we also used the symmetry J;(—z) = —J;(x). Moreover, we obtain that, e.g.,

SCo[1]8¢0[2, 3]sco[4] = O(t%)’ t>>1,
with the remaining permutations in (4.45) yielding contributions of comparable or lower
order in the t — oo limit.

Lastly, we consider the marked partitions in (4.46), which correspond to the term
of Var[¢] that contains (A; Az)(A3A,) = |(A; A2)|%. As we work in the macroscopic regime
of Theorem 2.7, Equation (2.18) coincides with the limiting covariance structure of the
CLT in [37, Sect. 2]. Hence, we obtain, e.g.,

1 [? [?1—cos(t(z—1y)) 4 —xy
14 = — dzdy. 4.47
seltld] 272 /_2/—2 (z —y)? Va4 —x2\/4 — 42 v ( )
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In particular, the cutoff x does not enter the computation. Note that the expressions
for sc[1]4] and sc[2|3] resp. sc[1|3] and sc[2|4] yield the same contribution by symmetry.
The integral on the right-hand side of (4.47) is finite, however, it will grow with ¢t as t — oo.
To identify the asymptotics, we distinguish between the contributions of the bulk regime

4—zy _0(1)
Vi Ji_g ’

and the edge regime where the denominator (v/4 — 22,/4 — y2)~! becomes singular. As

1— _
lim — / / cos(t(z — y)) =A4r,
t—oo t 2

the contribution of the bulk is readily identified to be O(¢). In the edge regime, we
expand the square root in the denominator and further consider the contributions around
the diagonal (Jz — y| < t~!) and away from it separately whenever x and y are close
to the same value. This also yields a bound of order O(t), implying that sc[1[4] = O(¢).
Recalling the identity scoo[1]4] = sc[1|4] — sco[1,4] from (2.13), we obtain

SCoo [1]4]sco [2]8C0[3] = O(tlz), t> 1.

The other marked partitions in 4.46 give rise to terms of comparable order. Summing up
all contributions yields (2.21). The proof of (2.22) is analogous and hence omitted. O
A Proof of Corollary 3.4 (meta argument)

Recall from Lemma 2.3 that

K4 N¢
E(Ty ... Ty) = [Ty, ... ] + S2€[Tn, ..., T} +0( — 2)
N N/ Nny 1. /
i.e., E[Ty,...,Ty] constitutes the first subleading term of E(T} ... T}). In particular, we
have
NE
N(E(Ty ... Ty = [T, Tyl) = Rl T+ O(———rg ), (A1)

k—a/2
VNN, s /

where the quantity on the left-hand side of (A.1) satisfies the properties stated in
Corollary 3.4. For (T ... Ty), this is immediate from the cyclicity of the trace and the
resolvent identity GG = Ci: &1 while the corresponding properties for m,[-] follow
from (1.17) and [13, Lem. 5.4]. Note that (3.4) is a special case of (3.3) and that (3.5)
is obtained by iterating (3.4). Once the formula (3.5) is established, the permutation
symmetry readily follows from the divided difference structure. Hence, Corollary 3.4(iii)
follows from (i) and (ii).

It remains to show that &[] satisfies the same cyclicity and divided difference proper-
ties as the quantity on the left-hand side of (A.1). Note that simply taking the N — oo
limit and applying Lemma 2.3 is not sufficient if A; # Id for some j, as the deterministic
matrices are themselves N-dependent quantities. Instead, let L € IN and consider the
NL x NL Wigner matrix # as well as the deterministic matrices 4, ..., o, € CNIXNL,
Here, # is defined using the same random variables x4, xoq as W (i.e., VNW and

v NL# have the same entry distribution) and we define

e£ijZ:Aj(X)IdL><L7 i=1,...k,
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where ® denotes the tensor product, i.e.,

(Aj)uldexr -+ (A)ivldrxe
ag-| L
(Aj)vldexr -+ (Aj)~vnIdoxr

Next, let &, := (# — z;)" ! and J; := ¥, /; for j = 1,...,k and denote by M4 [.7, ..., F]
the deterministic approximation of (7 ... 7). As both # and W are Wigner matrices
and (#.9;) = ((A;4,) ® Id« ) = (A;A;) by definition of the tensor product, it follows
from the closed form of m;[-] in [13, Thm. 2.6] that

ml[%,...,%]Zml[Tl,...,Tk]. (AZ)

Similarly, the 1/N error term of E(.7; ... 9%) is given by £[T1, ..., Tk, since (A.2) ensures
that we obtain the same recursion from Definition 3.1.
We thus conclude that

|E[T1a"'7Tk?] _S[T2a"'aT7€aTlH
<|E[T1,...,Tx] = NE(A ... T) — 1 [A, ..., T&])]

:O( ﬁ(NL)k— /2)
NL77* T« “

by Lemma 2.3 for any 7, > (NL)~!. Letting L — oo while keeping all other parameters
N, zq,... ,Zk,Al, ce ,Ak fixed yields

ETy,...,Ti] = E[Ty, ..., T, Ti],

i.e., £[] is cyclic as claimed in part (i) of Corollary 3.4. Similarly, we obtain that

E[Tl,...,Tk,th] —

/7NL7’]* nicfa/2

whenever z; # 2, and Ap = Id, which implies (3.3). Recalling that (i) and (ii) of
Corollary 3.4 imply (iii), the proof is complete. O

Ty, ..., Th1, GrAi] _5[T17---aTk71]‘ _ 0( (NL)® )

Zk — 21
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