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A B S T R A C T

Whether or not the neuron emits a spike in response to stimulation by an excitatory current
pulse is determined by a strength-duration curve (SDC) for the pulse parameters. The SDC is
a dependence of the minimal pulse amplitude required to elicit the spiking response on either
the pulse duration or its decay time. Excitatory neurons affect the others through pulses of
excitatory postsynaptic current. A simple yet plausible approximation for the time course of
such a pulse is the alpha function, with linear rise at the start and exponential decay at the
end. However, an exact analytical SDC for this case is hitherto not known, even for the leaky
integrate-and-fire (LIF) neuron, the simplest spiking neuron model used in practice. We have
obtained general SDC equations for the LIF neuron. Using the Lambert W function — a widely-
implemented special function, we have found the exact analytical SDC for the spiking response
of the LIF neuron stimulated by an excitatory current pulse in the form of the alpha function. To
compare results in a unified way, we have also derived the analytical SDCs for (i) rectangular
pulse, (ii) ascending ramp pulse, and (iii) instantly rising and exponentially decaying pulse.
In the limit of no leakage, we show that the SDC is reduced to the classical hyperbola for all
considered cases.

. Introduction

For modeling biological neuronal networks, an adequate choice of the amplitude and duration values for pulses of excitatory
ostsynaptic current (EPSC) is evidently crucial [1–3]. No less important is the waveform – or shape – of such a pulse. The same
an be said for the stimulating electrical pulses in precision neuroprosthetics [4–7]. Whether or not the neuron emits a spike in
esponse to an excitatory current pulse (synaptic or externally-stimulated via sealed microelectrode in the current-clamp mode of
hole-cell patch-clamp technique) is determined by the so-called strength-duration curve (SDC) [8–14]. The SDC is a dependence
f the minimal pulse amplitude required to elicit the spiking response on either the pulse duration or its decay time, provided that
he neuron’s initial state is unaltered.

Leaky Integrate-and-Fire (LIF) neuron is the simplest dynamic model of a spiking neuron that is widely used in theoretical
tudies and large-scale simulations of spiking activity in biological neuronal networks [13]. The analytical SDC for the LIF neuron
timulated by a rectangular current pulse was derived by Lapicque just after the seminal LIF model definition [15] (see also other
arly theoretical findings [16–19]).

Despite its analytical tractability, the rectangular pulse is poorly suitable both for modeling an EPSC pulse and for artificial pulse
timulation of biological neurons in neuroprosthetics [4]. In turn, the alpha function, with the linear rise at the start and exponential
ecay at the end (see the inset on the right graph in Fig. 1), is a simple yet plausible approximation for the time course of an EPSC
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Fig. 1. Left graph: The Lambert function 𝑊 (𝑥) with its two branches highlighted and standardly denoted. Right graph: The solid line composed of the red and
green parts is an analytically derived strength-duration curve (SDC) for the LIF neuron stimulated by a single excitatory current pulse in the form of the alpha
function shown in the inset. The red and green parts of the SDC correspond to the underlying branches of 𝑊 (𝑥) (see Eqs. (24) and (25)). The numerically
calculated SDC is shown by filled black circles. It accurately matches the analytical SDC. Parameters 𝐼𝑐 = 150 pA and 𝜏𝑚 = 20 ms are constants of the LIF neuron

odel (see Section 2).

pulse caused by the activation of AMPA receptors [11,20,21]. However, an analytical SDC for the spiking response of the LIF neuron
stimulated by an excitatory current pulse in the form of the alpha function has been hitherto unknown.

In this paper, we have shown that the exact analytical SDC (Fig. 1, right graph) for the above case can be expressed through the
branches of the special Lambert W function [22,23] (Fig. 1, left graph) that gives the solution 𝑦 = 𝑊 (𝑥) of transcendental equation
exp(𝑦) = 𝑥. The SDC depends on two compound parameters of the LIF model: minimal ‘critical’ (or ‘rheobase’) direct current 𝐼𝑐 for
eriodic spike generation and the ‘membrane’ relaxation time constant 𝜏𝑚. Notably, these are standardly accessible in patch-clamp
xperiments.

We assume that the obtained result can be used for tuning the parameters of network models with LIF neurons [24–28], and
for calibrating the current-based stimulation of a single neuron in electrophysiological experiments. In addition, these results can
e used in theoretical studies of synaptic plasticity, e.g., for analyzing the influence of spike-timing-dependent plasticity (STDP)
n integrative properties of the LIF neuron. In particular, the multiplicative version of the classical pair-based STDP rule [29]

explicitly contains a maximal synaptic weight; it is also implicitly introduced in the additive version. A difficult question for a
modeler of biological neuronal networks is that from what considerations one should take the maximal weight value, implying that
he synaptic weight is either the EPSC amplitude or EPSC upward slope. One can suggest determining the maximal weight value
rom the analytical SDC for the EPSC pulse, provided that its typical duration is known. Indeed, any higher weight value is hardly
eaningful while considering integrative excitation of the postsynaptic neuron: having such a ‘strong’ incoming synapse activated,

he neuron will generate a spike regardless of other incoming excitatory signals, provided that inhibitory signals do not come for a
hile.

2. Standard LIF neuron model

Subthreshold dynamics of transmembrane potential 𝑉 for the LIF neuron is described by equation

𝜏𝑚𝑑 𝑉 ∕𝑑 𝑡 = 𝑉𝑟𝑒𝑠𝑡 − 𝑉 (𝑡) + 𝐼(𝑡)𝑅𝑚, (1)

where 𝑉𝑟𝑒𝑠𝑡 is the neuron’s resting potential, 𝜏𝑚 = 𝐶𝑚𝑅𝑚 is the characteristic time for relaxation of 𝑉 (𝑡) to 𝑉𝑟𝑒𝑠𝑡, 𝐶𝑚 and 𝑅𝑚 are
the capacity and resistance of the neuron’s membrane, 𝐼(𝑡) is the total incoming synaptic current, which, as a function of time 𝑡,
depends on the choice of the synapse dynamic model and the number of incoming synapses.

When the transmembrane potential reaches a threshold value 𝑉𝑡ℎ = 𝑉 (𝑡𝑠𝑝), it is supposed that the neuron emits a spike, then 𝑉
bruptly drops to 𝑉𝑟𝑒𝑠𝑡 and retains this value during the absolute refractory period 𝜏𝑟𝑒𝑓 ,

𝑉 (𝑡) ≥ 𝑉𝑡ℎ → 𝑠𝑝𝑖𝑘𝑒, 𝑉 (𝑡 + 𝑡′) = 𝑉𝑟𝑒𝑠𝑡, 0 ≤ 𝑡′ ≤ 𝜏𝑟𝑒𝑓 , (2)

and afterwards the potential dynamics is again described by Eq. (1). The result of the LIF neuron dynamics is a sequence of spike
generation moments {𝑡(1)𝑠𝑝 , 𝑡(2)𝑠𝑝 ,…}.

If the total incoming current in Eq. (1) is a positive constant, 𝐼(𝑡) = 𝐼 > 0, and exceeds ‘rheobase’ or ‘critical’ value
𝑐 = (𝑉𝑡ℎ − 𝑉𝑟𝑒𝑠𝑡)∕𝑅𝑚, then the LIF neuron emits spikes regularly, with period

𝑇 = 𝜏𝑟𝑒𝑓 + 𝜏𝑚 ln[1∕(1 − 𝐼𝑐∕𝐼)]. (3)
2 
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Finally, the numerical values of parameters for the LIF neuron are as follows: 𝜏𝑚 = 20 ms, 𝐶𝑚 = 200 pF, 𝑅𝑚 = 0.1 G𝛺, 𝑉𝑟𝑒𝑠𝑡 = −65
mV, 𝑉𝑡ℎ = −50 mV. These give the critical current value 𝐼𝑐 = 150 pA. A typical value for the refractory period 𝜏𝑟𝑒𝑓 is 2 or 3 ms,
though it will not be used further, as we study a single spiking response.

In addition, to make an accurate comparison with the earlier results, where the strength-duration curve was fitted by a hyperbola,
it is also worth outlining the Perfect Integrate-and-Fire (PIF) neuron, which has no leakage current due to formally infinite resistance
𝑅𝑚. The PIF neuron dynamics is described by equation

𝑑 𝑄∕𝑑 𝑡 = 𝐶𝑚𝑑 𝑉 ∕𝑑 𝑡 = 𝐼(𝑡). (4)

Here 𝑄 = 𝐶𝑚(𝑉 −𝑉𝑟𝑒𝑠𝑡) is excessive transmembrane electric charge, and all other notations are the same as those for the LIF neuron.
nstead of the critical current 𝐼𝑐 , which is formally zero for the PIF neuron, it has the critical charge value 𝑄𝑐 = 𝐶𝑚(𝑉𝑡ℎ − 𝑉𝑟𝑒𝑠𝑡) at
hich the PIF neuron emits a spike. The after-spike dynamics for the PIF model is the same as for the LIF one, see Eq. (2). We used

he same numerical values of corresponding parameters as for the LIF neuron, resulting in the critical charge value 𝑄𝑐 = 3 pC.
At last, suppose we have a formula derived for the LIF neuron, e.g., the period 𝑇 of regular spiking, Eq. (3). How to transform

the formula for describing the PIF neuron case? To this end, one should concurrently turn 𝜏𝑚 to infinity and 𝐼𝑐 to zero such that
heir product 𝐼𝑐𝜏𝑚 = 𝑄𝑐 would hold a finite non-zero value, which is the critical charge. Following this way, the spiking period 𝑇
or the PIF neuron stimulated by constant depolarizing current 𝐼 > 0 is given by 𝑇 = 𝜏𝑟𝑒𝑓 +𝑄𝑐∕𝐼 .

3. General equations for the strength-duration curve (SDC)

By its definition, the SDC is a dependence of minimal spike-triggering amplitude 𝐼𝑎 of the stimulation current pulse on its
haracteristic duration 𝜏𝑎. Assuming that the neuron is initially at rest, the corresponding evoked pulse of the membrane potential
ust have the amplitude equal to 𝑉𝑡ℎ. In other words, the pulse maximum is reached at 𝑉 (𝑡𝑠𝑝) = 𝑉𝑡ℎ, giving the second condition

for SDC: 𝑑 𝑉 ∕𝑑 𝑡 = 0 at 𝑡 = 𝑡𝑠𝑝. Together, one gets the system of two algebraic equations
⎧

⎪

⎨

⎪

⎩

𝑉 (𝑡 = 𝑡𝑠𝑝) = 𝑉𝑡ℎ,
𝑑 𝑉
𝑑 𝑡 (𝑡 = 𝑡𝑠𝑝) = 0. (5)

The solutions of the system are 𝐼𝑎 and the moment 𝑡𝑠𝑝 of spike generation, as functions of 𝜏𝑎. The SDC is function 𝐼𝑎(𝜏𝑎).
For the LIF neuron, a straightforward integration of Eq. (1) with arbitrary current 𝐼(𝑡) and the initial condition 𝑉 (𝑡 = 𝑡0) = 𝑉0

esults in
𝑉 (𝑡) = 𝑉𝑟𝑒𝑠𝑡 + exp(− (𝑡 − 𝑡0)

𝜏𝑚
)[(𝑉0 − 𝑉𝑟𝑒𝑠𝑡) +

𝑅𝑚
𝜏𝑚 ∫

𝑡

𝑡0
exp(

(𝑡′ − 𝑡0)
𝜏𝑚

)𝐼(𝑡′)𝑑 𝑡′], (6)

where 𝑡0 ≤ 𝑡 ≤ 𝑡𝑠𝑝 and 𝑡𝑠𝑝 is the moment of the first spike since 𝑡0.
In what follows, we use 𝑡0 = 0 and 𝑉0 = 𝑉𝑟𝑒𝑠𝑡. Assuming 𝐼(𝑡) being a stimulating pulse of amplitude 𝐼𝑎 and characteristic decay

ime 𝜏𝑎, the system (5) is then as follows
⎧

⎪

⎨

⎪

⎩

𝑉𝑡ℎ = 𝑉𝑟𝑒𝑠𝑡 +
𝑅𝑚
𝜏𝑚

exp(−
𝑡𝑠𝑝
𝜏𝑚

)∫

𝑡𝑠𝑝

0
exp( 𝑡

′

𝜏𝑚
)𝐼(𝑡′)𝑑 𝑡′,

0 = 𝑉𝑟𝑒𝑠𝑡 − 𝑉𝑡ℎ + 𝐼(𝑡𝑠𝑝)𝑅𝑚.
(7)

Using the standard notation for the critical current 𝐼𝑐 = (𝑉𝑡ℎ − 𝑉𝑟𝑒𝑠𝑡)∕𝑅𝑚 and denoting 𝑥 = 𝑡𝑠𝑝∕𝜏𝑚, we get
⎧

⎪

⎨

⎪

⎩

𝐼𝑐 = exp(−𝑥)∫
𝑥

0
exp(𝑦)𝐼(𝑦𝜏𝑚)𝑑 𝑦,

𝐼𝑐 = 𝐼(𝑥𝜏𝑚),
(8)

where 𝑥 is the dimensionless moment of the first spike after the stimulation begins.
The Eqs. (8) do not work if the decay time of the stimulating pulse is zero, i.e., if the trailing edge of the pulse is artificially

hopped off, like for the rectangular pulse or the ramp one (see Section 5). In this case, the first spike time 𝑡𝑠𝑝 is simply equal to
he pulse duration.

4. SDC for the alpha-function-shaped pulse

Let us consider that the stimulation pulse 𝐼(𝑡) has a shape determined by the alpha function,

𝐼(𝑡) = 𝐼𝑎
(𝑡 − 𝑡0)
𝜏𝑎

exp(1 − (𝑡 − 𝑡0)∕𝜏𝑎), 𝑡 ≥ 𝑡0, (9)

which is the solution of equations (where 𝛿(𝑡 − 𝑡0) is the Dirac delta function) [30]
{

𝑑 𝐼∕𝑑 𝑡 = 𝑆 − 𝐼∕𝜏𝑎, (10)

𝜏𝑎𝑑 𝑆∕𝑑 𝑡 = −𝑆 + 𝐼𝑎𝛿(𝑡 − 𝑡0),

3 
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at 𝐼(𝑡 ≤ 𝑡0) = 0 and 𝑆(𝑡 < 𝑡0) = 0. Setting 𝑡0 = 0, we get Eqs. (8) in the form
⎧

⎪

⎨

⎪

⎩

𝐼𝑐 = 𝐼𝑎
𝜏𝑚
𝜏𝑎

exp(1 − 𝑥)∫

𝑥

0
𝑦 exp(𝑦(1 − 𝜏𝑚∕𝜏𝑎))𝑑 𝑦,

𝐼𝑐 = 𝐼𝑎𝑥
𝜏𝑚
𝜏𝑎

exp(1 − 𝑥𝜏𝑚∕𝜏𝑎).
(11)

Denoting 𝑘 = 1 − 𝜏𝑚∕𝜏𝑎 and, for 𝑘 ≠ 0, integrating

∫

𝑥

0
𝑦 exp(𝑘𝑦)𝑑 𝑦 = 1

𝑘2
[

exp(𝑘𝑥)(𝑘𝑥 − 1) + 1] , (12)

we get
⎧

⎪

⎨

⎪

⎩

𝐼𝑐 = 𝐼𝑎
(1 − 𝑘)
𝑘2

exp(1 − 𝑥)
[

exp(𝑘𝑥)(𝑘𝑥 − 1) + 1] ,
𝐼𝑐 = 𝐼𝑎𝑥(1 − 𝑘) exp(1 − 𝑥(1 − 𝑘)),

(13)

from where, combining both equations, it follows that

𝑥(𝑘2 − 𝑘) + 1 = exp(−𝑘𝑥), (14)

resulting in
(𝑘𝑥 − 1∕(1 − 𝑘)) exp(𝑘𝑥 − 1∕(1 − 𝑘)) = − exp(−1∕(1 − 𝑘) − ln(1 − 𝑘)). (15)

The latter equation can be directly solved using the Lambert W function definition: 𝑦 = 𝑊 (𝑏) is the solution of 𝑦 exp(𝑦) = 𝑏, respecting
the W function branches [22,23]:

𝑘𝑥 − 1∕(1 − 𝑘) = 𝑊 (− exp(−1∕(1 − 𝑘) − ln(1 − 𝑘))), (16)

𝑥 = 1
𝑘(1 − 𝑘)

+ 1
𝑘
𝑊 (

exp(1∕(𝑘 − 1))
𝑘 − 1 ). (17)

In turn, from the 2nd equation of system (13) one straightforwardly gets
𝐼𝑐

𝐼𝑎 exp(1)
= 𝑥(1 − 𝑘) exp(−𝑥(1 − 𝑘)), (18)

𝑥 = − 1
1 − 𝑘

𝑊 (−
𝐼𝑐

𝐼𝑎 exp(1)
). (19)

Comparing solutions (17) and (19), we get

𝑊 (−
𝐼𝑐

𝐼𝑎 exp(1)
) = −1

𝑘
− 1 − 𝑘

𝑘
𝑊 (

exp(1∕(𝑘 − 1))
𝑘 − 1 ) ≡ −𝐾 , (20)

and, again using the definition of Lambert W function, only inside out now, we finally get

𝐼𝑎 = 𝐼𝑐
exp(𝐾 − 1)

𝐾
, (21)

where

𝐾 = 1
𝑘
+ 1 − 𝑘

𝑘
𝑊 (

exp(1∕(𝑘 − 1))
𝑘 − 1 ) =

𝜏𝑎 + 𝜏𝑚𝑊 (− 𝜏𝑎
𝜏𝑚

exp(− 𝜏𝑎
𝜏𝑚
))

𝜏𝑎 − 𝜏𝑚
. (22)

From Eq. (17) it follows that 𝐾 = 𝑡𝑠𝑝∕𝜏𝑎, i.e., 𝐾 is simply the 1st spike time, in units of 𝜏𝑎 (cp. [31,32]).
If 𝑘 = 0, i.e. 𝜏𝑎 = 𝜏𝑚, system (11) is reduced to

⎧

⎪

⎨

⎪

⎩

𝐼𝑐 = 𝐼𝑎 exp(1 − 𝑥)∫

𝑥

0
𝑦𝑑 𝑦 = 𝐼𝑎 exp(1 − 𝑥) 1

2
𝑥2,

𝐼𝑐 = 𝐼𝑎𝑥 exp(1 − 𝑥),
(23)

from where 𝑥 = 2 and 𝐼𝑎 = 𝐼𝑐∕(𝑥 exp(1 − 𝑥)) = 𝐼𝑐 exp(1)∕2. Notably, this result can be obtained from formula (21) by setting 𝐾 = 2
there.

Taking into account the W function branches, the final formula for SDC is given by

𝐼𝑎 = 𝐼𝑐
exp(𝐾 − 1)

𝐾
, (24)

where 𝐾 is the following function of 𝜏𝑎,

𝐾 = 𝑡𝑠𝑝∕𝜏𝑎 =

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

𝜏𝑎 + 𝜏𝑚𝑊−1(−
𝜏𝑎
𝜏𝑚

exp(− 𝜏𝑎
𝜏𝑚
))

𝜏𝑎 − 𝜏𝑚
, 𝜏𝑎 < 𝜏𝑚,

𝜏𝑎 + 𝜏𝑚𝑊0(−
𝜏𝑎
𝜏𝑚

exp(− 𝜏𝑎
𝜏𝑚
))

𝜏𝑎 − 𝜏𝑚
, 𝜏𝑎 > 𝜏𝑚,

(25)
⎩

2, 𝜏𝑎 = 𝜏𝑚.
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Here 𝑊−1(...) and 𝑊0(...) are the lower and upper branches of the Lambert W function (see Fig. 1, left graph), respectively.
Notably, at 𝜏𝑎 → +∞ one gets 𝐾 → 1 in Eq. (25) and, according to Eq. (24),

𝐼𝑎(𝜏𝑎 → +∞) = 𝐼𝑐 (26)

that is a general limiting case for the SDC, regardless of a specific shape of the stimulation pulse.
For the PIF neuron case, the corresponding SDC formula can be directly obtained from Eqs. (24) and (25) by turning there

𝜏𝑚 → +∞ and 𝐼𝑐 → 0, with 𝐼𝑐𝜏𝑚 = 𝑄𝑐 (see details in Section 2). In particular, denoting 𝜏𝑎∕𝜏𝑚 = 𝑧 → 0, from Eq. (25) we
asymptotically get 𝐾 = −𝑊−1(−𝑧 exp(−𝑧)), which is equivalent to −𝐾 exp(−𝐾) = −𝑧 exp(−𝑧), according to the Lambert W function
definition. Substituting the latter expression into Eq. (24), we get

𝐼𝑎 = 𝐼𝑐
− exp(−1)

(−𝐾) exp(−𝐾)
= 𝐼𝑐

exp(−1)
𝑧 exp(−𝑧)

→
𝑄𝑐
𝜏𝑚

exp(−1)
𝜏𝑎∕𝜏𝑚

=
𝑄𝑐
𝜏𝑎

exp(−1). (27)

This result is exact for the PIF neuron and coincides with the classic SDC fitting by a hyperbola.

5. Comparison with other pulse shapes

It seems advisable to compare the obtained SDC formula with the results for (i) a standard rectangular pulse, (ii) linearly-
ncreasing ramp pulse, and (iii) instantly rising and exponentially decaying pulse. For the first two shapes, parameter 𝜏𝑎 stands for
he pulse duration, and, for the latter, 𝜏𝑎 is the time constant of exponential decay.

1. For the rectangular pulse

𝐼(𝑡) = 𝐼𝑎𝐻(𝑡0 + 𝜏𝑎 − 𝑡)𝐻(𝑡 − 𝑡0), (28)

where 𝐻(𝑥) is the Heaviside unit-step function

𝐻(𝑥) =
{

1, 𝑥 ≥ 0,

0, 𝑥 < 0,
(29)

the first spike time 𝑡𝑠𝑝 for the LIF neuron (at 𝑡0 = 0 and 𝑉 (𝑡0) = 𝑉𝑟𝑒𝑠𝑡) is given by Eq. (3), where 𝜏𝑟𝑒𝑓 = 0,

𝑡𝑠𝑝 = 𝜏𝑚 ln[1∕(1 − 𝐼𝑐∕𝐼𝑎)]. (30)

The spike must occur before the end of the stimulating pulse, i.e. 𝑡𝑠𝑝 ≤ 𝜏𝑎. The limiting equality 𝑡𝑠𝑝 = 𝜏𝑎 determines the SDC,

𝐼𝑎 =
𝐼𝑐

1 − exp(−𝜏𝑎∕𝜏𝑚)
. (31)

It is widely accepted that this formula was first reported by L. Lapicque in 1907 [15] (cp. [16]). Limiting cases 𝜏𝑎 ≫ 𝜏𝑚 and 𝜏𝑎 ≪ 𝜏𝑚
for Eq. (31) give 𝐼𝑎 ≈ 𝐼𝑐 and 𝐼𝑎 ≈ 𝐼𝑐𝜏𝑚∕𝜏𝑎, respectively. For the PIF neuron, Eq. (31) is transformed to 𝐼𝑎 = 𝑄𝑐∕𝜏𝑎.

2. For the ramp pulse given by

𝐼(𝑡) = 𝐼𝑎
(

𝑡∕𝜏𝑎
)

𝐻(𝑡0 + 𝜏𝑎 − 𝑡)𝐻(𝑡 − 𝑡0), (32)

with the same initial conditions (𝑡0 = 0, 𝑉 (𝑡0) = 𝑉𝑟𝑒𝑠𝑡) one gets the first spike condition for the LIF neuron

𝐼𝑎 =
𝜏𝑎
𝜏𝑚

𝐼𝑐
exp(− 𝑡𝑠𝑝

𝜏𝑚
) + 𝑡𝑠𝑝

𝜏𝑚
− 1

, (33)

where, as previously, 𝑡𝑠𝑝 ≤ 𝜏𝑎, and the SDC is determined by 𝑡𝑠𝑝 = 𝜏𝑎, resulting in
𝐼𝑎 =

𝜏𝑎
𝜏𝑚

𝐼𝑐
exp(− 𝜏𝑎

𝜏𝑚
) + 𝜏𝑎

𝜏𝑚
− 1 . (34)

Limiting cases 𝜏𝑎 ≫ 𝜏𝑚 and 𝜏𝑎 ≪ 𝜏𝑚 for Eq. (34) give 𝐼𝑎 ≈ 𝐼𝑐 and 𝐼𝑎 ≈ 2𝐼𝑐𝜏𝑚∕𝜏𝑎, respectively. For the PIF neuron, Eq. (34) is
transformed to 𝐼𝑎 = 2𝑄𝑐∕𝜏𝑎.

3. Finally, for the instantly rising and exponentially decaying pulse,

𝐼(𝑡) = 𝐼𝑎 exp(−(𝑡 − 𝑡0)∕𝜏𝑎)𝐻(𝑡 − 𝑡0), (35)

from Eqs. (8) we get
⎧

⎪

⎨

⎪

⎩

𝐼𝑐 = 𝐼𝑎 exp(−𝑥)∫

𝑥

0
exp(𝑘𝑦)𝑑 𝑦,

𝐼𝑐 = 𝐼𝑎 exp(𝑥(𝑘 − 1)),
(36)

where, as before, 𝑥 = 𝑡𝑠𝑝∕𝜏𝑚 and 𝑘 = 1 − 𝜏𝑚∕𝜏𝑎. If 𝑘 = 0, the solution of Eqs. (36) is 𝑥 = 1 and 𝐼𝑎 = 𝐼𝑐 exp(1). If 𝑘 ≠ 0,
{

𝐼𝑐 = (𝐼𝑎∕𝑘)[exp(𝑥(𝑘 − 1)) − exp(−𝑥)],
𝐼𝑐 = 𝐼𝑎 exp(𝑥(𝑘 − 1)), (37)

from where one gets 𝑘 = 1 − (𝐼𝑐∕𝐼𝑎)𝑘∕(1−𝑘) and 𝐼𝑎 = 𝐼𝑐 (1 − 𝑘)−(1−𝑘)∕𝑘. In usual notations, the SDC reads (cp. [19])

𝐼𝑎 =

{

𝐼𝑐 (𝜏𝑚∕𝜏𝑎)𝜏𝑚∕(𝜏𝑚−𝜏𝑎), 𝜏𝑎 ≠ 𝜏𝑚, (38)

𝐼𝑐 exp(1), 𝜏𝑎 = 𝜏𝑚.
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At 𝜏𝑎 → +∞, taking into account that

lim
𝑦→0

(𝑦−𝑦) = 1, (39)

where 𝑦 = 𝜏𝑚∕𝜏𝑎, one gets the standard value 𝐼𝑎(𝜏𝑎 → +∞) = 𝐼𝑐 . The case 𝜏𝑎 ≪ 𝜏𝑚 for Eq. (38) gives 𝐼𝑎 ≈ 𝐼𝑐 (𝜏𝑚∕𝜏𝑎)1+𝜏𝑎∕𝜏𝑚 ≈ 𝐼𝑐𝜏𝑚∕𝜏𝑎.
For the PIF neuron, Eq. (38) is transformed to 𝐼𝑎 = 𝑄𝑐∕𝜏𝑎, which is exactly the same as for the rectangular pulse case.

Summarizing, we have explicitly shown that different pulse shapes lead to significant functional differences in the SDC for the LIF
neuron, however, up to a numerical factor, they are completely insignificant for the case of the PIF neuron, which has a relatively
universal SDC in the form of a hyperbola. That universality can be explained as follows: for the PIF neuron the SDC comes from the
condition that, for initiating a spike, the total electric charge 𝑄𝑡𝑜𝑡 delivered by the incoming excitatory pulse, i.e.

𝑄𝑡𝑜𝑡 = ∫

+∞

0
𝐼(𝑡)𝑑 𝑡 = 𝐼𝑎𝜏𝑎𝜂 , (40)

where 𝜂 is a numerical constant determined by the pulse shape, should be equal to the critical charge 𝑄𝑐 (see Section 2). All the
above results for the SDC in the PIF neuron case follow directly from equality 𝑄𝑡𝑜𝑡 = 𝑄𝑐 .

6. Conclusion

For the LIF neuron stimulated by an excitatory current pulse in the form of the alpha function, analytical strength-duration curve
SDC) for the spiking response has been accurately found. The SDC is expressed through the Lambert W function, a well-studied

and widely-implemented special function. In addition, general SDC equations for an arbitrary shape of the stimulating pulse have
been obtained. For comparison, we have also re-derived in a unified way the analytical SDCs for (i) a standard rectangular pulse,
ii) ascending ramp pulse, and (iii) instantly rising and exponentially decaying pulse. In the limit of no leakage, it has been shown

that for all considered cases the SDC is reduced to the classical hyperbola.
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