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INDECOMPOSABLE CHARACTERS OF INDUCTIVE LIMITS OF
SYMMETRIC GROUPS

NIKOLAY NESSONOV AND NHOK TKHAI SHON NGO

ABSTRACT. In this paper we obtain a complete description of all indecompos-
able characters (central positive-definite functions) of inductive limits of the
symmetric groups under block diagonal embedding. As a corollary we obtain
the full classification of the isomorphism classes of these inductive limits.

1. INTRODUCTION

Consider the space X = [0,1) with the standard Lebesgue measure v. Denote
by Autg(X,v) the group of automorphisms of the space (X, v) which preserve the
measure v. In particular, one can consider finite subgroups of this group which
correspond to the so called rational rearrangements of X.

Namely, each symmetric group &y regarded as group of bijections of the set
Xy ={0,1,2,...,N — 1} can be embedded into Auto(X, ) in the following way.
For each o € G define automorphism T (o) € Autg(X, 1) via the formula

_ Nz - [Nz] 4+ o([Nz])

Tn(o)(x) i , ¢ €[0,1).
In other words, the map Ty (o) acts on half-closed intervals [%, %), ke 1,N via
the permutation o. Here we use the notation p,q for the set {p,p+1,...,q} C Z.

It is easy to verify that Ty is an injective homomorphism.

In order to understand which automorphism in T}, ,, (6p,n,) coincides with
T,,(0), let us represent each element y of X,,,,,, as y = 1 + n1xe, where z7 € X,,,
and zg € X,,,. Then
k ik i—l—l) {a(k) i o(k) i—|—1)

+ = + + )

Tn1(0) — + = )
ni ningz N1 ning

ni n1n27 ni ning

where k € 0,n; — 1,4 € 0,ny — 1. It means that T, (0) = T}, n,(i(0)), where the
permutation i(o) € &,,,, acts as follows:

i(o)(z1 +ni1x2) = o(x1) + n1xo, where z1 € X, 20 € X,,.
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In this way we obtain a natural embedding of the symmetric group &,,, into the
group S, ,,. Note that this embedding corresponds to the inclusion T, (&,,) C
Tins (Gnyny)-

If we identify X,,,,, with X,,, x X,,, using the correspondence (z,y) <> x + nyy,
then i(o) acts as follows:

1(0)((I7y)) = (O’(l‘),y),l‘ € anvy € an'

Continuing this process and letting Ny = nqinso - - - n; we obtain an infinite chain of
subgroups

TN1 (6]\{1) C TN2 (6]\]2) cC...C TNk (GNk) cC...C Allto(X, V).
Their union YTy, (S, ) is a countable subgroup in Autg(X,v). This subgroup of
k

Autg (X, v) is naturally isomorphic to the inductive limit lim &y, which corresponds
to the embedding i(c). Note that, in general, different sequences {Ny} define non-
isomorphic inductive limits. In particular, they might be simple as well as contain a
nontrivial normal subgroup. In the present paper we obtain a complete description
of pairs of sequences {N}} and {N}/} for which the corresponding inductive limits
are isomorphic (see Proposition [[3]).

For each prime number p denote by deg,(Ni) the degree of p in the prime
factorization N = Hp pde»(Vk) - In case when for each prime p the sequence

{degp(Nk)};o_l is unbounded, i.e. lim deg,(Ny) = oo, the group U7y, (Sn,) is
- k—o0 k

called the group of rational rearrangements of a segment. Denote this group as Sg.
In particular, Sg is a simple group. In [5] the full description of indecomposable
characters on Gg was obtained. Recall that a positive definite function y on group
G is called central or character if it satisfies the condition

x(gh) = x(hg) for all g,h € G.

In the present paper we consider only normalized characters, i.e. which equal to 1
on the identity element of G. A character y is called indecomposable if the unitary
representation II, of the group G, constructed via x according to the Gelfand-
Naimark—-Segal (GNS) construction, is a factor representation. Namely, in this case
the operators II, (G) generate a factor of type II; [I0]. This definition is equivalent
to the following property: indecomposable characters are the extreme points of the
simplex of all characters.

An important special case of the group ligGNk, where Nj, = 2Mx | was studied
by A. Dudko [2]. This group is also a simple group and in [2] all indecomposable
characters of this group were found. In [3] the full description of indecomposable
characters was given for more general symmetric groups which act on the paths of
the Bratelli’s diagram. Besides that, a similar problem was solved by F. Leinen
and O. Puglisi in [6] for the inductive limits of alternating groups with diagonal
embeddings. However, the results of papers [2], [3] and [5] did not cover the case of
an arbitrary sequence {Nj}. In the present paper we obtain the description of all
characters on groups H_I)IIG N, without any additional conditions on the sequences
{Nr}. We obtain this description via the Vershik—Kerov approach, i.e. by studying
weak limits of characters of symmetric groups (see [11]), and using the Okounkov—-
Vershik approach to the representation theory of symmetric groups (see [I] and

B])-
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Contents. The paper is organised as follows. In Section [[lwe introduce the group
G35 as an inductive limit of symmetric groups and establish the connections between
factor representations of G5 and spherical representations of &3 x Gg. In Section
we give explicit constructions of a factor representation of the group &g and
the corresponding representation of the &3 x Sg. In Section [l we briefly review
the representation theory of symmetric groups (we mainly follow the Okounkov—
Vershik approach) and related notions such as characters, Young diagrams and
tableaux. In Section dlwe prove the main part of the proof of Theorem [[.2] namely,
the approximation theorem for the characters on &g. Section [ is devoted to
proofs of several technical lemmas which are used in the proof of Theorem
In Section [6l we prove Theorem and in Section [7 using the main theorem we
prove Theorem [[.3] which gives a complete classification of groups of type G5 up to
isomorphism. Finally, in Section[8 (Appendix) we prove some additional properties
of the construction discussed in Section Bl These properties are used only in the
second proof of Lemma,

1.1. The inductive limit of symmetric groups. In this subsection we define the
group G5 as an inductive limit of symmetric groups with the diagonal embedding.

We regard the group Gy as the group of all bijections (symmetries) of the set
Xy ={0,1,2,..., N — 1}. We identify Xy with Xy x Xj; via the isomorphism
Xnm 2 21 + Nag < (21,22) € Xy x Xps. Denote by i the embedding S into
S defined as follows:

(1.1) i(o)(z1,22) = (o(x1), 22).

In order to define formally the inductive limit of groups &y which correspond to
the embedding (), consider a sequence n = {ny},, of positive integers such
that ng > 1 for all k.
Suppose that j > k. Put N :Hle n; and Ny ;= Jl:f[_z Then Xy, =Xy, xXn, ;-
Denote by ix; the embedding of the group Gy, into Gy;, defined
oo
as in ([I). Define the group &5 = |J Sn, by identifying elements &y, with

k=1
their images under the maps i; ;. In other words, G5 is the inductive limit limy &,

that corresponds to the embeddings i, ;. Denote by id the identity element of the
group Gg.

Remark 1.1. The group &g is isomorphic to the subgroup | T, (&, ) of the group
k
Auto(X,v).

Suppose that o € Gy, belongs to the conjugacy class €y, in Gy, consisting
of permutations of the cycle type my, = (m,1, Mjk2, . -, Mk,1), where my,; is the
number of cycles of the length ¢ in the decomposition of ¢ into disjoint cycles (see
more detailed definitions in Subsection [BI]). Then i (Cm‘ k) C &y, where

N, N, N,
(1.2)  myy = (mya,mye,..myg) = (mlk,l—jvmk,z—j’ o 7mk:,l_J>
Ni, N N

For each o € Gy, define supp, o = {r € Xy, : o(x) # z}. Note that if o €
Gn,, then '

(1.3) # (suppNj ik,j(o)> =# (supka O’) . %
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Define the multiplicative character sgny, : &y, — {—1,1} via the formula

sgny, (0) = (=1)" ) Here by .y, (o) we denote the minimal number of fac-
tors in the decomposition of ¢ into the product of transpositions. It is known that
. l

if 0 € &, then ky (0) = N, = > _; myi. . Note that

Therefore, sgny. (o) = (sgny, (o))
exists M (s) such that
sghy, () = sgny, (s) for all i, 7 > M(s).
Thus, there exists a limit sgn_ (s) = lim sgny. (s). Clearly, the function sgn is
j—o0 7

a multiplicative character of the group Gg.
The following statement is immediate.

Proposition 1.1. Denote by 2z the subgroup {g € Sz : sgn, (g) = 1}. Then
(a) Az is a simple group;
(b) if the sequence n = {ny};_, contains infinitely many even numbers, then
Gy is a stmple group.
1.2. The main result. Let My (C) be the algebra of the complex N x N matrices,
and let Iy be the identity N x N matrix. Denote by Try the standard trace on
My (C) and put try(A4) = 3 Try(A) for A € My(C). Define on My (C) an inner
product via the formula (A, B)y = try(B*A), A, B € My(C). The elements o of
the symmetric group Gy are realized as {0, 1}-matrices X, = [5ig(j)] in My (C),
1, if i = 4,

where §;; = { o
0, if i # j.
on My (C) a unitary representation £y of the group Sy:
L(o)A=3%, A, A e My(C).
Put on(0) = (£(0)Iy, In) = trn(Zs). Clearly, oy is a character on S and

(1.4) onlo) =1 - TN,

Note that if o € Sy, , then for j > k from ([2)) we have

on; (ik,i(0) = o, (o).
Hence, the sequence {¢n, } defines a character ynat on the inductive limit &z =
@6%- In other words, for o € &Gy, C G5 we have

The operators of the left multiplication by X, define

 #suppy, 0
Ny, '
The main result of the present paper is Theorem

(1'5) Xnat(a) = PNy (U) =1

Theorem 1.2. For p € NU {0,00} define the character x%,, by the formula

1, ifc=1id
X2t (9) = (Xnas ()" when p € NU{0}, and by the formula x33,(0) = 4 7 =1
0, if o #1id,
when p = oo. If x is an indecomposable character on &g, then there exists

p € NU{0,00} such that x = Xpay 07 X = S8log *Xhat, Where (gl “Xhae) (0) =
Sgnoo(a) : Xﬁat (U) fO’f’ S 6ﬁ'
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As a corollary, we also obtain a complete classification of the isomorphism classes
of groups Gg.
Theorem 1.3. Let n' = {n; }?°, and 0" = {n}/}72 |, where nj,,n} > 1 for all k,
be the sequences of positive integers. Put Nj, = Hle n; and Nj = Hle n. Then,
groups Gg and Ggn (see Subsection [L11) are isomorphic if and only if for each
prime number p the following condition holds:

(1.6) kli_)rrgo deg,(N;,) = kli—glo deg, (Ny).

In other words, groups Gy and Gg are isomorphic if and only if for each prime p
either both sequences {deg,(Ny)} 72, and {deg,(Ny/)}32, are unbounded, or there
is a non-negative integer dy, such that deg,(Ny,) = deg,(N}') = d,, for all sufficiently
large k.

Remark 1.2. Here for a positive integer N and a prime p we define degp(N) to be
the exponent of p in the prime factorization of V.

1.3. II; factor representations of the group G5 and spherical representa-
tions of G5 x G5. In this subsection we establish the connections between factor
representations of the group G5 and spherical representations of the group G5 x 5.

Let x be an arbitrary character on &z. Consider the GNS-representation
(7y, Hy, &) of G5 corresponding to x. Here &, is the unit cyclic vector for m,, (S5)
in the Hilbert space H, such that x(o) = (my (o), &y ) for all o € &5. Denote by
M the w*-algebra generated by the set of operators m, (&g). Using the character
x we can define a finite normal faithful trace tr on M. Namely, we put

tr (my (o)) = x(0),0 € Gs.

Taking into account the definition of the GNS-construction, we assume that H, =
L*(M,tr), i.e. H, is the completion of w*-algebra M endowed with the inner
product (-, -) defined as follows:

(my, mg) = tr (mimy), mi,ms € M,
and &, is the identity operator from M. Finally, we recall that the operators m, (o),
o € &5 act on L?(M, tr) by the left multiplication
(1.7) L*(M, tr) 5029 7 (o) -v € L*(M, tr).

In particular, M can be also regarded as a subset of bounded linear operators on
H, (elements of M act on H, by the left multiplication). Denote by B (H,) the
set of all bounded linear operators on H, and put

M ={AeB(H,): AB=BAforall Be M}.
Since tr is a central state on M, i.e. tr(mims) = tr(mamy) for all my,mg € M,
the mapping
(1.8) L*(M,tr) 3 v Dy T (o7t € L*(M, tr)
defines a unitary operator 7 (¢) € M’ on H,.. Denote by J the antilinear isometry

of H, which acts as follows: L*(M,tr) > m Y m*. Tt is clear that J2 = I.
It follows from the above that

(1.9) JMJ C M and M C JM'J.
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Let us prove that
(1.10) M= JM'J.

Consider an arbitrary operator A that belongs to JM'J. Since &, is a cyclic vec-
tor for M, i.e. the set ME, is norm dense in L? (M, tr), there exists a sequence
{An},en € M such that

(1.11) nh—>ngo A& — An§X||L2(M,tr) =0.
Applying the centrality of x gives that
lim [[A7.&, — A:foHLZ(M,tr) =0.

m,n— 00

It follows that the sequence {A}¢,} converges in norm to some element n €
L?(M, tr). Hence, for each U’ € JMJ we obtain the next chain of equalities:

(U &) = lim (U) 6 AL
= Tim (Angy, U'6y) "D (4G, UE) = (U')6,, A7E,)
Therefore, using the cyclicity of &, for JMJ, we have
(112 A = e lim A3 — A"y ey = O
Lemma 1.4. Put w(z) = (xy,&y), where x € B(H,). Then
(1) w is a central state on M' and on JM'J; i.e.
w(A'B")y=w(B'A") forall A’,B" € M’ and
w(AB) =w (BA) for all A,B e JM'J,;
(2) AB'=DB'A forall Ae JM'J and B' € M'.
Proof.

(1.13)

Property 1. Since &, is a cyclic vector for M, there exist two sequences {4, } and
{B,} in M such that

nlggo A&y — An§x||L2(M,cr) - nh~>nolo 138 — B”§XHL2(M¢1“) =0
Hence, using ([L12)), we obtain
o ([ A6 — A&l e arery = M0 1B™6x = Bl paarery = 0.

Therefore, w(AB) = lim w(A,B,) = lim tr (A,B,) = lim tr (B,A4,) =
n—00 n—00 n—00
lim w(B,A,) = w(BA). We leave it to the reader to verify that w(A'B’') =

n—oo

w(B'A") for all A',B' € M'.
Property 2. Since J? = I, then, by the cyclicity of the vector &, for M, there
exist the sequences {A,}, {B,} in M such that
. - : ’ _ —
nh_)rgOHAgX A&y |l =0 and n11_>rrgo\|JB J& — Bpéy |l = 0.
Since w is a central state on M’, we have the equality

HB/§X - JBnJ§X|| = H(B/)*fx - (JBnJ)*§X|| .
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Hence, we obtain that for any U’ € JMJ and V € M we have
(ABU'E, VEy) = lim (A, JB, T U6, VE) = lim (TB,J A, U, VEy)
= lim (A, U6V (JBuJ) &) = (AU V(B')"&,) = (B'AU'E,, VE).
Consequently, AB’ = B’A. In particular, this establishes the equality (LI0). O

Now we define the representation 7r>(<2) of the group &5 x G5 as follows:

(1.14) 7r§<2)((01,02)) = 7TX(O'1)7T;<(O'2), (01,02) € G5 X Gg.
Hence, applying (1) and (L), we obtain
(1.15) 7r>(<2)((0, 0))& =& for all 0 € &5.

Denote by C(M) the center of w*-algebra M.

. 2) !
Proposition 1.5. <7TX (G5 x 63)) =C(M).

/
Proof. Tt follows from (I8) and (LI0) that (7;2) (Ga x 66)) — MM =C(M).
O

Define the orthogonal projection Ej by

(1.16) Ep— — > a?(00).

N
N! el
It is clear that E > Ejt1. Therefore, there exists the limit £ = klim FE).. It follows
—00
from (IG) that
(1.17) EH, = {n €My : 7 ((0,0))n = n for all 7 € 65} .

Proposition 1.6. The following three conditions are equivalent:
(i) my is a factor representation;

(2)
X

(ii) representation my’ is irreducible;

(ifi) dim EH,, = 1.

Proof. The equivalence (i) and (ii) follows from Proposition
Let us prove that (i) implies (iii). On the contrary, suppose that dim EH, > 2.
Then there exists a unit vector v € E'H, such that

(1.18) (v,&) =0.
Since &y, is a cyclic vector for M, then
(1.19) lv — meHHX < 1 for some m € M.
Hence, using ([LI5) and applying the equality
TP ((0,0)) maP (07", 07")) = m(0) mmy(07),

we obtain

(1.20) v = 7y (o) may (o) EXHHX = |lv— m§X||HX < 1 for all o € &5.
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Consequently,

(1.21) U Z Ty (o) mﬂx(a_l) €x <|lv- mfoHX <1
k Hy

Ni! —
€6y,

converges in the strong operator topology to an operator Em € C(M). Let us
emphasize that here we identify Em € H, = L?(M, tr) with the corresponding left
multiplication operator from M. In view of (L21),

lv — Emé,

It is easy to check that the sequence {mk = Y m(o)ymm(o™h)y € M

oo, < llo = mé Il < 1.

Now note that if the condition (i) holds, then C(M) consists only of scalar operators.
Thus, Em = a - I for some a € C. Hence, we obtain

v —aéyll;, = \/1 +]a? = 2Re(a (v,£y)) = 1+ |al?>>1, where a € C,

and this contradicts the previous inequality.
Finally, let us prove that (iii) implies (i). Suppose the contrary, then there exists
an orthogonal projection @ € C(M) with the following properties:

v=Q& #0,w=(I—-Q)§ #0.

Since v and w are mutually orthogonal vectors from EH,, we have dim EH, > 2
which contradicts the condition (i). O

Remark 1.3. Note that if representation 7r§<2) is irreducible, then due to the condition
(iii) it will be also a spherical representation.

2. THE REALIZATIONS OF II; FACTOR REPRESENTATIONS

In this section we give the explicit construction of a type II; factor representation
of the group &5 and the corresponding irreducible representation of the group
Gﬁ X Gﬁ.

2.1. Preliminaries. Denote by v, the uniform probability measure on the set

X ={0,1,...,m — 1}, ie. vy ({j}) = & for all j € X,,,. Let Xz = [[ X,,,. For
k=1

J
z = (1,22,...) € Xg, we set z|j = (x1,22,...,2;) € [[X,, and z|(¢g,r) =
k=1
(Tg41,Tg42, -5 2r) € ] X,,. By definition, z|j = z|(0,7). Each element
k=q+1
y € Xg defines a cylinder set
(21) Aqu,r = {l‘ €Xg: I|(QaT) = y|(‘]7r)} C Xg.

For simplicity of notation, we will write A, instead A, ,. Now introduce the

ylr
oo
probability measure vz = [[ vn, on Xz by the formula
k=1
1

1
(A )= ——— — |
1/1'1( y\]) ning - n; N]
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Let Autg (Xg, va) be the group of automorphisms of the Lebesgue space (Xg, vg)
which preserve the measure vg. It follows from the definition of G5 that one can
regard &g as a subgroup of Autg (Xg, vg)-

Remark 2.1. Here an element o € Gy, acts on X5 as follows: o maps an element

(z,y) € Xy, X '=]<j[+1 X, to (o(x),y) (see also ([LI))).

Define the action of an automorphism O € Autg (Xgz, v5) on
x=(x1,22,...) EXg\(n1 —Lna—1,...,np—1,...)
in the following way: Ox = (y1,¥s,...), where
_Jxp+1(modn,), ifp<min{i:z; <n;—1},
yp_{xp, if p>min{i:x; <n; —1}.
Also, define O at (ny —1,na—1,...,np —1,...) as
O(ny—Ling—1,...,np—1,...)=(0,0,...,0,...).
The following fact is immediate.

Lemma 2.1. For a given x = (z1,22,...) € Xz, we set

O™z = ((0"x),,(0™x)y,...).

Then
(a) the following equalities hold: x|j = (ONﬂ'x) |7, O™ (Am‘j) = Aomgy; and
N;—1
U Aomz); = Xg;
m=0

(b) for the map Oy;, defined as follows:

Oz, if 2z € U O™ (Ay;),
O~ WNi=1) 4, zszON ( wb)’

where z = (21, 22, ...) € Xg, the period of each z € X5 equals Nj;
(c) for the element 0 = (0,0,...) € Xz we have
)

00s(2) = (00 ()1 Oo (2N (Ous(2)), 211,721
where
zp+1(modny), ifp<min{i:z <n;—1} <y,
(2.2) (Oou(z))p =9 Zp, if min{i:z; <n; — 1} <p <y,
0, ifp<j<min{i:z <n;—1}.
Define an invariant metric p on the group Autg (Xz, vg) by the formula
(2.3) pla, B) =vg (x € Xg : ax) # B(x)), o, 0 € Auty (Xg, va) -

For an automorphism o € Autg (Xg, v5) denote by [ the subgroup in Autg (Xg, vga)
defined as follows: § € [a], if there exists a measurable function d(3,-) on (Xg, vz)
with values in Z such that the equality

(2.4) B(z) = a¥P?) ()
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holds for almost all z € Xg. Denote by 3, the o-algebra on X5 generated by the
collection of cylinder subsets A;, y € Xg.

Lemma 2.2. Let G5 be the closure of the group Gg with respect to the metric p.
Then

&

(a) &y, ={B €[0,,] : BE; = X;};

(b) (ONS @ﬁ;

(c) the action of automorphism O on (Xg,va) is ergodic;

(d) for every l € Z\ {0} the automorphism O' acts freely on Xg; i.e. if there
is an x € Xg such that O'z = z, then | = 0.

Proof. The property (a) is a consequence of Lemma 2] (¢). From the parts (b)
and (c) of Lemma 2] we have

va (x € Xg : Oz # Og);(2)) < NL
J
Taking this and part (a) of Lemma 2] into account, we obtain the part (b) of
Lemma Therefore, the ergodicity of the automorphism O is equivalent to the
ergodicity of the action of G5. Finally, the property (d) follows from the definition
of the automorphism O. O

Lemmal[ZTl (b,c) and Lemmal[Z2] (a) imply that the action of each automorphism
o € 65 on x € X5 can be expressed as follows:

(2.5) o(z) = 01 (),

where d(o, x) € Z. The uniqueness of the function d(o,-) in (23] is a consequence
of Lemma [2.2] (d). Note that if v,0 € &g, then

(2.6) d(yo,z) = d(v,0(x)) + d(o, ).

Remark 2.2. Tt follows from (Z4) and (Z.35)) that [O] = &5. In particular, d(o, x) is
defined for all o € &5 and z € Xj5.

2.2. Construction of a II; factor representation of the group &5. In the
Hilbert space H = L? (Xg, v5)®1%(Z) define a unitary operator F(o), where o € &g,
as follows:

(2.7) (F(o)m) (z,m) =n (¢~ (z),m —d(c™",z)) for all n € H.

Equality (2.6) implies that the map o0 > &z — F(0) is a unitary representation of
the group &g, which can be extended by continuity with respect to the metric p
(see (Z3)) to a representation of the group &5. Thus, (Z7) defines a representation
of the group Gg.

Denote by B(H) the set of all bounded linear operators acting on H. Put

F(6a) ={AcB(H): AB=DBAforall Bc F(Sg)}.

Denote by F (&g)" the w*-algebra generated by operators F (&5). Let J be the

function on Xg that is identically one on Xg. For each i € Z define the function J;
1, ifm=1

on Z as follows: ¢;(m) =< "’ 1 mn Z,’ Put & =1 ® dg. It is easy to check that
0, if m # 3.

(F(8)F(0)&0,&0) = (F(0)F(s)o,&) for all o,s € Gg.
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Thus, the vector state tr on F (&g)” defined as

(2.8) tr(A) = (A&, &), A€ F(6q)",

is central, i.e. the equality tr(AB) = tr(BA) holds for all A,B € F(6g)". In
particular, it follows from (L) that for any s € G5 we have

(29) Xnat(s) =tr (]:(S)) :

Indeed, Lemma 2.2] (d) and formulas ([2.7)) and (LH) imply that for 0 € Sy, C &5

we have

Xn, : =
(210)  tr (F(0)) = va (2 € Xa : 0w = 2) = TAEE % TT=T} (o).
k
Remark 2.3. If we regard G5 as a subgroup of Auty(Xg, vg), then for any 01,09 €
S5 we have

Xnat(0105 1) = 1= p(o1,09)  (see ZI0) and @3)).
In particular, ynat is a continuous function on Gg.

Now consider two families of operators {9 (f)} sepe(x, 1q) and {]—"’(Ok)}kEZ

which belong to F (&g)" and whose action on an element 1 € # is defined in the
following way:

(211) (M (f)n) (x,m) = f (O™z)n(z,m), (F'(O*)n) (z,m) =n(z,m — k).

Using (27, one can check that 9% (f) and F'(O*) belong to F (&g). Thus, we
obtain the following statement:

Lemma 2.3. Let N/ be the w*-subalgebra of F (Gg)', which is generated by the
operators {z):rt'(f)}fem(xa}ya) and F'(O). Then, a vector & is cyclic for N7, i.e.
the closure of the set N'&y coincides with H.

1, if x € Ay,

0, ifz ¢ Ay, (see (1)) and operator

Lemma 2.4. Lety € kll[ Xoi» T, (2) = {
m (JAy) acts onn € H ;s follows:

(2.12) (M (Ta,) n) (x,m) = T, (x)n(z,m).
Then, the operator M (3Ay) belongs to the algebra F (Gg)".
Proof. Applying Lemma 2] (a) we obtain that

(2.13) ONv A, = A, for all k > j.

For k > j define an automorphism Dy, , as

T ifzeA
2.14 D = ’ v
(2:14) k(@) {oka, if 2 ¢ A,.

In view of Lemma (b) the automorphism Dy, , belongs to the group &g5. Since
the representation F of &5 can be extended to a representation of Sz (see (271))
it suffices to prove that

(2.15) w— lim F (Dpy) =M (Ta,) -
—»00

Here “w — lim” stands for the limit in the weak operator topology.
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Using ([2.7) and (2.14) we obtain
F (Dry) €0 = Tn, ®do + (:l — jAy) ® 0N, -
Taking into account the weak convergence of the sequence dy, to zero in [?(Z), we

obtain that the sequence F (D ) & converges weakly in H to the vector Jy, ®@dg =
M (Ja,) €. Now ([ZIF) is a consequence of Lemma 23] O

The following statement is a direct corollary of Lemma 2.4

Corollary 2.5. The algebra .7-"((‘53)// contains the family of operators
{(f)} peroo(xa,0m)s acting on an element n € H as follows

(2.16) O (f)n) (x,m) = f(z)n(z, m).

In particular, the vector & is a cyclic vector for the algebra ]-'(63)” (see Lemma
23) and due to @) the following relations hold:

(217) F(@)M(f) (F(0) " = Mo+ f), where (- f)(z) = [ (¢ (@), o € .
Proposition 2.6. The algebra F (&g)" is a 11, factor.

Proof. Suppose that an operator A belongs to F (&5)" N F(S5)'. Since H =
L? (Xg,va) ® 12(Z), we have

1, ifm=1

— 2 —
A&y = Zfl ® 6; where f; € L* (Xg,vg), 0;(m) = {O, —

€L

Recall that O € G5 and the representation F of G5 can be extended by continuity
with respect to the metric p to a representation of G5. Therefore, the following
equality holds:

(2.18) Ag =Y F(O7) ((0"- fi) ® o) -
€7

Hence, for any f € L™ (Xg, v5) we have

(2.19) Am(f)e B () Ag =Y 1@ 6.
1E€EL
We thus get
417 [ 17@)? dva = A1 126l = [ 170 (Zm(x)ﬁ) dvs.
Xa Xa €L
It follows from this that
SR < lAJ2.

ez L (Xa,va)

In particular, f; € L™ (Xg,vg) and M(fi) € F (Sg)” for all i (see Corollary 25).
Hence, using ([2I8)), we obtain

(2.20) Ag =S F (O MO - f)eo B ST (£) F (07) o

i€ZL €L
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The last equality, Lemma 23] and Corollary imply that
(2.21) A=>"m(f;) F(O7).
i€z
Therefore, the equality F(O)A&y = AF(O)&o is equivalent to relations O - f; = fi,
where i € Z. Tt follows from Lemma 2.2 that function f; should be constant almost

everywhere. In other words, there are constants ¢;, ¢ € Z such that f; = ¢; almost
everywhere and A&y = 3 ¢; F(O~%)&.
i€Z
Finally, note that equality 9(f)A&y = AM(f)&o, f € L™ (Xg, va) is equivalent
to

le:Cl(Oizf),ZEZ

Since f is arbitrary, Lemma implies that ¢; = 0 for all ¢ # 0. Therefore,
A&y = cofo. By Lemma 23] A is a scalar operator, so the center F (&g5)" NF (S5)
is trivial. (]

2.3. Construction of an irreducible representation of the group 65 x G;.
For the constructed above II; factor representation F there is a corresponding
irreducible representation F() of the group &5 x &5 acting in the Hilbert space
H = L? (Xg,vg) ® [?(Z) satisfying the following properties:

F@ (g,id) = F(g), where id is the identity of S5, g € Gg;
(2.22) F® (9,9)€ = & for all g € &g and F® (id,gﬁ) CcF (@ﬁ)/;
FP (id,0%) = F/(O*) (see ZII)).

In order to define F®) let us introduce an antiunitary operator 7 acting on H as
follows:

(2.23) (In) (z,m) =n(0mz,—m), n € H = L* (Xg,va) @ I*(Z).
Then, direct calculations show that

TF(9)éo=F (97") & = (F(9))" &, g € Gg;
(In, JC) = (¢,m) for all (,n € H.

Combining 27), (Z11)), 2I6) and [Z23]) we obtain

(2.24) IM(f)T =M (f), TF(O")T = F'(O).
These equalities, Lemma 2.3 and Corollary imply that
(2.25) N' =TJF(6x)" T C F(&x).

Therefore, the operators {F® (g, h) = ]-'(g)j}"(h)j}g hee. define a represen-
tation of the group &g x Gg. It is easy to check that F(?) satisfies the conditions

222).

Proposition 2.7. The representation F?) is irreducible.
Proof. In view of Proposition it suffices to show that
(2.26) JF(6a)" T =F(6g).
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Denote for convenience the factor F (S&g)” as M. Consider arbitrary bounded
operators A’ and B such that A’ € M’ and B € JM'J. In order to prove ([2.20)
it is enough to check that

(2.27) A'B = BA'.

According to Corollary [Z5] the vector & is a cyclic vector for M. Hence, there is
a sequence {B,} ~, C M such that

(2.28) [B& — Bnéolls = 0.
In particular,

(2.29) lim || Bi&o — Bm&olly = 0.
—00

s

Since (UV &y, &) = (VU&, &) for all U,V € M we have
(2.30) B0 — Br&olly = |1 Bi€o — Bm&olly, -

Relations ([229), 230) and equalities V'B,, = B,V’ imply that the sequence
{B:V'&0}22, is a Cauchy sequence for any V' € M’. Namely,

lim [|BV'é& — B, V'élly = lim ||[V'(Bjé — Bp,&)|l = 0.
l,m—o00 l,m—o0
Therefore, we can define the linear operators B and B! as follows
BV'¢y = lim B,V'&y, BV'¢y = lim BXV'&, V' e M.
n—oo n—oo
Denote by D(é) and D(Bﬁ) the domains of the operators B and B! respectively.

It is clear that M’'&y C ’D(f?) and M'&, C D(B*). For any W' € JMJ C M’ we
have W’B = BW’'. Now, it follows from (Z.28)) that for any V' € M’ we have

(BW'&, V&) = (W' B, V'&) "2 lim (W' Boko, V'60)
= lim (B,W'&, V'éo) = lim (W'éo, BV'6)
(W'éo, BV'o)

Thus, (W&, B*V'&) = (W'€y, BYV'&) for all W € JMJ = N and V' € M
(see Lemma 2.3)). By Lemma 23] the set {W'&}y e 77,7 s norm dense in H.
Therefore,

(2.31) (n, B*V'&) = (n, B*V'&o)
for all n € H and V' € M'. Hence, for arbitrary U’", V' € JMJ = N’ we have
(A'BU'€0, V') = (A'U'B&o, V'6o) = lim (AU Bp&o, V')
= lim (BnA'U'0, V&) = im (A'U'€0, BV &)
= (AU, BV'&) BV (A6, V') = (BAU'S, V'6o).
This proves the equality ([2:27]) and concludes the proof. (]

Remark 2.4. Note that the proof of Proposition 7] is similar to the proof of the
second part of Lemma [[.4]
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3. PRELIMINARIES ABOUT THE REPRESENTATION THEORY OF THE SYMMETRIC
GROUPS

In this section we recall some notions and facts from the representation theory
of the symmetric groups &y which are used in the proof of the main theorem.
We are following the Okounkov—Vershik approach to the representation theory of
symmetric groups (see [I] and [§] for more details).

3.1. The minimal element of the conjugacy class. Consider the symmetric
group Sy. Denote by €, the conjugacy class of the group Gy, which consists of
permutations of the cycle type m = (mq,ma,...,my), where m; is the number of
independent cycles of length 7.

Definition 3.1. The support of a permutation s € Gy is defined as supp, s =
{r € Xy | sz # x}.

Remark 3.1. Further, we also use the notation m = (mq,ma,...,m;) for a cycle
type m instead of m = (my,ma,...,my) if myp1 = ... =mpy =0 (here I < N).

N N
Clearly, for 0 € €, C Gy we have ) i-m; = N and #supp, s= ) i-m;. For
i=1 =2
any distinct elements ng, n1,...,n,;-1 € Xy denote by (ng n1 ... nj_1) the cyclic
permutation ¢ € &y such that ¢(n;) = 741 (mod j) and c¢(n) = n for all n €
Xn \ {no,...,nj—1}. Denote by s; the transposition (¢ ¢ + 1). The elements
{s1,82,...,8nv—1} are also known as the Cozeter generators of the symmetric
group Gy .

Definition 3.2. Consider a conjugacy class €, of the symmetric group Gy. Let
{i1,42,...,ip}, where 1 < iy < ig < ... <1y, be the set of those ¢ € {2,3,..., N} for
which m; > 1. The minimal element of the conjugacy class &, is the permutation
om defined as the following product:

O'm:(1221)((m11—1)21+1 (mll—1)21—|—2 mzlzl)
(milil—kl mi1i1—|—2 mzlll—FlQ)
(m1111+(m12—1)12+1 mi1i1+(mi2—1)i2+2 mi1i1+mi2i2)~~
p
It is clear that ) igm;, =N—m; and supp, om=1{1,2,...,N—m;} CXy. The
q=1

crucial property of oy, is the following decomposition into the product of Coxeter
generators:

(3.1) Om = 55,555 """ 5

r

P
for some elements j; < jo < ... < j. of {1,2,...,N}and r =N —my — > m;,.
q=1
The existence of such a decomposition follows from the identity
(ZZ+1 i+j):sisi+l~-~si+jfl~

For any permutation ¢ € Gy denote by &, (o) the minimal number of factors
in the decomposition of ¢ into the product of transpositions. Define the sign (or
signature) of permutation o as sgny (o) = (—1)"~ (@),
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3.2. Young tableaux and diagrams. Let A = (A, A2,...,\;), where \y > ... >
Aj > 1, be a partition of a positive integer N = |A| into positive integer summands

AL, Ao, .., Ay, Le. ZJ: Ai = N. We also write A = N if \ is a partition of N. We
identify A with the lcolrresponding Young diagram consisting of j rows of the length
A1, A2,. .., A; aligned to the left (the i-th row consists of A; boxes). The conjugate
or transposed Young diagram )’ is obtained from \ by swapping its rows with its
columns.

A standard Young tableau T of the shape ) is the diagram A\, whose boxes are
filled with positive integers from 1 to IV such that each number occurs exactly once
and n,q < min{n,114,npq+1} for all p, g (see Figure[I)). In this paper we consider
only standard Young tableaux.

Ny (N2 {Nis|(Niga| - - - TLl)\j B35 VY I V12D ¥
N1 |N22 |N23 | N24 | - - - ’I’LQ)\]. cee M2,
T | T2 | 3 [ 14 | - | TN

FI1GURE 1. A standard Young tableau of the shape A

Denote the set of all standard Young tableaux of the shape A by Tab(\). The
number ¢(p, q¢) = ¢ —p is called the content of the box with coordinates (p, q) of the
diagram A (see [7]) or the content of the element n,, of tableau T' € Tab(\) (see
[1]). We set a; = c(p, q) for n,, = i. For each tableau T define two functions Ry
and € (row and column numbers) on the set {1,2,..., N = ||} as follows

(3.2) Rr(nyg) =p, Cr(ngg) =q.

3.3. Realizations of the irreducible representations of Gy. In this subsec-
tion we recall the explicit constructions of the irreducible representations of the
symmetric group Gy (we refer the reader to [I] and [8] for more details). Besides
that, we prove several technical facts about the characters of irreducible represen-
tations of Gy.

It is known that the irreducible representations of Gy are parameterized by
the Young diagrams A with N boxes. Let R, be one of those unitary irreducible
representations which acts in the vector space V). There exists an orthonormal
basis {vr}remap(n) in Va such that the Coxeter generators s; = (i i + 1) act on
elements of this basis as follows:

o if SRT(Z) = mT(Z + 1), then R)\(SZ‘)UT = vr;

o if €1 (i) = Cp(i + 1), then Ry(s;)vr = —vr;

o if Ryp(i) # Rp(i + 1) and € (i) # €p(i + 1), then swapping the positions
of elements ¢ and 7+ 1 in T also gives some tableau T”. Then, the operator
R(si) in the two-dimensional space span{vr, vy} in the basis {vr, vy}
has the following matrix:

23 1/d V1—1/d?
. (vt Vo)
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where d = a;41 — a; and qa; is the content of the box of T" that contains i.

As a consequence, we obtain the following statement.

Lemma 3.3. Let o € Sy. Put Ry(c) = sgn(o)Ra(c). Then the representations
R and Ry of the group G are unitarily equivalent.

Define the normalized character of the irreducible representation R, by the
formula:
Tr (Ra(0))
3.4 =_——1
where Tr is the standard trace of a finite-dimensional operator, o € Gy and id is
the identity element of Gy . Note that Lemma [3.3] implies the equality

(3.5) X,, (o) =sgn(o)x, (o)
forallc € Gy and A - N.

Lemma 3.4. Suppose that permutation o € Sy is expressed as a product of distinct
Coxeter generators as:

0 =8 ...8,, where i1 < iy < ...<{,.

Then for any tableau T the following equality holds:

1
3.6 R =
o0 (ot el =1y
where the product is taken over all indices j for which the numbers i; and i;+1 are
in different rows and different columns of the tableau T, i.e. Rr(ij) # Rr(i; + 1)
and Q:T(’L]) }é Q:T(ij + 1)

Proof. Consider an arbitrary Coxeter generator s; and a basis vector vy € V),
where T' € Tab(\). If ¢ and ¢ + 1 are in the same row or in the same column of T
we have Ry (s;)vr = vp. Thus, in this case for any permutation 7 € S we have

(37) (R)\(Tsi)UT,’UT) = :t(R)\(T)UT,’UT).
Otherwise, according to ([B3]), we have

1 1
(3.8) Ra(si)vr = iai+1 v vr 441 G —a)? v,
where T" = s;(T) is the tableau obtained from T' by transposition of elements i and
i+1 (recall that a; and a;41 are the contents of the boxes of T' which contain ¢ and
i+ 1 respectively).
Next, we show that for any 7 € &y whose support supp, o does not contain
1+ 1 we have

(3.9) (Ra(rsi)vr,vr) = £ ———— (Ra(r)or, vr).

Ai+1 — Q4
Indeed, it suffices to check that the vector Ry (7)vy is orthogonal to vr. It follows
from the fact that R (7)vg is a linear combination of vectors vy~ which correspond
to those tableaux 7" in which the number ¢ + 1 is written in the same box as in
T'. In particular, for all such 7" we have T" # T and hence, (vr,vr) = 0. Then
(Ra(7m)vps,vr) = 0, so the required orthogonality is proved.
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Thus, for any permutation 7 € &y whose support does not contain i+ 1 we have
(Ra(rsi)vr,vr) = £ki(T) - (RA(T)vr, v7),

where

aip1—ai’

e (T) = 1 if Rr(i) # Rr(i + 1) and E7 (i) # Cp(i + 1),
' 1, otherwise.
Now, let us apply this observation to (Ra(o)vr,vr). Note that the sequence

{i;} is strictly increasing, so for all j the support of permutation s;, ...s;, , does
not contain ¢; 4+ 1. Therefore,

(R)\(U)UT, ’UT) = (R)\(Sil [N Sir)’UT, UT)

T

=k, (T)(Ra(si, - - si,_ Jor,vr) = ... = = [ [ ki, (T) (vr, vr).
j=1
Thus,
s
(Ra(e)vr, vr)| = [ ks, (T)]
j=1
and we obtain the formula ([3:6). Lemma [B4]is proved. O

3.4. Upper bound for the characters of the symmetric group. In the proof
of the main theorem we use the following important bound for the characters of
the symmetric group (see [9] and also []).

Proposition 3.5 (Roichman, 1996). There exist absolute constants a € (0,1)
and b > 0 such that for any Young diagram A\ with N = |\| > 4 boxes and for any
o € Gy the following inequality holds:

)\1 )\/1 b'#(SUPPN(U))
(3.10) ’X)\(O')‘ < (max{ﬁ, N,a}) .

Here Ay (respectively, \|) is the number of bozes in the first row (respectively,
column) of the diagram .

4. THE APPROXIMATION THEOREM FOR THE CHARACTERS ON Gg

In this section we state and prove the approximation theorem for characters on
the group &g, which is a crucial part of the proof of Theorem
Firstly, let us recall the definition of a character.

Definition 4.1. A function x: G — C on a group G is called a character if the
following conditions hold:
(a) x is central, i.e. x(gh) = x(hg) for all g, h € G;
(b) x is a positive-definite function, i.e. for any elements ¢1,...,g9x € G the
matrix [X(gigj*l)] is a Hermitian and positive-semidefinite matrix;
(¢) x is normalized, i.e. x(id) = 1, where id is the identity of the group G.
If additionally

(d) x is indecomposable, i.e. x cannot be represented as a sum of two linear
independent functions that satisfy (a) and (b),

then y is called an indecomposable character.
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Remark 4.1. Let m, be the representation of G, obtained from x via the Gelfand-
Naimark—Segal (shortly GNS) construction. Then the property (d) is equivalent to
m, being a factor representation.

The following fact is an analogue of the approximation theorem from [IT] for the
characters of the standard infinite symmetric group G.

Proposition 4.2. Fach indecomposable character x on &g is a weak limit of some
sequence of normalized irreducible characters of the groups Sy, . Namely, there ex-
ists an increasing sequence {k(1)},=, of positive integers and there exists a sequence
of partitions {\(k(l)) = Ny }i2, such that

lli)rgo Xk (9) = x(g) for all g € &5.

Example of approximation. Note that Proposition together with formulas
23) and 29) imply that xna is an indecomposable character of the group &z.
Then, according to Proposition Xnat has to be a weak limit of a sequence of
normalized irreducible characters of Gy, . In fact, this can be seen directly. Namely,

denote by Py a representation of Gy, that acts on a vector (vi,ve,...,vy,) from

the space CVr by the permutations of the coordinates: By (s) (v1,vz,...,vn,) =

(vs_l(l),vs_l(g),...,vS_l(Nk)), where s € Gy,. If a projection P,q is defined by
Ny, Ny, Ny,

Pig (v1,v2,...,0N,) = Nik (Zlvj, Zlvj, ey Z1vj) , then P;qPr(s) = Pig for all
j= j= j=

s € Gp,. Denote by ‘132 the restriction of ), to the subspace (I — P;y) CN¢. In
the notations of Subsection we have Xx = X, ,, where A(k) is the partition
(N — 1, 1). Let Tr be the ordinary trace of operators, and let xx be the character
of the irreducible representation 9. Then yi(s) = N%c (Tr (Pr(s)) — Tr (Pg)) =

1 — # supp s
Ny

all s € G5.

— 5. According to (I5), we conclude that lim Xagw (8) = Xnat(s) for
k k—o0

Proof of Proposition &2l Consider the GNS-representation (my,H,,&y) of the
group Gy acting in the Hilbert space H, with a cyclic and separating vector &,
such that (m,(9)&y,&y) = x(g) for all g € G5. Denote by B(H,) the set of all
bounded linear operators on H,. For any conjugation-invariant subset S C B(H,)
define its commutant by

S’ ={Ae€BH,): AB=BAforall Be S},(S) =8".
We denote by [S2] the smallest closed subspace containing S0, where U is a subset

of H,.
By the properties of the GNS-construction applied to a character y, we have
(4.1) (7 (Ga)éy] = [my (Ga)'éx] = Hy-

For convenience we denote the w*-algebra (m,(S5))” by M. Note that M is a
factor of type II; and its faithful normal normalized trace tr on M is the vector
state defined by &,.. In other words, tr(a) = (a&y, &) for a € M (see also Subsection
L3).

Denote by L? (M, tr) the Hilbert space which is the completion of M with respect
to the norm which corresponds to the inner product (a,b);, =tr (b*a), where a,be
M.
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From now on we suppose that H, = L? (M, tr). Then we can assume that the
operators a € M act by the left multiplication; i.e.
L* (M, tr) 3 n+% an € L* (M, tr).

In this case the operators a’ € M’ are realized by the operators of the right multi-
plication by the elements of a € M

L* (M, tr) Bnra—;n - a € L*(M,tr).

Each element g € S5 defines an inner automorphism Adg of the factor M,
defined by the formula

Adg(a) = my(g9)amy(¢71), a € M.
The map Ey, given by the formula
(4.2) M9a»—>— > Adg(a) e M
Ng!
9EG N,
is the conditional expectation (see [10]) which projects M onto the subalgebra

My, ={aeM:Adg(a) =a forall g€ Sy, }.

For A b Nj define P\ = diﬁ;)‘ % X2 (9)my(g), where dim A is the dimension of
9€6 N,

the irreducible representation of Gy, that corresponds to A. Then P, belongs to

the center of the finite-dimensional algebra , (S, )" and

. (my (g Z Xx(g) Py forall g€ Gy,.
AN,

(4.3) Ex

The conditional expectations Ey, are orthogonal projections in L?(M,tr). Since
En, > En,,, we have

(4.4) kli)n;o | En, (@) = Esc(a)llp2(pr,ry = 0 for any a € M,

where E, = hm E, . Since w*-algebra M = 7, (&5)" is a factor (according to
ProposmonIﬂ'ﬂ) formula (£2) implies that
E(a) =tr(a)l for any a € M.
Thus, combining (£3) and [@4) and setting a = 7, (g) for g € &g, we obtain
(4.5) Jim. A;; (xa(g) = x(9))* tr (P\) =0 for any g € &g.
k

Consider two sequences of positive reals {¢} u {§;} which satisfy the following
conditions:

N
(4.6) hm max {e, 5} =0n hm a

I=oco 0y

Now, using (@A) we find for each [ a positive integer k(I) such that

(4.7) Z (xalg) — x(9))*tr (Py) < ¢ for all g € Sy, and m > k(1).
AFNp,
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Put A(m.g) = {AF Nt (xa(0) ~ ()" > 8}, where g € S, and Ayfm) =
U A(m,g). Applying [T, we obtain
geSN,;

(4.8) > tr(Py) > 1 —

A(AEN)&(AEA (M)

This inequality and (B.6) imply that for each [ there exists a partition A(k(1)) = Ny
such that

€] Nl'
l

k@) (9) = x(9)] < V6 forall g€ Gy,.
Since hm 0; = 0 we have hm X)\(k(l))( ) = x(g) for all g € &5. Thus, the sequences

{k(l )}l 1 and {AKD) F Nk l)}l=1 satisfy the required conditions. Proposition 2]
is proved. O

5. TECHNICAL LEMMAS

In this section we establish several technical facts which are used in the proof of
Theorem

First, let us introduce some notations. Let T(n) be the set of all partitions
of a positive integer n. Denote by (n) the partition in Y(n) which consists of
only one part and which corresponds to the Young diagram with only one row
with n boxes. Put (1) = (n)/, i.e. (1™) is the partition which consists of n
parts equal 1 and whose Young diagram has only one column with n boxes. For
an arbitrary partition g denote Y,(n) = {A € T(n) : A\ (A1) = p} and Y‘H(n) =
{)\ eY(n): A\ (1>"1> = u}, where A = (A1,..., ;). It is clear that Y,(n) =
(AeT(n): N\ (1) =/} and Tp(n) = {A € T(n) : N\ (\) = 1/}

Define in the set of all sequences {\(k) b Ny },—, of partitions the subsets Cx,
Coo C, and 5#, where p is a partition and |u| < oo, as follows:

o (Cw) there is a subsequence {k;} such that
Tim Ak \ (k)] = o0
e (Cs) there is a subsequence {k;} such that
Tim [A(k:) \ (12569 | = oo;
11— 00
e (C,) there is a subsequence {k;} such that A(k;) € Y, (Ny,), where p is
independent of i;

. (C ) there is a subsequence {k;} such that A\(k;) € T u(Ng,;), where 1 is
independent of .

Remark 5.1. Clearly, @ (respectively, éoo) is the set of all sequences which can be
obtained by transposing elementwise the sequences {\(k) - Nj} in C,, (respectively,
Coo).

The following statement is trivial.

Lemma 5.1. The union (Coo N Cao) U Uc,u UC’H coincides with the set of all
m
sequences of partitions {\(k) = N},
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Now consider an arbitrary sequence {A(k) - Ny}, | of partitions. Let Ry be
the irreducible representation of &y, which acts in the Hilbert space V). Let
{”T}TeTab( Ak)) be the orthonormal basis of V1), whose vectors are parameterized
by the Young tableaux of shape A(k) (see Subsection B.3). Then

Z R (0) v, vr
Tr (Rag(0))  TeTab(r(k) (Raw )

(5.1) XAk (0) = = :

(k) Tr (R)\(k) (ld)) Tr (R)\(k)(ld))
Remark 5.2. Suppose that o belongs to the conjugacy class €y, of the group Sy,
which consists of the permutations of the cycle type m, = (M1, Mok, - - -, My)1)

(see SubsectionB.Jland Remark[B.1]). Recall that iy j, where j > k, is the embedding
of G, into Sy, (see Section [T and also (LII)). Then i ; (Qfm‘k) C &y, where

N, N, N,\ N, L
m‘j = (ml‘j,mg‘j, e ,m”j) = (mlkﬁi,mmkﬁi, e ,mlkﬁi> s Fi = J;[ ;.
1=k+1
. . . N;
In particular, if ¢ € Gy,, then # (suppNj 1k,j(0)) = # (supka U) - 5~ and
Ky (0) = x—; Ky, (0) (see Proposition [3.3]). From now on we identify g € &y, with

J

its image iz, ;(g) € G, while taking into account the changes of the cycle type.

Recall that sgny, is a one-dimensional representation of the group &y, defined
as
—1, if s € Gy, is an odd permutation,

SgnNk(S) = {

The following statement is immediate.

1, if s € Gy, is an even permutation.

Lemma 5.2. For any s € &g there exists a positive integer N(s) such that
sgiy, (s) = sgny, (s) for all j,k > N(s).

Hence, there exists a one-dimensional representation sgn_, of the group G5 de-
fined as follows

(5.2) sgn,.(s) = lim sgny, (s), s € Gg.
k—o00

Remark 5.3. If the sequence n = {ny},-; contains infinitely many even numbers,
then sgn. (s) =1 for all s € &5.

Remark 5.4. Suppose that there are only finitely many even numbers in the se-
quence 0 = {ny},.;. Then one can choose two sequences {s,} and {0,} in &5
such that sgn_(s,) = 1 and sgn_ (0,) = —1 for all n but which converge to the
same automorphism s € &g with respect to the metric p (see (Z3))

lim s, = lim o, = s.
n— 00 n— 00

Therefore, sgn_ cannot be extended by continuity to the closure G5 of the group
G5 with respect to the metric p.

Lemma 5.3. Let x be a character of the group &g and let {\(k) - Ni}32, be a

sequence of partitions such that klim Xa)(9) = x(g) forallg € Gg. If{\k)}, €
— 00

L if g =id;

Coo N Coo, th -
en x(9) {0, ifg#id.
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Proof. Clearly, x(id) = 1. Take any element g # id of the group S5. Due to Lemma
B3] it is sufficient to consider the case when {A(k)}?2, € Cx and A (k) > N (k)
for all k. Fix a subsequence {k;};—, which satisfies the condition

(5-3) Jim A(Ki)/ (A (ki) = oo

Suppose that g € &y, C Gg.

It suffices to consider the case when k; = i for all 4, i.e. when the sequence {k;}5°,
coincides with the sequence {k}72, (the proof of the general case is analogous).
Then, Proposition implies that

k) }>b #(supy, (@)

ok (9)] < <max{N—,a

k

, where a € (0,1),b > 0.

Hence, after passing to the limit when k — oo we obtain

(k) b-#(supka(gQ Ap (k) \ N # (suppy, (0)) /M
(1—> = lim sup ( ! ) .
Nk k—o0

Ix(9)| < limsup N,

k—o0

Therefore,

Ix(¢9)| < limsup

k—o0

<timsup exp (= [\ ()] - -+ # (suvp,, 0)))-

k—o0

L Ny — )\1(]43) ka-#(suple (9))/N1
Ny,

Using (B3) and the fact that #supp, (9) > 1, we obtain that x(g) = 0. This
finishes the proof. O

Lemma 5.4. Let x be a character of the group G5 and let {\(k) - Ny}32, be a
sequence of partitions such that lim xu) (o) = x(o) for all o € &g. If {\(k) -
j—o0

N Y52, € C, for some partition i, then x(0) = xnat (o).

Proof. As in the proof of Lemma B3] it suffices to consider the case when
A(K) \ (A1(k)) = p for all k. If p is the empty partition, then xyu)(o) = 1 for
each 0 € Gy, and the statement is trivial. Hence, we can now suppose that
ul = 1.

Recall that Tab (A(k)) is the set of all (standard) Young tableaux of the shape
A(k) filled with the numbers 1,2,..., Nx. Let Ry be the irreducible represen-
tation of the group Gy, defined in Subsection and let x ) be its normalized
character (see (B4)).

If = (p1,p2,...) and m = pp then the hook length formula [7] implies that
(5.4)

# (Tab(A(k))) = dim A(k) = dlm,“ : Nt
N =l = )t TV = =i 14 4)
|| +m
imp 1L =l =mt )
el TTE Ve Jul = i+ 1)
where ' = (uf, i, . . ., pl,,) is the conjugate partition and dim A(k) is the dimension

of representation Ry x)-
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Let Sf:i’f be the family of all |u|-element subsets {i1 < iz < ... < ij,} of the

set {1,2,...,Ng}. Clearly, #Slj:i’l“ = (1‘\;’“‘) Denote by S(T, ) the subset of those
elements of {1,2,..., Ny} which are located in the boxes of the diagram A(k) \
(AM(k)) = w in a tableau T € Tab(A(k)). Since for each T € Tab(A(k)) we have
#S(T, ) = |u| we can regard S(T, u) as an element of Sa"‘ Note that a tableau
T is defined uniquely by the filling of the diagram A(k) \ (A1(k)) = p. Denote by
@)()\(k)) the set of all tableaux T' € Tab(A(k)) such that S(T), u) consists only of
subsets {i1 <l < ... < i\u\} which satisfy 4;41 —4; > 1 forall [ =1,2,...,|u| — 1.

Consider an arbitrary element o € G5. Suppose that o belongs to the conjugacy
class €y, of the group Gy, that consists of the permutations of the cycle type
My = (M1, Majk, - -, Myx) (see Subsection B.1]). For any j > k denote by ow,;
the minimal element of the conjugacy class €y, ; that contains i (o). In view of
Remark there is a rational number « independent of j such that
(5.5) SUPD . Om,; = {1,2,...,aN;} for all j > k.

Now take an arbitrary positive integer parameter ¢ > |u| which will tend to
infinity. Denote by Tabg(A(j)) the subset of those tableaux in Tab(A(j)) whose
first @ boxes of the first row are filled with numbers 1,2,...,Q. It is clear that

# (Tab(A(7)) N Tabo (A()) )

B56) L (N QN—Q=8) (N = Q= 3(u — 1))
= il

According to (BI), we have

(Rag)(om), Jor, vr)
TETab(A(j))
06 (@) = X)) = # (Tab(A())))

It follows from (5.4]) and (5.6) that

_# (Tab(\(j)) N Tabo(A(7)))
lim =1

o0 # (Tab(A(7)))

Thus, in order to compute the limit lim x(;)(c) we need to estimate the matrix
Jj—o0

elements (R (j)(0m, )vr,vr) for T € 'faTa()\(j)) N Tabg (A(F)).
Take a tableau T' € 'faﬁ)()\(j)) NTabg(A(j)) such that at least one element e from
Supp, om,; (see (B.5)) belongs to the diagram p. Then either e or e — 1 belongs to
J

{Ji}i—y from @BI).
Let us first consider the case when the transposition s, = (e e+1) is contained in
the decomposition ow ; = sj,8j, -+ 5., where j; < ji11 (see (81])). Then, according

to the definitions of sets 'faﬁ)()\(j)) and Tabg(A(j)), we have
(57) e+1le ()\1(])), eyl = Q.

In other words, the number e + 1 is contained in the first row of the tableau T.
Since owm, = sj,5j, - - 5j, satisfies the conditions of Lemma [3.4] we have

1
|(Ragy(om;)vr,vr)| = | | ———
()7 1:[ ‘ailJrl - ail‘

r
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where the product is taken over all indices [ such that elements ¢; and 4; + 1 are
contained in different rows and different columns of the tableau T' (recall that a; is
the content of the box of T' that contains 7). Since e and e + 1 are in different rows
and columns of T', we have
1
5.8 R)\ N Om,. )T, U S _—.
(5.8) [(Ra (@, Jrs vr)] < oy
According to our assumption, e is contained in the diagram p. Therefore,
—lpl < ae < p| =2
Thus, using (51) and (58) we obtain
1

Q—lul+2

If the transposition s.—1 = (e — 1 e) is contained in the decomposition oy, =
$j,8j, - - - 84, where j; < jit1 (see (BI) then we can obtain the estimate (.9)) in a
similar way.

Now let us estimate the number of tableaux T' € Tab(A(j)) N Tabg(A(j)), whose
rows, starting from the second (i.e. rows of the diagram p), contain only elements
of the set

{1,2,...,N;}\ (suppNj 0‘“\;’) ={1+aN;,2+aN;,...,N;} (see ([&3).

In other words, we are considering those tableaux 7' for which supp , om
J

(5.9) |(Rag) (om, Jvr, vr)| <

1S con-
|3

tained in the first row of 7. Denote the set of all tableaux (not necessarily from
ﬁ)()\(j)) NTabg(A(7))) that satisfy this property by Tabg,(A(j)). Note that for all
sufficiently large j the inequality |u| < @ < aN; holds. Therefore, applying (5.0,
we obtain

Tab)(A(j)) =A{T : S(T, ) C {1+ aN;j,2+aNj,...,N;}},

(5.10) 4 Tab(A()) = dimp- (Nj l—HTZNj).
Put
Xjo = Z (Rag)(Om, Jvr, vr),
(5.11) TE€Tabg (A(5))
Tj1= Z (Rxi) (Umw) U, Ur).

T€Tab(A(7))\Tabg (A(5))

From the properties of R ;) (see Subsection [3.3) we have

R (Om, Jor = vr for all T' € Tabg) (A(4)).
Hence, using (5I0) we get

N; — aN;
(5.12) S0 = dim i - ( J | T‘ J>.
H

In order to estimate ¥;; consider two subsets

Tab;10 = (Tab(A(j)) \ Tabd (A(7))) N (Tab(A(7) N Tabg(A()) ) -

Tab;11 = (Tab(A(j)) \ Tabg (A(7))) \ (Tab(A() N Tab(A()) ) -
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Then, Tab(A(7)) \ Tabg,(A(j)) = Tab; 10U Tabj; 11 and hence,

(5.13) Sia= Y. Raglomvror)+ D> (Rag)(@m,)vr, vr).
TGTabj)m TGTaijl

Applying the estimate (59) to matrix elements in the first sum we obtain

#Tabj 10
5.14 Y| £ =—————+ #Tab,;.
(5.14) | il S O 2 # Tabj 11
Next, combining (5.4) and (5.6]) gives
T = lul = m+)
. =l —m+i lul
dim = J .
# Tab,1 < — 1 ~TIN; - @ = 3(lul - 1))

V| TEZ (N = [ul =i+ 1+ ) 22

Therefore, there exists a positive constant C' independent of j such that
# Tabj 11 < C N7 for all j.
Hence, applying the formula (5] and the bound (BI4]) yields the inequality
Sl e
#Tab(A(j) — @ —|ul+2 Ny’

where C1 is a positive constant independent of j.
Finally, let us estimate the expression

N ) o0 N ) dim p . N; — aN;
RO T ETab(MG)) | O T TabG) el )|
Combining (5.1), (511 and (B.135]) we obtain

4 ~dimp /N - aNj) 125 < 1 o}
XA(J)(Umu) # Tab(A(j)) ( M ~ #Tab(\(j)) — Q — |u| +2 + N;’

Passing to the limit when j — oo gives the inequality

(5.15)

1
1]
x(o)—(1—« < —
N R R
Since @ can be chosen arbitrarily large, we have y(o) = (1 — a)/*l. The statement
of Lemma [5.4] now follows from (ZI0) and (&.3). O

Corollary 5.5. Let x be a character of the group &g, and let {\(k) F Np}32,
be a sequence of partitions such that lim xyg)(o) = x(o) for all 0 € &5. If
j—oo

{A\k)F Np}g2, € CA'H for some partition p, then x (o) = sgn_(c) - Xnat ().
Proof. The statement follows directly from Lemma[5.4] Remark [5.Iland the formula

E.3). O

Denote by ex Char (G5) the set of functions on G5 which are claimed in Theorem
to be indecomposable characters. Namely, we put

ex Chart (&5) = {x%.. : p € NU{0}},
(5.16) exChar™ (65) = {sgn, -Xh.. :p € NU{0}},
ex Char (65) = ex Char™ (&5) Uex Char™ (S&g5) U {x2,}.
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Lemma 5.6. ex Char (&g) is a subset of the set of all characters on Gg.

Proof. It is clear that x5o, = sgn, Xnet 1S & character on Gg. It remains to check
that x,, and sgn_ -xb,, are characters on the group &5 for p € NU {0}.

Recall that F is a unitary representation of the group &g which acts in the
Hilbert space H = L? (Xg,vgs) ® [*(Z) (see Subsection 22)). Moreover, this repre-
sentation satisfies the following property: for £y =1 ® g € H the equality

Xnat(0) = (F(0)80,&0)# (see (Z9))

holds for all 0 € G5. Thus, xnat is a character on &g.
Now for any p € NU{0} consider the unitary representation F®? (the p-th tensor
power of F) acting on H®P. Tt is clear that

Xﬁat(a) = (‘7_—®p(0—)€6®p>§6®p)7{®p for all o c 66‘

Since 7(B) = (BEYP, 5P yen is a vector state, 2, is a character on &g. Similarly,
sgn - F®P is also a unitary representation acting on H®? and the same argument
implies that sgn -x%,; is also a character on Gg. O

6. THE PROOF OF THEOREM

In this section we prove the main result of the present paper.

Proof of Theorem Suppose that x is an indecomposable character on Gg.
According to Proposition 2] there exists a subsequence {k(l)}7°, and a sequence
{A(k(1)) = Ny 32, of partitions such that

(6.1) x(g) = lliglo Xak())(g) for any g € Gg.

Lemma [B.J] implies that three cases are possible:

e The sequence {A(k(1)) = Ny }i2, belongs to the intersection Cu NCo. In
this case Lemma [5.3] implies that xy = x22,.
e The sequence {A(k(l)) = Nyq)}i2, belongs to C, for some partition p. In

this case Lemma [5.4] implies that x = le;lt.

e The sequence {A(k(l)) = Ny)}i2, belongs to 5# for some partition p. In

this case Corollary implies that x = sgn_g ~XL”a‘t.

Thus, the character x equals either x* ., or sgn_ -xb,, for some p € NU {0, oo},
i.e. x € exChar (65) (see (BI6). In other words, we proved that the set of all
indecomposable characters on Gy is a subset of ex Char (65). To conclude the
proof it remains to check all these functions are indeed indecomposable characters
on Gg. This is proved in Lemma [6.11 O

Lemma 6.1. Each character from ex Char (Sg) is indecomposable.

Proof. Denote for brevity X, = sgh, Xhat> Xj = Xbat a0d Xoo = Xpo¢- It s clear
that the character x, is indecomposable if and only if the character X; is inde-
composable. Recall that by Proposition the character xnat is indecomposable.
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First proof. We suppose the contrary: i.e. assume that some character x;! is
not an extreme point of the set of all normalized characters. Then there exist real
numbers a,f, a; € [0, 1] satisfying the following equality:

m—1 m—1
X (0) = af +ag sgny (o) + Y af xS (@) + D ayx; (o)
(6.2) = a

+ Z oajxj‘(a) + Z a; X; (0) + asoXoo(0) for all o € Gg.
Jj=m+1 j=m+1

Recall that 25z = {0 € &, : sgn (o) = 1}. Take a sequence {0, } C g, satisfying
the following conditions:

on #1id for all n and lim xpat(o,) = 0.
n—oo
Plugging o = o, into ([6.2]) and passing to the limit when n — oo gives
(6.3) ag +a5 =0=af =0and oy =0.

Since the set {xnat(o)} is dense in [0, 1), it follows from (6.2]) that

oeAqn
m—1 00
N = Z (aj—l—aj_) ¥+ Z (aj—l—aj_) 79 for all v € [0, 1).
j=1 j=m+1

An easy computation shows that

ozj = ozj_ = 0 for all positive integers j # m.

Hence, using ([6.2)) and (G.3]), we obtain that
X (0) = oo Xoo(0) for all o € Gg.

Therefore, X, = Xoo- Since the character yo is indecomposable as a regular char-
acter of the ICC group (see [10, Proposition 7.9]), this contradicts the assumption
that x, is a decomposable character. O

Second proof. Here we use the properties of the construction from Section [2] that
are outlined in Appendix. By above we can suppose that m < oco. If a character
X, is not indecomposable, then the corresponding GNS-representation (&, H),
where £ is a unit cyclic vector such that x; (g) = (m(g)&, &), for all g € &g, is not
a factor representation. Therefore, there is a nonzero orthogonal projection F in
the center C(M) of the w*-algebra M, generated by the operators {m(s)},.g_, and
0 € (0,1) such that

(6.4) |EE|? =6 > 0.

Since £ is a cyclic vector for M, for any € > 0 there exists a finite subset {si}fi”l -
G, and a collection {¥;} of the complex numbers with the following property:

KP
(6.5) EE - dim(si)é|| < e

i=1
Let gn, Ty On, Tn, G5(gn, rn) be the objects from the Corollary B2l Tt follows from

(T3 that
(6.6) X (5:3n(53)) = X (1) - X (3n(s)) Tor all 4.
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Since ;" is continuous with respect to the topology defined on G5 by metric p, we
obtain from (G.H)

(6.7) (I-E)—|I- Zﬂw || < eforalln> K.

Put A = Z 9;m(s;) and A, = I — Z 9;m(3,(s;)) for brevity. Without loss of

generality suppose that A = A* and A = A’. Now we obtain the following chain
of inequalities

(e (- E)E) 'S (Ae, (I - B)E) — € (I - Bl
@
= (A, Ane) — dl|A€] — €| (T - B)e]

> (A€, An&) — ([ EE]l +€) — el (I — E)¢]|
> (A€, Apé) —2¢ — €.
Hence, applying (6.6), we get
0= (B (I - E)§) > (A& €) (An, &) — 2 — €
> ((B€,€) —e) (I — E)E,€) —¢) —2¢ — €
>0(1—9)—3e.

The last inequality is false for 0 < € < % and this leads to contradiction. ]

7. THE PROOF OF THEOREM

In this section we prove Theorem [[L3] about the isomorphism classes of groups
Gs.
We need the following simple lemma in the proof of Theorem [L.3l

Lemma 7.1. Let n’ = {n}}32, and 0" = {n]}32,, where nj,n} > 1 for all k, be

the sequences of positive integers. Put N, = Hle nj, and N} = Hle nj.. Denote
(7.1) Div(n') = {N € N: N divides Nj, for some k},
(7.2) Div(n"”) = {N € N: N divides Nj/ for some k}.

Then, the following conditions are equivalent:

(a) for each prime number p the following equality holds:
(7.3) Jimdeg,, (V) = lim deg,, (Ny);

(b) for any element N of the sequence { Ny }32, there is an element N’ of the
sequence {N}/}32, such that N divides N} and vice versa;
(¢) Div(n’) = Div(n”).
The following statement is a direct consequence of Theorem
Lemma 7.2. Let X° be the trivial character on &g. Put CH(&g) = ex Char (&g5)\

{X°, sgny }. For any element o € &g \ {id} we have xnat(0) = max  {|x(o)]}.
XECH (&5)
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Proof of Proposition [[L3l Let n’ = {n}}2, and n” = {n}/}7°,, where nj,,n} > 1
for all k. Suppose that there exists an isomorphism «a: G5 — Sgz~. Then, the map

(7.4) X 3 ex Char (&%) N x o a € ex Char (&%)

is a bijection of the set ex Char (6%) onto ex Char (6%) By definition of a*, we
have

(7.5) o (exChar™ (6%)) = ex Char™ (&%)

Let Xjat and xia be the natural characters on &% and &%, respectively (see (L3,
@3)). Using the characterization of the natural character from Lemma [[22] we
obtain

(7.6) " (Xnat) = Xnat © & = Xnat-
Thus, it follows from (LX) that
L
i (64) = Xl (2 (63)) = Xhar (85) = { 7 s b e MO < L < 8}
k

= {Z—) N q S DlV(ﬁl)70 S p S Q7ng(p7 q) = 1} :
q
Hence,

{g : ¢ € Div(n'),0 < p < ¢,gcd(p, q) = 1}

= {"‘—’ : ¢ € Div(n”),0 < p < ¢,ged(p,q) = 1}~
q

Therefore, Div(n’) = Div(n”). Finally, Lemma [Z]] implies that the condition
(@) holds. Now suppose that (L) holds. We prove that in this case groups
Gs and Gg are indeed isomorphic. To do this, we check that their images in
Auto(X,v) coincide. According to Remark [[T] the group &5/ is isomorphic to the
subgroup [J;, Tn; (&) of the group Auto(X,v) and similarly, &g~ is isomorphic
to the subgroup U, Ty (&ny) of the group Auto(X,v). The condition (LG) and
Lemma[.T] (b) imply that every subgroup T/ (&) is contained in some subgroup
T (GNJ’.’) and vice versa (see also Section[I]). Hence,

(7.7) 7w (&xy) =Ty (S )
k k
and therefore, groups G5 and Gy are isomorphic. |

8. APPENDIX

In this section we prove some additional properties of the II; factor representation
of the group G5 which was discussed in Section [2l These properties are used only
in the second proof of Lemma

Consider arbitrary positive integers p, ¢ and r such that 1 < p < ¢ < r. Recall

o0

that Xg = [[ X,,,. For z = (1,22,...) € X5, weset |(q,7) = (Tq+1, Tgt2,- - - Tr)
k=1
€ I X,,. Each element y € X5 defines a cylinder set
k=q+1
(8.1) Aygr ={r €X5: z|(q,7) = yl(g,r)} C X5.
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Recall that Ny, = 3=
Let us introduce the subgroup S5(q,r) C Gy, defined as

Galg,r)={0€6s:(0(x)), =x;forallz e Xgand i ¢ {g+1,¢+2,...,7}}.

It is clear that &g(q,r) is isomorphic to Sy, . For all sufficiently large r we can
find non-negative integers m and rem such that

(8.2) Ng,» = N, m 4+ rem, where Ny, > N, and rem < NN,

Denote by T the automorphism O™V, where O is the automorphism in Auto(Xg, vg)
defined in Subsection 211

Set 0 = (0,0,...,0,...) € Xg. Then the subsets in the collection {Ay”qw}fv:(’)ﬁl
Ngr—1
(see 1)), where y; = (T7(0))|(g,7), are pairwise disjoint and | | Ay, )4, = Xz.
i=0

For the simplicity of notations, we denote Ay, |, by B;. Now dzﬁne the periodic
automorphism @ € Gg(q,7) as follows:
N Ng.r—2
T (z) = OV (x), if x € B,
63 QW)= ( o B
TONar)g = ONaU=Nar)g - if g € BN, 1)
Let us introduce the subsets E, C Xg, where k € {0,1,..., N, — 1}, by

(k+1)m—1
(8.4) E; = U B; (see (B2) for the definition of m).
i=km
Therefore, we can conclude that
m m 1 rem
Ngr B N, m + rem - N_p a N, (mN,, + rem)

(8.5) va (Ex) =

for all k € 0, N, — 1.
Consider the automorphism S defined by the formula

Np—2
Qx, ifee U Ej
7=0
(8.6) Sz = QM Nz, ifz e En, _i;

N,—1
x, ifzeXzg\ | U E;].
§=0
It is clear that S™#(x) = z for all z € X5 and
(8.7) S(Ex) =Ert1 (mod N,)-

q
Since ONeA, = A, for all y € [] X,,, and p < ¢, 83) and (BH) show that
k=1

p
(8.8) SA, = A, forally € [[ X,

k=1
If 0= (0,...,0,...), then the cylinder sets from the collection

i N,—1
{Oolp Ao, = Aym’}i:o )
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where y; = (O} ,(0)), are pairwise disjoint and NPLT Ay, p = Xg. Therefore, the
formula =

Oy S77iw, if x € By Ay,
(8.9) O(z) =

N,—1
x, ifreXg\| U E
=0

defines an automorphism from Sy, C Auto(Xg,vg). A direct calculation shows
that ©%z = z for all z € Xj.

Denote by [S]g the subgroup of Autg(Xg), consisting of the automorphisms «, €
Gx(q,r), acting as follows:

Ski(z), ifx € By
8.10 r(z) = Np—1
( ) ar(w) x, ifa:eXﬁ\<U ]Ej>,
=0

where (k‘o,kl,...,kNp,l) is a collection of integers which belong to the set
{0,1,..., N, — 1}. Then, using (8], we obtain

Np—1
Oi,(z), ifze Ay,n ( U Ej>,
j=0

N,—1
x, ifzeXag\ | U E;|.

=0

(811)  o(x) =0 0,0 (x) =

Now take an arbitrary automorphism ¢ € &y, . By Lemma 22 for every o ¢
G, there exists a collection of non-negative integers {ki(a)}fv:pofl, where k;(0) €
{0,1,..., N, — 1}, such that o(z) = Ofl’i;a) (z) if z € Ay,),. Since ¢ > p, the cylin-
der sets Ay, |, are invariant under the action of the group &y, i.e. s (Ayi\q,r) =
Ay, jqr for all s € &y, and i = 0,1,..., N, , — 1. Therefore, the automorphism
o, € 6, - 65(q,r) from [BII), where we put k; = k;(0), is well defined. If p is
the metric introduced in ([23)), then, using 82)), 8H) and BII), we get

(8.12) p(o,0.) < e —, where mN, = Ny, — rem, rem < Np,.

mN, + rem
Thus, we obtain the following statement.
Proposition 8.1. Let p,q,r be positive integers satisfying the inequality 1 < p <

q < r and the condition [B82)). There exists an injective homomorphism J : Sy, —
Gs(q,r) and an automorphism © € Sy, - Sg(q,r) such that

(8.13) p (00071 3(0)) < % forallo € Gy,.

Corollary 8.2. For a fized p > 1 take two sequences of positive integers {qn}52 4
and {rp}52, such that p < q, < r, and lim ¢, = lim (r, — g,) = oo. Let
n—oo n—oo

Ny, v = Npmy, + (rem),,, where my, > 1 and (rem),, < N,. Then for each n there
exists an injective homomorphism J,, : &n,  — Gg5(qn,Ts) and an automorphism
O, € 6y, - 65(qn,rn) such that

1

(8.14) p (0,00, ',73,(0)) < forallo € &y,.

n
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Moreover, since lim (r,, — ¢,) = 0o, we have lim p (0,00,',7,(c)) = 0.

sig

n— oo n—o0
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