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ABSTRACT
Let 𝜇(𝐺) denote the minimum number of edges whose addition to 𝐺 results in a Hamiltonian graph, and let 𝜇̂(𝐺) denote
the minimum number of edges whose addition to 𝐺 results in a pancyclic graph. We study the distributions of 𝜇(𝐺), 𝜇̂(𝐺)
in the context of binomial random graphs. Letting 𝑑 = 𝑑(𝑛) ∶= 𝑛 ⋅ 𝑝, we prove that there exists a function 𝑓 ∶ ℝ+ → [0, 1] of
order 𝑓 (𝑑) = 1

2
𝑑𝑒−𝑑 + 𝑒−𝑑 + 𝑂(𝑑6𝑒−3𝑑) such that, if 𝐺 ∼ 𝐺(𝑛, 𝑝) with 20 ≤ 𝑑(𝑛) ≤ 0.4 log 𝑛, then with high probability 𝜇(𝐺) =

(1 + 𝑜(1)) ⋅ 𝑓 (𝑑) ⋅ 𝑛. Let 𝑛𝑖(𝐺) denote the number of degree 𝑖 vertices in 𝐺. A trivial lower bound on 𝜇(𝐺) is given by the expression

𝑛0(𝐺) + ⌈ 1
2
𝑛1(𝐺)⌉. We show that in the random graph process {𝐺𝑡}

(
𝑛

2

)
𝑡=0 with high probability there exist times 𝑡1, 𝑡2, both of order

(1 + 𝑜(1))𝑛 ⋅
(

1
6

log 𝑛 + log log 𝑛
)

, such that 𝜇(𝐺𝑡) = 𝑛0(𝐺𝑡) + ⌈ 1
2
𝑛1(𝐺𝑡)⌉ for every 𝑡 ≥ 𝑡1 and 𝜇(𝐺𝑡) > 𝑛0(𝐺𝑡) + ⌈ 1

2
𝑛1(𝐺𝑡)⌉ for every

𝑡 ≤ 𝑡2. The time 𝑡𝑖 can be characterized as the smallest 𝑡 for which 𝐺𝑡 contains less than 𝑖 copies of a certain problematic subgraph.
In particular, this implies that the hitting time for the existence of a Hamilton path is equal to the hitting time of 𝑛1(𝐺) ≤ 2 with
high probability. For the binomial random graph, this implies that if 𝑛𝑝 − 1

3
log 𝑛 − 2 log log 𝑛 → ∞ and 𝐺 ∼ 𝐺(𝑛, 𝑝), then, with

high probability, 𝜇(𝐺) = 𝑛0(𝐺) + ⌈ 1
2
𝑛1(𝐺)⌉. For completion to pancyclicity, we show that if 𝐺 ∼ 𝐺(𝑛, 𝑝) and 𝑛𝑝 ≥ 20, then, with

high probability, 𝜇̂(𝐺) = 𝜇(𝐺). Finally, we present a polynomial time algorithm such that, if 𝐺 ∼ 𝐺(𝑛, 𝑝) and 𝑛𝑝 ≥ 20, then, with
high probability, the algorithm returns a set of edges of size 𝜇(𝐺) whose addition to 𝐺 results in a pancyclic (and therefore also
Hamiltonian) graph.

1 | Introduction

Hamilton cycles are a central subject in the study of graphs, a fact
that extends to the study of random graphs, with numerous and
significant results regarding Hamilton cycles in random graphs
obtained over the years.
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We write 𝐺 ∼ 𝐺(𝑛, 𝑝) to denote that 𝐺 is distributed according to
the binomial random graph model 𝐺(𝑛, 𝑝), that is, 𝐺 is a random
graph on 𝑛 vertices, where each edge of 𝐺 appears independently
at random with probability 𝑝. A classical result by Komlós and
Szemerédi [1], and independently by Bollobás [2], states that if
𝐺 ∼ 𝐺(𝑛, 𝑝) then
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lim
𝑛→∞

ℙ(𝐺 is Hamiltonian) =
⎧⎪⎨⎪⎩

1 if 𝑛𝑝 − log 𝑛 − log log 𝑛 → ∞
𝑒−𝑒

−𝑐 if 𝑛𝑝 − log 𝑛 − log log 𝑛 → 𝑐

0 if 𝑛𝑝 − log 𝑛 − log log 𝑛 → −∞
(1)

At and below the Hamiltonicity threshold, that is, when 𝑛𝑝 −
log 𝑛 − log log 𝑛 does not tend to plus infinity, one can examine
the question of how far the random graph is from being Hamil-
tonian. In this article, we quantify this distance by the notion of
the completion number.

Definition 1. Let 𝐺 be a graph and let  be a monotone
increasing graph property. The completion number of 𝐺 with
respect to  is the minimum number of edges whose addition
to 𝐺 results in a graph that satisfies  .

In other words, the completion number of 𝐺 with respect to  is
the edge distance between 𝐺 and a nearest graph that satisfies  .
For example, the completion number of 𝐺 with respect to con-
nectivity is equal to the number of connected components in 𝐺,
minus 1. The completion number of 𝐺 with respect to contain-
ing a (near) perfect matching is equal to ⌊ 𝑛

2
⌋ − 𝜈(𝐺), where 𝜈(𝐺)

is the maximum size of a matching in 𝐺. We let 𝜇(𝐺) denote the
completion number of 𝐺 with respect to Hamiltonicity.

A disjoint path cover of 𝐺 is a set of vertex-disjoint paths that
cover all the vertices of 𝐺; here we use the convention that an
isolated vertex corresponds to a path of length 0. In addition we
slightly abuse the notation and say that𝐺 has a disjoint path cover
of size 0, whenever 𝐺 is Hamiltonian. Evidently, 𝜇(𝐺) is equal to
the minimum size of a disjoint path cover of 𝐺.

The result of Komlós and Szemerédi, and of Bollobás, stated
above, implies that if 𝐺 ∼ 𝐺(𝑛, 𝑝) and 𝑛𝑝 − log 𝑛 − log log 𝑛 → ∞,
then𝜇(𝐺) = 0 with high probability1. Recently, Alon and Krivele-
vich [3] showed that, if 𝑐 is a large enough constant with respect
to 𝜀, then (1 − 𝜀) 1

2
𝑐𝑒−𝑐𝑛 ≤ 𝜇(𝐺(𝑛, 𝑐∕𝑛)) ≤ (1 + 𝜀) 1

2
𝑐𝑒−𝑐𝑛with high

probability.

Our first main result in this article extends this last result in
two ways: first, by extending the range of edge probabilities 𝑝
for which this approximation holds, and second, by replacing the
error term 𝜀with an 𝑜(1) error term and the estimation 1

2
𝑐𝑒−𝑐 with

a more accurate function 𝑓 (𝑑) of 𝑑 ∶= 𝑛𝑝.

Unfortunately, we are not able to derive a closed form for the
function 𝑓 (𝑑). Instead, in the proof of Theorem 1, we implic-
itly give an algorithm that calculates 𝑓 (𝑑) within arbitrary accu-
racy by expressing it as a sum of terms of the form 𝑐𝑖𝑗𝑑

𝑖𝑒−𝑗𝑑

with
∑

𝑗≥𝑘

∑
𝑖≥0 𝑐𝑖𝑗𝑑

𝑖𝑒−𝑗𝑑 ≤ 0.8𝑘, for 𝑘 ≥ 1. The terms 𝑐𝑖𝑗𝑑
𝑖𝑒−𝑗𝑑

will correspond to weighted sums of rooted subgraph counts. In
Theorem 1, stated below, we give the first few such terms.

For 𝑎 ∈ {𝑑, 𝑛} we write 𝑔(𝑎) = 𝑂𝑟(ℎ(𝑎)) to mean that |𝑔(𝑎)| ≤
𝐶𝑎ℎ(𝑎) for some constant 𝐶𝑎 that depends on 𝑎. We drop the sub-
script on 𝑂(⋅) whenever that is 𝑛.

Theorem 1. Let 𝑝 = 𝑝(𝑛) be such that2 20 ≤ 𝑛𝑝 ≤ 0.4 log 𝑛,
and denote 𝑑 = 𝑑(𝑛) ∶= 𝑛𝑝. Let 𝐺 ∼ 𝐺(𝑛, 𝑝). Then, there exists a

function 𝑓 ∶ ℝ+ → [0, 1] of the order

𝑓 (𝑑) = 1
2
𝑑𝑒−𝑑 + 𝑒−𝑑 +

( 1
12
𝑑6 + 1

4
𝑑5 + 1

4
𝑑4 + 1

12
𝑑3

)
× 𝑒−3𝑑 + 𝑂𝑑

(
𝑑15𝑒−4𝑑)

such that 𝜇(𝐺) = (1 + 𝑜(1)) ⋅ 𝑓 (𝑑) ⋅ 𝑛 with high probability.

Our second main result of this article provides a characterization
of 𝜇(𝐺(𝑛, 𝑝)) in the denser regime. Let 𝑛𝑖(𝐺) denote the num-
ber of vertices in 𝐺 with degree 𝑖. Observe that, for every graph
𝐺, the inequality 𝜇(𝐺) ≥ 𝑛0(𝐺) + ⌈ 1

2
𝑛1(𝐺)⌉ holds, since all the

degrees in a Hamiltonian graph are at least 2. The two lead-
ing terms 1

2
𝑑𝑒−𝑑𝑛 + 𝑒−𝑑𝑛 in 𝑓 (𝑑) ⋅ 𝑛 correspond to the expec-

tation of the random variable 𝑛0(𝐺(𝑛, 𝑝)) + ⌈ 1
2
𝑛1(𝐺(𝑛, 𝑝))⌉. Our

next result shows that, in fact, if 𝑛𝑝 − 1
3

log 𝑛 − 2 log log 𝑛 → ∞
and 𝐺 ∼ 𝐺(𝑛, 𝑝), then, with high probability, 𝜇(𝐺) = 𝑛0(𝐺) +⌈ 1

2
𝑛1(𝐺)⌉. Note that this complements Theorem 1 in the range

𝑛𝑝 ≥ 0.4 log 𝑛, as the distribution of 𝑛𝑖(𝐺) is well known.

In fact, we prove something stronger as we consider the evolution

of {𝜇(𝐺𝑡)}
(
𝑛

2

)
𝑡=0 at the regime where 𝑡 is sufficiently large, where

{𝐺𝑡}
(
𝑛

2

)
𝑡=0 denotes the random graph process on [𝑛], and the result

on 𝐺(𝑛, 𝑝) will follow (See Corollary 2).

A 3-spider of𝐺 is a tree subgraph of𝐺 on 7 vertices that is spanned
by the edges incident to 3 vertices of degree 2 in𝐺with a common
neighbor (see Figure 1).

It turns out that for enough large 𝑡, the difference 𝜇(𝐺𝑡) −(
𝑛0(𝐺𝑡) + ⌈ 1

2
𝑛1(𝐺𝑡)⌉) is strongly connected with the number

of 3-spiders in 𝐺𝑡. This number corresponds to the leading
term of 𝑓 (𝑑) − 1

2
𝑑𝑒−𝑑 − 𝑒−𝑑 in the expansion of 𝑓 (𝑑), which is

1
12

⋅ 𝑑6 ⋅ 𝑒−3𝑑 . We also describe typical behavior of 𝜇(𝐺𝑡) at the
very sparse range 𝑡 = 𝑜(𝑛). In this range, the difference 𝜇(𝐺𝑡) −(
𝑛0(𝐺𝑡) + ⌈ 1

2
𝑛1(𝐺𝑡)⌉) is determined by the multiplicity of trees

with more than 2 leaves. The smallest such tree, and hence the
one that appears first in the random process, is the 3-star 𝐾1,3.
This motivates the following definition.

Definition 2. Let {𝐺𝑡}
(
𝑛

2

)
𝑡=0 be a random graph process. For

𝑖 ∈ ℕ+ we define the random variable 𝑡𝑖 as the minimum 𝑡 greater

FIGURE 1 | A 3-spider in 𝐺 with vertex set {𝑎, 𝑏, 𝑐, 𝑑, 𝑢, 𝑣,𝑤}. The
vertices 𝑢, 𝑣,𝑤 have degree 2 and a common neighbor, and the edges inci-
dent to them span a tree.
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than 10𝑛 such that 𝐺𝑡 spans less than 𝑖 distinct 3-spiders. We fur-
ther define 𝑡∗

𝑖
to be the minimum 𝑡 such that 𝐺𝑡 spans at least 𝑖

copies of 𝐾1,3.

Note that both the property of containing less than 𝑖 3-spiders
and the property of containing at least 𝑖 3-stars are not mono-
tone properties, so 𝑡𝑖 and 𝑡∗

𝑖
should not be considered as hitting

times.

Following Definition 2, we are now ready to state our second
main theorem.

Theorem 2. Let {𝐺𝑡}
(
𝑛

2

)
𝑡=0 be a random graph process on [𝑛],

and let 𝑔(𝑛) be a function that tends to infinity with 𝑛 arbitrarily
slowly. Then, with high probability, for every 𝑖 ∈ ℕ+,

𝑔(𝑛)−1 ⋅ 𝑛2∕3 ≤ 𝑡∗
𝑖
≤ 𝑔(𝑛) ⋅ 𝑛2∕3 and||||𝑡𝑖 − 𝑛 ⋅

(1
6

log 𝑛 + log log 𝑛
)|||| ≤ 𝑔(𝑛) ⋅ 𝑛

and

i. 𝜇(𝐺𝑡) = 𝑛0(𝐺𝑡) + ⌈ 1
2
𝑛1(𝐺𝑡)⌉ for 𝑡 ≤ 𝑔(𝑛)−1 ⋅ 𝑛2∕3;

ii. 𝜇(𝐺𝑡) = 𝑛0(𝐺𝑡) + ⌈ 1
2
(𝑛1(𝐺𝑡) + 𝑖)⌉ for every 𝑡∗

𝑖
≤ 𝑡 < 𝑡∗

𝑖+1;

iii. lim𝑛→∞

(
𝜇(𝐺𝑡) − 𝑛0(𝐺𝑡) − ⌈ 1

2
𝑛1(𝐺𝑡)⌉) = ∞ for 𝑔(𝑛) ⋅ 𝑛2∕3 ≤

𝑡 ≤ 𝑛 ⋅
(

1
6

log 𝑛 + log log 𝑛 − 𝑔(𝑛)
)

;

iv. 𝜇(𝐺𝑡) = 𝑛0(𝐺𝑡) + ⌈ 1
2
(𝑛1(𝐺𝑡) + (𝑖 − 1))⌉ for every 𝑡𝑖 ≤ 𝑡 < 𝑡𝑖−1;

v. 𝜇(𝐺𝑡) = 𝑛0(𝐺𝑡) + ⌈ 1
2
𝑛1(𝐺𝑡)⌉ for every 𝑡 ≥ 𝑡1.

Here it is worth stressing that it is not enough to show that,
for example, (v) holds for 𝑡 = 𝑡1, since both the property of
not spanning 𝑖 copies of a 3-spider and the property of satis-
fying the equality 𝜇(𝐺𝑡) = 𝑛0(𝐺𝑡) + ⌈ 1

2
𝑛1(𝐺𝑡)⌉ are not monotone

properties.

The following corollary is a hitting time statement that can be
derived from Theorem 2 (v).

Corollary 1. Let {𝐺𝑡}
(
𝑛

2

)
𝑡=0 be a random graph process on [𝑛]

and let 𝑘 = 𝑘(𝑛) ≪ 𝑛2∕3

log 𝑛
be an integer. Then, with high probability,

the hitting time of the monotone property 𝜇(𝐺𝑡) ≤ 𝑘 is equal to the
hitting time of the property 𝑛0(𝐺𝑡) + ⌈ 1

2
𝑛1(𝐺𝑡)⌉ ≤ 𝑘.

Proof. An application of Chebychev’s inequality gives that if
𝑡′ = ( 1

6
log 𝑛 + log log 𝑛 + ℎ(𝑛)) ⋅ 𝑛, where ℎ(𝑛) = 𝑜(log log 𝑛), then

𝑛0(𝐺𝑡′ ) + ⌈ 1
2
𝑛1(𝐺𝑡′ )⌉ is concentrated around its expectation, that

is, with high probability

𝑛0(𝐺𝑡′ ) +
⌈1

2
𝑛1(𝐺𝑡′ )

⌉
= (1 + 𝑜(1)) ⋅ 𝔼

(
𝑛0(𝐺𝑡′ ) +

⌈1
2
𝑛1(𝐺𝑡′ )

⌉)
= (1 + 𝑜(1)) ⋅ 𝑛

2∕3𝑒−2ℎ(𝑛)

3 log 𝑛

By Theorem 2 we have that 𝑡′ > 𝑡1 with high probability, and

since the sequence {𝑛0(𝐺𝑡) + ⌈ 1
2
𝑛1(𝐺𝑡)⌉}( 𝑛

2

)
𝑡=0 is non-increasing

with respect to 𝑡, the following holds. For 𝑘 ≪
𝑛2∕3

log 𝑛
, the hit-

ting time of the property 𝑛0(𝐺𝑡) + ⌈ 1
2
𝑛1(𝐺𝑡)⌉ ≤ 𝑘, denoted by 𝜎𝑘,

occurs after time 𝑡1 with high probability. In addition, since
𝜇(𝐺𝑡) ≥ 𝑛0(𝐺𝑡) + ⌈ 1

2
𝑛1(𝐺𝑡)⌉, we have that 𝜇(𝐺𝑡) > 𝑘 for 𝑡 < 𝜎𝑘.

Combining the above with Theorem 2 (v), we get the following
corollary. ◽

In fact, Theorem 2 (v) implies that if 0 ≤ 𝑘0 ≪
𝑛2∕3

log 𝑛
, then, with

high probability, the hitting times of 𝜇(𝐺𝑡) ≤ 𝑘 and 𝑛0(𝐺𝑡) +⌈ 1
2
𝑛1(𝐺𝑡)⌉ ≤ 𝑘 are equal for all 0 ≤ 𝑘 ≤ 𝑘0. For 𝑘 = 1 we get that

the hitting time of containing a Hamilton path is equal with high
probability to that of 𝑛0(𝐺𝑡) + ⌈ 1

2
𝑛1(𝐺𝑡)⌉ ≤ 1, which is equal with

high probability to the hitting time of 𝑛1(𝐺𝑡) ≤ 2.

Corollary 2, stated below, complements Theorem 1 in the range
𝑛𝑝 ≥ 0.4 log 𝑛. It follows from Theorem 2 (v) by the following
two facts that hold for 𝐺 ∼ 𝐺(𝑛, 𝑝). First, if 𝑝 = 𝑝(𝑛) is such that
𝑛𝑝 = 𝜔(1) and 𝑛𝑝 = 𝑜(𝑛), then the number of edges of 𝐺 lies in
[
(
𝑛

2

)
𝑝 − 𝑛,

(
𝑛

2

)
𝑝 + 𝑛] with high probability. Second, conditioned

on 𝐺 having exactly 𝑡 edges, we have that 𝐺 has the same distri-
bution as 𝐺𝑡.

Corollary 2. Let 𝐺 ∼ 𝐺(𝑛, 𝑝), where 𝑛𝑝 − 1
3

log 𝑛 −
2 log log 𝑛 → ∞. Then 𝜇(𝐺) = 𝑛0(𝐺) + ⌈ 1

2
𝑛1(𝐺)⌉ with high

probability.

Our third main result in this article deals with the completion
number of pancyclicity, where a graph 𝐺 is said to be pancyclic if
it contains a cycle of every length between 3 and |𝑉 (𝐺)|. Let 𝜇̂(𝐺)
denote the completion number of 𝐺 with respect to pancyclicity.
Some connections between 𝜇̂(𝐺) and 𝜇(𝐺) can already be derived
from known results. Cooper and Frieze [4] showed that the sharp
threshold of Hamiltonicity in 𝐺(𝑛, 𝑝) is also a sharp threshold of
pancyclicity (and, in fact, that the hitting times of the two proper-
ties in a random graph process are with high probability equal).
As a consequence we have that 𝜇̂(𝐺(𝑛, 𝑝)) = 𝜇(𝐺(𝑛, 𝑝)) = 0 with
high probability if 𝑛𝑝 − log 𝑛 − log log 𝑛 → ∞.

In sparser random graphs, we can get an approximation of
𝜇̂(𝐺(𝑛, 𝑝)) by using a deterministic bound on the difference
𝜇̂(𝐺) − 𝜇(𝐺). It is known (see e.g., [5], Section 4.5) that, for every
𝑛, there exists a pancyclic 𝑛-vertex graph with 𝑛 + (1 + 𝑜(1)) ⋅
log2 𝑛 edges. In other words, one can always add (1 + 𝑜(1)) ⋅ log2 𝑛

edges to a Hamiltonian 𝑛-vertex graph to make it pancyclic.
In particular we get 𝜇̂(𝐺) = 𝜇(𝐺) + 𝑂(log 𝑛) for every 𝑛-vertex
graph 𝐺. As an immediate consequence of this, Theorem 1 and
Corollary 2, we get that, for 𝐺 ∼ 𝐺(𝑛, 𝑝) with 𝑛𝑝 ≥ 20 not too
large, we have 𝜇̂(𝐺) = (1 + 𝑜(1)) ⋅ 𝜇(𝐺)with high probability. This
approximation holds as long as 𝜇(𝐺) is typically much larger than
log 𝑛, which remains true until fairly close to the Hamiltonicity
threshold.

Our final theorem in the article shows that, typically, the two
completion numbers are in fact equal. In other words, in terms of
the number of edges needed to be added, pancyclicity is typically
as cheap as Hamiltonicity in 𝐺(𝑛, 𝑝).

Theorem 3. Let 𝑛𝑝 ≥ 20 and 𝐺 ∼ 𝐺(𝑛, 𝑝). Then, with high
probability, 𝜇̂(𝐺) = 𝜇(𝐺).

3 of 18
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This, together with Theorem 1 and Corollary 2, provides a char-
acterization of 𝜇̂(𝐺(𝑛, 𝑝)) for all values 𝑝 ≥ 20∕𝑛.

Our final result in this article revolves around the algorithmic
aspect of completing a random graph 𝐺 to Hamiltonicity and
pancyclicity.

Note that 𝜇(𝐺) = 0 if and only if 𝐺 is Hamiltonian. Thus, the
problem of determining 𝜇(𝐺) is NP-complete, as it solves the
Hamiltonicity problem. The same goes for the problem of deter-
mining 𝜇̂(𝐺), since the problem of deciding pancyclicity is also
known to be NP-complete.

In the realm of random graphs, algorithms for finding Hamil-
ton cycles in polynomial time with high probability are known
to exist (see [6–8]). The following theorem shows that, in fact,
determining with high probability 𝜇(𝐺) and 𝜇̂(𝐺), and finding a
minimum size completing set, can also be done by a polynomial
time algorithm.

Theorem 4. There is a polynomial time algorithm that, given
a graph 𝐺, returns a set 𝐹 of non-edges of 𝐺. If 𝑛𝑝 ≥ 20 and
𝐺 ∼ 𝐺(𝑛, 𝑝) then, with high probability, |𝐹 | = 𝜇(𝐺) and 𝐺 ∪ 𝐹 is
pancyclic.

1.1 | Article Structure

In Section 2 we provide notation and auxiliary results to be used
in the rest of the article. In Sections 3 and 4 we construct tools for
proving our theorems and prove some key lemmas. Theorem 1
is then proved in Section 5, Theorems 3 and 4 in Section 6, and
Theorem 2 in Section 7.

2 | Preliminaries

2.1 | Notation

We will use the following graph-theoretic notation throughout
the article.

Given a graph 𝐺, the degree of a vertex 𝑣 ∈ 𝑉 (𝐺) in 𝐺, denoted
by 𝑑𝐺(𝑣), is the number of edges of 𝐺 incident to 𝑣. We denone
by Δ(𝐺) the maximum degree of 𝐺. If 𝑆 ⊆ 𝑉 (𝐺), we denote
by 𝑑𝐺(𝑣, 𝑆) the degree of 𝑣 into 𝑆, that is, the number of
edges in 𝐸(𝐺) with one end in 𝑆, and the other end equal to
𝑣. The (external) neighborhood of a vertex subset 𝑈 , denoted
by 𝑁𝐺(𝑈 ), is the set of vertices in 𝑉 ⧵ 𝑈 adjacent to a vertex
of 𝑈 . For a vertex 𝑣 ∈ 𝑉 (𝐺) we further define 𝑁𝑘

𝐺
(𝑣), 𝑁≤𝑘

𝐺
(𝑣),

and 𝑁<𝑘
𝐺

(𝑣) as the sets of vertices in 𝑉 (𝐺) whose distance
from 𝑣 is exactly 𝑘, at most 𝑘, and less than 𝑘, respectively.
For 𝑆 ⊆ 𝑉 (𝐺) and an edge set 𝐸 spanned by 𝑉 (𝐺), we let
𝐺[𝑆] be the subgraph of 𝐺 induced by 𝑆 and 𝐺 ∪ 𝐸 the graph
(𝑉 (𝐺), 𝐸(𝐺) ∪ 𝐸). While using the above notation, we occasion-
ally omit 𝐺 if the identity of the graph 𝐺 is clear from the
context.

For 𝑖 ∈ [0, |𝑉 (𝐺)| − 1] we denote 𝑛𝑖(𝐺) ∶= ||{𝑣 ∈ 𝐺|𝑑𝐺(𝑣) = 𝑖}||,
the number of vertices in 𝐺 with degree 𝑖.

We denote by(𝐺) the set {𝓁 ∈ [3, |𝑉 (𝐺)|]|𝐺 contains a cycle of
length 𝓁}, and by 𝐿max(𝐺) ∶= max((𝐺)) the length of a longest
cycle in 𝐺.

We occasionally suppress rounding signs to simplify the
presentation.

2.2 | Auxiliary Results

Below is a list of auxiliary results that we will employ in our proof.

Lemma 2.1. (Asymptotic equivalence of 𝐺(𝑛, 𝑝) and 𝐺𝑡,

see e.g., [9], Lemma 1.2). Let {𝐺𝑡}
(
𝑛

2

)
𝑡=0 be a random graph pro-

cess on [𝑛]. Let  be a graph property, 𝑡 = 𝑡(𝑛) is such that 𝑡 → ∞
and

(
𝑛

2

)
− 𝑡 → ∞ and 𝑝 = 𝑡∕

(
𝑛

2

)
. Then

lim
𝑛→∞

ℙ
(
𝐺𝑡 ∈ 

)
≤ 10𝑡1∕2 ⋅ lim

𝑛→∞
ℙ(𝐺(𝑛, 𝑝) ∈ )

Theorem 5. (Cycle lengths in sparse random graphs, see
Theorem 1.2 and Lemma 1.3 of [10] and equation (2) of
[11]). Let 𝑝 = 𝑐

𝑛
, 𝑐 = 𝑐(𝑛) ≥ 20, and𝐺 ∼ 𝐺(𝑛, 𝑝). Then with high

probability

𝐿max(𝐺) =
(
1 − (𝑐 + 1)𝑒−𝑐 − 𝑐2𝑒−2𝑐 + 𝑂(𝑐6𝑒−3𝑐)

)
⋅ 𝑛

In particular, with high probability, 𝐿max(𝐺) ≥ 𝑛 − 0.04𝑐3𝑒−𝑐𝑛.
Additionally, if 𝓁0 = 𝓁0(𝑛) → ∞, then with high probability[
𝓁0, 𝐿max

]
⊆ (𝐺).

Theorem 6. (Threshold of pancyclicity, see [4]). Let 𝑝 =
𝑝(𝑛) and 𝐺 ∼ 𝐺(𝑛, 𝑝). Then

lim
𝑛→∞

ℙ(𝐺 is pancyclic) = lim
𝑛→∞

ℙ(𝛿(𝐺) ≥ 2)

In particular, if 𝑛𝑝 − log 𝑛 − log log 𝑛 → ∞ then𝐺 is pancyclic with
high probability.

Theorem 7. (Near-pancyclicity in dense random graphs
[12]). Let 𝜀 > 0, let 𝑝 = 𝑝(𝑛) be such that 𝑛𝑝 → ∞, and let 𝐺 ∼
𝐺(𝑛, 𝑝). Then with high probability

[
3, 𝑛 − (1 + 𝜀) ⋅ 𝑛1(𝐺)

]
⊆ (𝐺).

Lemma 2.2 is obtained from [13] Theorem 1.2 by taking 𝑐𝑖 =
𝑑, 𝑑𝑖 = 𝑁, 𝛾𝑖 = 𝑁−1 for all 𝑖.

Lemma 2.2. (Vertex martingales). Let 𝐺 ∼ 𝐺(𝑛, 𝑝), let 𝑓 be
a graph theoretic function, and let 𝑋0, 𝑋1, . . . , 𝑋𝑛 be the corre-
sponding vertex exposure martingale. Further assume that there is
a graph property  and positive integers 𝑑,𝑁 such that, for every
pair 𝐺1, 𝐺2 of graphs on 𝑉 such that 𝐸(𝐺1)△ 𝐸(𝐺2) ⊆ {𝑣} × 𝑉

for some 𝑣 ∈ 𝑉 , the following holds:

|𝑓 (𝐺1) − 𝑓 (𝐺2)| ≤ {
𝑑 if 𝐺1, 𝐺2 ∈ 

𝑁 otherwise

Then

ℙ
(|𝑋𝑛 −𝑋0| < 𝑡

)
≤ 2 exp

(
− 𝑡2

2𝑛(𝑑 + 1)2

)
+ 𝑛 ⋅𝑁 ⋅ ℙ(𝐺 ∉ )
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3 | The Strong 4-Core and Its Structure

Definition 3. The strong 𝑘-core of a graph 𝐺 is the maximal
subset𝑆 ⊆ 𝑉 (𝐺) such that 𝑑𝐺(𝑣, 𝑆) ≥ 𝑘 for every 𝑣 ∈ 𝑆 ∪𝑁𝐺(𝑆).

In our knowledge, the concept of the strong 𝑘-core was first
used by Anastos and Frieze in [11] for identifying a longest
cycle in 𝐺(𝑛, 𝑝) and formally defined in [10]. Note that, since the
property 𝑑𝐺(𝑣, 𝑆) ≥ 𝑘 for every 𝑣 ∈ 𝑆 ∪𝑁𝐺(𝑆) is closed under
union, there is indeed a maximal subset in 𝑉 (𝐺) satisfying it, and
therefore the strong 𝑘-core is well-defined.

For the purpose of our proofs, we are specifically interested in
the strong 4-core of 𝐺(𝑛, 𝑝) and its typical properties. Hence-
forth, we denote by 𝐶(𝐺) the vertex set of the strong 4-core of a
graph 𝐺, by 𝐵(𝐺) the “border” set 𝑁𝐺(𝐶(𝐺)), and by 𝐴(𝐺) the set
𝑉 (𝐺) ⧵ (𝐵(𝐺) ∪ 𝐶(𝐺)). We will also denote by 𝐺𝐴𝐵 the induced
subgraph of 𝐺 on the set 𝐴(𝐺) ∪ 𝐵(𝐺). The sets 𝐴(𝐺), 𝐵(𝐺), 𝐶(𝐺)
can be identified using the following red/blue/black coloring pro-
cess. Initially color every vertex of 𝐺 black. While there exists a
black or blue vertex with fewer than 4 black neighbors, recolor
that vertex red and its black neighbors blue. The sets 𝐴(𝐺), 𝐵(𝐺),
and 𝐶(𝐺) correspond to the sets of red, blue, and black vertices
at the end of the coloring procedure, respectively. By studying
the coloring process, one can prove Lemma 3.1, stated shortly.
In this lemma we gather a number of typical properties of the
strong 4-core. The proof for the lemma is located in Appendix A.
Before stating it, we lay some final definitions related to the strong
4-core. First, let 𝑆(𝐺) be the set of connected components in 𝐺𝐴𝐵

that have one vertex in 𝐴(𝐺) and three vertices in 𝐵(𝐺). Second,
for 𝑘 ≥ 2 let 𝑘(𝐺) be the event that 𝐺 contains a 𝑘-cycle or 𝐺𝐴𝐵

contains a tree component on 𝑘 + 1 vertices 𝑏, 𝑎1, . . . , 𝑎𝑘, with 𝑏 ∈
𝐵(𝐺) and {𝑎1, 𝑎2, 𝑎3, . . . , 𝑎𝑘} ⊆ 𝐴(𝐺), where 𝑏 is adjacent to 𝑎1, 𝑎2,
and 𝑎3 and 𝑎3𝑎4 . . . 𝑎𝑘 is a path. Next, set (𝐺) ∶= ∪log log 𝑛

𝑘=3 𝑘(𝐺).
Finally, denote by 𝑠3(𝐺) the number of 3-spiders of 𝐺 (recall
Figure 1).

The following lemma identifies properties typical to 𝐺𝐴𝐵 , which
will be useful for our proofs.

Lemma 3.1. Let 𝑑 = 𝑑(𝑛) ∶= 𝑛𝑝 be such that 20 ≤ 𝑑 ≤ log 𝑛 +
1.1 log log 𝑛, and let 𝐺 ∼ 𝐺(𝑛, 𝑝). For 𝑖 ≥ 1 denote by 𝑋𝑖 the
number of vertices in 𝐴(𝐺) ∪ 𝐵(𝐺) whose connected component
in 𝐺𝐴𝐵 contains 𝑖 vertices in 𝐴(𝐺). Also let 𝑝′ = log 𝑛+18 log log 𝑛

9𝑛
.

Then,

i. 𝔼(𝑋𝑖) ≤ max
{

(2𝑒𝑑)4𝑖𝑒−𝑖𝑑

15𝑖𝑑
⋅ 𝑛, 𝑛−3

}
for every 1 ≤ 𝑖 ≤ 𝑛;

ii. 𝐺𝐴𝐵 has no component with more than log log 𝑛 vertices and
at least 1 cycle;

iii. |𝑆(𝐺)| ≥ 0.1𝑑3𝑒−𝑑 ⋅ 𝑛 with high probability;

iv. the event (𝐺) occurs with high probability;

v. if furthermore 𝑝 ≤ 𝑝′, then 𝑠3(𝐺) ≥ 10−8 ⋅ 𝑛2∕3 with probabil-
ity 1 − 𝑜(𝑛−2).

The following lemma, which was proven by the second author
in [10], describes a strong Hamiltonicity property that the strong
4-core satisfies.

Lemma 3.2. (Strong Hamiltonicity of B(G) ∪C(G)). Let
20 ≤ 𝑐 and 𝐺 ∼ 𝐺(𝑛, 𝑐∕𝑛). Let 𝑈 ⊆ 𝐵(𝐺), let 𝑀 ⊆

(
𝑈

2

)
be a

matching on the set 𝑈 that is allowed to contain pairs not in 𝐸(𝐺),
and 𝐻 ∶= 𝐺[𝐶(𝐺) ∪ 𝑈 ] ∪𝑀 . Then, with probability 1 − 𝑂(𝑛−2),
𝐻 contains a Hamilton cycle that spans all the edges of 𝑀 .

We emphasize that the set of edges 𝑀 , in the lemma above, does
not need to be a subset of the edges of 𝐺.

4 | Identifying the Completion Number
of 𝑮(𝒏, 𝒑) With Respect to Hamiltonicity

Towards estimating 𝜇(𝐺), we first introduce the function 𝜇′(𝐺)
stated shortly. Then we prove that, if 𝐺 ∼ 𝐺(𝑛, 𝑝) with 𝑛𝑝 ≥ 20,
then 𝜇(𝐺) = 𝜇′(𝐺) with high probability.

Let𝐺 be a graph. We define 𝜇′(𝐺) as follows. Let be the set of all
disjoint path covers of𝐺𝐴𝐵 . For a disjoint path cover𝑄 of𝐺𝐴𝐵 , let
𝑎(𝑄) be the number of vertices in𝐴(𝐺) that are endpoints of paths
in 𝑄. Here, a vertex of 𝐴(𝐺) that constitutes a path of length 0 in
𝑄 is counted twice towards 𝑎(𝑄), as both the start of the path and
its end. Define 𝑎(𝐺) ∶= min𝑄∈(𝑎(𝑄)) and 𝜇′(𝐺) ∶= ⌈ 1

2
𝑎(𝐺)⌉.

Observation 4.1. The inequality 𝜇(𝐺) ≥ 𝜇′(𝐺) holds for every
graph 𝐺.

Indeed, if 𝐹 is a set of edges of size 𝜇(𝐺) such that 𝐺 ∪ 𝐹 spans a
Hamilton cycle, then, for every Hamilton cycle 𝐻 in 𝐺 ∪ 𝐹 , the
set of edges 𝐸(𝐻) ⧵ 𝐹 forms a disjoint path cover 𝑃 of size 𝜇(𝐺).
Thereafter, 𝑄 ∶= 𝑃 ∩ 𝐺𝐴𝐵 is a disjoint path cover of 𝐺𝐴𝐵 . Since
𝐸𝐺(𝐴(𝐺), 𝐶(𝐺)) = ∅, any endpoint in 𝐴(𝐺) of a path in 𝑄 must
also be an endpoint of a path in 𝑃 . In other words, there are at
least 𝑎(𝑄) endpoints in 𝑃 , and therefore at least ⌈ 1

2
𝑎(𝑄)⌉ paths in

𝑄. By definition, ⌈ 1
2
𝑎(𝑄)⌉ ≥ 𝜇′(𝐺), and therefore overall 𝜇(𝐺) ≥⌈ 1

2
𝑎(𝑄)⌉ ≥ 𝜇′(𝐺).

Next we show that if 𝐺 ∼ 𝐺(𝑛, 𝑝), then also 𝜇(𝐺) ≤ 𝜇′(𝐺) with
high probability. In fact, we will prove a stronger claim, which
will be useful for proving Theorem 3. Recall the definitions of the
sets 𝐴(𝐺), 𝐵(𝐺), 𝐶(𝐺), 𝑆(𝐺) and the event (𝐺). Additionally, let
1(𝐺) be the event that either 𝐺𝐴𝐵 contains at least 2 two-vertex
components that contain a vertex from 𝐴(𝐺) and a vertex from
𝐵(𝐺), or 𝐺𝐴𝐵 contains no component with at least two vertices
in 𝐴(𝐺) and no isolated vertices. As preparation for our proof, we
require the following lemma, which is proved in Appendix B.

Lemma 4.1. Let 20 ≤ 𝑛𝑝 ≤ log 𝑛 + 1.1 log log 𝑛 and
𝐺 ∼ 𝐺(𝑛, 𝑝). Then, with high probability, the event 1(𝐺) occurs.

We now turn to prove the following main lemma, which will be
an important ingredient in proving Theorems 1 and 3.

Lemma 4.2. Let 20 ≤ 𝑛𝑝 ≤ log 𝑛 + 1.1 log log 𝑛 and
𝐺 ∼ 𝐺(𝑛, 𝑝), and denote 𝑠 ∶= |𝑆(𝐺)|. Then with high proba-
bility there is a set 𝐹 ⊆

(
𝑉 (𝐺)

2

)
of size 𝜇′(𝐺) such that the following

hold.

i. 𝐺 ∪ 𝐹 is Hamiltonian;

5 of 18
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ii. 𝑛 − 𝓁 ∈ (𝐺 ∪ 𝐹 ) for 1 ≤ 𝓁 ≤ 𝑠;

iii. (𝐺 ∪ 𝐹 ) contains all the integers in [3, log log 𝑛].

Observe that in particular, given Observation 4.1, Lemma 4.2 (i)
implies that 𝜇(𝐺) = 𝜇′(𝐺) holds with high probability.

We first present a proof that there is a set 𝐹 that satisfies (i),
since this proof is much less involved and constitutes a proof that
𝜇(𝐺) = 𝜇′(𝐺) with high probability. In order for 𝐹 to satisfy (ii)
and (iii) as well, the set 𝐹 should be constructed more carefully.
We provide the full proof of the lemma immediately after the
proof of (i) alone, so the reader may choose to skip directly to it.

Proof of (i). By Lemmas 3.1 and 4.1, we may assume that the
event 1(𝐺) and the events listed in Lemma 3.1 all occur.

Let 𝑄 be a disjoint path cover of𝐺𝐴𝐵 with ⌈ 1
2
𝑎(𝑄)⌉ = 𝜇′(𝐺), such

that 𝑄 has no edges contained entirely in 𝐵(𝐺) (observe that
we may assume that such a cover 𝑄 exists, since removing and
adding edges that are contained in 𝐵(𝐺) to 𝑄 does not affect
𝑎(𝑄)). Let 𝐵𝑀 be the set of all vertices of 𝐵(𝐺) that are endpoints
of paths of 𝑄 of positive length, and 𝐵′(𝐺) be the set of vertices
in 𝐵(𝐺) that are not internal vertices of paths in 𝑄 and 𝑀 be a
near-perfect matching on 𝐵𝑀 .

By Lemma 3.2, 𝐺 ∪𝑀 contains a cycle 𝐻 that covers 𝐵′(𝐺) ∪
𝐶(𝐺) and contains all the edges of𝑀 , with probability 1 − 𝑂(𝑛−2).
Assume that this is the case, and denote by 𝑃 the subgraph
obtained by taking the edges of𝐻 ⧵𝑀 along with all the edges of
paths of 𝑄 (see Figure 2). If 𝑀 is not a perfect matching on 𝐵𝑀 ,
that is, if 𝑀 leaves out a single vertex 𝑏 ∈ 𝐵𝑀 , then remove from
𝑃 the single edge in 𝑄 incident to 𝑏.

Observe that 𝑃 is a union of a cycle and paths if 𝑀 = ∅, and oth-
erwise it is a union of vertex-disjoint paths.

First assume that𝑃 contains a cycle. Then𝑄 contains at most one
path with one endpoint in 𝐴(𝐺) and one in 𝐵(𝐺), which implies
that 𝐺𝐴𝐵 does not have two components with one vertex in 𝐴(𝐺)
and one in 𝐵(𝐺). Thus, since 1(𝐺) occurs, this means that 𝐺𝐴𝐵

contains no component with two vertices in𝐴(𝐺), and no isolated
vertices. In this case, 𝑃 is either a cycle if𝐵′(𝐺) is empty or a cycle
and a path that was created by removing an edge incident to the
single vertex in 𝐵′(𝐺) that was unmatched by 𝑀 . In the first case

FIGURE 2 | The disjoint path covering 𝑃 , all of whose endpoints
(except for maybe one) lie in 𝐴(𝐺). The dotted edges represent the edges
of the matching 𝑀 , and the snaked lines are the paths of 𝑄.

𝑃 is a Hamilton cycle in 𝐺 and 𝐹 = ∅ satisfies the requirements.
In the second case, putting the removed edge back and removing
a cycle edge instead yields a Hamilton path in 𝐺, and setting 𝐹
as the singleton containing the edge between its two endpoints
satisfies the requirements.

Now assume the complement case, that is, 𝑃 is a disjoint path
covering of 𝐺. Observe that all the vertices of 𝐶(𝐺) are inter-
nal vertices in 𝑃 . Indeed, the vertices of 𝐶(𝐺) all have degree
2 in 𝐻 , and since 𝑀 does not match any vertex in 𝐶(𝐺), their
degree is 2 in 𝐻 ⧵𝑀 as well, and therefore in 𝑃 . Addition-
ally, all vertices of 𝐵(𝐺) are also internal vertices in 𝑃 . Indeed,
if 𝑣 ∈ 𝐵′(𝐺) constitutes a path of length 0 in 𝑄, or is the at
most one unmatched endpoint of a positive length path, then
it is not matched by 𝑀 , and therefore has degree 2 in 𝐻 ⧵𝑀 ,
and therefore in 𝑃 . Otherwise, if 𝑣 ∈ 𝐵′(𝐺) is matched by 𝑀 ,
then it has degree 2 in 𝑃 , since it has one neighbor in 𝐵(𝐺) ∪
𝐶(𝐺) and one neighbor in 𝐴(𝐺). The last case is 𝑣 ∈ 𝐵(𝐺) ⧵
𝐵′(𝐺), in which 𝑣 is internal in 𝑄 (and cannot have been
incident to the additional removed edge), and therefore also
internal in 𝑃 .

Now, 𝑃 is a disjoint path covering of𝐺 such that all its endpoints,
except for at most one, are endpoints of𝑄 in𝐴(𝐺) (if we removed
an additional edge from an unmatched endpoint, its neighbour in
𝑄 became an additional endpoint in 𝑃 ). It follows that the num-
ber of paths in 𝑃 is ⌈ 1

2
𝑎(𝑄)⌉ = 𝜇′(𝐺), and therefore 𝜇′(𝐺) ≥ 𝜇(𝐺),

and a set 𝐹 as desired exists. ◽

We now present the proof of the full version of the lemma. Sim-
ilarly to the proof above, we will find a disjoint path covering of
𝐺 with 𝜇′(𝐺) paths, and 𝐹 will be an edge set that connects the
endpoints of the paths in this cover. However, in order to also sat-
isfy (ii) and (iii), the path covering, and subsequently 𝐹 , will be
constructed more carefully.

Full proof of Lemma 4.2. As in the proof of (i) assume that
the event 1(𝐺) and the events listed in Lemma 3.1 all occur, and
let 𝑄 be a disjoint path cover of 𝐺𝐴𝐵 with ⌈ 1

2
𝑎(𝑄)⌉ = 𝜇′(𝐺), such

that 𝑄 has no edges contained entirely in 𝐵(𝐺).

We will construct the desired set 𝐹 in three parts; that is, we con-
struct three edge sets 𝐹0, 𝐹1, 𝐹2 such that 𝐹 ∶= 𝐹0 ∪ 𝐹1 ∪ 𝐹2 is of
size 𝜇′(𝐺) and satisfies (i)–(iii). Let 𝐾 be the set of integers in
[3, log log 𝑛] such that 𝐺𝐴𝐵 spans a tree component 𝐶𝑘 on a ver-
tex 𝑏𝑘 ∈ 𝐵(𝐺) and 𝑘 vertices {𝑎𝑘1 , 𝑎

𝑘
2 , 𝑎

𝑘
3 , . . . , 𝑎

𝑘
𝑘
} in 𝐴(𝐺) where 𝑏𝑘

is adjacent to 𝑎𝑘1 , 𝑎
𝑘
2 and 𝑎𝑘3 and 𝑎𝑘3𝑎

𝑘
4 . . . 𝑎

𝑘
𝑘

is a path.

First, we modify 𝑄 slightly and define 𝐹0. For 𝑘 ∈ 𝐾 , as 𝐶𝑘 has 3
vertices of degree 1 that lie in 𝐴(𝐺), there exist at least 2 paths in
𝑄 that cover these 3 vertices. If none of 𝑎𝑘1 and 𝑎𝑘2 corresponds to a
path in𝑄, then𝑄 contains the path 𝑎𝑘1𝑏

𝑘𝑎𝑘2 and a path of the form
𝑎𝑘
𝑗
𝑎𝑘
𝑗+1 . . . 𝑎

𝑘
𝑘
. These two paths have 4 endpoints in 𝐴(𝐺) ∩ 𝑉 (𝐶𝑘).

If exactly one of 𝑎𝑘1 and 𝑎𝑘2 corresponds to a path in 𝑄, then the
paths in 𝑄 spanned by 𝐶𝑘 have at least 2 endpoints in 𝐴(𝐺) ∩
𝑉 (𝐶𝑘), other than this vertex. The third case is that both 𝑎𝑘1 and
𝑎𝑘2 correspond to isolated paths in 𝑄. In all three cases, we may
replace the paths in𝑄 that cover𝐶𝑘 with the paths 𝑎𝑘2𝑏

𝑘𝑎𝑘3𝑎
𝑘
4 . . . 𝑎

𝑘
𝑘

and 𝑎𝑘1, as doing so does not increase the value of 𝑎(𝑄). We then
remove from 𝑄 these 2 paths and add the path 𝑎𝑘2𝑏

𝑘𝑎𝑘3𝑎
𝑘
4 . . . 𝑎

𝑘
𝑘
𝑎𝑘1.
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FIGURE 3 | Modifying the covering of 𝐶𝑘 in 𝑄 to obtain 𝑄∗, and adding {𝑎𝑘
𝑘
, 𝑎𝑘1} to 𝐹0. Adding 𝐹0 to 𝐺 will now result in a graph that contains a

𝑘-cycle.

FIGURE 4 | The set 𝐹1 (dashed), which corresponds to the matching
𝑀 (dotted). Adding 𝐹1 to the graph incorporates the paths of𝑄∗ with one
endpoint in 𝐴(𝐺) and one in 𝐵(𝐺) (snaked) into a long path that covers
𝐶(𝐺) and all the vertices in 𝐵(𝐺) that are not internal in 𝑄∗, starting at
𝑥1 and ending at 𝑥2.

We let 𝐹0 be the set of edges {𝑎𝑘
𝑘
𝑎𝑘1 ∶ 𝑘 ∈ 𝐾} (see Figure 3), and

denote by 𝑄∗ the path covering of 𝐺𝐴𝐵 ∪ 𝐹0 we obtained by the
above process.

Denote by 𝑄∗
1 the set of paths in 𝑄∗ that have one endpoint in

𝐴(𝐺) and one endpoint in 𝐵(𝐺). Additionally, if |𝑄∗
1| is odd, let

𝑣 be a vertex in 𝐵(𝐺) that constitutes a path of length 0 in 𝑄∗.
We add 𝑣 to 𝑄∗

1, and henceforward we use the convention that
the path 𝑣 has 2 endpoints, one in each of 𝐴(𝐺), 𝐵(𝐺). Here we
are using that Lemma 3.1 (iii) implies that |𝑆(𝐺)| ≥ 1 and every
component in𝑆(𝐺) is covered by two paths in𝑄∗, a path of length
2 and a path of length 0 that consists of a vertex in 𝐵(𝐺). So 𝑄∗

indeed contains a path of length 0 whose single vertex belongs to
𝐵(𝐺). Note that now |𝑄∗

1| is even. Furthermore, 1
2
𝑎(𝑄∗) + |𝐹0| =⌈ 1

2
𝑎(𝑄)⌉.

Second, denote by 𝑞∗1 the size of𝑄∗
1, and by 𝑥1, . . . , 𝑥𝑞∗1

, 𝑦1, . . . , 𝑦𝑞∗1
the set of endpoints of paths in 𝑄∗

1, so that 𝑥𝑖, 𝑦𝑖 are the two
endpoints of the same path, where 𝑥𝑖 ∈ 𝐴(𝐺) and 𝑦𝑖 ∈ 𝐵(𝐺). We
then let 𝑀 be the matching {𝑦2𝑖−1𝑦2𝑖 ∶ 1 ≤ 𝑖 ≤ 𝑞∗1∕2} and 𝐹1 the
matching {𝑥2𝑖−1𝑥2𝑖 ∶ 2 ≤ 𝑖 ≤ 𝑞∗1∕2} (see Figure 4). Furthermore,
for 2 ≤ 𝑖 ≤ 𝑞∗1∕2, we let 𝑃𝑖 be the path 𝑦2𝑖−1𝑄2𝑖−1𝑥2𝑖−1𝑥2𝑖𝑄2𝑖𝑦2𝑖−1
where 𝑄𝑗 is the path from 𝑦𝑗 to 𝑥𝑗 in 𝑄∗.

Finally, to construct 𝐹2 let𝑄∗
𝐴𝐵

be the set of paths in𝑄∗ with both
endpoints in 𝐴(𝐺). If 𝑄∗

𝐴𝐵
= ∅ then we let 𝐹2 = ∅. Else 𝑄∗

𝐴𝐵
≠ ∅

and 𝑞∗1 ≥ 2. Indeed, 𝑄∗
𝐴𝐵

≠ ∅ only if 𝐺𝐴𝐵 contains a component
that spans at least 2 vertices in 𝐴 or an isolated vertex. Thus, in
the event 1, only if 𝑞∗1 ≥ 2. In the case 𝑄∗

𝐴𝐵
≠ ∅ and 𝑞∗1 ≥ 2, we

order and orient the paths in 𝑄∗
𝐴𝐵

arbitrarily and add to 𝐹2 an
edge between the ending of every path to the starting vertex of
the next path. In addition we add to 𝐹2 the edges between 𝑦1 and
the start of the first path and 𝑦2 and the ending of the last path;
here we are using that 𝑞∗1 ≥ 2. We then let 𝑃1 be the 𝑥1 to 𝑥2 path
in 𝐺 ∪ 𝐹2 that spans all the paths in 𝑄∗

𝐴𝐵
.

Set 𝐹 = 𝐹0 ∪ 𝐹1 ∪ 𝐹2. Note that the edges in 𝐹0 are incident to the
vertices 𝑎𝑘

𝑘
, 𝑘 ∈ 𝐾 . Each such vertex lies in the interior of some

path in 𝑄∗, that is, it is not an endpoint of the corresponding
path. In addition, each of the edges in 𝐹1 ∪ 𝐹2 joins distinct end-
points of paths in𝑄∗. Thus𝐹0 is disjoint from𝐹1 ∪ 𝐹2. Thereafter,
while constructing𝐹1 ∪ 𝐹2 only edges between endpoints in𝐴(𝐺)
of paths of 𝑄∗ were added. Since 𝑞∗1 is even, 𝑎(𝑄∗) must also be
even, and so we have |𝐹1 ∪ 𝐹2| = ⌈ 1

2
𝑎(𝑄∗)⌉ = 1

2
𝑎(𝑄∗), and there-

fore indeed

|𝐹 | = |𝐹0| + |𝐹1 ∪ 𝐹2| = |𝐹0| + 1
2
𝑎(𝑄∗) = ⌈1

2
𝑎(𝑄)⌉

Now fix𝓁 ∈ {0, 1, . . . , 𝑠}. Let𝑋1, . . . , 𝑋𝓁 be components in𝑆(𝐺).
For 1 ≤ 𝑖 ≤ 𝓁, we have that 𝑋𝑖 is covered by a length 2 path in 𝑄∗

with its two endpoints in 𝐵(𝐺) and an additional path in 𝑄∗ of
length 0 whose vertex lies in 𝐵(𝐺). Denote by 𝑢(𝑋𝑖) the unique
vertex in 𝑋𝑖 ∩ 𝐴(𝐺), and by 𝑤1(𝑋𝑖), 𝑤2(𝑋𝑖) the endpoints of the
2-path spanned by𝑋𝑖 in𝑄∗. We let𝑀 ′

𝓁 be a perfect matching con-
taining 𝑀 on the set of all vertices in 𝐵(𝐺) ⧵

(⋃𝑠

𝑖=1𝑋𝑖

)
that are

endpoints of paths in 𝑄∗ of positive length, such that if 𝑣1, 𝑣2 are
the two endpoints in 𝐵(𝐺) of the same path in 𝑄∗ then {𝑣1, 𝑣2} ∈
𝑀𝓁 . Thereafter, we let 𝑀𝓁 = 𝑀 ′

𝓁 ∪
(⋃𝓁

𝑖=1
{
{𝑤1(𝑋𝑖), 𝑤2(𝑋𝑖)}

})
.

Finally, let 𝐵′(𝐺) be 𝐵(𝐺) with the vertices that are internal ver-
tices of paths in 𝑄∗ removed. By Lemma 3.2, 𝐺 ∪𝑀𝓁 contains a
cycle 𝐻 ′

𝓁 that covers 𝐵′(𝐺) ∪ 𝐶(𝐺) and contains all the edges of
𝑀𝓁 with probability 1 − 𝑂(𝑛−2). Replacing every edge 𝑦2𝑖−1𝑦2𝑖 ∈
𝑀 ⊆ 𝑀𝓁 of 𝐻 ′

𝓁 with the path 𝑃𝓁 gives a cycle 𝐻𝓁 in 𝐺 ∪ 𝐹 that
spans 𝑉 (𝐺) ⧵ {𝑢(𝑋𝓁+1), 𝑢(𝑋𝓁+2), . . . , 𝑢(𝑋𝑠)}, and thus a cycle of
length 𝑛 − (𝓁 − 𝑠) (see Figure 5). Hence 𝐺 ∪ 𝐹 spans a cycle of
length 𝑛 − (𝑠 − 𝓁) with probability 1 − 𝑂(𝑛−2) for 0 ≤ 𝓁 ≤ 𝑠. By
the union bound, this completes the proof of (i) and (ii).

Finally, since we assumed that the properties listed in Lemma 3.1
all occur, and therefore (𝐺) occurs, we have that for 𝑘 ∈
[3, log log 𝑛] either 𝐺 spans a cycle of length 𝑘 or 𝑘 ∈ 𝐾 . In the
second case we have added to 𝐹0 the edge 𝑎𝑘

𝑘
𝑎𝑘1. As a result,𝐺 ∪ 𝐹

7 of 18
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FIGURE 5 | With high probability, 𝐺 ∪ 𝐹 contains a cycle 𝐻𝓁 that
passes through all the vertices except for 𝑢(𝑋𝓁+1), 𝑢(𝑋𝓁+2), . . . , 𝑢(𝑋𝑠), and
therefore a cycle of length 𝑛 − (𝓁 − 𝑠), for all 0 ≤ 𝓁 ≤ 𝑠.

contains the cycle 𝑎𝑘1𝑏
𝑘𝑎𝑘3𝑎

𝑘
4 . . . 𝑎

𝑘
𝑘
𝑎𝑘1. This completes the proof

of (iii). ◽

Equation (1), Observation 4.1, and Lemma 4.2 imply the
following.

Corollary 4.2. Let 𝑛𝑝 ≥ 20 and 𝐺 ∼ 𝐺(𝑛, 𝑝). Then 𝜇(𝐺) =
𝜇′(𝐺) with high probability.

5 | Proof of Theorem 1

What follows is an adaptation of the proof from [10] for esti-
mating the scaling limit of the length of the longest cycle in
𝐺(𝑛, 𝑝). For the rest of this section, we let 𝐺 ∼ 𝐺(𝑛, 𝑑∕𝑛) where
20 ≤ 𝑑 ≤ 0.4 log 𝑛. To estimate 𝜇(𝐺), we first define a sequence
of random variables {𝜇𝑘(𝐺)}𝑘≥1. 𝜇𝑘(𝐺) will have the property
that |𝔼(𝜇′(𝐺) − 𝜇𝑘(𝐺))| ≤ (2𝑒𝑑)𝑘𝑒−𝑘𝑑∕4 ⋅ 𝑛 ≤ 0.8𝑘 ⋅ 𝑛. In addition,
𝔼(𝜇𝑘(𝐺)) will depend on finitely many subgraph counts of 𝐺.
The order of these subgraphs will depend on 𝑘. This enables us
to calculate 𝔼(𝜇𝑘(𝐺)) exactly, which we then use to approximate
𝔼(𝜇′(𝐺)). The quantity 𝔼(𝜇′(𝐺)) will end up being a good approx-
imation of 𝜇(𝐺).

5.1 | Definition of 𝝁𝒌

Let 
(
𝐺𝐴𝐵

)
denote the set of connected components of 𝐺𝐴𝐵 . For

𝑇 ∈ 
(
𝐺𝐴𝐵

)
let 𝑇 denote the set of all disjoint path covers of

𝑇 . For 𝑃 ∈ 𝑇 , denote by 𝜙(𝑃 ) the number of endpoints of paths
in 𝑃 that are members of 𝐴(𝐺), where, like in the definition of
𝜇(𝐺), a vertex of 𝐴(𝐺) that constitutes a path of length 0 in 𝑃

is counted twice towards 𝜙(𝑃 ). Finally, for 𝑇 ∈ 
(
𝐺𝐴𝐵

)
define

𝜙(𝑇 ) = min𝑃∈𝑇
(𝜙(𝑃 )), and for 𝑣 ∈ 𝑇 define 𝜙(𝑣) = 𝜙(𝑇 )∕|𝑇 |. If

𝑣 ∈ 𝐶(𝐺) we define 𝜙(𝑣) = 0. Evidently,

𝑎(𝐺) =
∑

𝑇∈ (𝐺𝐴𝐵 )
𝜙(𝑇 ) =

∑
𝑣∈𝑉 (𝐺)

𝜙(𝑣) (2)

In the high probability event 𝜇(𝐺) = 𝜇′(𝐺), (2) implies that 𝜇(𝐺)
can be expressed as the sum of 𝜙(𝑣) over 𝑣 ∈ 𝑉 (𝐺). By definition,
if the value of 𝜙(𝑣) is non-zero, then it can be determined by the
component of 𝐺𝐴𝐵 that contains 𝑣. Lemma 3.1 (i) states that typ-
ically most of the components of 𝐺𝐴𝐵 are small. Thus, in the case
that 𝑣 belongs to a small component of 𝐺𝐴𝐵 , one may hope to
be able to identify that component, and subsequently the value
of 𝜙(𝑣), by just looking at the ball centered at 𝑣 of radius 𝑘, for

sufficiently large 𝑘. Now considering the strong 4-core of the sub-
graph of 𝐺 induced by the vertices within distance 𝑘 is no good,
as typically, those vertices induce a tree, and every tree has an
empty strong 4-core. Instead of the 4-core of that tree, we con-
sider a similar set of vertices where we fix the vertices at distance
𝑘 (i.e., the boundary of the corresponding ball) to belong to the
“strong 4-core.” We will denote this set by 𝐶(𝑣, 𝑘). Based on the
set 𝐶(𝑣, 𝑘) we will then define 𝜙′

𝑘
(𝑣). One should think of 𝜙′

𝑘
(𝑣)

as a “guess” of 𝜙(𝑣) based on 𝑁≤𝑘

𝐺
(𝑣).

Given a vertex 𝑣 ∈ 𝑉 (𝐺) and 𝑘 ≥ 1, we set 𝐶(𝑣, 𝑘) to be the
maximal set 𝑆 ⊆ 𝑁<𝑘

𝐺
(𝑣) with the property that every vertex in

𝑆 ∪𝑁<𝑘
𝐺

(𝑣) has at least 4 neighbors in 𝑆 ∪𝑁𝑘
𝐺
(𝑣). We then let

𝐵(𝑣, 𝑘) be the set of vertices in 𝑁<𝑘
𝐺

(𝑣) ⧵ 𝐶(𝑣, 𝑘) that are adjacent
to 𝐶(𝑣, 𝑘) and 𝐴(𝑣, 𝑘) = 𝑁<𝑘

𝐺
(𝑆) ⧵ (𝐶(𝑣, 𝑘) ∪ 𝐵(𝑣, 𝑘)).

To define 𝜇𝑘, first define the function 𝜙′
𝑘
∶ 𝑉 (𝐺) → [0, 1] as fol-

lows. For 𝑣 ∈ 𝑉 (𝐺), given the sets 𝐴(𝑣, 𝑘), 𝐵(𝑣, 𝑘), and 𝐶(𝑣, 𝑘),
set 𝜙′

𝑘
(𝑣) = 0 if 𝑣 ∈ 𝐶(𝑣, 𝑘). Else let 𝑇 𝐴𝐵(𝑣, 𝑘) be the component

containing 𝑣 in the subgraph of 𝐺[𝑁<𝑘
𝐺

(𝑣)] induced by 𝐴(𝑣, 𝑘) ∪
𝐵(𝑣, 𝑘) and set 𝜙′

𝑘
(𝑣) = 𝜙(𝑇 𝐴𝐵 (𝑣,𝑘))|𝑇 𝐴𝐵 (𝑣,𝑘)| .

Thereafter we define the function 𝜙𝑘 ∶ 𝑉 (𝐺) → [0, 1] by 𝜙𝑘(𝑣) =
𝜙′
𝑘
(𝑣) if |𝑁≤𝑘

𝐺
(𝑣)| ≤ 2𝑑𝑘𝑒𝑘𝑑 and 𝜙𝑘(𝑣) = 0 otherwise for 𝑣 ∈ 𝑉 (𝐺).

Finally, we let
𝜇𝑘(𝐺) =

1
2
⋅

∑
𝑣∈𝑉 (𝐺)

𝜙𝑘(𝑣) (3)

Note that 𝜙𝑘 is a truncated version of 𝜙′
𝑘
. In particular, the two

functions are not equal only on vertices 𝑣 for which the size of
𝑁≤𝑘

𝐺
(𝑣) is significantly larger than its expected value. Thus one

may obtain 𝜇𝑘(𝐺) from 𝑎(𝐺)∕2 by replacing 𝜙(𝑣) in (2) with the
corresponding truncated guesses𝜙𝑘(𝑣), which depend on𝑁≤𝑘

𝐺
(𝑣),

for 𝑣 ∈ 𝑉 (𝐺). Recall that ⌈𝑎(𝐺)∕2⌉ = 𝜇(𝐺) with high probability
whenever 𝐺 ∼ 𝐺(𝑛, 𝑝), 𝑛𝑝 ≥ 20. Hence,

|𝜇′(𝐺) − 𝜇𝑘(𝐺)| = ||||||
⌈

1
2
⋅

∑
𝑣∈𝑉 (𝐺)

𝜙(𝑣)

⌉
− 1

2
⋅

∑
𝑣∈𝑉 (𝐺)

𝜙𝑘(𝑣)
||||||

≤ 1 +
||||||1
2
⋅

∑
𝑣∈𝑉 (𝐺)

(𝜙(𝑣) − 𝜙𝑘(𝑣))
||||||

≤ 1 + 1
2

∑
𝑣∈𝑉 (𝐺)

𝕀(𝜙𝑘(𝑣) ≠ 𝜙(𝑣))

≤ 1 +
∑

𝑣∈𝑉 (𝐺)
𝕀(𝜙𝑘(𝑣) ≠ 𝜙(𝑣))

≤ 1 + |{𝑣 ∈ 𝑉 (𝐺) ∶ 𝜙′
𝑘
(𝑣) ≠ 𝜙(𝑣)}|

+ |{𝑣 ∈ 𝑉 (𝐺) ∶ |𝑁≤𝑘

𝐺
(𝑣)| > 2𝑑𝑘𝑒𝑘𝑑}|

(4)

The second inequality above follows from the fact that both val-
ues 𝜙(𝑣), 𝜙𝑘(𝑣) belong to [0, 1] for 𝑣 ∈ 𝑉 (𝐺).

For 𝑣 ∈ 𝑉 (𝐺), denote by 𝑇 𝐴𝐵(𝑣) the component of 𝐺𝐴𝐵 contain-
ing 𝑣. In particular, if 𝑣 ∈ 𝐶(𝐺), then 𝑇 𝐴𝐵(𝑣) = ∅. In Lemma 5.1
we show that the guess 𝜙′

𝑘
(𝑣) equals 𝜙(𝑣) for every vertex 𝑣 such

that |𝑇 𝐴𝐵(𝑣)| ≤ 𝑘 − 1 (recall that Lemma 3.1 (i) states that most
of the vertices satisfy this condition). In Lemma 5.2 we combine
(4), Lemma 5.1, and Markov’s inequality to show that |𝔼(𝜇′(𝐺)) −
𝔼(𝜇𝑘(𝐺))| decays exponentially with 𝑘.
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Lemma 5.1. If |𝑇 𝐴𝐵(𝑣)| ≤ 𝑘 − 1 then 𝜙′
𝑘
(𝑣) = 𝜙(𝑣).

Proof. Let 𝑣 ∈ 𝑉 (𝐺) be such that |𝑇 𝐴𝐵(𝑣)| ≤ 𝑘 − 1. Set 𝐷∗ =
𝐶(𝐺) ∩𝑁𝑘

𝐺
(𝑣). Then by definition of𝐶(𝐺), the set𝐶(𝐺) ∩𝑁<𝑘

𝐺
(𝑣)

is the maximal subset 𝑆 of 𝑁<𝑘
𝐺

(𝑣) with the property that every
vertex in 𝑆 ∪𝑁𝐺(𝑆) has at least 4 neighbors in 𝑆 ∪𝐷∗. As 𝐷∗ ⊆

𝑁𝑘
𝐺
(𝑣), one has 𝐶(𝐺) ∩𝑁<𝑘

𝐺
(𝑣) ⊆ 𝐶(𝑣, 𝑘). It follows that if 𝑣 ∈

𝐶(𝐺) then 𝑣 ∈ 𝐶(𝑣, 𝑘) and 𝜙(𝑣) = 0 = 𝜙𝑘(𝑣).

Now assume that 𝑣 ∉ 𝐶(𝐺), equivalently that 𝑇 𝐴𝐵(𝑣) ≠ ∅ and let
𝐷 = 𝑁𝐺(𝑇 𝐴𝐵(𝑣)). As 𝑇 𝐴𝐵(𝑣) is connected, contains 𝑣, and has
size at most 𝑘 − 1, we have that 𝑇 𝐴𝐵(𝑣) ⊆ 𝑁≤𝑘−2

𝐺
(𝑣), and therefore

𝐷 ⊆ 𝑁<𝑘
𝐺

(𝑣). In addition, as 𝐷 ⊆ 𝐶(𝐺), we have that 𝐷 ⊆ 𝐶(𝑣, 𝑘).
By the definitions of 𝐶(𝐺), 𝐶(𝑣, 𝑘) we have that both of the sets
𝐶(𝐺) ∩ 𝑇 𝐴𝐵(𝑣), 𝐶(𝑣, 𝑘) ∩ 𝑇 𝐴𝐵(𝑣) are the maximal subset 𝑆 of
𝑇 𝐴𝐵(𝑣) with the property that every vertex in 𝑆 ∪𝑁𝐺[𝑇 𝐴𝐵 (𝑣)](𝑆)
has at least 4 neighbors in 𝑆 ∪𝐷. Thus, we have equalities

𝑇 𝐴𝐵(𝑣) ∩ 𝐶(𝐺) = 𝑇 𝐴𝐵(𝑣) ∩ 𝐶(𝑣, 𝑘)

𝑁𝐺(𝐷) ∩ 𝑇 𝐴𝐵(𝑣) = 𝑇 𝐴𝐵(𝑣) ∩ 𝐵(𝐺) = 𝑇 𝐴𝐵(𝑣) ∩ 𝐵(𝑣, 𝑘)

𝑇 𝐴𝐵(𝑣) ∩ 𝐴(𝐺) = 𝑇 𝐴𝐵(𝑣) ∩ 𝐴(𝑣, 𝑘)

It now follows that 𝜙(𝑣) = 𝜙𝑘(𝑣). ◽

Lemma 5.2. For 𝑘 ≥ 1, |𝔼(𝜇′(𝐺)) − 𝔼(𝜇𝑘(𝐺))| ≤ (2𝑒𝑑)𝑘
𝑒−𝑘𝑑∕4 ⋅ 𝑛.

Proof. Note that for 𝑘 ∈ ℕ+ and 𝑣 ∈ [𝑛] we have 𝔼(|𝑁𝑘
𝐺
(𝑣)|) ≤

𝑑𝑘. Therefore, 𝔼(|𝑁≤𝑘

𝐺
(𝑣)|) ≤ 2𝑑𝑘, and by Markov’s inequality

we get

ℙ
(|𝑁≤𝑘

𝐺
(𝑣)|) ≥ 2𝑑𝑘𝑒𝑑𝑘

)
≤ 𝑒−𝑑𝑘

In extension,

𝔼(|{𝑣 ∈ 𝑉 (𝐺) ∶ |𝑁≤𝑘

𝐺
(𝑣)| > 2𝑑𝑘𝑒𝑘𝑑}|) ≤ 𝑒−𝑑𝑘𝑛

To bound the expected number of |{𝑣 ∈ 𝑉 (𝐺) ∶ 𝜙′
𝑘
(𝑣) ≠ 𝜙(𝑣)}|,

recall that Lemma 5.1 implies that if 𝜙′
𝑘
(𝑣) ≠ 𝜙(𝑣), then|𝑇 𝐴𝐵(𝑣)| ≥ 𝑘. In addition, 𝑇 𝐴𝐵(𝑣) has at least |𝑇 𝐴𝐵(𝑣)|∕4 vertices

in 𝐴(𝐺). Thus, Lemma 3.1 (i) implies that

𝔼(|{𝑣 ∈ 𝑉 (𝐺) ∶ 𝜙′
𝑘
(𝑣) ≠ 𝜙(𝑣)}|) ≤ ∑

𝑖≥𝑘

(2𝑒𝑑)𝑖𝑒−(𝑖∕4)𝑑

15(𝑖∕4)𝑑
⋅ 𝑛

≤ 4 ⋅
(2𝑒𝑑)𝑘𝑒−𝑘𝑑∕4

15𝑘𝑑∕4
⋅ 𝑛

Equation (4), and the above imply that

|𝔼(𝜇′(𝐺)) − 𝔼(𝜇𝑘(𝐺))| ≤ 1 +
∑
𝑖≥𝑘

4 ⋅
(2𝑒𝑑)𝑘𝑒−𝑘𝑑∕4

15𝑘𝑑∕4
⋅ 𝑛 + 𝑒−𝑑𝑘 ⋅ 𝑛

≤ (2𝑒𝑑)𝑘𝑒−𝑘𝑑∕4 ⋅ 𝑛
◽

5.2 | The Scaling Limits of the Approximations

For 𝓁, 𝑘 ≥ 1 we let 𝑘,𝓁 be the set of pairs (𝐻, 𝑜𝐻 ) where 𝐻

is a connected graph, 𝑜𝐻 is a distinguished vertex of 𝐻 , that is
considered to be the root, every vertex in 𝑉 (𝐻) is within distance

at most 𝑘 from 𝑜𝐻 , there are at most 2𝑑𝑘𝑒𝑑𝑘 + 1 vertices in𝐻 , and
𝓁 of the vertices in 𝐻 are at distance at most 𝑘 − 1 from 𝑜𝐻 . For
(𝐻, 𝑜𝐻 ) ∈ 𝑘,𝓁 let 𝑋(𝐻,𝑜𝐻 )(𝐺) be the number of copies of (𝐻, 𝑜𝐻 )
in 𝐺. Also let 𝜙(𝐻, 𝑜𝐻 ) be equal to the value of 𝜙𝑘(𝑣) in the event
(𝐺[𝑁≤𝑘(𝑣)], 𝑣) = (𝐻, 𝑜𝐻 ). Then,

𝜇𝑘(𝐺) =
1
2
⋅

∑
𝑣∈𝑉 (𝐺)

𝜙𝑘(𝑣) =
1
2
⋅

∑
𝑣∈𝑉 (𝐺)

×
⎛⎜⎜⎝
∑
𝓁≥1

∑
(𝐻,𝑜𝐻 )∈𝑘,𝓁

𝜙(𝐻, 𝑜𝐻 )𝕀
(
(𝐺[𝑁≤𝑘(𝑣)], 𝑣) = (𝐻, 𝑜𝐻 )

)⎞⎟⎟⎠
= 1

2
⋅
∑
𝓁≥1

∑
(𝐻,𝑜𝐻 )∈𝑘,𝓁

𝜙(𝐻, 𝑜𝐻 )

×

( ∑
𝑣∈𝑉 (𝐺)

𝕀
(
(𝐺[𝑁≤𝑘(𝑣)], 𝑣) = (𝐻, 𝑜𝐻 )

))
= 1

2
⋅
∑
𝓁≥1

∑
(𝐻,𝑜𝐻 )∈𝑘,𝓁

𝜙(𝐻, 𝑜𝐻 )𝑋(𝐻,𝑜𝐻 )(𝐺)

For 𝑘 ≥ 1 we let

𝜌𝑑,𝑘 =
∑
𝓁≥1

∑
(𝐻,𝑜𝐻 )∈𝑘,𝓁 ∶
𝐻 is a tree

𝜙(𝐻, 𝑜𝐻 ) ⋅ 𝑑|𝑉 (𝐻)|−1 ⋅ 𝑒−𝑑𝓁

2 ⋅ 𝑎𝑢𝑡(𝐻, 𝑜𝐻 )

Here by 𝑎𝑢𝑡(𝐻, 𝑜𝐻 ) we denote the number of automorphisms of
𝐻 that map 𝑜𝐻 to 𝑜𝐻 . Then,

𝔼
(
𝜇𝑘(𝐺)
𝑛

)
=

∑
𝓁≥1

∑
(𝐻,𝑜𝐻 )∈𝑘,𝓁

𝜙(𝐻, 𝑜𝐻 )𝔼(𝑋(𝐻,𝑜𝐻 )(𝐺))
2𝑛

=
∑
𝓁≥1

∑
(𝐻,𝑜𝐻 )∈𝑘,𝓁

𝜙(𝐻, 𝑜𝐻 ) ⋅
(

𝑛|𝑉 (𝐻)|
)
⋅ |𝑉 (𝐻)|! ⋅ 𝑝|𝐸(𝐻)|

⋅ (1 − 𝑝)𝓁⋅(𝑛−|𝑉 (𝐻)|)+( |𝑉 (𝐻)|
2

)
−|𝐸(𝐻)|

2 ⋅ 𝑎𝑢𝑡(𝐻, 𝑜𝐻 ) ⋅ 𝑛

=
∑
𝓁≥1

∑
(𝐻,𝑜𝐻 )∈𝑘,𝓁

𝜙(𝐻, 𝑜𝐻 ) ⋅ 𝑛|𝑉 (𝐻)| ⋅ 𝑝|𝐸(𝐻)| ⋅ 𝑒−𝑑𝓁
2 ⋅ 𝑎𝑢𝑡(𝐻, 𝑜𝐻 ) ⋅ 𝑛

+ 𝑂(𝑛−0.5)

(5)

At the last equality we used that 𝔼
(
𝜇𝑘(𝐺)
𝑛

)
∈ [0, 1], and that(

𝑛|𝑉 (𝐻)|
)
⋅ |𝑉 (𝐻)|! ⋅ (1 − 𝑝)𝓁⋅(𝑛−|𝑉 (𝐻)|)+( |𝑉 (𝐻)|

2

)
−|𝐸(𝐻)|

=
|𝑉 (𝐻)|−1∏

𝑖=0

(
1 − 𝑖

𝑛

)
⋅ 𝑛|𝑉 (𝐻)| ⋅ 𝑒−(𝑝+𝑂(𝑝2))(𝓁𝑛+𝑂(1))

=
(

1 − 𝑂

(1
𝑛

))
⋅ 𝑛|𝑉 (𝐻)| ⋅ 𝑒−𝑛𝑝𝓁+𝑂(𝑛𝑝2+𝑝) = 𝑛|𝑉 (𝐻)| ⋅ 𝑒−𝑑𝓁

×
(
1 + 𝑂(𝑛−0.5)

)
For (𝐻, 𝑜𝐻 ) ∈ 𝑘,𝓁 that is not a tree, we have that,

𝜙(𝐻, 𝑜𝐻 ) ⋅ 𝑛|𝑉 (𝐻)| ⋅ 𝑝|𝐸(𝐻)| ⋅ 𝑒−𝑑𝓁
2 ⋅ 𝑎𝑢𝑡(𝐻, 𝑜𝐻 ) ⋅ 𝑛

≤
𝑛|𝑉 (𝐻)| ⋅ 𝑝|𝐸(𝐻)|

𝑛

≤
(𝑛𝑝)|𝑉 (𝐻)|

𝑛
= 𝑑|𝑉 (𝐻)|

𝑛
= 𝑂(𝑛−0.5) (6)

9 of 18

 10982418, 2025, 2, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/rsa.21286 by C

ochraneA
ustria, W

iley O
nline L

ibrary on [25/03/2025]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



At the first inequality above we used that 𝜙(𝐻, 𝑜𝐻 ) ∈ [0, 1] and
at the equality we used that |𝑉 (𝐻)| = 𝑂(1), and 𝑑 = 𝑂(log 𝑛).

Finally, as the sum in (5) is taken over finitely many pairs (𝐻, 𝑜𝐻 )
(hence it involves only finitely many pairs where 𝐻 is not a tree),
(5) and (6) give that,

𝔼
(
𝜇𝑘(𝐺)
𝑛

)
=

∑
𝓁≥1

∑
(𝐻,𝑜𝐻 )∈𝑘,𝓁∶
𝐻 is a tree

𝜙(𝐻, 𝑜𝐻 ) ⋅ 𝑛|𝑉 (𝐻)| ⋅ 𝑝|𝑉 (𝐻)−1|𝑒−𝑑𝓁
2 ⋅ 𝑎𝑢𝑡(𝐻, 𝑜𝐻 ) ⋅ 𝑛

+ 𝑂(𝑛−0.5) = 𝜌𝑑,𝑘 + 𝑂(𝑛−0.5) (7)

5.3 | The Scaling Limit of 𝝁(𝑮)

We now define the function 𝑓 ∶ [0,∞) → [0, 1] by

𝑓 (𝑑) =

{
𝜌𝑑,1 +

∑
𝑖≥1

(𝜌𝑑,𝑖+1 − 𝜌𝑑,𝑖) for 𝑑 ≥ 20

𝜌20,1 +
∑

𝑖≥1
(𝜌20,𝑖+1 − 𝜌20,𝑖) for 0 ≤ 𝑑 < 20

Lemma 5.3. With high probability, for all 𝑘 ≥ 1

|𝜇(𝐺) − 𝑓 (𝑑) ⋅ 𝑛| ≤ 3𝑛 ⋅ 0.8𝑘 + 𝑂(𝑛0.5) (8)

In the proof of Lemma 5.3 we use Lemma 5.4. Its proof is located
in Appendix A.

Lemma 5.4. |𝜇′(𝐺) − 𝔼(𝜇′(𝐺))| ≤ 𝑛0.51 with high probability.

Proof of Lemma 5.3. Lemma 5.2 and (7) imply that for 1 ≤

𝑘1 < 𝑘2,

𝑛|𝜌𝑑,𝑘1
− 𝜌𝑑,𝑘2

| ≤ |𝑛𝜌𝑑,𝑘1
− 𝔼(𝜇𝑘1

(𝐺))| + |𝔼(𝜇𝑘1
(𝐺)) − 𝔼(𝜇′(𝐺))|

+ |𝔼(𝜇′(𝐺)) − 𝔼(𝜇𝑘2
(𝐺))| + |𝔼(𝜇𝑘2

(𝐺)) − 𝜌𝑑,𝑘2
|

≤ 𝑂(𝑛0.5) + ((2𝑒𝑑)𝑘1𝑒−𝑘1𝑑∕4 ⋅ 𝑛 + 𝑂(𝑛0.5))

+ ((2𝑒𝑑)𝑘2𝑒−𝑘2𝑑∕4 ⋅ 𝑛 + 𝑂(𝑛0.5)) + 𝑂(𝑛0.5)

≤ 2 ⋅ (2𝑒𝑑)𝑘1𝑒−𝑘1𝑑∕4 ⋅ 𝑛 + 𝑂(𝑛0.5)

Thus, for 1 ≤ 𝑘1 < 𝑘2,

|𝜌𝑑,𝑘1
− 𝜌𝑑,𝑘2

| ≤ 2 ⋅ (2𝑒𝑑)𝑘1𝑒−𝑘1𝑑∕4 (9)

It follows that the sum in the definition of 𝑓 (𝑑), and in extension
𝑓 (𝑑), is well defined for all𝑑 ≥ 0. In addition, as 𝜌𝑑,𝑘 is continuous
in 𝑑, we have that 𝑓 is continuous. Also note that for 𝑘 ≥ 1 and
𝑑 ≥ 20,

𝑓 (𝑑) = 𝜌𝑑,1 +
∑
𝑖≥1

(𝜌𝑑,𝑖+1 − 𝜌𝑑,𝑖) = 𝜌𝑑,𝑘 +
∑
𝑖≥𝑘+1

(𝜌𝑑,𝑖+1 − 𝜌𝑑,𝑖)

Thus, we have that for all 𝑘 ≥ 1,

|𝔼(𝜇′(𝐺)) − 𝑓 (𝑑) ⋅ 𝑛|
=

|||||𝔼(𝜇′(𝐺)) − 𝑛 ⋅ 𝜌𝑑,𝑘 − 𝑛 ⋅
∑
𝑖≥𝑘+1

(𝜌𝑑,𝑖+1 − 𝜌𝑑,𝑖)
|||||

≤ |𝔼(𝜇′(𝐺)) − 𝔼(𝜇𝑘(𝐺))| + |𝔼(𝜇𝑘(𝐺)) − 𝑛 ⋅ 𝜌𝑑,𝑘|

+ 𝑛 ⋅
|||||
∑
𝑖≥𝑘

(𝜌𝑑,𝑖+1 − 𝜌𝑑,𝑖)
|||||

≤ 𝑛 ⋅ (2𝑒𝑑)𝑘𝑒−𝑘𝑑∕4 + 𝑂(𝑛0.5) + 𝑛 ⋅
∑
𝑖≥𝑘

2 ⋅ (2𝑒𝑑)𝑘𝑒−𝑘𝑑∕4

≤ 3𝑛 ⋅ (2𝑒𝑑)𝑘𝑒−𝑘𝑑∕4 + 𝑂(𝑛0.5) (10)

At the penultimate inequality we used Lemma 5.2, (7), and (9).
Equation (10) and Lemma 5.4 imply that, for all 𝑘 ≥ 1, with high
probability

|𝜇′(𝐺) − 𝑓 (𝑑) ⋅ 𝑛| ≤ 3𝑛 ⋅ (2𝑒𝑑)𝑘𝑒−𝑘𝑑∕4 + 𝑂(𝑛0.5)

≤ 3𝑛 ⋅ 0.8𝑘 + 𝑂(𝑛0.5)

Equation (8) follows from the inequality above and Corollary 4.2.

5.4 | Approximating the Scaling Limit of 𝝁(𝑮)

We now proceed with approximating 𝑓 (𝑑) up to accuracy
𝑂
(
𝑑15𝑒−4𝑑). In order to approximate 𝑓 (𝑑) we use Lemma 5.5,

which is stated shortly and proved at the end of this section.
For a graph 𝐺 and 𝑇 a connected component in 𝐺𝐴𝐵 , denote
𝐴(𝑇 ) ∶= 𝐴(𝐺) ∩ 𝑉 (𝑇 ) and 𝐵(𝑇 ) ∶= 𝐵(𝐺) ∩ 𝑉 (𝑇 ), and denote by
𝑛𝑖(𝑇 ) the number of vertices in 𝐴(𝑇 ) that have degree 𝑖.

A 3-prespider of a graph 𝐹 is a tree subgraph of 𝐹 whose edge
set consists of the edges incident to 3 vertices of degree at most
2 in 𝐹 with a common neighbor. There are 4 non-isomorphic
3-prespiders (see Figure 6).

We also let 𝑠′3(𝐺) and 𝑠′3(𝑇 ) be the number of 3-prespiders
spanned by 𝐺, 𝑇 respectively. Finally, let 𝑎(𝑇 ) be the number
of endpoints in 𝐴(𝑇 ) of paths in a cover 𝑄 with 𝑎(𝑄) = 𝑎(𝐺)
(observe that 𝑎(𝑇 ) does not depend on the choice of 𝑄, as long
as 𝑎(𝑄) = 𝑎(𝐺)).

Lemma 5.5. If 𝑇 is a tree connected component 𝐺𝐴𝐵 , with|𝐴(𝑇 )| ≤ 3, then 𝑎(𝑇 ) = 2𝑛0(𝑇 ) + 𝑛1(𝑇 ) + 𝑠′3(𝑇 ).

The main lemma of this subsection is the following.

Lemma 5.6. Let 𝑑 = 𝑑(𝑛) be such that 20 ≤ 𝑑 ≤ 0.4 log 𝑛.
Then,

𝑓 (𝑑) = 1
2
𝑑𝑒−𝑑 + 𝑒−𝑑 +

( 1
12
𝑑6 + 1

4
𝑑5 + 1

4
𝑑4 + 1

12
𝑑3

)
⋅ 𝑒−3𝑑

+ 𝑂𝑑

(
𝑑15𝑒−4𝑑)

FIGURE 6 | The 4 non-isomorphic 3-prespiders and the respective
leading terms of the expected number of their appearances. Here, the ver-
tices above the line belong to 𝐴(𝐺), and have no neighbors in 𝐺 outside
the 3-prespider, while the vertices below the line may belong to either
𝐵(𝐺) or 𝐴(𝐺) and may have more neighbors.
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Proof. Let  ′ ⊆ 
(
𝐺𝐴𝐵

)
be the set of tree components𝑇 of𝐺𝐴𝐵

with at most 3 vertices in𝐴. Let  be a set of vertex-disjoint paths
that cover 𝐺𝐴𝐵 such that (i) each component 𝑇 ∈  ′ is covered
by paths with 𝑎(𝑇 ) endpoints in 𝐴(𝑇 ) in total and (ii) the rest of
the components are covered by paths arbitrarily. Let 𝑎() be the
total number of endpoints of paths in  that belong to 𝐴(𝐺). By
the definition of 𝜇′(𝐺) we have that 2 ⋅ 𝔼(𝜇′(𝐺)) ≤ 𝔼(𝑎()) + 1.
In addition, note that for every component 𝐶 of 𝐺𝐴𝐵 with 𝐶 ∩
𝐴(𝐺) = 𝑖, the number of endpoints of paths in  that belong to
𝐶 ∩ 𝐴(𝐺) is at most 2𝑖. Thus,

𝔼(2𝜇′(𝐺)) − 𝔼(2𝑛0(𝐺) + 𝑛1(𝐺) + 𝑠′3(𝐺))

≤ 𝔼(𝑎()) + 1 − 𝔼

( ∑
𝑇∈ ′∶|𝐴(𝑇 )|≤3

2𝑛0(𝑇 ) + 𝑛1(𝑇 ) + 𝑠′3(𝑇 )

)
≤ 1 + 30 ⋅ 𝑑12 +

∑
𝑖≥4

𝔼(2𝑖 ⋅ 𝑌𝑖) ≤ 1 + 30 ⋅ 𝑑12 +
∑
𝑖≥4

𝑖3𝔼(𝑌𝑖) (11)

where 𝑌𝑖 is the number of components of 𝐺𝐴𝐵 with 𝑖 ver-
tices in 𝐴. The 30𝑑12 term in (11) is a crude upper bound
on the expected number of endpoints of paths in  that
are spanned by cyclic components of 𝐺𝐴𝐵 with at most 3
vertices in 𝐴(𝐺), hence with at most 12 vertices in total.
For the last inequality in (11) we used that Lemma 5.5
implies that 𝔼

(∑
𝑇∈ ′∶|𝐴(𝑇 )|≤3 2𝑛0(𝑇 ) + 𝑛1(𝑇 ) + 𝑠′3(𝑇 )

)
=

𝔼
(∑

𝑇∈ ′∶|𝐴(𝑇 )|≤3 𝑎(𝑇 )
)
.

On the other hand, Lemma 5.5 implies that 2𝜇′(𝐺) − (2𝑛0(𝐺) +
𝑛1(𝐺) + 𝑠′3(𝐺)) is lower bounded by minus the sum of 2𝑛0(𝑇 ) +
𝑛1(𝑇 ) + 𝑠′3(𝑇 ) over components 𝑇 ∈ 

(
𝐺𝐴𝐵

)
such that either|𝐴(𝑇 )| ≥ 4 or𝐴(𝑇 ) ≤ 3 (hence 𝑇 spans at most 12 vertices) and 𝑇

spans a cycle. 𝑋𝑖 is the number of components 𝑇 with |𝐴(𝑇 )| =
𝑖. For 𝑖 ≥ 4, each such component spans at most 𝑖 vertices of
degree 1, 0 vertices of degree 0, and at most

(
𝑖

3

)
3-prespiders

(each 3-prespider is uniquely determined by the 3 vertices with
the common neighbor that it spans; each such vertex belongs to
𝐴(𝐺)). Thus,

𝔼(2𝜇′(𝐺)) − 𝔼(2𝑛0(𝐺) + 𝑛1(𝐺) + 𝑠′3(𝐺))

≥ −𝔼

(∑
𝑖≥4

(
𝑖 +

(
𝑖

3

))
⋅ 𝑌𝑖

)
− 30𝑑12

≥ −1 − 30𝑑12 −
∑
𝑖≥4

𝑖3𝔼(𝑌𝑖) (12)

Lemma 3.1 (i) implies that 𝔼(𝑌𝑖) ≤ max
{

(2𝑒𝑑)4𝑖𝑒−𝑖𝑑

15𝑖𝑑
⋅ 𝑛, 𝑛−3

}
for

every 1 ≤ 𝑖 ≤ 𝑛. Thus, (11) and (12) give that

|2𝔼(𝜇′(𝐺)) − 𝔼(2𝑛0(𝐺) + 𝑛1(𝐺) + 𝑠′3(𝐺))|
≤

∑
𝑖≥4

𝑖3𝔼(𝑌𝑖) + 1 + 30𝑑12 ≤
∑
𝑖≥4

𝑖3
(2𝑒𝑑)4𝑖𝑒−𝑖𝑑

15𝑖𝑑
𝑛 + 1 + 30𝑑12

≤
16(2𝑒)4𝑑15𝑒−4𝑑

15
⋅ 𝑛 ⋅

∑
𝑖≥4

𝑖2

16
(
(2𝑒𝑑)4𝑒−𝑑

)𝑖−4 + 1 + 30𝑑12

= 𝑂𝑑(𝑑15𝑒−4𝑑) ⋅ 𝑛

A 3-prespider corresponds to a connected subgraph of a 3-spider
that spans a vertex of degree 3, thus there are exactly 4
non-isomorphic 3-prespiders (see Figure 6). By calculating the

expected number of appearances of each such 3-prespider in
𝐺(𝑛, 𝑝), it follows that

𝔼(2𝑛0(𝐺) + 𝑛1(𝐺) + 𝑠′3(𝐺))

=
(

2𝑒−𝑑 + 𝑑𝑒−𝑑 +
(
𝑑3

3!
+ 3𝑑4

3!
+ 3𝑑5

3!
+ 𝑑6

3!

)
𝑒−3𝑑

)
𝑛 + 𝑂(𝑛0.5)

The above and (10) (taking 𝑘 = 20) imply that

𝑓 (𝑑) = 𝑒−𝑑 + 1
2
𝑑𝑒−𝑑 +

(
𝑑3

12
+ 𝑑4

4
+ 𝑑5

4
+ 𝑑6

12

)
𝑒−3𝑑

+ 𝑂𝑑(𝑑15𝑒−4𝑑)
◽

Proof of Lemma 5.5. First, assume that |𝐴(𝑇 )| = 1, and let
𝑣 be the unique vertex in 𝐴(𝑇 ). Then taking min{𝑑(𝑣), 2} arbi-
trary edges adjacent to 𝑣, and covering all uncovered vertices
with paths of length 0, results in a disjoint path cover in which
𝑣 is an endpoint if and only if 𝑑(𝑣) < 2. Since 𝐴(𝑇 ) = {𝑣},
this means that in particular 𝑎(𝑇 ) = 2𝑛0(𝑇 ) + 𝑛1(𝑇 ) = 2𝑛0(𝑇 ) +
𝑛1(𝑇 ) + 𝑠′3(𝑇 ).

Now assume that |𝐴(𝑇 )| = 2 and let 𝐴(𝑇 ) = {𝑢, 𝑣}. Then there
exists a 𝑢-𝑣 path 𝑃 spanned by 𝑇 . For 𝑤 ∈ {𝑢, 𝑣}, if 𝑤 has degree
at least 2, then extend 𝑃 by adding to it a second edge adjacent to
𝑤. Since 𝑇 is acyclic, this gives a path 𝑃 ′ with 𝑛1(𝑇 ) endpoints in
𝐴. As 𝑛1(𝑇 ) is a lower bound on 𝑎(𝑇 ), we have that 𝑎(𝑇 ) = 𝑛1(𝑇 ) =
2𝑛0(𝑇 ) + 𝑛1(𝑇 ) + 𝑠′3(𝑇 ).

Finally, consider the case |𝐴(𝑇 )| = 3 and let𝐴(𝑇 ) = {𝑤1, 𝑤2, 𝑤3}.
Let 𝑃1 be a 𝑤1-𝑤2 path spanned by 𝑇 and 𝑃2 be a shortest path
from 𝑤3 to a vertex 𝑤 ∈ 𝑉 (𝑃1). As 𝑇 is acyclic, 𝑃2 is well defined.
If𝑤 ∈ {𝑤1, 𝑤2}, then concatenating the two paths gives a path𝑃 ′

that covers𝐴(𝑇 ) and has endpoints in𝐴(𝑇 ) (see Figure 7 case (a)).
Similar to the case |𝐴(𝑇 )| = 2 this implies that 𝑎(𝑇 ) = 𝑛1(𝑇 ) =
2𝑛0(𝑇 ) + 𝑛1(𝑇 ) + 𝑠3(𝑇 ). Otherwise,𝑤 ∉ {𝑤1, 𝑤2} and there exists
a path 𝑅𝑖 from 𝑤𝑖 to 𝑤 spanned by 𝑇 for 𝑖 = 1, 2, 3. First, assume
that there exists 𝑢 ∈ 𝐴(𝑇 ) such that either 𝑢 is not adjacent to
𝑤 or 𝑑𝑇 (𝑢) ≥ 3. Then 𝑢 has at least min{𝑑(𝑢), 2} neighbors in
𝑉 (𝑇 ) ⧵ (𝐴(𝑇 ) ∪ {𝑤}). Without loss of generality, assume that 𝑢 =
𝑤1. Then by starting with the paths 𝑅 = 𝑤2𝑅2𝑤𝑅3𝑤3 and 𝑤1,
augmenting 𝑅 as in the case |𝐴(𝑇 )| = 2 and connecting 𝑤1 to
min{𝑑(𝑢), 2} neighbours of it not in 𝑉 (𝑇 ) ⧵ (𝐴(𝑇 ) ∪ {𝑤}) once
again we have that 𝑎(𝑇 ) = 𝑛1(𝑇 ) = 2𝑛0(𝑇 ) + 𝑛1(𝑇 ) + 𝑠′3(𝑇 ) (see
Figure 7 case (b)).

This leaves the case where 𝐴(𝑇 ) = {𝑤1, 𝑤2, 𝑤3}, the vertices
𝑤1, 𝑤2, 𝑤3 have degree at most 2 and a common neighbor 𝑤,
which means that 𝑇 spans a 3-prespider of𝐺. In any disjoint path
covering  of 𝑇 , the vertex 𝑤 is covered by a single path, and

FIGURE 7 | An illustration of the three cases of an acyclic compo-
nent 𝑇 in 𝐺𝐴𝐵 with |𝐴(𝑇 )| = 3, and a covering of them (non-dotted) that
demonstrates the equality 𝑎(𝑇 ) = 2𝑛0(𝑇 ) + 𝑛1(𝑇 ) + 𝑠′3(𝑇 ).

11 of 18

 10982418, 2025, 2, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/rsa.21286 by C

ochraneA
ustria, W

iley O
nline L

ibrary on [25/03/2025]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



therefore at least 1 of the edges𝑤𝑤1, 𝑤𝑤2, 𝑤𝑤3 is not spanned by
some path. Therefore  spans at most 𝑑(𝑤1) + 𝑑(𝑤2) + 𝑑(𝑤3) − 1
edges incident to 𝐴(𝑇 ). As 𝑇 is acyclic and 𝑤1, 𝑤2, 𝑤3 are adja-
cent to 𝑤, we have that 𝐴(𝑇 ) does not span an edge of 𝑇 . Thus,
 has at least 6 − (𝑑(𝑤1) + 𝑑(𝑤2) + 𝑑(𝑤3) − 1) = 𝑛1(𝑇 ) + 1 end-
points in 𝐴(𝑇 ). On the other hand, by greedily extending the
paths 𝑤1𝑤𝑤2 and 𝑤3 into vertex-disjoint paths, we may con-
struct a disjoint path covering of 𝑇 with 6 − (𝑑(𝑤1) + 𝑑(𝑤2) +
𝑑(𝑤3) − 1) = 𝑛1(𝑇 ) + 1 endpoints in𝐴(𝑇 ). Hence, 𝑎(𝑇 ) = 𝑛1(𝑇 ) +
1 = 2𝑛0(𝑇 ) + 𝑛1(𝑇 ) + 𝑠′3(𝑇 ) (see Figure 7 case (c)).

5.5 | Proof of Theorem 1

Let 𝑓 ∶ [0,∞) → [0, 1] be as defined in Section 5.3. Then
Lemma 5.3 implies that 𝜇(𝐺) = 𝑓 (𝑑) ⋅ 𝑛 + 𝑂(𝑛0.5) with high prob-
ability, and Lemma 5.6 gives the first terms of 𝑓 (𝑑), from
which also follows that 𝑓 (𝑑) ⋅ 𝑛 = 𝜔(𝑛0.55) for 𝑑 ≤ 0.4 log 𝑛. Hence
𝜇(𝐺) = (1 + 𝑜(1)) ⋅ 𝑓 (𝑑) ⋅ 𝑛 with high probability for 20 ≤ 𝑑 ≤

0.4 log 𝑛, as we set out to prove. ◽

6 | Proof of Theorems 3 and 4

Theorem 3 follows directly from Lemma 4.2 and auxiliary results.

Proof of Theorem 3. First, note that Theorem 3 in the regime
𝑛𝑝 ≥ log 𝑛 + 1.1 log log 𝑛 follows from Theorem 6. For the rest of
the proof, we consider the regime 20 ≤ 𝑛𝑝 ≤ log 𝑛 + 1.1 log log 𝑛.

Letting 𝑑 = 𝑛𝑝, by Theorem 5 (for 𝑛𝑝 = 𝑂(1)) and Theorem 7
(for 𝑛𝑝 → ∞), with high probability we already have[
log log 𝑛, (1 − 0.04𝑑3𝑒−𝑑) ⋅ 𝑛

]
⊆ (𝐺), so it remains to con-

struct a set 𝐹 such that 𝐺 ∪ 𝐹 spans cycles with length shorter
than log log 𝑛 or longer than (1 − 0.04𝑑3𝑒−𝑑) ⋅ 𝑛. Let 𝑠 = |𝑆(𝐺)|.
By Lemma 3.1 (iii) we have 𝑠 ≥ 0.05𝑑3𝑒−𝑑𝑛.

Assume that the set 𝐹 from Lemma 4.2 exists, an event that
occurs with high probability, and recall that |𝐹 | = 𝜇(𝐺). In
this case we also have [3, log log 𝑛] ∪ [(1 − 0.05𝑑3𝑒−𝑑) ⋅ 𝑛, 𝑛] ⊆
(𝐺 ∪ 𝐹 ). Overall (𝐺 ∪ 𝐹 ) = [3, 𝑛], and therefore 𝜇̂(𝐺) ≤ |𝐹 | =
𝜇(𝐺). Since 𝜇(𝐺) ≤ 𝜇̂(𝐺) for every graph, this implies Theorem 3.

Theorem 4 follows similarly, with some additions addressing
computational complexity.

Proof of Theorem 4. With high probability, the set 𝐹 from
Lemma 4.2 exists. As shown in the proof of Theorem 3, if𝐹 exists,
then, with high probability, it has size 𝜇(𝐺), and it completes 𝐺
to pancyclicity. It therefore remains to show that there is a poly-
nomial time algorithm that calculates 𝐹 with high probability if
it exists (and calculates a possibly meaningless set, otherwise).

To prove this we will use Lemma 6.1, stated below.

Lemma 6.1. Let 𝑇 be an acyclic graph whose vertices are col-
ored blue or red. Let 𝑓 (𝑇 ) be the minimum integer such that there
exists a disjoint path cover of 𝑇 with 𝑓 (𝑇 ) red endpoints. Then,
𝑓 (𝑇 ), along with a corresponding set of paths, can be computed in
polynomial time.

Proof. Given 𝑇 , let 𝐴 and 𝐵 be the red and blue vertices of 𝑇 ,
respectively. For 𝑘 ≥ 0 we construct the auxiliary graph 𝑇𝑘, start-
ing from 𝑇 , by adding two sets of vertices 𝐻 = {ℎ1, ℎ2, . . . , ℎ𝑘}
and 𝐽 = {𝑗1, 𝑗2, 𝑗3}, along with the following edges. We add all
the edges spanned by 𝐻 ∪ 𝐽 ∪ 𝐵 and all the edges from 𝐻 to 𝐴.
Now observe that if 𝑓 (𝑇 ) ∈ {2𝑘 − 1, 2𝑘}, then 𝑇𝑘 has a 2-factor,
that is, a spanning 2-regular graph.

Indeed, let {𝑃1, . . . 𝑃𝓁} be a disjoint path cover of 𝑇 with at most
2𝑘 endpoints in 𝐴𝑠. Starting from the set {𝑃1, . . . , 𝑃𝓁}, iteratively
connect a pair of paths, each having an endpoint in𝐵, via an edge
between an endpoint in 𝐵 of each path. This is possible since
𝐵 is a clique in 𝑇𝑘. This results in a set of vertex-disjoint paths
{𝑃 ′

1 , . . . 𝑃
′
𝓁′ } in 𝑇𝑘, whose vertex set is 𝐴 ∪ 𝐵, such that the paths

have at most 2𝑘 endpoints in 𝐴 in total, and at most one of the
paths has endpoints in 𝐵, say the path 𝑃𝓁′ .

If 𝑃𝓁′ has at most one endpoint in 𝐵, then by counting the
endpoints in 𝐴, we have that 𝓁′ = 𝑘. Otherwise, 𝑃𝓁′ has two
endpoints in 𝐵 and 𝓁′ = 𝑘 + 1. In both cases let 𝐶 be the
cycle ℎ1𝑃

′
1ℎ2𝑃

′
2 · · ·ℎ𝑘𝑃

′
𝑘
. If 𝓁′ = 𝑘 + 1, then let 𝐶 ′ be the cycle

𝑗1𝑗2𝑗3𝑃
′
𝑘+1, else let 𝐶 ′ be the cycle 𝑗1𝑗2𝑗3 (recall 𝐵 ∪ 𝐽 is a clique

in 𝑇𝑘). In both cases the union of 𝐶 and 𝐶 ′ is a 2-factor of 𝑇𝑘.

On the other hand, if 𝑇𝑘 has a 2-factor 𝑃 , then by removing from
𝐸(𝑃 ) all the edges that are either spanned by 𝐵 ∪ 𝐽 ∪𝐻 or are
from 𝐻 to 𝐴, we get a subgraph 𝐹 of 𝑇 of maximum degree 2.
Since 𝑇 is acyclic, 𝐹 corresponds to a disjoint path cover of 𝑇 .
The endpoints of paths in 𝐹 either lie in 𝐵 or are incident to a
removed edge from 𝐻 to 𝐴. As there are at most 2|𝐻| = 2𝑘 edges
of the second kind, we have that 𝐹 has at most 2𝑘 endpoints in𝐴.

Let 𝑟(𝑇 ) be the minimum 𝑘 such that 𝑇𝑘 has a 2-factor. From
the above it follows that if 𝑇 is acyclic, then ⌈ 1

2
𝑓 (𝑇 )⌉ = 𝑟(𝑇 ), so

we have that 𝑓 (𝑇 ) ∈ {2𝑟(𝑇 ), 2𝑟(𝑇 ) − 1}. To determine 𝑓 (𝑇 ) let 𝑇 ′

be the graph obtained from 𝑇 by adding to it an edge compo-
nent with a red and a blue endpoint. If 𝑟(𝑇 ) = 𝑟(𝑇 ′) then 𝑓 (𝑇 ) =
2𝑟(𝑇 ) − 1, and otherwise 𝑓 (𝑇 ) = 2𝑟(𝑇 ). In each of the cases, as
seen earlier, a disjoint path cover with 𝑓 (𝑇 ) endpoints in 𝐴 can
be derived from a 2-factor of an auxiliary graph. Determining
whether a graph 𝐻 has a 2-factor, and finding one in the case
that it has, can be done in polynomial time in the number of ver-
tices of 𝐻 (see the sole lemma of [14]). This gives a polynomial
time algorithm that computes 𝑓 (𝑇 ), along with a corresponding
set of paths. ◽

In order to now compute 𝐹 , first compute the partition
𝐴(𝐺), 𝐵(𝐺), 𝐶(𝐺). This is done in polynomial time, as there are at
most 2𝑛 steps to the colouring process (see Section 3), and in each
step we consider each vertex at most once. From 𝐴(𝐺), 𝐵(𝐺), the
connected components of 𝐺𝐴𝐵 can now be computed in polyno-
mial time. If one such component contains more than log log 𝑛
vertices and a cycle, return 𝐹 = ∅. By Lemma 3.1 (ii), this occurs
with probability 𝑜(1). We continue under the assumption that no
such component exists in the input graph.

From here, we follow the process of building 𝐹 in the proof of
Lemma 4.2. First, by Lemma 6.1, a minimum size path cover-
ing of 𝑇 can be found in polynomial time for every tree com-
ponent 𝑇 ∈  (𝐺𝐴𝐵), where the colouring on the vertices of 𝑇 is
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determined by colouring the vertices in𝐴(𝐺) ∩ 𝑇 red and the rest
of the vertices blue. For the non-tree component, since we are
assuming they all have at most log log 𝑛 vertices, a minimum size
covering can be found by examining all the subsets of 𝐸(𝑇 ) in

𝑂(2
(

log log 𝑛
2

)
) time.

With this we have a path covering 𝑄 of 𝐺𝐴𝐵 with ⌈ 1
2
𝑎(𝑄)⌉ =

𝜇′(𝐺), the same as the covering in the proof of Lemma 4.2. The
last remaining part is calculating the sets 𝐹0, 𝐹1, 𝐹2, the union
of which is 𝐹 , but, following their construction in the proof of
Lemma 4.2, they are calculated directly (and in at most linear
time) from 𝑄.

Remark 6.1. The algorithm in the proof of the above lemma
finds a disjoint path cover 𝑄 of 𝐺𝐴𝐵 that minimizes 𝑎(𝑄), that
is, 𝑎(𝑄) = 𝑎(𝐺), in polynomial time with high probability. This
results in the lower bound ⌈ 1

2
𝑎(𝐺)⌉ of 𝜇(𝐺). Recall that the two

quantities are equal with high probability. One may go one step
further and utilize the arguments in the proofs of Lemmas 3.2 and
4.2 (the first is based on Pósa rotations) to derive an algorithm
that finds a disjoint path cover 𝑃 of 𝐺 of size ⌈ 1

2
𝑎(𝐺)⌉ with high

probability. This algorithm can be used to certify the equality. As
the proof of Lemma 3.2 is not in the scope of this article, we omit
further details.

7 | Proof of Theorem 2

For the purpose of proving Theorem 2, we may assume that
𝑔(𝑛) = 𝑂(log log log 𝑛).

7.1 | Theorem 2 for 𝒕 < 10𝒏

It is well known that𝐺𝑔(𝑛)−1⋅𝑛2∕3 and𝐺𝑔(𝑛)⋅𝑛2∕3 consist of tree compo-
nents with at most 3 and 4 respectively, vertices with high proba-
bility. In addition, 𝐺𝑔(𝑛)⋅𝑛2∕3 has 𝜔(1) stars with 3 leaves, that is,
𝐾1,3’s with high probability (for reference, see for example [9]
§ 2.1). Thus the number of 𝐾1,3 components in 𝐺𝑡 is 0 for 𝑡 =
𝑔(𝑛)−1 ⋅ 𝑛2∕3, increasing for 𝑔(𝑛)−1 ⋅ 𝑛2∕3 ≤ 𝑡 ≤ 𝑔(𝑛) ⋅ 𝑛2∕3, and𝜔(1)
for 𝑡 = 𝑔(𝑛) ⋅ 𝑛2∕3 with high probability. As 𝜇(𝑇 ) = 𝑛0(𝑇 ) +

1
2
𝑛1(𝑇 )

for every tree 𝑇 on one to four vertices other than the 3-star 𝐾1,3,
and 𝜇(𝐾1,3) = 2 = 𝑛0(𝐾1,3) +

1
2
(𝑛1(𝐾1,3) + 1), parts (i) and (ii) of

Theorem 3 follow. In addition, one can show that a constant por-
tion of the 𝐾1,3 components of 𝐺𝑔(𝑛)⋅𝑛2∕3 are also 𝐾1,3 components
of 𝐺𝑡 with high probability. Thus the graph 𝐺𝑡 spans 𝜔(1) many
𝐾1,3-components, for every 𝑔(𝑛) ⋅ 𝑛2∕3 ≤ 𝑡 ≤ 10𝑛 with high prob-
ability. As 𝜇(𝐾1,3) > 𝑛0(𝐾1,3) +

1
2
𝑛1(𝐾1,3), this implies (iii) for the

range 𝑔(𝑛) ⋅ 𝑛2∕3 ≤ 𝑡 ≤ 10𝑛.

7.2 | Theorem 2 for 𝒕 ≥ 10𝒏

For the rest of this section, we utilize the definitions
of 𝐴(𝐺), 𝐵(𝐺), 𝐶(𝐺), 𝑆(𝐺) introduced in Section 3, and
for a connected component 𝑇 in 𝐺𝐴𝐵 , the definitions of
𝐴(𝑇 ), 𝐵(𝑇 ), 𝑛𝑖(𝑇 ), 𝑎(𝑇 ), 𝑠′3(𝑇 ) introduced in Section 5.4. Recall
that we denote by 𝑠3(𝐺) the number of 3-spiders of 𝐺. We further
denote by 𝑠3(𝑇 ) the number of 3-spiders of 𝐺 whose edge set is
spanned by 𝑇 .

Observe that if 𝑋 is a 3-spider in 𝐺, then 𝑋 is part of a com-
ponent 𝑇 in 𝐺𝐴𝐵 such that the three degree 2 vertices of 𝑋
belong to 𝐴(𝑇 ), and any disjoint path covering of 𝑇 leaves at
least one of the degree 2 vertices of 𝑋 as an endpoint of a path.
This means that if 𝑠3(𝐺) ≥ 𝑖 then one has𝜇(𝐺) ≥ 𝜇′(𝐺) ≥ 𝑛0(𝐺) +⌈ 1

2
(𝑛1(𝐺) + 𝑖)⌉ since, in this case, in every disjoint path cover-

ing of 𝐺𝐴𝐵 there are at least 𝑖 degree 2 vertices in 𝐴(𝐺) that
are endpoints of paths. Denoting by 𝑡𝑖 the minimum 𝑡 such that
𝑡 ≥ 10𝑛 and 𝑠3(𝐺𝑡) < 𝑖, this already proves part (iii) of the theorem
for the range 𝑡 ≥ 10𝑛, given that 𝑡𝑖 is indeed shown to be larger
than 𝑛 ⋅

(
1
6

log 𝑛 + log log 𝑛 − 𝑔(𝑛)
)

with high probability for
every 𝑖 ∈ ℕ+.

In order to prove parts (iv) and (v) of the theorem, we begin by
proving versions of Lemmas 4.1 and 4.2 in the setting of a random
graph process.

Lemma 7.1. Let {𝐺𝑡}
(
𝑛

2

)
𝑡=0 be a random graph process on [𝑛].

Then with high probability the event 1(𝐺𝑡) occurs for all 1
6
𝑛 log 𝑛 ≤

𝑡 ≤
3
5
𝑛 log 𝑛.

A proof of Lemma 7.1 is found in Appendix C.

Lemma 7.2. Let {𝐺𝑡}
(
𝑛

2

)
𝑡=0 be a random graph process on [𝑛].

Then, with high probability, for every 𝑡 ≥ 1
6
𝑛 log 𝑛, there exists a set

𝐹𝑡 ⊆

(
[𝑛]
2

)
of size 𝜇′(𝐺𝑡) such that 𝐺𝑡 ∪ 𝐹𝑡 is Hamiltonian.

Proof. First, with high probability, 𝐺𝑡 is Hamiltonian for all
𝑡 ≥

3
5
𝑛 log 𝑛, in which case 𝐹𝑡 = ∅ satisfies the requirement, so it

suffices to prove the lemma for 1
6
𝑛 log 𝑛 ≤ 𝑡 ≤

3
5
𝑛 log 𝑛. The rest

of the proof is identical to the proof of Lemma 4.2, which gives
that if for some 1

6
𝑛 log 𝑛 ≤ 𝑡 ≤

3
5
𝑛 log 𝑛 there does not exist a set

𝐹𝑡 ⊆

(
[𝑛]
2

)
of size 𝜇′(𝐺𝑡) such that 𝐺𝑡 ∪ 𝐹𝑡 is Hamiltonian, then

the following holds. Either 1(𝐺𝑡) does not occur, or there exist
𝑈 ⊆ 𝐵(𝐺) and a matching 𝑀 ⊆

(
𝑈

2

)
on the set 𝑈 such that

𝐺[𝐶(𝐺) ∪ 𝑈 ] ∪𝑀 does not contain a Hamilton cycle that spans
all the edges of 𝑀 . Lemmas 3.2 and 2.1 imply that the latter
occurs with probability 𝑂(𝑛−2 ⋅

√
𝑡) = 𝑜(𝑛−1.1). Lemma 7.1 states

that ∩
1
6
𝑛 log 𝑛

𝑡= 1
6
𝑛 log 𝑛

1(𝐺𝑡) occurs with high probability. It follows that

there exists a set 𝐹𝑡 ⊆
(

[𝑛]
2

)
of size 𝜇′(𝐺𝑡) such that 𝐺𝑡 ∪ 𝐹𝑡 is

Hamiltonian for 1
6
𝑛 log 𝑛 ≤ 𝑡 ≤

3
5
𝑛 log 𝑛 with probability at least

ℙ
⎛⎜⎜⎝

1
6
𝑛 log 𝑛⋂

𝑡= 1
6
𝑛 log 𝑛

1(𝐺𝑡)
⎞⎟⎟⎠ −

3
5
𝑛 log 𝑛∑

𝑡= 1
6
𝑛 log 𝑛

𝑜(𝑛−1.1) = 1 − 𝑜(1)

◽

Now let 𝑡− ∶= 𝑛 ⋅
(

1
6

log 𝑛 + log log 𝑛 − 𝑔(𝑛)
)

and 𝑡+ = 𝑛 ⋅(
1
6

log 𝑛 + log log 𝑛 + 𝑔(𝑛)
)

. For parts (iv) and (v), we show that
under certain conditions, which hold with high probability for
𝐺𝑡 with 𝑡 ≥ 𝑡−, we have 𝜇(𝐺𝑡) = 𝑛0 + ⌈ 1

2
⋅ (𝑛1(𝐺𝑡) + 𝑠3(𝐺𝑡))⌉. We

then argue that 𝑠3(𝐺𝑡) = 0 for 𝑡 ≥ 𝑡+ and 𝑠3(𝐺𝑡) is non-increasing
for 𝑡 ∈ [𝑡−, 𝑡+] with high probability.

We begin by showing that there is a small family of graphs such
that, with high probability, all the connected components in 𝐺𝐴𝐵

𝑡
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are induced copies of graphs from this family, for all 𝑡− ≤ 𝑡 ≤ 𝜏 ,
where 𝜏 is the hitting time of Hamiltonicity.

Lemmas 7.3 and 7.4, stated shortly, are used in the proof of
Lemma 7.5. Their proofs are located in Appendixes D and E,
respectively. The proof of Lemma 7.4 is based on first moment
calculations.

Lemma 7.3. Let 𝑥, 𝑦, 𝑧 be non-negative integers and let 𝑡 =
𝑡(𝑛) = Θ(𝑛 log 𝑛). Let 𝑁 =

(
𝑛

2

)
. Then,

(
𝑁−(𝑥𝑛−𝑦)

𝑡−𝑧

)
(
𝑁

𝑡

) = (1 + 𝑜(1))
(
𝑡

𝑁

)𝑧
⋅ exp

(
−𝑥𝑛𝑡
𝑁

)
(13)

Lemma 7.4. With high probability, for every 𝑡− ≤ 𝑡 ≤ 𝜏 , every
connected component of 𝐺𝐴𝐵

𝑡
is a tree with at most two vertices from

𝐴(𝐺𝑡), or a tree with three vertices from 𝐴(𝐺𝑡) and at least four ver-
tices from 𝐵(𝐺𝑡).

Lemma 7.4 implies that with high probability, for every 𝑡− ≤ 𝑡 ≤

𝑡 , every 3-prespider of 𝐺𝑡 is in fact a 3-spider. Hence Lemma 5.5
gives that, with high probability,

𝜇′(𝐺𝑡) = 𝑛0(𝐺) +
⌈1

2
⋅
(
𝑛1(𝐺) + 𝑠3(𝐺)

)⌉
for every 𝑡− ≤ 𝑡 ≤ 𝑡

(14)

Finally, we bound 𝑡𝑖 and show that, while 𝑠3(𝐺) < 𝑖 is not a
monotone property, typically 𝑠3(𝐺𝑡) < 𝑖 for all 𝑡 ≥ 𝑡𝑖, 𝑖 ∈ ℕ+.

Lemma 7.5. Let 𝑔(𝑛) be any function that tends to infinity as 𝑛
tends to infinity. Then with high probability, for 𝑖 ∈ ℕ+,

||||𝑡𝑖 − 𝑛 ⋅
(1

6
log 𝑛 + log log 𝑛

)|||| ≤ 𝑛 ⋅ 𝑔(𝑛)

and 𝑠3(𝐺𝑡) < 𝑖 for every 𝑡 ≥ 𝑡𝑖. In addition, 𝑠3(𝐺𝑡) ≥ 𝑠3(𝐺𝑡+1) for 𝑡 ≥
𝑡− with high probability.

Proof. Let𝑁 =
(
𝑛

2

)
First, we show that if 𝑡 = 𝑡+ then with high

probability 𝑠3(𝐺𝑡) = 0, and hence 𝑡𝑖 ≤ 𝑡+ for 𝑖 ∈ ℕ+. We do this by
the union bound. To upper bound 𝔼(𝑠3(𝐺𝑡)) observe that each of
the at most 𝑛7, 3-spiders 𝑠 belongs to 𝐺𝑡 only if 𝐸(𝐺𝑡) contains
the 6 edges spanned by 𝑠 and the other 𝑡 − 6 edges of 𝐺𝑡 do not
include one of the 3(𝑛 − 3) +

(
3
2

)
= 3𝑛 − 6 additional edges that

are incident to the vertices of degree 2 of 𝑠. There exist
(
𝑁−(3𝑛−6)

𝑡−6

)
such sets of edges out of the

(
𝑁

𝑡

)
ones that have size 𝑡. Thus,

using (13), we get,

ℙ(𝑠3(𝐺𝑡) > 0) ≤ 𝔼(𝑠3(𝐺𝑡)) ≤ 𝑛7 ⋅

(
𝑁−(3𝑛−6)

𝑡−6

)
(
𝑁

𝑡

)
= 𝑛7 ⋅ (1 + 𝑜(1)) ⋅

(
𝑡

𝑁

)6
⋅ exp

(
−3𝑡𝑛
𝑁

)
= 𝑂(1) ⋅ 𝑛 ⋅ log6𝑛 ⋅ exp(− log 𝑛 − 6 log log 𝑛 − 6𝑔(𝑛))

= 𝑂(1) ⋅ 𝑒−6𝑔(𝑛) = 𝑜(1)

Next, we show that, with high probability, 𝑠3(𝐺𝑡) ≥ 𝑖 for all 𝑖 ∈ ℕ+

and 10𝑛 ≤ 𝑡 ≤ 𝑡−, which implies that 𝑡𝑖 ≥ 𝑡− for 𝑖 ∈ ℕ+. Let 𝑡′ ∶=
𝑛 ⋅

(
1

18
log 𝑛 + log log 𝑛

)
. First, observe that Lemmas 2.1 and 3.1

(v) imply that 𝑠3(𝐺𝑡) ≥ 10−8𝑛2∕3 for 10𝑛 ≤ 𝑡 ≤ 𝑡′ with probability
1 − 𝑡′ ⋅ 𝑜(𝑛−2) = 1 − 𝑜(1). To show that 𝑠3(𝐺𝑡) > 𝑖 for 𝑡′ ≤ 𝑡 ≤ 𝑡−,
we argue, as 𝐺𝑡′ typically spans Ω

(
𝑛2∕3) 3-spiders, that between

times 𝑡′ and 𝑡− it is unlikely that too many of the 3-spiders
spanned at time 𝑡′ disappear.

For that, fix a set 𝑆3 of min{𝑠3(𝐺𝑡′ ), 10−8𝑛2∕3} distinct 3-spiders
in 𝐺𝑡′ and define the random variable 𝑋 to be the number of
3-spiders 𝑠 ∈ 𝑆3 such that none of the edges in 𝐸(𝐺𝑡− ) ⧵ 𝐸(𝐺𝑡′ )
are adjacent to one of the three degree 2 vertices of 𝑠. Note that
in the event that 𝐺𝐴𝐵

𝑡−
does not span a component that inter-

sects 𝐴(𝐺𝑡− ) in at least 4 vertices, we have that 𝑋 ≤ 𝑠3(𝐺𝑡− );
Lemma 3.1 (i) and Markov’s inequality imply that this occurs
with high probability. We bound the probability that𝑋 < 𝑖 by esti-
mating its expectation and variance and invoking Chebyshev’s
inequality.

There are
(
𝑁−𝑡′

𝑡−−𝑡′

)
sets of edges of size 𝑡− − 𝑡 that do not intersect

𝐸(𝐺𝑡′ ), each corresponding to a possible realization of 𝐸(𝐺𝑡− ) ⧵
𝐸(𝐺𝑡′ ). Out of those, for a fixed 𝑠 ∈ 𝑆3, exactly

(
𝑁−𝑡′−(3𝑛−6)

𝑡−−𝑡′

)
do

not contain an edge out of the 3𝑛 − 6 non-edges in 𝐺𝑡′ that are
adjacent to one of the three degree 2 vertices of 𝑠. Thus, (13)
gives that,

𝔼(𝑋) = |𝑆3|
(
𝑁−𝑡′−(3𝑛−6)

𝑡−−𝑡′

)
(
𝑁−𝑡′
𝑡−−𝑡′

) = |𝑆3| ⋅ (1 + 𝑜(1)) exp
(
−3(𝑡− − 𝑡′)𝑛

𝑁

)

= (1 + 𝑜(1))|𝑆3| exp
(
−2

3
log 𝑛 + 6𝑔(𝑛)

)
= (1 + 𝑜(1))|𝑆3|𝑛−2∕3𝑒6𝑔(𝑛)

Similarly, for distinct 𝑠, 𝑠′ ∈ 𝑆3, exactly
(
𝑁−𝑡′−(6𝑛−21)

𝑡−−𝑡′

)
do not con-

tain an edge out of the 6(𝑛 − 6) +
(

6
2

)
= 6𝑛 − 21 non-edges in 𝐺𝑡′

that are adjacent to one of the six in total degree 2 vertices of 𝑠 or
𝑠′. Thus, (13) gives that,

𝔼(𝑋2) = 𝔼(𝑋) + 𝔼(𝑋(𝑋 − 1)) = 𝔼(𝑋) + |𝑆3|(|𝑆3| − 1)

(
𝑁−𝑡′−(6𝑛−21)

𝑡−−𝑡′

)
(
𝑁−𝑡′
𝑡−−𝑡′

)
= 𝔼(𝑋) + |𝑆3|(|𝑆3| − 1)(1 + 𝑜(1)) exp

(
− 6(𝑡− − 𝑡′)𝑛

𝑁

)
= 𝔼(𝑋) + (1 + 𝑜(1))(𝔼(𝑋))2 = (1 + 𝑜(1))(𝔼(𝑋))2

Recall that Lemmas 2.1 and 3.1 (v) imply that 𝑠3(𝐺𝑡′ ) ≥ 10−8𝑛2∕3,
hence |𝑆3| ≥ 10−8𝑛2∕3 with high probability. In this event,
Chebyshev’s inequality implies that 𝑋 ≥

1
2
|𝑆3| ⋅ 𝑛−2∕3𝑒𝑔(𝑛) =

Ω(𝑒6𝑔(𝑛)) with high probability. Overall we have that, with high
probability, for every 𝑡′ ≤ 𝑡 ≤ 𝑡− and 𝑖 ∈ ℕ+ the inequality
𝑠3(𝐺𝑡) ≥ 𝑖 holds.

Finally, we show that with high probability, there is no 𝑡 ≥ 𝑡− such
that 𝑠3(𝐺𝑡) > 𝑠3(𝐺𝑡−1). New 3-spiders cannot be created if 𝐺𝑡−1
does not contain vertices of degree 1, so it is enough to check
this up to the hitting time of Hamiltonicity, which is with high
probability at most 𝑛(log 𝑛 + 1.1 log log 𝑛).
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Observe that, on the high probability event in the assertion of
Lemma 7.4, if the 𝑡-th step of the process introduces a 3-spider
in 𝐺𝑡 that did not exist in 𝐺𝑡−1, then the edge added connects
a degree 1 vertex to the middle vertex of a path 𝑃 = 𝑣1𝑣2𝑣3𝑣4𝑣5
where 𝑣2 and 𝑣4 have degree 2 in 𝐺𝑡−1. Similarly to the calcula-
tion at the beginning of the proof of this lemma, the probability
that 𝐺𝑡 contains a 3-spider and one of its edges appears at the 𝑡-th
step of the process (as the order in which the edges appear is uni-
form, conditioned on 𝐸(𝐺𝑡), each of the edges in 𝐸(𝐺𝑡) is the last
one with probability 1∕𝑡) is at most

𝑛7 ⋅

(
𝑁−(3𝑛−6)

𝑡−6

)
(
𝑁

𝑡

) ⋅
3
𝑡
= (1 + 𝑜(1)) ⋅ 𝑛7 ⋅

(
𝑡

𝑁

)6
⋅ exp

(
−3𝑡𝑛
𝑁

)
⋅

3
𝑡

= 𝑂(log5𝑛) ⋅ exp
(
−6𝑡
𝑛

)
Thus, the probability that there exists 𝑡 ∈ [𝑡−, 𝑛(log 𝑛 +
1.1 log log 𝑛] such that 𝐺𝑡 has a 3-spider that is not present
in 𝐺𝑡−1 is at most,

𝑜(1) + 𝑂(log5𝑛)
𝑛(log 𝑛+1.1 log log 𝑛)∑

𝑡=𝑡−
exp

(6𝑡
𝑛

)

= 𝑜(1) + 𝑂(log5𝑛) ⋅
exp

(
−−6𝑡−

𝑛

)
1 − 𝑒−6∕𝑛

≤ 𝑜(1) + 𝑂(log5𝑛) ⋅
exp(− log 𝑛 − (6 + 𝑜(1)) log log 𝑛)

1∕𝑛

= 𝑜(1) + 𝑂(log−1+𝑜(1)𝑛) = 𝑜(1)

where at the last inequality we use that bound 1 − 𝑒−6∕𝑛 ≥
1
𝑛

,
which holds for 𝑛 ≥ 1. ◽

To finish the proof of Theorem 2, observe that Observation 4.1,
Lemma 7.2, and (14) imply that, with high probability, for all
(𝑛 log 𝑛)∕6 ≤ 𝑡 ≤ (3𝑛∕ log 𝑛)∕5, we have that,

𝜇(𝐺𝑡) = 𝜇′(𝐺𝑡) = 𝑛0(𝐺) +
⌈1

2
⋅
(
𝑛1(𝐺) + 𝑠3(𝐺)

)⌉
Parts (iv) and (v) of Theorem 2 follow from the above equation
and Lemma 7.5.

8 | Concluding Remarks

The definition of the completion number extends naturally to the
setting of digraphs. In this setting as well, the completion num-
ber of a digraph 𝐷 with respect to Hamiltonicity is equal to the
minimum number of vertex-disjoint (directed) paths required to
cover 𝑉 (𝐷). It would be interesting to see if similar tools to those
we used here can be used to prove an equivalent of Theorem 1
in 𝐷(𝑛, 𝑝) (that is, to show that 𝜇(𝐷(𝑛, 𝑝)) = (1 + 𝑜(1)) ⋅ −→𝑓 (𝑛𝑝) ⋅ 𝑛
with high probability, for an appropriate function −→

𝑓 , in some
range of 𝑝). In a recent article, Anastos and Frieze [15] studied a
substructure of digraphs similar in idea to the strong 𝑘-core. This,
in particular, may prove useful for studying 𝜇(𝐷(𝑛, 𝑝)). It should
be noted that, in such an attempt, one should be careful in relegat-
ing the problem of bounding the number of paths in a minimum
cover of𝐷 to the problem of covering connected components out-
side of the (equivalent of the) strong core, since, in the directed

case, the direction of the paths (“into the core” or “away from the
core”) now matters.

The result in [15], combined with a recent result by Alon, Kriv-
elevich, and Lubetzky [16], shows that, similar to the undi-
rected case (see Theorem 5), if 𝑐 is a large enough constant, then
(𝐷(𝑛, 𝑐∕𝑛)) with high probability contains all “not too short”
and “not too long” cycle lengths. So, in adding arcs to create a
pancyclic digraph, only a few cycle lengths remain to be added. It
would be interesting to see if 𝜇̂(𝐷(𝑛, 𝑝)) is also equal to 𝜇(𝐷(𝑛, 𝑝))
with high probability.
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Endnotes
1 We say that a sequence of events {𝑛}𝑛≥1 occurs with high probability if

lim𝑛→∞ ℙ(𝑛) = 1.
2 Here and going forward, all logarithms are assumed to be in the natu-

ral base.
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Appendix A

Proof of Lemmas 3.1 and 5.4

Proof of Lemma 3.1. We start by proving (i). Let 𝑇 be a component of
𝐺𝐴𝐵 that intersects 𝐴(𝐺) in 𝑖 vertices and 𝐵(𝐺) in 𝑗 vertices. During the
coloring procedure that identifies the strong 4-core of𝐺, described earlier
in Section 3, every time a vertex is colored red, at most 3 of its neighbours
are colored blue. Thus, 𝑗 ≤ 3𝑖. Additionally,𝐺 contains no edges between
the 𝑖 vertices in 𝑇 ∩ 𝐴(𝐺) and the at least 𝑛 − 4𝑖 vertices outside 𝑇 . Finally,
𝑇 has a spanning tree. The expected value of𝑋𝑖, where 𝑖 ≤ log2𝑛, is there-
fore at most

𝔼(𝑋𝑖) ≤ 𝑖

3𝑖∑
𝑗=0

(
𝑛

𝑖 + 𝑗

)
⋅
(
𝑖 + 𝑗

𝑗

)
⋅ (𝑖 + 𝑗)𝑖+𝑗−2 ⋅ 𝑝𝑖+𝑗−1

× (1 − 𝑝)𝑖⋅(𝑛−4𝑖)

≤ 𝑖

3𝑖∑
𝑗=0

(
𝑒𝑛

𝑖 + 𝑗

)𝑖+𝑗

⋅ 2𝑖+𝑗 ⋅ (𝑖 + 𝑗)𝑖+𝑗−2 ⋅
(
𝑑

𝑛

)𝑖+𝑗−1

× 1.01𝑒−𝑖𝑛𝑝

= 1.01𝑛𝑒−𝑖𝑑
𝑑

⋅
3𝑖∑
𝑗=0

𝑖

(𝑖 + 𝑗)2 ⋅ (2𝑒𝑑)𝑖+𝑗

≤
1.01𝑛𝑒−𝑖𝑑

𝑑
⋅ 1.05 ⋅

𝑖

(𝑖 + 3𝑖)2 ⋅ (2𝑒𝑑)𝑖+3𝑖

≤
(2𝑒𝑑)4𝑖 ⋅ 𝑒−𝑖𝑑

15𝑖𝑑
⋅ 𝑛

For the case 𝑖 > log2𝑛, consider the construction of 𝐴(𝐺) by the colour-
ing procedure. For 𝑗 > 0, let 𝑇𝑗 be the subgraph of 𝑇 spanned by the
vertices of 𝑇 that have color red or blue after the first 𝑗 steps of the
coloring procedure. Observe that at Step 𝑗, a vertex is colored red and
its (at most three) black neighbours are colored blue, thus at most 4
vertices are coloured in total. The edges that do not belong to 𝑇𝑗−1 but
belong to 𝑇𝑗 are incident to those, at most 4, vertices. Therefore, 𝑇𝑗 has
at most 4 vertices and 4Δ(𝐺) edges more than 𝑇𝑗−1. It follows that if 𝑇𝑗−1
is non-empty, then the maximum number of vertices spanned by a sin-
gle component of 𝑇𝑗 is at most 4Δ(𝐺) + 1 times larger than the maximum
number of vertices spanned by a single component of 𝑇𝑗−1. On the other
hand, if 𝑇𝑗−1 is empty, then 𝑇𝑗 has at most 4 vertices. Therefore, if 𝑇 is a
connected component of size at least 𝑖 > log2𝑛, then there exists 𝑗 such
that 𝑇𝑗 has a component 𝑇 ′ of size between log2𝑛 and, say, (4Δ(𝐺) +
1)log2𝑛 ≤ 5Δ(𝐺) ⋅ log2𝑛. Now, due construction, the vertices that have
color red after 𝑗 steps of the procedure in 𝑇 ′ have no neighbors outside
𝑇 ′. By the same arguments as in the case 𝑖 < log2𝑛 (with 𝑇 ′ in place
of 𝑇 , and considering only the first 𝑗 steps of the coloring procedure),
we have

𝔼(𝑋𝑖) ≤ 𝑛 ⋅ ℙ
(
Δ(𝐺) > log2𝑛

)
+

5log4𝑛∑
𝑗=log2𝑛

(2𝑒𝑑)4𝑗𝑒−𝑗𝑑

15𝑗𝑑
⋅ 𝑛 = 𝑜(𝑛−6) (A1)

For part (ii), similar to the calculations above, the probability that𝐺𝐴𝐵 has
a component with more than log2𝑛 vertices, or a component that spans a
cycle with at least log log 𝑛 and at most log2𝑛 vertices, is at most

𝑜(1) +
log2𝑛∑

𝑖=0.5 log log 𝑛

3𝑖∑
𝑗=0

(
𝑛

𝑖 + 𝑗

)
⋅
(
𝑖 + 𝑗

𝑗

)
⋅ (𝑖 + 𝑗)𝑖+𝑗−2 ⋅ 𝑝𝑖+𝑗−1

× (1 − 𝑝)𝑖⋅(𝑛−4𝑖) ⋅
(
𝑖 + 𝑗

2

)
𝑝

≤ 𝑜(1) +
log2𝑛∑

𝑖=0.5 log log 𝑛

(2𝑒𝑑)4𝑖 ⋅ 𝑒−𝑖𝑑

15𝑖2𝑑
⋅ 𝑛 ⋅

( 4𝑖
2

)
⋅
𝑑

𝑛

≤ 𝑜(1) +
log2𝑛∑

𝑖=0.5 log log 𝑛

(
(2𝑒𝑑)4𝑒−𝑑

)𝑖 = 𝑜(1)

For parts (iii)–(v), we say that a graph 𝐺 has the property 𝑛 if 𝐺𝐴𝐵

does not span a component of size larger than log2𝑛 and its maximum
degree is at most log2𝑛. From (A1) it follows that in our range of 𝑝 we
have that Pr(𝐺(𝑛, 𝑝) ∉ 𝑛) = 𝑜(𝑛−4) + 𝑛Pr(𝐵𝑖𝑛(𝑛, 𝑝) ≥ log2𝑛) = 𝑜(𝑛−4).We
will use the property 𝑛 in combination with the following observation.
For 𝑣 ∈ [𝑛] and a pair of graphs 𝐺1, 𝐺2 ∈ 𝑛 on [𝑛] that differ only on
the edges incident to 𝑣, and 𝑖 = 1, 2, denote by 𝐷(𝐺𝑖, 𝑣) the set of vertices
that lie in some component of 𝐺𝐴𝐵

𝑖
that contains 𝑣 or a neighbor of 𝑣 in

𝐺𝐴𝐵
𝑖

(set 𝐷(𝐺𝑖, 𝑣) = ∅ if no such component exists). Set 𝐷 = 𝐷(𝐺1, 𝑣) ∪
𝐷(𝐺2, 𝑣). Then,

𝐶(𝐺1) ⧵𝐷 = 𝐶(𝐺2) ⧵𝐷,𝐵(𝐺1) ⧵𝐷 = 𝐵(𝐺2) ⧵𝐷, and

𝐴(𝐺1) ⧵𝐷 = 𝐴(𝐺2) ⧵𝐷 (A2)

Indeed, let 𝑊 (𝑣,𝐺1, 𝐺2) = 𝑁𝐺1
(𝑣) ∪𝑁𝐺2

(𝑣) ∪ {𝑣}. For each 𝐺1, 𝐺2, we
may run the colouring process for identifying the strong 4-core, always
progressing a vertex not in 𝑊 (𝑣,𝐺1, 𝐺2), if such a vertex exists. We may
run the two coloring processes in parallel, so that they are identical
until a vertex in 𝑊 (𝑣,𝐺1, 𝐺2) is colored red in one of the two processes.
Just before that moment, 𝑣 has color black in both colourings, and in
extension, the colourings of the two graphs are indeed identical. More-
over, every vertex not in 𝑊 (𝑣,𝐺1, 𝐺2) that is not red has at least 4 black
neighbors. Hence, in both of the processes, every vertex that is recol-
ored after that moment belongs to the same component as some vertex
in 𝑊 (𝑣,𝐺1, 𝐺2). Equivalently, if a vertex does not belong to 𝐷, then it
receives the same color from both processes.|𝐷| is bounded by the size of the largest component in 𝐺𝐴𝐵

1 or 𝐺𝐴𝐵
2 times

the size of𝑊 (𝑣,𝐺1, 𝐺2), which is at most 𝑑𝐺1
(𝑣) + 𝑑𝐺2

(𝑣) + 1. As𝐺1, 𝐺2 ∈
𝑛 we have that

|𝐷| ≤ log2𝑛(log2𝑛 + log2𝑛 + 1) ≤ 5log4𝑛 (A3)

We are now ready to prove (iii). Observe that every vertex of degree 3 that
does not lie in a component of 𝐺𝐴𝐵 with at least 2 vertices in 𝐴(𝐺) deter-
mines a unique component in𝑆(𝐺). Denote by𝑋≥𝑖 ∶=

∑
𝑗≥𝑖 𝑋𝑗 . From our

calculation in (i) we have

𝔼(|𝑆(𝐺)|) ≥ 𝑛

(
𝑛 − 1

3

)
𝑝3(1 − 𝑝)𝑛−4 − 𝔼(𝑋≥2)

≥ 0.16𝑑3𝑒−𝑑𝑛 −
∑
𝑖≥2

(2𝑒𝑑)4𝑖𝑒−𝑖𝑑

15𝑖𝑑

≥ 𝑑3𝑒−𝑑𝑛

(
0.16 −

∑
𝑖≥1

(2𝑒𝑑)4𝑖𝑒−𝑖𝑑

15𝑖

)

≥ 𝑑3𝑒−𝑑𝑛

(
0.16 −

∑
𝑖≥1

0.3𝑖

15𝑖

)
≥ 0.12𝑑3𝑒−𝑑𝑛

Thereafter let𝐺1, 𝐺2 be as above, and observe that (A2) implies that every
component that belongs to 𝑆(𝐺1)△ 𝑆(𝐺2) intersects 𝐷. Equation (A3)
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states that |𝐷| ≤ 5log4𝑛. Hence, Lemma 2.2 implies

ℙ(|𝑆(𝐺)| < 𝔼(|𝑆(𝐺)|) − 𝑛0.51) ≤ 2 exp
(
− Ω((𝑛0.51)2)
𝑛(5log4𝑛 + 1)2

)
+ 𝑛 ⋅ 𝑛 ⋅ ℙ(𝐺 ∉ 𝑛) = 𝑜(𝑛−2)

Note that 𝑑3𝑒−𝑑𝑛 = Ω(𝑛0.55) for 𝑑 ≤ 0.45 log 𝑛. Thus for 20 ≤ 𝑛𝑝 ≤

0.45 log 𝑛we have that |𝑆(𝐺)| ≥ 0.12𝑑3𝑒−𝑑𝑛 − 𝑛0.51 ≥ 0.1𝑑3𝑒−𝑑𝑛with high
probability.

Now, for 0.45 log 𝑛 ≤ 𝑛𝑝 ≤ log 𝑛 + 1.1 log log 𝑛 we use Chebyshev’s
inequality. Simple calculations imply that in this range of 𝑝 we have that
𝔼(𝑋≥2) = 𝑜(𝔼(𝑛3(𝐺))), thus

(1 + 𝑜(1))𝔼(𝑛3(𝐺)) = 𝔼(𝑛3(𝐺) −𝑋≥2) ≤ 𝔼(|𝑆(𝐺)|) ≤ 𝔼(𝑛3(𝐺))

𝔼(𝑛3(𝐺)2) = (1 + 𝑜(1)) ⋅ (𝔼(𝑛3(𝐺)))2 and 𝔼(𝑛3(𝐺)2) = (1 + 𝑜(1)) ⋅
𝔼(|𝑆(𝐺)|2). Combining these inequalities gives

ℙ(|𝑆(𝐺)| < 0.1𝑑3𝑒−𝑑𝑛)

≤ ℙ(|𝔼(|𝑆(𝐺)|) − |𝑆(𝐺)|| ≥ 0.1𝔼(|𝑆(𝐺)|))
= 𝑂

(
Var(|𝑆(𝐺)|)
𝔼(|𝑆(𝐺)|)2

)
=
𝑜(𝔼(𝑛3(𝐺))2)
𝔼(𝑛3(𝐺))2 = 𝑜(1)

Next we prove (iv). First observe that if 𝑛𝑝 → ∞ then by Theorem 7
already [3, log log 𝑛] ⊆ (𝐺) with high probability. We may therefore
assume that 𝑛𝑝 = Θ(1).

For 𝑘 ∈ [3, log log 𝑛] let 𝑌𝑘 be the number of tree components of 𝐺𝐴𝐵 on
𝑘 + 1 vertices 𝑏, 𝑎1, . . . , 𝑎𝑘, with 𝑏 ∈ 𝐵(𝐺) and {𝑎1, 𝑎2, 𝑎3, . . . , 𝑎𝑘} ⊆ 𝐴(𝐺),
where 𝑏 is adjacent to 𝑎1, 𝑎2 and 𝑎3 and 𝑎3𝑎4 . . . 𝑎𝑘 is a path. Similarly to
the calculation in (i), given vertices 𝑏′, 𝑎′1, . . . , 𝑎

′
𝑘

and conditioned on the
event that (i) 𝑏′ is adjacent to 𝑎′1, 𝑎

′
2 and 𝑎′3, (ii) 𝑎′3𝑎

′
4 . . . 𝑎

′
𝑘

is a path, and
(iii) the vertices 𝑎′1, . . . , 𝑎

′
𝑘

are not incident to any additional edges, the
probability that there exists a component of 𝐺𝑎𝑏 that spans 𝑏′, 𝑎′1, . . . , 𝑎

′
𝑘
,

and 𝑖 + 𝑗 − 1 additional vertices, 𝑗 ≥ 0, and it has 𝑖 ≥ 1 vertices in 𝐴(𝐺) ⧵
{𝑎1, . . . , 𝑎𝑘} is at most

ℙ(𝐺 ∉ 𝑛) +
∑
𝑖≥1

3𝑖∑
𝑗=0

(
𝑛 − 𝑘 − 1
𝑖 + 𝑗 − 1

)
⋅
(
𝑖 + 𝑗 − 1
𝑗 − 1

)
× (𝑖 + 𝑗)𝑖+𝑗−2 ⋅ 𝑝𝑖+𝑗−1 ⋅ (1 − 𝑝)𝑖⋅(𝑛−4𝑖)

≤ 𝑜(1) + (1 + 𝑜(1))
∑
𝑖≥1

3𝑖∑
𝑗=0

1
(𝑖 + 𝑗)

(
𝑖 + 𝑗

𝑖 + 𝑗 − 1

)𝑖+𝑗−1

(2𝑒𝑑)𝑖+𝑗−1𝑒−𝑖𝑑

≤ 𝑜(1) + (1 + 𝑜(1))
∑
𝑖≥1

2 ⋅
1
4𝑖

⋅ 𝑒 ⋅ (2𝑒𝑑)4𝑖−1𝑒−𝑖𝑑

≤ 𝑜(1) + (1 + 𝑜(1))
∑
𝑖≥1

2 ⋅
1
4𝑖

⋅ 𝑒 ⋅
0.3𝑖

2𝑒𝑑

which is at most 1
2

. We therefore have

𝔼(𝑌𝑘) ≥
(

𝑛

𝑘 + 1

)
⋅ 𝑝𝑘 ⋅ (1 − 𝑝)𝑘(𝑛−𝑘−1)+

(
𝑘+1

2

)
−𝑘

⋅
1
2
= Ω(𝑛)

For 𝑣 ∈ [𝑛] and a pair of graphs 𝐺1, 𝐺2 ∈ 𝑛 on [𝑛], every component
that is not present in both 𝐺𝐴𝐵

1 and 𝐺𝐴𝐵
2 intersects 𝐷, by (A2). Thus,

(A3) gives that |𝑌𝑘(𝐺1) − 𝑌𝑘(𝐺2)| ≤ |𝐷| ≤ 5log4𝑛. Hence, by Lemma 2.2,
we have that 𝑌𝑘 ≥ 1 for 𝑘 ∈ [3, log log 𝑛], and therefore the event  occurs,
with probability at least

1 −
(

2 exp
(
− Ω(𝑛2)
𝑛(5log4𝑛 + 1)2

)
+ 𝑛 ⋅ 𝑛 ⋅ ℙ(𝐺 ∉ 𝑛)

)
= 1 − 𝑜(𝑛−2)

Finally, we prove (v). Let 20
𝑛
≤ 𝑝 ≤ 𝑝′. Then,

𝔼(𝑠3(𝐺)) ≥ 𝑛 ⋅
(
𝑛

3

)3
𝑝6(1 − 𝑝)3(𝑛−7) ≥

1
36

⋅ 𝑛7(𝑝′)6𝑒−3𝑛⋅𝑝′

≥
1
2
⋅ 10−7 ⋅ 𝑛2∕3

Thereafter, observe that if 𝐺1, 𝐺2 ∈ 𝑛 differ only in edges adjacent to
some vertex 𝑣, then a 3-spider belongs only to one of𝐺1, 𝐺2 only if it inter-
sects 𝐷. Therefore, |𝑠3(𝐺1) − 𝑠3(𝐺2)| ≤ |𝐷| ≤ 5log4𝑛, by (A3). Applying
Lemma 2.2 once again gives,

ℙ
(
𝑠3(𝐺) ≤

1
2
𝔼(𝑠3(𝐺))

)
≤ 2 exp

(
− Ω(𝑛4∕3)

2𝑛(5log4𝑛 + 1)

)
+ 𝑛 ⋅ 𝑛 ⋅ Pr(𝐺 ∉ 𝑛) = 𝑜(𝑛−2)

Thus 𝑠3(𝐺) ≥ 10−8 ⋅ 𝑛2∕3 with probability 1 − 𝑜(𝑛−2).

Proof of Lemma 5.4. Let 𝑛 be as in the proof of Lemma 3.1 (iii). Then,
as in the proof of Lemma 3.1 (iii), if we let 𝐺1, 𝐺2 ∈ 𝑛 be such that
the intersection of all the edges in 𝐸(𝐺1)△ 𝐸(𝐺2) is incident to some
vertex 𝑣, then the components that are not present in both 𝐺𝐴𝐵

1 and
𝐺𝐴𝐵

2 span at most 5log4𝑛 vertices (see Equations A2 and A3). Hence,|𝜇′(𝐺1) − 𝜇′(𝐺2)| ≤ 5log4𝑛. Lemma 2.2 implies

ℙ(|𝔼(𝜇′(𝐺)) − 𝜇′(𝐺)| ≥ 𝑛0.51) = 𝑜(1)

Appendix B

Proof of Lemma 4.1

Proof. First observe that if 𝑛𝑝 ≥ log 𝑛 + 0.1 log log 𝑛, then with high
probability 𝑛0(𝐺) = 0, and, by Lemma 3.1 (i), every component of 𝐺𝐴𝐵

contains exactly 1 vertex in𝐴(𝐺), and therefore in this range𝐺𝐴𝐵 contains
no component with two vertices in 𝐴(𝐺) and no isolated vertices.

For the range 20 ≤ 𝑛𝑝 ≤ log 𝑛 + 0.1 log log 𝑛, we follow similar lines to the
proof of Lemma 3.1 (iii) and (iv) and show that, with high probability,
there are at least two components comprised of a single vertex in 𝐴(𝐺)
and a single vertex in 𝐵(𝐺). Let 𝑌 be the number of such components. As
in the proof of Lemma 3.1 (iv), the following holds. For fixed vertices 𝑎, 𝑏,
conditioned that 𝑎 has a single neighbor in 𝐺, which is 𝑏, the probability
that there exists a component of 𝐺𝑎𝑏 that spans 1 + 𝑖 + 𝑗 vertices, 𝑗 ≥ 0,
and it has 𝑖 ≥ 1 vertices in 𝐴(𝐺) ⧵ {𝑎} is at most 1

2
. Thus,

𝔼(𝑌 ) ≥ 𝑛 ⋅ (𝑛 − 1) ⋅ 𝑝(1 − 𝑝)𝑛−2 ⋅
1
2
≥
𝑑𝑒−𝑑𝑛

3

If 𝑑 ≤ 0.45 log 𝑛 then this is at least 𝑛0.55, and we can apply Lemma 2.2
as in 3.1 (iv). Otherwise, we apply Chebyshev’s inequality in the same
manner as in Lemma 3.1 (iii), by utilizing the fact that in this range
𝔼(𝑋≥2) ≪ 𝑑𝑒−𝑑𝑛. ◽

Appendix C

Proof of Lemma 7.1

Proof. Let 𝜎 = 1
2
𝑛(log 𝑛 + 1

2
log log 𝑛). Let  be the event that 𝐺𝜎 is con-

nected, 𝐺𝜎 does not contain a pair of vertices 𝑢, 𝑣 within distance at most
3 from each other, such that 𝑢 has degree 1 and the degree of 𝑣 does not lie
in [0.9 log 𝑛, 1.1 log 𝑛], and𝐺𝜎 spans at least two and at most log2𝑛 vertices
of degree 1. One can easily show that  occurs with high probability. In
the event  , we have that 1(𝐺𝑡) occurs for all 𝑡 ≥ 𝜎 with high probability.

Assume that  occurs; let 𝑢, 𝑣 be two vertices of 𝐺𝜎 of degree 1 and 𝐶𝑢, 𝐶𝑣

the components of𝐺𝐴𝐵
𝜎

containing 𝑢 and 𝑣 respectively. Let𝐺𝜎(0.2) be the
random subgraph of 𝐺𝜎 where each edge of 𝐺𝜎 is present with probabil-
ity 0.2, independently. Observe that one can couple 𝐺𝜎(0.2) and 𝐺(𝑛 log 𝑛)∕6
such that 𝐺𝜎(0.2) ⊆ 𝐺(𝑛 log 𝑛)∕6 with high probability. Lemmas 3.1 (i) and
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2.1 imply that with high probability, for 1
6
𝑛 log 𝑛 ≤ 𝑡 ≤ 𝜎, no component

of 𝐺𝐴𝐵
𝑡

spans more than 10 vertices in 𝐴(𝐺𝑡), thus more than 40 ver-
tices in total, and by extension a vertex of 𝐴(𝐺𝑡) that has degree at least
40 in 𝐺𝑡. Now 1(𝐺𝑡) occurs if 𝐶𝑢, 𝐶𝑣 ∈ 𝑆(𝐺𝑡). Therefore, for 1

6
𝑛 log 𝑛 ≤

𝑡 ≤ 𝜎, the event 1(𝐺𝑡) does not occur only if there exists 𝑤 ∈ {𝑢, 𝑣} and
a vertex 𝑤′ such that 𝑤′ is within distance at most 3 from 𝑤 in 𝐺𝑡,
hence in 𝐺𝜎 , and 𝑤′ has degree at most 40 neighbours in 𝐺𝑡, hence in
𝐺𝜎(0.2). In the event  , there are at most (log2𝑛)2 pairs of degree 1 ver-
tices {𝑢, 𝑣}, and at most 2(1.1 log 𝑛)3 vertices within distance at most 3
from {𝑢, 𝑣} each having degree at least 0.9 log 𝑛. Therefore, the proba-
bility that 1(𝐺𝑡) does not occur for some 1

6
𝑛 log 𝑛 ≤ 𝑡 ≤ 𝜎 is bounded

above by

ℙ() + 𝑂(log5𝑛) ⋅ ℙ(Bin(0.9 log 𝑛, 0.2) ≤ 40) = 𝑜(1) ◽

Appendix D

Proof of Lemma 7.3

Proof. Let 𝑁 =
(
𝑛

2

)
. Then,

(
𝑁−(𝑥𝑛−𝑦)

𝑡−𝑧

)
(
𝑁

𝑡

) =

∏𝑡−𝑧−1
𝑖=0

𝑁−(𝑥𝑛−𝑦)−𝑖
(𝑡−𝑧)!∏𝑡−𝑧

𝑖=0
𝑁−𝑖
𝑡!

=
𝑡−𝑧−1∏
𝑖=0

𝑁 − (𝑥𝑛 − 𝑦) − 𝑖

𝑁 − 𝑖
⋅
𝑧−1∏
𝑖=0

(𝑡 − 𝑖)
𝑡−1∏
𝑖=𝑡−𝑧

⋅
1

𝑁 − 𝑖

= (1 + 𝑜(1))
(
𝑡

𝑁

)𝑧
⋅
𝑡−𝑧−1∏
𝑖=0

(
1 − (𝑥𝑛 − 𝑦)

𝑁 − 𝑖

)

= (1 + 𝑜(1))
(
𝑡

𝑁

)𝑧
⋅ exp

(
𝑡−𝑧−1∑
𝑖=0

− (𝑥𝑛 − 𝑦)
𝑁 − 𝑖

+ 𝑂

(
𝑛2

𝑁2

))

= (1 + 𝑜(1))
(
𝑡

𝑁

)𝑧
⋅ exp

(
−𝑥𝑛𝑡
𝑁

+ 𝑂

(
𝑛2𝑡

𝑁2

))
= (1 + 𝑜(1))

(
𝑡

𝑁

)𝑧
⋅ exp

(
−𝑥𝑛𝑡
𝑁

)
◽

Appendix E

Proof of Lemma 7.4

Proof. Let 𝑁 =
(
𝑛

2

)
. Let  be the event that there exists 𝑡 ∈ [𝑡−, 𝑛 log 𝑛]

such that𝐺𝐴𝐵
𝑡

contains a component with more than 10 vertices in𝐴(𝐺𝑡).
Lemmas 3.1 and 2.1 imply that,

Pr() ≤
log2𝑛∑
𝑖=10

𝑛 log 𝑛∑
𝑡=𝑡−

𝑂(
√
𝑡)
(
(4𝑒𝑡∕(𝑛 − 1))𝑒−2𝑡∕(𝑛−1))𝑖

× 𝑛 + 𝑜(1) = 𝑜(1)

Thereafter, if 𝑇 is a connected component of𝐺𝐴𝐵
𝑡

for some 𝑡 ∈ [𝑡−, 𝑛 log 𝑛],
then with 𝑆 = 𝑉 (𝑇 ) ∩ 𝐴(𝐺𝑡) and 𝑅 = 𝑉 (𝑇 ) ∩ 𝐵(𝐺𝑡), the following holds,
with 𝑠 = |𝑆| and 𝑟 = |𝑅|. (i) 𝑠 ≤ 3𝑟, (ii)𝐺𝑛 log 𝑛[𝑆 ∪𝑅] contains a spanning
tree 𝑇 ′, (iii) there exist times 𝑡1, . . . ., 𝑡𝑠+𝑟−1 ∈ [1, 𝑛 log 𝑛] such that at the
𝑡𝑗 th edge of the process, it belongs to 𝐸(𝑇 ′), for 𝑗 = 1, . . . , 𝑠 + 𝑟 − 1 (this

occurs with probability at most
(

(𝑠+𝑟−1)𝑛 log 𝑛
𝑁−𝑛 log 𝑛

)𝑠+𝑟−1
), and (iv) none of the

first 𝑡− edges of 𝐺𝑛 log 𝑛, that are not spanned by 𝑇 ′, belong to the 𝑠(𝑛 − 𝑠 −
𝑟) edges from 𝑆 to 𝑉 ⧵ (𝑆 ∪ 𝑅).

For 1 ≤ 𝑠 ≤ 10 and 0 ≤ 𝑟 ≤ 3𝑠, let 𝑋𝑠,𝑟 be the number of pairs of disjoint
sets 𝑆,𝑅 ⊆ 𝑉 of size 𝑠 and 𝑟, respectively, that satisfy (i)-(iv). Then,

𝔼(𝑋𝑠,𝑟) = 𝑛𝑠+𝑟 ⋅ (𝑠 + 𝑟)𝑠+𝑟−2 ⋅
(
(𝑠 + 𝑟 − 1)𝑛 log 𝑛
𝑁 − 𝑛 log 𝑛

)𝑠+𝑟−1

×

(
(𝑁−(𝑠+𝑟−1))−𝑠(𝑛−𝑠−𝑟)

𝑡−

)
(
𝑁−(𝑠+𝑟−1)

𝑡−

)
= 𝑂(1) ⋅ 𝑛 ⋅ (log 𝑛)𝑠+𝑟−1 ⋅ exp

(
− 𝑠𝑡

−𝑛

𝑁

)
≤ 𝑂(1)𝑛 ⋅ (log 𝑛)𝑠+𝑟−1 ⋅ (4𝑠)4𝑠

× exp
(
− 1

3
𝑠 log 𝑛 − 1.8𝑠 log log 𝑛 + 𝑜(1)

)
= 𝑂(1) ⋅ 𝑛1− 1

3
𝑠 ⋅ log𝑟−0.8𝑠−1𝑛

In the event that there exists 𝑡 ∈ [𝑡−, 𝜏 ], such that not every connected
component of𝐺𝐴𝐵

𝑡
is a tree with at most two vertices from𝐴(𝐺𝑡), or a tree

with three vertices from 𝐴(𝐺𝑡) and at least four vertices from 𝐵(𝐺𝑡), one
of the following holds. Either (i) 𝜏 > 𝑛 log 𝑛 or (ii) the event  occurs or
(iii) 𝑌𝑠,𝑟 ≥ 1 for some 0 ≤ 𝑠 ≤ 10 and 0 ≤ 𝑟 ≤ 3𝑠 or (iv) 𝑋𝑠,𝑟 ≥ 1 for some
𝑠 = 3 and 𝑟 ≤ 3 or (v) 𝑋𝑠,𝑟 ≥ 1 for some 4 ≤ 𝑠 ≤ 10 and 0 ≤ 𝑟 ≤ 3𝑠. This
occurs with probability at most

𝑜(1) + 𝑂(1) ⋅
3∑
𝑟=0

log𝑟−3.4𝑛 + 𝑂(1) ⋅
10∑
𝑠=4

3𝑠∑
𝑟=0

𝑂(1)

× 𝑛
1− 1

3
𝑠 ⋅ log𝑟−0.8𝑠−1𝑛 = 𝑜(1) ◽
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