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ABSTRACT

Recent experimental advances in nanofluidics have allowed to explore ion transport across molecular-scale pores, in particular, for iontronic
applications. Two-dimensional nanochannels—in which a single molecular layer of electrolyte is confined between solid walls—constitute
a unique platform to investigate fluid and ion transport in extreme confinement, highlighting unconventional transport properties. In this
work, we study ionic association in 2D nanochannels, and its consequences on non-linear ionic transport, using both molecular dynamics
simulations and analytical theory. We show that under sufficient confinement, ions assemble into pairs or larger clusters in a process analogous
to a Kosterlitz—Thouless transition, here modified by the dielectric confinement. We further show that the breaking of pairs results in an
electric-field dependent conduction, a mechanism usually known as the second Wien effect. However the 2D nature of the system results in
non-universal, temperature-dependent, scaling of the conductivity with electric field, leading to ionic coulomb blockade in some regimes.
A 2D generalization of the Onsager theory fully accounts for the non-linear transport. These results suggest ways to exploit electrostatic
interactions between ions to build new nanofluidic devices.

© 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution-NonCommercial-
NoDerivs 4.0 International (CC BY-NC-ND) license (https://creativecommons.org/licenses/by-nc-nd/4.0/). https://doi.org/10.1063/5.0241949

I. INTRODUCTION The properties of ions in such systems have been studied using

various techniques, both in theory—mean field approaches'*'
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Recent years have witnessed critical advances in the fabrication
of atomic-scale fluidic channels'” in an effort to achieve molecu-
lar control over water and ion transport—similar to the transport
machinery of cells. Considering the intense complexity of such
nano-fabrication techniques, theoretical guidance has become nec-
essary; however, traditional continuous models of fluid and charge
transport break down under such extreme confinement."* "

Particular attention has been drawn to 2D nanochannels
recently”” [Fig. 1(a)]. These systems, which are fabricated by van
der Waals assembly, consist in flakes of a 2D material (graphene,
MoS;, hBN...) separated by graphene ribbons, creating an atom-
ically smooth and thin channel permeable to water. Electrolytes
confined inside such structures are expected to form a single ionic
layer, which has been shown to enhance electrostatic interactions
between ions'”'* and promote memory effects in conduction, such
as the recently demonstrated memristor effect.'”'*

s Q17,18 . . . . 10,14
and exact field theories'”'®—and in simulations—Brownian,"’

molecular, ™" or ab initio dynamics'® and more recently machine
learning forcefields trained with density functional theory (DFT)-
generated datasets.”’ Overall, a growing body of evidence is shedding
light on links between electrostatic correlations and non-linear ion
transport.” A common blind spot of the aforementioned numeri-
cal approaches is the description of out of equilibrium ion transport.
While theoretical predictions recently showed that 2D nanochannels
should display non-linear conduction due to electrostatic interac-
tions between ions, numerical evidence for this has remained scarce,
in particular, due to the high computational cost of simulating large
systems over long timescales.

In this work, we implement molecular dynamics simulations
to carry out a full description of ion association in 2D nanochan-
nels and show how electrostatic interactions impact charge trans-
port at the molecular scale. We use a combination of Brownian
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Wall structure

FIG. 1. System studied in this paper.
(@) Simulation setup for the molecular
dynamics simulation. The walls are gen-
erated from a unit cell of four carbon
atoms, shown in black in the structure.
(b) Comparison of Brownian dynamics
(top left) and molecular dynamics (bot-
tom right) simulations at the same ionic
density.

dynamics (BD), where the solvent and channel walls are treated
implicitly, and all-atom molecular dynamics (MD). The latter is par-
ticularly suited for identifying the impact of the discreteness of water
molecules, while the former gives access to long-time dynamics by
saving computational cost. We show that these two techniques offer
complimentary tools to characterize ion association and ion-ion
correlations in general. In both cases, we fully describe the formation
of ionic clusters as a function of the relative strength of electrostatic
interactions compared to thermal noise.

Simulations are complemented with an analytical framework of
equilibrium and non-equilibrium properties, whose predictions are
in excellent agreement with the numerical results.

This paper is organized as follows. In Sec. I, we describe our
numerical implementation and how it can be used to quantify ionic
pairing in confinement. Section II describes ionic association. We
show how electrostatic correlations under confinement result in
ionic pairing at thermal equilibrium, unveiling a transition between
a fully paired state and a partially dissociated state as a function of
temperature, similar to a modified Kosterlitz-Thouless transition.
In Sec. III, we explore out-of-equilibrium properties and demon-
strate non-linear transport of ions in the monolayer, governed by
pair breaking under an electric field (a phenomenon known as the
second Wien effect).

Il. METHODS

In this work, we model an electrolyte confined in a 2D
nanochannel of height h, made of carbon walls [Fig. 1(a)]. We
assume that the system is connected to macroscopic fluidic reser-
voirs where Ag/AgCl electrodes are located, imposing a voltage drop
across the system and creating a static electric field E.

A. MD and BD dynamics

Two different simulation methods are used throughout this
paper. In all-atom molecular dynamics (MD), the entire system
[water molecules, ions, and atoms from the channel walls, see
Fig. 1(a)] is simulated using classical Lennard-Jones and Coulombic
forcefields and solving Newton’s equations of motion. In Brown-
ian dynamics (BD), on the other hand, water and channel walls
are treated implicitly, and only the positions of ions are tracked

using overdamped Langevin equations [Fig. 1(b)]. This is moti-
vated by the finding that electrostatic interactions between ions from
the walls and the solvent can be accounted for in a coarse-grained
way by renormalizing the ion-ion interaction potential.'’ Further
details regarding the simulation methodology can be found in the
supplementary material.

B. Interaction potentials

In MD dynamics, as stated above, all particles (ions, wall
atoms, and water molecules) interact both through electrostatic and
Lennard-Jones interactions, the latter representing attractive and
repulsive van der Waals forces. The interaction energy between
particles i and j, thus, reads

Vi(r) —46[(‘:)” - (j)ﬁ] . )

where g, is the charge of particle i, r is the interparticle distance,
and € and ¢ are some particle-specific constants detailed in the
supplementary material.

One of the main shortcomings of MD dynamics is that
only a fraction of the simulation time is spent on simulating ion
dynamics—the focus of this work. Integrating out solvent degrees of
freedom allows to run much faster implicit-solvent BD simulations.
This is usually done by modeling water as a dielectric medium of
constant €, = 80; however, here one must account for atomic con-
finement as well. Walls not only restrict ion transport geometrically
but also modify the electric potentials generated by ions due to hav-
ing a much lower permittivity compared to water (in what follows,
we will assume that the walls have a dielectric constant ¢; = 2)—this
process, called interaction confinement,'” is caused by the fact elec-
tric field lines from ions cannot fully penetrate the walls and instead
concentrate within the fluid. Overall, this results in a renormalized
ion-ion potential given by'’

: _ qtq] f tanh[ ] + Eei:)
Vii(r) 4megewr JoC ew tanh[ ] +1 @

where ], is a Bessel function and we recall that h is the height of
the channel. For €, /e; > 1 and r >> h, the above integrand can be
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cut into 0 < u < A and u > A [defined by fOA]o(u) du=0,A~11].
Assuming that the latter part oscillates quickly and integrate to zero

and that [, Jo(u) x [...] = [;* L x[...], we obtain

__sign(qiq;) r
BVii(r) = B — 10g(rT£), (3)

where we introduced the inverse temperature f3 as well as two other
parameters: the dielectric length,

& = Aewh)2e;, (4)
and the (dimensionless) reduced temperature T* defined by,

2megewh
with Z being the valency of ions and e being the elementary charge.
This parameter plays the role of a coupling constant; we will use it
throughout this manuscript as a measure of the strength of electro-
static interactions. One finds that T* ~ 0.4 for monovalent ions at
room temperature and T™ ~ 0.1 for divalent ions. In practice, we
use this potential in BD simulations, with & ~ 14 nm. It should be
noted that in the limit r < &, one recovers V;;(r) ~ q9;9; [4meoesr as
field lines now fully permeate the solid.

When comparing with MD simulations, one should note that
the system is confined between two vacuum slabs (as walls are
made of a single layer of carbon atoms), corresponding to €; =1
and & ~ 28 nm. Throughout this paper, to simplify discussion, we
always assume that Z = 2, and we instead use temperature as a tuning
parameter of the interactions.

Confinement has been shown to reduce the effective permit-
tivity of water or make it anisotropic.”””* The exact dielectric
properties of confined water are still debated, however, with some
recent experiments showing an increase in in-plane permittivity
instead.”” It has been shown elsewhere'* that dielectric anisotropy
only has a weak effect on ion-ion interactions. In addition, our
results can be extended in a straightforward way to other values of
€y in confinement by tuning T*.

Finally, while in this paper we only consider the case of non-
conducting walls made of a dielectric material, the impact of wall
conductivity has been discussed elsewhere.'’”**’ Briefly, conduction
electrons within the walls are able to screen off ion—ion electrostatic
interactions, reducing their range.

C. lonic current

For a given value of the imposed electric field E, we extract the
ionic current density from simulated trajectories through

. N
ji= Zeg g ((ve) = (), ©

where (v.) and (v_) are, respectively, the time-averaged velocity of
the cations and the anions along the direction of the field, N is the
number of ions, and A is the 2D area spanned by the channel. We
can deduce the conductivity through

o(E) = j(TE), (7)

ARTICLE pubs.aip.org/aipl/jcp

which we will compare to the Ohmic conductance (defined for ions
behaving like ideal tracer particles),

_ 2N (2D
" hA kgT

0o (8)
with D being the diffusion coefficient of ions, assumed to be the same
for anions and cations (in the case of a difference in diffusivity, D
should be replaced by the average of the coefficients of cations and
anions). Parameters of BD simulations are chosen so that D/kgT is
independent of temperature so that we can use the same value of 0y
to compare the conductivity of the system for different strengths of
electrostatic interactions.

D. lonic pairs and clusters

We observe in BD simulations that at low temperature, ions
tend to form pairs. Since they are neutral and do not contribute
to conduction, we use conductivity measurements as a way of
quantifying the fraction of free ions n,

o()
00.

ng= )
This definition of ionic pairing has the advantage of being the clos-
est to what could be measured in experiments, in addition to being
very convenient to compute. In fact, it effectively counts the fraction
of charge carriers only if we can neglect higher-order correlations
between ions (which tend to impede conduction compared to the
Ohmic case) or, equivalently, if we assume the mobility of indi-
vidual ions not to vary with the field. We make this assumption
in the following since we expect the non-linearity of the system
to be dominated by the variation of the fraction of charge carri-
ers (second Wien effect) and not by the variation of the mobility
(first Wien effect”™”” and Debye-Hiickel correlations in general™).
This intuitive definition unfortunately fails if E is too low due to a
poor signal-to-noise ratio. In the supplementary material, we report
an alternative definition based on correlation functions, which is
consistent with Eq. (9) but can be extended without problem to
E=0.

In MD simulations, we observe the formation of large ionic
clusters, in addition to ionic pairing. Some of these clusters bear
a non-zero charge and, therefore, participate to conduction. We,

therefore, distinguish between two quantities: first, the fraction n 7 of

free ions and the fraction of charged clusters ncfl“mr (which includes

free ions—as they are charged clusters of size 1). In practice, we find
that all clusters containing an even number of ions are electrically
neutral, and odd-sized clusters have a charge +1 (as clusters with
multiple charge defects are highly unstable). From there, we can
deduce that a measure of the fraction of charge carriers density is

cluster _ Zlodd Nl
Vlf = — )

2N (10)

with N; being the number of clusters of size I, which we determine
directly from trajectories through network analysis. The fraction of
free ions is defined as

= 11
=N (11)
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This exact procedure used to compute N; from trajectories is
described in the supplementary material.

I1l. PAIRING TRANSITION AND ELECTROSTATIC
SCREENING

In this section, we quantify the formation of ionic pairs using
both simulations and theoretical analysis. We start by predicting that
the system undergoes a conductor/insulator phase transition rem-
iniscent of the 2D Kosterlitz—-Thouless transition. We analytically
predict the system’s critical temperature, which is found to slightly
deviate from the usual KT result due to the quasi-2D nature of con-
fined electrolytes. We then compare those results to simulations. We
find that indeed at low temperature, almost all ions assemble into
pairs. We characterize this transition numerically and show it is of
infinite order as predicted by the KT analogy.

A. Theoretical analysis
1. Critical temperature and correlation length

It has been shown'® that the 2D Coulomb gas, made of charged
particles interacting through a potential V(r) = —% log r, under-
goes a pairing phase transition for T* < 0.25 that is equivalent to
the Kosterlitz—-Thouless transition. Here, we sketch the outline of
such a derivation while focusing on differences between the exact
2D Coulomb gas and our actual system—2D confined electrolytes.

At the mean-field level, we can treat ion pairs as a separate, ideal
chemical species and write down the chemical equilibrium with free
ions,

np=1-ns :(n}ezﬁ"ﬂ (12)

Here, 1, is the fraction of ions that are part of a pair, n ris the free ion
fraction, y , is the excess chemical potential of free ions, 8 = 1/ksT,
and ( is the internal partition function of a pair. In the 2D Coulomb
gas, u, can be obtained through a Debye charging process by com-
puting the field created on a given ion by its surrounding Debye
atmosphere,

_ L[ Ko(koro)
o= | saenre) | (13)

where r( is a measure of the ionic size, Ky and K; are modified Bessel
functions of the second kind, and

4mrnec
ko =\ (14)

is the inverse Debye length at salt concentration ¢ (expressed in
atoms per surface area). For T* < T{ =0.25, Eq. (12) becomes
*, with 2 —1/2T* <0, and, therefore, admits no
solution. This is the signature of the pairing transition. In addition,
just above the transition, one can compute the correlation length
through the Debye length (in the limit where the salt concentration
is not too high?!),

T* T* /4
o elN . (15)
dnngcr 1>

Ap =

ARTICLE pubs.aip.org/aipl/jcp

The correlation length, therefore, depends in a non-algebraic man-
ner on temperature, and in particular, no critical exponent can be
defined—this shows that the phase transition is of infinite order.
Interestingly, the system possesses a critical line, meaning that there
is a single value of the phase transition temperature regardless of
salt concentration. This line ends at a given value of concentration,
depending on the precise value of { and the exact criterion used to
define ion pairs (for our choice of parameters, the transition occurs
independently of concentration for ¢ < 0.9M).

In our case, however, ionic interactions are not exactly loga-
rithmic: V(r) ~ -7 log r/(r + £) [see Eq. (3)]. Repeating the above
argument, we find that

1 ¢ Ko(xpto) — Ko(xp(ro + &)
2Bue = — . (16
Pl = T | oro(ro + ) Ki(oro) ~ Ka (ko (o + 80y | 1
Then, Eq. (12) stops having a solution for
s 1 & O
L= e mink g (17)
where we defined
Ko(k) — Ko(k(1 +
gg(k) _ 0( ) 0( ( E/TO)) (18)

Ki(k) - Ki (k(1+&/ro))

We notably find that T ~0.18 for &/ro = 14, and we recover
T = 1/4foré — oo.

Finally, let us discuss the case where the dielectric length £ is
short, such as for e; ~ €. In that case, interactions are weakened as
the electric field lines of ions leak into the walls. This situation is
similar to confinement by conducting or metallic walls."”***” While
some degree of ionic pairing was reported in such context, it is a
priori much weaker than for channels with high dielectric contrast,
such as here.

2. Discussion and scaling laws

In the previous paragraph, we discussed the formation of ion
pairs in confined electrolytes. These pairs, called Bjerrum pairs, are
usually absent from bulk aqueous electrolytes; we, thus, discuss the
impact of confinement below.

In any setting, the strength of the ionic interactions can be
quantified by the Bjerrum length” Ip, defined as

BV (¢s) = ks T. (19)

It is the typical length at which electrostatic interactions become
comparable to thermal agitation. For a bulk system, the Bjerrum
length is then given by

2

Ebulk _ € i 20
B 4dreoewksT (20)

while for a 2D confined electrolyte, where electrostatic interactions
are quasi-logarithmic [see Eq. (3)], it reads

d ~ i (21)

&= — 8
el —1 T
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This can be used to compare the interaction in each systems,

K%D Ew
~— > 1.
bulk
Oy 3

(22)

S

This notably shows how, under confinement, dielectric contrast
between the walls and water greatly reinforces electrostatic interac-
tions. In bulk water, /3" = 0.7 nm, meaning that long-range inter-
actions between ions are essentially negligible compared to thermal
noise. In the slit, this is not the case anymore as the Bjerrum length is
orders of magnitude larger: for our choice of parameters, we obtain
fg = 14 nm, far exceeding any other microscopic length scale. As we
will discuss in several later points, 2D confined electrostatic inter-
actions are nearly scale-invariant, owing to their quasi-logarithmic
nature.

This fact allows us to understand the emergence of the phase
transition using scaling laws. The excess chemical potential u, of free
ions can be thought of as half the free energy cost of breaking a pair.
Since the free cation and anion obtained by breaking a pair are on
average distant by Ap, we can assume that

1
2Bue ~ e logAp /1o, (23)

where ro is the ionic size. At low enough temperature, we
expect that most ions are paired so that n, =1-ns~1. From

ARTICLE pubs.aip.org/aipl/jcp

the chemical equilibrium (12) and using the definition of Ap,
we obtain

ny o< Cﬁ. (24)
This leads to a contradiction if T* < 0.25: for low enough salt con-

centration ¢, ny > 1, which is impossible—the chemical equilibrium
is broken and there is a phase transition.

B. Comparison with simulations
1. Brownian dynamics simulations

In order to verify our theoretical results with our BD simula-
tions, we plot in Fig. 2(a) the evolution of the free ion fraction with
the reduced Coulomb temperature for & = 13.8 nm. As we lower the
temperature, the free ion fraction decreases, up to an almost fully
paired system for a finite value of temperature. Quantitatively, one
can define the critical temperature in BD simulations as the temper-
ature for which the system’s correlation length diverges. In Fig. 2(a),
we show the evolution of the Debye length Ap with temperature, and
we fit data from BD simulations with an ansatz inspired by Eq. (15)
(solid blue line),

/\D(T*) oc epr:Tzﬂ_/Z;‘*]. (25)

(a) 0.7 120 (b)
0.6 -
% 05 100 w .
=] .0
g7 F80 E
0.4 =
Py 60 & |
5 0.3 S
N [
€ 0.2 o [40 =
2 a
0.1 1 20
0.0 1 T T T T T T 0
0.0 0.1 T;0.2 0.3 0.4 0.5
Reduced Coulomb temperature 7
(c) _ (d)
Fully paired  1Pair + Free ions —— Theory ¢
i @ _»:wm ¢
1 3
2 4 MD
e ein @
1 : =
1 Free ions = 0.3
1 L
d £ 0.2
1 <3
! 0.1
1 ‘mper: . Bjerrum
i Tgmp(,rat>urc oo 0.0 . . . : :
0.1 0.2 0.3 0.4 0.5

N
Tonic interactions

Reduced Coulomb temperature T*

FIG. 2. Pairing transition in theory and simulations. (a) (Red points) Free ion fraction from BD simulation for various reduced Coulomb temperatures. (Red line) Fit of the free
ion fraction for an infinite order phase transition. (Blue points and line) Debye length obtained from the free ion fraction using Eq. (15). (b) Screenshot from MD simulations at
equilibrium for T* = 0.1. We observe large ionic clusters (seven ions in the screenshot) that move together and can have a net charge (-1 in the screenshot). (c) Schematic
of the phase transition. At a small reduced Coulomb temperature or equivalently high ionic interaction, the system is fully paired. Otherwise, there are some remaining free
ions. (d) (Red points) Free ion fraction from BD simulations for various reduced Coulomb temperatures. (Red line) Theoretical curve for ro = 1.2 nm and ¢ = 0.22. (Green
points) Free charge carrier density from MD simulations for various reduced Coulomb temperatures. (Green line) Theoretical curve for ry = 0.18 nm and ¢ = 0.33.
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We find T; =0.17, which is very close to the theoretical value
T; = 0.18. The comparison between theory and simulations notably
confirms that the correlation length does diverge in a non-algebraic
way close to the transition, validating the fact it is of infinite order.
The comparison between the fraction of free ions in simulations and
theory [see Eq. (12)] shows similarly good agreement, as displayed
in Fig. 2(d) (red symbols and solid line).

2. Molecular dynamics simulations and effect
of the short-range interactions

In Sec. III B 1, we discussed BD simulations where ions do
not have any repulsion potential, meaning that short-distance struc-
tures could be adequately resolved. Without repulsive potential,
the distance between ions in a pair fluctuates around 0. As there
is no permanent dipole in this case, their interactions with other
ions are very weak. In all atom MD, where ions also interact
through repulsive L] interactions, pairs fluctuate around a finite dis-
tance [see Figs. 1(b) and 2(b)]. In this case, interactions with pairs
are no longer negligible, allowing the formation of more complex
structures.

Other works that used different simulation techniques
reported various possible structures of ionic clusters, depending,
for example, on the chemical nature of ions'“'” or the wall.” In
our case, ion correlation functions reveal a short-distance struc-
turation due to contact and solvent-separated ion binding, up to
clusters of size ~6 in the absence of electric fields (Fig. S3). Over-
all, the relations between short-range interaction and short-range
structure seem non-universal and are, in practice, difficult to ana-
lyze. Instead, we can focus on the free ion fraction, in comparison
with BD simulations.

We find that like in BD, the free ion fraction n 7 drops to zero
below a critical temperature, as shown in Fig. 2(d) (green symbols).
The behavior of ny with temperature is well-described by theoretical
predictions; however, the value of the critical temperature is found
to differ from BD simulations, with T, ~ 0.24. This discrepancy can
be attributed to two facts. First, in MD simulations, we only account
for a single layer of wall atoms: the electrolyte is thus effectively con-
fined by a slab of empty space, with €, = 1, leading to a much higher
value of the dielectric length & = 28 nm. In addition, the minimal
inter-ion approach distance is now unequivocally set by the physical
size of ions, set by Lennard-Jones short-distance interactions. For
our choice of simulation parameters, the distance of physical con-
tactis ro = 0.18 nm (corresponding to approximately twice the ionic
radius of sodium). For these values of ¢ and ry, we obtain from our
theoretical model T; = 0.24, very close to the value inferred from
simulations [Fig. 2(d), green line.]

To obtain the theoretical curves of Fig. 2(d), one must also spec-
ify the quantity denoted { in Eq. (12). It can be interpreted as a
“volume fraction”: if one fixes the position of the first ion (assumed
to be a disk of radius ro/2), one must place the second ion exactly ata
distance 7o from the first ion’s center to form a contact pair. Within
that disk of radius 7o, the pair occupies a fraction {y ~ 0.36 (cor-
responding to the central ion and around half of the second one). If
instead ions are allowed to overlap, as in BD, then that fraction drops
to approximately {pp ~ 0.25 as paired ions almost fully overlap. In
practice, we treat { as a fitting parameter for the sake of simplic-
ity and obtain {yp = 0.33 and (g, = 0.22, very close to estimated
values.

14,19
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Similarly, we show in the supplementary material that the frac-
tion of charged clusters also exhibits a drop below T! . However, we
find that the equilibration time of clusters grows rapidly as the tem-
perature is lowered: due to our limited simulation time, we find that
nlter s not exactly zero at very low temperature.

It should be noted that in our theory, the chemical equilibrium
[Eq. (12)] should, in principle, be updated to take the formation of
clusters into account, instead of only ion pairs. In practice, however,
large clusters only represent a small fraction of ions (see Fig. $3), and
Eq. (12) can be used as an approximation.

IV. NON-LINEAR TRANSPORT

In this section, we study the out-of-equilibrium properties of
the 2D confined systems under electric driving. In particular, we
focus on the increase in conductivity caused by the field-induced dis-
sociation of ion pairs, a process known as the second Wien effect. We
show analytically that this phenomenon is at the source of the non-
linear ion transport as the ionic current across the nanofluidic slit
becomes a power law of the applied voltage, with a non-universal
exponent, different from the 3D case. Brownian dynamics validate
these theoretical predictions and notably the strong dependence of
the exponent with the reduced Coulomb temperature.

A. Non-linear behavior of the ionic current

As previously stated, the application of an external electric field
across the 2D slit tends to break ion pairs, effectively increasing the
electrolyte’s conductivity. Numerically, we can quantify this non-
linear contribution by subtracting from the total ionic current, the
Ohmic term resulting from the conduction of ions that are free in
the absence of field,

Oj(E) ~j(E) = ns(0)jo = dny(E)jo, (26)

with j, = 0oE being the current density of a fully dissociated
electrolyte. In terms of conductivity, this yields the following
contributions:

o(E) = 0o + 80 (E). (27)

Figure 3(a) shows the conductivity as a function of the electric
field below and above the transition. When E — 0, we observe that
the conductivity tends linearly to a constant above the transition
T* > T} and vanishes like a power law below the transition. In this
regime, we will define the exponent a(T"),

10(E)| o<, [T, (28)

In the limit of large applied fields, we instead observe that ny — 1:
we recover Ohm-like conduction as in fully dissociated electrolytes.
The corresponding ionic current I is plotted in Fig. 4(b).

B. Theory

In this section, we analytically derive the expression of the non-
universal exponent a(T"). Our approach is based on an extension
of Onsager’s study of the second Wien effect for bulk 3D weak
electrolytes.” The generalization to 2D has been first developed in
Ref. 14, and we elaborate on this description here to compare with
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FIG. 3. Comparison between BD trans-
port simulations and theory. [(a) and
(b)] lonic current (a) and conductivity
(b) for reduced Coulomb temperature of
0.1 (red) and 0.4 (blue), compared with
Ohm's law (dashed black line). Symbols:
BD simulations. Solid lines: theoretical
model, Eq. (61).
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FIG. 4. Symbols: exponent « defined by the non-linearity in the IV curve, |j(E)|
o< |E|* Black solid line: theoretical prediction of the 2D Wien effect [see Eq. (63)].
Dotted line: bulk exponent « = 2, obtained through Onsager’s theory of the Wien
effect.3

our numerical results. In what follows, we restrict ourselves to the
case of the ideal 2D Coulomb gas (£ = o) and focus on the paired
regime, (T* < T7).

1. An Onsager’s approach of the 2D Wien effect

We assume that the fraction n; follows a generic evolution
equation, introducing a dissociation (respectively, association) time
74 (respectively, 7,),

2
o o (29)

Td Ta
At thermal equilibrium (in the absence of an external field), the ratio
of these two times is given by e**, as discussed in Sec. 11T A. When
driven out of equilibrium, however, these two quantities may depend
on the applied electric field E = E X acting along x.

Onsager showed that it is possible to link both 7, and 74 to
the anion—cation correlation function g. Assuming that a cation is
held fixed at the origin, g(, ) is the probability density of finding a
negative ion at the polar position (r, 6). It follows a Smoluchowski
equation,

0,g=2DV - (Vg+gVV), (30)

T T T
0.004  0.006 0.008 0.010
Electric field E in V/A

where V is the total (dimensionless) electrostatic potential at (7, 0).
It reads

1 r rcosf
V=—1log— - . 31
T* Og 1o fE ( )

Here, we made the approximation that logr/(r + &) ~ logr, which
is reasonable for r < £. Since & = 14 nm, this approximation is valid
over the typical length scales of ionic correlations. The first term of
the potential corresponds to the unscreened interaction of two ions
in confinement. This assumption is valid if the system is sufficiently
paired up (T* < T;) so that the influence of other free ions can be
neglected. Quantitatively, the Debye length Ap diverges if the sys-
tem is fully paired and, therefore, is not a relevant length scale. The
second term corresponds to the external field, characterized by the
following length scale,

 ksT
"~ Ze|E|

E (32)

The potential V has a maximum for r ~ KE/T*; a pair can be expected

to break if its two ions are separated by a larger distance. This fixes

the typical length scale of correlations in the presence of the field.
Assuming the system has reached a steady state, we obtain

1 cos 6 sin 0
[A+(T*r_ o )8,+ s Bg]gfo. (33)

We then perform the change of variable r — u = r//g,

1 sin 0
A+ ——c059)8+ 8] =0. 34

2+ (4, o+ Sl e (34
This shows that the problem is scale invariant as it is now entirely
determined by a single dimensionless parameter T*; this property is
unique to the 2D geometry (where the Bjerrum length is infinite).
Onsager’s trick consists in splitting the correlation function into two
parts,

8£=84+8a (35)

where g, and g _ are two solutions of (34) associated with a source or
a sink of particles at the origin, respectively,

2
f -2D[Vga+gVV]-trdf=-C, (36)
0
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limg, = p, (37)
and
2
f —2D[Vgs + gaVV]-# rdf = +C, (38)
0
limg; =0, (39)

where C is a positive constant independent of r and p is the average
ionic density far from the central ion. In other words, g, describes
a background of free ions recombining with the central ion to form
new pairs and g, pairs that break under the electric field. These two
functions will allow us to compute 7, and 7.

Since any constant is a solution of the Smoluchowski equation,
it is easy to see from the boundary condition that

& =p; (40)
and straightforward integration yields

4nDp
C= . 41
™ (41)

This is a recombination rate, defining the pair association time,

T)(—
Tq = .
4nDp

(42)

Interestingly, we find that the formation time of pairs is independent
of the electric field. This result is general and is also valid in the bulk
(but not in 1D), as the recombination of freely diffusive ions is an
uncorrelated process.

Onsager’s original approach to compute g,, which involves
an arduous expansion in terms of special functions, strongly relied
on the fact that the 3D Smoluchowski equation is spatially separa-
ble; it fails in our 2D case. Instead, we exploit the fact that the 2D
Smoluchowski equation is scale-invariant and show how all relevant
quantities can be computed up to a geometrical factor.

2. Self-similarity of the correlation function

We start by noticing that another solution of the Smoluchowski
equation (34) is the Boltzmann distribution,

go(u,0) = exp [—L* In ule +u cos 9]. (43)
T To

This is not the correct solution to the problem, however, as the
Boltzmann distribution only makes sense at thermal equilibrium.
In particular, it does not verify the correct boundary conditions at
r — oo. However, for u < 1, the external field is negligible compared
to the field created by the central ion and pairs are in quasi-
equilibrium (ions are strongly correlated and remain bounded over
long timescales). Therefore, the total correlation function g should
diverge like g, for u — 0. Since g, is bounded around u = 0, this
condition also provides us a boundary condition for g,, which is
therefore the solution of

sin 6

1
[A + ( o cos 9)&, + 89]gd =0, (44)

u

ARTICLE pubs.aip.org/aipl/jcp
-1/T* "
g~ Ka(é—E) u VT for u — 0, (45)
7o
lim g(u) =0, (46)

where K, is a constant determined by the fact that the flux of g,
should be equal to +C. The solution to this problem is unique
because g, is known on the whole boundary of the domain. £z now
only appears in a boundary condition at u = 0, and the system is
linear, so g, is fully determined from a single scaling function,

—yT*
s =K(Z) " 6w, “7)

where G is a function that depends only on T*. The balance between
the fluxes of g, and g, reads

—yT*
2DKa(£—E) FoAmp (48)
To T

where F is the flux of the function G,
2 .
F=-[T[v6+GvV]-iuds, (49)
0

where the dimensionless potential V is given by

" 1

V:Flogu—ucos 0. (50)
The flux F has the dimension of an inverse length squared and is
independent of ¢ or p since it describes a single pair breaking event.
As the only remaining length scale in the problem is ro, we have (up
to a geometrical factor)

Frgl (51)
We obtain the association constant K,
é I/T* 2
K, = 2n(—E) Pro_ T (52)
70 T T,
and the dissociation time 7y,
2 1T*
o EE )
Ty = —|— . 53
1= ( (53)

In the steady state, the free ion fraction n is given by Eq. (29),

4
nf—‘ra(\/1+‘[d—1). (54)
21y Ta

It should be noted that this result is general for any system with
Onsager’s pairing kinetics and does not depend on details of ionic
interactions as long as 7, and 7, are known. In the limit of a weak
applied field, 7; > 7, and ny << 1. We obtain

T,
f’lf ~ é; (55)
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with 7, and 7, given by Egs. (42) and (53), respectively. Assuming
each free ion contributes linearly to conduction, j(E) o< E x ns(E)
and we obtain the ionic current due to the Wien effect,

J(E)| o< |E['"TT. (56)

This predicts there that the ionic conductivity scales sublinearly with

the temperature as o ~ |E|'/>"". While this prediction qualitatively
reproduces the non-linearity observed in the simulations, it typi-
cally underestimates the conductivity of the system by more than
one order of magnitude. In particular, we do not find the exponent
measured in the simulations.

In Sec. IV B 3, in order to explain this behavior, we now take
into account the formation of larger ionic clusters in the presence
of an external field. We do so by first rederiving our result through
scaling arguments and then amending it using the same scaling logic.

Finally, the above derivation critically relies on the (quasi-)
logarithmic shape of the interaction potential: because its typical
length scale & is much larger than any other physical length scale in
the problem, ionic correlations become self-similar. This situation is
unique to the 2D case; for example, in bulk electrolytes, ions inter-
act through the usual 1/r Coulomb’s law (which has a typical length
scale set by the Bjerrum length /3, see Sec. III A 2) and computing
correlations is much more mathematically involved.*’

3. Scaling laws and anisotropic conduction

In the above derivation, the key assumption was the divergence
of the Debye length Ap so that the problem becomes self-similar. We

recall that Ap o< n;l/z, and we found that ny oc EM?T 5o that AD

o< E'VAT" If T* < 1/4, then Ap > £z for all relevant values of the
electric field since £g o< E™*.

This scaling argument seemingly validates our approach of
considering that /g sets the scale of all correlations between ions.
However, this argument only makes sense when considering corre-
lations along the x axis: ions separated by more than g are carried
away by the electric field, so correlations on larger scale may be
neglected. This is not the case, however, along the y axis, so actu-
ally one should not neglect the influence of Ap on the problem:
correlations are anisotropic.

The above analysis can be supported qualitatively by analyzing
simulation results. In Brownian dynamics, we observe that ions tend
to form elongated clusters in the direction of the electric field. Ions
are able to move within these clusters but remain within them for
long time (see Fig. S3). This suggests that the mobility of ions in the
direction x of the electric field may increase with the field strength,
while diffusion in the orthogonal direction y remains constrained by
electrostatic correlations.

Taking anisotropic correlations into account, however, requires
to account for many-body interactions in the Smoluchowski equa-
tion for g, which makes the problem intractable. Instead, we use a
scaling argument, which we now detail.

Let us start by recovering the previous result using scaling laws.
Equation (53) can be recast as an Arrhenius law,

1’3 ZE T
T4 = Tdiffusion €XP [_ZﬁAF] = E(g) > (57)
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where AF is the “free energy barrier” to break a pair. It reads

_logéE/ro

AF ~
B T

(58)
This argument is not fully rigorous as the problem is far from
equilibrium, and this energy barrier strongly depends on an out-
of-equilibrium quantity (the length scale {g). However, this last
expression is identical, upon replacing /¢ by Ap to the (properly
defined) free energy cost of breaking a pair at equilibrium, given by
Eq. (23). We, thus, find that the kinetic energy barrier to break a pair
is similar to the thermodynamic energy gap between the paired and
the unpaired states if we admit that the typical size of the ionic atmo-
sphere in the presence of an external field is given by /¢ instead of
the Debye length Ap.

Let us now use this simple argument to account for anisotropic
correlations. Since the typical size of the correlation cloud is /¢ along
the x axis and Ap along the y axis, one may roughly approximate its
overall spatial extension as £ = /Ap£g. In this case, the free energy
barrier to breaking a pair should read

B log ¢/ 1o B logAp/ro
4T 4T

PBAF =~ (59)
so that it is now the sum of two terms, corresponding to the energy
barrier that an ion has to overcome to escape a cluster in the x or
y direction, respectively. Conduction in the direction of the field is
therefore associated with the Arrhenius timescale corresponding to
the first term in the free energy,

2 1/2T*
1o ZE)
=0 (E , 60
Tdx 2D(ro (60)

and we can define the proportion #, of ions that can freely move
along the x axis. It follows an evolution equation similar to Eq. (29),
with 7, replacing 7,. We obtain

2 2 -
L ( 1+(@) —1)«}3”‘”. (61)
2744 Ta E—0

We finally obtain the following prediction for the total ionic current,

J(E)| o< |E| x ny(E) o< x|E[*"), (62)
with

a(T") =1+ (63)

1
4T*"
4. Comparison with simulations and discussion

The comparison between our BD simulations and Eq. (62) is
plotted in Figs. 4(a) and 4(b). Below the Kosterlitz—-Thouless transi-
tion, the agreement is quantitative and the observed exponent a(T™)
in simulations matches the theoretical prediction. Conductivity
scales like

* 1
ForT™ < T., a~1l4+ —. (64)

o(E) o |E*", s

Interestingly, this exponent is non-universal as it strongly depends
on temperature; this contrasts with bulk electrolytes where the
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second Wien effect results in a universal conductivity increment
scaling, such as do o< |E]|

Above the pairing transition, however, we observe deviations
to the law. We find that the conductivity increases linearly with
the applied field [Fig. 3(b)], which echoes the bulk Wien effect as
mentioned above. We now suggest a possible explanation.

The key element in the above derivation that led to the non-
universal exponent 1/4T" was the self-similarity of the correlation
function. Below the KT transition, this assumption is valid as almost
all ions are paired up, resulting in a diverging correlation function
for electrostatic correlations: A\p — co. However, for T* > T., some
free ions remain even for E = 0, and Ap always remains finite. There-
fore, the correlation function is not self-similar as the problem now
possesses two typical length scales: Ap and Zg. The second Wien
effect may then be obtained from scaling laws: in the absence of field,
an ion pair breaks when its two ions are separated by more than Ap
(after which they cease to interact). Under an electric field, this tran-
sition state between pairs and free ions is destabilized by roughly
a factor Ap/{g o< |E|. Since the dissociation timescale is approxima-
tively the Arrhenius time associated with this intermediate state,
conductivity also increases by a factor linear in |E|: we recover the
scaling of Onsager’s Wien effect in bulk electrolytes. We, therefore,
obtain

ForT* > T., o(E)—-0(0)o<|E*", a=2, (65)

in good agreement with numerical simulations (Fig. 4).

It should be noted, however, that in the bulk, the remaining
free ions at E = 0 do not play a significant role at sufficient dilution
because Ap > ¢p and so correlations still have a typical length scale
lg. In other words, the conductivity increment will scale like E at
all temperatures and does not directly depend on ion concentration,
unlike in confined electrolytes.

The above derivation was performed assuming that all ions are
paired up. In what follows, we account for ions that remain free even
in the absence of any field by adding a contribution 74(0) to the
above result; this term is determined by the procedure described in
the supplementary material. Sections IV B 1-IV B 3 were dedicated
to the theoretical analysis of the 2D Wien effect at low temperature
(T* < T?). We find that the conductivity of 2D confined electrolytes
evolves as a power law of the electric field, with a non-universal
exponent 1/4T*. This contrasts with the 3D bulk case, where the
Wien exponent is 1.

Finally, we note that in both cases T* > T, and T* < T, the
exponent cannot be found through simple symmetry arguments,
which would dictate that o oc E? (as the system is invariant by revers-
ing the direction of the electric field). This originates in the fact that
the correlation function g becomes strongly polarized in the direc-
tion of the field, breaking the x — —x symmetry. In the bulk case, the
conductivity increment scales like the ratio g /¢ o E, with ¢ being
the Bjerrum length. Since this quantity is infinite in 2D, the prob-
lem becomes self-similar and the increment is found to scale like a
non-universal power law.

V. CONCLUSION

In this paper, we investigate the effect of long range electrostatic
correlations on the equilibrium and transport of ions confined in a
2D slit. We use a combination of molecular dynamics simulations,

ARTICLE pubs.aip.org/aipl/jcp

analytical theory, and Brownian dynamics (where water and channel
walls are treated implicitly and ion-ion interactions are renormal-
ized). In all cases, we find that 2D confinement results in stronger
electrostatic interactions, leading to the formation of ionic pairs.
We showed that this phenomenon is associated with a phase transi-
tion analogous to the Kosterlitz—-Thouless transition and suppresses
linear ionic conduction at low temperature.

In addition, the application of an external field can result in the
breaking of ion pairs and an increase in conduction. This process,
known as the Wien effect, leads to strongly non-linear ion transport
under confinement.

We expect that the effective potential approach used in this
paper could be extended to explore other materials'’ but also
other geometries, for example, the case of multiple ionic layers,”
by changing the effective interaction potential accordingly. Mod-
els of ionic cluster dynamics are also useful to study ionic liquids,
where many parallels can be drawn for the relations between ion
correlations and transport phenomena.™

Overall, we obtain excellent agreement between our analytical
models and numerical results for both the pairing transition and the
second Wien effect. In particular, we find that in the pair-dominated
regime, the ionic current behaves like a power law of the applied
field, with a non-universal exponent that can be predicted from ana-
Iytical field theories. This regime, where the conductivity strongly
vanishes at low electric field, can be considered as the ionic coulomb
blockade situation—although no gating dependence is considered
here.

This work is also a further demonstration of the very partic-
ular nature of electrostatic interactions in confined geometry. The
strong ionic correlations give rise to a complex variety of struc-
tures and behaviors, but the large-scale picture remains unaffected
and can be adequately understood in terms of a small set of para-
meters. Consequently, this work sheds light on the structure of
ion-ion correlations in confined systems and on the ionic dynamics
of nanofluids in general.

Finally, the emergence of strongly non-linear conduction
effects in 2D is a richness, which can be exploited to develop nanoflu-
idic systems with advanced properties, such as memristors.'"'” This
is an opportunity that will certainly result in further developments

. . . .. 36-38
in this active domain.™

SUPPLEMENTARY MATERIAL

The supplementary material includes details of numerical sim-
ulations, including the values of all numerical parameters. We also
detail the procedures to accurately extract the average number of
pairs from numerical correlation functions, as well as the IV curve
exponent «.
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