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ABSTRACT Combinatorial optimization is a challenging problem applicable in a wide range of fields from
logistics to finance. Recently, quantum computing has been used to attempt to solve these problems using a
range of algorithms, including parameterized quantum circuits, adiabatic protocols, and quantum annealing.
These solutions typically have several challenges: 1) there is little to no performance gain over classical meth-
ods; 2) not all constraints and objectives may be efficiently encoded in the quantum ansatz; and 3) the solution
domain of the objective function may not be the same as the bit strings of measurement outcomes. This work
presents “nonnative hybrid algorithms”: a framework to overcome these challenges by integrating quantum
and classical resources with a hybrid approach. By designing nonnative quantum variational anosatzes that
inherit some but not all problem structure, measurement outcomes from the quantum computer can act as
a resource to be used by classical routines to indirectly compute optimal solutions, partially overcoming
the challenges of contemporary quantum optimization approaches. These methods are demonstrated using
a publicly available neutral-atom quantum computer on two simple problems of Max k-Cut and maximum
independent set. We find improvements in solution quality when comparing the hybrid algorithm to its “no
quantum’ version, a demonstration of a “comparative advantage.”

INDEX TERMS Combinatorial mathematics, optimization, quantum advantage, quantum algorithm,

quantum computing.

I. INTRODUCTION
Combinatorial optimization is a challenging task that is
widely applicable across a range of domains, from logistics,
finance, operations, chemistry, computer science, and more.
The underlying problem is deceptively simple: given some
problem, such as protein folding or vehicle routing, find a
solution in the domain of some objective function that ex-
tremizes that function, such as a protein conformation that
minimizes energy or delivery route that maximizes utility.
Typically, the objective is some low-degree polynomial or
other efficient-to-compute function C(x ) : X — R that maps
some domain of valid solutions y € X to a value capturing
the quality of that solution.

These problems are combinatorial, in the sense that the
domain X of possible solutions is a discrete set given by
combinations of subunits, typically growing exponentially

in the problem size. This deceptively simple formulation
hides extreme complexity; often, general NP-complete prob-
lems can be reduced to these optimization problems, which
implies that efficient solvers for these problems may collapse
the polynomial hierarchy and imply complexity class equiv-
alence P = NP. Under the widely accepted assumption that
P # NP, classical optimizers must resort to heuristic “guess
and check” algorithms, which search through a large range
of candidate solutions and guarantee optimal results only in
exponential time.

A promising alternative to classical optimizers is to use
quantum computing [1], which leverages quantum phenom-
ena to generate approximate or optimal solutions faster or
of better quality than existing classical methods. These al-
gorithms fall into two main categories. The first category
of parameterized quantum circuits [2] uses a digital circuit
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model parameterized by variational controls & to prepare a
state whose probability distribution over measurement out-
comes P(z) = |(z|@)|? is biased toward good bit string so-
lutions z € X, maximizing, for example, the average ob-
jective function value (C(z)) = ). P(2)C(2). Typically, the
structure of the problem instance is directly inherited in
the parameterized circuit; for example, the quantum approx-
imate optimization algorithm (QAOA) [3] and its gener-
alizations [4] alternate between some global mixing uni-
tary and a diagonal target unitary generated by accumu-
lating phase proportional to the objective function value
U= ZZ exp(—iyC(2))|z)(z|. If the objective function has
an efficient low-degree polynomial representation with few
hard constraints, such as a quadratic unconstrained binary
optimization (QUBO), each clause may be represented by
some k-local Z-phase gate. Alternatively, hardware-native
ansatzes [5] inherit little or no structure from the underlying
problem, instead targeting particular hardware-constrained
connectivity and optimizing over a larger set of variational
parameters.

The second category of adiabatic quantum computa-
tion [6] uses coherent analog dynamics or quantum annealing
to prepare the ground state of some physical quantum Hamil-
tonian. By designing the interaction terms, the ground state
directly or indirectly encodes the maxima of the objective
function C(z).

Both approaches run into three challenges that may oth-
erwise block commercial-scale adaptation, whose problems
typically do not fall into clear problem classes. First is that
quantum algorithm performance over contemporary classical
optimization may be small or nonexistent [7], with challeng-
ing performance guarantees or sampling rates required to
beat best-in-class routines [8].

Second is that it may be difficult to encode every con-
straint and objective directly into the parameterized circuit
or Hamiltonian; for example, a problem may have long-range
connectivity that is not native to the hardware implementa-
tion [9], include some high-order polynomial term that can-
not be efficiently reproduced by a hardware native k-local
gate set [10], or require hard constraints that may be difficult
toencode [11], [12]. These incomplete mappings may reduce
the performance of the quantum algorithm, as the Hamilto-
nian ground state may not encode the combinatorial solution,
or the parameterized circuit may lose some important context
in the problem structure.

Third and most crucially, the domain X of problem solu-
tions may not be the domain of bit strings {0, 1}", so even the
implementation of a direct encoding [13] may be unclear or
suffer from large qubit overhead [14]. For example, a vehicle
routing problem corresponds to an ordered list of locations
for a vehicle to travel, while encodings exist [15], There
is a qubit overhead in mapping from binary outcomes to
valid solutions. This challenge is a particular blocker for the
utility-scale use of quantum computers solving optimization
problems, as realistic instances rarely directly have a binary
solution domain.
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FIGURE 1. Outline of nonnative hybrid algorithms. A given problem
(center) motivates some problem-dependent ansatz |@). The state is
prepared and measured on a quantum computer (top), generating
samples {z} over the probability distribution P(z) = |(z|&)|?. These
samples are sent to a classical algorithm F (bottom right), which uses
the bit strings to compute a problem solution F({z}) = x, by
postprocessing individual bit strings, using expectation values as a
“quantum hint,” or using the distribution. These classically computed
solutions, which do not have to be bit stings, are fed into a classical
variational optimizer (bottom left), which optimizes variational
parameters & to maximize the objective function (C(x)). The hybrid
algorithm then continues in this loop until convergence.

These challenges are particularly acute when considering
real-world optimization problems. These problems are com-
plicated, typically having nontrivial mixed-integer solution
spaces with many constraints and multiple objectives that
must be optimized in a dynamic or time-constrained manner.
Furthermore, these problems typically do not have a natural
reduction to specific combinatorial optimization problems,
such as MaxCut or MaxSat, and require some reduction,
typically to QUBO at a high overhead cost [16].

This article proposes a framework called “nonnative hy-
brid algorithms” (NNHA) that attempts to circumvent these
challenges by maximally leveraging both quantum and clas-
sical computational resources to solve generic potentially
nonnative combinatorial optimization problems, as well as
proposing a new metric of “comparative advantage” over
classical algorithms. The key idea, as illustrated in Fig. 1,
is to use the quantum device as a variational sampler [17],
generating bit strings {z} from measurement outcomes from
some hardware native parameterized ansatz that inherits
some but not all structure of the nonnative target problem.
These bit strings are then used as a resource for a classical
algorithm, which uses direct measurement outcomes, corre-
lation functions, or probability distribution to compute some
approximate or exact solution x = F'({z}) to the target prob-
lem. This contrasts with contemporary quantum optimiza-
tion, where bit strings directly encode solutions and classical
resources only decode bit strings to solutions. In this way, the
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quantum resources act as a coprocessor or hardware acceler-
ator [18] for the overall computation, solving subproblems or
generating biased probability distributions instead of directly
solving the target problem.

While the terminology of “hybrid computing” is well ac-
cepted [19], this article proposes an extension of the hy-
brid architectures beyond the paradigm of classical resources
simply seeking good variational parameters for some ansatz
state [20]. Instead, the key idea is that classical resources
contribute actively to both parameter finding and directly
constructing candidate solutions to the target problem. This
work augments other ideas, such as greedy [21], [22], re-
cursive [23], [24], [25], multilevel [26], [27], branch-and-
bound [28], genetic [29], preprocessing [30], [31], or linear
programming [32] approaches, and shares similarity to mod-
ern reservoir [33], extreme learning [34], and generative [35]
machine learning approaches.

The rest of this article is organized as follows. Section II
outlines the general structure of the hybrid optimization
scheme and various forms (types 1-4) of classical copro-
cessing. Section III demonstrates a type-1 algorithm for the
MaxCut problem, which inherits performance guarantees of
the classical subroutine as a partial solution to challenge
(1) of contemporary quantum optimization. Section IV
demonstrates a type-2 algorithm for Max k-Cut, where the
solution domain is not bit strings, a solution to challenge
(3). Finally, Section V demonstrates a type-1 and type-3
algorithm for the maximum independent set (MIS) prob-
lem, where hard constraints cannot be completely imposed
by quantum ansatzes, a solution to challenge (2). Examples
IV and V also include implementation on QuEra’s publicly
available neutral-atom quantum computer, Aquila [36], and
are reproducible via code notebooks here [37]. All examples
are intended as prototype demonstrations of the framework
instead of general solutions to specific problems.

Il. METHODS

An NNHA algorithm leverages two key components. The
first is the quantum variational sampler, which efficiently
generates bit strings {z} from some probability distribution
P parameterized by variational parameters ¢ and problem
instance /

{g} < P@lo) = (zlp(@)lz) (1

where p is the state generated by the quantum ansatz p &
|&) (/| parameterized by problem instance I given a particular
algorithm design. Note that there are no strict requirements
on coherence or even that the underlying probability distri-
bution be drawn from a quantum device. A quantum device
serves as an efficient generator of measurements and may be
replaced by, e.g., emulation [38], graph neural networks [39],
classical Boltzmann machines [40], and so forth [41]. A
“no-quantum” or classical version of a hybrid algorithm is
represented by a state (&, ) that is efficient to sample classi-
cally with a set of parameters &,. A natural extension samples
from multiple parameterizations &, so that each bit string is
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the concatenation of each measurement outcome in the set of
parameterizations. For example, an ansatz may sample indi-
vidual bit strings from a range of nonequilibrium evolution
times or from several hardware-native best fits of the problem
onto a quantum circuit [42].

A. CLASSICAL COMPUTATION

The second key component of NNHA is classical computa-
tion, which serves two main functions. The first is to use bit
strings generated from k measurement outcomes into valid
problem solutions, through some function

F: {0, > X (2)

which maps ensembles of bit strings to solutions F'({z}) = x.
The particulars of such a function should be problem depen-
dent but fall into four main types.

Type 1: Computation that “postprocesses” individual can-
didate bit strings to generate individual solutions. For ex-
ample, the function could use a measurement outcome to
directly “warm start” a classical heuristic optimizer, which
refines the initial solution into a locally better solution [43].
This class of hybrid computation is exemplified in Sec-
tion III, which uses a local greedy heuristic to find a local
maximum in the energy landscape.

Type 2: Computation that uses expectation values (Z)
and correlation functions (Z;Z;), including higher order
correlation functions, e.g., (ZiZ;2Z), as a “quantum hint.”
The values of these expectation values are problem-structure
dependent, and shallow circuits may be used to infer the
local structure of the problem instance. For example, the
connected correlation function can be shown to be strictly
local [44] for certain ansatzes, and intermediate-depth
evolutions can generate correlations within some lightcone
that may be larger than a k-local classical algorithm can
handle. This class of hybrid computation is exemplified in
Section IV, which uses the low-energy eigenvectors of the
connected correlation matrix to solve Max k-Cut.

Type 3: Computation that directly uses the distribution of
measurement outcomes {7} < P(z|&) as a “reservoir.” Cer-
tain quantum probability distributions can be hard to sample,
which suggests that samples from this distribution may be a
natural resource for optimization. For example, if the distri-
bution is known to be approximately thermal, one could use
parallel tempering and replica exchange to uniformly sample
low-temperature distributions with simulated annealing. An
optimization-focused example is exemplified in Section V,
where an MIS is optimized using cluster update simulated
annealing.

Type 4: While not covered in this article, the notion of
“iterative refinement” or recursive schemes can be consid-
ered as an NNHA and is the subject of recent research [21],
[22], [23], [24], [25]. Under a recursive method, measure-
ment outcomes or expectation values are used to fix a subset
of problem variables, reducing the problem size. Then, the
reduced problem is fed back recursively until the problem
size is reduced to zero. While these schemes are “hybrid,”
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they differ from types 1-3 as they require iterative calls to
quantum resources with different ansatzes instead of static
distributions P(z|&).

B. PARAMETER OPTIMIZATION

The second function of classical computation is variational
optimization. Typically, the computational problem can be
formulated in terms of a maximization problem for a cost or
objective function C({z}) [45]. However, because bit strings
are not necessarily valid solutions, the optimizer must search
not over bit strings, but instead over classically computed
solutions C(F ({z})), so the optimizer finds parameters & that
extremize

MAXg (C(F({z})) with {2z} < P(z|d)  (3)

where the brackets (- - - ) denote the average over many sam-
ples. The goal of the classical processor is thus to optimize
the variational parameters & such that the objective function
is maximized. This task is typically carried out by a classical
optimization algorithm.

The timescale for operations on a quantum processor is
typically orders of magnitude slower than on a classical pro-
cessor, which motivates the careful choice of an optimiza-
tion algorithm that is not only resilient to noise but also
resourceful and requires few calls to the quantum proces-
sor for convergence. We found the constrained optimiza-
tion by linear approximations (COBYLA) method to be a
suitable choice for this task [46], though other optimization
methods may be appropriate [47]. COBYLA does not re-
quire the computation of a gradient, which makes it more
resilient to hardware noise. The method works by con-
structing an approximation model of the objective function
and constraints in the neighborhood of the current point,
which is maximized and updated with each iteration until
convergence.

For each iteration, the cost function value is estimated
from a set of M measurement outcomes {z}. While the
variance of the expectation values typically scales as
~1/+/M, we find that optimization with fewer shots per
cost estimation can lead to similar or better performance
than optimization with many shots for the noise present on
neutral-atom quantum hardware. The main driver for good
performance is the number of iterations of the optimization
algorithm rather than an accurate estimation of the objective
function.

While on superconducting hardware, 103-10* shots are
typically used for the estimation of the objective func-
tion [48], we found that as few as ~ 10 shots to work well
for optimization on neutral-atom quantum hardware. In the
data presented in this article, we typically use 100 shots.
For the variational ansatzes used in this work, we find good
convergence within 30 iterations and 3000 total shots on the
quantum processor. The few shots for convergence may be a
feature of analog quantum computation where the number
of variational parameters is limited, and the ansatz struc-
ture is simple. We expect that for a more general digital
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ansatz, such as the hardware-efficient ansatz [49] or unitary
coupled cluster ansatz [20], more iterations are required for
convergence.

C. COMPARATIVE ADVANTAGE

A crucial caveat of hybrid algorithms comes in comparing
performance between hybrid and classical algorithms. If the
hybrid optimization performance is better than some other
classical method, is this due to the specific problem subclass,
the classical part of the hybrid algorithm, or a clear “quantum
advantage” [50]? This work uses the insights of designing
algorithms with a classical or no-quantum limit [30]. Given
some set of variational parameters, the quantum sampling
subroutine may be replaced by an efficient and equivalent
classical subroutine, which generates a classical-only vari-
ant of the algorithm. For example, the ansatz could be a
simple-to-sample product state or matrix product state. In
this way, the performance guarantee of the hybrid algorithm
is inherited by that of the classical subroutine. The per-
formance of the algorithm is then compared between the
classical-only limit, and the full hybrid implementation that
does have quantum resources. If the presence of quantum
resources increases performance, then there is a “quantum
boost” [22], signaling a comparative advantage in including
these resources in computation.

1ll. MAXCUT WITH QAOA AND GREEDY FLIP

A simple demonstration of a type-1 NNHA can be shown
as applied to the MaxCut problem using an enhancement
of the QAOA. For this example, the choice of problem,
ansatz, and the classical algorithm is explicitly simple to
pedagogically introduce the concept as well as demonstrate
the notion of “comparative advantage.” This example can be
expanded to more complicated examples as shown in later
sections, as well as extended to designing bespoke solvers
for application-scale solutions and is intended to serve as an
initial inspiration for in-depth bespoke solutions.

MaxCut is an unconstrained binary optimization on
graphs. Given a graph G of vertices V and edges E, MaxCut
strives to find the bipartition of vertices {V,, V_} such that
a maximum number of edges have one vertex in each parti-
tion (“cut”). MaxCut is a prototypical NP-hard optimization
problem, with classical optimization limited performance
guarantees <0.878 in the worst case [51].

The QAOA is the prototypical variational quantum opti-
mization algorithm [3], which generates an ansatz that alter-
nates p times between some mixer B and target C generator
with 2p variational parameters & = { B, 7}

P A
@) = [ [e PP C)4). @)
j=1

The target generator C has the property of sharing its eigen-
spectra with the objective function C = ) _C(z)|z)(zl, and
the initial state [4) is the maximal eigenstate of the mixing
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FIGURE 2. Structure and performance for type-1 NNHA using
postprocessed QAOA, solving MaxCut on a random ensemble of 256
3-regular 16-vertex graphs. (Top) Action of the greedy flip algorithm. The
greedy algorithm iterates through vertices based on some initial
bipartition based on quantum measurement (left) and tries to flip
partitions based on the 1-local environment, accepting if the objective
increases. The process repeats until no further flips can increase the
energy, finding a local maximum (right). (Bottom) Comparative
performance of hybrid, quantum, and classical algorithms. The line is the
average expected approximation ratio of each graph over the ensemble,
while the violin plots show the distribution of expectation values over
the ensemble. Observe that the hybrid greedy postprocessing method
(purple) outperforms base QAOA (red) and begins to outperform the

P = 0 classical-only limit (black dashed) at p ~ 4, indicating an ensemble
performance advantage.

operator, which is typically taken to be a uniform sum of X
terms B =), 67.

MaxCut and its generalization of QUBO is a natural target
problem for the QAOA [52], [53], due to the simple trans-
lation from measurement outcomes to problem solutions.
The space of bit string measurement outcomes {0, 1} is
in one-to-one correspondence with MaxCut bipartitions, by
simply assigning each vertex to the bipartition given by the
measurement outcome of the corresponding qubit 0 — V,
and 1 — V_. This fact will not be true for later problems.

While QAOA has limited performance guarantees in the
small p limit [44] and converges to exact solutions in the
large p counterdiabatic limit [54]. The algorithm is typi-
cally heuristic and struggles to beat contemporary classical
optimizers on a range of problems. A local classical algo-
rithm can strictly outperform p = 2 QAOA [7], and a sim-
ple 1-local greedy heuristic can outperform even p ~ 6 base
QAOA [8], as seen in Fig. 2.

QAOA may be enhanced by merging it with a local greedy
algorithm using a type-1 NNHA using “postprocessing”
[43]. The algorithm includes three parts: the ansatz, the vari-
ational optimizer, and the classical solution generation. The
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ansatz is the base QAOA of (4), where the objective genera-
tor is the sum of quadratic terms C = Z< ij)eG 6;6{ over all
edges in the graph G, and the mixing generator is the uniform
sum over Pauli X terms, B = Y 6. To simplify the analysis,
this demonstration uses fixed angles optimized for v-regular
graphs [55], bypassing the variational optimization step.

The classical postprocessing algorithm is chosen to be a
1-local greedy flip heuristic [56], shown in Fig. 2. The algo-
rithm is initialized by a single measurement outcome, which
is inferred to be an initial candidate solution by mapping a
bit string to a bipartition 0 — V4 and 1 — V_. Next, the
solution is postprocessed with the greedy algorithm. Each
vertex is trialed to be “flipped” to be in the opposite partition.
Each of these trials increases or decreases the objective value
of the solution, depending on the local solution from neigh-
boring vertices. The greedy solver simply picks the vertex
flip with the largest increase in objective value; tied vertices
are selected at random. The process iterates until no local
flip increases the objective value and the algorithm returns
a solution. If the algorithm instead chooses a random vertex
instead of trialing all vertices, this update rule is the same
as zero-temperature simulated annealing; a generalization
beyond the scope of this work could include implementa-
tion of finite-temperature simulated annealing (e.g., replica
exchange); see Section V for more details.

The greedy flip heuristic has a performance guarantee of
[v/2]/v and converges to a solution in a time of order N>
and memory of order N (with a simple generalization to time
of order N using zero-temperature simulated annealing [57]).
The hybrid algorithm can recover the classical-only limit by
choosing all 8; = 0 or doing p = 0 layers, in which case the
sampling probability is uniform P(z) = 27V, which is trivial
to sample classically. Note that while it may be efficient to
simulate expectation values of QAOA using tensor networks
or other methods that leverage the strict locality of QAOA,
sampling from certain QAOA distributions can be shown to
be in the class #P [58], though the reduction does not work
for specific instances such as 3-regular MaxCut.

A comparative demonstration of this hybrid algorithm
is shown in Fig. 2 using emulated state-vector simulation.
Results are characterized using an ensemble of 256 ran-
dom 3-regular graphs with 16 vertices. There are a few
key takeaways from these results. First, the classical p =0
limit of the algorithm outperforms the base QAOA even
for depths p ~ 6, highlighting the poor performance of
quantum-only algorithms against even the simplest classical
heuristics.

Second, the shot-to-shot objective value of the hybrid al-
gorithm is strictly greater than or equal to that generated
from base QAOA measurements due to the greedy action of
postprocessing. In this way, any advantage in terms of perfor-
mance improvements over base QAOA is self-evident. This
performance gain is clear when comparing the red and purple
lines of Fig. 2. While this may be a trivial fact, this notion of
maximally using classical resources is the key insight of this
work.
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Third, for advancing depths of QAOA and thus more quan-
tum resources, the hybrid algorithm heuristically appears to
have better performance than both the classical or quantum
algorithms individually, as shown by the rise above the black
dashed classical-only limit. Unlike the performance increase
over quantum-only, this increase is not self-evident and is
only a heuristic observation. In principle, the probability dis-
tribution over measurement outcomes for the chosen fixed
angles may maliciously sample from regions in solution
space that have many low-quality local maxima, reducing the
performance of the greedy heuristic below the classical-only
limit. This phenomenon occurs and is further explored in
Section V-A. It is interesting to explore how optimal pa-
rameters may change when optimizing over postprocessed
objective values, but such a study is beyond the scope of this
work.

This simple first example serves only as an initial demon-
stration of NNHA. There may be many interesting future
directions in investigating different problem classes, postpro-
cessing methods, approximate or hardware-native ansatzes,
variational optimizations, benchmarking against state-of-
the-art optimizers, as well as applying this postprocessing to
real-world optimization problems. In addition, type-1 post-
processing can be used as a subroutine for other NNHA, as
will be used in every proceeding example.

IV. MAX k-CUT WITH QUENCH DYNAMICS AND
SPECTRAL CLUSTERING

An extension of MaxCut is the Max k-Cut problem [24], [27],
[59], [60], which seeks to find k disjoint subsets of a graph
such that a maximum number of edges have vertices of dif-
ferent subsets. For k = 2, the problem reduces to the binary
MaxCut problem, and if k > x (G), the chromatic number of
the graph, the optimal solutions are also k-coloring. Due to
MaxCut and graph coloring reducing to Max k-Cut, which
are NP-complete, the decision variant of Max k-Cut is also
NP-complete.

As discussed in Section III, k£ = 2-MaxCut is a natural
problem for quantum optimization since the domain of so-
lutions is directly mapped to bit strings, and the objective
function is naturally mapped in ZZ or parity gates. k > 3
faces the challenge that the direct mapping from bit strings
to solutions does not exist. While encoding strategies, such
as 1-hot exist [14], they may become unwieldy for larger k
and suffer from limited qubit numbers and coherence.

For these reasons, NNHA may be a viable solution to
efficiently extract approximate or exact Max k-Cut solu-
tions using nonnative quantum hardware. In this section,
we propose an example or prototype type-2 NNHA using
expectation values and correlation functions that integrate
two classical routines: spectral clustering and type-1 greedy
postprocessing. Keeping with the design intent of NNHA,
this implementation will have a natural no-quantum limit and
includes both classical solution generation and variational
optimization steps. This example implementation should be
seen as an example type-2 NNHA, with a specific method
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and target problem, and should be considered as inspiration
instead of generalization to more complicated applications.

A common graph analysis method is spectral graph
theory [61]. This example implementation takes strong
inspiration from spectral clustering, which is a method to
partition nodes based on eigenanalysis-based features [62].
The classical algorithm works in the following steps.

1) Given a graph G, compute the eigenvalues E; and
eigenvectors Vj; of the graph Laplacian J(G) or ad-
jacency matrix. The eigenvectors can be interpreted
as the “spring modes” of the graph if every edge
can be considered to be a harmonic potential between
vertices. The lowest energy eigenvectors correspond
to long-wavelength spring modes with many vertices
moving together and the highest energy eigenvectors
correspond to short-wavelength spring modes with
adjacent vertices moving opposite.

2) Identify the largest k eigenvectors V of the Laplacian
as a feature vector F; for each vertex i

Vin—k) - (5)

If the smallest k eigenvectors are selected, this method
will construct an approximate k-clustering.

3) Given the feature vector 1*:; of each vertex i, implement
a k-clustering algorithm to each vertex to identify each
vertex with a color. This implementation uses a simple
k-means clustering. The output is a vector S; of colors
as a candidate Max k-Cut solution.

—

Fi=(Vin.Vin-1,--.

This solution can be enhanced by type-1 greedy postpro-
cessing of the classical output, similar to Section III. The
algorithm iteratively tries every single-vertex color update,
selects the one that decreases the cost function the most, and
repeats until no further updates are possible. This algorithm
is a generalization over Section III to multiple colors.

This algorithm can be modified and augmented using a
quantum computer with a type-2 NNHA that uses connected
correlation functions as a resource for clustering. Instead
of using the eigenvectors of the connectivity matrix as the
feature vector, we propose to use the eigenvectors of the
weighted sum of connected correlation functions

n
Cijla, r) = Z)»i ((ailAinjloi) — (dilA:|di) (dilajld)) (6)
i1

where |¢;) are n wave functions of quantum variational pa-
rameters & and classical variational weights A;. This is sim-
ilar to [63], where the direct sign-based partition used for a
k = 2 MaxCut is replaced by a more general k-means cluster-
ing as required for k > 2 colors. There is of course flexibility
in the design of ansatz |&); in this case, we use a nonequi-
librium quench of the Rydberg neutral-atom Hamiltonian,
where each atom is placed at a position scaled from vertex
positions on the original graph. For more details, see code
notebooks here [37]. This ansatz requires a constraint on the
viable problem instances solved with this algorithm: they
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must be 2-D geometric with constrained local connectivity,
and each vertex must have a position assigned in the 2-D
space.

This work selects problem instances that are King’s sub-
graphs with a 30% random dropout similar to the graph en-
sembles of [64]. We select a k = 3 solution space, as k = 2 is
the prototypical MaxCut problem and any Kings graph can
be trivially k = 4-colored with a tiling.

We choose the variational ansatz |¢;) to be three differ-
ent quenches from the ground state of the analog neutral-
atom Hamiltonian. Each wave function is parameterized by
o; = (t;, A;), where t € [0, 4]us is the total evolution time
and A € [0, 15] rad/us is the detuning. We select a lat-
tice spacing of 4.8um between sites, and a Rabi drive of
2 = 15.0 rad/us, corresponding to a dynamical blockade
radius of R, &~ 6.7um. We find that M = 100 measurements
are adequate to recover statistics. Computations are imple-
mented using the QuEra computer “Aquila” through Amazon
Braket. For more details, see [36] and example notebook
[37].

Each of the six quantum and three classical variational
parameters can be simultaneously optimized. Due to the cost
of quantum optimization, this is done dimensionwise: for ev-
ery set of quantum parameters «;, the classical parameters A;
are optimized using Bayesian methods. Then, the parameter
space of quantum parameters is explored using a bounded
stochastic search.

Such an ansatz is well physically motivated. At short times
and short-range connected quantum systems, correlations
and entanglement spread ballistically [65] or diffusively [66]
within a small distance. Thus, at times of order r ~ 1/, the
connected correlation function between vertex i and others
will only be nonzero over a region of radius ~ 1 unit cell
away. Thus, the eigenvectors should recover some of the local
structure of the original graph. By varying the times f; of
each quench, the ansatz probes various local length scales.
By varying the weights A; of the different quenches, one
can “target” a particular length scale. Finally, by varying
the detunings A; of the different quenches, one can infer the
local connectivity of each vertex due to the Rydberg blockade
effect. In totality, the variational ansatz exploits local corre-
lations and entanglement in the system to extract quasi-local
graph structure in a way that may be difficult to reproduce
with an equivalent classical analysis.

To recap, the type-2 hybrid spectral clustering algorithm
works given the following steps, as shown in Fig. 3. Given
some Max k-Cut instance on a unit disk graph G with vertex
positions x;, M bit strings are measured from three variational
ansatzes of two parameters each «;, which is a quench of the
Rydberg neutral-atom Hamiltonian. Given nN bit string mea-
surements, the connected correlation function weighted by n
classical parameters A; is computed. The k largest eigenvec-
tors of C(«, \) are used as a feature vector I:"; for a k-means
clustering to identify each vertex with a color, and finally,
the candidate result is postprocessed to be locally optimal
with a zero-local greedy flip algorithm. While the expectation
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values are deterministic (in the N — oo measurement limit),
candidate solutions are nondeterministic due to the stochas-
tic nature of k-means clustering, flip, and finite-sample
averaging. Finally, the variational parameters are optimized
using Bayesian and stochastic optimizers.

This algorithm, as all NNHA must, has a no-quantum
limit. If + = 0, then the connected correlation function is triv-
ially C(«, A) = 0, and thus, the eigenspectra are degenerate,
eigenvectors are Haar random, and the clustering generates a
random guess for each vertex color.

Results for this implementation as implemented on
QuEra’s cloud-accessible quantum computer “Aquila” [36]
are shown in Fig. 3 for a representative graph and k = 3. It
is clear that the hybrid version of the algorithm outperforms
the classical-only limit. This is a clear demonstration of
comparative advantage: the presence of quantum resources
increases the performance of the algorithm. However,
this is not “quantum advantage,” as other structure-aware
classical algorithms may be able to beat this heuristic
performance.

Finally, it should be noted that this example should not be
used directly for solving Max k-Cut optimization problems.
Instead, it should serve as a template for other implemen-
tations of type-2 NNHA. Other problems with more compli-
cated objectives and geometries may require other variational
ansatzes or classical steps, for which the insight of their
design may only come from an understanding of the problem
and the action of existing classical optimization routines.
Such exploration is beyond the scope of this work.

V. MIS WITH QUANTUM ANNEALING AND CLUSTER
SIMULATED ANNEALING

For the final example, we solve the MIS problem using a
type-3 NNHA. For completeness, we also discuss the recent
results of Ebadi22 [64], which can be retroactively inter-
preted as a hardware demonstration of a type-1 postprocess-
ing NNHA, though the encoding itself is very close to native.
This example extends the results of that work in a type-3
NNHA by using measurement outcomes as a reservoir for
a cluster simulated annealing step.

The MIS problem is a combinatorial graph problem that
seeks to find the largest subset of vertices of some graph G
such that no two vertices share an edge. The MIS is an NP-
complete optimization problem [67] and has worst-case clas-
sical performance guarantees that scale logarithmically due
to the “overlap gap” property [68]. MIS is a good example
of constraint mismatch in quantum algorithms: it is natural
to map a bit string z to a set S = {i if z; = 1}. However, not
every bit string is a valid independent set (for example, the
all-ones bit string), and generating an ansatz with such hard
constraints may be difficult. For this reason, some amount
of classical processing must happen to get valid solutions.
A subset of independent sets are maximal independent sets,
which are independent sets such that adding any vertex to the
set makes the set no longer an independent set. By definition,
the MIS must also be a maximal independent set. Certain bit
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FIGURE 3. Structure and performance of spectral clustering solving the Max k-Cut problem on unit disk graphs, as implemented on QuEra’s
cloud-accessible quantum computer “Aquila.” Top left plots the variationally optimized connected weighted correlation function (6) for the particular
problem instance. The three lowest eigenvectors of this matrix serve as a feature vector for k-means clustering (top middle), which generates a
candidate Max k-Cut solution (top right). Each candidate solution can be further postprocessed with a zero-local greedy flip algorithm to find a locally
optimal solution. The bottom left plots the objective distribution of solutions. The quantum version outperforms the classical-only limit (bottom left) of
a greedy postprocessed random choice in finding more optimal solutions, which is an indicator of comparative advantage.

strings (for example, the all-zeros bit string) do not map to
valid maximal independent sets. A natural solution space X
for MIS is thus the set of all maximal independent sets.

A. EBADI22 SOLUTION
Recent seminal results by Ebadi22 [64] solve MIS on a sub-
set of graphs, called unit disk graphs, using neutral-atom
quantum computers. The key insight is that the strong van
der Waals interaction between neutral atoms excited to a
Rydberg state causes a strong energy shift preventing nearby
atoms from both being in the doubly excited states, in a
phenomenon called the “Rydberg blockade.” Given some
choice of detuning (e.g., Z field) and placing atoms at scaled
positions of the vertices of the target graph, the Rydberg
atom Hamiltonian can encode the MIS of a subset of graphs,
called “unit disk graphs” in its ground state, by matching the
Rydberg blockade radius to the unit disk radius [69]. The
ground state can be prepared adiabatically using protocols
such as those of Fig. 4; for more details, see [36] and [64].
Although the ground state theoretically encodes the solu-
tion, the prepared state may not be the ground state, due to
decoherence, SPAM errors, diabatic effects from the ansatz,
and more. This is a constraint or objective mismatch between
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the target problem and the underlying ansatz. For this rea-
son, the measurement outcomes {z} may not directly map
onto maximal independent sets and require some level of
type-1 postprocessing. Ebadi22 [64] used a zero-local greedy
heuristic, which works similarly to what follows.

Given some graph G and current independent set /, a ran-
dom vertex is added from the subset of vertices of G that
are not in the independent set or adjacent to a member of
the independent set. The addition is iterated until no further
vertices can be added and the independent set is maximal.
This heuristic, which is zero-local as it is not aware of any
edge structure when selecting vertices, has a performance
guarantee of 2/(v + 1) on v-regular graphs and is classically
optimal up to constant factors [70].

The greedy heuristic is used in a two-step process to gen-
erate a valid maximal independent set. First, independent
set violations are greedily removed as follows. Given some
graph G and candidate solution z, the greedy add heuristic
is implemented starting with the empty set on the subgraph
GI[z] induced by z, generating some independent set 7. If z
is an independent set, then G[z] has no edges, and thus, the
independent set 7’ is the same as z. If z is not an independent
set, then 7/ C z is an independent set through the greedy add
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FIGURE 4. Structure and performance of greedy postprocessing solving the MIS on unit disk graphs, as implemented on QuEra’s cloud-accessible
quantum computer “Aquila.” A measurement outcome from the quantum device (top left) is used as a “warm start” for a heuristic greedy classical

postprocessing. First, independent set violations are removed by doing a zero-local greedy add on the induced subgraph G[z], and then, the solution is
made maximal by randomly adding vertices until no more can be added. The measurement outcomes are generated by a piecewise linear variational
adiabatic state preparation (bottom left). Results of the protocol for the example problem instance are shown on the bottom right; for these optimal
parameters, the hybrid algorithm is outperformed by the classical algorithm in average solution and maximum solution, indicating no comparative
advantage for the particular problem instance. Given a more optimized preparation protocol, it is possible to improve performance and possibly get a

quadratic speedup over classical methods [64].

procedure. Likewise, the candidate solution 7’ may not be a
maximal independent set and thus not a valid solution. By
greedy adding warm started by 7/, the generated solution x
will be both maximal and independent and thus be in the
solution space. These steps are shown in Fig. 4 (top).

This algorithm has a natural no-quantum limit, by replac-
ing the measurement outcome z with the all-zeros or all-
ones bit string. The greedy algorithm will act equivalently
on both to add or remove vertices until maximal, and the
performance serves as a comparative benchmark against the
quantum-enhanced version.

Results for this algorithm as implemented on QuEra’s
cloud-accessible quantum computer “Aquila” [36] are shown
in Fig. 4 (bottom right), which plots the probability distri-
bution of maximal independent set sizes for the particular
graph instance shown; we find that the hybrid (classical)
algorithm generates independent sets of average size 44.282
VOLUME 5, 2024

(45.178) with the hybrid algorithm having a performance
ratio of 0.9801, indicating that the hybrid algorithm is out-
performed on average by the classical-only limit. Similarly,
the classical-only algorithm finds a better single-shot solu-
tion than quantum with an 81.2% probability and finds an
MIS of size 47 with a 1.80% probability, which the hybrid
algorithm never finds. These results suggest that, in this case,
the quantum elements of the algorithm in fact hinder, not
help the performance.

This is a crucial fact: including quantum resources in an
NNHA does not result in a self-evident improvement in per-
formance over classical-only algorithms. Indeed, any algo-
rithm must be carefully designed to avoid reducing perfor-
mance. In this example, the 1/R® Rydberg interaction causes
a “repulsion” of Rydberg states outside of the Rydberg ra-
dius, which favors extra space between adjacent excitations.
In an extreme case, it may cause excitations to typically be
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distance 3 apart instead of distance 2, generating a small but
maximal independent set. It is interesting to consider how
these patterns can be leveraged; for example, generating such
distributions might be used as a resource for finding mini-
mum dominating sets. Increasing the complexity and length
of the adiabatic protocol may lead to improved performance
and avoid these pitfalls, which is the case for [64]. Such an
algorithm and hardware-specific tuning is out of the scope of
this work.

B. CLUSTER UPDATE: TYPE-3 SOLUTION

A natural example of type-3 NNHA is cluster update us-
ing parallel tempering [71] and simulated annealing [57],
[72], where subsystems are exchanged between two samples
from Boltzmann distributions of solutions at different tem-
peratures. By coupling the low-temperature ensemble to the
high-temperature one, a Markov update Monte Carlo can be
kicked out of local maxima to more efficiently explore the
low-energy state space of the distribution. In this implemen-
tation, instead of two classically generated distributions, the
high-temperature distribution is replaced by samples drawn
from the quantum device. The distribution may not be ther-
mal with respect to the objective function, though recent
work on QAOA finds that Boltzmann distributions are sur-
prisingly common [73]. If the ansatz adiabatically prepares
almost-ground states of a Hamiltonian that almost encodes
the objective function, as is the case for MIS and neutral
atoms, the direct samples from the reservoir may nonethe-
less be close to the maximum, and thus, the ensemble may
generate relatively low-temperature states [74].

Instead of a direct parallel tempering implementation,
which occasionally directly exchanges samples from differ-
ent reservoirs, a more advanced version instead exchanges
subsystems of samples from each reservoir, e.g., a “cluster
update.” In this case, only a small portion of the current
Monte Carlo solution step in the low-temperature reservoir
is replaced with the high-temperature distribution. Cluster
update methods with scale-free sizes have been found to con-
verge to better results faster than single-vertex updates [75].
Note that because many individual quantum samples are ag-
gregated into a single solution, the resulting output may be
better than any individual sample.

The cluster update NNHA works as follows, as shown
in Fig. 5. Given some solution x (initialized as the empty
independent set):

1) Pick some subsystem to update. There are several
strategies on how to select a cluster. For instance, one
could select a pair of adjacent vertices for which one
is in the independent set, in which case the method
reduces to a diffusive search over Hamming distance 2-
adjacent maximal independent sets [72]. Alternatively,
one could select vertices within a fixed radius of a
central vertex, in which case the method diffusively
explores across larger Hamming distance moves. In
this example, the insights of self-organized criticality
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for optimization are used by selecting clusters based on
a sandpile model [75]. A sandpile model works by iter-
atively adding “sand grains” to random vertices (slow
process) until a vertex reaches a collapse threshold
given by its adjacency; then, the vertex sheds a grain to
each adjacent vertex (fast process), which may trigger
further collapses. This fast process is iterated until no
further vertices collapse; the cluster is generated by
all vertices that underwent collapse. A non-scale-free
dissipation term is added by removing each grain from
a collapsing vertex with a 5% probability. This pro-
cess is known to generate a scale-free size distribution
of clusters. It has been found on similar objectives
that such a cluster update outperforms fixed-cluster
optimization techniques [75].

2) Sample an approximate solution x from the high-
temperature reservoir by calling the greedy algorithm
of Section V-A as a subroutine. The no-quantum limit
of that subroutine serves as the no-quantum limit of
this algorithm.

3) Merge the solution x with the reservoir solution x’,
as z = x U x’. In the vertices of the cluster selected
by step 1, update the solution x to the solution of x’;
outside, keep the solution .

4) Enforce that the new candidate solution z is a valid
maximal independent set with a type-1 postprocessing,
by a mapping F(z) — x using the greedy heuristic of
Section V-A to guarantee the new solution is a valid
maximal independent set. Even if both x and x’ are
valid maximal independent sets, the merged candidate
may have independent set violations along the bound-
ary.

5) Accept or reject the update based on the change in
objective value using the Metropolis—Hastings update
rule [76] Paccepr = MIN[1, exp(—BA)], where B is
the inverse temperature and A = C(x’) — C(X) is the
change in objective value.

6) Finally, go to 1) for some fixed number of steps or
break after the solution y becomes stationary given
B — oo. Update steps equal to the number of vertices
in the graph is one epoch.

Results for this algorithm as implemented on QuEra’s
cloud-accessible quantum computer “Aquila” [36] are shown
in Fig. 5, which is implemented for a particular graph in-
stance. Parameters are variationally optimized to an objective
function that averages the objective over three epochs of an-
nealing steps. A bounded stochastic optimizer finds the best
parameters to be f,x = 3.80us, Apin = —13.47rad/us, and
Amax = 41.95 rad/us. We find that the hybrid (classical) al-
gorithm generates independent sets of size 45.72 (45.48) with
the hybrid algorithm having a performance ratio of 1.005,
indicating that the NNHA slightly outperforms the classical-
only limit. Similarly, the NNHA samples an equal-or-better
solution with an 83% probability. For more details, see an
example code notebook here [37].
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FIGURE 5. Structure and performance of cluster update simulated annealing implementation using type-3 NNHA, as implemented on QuEra’s
cloud-accessible quantum computer “Aquila.” Top sketches the structure of the algorithm, which iteratively updates and improves a candidate solution
(top left). First, a sample is drawn based on a measurement outcome from a neutral-atom quantum annealing protocol, and a cluster is generated based
on a self-organized critical sandpile model (top middle). Then, the candidate solution is merged with the new sample (top right) by replacing the
solution within the cluster with the reservoir measurement. The process is iterated many times until converged (bottom left), where each epoch is N
update steps. Given variationally optimized parameters, it is clear that the NNHA converges to optimal solutions faster than the classical-only limit
(purple). This is an indicator of comparative advantage, as the algorithm performs better when quantum resources are included. The bottom right plots
the distribution of solutions after three epochs of zero-temperature updates. While the NNHA has a better average performance, the classical variant

can occasionally outperform and find the actual MIS of size 47.

For this particular instance, the hybrid annealing algorithm
converges to finding larger independent sets faster than the
equivalent classical algorithm, which simply greedily adds
vertices within the reservoir. This may be as expected, as
the independent set samples “know” more about the global
structure of the graph than the zero-local greedy algorithm.
We observe that performance is highly dependent on the
variational parameters. For example, if the final detuning is
too small, the effective blockade radius is too large, and the
Rydberg states will typically be further apart. This causes
measurement samples to accidentally block good maximal
solutions, and the NNHA converges to solutions slower than
the classical-only limit. Such behavior may be useful if, for
example, the solution space is over minimum dominating
sets, but is otherwise detrimental.
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Furthermore, even though the quantum variant finds
a larger expected independent set size on average, the
classical-only limit may occasionally find a larger indepen-
dent set size of 47. While this result is seen for a specific
problem instance, this still suggests that classical algorithms
may outperform NNHA depending on the particulars of the
objective. Improvements to this prototype implementation
may also see an enhanced performance, though such a study
is beyond the scope of this work.

Finally, it should be emphasized that this particular im-
plementation is a template for other type-3 postprocessing
implementations. For example, other kinds of cluster update
strategies may be used or optimized over different objectives
such as dominating sets. In particular, cluster updates may
be used to solve MIS problem instances much larger than
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can fit on quantum hardware. By implementing quantum
annealing dynamics on each (subextensive) cluster plus some
fixed radius around a cluster, a large graph can be broken into
many small subgraphs and stitched together using annealing.
In this way, arbitrary large graph problems may be solved
using a reasonably sized neutral-atom quantum computer,
at the cost that correlations in each sample will be small in
extent. Such an implementation is beyond the scope of this
work. Alternatively, the samples could be used to generate
clusters instead of the updates themselves in a multilevel
algorithm [27].

VI. CONCLUSION AND FUTURE DIRECTIONS

There are three key challenges to contemporary quantum
optimization. First, the performance of heuristic quantum al-
gorithms is typically quite poor in comparison to even simple
contemporary classical optimization algorithms. Second, the
constraints and objectives may not be native to the underly-
ing hardware, requiring expensive overhead and encoding.
Finally, the solution domain of relevant real-world problems
is not typically bit strings, typically requiring some encoding
overhead.

These challenges are highlighted when attempting to solve
real-world optimization problems with quantum or hybrid
methods. Typical problems are large, complicated, multiob-
jective, constrained, and do not naturally or natively map
onto quantum hardware.

This work has presented a framework of NNHA as a
method to overcome these challenges, by incorporating
quantum resources to assist classical optimization so that the
quantum execution does not need to directly encode solu-
tions. In this way, the quantum computer acts as a coproces-
sor for classical computation, offloading specific subparts of
the optimization while the classical components refine and
include more complex real-world components of the prob-
lem instance. Such an architecture is particularly natural for
high-performance computing applications, where classical
computing resources may be much larger than any quantum
resource in the near future. Notably, this version of “hybrid”
computing goes beyond the paradigm of only using classical
resources for variational optimization by also directly assist-
ing with computing solutions.

The major contribution of this work is to propose the idea
of measurement outcomes from the quantum device {z} not
needing to directly map to solutions. Instead, NNHA uses bit
strings indirectly as a resource for a classical step to compute
a solution. In this way, classical resources contribute actively
to both parameter finding and directly constructing candi-
date solutions to the target problem. This contrasts with con-
temporary quantum optimization, where bit strings directly
encode solutions and classical postprocessing only decodes
bit strings into solutions [4]. We enumerate with examples
three kinds of NNHA: type 1 uses individual bit strings as a
“warm start” to postprocess and refine solutions; type 2 uses
expectation values and correlation functions as a “quantum
hint” to glean hard-to-find structure of problem instances;
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and type 3 directly uses the distribution of bit strings as a
“reservoir” for computation.

While this work presents prototype solutions to demon-
strate each type of hybrid optimization, they are by no
means complete. Indeed, these implementations should be
seen as templates and inspiration for bespoke solutions to
real-world optimization applications. Instead, these methods
should serve the key objective of solving optimization prob-
lems beyond simple problem classes and including the full
complexity of real-world objectives. By maximally lever-
aging classical resources and designing NNHA that closely
synergizes both quantum and classical subroutines, we come
closer to a goal of the field: quantum practicality, where
quantum resources improve outcomes and solve problems in
a practical, demonstrable, and real-world setting.
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