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ABSTRACT
Let u(G) denote the minimum number of edges whose addition to G results in a Hamiltonian graph, and let i(G) denote
the minimum number of edges whose addition to G results in a pancyclic graph. We study the distributions of u(G), i(G)
in the context of binomial random graphs. Letting d = d(n) := n - p, we prove that there exists a function f : R* — [0,1] of
order f(d)= %de‘d + e~ + 0(d% %) such that, if G ~ G(n, p) with 20 < d(n) < 0.4logn, then with high probability u(G) =
(1 +o0())- f(d) - n. Let n,(G) denote the number of degree i vertices in G. A trivial lower bound on u(G) is given by the expression
(3)

ny(G) + [%nl(G)]. We show that in the random graph process {G,},_;

with high probability there exist times #,,7,, both of order

1+ o(1))n - (é logn + loglog n), such that u(G,) = ny(G,) + [%nl(Gt)] for every ¢ > t, and u(G,) > ny(G,) + [%nl(Gt)] for every
t < t,. The time 7, can be characterized as the smallest 7 for which G, contains less than i copies of a certain problematic subgraph.
In particular, this implies that the hitting time for the existence of a Hamilton path is equal to the hitting time of n,(G) < 2 with
high probability. For the binomial random graph, this implies that if np — % logn —2loglogn — o0 and G ~ G(n, p), then, with
high probability, u(G) = ny(G) + [%nl(G)]. For completion to pancyclicity, we show that if G ~ G(n, p) and np > 20, then, with
high probability, 4(G) = u(G). Finally, we present a polynomial time algorithm such that, if G ~ G(n, p) and np > 20, then, with
high probability, the algorithm returns a set of edges of size x(G) whose addition to G results in a pancyclic (and therefore also
Hamiltonian) graph.

1 | Introduction We write G ~ G(n, p) to denote that G is distributed according to

the binomial random graph model G(n, p), that is, G is a random

Hamilton cycles are a central subject in the study of graphs, a fact
that extends to the study of random graphs, with numerous and
significant results regarding Hamilton cycles in random graphs
obtained over the years.

graph on n vertices, where each edge of G appears independently
at random with probability p. A classical result by Komlés and
Szemerédi [1], and independently by Bollobés [2], states that if
G ~ G(n, p) then
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1 if np —logn —loglogn — oo
'}Lrg P(G is Hamiltonian) = { e~ if np —logn —loglogn — ¢
0 if np —logn —loglogn — —c0
ey

At and below the Hamiltonicity threshold, that is, when np —
logn — loglogn does not tend to plus infinity, one can examine
the question of how far the random graph is from being Hamil-
tonian. In this article, we quantify this distance by the notion of
the completion number.

Definition 1. Let G be a graph and let P be a monotone
increasing graph property. The completion number of G with
respect to P is the minimum number of edges whose addition
to G results in a graph that satisfies P.

In other words, the completion number of G with respect to P is
the edge distance between G and a nearest graph that satisfies P.
For example, the completion number of G with respect to con-
nectivity is equal to the number of connected components in G,
minus 1. The completion number of G with respect to contain-
ing a (near) perfect matching is equal to [g] —v(G), where v(G)
is the maximum size of a matching in G. We let u(G) denote the
completion number of G with respect to Hamiltonicity.

A disjoint path cover of G is a set of vertex-disjoint paths that
cover all the vertices of G; here we use the convention that an
isolated vertex corresponds to a path of length 0. In addition we
slightly abuse the notation and say that G has a disjoint path cover
of size 0, whenever G is Hamiltonian. Evidently, x(G) is equal to
the minimum size of a disjoint path cover of G.

The result of Komlds and Szemerédi, and of Bollobas, stated
above, implies that if G ~ G(n, p) and np — logn — loglogn — oo,
then u(G) = 0 with high probability'. Recently, Alon and Krivele-
vich [3] showed that, if ¢ is a large enough constant with respect
toe, then (1 — £)3ce™n < u(G(n, c/n)) < (1 + €); ce*nwith high
probability.

Our first main result in this article extends this last result in
two ways: first, by extending the range of edge probabilities p
for which this approximation holds, and second, by replacing the
error term & with an o(1) error term and the estimation %ce‘c with
a more accurate function f(d) of d := np.

Unfortunately, we are not able to derive a closed form for the
function f(d). Instead, in the proof of Theorem 1, we implic-
itly give an algorithm that calculates f(d) within arbitrary accu-
racy by expressing it as a sum of terms of the form c,.jd"e‘/d
with ¥, Yiog ¢ d'e? < 0.8, for k > 1. The terms c;;d'e™/
will correspond to weighted sums of rooted subgraph counts. In
Theorem 1, stated below, we give the first few such terms.

For a € {d,n} we write g(a) = O,(h(a)) to mean that |g(a)| <
C,h(a) for some constant C, that depends on a. We drop the sub-
script on O(-) whenever that is n.

Theorem 1. Let p= p(n) be such that* 20 < np < 0.4logn,
and denote d = d(n) := np. Let G ~ G(n, p). Then, there exists a

function f : R* — [0, 1] of the order
1l i a (1 6,1 s 1 a1 3
fd)=Sde™ +e +<12d +qd 4t + =d )
x ¢ 40, (d'5e )
such that u(G) = (1 + o(1)) - f(d) - n with high probability.

Our second main result of this article provides a characterization
of u(G(n,p)) in the denser regime. Let n,(G) denote the num-
ber of vertices in G with degree i. Observe that, for every graph
G, the inequality u(G) > ny(G) + [%nl(G)] holds, since all the
degrees in a Hamiltonian graph are at least 2. The two lead-
ing terms %de‘” n+e?n in f(d)-n correspond to the expec-
tation of the random variable ny(G(n, p)) + [%nl(G(n, p))]. Our
next result shows that, in fact, if np — ilogn —2loglogn —
and G ~ G(n,p), then, with high probability, u(G) = n,(G) +
[%nl(Gﬂ. Note that this complements Theorem 1 in the range
np > 0.4log n, as the distribution of n,(G) is well known.

In fact, we prove something stronger as we consider the evolution
of { y(G,)}t(jO) at the regime where ¢ is sufficiently large, where

{G,},Z] denotes the random graph process on [r], and the result
on G(n, p) will follow (See Corollary 2).

A 3-spider of G is a tree subgraph of G on 7 vertices that is spanned
by the edges incident to 3 vertices of degree 2 in G with a common
neighbor (see Figure 1).

It turns out that for enough large r, the difference u(G,) —
(nO(G,)+ f%nl(G,)]> is strongly connected with the number
of 3-spiders in G,. This number corresponds to the leading
term of f(d) — %de*d — e in the expansion of f(d), which is
1

5 d® - e3. We also describe typical behavior of u(G,) at the

very sparse range t = o(n). In this range, the difference u(G,) —
(nO(G,) + [%nl(G,)]> is determined by the multiplicity of trees
with more than 2 leaves. The smallest such tree, and hence the
one that appears first in the random process, is the 3-star K ;.
This motivates the following definition.

Definition 2. Let {G,} I(:zo) be a random graph process. For
i € N* we define the random variable ¢; as the minimum ¢ greater

FIGURE1 | A 3-spider in G with vertex set {a,b,c,d,u,v, w}. The
vertices u, v, w have degree 2 and a common neighbor, and the edges inci-
dent to them span a tree.

20f18

Random Structures & Algorithms, 2025

85U8017 SUOWILIOD BAIIRID) 3|qedldde 8y} Aq pauienob afe sejoiie VO ‘8sn Jo SN 10} Ariq18uluO A8|IM UO (SUONIPUOD-pUe-SLUIB)L0D A8 |Im" ARl 1[pUl|UO//SANY) SUOIPUOD Pue SWB | 83U 88S *[5202/£0/5z] Uo ARiqiTauliuo A8|IM 1SN yeUeIY00D AQ 98212 8S1/200T 0T/I0P/W0d™ S| 1M Ale.q 1 puluo//Sdiy Wwoy papeojumod ‘Z ‘SZ0Z ‘8TZ860T



than 10n such that G, spans less than i distinct 3-spiders. We fur-
ther define #; to be the minimum ¢ such that G, spans at least
copies of K ;.

Note that both the property of containing less than i 3-spiders
and the property of containing at least i 3-stars are not mono-
tone properties, so ; and ;" should not be considered as hitting
times.

Following Definition 2, we are now ready to state our second
main theorem.

Theorem 2. Let {G,}I(:()) be a random graph process on [n],

and let g(n) be a function that tends to infinity with n arbitrarily
slowly. Then, with high probability, for every i € N*,

gy n?? <17 < g(n)-n*/? and

<gn-n

1
t,—n- <glogn+loglogn>
and

i w(G) = ny(G) + [3n,(G)] for 1 < g(m)™ - n?/3;

ii. u(G) = no(G) + [5(n(G) +D)] forevery 17 <t <1, 3

iii. lim,_ . (y(G,) —ny(G)— [ %nl(G,)]> = oo for g(n)-n?3 <
t<n- (é logn + loglogn — g(n));
. u(G,) = ny(G,) + [%(nl(G,) + (i —1))] foreveryt; <t <t,_q;

v. w(G,) = n(G,) + [5m(G)] foreveryt > 1.

Here it is worth stressing that it is not enough to show that,
for example, (v) holds for 7 =1, since both the property of
not spanning i copies of a 3-spider and the property of satis-
fying the equality u(G,) = ny(G,) + [%nl(G,)] are not monotone
properties.

The following corollary is a hitting time statement that can be
derived from Theorem 2 (v).

g

Corollary 1. Let {G,}
" be an integer. Then, with high probability,

and let k = k(n) < - L
logn

the hitting time of the monotone property u(G,) < k is equal to the
hitting time of the property ny(G,) + [%nl(G,)] <k.

be a random graph process on [n]

Proof.  An application of Chebychev’s inequality gives that if
t = (é logn + loglogn + h(n)) - n, where h(n) = o(loglogn), then
ny(G,) + [%nl(G,,)] is concentrated around its expectation, that
is, with high probability

(G, + Enl(c,,)] = (1 +0()) - [E(no(Gr,) + [%nl(c,,)] )

2/3 ,~2h(n)
=(1+o01) 22
3logn

By Theorem 2 we have that # > 7, with high probability, and

(:)

since the sequence {ny(G,)+ [%nl(G,)]} g s non-increasing

23

with respect to 7, the following holds. For k « logn’ the hit-

ting time of the property n,(G,) + [%nl(G,)] < k, denoted by o,
occurs after time ¢, with high probability. In addition, since
u(G,) > ny(G,) + [%nl(G,)], we have that u(G,) > k for t < o,.
Combining the above with Theorem 2 (v), we get the following
corollary. O

n2/3

In fact, Theorem 2 (v) implies that if 0 < k, < o then, with
high probability, the hitting times of u(G,) <k and ny(G,) +
[%nl(G,)] < k are equal for all 0 < k < k. For k = 1 we get that
the hitting time of containing a Hamilton path is equal with high
probability to that of ny(G,) + [%nl(G,)] < 1, which is equal with
high probability to the hitting time of n,(G,) < 2.

Corollary 2, stated below, complements Theorem 1 in the range
np > 0.4logn. It follows from Theorem 2 (v) by the following
two facts that hold for G ~ G(n, p). First, if p = p(n) is such that
np = w(1) and np = o(n), then the number of edges of G lies in

[( Z ) p—n, ( ; ) p + n] with high probability. Second, conditioned
on G having exactly ¢ edges, we have that G has the same distri-

bution as G,.

Corollary 2. Let G~ G(n,p), where np-— % logn —
2loglogn — co. Then u(G) =ny(G)+ [ %nl(G)] with  high
probability.

Our third main result in this article deals with the completion
number of pancyclicity, where a graph G is said to be pancyclic if
it contains a cycle of every length between 3 and |V (G)|. Let fi(G)
denote the completion number of G with respect to pancyclicity.
Some connections between /i(G) and u(G) can already be derived
from known results. Cooper and Frieze [4] showed that the sharp
threshold of Hamiltonicity in G(n, p) is also a sharp threshold of
pancyclicity (and, in fact, that the hitting times of the two proper-
ties in a random graph process are with high probability equal).
As a consequence we have that ji(G(n, p)) = u(G(n, p)) = 0 with
high probability if np — logn — loglogn — 0.

In sparser random graphs, we can get an approximation of
A(G(n,p)) by using a deterministic bound on the difference
A(G) — u(G). It is known (see e.g., [5], Section 4.5) that, for every
n, there exists a pancyclic n-vertex graph with n+ (1 + o(1)) -
log, n edges. In other words, one can always add (1 + o(1)) - log, n
edges to a Hamiltonian n-vertex graph to make it pancyclic.
In particular we get 4(G) = u(G) + O(logn) for every n-vertex
graph G. As an immediate consequence of this, Theorem 1 and
Corollary 2, we get that, for G ~ G(n, p) with np > 20 not too
large, we have fi(G) = (1 + o(1)) - u(G) with high probability. This
approximation holds as long as x(G) is typically much larger than
log n, which remains true until fairly close to the Hamiltonicity
threshold.

Our final theorem in the article shows that, typically, the two
completion numbers are in fact equal. In other words, in terms of
the number of edges needed to be added, pancyclicity is typically
as cheap as Hamiltonicity in G(n, p).

Theorem 3. Let np > 20 and G ~ G(n,p). Then, with high
probability, j(G) = u(G).
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This, together with Theorem 1 and Corollary 2, provides a char-
acterization of fi(G(n, p)) for all values p > 20/n.

Our final result in this article revolves around the algorithmic
aspect of completing a random graph G to Hamiltonicity and
pancyclicity.

Note that u(G) = 0 if and only if G is Hamiltonian. Thus, the
problem of determining u(G) is NP-complete, as it solves the
Hamiltonicity problem. The same goes for the problem of deter-
mining /i(G), since the problem of deciding pancyclicity is also
known to be NP-complete.

In the realm of random graphs, algorithms for finding Hamil-
ton cycles in polynomial time with high probability are known
to exist (see [6-8]). The following theorem shows that, in fact,
determining with high probability u(G) and fi(G), and finding a
minimum size completing set, can also be done by a polynomial
time algorithm.

Theorem 4. There is a polynomial time algorithm that, given
a graph G, returns a set F of non-edges of G. If np > 20 and
G ~ G(n, p) then, with high probability, |F| = u(G) and GU F is
pancyclic.

1.1 | Article Structure

In Section 2 we provide notation and auxiliary results to be used
in the rest of the article. In Sections 3 and 4 we construct tools for
proving our theorems and prove some key lemmas. Theorem 1
is then proved in Section 5, Theorems 3 and 4 in Section 6, and
Theorem 2 in Section 7.

2 | Preliminaries

2.1 | Notation
We will use the following graph-theoretic notation throughout
the article.

Given a graph G, the degree of a vertex v € V(G) in G, denoted
by d;(v), is the number of edges of G incident to v. We denone
by A(G) the maximum degree of G. If .S C V(G), we denote
by dg(v,S) the degree of v into .S, that is, the number of
edges in E(G) with one end in S, and the other end equal to
v. The (external) neighborhood of a vertex subset U, denoted
by N4 (U), is the set of vertices in V' \ U adjacent to a vertex
of U. For a vertex v € V(G) we further define N(";(v), Né"(u),
and Ng"(u) as the sets of vertices in V(G) whose distance
from v is exactly k, at most k, and less than k, respectively.
For S CV(G) and an edge set E spanned by V(G), we let
G[S] be the subgraph of G induced by S and G U E the graph
(V(G), E(G) U E). While using the above notation, we occasion-
ally omit G if the identity of the graph G is clear from the
context.

For i € [0, |V (G)| — 1] we denote n,(G) := [{v € Gldgz(v) =i},
the number of vertices in G with degree i.

We denote by £(G) the set {# € [3, |V (G)|]|G contains a cycle of
length 7}, and by L,,,(G) := max(£(G)) the length of a longest
cyclein G.

We occasionally suppress rounding signs to simplify the
presentation.

2.2 | Auxiliary Results

Below is a list of auxiliary results that we will employ in our proof.

Lemma 2.1. (Asymptotic equivalence of G(n, p) and G,,

seee.g.,[9],Lemmal.2). Let{G,},/ bearandomgraph pro-
cess on [n]. Let P be a graph property, t = t(n) is such that t — oo
and(Z) —t—>ocandp=t/ ; . Then

limP(G, € P) <10'/? - limP(G(n, p) € P)

n—oo

Theorem 5. (Cycle lengths in sparse random graphs, see
Theorem 1.2 and Lemma 1.3 of [10] and equation (2) of
[11]). Letp=<,c=c(n) > 20,and G ~ G(n, p). Thenwith high
probability !

Lyx(G) = (1= (c+1D)e ™ = c?e™™ +0(c®e™™)) -n

In particular, with high probability, L....(G) > n—0.04c3e~n.
Additionally, if ¢,=¢,(n) - o, then with high probability
[€0: Linax] € L(G).

Theorem 6. (Threshold of pancyclicity, see [4]). Letp=
p(n) and G ~ G(n, p). Then

limP(G is pancyclic) = limP(6(G) > 2)
In particular, if np — logn — loglogn — oo then G is pancyclic with
high probability.

Theorem 7. (Near-pancyclicity in dense random graphs
[12]). Let & > 0, let p = p(n) be such that np — oo, and let G ~
G(n, p). Then with high probability [3,n — (1 + €) - n,(G)] € L(G).

Lemma 2.2 is obtained from [13] Theorem 1.2 by taking c; =
d,d;= N,y;= N~ foralli.

Lemma 2.2. (Vertex martingales). Let G ~ G(n, p), let f be
a graph theoretic function, and let X, X,, ..., X, be the corre-
sponding vertex exposure martingale. Further assume that there is
a graph property P and positive integers d, N such that, for every
pair Gy, G, of graphs on V such that E(G,) /\ E(G,) C {v} XV
for some v € V, the following holds:

d iftG,,G,eP
|f(Gy) = f(Gy)] £ .
N otherwise
Then
12
P(lX, — X, <t) <2 B —— -N -P(G &P
(1X, = Xl <1) < exp( 2n(d+1)2>+n G¢P)
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3 | The Strong 4-Core and Its Structure

Definition 3. The strong k-core of a graph G is the maximal
subset.S C V(G) such thatd; (v, S) > k foreveryv € S U Ng(S).

In our knowledge, the concept of the strong k-core was first
used by Anastos and Frieze in [11] for identifying a longest
cycle in G(n, p) and formally defined in [10]. Note that, since the
property dg;(v,.S) > k for every v € S U Ng(S) is closed under
union, there is indeed a maximal subset in V' (G) satisfying it, and
therefore the strong k-core is well-defined.

For the purpose of our proofs, we are specifically interested in
the strong 4-core of G(n,p) and its typical properties. Hence-
forth, we denote by C(G) the vertex set of the strong 4-core of a
graph G, by B(G) the “border” set N;(C(G)), and by A(G) the set
V(G) \ (B(G) U C(G)). We will also denote by GAE the induced
subgraph of G on the set A(G) U B(G). The sets A(G), B(G), C(G)
can be identified using the following red/blue/black coloring pro-
cess. Initially color every vertex of G black. While there exists a
black or blue vertex with fewer than 4 black neighbors, recolor
that vertex red and its black neighbors blue. The sets A(G), B(G),
and C(G) correspond to the sets of red, blue, and black vertices
at the end of the coloring procedure, respectively. By studying
the coloring process, one can prove Lemma 3.1, stated shortly.
In this lemma we gather a number of typical properties of the
strong 4-core. The proof for the lemma is located in Appendix A.
Before stating it, we lay some final definitions related to the strong
4-core. First, let S(G) be the set of connected components in G482
that have one vertex in A(G) and three vertices in B(G). Second,
for k > 2 let £,(G) be the event that G contains a k-cycle or GAB
contains a tree component on k + 1 vertices b, ay, ..., a;, withb €
B(G)and {a;,a,,a;, ...,a,} C A(G),where bisadjacenttoa,, a,,
and a; and asa, ... q, is a path. Next, set £(G) := Uiofslog"é'k(G).
Finally, denote by s5(G) the number of 3-spiders of G (recall
Figure 1).

The following lemma identifies properties typical to GAE, which
will be useful for our proofs.

Lemma3.1. Letd =d(n) :=npbesuchthat20 <d <logn+
1.1loglogn, and let G ~ G(n,p). For i >1 denote by X, the
number of vertices in A(G) U B(G) whose connected component
in GAB contains i vertices in A(G). Also let p' = w.
Then,

4i ,—id
i. E(X)) < max{% 'n,n‘3}foreveryl <i<m

ii. G*B has no component with more than loglog n vertices and
at least 1 cycle;

iii. |S(G)| > 0.1d3e~? - n with high probability;
iv. the event £(G) occurs with high probability;
v. if furthermore p < p', then s5(G) > 1078 - n?/3 with probabil-
ity 1 —o(n2).

The following lemma, which was proven by the second author
in [10], describes a strong Hamiltonicity property that the strong
4-core satisfies.

Lemma 3.2. (Strong Hamiltonicity of B(G) UC(G)). Let
20< ¢ and G~ Gn,c/n). Let U C B(G), let M C ('g) be a
matching on the set U that is allowed to contain pairs not in E(G),
and H := G[C(G) U U] U M. Then, with probability 1 — O(n™?),
H contains a Hamilton cycle that spans all the edges of M.

We emphasize that the set of edges M, in the lemma above, does
not need to be a subset of the edges of G.

4 | Identifying the Completion Number
of G(n, p) With Respect to Hamiltonicity

Towards estimating u(G), we first introduce the function u/(G)
stated shortly. Then we prove that, if G ~ G(n, p) with np > 20,
then u(G) = p/(G) with high probability.

Let G be a graph. We define 4/(G) as follows. Let Q be the set of all
disjoint path covers of G48. For a disjoint path cover Q of GAE, let
a(Q) be the number of vertices in A(G) that are endpoints of paths
in Q. Here, a vertex of A(G) that constitutes a path of length 0 in
Q is counted twice towards a(Q), as both the start of the path and
its end. Define a(G) := minyo(a(Q)) and W(G) = [%a(G)] .

Observation 4.1.
graph G.

The inequality u(G) > u'(G) holds for every

Indeed, if F is a set of edges of size u(G) such that G U F spans a
Hamilton cycle, then, for every Hamilton cycle H in G U F, the
set of edges E(H) \ F forms a disjoint path cover P of size u(G).
Thereafter, Q := P n G*? is a disjoint path cover of GAE. Since
E;(A(G), C(G)) = @, any endpoint in A(G) of a path in Q must
also be an endpoint of a path in P. In other words, there are at
least a(Q) endpoints in P, and therefore at least [%a(Q)] pathsin
Q. By definition, [%a(Q)] > 1’ (G), and therefore overall u(G) >

[$a(0)] > W' (G).

Next we show that if G ~ G(n, p), then also u(G) < u'(G) with
high probability. In fact, we will prove a stronger claim, which
will be useful for proving Theorem 3. Recall the definitions of the
sets A(G), B(G), C(G), S(G) and the event £(G). Additionally, let
&,(G) be the event that either GAZ contains at least 2 two-vertex
components that contain a vertex from A(G) and a vertex from
B(G), or G*® contains no component with at least two vertices
in A(G) and no isolated vertices. As preparation for our proof, we
require the following lemma, which is proved in Appendix B.

Lemma4.1. Let 20 < np <logn+1.1loglogn and
G ~ G(n, p). Then, with high probability, the event £, (G) occurs.

We now turn to prove the following main lemma, which will be
an important ingredient in proving Theorems 1 and 3.

Lemma4.2. Let 20 <np <logn+1.1loglogn and
G ~ G(n,p), and denote s :=|S(G)|. Then with high proba-
bility thereis a set F C ( V(ZG) ) of size u'(G) such that the following
hold.

i. GU F is Hamiltonian;
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ii.n—¢€L(GUF)for1<¢<s;

iii. £(G U F) contains all the integers in [3,log log n].

Observe that in particular, given Observation4.1, Lemma4.2 (i)
implies that u(G) = i’ (G) holds with high probability.

We first present a proof that there is a set F that satisfies (i),
since this proof is much less involved and constitutes a proof that
u(G) = i’ (G) with high probability. In order for F to satisfy (ii)
and (iii) as well, the set F should be constructed more carefully.
We provide the full proof of the lemma immediately after the
proof of (i) alone, so the reader may choose to skip directly to it.

Proof of (i). By Lemmas 3.1 and 4.1, we may assume that the
event £, (G) and the events listed in Lemma 3.1 all occur.

Let O be a disjoint path cover of GA2 with [%a(Q)] = /' (G), such
that O has no edges contained entirely in B(G) (observe that
we may assume that such a cover Q exists, since removing and
adding edges that are contained in B(G) to Q does not affect
a(Q)). Let B, be the set of all vertices of B(G) that are endpoints
of paths of Q of positive length, and B’(G) be the set of vertices
in B(G) that are not internal vertices of paths in Q and M be a
near-perfect matching on B,,.

By Lemma3.2, GU M contains a cycle H that covers B'(G)U
C(G) and contains all the edges of M, with probability 1 — O(n=2).
Assume that this is the case, and denote by P the subgraph
obtained by taking the edges of H \ M along with all the edges of
paths of Q (see Figure 2). If M is not a perfect matching on B,,,
that is, if M leaves out a single vertex b € B,,, then remove from
P the single edge in Q incident to b.

Observe that P is a union of a cycle and paths if M = J, and oth-
erwise it is a union of vertex-disjoint paths.

First assume that P contains a cycle. Then Q contains at most one
path with one endpoint in A(G) and one in B(G), which implies
that G*® does not have two components with one vertex in A(G)
and one in B(G). Thus, since & (G) occurs, this means that GAB
contains no component with two vertices in A(G), and no isolated
vertices. In this case, P is either a cycle if B'(G) is empty or a cycle
and a path that was created by removing an edge incident to the
single vertex in B’(G) that was unmatched by M. In the first case

B(@)\ B(G) |

V(@)

A(G) B(G) a@)

FIGURE 2 | The disjoint path covering P, all of whose endpoints
(except for maybe one) lie in A(G). The dotted edges represent the edges
of the matching M, and the snaked lines are the paths of Q.

P is a Hamilton cycle in G and F = {J satisfies the requirements.
In the second case, putting the removed edge back and removing
a cycle edge instead yields a Hamilton path in G, and setting F
as the singleton containing the edge between its two endpoints
satisfies the requirements.

Now assume the complement case, that is, P is a disjoint path
covering of G. Observe that all the vertices of C(G) are inter-
nal vertices in P. Indeed, the vertices of C(G) all have degree
2 in H, and since M does not match any vertex in C(G), their
degree is 2 in H \ M as well, and therefore in P. Addition-
ally, all vertices of B(G) are also internal vertices in P. Indeed,
if v € B'(G) constitutes a path of length 0 in Q, or is the at
most one unmatched endpoint of a positive length path, then
it is not matched by M, and therefore has degree 2 in H \ M,
and therefore in P. Otherwise, if v € B/(G) is matched by M,
then it has degree 2 in P, since it has one neighbor in B(G) U
C(G) and one neighbor in A(G). The last case is v € B(G) \
B'(G), in which v is internal in Q (and cannot have been
incident to the additional removed edge), and therefore also
internal in P.

Now, P is a disjoint path covering of G such that all its endpoints,
except for at most one, are endpoints of Q in A(G) (if we removed
an additional edge from an unmatched endpoint, its neighbour in
Q became an additional endpoint in P). It follows that the num-
ber of pathsin P is [%a(Q)] = 4’ (G), and therefore y/(G) > u(G),
and a set F as desired exists. O

We now present the proof of the full version of the lemma. Sim-
ilarly to the proof above, we will find a disjoint path covering of
G with 4/(G) paths, and F will be an edge set that connects the
endpoints of the paths in this cover. However, in order to also sat-
isty (ii) and (iii), the path covering, and subsequently F, will be
constructed more carefully.

Full proof of Lemma4.2. As in the proof of (i) assume that
the event &, (G) and the events listed in Lemma 3.1 all occur, and
let Q be a disjoint path cover of GA2 with [%a(Q)] = 1'(G), such
that O has no edges contained entirely in B(G).

We will construct the desired set F in three parts; that is, we con-
struct three edge sets F;, F,, F, such that F := F; U F; U F, is of
size ' (G) and satisfies (i)-(iii). Let K be the set of integers in
[3,loglog n] such that G spans a tree component C, on a ver-
tex b* € B(G) and k vertices {a}, a5, a%, ..., a}} in A(G) where b*
is adjacent to af, a% and df and didf ... a} is a path.

First, we modify Q slightly and define F,. For k € K, as C;, has 3
vertices of degree 1 that lie in A(G), there exist at least 2 paths in
O that cover these 3 vertices. If none of a'l‘ and a’z‘ corresponds to a
path in Q, then Q contains the path afb*a% and a path of the form
a;?ajfﬂ ...a}.. These two paths have 4 endpoints in A(G) NV (C)).
If exactly one of a’l‘ and a’z‘ corresponds to a path in Q, then the
paths in Q spanned by C, have at least 2 endpoints in A(G)N
V(C,), other than this vertex. The third case is that both a’l‘ and
a’z‘ correspond to isolated paths in Q. In all three cases, we may
replace the paths in O that cover C; with the paths a{b*aid’ .. . af

and a’l‘, as doing so does not increase the value of a(Q). We then

remove from Q these 2 paths and add the path aib*a5d’ ... afa}.

60f18

Random Structures & Algorithms, 2025

85U8017 SUOWILIOD BAIIRID) 3|qedldde 8y} Aq pauienob afe sejoiie VO ‘8sn Jo SN 10} Ariq18uluO A8|IM UO (SUONIPUOD-pUe-SLUIB)L0D A8 |Im" ARl 1[pUl|UO//SANY) SUOIPUOD Pue SWB | 83U 88S *[5202/£0/5z] Uo ARiqiTauliuo A8|IM 1SN yeUeIY00D AQ 98212 8S1/200T 0T/I0P/W0d™ S| 1M Ale.q 1 puluo//Sdiy Wwoy papeojumod ‘Z ‘SZ0Z ‘8TZ860T



FIGURE3 | Modifying the covering of C; in Q to obtain Q*, and adding {ai, a*} to F. Adding F, to G will now result in a graph that contains a

k-cycle.

T Y1

A(G) | B(G)UC(G)

FIGURE4 | Theset F, (dashed), which corresponds to the matching
M (dotted). Adding F, to the graph incorporates the paths of O* with one
endpoint in A(G) and one in B(G) (snaked) into a long path that covers
C(G) and all the vertices in B(G) that are not internal in Q*, starting at
x, and ending at x,.

We let F, be the set of edges {a\a} : k € K} (see Figure 3), and
denote by Q* the path covering of GAE U F, we obtained by the
above process.

Denote by Q7 the set of paths in Q* that have one endpoint in
A(G) and one endpoint in B(G). Additionally, if |Q7| is odd, let
v be a vertex in B(G) that constitutes a path of length 0 in O*.
‘We add v to O%, and henceforward we use the convention that
the path v has 2 endpoints, one in each of A(G), B(G). Here we
are using that Lemma 3.1 (iii) implies that [S(G)| > 1 and every
component in S(G) is covered by two paths in Q*, a path of length
2 and a path of length 0 that consists of a vertex in B(G). So Q*
indeed contains a path of length 0 whose single vertex belongs to
B(G). Note that now | Q7| is even. Furthermore, %a(Q*) + |Fy| =

[$a(O)].

Second, denote by gy the size of O7, and by x;, ..., X, y1. ...,y
the set of endpoints of paths in QF, so that x;,y; are the two
endpoints of the same path, where x; € A(G) and y; € B(G). We
then let M be the matching {y,;_,y, : 1 <i < ¢} /2} and F; the
matching {x,_,x,; : 2 <i <q)/2} (see Figure4). Furthermore,
for 2 <i < ¢q7/2, we let P, be the path yy; Q51X %3052
where Q; is the path from y; to x; in O*.

Finally, to construct F, let 0% , be the set of paths in O* with both
endpoints in A(G). If Q% , = @ then we let F, = {J. Else Q' , # @
and g; > 2. Indeed, Q% , # @ only if G*# contains a component
that spans at least 2 vertices in A or an isolated vertex. Thus, in
the event &£, only if ¢f > 2. In the case O\ # ¥ and gy > 2, we
order and orient the paths in Q7 , arbitrarily and add to F, an
edge between the ending of every path to the starting vertex of
the next path. In addition we add to F, the edges between y, and
the start of the first path and y, and the ending of the last path;
here we are using that g; > 2. We then let P, be the x; to x, path
in G U F, that spans all the paths in 07 ,.

Set F = F, U F; U F,. Note that the edges in F are incident to the
vertices a’; ,k € K. Each such vertex lies in the interior of some
path in Q*, that is, it is not an endpoint of the corresponding
path. In addition, each of the edges in F; U F, joins distinct end-
points of paths in Q*. Thus Fj is disjoint from F; U F,. Thereafter,
while constructing F; U F, only edges between endpoints in A(G)
of paths of O* were added. Since g; is even, a(Q*) must also be
even, and so we have |F; U F,| = [%a(Q*)] = %a(Q*), and there-
fore indeed

IFI = IRl + | U Byl = [ + 3a@") = [3a(@)]

Nowfix# € {0,1, ...,s}.Let X;, ..., X, be componentsin S(G).
For 1 <i < ¢, we have that X; is covered by a length 2 path in O*
with its two endpoints in B(G) and an additional path in O* of
length 0 whose vertex lies in B(G). Denote by u(X;) the unique
vertex in X; N A(G), and by w, (X;), w,(X;) the endpoints of the
2-path spanned by X, in Q*. We let M ; be a perfect matching con-
taining M on the set of all vertices in B(G) \ (|J;_, X;) that are
endpoints of paths in Q* of positive length, such that if v,, v, are
the two endpoints in B(G) of the same path in Q* then {v;,v,} €
M,. Thereafter, we let M, = M/, U (UL, {{w,(X), wz(X,.)}}>.
Finally, let B'(G) be B(G) with the vertices that are internal ver-
tices of paths in O* removed. By Lemma 3.2, G U M, contains a
cycle H), that covers B'(G) U C(G) and contains all the edges of
M, with probability 1 — O(n~2). Replacing every edge y,;_1¥,; €
M C M, of H), with the path P, gives a cycle H, in G U F that
spans V(G) \ {u(X 1), u(X,,5), ..., u(X,)}, and thus a cycle of
length n — (¢ — s) (see Figure 5). Hence G U F spans a cycle of
length n — (s — ) with probability 1 — O(n~2) for 0 < Z < s. By
the union bound, this completes the proof of (i) and (ii).

Finally, since we assumed that the properties listed in Lemma 3.1
all occur, and therefore £(G) occurs, we have that for k €
[3,loglog n] either G spans a cycle of length k or k € K. In the
second case we have added to F, the edge aﬁa’l‘. Asaresult, GU F
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FIGURE5 | With high probability, G U F contains a cycle H, that
passes through all the vertices except for u(X,, ), u(X,,,), ..., u(X,), and
therefore a cycle of length n — (¢ — s), forall0 < Z < s.

contains the cycle a¥b*akal ... afaf. This completes the proof
of (iif). O

Equation (1), Observation 4.1, and Lemma4.2 imply the
following.

Corollary 4.2. Let np >20 and G ~ G(n,p). Then u(G)=
u'(G) with high probability.

5 | Proofof Theorem 1

What follows is an adaptation of the proof from [10] for esti-
mating the scaling limit of the length of the longest cycle in
G(n, p). For the rest of this section, we let G ~ G(n, d /n) where
20 < d < 0.4logn. To estimate u(G), we first define a sequence
of random variables {4,(G)};>;. 4;(G) will have the property
that |E(4/(G) — 1, (G))| < ed)re ™ 4/* . n < 0.8* - n. In addition,
E(u(G)) will depend on finitely many subgraph counts of G.
The order of these subgraphs will depend on k. This enables us
to calculate E(u,(G)) exactly, which we then use to approximate
E(4/(G)). The quantity E(x'(G)) will end up being a good approx-
imation of u(G).

51 | Definition of u,

Let 7 (G*#) denote the set of connected components of GAZ. For
T € 7 (G*B) let P; denote the set of all disjoint path covers of
T.For P € Py, denote by ¢(P) the number of endpoints of paths
in P that are members of A(G), where, like in the definition of
u(G), a vertex of A(G) that constitutes a path of length 0 in P
is counted twice towards ¢(P). Finally, for T € 7 (G*#) define
¢(T) = minpepr(qb(P)), and for v € T define ¢p(v) = ¢(T)/|T|. If
v € C(G) we define ¢(v) = 0. Evidently,

aG= Y dD)= ) ¢ @)

TET (GAB) veV(G)

In the high probability event u(G) = u'(G), (2) implies that u(G)
can be expressed as the sum of ¢(v) over v € V' (G). By definition,
if the value of ¢(v) is non-zero, then it can be determined by the
component of GA8 that contains v. Lemma 3.1 (i) states that typ-
ically most of the components of G are small. Thus, in the case
that v belongs to a small component of G*%, one may hope to
be able to identify that component, and subsequently the value
of ¢(v), by just looking at the ball centered at v of radius k, for

sufficiently large k. Now considering the strong 4-core of the sub-
graph of G induced by the vertices within distance k is no good,
as typically, those vertices induce a tree, and every tree has an
empty strong 4-core. Instead of the 4-core of that tree, we con-
sider a similar set of vertices where we fix the vertices at distance
k (i.e., the boundary of the corresponding ball) to belong to the
“strong 4-core.” We will denote this set by C(v, k). Based on the
set C(v, k) we will then define ¢ (v). One should think of ¢/ (v)
as a “guess” of ¢(v) based on N g"(u).

Given a vertex v € V(G) and k > 1, we set C(v,k) to be the
maximal set § C N, ;"(u) with the property that every vertex in
S U NgK() has at least 4 neighbors in .S U N£(v). We then let
B(v, k) be the set of vertices in N g"(u) \ C(v, k) that are adjacent
to C(v, k) and A(v, k) = Ng"(S) \ (C(v, k) U B(v, k)).

To define g, first define the function 4);( . V(G) = [0,1] as fol-

lows. For v € V(G), given the sets A(v, k), B(v, k), and C(v, k),

set ¢/ (v) = 0 if v € C(v, k). Else let T4 (v, k) be the component

containing v in the subgraph of G[ N, gk(u)] induced by A(v, k) U
' _ T B wk)

B(v, k) and set ¢, (v) = T

Thereafter we define the function ¢, : V(G) — [0,1] by ¢, (v) =

@, () if|Nék(u)| < 2d*e* and ¢, (v) = 0 otherwise for v € V(G).

Finally, we let

W@ =3 Y o ®

veV (G)

Note that ¢, is a truncated version of (IJZ. In particular, the two
functions are not equal only on vertices v for which the size of
N, gk(u) is significantly larger than its expected value. Thus one
may obtain y,(G) from a(G)/2 by replacing ¢(v) in (2) with the
corresponding truncated guesses ¢, (v), which depend on N, gk (v),
for v € V(G). Recall that [a(G)/2] = u(G) with high probability
whenever G ~ G(n, p), np > 20. Hence,

W (@) - m (@) =

LY sw|-L Y g0
2 2

veV (G) veV(G)
<1+ Y @0 - g
veV(G)
1
ST+ 2 Y M) # b0) )
veV (G)

<1+ ) U (0) # p(0))

veV(G)
<1+ [{veV(G) : ¢ (v) # )}
+{v €V(G) : INF ()| > 2d* e}

The second inequality above follows from the fact that both val-
ues ¢(v), ¢, (v) belong to [0, 1] for v € V(G).

For v € V(G), denote by T42(v) the component of GAZ contain-
ing v. In particular, if v € C(G), then TA8(v) = ¢J. In Lemma 5.1
we show that the guess d);((u) equals ¢(v) for every vertex v such
that |T48(v)| < k — 1 (recall that Lemma 3.1 (i) states that most
of the vertices satisfy this condition). In Lemma 5.2 we combine
(4), Lemma 5.1, and Markov’s inequality to show that |E(4'(G)) —
E(u,(G))| decays exponentially with k.
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Lemma5.1. If [T*8(v)| < k — 1 then ¢/ (v) = p(v).

Proof. Let v € V(G) be such that |[TA8(v)| < k — 1. Set D* =
C(G) N N (v). Then by definition of C(G), the set C(G) N N5*(v)
is the maximal subset S of N, ;"(u) with the property that every
vertex in S U N4(S) has at least 4 neighbors in .S U D*. As D* C
NE(v), one has C(G)n N§*(v) C C(v, k). It follows that if v €
C(G) then v € C(v, k) and ¢(v) = 0 = ¢, (v).

Now assume that v ¢ C(G), equivalently that T48(v) # @ and let
D = Ng(TA8(v)). As TAB(v) is connected, contains v, and has
size at most k — 1, we have that T48(v) C Ngk"z(v), and therefore
DC N;k(u). In addition, as D C C(G), we have that D C C(v, k).
By the definitions of C(G), C(v, k) we have that both of the sets
C(G)NT*E(v), C(v,k) nT*B(v) are the maximal subset S of
T#8(v) with the property that every vertex in S U Ngras(;(S)
has at least 4 neighbors in S U D. Thus, we have equalities

TAB() N C(G) = T*B(v) N C(v, k)
N (D)nTAB(v) = T*B(v) n B(G) = T*3(v) n B(v, k)
TAB() N A(G) = T*B(v) n A(v, k)

It now follows that ¢(v) = ¢, (v). O

Lemma5.2. For k>1,
e—kd/4 .n.

|E(W'(G)) = E(ui(G))] < (2ed)

Proof.  Note that for k € N* and v € [n] we have E(|N£(v)|) <
d*. Therefore, E(|N5*(v)|) < 2d, and by Markov’s inequality
we get

P(INS)]) > 2d*e*) < e
In extension,
E({v € V(G) : INF*@)| > 2d*e*}]) < e™n
To bound the expected number of |{v € V(G) : (I);((U) # P},
recall that Lemma5.1 implies that if qﬁjc(v) # ¢(v), then

|TAB(v)| > k. In addition, T48(v) has at least |T48(v)| /4 vertices
in A(G). Thus, Lemma 3.1 (i) implies that

at most k from oy, there are at most 2d*e?* + 1 vertices in H, and
¢ of the vertices in H are at distance at most k — 1 from o. For
(H,oy) € H, ,let X (H 0,7 (@) be the number of copies of (H, 0y)
in G. Also let ¢(H, oy ) be equal to the value of ¢, (v) in the event
(GIN=*(v)],v) = (H,0). Then,

W@ =3 Y po=3-

veV (G) vev(G)

(DY ¢H 0 I(GINT®)],v) = (H,0p))

£21 (H,0)eH, ,

133

£21 (H,o)eM,,

d)(HaoH)

><< > n((G[ka(u)],v)=(H,aH)))

veV (G)

32X

£>1 (H,o5)€H, ,

P(H, OH)X(H,OH)(G)

For k > 1 we let

Pay = Z Z

£>1 (Hop)eHy s:
H isatree

d’(H, OH) . d|V(H)\71 . efdf
2-aut(H,op)

Here by aut(H, o) we denote the number of automorphisms of
H that map oy, to oy. Then,

E(Mk(G)>
n

G(H, 0x)EX g,,,,(G))
2n

£21 (H,0;)€H,

Ao . . plEGD
$(H,0p) <|V(H)|> [V(H)|! - p
[V (H)]
a _p)f~<n—|V<H>\)+( O0) = ECH)|

2-aut(H,oy)-n

=;212

(H,oy)EH, ,

Z G(H , 0p) - nV DL pIEUD] o=d?

+O -0.5
2-aut(H,op) n =)

¢>1 (H,0,)eH,,

(5)
2ed) e~(i/4Hd
E(l{v € V(G) : ¢ (v) # p()}]) < Z% . At the last equality we used that [E(@) € [0, 1], and that
i>k !
(2ed)ke *d/4 n = van+( ") -1 Ean)
R it S WEDD - = 2
< T5kd /4 V(D] [V(H)|!-(1—p)
. . [V(H)|-1 .
Equation (4), and the above imply that _ H 1_ L ) VDL | =0 n+0(1)
i=0 n
2ed)rekd/4 B !
IEH'(G)) = E(u(G)] <1+ Y4+ % ntek.n _ (1 _ O(l)) VUL gmnpl+0mp+p) — VD | —df
i>k / n
< (zed)ke—kd/4 -n X (1 + O(n—045))
O
For (H,0y) € H, , that is not a tree, we have that,
5.2 | The Scaling Limits of the Approximations G(H ,0,7) - nlVUID] . pIEGDI . g=d? L IVUDI . HIEGH)
For 7,k > 1 we let H,, be the set of pairs (H,o,) where H 2-aut(H,op) - n "
is a connected graph, oy is a distinguished vertex of H, that is < (np)!” _d V) — 0(n%) ©)
considered to be the root, every vertex in V' (H) is within distance - n
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At the first inequality above we used that ¢(H, op) € [0,1] and
at the equality we used that |V (H)| = O(1), and d = O(log n).

Finally, as the sum in (5) is taken over finitely many pairs (H, o)
(hence it involves only finitely many pairs where H is not a tree),
(5) and (6) give that,

E(”k(G)> _ O(H, o) - plVUDL L plVH)=1]p=d?
n £>1 (Hop)eH, o: 2-aut(H,oy) - n
H isatree
+O0(™"%) = pg e+ 0(™*) ™
5.3 | The Scaling Limit of u(G)

We now define the function f : [0, c0) — [0, 1] by

£(d) = {/’d,l + ZI.ZI(Pd.Hl = Pai) for d > 20
Pr1+ 2i21(on,i+1 = py;)  for0<d <20

Lemma 5.3. With high probability, for all k > 1

|u(G) — f(d) - n| <3n-0.8 +0n") ®)

In the proof of Lemma 5.3 we use Lemma 5.4. Its proof is located
in Appendix A.

Lemma5.4. |4/ (G)—E(/(G))| < n®' with high probability.

Proof of Lemma 5.3. Lemma5.2 and (7) imply that for 1 <
k, < ks,
1lpgg, = Pak,| < 1npgx, — EQuy (G| + |E(uy (G)) — E(U'(G)]
+EW'(G)) = Epy, (G| + |E(py (@) = py |
< 0(n*) + (Qed) e 4/* . p + O(n°?))
+(2ed)2e™2* . p + O(n"%)) + O(n*?)
<2-QRed)fre M4y 4 O

Thus, for 1 < k; < k,,
Pas, = Pay,] <2~ Qed)re™ 1/t ©)

It follows that the sum in the definition of f(d), and in extension
f(d),iswell defined foralld > 0.Inaddition, as p, , is continuous
in d, we have that f is continuous. Also note that for k > 1 and
d > 20,

fd)=pq4y + Z(pd,i+1 —Pai) = Pax t Z (Pais1 = Pai)

i>1 i>k+1
Thus, we have that for all £ > 1,
[E(U'(G)) = f(d) - n|

= [EW @) =n-pyg=n- Y, (Pais = Pa)

i>k+1

S EW'(G) = E(up(G)] + [Eu(G)) = - pyyl

+n-

Z (Paiv1 — pd,i)

i>k

<n-Qed¥e ™ + O +n- 22 - (2ed)kekd/4

i>k

< 3n-(ed) e ¥ + 0(n) (10)

At the penultimate inequality we used Lemma 5.2, (7), and (9).
Equation (10) and Lemma 5.4 imply that, for all k¥ > 1, with high
probability

|4 (G) = f(d) - n| <3n-Q2ed) e ™ /* + 0On*)
<3n-0.8°+0n")

Equation (8) follows from the inequality above and Corollary 4.2.

54 | Approximating the Scaling Limit of u(G)

We now proceed with approximating f(d) up to accuracy
O(d"e™*"). In order to approximate f(d) we use Lemma 5.5,
which is stated shortly and proved at the end of this section.
For a graph G and T a connected component in G42, denote
A(T) := A(G)n V(T) and B(T) := B(G) n V(T), and denote by
n,(T') the number of vertices in A(T') that have degree i.

A 3-prespider of a graph F is a tree subgraph of F whose edge
set consists of the edges incident to 3 vertices of degree at most
2 in F with a common neighbor. There are 4 non-isomorphic
3-prespiders (see Figure 6).

We also let s4(G) and s%(T) be the number of 3-prespiders
spanned by G, T respectively. Finally, let a(T") be the number
of endpoints in A(T) of paths in a cover Q with a(Q) = a(G)
(observe that a(T') does not depend on the choice of Q, as long
as a(Q) = a(@)).

Lemma5.5. If T is a tree connected component G*B, with
|A(T)| < 3, then a(T') = 2ny(T) + n(T) + s'3(T).

The main lemma of this subsection is the following.

Lemma5.6. Let d =d(n) be such that 20 <d <0.4logn.
Then,

1, 4, —a (1 6,15, 1,4 1 3) —3d
d)=2de™ + e + (=d® + 2d + ~d* + —d*) -
fld)=zde +e R T T TR )

0, (d%e )

5 6
ﬁe n 3re n 33()1! e*Sdn %673(1’77/

FIGURE 6 | The 4 non-isomorphic 3-prespiders and the respective
leading terms of the expected number of their appearances. Here, the ver-
tices above the line belong to A(G), and have no neighbors in G outside
the 3-prespider, while the vertices below the line may belong to either
B(G) or A(G) and may have more neighbors.
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Proof. LetT' C T (G*®) be the set of tree components T of GA8
with at most 3 vertices in A. Let P be a set of vertex-disjoint paths
that cover GA® such that (i) each component T € 7' is covered
by paths with a(T') endpoints in A(T) in total and (ii) the rest of
the components are covered by paths arbitrarily. Let a(P) be the
total number of endpoints of paths in P that belong to A(G). By
the definition of x'(G) we have that 2 - E(4/(G)) < E(a(P)) + 1.
In addition, note that for every component C of G4 with C n
A(G) = i, the number of endpoints of paths in P that belong to
C N A(G) is at most 2i. Thus,

EQ2u' (@) — E2ny(G) + ny(G) + 55(G))

<E@P)+1- [E< 2ny(T) + ny(T) + s’3(T)>

TET':|AT)|<3

<1+30-d2+ 2[E(2i Y)<1+430-d2+ 21‘3[E(Y,-) 11)

i>4 i>4

where Y, is the number of components of G4 with i ver-
tices in A. The 30d'? term in (11) is a crude upper bound
on the expected number of endpoints of paths in P that
are spanned by cyclic components of GA® with at most 3
vertices in A(G), hence with at most 12 vertices in total.
For the last inequality in (11) we used that Lemma5.5
implies that [E(ZTer,:lA(TNSSZnO(T)+n1(T)+s’3(T))=

[E(ZTET’:|A(T)|S3 a(T)).

On the other hand, Lemma 5.5 implies that 24'(G) — 2ny(G) +
n(G) + s’S(G)) is lower bounded by minus the sum of 2n,(T) +
ny(T) + s4(T) over components T € T (G*B) such that either
|A(T)| > 4or A(T) < 3 (hence T spans at most 12 vertices) and T’
spans a cycle. X; is the number of components T with |A(T)| =
i. For i > 4, each such component spans at most i vertices of
degree 1, 0 vertices of degree 0, and at most <;) 3-prespiders
(each 3-prespider is uniquely determined by the 3 vertices with
the common neighbor that it spans; each such vertex belongs to
A(G)). Thus,

EQu' (@) — EQ2ny(G) + ny(G) + 55(G))

o B+ () ) e

i>4
>-1-30d"2 - 21’3[E(Y,») (12)
i4

Lemma3.1 (i) implies that E(Y;) < max { % - n, n‘3} for

every 1 <i < n. Thus, (11) and (12) give that
12E(4'(G)) = EQ2ny(G) + ny(G) + 55(G))
2 4i ,—id
< DPE(Y) + 143042 < Zi3%n +1+ 30412

1

i>4 i>4

16(2 4d15 —4d 2
Sw—e.n.zl_

T T (2edy*e™) ™ +1+ 304"

i>4

=0,(de™*) - n

A 3-prespider corresponds to a connected subgraph of a 3-spider
that spans a vertex of degree 3, thus there are exactly 4
non-isomorphic 3-prespiders (see Figure 6). By calculating the

expected number of appearances of each such 3-prespider in
G(n, p), it follows that

E2ny(G) + n,(G) + 54(G))

d®>  3d* 3d° d°
— —d —d g .24 22 2 )\, 0.5
—(26 +de +<3' + 3 + 30 + 3'>€ >n+0(n )

The above and (10) (taking k& = 20) imply that

3 g4 g5 g6
f(d)=e7d+%de7d+<d—+d—+d d )e73d

+ 0, (dPe™)

Proof of Lemma 5.5. First, assume that |A(T)| = 1, and let
v be the unique vertex in A(T). Then taking min{d(v), 2} arbi-
trary edges adjacent to v, and covering all uncovered vertices
with paths of length 0, results in a disjoint path cover in which
v is an endpoint if and only if d(v) < 2. Since A(T) = {v},
this means that in particular a(T) = 2ny(T) + n,;(T) = 2ny(T) +
ny (T) + s5(T).

Now assume that |A(T")| = 2 and let A(T') = {u, v}. Then there
exists a u-v path P spanned by T. For w € {u, v}, if w has degree
at least 2, then extend P by adding to it a second edge adjacent to
w. Since T is acyclic, this gives a path P’ with n,(T") endpoints in
A.Asn(T)isalower bound on a(T"), we have that a(T) = n,(T') =
2ny(T) + ny(T) + s4(T).

Finally, consider the case |A(T)| = 3andlet A(T') = {w,, w,, w5}.
Let P, be a w,-w, path spanned by T and P, be a shortest path
from w; to a vertex w € V(P,). As T is acyclic, P, is well defined.
Ifw € {w,, w,}, then concatenating the two paths gives a path P’
that covers A(T') and has endpoints in A(T') (see Figure 7 case (a)).
Similar to the case |A(T)| = 2 this implies that a(T) = n(T) =
2ny(T) + ny(T) + 55(T). Otherwise, w ¢ {w,, w,} and there exists
a path R, from w; to w spanned by T for i = 1, 2, 3. First, assume
that there exists u € A(T') such that either u is not adjacent to
w or dr(u) > 3. Then u has at least min{d(u),2} neighbors in
V(T) \ (A(T) U {w}). Without loss of generality, assume that u =
w;. Then by starting with the paths R = w,R,wR;w; and w;,
augmenting R as in the case |A(T)| = 2 and connecting w; to
min{d(u),2} neighbours of it not in V(T) \ (A(T)U {w}) once
again we have that a(T) = ny(T) = 2ny(T) + n,(T) + s5(T) (see
Figure 7 case (b)).

This leaves the case where A(T) = {w,,w,,ws}, the vertices
w;, Ww,, wy have degree at most 2 and a common neighbor w,
which means that T spans a 3-prespider of G. In any disjoint path
covering P of T, the vertex w is covered by a single path, and

w2 = w wp w2 w3 wy; w2 w3
A(G) w1 ¢ q A w3 q q A K T T
B(G) Vi JU LN
w w
case (a) case (b) case (c)
FIGURE 7 | An illustration of the three cases of an acyclic compo-

nent T in GA8 with |A(T)| = 3, and a covering of them (non-dotted) that
demonstrates the equality a(T') = 2ny(T') + n,(T') + sg(T).
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therefore at least 1 of the edges ww,, ww,, wws, is not spanned by
some path. Therefore P spans at most d(w,) + d(w,) + d(w;) — 1
edges incident to A(T'). As T is acyclic and w,, w,, w; are adja-
cent to w, we have that A(T') does not span an edge of 7. Thus,
P has at least 6 — (d(w,) + d(w,) + d(w;) — 1) = ny(T) + 1 end-
points in A(T). On the other hand, by greedily extending the
paths w,ww, and w; into vertex-disjoint paths, we may con-
struct a disjoint path covering of T with 6 — (d(w;) + d(w,) +
d(w;) — 1) = n(T) + 1 endpointsin A(T'). Hence, a(T') = n,(T) +
1 =2ny(T) + ny(T) + s5(T) (see Figure 7 case (c)).

5.5 | Proofof Theorem1

Let f :[0,00) — [0,1] be as defined in Section5.3. Then
Lemma 5.3 implies that u(G) = f(d) - n + O(n®®) with high prob-
ability, and Lemma5.6 gives the first terms of f(d), from
which also follows that f(d) - n = o(n®%) for d < 0.41log n. Hence
u(G) =1 +0()) - f(d)-n with high probability for 20 <d <
0.4 log n, as we set out to prove. O

6 | Proofof Theorems3 and 4
Theorem 3 follows directly from Lemma 4.2 and auxiliary results.

Proof of Theorem 3.  First, note that Theorem 3 in the regime
np > logn + 1.11loglogn follows from Theorem 6. For the rest of
the proof, we consider the regime 20 < np <logn + 1.11oglogn.

Letting d = np, by Theorem 5 (for np = O(1)) and Theorem 7
(for np - o0), with high probability we already have
[loglogn, (1 —0.04d%?) - n| C L(G), so it remains to con-
struct a set F' such that G U F spans cycles with length shorter
than loglogn or longer than (1 — 0.04d3e™) - n. Let s = |S(G)|.
By Lemma 3.1 (iii) we have s > 0.05d%¢~“n.

Assume that the set F from Lemmad4.2 exists, an event that
occurs with high probability, and recall that |F| = u(G). In
this case we also have [3,loglogn] U [(1 —0.05d%¢™%)-n,n] C
L(G U F). Overall L(G U F) = [3,n], and therefore 4(G) < |F| =
u(G). Since u(G) < ji(G) for every graph, this implies Theorem 3.

Theorem 4 follows similarly, with some additions addressing
computational complexity.

Proof of Theorem 4. With high probability, the set F from
Lemma 4.2 exists. As shown in the proof of Theorem 3, if F exists,
then, with high probability, it has size x(G), and it completes G
to pancyclicity. It therefore remains to show that there is a poly-
nomial time algorithm that calculates F with high probability if
it exists (and calculates a possibly meaningless set, otherwise).

To prove this we will use Lemma 6.1, stated below.

Lemma 6.1. Let T be an acyclic graph whose vertices are col-
ored blue or red. Let f(T) be the minimum integer such that there
exists a disjoint path cover of T with f(T) red endpoints. Then,
f(T), along with a corresponding set of paths, can be computed in
polynomial time.

Proof. Given T, let A and B be the red and blue vertices of T,
respectively. For k > 0 we construct the auxiliary graph T}, start-
ing from T, by adding two sets of vertices H = {hy, h,, ..., h;}
and J = {ji, j,.J3}, along with the following edges. We add all
the edges spanned by H U J U B and all the edges from H to A.
Now observe that if f(T') € {2k — 1,2k}, then T, has a 2-factor,
that is, a spanning 2-regular graph.

Indeed, let { P, ... P,} be a disjoint path cover of 7" with at most
2k endpoints in As. Starting from the set { P, ..., P, }, iteratively
connect a pair of paths, each having an endpoint in B, via an edge
between an endpoint in B of each path. This is possible since
B is a clique in Tj. This results in a set of vertex-disjoint paths
{P/, ... Pff, } in T, whose vertex set is A U B, such that the paths
have at most 2k endpoints in A in total, and at most one of the
paths has endpoints in B, say the path P,,.

If P, has at most one endpoint in B, then by counting the
endpoints in A, we have that ¢’ = k. Otherwise, P,, has two
endpoints in B and ¢’ =k + 1. In both cases let C be the
cycle hyP{h,Py---h P If £’ = k+1, then let C’ be the cycle
J1J2i3 P/, else let C’ be the cycle j, j,j; (recall BU J is a clique
in 7). In both cases the union of C and C’ is a 2-factor of T}.

On the other hand, if T, has a 2-factor P, then by removing from
E(P) all the edges that are either spanned by BU J U H or are
from H to A, we get a subgraph F of T' of maximum degree 2.
Since T is acyclic, F corresponds to a disjoint path cover of 7.
The endpoints of paths in F either lie in B or are incident to a
removed edge from H to A. As there are at most 2| H| = 2k edges
of the second kind, we have that F has at most 2k endpoints in A.

Let #(T') be the minimum k such that T} has a 2-factor. From
the above it follows that if T is acyclic, then [% f(M)] =rT), so
we have that f(T) € {2r(T),2r(T) — 1}. To determine f(T)let T’
be the graph obtained from T by adding to it an edge compo-
nent with a red and a blue endpoint. If /(T') = r(T') then f(T) =
2r(T) — 1, and otherwise f(T) = 2r(T). In each of the cases, as
seen earlier, a disjoint path cover with f(7T") endpoints in A can
be derived from a 2-factor of an auxiliary graph. Determining
whether a graph H has a 2-factor, and finding one in the case
that it has, can be done in polynomial time in the number of ver-
tices of H (see the sole lemma of [14]). This gives a polynomial
time algorithm that computes f(T'), along with a corresponding
set of paths. O

In order to now compute F, first compute the partition
A(G), B(G), C(G). This is done in polynomial time, as there are at
most 2n steps to the colouring process (see Section 3), and in each
step we consider each vertex at most once. From A(G), B(G), the
connected components of GA® can now be computed in polyno-
mial time. If one such component contains more than loglogn
vertices and a cycle, return F = @J. By Lemma 3.1 (ii), this occurs
with probability o(1). We continue under the assumption that no
such component exists in the input graph.

From here, we follow the process of building F in the proof of
Lemma4.2. First, by Lemma6.1, a minimum size path cover-
ing of T can be found in polynomial time for every tree com-
ponent T € 7 (G4B), where the colouring on the vertices of T is
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determined by colouring the vertices in A(G) N T red and the rest
of the vertices blue. For the non-tree component, since we are
assuming they all have at most loglog n vertices, a minimum size

covering can be found by examining all the subsets of E(T) in
loglogn

O(2< 2 )) time.

With this we have a path covering Q of G*8 with [%a(Q)] =
#'(G), the same as the covering in the proof of Lemma4.2. The
last remaining part is calculating the sets F,, F;, F,, the union
of which is F, but, following their construction in the proof of
Lemma4.2, they are calculated directly (and in at most linear
time) from Q.

Remark 6.1. The algorithm in the proof of the above lemma
finds a disjoint path cover Q of G*8 that minimizes a(Q), that
is, a(Q) = a(G), in polynomial time with high probability. This
results in the lower bound [%a(G)] of u(G). Recall that the two
quantities are equal with high probability. One may go one step
further and utilize the arguments in the proofs of Lemmas 3.2 and
4.2 (the first is based on Posa rotations) to derive an algorithm
that finds a disjoint path cover P of G of size [%a(G)] with high
probability. This algorithm can be used to certify the equality. As
the proof of Lemma 3.2 is not in the scope of this article, we omit
further details.

7 | Proof of Theorem 2

For the purpose of proving Theorem 2, we may assume that
g(n) = O(logloglog n).

71 | Theorem?2 fort < 10n

Itis well known that G, )1 25 and Gy ,)..2/» consist of tree compo-
nents with at most 3 and 4 respectively, vertices with high proba-
bility. In addition, G oys has w(1) stars with 3 leaves, that is,
K, 3’s with high probability (for reference, see for example [9]
§2.1). Thus the number of K, ; components in G, is 0 for t =
g(m)™! - n?3, increasing for g(n)™' - n?/?> < t < g(n) - n*/?,and w(1)
for r = g(n) - n?/* with high probability. As u(T) = no(T) + 5n,(T)
for every tree T on one to four vertices other than the 3-star K 3,
and u(K, ;) =2 = ny(K;3) + %(”1(1(1,3) + 1), parts (i) and (ii) of
Theorem 3 follow. In addition, one can show that a constant por-
tion of the K, ; components of G,,),.;; are also K, ; components
of G, with high probability. Thus the graph G, spans @(1) many
K, 5-components, for every g(n) - /> <t < 10n with high prob-
ability. As u(K; 3) > ny(Ky3) + %nl(Km), this implies (iii) for the
range g(n) - n*/3 <t < 10n.

7.2 | Theorem?2fort > 10n

For the rest of this section, we utilize the definitions
of A(G), B(G),C(G),S(G) introduced in Section3, and
for a connected component T in G42, the definitions of
A(T), B(T), n/(T), a(T), s,(T") introduced in Section5.4. Recall
that we denote by s5(G) the number of 3-spiders of G. We further
denote by s,(T") the number of 3-spiders of G whose edge set is
spanned by T'.

Observe that if X is a 3-spider in G, then X is part of a com-
ponent T in G*8 such that the three degree 2 vertices of X
belong to A(T), and any disjoint path covering of T leaves at
least one of the degree 2 vertices of X as an endpoint of a path.
This means that if s;(G) > i then one has u(G) > u'(G) > ny(G) +
[%(nl(G) + )] since, in this case, in every disjoint path cover-
ing of GAB there are at least i degree 2 vertices in A(G) that
are endpoints of paths. Denoting by #;, the minimum # such that
t > 10nand s,(G,) < i, this already proves part (iii) of the theorem
for the range ¢ > 10mn, given that ¢, is indeed shown to be larger
than n- <% logn +loglogn — g(n)) with high probability for
every i € N*.

In order to prove parts (iv) and (v) of the theorem, we begin by
proving versions of Lemmas 4.1 and 4.2 in the setting of a random
graph process.
Lemma7.1. Let {G,}t(:zo) be a random graph process on [n].
Then with high probability the event £,(G,) occurs for all %n logn <
t< gn log n.

A proof of Lemma 7.1 is found in Appendix C.

Lemma 7.2. Let {G,}t(:z()) be a random graph process on [n].
Then, with high probability, for every t > én log n, there exists a set

F,C <[;]> of size ji'(G,) such that G, U F, is Hamiltonian.

Proof.  First, with high probability, G, is Hamiltonian for all
t> %n log n, in which case F, = @ satisfies the requirement, so it
suffices to prove the lemma for énlogn <t< %nlog n. The rest
of the proof is identical to the proof of Lemma 4.2, which gives
that if for some %n logn <t < gn log n there does not exist a set

F, C <[§]> of size y'(G,) such that G, U F, is Hamiltonian, then
the following holds. Either &, (G,) does not occur, or there exist
U C B(G) and a matching M C (lzj) on the set U such that
G[C(G)u U] U M does not contain a Hamilton cycle that spans
all the edges of M. Lemmas3.2 and 2.1 imply that the latter
occurs with probability O(n=2 - \/;) = o(n~'1). Lemma7.1 states

that nfnlogn &,(G,) occurs with high probability. It follows that

:%nlogn
there exists a set F, C <[Z]> of size 4'(G,) such that G, U F, is

Hamiltonian for %n logn <t < %n log n with probability at least

%nlogn %nlogn
P ﬂ &£G)|- Z on ™) =1-o0(1)
t:énlogn t:énlogn

[m]

Now let t‘:=n~<%logn+loglogn—g(n)> and tt=n-

(é logn + loglogn + g(n)). For parts (iv) and (v), we show that
under certain conditions, which hold with high probability for
G, with 1 > 1=, we have u(G)) = ny+ [5 - (n(G) + 53(G))]. We
then argue that s5(G,) = 0 for t > t* and s5(G,) is non-increasing
for 7 € [r~, +*] with high probability.

We begin by showing that there is a small family of graphs such
that, with high probability, all the connected components in G2
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are induced copies of graphs from this family, for all 1~ <7 < 7,
where 7, is the hitting time of Hamiltonicity.

Lemmas 7.3 and 7.4, stated shortly, are used in the proof of
Lemma 7.5. Their proofs are located in AppendixesD and E,
respectively. The proof of Lemma 7.4 is based on first moment
calculations.

Lemma 7.3. Let x,y,z be non-negative integers and let t =
t(n) = O(nlogn). Let N = (;) Then,

(Vo)
(V)

Lemma 7.4. With high probability, for everyt~ <t < 74, every
connected component of GIAB is a tree with at most two vertices from
A(G,), or a tree with three vertices from A(G,) and at least four ver-
tices from B(G,).

=(1+o(1))<%>zoexp<—%m) (13)

Lemma 7.4 implies that with high probability, for every ~ <t <
t;, every 3-prespider of G, is in fact a 3-spider. Hence Lemma 5.5
gives that, with high probability,

w(G,) = ny(G) + E - (m(G) + sS(G))] forevery 1~ <t <ty
(14)

Finally, we bound ¢, and show that, while s5(G) < i is not a
monotone property, typically s;(G,) < iforallt >1,,i € N*.

Lemma 7.5. Let g(n) be any function that tends to infinity as n
tends to infinity. Then with high probability, for i € N*,

<n-gn)

‘t,- —-n- (%logn+loglogn>

and s5(G,) < iforeveryt > t;. Inaddition, s5(G,) > s5(G,,,) fort >
t~ with high probability.

Proof. LetN = (;) First, we show thatif7 = ¢* then with high
probability s5(G,) = 0, and hence #; < t* fori € N*. We do this by
the union bound. To upper bound E(s;(G,)) observe that each of
the at most n’, 3-spiders s belongs to G, only if E(G,) contains
the 6 edges spanned by s and the other ¢ — 6 edges of G, do not

include one of the 3(n — 3) + ( ) = 3n — 6 additional edges that

3
2
N—(3n—6) )

are incident to the vertices of degree 2 of s. There exist ( e

such sets of edges out of the (1:’ ) ones that have size ¢. Thus,
using (13), we get,

()
(")
=n"-1+o0Q))- (%)6 . exp(—ivﬁ)

=0(1)-n-log°n - exp(—logn — 6loglogn — 6g(n))

P(s3(G) > 0) < E(s3(G) < n’ -

=0(1)- e %M = o(1)

Next, we show that, with high probability, s,(G,) > iforalli € N*
and 10n <t <17, which implies that 7, > ¢~ fori € N*. Let ¢’ :=
n- (1—18 logn + loglog n) First, observe that Lemmas 2.1 and 3.1
(v) imply that s4(G,) > 107%#/3 for 10n < t < ¢’ with probability
1—17-0o(n"2) =1-o0(1). To show that s5(G,) > i for ¥’ <t <1,
we argue, as G, typically spans Q(nz/ 3) 3-spiders, that between
times # and 7~ it is unlikely that too many of the 3-spiders
spanned at time 7’ disappear.

For that, fix a set .S; of min{s;(G,),107%1?/3} distinct 3-spiders
in G, and define the random variable X to be the number of
3-spiders s € S5 such that none of the edges in E(G,-) \ E(G,)
are adjacent to one of the three degree 2 vertices of s. Note that
in the event that GA® does not span a component that inter-
sects A(G,-) in at least 4 vertices, we have that X < 5;(G,-);
Lemma 3.1 (i) and Markov’s inequality imply that this occurs
with high probability. We bound the probability that X < i by esti-
mating its expectation and variance and invoking Chebyshev’s
inequality.

There are (ﬁ j sets of edges of size t~ — ¢ that do not intersect
E(G,), each corresponding to a possible realization of E(G,-) \
E(G,). Out of those, for a fixed s € .S, exactly (N_’;___(?,"_ﬁ)> do
not contain an edge out of the 3n — 6 non-edges in G, that are
adjacent to one of the three degree 2 vertices of s. Thus, (13)

gives that,
( N—1'—(3n—6) )
==t

N—-t
=t

= (1 +0(1)|S,] eXp(—% logn + 6g(n)>

E(X) = 1551

=|S-(1 +0(1))exp<_m>

N

= (14 0(1))].S5|n~%/3e08™

N—t'—(6n—21)
==t

Similarly, for distinct s, s € S, exactly ( ) do not con-

tain an edge out of the 6(n — 6) + (2 ) = 6n — 21 non-edgesin G,/
that are adjacent to one of the six in total degree 2 vertices of s or
s’. Thus, (13) gives that,

( N—t'—(6n-21)
=t
(")

==t

6(t~— —1t")n
N

E(X?) = E(X) + E(X(X = 1)) = E(X) + | S5](153] = 1)

= E(X) + [S51(1S3] = (1 + 0(1)) exp(—
= EX) + (1 + oW)EX))* = (1 + o(D)(EX))?

Recall that Lemmas 2.1 and 3.1 (v) imply that s,(G,,) > 1073s?/3,
hence |S;| > 107%#*3 with high probability. In this event,
Chebyshev’s inequality implies that X > %|S3| -2 P8 =
Q(e%™) with high probability. Overall we have that, with high
probability, for every # <z <t  and i€ N* the inequality
55(G,) > i holds.

Finally, we show that with high probability, thereisnoz > ¢~ such
that s,(G,) > s5(G,_;). New 3-spiders cannot be created if G,_;
does not contain vertices of degree 1, so it is enough to check
this up to the hitting time of Hamiltonicity, which is with high
probability at most n(logn + 1.11loglog n).
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Observe that, on the high probability event in the assertion of
Lemma 7.4, if the t-th step of the process introduces a 3-spider
in G, that did not exist in G,_;, then the edge added connects
a degree 1 vertex to the middle vertex of a path P = v,0,050,05
where v, and v, have degree 2 in G,_,. Similarly to the calcula-
tion at the beginning of the proof of this lemma, the probability
that G, contains a 3-spider and one of its edges appears at the -th
step of the process (as the order in which the edges appear is uni-
form, conditioned on E(G,), each of the edges in E(G,) is the last
one with probability 1/7) is at most

<N—(3n—6)) ]
n7~(t+6> . % =0+o)-n- (%) ~exp(—%) %
= O(log’n) - exp(—%)

Thus, the probability that there exists ¢ e [t~,n(logn+
1.1loglogn] such that G, has a 3-spider that is not present
in G,_, is at most,

n(logn+1.1loglogn)

o(1) + O(logsn) exp @)
=t~ n
exp(— =6 )
— 5.). n
= 0o(1) + O(log’n) T— oo/
< o(1) + O(log’n) - exp(-logn - (f/: o) loglog )

= 0(1) + O(log™ """ Wp) = 0(1)

where at the last inequality we use that bound 1 —e=%/" > %,
which holds for n > 1. O

To finish the proof of Theorem 2, observe that Observation 4.1,
Lemma7.2, and (14) imply that, with high probability, for all
(nlogn)/6 <t < (3n/logn)/5, we have that,

u(G) = 1 (G,) = n(G) + [% (@) +5,G)) |

Parts (iv) and (v) of Theorem 2 follow from the above equation
and Lemma 7.5.

8 | Concluding Remarks

The definition of the completion number extends naturally to the
setting of digraphs. In this setting as well, the completion num-
ber of a digraph D with respect to Hamiltonicity is equal to the
minimum number of vertex-disjoint (directed) paths required to
cover V(D). It would be interesting to see if similar tools to those
we used here can be used to prove an equivalent of Theorem 1
in D(n, p) (that is, to show that u(D(n, p)) = (1 + o(1)) -7(np) -n
with high probability, for an appropriate function 7, in some
range of p). In a recent article, Anastos and Frieze [15] studied a
substructure of digraphs similar in idea to the strong k-core. This,
in particular, may prove useful for studying u(D(n, p)). It should
be noted that, in such an attempt, one should be careful in relegat-
ing the problem of bounding the number of paths in a minimum
cover of D to the problem of covering connected components out-
side of the (equivalent of the) strong core, since, in the directed

case, the direction of the paths (“into the core” or “away from the
core”) now matters.

The result in [15], combined with a recent result by Alon, Kriv-
elevich, and Lubetzky [16], shows that, similar to the undi-
rected case (see Theorem 5), if ¢ is a large enough constant, then
L(D(n,c/n)) with high probability contains all “not too short”
and “not too long” cycle lengths. So, in adding arcs to create a
pancyclic digraph, only a few cycle lengths remain to be added. It
would be interesting to see if (D(n, p)) is also equal to u(D(n, p))
with high probability.
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Endnotes

' We say that a sequence of events {£,},5, occurs with high probability if
lim PE,) =1.

n—00

2 Here and going forward, all logarithms are assumed to be in the natu-
ral base.
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Appendix A
Proof of Lemmas 3.1 and 5.4

Proof of Lemma 3.1. 'We start by proving (i). Let T be a component of
G*B that intersects A(G) in i vertices and B(G) in j vertices. During the
coloring procedure that identifies the strong 4-core of G, described earlier
in Section 3, every time a vertex is colored red, at most 3 of its neighbours
are colored blue. Thus, j < 3i. Additionally, G contains no edges between
the i verticesin 7' N A(G) and the atleast n — 4i vertices outside 7'. Finally,
T has a spanning tree. The expected value of X,, where i < log®n, is there-
fore at most

3i . .
[E(X,)Siz<i:'_j> . <Hljj> iy pitit

=0

X (1 _ p)i-(n—4i)

3 i i+j-1
; en Lot L iH2 ﬂ
Slz<i+j> 2 (i+J) (n

X 1.01e~"P

. 3i
1.01ne~ i i
= . . (2ed)’ ™’
d Z(i+ T 2ed)

=0

—id .
1.01ne™ 1.05 - i

d (i + 302
(26(1’)4[ . e*id

15id

- (2ed)*¥

IN

For the case i > logzn, consider the construction of A(G) by the colour-
ing procedure. For j > 0, let T, be the subgraph of T spanned by the
vertices of T' that have color red or blue after the first j steps of the
coloring procedure. Observe that at Step j, a vertex is colored red and
its (at most three) black neighbours are colored blue, thus at most 4
vertices are coloured in total. The edges that do not belong to T;_; but
belong to T, are incident to those, at most 4, vertices. Therefore, T; has
at most 4 vertices and 4A(G) edges more than 7)_,. It follows that if 7;_,
is non-empty, then the maximum number of vertices spanned by a sin-
gle component of 7; is at most 4A(G) + 1 times larger than the maximum
number of vertices spanned by a single component of 7;_;. On the other
hand, if 7;_, is empty, then 7, has at most 4 vertices. Therefore, if T is a
connected component of size at least i > logzn, then there exists j such
that 7; has a component T’ of size between log?n and, say, (4A(G) +
1)log’n < 5A(G) - log®n. Now, due construction, the vertices that have
color red after j steps of the procedure in 7’ have no neighbors outside
T’. By the same arguments as in the case i < log?n (with T’ in place
of T, and considering only the first j steps of the coloring procedure),
we have

slog*n 4i —id
(2ed)* e’ _
E(X,) < n-P(AG) > login) + 12 Tl on™® (A1)
Jj=log'n

For part (ii), similar to the calculations above, the probability that G48 has
a component with more than log?n vertices, or a component that spans a
cycle with at least loglog n and at most log”n vertices, is at most

log?n 3i L
n i+ PN R s
o+ Y > . i+ .
W <i+j> < J ) D ?

i=0.5loglogn j=0

x (@ =pfe= (17

2
EN eyt - eid 4\ d
N 1
<o)+ L) e ( )._
o .70512 152a " \2)
i=0.5loglogn
log’n A
<o+ D (@ed)e) =o(1)
i=0.5loglogn

For parts (iii)-(v), we say that a graph G has the property P, if G2
does not span a component of size larger than log?z and its maximum
degree is at most log?s. From (A1) it follows that in our range of p we
have that Pr(G(n, p) & P,) = o(n™*) + n Pr(Bin(n, p) > log*n) = o(n~*). We
will use the property P, in combination with the following observation.
For v € [n] and a pair of graphs G,,G, € P, on [n] that differ only on
the edges incident to v, and i = 1,2, denote by D(G,, v) the set of vertices
that lie in some component of G/# that contains v or a neighbor of v in
GAP (set D(G,,v) = if no such component exists). Set D = D(G}, v) U
D(G,,v). Then,

C(G)\ D =C(Gy)\ D, B(G)\ D = B(G,) \ D,and
A(G)\ D =AG)\ D (A2)

Indeed, let W (v, G,,G,) = Ng, (1)U Ng, (v) U {v}. For each G,,G,, we
may run the colouring process for identifying the strong 4-core, always
progressing a vertex not in W (v, G, G,), if such a vertex exists. We may
run the two coloring processes in parallel, so that they are identical
until a vertex in W (v, G,, G,) is colored red in one of the two processes.
Just before that moment, v has color black in both colourings, and in
extension, the colourings of the two graphs are indeed identical. More-
over, every vertex not in W (v, Gy, G,) that is not red has at least 4 black
neighbors. Hence, in both of the processes, every vertex that is recol-
ored after that moment belongs to the same component as some vertex
in W(v, G|, G,). Equivalently, if a vertex does not belong to D, then it
receives the same color from both processes.

| D| is bounded by the size of the largest component in G;*# or G£# times
thesize of W (v, Gy, Gy), which isat most d, (v) + dg, () + 1. As G, G, €
P, we have that

|D| < log®n(log®n + log?n + 1) < 5log*n (A3)

We are now ready to prove (iii). Observe that every vertex of degree 3 that
does not lie in a component of G4# with at least 2 vertices in A(G) deter-
mines a unique component in S(G). Denoteby X, := ) ;i X ;- From our
calculation in (i) we have

EAS@D 2 ("1 )= prt - By

2ed 4i ,—id
> 016d%In — 3 e
= 15id
2 4i ,—id
> d3en( 0.16 - Z&
= 15i
3 —d 0.3’ 3 d
>d%n( 016 - ) == ) > 0.12d%n
i>1 15i

Thereafter let G,, G, be as above, and observe that (A2) implies that every
component that belongs to S(G;) A\ S(G,) intersects D. Equation (A3)
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states that | D| < 5log*n. Hence, Lemma 2.2 implies

0.51\2
P(S(G)| < E(|S(G)]) — n®) < 2exp<—M>

n(slog*n +1)2
+n-n-P(GgP,)=o0n?

Note that d3e=¥n=Q(n%%) for d <0.45logn. Thus for 20 <np <
0.451og n we have that | S(G)| > 0.12d3e~¢n — n®! > 0.1d3e~¢nwith high
probability.

Now, for 0.45logn <np <logn+1.1loglogn we use Chebyshev’s

inequality. Simple calculations imply that in this range of p we have that
E(Xs,) = o(E(n3(G))), thus

(1 +oM)En3(G)) = E(n3(G) = X5,) < E(IS(G)]) < E(n3(G))

E(n3(G)?) = (1 + 0(1)) - (E(n3(G)))? and
E(|S(G)|?). Combining these inequalities gives

E(n3(G)*) = (1 +0(1)) -

P(|S(G)| < 0.1d%¢™n)
< PE(S@GD = [S(@)]] = 0.1E(S@G)])

_ O<Var(|S(G)|)> oE(n;(G))*)

Eis@l? )~ Emeye Y

Next we prove (iv). First observe that if np — co then by Theorem 7
already [3,loglogn] C £(G) with high probability. We may therefore
assume that np = ©(1).

For k € [3,loglogn] let Y, be the number of tree components of G*# on
k + 1vertices b,ay, ...,a,,withb € B(G)and {a,,a,,a;, ...,a,} C A(G),
where b is adjacent to a,,a, and a; and asa, ... q; is a path. Similarly to
the calculation in (i), given vertices ¥’,a], ..., a;( and conditioned on the
event that (i) b’ is adjacent to a}, @} and d}, (ii) d;d} ... a, is a path, and
(iii) the vertices ag, e, a;c are not incident to any additional edges, the
probability that there exists a component of G that spans b/, a, ..., a]’(,
and i + j — 1 additional vertices, j > 0, and it has i > 1 vertices in A(G) \
{a,, ....a;}is at most

3i ) .
roer 3 3(15) ()

izl j=0

x (i +j)i+j—2 .pi+j—1 .1 _P)iv(n—4i)

3i . . i+j-1
z z 1 +J i+j—1 ,—id
30(1)+(1+o(1))i21 2 ) <i+j—1> (2ed) e

1

Lo (ed)ilemid
yF e-(2ed)" e

<o)+ 1 +0(1)) 2

i1

| =
I
W,

<o)+ 1+ 0(1))22 oy

i1
which is at most % We therefore have

n
k+1

kn—k=1y+( 13! )—k )

Evoz (") sa-n > =om

For v € [n] and a pair of graphs G,,G, € P, on [n], every component
that is not present in both G{# and G2# intersects D, by (A2). Thus,
(A3) gives that |Y,(G,) — Y, (G,)| < |D| < 5log*n. Hence, by Lemma 2.2,

we have that Y, > 1for k € [3,loglogn], and therefore the event £ occurs,
with probability at least

2
1- <2 exp(— Q)

—n(510g4n 1 > +n-n-PG ¢ 7),,)>

=1- o(n_z)

Finally, we prove (v). Let % < p < p'.Then,

3 7
E(s3(G) 2 n- (:) PP —p)Pr 7 > 31—6 <’ (p))Se3mr

> =107 . p2/3

N | =

Thereafter, observe that if G, G, € P, differ only in edges adjacent to
some vertex v, then a 3-spider belongs only to one of G,, G, only if it inter-
sects D. Therefore, |s,(G,) — 5,(G,)| < |D| < 5log*n, by (A3). Applying
Lemma 2.2 once again gives,
1 Q(i’l4/3)
P(5,(G) < =E(s55(G)) ) <2ex (——
( } 2 ) P 2n(5log*n + 1)

+n-n-Pr(G & P,) =o(n?)

Thus s5(G) > 1078 - n?/ with probability 1 — o(n~2).

Proof of Lemma 5.4. Let P, be as in the proof of Lemma 3.1 (iii). Then,
as in the proof of Lemma3.1 (iii), if we let G, G, € P, be such that
the intersection of all the edges in E(G;) A E(G,) is incident to some
vertex v, then the components that are not present in both G{*# and
G;B span at most 5log*n vertices (see Equations A2 and A3). Hence,
|4/ (G,) — 1'(G,)| < 5log*n. Lemma 2.2 implies

P(EW (G) = 4 (G)| 2 n**") = o(1)

Appendix B
Proof of Lemma 4.1

Proof. First observe that if np >logn+ 0.1loglogn, then with high
probability ny(G) = 0, and, by Lemma 3.1 (i), every component of G4&
contains exactly 1 vertex in A(G), and therefore in this range G4 contains
no component with two vertices in A(G) and no isolated vertices.

For the range 20 < np < logn + 0.1loglog n, we follow similar lines to the
proof of Lemma 3.1 (iii) and (iv) and show that, with high probability,
there are at least two components comprised of a single vertex in A(G)
and a single vertex in B(G). Let Y be the number of such components. As
in the proof of Lemma 3.1 (iv), the following holds. For fixed vertices a, b,
conditioned that a has a single neighbor in G, which is b, the probability
that there exists a component of G that spans 1 + i + j vertices, j > 0,
and it hasi > 1 vertices in A(G) \ {a} is at most % Thus,

de~‘n
3

[E(Y)zn-<n—1)~p(1—p>"*2-%z

If d < 0.45logn then this is at least n°°, and we can apply Lemma 2.2
as in 3.1 (iv). Otherwise, we apply Chebyshev’s inequality in the same
manner as in Lemma3.1 (iii), by utilizing the fact that in this range
E(X;,) < den. O

Appendix C
Proof of Lemma 7.1

Proof. Leto = %n(logn + % loglogn). Let £ be the event that G is con-
nected, G, does not contain a pair of vertices u, v within distance at most
3 from each other, such that u has degree 1 and the degree of v does not lie
in[0.91ogn, 1.11logn], and G, spans at least two and at most logn vertices
of degree 1. One can easily show that £ occurs with high probability. In
the event £, we have that &, (G,) occurs for all 1 > ¢ with high probability.

Assume that £ occurs; let u, v be two vertices of G, of degree 1and C,, C,
the components of G;_‘B containing u and v respectively. Let G(0.2) be the
random subgraph of G, where each edge of G, is present with probabil-
ity 0.2, independently. Observe that one can couple G, (0.2) and G, g6
such that G,(0.2) C G(,1g,y/6 With high probability. Lemmas 3.1 (i) and
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2.1 imply that with high probability, for én logn <t < 0, no component
of G,"B spans more than 10 vertices in A(G,), thus more than 40 ver-
tices in total, and by extension a vertex of A(G,) that has degree at least
40 in G,. Now &,(G,) occurs if C,, C, € S(G,). Therefore, for énlogn <
t < o, the event &£,(G,) does not occur only if there exists w € {u, v} and
a vertex w’ such that w' is within distance at most 3 from w in G,,
hence in G,, and w' has degree at most 40 neighbours in G,, hence in
G,(0.2). In the event &, there are at most (log®n)? pairs of degree 1 ver-
tices {u, v}, and at most 2(1.1logn)?® vertices within distance at most 3
from {u,v} each having degree at least 0.9 logn. Therefore, the proba-
bility that &,(G,) does not occur for some énlogn <t <o is bounded
above by

P(€) + Olog’n) - P(Bin(0.9 log 1,0.2) < 40) = o(1)

u]
Appendix D
Proof of Lemma 7.3
Proof. LetN = (;).Then,
(") e
(") ) ey
tzl —(xn—y)—t z—-1 =1 1
= H H(l‘—l) _—l
i=0 i=t—z
¢ 2 t—z—1 (xn_y)
(1+o(1))<ﬁ> ]:! <1— o )
¢ 2 t—z—1 (Xl’l— ) 5
:(1+o(1))<ﬁ> ~exp< 20’ N_iy +o<]’\’]2>)
:(1+o(1))<#)z~exp<—ﬂ o(%))
(1+o(1))(§) exp(—%m) a

Appendix E
Proof of Lemma 7.4

Proof. LetN = <;

such that G;‘B contains a component with more than 10 vertices in A(G,).
Lemmas 3.1 and 2.1 imply that,

). Let B be the event that there exists € [¢~, nlogn]

log?nnlogn

Pr(B) < Z Z O(\/;)((4et/(n - 1))e72r/(n—1))"

i=10 1=t~

X n+o(1) =o(1)

Thereafter, if 7" is a connected component of G;‘B forsomer € [t~,nlogn],
then with S = V(T') n A(G") and R = V(T') n B(G"), the following holds,
with s = |S|and r = |R|. (i) s < 3r,(ii) G, logn[S' U R] contains a spanning
tree 7", (iii) there exist times ¢, ....,7,,,_, € [1,nlogn] such that at the
1 th edge of the process, it belongs to E(T”), for j =1, ..., s+ r — 1 (this

s+r—1
. P (s+r—I)nlogn str
occurs with probability at most (—an ogn )

first#~ edges of G, o4, that are not spanned by 7", belong to the s(n — s —
r) edges from S to V' \ (S U R).

), and (iv) none of the

For1<s<10and 0 <r < 3s,let X, be the number of pairs of disjoint
sets S, R C V of size s and r, respectively, that satisty (i)-(iv). Then,

(s+r—Dnlogn ) str=l

E(X — St s+r=2
X;)=n (s+n) ( N —nlogn

< (N=(s+r=1))=s(n—s—r) )

-

N—(s+r-1)
P

=0(1)-n-(ogn)* - exp(— S;” )

X

<O)n- (logn)™*"~1 - (4s)*
1
x exp(—gs logn — 1.8sloglogn + 0(1))
=0(1)- '™+ - log ¥

In the event that there exists ¢ € [t7, 7;,], such that not every connected
component of G;‘B is a tree with at most two vertices from A(G,), or a tree
with three vertices from A(G,) and at least four vertices from B(G,), one
of the following holds. Either (i) 7;, > nlogn or (ii) the event 3 occurs or
(iii) Y, > 1 for some 0 < s <10 and 0 < r < 3s or (iv) X, > 1 for some

sr =

s=3andr<3or(v) X,,>1forsome 4 <s<10and 0 < r < 3s. This

sr =

occurs with probability at most

3 10 3s
o(1)+0(1) - Y log?*n+0(1)- Y Y o)
r=0 s=4r=0
% Rt log ™08y = (1) o
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