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Abstract
In 1981, Karp and Sipser proved a law of large num-
bers for the matching number of a sparse Erdős–Rényi
random graph, in an influential paper pioneering the
so-called differential equationmethod for analysis of ran-
dom graph processes. Strengthening this classical result,
and answering a question of Aronson, Frieze and Pittel,
we prove a central limit theorem in the same setting:
the fluctuations in the matching number of a sparse
random graph are asymptotically Gaussian. Our new
contribution is to prove this central limit theorem in
the subcritical and critical regimes, according to a cel-
ebrated algorithmic phase transition first observed by
Karp and Sipser. Indeed, in the supercritical regime, a
central limit theorem has recently been proved in the
PhD thesis of Kreačić, using a stochastic generalisa-
tion of the differential equation method (comparing the
so-called Karp–Sipser process to a system of stochastic
differential equations). Our proof builds on these meth-
ods, and introduces new techniques to handle certain
degeneracies present in the subcritical and critical cases.
Curiously, our new techniques lead to a non-constructive
result: we are able to characterise the fluctuations of the
matching number around its mean, despite these fluc-
tuations being much smaller than the error terms in our
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best estimates of the mean. We also prove a central limit
theorem for the rank of the adjacency matrix of a sparse
random graph.

MSC 2020
05C80, 60F05 (primary), 05C70 (secondary)

1 INTRODUCTION

One of the foundational theorems in randomgraph theory, proved by Erdős andRényi [14] in 1966,
characterises the asymptotic probability that a random graph contains a perfect matching (i.e. that
we can pair up all the vertices of the graph using disjoint edges). In particular, this property has
a sharp threshold: for any positive constant 𝜀 > 0, and a large even integer 𝑛, random graphs with
𝑛 vertices and more than ((1 + 𝜀) log 𝑛) ⋅ 𝑛∕2 edges are very likely to contain perfect matchings,
while random graphs with 𝑛 vertices and fewer than ((1 − 𝜀) log 𝑛) ⋅ 𝑛∕2 edges are very likely not
to contain perfect matchings.
Below the perfect matching threshold, it is typically not possible to pair up all the vertices, but

it is still natural to ask what fraction of vertices can be paired up. In 1981, Karp and Sipser [25]
provided an asymptotic answer to this question, as follows.

Theorem 1.1. Fix a constant 𝑐 > 0, consider a set of 𝑛 vertices, and let𝐺 be a random graph defined
in one of the following two ways:†

∙ 𝐺 contains each of the
(𝑛
2

)
possible edges with probability 𝑐∕𝑛 independently, or

∙ 𝐺 contains a uniformly random subset of exactly ⌊𝑐𝑛∕2⌋ of the possible edges.
Let 𝜈(𝐺) be the matching number of 𝐺 (i.e. the maximum size of a set of disjoint edges in 𝐺). Then,
for some constant 𝛼𝑐 ∈ [0, 1], we have the convergence in probability

𝜈(𝐺)

𝑛∕2

𝑝
→ 𝛼𝑐

as 𝑛 → ∞. Specifically, 𝛼𝑐 = min𝑥∈[0,1]
(
2 − exp(−𝑐 exp(−𝑐(1 − 𝑥))) − (1 + 𝑐(1 − 𝑥)) exp(−𝑐(1 −

𝑥))
)
.

In their proof of Theorem 1.1, Karp and Sipser introduced a number of highly influential ideas.
First, they introduced a random graph process (now often called theKarp–Sipser leaf-removal pro-
cess; we define it in Definition 2.1) designed to construct a near-maximummatching in a random
graph. This process has since found a number of important applications outside the context it was
originally introduced (e.g. in statistical physics, theoretical computer science and randommatrix
theory [2, 3, 6, 9, 18, 29]). To analyse the behaviour of this process, Karp and Sipser identified
certain statistics (evolving with the process), such that the random trajectories of these statistics

† The name ‘Erdős–Rényi random graph’ is used to refer to both these notions of a random graph: either we independently
include each edge with a given probability, or we choose a uniformly random graph with a given number of edges. These
two models are closely related, and the same types of techniques can be used to study both. Here we have chosen the
parameters in such a way that, in both models, the average degree is likely to be about 𝑐.
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concentrate around a deterministic ‘limit trajectory’, described as the solution to a certain system
of differential equations. This is arguably the first application of the so-called differential equa-
tion method for random graph processes (see the surveys in [13, 32]), which has had an enormous
impact in combinatorics and theoretical computer science.
Note that Theorem 1.1 can be interpreted as a law of large numbers: with high probability, the

matching number 𝜈(𝐺) is close to its expected value 𝔼𝜈(𝐺) = 𝛼𝑐(𝑛∕2) + 𝑜(𝑛). From this point of
view, it is natural towonderwhether there is a corresponding central limit theorem in the same set-
ting: are the fluctuations of 𝜈(𝐺) around its mean 𝔼𝜈(𝐺) asymptotically Gaussian? This question
seems to have been first explicitly asked in a 1998 paper of Aronson, Frieze and Pittel [1]. As our
main result, we answer this question, proving a central limit theorem for the matching number.

Theorem 1.2. Define 𝐺 and 𝜈(𝐺) as in Theorem 1.1. Then we have the convergence in distribution

𝜈(𝐺) − 𝔼𝜈(𝐺)√
Var 𝜈(𝐺)

𝑑
→ (0, 1),

as 𝑛 → ∞. Moreover, the asymptotics of Var 𝜈(𝐺) (which is of order 𝑛) can be explicitly described in
terms of an integral involving the solution to a certain systemof differential equations; see Remark 6.7.

We remark that in the case 𝑐 < 1, the statement of Theorem 1.2 follows from powerful general
results of Pittel [30] (when 𝑐 < 1, random graphs have a very simple structure with no large con-
nected components, and this structure can be very precisely characterised). However, we will not
need this in our proof.
More significantly, in the case 𝑐 > 𝑒, the statement of Theorem 1.2 was recently proved in

the Ph.D. thesis of Kreačić [26] via a beautiful stochastic generalisation of the differential equa-
tion method. This work considers the same statistics of the Karp–Sipser leaf-removal process that
were considered in Karp and Sipser’s seminal paper, but instead of simply proving that the tra-
jectory of these statistics concentrates around a deterministic limit, it proves that this trajectory
converges in distribution to a certain Gaussian process, obtained as the solution to a system of
stochastic differential equations. This is accomplished via a general limit theorem for Markov
chains due to Ethier and Kurtz [15]. (See also the related techniques of Janson and Luczak [22],
using a martingale limit theorem by Jacod and Shiryaev [19] to prove central limit theorems for
the so-called 𝑘-core problem.)
Unfortunately, this type of analysis breaks down when 𝑐 ⩽ 𝑒, due to the notorious phase

transition of the Karp–Sipser process: when 𝑐 > 𝑒, the process remains ‘macroscopic’ until its
termination, whereas when 𝑐 ⩽ 𝑒 the process becomes more and more degenerate as it reaches
completion (and one loses control over all relevant statistics). For the purposes of a law of large
numbers (Theorem 1.1) this short period of degenerate behaviour can be ignored (its contribution
is trivially 𝑜(𝑛)), but for the purposes of a central limit theorem (Theorem 1.2) it is not clear how
to rule out dangerously large fluctuations during this short degenerate period†.
A number of additional ideas are therefore required. In particular, we show how to combine

Gaussian process approximation with coupling and concentration inequalities (and a careful sta-
bility analysis of a certain system of differential equations) to prove our central limit theorem
non-constructively: we are able to prove a central limit theorem for 𝜈(𝐺) around its mean 𝔼𝜈(𝐺),
despite not having any way to actually determine the value of 𝔼𝜈(𝐺) (of course, we have the

† It is difficult to precisely describe the issue without rather a lot of setup; a concrete description of the relevant problem
will eventually appear at the end of Subsection 5.1.
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4 of 38 GLASGOW et al.

estimate 𝔼𝜈(𝐺) = 𝛼𝑐𝑛 + 𝑜(𝑛) from Theorem 1.1, but the error term here is much larger than the
typical fluctuations of 𝜈(𝐺)).

Remark 1.3. There are a number of powerful general techniques to prove central limit theorems in
random graphs (see, e.g., [23, section 6]). In particular, there is a recent general framework due to
Cao [8] which is suitable for proving central limit theorems for a broad range of graph parameters
defined in terms of optimisation problems with a ‘long-range independence’ property. While a
certain form of this property is satisfied for the maximummatching problem, it is not satisfied in
a strong enough way† to apply the techniques in [8].

1.1 The rank of a random graph

Let rk(𝐺) be the rank of the adjacency matrix of a graph 𝐺. It turns out that rk(𝐺) is very closely
related to 𝜈(𝐺), due to a connection between both of these parameters and the Karp–Sipser leaf-
removal process. It was first observed by Bordenave, Lelarge and Salez [6] that the statement of
Theorem 1.1 holds with rk(𝐺)∕2 in place of 𝜈(𝐺) (a more general connection between rk(𝐺) and
𝜈(𝐺) was subsequently conjectured by Lelarge [27] and proved by Coja-Oghlan, Ergür, Gao, Het-
terich andRolvien [10]). Using similar techniques as for Theorem 1.2, we are able to prove a central
limit theorem for rk(𝐺).

Theorem 1.4. The statement of Theorem 1.2 holds with rk(𝐺) in place of 𝜈(𝐺).

We remark that we recently proved the 𝑐 > 𝑒 case of Theorem 1.4 in [18] as a corollary of the
𝑐 > 𝑒 case of Theorem 1.2, using a combinatorial description of the rank of a sparse random graph
(which was the main result of [18]). Again, our main contribution here is the case 𝑐 ⩽ 𝑒.

1.2 Notation

We use standard asymptotic notation throughout, as follows. For functions 𝑓 = 𝑓(𝑛) and g =

g(𝑛), we write 𝑓 = 𝑂(g) to mean that there is a constant 𝐶 such that |𝑓(𝑛)| ⩽ 𝐶|g(𝑛)| for suf-
ficiently large 𝑛. Similarly, we write 𝑓 = Ω(g) to mean that there is a constant 𝑐 > 0 such that
𝑓(𝑛) ⩾ 𝑐|g(𝑛)| for sufficiently large 𝑛. We write 𝑓 = Θ(g) to mean that 𝑓 = 𝑂(g) and g = Ω(𝑓),
and we write 𝑓 = 𝑜(g) to mean that 𝑓(𝑛)∕g(𝑛) → 0 as 𝑛 → ∞. Subscripts on asymptotic notation
indicate quantities that should be treated as constants.

2 PROOF IDEAS

In this section, we provide a high-level sketch of some of the main ideas behind the proofs
of Theorems 1.2 and 1.4, along the way introducing some key definitions and results from
the literature.

†We remark that in the ‘smoother’ setting of weighted sparse random graphs (in which a random Exponential(1) weight
is assigned to each edge), it was proved by Gamarnik, Nowicki and Swirszcz [17] that the necessary long-range inde-
pendence property is satisfied, so in this setting a central limit theorem (for the maximum weight of a matching) does
immediately follow.
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2.1 Karp–Sipser leaf removal

First, we define the Karp–Sipser leaf removal algorithm.

Definition 2.1 (Karp–Sipser leaf removal). Starting from a (multi)graph 𝐺, repeatedly do the
following. As long as there exist degree-1 vertices (leaves), choose one uniformly at random,
and delete both this vertex and its unique neighbour. Let 𝐺(𝑖) be the graph remaining after
𝑖 steps of this process, minus its isolated vertices (so 𝐺(0) consists of 𝐺 without its isolated
vertices).

It is easy to see that a single step of leaf-removal decreases thematching number of𝐺 by exactly
one, and the rank of 𝐺 by exactly two. So, for any 𝐺 and any time 𝑖 (for which 𝐺(𝑖) is defined),
writing 𝛼(𝐺) = 𝜈(𝐺) or 𝛼(𝐺) = rk(𝐺)∕2, we always have

𝛼(𝐺) = 𝑖 + 𝛼(𝐺(𝑖)). (2.1)

It is natural to continue the leaf-removal process as long as possible, until the point when we run
out of leaves (let 𝐼 be this point in time, so 𝐺(𝐼) may or may not be empty, but definitely has no
leaves). If 𝐺 is an Erdős–Rényi random graph, then the final ‘Karp–Sipser core’ 𝐺(𝐼) is quite well-
behaved: the distribution of 𝐺(𝐼) has an explicit description in terms of some simple statistics
of 𝐺(𝐼), and one can study its rank or matching number 𝛼(𝐺(𝐼)) directly. So, in order to prove
a central limit theorem for 𝛼(𝐺), a sensible strategy is to study the joint distribution of 𝐼 and of
certain statistics of𝐺(𝐼), and then study 𝛼(𝐺(𝐼)) in terms of these statistics and apply Equation 2.1.
This was precisely the approach taken in [18, 26] for the regime 𝑐 > 𝑒.
The significance of the distinction between 𝑐 ⩽ 𝑒 and 𝑐 > 𝑒 is that it represents a ‘phase

transition’ for the behaviour of the above leaf–removal process up to time 𝐼, as follows.

Theorem2.2. Fix a constant 𝑐 > 0, and let𝐺 be as inTheorem 1.1. Run theKarp–Sipser leaf-removal
process until the time 𝐼 when 𝐺(𝐼) has no leaves remaining; then the number of vertices 𝑣(𝐺(𝐼)) in
𝐺(𝐼) satisfies

𝑣(𝐺(𝐼))

𝑛

𝑝
→ 𝛽𝑐,

where 𝛽𝑐 = 0 for 𝑐 ⩽ 𝑒 and 𝛽𝑐 > 0 for 𝑐 > 𝑒.

That is to say, if 𝑐 > 𝑒 then the Karp–Sipser core𝐺(𝐼) has size comparable to 𝐺, whereas if 𝑐 ⩽ 𝑒
then 𝐺(𝐼) is vanishingly small compared to 𝐺. This phase transition was first observed by Karp
and Sipser [25], and is now sometimes called the ‘𝑒-phenomenon’. A number of alternative proofs
are now available (see, e.g., [1, 11, 24], and the physics-based heuristics in [33]).
Actually, in later work by Aronson, Frieze and Pittel [1], in the strictly subcritical regime 𝑐 < 𝑒

it was shown that 𝐺(𝐼) is truly tiny: its expected number of vertices is only 𝑂𝑐(1). From a certain
point of view, this makes the strictly subcritical regime seem easier than the supercritical regime
𝑐 > 𝑒. Indeed, in the strictly subcritical regime, 𝛼(𝐺(𝐼)) is trivially almost zero, so recalling Equa-
tion 2.1 it suffices to prove a central limit theorem for 𝐼. On the other hand, if 𝑐 > 𝑒, one must
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6 of 38 GLASGOW et al.

work hard† to understand 𝛼(𝐺(𝐼)), in addition to studying fluctuations related to the Karp–Sipser
process‡.
However, in the regime 𝑐 ⩽ 𝑒 the leaf-removal process becomes more and more degenerate as

we reach the end of the process. As 𝐺(𝑖) becomes smaller and smaller, we begin to lose law-of-
large-numbers-type effects, and it is very difficult to maintain control over the evolution (and
fluctuation) of various statistics§. This is the key reason that the 𝑐 ⩽ 𝑒 cases of Theorems 1.2 and
1.4 were open until now.

2.2 A stopped central limit theorem

In the regime 𝑐 ⩽ 𝑒 of interest, our approach is instead to stop the processwell before time 𝐼, while it
is ‘not too degenerate’. Indeed, let 𝐺 ∼ 𝔾(𝑛, 𝑐∕𝑛) be an Erdős–Rényi random graph, and fix some
𝛿 > 0 (which we view, for now, as a constant not depending on 𝑛). Consider the leaf-removal
process as defined in Definition 2.1, and let 𝐼𝛿 be the first time 𝑖 at which 𝐺(𝑖) has at most 𝛿𝑛
edges. Then, it is straightforward to adapt the techniques in [26] to prove a central limit theorem
for 𝐼𝛿. (A precise statement of this central limit theorem appears as Lemma 3.4, and in Section 5
we provide a sketch of the proof strategy in [26], which is interesting in its own right).
Recall from Equation 2.1 that 𝛼(𝐺) = 𝐼𝛿 + 𝛼(𝐺(𝐼𝛿)). So, given a central limit theorem for 𝐼𝛿, in

order to prove a central limit theorem for 𝛼(𝐺), it suffices to show that the fluctuations in 𝛼(𝐺(𝐼𝛿))
are small compared to the fluctuations in 𝐼𝛿 (specifically, it suffices to show this is true in the limit
𝛿 → 0; indeed, although our central limit theorem is stated for constant 𝛿 > 0, a compactness
argument shows that it also holds if 𝛿 → 0 sufficiently slowly).

Remark 2.3. The above strategy only makes sense for 𝑐 ⩽ 𝑒. Indeed, recall from Theorem 2.2 that
in the regime 𝑐 > 𝑒, the ‘core’ 𝐺(𝐼) is large, so for any reasonable stopping time 𝐼′ one should
expect 𝛼(𝐺(𝐼′)) to have rather large fluctuations.

At a very high level, this describes our strategy to prove Theorems 1.2 and 1.4. It is not an easy
matter to actually prove (for 𝑐 ⩽ 𝑒 and 𝛿 → 0) that the fluctuations in 𝐼𝛿 dominate the fluctuations
in 𝛼(𝐺(𝐼𝛿)); indeed, this task occupies almost all of the paper. However, we believe that it is very
intuitive,morally speaking, that this should be the case. Indeed, in the case 𝑐 ⩽ 𝑒, imagine running
the process backwards from 𝐼 = 𝐼0; at time 𝐼 the ‘Karp–Sipser core’ is basically empty and has tiny
fluctuations, while we should expect plenty of fluctuation in the stopping time 𝐼 itself. As we step
backward in time, we expect the fluctuations in 𝛼(𝐺(𝐼𝛿)) should gradually build up, but for small
𝛿 we do not expect these fluctuations to suddenly dominate the fluctuation in 𝐼𝛿 (when 𝛿 is a

† It turns out that 𝛼(𝐺(𝐼)) is very likely to be very nearly equal to half the number of vertices in the Karp–Sipser core
𝐺(𝐼). Given this approximation, for the purpose of proving a central limit theorem, one only needs to understand the joint
distribution of 𝐼 and the number of vertices in the Karp–Sipser core. However, it is a highly non-trivial matter to actually
prove this approximation, especially in the case 𝛼 = rk ∕2; see [1, 16, 18].
‡One may also wonder about the Karp–Sipser core 𝐺(𝐼) in the critical regime 𝑐 = 𝑒. This regime is much more difficult
to understand, and beyond Theorem 2.2 essentially nothing has been rigorously proved (though see the very recent work
of Budzinski, Contat and Curien [7] on a simpler model of random graphs, and the numerical simulations of Bauer and
Golinelli [2]).
§ Concretely, if one attempts to proceed as in [26] in the case 𝑐 ⩽ 𝑒, one runs into an indeterminate division 0/0; this is
discussed further in Subsection 5.1.
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constant bounded away from zero, it is easy to see that these two quantities have fluctuations of
the same order of magnitude).
The actual proofs of the necessary bounds on the fluctuations of 𝐼𝛿 and 𝛼(𝐺(𝐼𝛿)) can be broken

up into two parts. First, there is an analytic part, where we study a certain system of differential
equations to estimate the fluctuations of certain statistics of 𝐺(𝐼𝛿). Second, there is a combina-
torial part, where we use abstract coupling/concentration techniques to control the conditional
fluctuations of 𝛼(𝐺(𝐼𝛿)), given certain statistics of 𝐺(𝐼𝛿).

2.3 Asymptotic analysis of differential equations

In their seminal work [25], Karp and Sipser already understood that for an Erdős–Rényi random
graph𝐺 ∼ 𝔾(𝑛, 𝑐∕𝑛), at any step 𝑖 of the leaf-removal process, the distribution of the randomgraph
𝐺(𝑖) can be exactly characterised via certain key statistics of 𝐺(𝑖): indeed, if we condition on the
number of leaves, the number of vertices of degree at least 2, and the total number of edges of
𝐺(𝑖), then 𝐺(𝑖) becomes a uniform distribution over graphs with these statistics. So, in order to
understand the fluctuations of 𝛼(𝐺(𝐼𝛿)), the first step is to estimate the fluctuations of the degree
statistics of 𝐺(𝐼𝛿): we need to show that these fluctuations become negligible (compared to the
fluctuations of 𝐼𝛿) as 𝛿 → 0. The precise statements of these estimates appear as Lemmas 3.5 and
3.6.
The desired fluctuations can be understood via the central limit theorem described in the last

subsection (Lemma 3.4): the Ethier–Kurtzmachinery provides certain variance formulae in terms
of a system of differential equations associated with the Karp–Sipser process. So, in order to prove
Lemmas 3.5 and 3.6, we need some asymptotic analysis of this system of differential equations.
This analysis is rather delicate, because as the process evolves, the degree statistics actually expe-
rience larger and larger fluctuations. The key is that the stopping time 𝐼𝛿 itself has rather large
fluctuations, and these fluctuations explain almost all the fluctuation in the degree statistics. That
is to say, we need to show that near the end of the process, the fluctuations in the degree statistics
are very strongly correlated with the fluctuations in the number of edges. So, if we stop the pro-
cess at the point where there are 𝛿𝑛 edges, we have essentially eliminated all fluctuation in all the
degree statistics.
To actually prove the necessary correlation estimates on the degree statistics, the key idea is to

consider a system of differential equations describing the joint evolution of all degree statistics,
and show that, near the end of the process, this can be approximated by a linear system of differ-
ential equations. We then study the eigenvalues of this linear system, and find that all but one of
the eigenvalues are negative. This means that fluctuations are suppressed in all but one direction,
so near the end of the process all relevant fluctuations are highly correlated (this can be viewed
as an instance of centre manifold theory). The details appear in Section 6.

2.4 Coupling and concentration

Given the considerations in the previous section, on the degree statistics of 𝐺(𝐼𝛿), it remains to
upper-bound the fluctuations of 𝛼(𝐺(𝐼𝛿)), conditioned on those degree statistics. One of the key
insights of this paper is that this can be accomplished using no information about the parameter
𝛼 except its smoothness: whether we have 𝛼 = 𝜈 or 𝛼 = rk ∕2, changing a graph 𝐺 by a single edge
can only ever change 𝛼(𝐺) by at most 1.
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8 of 38 GLASGOW et al.

We take advantage of this smoothness in two ways. First, it is well-known that in a variety of
different settings, random variables defined in terms of smooth functions tend to have good con-
centration around their mean. In particular, using a standard concentration inequality, we prove
a lemma (Lemma 3.10) implying that if we condition on any ‘reasonable’ outcome of the degree
statistics of 𝐺(𝐼𝛿), the fluctuations of 𝛼(𝐺(𝐼𝛿)) (around its conditional expected value) become
negligible as 𝛿 → ∞.
The remaining task is to show that the conditional expected value of 𝛼(𝐺(𝐼𝛿)) itself does not

fluctuate very much, using our control over the fluctuations of the degree statistics of 𝐺(𝐼𝛿) (dis-
cussed in the last subsection). This is accomplished via coupling techniques. Specifically, we prove
a lemma (Lemma 3.9) showing that for any two outcomes of the degree statistics of 𝐺(𝐼𝛿), which
do not differ very much from each other, we can couple the two corresponding conditional dis-
tributions of 𝐺(𝐼𝛿) in such a way that they differ by few edges. As we have an upper bound on
the fluctuations of the degree statistics of 𝐺(𝐼𝛿), we deduce that the conditional distribution (and
therefore conditional expected value) of the quantity 𝛼(𝐺(𝐼𝛿)) does not vary too much over the
randomness of these degree statistics.
We remark that both of the above steps are completely non-constructive: we are able to establish

bounds on the fluctuations of 𝛼(𝐺(𝐼𝛿)) and its conditional expected value, without ever needing
to precisely understand what the expected value of 𝛼(𝐺(𝐼𝛿)) actually is (for the latter, we would
need to know more about 𝛼 than its smoothness).

2.5 Multigraphs and the configuration model

There are a number of details that have been swept under the rug in the above discussion. Perhaps
most importantly, while we have mentioned that 𝐺(𝐼𝛿) is a uniform distribution given its degree
statistics, we have not discussed how to actually get a handle on this uniformdistribution (a priori,
the degree constraints give rise to complicated correlations between the edges).
The solution to this problem is to work with with random multigraphs instead of random

graphs: instead of an Erdős–Rényi random graph, we consider a random sequence of pairs of
vertices (sampled with replacement). Such randommultigraph distributions behave much better
under degree conditioning (after conditioning on the degree of every vertex, one obtains a well-
known distribution called the configuration model, where correlations between edges are easy
to understand). Of course, our main theorem is about Erdős–Rényi random graphs, so we also
need some kind of theorem comparing Erdős–Rényi random graphs with random multigraphs.
Theorems of this type were already used in the analyses of the Karp–Sipser process in [1, 26], but
due to the non-constructiveness of our proof, we need a somewhat stronger comparison theorem
(appearing as Theorem 3.3, and proved in Section 4); we deduce this from recent work of Janson
[21].

3 SCAFFOLD OF THE PROOF

In this section, we break down the proof of Theorems 1.2 and 1.4 into some key lemmas, many
of whose proofs are deferred to later sections. Note that given the results in [18, 26], it suffices to
prove Theorems 1.2 and 1.4 for 𝑐 ⩽ 𝑒.
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A CENTRAL LIMIT THEOREM FOR THE MATCHING NUMBER OF A SPARSE RANDOM GRAPH 9 of 38

3.1 A randommultigraph model

For most of the proof, instead of dealing directly with random graphs, we will work with a closely
related model of random multigraphs, as follows.

Definition 3.1. Let 𝔾∗(𝑛,𝑚) be a random 𝑚-edge multigraph on the vertex set {1, … , 𝑛}, whose
edges are obtained as a sequence of𝑚 uniformly randompairs of (not necessarily distinct) vertices,
sampled with replacement.

The advantage of 𝔾∗(𝑛,𝑚) is that if we condition on information about degrees of vertices,
the conditional distribution remains tractable (as we will see in Subsection 3.3). We will need a
theorem comparing random graphs and random multigraphs; to state this, we need a notion of
graph similarity.

Definition 3.2. The edit distance dE(𝐺, 𝐺′) between two multigraphs 𝐺,𝐺′ (on the same vertex
set) is the number of edges that must be added and removed to obtain one from the other.

Now, our comparison theorem is as follows.

Theorem 3.3. Fix a constant 𝑐 > 0, and consider the vertex set {1, … , 𝑛}. Consider one of the
following two situations.

∙ Let 𝐺 contain a uniformly random subset of exactly ⌊𝑐𝑛∕2⌋ of the possible edges. Let 𝐺∗ ∼
𝔾∗(𝑛, ⌊𝑐𝑛∕2⌋).

∙ Let 𝐺 be a random graph containing each of the
(𝑛
2

)
possible edges with probability 𝑐∕𝑛

independently. Let𝑀 ∼ Bin(
(𝑛
2

)
, 𝑐∕𝑛) and let 𝐺∗ ∼ 𝔾∗(𝑛,𝑀).

Then we can couple 𝐺,𝐺∗ such that dE(𝐺, 𝐺∗) is bounded in probability.†

That is to say, a random graph with ⌊𝑐𝑛∕2⌋ edges can be very well-approximated by
𝔾∗(𝑛, ⌊𝑐𝑛∕2⌋), and a random graph with edge probability 𝑐∕𝑛 can be very well-approximated by
first sampling its number of edges𝑀 ∼ Bin(

(𝑛
2

)
, 𝑐∕𝑛), and then considering 𝔾∗(𝑛,𝑀). We prove

Theorem 3.3 in Section 4, using a recent theorem of Janson [21].
For our purposes, the significance of the edit distance is that the rank and matching number

are both Lipschitz functions with respect to this distance: if we add or remove a single edge, we
change the rank by at most 2, and the matching number by at most 1. So, writing 𝛼(𝐺) = 𝜈(𝐺) or
𝛼(𝐺) = rk(𝐺)∕2, we have

|𝛼(𝐺) − 𝛼(𝐺′)| ⩽ dE(𝐺, 𝐺′). (3.1)

We remark that there are many other similar theorems comparing different models of random
graphs and multigraphs. In particular, to prove a central limit theorem for a ‘binomial’ random
graph (where every edge is present with some probability 𝑝 independently), a common approach
would be to prove a central limit theorem for a random graph with a fixed number of edges, and

†Recall that a sequence of random variables (𝑋𝑛)∞𝑛=1 is bounded in probability or tight if for all 𝜀 > 0, there are 𝑁,𝑀 such
that Pr[𝑋𝑛 ⩾ 𝑀] ⩽ 𝜀 for all 𝑛 ⩾ 𝑁.
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10 of 38 GLASGOW et al.

then ‘integrate’ that central limit theoremover possible numbers of edges (this approach appeared,
e.g., in the previous work of Pittel [30] and Kreačić [26]). Due to the non-constructiveness of our
proof (briefly mentioned in the introduction), this approach is actually not possible for us, and we
need the more direct coupling in Theorem 3.3.

3.2 A stopped central limit theorem

As discussed in Subsection 2.2, our approach is to stop the process at the first time 𝐼𝛿 when there
are at most 𝛿𝑛 edges remaining. For constant 𝛿 > 0, it is straightforward to adapt the techniques
in [26] to prove a central limit theorem for 𝐼𝛿. The specific result we need is as follows (recall the
random multigraph 𝔾∗(𝑛,𝑚) from Definition 3.1).

Lemma 3.4. Fix constants 0 < 𝑐 ⩽ 𝑒 and 𝛿 > 0, with 𝛿 sufficiently small in terms of 𝑐. Let 𝐺 be a
random graph defined in one of the following two ways:

∙ let𝑀 ∼ Bin(
(𝑛
2

)
, 𝑐∕𝑛) and let 𝐺 ∼ 𝔾∗(𝑛,𝑀), or

∙ let 𝐺 ∼ 𝔾∗(𝑛, ⌊𝑐𝑛∕2⌋).
Then, consider the Karp–Sipser leaf-removal process on𝐺, and let 𝐼𝛿 be the first time 𝑖 for which𝐺(𝑖)
has at most 𝛿𝑛 edges† (let 𝐼𝛿 = ∞ if this never happens, say). For some 𝜇𝛿, 𝜎𝛿 , we have

𝐼𝛿 − 𝜇𝛿
𝜎𝛿

𝑑
→ (0, 1).

We sketch the proof of Lemma 3.4 in Section 5 (it is nearly exactly the same as the proof in [26]
for the 𝑐 > 𝑒 case of Theorem 1.2‡).
Recall from Section 2 that our objective is to show that the fluctuations in 𝛼(𝐺(𝐼𝛿)) are small

compared to the fluctuations in 𝐼𝛿. To this end, we need a lower bound on 𝜎𝛿, and an upper bound
on the fluctuations in 𝛼(𝐺(𝐼𝛿)).
First, the following lemma records a lower bound on 𝜎𝛿.

Lemma 3.5. Fix constants 𝑐 ⩽ 𝑒 and 𝛿 > 0 and let 𝐺, 𝐼𝛿, 𝜇𝛿, 𝜎𝛿 be as in Lemma 3.4. Then 𝜎𝛿 =
Θ𝑐(

√
𝑛).

Then, we need to prove an upper bound on the fluctuations of 𝛼(𝐺(𝐼𝛿)). To this end, the first
step is to obtain upper bounds on the fluctuations of its degree statistics, as follows.

Lemma 3.6. Fix constants 𝑐 ⩽ 𝑒 and 𝜀 > 0. Then there is 𝛿 > 0 such that the following holds for
sufficiently large 𝑛. Let 𝐺, 𝐼𝛿 be as in Lemma 3.4. For each 𝑑 ⩾ 1, let 𝑋(𝑑) be the number of degree-𝑑
vertices in 𝐺(𝐼𝛿). Then there are 𝜇(1), … , 𝜇(𝑛) such that:

† It would be more natural to define 𝐼𝛿 to be the first time 𝑖 for which 𝐺(𝑖) has at most 𝛿𝑛 leaves (this time is always finite,
even for 𝑐 > 𝑒, and is amore natural generalisation of the stopping time 𝐼 discussed earlier). However, for technical reasons
this stopping time is somewhat less convenient to analyse.
‡ To say a bit more: the approach in the regime 𝑐 > 𝑒 is to prove a bivariate central limit theorem for 𝐼 = 𝐼0 and the number
of vertices 𝑣(𝐺(𝐼)) in the Karp–Sipser core. One can then deduce a central limit theorem for 𝛼(𝐺), using Equation 2.1 and
a separate result due to Aronson, Frieze and Pittel [1, Theorem 3] approximating 𝛼(𝐺(𝐼)) with 𝑣(𝐺(𝐼))∕2.
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A CENTRAL LIMIT THEOREM FOR THE MATCHING NUMBER OF A SPARSE RANDOM GRAPH 11 of 38

(1)
∑
𝑑 𝑑𝜇

(𝑑) ⩽ 𝜀𝑛, and
(2) writing 𝐷 =

∑∞
𝑑=1 𝑑 |𝑋(𝑑) − 𝜇(𝑑)|, we have Pr[𝐷 > 𝜀√𝑛] ⩽ 𝜀.

As outlined in Subsection 2.3, the proofs of Lemmas 3.5 and 3.6 (which appear in Sec-
tion 6) use the same Gaussian convergence machinery as the proof of Lemma 3.4, and also
involve some rather non-trivial analysis of a system of differential equations associated with the
Karp–Sipser process.

3.3 Coupling configuration models

Now, crucially, as first observed by Karp and Sipser [25], the degree statistics 𝑋(𝑑) are sufficient to
describe the distribution of𝐺(𝐼𝛿): the conditional distribution of𝐺(𝐼𝛿) given (𝑋(𝑑))∞𝑑=1 is precisely
described by an associated configuration model, as follows.

Definition 3.7. For a degree sequence 𝐝 = (𝑑1, … , 𝑑𝑛), consider a set of 𝑟 = 𝑑1 +⋯ + 𝑑𝑛 ‘stubs’,
grouped into 𝑛 labelled ‘buckets’ of sizes 𝑑1, … , 𝑑𝑛. A configuration is a perfect matching on the
𝑟 stubs, consisting of 𝑟∕2 disjoint edges. Given a configuration, contracting each of the buckets
to a single vertex gives rise to a multigraph with degree sequence 𝑑1, … , 𝑑𝑛. For a set 𝑉 and a
degree sequence 𝐝 ∈ ℕ𝑉 , let𝔾∗(𝐝) be the randommultigraph distribution obtained by contracting
a uniformly random configuration.

Lemma 3.8. Let 𝐺 be as in Lemma 3.4. For any 𝑖, 𝑑, let𝑉(𝑑)(𝑖) be the set of degree-𝑑 vertices in 𝐺(𝑖).
For any stopping time 𝐼 (with respect to the filtration described by the 𝑉(𝑑)(𝑖)), the distribution of

𝐺(𝐼)may be described as follows. Let𝑉 = 𝑉(1)(𝐼) ∪⋯ ∪ 𝑉(𝑑)(𝐼), and define𝐝 ∈ ℕ𝑉 by taking𝑑𝑣 = 𝑑
when 𝑣 ∈ 𝑉(𝑑). Then 𝐺(𝐼) ∼ 𝔾∗(𝐝).

The proof of Lemma 3.8 is fairly immediate (we can view 𝐺 as a uniformly random sequence of
edges, and a randommultigraph𝐺∗ ∼ 𝔾∗(𝐝), with its edges randomly ordered, can be interpreted
as a uniformly random sequence of edges constrained to have degree sequence 𝐝). Alternatively,
Lemma 3.8 follows directly from [1, Lemma 2].
Recall that our goal is to upper-bound the fluctuation in 𝛼(𝐺(𝐼𝛿)), using the upper bounds on

fluctuations of degree statistics in Lemma 3.6. To this end, we need the following coupling lemma
for random configurations: if we have two degree sequences 𝐝, 𝐝′ which are statistically similar,
then we can couple the corresponding configurationmodels𝔾∗(𝐝), 𝔾∗(𝐝′) to be close with respect
to edit distance (recall the definition of edit distance from Definition 3.2).

Lemma 3.9. Fix two degree sequences 𝐝 = (𝑑1, … , 𝑑𝑛) and 𝐝′ = (𝑑′1, … , 𝑑
′
𝑛). Then we can couple

𝐺 ∼ 𝔾∗(𝐝) and 𝐺′ ∼ 𝔾∗(𝐝′) such that dE(𝐺, 𝐺′) ⩽
∑
𝑣 |𝑑𝑣 − 𝑑′𝑣| + 1.

Proof. Let 𝑑max𝑣 = max(𝑑𝑣, 𝑑
′
𝑣) for all 𝑣 ∈ [𝑛] (we then increase some 𝑑

max
𝑣 by one, if necessary, to

ensure that
∑
𝑣 𝑑

max
𝑣 is even). Let 𝐝max = (𝑑max𝑣 )𝑣 ∈ ℕ

𝑛.
Now, consider

∑
𝑣 𝑑

max
𝑣 stubs, grouped into buckets of sizes𝑑max𝑣 . For each vertex 𝑣, label𝑑max𝑣 −

𝑑𝑣 of its stubs as being ‘𝐝-bad’, and label 𝑑max𝑣 − 𝑑′𝑣 of stubs as being ‘𝐝
′-bad’. If a stub is not 𝐝-bad

we say it is ‘𝐝-good’ and if a stub is not 𝐝′-bad we say it is ‘𝐝′-good’ So, a perfect matching of all
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12 of 38 GLASGOW et al.

the stubs is a configuration for 𝐝max , a perfect matching of all the 𝐝-good stubs is a configuration
for 𝐝, and a perfect matching of all the 𝐝′-good stubs is a configuration for 𝐝′.
Starting from a uniformly random configuration 𝜋max for 𝐝max , we can obtain a random con-

figuration 𝜋 for 𝐝 as follows. First, delete all matching edges involving a 𝐝-bad stub. Some 𝐝-good
stubs are now unmatched; choose a uniformly random perfect matching of these unmatched 𝐝-
good stubs to extend our matching to a configuration 𝜋 for 𝐝. By symmetry, 𝜋 is a uniformly
random configuration for 𝐝, and dE(𝜋max, 𝜋) is at most the number of 𝐝-bad stubs, which is∑
𝑣(𝑑

max
𝑣 − 𝑑𝑣).

In the same way, starting from 𝜋max we can obtain a uniformly random configuration 𝜋′ for 𝐝′
with dE(𝜋max, 𝜋′) ⩽

∑
𝑣(𝑑

max
𝑣 − 𝑑′𝑣). By the triangle inequality, we then have

dE(𝜋, 𝜋
′) ⩽

∑
𝑣

(𝑑max𝑣 − 𝑑𝑣) +
∑
𝑣

(𝑑max𝑣 − 𝑑′𝑣) ⩽
∑
𝑣

|𝑑𝑣 − 𝑑′𝑣| + 1,
as desired. □

3.4 Smoothness of the rank and matching number

Recall from Equation 3.1 that the rank andmatching number are both Lipschitz functions in terms
of edit distance, that is,

|𝛼(𝐺) − 𝛼(𝐺′)| ⩽ dE(𝐺, 𝐺′).
This implies that 𝛼(𝐺) is well-concentrated for random 𝐺. We need this fact for a few different
models of random (multi)graphs 𝐺, as follows.

Lemma 3.10. Let 𝛼 be any graph parameter satisfying Equation 3.1.

(1) Let 𝐺 be a random graph as in Theorem 1.1. Then 𝛼(𝐺) is subgaussian† with variance proxy
𝑂𝑐(𝑛).

(2) Let𝐺 ∼ 𝔾∗(𝐝) for somedegree sequence𝐝 = (𝑑1, … , 𝑑𝑛). Then𝛼(𝐺) is subgaussianwith variance
proxy 𝑂(𝑑1 +⋯ + 𝑑𝑛).

Proof. First, (1) is easily proved with the Azuma–Hoeffding inequality (see, e.g., [6, appendix]).
For (2), note that a uniformly random configuration can be defined in terms of a uniformly

random permutation 𝜎 of length𝑁 ∶= 𝑑1 +⋯ + 𝑑𝑛. Indeed, consider 𝑑1 +⋯ + 𝑑𝑛 stubs divided
into buckets of sizes 𝑑1, … , 𝑑𝑛 and consider the configuration (i.e. perfect matching on the stubs)
with edges

𝜎(1)𝜎(2), 𝜎(3)𝜎(4), … , 𝜎(𝑁 − 1)𝜎(𝑁).

Modifying 𝜎 by a transposition results in a change of at most two edges of our random config-
uration (which changes 𝛼(𝐺) by at most 2), so the desired result follows from a version of the
Azuma–Hoeffding inequality for random permutations (see, e.g., [31, Theorem 5.2.6]). □

†We say that a random variable𝑋 is subgaussianwith variance proxy 𝜈 if Pr[|𝑋 − 𝔼𝑋| ⩾ 𝑥] ⩽ 𝑂(exp(−𝑥2∕𝜈)) for all 𝑥 ∈ ℝ.
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A CENTRAL LIMIT THEOREM FOR THE MATCHING NUMBER OF A SPARSE RANDOM GRAPH 13 of 38

3.5 Completing the proof

We now show how to combine all the relevant ingredients to prove Theorems 1.2 and 1.4.

Proof of Theorems 1.2 and 1.4. Let 𝛼(𝐺) be 𝜈(𝐺) or rk(𝐺)∕2. Recall that we only need to handle the
case 𝑐 ⩽ 𝑒.We fix a constant 𝑐 ⩽ 𝑒 throughout this proof (implicit constants in asymptotic notation
are allowed to depend on 𝑐).
First, aminor technical remark: whatwewill prove is that there are some𝜇, 𝜎 such that (𝛼(𝐺) −

𝜇)∕𝜎
𝑑
→ (0, 1). A priori, there may be no connection between 𝜇 and 𝔼[𝛼(𝐺)] or between 𝜎2 and

Var[𝛼(𝐺)], if the mean or variance of 𝛼(𝐺) is dominated by the effect of outliers. However, such
pathological behaviour is ruled out by Lemma 3.10(1).
Then, observe that, using Theorem 3.3 and (3.1), it suffices to consider 𝐺 drawn from one of

the two random multigraph models in Lemma 3.4 (instead of the two random graph models
in Theorem 1.1). Indeed, we can assume that the 𝑂(1) edit-distance error arising from Theo-
rem 3.3 and (3.1) is negligible relative to the fluctuation in 𝛼(𝐺): note that the conclusion of
Lemma 3.4 can only hold for

√
Var[𝛼(𝐺)] → ∞, because 𝛼(𝐺) only takes values in the lattice

(1∕2)ℤ.
Now, recall that convergence in distribution is metrisable: for example, the Prohorovmetric dP

on real probability distributions is such that 𝑋𝑛
𝑑
→ 𝑍 if and only if dP(𝑋𝑛, 𝑍) → 0 (see, e.g., [4,

section 6]). Recall the definitions of 𝐼𝛿 and 𝐷 =
∑∞
𝑑=1 𝑑 |𝑋(𝑑) − 𝜇(𝑑)| from Lemmas 3.4 and 3.6,

let 𝜇𝛿, 𝜎𝛿 be as in Lemma 3.4, let 𝛿 = 𝛿(𝜀) > 0 be as in Lemma 3.6, and note that Lemma 3.4 and
Lemma 3.6 together imply that for any 𝜀 > 0 we have

dP

(
𝐼𝛿 − 𝜇𝛿
𝜎𝛿

,  (0, 1)

)
⩽ 𝜀 and Pr[𝐷 > 𝜀

√
𝑛] ⩽ 𝜀 (3.2)

for sufficiently large 𝑛 (say, 𝑛 ⩾ 𝑛𝜀). As this holds for any constant 𝜀 > 0, one can abstractly show
that in fact Equation 3.2 holds for some 𝜀 = 𝑜(1) (decaying with 𝑛). Indeed, for 𝑛 ⩾ 𝑛1, let 𝑘𝑛 =
max{𝑘∶ 𝑛 ⩾ 𝑛1∕𝑘}, so Equation 3.2 holds for 𝜀 = 1∕𝑘𝑛 = 𝑜(1). We have proved that

𝐼𝛿 − 𝜇𝛿
𝜎𝛿

𝑑
→ (0, 1) and 𝐷√

𝑛

𝑝
→ 0 (3.3)

(where now 𝛿 = 𝛿(𝜀) depends on 𝑛 via 𝜀).
The second part of Equation 3.3 says that there is some 𝜌 = 𝑜(1) such that whp† 𝐷 ⩽ 𝜌

√
𝑛.

That is to say, writing for the set of all sequences (𝑥(𝑑))∞
𝑑=1

∈ ℤℕ
⩾0
such that

∑∞
𝑑=1 𝑑|𝑥(𝑑) − 𝜇(𝑑)| ⩽

𝜌
√
𝑛, we have (|𝑋(𝑑)|)∞

𝑑=1
∈  whp (recall that𝑋(𝑑) is the number of degree-𝑑 vertices that remain

at time 𝐼𝛿).
For each 𝐱 = (𝑥(𝑑))∞

𝑑=1
∈  , let 𝐱 be the event that (|𝑋(𝑑)|)∞𝑑=1 = 𝐱 and let 𝐺𝐱 ∼ 𝔾∗(𝐝), where

𝐝 is a degree sequence containing 𝑥(𝑑) copies of each 𝑑. By Lemma 3.8, up to relabelling ver-
tices, the conditional distribution of 𝐺(𝐼𝛿) given 𝐱 is precisely that of 𝐺𝐱 (so, in particular,
𝔼[𝛼(𝐺(𝐼𝛿)) | 𝐱] = 𝔼[𝛼(𝐺𝐱)]). Note that the number of vertices in 𝐺𝐱 is

∑∞
𝑑=1 𝑥

(𝑑) ⩽ 𝜀𝑛 + 𝜌
√
𝑛 ⩽

2𝜀𝑛 by Lemma 3.6(1).

†We say an event holds with high probability, or whp for short, if it holds with probability 1 − 𝑜(1).
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14 of 38 GLASGOW et al.

Recalling that 𝜀 = 𝑜(1), by Lemma 3.10(2) we have

Pr
[|||𝛼(𝐺(𝐼𝛿)) − 𝔼[𝛼(𝐺𝐱)]||| ⩾ 𝜀1∕3√𝑛 || 𝐱] = 𝑂(exp(−Ω(𝜀−1∕3))) = 𝑜(1). (3.4)

Now, consider 𝐱, 𝐱′ ∈  , with corresponding degree sequences 𝐝 and 𝐝′. Reorder 𝐝, 𝐝′ such that
𝑑𝑣 = 𝑑

′
𝑣 for as many vertices as possible, so

∑
𝑣 |𝑑𝑣 − 𝑑′𝑣| ⩽ ∑𝑑 𝑑 |𝑥(𝑑) − 𝑥(𝑑′)| ⩽ 2𝐷 = 𝑜(√𝑛).

Then, Lemma 3.9 tells us that we can couple 𝐺𝐱 and 𝐺𝐱′ such that dE(𝐺𝐱, 𝐺𝐱′) = 𝑜(
√
𝑛),

meaning that |𝔼[𝛼(𝐺𝐱)] − 𝔼[𝛼(𝐺𝐱′)]| = 𝑜(√𝑛) (recalling Equation 3.1). As this is true for each
𝐱, 𝐱′ ∈  , it follows that there is some 𝜇res such that |𝔼[𝛼(𝐺𝐱)] − 𝜇res| = 𝑜(√𝑛) for each 𝐱 ∈ . (We remark that we do not actually know the value of 𝜇res; in this sense our proof is
‘non-constructive’).
Combining this with Equation 3.4, we deduce that

𝛼(𝐺(𝐼𝛿)) − 𝜇res√
𝑛

𝑝
→ 0.

Finally, recalling from Lemma 3.5 that 𝜎𝛿 = Θ(𝑛1∕2), and recalling the first part of Equation 3.3,
we see that

𝛼(𝐺) − 𝜇𝛿 − 𝜇res
𝜎𝛿

𝑑
→ (0, 1)

as 𝛼(𝐺) = 𝛼(𝐺(𝐼𝛿)) + 𝐼𝛿, as desired. □

4 REDUCTION TOMULTIGRAPHS

In this section, we prove Theorem 3.3. For 𝐺,𝐺∗ as in Theorem 3.3, note that the distribution of 𝐺
maybe obtained from the distribution of𝐺∗ simply by conditioning on the event that𝐺∗ is a simple
graph (note that every𝑚-edge simple graph is an equally likely outcome of 𝔾∗(𝑛,𝑚)). Our proof
of Theorem 3.3 has two parts. First, by an estimate of McKay and Wormald [28], conditioning on
simplicity does not significantly bias the distribution of the degree sequence. Second, by a result
of Janson [21], given a particular degree sequence 𝐝, we can efficiently couple the configuration
model 𝔾∗(𝐝) with a random graph constrained to have degree sequence 𝐝.
We start with the (very simple) fact that in a sparse random graph with average degree about

𝑐𝑛, the maximum degree is at most log 𝑛, and the second factorial-moment of the degrees is about
𝑐2𝑛.

Definition 4.1. For a constant 𝑐, say that a degree sequence 𝐝 = (𝑑1, … , 𝑑𝑣) is (𝑛, 𝑐)-good if

∙ max𝑣 𝑑𝑣 ⩽ log 𝑛,
∙ ||∑𝑣 𝑑𝑣 − 𝑐𝑛

|| ⩽ 𝑛3∕4,
∙ ||∑𝑣 𝑑𝑣(𝑑𝑣 − 1) − 𝑐

2𝑛|| ⩽ 𝑛3∕4.
Lemma4.2. Fix a constant 𝑐 > 0 and let𝐺,𝐺∗ be as in Theorem 3.3. Thenwhp the degree sequences
of 𝐺,𝐺∗ are both (𝑛, 𝑐)-good.
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A CENTRAL LIMIT THEOREM FOR THE MATCHING NUMBER OF A SPARSE RANDOM GRAPH 15 of 38

Proof. It is well-known (see, e.g., [5, Lemma 1]) that the degree sequence of 𝐺 and 𝐺∗ can both
be obtained by considering a sequence of 𝑛 independent Poisson(𝑐) random variables, and condi-
tioning on an event that holds with probabilityΩ𝑐(1∕

√
𝑛). Then the desired result follows from a

Chernoff bound (noting that if 𝑄 ∼ Poisson(𝑐) then 𝔼[𝑄(𝑄 − 1)] = 𝑐2). □

The following estimate on the simplicity probability follows from, for example, [28, Lemma 5.1].

Lemma 4.3. Suppose 𝐝 is an (𝑛, 𝑐)-good degree sequence, and let 𝐺∗ ∼ 𝔾∗(𝐝). Then

Pr[𝐺∗ is simple] = exp(−𝑐∕2 − 𝑐2∕4) + 𝑜(1).

Then, we need the following consequence of [21, Theorems 2.1 and 3.2], due to Janson.

Lemma 4.4. Suppose 𝐝 is an (𝑛, 𝑐)-good degree sequence. Let𝐺∗ ∼ 𝔾∗(𝐝), and let𝐺 be a uniformly
random graph on the vertex set {1, … , 𝑛}with degree sequence 𝐝. Then we can couple𝐺,𝐺∗ such that
dE(𝐺, 𝐺

∗) is bounded in probability.

Now we prove Theorem 3.3.

Proof of Theorem 3.3. Let 𝐃,𝐃∗ be the (random) degree sequences of 𝐺 and 𝐺∗, and recall that 𝐺
can be obtained by conditioning on simplicity of 𝐺∗. For any (𝑛, 𝑐)-good degree sequence 𝐝, using
Lemma 4.3 we have

Pr[𝐃 = 𝐝] =
Pr[𝐃∗ = 𝐝] Pr[𝐺∗ is simple |𝐃∗ = 𝐝]

Pr[𝐺∗ is simple]
=
exp(−𝑐∕2 − 𝑐2∕4) + 𝑜(1)

Pr[𝐺∗ is simple]
Pr[𝐃∗ = 𝐝].

By Lemma 4.2, the sum of Pr[𝐃 = 𝐝] over all good 𝐝 and the sum of Pr[𝐃∗ = 𝐝] over all good 𝐝
are both 1 − 𝑜(1). So, the above equation implies that

exp(−𝑐∕2 − 𝑐2∕4) + 𝑜(1)

Pr[𝐺∗ is simple]
= 1 + 𝑜(1),

meaning that for each good 𝐝 we have Pr[𝐃 = 𝐝] = (1 + 𝑜(1)) Pr[𝐃∗ = 𝐝].
So, we can couple𝐃,𝐃∗ to be equal whp. Then, given outcomes of𝐃,𝐃∗, we have𝐺∗ ∼ 𝔾∗(𝐃∗),

and 𝐺 is a uniformly random graph with degree sequence 𝐃, so the desired result follows from
Lemma 4.4. □

5 ANALYSIS OF THE KARP–SIPSER PROCESS

In this section, we sketch how to prove Lemma 3.4 using the approach in Kreačić’s thesis [26] (a
stochastic generalisation of the differential equations method). As we will see, we do not require
any change to the proof approach in [26]; we simply need to change the quantity we are interested
in estimating (so, the reader may wish to refer to [26] for more details). The concepts and nota-
tion in this section will also be important for the proof of Lemma 3.6, which will appear in the
next section.

 14697750, 2025, 4, D
ow

nloaded from
 https://londm

athsoc.onlinelibrary.w
iley.com

/doi/10.1112/jlm
s.70101 by C

ochraneA
ustria, W

iley O
nline L

ibrary on [15/04/2025]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



16 of 38 GLASGOW et al.

Where convenient, we use the same notation as in [26] (in particular, contrary to the preced-
ing sections, for objects that depend on 𝑛 we explicitly write a superscript 𝑛, and we do not use
boldface for vectors). Throughout this sectionwe fix a constant 𝑐 (implicit constants in asymptotic
notation are allowed to depend on 𝑐).

5.1 A general framework for distributional approximation of Markov
chains

Before we begin to discuss the details of the proof of Lemma 3.4, we orient the unfamiliar reader
with the general framework of Ethier and Kurtz [15, chapter 11] for approximating sequences
of (time- and space-) inhomogeneous Markov Chains by Gaussian processes. We stress that this
should be treated merely as an outline/sketch; more details can be found in [26, section 2.3].
One way to characterise (𝑑-dimensional) Brownianmotion is as a scaling limit of a sequence of

unbiased randomwalks on the integer latticeℤ𝑑. In [15, chapter 11], Ethier and Kurtz situated this
in a much more general framework. Given a collection of ‘rate functions’ 𝛽𝑙 ∶ ℝ → ℝ⩾0 (for 𝑙 ∈
ℤ𝑑), for each 𝑛 ∈ ℕwe define a space-inhomogeneous randomwalk (𝑈𝑛(𝑠))𝑠⩾0 inℤ𝑑: when𝑈𝑛(𝑠)
is located at position 𝑘 ∈ ℤ𝑑, steps in direction 𝑙 are taken with rate 𝑛𝛽𝑙(𝑘∕𝑛). Under appropriate
assumptions, Ethier and Kurtz proved that, as 𝑛 → ∞, a sequence of random walks of this type
converges to a certain Gaussian process which can be described as the solution to a stochastic
partial differential equation involving the functions 𝛽𝑙.
In more detail: define the ‘drift’ function 𝐹(𝑦) =

∑
𝑙∈ℤ𝑑 𝛽𝑙(𝑦)𝑙, and let† (𝜒(𝑠))𝑠⩾0 be the solution

to the differential equation 𝜒(𝑠) = 𝑈𝑛(0)∕𝑛 + ∫ 𝑠0 𝐹(𝜒(𝑞)) 𝑑𝑞. Under appropriate assumptions, we
expect 𝑈𝑛(𝑠) to be approximately equal to 𝑛𝜒(𝑠): indeed, the position of our particle at time 𝑠 is
approximately the accumulation of the rate functions until time 𝑠, taking into account the changes
in these rate functions as the particlemoves through space. This function𝜒 is sometimes knownas
the fluid limit approximation of our discrete-time process. The method of obtaining this function
and showing that it indeed approximates𝑈𝑛(𝑠) (in probability) is (an instance of) the differential
equation method in combinatorics.
Next, for 𝑥 ∈ ℝ𝑑, define the matrix 𝜕𝐹(𝑥) ∈ ℝ𝑑×𝑑 by (𝜕𝐹(𝑥))𝑖,𝑗 = 𝜕𝐹𝑖(𝑥)∕𝜕𝑥𝑗 , and for each

𝑙 ∈ ℤ𝑑, let𝑊𝑙 ∶ [0,∞) → ℝ be a standard Brownian motion. Then, define the (continuous-time)
random process (𝑉(𝑠))𝑠⩾0 as the solution to the SPDE

𝑉(𝑠) = 𝑉(0) +
∑
𝑙∈ℤ𝑑

𝑊𝑙

(
∫

𝑠

0
𝛽𝑙(𝜒(𝑞))𝑑𝑞

)
𝑙 + ∫

𝑠

0
𝜕𝐹(𝜒(𝑞))𝑉(𝑞)𝑑𝑞, (5.1)

where 𝑉(0) is a Gaussian random variable approximating the initial fluctuations of 𝑈𝑛(0)∕𝑛 (we
allow for the possibility that the particle starts in a random position). Under appropriate assump-
tions, we expect (𝑈𝑛(𝑠) − 𝑛𝜒(𝑠))∕

√
𝑛 to be approximately distributed as𝑉(𝑠) (jointly for all 𝑠 up to

any fixed time horizon). Indeed, the first term captures the Gaussian fluctuation remaining after
approximating the accumulation of random steps by its fluid limit approximation. The second
term captures the fluctuation in the accumulation of the drift function 𝐹 itself, due to the fact that
the drift ‘should really’ be evaluated at 𝑈𝑛(𝑞)∕𝑛, and not the deterministic vector 𝜒(𝑞) (the idea
is that 𝜕𝐹(𝜒(𝑞))𝑉(𝑞) describes the extent to which the fluctuation in 𝑉(𝑞) affects this difference).
The validity of this approximation is the main content of the Ethier–Kurtz framework.

†Departing slightly from [26], we use the letter 𝑠 to denote time ‘in the continuous world’ and 𝑡 to denote time ‘in the
discrete world’ (these essentially differ by a factor of 𝑛).
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A CENTRAL LIMIT THEOREM FOR THE MATCHING NUMBER OF A SPARSE RANDOM GRAPH 17 of 38

It is possible to solve the SPDE in Equation 5.1 in terms of a Gaussian process and a function Φ
which is itself defined in terms of a deterministic differential equation (i.e. we can describe 𝑉(𝑠)
‘explicitly’, instead of in terms of the solution to an SPDE). Specifically, for 𝑠, 𝑢 ⩾ 0, let Φ(𝑠, 𝑢) ∈
ℝ𝑑×𝑑 be the matrix solution to the system of differential equations

𝜕

𝜕𝑠
Φ(𝑠, 𝑢) = 𝜕𝐹(𝜒(𝑠))Φ(𝑠, 𝑢),

with boundary conditions Φ(𝑢, 𝑢) = 𝐼 for all 𝑢 ⩾ 0. This matrix function Φ can be thought of as
a ‘temporal correlation function’ measuring the extent to which fluctuations at time 𝑢 influence
fluctuations at some later time 𝑠. Under appropriate assumptions, the solution to the SPDE in
Equation 5.1 is given by

𝑉(𝑠) = Φ(𝑠, 0)𝑉(0) + ∫
𝑠

0
Φ(𝑠, 𝑢) 𝑑(𝑢), (5.2)

where

(𝑠) =
∑
𝑙∈ℤ4

𝑊𝑙

(
∫

𝑠

0
𝛽𝑙(𝜒(𝑞))𝑑𝑞

)
𝑙.

(Note that𝑉(𝑠) is a Gaussian process because it is an Itô integral with respect to aGaussian process
of a deterministic function.)
Also, we remark that from the description in Equation 5.2 and the Ethier–Kurtz approximation

theorem, it is possible to deduce the approximate distribution of 𝑈𝑛 at certain stopping times:
for example, if for some 𝛿 ⩾ 0 and some coordinate 𝑖 ⩽ 𝑑, we define 𝜏𝑛

𝛿
to be the (random) first

point in timewhere𝑈𝑛
𝑖
⩽ 𝛿𝑛, and 𝑠𝛿 to be theminimum value of 𝑠 such that𝜒(𝑠) ⩽ 𝛿, then (under

appropriate assumptions) we have

𝑈𝑛(𝜏𝑛
𝛿
) − 𝑛𝜒(𝑠𝛿)√
𝑛

𝑑
→ 𝑉(𝑠𝛿) −

𝑉𝑖(𝑠𝛿)

𝐹𝑖(𝜒(𝑠𝛿))
𝐹(𝜒(𝑠𝛿)) (5.3)

(i.e. we ‘subtract away’ the fluctuations in𝑈𝑛 due to the fluctuations in the stopping time 𝜏𝑛
𝛿
itself).

This last step is the critical place where degeneracy issues can cause problems: specifically, we will
run into problems if 𝐹3(𝜒(𝑠𝛿)) = 0 (in which case, attempting to adjust for the fluctuation in 𝜏𝑛𝛿
amounts to an indeterminate division 0∕0).
In the rest of this section, wewill sketch the application of the framework described above (with

certain small technical modifications) to study the Karp–Sipser process and prove Lemma 3.4. As
we will see, the only place where we depart from [26] is that we use a different stopping time 𝜏𝑛

𝛿
,

chosen to avoid the type of degeneracy described above.

5.2 Setup for the Markov Chain

To be able to easily apply the Ethier–Kurtz machinery, it is convenient to study the Karp–Sipser
process in continuous time, according to a ‘Poisson clock’: at time zero, a leaf-removal takes place,
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18 of 38 GLASGOW et al.

and then after each leaf-removal we wait for an Exponential(1) amount of time before the next
leaf-removal. For 𝑡 ⩾ 0:

∙ let 𝑋𝑛
1
(𝑡) be the number of vertices with degree 1 at time 𝑡,

∙ let 𝑋𝑛
2
(𝑡) be the number of vertices of degree at least 2 at time 𝑡,

∙ let 𝑋𝑛
3
(𝑡) be the number of edges at time 𝑡, and

∙ let 𝑋𝑛
4
(𝑡) be the number of leaf-removal steps up until time 𝑡.

Then, let 𝑋𝑛(𝑡) = (𝑋𝑛
1
(𝑡), 𝑋𝑛

2
(𝑡), 𝑋𝑛

3
(𝑡), 𝑋𝑛

4
(𝑡)). As observed in [1, Lemma 2] (restated as [26,

Lemma 5]; see also [25, section 3]), 𝑋𝑛(𝑡) is a continuous-time Markov chain. Let 𝜏𝑛
𝛿
= inf {𝑡 ⩾

0 ∶ 𝑋𝑛
3
(𝑡) ⩽ 𝛿𝑛} (with 𝜏𝑛

𝛿
= ∞ if 𝑋𝑛

3
(𝑡) > 𝛿𝑛 for all 𝑡); we will study the evolution of 𝑋𝑛 until time

𝜏𝑛
𝛿
.
Note that the random variable 𝐼𝛿 in Lemma 3.4 is precisely 𝑋4(𝜏𝑛𝛿 ) with this setup (with the

convention that 𝑋𝑛
4
(∞) = ∞).

5.3 Rate and drift functions

To understand the evolution of 𝑋𝑛(𝑡), we need to study the transition probabilities corresponding
to a single random leaf-removal.
When we delete a leaf 𝑣 together with its neighbour 𝑤, we also delete all other edges inci-

dent to 𝑤, and all the neighbours of 𝑤 get their degree reduced by 1. The effect this has on
𝑋𝑛
1
(𝑡), 𝑋𝑛

2
(𝑡), 𝑋𝑛

3
(𝑡) can be described in terms of the degrees of 𝑤 and its neighbours (with respect

to themultigraph𝐺𝑛(𝑡) remaining at time 𝑡). To study the distribution of these quantities, one can
explicitly describe the conditional distribution of 𝐺𝑛(𝑡) given 𝑋𝑛

1
(𝑡), 𝑋𝑛

2
(𝑡), 𝑋𝑛

3
(𝑡): this conditional

distribution of 𝐺𝑛(𝑡) is the same as the conditional distribution of 𝔾∗(𝑋1(𝑡) + 𝑋2(𝑡), 𝑋3(𝑡)), given
that there are 𝑋1(𝑡) vertices of degree 1 and 𝑋2(𝑡) vertices of degree at least 2. One can study the
typical degree distribution of this random graph, and then use standard techniques for studying
random graphs with given degree sequences.
In a bit more detail: it turns out that the degree distribution in such a graph 𝐺𝑛(𝑡) can be

described by a truncated Poisson distribution with a certain parameter depending on 𝑋𝑛
1
, 𝑋𝑛

2
and

𝑋𝑛
3
. Indeed, for 𝑥 = (𝑥1, 𝑥2, 𝑥3, 𝑥4) ∈ (ℝ⩾0)4 with 𝑥2 > 0 and 2𝑥3 ⩾ 𝑥1 + 2𝑥2, let 𝑧(𝑥) ⩾ 0 be the

unique solution† to
𝑧(𝑥)(𝑒𝑧(𝑥) − 1)

𝑒𝑧(𝑥) − 𝑧(𝑥) − 1
=
2𝑥3 − 𝑥1
𝑥2

,

and let 𝑍𝑛(𝑡) = 𝑧(𝑋𝑛(𝑡)). Then, consider any time 𝑡 where the process is ‘not too degenerate’ (in
notation to be introduced in Subsection 5.4, we can take any 𝑡 ⩽ 𝜏𝑛

𝛿
∧ 𝜁𝑛

𝛿
), and condition on a

corresponding outcome of 𝑋𝑛(𝑡). For any of the 𝑋𝑛
2
(𝑡) vertices with degree at least 2, and any

𝑑 ⩽ log 𝑛, the probability the degree of that vertex is exactly 𝑑 is

Pr[𝑄 = 𝑑 |𝑄 ⩾ 2] + 𝑜

(
log3 𝑛

𝑛

)
,

where 𝑄 ∼ Poisson(𝑍𝑛(𝑡)). That is to say, the degree distribution is roughly ‘truncated Poisson’
with parameter 𝑍𝑛(𝑡). (One can show that whp no vertex ever has degree greater than log 𝑛, so

† In [26], Kreačić writes ‘𝑧𝑥 ’; we have changed the notation for readability.
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A CENTRAL LIMIT THEOREM FOR THE MATCHING NUMBER OF A SPARSE RANDOM GRAPH 19 of 38

it suffices to consider 𝑑 ⩽ log 𝑛). The above fact appears as [26, Lemma 22]† (deduced from [1,
Lemma 5]). Using this fact, the transition probabilities for a single leaf-removal step are com-
puted in [26, Theorem 28]: given that (𝑋𝑛

1
(𝑡), 𝑋𝑛

2
(𝑡), 𝑋𝑛

3
(𝑡)) = (𝑞1, 𝑞2, 𝑞3) for some 𝑡 ⩽ 𝜏𝑛𝛿 ∧ 𝜁

𝑛
𝛿
, we

consider the conditional probability that the next-removed leaf 𝑣 has a neighbour 𝑤 which itself
has 𝑘1 ⩾ 1 degree-1 neighbours, 𝑘2 degree-2 neighbours and 𝑘3 neighbours of degree at least 3
(which causes (𝑋𝑛

1
, 𝑋𝑛

2
, 𝑋𝑛

3
) = (𝑞1 − 𝑘1 + 𝑘2, 𝑞2 − 1 − 𝑘2, 𝑞3 − 𝑘1 − 𝑘2 − 𝑘3) if 𝑘1 + 𝑘2 + 𝑘3 ⩾ 2,

and (𝑋𝑛
1
, 𝑋𝑛

2
, 𝑋𝑛

3
) = (𝑞1 − 2, 𝑞2, 𝑞3 − 1) if𝑘1 + 𝑘2 + 𝑘3 = 1). This conditional probability is shown

to be a somewhat complicated formula involving 𝑞1, 𝑞2, 𝑞3, 𝑘1, 𝑘2, 𝑘3, plus an additive error term
of the form 𝑜(log3 𝑛∕𝑛).
This estimate for the 1-step transition probabilities translates into an estimate for the transition

rates of the continuous-time Markov chain 𝑋𝑛(𝑡): specifically, the approximate transition rate
from a state 𝑞 ∈ ℤ4

⩾0
to a state 𝑞 + 𝑙 ∈ ℤ4

⩾0
is 𝑛𝛽𝑙(𝑞∕𝑛), for rate functions 𝛽𝑙 defined as follows.

Let

 = {(𝑘1, 𝑘2, 𝑘3) ∶ 𝑘1 ⩾ 1, 𝑘2, 𝑘3 ⩾ 0, 𝑘1 + 𝑘2 + 𝑘3 ⩾ 2}

and for 𝑙 = (−𝑘1 + 𝑘2, −1 − 𝑘2, −𝑘1 − 𝑘2 − 𝑘3, 1) with (𝑘1, 𝑘2, 𝑘3) ∈ , let 𝛽𝑙(𝑥) be
1

(𝑘1 − 1)!𝑘2!𝑘3!
⋅
𝑥2
2𝑥3

⋅
𝑧(𝑥)

𝑒𝑧(𝑥) − 𝑧(𝑥) − 1

(
𝑥1
2𝑥3

𝑧(𝑥)

)𝑘1−1
(

𝑥2𝑧(𝑥)
2

2𝑥3(𝑒
𝑧(𝑥) − 𝑧(𝑥) − 1)

𝑧(𝑥)

)𝑘2(𝑥2𝑧(𝑥)
2𝑥3

𝑧(𝑥)

)𝑘3
.

Also, let 𝛽(−2,0,−1,1)(𝑥) = 𝑥1∕(2𝑥3), and let 𝛽𝑙(𝑥) = 0 for all other 𝑙.
Taking a weighted sum of the approximate transition rates 𝛽𝑙(𝑥) allows us to estimate the

expected infinitesimal change to 𝑋𝑛(𝑡): as in [26, eq. (2.46)] we can define the ‘drift function’

𝐹(𝑥) =
∑
𝑙∈ℤ4

𝛽𝑙(𝑥)𝑙 = (𝐹1(𝑥), 𝐹2(𝑥), 𝐹3(𝑥), 𝐹4(𝑥))

and compute

𝐹1(𝑥) = −1 −
𝑥1
2𝑥3

+
𝑥2
2
𝑧(𝑥)4𝑒𝑧(𝑥)

(2𝑥3𝑓(𝑧(𝑥)))
2
−
𝑥1𝑥2𝑧(𝑥)

2𝑒𝑧(𝑥)

(2𝑥3)
2𝑓(𝑧(𝑥))

(5.4)

𝐹2(𝑥) = −1 +
𝑥1
2𝑥3

−
𝑥2
2
𝑧(𝑥)4𝑒𝑧(𝑥)

(2𝑥3𝑓(𝑧(𝑥)))
2

(5.5)

𝐹3(𝑥) = −1 −
𝑥2𝑧(𝑥)

2𝑒𝑧(𝑥)

2𝑥3𝑓(𝑧(𝑥))
(5.6)

𝐹4(𝑥) = 1.

where 𝑓(𝑥) = 𝑒𝑥 − 𝑥 − 1.

† This is stated for 𝑡 ⩽ 𝜏𝑛 ∧ 𝜁𝑛 (for 𝑐 > 𝑒) instead of 𝑡 ⩽ 𝜏𝑛
𝛿
∧ 𝜁𝑛

𝛿
, but the proof is exactly the same: the only role 𝜁𝑛 plays is

to ensure that 𝑋𝑛
1
(𝑡), 𝑋𝑛

2
(𝑡), 𝑋𝑛

3
(𝑡) are of size Ω(𝑛).
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20 of 38 GLASGOW et al.

5.4 Fluid limit approximation

Given the rate functions 𝛽𝑙, we can now solve a system of differential equations to obtain† a fluid
limit approximation 𝜒 for 𝑋𝑛. In this section we record formulae for this fluid limit approxi-
mation (and record the theorem that the trajectory of 𝑋𝑛 does indeed concentrate around this
approximation).
Let 𝑝(𝑢) = 𝑒−𝑢(𝑒𝑢 − 𝑢 − 1), let 𝛽(𝑢) be the unique solution to 𝛽(𝑢)𝑒𝑐𝛽(𝑢) = 𝑒𝑢 and implicitly

define the function 𝜗∶ [0,∞) → ℝ by

𝑠 =
1

𝑐

(
𝑐(1 − 𝛽(𝜗(𝑠))) −

1

2
log2 𝛽(𝜗(𝑠))

)
.

Then let

𝜒1(𝑠) =
1

𝑐

(
𝜗2(𝑠) − 𝜗(𝑠) ⋅ 𝑐 ⋅ 𝛽(𝜗(𝑠))(1 − 𝑒−𝜗(𝑠))

)
,

𝜒2(𝑠) = 𝑝(𝜗(𝑠))𝛽(𝜗(𝑠)),

𝜒3(𝑠) =
1

2𝑐
𝜗2(𝑠)

𝜒4(𝑠) = 𝑠.

The following result is presented as [26, Theorem 20], as a consequence of estimates in [1]. It holds
for all 𝑐 > 0.

Lemma 5.1. With notation as defined in this section, for 𝑠∗ = inf {𝑠 ⩾ 0∶ 𝜒1(𝑠) = 0} and any 𝑠 < 𝑠∗
(not depending on 𝑛) we have

sup
𝑢⩽𝑠

‖‖‖‖𝑋𝑛(𝑛𝑢)𝑛
− 𝜒(𝑢)

‖‖‖‖∞ 𝑝
→ 0.

For 𝑐 ⩽ 𝑒, let 𝑠𝛿 = inf {𝑠 ⩾ 0∶ 𝜒3(𝑠) ⩽ 𝛿} < 𝑠∗ be the ‘fluid limit prediction’ for 𝜏𝑛𝛿 . One can check
(e.g. using the series expansions we will compute in Subsection 6.1) that 𝑠𝛿 is finite and well-
defined, and that 𝜒1(𝑠𝛿), 𝜒2(𝑠𝛿) > 0 (i.e. at time 𝜏𝑛𝛿 , there are likely to be Ω𝛿(𝑛) vertices of degree
at least 2, and thereforeΩ𝛿(𝑛) edges). Let

𝜁𝑛
𝛿
= inf {𝑡 ⩾ 0 ∶ 𝑋𝑛1 (𝑡) ⩽ 𝜒1(𝑠𝛿)𝑛∕2 or 𝑋

𝑛
2 (𝑡) ⩽ 𝜒2(𝑠𝛿)𝑛∕2},

so whp 𝜏𝑛
𝛿
⩽ 𝜁𝑛

𝛿
(that is to say, whp 𝑋𝑛

1
(𝑡), 𝑋𝑛

2
(𝑡), 𝑋𝑛

3
(𝑡) are whp of size Ω𝛿(𝑛) until time 𝜏𝑛𝛿 ).

Remark 5.2. The stopping times 𝜏𝑛
𝛿
and 𝜁𝑛

𝛿
are the main point of difference between our setting

and Kreačić’s thesis [26]. In [26], the hitting times 𝜏𝑛 = inf {𝑡 ⩾ 0 ∶ 𝑋𝑛
1
(𝑡) = 0} and 𝜁𝑛 = inf {𝑡 ⩾

0 ∶ 𝑋𝑛
2
(𝑡) ⩽ 𝜒2(𝑠

∗)∕2 or 𝑋𝑛
3
(𝑡) ⩽ 𝜒3(𝑠

∗)∕2} are instead considered; when 𝑐 > 𝑒, one can check that
𝜒2(𝑠

∗), 𝜒3(𝑠
∗) > 0, and 𝜏𝑛 ⩽ 𝜁𝑛 whp.

†As described in Subsection 5.1, it is possible to prove a fluid limit approximation by studying a differential equation involv-
ing the drift functions 𝐹. However, this is not actually done in Kreačić’s thesis [26]: it is more convenient simply to cite
the previous work in [1] (which has slightly different notation and a different formulation of the relevant differential
equations).
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A CENTRAL LIMIT THEOREM FOR THE MATCHING NUMBER OF A SPARSE RANDOM GRAPH 21 of 38

5.5 Initial fluctuations

Knowing the transition rates for our Markov chain is essentially tantamount to knowing the full
distribution of (𝑋𝑛(𝑡))𝑡⩾0, except that we also need to estimate the (asymptotically multivariate
Gaussian) distribution of the initial state 𝑋𝑛(0). This routine computation is performed in [26,
section 2.3.2] in the case where 𝐺 ∼ 𝔾∗(𝑛, ⌊𝑐𝑛∕2⌋); we also need a similar calculation in the case
where𝐺 ∼ 𝔾∗(𝑛,𝑀)with𝑀 ∼ Bin(

(𝑛
2

)
, 𝑐∕𝑛). This is the only place where the distinction between

our two random graph models actually has an impact.

Lemma 5.3. Fix 𝑐 > 0.

∙ If 𝐺 ∼ 𝔾∗(𝑛, ⌊𝑐𝑛∕2⌋), then(
𝑋𝑛
1
(0) − 𝑛𝜒1(0)√

𝑛
,
𝑋𝑛
2
(0) − 𝑛𝜒2(0)√

𝑛
,
𝑋𝑛
3
(0) − 𝑛𝜒3(0)√

𝑛
,
𝑋𝑛
4
(0) − 𝑛𝜒4(0)√

𝑛

)
converges in distribution to a multivariate Gaussian distribution with mean zero and covariance
matrix

Σ =

⎛⎜⎜⎜⎜⎝
𝑐2𝑒−2𝑐 + 𝑐𝑒−𝑐 − 𝑐𝑒−2𝑐 − 𝑐3𝑒−2𝑐 −𝑐𝑒−𝑐 + 𝑐𝑒−2𝑐 + 𝑐3𝑒−2𝑐 0 0

−𝑐𝑒−𝑐 + 𝑐𝑒−2𝑐 + 𝑐3𝑒−2𝑐 (𝑒−𝑐 + 𝑐𝑒−𝑐)(1 − 𝑒−𝑐 − 𝑐𝑒−𝑐) − 𝑐3𝑒−2𝑐 0 0

0 0 0 0

0 0 0 0

⎞⎟⎟⎟⎟⎠
.

∙ If 𝐺 ∼ 𝔾∗(𝑛,𝑀) with𝑀 ∼ Bin(
(𝑛
2

)
, 𝑐∕𝑛) then(

𝑋𝑛
1
(0) − 𝑛𝜒1(0)√

𝑛
,
𝑋𝑛
2
(0) − 𝑛𝜒2(0)√

𝑛
,
𝑋𝑛
3
(0) − 𝑛𝜒3(0)√

𝑛
,
𝑋𝑛
4
(0) − 𝑛𝜒4(0)√

𝑛

)
converges in distribution to a multivariate Gaussian distribution with mean zero and covariance
matrix

Σ =

⎛⎜⎜⎜⎜⎝
(𝑐3 − 3𝑐2 + 𝑐)𝑒−2𝑐 + 𝑐𝑒−𝑐 (−𝑐3 + 2𝑐2 + 𝑐)𝑒−2𝑐 − 𝑐𝑒−𝑐 (𝑐 − 𝑐2)𝑒−𝑐 0

(−𝑐3 + 2𝑐2 + 𝑐)𝑒−2𝑐 − 𝑐𝑒−𝑐 (𝑐3 − 𝑐2 − 2𝑐 − 1)𝑒−2𝑐 + (𝑐 + 1)𝑒−𝑐 𝑐2𝑒−𝑐 0

(𝑐 − 𝑐2)𝑒−𝑐 𝑐2𝑒−𝑐 𝑐∕2 0

0 0 0 0

⎞⎟⎟⎟⎟⎠
.

We remark in order to prove the central limit theorems in Theorems 1.2 and 1.4we need to know
that initial fluctuations are asymptotically Gaussian, but if we are not interested in knowing the
asymptotic variance of the rank or matching number it is not necessary to know the actual value
of Σ.

Proof of Lemma 5.3. As the𝔾∗(𝑛, ⌊𝑐𝑛∕2⌋) case was already considered in [26, Theorem 39], we just
consider the casewhere𝐺 ∼ 𝔾∗(𝑛,𝑀)with𝑀 ∼ Bin(

(𝑛
2

)
, 𝑐∕𝑛). By Theorem3.3, it actually suffices

to consider the number 𝑋1 of degree-1 vertices, the number 𝑋2 of vertices of degree at least 2, and
the number 𝑋3 of edges, in an 𝑛-vertex Erdős–Rényi random graph with edge probability 𝑐∕𝑛.
Let 𝑋(𝑑) be the number of vertices with degree 𝑑 in such a random graph. So, writing

𝑎
(𝑑)
1
= 𝟙𝑑=1, 𝑎

(𝑑)
2
= 𝟙𝑑⩾2 and 𝑎

(𝑑)
3
= 𝑑∕2, we have 𝑋𝑗 =

∑∞
𝑑=0 𝑎

(𝑑)
𝑗
𝑋(𝑑) for 𝑗 ∈ {1, 2, 3}. In [20,
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22 of 38 GLASGOW et al.

Theorem 4.1], Janson finds the asymptotic joint distribution of (𝑋(𝑑))∞
𝑑=0

: namely,(
𝑋(𝑑) − 𝔼𝑋(𝑑)√

𝑛

)∞
𝑑=0

𝑑
→ (𝑈(𝑑))∞

𝑑=0
,

where the 𝑈(𝑑) are jointly Gaussian with

Cov[𝑈(𝑑), 𝑈(𝑑
′)] = 𝜋(𝑑)𝜋(𝑑′)

(
(𝑑 − 𝑐)(𝑑′ − 𝑐)

𝑐
− 1

)
+ 𝟙𝑑=𝑑′𝜋(𝑑),

where 𝜋(𝑑) = 𝑒−𝑐𝑐𝑑∕𝑑!. As discussed in [20, Theorem 4.1], this convergence in distribution
behaves well with respect to (potentially infinite) linear combinations of the 𝑈(𝑑), as long as
the coefficients do not grow super-exponentially fast: specifically, letting𝑈𝑗 =

∑∞
𝑑=0 𝑎

(𝑑)
𝑗
𝑈(𝑑), we

have (
𝑋𝑗 − 𝔼𝑋𝑗√

𝑛

)
𝑗∈{1,2,3}

𝑑
→ (𝑈1,𝑈2,𝑈3),

with Cov[𝑈𝑗,𝑈𝑗′] =
∑∞
𝑑=0

∑∞
𝑑′=0 𝑎

(𝑑)
𝑗
𝑎
(𝑑′)

𝑗′
Cov[𝑈(𝑑), 𝑈(𝑑

′)]. The desired result then follows from
a routine (if tedious) calculation.† □

5.6 Approximation by a Gaussian process

Now, using all the estimates we have obtained so far, we can apply the general framework
described in Subsection 5.1, to show that the normalised process(

𝑋𝑛(𝑛𝑠) − 𝑛𝜒(𝑠)√
𝑛

)
𝑠⩾0

is well-approximated by a certain Gaussian process 𝑉 (defined in terms of the initial covariance
matrix Σ in Lemma 5.3 and the approximate transition rates 𝛽𝑙(𝑥), via the drift function 𝐹).
Consequently, we can show that

𝑋𝑛(𝜏𝑛
𝛿
) − 𝑛𝜒(𝑠𝛿)√
𝑛

converges to a certain multivariate Gaussian distribution, which proves Lemma 3.4.
Inmore detail: as in Subsection 5.1, define thematrix 𝜕𝐹(𝑥) ∈ ℝ4×4 by (𝜕𝐹(𝑥))𝑖,𝑗 = 𝜕𝐹𝑖(𝑥)∕𝜕𝑥𝑗 .

Independently for each 𝑙 ∈ ℤ4 let𝑊𝑙 ∶ [0,∞) → ℝ be a standard Brownianmotion, and define the
Gaussian processes

(𝑠) =
∑
𝑙∈ℤ4

𝑊𝑙

(
∫

𝑠

0
𝛽𝑙(𝜒(𝑞))𝑑𝑞

)
𝑙.

†Accompanying the arXiv version of this paper, we include a Mathematica script that performs this calculation.
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A CENTRAL LIMIT THEOREM FOR THE MATCHING NUMBER OF A SPARSE RANDOM GRAPH 23 of 38

Let

Φ∶ {(𝑠, 𝑢) ∶ 0 ⩽ 𝑢 ⩽ 𝑠 < 𝑠∗} → ℝ4×4

be the unique matrix solution to the system of differential equations

𝜕

𝜕𝑠
Φ(𝑠, 𝑢) = 𝜕𝐹(𝜒(𝑠))Φ(𝑠, 𝑢),

with boundary conditions Φ(𝑢, 𝑢) = 𝐼 for all 0 ⩽ 𝑢 < 𝑠∗ (here 𝐼 is the 4 × 4 identity matrix).
Let 𝑉(0) be a 4-variate Gaussian random variable with covariance matrix Σ as in Lemma 5.3,

and define the Gaussian process

𝑉(𝑠) = Φ(𝑠, 0)𝑉(0) + ∫
𝑠

0
Φ(𝑠, 𝑢) 𝑑(𝑢). (5.7)

As (informally) described in Subsection 5.1, we can use the Gaussian process 𝑉 to describe the
fluctuations in the combinatorial process 𝑋𝑛. First, for any 𝑠 < 𝑠∗ we have the convergence in
distribution of processes (

𝑋𝑛(𝑛𝑢) − 𝑛𝜒(𝑢)√
𝑛

)
0⩽𝑢⩽𝑠

𝑑
→ (𝑉(𝑢))0⩽𝑢⩽𝑠.

Second, (assuming 𝑐 ⩽ 𝑒) we have 𝐹3(𝜒(𝑠𝛿)) < 0, and we deduce a similar convergence in
distribution at the stopping time 𝜏𝑛

𝛿
< ∞:

𝑋𝑛(𝜏𝑛
𝛿
) − 𝑛𝜒(𝑠𝛿)√
𝑛

𝑑
→ 𝑉(𝑠𝛿) −

𝑉3(𝑠𝛿)

𝐹3(𝜒(𝑠𝛿))
𝐹(𝜒(𝑠𝛿)), (5.8)

which yields Lemma 3.4. To orient the reader relative to thewriteup in [26]: Equation Equation 5.8
is essentially proved in [26, Theorem 38] (with 𝑠∗ in place of 𝑠𝛿, in the regime 𝑐 > 𝑒)†.

6 ESTIMATING FLUCTUATIONS

In this section, we prove Lemmas 3.5 and 3.6 via themachinery discussed in Section 5. Throughout
this section, we again fix a constant 𝑐 ⩽ 𝑒 (implicit constants in asymptotic notation are again
allowed to depend on 𝑐).
For Lemma 3.5, we need to study the number of steps 𝐼𝛿 until there are at most 𝛿𝑛 edges

remaining. In the notation of Section 5, this number of steps is precisely 𝑋𝑛
4
(𝜏𝑛
𝛿
).

For Lemma 3.6, we need to study certain degree statistics. These can be studied in terms of
the quantities 𝑋𝑛

1
(𝜏𝑛
𝛿
), 𝑋𝑛

2
(𝜏𝑛
𝛿
), 𝑋𝑛

3
(𝜏𝑛
𝛿
) from Section 5 (namely, the number of leaves, the num-

ber of vertices of degree at least 2, and the number of edges, at the first point where there are at
most 𝛿𝑛 edges remaining). All of these statistics are small when 𝛿 is small (they measure quan-
tities of the remaining graph very close to the end of the process), and we expect them to have
small fluctuations.

†Notice that 𝑠𝛿, 𝜏𝑛𝛿 are defined in terms of 𝜒3, 𝑋
𝑛
3
, whereas in [26], 𝑠∗, 𝜏𝑛 are defined in terms of 𝜒1, 𝑋𝑛1 . This explains the

role of 𝑉3, 𝐹3 in Equation 5.8 versus 𝑉1, 𝐹1 in [26].
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24 of 38 GLASGOW et al.

So, for both Lemmas 3.5 and 3.6, the main challenge is to estimate various parameters of the
limiting distribution of 𝑋𝑛(𝜏𝑛

𝛿
) described in Equation 5.8. Specifically, we will prove the following

lemma.

Lemma 6.1. Let𝜒 be the fluid limit approximation defined in Subsection 5.4, let 𝑠𝛿 be the fluid limit
prediction for 𝜏𝑛

𝛿
, and let Σ𝛿 be the covariance matrix of the limiting random vector in Equation 5.8.

Let 𝑧(𝑥) be defined as in Subsection 5.3.

(1) 𝜒1(𝑠𝛿) = 𝑂(𝛿) and 𝜒𝑗(𝑠𝛿) = Θ(𝛿) for 𝑗 ∈ {2, 3}.
(2) 𝑧(𝜒(𝑠𝛿))) = Θ(

√
𝛿).

(3) lim𝛿→0(Σ𝛿)𝑗,𝑗 = 0 for 𝑗 ∈ {1, 2, 3}.
(4) lim inf𝛿→0(Σ𝛿)4,4 > 0.

Lemma6.1(4) directly implies Lemma3.5, because the quantity𝜎2
𝛿
in Lemma3.5 is asymptotic to

(Σ𝛿)4,4𝑛. We will deduce Lemma 3.6 from Lemma 6.1(1–3) at the end of this section (in Subsection
6.5) using some estimates of Aronson, Frieze and Pittel [1] (we need similar considerations as we
informally discussed at the start of Subsection 5.3). Meanwhile, most of this section will be spent
proving Lemma 6.1.
Lemma 6.1(1–2) follow fromquite routine computations using the explicit formulae for the fluid

limit approximation. The real challenge is to prove (3) and (4) (bounding certain variances). At a
very high level, the goal is to prove that near the end of the process, there is very strong correlation
between the fluctuations of𝑋𝑛

1
, 𝑋𝑛

2
, 𝑋𝑛

3
(so if we stop at a time 𝜏𝑛

𝛿
which fixes the value of𝑋𝑛

3
, then

we essentially eliminate the fluctuation in𝑋𝑛
1
, 𝑋𝑛

2
), and to prove that there is onlyweak correlation

between the fluctuations of these three statistics and of 𝑋𝑛
4
.

To be a bit more specific, the machinery outlined in Section 5 gives us an approximation of
our process 𝑋𝑛 in terms of a Gaussian process 𝑉. Our goal is to prove that (in the 𝛿 → 0 limit)
the covariance matrix Σ(𝑠𝛿) of 𝑉(𝑠𝛿) has rank 2, and its first three rows and columns comprise
a rank-1 submatrix. That is to say, 𝑉1(𝑠𝛿), 𝑉2(𝑠𝛿), 𝑉3(𝑠𝛿) are essentially multiples of each other,
while 𝑉4(𝑠𝛿) has plenty of additional variance. The correction in Equation 5.8 for the stopping
time 𝜏𝑛

𝛿
then yields the desired conclusions.

Recalling the definitions in Section 5, the covariance matrix of 𝑉(𝑠) can be written in terms of
(an integral involving) the matrix-valued correlation function Φ (see Equation 5.7), so our task
is to obtain a good understanding of Φ. For example, for (3), we want to show that near the end
of the process the first three rows and columns of Φ form a matrix that is nearly rank-1. While
Φ is defined in terms of a system of non-linear partial differential equations (see Equation 6.8),
near the end of the process this system is quite well-approximated in terms of an (inhomoge-
neously time-dilated) system of linear differential equations (basically, we just need to know the
limiting value of 𝜕𝐹 as we approach the end of the process). We can then obtain our desired con-
clusions by studying the limiting eigensystem of 𝜕𝐹. In particular, for (3), negative eigenvalues in
this eigensystem give us exponential decay in all directions but one.

6.1 Estimating the fluid limit

First we prove Lemma 6.1(1–2) and some estimates that will be used in the proofs of Lemma 6.1(3–
4). For all of these, it is convenient to re-parametrise the fluid limit approximation𝜒 in terms of 𝑧 =
𝑧(𝜒(𝑠)). Indeed, as observed in [1, Lemma 8], the fluid limit approximation can be re-expressed
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A CENTRAL LIMIT THEOREM FOR THE MATCHING NUMBER OF A SPARSE RANDOM GRAPH 25 of 38

as

𝜒1(𝑠) =
1

𝑐
(𝑧2 − 𝑧𝑐𝛽(𝑧)(1 − 𝑒−𝑧)),

𝜒2(𝑠) = (1 − (1 + 𝑧)𝑒
−𝑧)𝛽(𝑧),

𝜒3(𝑠) =
1

2𝑐
𝑧2,

𝜒4(𝑠) = 𝑠 =
1

𝑐

(
𝑐(1 − 𝛽(𝑧)) −

1

2
log(𝛽(𝑧))2

)
.

(where, as in Subsection 5.4, 𝛽 is defined implicitly by 𝛽(𝑢)𝑒𝑐𝛽(𝑢) = 𝑒𝑢). Also, we have 𝑧 → 0 as
𝑠 → 𝑠∗ (this is only true because we are assuming 𝑐 ⩽ 𝑒; if 𝑐 > 𝑒 then 𝑧 → 𝑧∗ for some explicit
𝑧∗ > 0 computed in [1]).
Recall the Lambert𝑊 function, satisfying𝑊(𝑡)𝑒𝑊(𝑡) = 𝑡, and note that we can rewrite 𝛽(𝑧) as

𝑊(𝑐𝑒𝑧)∕𝑐. Note also that𝑊(𝑡) > 0 for 𝑡 > 0, and𝑊(𝑒) = 1.
A direct computation with the series expansion for𝑊 (see, e.g., [12]) shows that

𝜒1(𝑠) =
1 −𝑊(𝑐)

𝑐
𝑧2 + 𝑂(𝑧3),

𝜒2(𝑠) =
𝑊(𝑐)

2𝑐
𝑧2 + 𝑂(𝑧3),

𝜒3(𝑠) =
1

2𝑐
𝑧2,

𝜒4(𝑠) = 𝑠 =
2𝑐 − 2𝑊(𝑐) −𝑊(𝑐)2

2𝑐
−

1

2𝑐(𝑊(𝑐) + 1)
𝑧2 + 𝑂(𝑧3). (6.1)

Lemma 6.1(1) and (2) immediately follow: from the definition of 𝑠𝛿 wehave that𝜒3(𝑠𝛿) = 𝛿 =
1

2𝑐
𝑧2

yielding (2); plugging in this value of 𝑧 yields (1). This computation also yields

𝑠∗ =
2𝑐 − 2𝑊(𝑐) −𝑊(𝑐)2

2𝑐
. (6.2)

We next collect several estimates on the drift function and its partial derivatives near 𝑧 = 0 that
follow from the above equations. The necessary computations, while routine, are a bit tedious;
accompanying the arXiv version of this paper, we include a Mathematica script that performs
these calculations.
For the rest of this section, we generalise the notation ‘𝑂(𝑓)’ to denote any matrix or vector

whose entries are all of the form 𝑂(𝑓) (so we can write matrix equations with error terms).
We begin by estimating the drift function near its limit at 𝑠∗. The following estimate can be

obtained by plugging the series expansion of 𝜒(𝑠) in Equation 6.1 into the formulae for 𝐹1, 𝐹2, 𝐹3
in Equations (5.4) to (5.6):

Fact 6.2.

⎛⎜⎜⎝
𝐹1(𝜒(𝑠))

𝐹2(𝜒(𝑠))

𝐹3(𝜒(𝑠))

⎞⎟⎟⎠ = −(1 +𝑊(𝑐))
⎛⎜⎜⎝
2 − 2𝑊(𝑐)

𝑊(𝑐)

1

⎞⎟⎟⎠ + 𝑂(𝑧).
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26 of 38 GLASGOW et al.

Let 𝐹̂ = (𝐹1, 𝐹2, 𝐹3) be the first three coordinates of the drift function, and let

𝑣0 = (2 − 2𝑊(𝑐),𝑊(𝑐), 1)
⊺ (6.3)

be the direction of the first three coordinates of the drift function near time 𝜒(𝑠∗). We want to
show that at time 𝑠𝛿, (𝑋𝑛1 , 𝑋

𝑛
2
, 𝑋𝑛

3
) is approximately parallel to 𝑣0, by showing that any fluctua-

tions in (𝑋𝑛
1
, 𝑋𝑛

2
, 𝑋𝑛

3
) in directions orthogonal to 𝑣0 are suppressed. To do this, we will need to

understand the partial derivatives of 𝐹̂, which govern how the drift function changes due to fluc-
tuations about 𝐹̂(𝜒(𝑠)). Let 𝜕𝐹̂(𝑥) be the 3 × 3 matrix defined by (𝜕𝐹̂(𝑥))𝑖,𝑗 = 𝜕𝐹̂𝑖(𝑥)∕𝜕𝑥𝑗 . The
following lemma shows that for 𝑠 near 𝑠∗, 𝜕𝐹̂(𝜒(𝑠)) is approximately amatrix with one zero eigen-
value, corresponding to the eigenvector 𝑣0, and two negative eigenvalues. This ensures that near
𝑠∗, if (in addition to some fluctuation 𝛾𝑣0 parallel to 𝑣0) there is a large fluctuation 𝑣 orthog-
onal to 𝑣0, there will be a tendency for that orthogonal fluctuation to be suppressed, because
𝑣⊺𝐹̂(𝑋(𝑠)) ≈ 𝑣⊺𝐹̂(𝜒(𝑠) + 𝛾𝑣0 + 𝑣) ≈ 𝑣

⊺𝜕𝐹̂(𝜒(𝑠))𝑣 < 0.

Lemma 6.3.

𝜕𝐹̂(𝜒(𝑠)) =
1

𝑧2
𝑄𝐷𝑄−1 + 𝑂

(
1

𝑧

)
,

where

𝐷 = 𝑐(1 +𝑊(𝑐))
⎛⎜⎜⎝
0 0 0

0 −3 0

0 0 −2

⎞⎟⎟⎠ , 𝑄 =

⎛⎜⎜⎜⎝
2 − 2𝑊(𝑐) 1

2
(𝑊(𝑐) − 1)(3𝑊(𝑐) − 1) −4𝑊(𝑐)

𝑊(𝑐) 1

2
(−2𝑊(𝑐) − 1)(𝑊(𝑐) − 1) 2𝑊(𝑐) + 1

1 1 1

⎞⎟⎟⎟⎠ .
Lemma 6.3 may be obtained by explicitly computing partial derivatives of the formulae for 𝐹

in Subsection 5.3, using implicit differentiation to compute 𝜕𝑧(𝑥)∕𝜕𝑥𝑖 , then using the formulae in
Equation 6.1 for 𝜒(𝑠) in terms of 𝑧, and then computing a series expansion.
In Subsection 6.3, wewill use Fact 6.2 and Lemma 6.3 (plus some elementary estimates) to study

the correlation function Φ(𝑠, 𝑢) (for 𝑠 near 𝑠∗). We will also use the following two facts, which are
easily verified from the series expansions in Equation 6.1.

Fact 6.4. There exists a constant 𝑐1 > 0 such that for any 𝑐2 > 0 small enough and any 𝑠∗ − 𝑐1 ⩽
𝑠 ⩽ 𝑠∗ − 𝑐2, we have 𝑧(𝜒(𝑠)), 𝜒1(𝑠), 𝜒2(𝑠) = Ω(1).

(Here the constants in asymptotic notation are allowed to depend on 𝑐1, 𝑐2.)

Proof. If 𝑠 is bounded away from 𝑠∗, then from the formulae in Section 5.4, 𝜗(𝑠) is bounded away
from 0, and thus so are 𝜒1(𝑠), 𝜒2(𝑠) and 𝜒3(𝑠). Thus, from Equation 6.1, 𝑧(𝜒(𝑠)) is also bounded
away from 0. □

(Although it will not be necessary for us, we remark that one can directly check using the
formulae in Subsection 5.4 or Subsection 6.1 that 𝑧(𝜒(𝑠)), 𝜒1(𝑠), 𝜒2(𝑠) = Ω(1) whenever 𝑠 − 𝑠∗ =
Ω(1), that is, the above statement holds for any constants 0 < 𝑐2 ⩽ 𝑐1 ⩽ 𝑠∗.)

Fact 6.5. 𝑠∗ − 𝑠 = Θ(𝑧2) = Θ(𝜒3(𝑠)). In particular, 𝑠∗ − 𝑠𝛿 = Θ(𝑧(𝜒(𝑠𝛿))2) = Θ(𝛿).
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6.2 Formulae for the limiting variance

In this subsection, we show how to reduce the task of proving Lemma 6.1(3–4), concerning the
covariance matrix of 𝑋𝑛(𝜏𝑛

𝛿
), to certain analytic estimates on the functions Φ and 𝛽𝑙 (which we

will prove in the next section).
Recall the definitions of𝑉 and from Subsection 5.6 (in terms of functionsΦ, 𝛽𝑙, 𝐹 and an ini-

tial covariancematrixΣ that depends onwhich of the twomodels of randomgraphs inTheorem 1.2
we are considering). Let Σ(𝑠) be the covariance matrix of 𝑉(𝑠), and compute from Equation 5.7

Σ(𝑠) = Φ(𝑠, 0) ΣΦ(𝑠, 0)⊺ + ∫
𝑠

0

∑
𝑙∈ℤ4

𝛽𝑙(𝜒(𝑢)) (Φ(𝑠, 𝑢) 𝑙 𝑙
⊺ Φ(𝑠, 𝑢)⊺) 𝑑𝑢. (6.4)

Remark 6.6. For the reader not familiar with stochastic calculus: it may be helpful to view a Brow-
nian motion as the limit of a discrete-time random walk, so our Itô integral can be approximated
as a sum of independent increments (these increments have different sizes given by Φ, and the
rate they occur at is given by the 𝛽𝑙). The total variance is then the sum of variances of these
increments; taking a limit gives the above integral.

Recalling Equation 5.8 (with the correction for the stopping time 𝜏𝑛
𝛿
), we have

Σ𝛿 = 𝑃𝛿 Φ(𝑠𝛿, 0) ΣΦ(𝑠𝛿, 0)
⊺ 𝑃

⊺
𝛿
+ ∫

𝑠𝛿

0

∑
𝑙∈ℤ4

𝛽𝑙(𝜒(𝑢)) (𝑃𝛿 Φ(𝑠𝛿, 𝑢) 𝑙 𝑙
⊺ Φ(𝑠𝛿, 𝑢)

⊺𝑃
⊺
𝛿
) 𝑑𝑢, (6.5)

where

𝑃𝛿 = 𝐼 −
1

𝐹3(𝜒(𝑠𝛿))

⎛⎜⎜⎜⎜⎝
0 0 𝐹1(𝜒(𝑠𝛿)) 0

0 0 𝐹2(𝜒(𝑠𝛿)) 0

0 0 𝐹3(𝜒(𝑠𝛿)) 0

0 0 𝐹4(𝜒(𝑠𝛿)) 0

⎞⎟⎟⎟⎟⎠
=

⎛⎜⎜⎜⎜⎝
1 0 −𝐹1(𝜒(𝑠𝛿))∕𝐹3(𝜒(𝑠𝛿)) 0

0 1 −𝐹2(𝜒(𝑠𝛿))∕𝐹3(𝜒(𝑠𝛿)) 0

0 0 0 0

0 0 −𝐹4(𝜒(𝑠𝛿))∕𝐹3(𝜒(𝑠𝛿)) 1

⎞⎟⎟⎟⎟⎠
.

We can now reduce Lemma 6.1(3–4) to some more explicit estimates on the functions 𝜒, 𝛽𝑙, Φ.
Let

𝐴 =
⎛⎜⎜⎝
1 0 0 0

0 1 0 0

0 0 1 0

⎞⎟⎟⎠ , 𝐵 =
(
0 0 0 1

)
,

so 𝐴Σ𝛿𝐴⊺ contains the first three rows and columns of Σ𝛿 and 𝐵Σ𝛿𝐵⊺ contains the (4,4)-entry of
Σ𝛿. This means that Lemma 6.1(3–4) is tantamount to the claims that lim𝛿→0 ‖𝐴Σ𝛿𝐴⊺‖ = 0 and
lim inf𝛿→0 ‖𝐵Σ𝛿𝐵⊺‖ > 0, for any matrix norm ‖ ⋅ ‖ (all matrix norms are equivalent).
Recalling that the Frobenius norm† ‖ ⋅ ‖F is subadditive and submultiplicative, from Equa-

tion 6.5 we estimate

‖𝐴Σ𝛿𝐴⊺‖F ⩽ ‖Σ‖F‖𝐴𝑃𝛿 Φ(𝑠𝛿, 0)‖2F + ∫
𝑠𝛿

0
‖𝐴𝑃𝛿 Φ(𝑠𝛿, 𝑢)‖2F ∑

𝑙∈ℤ4

𝛽𝑙(𝜒(𝑢)) ‖𝑙‖22 𝑑𝑢. (6.6)

† The Frobenius norm of a matrix𝑀 is the square root of the sum of squares of entries of𝑀.
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28 of 38 GLASGOW et al.

Roughly speaking, to prove Lemma 6.1(3) it now suffices to prove that
∑
𝑙∈ℤ4 𝛽𝑙(𝜒(𝑢))‖𝑙‖22 = 𝑂(1)

for all 𝑢 ∈ [0, 𝑠𝛿], and that ‖𝐴𝑃𝛿Φ(𝑠𝛿, 𝑢)‖F is tiny (e.g. decays with 𝛿) unless 𝑢 is very close to 𝑠𝛿.
For Lemma 6.1(4), consider any vectors = {𝑙1, 𝑙2, 𝑙3, 𝑙4} in ℤ4. Let 𝐿 ∈ ℝ𝑛×𝑛 be the matrix with

columns 𝑙1, 𝑙2, 𝑙3, 𝑙4, and let 𝜎 be the least singular value of 𝐿. Then, the single entry of the matrix∑
𝑙∈(𝐵𝑃𝛿 Φ(𝑠𝛿, 𝑢) 𝑙 𝑙⊺ Φ(𝑠𝛿, 𝑢)⊺𝑃⊺𝛿𝐵⊺) is ‖𝐵𝑃𝛿Φ(𝑠𝛿, 𝑢)𝐿‖2F, which is at least 𝜎2‖𝐵𝑃𝛿Φ(𝑠𝛿, 𝑢)‖2F. So,

we have

‖(𝐵Σ𝛿𝐵⊺)‖F ⩾ 𝜎2 ∫ 𝑠𝛿

0
‖𝐵𝑃𝛿Φ(𝑠𝛿, 𝑢)‖2F inf𝑙∈ 𝛽𝑙(𝜒(𝑢)) 𝑑𝑢. (6.7)

Roughly speaking, to prove Lemma 6.1(4) it suffices to prove that, for some specific basis  of
the vector space ℝ4 (not depending on 𝛿) and for all 𝑢 in some interval of length Ω(1), both
inf 𝑙∈ 𝛽𝑙(𝜒(𝑢)) and ‖𝐵𝑃𝛿Φ(𝑠𝛿, 𝑢)‖2F are of the form Ω(1).

Remark 6.7. It is worth remarking that the quantities in this section can be used to give asymptotic
formulae for the variance of 𝛼(𝐺) (in the settings of Theorems 1.2 and 1.4). Indeed, our proof of
Theorems 1.2 and 1.4 (in the case 𝑐 ⩽ 𝑒) shows that 𝛼(𝐺) is asymptotically Gaussian with variance
asymptotic to (lim𝛿→0(Σ𝛿)4,4)𝑛. The calculations in this section (in particular, the computation of
lim𝛿→0 𝑃𝛿 which we will see in Lemma 6.11) can be used to show that lim𝛿→0(Σ𝛿)4,4 is precisely
the single entry of the matrix

𝐵𝑃Φ(𝑠∗, 0) ΣΦ(𝑠∗, 0)⊺ 𝑃⊺𝐵⊺ + ∫
𝑠∗

0

∑
𝑙∈ℤ4

𝛽𝑙(𝜒(𝑢)) (𝐵𝑃 Φ(𝑠
∗, 𝑢) 𝑙 𝑙⊺ Φ(𝑠∗, 𝑢)⊺𝑃⊺𝐵⊺) 𝑑𝑢,

where

𝑃 =

⎛⎜⎜⎜⎜⎝
1 0 2𝑊(𝑐) − 2 0

0 1 −𝑊(𝑐) 0

0 0 0 0

0 0 1 +𝑊(𝑐) 1

⎞⎟⎟⎟⎟⎠
.

It is not clear whether the asymptotic variance of 𝛼(𝐺) can be expressed more explicitly. (The
situation for 𝑐 > 𝑒, treated in [26], is essentially the same.)

6.3 Estimating the correlation function

In this subsection, we study Φ via its defining system of differential equations. Roughly speak-
ing, our goal is to show that Φ(𝑠𝛿, 𝑢) is approximately a rank-2 matrix, whose first three rows
and columns approximately comprise a rank-1 submatrix spanned by 𝑣0 (as defined in Equa-
tion 6.3). From this, we will obtain estimates on 𝐴𝑃𝛿Φ(𝑠𝛿, 𝑢) and 𝐵𝑃𝛿Φ(𝑠𝛿, 𝑢) as foreshadowed
in the previous subsection.
Recall from Subsection 5.6 that Φ is the solution to the system of differential equations

𝜕

𝜕𝑠
Φ(𝑠, 𝑢) = 𝜕𝐹(𝜒(𝑠))Φ(𝑠, 𝑢), (6.8)

with boundary conditionsΦ(𝑢, 𝑢) = 𝐼 for each𝑢, where 𝜕𝐹(𝑥) is thematrix defined by (𝜕𝐹(𝑥))𝑖,𝑗 =
𝜕𝐹𝑖(𝑥)∕𝜕𝑥𝑗 (and 𝐹 is the drift function from Subsection 5.3). Note that 𝜕𝐹4∕𝜕𝑥𝑗 ≡ 0 and
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A CENTRAL LIMIT THEOREM FOR THE MATCHING NUMBER OF A SPARSE RANDOM GRAPH 29 of 38

𝜕𝐹𝑗∕𝜕𝑥4 ≡ 0 for all 𝑗 ∈ {1, 2, 3, 4}, so we can write

Φ(𝑠, 𝑢) =

(
Φ̂(𝑠, 𝑢) 0

0 1

)
,

𝜕

𝜕𝑠
Φ̂(𝑠, 𝑢) = 𝜕𝐹̂(𝜒(𝑠))Φ̂(𝑠, 𝑢), Φ̂(𝑢, 𝑢) = 𝐼

where Φ̂(𝑠, 𝑢) = 𝐴Φ(𝑠, 𝑢)𝐴⊺ and 𝜕𝐹̂(𝑥) = 𝐴𝜕𝐹(𝑥)𝐴⊺ contain just the first three rows and columns
of Φ(𝑠, 𝑢) and 𝜕𝐹(𝑥), respectively, and 𝐼 ∈ ℝ3×3 is the 3 × 3 identity matrix. Note that there is
never any interaction between different 𝑢: we can think of 𝑢 as a parameter indexing a family of
differential equations, and 𝑠 as the independent variable in each differential equation (ranging
from 𝑢 to 𝑠∗). One could write Φ̂𝑢(𝑠) instead of Φ̂(𝑠, 𝑢) to emphasise this.
Also note that there is no interaction between the three columns of Φ̂(𝑠, 𝑢): each of the

columns g𝑢(𝑠) of Φ̂(𝑠, 𝑢) is separately a solution to the system of differential equations 𝜕g(𝑠)∕𝜕𝑠 =
𝜕𝐹̂(𝜒(𝑠))g(𝑠) (though, the different columns have different initial conditions). In this section, we
show that in the limit 𝑠 → 𝑠∗, the direction of g(𝑠) does not actually depend on the initial con-
ditions (i.e. the columns of Φ̂(𝑠, 𝑢) are roughly proportional to each other). We formalize this in
Lemma 6.8, which states that for 𝑠 near 𝑠∗, g𝑢(𝑠) is nearly proportional to (2 − 2𝑊(𝑐),𝑊(𝑐), 1)⊺
for all 𝑢.
Roughly speaking, the reason this holds is that 𝜕𝐹̂(𝜒(𝑠∗)) has two negative eigenvalues and one

zero eigenvalue (with corresponding eigenvector 𝑣0 ∶= (2 − 2𝑊(𝑐),𝑊(𝑐), 1)⊺). So, as our differen-
tial equation evolves near time 𝑠∗, the mass of g𝑢 diminishes in all directions except the direction
of 𝑣0. (The eventual mass in direction 𝑣0 depends on the initial conditions, defined in terms of 𝑢
and the particular column of Φ̂(𝑠, 𝑢) that we are interested in.)

Lemma 6.8. For some 𝑢 ∈ [0, 𝑠∗], let g ∶ [𝑢, 𝑠∗] → ℝ3 be a solution to the system of differential
equations

𝑑

𝑑𝑠
g(𝑠) = 𝜕𝐹̂(𝜒(𝑠))g(𝑠)

satisfying some initial conditions g(𝑢) with ‖g(𝑢)‖2 ⩽ 1. Then, for all 𝑠 ∈ [𝑢, 𝑠∗] we have
g(𝑠) = 𝐶

⎛⎜⎜⎝
2 − 2𝑊(𝑐)

𝑊(𝑐)

1

⎞⎟⎟⎠ + 𝑂
((

𝑠∗ − 𝑠

𝑠∗ − 𝑢

)1∕4)

for some 𝐶 ∈ ℝ (depending on 𝑠, 𝑢 and the initial conditions g(𝑢)).

(Recall that we have generalised the notation ‘𝑂(𝑓)’ so that it may describe a vector whose
entries are of the form 𝑂(𝑓).)

Proof. As in Subsection 6.1, we work largely in terms of the reparametrisation 𝑧 = 𝑧(𝜒(𝑠)). First,
we recall from Lemma 6.3 the limiting behaviour of 𝜕𝐹̂ around 𝑧 = 0:

𝜕𝐹̂(𝜒(𝑠)) =
1

𝑧2
𝑄𝐷𝑄−1 + 𝑂

(
1

𝑧

)
,
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30 of 38 GLASGOW et al.

where

𝐷 = 𝑐(1 +𝑊(𝑐))
⎛⎜⎜⎝
0 0 0

0 −3 0

0 0 −2

⎞⎟⎟⎠ , 𝑄 =

⎛⎜⎜⎜⎝
2 − 2𝑊(𝑐) 1

2
(𝑊(𝑐) − 1)(3𝑊(𝑐) − 1) −4𝑊(𝑐)

𝑊(𝑐) 1

2
(−2𝑊(𝑐) − 1)(𝑊(𝑐) − 1) 2𝑊(𝑐) + 1

1 1 1

⎞⎟⎟⎟⎠ .
Denoting operator norm by ‖ ⋅ ‖op, observe that ‖𝑄‖op, ‖𝑄−1‖op = 𝑂(1) (this amounts to the fact
that det 𝑄 ≠ 0). So, ℎ = 𝑄−1g is a solution to a system of differential equations

𝑑

𝑑𝑠
ℎ(𝑠) =

(
1

𝑧2
𝐷 + 𝑂(1∕𝑧)

)
ℎ(𝑠)

for some initial conditions ℎ(0) satisfying ‖ℎ(𝑢)‖2 = 𝑂(1).
Next, we reparametrise the time variable 𝑠 to obtain a system of differential equations that

is (approximately) linear. Namely, we first let 𝑟 = 𝑠∗ − 𝑠, so 𝑑𝑠∕𝑑𝑟 = −1 and 1∕𝑟 = 2𝑐(𝑊(𝑐) +
1)∕𝑧2 + 𝑂(1∕𝑧) by (6.1) and (6.2). This means that

𝑑

𝑑𝑟
ℎ(𝑠) =

(
−1

2𝑐𝑟(𝑊(𝑐) + 1)
𝐷 + 𝑂(1∕

√
𝑟)

)
ℎ(𝑠)

(recall Fact 6.5). Then, we let 𝑞 = − log 𝑟, so 𝑑𝑟∕𝑑𝑞 = −𝑟 and we can write

𝑑

𝑑𝑞
ℎ(𝑠) =

(
1

2𝑐(𝑊(𝑐) + 1)
𝐷 + 𝐸(𝑠)

)
ℎ(𝑠),

for somematrix-valued function 𝐸 whose entries are at most𝑂(
√
𝑟) = 𝑂(𝑒−𝑞∕2). The time interval

from 𝑠 = 𝑢 to 𝑠 = 𝑠∗ corresponds to the interval from 𝑟 = 𝑠∗ − 𝑢 to 𝑟 = 0, which corresponds to
the interval from 𝑞 = 𝑞𝑢 ∶= − log(𝑠

∗ − 𝑢) to 𝑞 = ∞.
Now, we are finally ready to study the evolution of our system of differential equations. First,

we prove that ℎ(𝑠) does not blow up as 𝑠 → 𝑠∗.

Claim 6.9. sup𝑠∈[𝑢,𝑠∗] ‖ℎ(𝑠)‖2 = 𝑂(1).
Proof. Let Λ = (1∕(2𝑐(𝑊(𝑐) + 1)))𝐷 (which is a diagonal matrix with diagonal entries
(𝜆1, 𝜆2, 𝜆3) = (0, −3∕2, −1)). We have

𝑑

𝑑𝑞
‖ℎ(𝑠)‖22 = 3∑

𝑗=1

2ℎ𝑗(𝑠)
𝑑

𝑑𝑞
ℎ𝑗(𝑠) =

3∑
𝑗=1

2ℎ𝑗(𝑠)
(
Λℎ(𝑠) + 𝐸(𝑠)ℎ(𝑠)

)
𝑗

⩽

3∑
𝑗=1

(
2𝜆𝑗ℎ𝑗(𝑠)

2 + 2ℎ(𝑠)𝑗‖𝐸(𝑠)‖op‖ℎ(𝑠)‖2)
⩽ 2‖𝐸(𝑠)‖op‖ℎ(𝑠)‖1‖ℎ(𝑠)‖2 = 𝑂(𝑒−𝑞∕2‖ℎ(𝑠)‖22).

(For the final line, we recall that each 𝜆𝑗 is non-positive.) We can rewrite this inequality as

𝑑

𝑑𝑞
log ‖ℎ(𝑠)‖22 = 𝑂(𝑒−𝑞∕2).
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A CENTRAL LIMIT THEOREM FOR THE MATCHING NUMBER OF A SPARSE RANDOM GRAPH 31 of 38

Then, for any 𝑠, integration yields

log ‖ℎ(𝑠)‖22 ⩽ log ‖ℎ(𝑢)‖22 + ∫
𝑞

𝑞𝑢

𝑂(𝑒−𝑝∕2) 𝑑𝑝 = 𝑂(1).
□

Next, using Claim 6.9, we prove that ℎ2(𝑠) and ℎ3(𝑠) decay as 𝑠 → 𝑠∗.

Claim 6.10. For 𝑗 ∈ {2, 3} we have ℎ𝑗(𝑠)2 = 𝑂(𝑒(𝑞𝑢−𝑞)∕2).

Proof. Using Claim 6.9 and similar calculations as above, for 𝑗 ∈ {2, 3} we have

𝑑

𝑑𝑞
ℎ𝑗(𝑠)

2 = 2ℎ𝑗(𝑠)
𝑑

𝑑𝑞
ℎ𝑗(𝑠) ⩽ 2𝜆𝑗ℎ𝑗(𝑠)

2 + 2‖𝐸(𝑠)‖op‖ℎ(𝑠)‖1‖ℎ(𝑠)‖2
⩽ −2ℎ𝑗(𝑠)

2 + 𝑂(𝑒−𝑞∕2‖ℎ(𝑠)‖22) ⩽ −2ℎ𝑗(𝑠)2 + 𝑂(𝑒−𝑞∕2).
(For the last line, we used that 𝜆2, 𝜆3 ⩽ −1.) We can rewrite this inequality as

𝑑

𝑑𝑞
(𝑒2𝑞ℎ𝑗(𝑠)

2) ⩽ 𝑒2𝑞 ⋅ 𝑂(𝑒−𝑞∕2) = 𝑂(𝑒3𝑞∕2).

Integration then yields

𝑒2𝑞ℎ𝑗(𝑠)
2 − 𝑒2𝑞𝑢ℎ𝑗(𝑢)

2 ⩽ ∫
𝑞

𝑞𝑢

𝑂(𝑒3𝑝∕2) 𝑑𝑝 = 𝑂(𝑒3𝑞∕2),

which implies

ℎ𝑗(𝑠)
2 ⩽ 𝑂(𝑒2(𝑞𝑢−𝑞) + 𝑒−𝑞∕2) = 𝑂(𝑒(𝑞𝑢−𝑞)∕2).

□

Together Claims 6.9 and 6.10 imply that

ℎ(𝑠) = 𝑄−1g(𝑠) = 𝐶0

⎛⎜⎜⎝
1

0

0

⎞⎟⎟⎠ + 𝑂(𝑒(𝑞𝑢−𝑞)∕4) = 𝐶0
⎛⎜⎜⎝
1

0

0

⎞⎟⎟⎠ + 𝑂
((

𝑠∗ − 𝑠

𝑠∗ − 𝑢

)1∕4)

for some 𝐶0 ∈ ℝ with |𝐶0| = 𝑂(1). Multiplying by 𝑄 yields the desired result. □

We can now deduce some estimates on 𝑃𝛿Φ(𝑠𝛿, 𝑢), suitable for application with (6.6) and (6.7).

Lemma 6.11. Recall the definitions of 𝐴, 𝐵, 𝑃𝛿 from Subsection 6.2, and write 𝑓𝛿(𝑢) = ((𝑠∗ −
𝑠𝛿)∕(𝑠

∗ − 𝑢))1∕4.

(1) ‖𝐴𝑃𝛿Φ(𝑠𝛿, 𝑢)‖F = 𝑂(𝑓𝛿(𝑢)),
(2) ‖𝐵𝑃𝛿Φ(𝑠𝛿, 𝑢)‖F = Ω(1) − 𝑂(𝑓𝛿(𝑢)).
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Proof. By Lemma 6.8, for each 𝑠, 𝑢 there are real numbers 𝐶1, 𝐶2, 𝐶3 = 𝑂(1) such that

Φ(𝑠𝛿, 𝑢) =

⎛⎜⎜⎜⎜⎝
𝐶1(2 − 2𝑊(𝑐)) 𝐶2(2 − 2𝑊(𝑐)) 𝐶3(2 − 2𝑊(𝑐)) 0

𝐶1𝑊(𝑐) 𝐶2𝑊(𝑐) 𝐶3𝑊(𝑐) 0

𝐶1 𝐶2 𝐶3 0

0 0 0 1

⎞⎟⎟⎟⎟⎠
+ 𝑂(𝑓𝛿(𝑢)).

Recall from Fact 6.2 that we have

𝐹(𝜒(𝑠)) = −(1 +𝑊(𝑐))

⎛⎜⎜⎜⎜⎝
2 − 2𝑊(𝑐)

𝑊(𝑐)

1

−1 −𝑊(𝑐)

⎞⎟⎟⎟⎟⎠
+ 𝑂(𝑧).

By Fact 6.5, we have 𝑧(𝜒(𝑠𝛿)) = 𝑂(𝑓𝛿(𝑢)) (for any 𝑢), so we deduce (using the definition of 𝑃𝛿)
that

𝑃𝛿 =

⎛⎜⎜⎜⎜⎝
1 0 −2 + 2𝑊(𝑐) 0

0 1 −𝑊(𝑐) 0

0 0 0 0

0 0 1 +𝑊(𝑐) 1

⎞⎟⎟⎟⎟⎠
+ 𝑂(𝑓𝛿(𝑢)).

We then compute

𝐴𝑃𝛿Φ(𝑠𝛿, 𝑢) = 𝑂(𝑓𝛿(𝑢)),

𝐵𝑃𝛿Φ(𝑠𝛿, 𝑢) =
(
𝐶1(1 +𝑊(𝑐)) 𝐶2(1 +𝑊(𝑐)) 𝐶3(1 +𝑊(𝑐)) 1

)
+ 𝑂(𝑓𝛿(𝑢)).

The desired results follow. □

6.4 Integrating the correlation function

Now we combine Lemma 6.11 with some estimates on the transition rates 𝛽𝑙(𝜒(𝑠)), to complete
the proofs of Lemma 6.1(3–4) via the strategy outlined in Subsection 6.2.

Lemma 6.12. Define the basis

 =
⎧⎪⎪⎨⎪⎪⎩
⎛⎜⎜⎜⎜⎝
−2

0

−1

1

⎞⎟⎟⎟⎟⎠
,

⎛⎜⎜⎜⎜⎝
0

−2

−3

1

⎞⎟⎟⎟⎟⎠
,

⎛⎜⎜⎜⎜⎝
0

−3

−6

1

⎞⎟⎟⎟⎟⎠
,

⎛⎜⎜⎜⎜⎝
1

−3

−5

1

⎞⎟⎟⎟⎟⎠
⎫⎪⎪⎬⎪⎪⎭

of ℝ4. For some 𝑐1 > 0 and any small enough 𝑐2 > 0, for all 𝑠∗ − 𝑐1 ⩽ 𝑠 ⩽ 𝑠∗ − 𝑐2, we have
inf 𝑙∈ 𝛽𝑙(𝜒(𝑠)) = Ω(1).

Proof. Recall the notation defined in Subsection 5.3. The corresponding choices of (𝑘1, 𝑘2, 𝑘3) ∈ 
for the four vectors in  are (1, 0, 0), (1, 1, 1), (2, 2, 2), (1, 2, 2), respectively. Using the formula for
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𝛽𝑙(𝑥) in Subsection 5.3, for constants 𝑘1, 𝑘2, 𝑘3, we have

𝛽𝑙(𝑥) = Ω

((
𝑥2
𝑥3

)𝑘2+𝑘3+1)
⋅Ω
((

𝑧

𝑒𝑧 − 𝑧 − 1

)𝑘2+1)( 𝑥1
2𝑥3

)𝑘1−1
⋅Ω
(
𝑧𝑘1+2𝑘2+2𝑘3−1

)
.

Fact 6.4 then shows that for some 𝑐1 > 0 and any small enough 𝑐2 > 0, we have
𝑧(𝜒(𝑠)), 𝜒1(𝑠), 𝜒2(𝑠) = Ω(1), so 𝛽𝑙(𝜒(𝑠)) = Ω(1). □

Lemma 6.13. For all 0 ⩽ 𝑠 ⩽ 𝑠∗ we have∑
𝑙∈ℤ4

‖𝑙‖22𝛽𝑙(𝜒(𝑠)) = 𝑂(1).
Proof. Using the approximations in Subsection 6.1 and the formulae for 𝛽𝑙(𝑥) in Subsection 5.3,
we can see that 𝛽(−2,0,−1,1)(𝜒(𝑠)) = 𝑂(1), and for 𝑙 = (−𝑘1 + 𝑘2, −1 − 𝑘2, −𝑘1 − 𝑘2 − 𝑘3, 1) with
(𝑘1, 𝑘2, 𝑘3) ∈ ,
𝛽𝑙(𝑥) =

1

(𝑘1 − 1)!𝑘2!𝑘3!
𝑂
(
1

𝑧

)
(𝑂(𝑧))

𝑘1−1(𝑂(𝑧))
𝑘2
(
𝑂(𝑧2)

)𝑘3 = 1

(𝑘1 − 1)!𝑘2!𝑘3!
(𝑂(𝑧))

𝑘1+𝑘2+𝑘3−2.

Indeed, we observe from Equation 6.1 that 𝑥3 = Ω(𝑧2), and 𝑥1, 𝑥2 = 𝑂(𝑧
2), and then use

L’Hôpital’s rule on the functions of 𝑧. Also, for such 𝑙 we have ‖𝑙‖2
2
= 𝑂(𝑘2

1
+ 𝑘2

2
+ 𝑘2

3
). So,

∑
𝑙∈ℤ4

‖𝑙‖22𝛽𝑙(𝜒(𝑠)) = 𝑂(1) + ∑
(𝑘1,𝑘2,𝑘3)∈

𝑂

(
𝑘2
1
+ 𝑘2

2
+ 𝑘2

3

(𝑘1 − 1)!𝑘2!𝑘3!

)
(𝑂(𝑧))

𝑘1+𝑘2+𝑘3−2 = 𝑂(1),

recalling that 𝑘1 + 𝑘2 + 𝑘3 ⩾ 2 for all (𝑘1, 𝑘2, 𝑘3) ∈ . □

We are now ready to complete the proofs of Lemma 6.1(3–4).

Proof of Lemma 6.1(3). Note that 𝑠∗ − 𝑠𝛿 = 𝑂(𝛿) (by Fact 6.5). For 𝑗 ∈ {1, 2, 3}, substituting
Lemma 6.11(1) and Lemma 6.13 into Equation 6.6 yields

(Σ𝛿)𝑗,𝑗 ⩽ ‖𝐴Σ𝛿𝐴⊺‖F ⩽ 𝑂(((𝑠∗ − 𝑠𝛿)1∕4)2) + ∫
𝑠𝛿

0
𝑂
⎛⎜⎜⎝
((

𝑠∗ − 𝑠𝛿
𝑠∗ − 𝑢

)1∕4)2⎞⎟⎟⎠ 𝑑𝑢
= 𝑂(𝛿1∕2) + 𝑂(𝛿1∕2)∫

𝑠∗−𝑂(𝛿)

0

𝑑𝑢

(𝑠∗ − 𝑢)1∕2

= 𝑂(𝛿1∕2) ⋅ (1 + (𝑠∗)1∕2 − 𝑂(𝛿)1∕2) = 𝑂(𝛿1∕2),

which tends to zero as 𝛿 → 0. □

Proof of Lemma 6.1(4). Let 𝑐1 and 𝑐2 be the constants in Lemma 6.12, so when 𝑢 is in the range
between 𝑠∗ − 𝑐1 and 𝑠∗ − 𝑐2 we have inf 𝑙∈ 𝛽𝑙(𝜒(𝑠)) = Ω(1).
Also, when 𝑢 is in this range between 𝑠∗ − 𝑐1 and 𝑠∗ − 𝑐2, we have 𝑓𝛿(𝑢) = 𝑂(𝛿1∕4) (using

Fact 6.5, and using that 𝑐2 = Ω(1)). So, for sufficiently small 𝛿, for 𝑢 in this range we have‖𝐵𝑃𝛿Φ(𝑠𝛿, 𝑢)‖F = Ω(1) by Lemma 6.11(2).
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34 of 38 GLASGOW et al.

We can then directly substitute the above two estimates into Equation 6.7. We obtain (Σ𝛿)4,4 =‖𝐵Σ𝛿𝐵⊺‖F = Ω(1) as desired. □

6.5 Fluctuations of the degree sequence

Now, having proved Lemma 6.1, it remains to deduce Lemma 3.6 from Lemma 6.1(1–3).
Recall that 𝑋𝑛

1
(𝜏𝑛
𝛿
), 𝑋𝑛

2
(𝜏𝑛
𝛿
), 𝑋𝑛

3
(𝜏𝑛
𝛿
) measure the number of leaves, the number of vertices of

degree at least 2, and the number of edges, at the first time 𝜏𝑛
𝛿
where there are at most 𝛿𝑛 edges

remaining. Lemma 6.1(3) (together with the Gaussian approximation Equation 5.8) allows us to
control the fluctuations of these statistics.
In the statement of Lemma 3.6, 𝑋(𝑑) is the number of degree-𝑑 vertices at time 𝜏𝑛

𝛿
(so in partic-

ular 𝑋(1) = 𝑋𝑛
1
(𝜏𝑛
𝛿
) and

∑∞
𝑑=2 𝑋

(𝑑) = 𝑋𝑛
2
(𝜏𝑛
𝛿
)). To prove Lemma 3.6, we study the fluctuations of

these degree statistics 𝑋(𝑑) conditional on 𝑋𝑛
1
(𝜏𝑛
𝛿
), 𝑋𝑛

2
(𝜏𝑛
𝛿
), 𝑋𝑛

3
(𝜏𝑛
𝛿
).

To this end, we use estimates of Aronson, Frieze and Pittel [1], already mentioned informally
at the start of Subsection 5.3. Specifically, the following lemma is a slight strengthening of [1,
Lemma 5]†, and follows from the same proof (the estimate for Pr[deg(𝑣) = deg(𝑣′) = 𝑑] below is
just slightly less wasteful than in the statement of [1, Lemma 5]).

Lemma 6.14. For some 𝑘1, 𝑘2, 𝑘3 ∈ ℕ, let 𝐺 be a random multigraph 𝔾∗(𝑘1 + 𝑘2, 𝑘3) conditioned
on the event that the vertices in 𝑉1 ∶= {1, … , 𝑘1} have degree exactly 1, and the vertices in 𝑉2 ∶=
{𝑘1 + 1,… , 𝑘1 + 𝑘2} have degree at least 2. Let 𝑓(𝑧) = 𝑒𝑧 − 𝑧 − 1 and let 𝑧 be the unique solution to

𝑧(𝑒𝑧 − 1)

𝑓(𝑧)
=
2𝑘3 − 𝑘1
𝑘2

,

(so 𝑧 is precisely 𝑧(𝑘1, 𝑘2, 𝑘3, 0) in the notation of Subsection 5.3).

(1) Suppose that 𝑘2𝑧 = Ω(log2 𝑛). Then for any distinct 𝑣, 𝑣′ ∈ 𝑉2 and any 2 ⩽ 𝑑 ⩽ log 𝑘2 we have

Pr[deg(𝑣) = 𝑑] =
𝑧𝑑

𝑑!𝑓(𝑧)

(
1 + 𝑂

(
𝑑2 + 1

𝑘2𝑧

))
and

Pr[deg(𝑣) = deg(𝑣′) = 𝑑] =

(
𝑧𝑑

𝑑!𝑓(𝑧)

)2(
1 + 𝑂

(
𝑑2 + 1

𝑘2𝑧

))
.

(2) For any 𝑣 ∈ 𝑉2 and 𝑑 ⩾ 2, we have the cruder estimate

Pr[deg(𝑣) = 𝑑] = 𝑂

(
(𝑘2𝑧)

1∕2 𝑧𝑑

𝑑!𝑓(𝑧)

)
.

Note that 𝑧𝑑∕(𝑑!𝑓(𝑧)) = Pr[𝑄 = 𝑑 |𝑄 ⩾ 2], for𝑄 ∼ Poisson(𝑧) (i.e. it is a point probability for a
truncated Poisson random variable). Very briefly, the proof strategy for Lemma 6.14 is as follows:
one can show that the degree sequence of𝔾∗(𝑛,𝑚) is precisely a sequence of independent Poisson

† In [1, Lemma 5], the notation ‘𝑣’ is used instead of ‘𝑘2’, and the notation ‘𝑋𝑗 ’ is used for the degree of a vertex 𝑗.
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A CENTRAL LIMIT THEOREM FOR THE MATCHING NUMBER OF A SPARSE RANDOM GRAPH 35 of 38

random variables conditioned on their sum being exactly 2𝑚. So, the proof of Lemma 6.14 essen-
tially comes down to careful estimates on point probabilities of sums of independent truncated
Poisson random variables, using standard techniques for proving local limit theorems.

Proof of Lemma 3.6. Recalling the fluid limit approximations in Subsection 5.4, and the definition
of 𝑧(𝑥) from Subsection 5.3, let 𝑧𝛿 = 𝑧(𝜒(𝑠𝛿)), and let 𝑄 ∼ Poisson(𝑧𝛿). Let 𝜇(1) = 𝜒1(𝑠𝛿)𝑛 and
𝜇(𝑑) = 𝜒2(𝑠𝛿)𝑛 Pr[𝑄 = 𝑑 |𝑄 ⩾ 2] for 2 ⩽ 𝑑 ⩽ log 𝑛, and 𝜇(𝑑) = 0 for 𝑑 > log 𝑛. Then∑

𝑑

𝑑𝜇(𝑑) ⩽ (𝜒1(𝑠𝛿) + 𝜒2(𝑠𝛿) 𝔼[𝑄 |𝑄 ⩾ 2])𝑛.

By the definition of 𝑧(𝜒(𝑥)), and using Lemma 6.1(1), we have

𝔼[𝑄 |𝑄 ⩾ 2] = 𝑂(1),

so recalling that 𝜒1(𝑠𝛿), 𝜒2(𝑠𝛿) → 0 as 𝛿 → 0 (again by Lemma 6.1(1)), we have
∑
𝑑 𝑑𝜇

(𝑑) ⩽ 𝜀𝑛 for
sufficiently small 𝛿.
By Lemma 6.1(3) and Chebyshev’s inequality, together with the Gaussian approximation

Equation 5.8, we see that with probability at least 1 − 𝜀∕2 we have∑
𝑗∈{1,2,3}

|𝑋𝑛
𝑗
(𝜏𝑛
𝛿
) − 𝜒𝑗(𝑠𝛿)𝑛| ⩽ ℎ(𝛿)√𝑛. (6.9)

for some ℎ(𝛿) tending to zero as 𝛿 → 0. Recalling the definition 𝐷 =
∑
𝑑 𝑑 |𝑋(𝑑) − 𝜇(𝑑)| from the

statement of Lemma 3.6, our goal is now to show that 𝔼[𝐷 |𝑋𝑛(𝜏𝑛
𝛿
)] is small whenever 𝑋𝑛(𝜏𝑛

𝛿
)

satisfies Equation 6.9 (we will then finish the proof with Markov’s inequality). We consider each|𝑋(𝑑) − 𝜇(𝑑)| separately.
First, note that 𝑋(1) = 𝑋𝑛

1
(𝜏𝑛
𝛿
), so when Equation 6.9 holds we have

|𝑋(1) − 𝜇(1)| ⩽ ℎ(𝛿)√𝑛. (6.10)

For the cases where 𝑑 ⩾ 2 we will apply Lemma 6.14. Note that if we consider the remaining
graph at time 𝜏𝑛

𝛿
, and we condition on its set 𝑉(1) of 𝑋𝑛

1
(𝜏𝑛
𝛿
) = 𝑋(1) degree-1 vertices, and its set

𝑉(⩾2) of 𝑋𝑛
2
(𝜏𝑛
𝛿
) vertices of degree at least 2, and its total number 𝑋𝑛

3
(𝜏𝑛
𝛿
) of edges, then (up to rela-

belling vertices), this remaining graph at time 𝜏𝑛
𝛿
is distributed as 𝔾∗(𝑋𝑛

1
(𝜏𝑛
𝛿
) + 𝑋𝑛

2
(𝜏𝑛
𝛿
), 𝑋𝑛

3
(𝜏𝑛
𝛿
)).

This simple fact appears explicitly as [1, Lemma 2].
Recalling the definition of 𝑧(𝑥) from Subsection 5.3, let 𝑍𝑛(𝑠) = 𝑧(𝑋𝑛(𝑠)). To apply Lemma 6.14,

we first need to show that when Equation 6.9 holds, 𝑍𝑛(𝜏𝑛
𝛿
) is well-approximated by its fluid limit

approximation 𝑧𝛿. Indeed, we compute

𝑧(𝑒𝑧 − 1)

𝑓(𝑧)
= 2 + 𝑧∕3 + 𝑂(𝑧2). (6.11)

For 𝑋𝑛(𝜏𝑛
𝛿
) satisfying Equation 6.9, using that 𝜒2(𝑠𝛿) = Ω(𝛿) (by Lemma 6.1(1)) we have

2𝑋𝑛
3
(𝜏𝑛
𝛿
) − 𝑋𝑛

1
(𝜏𝑛
𝛿
)

𝑋𝑛
2
(𝜏𝑛
𝛿
)

=
2𝜒3(𝑠𝛿) − 𝜒1(𝑠𝛿)

𝜒2(𝑠𝛿)
+ 𝑂

(
ℎ(𝛿)

𝛿
√
𝑛

)
,
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36 of 38 GLASGOW et al.

so by Equation 6.11,

𝑍𝑛(𝜏𝑛
𝛿
) = 𝑧(𝑋𝑛(𝜏𝑛

𝛿
)) = 𝑧𝛿 + 𝑂

(
ℎ(𝛿)

𝛿
√
𝑛

)
. (6.12)

Now, we consider |𝑋(𝑑) − 𝜇(𝑑)| in the case 2 ⩽ 𝑑 ⩽ log 𝑛. Condition on outcomes of
(𝑋𝑛

𝑗
(𝜏𝑛
𝛿
))𝑗∈{1,2,3} satisfying Equation 6.9, and also condition on outcomes of the vertex sets

𝑉(1), 𝑉(⩾2). In the resulting conditional probability space, let 𝟙𝑣 be the indicator random variable
for the event deg(𝑣) = 𝑑. By Lemma 6.14, for any distinct 𝑣, 𝑣′ ∈ 𝑉(⩾2) we have

𝔼[𝟙𝑣] =
𝑍𝑛(𝜏𝑛

𝛿
)𝑑

𝑑!𝑓(𝑍𝑛(𝜏𝑛
𝛿
))

(
1 + 𝑂

(
𝑑2 + 1

𝑋𝑛
2
(𝜏𝑛
𝛿
)𝑍𝑛(𝜏𝑛

𝛿
)

))

= Pr[𝑄 = 𝑑 |𝑄 ⩾ 2] +
1

𝑑Ω(𝑑)
𝑂

(
ℎ(𝛿)

𝛿
√
𝑛

)
,

Var[𝟙𝑣] ⩽ 𝔼[𝟙𝑣] ⩽
1

𝑑Ω(𝑑)
𝑂(1),

Cov[𝟙𝑣, 𝟙𝑣′ ] =

(
𝑍𝑛(𝜏𝑛

𝛿
)𝑑

𝑑!𝑓(𝑍𝑛(𝜏𝑛
𝛿
))

)2
𝑂

(
𝑑2 + 1

𝑋𝑛
2
(𝜏𝑛
𝛿
)𝑍𝑛(𝜏𝑛

𝛿
)

)

=
1

𝑑Ω(𝑑)
𝑂

(
1

𝛿
√
𝛿𝑛

)
.

For these estimates we have used Equation 6.12, that 𝜒2(𝑠𝛿) = Θ(𝛿) and 𝑧𝛿 = Θ(
√
𝛿) (from

Lemma 6.1(1–2)), that 𝑓′(𝑧) = 𝑂(1) for all 𝑧 ∈ ℝ, and that 𝑑! = 𝑑Ω(𝑑) by Stirling’s approximation.
So, for 𝑋𝑛(𝜏𝑛

𝛿
) satisfying Equation 6.9, we have

𝔼[𝑋(𝑑) |𝑋𝑛(𝜏𝑛
𝛿
)] = 𝑋𝑛2 (𝜏

𝑛
𝛿
)

(
Pr[𝑄 = 𝑑 |𝑄 ⩾ 2] +

1

𝑑Ω(𝑑)
𝑂

(
ℎ(𝛿)

𝛿
√
𝑛

))

= 𝜇(𝑑) +
1

𝑑Ω(𝑑)
𝑂(ℎ(𝛿)

√
𝑛),

Var[𝑋(𝑑) |𝑋𝑛(𝜏𝑛
𝛿
)] ⩽ 𝑋𝑛2 (𝜏

𝑛
𝛿
)

(
1

𝑑Ω(𝑑)
𝑂(1)

)
+ 𝑋𝑛2 (𝜏

𝑛
𝛿
)2

(
1

𝑑Ω(𝑑)
𝑂

(
1

𝛿
√
𝛿𝑛

))

=
1

𝑑Ω(𝑑)
𝑂(
√
𝛿𝑛).

Using the Cauchy–Schwarz inequality, we deduce

𝔼
[|𝑋(𝑑) − 𝜇(𝑑)| ||𝑋𝑛(𝜏𝑛𝛿 )] ⩽ |||𝔼[𝑋(𝑑) |𝑋𝑛(𝜏𝑛𝛿 )] − 𝜇(𝑑)||| +√Var[𝑋(𝑑) |𝑋𝑛(𝜏𝑛

𝛿
)]

⩽
1

𝑑Ω(𝑑)
𝑂(ℎ(𝛿)

√
𝑛 + 𝛿1∕4

√
𝑛). (6.13)

 14697750, 2025, 4, D
ow

nloaded from
 https://londm

athsoc.onlinelibrary.w
iley.com

/doi/10.1112/jlm
s.70101 by C

ochraneA
ustria, W

iley O
nline L

ibrary on [15/04/2025]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



A CENTRAL LIMIT THEOREM FOR THE MATCHING NUMBER OF A SPARSE RANDOM GRAPH 37 of 38

Finally, we consider |𝑋(𝑑) − 𝜇(𝑑)| in the case 𝑑 > log 𝑛. By Lemma 6.14(2), again using
Lemma 6.1(1–2),

𝔼
[|𝑋(𝑑) − 𝜇(𝑑)| ||𝑋𝑛(𝜏𝑛𝛿 )] = 𝔼[𝑋(𝑑) |𝑋𝑛(𝜏𝑛

𝛿
)] ⩽ 𝑋𝑛2 (𝜏

𝑛
𝛿
) 𝑂

(
(𝑋𝑛2 (𝜏

𝑛
𝛿
)𝑍𝑛(𝜏𝑛

𝛿
))1∕2

𝑍𝑛(𝜏𝑛
𝛿
)𝑑

𝑑!𝑓(𝑍𝑛(𝜏𝑛
𝛿
))

)

⩽
1

𝑑Ω(𝑑)
𝑂(𝛿7∕4). (6.14)

Combining (6.10), (6.13) and (6.14), we deduce that whenever 𝑋𝑛(𝜏𝑛
𝛿
) satisfies Equation 6.9 we

have

𝔼[𝐷 |𝑋𝑛(𝜏𝑛
𝛿
)] =

∑
𝑑

𝑑 𝔼
[|𝑋(𝑑) − 𝜇(𝑑)| ||𝑋𝑛(𝜏𝑛𝛿 )] ⩽ 𝑂(ℎ(𝛿)√𝑛 + 𝛿1∕4√𝑛) ⩽ (𝜀2∕2)√𝑛

for sufficiently small 𝛿 > 0. So, by Markov’s inequality, if we condition on Equation 6.9 we have
𝐷 ⩽ 𝜀

√
𝑛 with probability at least 1 − 𝜀∕2. The desired result follows, recalling that Equation 6.9

holds with probability at least 1 − 𝜀∕2. □
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