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ARTICLE INFO ABSTRACT

Communicated by Gotz Pfander The identification of the parameters of a neural network from finite samples of input-output
pairs is often referred to as the teacher-student model, and this model has represented a popular
framework for understanding training and generalization. Even if the problem is NP-complete in
the worst case, a rapidly growing literature — after adding suitable distributional assumptions — has
established finite sample identification of two-layer networks with a number of neurons m = O(D),
D being the input dimension. For the range D < m < D? the problem becomes harder, and truly
little is known for networks parametrized by biases as well. This paper fills the gap by providing
efficient algorithms and rigorous theoretical guarantees of finite sample identification for such
wider shallow networks with biases. Our approach is based on a two-step pipeline: first, we recover
the direction of the weights, by exploiting second order information; next, we identify the signs
by suitable algebraic evaluations, and we recover the biases by empirical risk minimization via
gradient descent. Numerical results demonstrate the effectiveness of our approach.

1. Introduction

Training a neural network is an NP-complete [28,8] and non-convex optimization problem which exhibits spurious and discon-
nected local minima [5,42,58]. However, highly over-parameterized networks are routinely trained to zero loss and generalize well
over unseen data [60]. In an effort to understand these puzzling phenomena, a line of work has focused on the implicit bias of gradi-
ent descent methods [3,4,6,35,36,48,56]. Another popular framework for understanding training and generalization is the so-called
teacher-student model [10,50,43,31,16,17,44,45,61,24,23,21,22,27,32,33,62]. Here, the training data of a so-called student network
are assumed to be realizable by an unknown teacher network, which interpolates them. This model is justified by the wide literature —
both classical and more recent — on memorization capacity [14,41,25,34,11,59,53,9], which shows that generic data can be realized
by over-parametrized networks. Furthermore, it has also been proved that, in certain settings, small generalization errors necessarily
require identification of the parameters [33]. This leads to the fundamental question of understanding whether efficient algorithms
exist that ensure the identification of the teacher parameters and consequently the perfect generalization beyond training data. Exist-
ing results mostly focus on the identification of the weights of shallow (i.e., two-layer) networks with a number of neurons m scaling
linearly in the input dimension D (see the related work discussed below). There is also evidence of the average-case hardness of
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the regime D3/2 < m < D2, as weight identification can be reduced to tensor decomposition [33]. Instead, the role of biases is often
neglected in the literature, although it is well-known that classical universal approximation results, which are the strength of the
teacher-student model, do not hold without biases. In fact, as a simple observation, for odd and continuous activations, networks
with no biases can only represent functions that are 0 in 0. This distortion at 0 implies failure of any local L? approximation by
continuity. Furthermore, one cannot simply remove the biases by including them in the weights through dimension augmentation
and 1-padding, since this would destroy the incoherence of weights needed for their stable identification.

Main contributions In this paper, we give theoretical guarantees on the recovery of both weights and biases from finite samples in the
challenging regime D < m < D?, under mild assumptions on the smoothness of the activation function, incoherence of the weights,
and boundedness of the biases. Specifically, the teacher network is given by

m
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where w,, ..., w,, are unit-norm weights and 7y, ..., 7,, are bounded biases. We propose a two-step parameter recovery pipeline that
decouples the learning of the weights from the recovery of the remaining network parameters. In the first step, we use second order
information to recover the weights w,, ..., w,, up to signs. The method (cf. Section 3) comes with provable guarantees of recovery
up to mlog?(m) = O(D?) weights, provided that (i) the weights are sufficiently incoherent, and (ii) second order derivatives of f
carry enough information. Our approach is based on the observation that V2 f(x) = Z;,":l g2 (w s X) +T)w; @ w; € W=span{w; ®
wy,...,w,, ® w,} and, hence, multiple samples of independent Hessians allow to compute an approximating subspace W ~ W. The
construction of such a subspace is based exclusively on second order information and differs from earlier proposals as by [27], who
advocated for the more computationally expensive use of higher order tensor decompositions. The identification of the weights is

then performed by projected gradient ascent, the so-called subspace power method [20,30,29], seeking for solutions of
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In the second step (cf. Section 4), we show how to identify the signs by suitable algebraic evaluations and the biases by empirical
risk minimization via gradient descent. Here, we suitably initialize the algorithm and provide convergence guarantees to the ground-
truth biases. The convergence proof is based on a linearization argument inspired by the neural tangent kernel (NTK) approach. Our
theoretical findings are summarized in the following informal statement.

Theorem 1.1 (Informal). Let f be the shallow network (1) with D inputs and m neurons such that mlog? m = O(D?). Then, for sufficiently
large D, there exists a constructive algorithm recovering all weights and shifts of the network with high probability from O(Dm?log® m)
network queries.

A few comments on the complexity are in order. For m = (D), the proposed pipeline has guaranteed polynomial complexity in
D,m. For D < m < D?, while the pipeline is still guaranteed to converge globally, our findings clarify precisely how the hardness of
the problem consists in distinguishing local maximizers of (2). This fine geometrical description is novel, and it could pave the way
towards a more refined understanding of the hardness of the network identification problem. Furthermore, our numerical experiments
(cf. Section 5) consistently show that the network recovery remains surprisingly successful with an experimentally experienced low
complexity up to the information-theoretic upper bound m ~ D?/2.!

Related work  As a neural network is fully determined by a finite number of parameters, it is not at all expected to generically require
an infinite amount of training samples as in earlier works [49,1,19,54]. This has motivated the rapidly growing literature on the
teacher-student model. A popular setup is to minimize the population risk by assuming Gaussian weights: a two-layer ReLU network
with a single neuron is considered by [50], a single convolutional filter by [16,10], multiple convolutional filters by [17], and
residual networks by [31]. Gradient descent methods have also been widely studied: [44] considers a single ReLU unit; [45] show
global convergence for shallow networks with quadratic activations and local convergence for more general activations; gradient
descent is combined with an initialization based on tensor decomposition by [62,61,24]. A local convergence analysis for student
networks containing at least as many neurons as the teacher is provided by [63]. Let us highlight that these results neglect the role of
biases, and the convergence guarantees are either local or, when global, require a number of neurons m = @(D). Inspired by papers
dating back to the 1990s [12,40,13], the works [43,23,22,27,32,33,62] have explored the connection between differentiation of
shallow networks and symmetric tensor decompositions. In particular, [27] exploit the third order derivative tensor of the network,
whose rank-1 components are made of the weights w;, ..., w,,. Such a tensor is assumed to fulfill stringent properties (learnability)
that would allow for stable algorithmic tensor decomposition and, hence, weight identification. While this preprint contains seminal
ideas, it does not give a rigorous justification of the aforementioned stringent properties, nor it provides numerical results showing

! This information-theoretic upper bound holds for all methods employing order-2 tensors. In fact, for m ~ D(D — 1)/2, span{w; ® wy,...,w,, ® w,,} coincides
with the space of all symmetric matrices. In particular, in this regime the landscape of the objective function in (2) becomes flatter and flatter, making it impossible
to distinguish approximations to w; ® w; from any other rank-1 matrix competitor.
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the success of the proposed tensor decomposition approach. In fact, there is substantial evidence of a computational barrier to solve
tensor decomposition in the regime D3/2 < m < D? [33]. In contrast, [23] follow the simpler strategy of the evaluation of the Hessian
matrix of the network at different points, yielding a more favorable learnability condition (see (M3) below), which can be rigorously
justified. Moreover, the results by [23] ensure the provable recovery of weights for m < D by a robust matrix optimization promoting
minimum rank selection. Once the weights have been identified, the computation of biases has been considered by direct estimation
[23], or by Fourier methods [27]. To conclude, existing results do not offer rigorous guarantees for the regime D < m < D?.

Technical tools and innovations Weight identification: We follow the simple seminal strategy by [23], which exploits the information
coming from the Hessians. However, while [23] require the weights to be linearly independent (hence, m < D), we tackle the chal-
lenging case m > D. Furthermore, for the identification of the weights we use (2), namely a robust non-linear program over vectors,
which is significantly less computationally expensive than the minimum rank selection by [23]. Our analysis further improves upon
[20] by allowing to go beyond a linear scaling between m and D and it pushes up to m = O(D?) by taking advantage of the new
insights provided by [29] on the subspace power method.

Shift identification: Differently from [23,27], we set up an empirical risk minimization problem, and we solve it via gradient
descent. Our proof of convergence is based on certain kernel matrices, which are reminiscent of those appearing in NTK theory [26].
The NTK perspective has been used to prove global convergence of gradient descent for shallow [18,39,47,57,34,46] and deep neural
networks [2,15,64,65,38,37,9]. The technical innovations of our paper with respect to this line of work are as follows. First, we
exchange the role between input variable x and weights: we consider the Jacobian of the network with respect to its input x, and
not to its parameters. This allows us to keep fixed the size of the network and to analyze the NTK spectrum for large input samples.
Second, we extend the NTK theory to handle networks with biases. Finally, as the accuracy of the linearization argument depends on
the errors accumulated in the weight identification step, we carry out a delicate perturbation analysis.

Notation Given two vectors u and v, let u ® v be their Kronecker product and u © v their element-wise product. Given a vector u,
let ||u||, be its £, norm and diag(v) the diagonal matrix with v on diagonal. Given a matrix A, let || A|| be its operator norm, ||A||
its Frobenius norm, and ||A||p_ r = supy x| =1 lAX || . Let Sym(R?*9) be the space of symmetric matrices in R?*¢, C"(R) the space
of functions in R with n continuous derivatives, Uni(SP~!) the uniform distribution on the D-dimensional sphere SP~!, and 1d, the
identity matrix in RP*?. Given a function g, let g be its n-th derivative. Given a vector v and a permutation 7, let v, be the vector
obtained by permuting the entries of v according to .

2. Network model and main result

We consider the parameter recovery of a shallow neural network f of the form (1). We assume the weights to be drawn uniformly
from the sphere, i.e., wy, ..., w,, ~;;4 Uni(SP~1), and the shifts to be contained in a given interval, i.e., 7|, ..., 7, € [~7y, +7s]. We
make the following assumptions on the activation g and on the Hessians of f.

M1) geC3(R)and

K 1= max ”g(")” < oo. 3)
ne(3] ©o

Furthermore, g@ is strictly monotonic on (—7,,+7,), g® is strictly positive or negative on (-7, +7,,) and there exists

s € {—1,+1} such that for all r € [-7,,+7,] we have

s =sgn /g(l)(t+r)exp(—12/2)dt .
R

(M2) g is not a polynomial of degree 3 or less and |, g(1)? exp(—1>/2)dt < co.
(M3) The Hessians of f have sufficient information for weight recovery, i.e.,

I (Exnosa[vec(V2£(X)®]) > a > 0. 4)

The size of the interval [-7,, +7,] does not depend on m or D, but only on g via (M1). This is satisfied by common activations, e.g.,
g(x) = tanh(x) for 7, ~ 0.6 and the sigmoid g(x) =1/(1 + exp(—x)) for 7, ~ 1.5. Condition (M3) is common in the related literature
[23,21,20], and it guarantees that combining Hessians of f at sufficiently many generic inputs provides enough information to
recover all individual weights. A way to show that (4) holds is as follows. First, note that V2 f(x) = ZZ; h g(z)(wa + W, @ wy €
span{w; @ wy, ... ,w,, ® w,, }. Hence, by exploiting the incoherence of wy, ..., w,, ~ Uni(SP~1), one can relate the smallest eigenvalue
in (4) to that of the matrix with entries (Ex . y(01a)[8® (wy. X) + 1)@ (w;, X) +74)]);. o This last quantity is then bounded using
the tools developed in Section 4.2. This argument can be made rigorous, thus ensuring that (M3) holds with a > 0 independent of D
and m. We also assume the ability to evaluate the network f and to approximate its derivatives.

(G1) We can query the teacher network f and the activation g at any point without noise, and the number of neurons m is known.
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Algorithm 1: Network reconstruction.

Input: Teacher neural network f defined in (1) with m neurons, numerical differentiation method A"[-] with accuracy e, number of Hessian locations N,
and gradient descent samples N, number of steps for refinement via gradient descent Ng,.
1 Compute weights W= [,]...|,] by PCA of Hessians followed by iterations of the subspace power method (SPM) from [30] discussed in Section 3;
2 Find signs § and initial shifts £ € R™ by linearization through higher order differentiation along approximated weight vectors (cf. Algorithm 3 in the
supplementary materials, and discussion in Section 4.1);
3 Set W < I//I7diag(§) and construct a student network f as in (7) with parameters 728 7
4 Draw samples x,..., XN ™ N'(0,1d,) and refine the shifts of Vi by minimizing J (%) (cf. (8)) via gradient descent for Ng, steps (cf. Section 4.2). Denote by
#INel the final iterate.
Output: Weights W and final shifts #[Neo! of f.

(G2) We assume access to a numerical differentiation method, denoted by A”"[-], computing the derivatives for n =1,2,3 up to an
accuracy € > 0, such that

|

where C, is a universal constant only depending on the activation via x, see (3). Furthermore, for any b, 1, € R the derivatives
of t — g(bt) can be approximated as

Vg x) = Mg 1], < Ca w0 e

4 1)

+2
o <Cpb"2e. 5)

— A"[g(b)](to)

1=t

We also assume that the numerical differentiation method is linear, i.e.,

A'la-g+hl=a-A"[g]+ A"[h], (6)

for any functions g, 4 and scalar a € R. Finally, the numerical differentiation algorithm requires a number of queries equal to
the dimension of the approximated derivative, i.e., (1) for partial derivatives and O(D") for n-th order derivative tensors.
Note that all these properties are fulfilled by a standard central finite difference scheme.

Our proposed algorithm for the recovery of the parameters of the planted model (1) is based on a two-step procedure. In the first
step, we learn the weight vectors (up to a sign) from the space spanned by Hessian approximations of f (cf. Section 3). Recovering
the weights provides access to vectors i, , which satisfy s, 0, =~ w, for some signs sy, ...,s,, € {—1,1}. In the second step, we identify
the signs s = (sy,...,s,,) and shifts 7 = (zy,...,7,,) (cf. Section 4). We begin by finding s and an initialization of the shifts 7 ~ 7 by
a linearization through higher order (numerical) differentiation along the previously computed weight approximations. The shift
approximation 7 is then refined by empirical risk minimization. More precisely, we consider the parametrization

Foo#) 1= ) gty x) + ), @)

k=1
which is fit against the planted model f(x) defined in (1) by minimizing the least squares objective

Nirain

Jiy=m— Y, (f(x,->—f(x,-,f>)2 ®)

train ;=

via gradient descent, where x,..., Xy . ~ijq N(0,1dp). Provided that the activation function satisfies (M1)-(M2), we show that
gradient descent is guaranteed to converge locally to the ground truth shifts up to an error depending only on the accuracy of the
initial weight estimates 0, ~ +w). The combination of these two steps leads to Algorithm 1 and to our main result, stated below. Its
proof is deferred to Appendix D, and it follows as a combination of Theorem 3.3, Proposition 4.2, and Theorem 4.3 (discussed in the
rest of the paper).

Theorem 2.1 (Main result on network reconstruction). Consider the teacher network f defined in (1), where wy,...,w,, ~ Uni(SP-1)
and 7,...,7T,, € [Ty, Ts ] Assume g satisfies (M1)-(M2) and f satisfies the learnability condition (M3) for some a > 0. Assume we run
Algorithm 1 with N, > t(m + m?log(m)/ D) for some t > 1 and N, > m\/B. Then, there exists Dy € N and a constant C > 0 only
depending on g and =, such that the following holds with probability at least 1 — m~' —2D? exp (- min{a, 1}1/C) — Cm? exp(— \/B /O): If
m>D> D, Cm log? m < D2, and the numerical differentiation accuracy e satisfies

D'/?min{1,a'/?}

2 mintla Ty 9
= Cm9/?log(m)3/2 ©)

then Algorithm 1 returns weights and shifts (171\/ =[] ... |th,,), tNepl) that fulfill
max |t — willy < C(m/a)' /e /2, (10)

ke[m]
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7/4y1/4,.1/2 Nep

A[NGpl _ m'/*D'/%¢ &

17, T||2§C< Ql/AN? + ml/2 +AW~1>’ an
train

for some permutation = and some constant & € [0, 1) where

ml/2 log(m)3/4

AW,I .= T (12)
1/2 m
= w.,0 ~
: ||W—W||F+T+ (e —wp)| |
D k=1 2

m

Ay o= Y [(wy =ty wy — )] (13)

k#k!

By choosing an appropriate numerical accuracy e, (9) is satisfied and the error on the weights in (10) can be made arbitrarily
small. The error on the shifts in (11) depends on three terms. The first term scales with y/€/N.,i,, hence it is controlled by taking a
large number of training samples. The second term vanishes exponentially with the number of gradient steps Np. Thus, for large
enough Ny, and Ngp, the dominant factor is Ay, ;. This last term decreases with the weight approximation error, i.e., if w=w,
then Ay, ; =0. In fact, Ay, ; scales with €72, hence it can be reduced by improving the numerical accuracy.

It is natural to compare the residual error term Ay, | after gradient descent with the error on the shifts before gradient descent, i.e.,
at initialization as given by Proposition 4.2 (cf. (21)). If we assume randomness on the weight errors (with variance matching the
upper bound in (10)), i.e., ) — Wy ~;;.4. N'(0,(m/a)1/? e/ D -1d ) then, up to poly-logarithmic factors, Ay, | scales as

12 /54 7/4
e M (14)
al/4 \ D1/4 D

This last quantity is provably smaller than the error (21) at initialization, see the discussion after Proposition 4.2. In the worst case,
when all weight errors are aligned, Ay, , is dominated by || X}, (w; — )|, = O(m>/*a~1/4¢!/2), which would not lead to a provable
improvement over (21). However, in Section 5, we numerically observe that this type of error accumulation does not occur: the term
| e, (wy — )|, is negligible and Ay, | is significantly smaller than (21), see Fig. 2 and the related discussion.

3. Identification of the weights

Definition 3.1 (RIP). Let W € RP*" 1 < p <m be an integer, and 6 € (0, 1). We say that W is (p, 6)-RIP if every D X p submatrix
W, of W satisfies ||WpTWp —-1d, |l <é.

Definition 3.2 (Properties of isotropic random weights). Let W :=[w,] ... |w,] and (G,);s := (w;,w,)". We define the following
incoherence properties:

(A1) There exists ¢; > 0, depending only on &, such that W is ([¢; D/log(m)], §)-RIP.
(A2) There exists ¢, > 0, independent of m, D, so that max,;(w;, w j)2 < ¢, log(m)/D.

(A3) There exists c¢; > 0, independent of m, D, so that HG;I H <cs, foralln>2.

If the number of weights m is o(D?), weights drawn from the uniform spherical distribution fulfill (A1)-(A3) with high probability.
This follows from a result due to [29] (cf. Proposition A.1 in Appendix A). We are going to use the properties of Definition 3.2
throughout our analysis.

The weight recovery consists of two steps. First, we leverage the fact that approximated Hessians of the network expose the weights
according to

A fE) R V)= Y gD (W, x) + 7wy ® wy,
k=1

such that independent sampling of Hessian locations eventually spans (approximately) the space
sz:=span{w1®w1,...,wm®wm}, (15)
with W, W ¢ Sym(RP*P), This holds w.h.p. for Hessian locations x,...,x n, drawn as standard Gaussians as a consequence of

(M3), provided N, is sufficiently large. The resulting approximation error ”PW - PW”F . can be controlled by the accuracy of

the numerical differentiation €, see Lemma A.2 in the supplementary materials. To compute the approximation W~ W, one can
certainly use finite difference schemes as specified in (G2) below, which require actively querying specific points; however, we
can also use other passive methods, which do not require querying the network in specific points, but rather in points given by a
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distribution p. We refer in particular to the use of weak differentiation and noisy network samples (e.g., with centered and bounded
noise) as in formula (4.9) at page 646 of [23]. As in Theorem 4.2 of [23], this formula allows via Algorithm 2 to compute linear
combinations of tensors of weights and, w.h.p. and at any accuracy, an approximation of the orthogonal projection onto the subspace
W =span(w; @ wy, ..., w,, ® w,,) with a sample complexity O(m*Q), where Q depends on the distribution of the samples (which
may in turn depend on the dimension). For instance, one can choose a Gaussian distribution p of the input samples, as it is standard in
theoretical machine learning. Hence, the proposed use of noiseless active queries is by no means a restriction, but rather the simplest
choice for the purpose of this paper. We refer to [23] for more details on passive sampling.

Next, the weights are uniquely identified (up to a sign) as the 2m local maximizers of the program (2), which belong to a certain

level set {u e SP~!| ” Pru® u)”zF > f} of the underlying objective. This follows as a special case from the theory within [30,20,29].
More specifically, [30] study the problem in the unperturbed case, [20] extend the subspace power method to the perturbed objective
but their analysis is limited to m < 2D, and finally [29] go for 2-tensor decompositions up to m = o(D?) for the perturbed objective.
Then, the local maximizers of (2) are computed via a projected gradient ascent algorithm that iterates

Uy = Psooi (u; + 2y Pyy(()®u), 16)

where y is the step-size and Pgp-1/Py; denote the projections on sb-1y W. The iteration (16) starts from a random initialization
up € SP~1, and it was introduced by [30] as a subspace power method (SPM). By iterating (16) until convergence repeatedly from
independent starting points, one can collect all m local maximizers of (2) and thereby learn (approximately) all weights up to sign.
Assuming the retrieval of every local maximizer is equally likely, the average number of repetitions needed to recover all local
maximizers follows from the analysis of the coupon collection problem and grows like ®(mlog m) (see also [23]). The theorem below
provides a bound on the uniform approximation error for the weights. Its proof, as well as the description of Algorithm 2 summarizing
the overall procedure of weight identification, is deferred to Appendix A.

Theorem 3.3 (Weight recovery). Consider the teacher network f defined in (1), where wy, ..., w,, ~ Uni(SP~1!) and Tis oo Ty € [ Toos Teo -

Assume g satisfies (M1)-(M2) and f satisfies the learnability condition (M3) for some a > 0. Then, there exists Dy € N and a constant

C > 0 depending only on g, 7, such that, for all D > D, and Cm log? m < D2, the following holds with probability at least 1 — m™! —

D? exp (—minf{a, 1}t/C) — Cexp(—\/E/C): (i) The weights wy, ..., w,, fulfill (A1)-(A3), and (ii) if we run Algorithm 2 with numerical
Va

differentiation accuracy € < C—a and using N, > t(m + m? log(m)/ D) Hessian locations for some t > 1, we obtain a set of m approximated
m

T

weights U" C SP~1 such that, for all k € [m], there exists 1, € U" and a sign s € {—1,+1} for which

||wk—szi)k||2§C(m/a)l/4el/2. 17)
4. Identification of the signs and shifts

By leveraging the fact that differentiation exposes the weights of the network as components of the tensor V”f(x) =
Y 8"(xTwy + 7)w®" for n =2, Theorem 3.3 gives that i ~ 5w for some signs s; € {~1,+1}. In this section, we show
how to recover the remaining parameters (shifts and signs) for a given set of ground truth weights {wj,...,w,,} € SP~! which are
sufficiently incoherent and approximated by U" = {id,, ..., ,} C SP~! up to a sign. This recovery can be broken down into two
steps. First, we find the correct signs and good initial shifts (cf. Section 4.1); once the parameters are known, a student network can
be initialized from these starting values. Second, the shifts of the student network are refined by empirical risk minimization via
gradient descent (cf. Section 4.2).

Remark 4.1. As prefaced in the Theorem 2.1, the recovery of the weights is only possible up to permutations due to the structure of
the shallow neural network. Hence, the set of approximated weights lacks any information on what weight approximation belongs
to which hidden neuron. One can imagine that we implicitly define the permutation in Theorem 2.1 after recovering the weights by
arranging the approximations in V" (cf. Theorem 3.3) in a certain order. Given this order, we then proceed to recover the shifts and
signs for a network whose arrangement of hidden neurons matches the inverse of this permutation. To simplify the notation in the
following, we assume that this permutation is given by the identity.

4.1. Parameter initialization

Our initialization strategy is centered around the recovery of the quantities C, = (C, 5, ...,C;,,) and C3 = (C5 4, ..., C3 ), where

Coi =518 (), forke[m]l, ne(2,3). (18)

If g satisfies (M1), then g® does not change sign on the interval (-7, 7,,) due to the monotonicity of 2@ . Hence, we can infer
the sign s, from C; ;. Furthermore, as g is monotone on [-7,, 7], it admits an inverse, which allows for the recovery of 7, from
C, - To learn C,, C5, we rely on numerical approximations of the quantities (V" f(x), uﬁf"), namely, the directional derivatives of the
network f along the approximated weights. We consider the following linear system representation of the directional derivatives.

Computing the derivative for x = 0 reveals
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(V" F(0),02") = 3" 518 (x) (s wy )"
k=1

Denote by G, € R™™ the matrix with entries (G,),; = (@, s;w;)". Then, we have

(V" £(0), 02"
.C = :

e Co : :=T,. (19)
(V" £(0), 02")
In (19), T, is a vector containing all directional derivatives of f evaluated at O along the recovered weights 0y, ...,®,,. These
directional derivatives can be approximated from only O(n) evaluations of the network by numerical differentiation (cf. (G2)),
which allows us to compute 7), ~ T,,. Provided the weight approximations are sufficiently accurate and incoherent in the sense of
Definition 3.2, the matrix G, is invertible and can be estimated by (@n)f!k 1= (Wy,wy)". This follows from Theorem 3.3, which
implies that s, w, is close to siwk = w,.. Therefore, we obtain C, ~ G~;17~",, ~ @;17",,. This strategy is summarized in Algorithm 3
detailed in Appendix B, and the robustness analysis of Proposition 4.2 makes all the approximations rigorous. This procedure could
be carried out for any order of directional derivatives, allowing us to benefit from the higher incoherence of (wf’”, w?”) = (wy, wy)".
However, for the sake of simplicity and to be more aligned with our network model, we combine only the second and third order
directional derivatives.

Proposition 4.2 (Parameter initialization). Consider the teacher network f defined in (1), where the weights {w, € SP-1 ke [m]) satisfy
(A2)-(A3) with constants c,,c; and the activation g satisfies (M1). Then, there exist constants C > 0 only depending on g, c,, 3,7, and
Dy €N, such that, for m > D > Dy, mlog? m < D2, the following holds. Given iy, ..., ,, € SP~! such that

Omax i=max min ||wy — sty ]|, (20)

max T kelm] se(~1,1}
D1/2
Cm\/logm’

Algorithm 3 returns a set of shifts © such that

3/4
1
I = 7ll, < C\/me + Cn3/? <%> Smaxs 1)

where € > 0 is the accuracy of the numerical differentiation method. Furthermore, once the RHS of (21) is smaller than 1 and ¢ < (Cm)~!,
the signs returned by Algorithm 3 are identical to the ground truth signs.

The proof is postponed to Appendix B. By Theorem 3.3, we have that 6, scales as (m/ a)!/4¢!/2, Thus, by taking a suitably small
€, (20) is satisfied and, after omitting poly-logarithmic factors, the dominant term in (21) scales as

1/2 /4
s @)
al/4 D3/4
By comparing (14) and (22) and recalling that m scales at least linearly in D, it is clear that gradient descent improves upon its
initialization, under a random model for the weight errors. This improvement is also evident if we evaluate Ay, | on the actual
weights errors coming from the proposed algorithmic pipeline (cf. Fig. 2).

4.2. Local convergence of gradient descent

So far, we have obtained weight approximations W ~ W and shift approximations 7 ~ 7 of the shallow teacher network f defined
in (1). These parameters (W, #) allow us to define the neural network £ in (7) and, depending on the accuracy of the previous steps, we
would expect already a strong similarity between realizations of / and /. In this section, we explore to what degree the approximation
£ can further be improved by tuning the shifts £ in a teacher-student setting. Assume x, ..., X Niyai, €TETIC inputs and access t0 Ny
input-output pairs (x;, ¥)ie(ny i1 = Kis S (X))ig[N,yy;,1 ©f the network f. Based on the initial network configuration of f, we seek to
learn the shifts 7 attributed to f by minimizing the least-squares objective (8) via the gradient descent scheme

i,(n+1) — f(") _ yVJ(‘LA'(")). (23)

Here, y > 0 represent the step-size of the gradient updates. For the case W= W, we show that w.h.p. the gradient descent iteration
(23) produces a sequence (), oy that converges linearly to 7 provided that || — z||, = O(m~'/2). In the perturbed case where
W~ W, we provide an analysis that estimates the error of the shifts w.r.t. (i) the Frobenius error ||I7I\/ — W\, (i) the alignment
between the individual weight errors Ay, o (cf. (13)), and (iii) || Z;":l wy, — Wy|l,. More precisely, for sufficiently many training
samples Ny.;,, the gradient descent iteration will settle within distance Ay, ; of the optimal solution.

7
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Theorem 4.3 (Local convergence). Consider the teacher network f defined in (1), with shifts 7y,...,7, € [~Ty.+7s] and weights
Wi,y eeo s Wy ~ Uni(SP~!) that are incoherent according to Definition 3.2. Assume g satisfies (M1)-(M2), and consider the least-squares
objective J in (8) constructed with Nyqy, > m network evaluations yy,...,yy, . of f, where y; = f(X;) and X,,.... Xy, .~ N(0,1dp).
Let f be parameterized by W and 7, as in (7). Then, there exists a constant C > 0 depending only on g, 7., and D, > 0 such that the following
holds with probability at least 1 — mexp(—N g, /Cm) — 2m? exp (=1 /C) for t > 0: Assume Cmlog? m < D*,m > D > Dy, and

R 1
Iz =2l + Ay < , (24)
C+/m
m362 t 12
where Ay, = Ay, + ( %) and Ayy 4 is given by (12). Then, there exists a ¢ € [0, 1), such that the gradient descent iteration (23)
train ’

with sufficiently small step-size y > 0 started from £© = £ satisfies

12 = 2]l <2&"12©0 — 2]l + C(1 = £M Ay, . (25)

Note that (24) can always be satisfied within our framework as all factors depend on ¢ which can be chosen freely. The proof
of Theorem is in Appendix C. The idea is to express J as a quadratic form J(%) = (£ — 7)" A(£)(£ — 7), where A(%) denotes the
Jacobian obtained by taking derivatives w.r.t. the input features. Then, we linearize around the true solution by replacing A(7) with
A(7). Analyzing the idealized objective (£ — 7)T A(z)(£ — 7) requires to guarantee the well-posedness of A(z), which we prove by
using techniques from the NTK literature adapted to our setting (Appendix C.1). The error due to the replacement of A(#) with A(r)
depends on the error in the weight approximation, and we control it via a delicate argument exploiting Hermite expansions and the
incoherence of the weights (Appendix C.2). The decay rate of (25) is largely determined by the factor & € [0, 1) which is derived in
Lemma C.10.

5. Numerical results

We corroborate our theoretical results by testing the pipeline of Algorithm 1, in order to identify parameters of shallow networks
of the type f(x) = X;_, tanh(w] x + 7). As assumed in the theory, the weights are given by wy, ..., w,, ~;;4 Uni(SP™"), the shifts
are sampled according to 7,...,7,, ~;;q Uni(—0.5,0.5) and the activation satisfies (M1)-(M2). The number of neurons m depends
on the input dimension D according to the rule m = [ZDﬁ], where the exponent 1/2 < f <2 is referred to as the order of neurons.
The accuracy is evaluated via the following metrics: (i) the uniform error (of the approximating network), computed as E_ =
m~! max; | f(x;) — 7 (x;)| on a set of 10° unseen Gaussian inputs, (ii) the worst weight approximation, i.e., maxyey llwy, — tyll,, and
(iii) the error of the shift approximation, i.e., m~ /2|7 — 7||,. The scaling m~! of E, normalizes for the fact that the range of f(x)
grows with m according to our network model (1). All experiments were performed using one NVIDIA Tesla® P100 16GB/GPU in an
NVIDIA DGX-1.

Baseline As a baseline for our pipeline, we first try to identify the network parameters in a standard teacher-student setup. The
teacher network is fit by empirical risk minimization via SGD applied to a student network of identical architecture. Using 8 minutes
of training time with Tensorflow and the hardware as stated above (N, = %m - D? teacher evaluations, mini-batch size of 64 and
learning rate 0.005), we obtain the uniform error depicted in the top row on the left in Fig. 1. These results are averaged over four
repetitions. The experiment shows that SGD manages to identify the network parameters and achieve a low uniform error as long
as the number of neurons m is small, in particular much smaller than a quadratic scaling such as m = [Z D?. Furthermore, the
results worsen for growing dimension D despite higher incoherence of the network weights, possibly due to the fixed training time
and learning rate. In an attempt to improve these results, we additionally run SGD for 50 minutes and several different learning
rates, fixing the case D = 50. The results, shown in the top row on the right in Fig. 1, indicate an improvement of SGD for certain
hyperparameter combinations, yet we were not able to find a suitable tuning for D = 50, m = 1000. For this experiment, we choose
Tpyeeos Ty ~iid. N(0,0.05), thus the ground-truth shifts are closer to the initialization (set at 0) than if they are uniform in [-0.5,0.5],
which should facilitate the task of the SGD algorithm.

Recovery pipeline ' We now discuss the results of our recovery pipeline in Algorithm 1 to identify shallow networks with tanh activation.
For the weight recovery, we use N, = [log(D)m| Hessian approximations, which are computed via central finite differences with
step-size epp, = 0.01 and are anchored at evaluations x;, ..., Xy, ~jiq. N(0,Idp). Then, we run R = 5mlog(m) SPM iterations (16) in
parallel for 10° steps with step-size y = 2. The initial shifts computed by the parameter initialization are finalized via (stochastic)
gradient descent as described in Section 4. We use Ny, = m - D?> samples, learning rate y = 1073 and batch size 64. The training
input points are drawn from a standard Gaussian distribution. The refinement of the shifts (by gradient descent) is timed out after
180 seconds, or once we reach a training error below 1078,

The results of our pipeline in the bottom row of Fig. 1 demonstrate successful recovery of all weights and shifts consistently
over 10 repetitions, and for all combinations of m, D. For f =2 (or m = [§D2]) the performance of the weight recovery is worse
for small D. The causes of this effect may be two-fold: the weights do not yet behave statistically as in the average case scenario
for larger D; and the gap between m = 2D? and the theoretical limit for weight recovery, m = D(D — 1)/2, decreases in D. The
signs were also recovered successfully. Moreover, we emphasize that the time spent for the weight recovery (which includes the time
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Fig. 1. Performance of parameter identification of shallow networks with tanh activations, m neurons and input size D via SGD for shifts 7, ~ N'(0,0.05) (top row),

our pipeline for shifts 7, ~ Uni(=0.5,0.5) (bottom row).

Comparing Ay, 1 to initialization bound

—— Shift init. Proposition 1

0.20 .
---- Estimate for Ay, 1
= 0.15 " Sum of residuals
—
15 0.10
os|— | L—T | L
0.00 | —mmimmmmEm=mmmtommomm T
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Fig. 2. Comparison between the guaranteed accuracy of the shift initialization (red), the term A, , (dashed red) and the sum of residual errors || 3;;"_| w; — |l
(blue) for weights approximated by our pipeline and D = 50.

necessary to approximate all Hessian matrices by numerical differentiation) is in the order of seconds, reaching a maximum of 112s
for D =50, f# = 2. The overall runtime of the pipeline is below 5 minutes over all individual runs.

Improvement of the shifts by GD In Fig. 2, we compare the error bound (21) on the initial shifts with Ay (cf. (12)), where for
simplicity the constants C are taken to be 1 in both statements. The results are averaged over 10 realizations. The plot shows that
(i) the sum of the residuals || 3}, w; — il ||, in blue has only a negligible contribution to Ay, ;, and hence (ii) by settling within
distance Ay, | of the true shifts, GD will improve over the initialization.

6. Concluding remarks

In this paper, we provide the first algorithm with provable guarantees for the finite sample identification of shallow networks with
biases, where the number of neurons m is roughly ((D?). By doing so, we improve upon previous work, which provides guarantees
limited to narrow networks (e.g., m = O(D)) or neglects the role of biases. We stress here that our results, beside being rigorous, are
also fully numerically reproducible, to show the efficiency of the pipeline. Let us mention that [21,20] have provided partial results
on finite sample identification of deep networks, yet without rigorous handling of biases. Thus, giving complete guarantees for the
case of deep networks, which keep into full consideration also the important role of biases, is an interesting future direction that can
build upon the results of the present paper.
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Appendix A. Proofs: weight recovery

Algorithm 2 summarizes the first step of the reconstruction pipeline which is the weight recovery. For more details on the exact
procedure we refer to Section 3. This section is concerned with the proof of Theorem 3.3, which provides a uniform bound on the
approximation error associated with the weight recovery. Additionally, we characterize the incoherence of the resulting approximated
weights in terms of the numerical accuracy. A large part of the proofs in this section will operate under the assumptions that vectors,
which are drawn uniformly from a high-dimensional sphere, are well separated. To make this more concrete, we rely on a result due
to [29] which allows the application of the deterministic incoherence properties (A1)-(A3) stated in Definition 3.2 to the ground truth
weights wy,...,w, € SP-1 which are modeled by a uniform spherical distribution according to our network model (cf. Section 2).

Proposition A.1 (cf. Proposition 13 in [29]). Let w,, ..., w,, be drawn independently from Uni(SP~1). If m = o(D?), then, for any arbitrary
constant 6 € (0, 1), there exist constants C > 0 and D € N depending only on 6 such that for all D > D,,, and with probability at least

—C\/;
e-D

m

1—m™' = 2exp(-C8*D) - C (26)

conditions (A1) - (A3) hold with constants c,,c; < C.

Algorithm 2: Weight recovery.

Input: Shallow neural network f, number of neurons m, number of Hessian locations N, stepsize y > 0, f threshold for rejection of spurious local
maximizers

Draw independent samples x,, ..., xy ~ N'(0,1d).

Construct the matrix

N =

M = [vec(A2f(x)) ... vec(AZf(xy))] € RD*Na,

Denote by Py; the orthogonal projection onto the m-th left singular subspace of M.
Define Py; as the orth. proj. in matrix space corresponding to Py

Set U« 0

while |U'| <m do

Sample u, ~ Unif(SP~!)

Iterate projected gradient ascent

® NS U AW

U< Pspi (u+2y PVAV((u)®2)u)

until convergence, and denote the vector of the final iteration by 4.
9 | if | P3|} > § then
10 if i€V and —ii € U then
11 | v<vua
12 end
13 end
14 end
Output: U”

Proof sketch of Theorem 3.3 The proof of Theorem 3.3 relies on two individual auxiliary statements. First, a subspace approximation
bound covered in Lemma A.2, that controls the error ”PW - PVAVH pop Recall that W is constructed to approximate the matrix space
W = span{w; ® wy, ... w,, ® w,,} C Sym(RP*P)

from which individual weights can be identified as the rank-1 spanning elements. It is noteworthy that the proof of Lemma A.2 as
well as Algorithm 2 makes use of the following convention: We associated every matrix subspace with a classical vector space induced
by vectorization. The vectorization of a matrix is denoted by the operator vec(-) whose output applied to a matrix X € R is the
vector in R%? containing the columns of X stacked on top of other, i.e.

| | X1
vecll x; ... Xp||=]:
| | Xp
This allows us to associate a space like W ¢ Sym(RP*P) with the space

span{vec(w; @ wy), ..., vec(w, ® w,,)} C RDZ.

Lemma A.2. Consider the teacher network f defined in (1). Assume the activation g satisfies (M1)-(M2) and f satisfies the learnability
condition (M3) for some a > 0. Furthermore assume that the network weights w;, ..., w,, € SP~! fulfill (A2) of Definition 3.2 with constant

10
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¢,. Let Py be the orthogonal approximation onto W = span{w; ® wy, ... w,, ® w,,} and let Py; be constructed as described in Algorithm 2.
Then there exists a constant C > 0 depending only on g and c,, such that for numerical diff. accuracy € < Ve and N, > t(m+m? log(m)/ D)

v

for some t > 1 we have

<Cym/a-e, 27)

with probability at least 1 — D% exp (—

L

alg
~

Proof. Consider Xy, ..., X, independent copies of a standard Gaussian, i.e. X; ~ N(0,1dp). Denote by P, € RP *xD? the orthogonal
projection matrix onto span {Vec(wk Quwlk=1,... m} and by M the matrix with columns given by the exact vectorized Hessians

at the inputs X, ..,,XNh, ie.
M = [vee(V2f(X)) ... vee(V2f(Xy,)]eRP*Nn, (28)

We associate the matrix subspaces W and W with their corresponding D?-dimensional vector subspaces described by the orthogonal
projection matrices Pyy, Py, respectively. Note that

[ =Pl = o0 [P = P = [P - P
F=
with || - || describing the ordinary spectral normal in RD?, Hence, to prove the result, we can rely on the well-known Wedin bound,

see for instance [23,21,20,29], giving

[[M — M“F
T e, (M)

T e L B @9)

for as long as o, (M\ ) > 0. We continue to provide separate bounds for the numerator and denominator of (29). For the numerator we
obtain

< \/N,m max ”Vzg(wZX,- +70) - AZg(W] X, + rk)H
i€[Ny] F
ke[m]

< max CaVNpm||w, @ wy| e =Cy/Nyme,

kelm
where we used the linearity of A2, V2 in the second step and our assumptions on the numerical differentiation method (G2) in the
last line which gives rise to the constant C that only depends on g. For the denominator in (29) we use Weyl’s inequality [55] which
leads to the lower bound
ou(M)20,(M)— M -M|| 20,(M)-|M - M| 20,(M)—Cyy/Nyme. (30)

Lastly, we need to control o,,(M) by a concentration argument in combination with the learnability Assumption (M3) of Section 2.
We first express o,,(M) as sum of independent matrices:

Ny
6, (M) =6,(MM") =0, <Z vee(V2f(X,)) ® vec(V? f(X,))) ) (31)

i=1

Denote A; = vec(V2f (X)) ® vec(V2 f(X,)). By (M3) we know that

Np
. (Z [EA,.> =N,a>0.
i=1

We will make use of the matrix Chernoff (see [51] Corollary 5.2 and the following remark) which states that

Ny Ny
P <am (Z} A,) < -9, <Z EA, >> 2 exp <—(1 -5’0, <; [EA[> /2K> (32)

for s €[0,1] and K = max,e(y,  [|4;]|,- The norm of A; can be bound uniformly over all x € R” by

[veetvrcxn @ vee(v2 X < sup [veecv 2rf, = sw [v2reo];

xeRD

11



M. Fornasier, T. Klock, M. Mondelli et al. Applied and Computational Harmonic Analysis 77 (2025) 101749
2

sup

m
. Z g(z)(wa + W, @ wy,
xeR

k=1

F
m
sup Z g(z)(wa + rk)g(z)(w;x +7,)(wy, wf)2
xeRD 7=

m
<k Y (W wy)? <KF(m+cymm— 1)logm/ D).
k,f=1

The last inequality follows by the incoherence Assumption (A2) from the initial statement. Combining this with (32) for s =1/2
together with the bound on the spectrum of the expectation yields

Np
N, Da
P A )2 =N,a|21-Dexp| - h . 33
<6m<; l>_2 h >_ p( 8x2(Dm+c2m210gm)> (33)

Conditioning on this event, and assuming € < y/a/ 8C§m the initial subspace bound now holds as

PAH < HM_M\”2< Cay/ Npme _ Cpy/m-e
Whr-r =5 (M)~ /%Nha—CA\/me \/g_cm/g.g
<\/ECA\/';'€
v

with said probability. The final result follows by applying the bound on € onto the denominator. More precisely, we need that C > 2C,
to fulfill (34) and C > 8«2 max{1,c,} which implies

1- Dzexp (—

due to our assumption that N, > t(m + m?log(m)/D). [

—

(34

=

(35)

N, Da
8x2(Dm + c,m? log m)

> <1-D?*exp(~ta/C),

The second part of Algorithm 2 performs projected gradient ascent to find the local maximizers of
2 D-1
ue||Ppueun)| uesP. (36)

The landscape for this functional, for m = o(D?), has been recently analyzed (in particular the properties of its local maximizers) by
[29] for the general problem of symmetric tensor decomposition. We now provide one of their main statements adopted to the matrix
scenario.

Theorem A.3 (c¢f. Theorem 16 in [29]). Let m, D € N such that m logz(m) < D?. Assume wy, ..., W, satisfy (A1) - (A3) of Definition 3.2 for
some 8, ¢y, cy,c3 > 0. Then there exists 6, depending only on c,, c3 and Dy, A, C which depend additionally on c,, such thatif 6 < 6y, D > D,

and HPW - PVAVH pop < A, the program (36) has exactly 2m second-order critical points in the superlevel set

{xESD_'

2
Each of these critical points is a strict local maximizer for argmax,cgp-1 HPW(M ® u)HF. Furthermore, for each such point x*, there exists a

HPW(x ® x)Hi > Cmlogi(m)/D? +5 HPW - W”FAF} . (37)

unique k € [m] such that

i I sl <y = P e 9

This establishes that the local maximizers of (36) that belong to the superlevel set (37) will be close to one of the weights wy, ..., w,,
up to sign. The projected gradient ascent iteration in Algorithm 2 converges monotonically to one of the constrained stationary points
of (36) as shown by [30]. We are now ready to prove the main result on the weight recovery which relies on the lemma above,
Proposition A.1, and the machinery developed by [29] represented by Theorem A.3.

Proof of Theorem 3.3. The weights w;,...,w,, of f are drawn uniformly from the unit sphere. By Proposition A.1, and for any
6o € (0, 1), there exists D; €N, C; > 0 depending only on &, such that for all D > D, this set of weights fulfills conditions (A1)-(A3)
of Definition 3.2 with constants c,, c; < C; and with probability at least

12
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~Cyy/m
e~D> .

m

1—m' = 26xp(—C153D) -C <

We condition on this event and denote it by E, for the remaining part of the proof. Now, due to the incoherence of the weights and
according to our initial assumption which includes N, > #(m + m?log(m)/ D), the conditions of Lemma A.2 are met which provides
an error bound for the subspace which is constructed in the first part of Algorithm 2, such that

T

with probability at least 1 — D?exp (—ta / C2) for a constant C, only depending on g. Denote the event that this subspace bound
holds by E, and assume it occurs, which only depends on the number of Hessians N, in relationship to D, m. Note that §, can be

freely chosen in (0, 1). By Theorem A.3 there exist constants D,, A, C3, such that for D > D, and ”Pw - PW”F s A, the local
2
maximizers of the program argmax,cgn-1 “Pw(u ® u)“ - fulfill
. . < o
ser{n—lﬂl}”x swyl, < P HF FSVG Vm/a -, (40)

as long as they belong to the level set

{xESD_'

By iterating projected gradient ascent until convergence, every vector ii will be one of the these local maximizers. Also note that by
construction all vectors returned by Algorithm 2 must have unit norm hence U" € SP~!. We need to make sure that level set is not

H Pr(x® x)HZF > Cymlog?(m)/ D? +5C,\/m/a - g} .

empty, which is guaranteed for C3m log’(m)/D* < * and € < \/_ which leads to the threshold
2
Cymlog(m)/ D? + 5C,\/mja - e < % + i = % (41)
Therefore, only considering local maximizers that fulfill H (X ® x) > 1/2 will guarantee that all local maximizers are of the kind

which satisfies (40). Before we conclude, there are still some points that need to be addressed. To achieve the bound (40) we had

l 2
to assume that HPW - PW”F < Aq. This is true due to (39) given the accuracy satisfies ¢ <2 Y which is clearly realizable by
—F Cym

our initial assumptions on ¢, since A is independent of m, D. Hence, by further unifying also the constants C;,C,,C3, Dy, D,, we
showed that there exist constants C > 0, D, € N such that for D > D and Cm log? m < D? all vectors u € U returned by Algorithm 2

ran with num. accuracy ¢ < % will fulfill the uniform error bound,
m
min ||x* — st |, <C(m/a)/*e'/?, (42)

se{—1,1}

and this result holds with the combined probability

m

Vm/C
1 - D*exp(~ta/C)—m™' =2exp(-D/C) - C <e\/f> . O (43)

The following short result does show a useful property of the spectrum of higher order Grammians which will prove useful for the
upcoming part about parameter initialization.

Lemma A.4 (Higher order Hadamard products). In the setting of Definition 3.2 we have A,;,(Go.7) > A4, (G,) and thus in particular
”G ” < ¢; for all € N, as well.

Proof. For each n € N the matrix G, is a Grammian of the tensors {w?", A w%" } and as such it is a positive semidefinite matrix.

Since Ay, (A © B) > min, g;; A,;,(B) for any pair of positive semidefinite matrices A, B, see Theorem 3 in [7], we thus have

’lmin(G2+ﬁ) = }'min(GZ O Gﬁ) 2 }‘min(GZ) miin<wi’ wi>ﬁ = )'min(GZ)' (]

Let us conclude this section with an important auxiliary result. As said before we generally operate in a setting where the ground
truth weights are sufficiently incoherent and fulfill (A1)-(A3) of Definition 3.2. It is clear that these properties translate to accurate
approximations of the ground truth weights. The following result makes this explicit alongside with a few other minor technical
results which will be used throughout the remaining proofs.

13
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Lemma A.5 (Incoherence of approximated Weights). Assume the ground truth weights {w, € SP~!|k € [m]} fulfill (A1)-(A3) of Defini-
tion 3.2 with constants c¢,,c3 and that D < m. Then there exists a constant C > 0 only depending on c,,c3 such that for approximations
{0, € SP~!|k € [m]} which satisfy the error bound

1 D1/2

max min ||sid; — wy ||, = 6pax < I (44)

kelm] se{~1,1} logm

condition (A2)-(A3) of Definition 3.2 holds with constants 2c,,2c;. Furthermore, denote G, € R™™ the matrix with entries G, ;, =
(W, s wy )", where s, are the ground truth signs. Then there exists Dy, such that for m > D > D, n = 2,3 the following holds true:

(i) For all k # ¢ we have (&0, sfwf)z <2¢,log(m)/D

(i) G, is invertible and ||G; || < 3c,
(i) Denote by G, € R™™ the matrix with entries G, ;= (Dy, s;.w;)", then

10g m (2n-1)/4
m T 6max' (45)

Proof. W.l.o.g. we can assume that C is chosen such that

¢y logm\ /2 1/2
max min ||sd;, — wy ||, = 6pax < min ! < 208 > , b (46)
kelm] se(-1,1) 8 D 8c3mA/2¢, logm

holds. We start by showing (A2) for the approximated weights. Pick any k, ¢ € [m], k # ¢. A first observation is that we can disregard
the sign that appears in (44) since (i, ;)% = (—ib;, 0, )*. So w.L.0.g. assume that both signs are correct and therefore [|ib, — w;||, <
Smax and ||y — wy ||, < 8ax- Then

(4 t04)? < ({04 102)| + | = s w0)] + (w3 Dy = w0,)] + [ (i, = wys Dy — 10)]) 47)
S(l(l'Uk’wf>|"'zamax'i"sz ) S|(wk’w/>|2+65max|<wk’wf>|_{—9512nax

max

¢, logm +6 ¢, logm 1/25
D D

& logm + 48 +9 ¢, logm < 2¢, logm,

- D 64 D — D
which proves that (A2) is fulfilled by the approximated weights for a constant 2c,. Moving on to (A3), we need to bound the minimal
eigenvalue of G = (WT W)°" from below. Assuming 62 is invertible, we know by Lemma A.4 that

- A
G, I<IG;, |l forall n>2.

Thus, it is sufficient to show that (A3) holds for the approximated weights for n = 2. Denote G, = (W W)®2, Clearly G,, 62 are
symmetric, and since (A3) holds for the ground truth weights we know that the minimal eigenvalue of G, can be bounded by a
constant |o,,(G,)| > ¢;'. Hence, by Weyl’s inequality we have

|on(G)| 2 ¢3! = |62 = G- (48)

Our goal is to find an upper bound the spectral norm on the right hand side. Note that the diagonal of both matrices is identical due
to the fact that all columns of W and W have unit norm, so we focus on the off diagonal exclusively. Via Gershgorin’s circle theorem
we attain

|é.-

< max |w,w — (W, w |
kemZu e) = (Wi we)

f;ek

m

N a2 2

= max E |(skwk,sfwf) —(wk,wf)|
kelm] &4

C#k
m

< ,{g%; [(Sk Dy, 510 ) + (W, W) |(8 10y 5,10 — (W, Wy )|

C#k

2¢,logm 12 < . . .
§2<T ]?El?;:’(]};|<Skwk_wk’st’wf>+<wkvst’wf_wf>|

£k
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2¢, logm 12 1
S4<T> m'émaxsz’
where we used the fact that (A2) holds for the ground truth weights and approximated weights in the penultimate inequality followed
by the uniform bound in (44) at the end. We conclude with Weyl’s inequality which yields

|am(62—1)) < )al(éz))_l <2c. (49)

Hence, the approximated weights fulfill (A3) with constant 2c; for n =2 which extends to n > 2 by Lemma A.4. Let us now prove
(i) — (iii). The first statement follows directly from our proof of (A2) for the approximated weights, since for any k # ¢ we have

2¢, logm

(. spwp ) < ([(wpwp)| + [ty — wfvwk>|)2 < (wg, wid| + 5max)2 < D

>

which follows by the chain of inequalities started in (47). To show (iii) we first split the difference G, — @,, =D, + O, into a diagonal
part D, and an off-diagonal part O,. We have ||G, — G, || < |ID,|| + [0, I, and start by controlling ||O, || via Gershgorin’s circle
theorem:
m
10,11< gz 3, (i )" = (i serweY'|
k#t
m

Smaxz W, W) —{t,,s,w
g1 3, o) = Ggos e,

k#t

2¢cylogm (=172 <
< _ ma W, Wy —S,We)|.
_”< ) > fe[’i"]/;K s We = SeWe )|

k#t

n

A A —i /oA i—1
D (s )" (g 510
i=1

From here we can slightly improve over Cauchy-Schwarz, and instead use that

m m
I oy ity = spwp)| < Vm—1 | Yty by = s,wp)? < \/EHW” Smax-
ety i

PG 12\/2
Using |[W | = IWTW| /2 < (1 +m (%) ) we arrive at the following bound for the off-diagonal terms:

_ 172
2¢,logm \ "~V/? 2¢,logm\ /2
||on||5n(zT> Vm 1+m<zT Smax

logm (=72 logm 1/4 logm @n=Dy/4
S Cnm <T> T 5max S Cnm D 5max,

where C > 0 is an absolute constant only depending on ¢, and m > D was used in the second inequality. For the diagonal part we
receive

1D, = max |1 = (i, we)||

=1 — min |[(D,, w,)|"
1= min (Gt}
N 2"
il maXyepm 10y — w5

2

s

<|r-a-8,/2r

max

where the equalities are using the fact that @,, w, are of unit norm for all # € [m]. Hence, we attain overall

logm @n-1)/4
‘ D 5[1’13)( *

For n=2,3 and some constant C; > 0 depending only on ¢, this can be further simplified using the bound on 6, as

|

Gn _én

max

<|i-a-8,/2r

+Cnm<

12

. R logm>(2n—1)/4
Gn - Gn

2
<67+ Cnm (

max
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Algorithm 3: Parameter Initialization.

Input Approx1mated welghts W numerical differentiation schema A”[-] with accuracy € > 0, interval on which g® is monotonic [~7,,+7]
Set G, « (WTW)®2, G, « (WTW)®3
fork=1,...,m do
| Compute directional derivative approximations Tz,k = N[ f (1), )J(O),TM = A3 [f(-tD,)1(0)
end
Set G, « G;'Ty, G, < G;'Ts
fork=1,...,mdo

N U »~wdh=

Eppe . = .
i {(g(z)) ((E) if (¢?) is defined for G, , (50)

argmingg_, . |g(2‘(1) - C~2'k| else,
5, < sign (c}‘k : gG)(O)), G

8 end
Output: 7,§

logm (2n—-1)/4
< Clm D 5max’

< ¢4/2 from which the rest follows as before by Weyl’s inequality.

We can reuse (iii) in combination with (44) obtaining

- logm @n=D/4 logm 174
‘ n— SClm D 5maxSCZ D s

for some constant C,. Hence (ii) is true for D > D, sufficiently large. []

Appendix B. Proofs: parameter initialization

In this section we prove Proposition 4.2, which assesses the quality of shifts computed by Algorithm 3. These initial shifts will
later be used as an initialization for gradient descent (cf. Appendix C).

Proof sketch of Proposition 4.2 As discussed in Section 4.1, goal of Algorithm 3 is to recover the vectors

C,=g%(r), and C;=s50g%7).

This recovery is only possible up to approximations C,,C; due to perturbations accumulated in the weight recovery and errors caused
by the numerical approximation of derivatives. The proof begins with an auxiliary statement, namely Lemma B.1, that develops
an upper bound on ||C, — C,||, (n =2,3) assuming that the weight recovery achieved a certain level of accuracy. The proof of
Proposition 4.2 will then utilize the properties of the activation function ((M1)-(M2)) to show that the shifts z can be approximated
by using the components of C, ~ g (z), whereas the signs of the original weights are revealed by C; ~ s @ g®(z).

Lemma B.1. Denote by C, the coefficient vectors computed by Algorithm 3 for an input network f with ground truth weights {w, € SP~!|k €
[m]} which fulfill (A2)-(A3) of Definition 3.2 with constants c,,c3 and activation g that fulfills (M1). Then, there exist constants C > 0 only
depending on g, c,,c3 and Dy € N, such that for m> D > D, mlog2 m < D?, n=2,3 and provided approximations { wy, € SP=1k e [m]}
to the ground truth weights such that

1 D'/2
max min [|stdr = willy = max < Cmiioes (52)
we have
~ logm D74
ch -0 g<">(r)||2 <C/me +Cm? (%) S (53)

where s is the vector storing the true signs that are implied by (52).

Proof of Lemma B.1. Denote as in Algorithm 3 Tn,k = A"[f(-0;)](0) and T.x= (V" £(0), 1,@}?") By their definition and the linearity
of V', A" we have

1T~ Toll = sp |<V"f(0), @) = A" (i, )1(0)| (54)

g((wk,wf)t+rf)

W7 A"[g((y, we) - +7,2)1(0) (55)

ke[m] = 0t”
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2
2cy 10gm> 2

D (56)

m
< Cye sup 2 | (0, w,f)|"+2 <Cpell+m <
kelm) /=)

where we used the second point of (G2) in the last line followed by the incoherence of the approximated weights (A2) established in
Lemma A.5. Making use of D? > mlog? m, this simplifies to
”Tn - Tn”oo <Ci-e,

with constant C; = (1 +4c§)C a for n =2,3. Coming back to our initial objective, we can express s" © g™(z) as the product s" © g™ (r) =
T,G, where G, describes the matrix with entries given by (G,), = (i, s,w,)". Note that Algorithm 3 constructs €, = G;'T,, where
(G\,,)kf = (i, W,)". We can reduce our main statement (53) into separate bounds

Hc”n -5"® g<">(f)||2 = Hé;lf,, -G;'1,, (57)
<||6; @ -1, + | @ - 60w (58)
<Vm|G T, =Tl + 67" = G0 (59)
<Ciym-e+|G; -6, (60)
To bound H(é;l =GO, |, we first decompose according to
|G =601, =6:" G = 66T, ||, = |6, @ - Gis" 0 8”@, - (61)
By invoking Definition (A3) again, we continue with
Hé;l(@,, —G)(" 0 g<">(r))H2 <2¢, H@ -¢,|ls"e g<">(T)H2 < 2c3m/E| G,-G,l. (62)

where we used | g™ G,-G,

< k. The statement then follows by using inequality (iii) of Lemma A.5 onto |
o0
involved constants. []

and unifying the

We are now ready to prove the main result for the parameter initialization.

Proof of Proposition 4.2. First note that due the assumptions made, we can freely apply the results of Lemma A.5 and Lemma B.1.
As a consequence the approximated weights considered in the statement of Proposition 4.2 fulfill (A2)-(A3) of Definition 3.2 with
constants derived from the ground truth weights as described in Lemma A.5. We continue with the remark that (M1) guarantees the

existence of the inverse function g(2)’1 on [—7, 7, ] and here we can disregard the signs such that
-1 -1
g (20PN =¢?" (10g%0)=r. (63)

While 52 @ g@(z) is not directly available, Cz serves as an approximation 62 ~ 52 0 g®(r). Fix any k € [m], and assume that

G € min  g?@®), max g@@)], (64)
> 1E[ Ty, T | 1E€[—Too,+ 700 ]

then by the mean value theorem

= g(z)_l(éz,k) = g(z)_l (g(Z)(,[k) + C~2,k - g(z)(Tk))
=@ (6@(z) + (Cop — gP0) @@V (D
=+ (G~ 87(0)) ———,
e (07 @)

for some &, € [min,e[_rw +o 1 8P, max e o g(2>(t)]. Since g® is strictly monotonic on [~7,, 7., ] and differentiable, we have

6 := max ]|g(3)(t)‘>0.

1€[—Toy.T,

1

Hence, we can bound | —————
g<3)(g(2) (é‘k))

< 67! from the outgoing Assumption (M1). Applying Lemma B.1 to bound ”g(z)(r) - C~2H2

therefore yields
3/4
1
17— 7ll, <67 <C\/r;e+Cm3/2<%> 5mx), (65)

17
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Now, assume there is a k € [m] such that C~2,k does not satisfy (64). By the monotonicity we also know that the maximal and minimal
value of g are found exactly on +7,,. If , , does not lie in the image of g® on [—7,,+7,,] it has to exceed one of those. We can
assume w.lo.g. that C, > max,e_;_ 4. | 2@ =g®(z,,). Then,

FToo
§2(1) ~ 82| < |G — 8P|

which shows that g@(z,,) is simply a better estimate of g®(r,) than C,, and ¢®7! is also defined for g?(r,,). Hence, the same
error bound as above holds for all k € [m]. The expression in (51) yields the correct sign if sign(C~3’k) = sign(sf)) . sign(gm(rk)) =
sign(s;) - sign(g®(z;)). This is the case if

‘523) ,g(3>(fk)‘ > Hf) &) _@3’k|, (66)

By our outgoing assumption |sf) . g(3)(rk)‘ > 6 and together with Lemma B.1 applied to the RHS of the inequality above, we get that

the signs are correct as long as

1 5/4
0> <c\/Ee+Cm3/2 <%> S |- 67)
Assume now that the RHS of (21) is smaller than 1 and e < (Cm)~!, this implies in particular

3/2 logm 3/4
Cm T amax <1.

We can estimate the right hand side of (67) from above by

5/4 2/4
C m€+Cm3/2<lo%> 1) <L+<logm> s

max — m]/2 D

which clearly is smaller than any constant for D large enough, and therefore the signs will be correct for D, chosen accordingly since
(66) is fulfilled. [

Appendix C. Proof of Theorem 4.3

Let us shortly recall the setting of Theorem 4.3. We consider the identification of the parameters W,z attributed to a shallow
neural network f(-, W, 7) which falls into the class of networks described in Section 2. By means of Algorithms 2-3, we can find weight
approximations W ~ W and shift approximations 7 ~ 7 of f. The parameters (W #) give rise to a neural network f(:, w, 7) which
is architecturally identical to f, and, depending on the accuracy of the previous algorithmic steps, we would already expect some
agreement in terms of f ~ f. Given network evaluations v = flxp), ... 2V Nogain = f(x Ntrain) of f, we consider further improvement of
the approximated shifts 7 by empirical risk minimization of the objective

Nirain
R 1 2 A
J(T)_ZN 2 (f(xi,r)—yi)z, (68)
train i=1

via gradient descent given by
D =200 v g (2. (69)

In Theorem 4.3, we prove a local convergence result with the guarantee that, for sufficiently large Ny, [|1£% — 7||, is roughly
m!/2 log(m)*/* vo i

A(n) _ <
I <l s 0

W - W"F+

2

where

m

Awo= Z [( = wye, Wy = wier)| -
g

Proof sketch For the proof, we rely on an idealized loss given by a quadratic functional in 7:

J.@)=¢-1)TAG-1), (70)
with
1 Ntrain
. £ £ T
A= N Zf Vi, DV (71)

18



M. Fornasier, T. Klock, M. Mondelli et al. Applied and Computational Harmonic Analysis 77 (2025) 101749

The proof can then be broken down into two steps. First, in Lemma C.4, it is shown that J, is strictly convex by estimating a lower
bound on the minimal eigenvalue 4,,(A) of A. The proof relies on techniques from the NTK literature to first control the spectrum of
Ex,... XNy ™ N'(0.1d,)[A] Dy leveraging (M2) and the incoherence of iy, ..., ,,. In particular, Lemma C.4 implies that minimizing
J, via the gradient descent iteration given by

2D = 30 v g (30 = 2 —y AW — 1) (72)

with step-sizes y < 1/||A|| does necessarily converge to the global minimum attained at 7, = 7. As a second step, we control the
perturbation between the iterations 7, "’ when starting them from an identical vector #© = #”_ In particular, in Lemma C.10 it
is shown that the difference || — #{”||, adheres to

18 = £11, < &"FQ =zl + (1= ¢ Ay,
provided #(©) s sufficiently close to the optimal solution , and where Ay, is an error term which satisfies Ay, — O as | = W ||z — 0
and ¢ € [0, 1). By the triangle inequality, we then bound the distance of the original gradient descent iteration (69) to 7 via
127 = zll, < 187 = 271, + 187 — =]l
<ENRD =zl + (1 =M Ay + (1 =y A (A2 =7l = Ay,

for n — oo. Hence, we establish that the iteration 7 settles in an area around the optimal shifts 7 that is determined by the initial
and irreparable error present in the weight approximation W of W.

Organisation of this section Subsection C.1 is dedicated to analyze the matrix A in (71) in expectation (over x;’s) and proves the well-
posedness. Subsection C.2 analyzes the perturbation between gradient descent on the idealized objective J, and the true objective J.
Subsection C.3 concludes the proof by combining the well-posedness and the perturbation analysis.

C.1. Well-posedness of the idealized objective in expectation

We begin this section with a short primer on Hermitian expansions, a technical tool which is commonly used in the NTK literature.
Afterwards, we prove the well-posedness of A in (71) in expectation.

C.1.1. A primer on Hermitian expansions
The Hermitian polynomials form an orthonormal basis of the L, space, weighted by the Gaussian kernel w, which we denote as
L,(R,wg). The r-th Hermitian polynomial is defined as

h(y) = %(—D’exp(y;)jyrr eXp<_Ty2)'

Any function 1 € L,(R,wg) can be expanded as h = ), y1,(h)h, with Hermitian coefficients u,.(h) as

() 1= / O we)dy.

As per Assumption (M1) the first three derivatives of g are bounded, hence max;¢3 ||g§k) |l < oo for any = € R. It is easy to check
that this implies that these functions lie within L, (R, wg).

Lemma C.1. Assume h is bounded, then h € L,(R,wg) and

> (W) < Vaxlhll,
r>0
Proof.

/h(z)2 exp(—12/2)d1 < V2x |12, < oo.
R

The second statement follows from the fact that L,(R,w;) is a Hilbert space and the hermite polynomials form an orthonormal
system within that space. []

1)

T
three or less. Since h, i, h,, h; form a basis for the space of affine functions, this implies gil) & Span(hy, hy, h,, h3). In particular,

ﬂ,(gil)) # 0 for some r > 4 and any 7= € R. In the following, we denote

We further assume in (M2) that g(!) is not a polynomial of degree three or less, implying that also g\ is not a polynomial of degree

T€[~T.T0

w = min ]Z M,(g(l)(- + ‘r))2 >0,
>4
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which depends only on the activation function g and the shift bound 7. Lastly, a useful property of Hermitian expansions and the
Hermitian basis is the following identity.

Lemma C.2 (c¢f. Lemma D.2 in [38]). For two unit norm vectors x,y € RD and every k,Z > 0 we have

Ex-n01dp) [Ac@ XDhp " X)] = 810 (u, 0},

where 6,, =1 if k =¢ and 0 otherwise.

C.1.2. Well-posedness in expectation
The central object of study in this section is the matrix

E=Ex, . .xy,,, ~NolplAl (73)

We prove its well-posedness in Lemma C.4. The proof relies on the observation that E is actually equal to a sum of positive semidefinite
Grammian matrices as shown in Lemma C.3.

Lemma C.3. Assume that (M1) holds, and let E be defined as in (73). Then, we have

1 N

L 1,(84)) vee(i®") ,

E= 3 ZT,TVT, where T, := o : € R"™D",
r=0 Hy(gz,)) vee(w®")

In particular, we have E > % Y,ex T, T for any subset R CNs |, where A > B means A — B is positive semidefinite.

Proof. The matrix A can be written as

Nirain
1 N N
N Z g(l)(wIXi + Tk)g(l)(w;Xi +1,)
train  ;j—

A =
and the corresponding expectation reads

1 DT DyaT
Ere = 5Ex~n01dp) [gik)(wk X)gif)(wa)] :

Now, note that gil) =g +1)e L,(R,wy) for any 7 € R by (M1) and Lemma C.1. Hence, gil) has a Hermitian expansion and we

can write

(o) 0
I . )
Eve = 3Ex-No1p) [( 2, 1 (] X )> <2 CRLICIRS ))] :
r=0 r=0

Using now Lemma C.2 to express expectations of scalar products of Hermite polynomials, we obtain

Tk

[se]
1 PN
E = 3 Z Mr(g(l))ﬂr(gg))(wk, W),
r=0

which can equivalently be written as % Yo T,TrT. The second part of the statement follows from the fact that each individual matrix

T,TrT is a positive semidefinite Grammian matrix. []

Lemma C.4. Let E be defined as in (73) and assume that the approximated weights satisfy ||t ||, = 1 and (A2) for some universal constant
¢,. Furthermore, assume the activation function adheres to (M2). Then, we have

2
/Im(E)Zw—C(m—l)<lo%> , 74)

where w and C are constants depending only on g and t,. Specifically, we have

min__ > (g + o),

C= %cg max z

TT€[~ T Teo ] >4

1
1,8, (gL ))| .

T
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Proof of Lemma C.4. To simplify the notation, we introduce the shorthand u,, := u,(g,')) By Lemma C.3 we have E >
1
2
can rewrite % 2oa Ty TT as Zr>4 T, T = D, + O,, where the matrix D, is given by

1.
D, = 5D1ag<2ﬂil,...,2ﬂim>
r>4 r>4

and the remainder O, equals % Y,es T,T,T with its diagonal set to 0. To show (74), we compute a lower eigenvalue bound for D,
and an upper eigenvalue bound for O, independently, and then complete the argument with Weyl’s eigenvalue perturbation bound
[55]. The smallest eigenvalue of D, can be read from the diagonal and is given by

Yiss T,TrT, so we concentrate on the expression on the right hand side. As |||, =1 for all k € [m], we first note that we

mm(D4)_ _krgllnjz'urk 2w>0.

For the spectral norm of O, we use L/L-Cauchy-Schwarz inequalities and |0, ||, = 1 for all k € [m]. Specifically, for any unit
norm vector u we have

1% .
u Ou= 7 Z Z Uty Z Hi kb o (g )"
k=1 67k r=4
1 m
< E Z Z |uk| |uf| Z |”r,kﬂr,f| |<wk,wf>|r-

1 £#k r>4

By dragging out the maximum of the sums over Hermitian coefficients, we further bound

T 1
Ou<( max
4 21’16[ ~ToorToo ]Z

The trailing factor is, for all unit norm u, bounded by the spectral norm of the matrix

R 0, ifi =,
Oy, 1= 4 (75)

‘(@i,w . else.

w8 (e ) D Jui] e | [ o[
k=1¢+#k

Therefore we have u"O4u < Cy o 104l for all unit norm u, and with the constant C, ; _ given as

Cg,fm = l _ max Z

2 T,TE[~To0,Teo ] r>d

1
(&m0

and only dependent on g and the shift bound 7. By Gershgorin’s circle theorem we further have

¢, logm 2
D ,

m
5.1 < ~ <im
10,11'< max 3 10| < (m—1) (
£#k
where we used the fact that i, ..., ,, satisfy (A2). []

C.2. Controlling the perturbation from the idealized GD iteration

This section is concerned with the divergence between the two gradient descent iterations in (69) and (72). We start with a number
of auxiliary results that control certain series involving the Hermite coefficients of the activation and its derivatives. These technical
statements are needed to control the perturbation in the GD iteration that is caused by the weight approximation. The bounds enable
Lemma C.9 which provides an upper bound for the difference between the gradients VJ (%), VJ (%), defined in (68), (70), respectively,
w.r.t. the accuracy of the estimated weights and shift initializations.

C.2.1. Controlling perturbation from weights
The first part of this section is concerned with estimating a series that contains elements

m
1 PN N

= 2 olEe (8l (1 ) = (10, 10)') (76)

k=1
where 4,(g;,), ur(g(il)) correspond to the k-th and #-th Hermite coefficient of the function g () = g(- + 7), g/f/(') =g + %)),
respectively. These coefficients are assumed to be uniformly bounded for all » > 0 which is a consequence of (M2) and Lemma C.1.
The following results pave the way for perturbation bound w.r.t. estimated weights and we use the following shorthands to keep the

expressions more compact:
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Ay p=IW =Wl .
m

Awo= Z [ = wy, thyr = wyr)|- (78)
k#k!

Lemma C.5. Consider weights and approximated weights (wy)xe(m)» (Wi)kepm; Of unit norm as before that both fulfill (A2) and (1) in
Lemma A.5, as well shifts (7})xe(m)» (Fi)kepm Within [Ty, 7] for some 7., < co. Let S, , be defined as in (76) and assume that g fulfills
the Assumption (M1)-(M2). Then, there exists a constant C > 0 such that, for m > D,

< 2 (12 2 logm 2
ZsrfSCr max 1,(8:,) Y Hr(8,) ”’"(T)
=1

) logm \ "~V/2
Lo (222) " ]

Furthermore, for any fixed R > 2 we have

. leogm 2 logm 172
22 2 e < <AW,F+<T Awo |

where the constant C > 0 additionally depends on R.

Proof of Lemma C.5. Throughout this proof we use the convention that, for any vector, we have v® =1, I® 1=l and v® 1 =
1 ® v = v, which will be relevant for the case r = 1. We start with a chain of equalities that uses elementary properties of the Frobenius
inner product:

m [ m 2
Z =2 |2 ”r(gfk)”r(gg}) ((ty. )" = (. ’f’fy)]
=1 Limi ’
m I 2
=Z Zﬂr(grk)ﬂr(g(l))(wk wk’wf><2<wk’wf>r Ny, o)™ 1)]
7=1 L=

m

1 N —
2 (8 (8 )iy ~ wk,wf>< @ @ " >
k=1

Y
1l

I ]
M= iIMs

N
Il

| k=1

I
M=

Zur(g,k>u,(g§;’)<<wk_wk> Z( 20 @uP™h) >]

ﬂr(g%)) <21 ﬂ,(g,k )(li)k — wk) ® Z ( A®(r—i) Qw ®(l I) . w
L k= o1

A
Il

3

2
= Z (8,7 <2 # (8 )iy — wy) ® Z (2P @uwi ), >
At this stage, we separate the coefficients depending on ¢ such that

m

" 2
Z [Z llr(grk)llr(g )((wk’wf> — (W, Wy )]

2
< max y,(g )2 2 <Z Mr(gfk)(wk wk)®2( @0 I)® ®(1 1)) 1@?’> .

Now, note that the set of tensors (u??')fe[m] forms a frame whose upper frame constant is bounded by the upper spectrum of the
Grammian (G,);; = (W;,W;)", see also Lemma E.2. Due to Lemma E.3 which relies on Gershgorin’s circle theorem we know there
exists an absolute constant C > 0 such that for D sufficiently large the operator norm of é, obeys

e <cf 1em(lem)”
Al < m( =5 .

As a consequence, we get
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2
max y,(g Dy2 2 <Z/4r(8fk)(wk wy) ® Z ( ¥ @ w®(' 1)) Lb?’>

£€[m]
2
(1)\2 AQ(r—i Qi1
< a5 PG| 3% 1~ wk>®2 (28 @ w2~
F
| 2
(42 ogm ~®(r—i) @(, 1
SCfné?;f] u,(gf/) <1 +m < ) > Z Hy (g )ty — wy) ® Z ( Ruw ) . (79)
Denote now A, 1= p,(g; )iy —wy) and Ty, := X7 (z@f’(r_i) ® w?(i_l)>, then
2
1
(8, )ty — 10) ® Z ( 220D & ®<, ))
F
m
= Z <Ak,r ® Tk,r’ Ak',r ® Tk',r> = Z <Ak,r’ Ak’,r)(jwk,r’ Tk’,r)
kk'=1 kk'=1
m m
= Z ”Ak,rllgllTk,r”i‘ + Z (Ak,r’ Ak’,r><Tk,r’Tk/,r>' (80)
k=1 kK
Using |lwyll, = || |l, =1 we get
r r
A ®(r—i i—1 o i i
1T lle < D102 @ wE ™Vl < Y iy Iy Ny 15 =,
i=1 i=1
such that the left part of (80) can be estimated by
m
2N AT N <72 max gy (g, )? 2 llioy — w13
(81)

k=1
2 2

=r° max W—W .

r ke[m]ﬂ,(gfk) I %

To bound the right part of (80) first note that, for k # k/,

.
S®0—D) o ®(=1) @i ®'-1
(T Ty ) = Z <wk 1) @ B0, g @) g B >>

ii'=1

logm\ "~/ , ((logm (r=/2
<c —cr (22 ,
3 () —er(y

ii'=1
for some absolute constant C, which follows from the pairwise incoherence (A2) as well as point (i) of Lemma A.5. Therefore, the
right part of (80) is bounded by

- logm \""V/2 &
Z By D T s T ) < CF <T> Z [{Apr A )|
K#K! k! (82)
logm \ "~V/2
<cr? <—> max ﬂr(gfk) Z (g — Wy, oy — wi)|.
D kelm] P
Plugging (81) and (82) into (80) yields
2
Z”r(grk)(wk wk)®2( 2D & 1 ®(1 1)) (83)
F
e logm (r-1)/2 m R X
SCrzlgg‘%ﬂ,(g,k)z [IIW—W||§+< > > Zl‘<wk_wk7wk’ —WM . (84)
Kk

Combining this with (79) yields the desired first statement
N 2 2 (152 2 logm e
257, <O max (8 (g )P 1+ m <T>

2 logm (r=D/2
. AW’F+ B Ay ol -
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For the second statement, note that maxyep,, #,(8x, )?> is bounded due to (M2) and maX epy ;4r(g(i;))2 is bounded according to
Lemma C.1. Hence it follows that

R m , R , logm /2 , log m (r—1)/2
r r
Zﬁz Z{S”‘”SZ;ZO l+m<T) AW’F+< > > Ay o

logm 5 logm 12 & P
<(t+m({ =5 Avrt(—5 ) Awo Z}zo.

The second statement follows from the upper bound above by adjusting the constant C due to er= ] 2'Cr? < oo for fixed R and using
(mlogm)/D>1. [

Lemma C.6. Consider weights and approximated weights (w;)epm)> (Wi)ke[m) ©f unit norm as before that both fulfill (A2) and (i) in
Lemma A.5, as well shifts (7)) re[m)» (Fi)kem) Within [—7,,7,,] for some 7., < co. Let S, , be defined as in (76) and assume that g fulfills
the Assumption (M1)-(M2). Then, there exists a constant C > 0 such that for m > D

m 172
Z 2 <cC logm
— e D
Proof. According to the proof of Lemma C.5, in particular (79), we can bound

logm 12
Zslf— D

for some constant C > 0. Since y; (ng) is bounded for all k € [m], what remains is to show that the Hermite coefficients do not change
signs. Note that the first Hermite polynomial is given by A (u) = u. According to the definition of the Hermite coefficients we have

2
wy —
k=1

2

2

Z Hl(grk)(wk —wy)
k=1 2

m (g,k) = / ug(u+ 'rk)e_"z/zdu = [—g(u + rk)e_”z/z] + /g(l)(u + rk)e_”z/zdu
-0
R R

= / gV + Tk)e_“2/2du.

R

Now note that g (u + 7;) will always have the same sign since g is monotonic due to (M1). Therefore (g, ), ..., #;(g;, ) must all
be either positive or negative, from which the proof follows directly. []

Lemma C.7. Assume that g fulfills the Assumption (M1)-(M2) and that the shifts (t)xepmy> (Fi) kepm) @re within [—7,, 7, ]1. Then, for R > 4,
we have

Q)]
r| max 2 )| < o0. 85
rZZR Ik, max (8o (83, (85)

Proof. By applying Lemma E.1 (whose condition is met due to (M1)-(M2)), we immediately get that, for all » > R,

(2.) ((1))_ 31 r —-1/2 (()) r -1/2 ((3))
”rgrk /“lrg,;f = \r=3 Hr-38; F=2 Hr2(&;

= ((r—2)(r— 1)2r2) 2 My 3(8(3))/4r z(g(B))

Plugging this into (85) yields

3
2l max g (g g S Y ——=— max (855

r>R >R \r—2(r— 1) kL €lml
3) 2 (3) 2
<Y m e 3/zmg DN max 3/2;4,( 2,
r>R-3 r>R-2

where the second line follows by applying Cauchy-Schwarz. Using Assumption (M1), according to Lemma C.1, then gives
maX e[_; ;| /4,(g(3))2 < C for all r > 0 and some constant C > 0. Therefore we can conclude with

2l max. ﬂr(grk)ﬂr(g(l))l <y S5 S6C<o. O

r>R ket r>1
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Lemma C.8. Consider weights and approximated weights (wy)xe(m)» (Wi)kepm; Of unit norm as before that both fulfill (A2) and () in
Lemma A.5, as well as shifts (z))xe(my» (T kepm Within [— T, 7,1 for some 7, < co. Let S, , be defined as in (76), and assume that g fulfills
the Assumption (M1). Then, there exists a constant C > 0 such that for R > 9 we have

n 2
> <Z S,f> <Cy\mA,
£=1
Proof. We start by applying the Cauchy product to the squared series

5(z s) -3 (25

=1 \r>R =1 \r>0 s=0
33 SnasSins
r>0s=07¢=
1/2
<IE I (B Susin)
r>0 s=0

The inner sum is now controlled by a sequence of inequalities similar to Lemma C.5. Again we denote Ay, 1= u,(g,, )(; — w;) and

Ty, = er: . (w,;@(’ e wf(i_l) ), then by applying the same chain of inequality as in the beginning of the proof of Lemma C.5 we
receive

(D2 (Dy2
2 2 s ShRs = ZMR (8 by r(8y)

m 2 m 2
A®r+R—s ~®s+R
< Akr+R S®Tkr+R S’wf > <2Ak,s+R ®Tk,s+vaf >
k=1 k=1

D2
HryR— s(g /’lY+R(g )

2
m
~ 2R
: < <Z Ak,r+R—s ® Tk,r+R—s> <Z Ak s+R ® Tk S+R> ng— > .
k=1 k=1

As before we now invoke the frame like condition described in Lemma E.2 to attain a bound depending on the upper spectrum of the
Grammian (G,,,g);; = (i;, ;)" **R. More precisely, by using the shorthand

HM§

. ) 2
., = max prip-s(8;, )’ Hsir(E:,)" (86)

we then have
2

m m
S,2+R,Sf SSZJer < Hy Gl <2 Aprir—s ® Tk,r+R—s> ® <2 Arsir® Tk,s+R> (87)
F

k=1 k=1

M=

=1

2 2

m
Z Aps+r O T sir (88)

k=1

m
Z Ak,r+R—s ® Tk,r+R—s
k=1

< M:J”GH.QR”

F F

The two Frobenius norms can now be estimated as in Lemma C.5, more precisely (84), where we also use the shorthands Ay, g, Ay, o
defined in (77) - (78) as well as

2 2
/"r,s - I?E-I?X] HriR- s(grk) ]Eg?"ﬁ] ”s+R(grk) .
This gives for some absolute constant C > 0

2 2

m
Z Aps+r @ Tisir
Py

m
Z Ak,r+R—s ® Tk,r+R—s
k=1

H NG gl

F
<Cl 1y NG riarll(r+ R = 5)(s + R)?

, Jogm') R/ . logm\ C+R-D/2
| Ayt D Awo || A rt D Aw .o
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2

R logm (R-1)/2
<Cul ity G, 12gll(r + R = )*(s + R) A%VYF + ( ) Aypo ] -

D

Next we identify the dominant factors and simplify. Due to Lemma E.3 we have for some constant C > 0 that

A logm (r+2B/2 logm ’
IG, Rl £C 1+m< D ) <C 1+m< D > s

where the last stop follows since R > 9 and due to m(logm)?> < D? this can be further simplified to ||@, orll £C. Similarly, we have

logm (R=D)/2 logm (R=D/2 m . .
( ) Awo= Z ‘(wk_wbwk’_w;()‘

D D oyt
logm 4
262 2 2
< ( D ) 6max < 5max < AW.,F

and therefore we get
2
A logm (R=D/2
G2kl <A%/V,F + <T> Ayo ) < CA‘:V,F
for some absolute constant C > (. Plugging these into (88) results in

2 S ks Stine SCH, Hys(r+ R=)7(s + R4,

Hence, we have

5(35) <m58 (55 )

r>05s=0 \7=1
<CA2, F\/_ZZMWM,MH(r+R—s)(s+R)
r>0 s=0
2
<CAY \/m ( 2. rlmax u,(g,k>u,<g(‘>>|>
r>R

The result then follows by applying Lemma C.7 onto the series in the last line followed by a unification of the constants. []

Now, we are finally able to formalize the key lemma of this section. Recall that

Ay =W -Wlg
m

Ay o= Y [y = wy. iy — wy)|
k#k!

m
2, we = g

k=1

Ay s 1=

2

Lemma C.9. Consider a shallow neural network f with unit norm weights described by W, shifts t,,...,7,, € [T, 7] stored in = and
an activation function g that adheres to (M1) with D < m. Furthermore, consider J,J, given by (68), (70) constructed with N, > m
network evaluations yy, ..., YNoyain of f where y; = f(X;) and X,,..., Xy ~ N(0,1dp). Denote by f an approximation to f constructed
from parameters W= [tDy]...|W,,],7 as described above with ||, || =1 for all k € [m]. Then, there exists an absolute constant C > 0 and
D, such that, for dimension D > D, the difference between the gradients of J and of the idealized objective J, obeys

m352 12
VI = VI3, <2k2/mll2 = 7|3+ CAy , + <N—“‘“> (89)

train

for t > 0 with probability at least 1 — 2m? exp (— — ) and where

1/2
1/21 3/4 m
m/~log(m) W.0 .
Ay < ———|IIW-Wlp+—+ Zwk_wk
D1/4 D1/2 “ .

26



M. Fornasier, T. Klock, M. Mondelli et al. Applied and Computational Harmonic Analysis 77 (2025) 101749

Proof of Lemma C.9. Recall that

Nirain 2

> (Fxn - rxn)

train  ;—1

J(#) =

By chain rule we compute the gradient of J w.r.t. © as

Nirain
VI(#) = Nl Y (fXud) = £(X,.0) VX, ).
train ;=1

Adding 0 = ( f (X, 7)— Fx R2)\% f (X;,7) to J(7) and applying the triangle inequality to VJ — VJ, allows us to separate the error
caused by the weight approximation

“VJ(?) - VJ*(%)||2

Ntrain

< (X XD FX VXD - VKLV K0T - o)) (90)
train © j—|
1 Ntrain

+||N = Y (fX.0) = F(X,.0) VX, 9)| o0
train  j—|

To bound the first term in (90) denote h(4) = (1 — )T + Ar, then we have

FXu8) = (X1 =) g(bf X, + 1) — g X, + )
k=1

= ) g} X; + h(1)) — g(iby X, + h(0),)
k=1

Mk
= gV} X; + uydu
k:lh(o)k

3

k

1
= / V@] X; + h(A) )R (A),d A
1
0

M=

1
/ V@] X; + h(A))d Mz, — 7).
k
0

Therefore, we can bound (90) as follows:

Nizain
| Niam( ; (f(Xivf)—f(X,»f))Vf(X,-,f)—Vf(X,,r)Vf(X[,f)T(f_T))Hz
Nirain 1
<[ ( X 7000 [ VIhnas) =709 00T ) el
rain © j=|

0

Let us fix £, 7 for now and write the last line in terms of matrices F, F, F* € RNwainXm where the i-th row of these matrices is given
by VA(X;,%),Vf(X;,7) and /0‘ V £(X;, h(A))d A, respectively. We obtain

1

Nirain R R T R R
| ( X viceo( [ vicnnanas) -vic.oviaeoT)| i - o,
train i=1 o
< IETF = FTFl ¢ - <l
train
<<—(IF = FINF I+ FNNE = FI ) 12 = el (92)

train

A simultaneous upper bound for ||F — F|| and ||F — F*|| can be established with elementary matrix arithmetic and the Lipschitz
continuity of g1:
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Nirain m

IE=FI<IF=Fllp=] Y, YV X+ - £V X + 7]
i=1 k=1
) Nirain m %
<[ [ X 3 (5= ] = VN =l
i=1 k=1

the same bound follows for || F — F*||. A crude bound for || F|| is given by

”F” < V rammmax| kl < \Y Ntram Hg(l)” <K \% Ntram

the same bound follows for || F*||. Hence, we can continue from (92) with

(I = FILE N+ UFNIE = F1) 112 = 7l <262Vl = 2.

train

The error (91) caused by the difference between W and the original weights W has the form

Nyain
“ Nt]rain ; (/X0 = f(X;,7) Vf()(i,f)n2
Niain | m
v T (BTt w0 - s w0 V70X,
rain i=1 k=1

Let us define

Nirain m
! 3 a2
A}, =HN (Zg(Xika+rk)—g(Xl.ka+Tk))vf(xi’f)||2
train  j—j k=1
m 1 Nirain m 2
=2 [N -2 ( 28X+ 1) - g(Xwy + fk))g(”((X,-, We)+ ff)]
=1 train ;=] k=1
To keep the expressions more compact, we define Z;;, := ¢, ,(X;) and
Pre@) 1= (86T + 1) = 8wy + 7)) gV xTiy + 8),
Let us also define
n Nirain m 2
) Z 2 Z ElZirl| »
=1 tram i=1 k=1
n Nirain m 2
= Z Z Z(szf ElZis])
/=1 tram i=
Then,
m Nirain m 2
2 2
Z [ > ZM] <2A%,  +2A% o)
=1 tram i=1 k=1

In what follows we will control A%V 1

We begin with AW , The first step is to establish that Z;, — E[Z;;,] is subgaussian and to compute its subgaussian norm. We

%V , by using Hermite expansions and a concentration argument, respectively.

remark that all expectations for the remainder of this proof are w.r.t. the inputs X;,..., Xy .~ N(0,1d). First note that by the
mean value theorem there exists values ¢; ; such that

Zie = (W —wp, X)gW(x ", + 2,08V ),

where g1 is a bounded function according to (M1). We can combine this with the well known property of the sub-Gaussian norm
which states that || Z;, — E[Z;.ll,, < ClIZy,l,, for some absolute constant C > 0. This leads to

1 Zie = ELZikellly, < ClIZigell

for all i € [Nyinl, k,¢ € [m] and some absolute constant C > 0. As a consequence we can apply the general Hoeffding inequality (cf.
Theorem 2.6.2 in [52]) which yields the estimate

1 m m Nirain
Sy B(5 3 2w -1z

train £=1 \k=1 i=1

<Cxk? It — wy, X))l < Cx? Smax

V2 — Y2 —

2
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< 2(2)3 ) Sl

train £=1 \k=1 tram = tram

N[ram

Z Zi ~ElZy]

which holds using a union bound with probability at least

ct? 2 12
ZZexp— N >1-2m"exp = )
Pt Z train ||Z [E[Zikf]llzw CNtramémde
for all t > 0, where ¢, C > 0 are absolute constants. This implies that there exists an absolute constant C > 0 such that for all 7 > 0
352
m’>8-  t
P A%,Vz_ﬂ 21—2m2exp(—L . (94)

N, train Cx#

What remains is to control the means contained in Aﬁv e Using the shorthand g,(-) = g(- + r) and the Hermite expansion we get

ElZue 1 = E [(80, (0] X)) = g, (0] X, )g (@] X,)]

=E [(2 1 (8 (B, (D] X)) — hr(wzx,»») > u,(g;;))hmlxo]

r>0 >0
_ (1) A AN AT
= 2 & (gy,)) (g ) = (i)'
r>0

where the last two steps rely on the same properties of the Hermite expansion already used in the previous section. The summand
corresponding to r = 0 in the last line above vanishes, thus we have

m m 2
=y [2 2 e &e gy (e )" <wk,uvf>')] .

k=1r>1

Denote now

= D mr(ge Juy(8])) ()" = (b)),
k=1

then, for any R > 2, we have

2 m R-1 m
Z(Zs ) <2) s+ )2y S?, 2RZ<ZS ) (95)
r>1 =1 r=2 =1 r>R

Choose now R =9 and plug in the result from Lemma C.5, Lemma C.6 and Lemma C.8 which yields for an appropriate constant C > 0

the bound
1/2 2 172
logm R Cmlogm logm
A7, <Cm < Lg) ) wy — Wy +Tg<A%v,F+< Lg) > AW,O) (96)
k=1 2
+C\/mb}, . (97)

Reordering the terms and taking the square root we receive

1/2 3/4
A <[ mil4 4 mir2 (108m AN rom/2 (logm R
w,1s m m D W.F m D W.,0

/2 log m 174 m
+Cm D ];

wy — Wy,

2
m/2 /
3/4 1/4 1/2 m!
< Clog(m) [< +—D1/2>AWF+D3/4AWO D1/ 2].

Lastly, we can use

1/2 1/2 1/2
m <ml/ 4 m < 2m
D1/2 Dl/4 Dl/4

since m > D followed by Ay, < C(Ay, | + Ay, ) to conclude the proof. Note that we can simply separate the constant that appears
in the definition of Ay, ; to appear outside of Ay, |, such that we arrive at the formulation appearing in the original statement. []

m1/4
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The previous result shows that the gradients associated with our two objective functions J, J,, fulfill

[VI@) = VL@, < *Vml12=7]3 + Ay,

according to Lemma C.9, where Ay, depends on the accuracy of the weight approximation. Next, we leverage this to establish
sufficient conditions on the accuracy Ay, and our initial shift estimate under which both gradient descent iterations will remain close
to each other over any number of GD steps. The upcoming proof requires that one of the two gradient descent iterations does converge,
which in combination with Lemma C.9 allows to control the other iteration locally. It was already established in Lemma C.4 that A
is positive definite in expectation. This suggests that J,(£) = (£ — 7)T A(f — 7) is strictly convex, provided enough samples N ain are
used to concentrate A around its expectation E. In particular, strict convexity directly implies that ‘fi") converges to the true biases
7. We will show this as part of the proof of Theorem 4.3, but for the sake of simplicity we will assume positive definiteness of A in
the next statement.

rain

Lemma C.10. Denote by £, fi") the gradient descent iterations given by (69) and (72), respectively. Assume that the objective functions
J, J, defined above fulfill

IVI(#) = VI3l < LIlE =7l + Ay, (98)
2
for some L, Ay, >0 and any £ € R™. Furthermore, assume that the matrix A in (71) fulfills Ay := Ayin(4) > 0. If Ay, < B and both
gradient descent iterations are started with the same step size y < ||A||~! and from the same initialization +© = 2, adhering to the bound
~(0) /lmin
187 =7l < ——, (99)
2L

then the distance between both iterations at gradient step n € N satisfies

A Al A 2AW
200 — 20|, <&M2@ — 7|, + (1-¢m,

min

for&=1- i g [0,1).

Proof of Lemma C.10. Plugging in the gradient descent iteration with a simple expansion yields

|
|
|

- “ ( 1, —yA)(f(") —2) —y (VIGE™) = VI, (™)) H
2

FtD) _ ,f.(n+1)H
* 2

0= 20—y (VIGD) - VILGED))]

£ = 20—y (VIGED) = VI,G)) 7 (VLGP = VIED)

<

(1, =r4) ™ - #7)

+y ”VJ(%(")) —VJ,(G™)
2

|,

where we used the definition of the iterations in the first line followed by a simple expansion and the triangle inequality in the last
line. The left term of the last line can be bounded with the spectral norm of Id,, —yA and the right term according to our initial
assumption (98):

[[#HD — 200, < [11d,, =y A [E® = 201y + y LI = 7]13 + Ay,
<=y A2 = 2, + y LIE™ = |13 + 7 Ay,

where the second inequality follows from the bound on the minimal eigenvalue of A. Expanding the right term of the last line with
A(n

7, ) yields
”;L\_(n+l) _ Ain+l)||2
< = A 127 = 20, + y L™ = 200 4 200 — 212 4y Ay,
<1 =y A 12 = 21y + 27 L|| 2™ = 2715 + 2y L2 — 7|15 + y Ay (100)

We can now use the fact that the gradient descent iteration (72) in combination with the convexity of the idealized objective J,
(Apin(A4) > 0) allows for the recursive bound

1200 — 2]l = 17D =y VI,GE" D) = 7], = |207D =y AU — 1) — 2|,

=(d,, =y AHE"V = )|, < |1d,, =y All[|2"V = ]l
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< IHdy, =7 A = 7lly < (1= 7 Ain)" 60,
where we have denoted by 6, = [1£© — || the initial error. Plugging this into (100) results in
||f_(n+1)_ A(n+1) ”2
*
S = A [12? = 2Pl + 2y LIE™ = 2115+ 2 L(L = ¥ Ayin) ™" 55 + 1 Ay (101)

Define A, = max;., [|£® —#{"||,. We first show by induction that A, < A, /4L provided that 6, and Ay, are sufficiently small. For
step n =0, we have ||2® — A,EO) |l, =0, so the statement is clearly true. Assume now it holds for » and we have to show the induction
step. In other words we have to show ||("+D — fff'ﬂ) I, < Amin/4L, so the same bound would hold for A, ;. We continue from (101),
and get

10D = 20Dy < (1= ¥ A + 27 LA = 203 + 27 L(L = ¥ Apnin) "85 + 7 Ay

Using the induction hypothesis A, < A.;,/4L, this simplifies to

120D = 20Dy < (1 =y Ain/2) NE™ = 215 + 27 L1 = 1 Ayin) ™35 + 7 Ay
To keep the computation more compact, we will denote

y’imin
=1- .
¢ 2

Now we can repeat the same computations for ||#*) — ‘i'ik) ll,, & < n as well. This leads to
n n
||f-(n+1) _ f_in+1)||2 < 2}’L5(2) Z ék(l _ y’lmin)z(n_k) + VAW Zék’
k=0 k=0

where we used H‘f(o) - %*(‘O)Hz = 0. Both sums are uniformly bounded in n, as can be seen by

n+1 _ 1=vi. 2(n+1) 1— n+1
éf ( 4 mm) - +7Ay ¢ (102)
&= (1= 7Anin) 1-¢

2§n+1 _ (1 _ yﬂmin)Z(le) . ZAW

120D — 20Dl <27 Lg

<2yLé; 5 7
.E}’Amin - yzlmin min
n+1 2A n+1 2A
<2135 ¢ + = 54L5§’:— W
Eimin - y/1r2nin Amin Amin Amin

Now we have 4L63§"+1/1‘! <4L622~! . Furthermore, 41824~} < Amin 5 long as
min 0" "min 0" "min 8L

2

2
which holds according to our initial assumption (99). Similarly, as Ay, < Ter by assumption, we get

2A A .
W < Zmin This means we now
)‘min 8L

have
}’min Amin j’min
<—+ < s
mH=U8L T 8L T AL

which concludes the proof of the induction establishing that the two iterations remain close to each other so that max,, |[|[#¥ —

A

fik) I, £ Amin/4L for all n € N. To arrive at the final statement we can continue from (102)

2‘{':"_(1 _y/lmin)zn 1-¢&"
0 B yAW
5_(1_ylmin) 1_6

|27 — 2|, <2y Ls

2
- 4L50 oy 2Ay,
A A

: Y (1-¢m. O

C.3. Concluding the proof of Theorem 4.3

Theorem 4.3 tells us how accurate the weight approximation and shift initialization has to be such that the initial shifts can be
2
1 Niain [ 7 A . .
o I (f(X,-,r) f(XI-,r)> on a set of generic inputs via

gradient descent. The proof of Theorem 4.3 follows directly by combining Lemma C.4, Lemma C.9 and Lemma C.10. Based on the

first result we prove that the idealized gradient descent iteration ri") will w.h.p. and linear rate converge to the ground-truth shifts =

further improved w.h.p. by minimizing the empirical loss J(¥) =
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by establishing the strict convexity of J,. The second set of auxiliary statements (i.e., Lemma C.9-C.10) then shows that the gradient

descent iteration derived from the empirical risk J(#) will stay close to f(") if weight approximations W and initial shifts 7© are

sufficiently accurate.

Proof of Theorem 4.3. Denote E = Ey _ x, .nulAl with A as in (71), and constructed from inputs Xy,..., Xy, .~
e train ’ rain

N(0,1d ). According to Lemma C.4, there exist constants w, C; > 0, which only depend on g and 7, with

(m— l)logm @

In(E)>o—C, e >3

provided (2C,/w)m log? m < D?, as assumed in Theorem 4.3. Note now that A is a sum of positive semi-definite rank-1 matrices. Thus
we can apply the Matrix Chernoff bound in Lemma E.4 to get the concentration bound

( ) Ntrain Am(E)
AgA)>——=1>21-m-07" r (103)
N 2
where R = sup,cgp ||V (7, x)||2 <m ”g(l)” < mx?. From 0.7 < exp(—1/3) now follows that
(o)

Niain®@

P(xm(A)zﬂ)zl—mexp _ ltrain® ) (104)
8 6mi?

For the remainder of the proof we will condition on the event that the bound in (104) holds.

By the result of Lemma C.9, the difference between the gradients VJ, VJ, satisfies

[VI@) = V@), <26>Vm 7 —7l2 + Ay (105)

2
m%ﬁmxt 1/
Ay =CAy ; + R (106)

train

for a constant C > 0 and ¢ > 0 with probability at least 1 — 2m? exp (— —K) where

m1/2 log(m)3/4 1/2

S |17 =Wl + =22

Ay <

Assuming the event associated with (105) occurs, we can invoke Lemma C.10 with L = 2«2 \/r; meeting its condition by choosing an
appropriate constant C in (24). Then, for a step-size y < 1/||A|l, Apin = 4,,(A) and E=1—yA;, /2, Lemma C.10 yields

Dl/2
2

17 =2, <&"[180 —zll, + C (1 =& Ay (107)

The bound in (107) controls the deviation of the gradient descent iteration (23) from the idealized gradient descent iteration (72).
What remains to be shown is that the idealized iteration converges to the correct parameter = which follows directly by the lower
bound on the minimal eigenvalue A In fact, we have J,(£) = (£ — 7)T A(f — 7) and

min*
1200 = 2]l = 17D =y VI, D) = 7], = |(dp —y AE"D = D)1,
<Ny =y AN"IEO = 7]l < (1 =y Ain)" 17 = 2]l
Applying the triangle inequality to (107) therefore yields
127 = zll, < 177 = 2l + 127 — 27,
S ((1=7Ap)" +E 170 =2l +C A =M Ay,
<2830 — 7]l + C(A = EM Ay,

The main statement follows by a union bound over the events described above and by unifying the involved constants. []
Appendix D. Proof of Theorem 2.1

Proof of Theorem 2.1. According to our assumptions, there exist C, D, such that the conditions of Theorem 3.3 are fulfilled, and
therefore we conclude that the ground truth weights obey (A1)-(A3) of Definition 3.2 and that the weight recovery (Algorithm 2)
returns vectors U" such that for all &b € U" we have

- <C 1/3el/2, 108
max min | = swyl, < C\(m/a) (108)
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with probability at least
1 .
1 - — — D?exp (- min{a, 1}1/C}) = Cy exp(—y/m/Cy).
m

Denote the weight approximations obtained in the last step by {,,...,®w,} C SP-1, There exists a permutation 7z of these vectors
such that wy, ~ £+, for all k € [m]. To invoke Proposition 4.2, we now need to make sure that

12
max min | Wy — kaH < D/ (109)
kelm] se{—1,+1) 2 Cz my/logm

By applying the uniform error bound (108) above, we have

D'/ < Ve  p

1
Ci(mja)/*e!/? < — Se
((m/a) < Togm cic  m5 2 logm’

which is guaranteed by our upper bound (9) on € for an appropriate constant. This in turn shows that (109) is met. Hence, by
Proposition 4.2, Algorithm 3 returns initial shifts 7 such that there exists a ' < « such that

3/4
logm
— 2|, € Cor/me + Cym/? | —=— ma min HLD —sw ”
lle =21l < Cyv/me + G D xR ([ Wm0 — Sk

3/4
SCz\/n_1€+C2m3/2<lo%> Ci(mja)\ 4!/ < !

where the last line follows from (9) chosen with an appropriate constant C > 0. First, note that this implies that the signs learned by
the parameter initialization will be correct. We denote this set of signs as 5, ..., 5,,. Additionally, the last inequality implies that, for
the given step-size, the condition of Theorem 4.3 (see (24)) w.r.t. the error in the initial shift is met. Another criterion that has to be
met for Theorem 4.3 is that

ml/2’

1 2
Cm!/2log(m)3/* /

Dl/4

W - W”F+ (110)

< ! s
.| Ccym
m382 ¢ 12
mal ) o L ain
Ntrain C\/Z

where Ay, = ZZ 2 |(wk — Wy, Wy — Wy >|. We begin with the upper term and rely on worst case bounds which express the different
quantities in terms of the uniform error

e = uax _min iz = st
such that
”W_W“Fsml/zémax’ (112)
1/2
Ao mo, (113)
D/2 — pl/2°
m

2, we = g

< MB . (114)
2

Based on these bounds and after adjusting the constants we can simplify (110) to

D4 D1/2g1/2

s e< ,
sz 10g(m)3/4 = Cm%/21og(m)3/?

max —

which is covered by our initial assumptions on the accuracy. Note that this implies for (111) by plugging in the bound for 6,,,, that

362 1/2 1/2
m Smaxt S( ID1/2 > / )
Nirain Nrain™ lOg(m)3/2

max

Using Ny, = m and t = D'/? this implies
302 1/2
m’6- t
-] < ! <
Ntrain Nl/? 1()g(m)3/4 Cm!/2

train

33



M. Fornasier, T. Klock, M. Mondelli et al. Applied and Computational Harmonic Analysis 77 (2025) 101749

for D, m sufficiently large. Therefore all conditions of Theorem 4.3 are satisfied. Hence, there exists a constant C, such that the

gradient descent iteration (69) started from initial shifts £ = # will produce iterates #19, ..., £[Nepl such that
1 /2
C,m'/2 log(m)3/* <
_ zlnl 4 — 3
HT i) < S W =Wy + —= D1/2 Z‘w" Wy 2 (115)
3 1/2
m>6-  t
+| — +C4L¢", (116)
N train \/E
for all n € [Ngp], some permutation x and some constant & € [0, 1) with probability at least
1 — mexp(—Nyyain/Cam) — 2m> exp (—DI/Z/C4) .
After unifying the constants and using the bound on 6,,,,, the statement of Theorem 2.1 follows. []
Appendix E. Auxiliary results
Lemma E.1. Let g € L,(R, wy) be K-times continuously differentiable and assume
lim g®@h,(wy ()= lim g Oh,Owy@®)=0 (117)

forall 0 <k < K. Forany reNuU {0} and k €0, ..., K] we have

1 (g™ = (" Jrr r> i (8)-

Proof. The Hermite polynomials, weighted by exp(—t2/2), satisfy the relation

d t2 _d r a 12 r dr _ﬁ

z(hr(’)"“’<‘5)>-z( AV e (- 2>> Vv geree (<)
— i1 d P2 2

=l (+1)'( b tf+lep< 2>=_ thrH(t)eXp(_E)'

Therefore, by applying integration by parts, we obtain

w1 (g"™) = / g Oh(wyndt = [g"VOh,Owy 0] - / g“‘”(r)% (h(Hwp (1)) dt

=0+vVr+1 /g(”_l)(t)h,+1(z)wﬂ(t)dz= Vr+ 1Mr+1(8("_1)),

where the boundary terms vanish due to (117). Applying the same computation n-times, we obtain

H(r+f)#r+n(f): \l (r+n) /“r+n(g) |

=1

u (g™ =

Lemma E.2. Let w, € RP for k=1,...,m, and denote by G, € R"™ " the Grammian matrix associated with (w%")ke[m], which is given by

RDX»--XD

(G,);; = (w;,w;)". Then, for any n-mode tensor T € , we have

m
SUT P <G IIT - (118)
k=1

Proof. First note that we can express the Frobenius inner product as an ordinary inner product over R?" with the help of the vec(-)
operator, since (T, wf’") = (vec(T), vec(wf’”)). Let us denote

W, = (vec(w?")

‘vec(w%")) e RD"™m,

Then, the following chain of inequalities holds
m m
AT, w®")? =Y (vee(T), vec(w®"))?
k=1 k=1
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Il
M=

vec(T)" vec(wf” ) vec(wf” )T vee(T)
k=1

vee(T) W, W, vee(T)

< W, W, Il - [l vee(D)|[3 = [IW, W, INIT I3
Since ||W," W, || = ||G,,l|, this finishes the proof. []

Lemma E.3. Let w; € SP~! for k= 1,...,m be unit vectors, and denote by G,, € R"™" the Grammian matrix associated with (w?")ke[m],
which is given by (G,,);; = (w;, w;)". Assume that the vectors wy, ..., w,, fulfill (A2) of Definition 3.2, then there exists an absolute constant
C > 0 only depending on c, in (A2) such that

logm "2
D

G, ll<C 1+m( (119)

Proof. The result follows directly by Gershgorin circle theorem since the diagonal elements must be 1 and the off-diagonal elements

n
are bounded in absolute value by c, (k’f)m )

Lemma E.4. Let Z € R? be a random vector and assume || Z ||§ < R almost surely. For N independent copies Z, ..., Zy of Z, define the
random matrix

N
G:=Y 277
i=1

Then, we have

An(EG) An(EG)
P Am(G)zT >1-m0.7" & .

Proof. The result follows directly from the standard matrix Chernoff bound. []
Data availability
No data was used for the research described in the article.
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