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In this article, we propose a method for generating single microwave photons in superconducting cir-
cuits. We theoretically show that pure single microwave photons can be generated on demand and tuned
over a large frequency band by making use of Landau-Zener transitions under a rapid sweep of a control
parameter. We devise a protocol that enables fast control of the frequency of the emitted photon over two
octaves, without requiring extensive calibration. Additionally, we make theoretical estimates of the gener-
ation efficiency, tunability, purity, and linewidth of the photons emitted using this method for both charge-
and flux-qubit-based architectures. We also provide estimates of the optimal device parameters required

for these architectures to realize the device.
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I. INTRODUCTION

The field of quantum information science (QIS) deals
with the encoding and manipulation of information in
quantum objects [1]. Communication of quantum informa-
tion between spatially separated computing and/or storage
nodes, i.e., between qubits, is an important component of
QIS [2]. Photonic qubits are an ideal choice for this role
[1,3] because of their transmission at the speed of light,
weak interaction with the environment leading to robust-
ness against external noise, and the ease of using linear
optics for spatial manipulation. In this context, single-
photon sources find use in quantum computation [4-6],
communication [7], cryptography (primarily quantum key
distribution) [8—11], and quantum sensing [12].

A practical single-photon source must be capable of on-
demand generation of photons with high efficiency with
frequencies tunable over a wide range [13], and it should
exhibit low timing jitter in their emission [3]. Addition-
ally, it may have the ability to generate shaped photons [2],
and it should be compact so that multiple generators can
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be accommodated on a single chip [14]. The most com-
monly employed method for generating single photons in
any region of the electromagnetic spectrum is to excite
a two-level system (TLS), natural or artificial, and then
extract a photon via spontaneous emission. In the optical
regime, artificial TLSs are realized using nitrogen vacancy
(NV) centers in diamond [15], single molecules [16], and
quantum dots [17,18], among many other candidates. In
comparison, to realize a TLS in the microwave regime, we
require very low temperatures (< 100 mK) inside a dilu-
tion cryostat to avoid a thermal background of photons and
to mitigate the effect of thermal excitations.

The first successful realization of a single-photon source
in the microwave regime [19] made use of a transmon qubit
[20] coupled to a waveguide resonator. In Ref. [19], and
in the majority of the work that followed, the transmon
was excited using a drive at frequency wy., the transi-
tion frequency from the ground to the first excited state.
As a consequence, a single photon is spontaneously emit-
ted at the same frequency. Houck et al. [19] achieved a
usable efficiency of 78%, also fulfilling the requirements
of generating photons on demand and having low timing
jitter due to its short excited-state lifetime (77 ~ 90 ns).
Pechal et al. [2], using a similar architecture to that in Ref.
[19], generated shaped photons with a usable efficiency of
approximately 76% by making use of the second excited
state of the transmon to generate a single excitation in the
resonator. A further improvement to the emission band-
width over Ref. [19] was achieved by Peng et al. [13] using
a flux qubit directly coupled to two transmission lines, one
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for input and the other for output, without a resonator in
the architecture. Peng et al. reported a usable efficiency of
more than 65% over a 3-GHz range. Improvement to the
generation efficiency of photons was made by Zhou et al.
[21], who engineered the source geometry to emit photons
with a peak efficiency of 87% and a tunability of greater
than 1 GHz.

In the aforementioned protocols (except the work of
Pechal et al. [2]), the excitation of the qubit is caused by
drive photons at the same frequency as the single photon
at the output. Therefore, the output contains drive photons
alongside the desired single photons, thereby reducing the
purity of the single-photon state at the output. Lu et al. [22]
mitigated this leakage by introducing a canceling pulse at
the input frequency to enhance the single-photon purity
of the output. They reported a suppressed leakage of less
than 0.005 photons while maintaining a usable efficiency
between 71% and 99%. An alternate method for excit-
ing the system makes use of stimulated Raman adiabatic
passage (STIRAP) [23-25]. This method also enables fast
preparation of a general superposition of Fock states while
mitigating environmental decoherence effects and leakage
by driving at a frequency distinct from that of the emit-
ted photons. In all of these methods—even those where
it is possible to tune the frequency of the emitted pho-
ton—there is the issue of needing to calibrate the drives in
the system after changing the frequency of the emitter, and
that of the fact that the frequency tuning is a slow process
in comparison to the photon generation time.

In this work, we propose a protocol for generating high-
purity single microwave photons on demand with high
efficiency over a large range of frequencies using a device
with a very small footprint on the chip. Hence, this proto-
col fulfils all the criteria of good single-photon generators,
except that of the ability to shape the emitted photons.
In this protocol, we use diabatic Landau-Zener transi-
tions instead of a coherent drive tone to excite two-level
systems. Within the superconducting qubit platform, we
consider charge qubits and flux qubits as candidate tun-
able sources of single photons using this protocol. We
excite either of these systems using diabatic transitions
caused by a rapid sweep of a control parameter across an
avoided level crossing. Since this protocol does not employ
any coherent drive field, it circumvents the issue of the
qubit drive tone leaking into the output and affecting the
purity of the emitted single-photon state. By maximizing
the diabatic transition probability while keeping the relax-
ation time of the qubit short, an on-demand source with
an emission rate in the megahertz range can be achieved.
Additionally, we propose a protocol that enables fast con-
trol of the frequency of the emitted photons in situ over
two octaves without the need to recalibrate the system.

The remainder of this paper is structured as follows. In
Sec. II, we provide a review of Landau-Zener transitions
and look at their applicability to Cooper-pair boxes and

flux qubits. Then, in Sec. I, we analyze a few pulse shapes
and provide a pulse sequence for optimal device operation.
Finally, in Sec. IV, we provide estimates of device perfor-
mance for realistic parameters and present a few parameter
regimes for device implementation.

II. LANDAU-ZENER TRANSITIONS FOR SINGLE
PHOTON GENERATION

A. Landau-Zener transitions

The theory of Landau-Zener-Majorana-Stiickelberg
transitions, often simply termed Landau-Zener (LZ) tran-
sitions, describes the transition probabilities of a system in
which the eigenstates (and energy eigenvalues) are tuned
using an external parameter. The theory predicts that a
rapid sweep of a parameter across an avoided crossing of
two eigenstates (see Fig. 1) will lead to a diabatic tran-
sition from one to the other. For a TLS initially in the
ground state, we start by considering a Hamiltonian with a
linear time dependence. An exact solution for this Hamil-
tonian was shown independently by Landau [26], Zener
[27], Stiickelberg [28], and Majorana [29] in 1932. In gen-
eral, a Hamiltonian of this form for a TLS can be written
as

o D/2 \ _hpt, hD,

H=(ghy L) = e T )
for a time-independent 8, where G,,d, are Pauli matri-
ces. In Eq. (1), the middle and final parts are not equal,
mathematically speaking, but they are related by a gauge
transformation that subtracts the same value from each
diagonal term, keeping the details of the dynamics of the
states the same up to a global phase. Starting in the ground
state |g) at = —o0, solving the Schrédinger equation with
the above Hamiltonian, the probability of transition to the
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FIG. 1. Eigenvalues of the two-level LZ Hamiltonian, Eq. (1),
as a function of the swept parameter y = hft for AA = 0.1 The
eigenstates of the Hamiltonian have been labeled at the extrema.
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excited state |e) at ¢+ = oo is given by (see Appendix A for

details)
nD?
Pg_,o = exp (—¥> : (2)

This problem can be generalized to study the evolution
of an N-level system [30-33] in the presence of a linearly
time-dependent tuning of the Hamiltonian of the form

H(1) =4 + B, (3)

where 4 and B are N x N time-independent matrices.
Given the Hamiltonian described in Eq. (3), and the fact
that the system is in some eigenstate |i) at # = —oo, the
generalized LZ problem aims to compute the probabil-
ity of the system being in some eigenstate |j) at ¢ = oco.
For a general N-level system, an exact solution is not yet
known, but for very specific cases, solutions have been
found [31-33].

B. Cooper-pair box

The Hamiltonian in Eq. (3) can, for instance, be imple-
mented in superconducting qubit architectures such as a
Cooper-pair box (CPB) or a flux qubit. A CPB is a single
Josephson junction (JJ) with an associated intrinsic capac-
itance (C;), connected to an external bias-voltage source
V, via a capacitance Cq [34,35] (see Fig. 2).

In the quantized charge basis |n), where 7 is the differ-
ence in the number of Cooper-pairs between the two CPB
electrodes, the Hamiltonian of the CPB can be written as
[34-36]

a=%" (EQ(n — ng)* |n)nl

nez

E
- TJ (In}n + 1] + [n + 1)<n|)) )

where Ep = 2¢%/Cs, is the electrostatic energy of an effec-
tive capacitance Cy with one Cooper-pair of charge on it,
E; is the Josephson energy associated with the tunneling
of Cooper pairs across the junction, and n, = (CgV,)/(2e)
is the normalized gate charge.

Dropping the terms independent of » [37], the Hamil-
tonian can be rewritten in the LZ form by considering
ng = At as the swept parameter, where A = Cg Vg /(2e) for
a constant V. This gives

~ E
IE (EQn2 In)nl = = (In)n 11+ I + 1><n|))

nez

—2Egit Y n|n)n| = A+ Bt. (5)

nez

When Ep > E, by constraining n, € [0, 1] [38], the sys-
tem can be approximated to a TLS with a Hamiltonian
given by

—E;/2 ) E; .

- 0 o
H= (—EJ/z Ep — 2Eght) = EoMoz = 50x (6)

where 7, has been redefined to be given by n, = A+ 0.5
such that the avoided crossing occurs at t = 0,n, = 0.5.
We note that more practically, as the probability of leak-
age due to LZ transition depends strongly on how close
the system is to the avoided crossing, by constraining
ng € [€4,1 — €,] for large enough €, such that the leakage
outside the n = 0, 1 subspace can be neglected (estimates
on how large €, must be can be found in Appendix E), the
TLS approximation can be achieved. Comparing Eq. (6)
to Eq. (1), for this system, we have i = 2EpA. Hence,
for this device, making use of Eq. (2), we obtain the
probability of excitation

TE?
Pex,CPB = eXxp <_4hE;X> . (7)

We can also calculate the transition frequency as a function
of ng as

hocs = 5 + Ej(1 — 2n,)2, )

C. Flux qubits

Another superconducting architecture in which LZ tran-
sitions can be implemented is the flux qubit. A standard
flux qubit consists of three junctions in a single loop, two
of which are identical with critical current /. (and Joseph-
son energy E;), and the third has critical current /./« (and
Josephson energy oE), where « is the junction asymme-
try (see Fig. 2). The two identical junctions each have
intrinsic capacitance C, and the third junction is shunted
with a capacitance C;. The Hamiltonian for this system
close to the optimal point where the external flux ¢, can
be written as ¢, = (n + 0.5) Py + §¢p. (Py = h/2e is the
magnetic flux quantum, and half-integer multiples of @,
are avoided crossings in the flux-qubit spectrum) can be
expressed approximately in terms of a tunneling energy A
[39—41] as

N A
H=—yl.5¢.6. — 58)(, ©)

where y = /1 — (1/2a)2.
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For §¢p. = (¥y/2m)ut, we once again have an LZ-type
Hamiltonian

. A
H= —363 — yE, s, (10)
with a transition frequency given by
hone = v/ Qy18¢0)? + A2. (1n

Comparing this to Eq. (1), for this system, we once again
have h8 = 2y E; uu, and the probability of LZ excitation is

T A?
Pex,ﬂux = exXp _—2hyE P .
J

ITII. PROTOCOL FOR DIABATIC EXCITATIONS

As can be seen from Egs. (2), (7), and (12), by rapidly
sweeping the control parameter across an avoided cross-
ing, a qubit can be excited (with a high probability) due to
a diabatic transition. We propose to use this phenomenon
to excite a superconducting qubit (charge or flux) without
an input microwave excitation. The probability of excita-
tion is closest to unity when the control parameter is swept
at the greatest possible rate within the limits set by the
experiment. In particular, from Eq. (2), we can see that
this condition is satisfied when B >> D?, which translates
to the conditions A > E2/hE, for the charge qubit and
w > A?/hyE; for the flux qubit.

At the outset, if a function generator or arbitrary wave-
form generator (AWG) capable of providing a fixed large
sweep rate (slew rate) with control over the initial and final
points were available, the optimal pulsing sequence would
simply involve a sweep of the control parameter x (for a
CPB, x is (ng — 0.5), while for a flux qubit, x is 5¢,.) from
the initial value x; to the final (target) value x, at the maxi-
mum possible rate; however, most readily available AWGs
define a minimum rise time (,) for a fixed voltage range of
sweep instead of a fixed slew rate. The minimum rise time
(), along with the maximum output voltage of the AWG,
defines the maximum slew rate possible with that instru-
ment. This also means that a sweep range smaller than the

(12)
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Schematics for a Cooper-pair-box-based generator (left) and a flux-qubit-based generator (right).

maximum output range will result in a lower slew rate. To
achieve a high slew rate, and thereby a high probability of
diabatic transition, we need to execute a sweep over the
full range of interest of the control parameter x in time ¢,.
One way to achieve this is to add a voltage divider between
the AWG and the system such that a full-range sweep on
the AWG corresponds to the sweep from y; to x, at the
device; however, this method requires us to work with a
fixed x; and x, for the whole experiment. Another way to
achieve an optimal slew rate is to use the “catapult” pro-
tocol we propose here. Using this protocol, the maximum
sweep rate can be achieved independent of the values of x;
and x;. This provides pulse-level control of the values of
xi and x, and, in turn, enables pulse-level control of the
frequency of the emitted photon.

According to this catapult protocol, we propose sweep-
ing x from its initial value x; (4 in Fig. 3) to the minimum
value — /2 (4" in Fig. 3) in ¢,, followed by a sweep from
A’ to the maximum value +xo/2 (B’ in Fig. 3) in ¢,, and
finally to the target value x (B in Fig. 3) in #,. In effect,
the control parameter is first pulled back to a minimum
value, and it is then rapidly catapulted over the avoided
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FIG. 3. Pulse sequence for changing 2y /xo from —0.4 to
0.7 while performing a transition with the greatest probability
afforded by the instrument.
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crossing, in the minimum possible time #,, to the maxi-
mum value. We note that the transition happens only in
the second step (A'—B’ in Fig. 3) of the protocol, where
we traverse the avoided crossing with an associated rate
of xo/t-. Therefore, even though the total duration of the
protocol is 3¢, the maximum slew rate—and in turn the
transition probability—are not affected. The single photon
is then spontaneously emitted at the frequency determined
by the final value ;. Upon emission, the system returns to
the ground state with the control parameter at x,. The cat-
apult protocol can now be implemented in reverse to return
the system to the initial control parameter x; while emitting
another photon, this time at a frequency determined by ;.
An important point to note here is that the protocol does not
enforce any specific relationship between the initial and
final points, x; and xr, respectively. This enables fast con-
trol of the emitted photon frequency in each half-cycle of
the catapult protocol.

We now consider the question of the pulse shape and its
effects on the transition probability. We consider four pulse
shapes: linear, Gaussian, hyperbolic tangent, and exponen-
tial. Through numerical calculations, we then show that a
linear sweep is sufficient for every step of the procedure
(see Appendix D for details).

It is important to note that the CPB and the flux qubit
have finite anharmonicity and are therefore are not pure
TLSs. Therefore, we consider the effect of the rapid sweep
of the control parameter on the probability of excitation of
the second and higher excited states of the multilevel sys-
tem. Through numerical simulations, we observe that for
a given f,, the leakage into the higher levels—which can
introduce a multiphoton component in the emission—can
be reduced by slightly reducing the range of the sweep
A'-B’ (see Fig. 3). The resultant trade-off does not severely
affect the transition probability to the first excited state (see
Appendix E for details).

Finally, we also consider the effect of reactive circuit
elements—namely C, for the charge qubit or the coupling
inductance M for the flux qubit—on the actual pulse shape
that is transmitted to the device from the control transmis-
sion line. We note that for usual experimentally feasible
parameters, the time constants associated with the reactive
coupling elements (Zy(C, + C,) for the charge qubit and
M /Zy, where Zy = 50 2 is the impedance of the environ-
ment) are in the femtosecond to picosecond range. Since
the minimum rise time of currently available AWGs is
in the hundreds of picoseconds to nanosecond range, we
conclude that this effect can be ignored.

A. Usable efficiency

For a single-photon generator to be practically usable,
the emitted photon needs to enter the output transmission
line with a high probability. Hence, we define the usable
efficiency n as the probability that a photon is generated

and emitted into the output line:

o
X s
r tot

(13)

n = P(Excitation) P(Emission into output) = P,

where I', is the decay (emission) rate into the output
line and Ty (=Ty + T, + I'y) is the total decay rate
of the TLS. For the calculation below, we assume that
nonradiative decay is given by ['y;.

For a CPB, using the effective coupling capacitances to
the gate and output lines Cg i and C, cfr, respectively [for
the usual operating parameters, Cyef & Cp and C, e ~
C,; see Eq. (C19) for the form of the expressions], and per-
forming the master equation calculations for the complete
Hamiltonian, we find that the photon-emission rate into
the gate and output lines is I'y/, o« C2, .~ with equal pro-

g/o.e
portionality constants. Hence, the usable efficiency ncpg is

given by
nE?
exp | —
Pex,CPBFo 4hEQA,

Fg + T+ T B 1+ (Cg’eff/co’eff)z + Fnr/ I, .
(14)

ncpB =

For a flux qubit, we assume that the channels of decay
are to the output line and to the flux line. Assuming the
capacitive coupling to the output line C, and the mutual
inductance with the flux line M, the decay rates are given
by T, oc AC2E3 [13] and 'y ox M2E?A?Jwpyx [20,41],
respectively, with different proportionality constants, say
K, and K. Hence, the usable efficiency naux is

Pex,ﬁux
1+F_/'/Fo+rnr/r()

Nflux =

7 A?
exp | —
p N2
2hEJ[,L 1- <—>
20 (15)
- Ky M?A .
KOC%wﬂux KoAC%E3

For usual experimental values of M = 0.015 ®y/mA
[20], in the regime of high emission probability, I'y ~
10° s7! for A/h =4 GHz (and Ty ~ 10? s™! for A/h = 1
GHz) at wqux = 2w x 4 GHz, which is much lower than
the T, ~ 107 s~! that would be designed for a high-
repetition-rate device. Hence, we neglect this effect in
further calculations, and for a flux qubit, we consider
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Nflux = P ex,flux

IV. ESTIMATES, RECOMMENDED
PARAMETERS, AND NOISE EFFECTS

To observe quantum effects in our devices near the
region of the minimum operating energy gap, we need to
ensure that the minimum excitation energy is much greater
than kg7 which, for a temperature of 20 mK, corresponds
to a frequency kg7/h of about 400 MHz. This implies
that for a thermal population of about 0.001 at 20 mK,
our minimum excitation energy should be approximately
3 GHz. This does not limit our system, as the operat-
ing frequency of interest is in the range 3—12 GHz. We
also consider the repetition time of the catapulting pro-
tocol (for t, <« T1) to be nT)y =n/ Ty ~n/ 'y for n ~
5. Here, T} is the excited-state lifetime of the TLS. If
we consider a typical value for the lifetime 7 < 200 ns,
we can generate single microwave photons at a rate of
around 10° s~

Here, we estimate the optimal parameters for the
aforementioned CPB and flux-qubit architectures by
maximizing the emission probability (n) and repeti-
tion rate, while minimizing the linewidth of the emit-
ted photon (27 x FWHM = Aw =2I', =11 +2I, =
1/T1 + 2/T). All the figures in this section are shown for
an emission frequency of 6 GHz, as this lies in the cen-
ter of the band of interest. In doing these calculations, we
assume that the diabatic transition pulse is fast enough that
decay during the pulse can be neglected. As we expect
T) ~ 10 ns while ¢, ~ 300 ps, we estimate that the prob-
ability of decay of the qubit during the catapult protocol
will be less than 5%, as follows. The total duration of the
LZ protocol is 3t,, and the desired photon frequency is
determined by the final value x; of the control parameter;
however, there is a period of time (<1.5¢,) during which
the control parameter is not x,, and if the qubit were to
decay during this interval (x # xy ), this would result in the
emission of a photon at an undesired frequency. This prob-
ability has an upper bound given by 1 — exp(—1.5¢,/T}),
which is approximately 5% for 77 ~ 10 ns and ¢, ~ 300
ps. During these calculations, we also neglect any possible
non-Markovian dissipation effects that the time-dependent
coupling to the environment may introduce during the LZ
protocol. We also note that since the leakage probability
to the levels outside the subspace of |g) and |e) is low
(approximately 10~*; see Appendix E), the probability of
multiphoton emission is also low.

Beginning with the CPB, the system-parameter-
dependent decay [42] and decoherence rates [20] are
given by
RC; /Oa)2

, 17
4Cs a7

1_‘l,g/o =

2 2
5 ( dw ) 3nt o [ ?w
Poms \ 5 + a2
ong 4 dng
~ nrmsEQ _ nrms(zez)

T h hCs
Cs %Cg‘f—Co‘FCJ,

(18)
(19)

where 7y is the root-mean-square charge noise. For trans-
mon systems, this is usually approximately 0.5 x 1073
[43]. For our system, considering that the charge noise is
observed to decrease with decreasing island size [44], it
would be smaller. In addition to this, we can consider the
effect of the voltage jitter of the AWG used, which corre-
sponds t0 Vips ~ 1074 V = nype ~ 0.5 x 1073 (approxi-
mately equivalent to a noise of 2 nV/+/Hz for a bandwidth
of 3 GHz, as required for a 300-ps rise time). We would
like to point out that Vi, is mostly limited by the require-
ment of a large bandwidth for fast pulses and can be
decreased considerably if slower pulses are acceptable,
such as in the case of small splittings at the avoided
crossing.

We also observe from Eqs. (17) and (18) for I'; and I'y
that we have a minimum possible linewidth I, if we tune
C,, since I'y decreases with C,, while I'; increases. For the
optimizations presented later in this section, we take the
value of I'; to be close to the minimum value achievable
by adjusting C,, effectively allowing us to maintain low
linewidths.

As we aim to maintain a system that can be (easily) fab-
ricated, and we want to keep Eyp as large as possible and
E; as small as possible (this can be achieved by using
a SQUID instead of a single JJ to tune the value of E;,
using an external magnetic field), we fix 'y, =1 ps~!
(corresponding to 71; =1 pus), C; =10 aF, C; =1 fF,
and E,;/h = 1 GHz. Additionally, we would like to tune
the value of C, to obtain the maximum usable emission
probability for different sweep rates for two different lev-
els of charge noise, 7 = 0.5 x 1073 and 7y = 0.05 x
1073, As we would also like to maintain a repetition rate
> 1 MHz, we would like 77 < 200 ns. The optimized
probabilities and corresponding 7; values for different
charge-noise levels are shown for this system in Fig. 4.

We observe that for a rise time of 300 ps—a value that
is achievable in several commercial AWGs—for a charge
noise of 0.5 x 1073, we have a usable efficiency of 90.6%
with an optimal C, & 2.3 fF, all while maintaining a T
of 33.8 ns, corresponding to a repetition rate of about
5.9 MHz (the numbers are almost the same for the lower
charge noise, but the linewidths are different for the emitted
photon).

Next, we analyze the prospect of using flux qubits for
single-photon generation using our protocol. As a flux
qubit’s primary decoherence channel is due to flux noise,

044042-6
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FIG. 4. Variation of usable emission probability (solid lines)
and 7 (dashed lines) for a CPB with rise time ¢, for different lev-
els of charge noise #yys. FOr f1gs = 0.5 x 1073, the linewidth is
limited to 15 MHz, while for 7,ms = 0.05 x 1073, the linewidth
is limited to 5 MHz.

we neglect the contribution of charge noise for this sys-
tem. For our analysis, we consider the values A/Ah > 1
GHz and o = 0.7, as these are shown to be achievable in
fabrication [41,45]. Here, the usable efficiency monoton-
ically increases with E; (or equivalently /.) for a fixed
A [see Egs. (12) and (15)]. We can therefore choose
the maximum E; that is allowed by our requirements on
linewidth and repetition rate. For the flux qubit, the system-
dependent decay [13,20,41] and decoherence rates [20] are
approximated by

wZ(C,v)?
h b

do\* 3¢t [0\’
re= / i (5.) + 25 (52)
(prmsEJ\/ 1 - (1/20[)2
~ ) 2
h
E; _q
VA 7 x 107" V/GHz, (22)

=2 (20)

where the flux noise @ums &~ 107>®; [20].

To account for other sources of decay, we consider a
contribution of 'y, = 2 ps™!. As we would like to have the
minimum possible A and maximum possible £, we limit
the two values to A/h =1 GHz and E;/h < 250 GHz.
With these, we once again optimize the values of C, and E;
to maximize usable efficiency while limiting the linewidth
to a maximum allowed value. Finally, we also assume that,
typically, a flux line can only sweep about £0.1®, around
0.59 in a single step. With these considerations in mind,
the optimized usable efficiencies and 7 values are shown

T T T T T T T T T T T T T T TT

100 | — Lm =27 x 5MHz |- - - - - —- 125
F|— Lm =27 x 10MHz 1
i —— L., = 27 x 50 MHz 1920
o | |
2
2 | 115 &
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B 107 . iy
' A 410 =
i - ,
F 45
Lo L] L1 1T O
10t
t,(ns)
FIG. 5. Variation of usable emission probability (solid lines)

and T (dashed lines) for a flux qubit with rise time ¢, for different
maximum allowed linewidths L,,.

in Fig. 5 for three different maximum allowed linewidths
L,,/(2m) of 50, 10, and 5 MHz (note that for E;/h = 250
GHz, the minimum linewidth is calculated to be about 2.5
MHz for our system).

Here, we once again see that for a rise time of 300 ps,
we obtain efficiencies from about 87% to 92%, with the T}
values being almost limited by the linewidths themselves,
ranging from about 1.65 ns (repetition rate of 121 MHz)
to about 25 ns (repetition rate of 8 MHz). The optimal
capacitances also range from about 1.3 to 5.2 fF, which
are achievable in fabrication.

Having claimed that the parameters needed to obtain
around 90% usable efficiency are feasible for physical real-
ization through fabrication, we now examine the robust-
ness of these efficiencies to fabrication errors. In particular,
we focus on fabrication errors in the parameters £; and C,,
to which device performance is most sensitive. We allow
for a 10% error in C, and E; for both the flux qubit and
the CPB and plot the resulting range as error bars for the
cases of nyms = 0.5 x 1073 for the CPB, and a maximum
allowed linewidth of 10 MHz for the flux qubit in Fig. 6.
From the figure, we can see that at a rise time of around 300
ps, the uncertainty in the usable efficiency is only about
2% for both the CPB and the flux qubit. This suggests
that, in addition to being able to provide reasonably high
efficiencies, the system is reasonably robust to fabrication
uncertainties.

Finally, using the obtained parameters, we can estimate
the leakage of photons at the frequency of interest into the
output line due to the parameter sweep. To account for this,
we consider a trapezoidal pulse of amplitude 1 with rise
time and fall time ¢, pulse width 7/2, and period 7. The
envelope of the spectral function is given by (sinc(x) =
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FIG. 6. Effect of fabrication uncertainty on the efficiency of the
CPB (orange) and the flux qubit (blue). For both, the error range
considers a 10% uncertainty in the Josephson energy E; and
the output capacitance C,. The solid lines denote the “optimal”
parameters for the given limits on linewidth and repetition rate,
and the shaded regions of the same color indicate the uncertainty
in the “inefficiency”.

sin(wx)/(7wx))

|S (a))|<lsinc a)_T sinc Ol <lsinc a)_T
mpt = 4 2 )2 4 )

(23)

Here, the average total power P is approximated by
(2€)?/(C,T) for a charge qubit and upper bounded by
(Ey + ®3/2M) /T for a flux qubit. Using this, the power
associated with the signal at w + I" can be approximated
as Piip = QNP |Strap (w) 2, where 2T is the frequency
range of interest around  (this can be taken to be the
linewidth for a resonator or qubit).

Another estimate is obtained by considering a triangular
pulse of amplitude 1 with rise time and fall time #,. The
envelope of the spectral function is given by

ISi (@)| = sinc? (%) . (24)

Once again, the power associated with the signal at o &
I’ can be approximated as Py = (3I'¢,/2)P Sk (@) |2
Here, however, P &~ (2¢)?/ (Cgt,) for a charge qubit and
~ (E; + ®3/2M) /1, for a flux qubit.

Using this, one can estimate that the power leakage cor-
responds to a photon leakage of B.P;/(hwI"), where T is
the linewidth of our charge or flux qubit at the frequency
of interest, and 8. € [0, 1] is a factor corresponding to the
coupling between the sweeping line and the output line.

With the above recommended parameters for a CPB-
based system, we obtain P;/(hwl") & 0.07 in the worst
case of B, =1, assuming a triangular pulse. Hence, for

B~ |2iZw(C, + Cg)|2 ~ 107> in our system, we con-
clude that this does not limit the usability of the device.
Similarly, for the flux-qubit-based architecture, we find
that the leaked photon power P;/(hwI") &~ 0.97. Despite
this comparatively large value of P; for the flux qubit, the
usability of the device is not limited by the photon leakage.
This is because the flux line can be more effectively decou-
pled from the output line, even with 8. ~ 1073 (assuming
that B, ~ |2ZwC,|?).

Hence, we can see that both CPB and flux qubits are
viable architectures for implementing a microwave-free
single-photon generation protocol, with each having its
own advantages. In a case in which there is limited con-
trol over the noise in the system, we recommend the use of
a flux qubit. This is mainly because the linewidth of a flux
qubit is not primarily due to T, but due to 7} processes.
Conversely, for a CPB, T4 determines the linewidth,
thus necessitating more complex noise-mitigation strate-
gies during design and fabrication, as well as during
measurements.

V. SUMMARY AND CONCLUSIONS

In summary, we propose a microwave-free excita-
tion protocol for superconducting qubits using diabatic
Landau-Zener transitions. Single microwave photons can
then be generated via spontaneous emission from the
excited state. Our theoretical estimates suggest that this
protocol can be used for both Cooper-pair-box and
flux-qubit-based architectures. Realizing robust quantum
communication and cryptography systems requires high-
efficiency, high-purity broadband generation of single pho-
tons. We have demonstrated that our method can be a key
step in achieving this. We have theoretically demonstrated
a high efficiency (>85%), high purity (leakage <1073)
source with a very fast control of the emitted photon fre-
quency over two octaves (from < 3 to 2 12 GHz). This
fast control of photon frequencies, along with the high
output rate and low footprint, makes this proposed archi-
tecture attractive for multiplexed setups where a single
device can distribute its generation rate to supply photons
to multiple channels separated in frequency. In addition
to this, the proposed method has the advantage that it can
be greatly improved upon with the development of better
control-electronics hardware, allowing for the generation
of pulses with shorter rise times and enabling even higher
single-photon generation rates. While the current form of
the protocol does not allow for pulse shaping of the emit-
ted photons, we believe that can be achieved with further
studies.
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APPENDIX A: A DERIVATION OF LZ
TRANSITION PROBABILITY

In this appendix, we rederive the probability of transi-
tion for a Landau-Zener Hamiltonian, as described in Ref.
[27], in modern notation. The eigenstates of the system at
any given point of time are v, and 1/,. These are also called
the adiabatic basis of the system. The initial Hamiltonian
in the adiabatic basis is defined as

(& 0
ne(5 ).

The evolution in this basis is difficult to manage because
Yr; and Y, evolve with &£ and &,.

To make the solution easier, we consider another basis
¢1 and ¢, called the diabatic basis of the system, such that
the Hamiltonian in this basis is given by

E, Ep
H= :
<E12 Ez)

and the system evolves such that

(AT)

(A2)

E\ — E) = hat, Epn=¢1=¢=0.

(A3)

E1(0) = Ey,

One also observes that at 1 —> —o0, ¢1 — V¥, and ¢, —
Yo, butas t — 00, ¢1 — Yy, and ¢, — Y.

In the most general form, we can see that the Hamilto-
nian can be written as

_(Ey Ep ha/2 0
no=(5 E)e (2 0 )0

Therefore, a general state can be written as (c; ¢3)7.

Writing the Schrodinger equation, we have
ihi cry _ (Er En)(ca)_ (Eicr+Enc
ot \ 2 En E)\a Epci +Exer )
(A5)

To convert this into a more manageable form, taking
inspiration from evolution in nonperturbed systems, we

write

—i [ Eydi/h
c1\ _ (ae

(&) = (5 (6)
Substituting this into Eq. (A5) and simplifying, we get

(a bel [atdt

ih <b) =En (ae—ifatdt) .
Taking time derivatives on both sides and back-
substituting into Eq. (A7), we obtain

.. <E12)2
0=a—iata+ I a,

. i Eir\ 2
0:b+iatb+<%) b.

(AT)

(A8)

(A9)

As we are only interested in the values at t — F00, where
(p11¢2) = 0, we need to solve for only one of these vari-
ables. We will choose to solve for b, with the boundary
conditions being

le1(—o00)| = |la(—o0)| =1,

lc2(—00)| = |b(—00)| = 0.

(A10)
(A11)
To convert the differential equation into a more manage-
able form (with the aim of removing the b term), we

substitute b = ve~ (/2 /@14 into Eq. (A10). This simplifies
the equation to

i E 2 io n o2 0
] =) ——4+—]v=0.
h 274 )7

This is a parabolic cylindrical equation. To convert this
into the standard form, we substitute

(A12)

—in/4 1 (Ep ?
z=ae ™ £ === (A13)
a\ h
into the equation to get
d*v ) 1 z?
@—(—z€—§+z>v=0. (A14)

Observe that £ can be used as a heuristic for the rate of the
parameter sweep.
We know from Ref. [46] that equations of the form

d*w 72
= \ety)=0

have solutions as U(a,=xz), V(a, £z), U(—a, %iz),
V(—a,xiz). These are called parabolic cylindrical
functions.
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To select which of these we want, we need to apply the
second boundary condition in Eq. (A10). As these are at
t - —oo, from Eq. (A13), we find that |z| — o0, and thus

ifa >0,
—n/4, ifa <O.

In these limits, using the expansions as described in Ref.
[46], we can see that | V] # 0. We thus only consider the
functions U(a, z) and its alternative forms.

From Ref. [46],

Ula,z) ~ e /427912 if |argz| < 37/4, (A15)

Ula, +iz) ~& /(£ 1220712 if |arg(+iz)| <37/4.

(A16)

As one can see, U(a,z),U(—a,iz) has a singularity for
argz = 3w /4, so we are forced to use U(—a, —iz) as the
solution for @ > 0. Similarly, the expansion of U(—a, —iz)
does not work for argz = —m /4, so we must use either
U(a,z) or U(—a,iz). By symmetry considerations (essen-
tially, not wanting to solve for the prefactor twice), we use
the solutions
v(z) = NU(—a, Fiz), ifa >0, a < 0respectively.
(A17)

Now, to find the value of N, or rather |N| (because we
do not care about a universal phase), we make use of the
first boundary condition in Eq. (A10) along with Eq. (A7).
Thus,

aE12 lim | |
— | = um |a
ih

——00

lim |b| lim

—>—00 ——00

v = [veel.

Further, using the definition of v (solving only for the
a > 0 case because the other case also has the same |N|),

ddz 2"
|VE| = tm_n N |[(=DU (=a,=iz) + SU(=a, —i2)

- NI (=DU (e —i2)

|z|ﬁooargz 3 /4
X —U —a, —iz ‘
7 ( )
= INJem,

which implies

(A18)

IN| = (\/.;?( e TENM,

We now just need to find the value that |b| takes as t — oo
which, from Eq. (A13), corresponds to |z| — oo:

—/4,
37/4,

ar ifa > 0,
z =
& ifa < 0.

Again, we would only be solving for the o > 0 case, as the
other case leads to the same form of results. For this, we
use (again from Ref. [46]), for |argz| € (7 /4,57 /4), we
use

—z2 . A
U(Cl Z) ~ e / V2w :Fin’aezz/4zafl/2 (A19)
T R T Ty 1)2) ‘

Thus, when using arg(—iz) = —3mw /4, we would need to
use the minus sign above. Transforming, in the limit, we
get

lim v=N lim | ———— "2”e*”¥/4efR2/4Rff .
|z]—o0,arg z=—m /4 R—oo \T'(i§ + 1)
(A20)
Using (1 + ib)|*> = b /sinh b, this implies
lim [v]? = 2¢7"¢ sinh(r§). (A21)

|z| > o0,argz=—m /4

This is exactly the result in Ref. [27]. We can also rewrite
this result in a more revealing form to see that

lim lex()F = 1 — e 278, (A22)
or equivalently,
Pyye = e 75, (A23)

APPENDIX B: INTRODUCTION TO THE
COOPER-PAIR BOX AND DESIGN FOR PHOTON
EXTRACTION

The classical Hamiltonian for a Cooper-pair box (Fig. 7)
is given by Refs. [34,35]

2
= OFGT) o cos (2”_¢)
2(Ce +C)) 0

2
=Ep (%) — Ejcos (%), (B1)

where Eg = (2e)?/(2Cx), in which Cy is the capacitance
of the island to its environment. Further defining Q = 2ne,
CyVy = —2ng4e, and § = 2w ¢/ Py, making use of the fact
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FIG. 7. Gate-biased Cooper-pair box.

that [Q,$] = —ifi = [8,7] = i, we can show that up to
constant terms, the quantum Hamiltonian is

H=Ep) (n* —2nnp) |n)n|

nez

S e 1 D D

nez

(B2)

The design of the device in Fig. 7, has no way of extract-
ing the photons generated by the system. To allow for
extraction, we propose a device as shown in Fig. 8.

Introducing the transmission lines with the extra capac-
itances does not change the form of the Hamiltonian
(excluding the transmission-line terms), but it has the effect
of altering the value of Cyx, which is now given by (details
derived in Appendix C)

C, C,
Cz‘ = CJ + k + I = CJ + Cg,eff+ Co,effa
1+= 1+
Be Bo

(B3)

where £k, is the maximum wavenumber of the signal
allowed by the transmission lines (which we hypothe-
size would be close to the superconducting gap equivalent
of the film used, approximately 90 GHz for aluminum
or approximately 1.1 THz for NbTiN). For frequencies
greater than this, the dissipation becomes too great. Addi-
tionally, B¢/, = ¢/Cy/,, Where c is the capacitance per unit
length of the transmission line used. The frequency equiv-
alent of § is about 3.2/C THz, where C is in {F for a 502
coplanar waveguide on silicon with €, & 11.7.

Gate TL ¢,(07) |C‘i by |C'i éo(07) Output TL
L. == y I e T
e L
FIG. 8. Gate-biased Josephson junction with an output cou-

pling and input and output lines. Here, Cy is the gate capacitance
and C, is the capacitance to the output line.

APPENDIX C: DERIVING THE EFFECT OF
TRANSMISSION LINES ON THE CPB

We can write the Lagrangian corresponding to Fig. 8 as
L=Ly+Ly+ Lo+ Lcg+ Lco, (C1)

where for / and ¢ represent the inductance and capacitance
per unit length of the transmission lines, respectively:

Li=3 [ @ (cq'>g<x, D — 42, z)), ()
2 Jo /
1o 12 1,

Eg = 5 [OO dx <C¢g(xs t) - 7¢g (xs t)) 5 (C3)

Lo = 1C1¢3+EJ cos <2E¢J>, (Cc4
2 oo
1 . .

Le,, = ECg/a((bJ — g/0(0,1)7. (C5)

Now, as we intend to excite the CPB using a voltage pulse
on the charge line, we need to solve for the evolution
of the input and output transmission lines along with the
CPB. To do so, we would first write the transmission-
line Lagrangian in k space by writing (hereafter, time
dependence is implicitly assumed)

¢g/o(x) = / dk(Qg/o(k) cos(kx) +pg/o(k) sin(kx)),
0
(Cé)

where Z = /I/c is the characteristic impedance of the
transmission lines, and ¢ and p are Fourier coefficients
corresponding to a real ¢. Hence, using the orthogonal-
ity of cos(kx) and sin(kx), we can rewrite the Lagrangian
as (for wy = vk and v = 1/+/Ic, the speed of light in the
transmission line)

Lop= [ ar (e +'2)—E(2 +p2)
g/o = 5 0 9g/0 T Pgjo lqg/o Pgjo) )
(C7)

1 e
Loy, = ~Copo (92 = 24 /0 dkdrg)o (k)

2
. 2
([ o) )

The primary observation of interest here is that only the
dg/o terms couple with the CPB. We can now write the

(C8)
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momenta as
oL . . 00
— =05=Cs¢;+C, (¢J - / dquo(k/))
09 0
+ Cy (q'a, — /O dk’c']g(k’)) , (C9)
oL
PR R
= Cé]g/a(k) - Cg/(l (¢J - /0 dk/Qg/o(k/)> 5
(C10)
3,C _ _ pg/o(k)
EWNT = Sg/0(k) = o (C11)

If one tries to solve this directly, one gets tangled up in
an intractable web of infinities and zeroes. To alleviate us
from this burden, we assume that the transmission line can
only support modes up to a cutoff &, i.e., g0 (k > k) =
Dgjolk > ky) = 0. Back-substituting for g, in the integral
and letting B; = ¢/C;, By = ¢/C,, and B, = ¢/C,, we get

ke .
: +/l]5;i ¢J:
Pe

(C12)

Fom /- / 1 fon / / km o
/ dk'gq,(K') = —k/ di'r,(K') + /i ;.
0 m 0 m
c(l+— 1+ —
< ) Bo
(C13)

km 1 km
/ dK g (k) = ———— f dk'rg (k) +
0 c <1 + —m> 0
Be

o

Substituting this into the expressions for momenta, defin-
ing I, = fok”’ dkrg(k) and I, = [;™ dkr,(k), writing the
Hamiltonian as

km km
H= / o (K)itg () dk + / o (00 () dk
0 0

km

ke
[ satbpo di [ s di
0 0

+ 0,9, - L,

and substituting and simplifying, we get

(o~ (25 +2s)
O kn+ Be o+ Bo

1 1 1
2c| —+ + )
(:BJ km + ﬂg km + ,30

H =

<2n¢J> 12 Iz
— E; cos — —
(PO 20(,3g + km) 26(130 + km)

1 /km i <r§<k> + s2(k) N kzqgac) +p§<k>)
0 C

2 !

km 2 2 2
+1/ dk(ri(kwso(k)+k2qo<k>+po<k>)‘

2 0 C /
(C14)

This expression suggests that this system still acts as
a charge qubit, although the coupling contributions are
scaled down based on the modes allowed by the transmis-
sion line.

We can rewrite this in terms of standard quantities for a
charge qubit as

H = Eg (N; — Ny — N,)’ — E cos(8)
 Qe’Ni(Be+kn)  (2e)*N2(Bo + k)

20 2C
+1/km " (;@(k) IRAGINRAC +p§<k>)
2 Jo c !
om 2 2 2 ;
+1/ dk(rO(k) 50 | p6® +pv"‘)).
2 Jo c !
(C15)
where
2
Ep = C(Ze) C . (C18)
2 £ -
(C"+ Ut n/Bs 1+km/ﬂo>
Iy/o
Ny = # ’ (C17)
m g/0
2y
5 . C18
®o o

Looking at the corresponding contributions to the charging
energy, we also define

Cg/o

—_— C19
1 +km/,Bg/0 ( )

Cg/o,eff =

APPENDIX D: EFFECT OF PULSE SHAPE ON
THE PROBABILITY OF DIABATIC EXCITATIONS

To study the effect of the pulse shape for sweeps that are
not linear (fixed rate), we resort to numerical simulations,
as analytical expressions are difficult to obtain. For the
simulations, we consider a CPB and a few common non-
linear pulse shapes (shown in the inset of Fig. 9)—namely
half-Gaussian (¢ = t,/3), tanh (k =t,./3), and exponen-
tial—and compare them to a linear ramp-shaped pulse. All
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FIG. 9. Simulated evolution of the probability of the CPB to

be in the first excited state for a rise time of 1 ns from 7, = 0.1
to ny = 0.9. The inset shows the pulse shapes corresponding to
the rise.

the simulations presented use £;/h = 1 GHz and Ep/h =
19.27 GHz for the CPB, considering levels from n = —3
through n = 4 to solve the Schrodinger equation [47,48].
We note that any further increase in the number of lev-
els does not change the simulations up to a relative error
of 107°. The pulses start at ¢ = 0 with n, = n; and end at
t = t, with ng = ny. For a rise time of #,, the pulse shapes
for 0 < ¢t < t, are given by the expressions (t = #/t,)

Linear rise: m =T, (D1)
ng —n;
—n -9(1-1) -9
Gaussian rise: ng(®) = 1 =< 9@ ) (D2)
ne —n; 1 —e"
tanh((z — 0.5) x 6)
ne@—n T anhG)
Tanh rise: = L = )
ny = ni 2
(D3)
T
— 1 )t —1
Exponential rise: ny(T) — n = (ny /i) . (D4)
ny = ny /ni— 1

The evolution of the probability of the system remain-
ing unexcited for different total rise times is shown in
Fig. 9. From this figure, we observe that the “excitation”
of the system happens primarily when the swept parame-
ter x = ny, traverses the avoided crossing. This justifies the
inclusion of the additional step of going from y; to — /2
to optimize the excitation, as the probability of excitation
of the system is negligible during this step.

From the plot of excitation probabilities vs rise times
shown in Fig. 10, we can observe that for a given rise
time, a greater probability of excitation is achieved for the
pulse shapes where the rate of sweeping is higher near the

10° 4 —— Linear rise

—-- Gaussian rise
—-= Tanh rise

----- Exponential rise
Theoretical limit

d
7
& 107!
&
|
1072_
102 102 10t 10° 10t 10?
tr (ns)
FIG. 10. Simulated probability that the CPB is not in an

excited state as a function of rise time for different pulse shapes.

avoided crossing. This behavior is in agreement with our
expectations. The probabilities can be well approximated
by linearizing the pulses around the avoided crossing. This
is clearly illustrated in the plot of excitation probabilities vs
effective rise time (f..¢ = (ny — ;) /;'1g(ng*1 (0.5))) shown
in Fig. 11. Hence, we claim that a linear sweep is suffi-
cient for all hardware configurations. Another important
fact that we observe from Fig. 10 is that at the lowest sweep
times, the probability of not being in the excited state satu-
rates to a value of approximately 0.4%. This saturation can
be explained by the fact that the ground state of the sys-
tem at the beginning of the pulse is not exactly the same
as the excited state of the system at the end of the pulse
for a multilevel Hamiltonian. To account for this, the “the-
oretical limit” line has been plotted to signify the value
of [(g,t=0le,t= #,)|?, which is the maximum success

10° 4 —— Linear rise

—=~ Gaussian rise
—-= Tanh rise

----- Exponential rise

& 107!
<
|
1072
10~ 10 10! 10° 10! 10?
Effective t, (ns)
FIG. 11. Simulated probability that the CPB is not in the first

excited state as a function of effective rise time for different pulse
shapes.
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FIG. 12. Effect of rise time (¢,) on the leakage.

probability allowed for a perfect (infinitely fast) diabatic
transition.

APPENDIX E: LEAKAGE OF EXCITATIONS TO
OUTSIDE THE |g), |¢) SUBSPACE

To study the effect of the pulse sequence on leak-
age to outside the |g), |e) subspace of interest, we solve
the Schrodinger equation for a CPB with E; /A = 1 GHz
and Ep/h =19.27 GHz, considering the levels n = —3
through n = 4. First, we look at the effect of rise time on
leakage for pulses that start from 7g i, = 0.1 and go to
ngmax = 0.9 (the avoided crossing occurs at n, = 0.5). The
results are shown in Fig. 12.

From the figure, we observe that for low enough rise
times, the leakage saturates to a low value of about 1.5 x
10~*. We also note that the leakage to outside the subspace
contributing to multiphoton events in the output is much
lower for the case of the Gaussian and tanh pulses than
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FIG. 13. Effect of the range of sweep on the leakage.

for the linear and exponential rises. Still, we would like to
point out that for currently accessible rise times of 2> 100
ps, the leakage to higher states due to a linear pulse is <
1076,

Having studied the effect of the rise time of the pulse,
we conducted further simulations to check the effect of the
range of the sweep. We fixed a rise time of 1 ns and sim-
ulated the effect of pulses where n, is swept linearly from
Ngmin t0 1 — ng min. The results of these simulations can
be seen in Fig. 13. Based on these simulations, we claim
that it is sufficient to employ a linear pulse for reasonably
high-purity single-photon generation at the output.
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