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INDECOMPOSABLE CHARACTERS OF INDUCTIVE LIMITS OF

SYMMETRIC GROUPS

NIKOLAY NESSONOV AND NHOK TKHAI SHON NGO

Abstract. In this paper we obtain a complete description of all indecompos-
able characters (central positive-definite functions) of inductive limits of the
symmetric groups under block diagonal embedding. As a corollary we obtain
the full classification of the isomorphism classes of these inductive limits.

1. Introduction

Consider the space X = [0, 1) with the standard Lebesgue measure ν. Denote
by Aut0(X, ν) the group of automorphisms of the space (X, ν) which preserve the
measure ν. In particular, one can consider finite subgroups of this group which
correspond to the so called rational rearrangements of X.

Namely, each symmetric group SN regarded as group of bijections of the set
XN = {0, 1, 2, . . . , N − 1} can be embedded into Aut0(X,μ) in the following way.
For each σ ∈ SN define automorphism TN (σ) ∈ Aut0(X,μ) via the formula

TN (σ)(x) =
Nx− [Nx] + σ([Nx])

N
, x ∈ [0, 1).

In other words, the map TN (σ) acts on half-closed intervals [k−1
N , k

N ), k ∈ 1, N via
the permutation σ. Here we use the notation p, q for the set {p, p+ 1, . . . , q} ⊂ Z.
It is easy to verify that TN is an injective homomorphism.

In order to understand which automorphism in Tn1n2
(Sn1n2

) coincides with
Tn1

(σ), let us represent each element y of Xn1n2
as y = x1 + n1x2, where x1 ∈ Xn1

and x2 ∈ Xn2
. Then

Tn1
(σ)

[
k

n1
+

i

n1n2
,
k

n1
+

i+ 1

n1n2

)
=

[
σ(k)

n1
+

i

n1n2
,
σ(k)

n1
+

i+ 1

n1n2

)
,

where k ∈ 0, n1 − 1, i ∈ 0, n2 − 1. It means that Tn1
(σ) = Tn1n2

(i(σ)), where the
permutation i(σ) ∈ Sn1n2

acts as follows:

i(σ)(x1 + n1x2) = σ(x1) + n1x2, where x1 ∈ Xn1
, x2 ∈ Xn2

.
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In this way we obtain a natural embedding of the symmetric group Sn1
into the

group Sn1n2
. Note that this embedding corresponds to the inclusion Tn1

(Sn1
) ⊂

Tn1n2
(Sn1n2

).
If we identify Xn1n2

with Xn1
×Xn2

using the correspondence (x, y) ↔ x+ n1y,
then i(σ) acts as follows:

i(σ)((x, y)) = (σ(x), y), x ∈ Xn1
, y ∈ Xn2

.

Continuing this process and letting Nk = n1n2 · · ·nk we obtain an infinite chain of
subgroups

TN1
(SN1

) ⊂ TN2
(SN2

) ⊂ . . . ⊂ TNk
(SNk

) ⊂ . . . ⊂ Aut0(X, ν).

Their union
⋃
k

TNk
(SNk

) is a countable subgroup in Aut0(X, ν). This subgroup of

Aut0(X, ν) is naturally isomorphic to the inductive limit lim−→SNk
which corresponds

to the embedding i(σ). Note that, in general, different sequences {Nk} define non-
isomorphic inductive limits. In particular, they might be simple as well as contain a
nontrivial normal subgroup. In the present paper we obtain a complete description
of pairs of sequences {N ′

k} and {N ′′
k } for which the corresponding inductive limits

are isomorphic (see Proposition 1.3).
For each prime number p denote by degp(Nk) the degree of p in the prime

factorization Nk =
∏

p p
degp(Nk). In case when for each prime p the sequence{

degp(Nk)
}∞
k=1

is unbounded, i.e. lim
k→∞

degp(Nk) = ∞, the group
⋃
k

TNk
(SNk

) is

called the group of rational rearrangements of a segment. Denote this group as SQ.
In particular, SQ is a simple group. In [5] the full description of indecomposable
characters on SQ was obtained. Recall that a positive definite function χ on group
G is called central or character if it satisfies the condition

χ(gh) = χ(hg) for all g, h ∈ G.

In the present paper we consider only normalized characters, i.e. which equal to 1
on the identity element of G. A character χ is called indecomposable if the unitary
representation Πχ of the group G, constructed via χ according to the Gelfand–
Naimark–Segal (GNS) construction, is a factor representation. Namely, in this case
the operators Πχ(G) generate a factor of type II1 [10]. This definition is equivalent
to the following property: indecomposable characters are the extreme points of the
simplex of all characters.

An important special case of the group lim−→SNk
, where Nk = 2Mk , was studied

by A. Dudko [2]. This group is also a simple group and in [2] all indecomposable
characters of this group were found. In [3] the full description of indecomposable
characters was given for more general symmetric groups which act on the paths of
the Bratelli’s diagram. Besides that, a similar problem was solved by F. Leinen
and O. Puglisi in [6] for the inductive limits of alternating groups with diagonal
embeddings. However, the results of papers [2], [3] and [5] did not cover the case of
an arbitrary sequence {Nk}. In the present paper we obtain the description of all
characters on groups lim−→SNk

without any additional conditions on the sequences

{Nk}. We obtain this description via the Vershik–Kerov approach, i.e. by studying
weak limits of characters of symmetric groups (see [11]), and using the Okounkov–
Vershik approach to the representation theory of symmetric groups (see [1] and
[8]).
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Contents. The paper is organised as follows. In Section 1 we introduce the group
Sn̂ as an inductive limit of symmetric groups and establish the connections between
factor representations of Sn̂ and spherical representations of Sn̂ ×Sn̂. In Section
2 we give explicit constructions of a factor representation of the group Sn̂ and
the corresponding representation of the Sn̂ × Sn̂. In Section 3 we briefly review
the representation theory of symmetric groups (we mainly follow the Okounkov–
Vershik approach) and related notions such as characters, Young diagrams and
tableaux. In Section 4 we prove the main part of the proof of Theorem 1.2, namely,
the approximation theorem for the characters on Sn̂. Section 5 is devoted to
proofs of several technical lemmas which are used in the proof of Theorem 1.2.
In Section 6 we prove Theorem 1.2 and in Section 7 using the main theorem we
prove Theorem 1.3 which gives a complete classification of groups of type Sn̂ up to
isomorphism. Finally, in Section 8 (Appendix) we prove some additional properties
of the construction discussed in Section 2. These properties are used only in the
second proof of Lemma 6.1.

1.1. The inductive limit of symmetric groups. In this subsection we define the
group Sn̂ as an inductive limit of symmetric groups with the diagonal embedding.

We regard the group SN as the group of all bijections (symmetries) of the set
XN = {0, 1, 2, . . . , N − 1}. We identify XNM with XN × XM via the isomorphism
XNM � x1 + Nx2 ↔ (x1, x2) ∈ XN × XM . Denote by i the embedding SN into
SNM defined as follows:

(1.1) i(σ)(x1, x2) = (σ(x1), x2).

In order to define formally the inductive limit of groups SN which correspond to
the embedding (1.1), consider a sequence n̂ = {nk}∞k=1 of positive integers such
that nk > 1 for all k.

Suppose that j >k. Put Nk=
∏k

i=1 ni and Nk,j =
Nj

Nk
. Then XNj

=XNk
×XNk,j

.
Denote by ik,j the embedding of the group SNk

into SNj
, defined

as in (1.1). Define the group Sn̂ =
∞⋃
k=1

SNk
by identifying elements SNk

with

their images under the maps ik,j . In other words, Sn̂ is the inductive limit lim−→SNk

that corresponds to the embeddings ik,j . Denote by id the identity element of the
group Sn̂.

Remark 1.1. The groupSn̂ is isomorphic to the subgroup
⋃
k

TNk
(SNk

) of the group

Aut0(X, ν).

Suppose that σ ∈ SNk
belongs to the conjugacy class Cm|k in SNk

consisting

of permutations of the cycle type m|k = (m|k,1,m|k,2, . . . ,m|k,l), where m|k,i is the
number of cycles of the length i in the decomposition of σ into disjoint cycles (see
more detailed definitions in Subsection 3.1). Then ik,j

(
Cm|k

)
⊂ Cm|j , where

m|j =
(
m|j,1,m|j,2, . . . ,m|j,l

)
=

(
m|k,1

Nj

Nk
,m|k,2

Nj

Nk
, . . . ,m|k,l

Nj

Nk

)
.(1.2)

For each σ ∈ SNk
define supp

Nk
σ = {x ∈ XNk

: σ(x) �= x}. Note that if σ ∈
SNk

, then

(1.3) #
(
supp

Nj
ik,j(σ)

)
= #

(
supp

Nk
σ
)
· Nj

Nk
.
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Define the multiplicative character sgnNk
: SNk

→ {−1, 1} via the formula

sgnNk
(σ) = (−1)

κ
Nk

(σ)
. Here by κNk

(σ) we denote the minimal number of fac-
tors in the decomposition of σ into the product of transpositions. It is known that

if σ ∈ Cm|k , then κNk
(σ) = Nk −

∑l
p=1 m|k,p. Note that

κ
Nj

(σ) =
Nj

Nk
κ

Nk
(σ).

Therefore, sgnNj
(σ) =

(
sgnNk

(σ)
)Nj/Nk . This implies that for each s ∈ Sn̂ there

exists M(s) such that

sgnNj
(s) = sgnNi

(s) for all i, j > M(s).

Thus, there exists a limit sgn∞(s) = lim
j→∞

sgnNj
(s). Clearly, the function sgn∞ is

a multiplicative character of the group Sn̂.
The following statement is immediate.

Proposition 1.1. Denote by An̂ the subgroup {g ∈ Sn̂ : sgn∞(g) = 1}. Then

(a) An̂ is a simple group;
(b) if the sequence n̂ = {nk}∞k=1 contains infinitely many even numbers, then

Sn̂ is a simple group.

1.2. The main result. Let MN (C) be the algebra of the complex N×N matrices,
and let IN be the identity N × N matrix. Denote by TrN the standard trace on
MN (C) and put trN (A) = 1

N TrN (A) for A ∈ MN (C). Define on MN (C) an inner
product via the formula 〈A,B〉N = trN (B∗A), A,B ∈ MN (C). The elements σ of
the symmetric group SN are realized as {0, 1}-matrices Σσ =

[
δiσ(j)

]
in MN (C),

where δij =

{
1, if i = j,

0, if i �= j.
The operators of the left multiplication by Σσ define

on MN (C) a unitary representation LN of the group SN :

L(σ)A = Σσ ·A,A ∈ MN (C).

Put ϕN (σ) = 〈L(σ)IN , IN 〉 = trN (Σσ). Clearly, ϕN is a character on SN and

(1.4) ϕN (σ) = 1− #suppN σ

N
.

Note that if σ ∈ SNk
, then for j > k from (1.2) we have

ϕNj
(ik,j(σ)) = ϕNk

(σ).

Hence, the sequence {ϕNk
} defines a character χnat on the inductive limit Sn̂ =

lim−→SNk
. In other words, for σ ∈ SNk

⊂ Sn̂ we have

(1.5) χnat(σ) = ϕNk
(σ) = 1−

#suppNk
σ

Nk
.

The main result of the present paper is Theorem 1.2.

Theorem 1.2. For p ∈ N ∪ {0,∞} define the character χp
nat by the formula

χp
nat(σ) = (χnat(σ))

p when p ∈ N∪{0}, and by the formula χ∞
nat(σ) =

{
1, if σ = id,

0, if σ �= id,

when p = ∞. If χ is an indecomposable character on Sn̂, then there exists
p ∈ N ∪ {0,∞} such that χ = χp

nat or χ = sgn∞ ·χp
nat, where (sgn∞ ·χp

nat) (σ) =
sgn∞(σ) · χp

nat(σ) for σ ∈ Sn̂.
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As a corollary, we also obtain a complete classification of the isomorphism classes
of groups Sn̂.

Theorem 1.3. Let n̂′ = {n′
k}∞k=1 and n̂′′ = {n′′

k}∞k=1, where n′
k, n

′′
k > 1 for all k,

be the sequences of positive integers. Put N ′
k =

∏k
i=1 n

′
i and N ′′

k =
∏k

i=1 n
′′
i . Then,

groups Sn̂′ and Sn̂′′ (see Subsection 1.1) are isomorphic if and only if for each
prime number p the following condition holds:

(1.6) lim
k→∞

degp(N
′
k) = lim

k→∞
degp(N

′′
k ).

In other words, groups Sn̂′ and Sn̂′′ are isomorphic if and only if for each prime p
either both sequences {degp(N ′

k)}∞k=1 and {degp(N ′′
k )}∞k=1 are unbounded, or there

is a non-negative integer dp such that degp(N
′
k) = degp(N

′′
k ) = dp for all sufficiently

large k.

Remark 1.2. Here for a positive integer N and a prime p we define degp(N) to be
the exponent of p in the prime factorization of N .

1.3. II1 factor representations of the group Sn̂ and spherical representa-
tions of Sn̂ ×Sn̂. In this subsection we establish the connections between factor
representations of the groupSn̂ and spherical representations of the groupSn̂×Sn̂.

Let χ be an arbitrary character on Sn̂. Consider the GNS-representation
(πχ,Hχ, ξχ) of Sn̂ corresponding to χ. Here ξχ is the unit cyclic vector for πχ (Sn̂)
in the Hilbert space Hχ such that χ(σ) = 〈πχ(σ)ξχ, ξχ〉 for all σ ∈ Sn̂. Denote by
M the w∗-algebra generated by the set of operators πχ (Sn̂). Using the character
χ we can define a finite normal faithful trace tr on M . Namely, we put

tr (πχ(σ)) = χ(σ), σ ∈ Sn̂.

Taking into account the definition of the GNS-construction, we assume that Hχ =
L2(M, tr), i.e. Hχ is the completion of w∗-algebra M endowed with the inner
product 〈·, ·〉 defined as follows:

〈m1,m2〉 = tr (m∗
2m1) , m1,m2 ∈ M,

and ξχ is the identity operator from M . Finally, we recall that the operators πχ(σ),
σ ∈ Sn̂ act on L2(M, tr) by the left multiplication

(1.7) L2(M, tr) � v
πχ(σ)�−→ πχ(σ) · v ∈ L2(M, tr).

In particular, M can be also regarded as a subset of bounded linear operators on
Hχ (elements of M act on Hχ by the left multiplication). Denote by B (Hχ) the
set of all bounded linear operators on Hχ and put

M ′ = {A ∈ B (Hχ) : AB = BA for all B ∈ M} .
Since tr is a central state on M , i.e. tr(m1m2) = tr(m2m1) for all m1,m2 ∈ M ,
the mapping

(1.8) L2(M, tr) � v
π′
χ(σ)�−→ v · πχ(σ

−1) ∈ L2(M, tr)

defines a unitary operator π′
χ(σ) ∈ M ′ on Hχ. Denote by J the antilinear isometry

of Hχ which acts as follows: L2(M, tr) � m
J�→ m∗. It is clear that J2 = I.

It follows from the above that

(1.9) JMJ ⊂ M ′ and M ⊂ JM ′J.
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Let us prove that

(1.10) M = JM ′J.

Consider an arbitrary operator A that belongs to JM ′J . Since ξχ is a cyclic vec-
tor for M , i.e. the set Mξχ is norm dense in L2 (M, tr), there exists a sequence
{An}n∈N ⊂ M such that

(1.11) lim
n→∞

‖Aξχ −Anξχ‖L2(M,tr) = 0.

Applying the centrality of χ gives that

lim
m,n→∞

‖A∗
mξχ −A∗

nξχ‖L2(M,tr) = 0.

It follows that the sequence {A∗
nξχ} converges in norm to some element η ∈

L2(M, tr). Hence, for each U ′ ∈ JMJ we obtain the next chain of equalities:

〈(U ′)∗ξχ, η〉 = lim
n→∞

〈(U ′)∗ξχ, A
∗
nξχ〉

= lim
n→∞

〈Anξχ, U
′ξχ〉

(1.11)
= 〈Aξχ, U

′ξχ〉 = 〈(U ′)∗ξχ, A
∗ξχ〉 .

Therefore, using the cyclicity of ξχ for JMJ , we have

(1.12) A∗ξχ = η; i.e. lim
n→∞

‖A∗
nξχ −A∗ξχ‖L2(M,tr) = 0.

Lemma 1.4. Put ω(x) = 〈xξχ, ξχ〉, where x ∈ B (Hχ). Then

(1) ω is a central state on M ′ and on JM ′J ; i.e.

(1.13)
ω (A′B′) = ω (B′A′) for all A′, B′ ∈ M ′ and

ω (AB) = ω (BA) for all A,B ∈ JM ′J ;

(2) AB′ = B′A for all A ∈ JM ′J and B′ ∈ M ′.

Proof.

Property 1. Since ξχ is a cyclic vector for M , there exist two sequences {An} and
{Bn} in M such that

lim
n→∞

‖Aξχ −Anξχ‖L2(M,tr) = lim
n→∞

‖Bξχ −Bnξχ‖L2(M,tr) = 0.

Hence, using (1.12), we obtain

lim
n→∞

‖A∗ξχ −A∗
nξχ‖L2(M,tr) = lim

n→∞
‖B∗ξχ −B∗

nξχ‖L2(M,tr) = 0.

Therefore, ω (AB) = lim
n→∞

ω (AnBn) = lim
n→∞

tr (AnBn) = lim
n→∞

tr (BnAn) =

lim
n→∞

ω (BnAn) = ω (BA). We leave it to the reader to verify that ω (A′B′) =

ω (B′A′) for all A′, B′ ∈ M ′.

Property 2. Since J2 = I, then, by the cyclicity of the vector ξχ for M , there
exist the sequences {An}, {Bn} in M such that

lim
n→∞

‖Aξχ −Anξχ‖ = 0 and lim
n→∞

‖JB′Jξχ −Bnξχ‖ = 0.

Since ω is a central state on M ′, we have the equality

‖B′ξχ − JBnJξχ‖ = ‖(B′)∗ξχ − (JBnJ)
∗ξχ‖ .
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Hence, we obtain that for any U ′ ∈ JMJ and V ∈ M we have

〈AB′U ′ξχ, V ξχ〉 = lim
n→∞

〈An JBnJ U ′ξχ, V ξχ〉
(1.9)
= lim

n→∞
〈JBnJ An U

′ξχ, V ξχ〉

= lim
n→∞

〈
An U

′ξχ, V (JBnJ)
∗
ξχ
〉
= 〈AU ′ξχ, V (B′)∗ξχ〉 = 〈B′AU ′ξχ, V ξχ〉 .

Consequently, AB′ = B′A. In particular, this establishes the equality (1.10). �

Now we define the representation π
(2)
χ of the group Sn̂ ×Sn̂ as follows:

(1.14) π(2)
χ ((σ1, σ2)) = πχ(σ1)π

′
χ(σ2), (σ1, σ2) ∈ Sn̂ ×Sn̂.

Hence, applying (1.7) and (1.8), we obtain

(1.15) π(2)
χ ((σ, σ))ξχ = ξχ for all σ ∈ Sn̂.

Denote by C(M) the center of w∗-algebra M .

Proposition 1.5.
(
π
(2)
χ (Sn̂ ×Sn̂)

)′
= C(M).

Proof. It follows from (1.8) and (1.10) that
(
π
(2)
χ (Sn̂ ×Sn̂)

)′
= M ∩M ′ = C(M).

�

Define the orthogonal projection Ek by

(1.16) Ek =
1

Nk!

∑
σ∈SNk

π(2)
χ (σ, σ) .

It is clear that Ek ≥ Ek+1. Therefore, there exists the limit E = lim
k→∞

Ek. It follows

from (1.16) that

(1.17) EHχ =
{
η ∈ Hχ : π(2)

χ ((σ, σ))η = η for all σ ∈ Sn̂

}
.

Proposition 1.6. The following three conditions are equivalent:

(i) πχ is a factor representation;

(ii) representation π
(2)
χ is irreducible;

(iii) dimEHχ = 1.

Proof. The equivalence (i) and (ii) follows from Proposition 1.5.
Let us prove that (i) implies (iii). On the contrary, suppose that dimEHχ ≥ 2.

Then there exists a unit vector v ∈ EHχ such that

(1.18) 〈v, ξχ〉 = 0.

Since ξχ is a cyclic vector for M , then

(1.19) ‖v −mξχ‖Hχ
< 1 for some m ∈ M.

Hence, using (1.15) and applying the equality

π(2)
χ ((σ, σ))mπ(2)

χ ((σ−1, σ−1)) = πχ(σ)mπχ(σ
−1),

we obtain

(1.20)
∥∥v − πχ(σ)mπχ(σ

−1) ξχ
∥∥
Hχ

= ‖v −mξχ‖Hχ
< 1 for all σ ∈ Sn̂.
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Consequently,

(1.21)

∥∥∥∥∥∥v − 1

Nk!

∑
σ∈SNk

πχ(σ)mπχ(σ
−1) ξχ

∥∥∥∥∥∥
Hχ

≤ ‖v −mξχ‖Hχ
< 1.

It is easy to check that the sequence

{
mk = 1

Nk!

∑
σ∈SNk

πχ(σ)mπχ(σ
−1)

}
⊂ M

converges in the strong operator topology to an operator Em ∈ C(M). Let us
emphasize that here we identify Em ∈ Hχ = L2(M, tr) with the corresponding left
multiplication operator from M . In view of (1.21),

‖v − Emξχ‖Hχ
≤ ‖v −mξχ‖Hχ

< 1.

Now note that if the condition (i) holds, then C(M) consists only of scalar operators.
Thus, Em = α · I for some α ∈ C. Hence, we obtain

‖v − αξχ‖H =
√
1 + |α|2 − 2Re(α 〈v, ξχ〉)

(1.18)
=

√
1 + |α|2 ≥ 1, where α ∈ C,

and this contradicts the previous inequality.
Finally, let us prove that (iii) implies (i). Suppose the contrary, then there exists

an orthogonal projection Q ∈ C(M) with the following properties:

v = Qξχ �= 0, w = (I −Q)ξχ �= 0.

Since v and w are mutually orthogonal vectors from EHχ, we have dimEHχ ≥ 2
which contradicts the condition (i). �

Remark 1.3. Note that if representation π
(2)
χ is irreducible, then due to the condition

(iii) it will be also a spherical representation.

2. The realizations of II1 factor representations

In this section we give the explicit construction of a type II1 factor representation
of the group Sn̂ and the corresponding irreducible representation of the group
Sn̂ ×Sn̂.

2.1. Preliminaries. Denote by νm the uniform probability measure on the set

Xm = {0, 1, . . . ,m − 1}, i.e. νm({j}) = 1
m for all j ∈ Xm. Let Xn̂ =

∞∏
k=1

Xnk
. For

x = (x1, x2, . . .) ∈ Xn̂, we set x|j = (x1, x2, . . . , xj) ∈
j∏

k=1

Xnk
and x|(q, r) =

(xq+1, xq+2, . . . , xr) ∈
r∏

k=q+1

Xnk
. By definition, x|j = x|(0, j). Each element

y ∈ Xn̂ defines a cylinder set

(2.1) Ay|q,r = {x ∈ Xn̂ : x|(q, r) = y|(q, r)} ⊂ Xn̂.

For simplicity of notation, we will write Ay|r instead Ay|0,r. Now introduce the

probability measure νn̂ =
∞∏
k=1

νnk
on Xn̂ by the formula

νn̂(Ay|j) =
1

n1n2 · · ·nj
=

1

Nj
.
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Let Aut0 (Xn̂, νn̂) be the group of automorphisms of the Lebesgue space (Xn̂, νn̂)
which preserve the measure νn̂. It follows from the definition of Sn̂ that one can
regard Sn̂ as a subgroup of Aut0 (Xn̂, νn̂).

Remark 2.1. Here an element σ ∈ SNk
acts on Xn̂ as follows: σ maps an element

(x, y) ∈ XNk
×

∞∏
j=k+1

Xnj
to (σ(x), y) (see also (1.1)).

Define the action of an automorphism O ∈ Aut0 (Xn̂, νn̂) on

x = (x1, x2, . . .) ∈ Xn̂ \ (n1 − 1, n2 − 1, . . . , nk − 1, . . .)

in the following way: Ox = (y1, y2, . . .), where

yp =

{
xp + 1 (mod np), if p ≤ min {i : xi < ni − 1} ,
xp, if p > min {i : xi < ni − 1} .

Also, define O at (n1 − 1, n2 − 1, . . . , nk − 1, . . .) as

O(n1 − 1, n2 − 1, . . . , nk − 1, . . .) = (0, 0, . . . , 0, . . .).

The following fact is immediate.

Lemma 2.1. For a given x = (x1, x2, . . .) ∈ Xn̂, we set

Omx = ((Omx)1 , (O
mx)2 , . . .) .

Then

(a) the following equalities hold: x|j =
(
ONjx

)
|j, Om

(
Ax|j

)
= A(Omx)|j and

Nj−1⋃
m=0

A(Omx)|j = Xn̂;

(b) for the map Ox|j, defined as follows:

Ox|j(z) =

⎧⎪⎨⎪⎩Oz, if z ∈
Nj−2⋃
m=0

Om
(
Ax|j

)
,

O−(Nj−1)z, if z ∈ ONj−1
(
Ax|j

)
,

where z = (z1, z2, . . .) ∈ Xn̂, the period of each z ∈ Xn̂ equals Nj;
(c) for the element 0 = (0, 0, . . .) ∈ Xn̂ we have

O0|j(z) =
(
(O0|j(z))1 , (O0|j(z))2 , . . . , (O0|j(z))j , zj+1, zj+2, . . .

)
,

where

(2.2) (O0|j(z))p =

⎧⎪⎨⎪⎩
zp + 1 (mod np), if p ≤ min {i : zi < ni − 1} ≤ j,

zp, if min {i : zi < ni − 1} < p ≤ j,

0, if p ≤ j < min {i : zi < ni − 1} .

Define an invariant metric ρ on the group Aut0 (Xn̂, νn̂) by the formula

(2.3) ρ(α, β) = νn̂ (x ∈ Xn̂ : α(x) �= β(x)) , α, β ∈ Aut0 (Xn̂, νn̂) .

For an automorphism α ∈ Aut0 (Xn̂, νn̂) denote by [α] the subgroup in Aut0 (Xn̂, νn̂)
defined as follows: β ∈ [α], if there exists a measurable function d(β, ·) on (Xn̂, νn̂)
with values in Z such that the equality

(2.4) β(z) = αd(β,z)(z)
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holds for almost all z ∈ Xn̂. Denote by Σj the σ-algebra on Xn̂ generated by the
collection of cylinder subsets Ay|j , y ∈ Xn̂.

Lemma 2.2. Let Sn̂ be the closure of the group Sn̂ with respect to the metric ρ.
Then

(a) SNj
= {β ∈ [O0|j] : βΣj = Σj};

(b) O ∈ Sn̂;
(c) the action of automorphism O on (Xn̂, νn̂) is ergodic;
(d) for every l ∈ Z \ {0} the automorphism Ol acts freely on Xn̂; i.e. if there

is an x ∈ Xn̂ such that Olx = x, then l = 0.

Proof. The property (a) is a consequence of Lemma 2.1 (c). From the parts (b)
and (c) of Lemma 2.1 we have

νn̂ (x ∈ Xn̂ : Ox �= O0|j(x)) ≤
1

Nj
.

Taking this and part (a) of Lemma 2.1 into account, we obtain the part (b) of
Lemma 2.2. Therefore, the ergodicity of the automorphism O is equivalent to the
ergodicity of the action of Sn̂. Finally, the property (d) follows from the definition
of the automorphism O. �

Lemma 2.1 (b,c) and Lemma 2.2 (a) imply that the action of each automorphism
σ ∈ Sn̂ on x ∈ Xn̂ can be expressed as follows:

(2.5) σ(x) = Od(σ,x)(x),

where d(σ, x) ∈ Z. The uniqueness of the function d(σ, ·) in (2.5) is a consequence
of Lemma 2.2 (d). Note that if γ, σ ∈ Sn̂, then

(2.6) d(γσ, x) = d(γ, σ(x)) + d(σ, x).

Remark 2.2. It follows from (2.4) and (2.5) that [O] = Sn̂. In particular, d(σ, x) is
defined for all σ ∈ Sn̂ and x ∈ Xn̂.

2.2. Construction of a II1 factor representation of the group Sn̂. In the
Hilbert spaceH = L2 (Xn̂, νn̂)⊗l2(Z) define a unitary operator F(σ), where σ ∈ Sn̂,
as follows:

(2.7) (F(σ)η) (x,m) = η
(
σ−1(x),m− d(σ−1, x)

)
for all η ∈ H.

Equality (2.6) implies that the map σ � Sn̂ �→ F(σ) is a unitary representation of
the group Sn̂, which can be extended by continuity with respect to the metric ρ
(see (2.3)) to a representation of the group Sn̂. Thus, (2.7) defines a representation
of the group Sn̂.

Denote by B(H) the set of all bounded linear operators acting on H. Put

F (Sn̂)
′ = {A ∈ B(H) : AB = BA for all B ∈ F (Sn̂)} .

Denote by F (Sn̂)
′′
the w∗-algebra generated by operators F (Sn̂). Let ג be the

function on Xn̂ that is identically one on Xn̂. For each i ∈ Z define the function δi

on Z as follows: δi(m) =

{
1, if m = i,

0, if m �= i.
Put ξ0 = ⊗ג δ0. It is easy to check that

(F(s)F(σ)ξ0, ξ0) = (F(σ)F(s)ξ0, ξ0) for all σ, s ∈ Sn̂.
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Thus, the vector state tr on F (Sn̂)
′′ defined as

(2.8) tr(A) = (Aξ0, ξ0) , A ∈ F (Sn̂)
′′
,

is central, i.e. the equality tr(AB) = tr(BA) holds for all A,B ∈ F (Sn̂)
′′. In

particular, it follows from (1.5) that for any s ∈ Sn̂ we have

(2.9) χnat(s) = tr (F(s)) .

Indeed, Lemma 2.2 (d) and formulas (2.7) and (1.5) imply that for σ ∈ SNk
⊂ Sn̂

we have

(2.10) tr (F(σ)) = νn̂ (x ∈ Xn̂ : σx = x) =
# {x ∈ XNk

: σx = x}
Nk

= χnat(σ).

Remark 2.3. If we regard Sn̂ as a subgroup of Aut0(Xn̂, νn̂), then for any σ1, σ2 ∈
Sn̂ we have

χnat(σ1σ
−1
2 ) = 1− ρ(σ1, σ2) (see (2.10) and (2.3)).

In particular, χnat is a continuous function on Sn̂.

Now consider two families of operators {M′(f)}f∈L∞(Xn̂,νn̂)
and

{
F ′(Ok)

}
k∈Z

which belong to F (Sn̂)
′ and whose action on an element η ∈ H is defined in the

following way:

(2.11) (M′(f)η) (x,m) = f (Omx) η(x,m),
(
F ′(Ok)η

)
(x,m) = η(x,m− k).

Using (2.7), one can check that M′(f) and F ′(Ok) belong to F (Sn̂)
′
. Thus, we

obtain the following statement:

Lemma 2.3. Let N ′ be the w∗-subalgebra of F (Sn̂)
′
, which is generated by the

operators {M′(f)}f∈L∞(Xn̂,νn̂)
and F ′(O). Then, a vector ξ0 is cyclic for N ′, i.e.

the closure of the set N ′ξ0 coincides with H.

Lemma 2.4. Let y ∈
j∏

k=1

Xnk
, IAy

(x) =

{
1, if x ∈ Ay,

0, if x /∈ Ay,
(see (2.1)) and operator

M
(
IAy

)
acts on η ∈ H as follows:

(2.12)
(
M

(
IAy

)
η
)
(x,m) = IAy

(x)η(x,m).

Then, the operator M
(
IAy

)
belongs to the algebra F (Sn̂)

′′
.

Proof. Applying Lemma 2.1 (a) we obtain that

(2.13) ONkAy = Ay for all k ≥ j.

For k ≥ j define an automorphism Dk,y as

(2.14) Dk,y(x) =

{
x, if x ∈ Ay,

ONkx, if x /∈ Ay.

In view of Lemma 2.2 (b) the automorphism Dk,y belongs to the group Sn̂. Since

the representation F of Sn̂ can be extended to a representation of Sn̂ (see (2.7))
it suffices to prove that

(2.15) w − lim
k→∞

F (Dk,y) = M
(
IAy

)
.

Here “w − lim” stands for the limit in the weak operator topology.
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Using (2.7) and (2.14) we obtain

F (Dk,y) ξ0 = IAy
⊗ δ0 +

(
−ג IAy

)
⊗ δNk

.

Taking into account the weak convergence of the sequence δNk
to zero in l2(Z), we

obtain that the sequence F (Dk,y) ξ0 converges weakly in H to the vector IAy
⊗δ0 =

M
(
IAy

)
ξ0. Now (2.15) is a consequence of Lemma 2.3. �

The following statement is a direct corollary of Lemma 2.4.

Corollary 2.5. The algebra F (Sn̂)
′′

contains the family of operators
{M (f)}f∈L∞(Xn̂,νn̂)

, acting on an element η ∈ H as follows

(2.16) (M (f) η) (x,m) = f(x)η(x,m).

In particular, the vector ξ0 is a cyclic vector for the algebra F (Sn̂)
′′
(see Lemma

2.3) and due to (2.7) the following relations hold:

F(σ)M(f) (F(σ))−1 = M(σ · f), where (σ · f)(x) = f
(
σ−1(x)

)
, σ ∈ Sn̂.(2.17)

Proposition 2.6. The algebra F (Sn̂)
′′
is a II1 factor.

Proof. Suppose that an operator A belongs to F (Sn̂)
′′ ∩ F (Sn̂)

′
. Since H =

L2 (Xn̂, νn̂)⊗ l2(Z), we have

Aξ0 =
∑
i∈Z

fi ⊗ δi where fi ∈ L2 (Xn̂, νn̂) , δi(m) =

{
1, if m = i

0, if m �= i.

Recall that O ∈ Sn̂ and the representation F of Sn̂ can be extended by continuity
with respect to the metric ρ to a representation of Sn̂. Therefore, the following
equality holds:

(2.18) Aξ0 =
∑
i∈Z

F
(
O−i

) (
(Oi · fi)⊗ δ0

)
.

Hence, for any f ∈ L∞ (Xn̂, νn̂) we have

(2.19) AM(f)ξ0
(2.16)
= M(f)Aξ0 =

∑
i∈Z

ffi ⊗ δi.

We thus get

‖A‖2
∫
Xn̂

|f(x)|2 d νn̂ = ‖A‖2 ‖M(f)ξ0‖2 ≥
∫
Xn̂

|f(x)|2
(∑

i∈Z

|fi(x)|2
)

d νn̂.

It follows from this that ∥∥∥∥∥∑
i∈Z

|fi|2
∥∥∥∥∥
L∞(Xn̂,νn̂)

≤ ‖A‖2.

In particular, fi ∈ L∞ (Xn̂, νn̂) and M(fi) ∈ F (Sn̂)
′′ for all i (see Corollary 2.5).

Hence, using (2.18), we obtain

Aξ0 =
∑
i∈Z

F
(
O−i

)
M(Oi · fi)ξ0

(2.17)
=

∑
i∈Z

M (fi)F
(
O−i

)
ξ0.(2.20)
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The last equality, Lemma 2.3 and Corollary 2.5 imply that

(2.21) A =
∑
i∈Z

M (fi)F
(
O−i

)
.

Therefore, the equality F(O)Aξ0 = AF(O)ξ0 is equivalent to relations O · fi = fi,
where i ∈ Z. It follows from Lemma 2.2 that function fi should be constant almost
everywhere. In other words, there are constants ci, i ∈ Z such that fi ≡ ci almost
everywhere and Aξ0 =

∑
i∈Z

ci F(O−i)ξ0.

Finally, note that equality M(f)Aξ0 = AM(f)ξ0, f ∈ L∞ (Xn̂, νn̂) is equivalent
to

ci · f = ci · (O−i · f), i ∈ Z.

Since f is arbitrary, Lemma 2.2 implies that ci = 0 for all i �= 0. Therefore,
Aξ0 = c0ξ0. By Lemma 2.3, A is a scalar operator, so the center F (Sn̂)

′′∩F (Sn̂)
′

is trivial. �

2.3. Construction of an irreducible representation of the group Sn̂ ×Sn̂.
For the constructed above II1 factor representation F there is a corresponding
irreducible representation F (2) of the group Sn̂ × Sn̂ acting in the Hilbert space
H = L2 (Xn̂, νn̂)⊗ l2(Z) satisfying the following properties:

(2.22)

F (2) (g, id) = F(g), where id is the identity of Sn̂, g ∈ Sn̂;

F (2)(g, g)ξ0 = ξ0 for all g ∈ Sn̂ and F (2)
(
id,Sn̂

)
⊂ F

(
Sn̂

)′
;

F (2)
(
id, Ok

)
= F ′(Ok) (see (2.11)).

In order to define F (2) let us introduce an antiunitary operator J acting on H as
follows:

(J η) (x,m) = η (Omx,−m), η ∈ H = L2 (Xn̂, νn̂)⊗ l2(Z).(2.23)

Then, direct calculations show that

J F(g)ξ0 = F
(
g−1

)
ξ0 = (F(g))

∗
ξ0, g ∈ Sn̂;

(J η,J ζ) = (ζ, η) for all ζ, η ∈ H.

Combining (2.7), (2.11), (2.16) and (2.23) we obtain

(2.24) JM(f)J = M
′(f), JF(Ok)J = F ′(Ok).

These equalities, Lemma 2.3 and Corollary 2.5 imply that

(2.25) N ′ = JF (Sn̂)
′′ J ⊂ F (Sn̂)

′ .

Therefore, the operators
{
F (2)(g, h) = F(g)JF(h)J

}
g,h∈Sn̂

define a represen-

tation of the group Sn̂ ×Sn̂. It is easy to check that F (2) satisfies the conditions
(2.22).

Proposition 2.7. The representation F (2) is irreducible.

Proof. In view of Proposition 2.6 it suffices to show that

(2.26) JF (Sn̂)
′′ J = F (Sn̂)

′ .
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Denote for convenience the factor F (Sn̂)
′′ as M . Consider arbitrary bounded

operators A′ and B such that A′ ∈ M ′ and B ∈ JM ′J . In order to prove (2.26)
it is enough to check that

(2.27) A′B = BA′.

According to Corollary 2.5, the vector ξ0 is a cyclic vector for M . Hence, there is
a sequence {Bn}∞n=1 ⊂ M such that

(2.28) ‖Bξ0 − Bnξ0‖H = 0.

In particular,

(2.29) lim
l,m→∞

‖Blξ0 −Bmξ0‖H = 0.

Since (UV ξ0, ξ0) = (V Uξ0, ξ0) for all U, V ∈ M we have

(2.30) ‖B∗
l ξ0 −B∗

mξ0‖H = ‖Blξ0 −Bmξ0‖H .

Relations (2.29), (2.30) and equalities V ′Bn = BnV
′ imply that the sequence

{B∗
nV

′ξ0}∞n=1 is a Cauchy sequence for any V ′ ∈ M ′. Namely,

lim
l,m→∞

‖B∗
l V

′ξ0 −B∗
mV ′ξ0‖H = lim

l,m→∞
‖V ′(B∗

l ξ0 −B∗
mξ0)‖ = 0.

Therefore, we can define the linear operators B̂ and B� as follows

B̂V ′ξ0 = lim
n→∞

BnV
′ξ0, B

�V ′ξ0 = lim
n→∞

B∗
nV

′ξ0, V ′ ∈ M ′.

Denote by D
(
B̂
)
and D

(
B�

)
the domains of the operators B̂ and B� respectively.

It is clear that M ′ξ0 ⊂ D
(
B̂
)
and M ′ξ0 ⊂ D

(
B�

)
. For any W ′ ∈ JMJ ⊂ M ′ we

have W ′B = BW ′. Now, it follows from (2.28) that for any V ′ ∈ M ′ we have

(BW ′ξ0, V
′ξ0) = (W ′Bξ0, V

′ξ0)
(2.28)
= lim

n→∞
(W ′Bnξ0, V

′ξ0)

= lim
n→∞

(BnW
′ξ0, V

′ξ0) = lim
n→∞

(W ′ξ0, B
∗
nV

′ξ0)

=
(
W ′ξ0, B

�V ′ξ0
)
.

Thus, (W ′ξ0, B
∗V ′ξ0) =

(
W ′ξ0, B

�V ′ξ0
)
for all W ′ ∈ JMJ = N ′ and V ′ ∈ M ′

(see Lemma 2.3). By Lemma 2.3 the set {W ′ξ0}W ′∈JMJ is norm dense in H.
Therefore,

(2.31) (η,B∗V ′ξ0) =
(
η,B�V ′ξ0

)
for all η ∈ H and V ′ ∈ M ′. Hence, for arbitrary U ′, V ′ ∈ JMJ = N ′ we have

(A′BU ′ξ0, V
′ξ0) = (A′U ′Bξ0, V

′ξ0) = lim
n→∞

(A′U ′Bnξ0, V
′ξ0)

= lim
n→∞

(BnA
′U ′ξ0, V

′ξ0) = lim
n→∞

(A′U ′ξ0, B
∗
nV

′ξ0)

=
(
A′U ′ξ0, B

�V ′ξ0
) (2.31)

= (A′U ′ξ0, B
∗V ′ξ0) = (BA′U ′ξ0, V

′ξ0) .

This proves the equality (2.27) and concludes the proof. �

Remark 2.4. Note that the proof of Proposition 2.7 is similar to the proof of the
second part of Lemma 1.4.
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3. Preliminaries about the representation theory of the symmetric

groups

In this section we recall some notions and facts from the representation theory
of the symmetric groups SN which are used in the proof of the main theorem.
We are following the Okounkov–Vershik approach to the representation theory of
symmetric groups (see [1] and [8] for more details).

3.1. The minimal element of the conjugacy class. Consider the symmetric
group SN . Denote by Cm the conjugacy class of the group SN , which consists of
permutations of the cycle type m = (m1,m2, . . . ,mN ), where mi is the number of
independent cycles of length i.

Definition 3.1. The support of a permutation s ∈ SN is defined as supp
N
s =

{x ∈ XN | sx �= x}.

Remark 3.1. Further, we also use the notation m = (m1,m2, . . . ,ml) for a cycle
type m instead of m = (m1,m2, . . . ,mN ) if ml+1 = . . . = mN = 0 (here l < N).

Clearly, for σ ∈ Cm ⊂ SN we have
N∑
i=1

i ·mi = N and # supp
N
s=

N∑
i=2

i·mi. For

any distinct elements n0, n1, . . . , nj−1 ∈XN denote by (n0 n1 . . . nj−1) the cyclic
permutation c ∈ SN such that c(ni) = ni+1 (mod j) and c(n) = n for all n ∈
XN \ {n0, . . . , nj−1}. Denote by si the transposition (i i + 1). The elements
{s1, s2, . . . , sN−1} are also known as the Coxeter generators of the symmetric
group SN .

Definition 3.2. Consider a conjugacy class Cm of the symmetric group SN . Let
{i1, i2, . . . , ip}, where 1 < i1 < i2 < . . . < ip, be the set of those i ∈ {2, 3, . . . , N} for
which mi ≥ 1. The minimal element of the conjugacy class Cm is the permutation
σm defined as the following product:

σm =(1 2 . . . i1) · · · ((mi1 − 1) i1 + 1 (mi1 − 1) i1 + 2 . . . mi1 i1) · · ·
(mi1 i1 + 1 mi1 i1 + 2 . . . mi1 i1 + i2) · · ·
(mi1 i1 + (mi2 − 1) i2 + 1 mi1 i1 + (mi2 − 1) i2 + 2 . . . mi1 i1 +mi2 i2) · · ·

It is clear that
p∑

q=1
iqmiq =N−m1 and supp

N
σm={1, 2, . . . , N−m1}⊂XN . The

crucial property of σm is the following decomposition into the product of Coxeter
generators:

(3.1) σm = sj1sj2 · · · sjr

for some elements j1 < j2 < . . . < jr of {1, 2, . . . , N} and r = N −m1 −
p∑

q=1
miq .

The existence of such a decomposition follows from the identity

(i i+ 1 . . . i+ j) = sisi+1 . . . si+j−1.

For any permutation σ ∈ SN denote by κ
N
(σ) the minimal number of factors

in the decomposition of σ into the product of transpositions. Define the sign (or

signature) of permutation σ as sgnN (σ) = (−1)κN
(σ).
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3.2. Young tableaux and diagrams. Let λ = (λ1, λ2, . . . , λj), where λ1 ≥ . . . ≥
λj ≥ 1, be a partition of a positive integer N = |λ| into positive integer summands

λ1, λ2, . . . , λj , i.e.
j∑

i=1

λi = N . We also write λ � N if λ is a partition of N . We

identify λ with the corresponding Young diagram consisting of j rows of the length
λ1, λ2, . . . , λj aligned to the left (the i-th row consists of λi boxes). The conjugate
or transposed Young diagram λ′ is obtained from λ by swapping its rows with its
columns.

A standard Young tableau T of the shape λ is the diagram λ, whose boxes are
filled with positive integers from 1 to N such that each number occurs exactly once
and npq < min {np+1 q, np q+1} for all p, q (see Figure 1). In this paper we consider
only standard Young tableaux.

n11 n12 n13 n14 . . . n1λj
. . . n1λ2

. . . n1λ1

n21 n22 n23 n24 . . . n2λj
. . . n2λ2

...
...

...
...

...
...

...
...

nl1 nl2 nl3 nl4 . . . nlλj

Figure 1. A standard Young tableau of the shape λ

Denote the set of all standard Young tableaux of the shape λ by Tab(λ). The
number c(p, q) = q−p is called the content of the box with coordinates (p, q) of the
diagram λ (see [7]) or the content of the element npq of tableau T ∈ Tab(λ) (see
[1]). We set ai = c(p, q) for npq = i. For each tableau T define two functions RT

and CT (row and column numbers) on the set {1, 2, . . . , N = |λ|} as follows

(3.2) RT (npq) = p, CT (npq) = q.

3.3. Realizations of the irreducible representations of SN . In this subsec-
tion we recall the explicit constructions of the irreducible representations of the
symmetric group SN (we refer the reader to [1] and [8] for more details). Besides
that, we prove several technical facts about the characters of irreducible represen-
tations of SN .

It is known that the irreducible representations of SN are parameterized by
the Young diagrams λ with N boxes. Let Rλ be one of those unitary irreducible
representations which acts in the vector space Vλ. There exists an orthonormal
basis {vT }T∈Tab(λ) in Vλ such that the Coxeter generators si = (i i + 1) act on

elements of this basis as follows:

• if RT (i) = RT (i+ 1), then Rλ(si)vT = vT ;
• if CT (i) = CT (i+ 1), then Rλ(si)vT = −vT ;
• if RT (i) �= RT (i + 1) and CT (i) �= CT (i + 1), then swapping the positions
of elements i and i+1 in T also gives some tableau T ′. Then, the operator
Rλ(si) in the two-dimensional space span{vT , vT ′} in the basis {vT , vT ′}
has the following matrix:

(3.3)

(
1/d

√
1− 1/d2√

1− 1/d2 −1/d

)
,
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where d = ai+1 − ai and ai is the content of the box of T that contains i.

As a consequence, we obtain the following statement.

Lemma 3.3. Let σ ∈ SN . Put R̂λ(σ) = sgn(σ)Rλ(σ). Then the representations

R̂λ and Rλ′ of the group SN are unitarily equivalent.

Define the normalized character of the irreducible representation Rλ by the
formula:

(3.4) χ
λ
(σ) =

Tr (Rλ(σ))

Tr (Rλ(id))
,

where Tr is the standard trace of a finite-dimensional operator, σ ∈ SN and id is
the identity element of SN . Note that Lemma 3.3 implies the equality

(3.5) χ
λ′ (σ) = sgn(σ)χ

λ
(σ)

for all σ ∈ SN and λ � N .

Lemma 3.4. Suppose that permutation σ ∈ SN is expressed as a product of distinct
Coxeter generators as:

σ = si1 . . . sir , where i1 < i2 < . . . < ir.

Then for any tableau T the following equality holds:

(3.6) |(Rλ(σ)vT , vT )| =
∏
j

1

|aij+1 − aij |
,

where the product is taken over all indices j for which the numbers ij and ij +1 are
in different rows and different columns of the tableau T , i.e. RT (ij) �= RT (ij + 1)
and CT (ij) �= CT (ij + 1).

Proof. Consider an arbitrary Coxeter generator si and a basis vector vT ∈ Vλ,
where T ∈ Tab(λ). If i and i+ 1 are in the same row or in the same column of T ,
we have Rλ(si)vT = ±vT . Thus, in this case for any permutation τ ∈ SN we have

(3.7) (Rλ(τsi)vT , vT ) = ±(Rλ(τ )vT , vT ).

Otherwise, according to (3.3), we have

(3.8) Rλ(si)vT = ± 1

ai+1 − ai
vT +

√
1− 1

(ai+1 − ai)2
vT ′ ,

where T ′ = si(T ) is the tableau obtained from T by transposition of elements i and
i+1 (recall that ai and ai+1 are the contents of the boxes of T which contain i and
i+ 1 respectively).

Next, we show that for any τ ∈ SN whose support supp
N
σ does not contain

i+ 1 we have

(3.9) (Rλ(τsi)vT , vT ) = ± 1

ai+1 − ai
(Rλ(τ )vT , vT ).

Indeed, it suffices to check that the vector Rλ(τ )vT ′ is orthogonal to vT . It follows
from the fact that Rλ(τ )vT ′ is a linear combination of vectors vT ′′ which correspond
to those tableaux T ′′ in which the number i + 1 is written in the same box as in
T ′. In particular, for all such T ′′ we have T ′′ �= T and hence, (vT ′′ , vT ) = 0. Then
(Rλ(τ )vT ′ , vT ) = 0, so the required orthogonality is proved.
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Thus, for any permutation τ ∈ SN whose support does not contain i+1 we have

(Rλ(τsi)vT , vT ) = ±ki(T ) · (Rλ(τ )vT , vT ),

where

ki(T ) =

{
1

ai+1−ai
, if RT (i) �= RT (i+ 1) and CT (i) �= CT (i+ 1),

1, otherwise.

Now, let us apply this observation to (Rλ(σ)vT , vT ). Note that the sequence
{ij} is strictly increasing, so for all j the support of permutation si1 . . . sij−1

does
not contain ij + 1. Therefore,

(Rλ(σ)vT , vT ) = (Rλ(si1 . . . sir)vT , vT )

= ±kir (T )(Rλ(si1 . . . sir−1
)vT , vT ) = . . . = ±

r∏
j=1

kij (T )(vT , vT ).

Thus,

|(Rλ(σ)vT , vT )| =
r∏

j=1

|kij (T )|

and we obtain the formula (3.6). Lemma 3.4 is proved. �

3.4. Upper bound for the characters of the symmetric group. In the proof
of the main theorem we use the following important bound for the characters of
the symmetric group (see [9] and also [4]).

Proposition 3.5 (Roichman, 1996). There exist absolute constants a ∈ (0, 1)
and b > 0 such that for any Young diagram λ with N = |λ| ≥ 4 boxes and for any
σ ∈ SN the following inequality holds:

(3.10)
∣∣χ

λ
(σ)

∣∣ ≤ (
max

{
λ1

N
,
λ′
1

N
, a

})b·#(supp
N
(σ))

.

Here λ1 (respectively, λ′
1) is the number of boxes in the first row (respectively,

column) of the diagram λ.

4. The approximation theorem for the characters on Sn̂

In this section we state and prove the approximation theorem for characters on
the group Sn̂, which is a crucial part of the proof of Theorem 1.2.

Firstly, let us recall the definition of a character.

Definition 4.1. A function χ : G → C on a group G is called a character if the
following conditions hold:

(a) χ is central, i.e. χ(gh) = χ(hg) for all g, h ∈ G;
(b) χ is a positive-definite function, i.e. for any elements g1, . . . , gk ∈ G the

matrix
[
χ(gig

−1
j )

]
is a Hermitian and positive-semidefinite matrix;

(c) χ is normalized, i.e. χ(id) = 1, where id is the identity of the group G.

If additionally

(d) χ is indecomposable, i.e. χ cannot be represented as a sum of two linear
independent functions that satisfy (a) and (b),

then χ is called an indecomposable character.
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Remark 4.1. Let πχ be the representation of G, obtained from χ via the Gelfand–
Naimark–Segal (shortly GNS) construction. Then the property (d) is equivalent to
πχ being a factor representation.

The following fact is an analogue of the approximation theorem from [11] for the
characters of the standard infinite symmetric group S∞.

Proposition 4.2. Each indecomposable character χ on Sn̂ is a weak limit of some
sequence of normalized irreducible characters of the groups SNk

. Namely, there ex-
ists an increasing sequence {k(l)}∞l=1 of positive integers and there exists a sequence
of partitions {λ(k(l)) � Nk(l)}∞l=1 such that

lim
l→∞

χλ(k(l))(g) = χ(g) for all g ∈ Sn̂.

Example of approximation. Note that Proposition 2.6 together with formulas
(2.8) and (2.9) imply that χnat is an indecomposable character of the group Sn̂.
Then, according to Proposition 4.2 χnat has to be a weak limit of a sequence of
normalized irreducible characters ofSNk

. In fact, this can be seen directly. Namely,
denote by Pk a representation of SNk

that acts on a vector (v1, v2, . . . , vNk
) from

the space CNk by the permutations of the coordinates: Pk(s) (v1, v2, . . . , vNk
) =(

vs−1(1), vs−1(2), . . . , vs−1(Nk)

)
, where s ∈ SNk

. If a projection Pid is defined by

Pid (v1, v2, . . . , vNk
) = 1

Nk

(
Nk∑
j=1

vj ,
Nk∑
j=1

vj , . . . ,
Nk∑
j=1

vj

)
, then PidPk(s) = Pid for all

s ∈ SNk
. Denote by P0

k the restriction of Pk to the subspace (I − Pid)C
Nk . In

the notations of Subsection 3.3 we have χk = χ
λ(k)

, where λ(k) is the partition

(Nk − 1, 1). Let Tr be the ordinary trace of operators, and let χk be the character
of the irreducible representation P0

k. Then χk(s) = 1
Nk

(Tr (Pk(s))− Tr (Pid)) =

1− #supp s
Nk

− 1
Nk

. According to (1.5), we conclude that lim
k→∞

χ
λ(k)

(s) = χnat(s) for

all s ∈ Sn̂.

Proof of Proposition 4.2. Consider the GNS-representation (πχ,Hχ, ξχ) of the
group Sn̂ acting in the Hilbert space Hχ with a cyclic and separating vector ξχ
such that (πχ(g)ξχ, ξχ) = χ(g) for all g ∈ Sn̂. Denote by B(Hχ) the set of all
bounded linear operators on Hχ. For any conjugation-invariant subset S ⊂ B(Hχ)
define its commutant by

S ′ = {A ∈ B(Hχ) : AB = BA for all B ∈ S} , (S ′)
′
= S ′′.

We denote by [SV] the smallest closed subspace containing SV, where V is a subset
of Hχ.

By the properties of the GNS-construction applied to a character χ, we have

(4.1) [πχ(Sn̂)ξχ] = [πχ(Sn̂)
′ξχ] = Hχ.

For convenience we denote the w∗-algebra (πχ(Sn̂))
′′
by M . Note that M is a

factor of type II1 and its faithful normal normalized trace tr on M is the vector
state defined by ξχ. In other words, tr(a) = (aξχ, ξχ) for a ∈ M (see also Subsection
1.3).

Denote by L2 (M, tr) the Hilbert space which is the completion ofM with respect
to the norm which corresponds to the inner product 〈a, b〉tr=tr (b∗a), where a, b∈
M .
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From now on we suppose that Hχ = L2 (M, tr). Then we can assume that the
operators a ∈ M act by the left multiplication; i.e.

L2 (M, tr) � η
a�→ aη ∈ L2 (M, tr) .

In this case the operators a′ ∈ M ′ are realized by the operators of the right multi-
plication by the elements of a ∈ M

L2 (M, tr) � η
a′
�→ η · a ∈ L2 (M, tr) .

Each element g ∈ Sn̂ defines an inner automorphism Ad g of the factor M ,
defined by the formula

Ad g(a) = πχ(g)aπχ(g
−1), a ∈ M.

The map ENk
given by the formula

(4.2) M � a
ENk�→ 1

Nk!

∑
g∈SNk

Ad g(a) ∈ M

is the conditional expectation (see [10]) which projects M onto the subalgebra

MNk
= {a ∈ M : Ad g(a) = a for all g ∈ SNk

} .

For λ � Nk define Pλ = dim2 λ
Nk!

∑
g∈SNk

χλ(g)πχ(g), where dimλ is the dimension of

the irreducible representation of SNk
that corresponds to λ. Then Pλ belongs to

the center of the finite-dimensional algebra πχ (SNk
)
′′
and

(4.3) ENk
(πχ(g)) =

∑
λ�Nk

χλ(g)Pλ for all g ∈ SNk
.

The conditional expectations ENk
are orthogonal projections in L2(M, tr). Since

ENk
≥ ENk+1

, we have

(4.4) lim
k→∞

‖ENk
(a)− E∞(a)‖L2(M,tr) = 0 for any a ∈ M,

where E∞ = lim
k→∞

ENk
. Since w∗-algebra M = πχ (Sn̂)

′′ is a factor (according to

Proposition 1.6), formula (4.2) implies that

E∞(a) = tr(a)I for any a ∈ M.

Thus, combining (4.3) and (4.4) and setting a = πχ(g) for g ∈ Sn̂, we obtain

(4.5) lim
k→∞

∑
λ�Nk

(χλ(g)− χ(g))2 tr (Pλ) = 0 for any g ∈ Sn̂.

Consider two sequences of positive reals {εl} i {δl} which satisfy the following
conditions:

(4.6) lim
l→∞

max {εl, δl} = 0 i lim
l→∞

εl Nl!

δl
= 0.

Now, using (4.5) we find for each l a positive integer k(l) such that

(4.7)
∑

λ�Nm

(χλ(g)− χ(g))
2
tr (Pλ) < εl for all g ∈ SNl

and m ≥ k(l).
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Put Λ(m, g) =
{
λ � Nm : (χλ(g)− χ(g))2 > δl

}
, where g ∈ SNl

, and Λl(m) =⋃
g∈SNl

Λ(m, g). Applying (4.7), we obtain

(4.8)
∑

λ:(λ�Nm)&(λ/∈Λl(m))

tr(Pλ) > 1− εl Nl!

δl
.

This inequality and (4.6) imply that for each l there exists a partition λ(k(l)) � Nk(l)

such that ∣∣χλ(k(l))(g)− χ(g)
∣∣ ≤ √

δl for all g ∈ SNl
.

Since lim
l→∞

δl = 0 we have lim
l→∞

χλ(k(l))(g) = χ(g) for all g ∈ Sn̂. Thus, the sequences

{k(l)}∞l=1 and {λ(k(l)) � Nk(l)}∞l=1 satisfy the required conditions. Proposition 4.2
is proved. �

5. Technical lemmas

In this section we establish several technical facts which are used in the proof of
Theorem 1.2.

First, let us introduce some notations. Let Υ(n) be the set of all partitions
of a positive integer n. Denote by (n) the partition in Υ(n) which consists of
only one part and which corresponds to the Young diagram with only one row
with n boxes. Put (1n) = (n)′, i.e. (1n) is the partition which consists of n
parts equal 1 and whose Young diagram has only one column with n boxes. For

an arbitrary partition μ denote Υμ(n) = {λ ∈ Υ(n) : λ \ (λ1) = μ} and Υ̂μ(n) ={
λ ∈ Υ(n) : λ \

(
1λ

′
1

)
= μ

}
, where λ = (λ1, . . . , λl). It is clear that Υμ(n) ={

λ ∈ Υ(n) : λ′ \
(
1λ1

)
= μ′} and Υ̂μ(n) = {λ ∈ Υ(n) : λ′ \ (λ′

1) = μ′}.
Define in the set of all sequences {λ(k) � Nk}∞k=1 of partitions the subsets C∞,

Ĉ∞ Cμ and Ĉμ, where μ is a partition and |μ| < ∞, as follows:

• (C∞) there is a subsequence {ki} such that

lim
i→∞

|λ(ki) \ (λ1(ki))| = ∞;

• (Ĉ∞) there is a subsequence {ki} such that

lim
i→∞

∣∣∣λ(ki) \ (1λ′
1(ki)

)∣∣∣ = ∞;

• (Cμ) there is a subsequence {ki} such that λ(ki) ∈ Υμ(Nki
), where μ is

independent of i;

• (Ĉμ) there is a subsequence {ki} such that λ(ki) ∈ Υ̂μ(Nki
), where μ is

independent of i.

Remark 5.1. Clearly, Ĉμ (respectively, Ĉ∞) is the set of all sequences which can be
obtained by transposing elementwise the sequences {λ(k) � Nk} in Cμ (respectively,
C∞).

The following statement is trivial.

Lemma 5.1. The union (C∞ ∩ Ĉ∞) ∪
⋃
μ
Cμ ∪

⋃
μ
Ĉμ coincides with the set of all

sequences of partitions {λ(k) � Nk}∞k=1.
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Now consider an arbitrary sequence {λ(k) � Nk}∞k=1 of partitions. Let Rλ(k) be
the irreducible representation of SNk

which acts in the Hilbert space Vλ(k). Let
{vT }T∈Tab(λ(k)) be the orthonormal basis of Vλ(k), whose vectors are parameterized

by the Young tableaux of shape λ(k) (see Subsection 3.3). Then

χλ(k)(σ) =
Tr

(
Rλ(k)(σ)

)
Tr

(
Rλ(k)(id)

) =

∑
T∈Tab(λ(k))

(
Rλ(k)(σ) vT , vT

)
Tr

(
Rλ(k)(id)

) .(5.1)

Remark 5.2. Suppose that σ belongs to the conjugacy class Cm|k of the group SNk
,

which consists of the permutations of the cycle type m|k = (m1|k,m2|k, . . . ,ml|k)
(see Subsection 3.1 and Remark 3.1). Recall that ik,j , where j > k, is the embedding
of SNk

into SNj
(see Section 1.1 and also (1.1)). Then ik,j

(
Cm|k

)
⊂ Cm|j , where

m|j =
(
m1|j ,m2|j , . . . ,ml|j

)
=

(
m1|k

Nj

Nk
,m2|k

Nj

Nk
, . . . ,ml|k

Nj

Nk

)
,
Nj

Nk
=

j∏
i=k+1

ni.

In particular, if σ ∈ SNk
, then #

(
supp

Nj
ik,j(σ)

)
= #

(
supp

Nk
σ
)
· Nj

Nk
and

κ
Nj

(σ) =
Nj

Nk
κ

Nk
(σ) (see Proposition 3.5). From now on we identify g ∈ SNk

with

its image ik,j(g) ∈ SNj
while taking into account the changes of the cycle type.

Recall that sgnNk
is a one-dimensional representation of the group SNk

defined
as

sgnNk
(s) =

{
−1, if s ∈ SNk

is an odd permutation,

1, if s ∈ SNk
is an even permutation.

The following statement is immediate.

Lemma 5.2. For any s ∈ Sn̂ there exists a positive integer N(s) such that
sgnNk

(s) = sgnNj
(s) for all j, k > N(s).

Hence, there exists a one-dimensional representation sgn∞ of the group Sn̂ de-
fined as follows

(5.2) sgn∞(s) = lim
k→∞

sgnNk
(s), s ∈ Sn̂.

Remark 5.3. If the sequence n̂ = {nk}∞k=1 contains infinitely many even numbers,
then sgn∞(s) = 1 for all s ∈ Sn̂.

Remark 5.4. Suppose that there are only finitely many even numbers in the se-
quence n̂ = {nk}∞k=1. Then one can choose two sequences {sn} and {σn} in Sn̂

such that sgn∞(sn) = 1 and sgn∞(σn) = −1 for all n but which converge to the
same automorphism s ∈ Sn̂ with respect to the metric ρ (see (2.3))

lim
n→∞

sn = lim
n→∞

σn = s.

Therefore, sgn∞ cannot be extended by continuity to the closure Sn̂ of the group
Sn̂ with respect to the metric ρ.

Lemma 5.3. Let χ be a character of the group Sn̂ and let {λ(k) � Nk}∞k=1 be a
sequence of partitions such that lim

k→∞
χλ(k)(g) = χ(g) for all g ∈ Sn̂. If {λ(k)}∞k=1 ∈

C∞ ∩ Ĉ∞, then χ(g) =

{
1, if g = id;

0, if g �= id .
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Proof. Clearly, χ(id) = 1. Take any element g �= id of the groupSn̂. Due to Lemma
3.3, it is sufficient to consider the case when {λ(k)}∞k=1 ∈ C∞ and λ1(k) ≥ λ′

1(k)
for all k. Fix a subsequence {ki}∞i=1 which satisfies the condition

(5.3) lim
i→∞

|λ(ki)/ (λ1(ki))| = ∞.

Suppose that g ∈ SNk1
⊂ Sn̂.

It suffices to consider the case when ki = i for all i, i.e. when the sequence {ki}∞i=1

coincides with the sequence {k}∞k=1 (the proof of the general case is analogous).
Then, Proposition 3.5 implies that

∣∣χλ(k)(g)∣∣ ≤ (
max

{
λ1(k)

Nk
, a

})b·#
(
supp

Nk
(g)

)
, where a ∈ (0, 1), b > 0.

Hence, after passing to the limit when k → ∞ we obtain

|χ(g)| ≤ lim sup
k→∞

(
λ1(k)

Nk

)b·#
(
supp

Nk
(g)

)
= lim sup

k→∞

(
λ1(k)

Nk

)bNk·#
(
supp

N1
(g)

)
/N1

.

Therefore,

|χ(g)| ≤ lim sup
k→∞

(
1− Nk − λ1(k)

Nk

)bNk·#
(
supp

N1
(g)

)
/N1

≤ lim sup
k→∞

exp

(
− |λ(k)/ (λ1(k))| ·

b

N1
· #

(
supp

N1
(g)

))
.

Using (5.3) and the fact that # supp
N1

(g) > 1, we obtain that χ(g) = 0. This

finishes the proof. �
Lemma 5.4. Let χ be a character of the group Sn̂ and let {λ(k) � Nk}∞k=1 be a
sequence of partitions such that lim

j→∞
χλ(k)(σ) = χ(σ) for all σ ∈ Sn̂. If {λ(k) �

Nk}∞k=1 ∈ Cμ for some partition μ, then χ(σ) = χnat(σ)
|μ|.

Proof. As in the proof of Lemma 5.3, it suffices to consider the case when
λ(k) \ (λ1(k)) = μ for all k. If μ is the empty partition, then χλ(k)(σ) = 1 for
each σ ∈ SNk

and the statement is trivial. Hence, we can now suppose that
|μ| ≥ 1.

Recall that Tab (λ(k)) is the set of all (standard) Young tableaux of the shape
λ(k) filled with the numbers 1, 2, . . . , Nk. Let Rλ(k) be the irreducible represen-
tation of the group SNk

defined in Subsection 3.3 and let χλ(k) be its normalized
character (see (3.4)).

If μ = (μ1, μ2, . . .) and m = μ1 then the hook length formula [7] implies that
(5.4)

# (Tab(λ(k))) = dimλ(k) =
dimμ

|μ|! · Nk!

(Nk − |μ| −m)!
m∏
i=1

(Nk − |μ| − i+ 1 + μ′
i)

=
dimμ

|μ|! ·

|μ|+m∏
i=1

(Nk − |μ| −m+ i)∏m
i=1(Nk − |μ| − i+ 1 + μ′

i)
,

where μ′ = (μ′
1, μ

′
2, . . . , μ

′
m) is the conjugate partition and dimλ(k) is the dimension

of representation Rλ(k).
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Let S
Nk

|μ| be the family of all |μ|-element subsets {i1 < i2 < . . . < i|μ|} of the

set {1, 2, . . . , Nk}. Clearly, #S
Nk

|μ| =
(
Nk

|μ|
)
. Denote by S(T, μ) the subset of those

elements of {1, 2, . . . , Nk} which are located in the boxes of the diagram λ(k) \
(λ1(k)) = μ in a tableau T ∈ Tab(λ(k)). Since for each T ∈ Tab(λ(k)) we have

#S(T, μ) = |μ| we can regard S(T, μ) as an element of SNk

|μ| . Note that a tableau

T is defined uniquely by the filling of the diagram λ(k) \ (λ1(k)) = μ. Denote by

T̂ab(λ(k)) the set of all tableaux T ∈ Tab(λ(k)) such that S(T, μ) consists only of
subsets

{
i1 < i2 < . . . < i|μ|

}
which satisfy il+1 − il > 1 for all l = 1, 2, . . . , |μ| − 1.

Consider an arbitrary element σ ∈ Sn̂. Suppose that σ belongs to the conjugacy
class Cm|k of the group SNk

that consists of the permutations of the cycle type

m|k = (m1|k,m2|k, . . . ,ml|k) (see Subsection 3.1). For any j > k denote by σm|j

the minimal element of the conjugacy class Cm|j that contains ik,j(σ). In view of
Remark 5.2 there is a rational number α independent of j such that

(5.5) supp
Nj

σm|j = {1, 2, . . . , αNj} for all j > k.

Now take an arbitrary positive integer parameter Q > |μ| which will tend to
infinity. Denote by TabQ(λ(j)) the subset of those tableaux in Tab(λ(j)) whose
first Q boxes of the first row are filled with numbers 1, 2, . . . , Q. It is clear that

(5.6)

#
(
T̂ab(λ(j)) ∩ TabQ(λ(j))

)
≥ dimμ · (Nj −Q)(Nj −Q− 3) · · · (Nj −Q− 3(|μ| − 1))

|μ|! .

According to (5.1), we have

χλ(j)(σ) = χλ(j)(σm|j ) =

∑
T∈Tab(λ(j))

(
Rλ(j)(σm|j )vT , vT

)
#(Tab(λ(j)))

.

It follows from (5.4) and (5.6) that

lim
j→∞

#
(
T̂ab(λ(j)) ∩ TabQ(λ(j))

)
#(Tab(λ(j)))

= 1.

Thus, in order to compute the limit lim
j→∞

χλ(j)(σ) we need to estimate the matrix

elements (Rλ(j)(σm|j )vT , vT ) for T ∈ T̂ab(λ(j)) ∩ TabQ(λ(j)).

Take a tableau T ∈ T̂ab(λ(j))∩TabQ(λ(j)) such that at least one element e from
supp

Nj
σm|j (see (5.5)) belongs to the diagram μ. Then either e or e− 1 belongs to

{ji}ri=1 from (3.1).
Let us first consider the case when the transposition se = (e e+1) is contained in

the decomposition σm|j = sj1sj2 · · · sjr , where ji < ji+1 (see (3.1)). Then, according

to the definitions of sets T̂ab(λ(j)) and TabQ(λ(j)), we have

(5.7) e+ 1 ∈ (λ1(j)), ae+1 ≥ Q.

In other words, the number e + 1 is contained in the first row of the tableau T .
Since σm|j = sj1sj2 · · · sjr satisfies the conditions of Lemma 3.4 we have

|(Rλ(j)(σm|j )vT , vT )| =
∏
l

1

|ail+1 − ail |
,



280 NIKOLAY NESSONOV AND NHOK TKHAI SHON NGO

where the product is taken over all indices l such that elements il and il + 1 are
contained in different rows and different columns of the tableau T (recall that ai is
the content of the box of T that contains i). Since e and e+1 are in different rows
and columns of T , we have

(5.8)
∣∣(Rλ(j)(σm|j )vT , vT )

∣∣ ≤ 1

|ae+1 − ae|
.

According to our assumption, e is contained in the diagram μ. Therefore,

−|μ| ≤ ae ≤ |μ| − 2.

Thus, using (5.7) and (5.8) we obtain

(5.9)
∣∣(Rλ(j)(σm|j )vT , vT )

∣∣ ≤ 1

Q− |μ|+ 2
.

If the transposition se−1 = (e − 1 e) is contained in the decomposition σm|k =

sj1sj2 · · · sjr , where ji < ji+1 (see (3.1)) then we can obtain the estimate (5.9) in a
similar way.

Now let us estimate the number of tableaux T ∈ T̂ab(λ(j))∩TabQ(λ(j)), whose
rows, starting from the second (i.e. rows of the diagram μ), contain only elements
of the set

{1, 2, . . . , Nj} \
(
supp

Nj
σm|j

)
= {1 + αNj , 2 + αNj , . . . , Nj} (see (5.5)).

In other words, we are considering those tableaux T for which supp
Nj

σm|j is con-

tained in the first row of T . Denote the set of all tableaux (not necessarily from

T̂ab(λ(j))∩TabQ(λ(j))) that satisfy this property by TabσQ(λ(j)). Note that for all
sufficiently large j the inequality |μ| < Q < αNj holds. Therefore, applying (5.5),
we obtain

(5.10)

TabσQ(λ(j)) = {T : S(T, μ) ⊂ {1 + αNj , 2 + αNj , . . . , Nj}} ,

#TabσQ(λ(j)) = dimμ ·
(
Nj − αNj

|μ|

)
.

Put

(5.11)

Σj,0 =
∑

T∈Tabσ
Q(λ(j))

(Rλ(j)(σm|k)vT , vT ),

Σj,1 =
∑

T∈Tab(λ(j))\Tabσ
Q(λ(j))

(Rλ(j)

(
σm|k

)
vT , vT ).

From the properties of Rλ(j) (see Subsection 3.3) we have

Rλ(j)(σm|k)vT = vT for all T ∈ TabσQ(λ(j)).

Hence, using (5.10) we get

(5.12) Σj,0 = dimμ ·
(
Nj − αNj

|μ|

)
.

In order to estimate Σj,1 consider two subsets

Tabj,10 =
(
Tab(λ(j)) \ TabσQ(λ(j))

)
∩
(
T̂ab(λ(j)) ∩ TabQ(λ(j))

)
,

Tabj,11 =
(
Tab(λ(j)) \ TabσQ(λ(j))

)
\
(
T̂ab(λ(j)) ∩ TabQ(λ(j))

)
.
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Then, Tab(λ(j)) \ TabσQ(λ(j)) = Tabj,10 � Tabj,11 and hence,

(5.13) Σj,1 =
∑

T∈Tabj,10

(Rλ(j)(σm|k)vT , vT ) +
∑

T∈Tabj,11

(Rλ(j)(σm|k)vT , vT ).

Applying the estimate (5.9) to matrix elements in the first sum we obtain

(5.14) |Σj,1| ≤
#Tabj,10
Q− |μ|+ 2

+#Tabj,11 .

Next, combining (5.4) and (5.6) gives

#Tabj,11 ≤ dimμ

|μ|!

⎛⎜⎜⎜⎝
|μ|+m∏
i=1

(Nj − |μ| −m+ i)∏m
i=1(Nj − |μ| − i+ 1 + μ′

i)
−

|μ|∏
i=1

(Nj −Q− 3(|μ| − i))

⎞⎟⎟⎟⎠ .

Therefore, there exists a positive constant C independent of j such that

#Tabj,11 ≤ C N
|μ|−1
j for all j.

Hence, applying the formula (5.4) and the bound (5.14) yields the inequality

(5.15)
|Σj,1|

#Tab(λ(j))
≤ 1

Q− |μ|+ 2
+

C1

Nj
,

where C1 is a positive constant independent of j.
Finally, let us estimate the expression∣∣∣∣χλ(j)(σm|k)−

Σj,0

#Tab(λ(j))

∣∣∣∣ = ∣∣∣∣χλ(j)(σm|k)−
dimμ

#Tab(λ(j))
·
(
Nj − αNj

|μ|

)∣∣∣∣ .
Combining (5.1), (5.11) and (5.15) we obtain∣∣∣∣χλ(j)(σm|j )−

dimμ

#Tab(λ(j))
·
(
Nj − αNj

|μ|

)∣∣∣∣ ≤ |Σj,1|
#Tab(λ(j))

≤ 1

Q− |μ|+ 2
+

C1

Nj
.

Passing to the limit when j → ∞ gives the inequality∣∣∣χ(σ)− (1− α)|μ|
∣∣∣ ≤ 1

Q− |μ|+ 2
.

Since Q can be chosen arbitrarily large, we have χ(σ) = (1− α)|μ|. The statement
of Lemma 5.4 now follows from (2.10) and (5.5). �

Corollary 5.5. Let χ be a character of the group Sn̂, and let {λ(k) � Nk}∞k=1

be a sequence of partitions such that lim
j→∞

χλ(k)(σ) = χ(σ) for all σ ∈ Sn̂. If

{λ(k) � Nk}∞k=1 ∈ Ĉμ for some partition μ, then χ(σ) = sgn∞(σ) · χnat(σ)
|μ|.

Proof. The statement follows directly from Lemma 5.4, Remark 5.1 and the formula
(3.5). �

Denote by exChar (Sn̂) the set of functions onSn̂ which are claimed in Theorem
1.2 to be indecomposable characters. Namely, we put

(5.16)

exChar+ (Sn̂) = {χp
nat : p ∈ N ∪ {0}} ,

exChar− (Sn̂) = {sgn∞ ·χp
nat : p ∈ N ∪ {0}} ,

exChar (Sn̂) = exChar+ (Sn̂) ∪ exChar− (Sn̂) ∪ {χ∞
nat}.
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Lemma 5.6. exChar (Sn̂) is a subset of the set of all characters on Sn̂.

Proof. It is clear that χ∞
nat = sgn∞ ·χ∞

nat is a character on Sn̂. It remains to check
that χp

nat and sgn∞ ·χp
nat are characters on the group Sn̂ for p ∈ N ∪ {0}.

Recall that F is a unitary representation of the group Sn̂ which acts in the
Hilbert space H = L2 (Xn̂, νn̂) ⊗ l2(Z) (see Subsection 2.2). Moreover, this repre-
sentation satisfies the following property: for ξ0 = ⊗ג δ0 ∈ H the equality

χnat(σ) = (F(σ)ξ0, ξ0)H (see (2.9))

holds for all σ ∈ Sn̂. Thus, χnat is a character on Sn̂.
Now for any p ∈ N∪{0} consider the unitary representation F⊗p (the p-th tensor

power of F) acting on H⊗p. It is clear that

χp
nat(σ) = (F⊗p(σ)ξ⊗p

0 , ξ⊗p
0 )H⊗p for all σ ∈ Sn̂.

Since τ (B) = (Bξ⊗p
0 , ξ⊗p

0 )H⊗p is a vector state, χp
nat is a character on Sn̂. Similarly,

sgn∞ · F⊗p is also a unitary representation acting on H⊗p and the same argument
implies that sgn∞ ·χp

nat is also a character on Sn̂. �

6. The proof of Theorem 1.2

In this section we prove the main result of the present paper.

Proof of Theorem 1.2. Suppose that χ is an indecomposable character on Sn̂.
According to Proposition 4.2, there exists a subsequence {k(l)}∞l=1 and a sequence
{λ(k(l)) � Nk(l)}∞l=1 of partitions such that

(6.1) χ(g) = lim
l→∞

χλ(k(l))(g) for any g ∈ Sn̂.

Lemma 5.1 implies that three cases are possible:

• The sequence {λ(k(l)) � Nk(l)}∞l=1 belongs to the intersection C∞∩ Ĉ∞. In
this case Lemma 5.3 implies that χ = χ∞

nat.
• The sequence {λ(k(l)) � Nk(l)}∞l=1 belongs to Cμ for some partition μ. In

this case Lemma 5.4 implies that χ = χ
|μ|
nat.

• The sequence {λ(k(l)) � Nk(l)}∞l=1 belongs to Ĉμ for some partition μ. In

this case Corollary 5.5 implies that χ = sgn∞ ·χ|μ|
nat.

Thus, the character χ equals either χp
nat, or sgn∞ ·χp

nat for some p ∈ N ∪ {0,∞},
i.e. χ ∈ exChar (Sn̂) (see (5.16)). In other words, we proved that the set of all
indecomposable characters on Sn̂ is a subset of exChar (Sn̂). To conclude the
proof it remains to check all these functions are indeed indecomposable characters
on Sn̂. This is proved in Lemma 6.1. �

Lemma 6.1. Each character from exChar (Sn̂) is indecomposable.

Proof. Denote for brevity χ−
p = sgn∞ ·χp

nat, χ
+
p = χp

nat and χ∞ = χ∞
nat. It is clear

that the character χ−
p is indecomposable if and only if the character χ+

p is inde-
composable. Recall that by Proposition 2.6 the character χnat is indecomposable.
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First proof. We suppose the contrary: i.e. assume that some character χ+
m is

not an extreme point of the set of all normalized characters. Then there exist real
numbers α+

p , α
−
p ∈ [0, 1] satisfying the following equality:

(6.2)

χ+
m(σ) = α+

0 + α−
0 sgn∞(σ) +

m−1∑
j=1

α+
j χ

+
j (σ) +

m−1∑
j=1

α−
j χ

−
j (σ)

+

∞∑
j=m+1

α+
j χ

+
j (σ) +

∞∑
j=m+1

α−
j χ

−
j (σ) + α∞χ∞(σ) for all σ ∈ Sn̂.

Recall that An̂ = {σ ∈ Sn : sgn∞(σ) = 1}. Take a sequence {σn} ⊂ An̂, satisfying
the following conditions:

σn �= id for all n and lim
n→∞

χnat(σn) = 0.

Plugging σ = σn into (6.2) and passing to the limit when n → ∞ gives

(6.3) α+
0 + α−

0 = 0 ⇒ α+
0 = 0 and α−

0 = 0.

Since the set {χnat(σ)}σ∈An̂
is dense in [0, 1), it follows from (6.2) that

γm =

m−1∑
j=1

(
α+
j + α−

j

)
γj +

∞∑
j=m+1

(
α+
j + α−

j

)
γj for all γ ∈ [0, 1).

An easy computation shows that

α+
j = α−

j = 0 for all positive integers j �= m.

Hence, using (6.2) and (6.3), we obtain that

χ+
m(σ) = α∞χ∞(σ) for all σ ∈ Sn̂.

Therefore, χ+
m = χ∞. Since the character χ∞ is indecomposable as a regular char-

acter of the ICC group (see [10, Proposition 7.9]), this contradicts the assumption
that χ+

m is a decomposable character. �

Second proof. Here we use the properties of the construction from Section 2 that
are outlined in Appendix. By above we can suppose that m < ∞. If a character
χ+
m is not indecomposable, then the corresponding GNS-representation (π, ξ,H),

where ξ is a unit cyclic vector such that χ+
m(g) = 〈π(g)ξ, ξ〉H for all g ∈ Sn̂, is not

a factor representation. Therefore, there is a nonzero orthogonal projection E in
the center C(M) of the w∗-algebra M , generated by the operators {π(s)}s∈Sn̂

, and

δ ∈ (0, 1) such that

(6.4) ‖Eξ‖2 = δ > 0.

Since ξ is a cyclic vector for M , for any ε > 0 there exists a finite subset {si}Kp

i=1 ⊂
SNp

and a collection {ϑi} of the complex numbers with the following property:

(6.5)

∥∥∥∥∥∥Eξ −
Kp∑
i=1

ϑiπ(si)ξ

∥∥∥∥∥∥ < ε.

Let qn, rn, Θn, In, Sn̂(qn, rn) be the objects from the Corollary 8.2. It follows from
(1.5) that

(6.6) χ+
m (siIn(sj)) = χ+

m (si) · χ+
m (In(sj)) for all i, j.
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Since χ+
m is continuous with respect to the topology defined on Sn̂ by metric ρ, we

obtain from (6.5)

(6.7)

∥∥∥∥∥∥(I − E)ξ −

⎛⎝I −
Kp∑
i=1

ϑiπ(In(si))

⎞⎠ ξ

∥∥∥∥∥∥ < ε for all n > K.

Put A =
Kp∑
i=1

ϑiπ(si) and An = I −
Kp∑
i=1

ϑiπ(In(si)) for brevity. Without loss of

generality suppose that A = A∗ and An = A∗
n. Now we obtain the following chain

of inequalities

〈Eξ, (I − E)ξ〉
(6.5)

≥ 〈Aξ, (I − E)ξ〉 − ε‖(I − E)ξ‖
(6.7)

≥ 〈Aξ,Anξ〉 − ε‖Aξ‖ − ε‖(I − E)ξ‖
≥ 〈Aξ,Anξ〉 − ε(‖Eξ‖+ ε)− ε‖(I − E)ξ‖
≥ 〈Aξ,Anξ〉 − 2ε− ε2.

Hence, applying (6.6), we get

0 = 〈Eξ, (I − E)ξ〉 ≥ 〈Aξ, ξ〉 〈Anξ, ξ〉 − 2ε− ε2

≥ (〈Eξ, ξ〉 − ε) (〈(I − E)ξ, ξ〉 − ε)− 2ε− ε2

≥ δ(1− δ)− 3ε.

The last inequality is false for 0 < ε < δ−δ2

3 and this leads to contradiction. �

7. The proof of Theorem 1.3

In this section we prove Theorem 1.3 about the isomorphism classes of groups
Sn̂.

We need the following simple lemma in the proof of Theorem 1.3.

Lemma 7.1. Let n̂′ = {n′
k}∞k=1 and n̂′′ = {n′′

k}∞k=1, where n′
k, n

′′
k > 1 for all k, be

the sequences of positive integers. Put N ′
k =

∏k
i=1 n

′
k and N ′′

k =
∏k

i=1 n
′′
k. Denote

Div(n̂′) = {N ∈ N : N divides N ′
k for some k},(7.1)

Div(n̂′′) = {N ∈ N : N divides N ′′
k for some k}.(7.2)

Then, the following conditions are equivalent:

(a) for each prime number p the following equality holds:

(7.3) lim
k→∞

degp(N
′
k) = lim

k→∞
degp(N

′′
k );

(b) for any element N ′
i of the sequence {N ′

k}∞k=1 there is an element N ′′
j of the

sequence {N ′′
k }∞k=1 such that N ′

i divides N ′′
j and vice versa;

(c) Div(n̂′) = Div(n̂′′).

The following statement is a direct consequence of Theorem 1.2.

Lemma 7.2. Let χ0 be the trivial character on Sn̂. Put CH(Sn̂) = exChar (Sn̂)\
{χ0, sgn∞}. For any element σ ∈ Sn̂ \ {id} we have χnat(σ) = max

χ∈CH(Sn̂)
{|χ(σ)|}.
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Proof of Proposition 1.3. Let n̂′ = {n′
k}∞k=1 and n̂′′ = {n′′

k}∞k=1, where n′
k, n

′′
k > 1

for all k. Suppose that there exists an isomorphism α : Sn̂′ → Sn̂′′ . Then, the map

(7.4) χ � exChar (S′′
n̂)

α∗
�→ χ ◦ α ∈ exChar (S′

n̂)

is a bijection of the set exChar
(
S′′

n̂

)
onto exChar

(
S′

n̂

)
. By definition of α∗, we

have

(7.5) α∗ (exChar+ (S′′
n̂)
)
= exChar+ (S′

n̂) .

Let χ′
nat and χ′′

nat be the natural characters on S′
n̂ and S′′

n̂, respectively (see (1.5),
(2.9)). Using the characterization of the natural character from Lemma 7.2, we
obtain

(7.6) α∗ (χ′′
nat) = χ′′

nat ◦ α = χ′
nat.

Thus, it follows from (1.5) that

χ′′
nat (S

′′
n̂) = χ′′

nat (α (S′
n̂)) = χ′

nat (S
′
n̂) =

{
L

N ′
k

: k ∈ N, 0 ≤ L ≤ N ′
k

}
=

{
p

q
: q ∈ Div(n̂′), 0 ≤ p ≤ q, gcd(p, q) = 1

}
.

Hence, {
p

q
: q ∈ Div(n̂′), 0 ≤ p ≤ q, gcd(p, q) = 1

}
=

{
p

q
: q ∈ Div(n̂′′), 0 ≤ p ≤ q, gcd(p, q) = 1

}
.

Therefore, Div(n̂′) = Div(n̂′′). Finally, Lemma 7.1 implies that the condition
(1.6) holds. Now suppose that (1.6) holds. We prove that in this case groups
Sn̂′ and Sn̂′′ are indeed isomorphic. To do this, we check that their images in
Aut0(X, ν) coincide. According to Remark 1.1 the group Sn̂′ is isomorphic to the
subgroup

⋃
k TN ′

k
(SN ′

k
) of the group Aut0(X, ν) and similarly, Sn̂′′ is isomorphic

to the subgroup
⋃

k TN ′′
k
(SN ′′

k
) of the group Aut0(X, ν). The condition (1.6) and

Lemma 7.1 (b) imply that every subgroup TN ′
i
(SN ′′

i
) is contained in some subgroup

TN ′
j
(SN ′′

j
) and vice versa (see also Section 1). Hence,

(7.7)
⋃
k

TN ′
k
(SN ′

k
) =

⋃
k

TN ′′
k
(SN ′′

k
)

and therefore, groups Sn̂′ and Sn̂′′ are isomorphic. �

8. Appendix

In this section we prove some additional properties of the II1 factor representation
of the group Sn̂ which was discussed in Section 2. These properties are used only
in the second proof of Lemma 6.1.

Consider arbitrary positive integers p, q and r such that 1 < p < q < r. Recall

that Xn̂ =
∞∏
k=1

Xnk
. For x = (x1, x2, . . .) ∈ Xn̂, we set x|(q, r) = (xq+1, xq+2, . . . , xr)

∈
r∏

k=q+1

Xnk
. Each element y ∈ Xn̂ defines a cylinder set

(8.1) Ay|q,r = {x ∈ Xn̂ : x|(q, r) = y|(q, r)} ⊂ Xn̂.
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Recall that Nq,r = Nr

Nq
.

Let us introduce the subgroup Sn̂(q, r) ⊂ SNr
defined as

Sn̂(q, r) = {σ ∈ Sn̂ : (σ(x))i = xi for all x ∈ Xn̂ and i /∈ {q + 1, q + 2, . . . , r}} .

It is clear that Sn̂(q, r) is isomorphic to SNq,r
. For all sufficiently large r we can

find non-negative integers m and rem such that

(8.2) Nq,r = Np m+ rem, where Nq,r > Np and rem < Np.

Denote by T the automorphism ONq , where O is the automorphism in Aut0(Xn̂, νn̂)
defined in Subsection 2.1.

Set 0 = (0, 0, . . . , 0, . . .) ∈ Xn̂. Then the subsets in the collection
{
Ayi|q,r

}Nq,r−1

i=0

(see (2.1)), where yi = (T i(0))|(q, r), are pairwise disjoint and
Nq,r−1⊔
i=0

Ayi|q,r = Xn̂.

For the simplicity of notations, we denote Ayi|q,r by Bi. Now define the periodic
automorphism Q ∈ Sn̂(q, r) as follows:

(8.3) Q(x) =

⎧⎪⎨⎪⎩T (x) = ONq (x), if x ∈
Nq,r−2⋃
j=0

Bj ,

T (1−Nq,r)x = ONq(1−Nq,r)x, if x ∈ B(Nq,r−1).

Let us introduce the subsets Ek ⊂ Xn̂, where k ∈ {0, 1, . . . , Np − 1}, by

(8.4) Ek =

(k+1)m−1⋃
i=km

Bi (see (8.2) for the definition of m).

Therefore, we can conclude that

νn̂ (Ek) =
m

Nq,r
=

m

Np m+ rem
=

1

Np
− rem

Np (mNp + rem)
(8.5)

for all k ∈ 0, Np − 1.
Consider the automorphism S defined by the formula

(8.6) Sx =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
Qx, if x ∈

Np−2⋃
j=0

Ej ;

Qm(1−Np)x, if x ∈ ENp−1;

x, if x ∈ Xn̂ \
(

Np−1⋃
j=0

Ej

)
.

It is clear that SNp(x) = x for all x ∈ Xn̂ and

(8.7) S (Ek) = Ek+1 (mod Np).

Since ONqAy = Ay for all y ∈
q∏

k=1

Xnk
and p < q, (8.3) and (8.6) show that

(8.8) S Ay = Ay for all y ∈
p∏

k=1

Xnk
.

If 0 = (0, . . . , 0, . . .), then the cylinder sets from the collection{
Oi

0|p A0|p = Ayi|p
}Np−1

i=0
,
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where yi = (Oi
0|p(0)), are pairwise disjoint and

Np−1⊔
i=0

Ayi|p = Xn̂. Therefore, the

formula

(8.9) Θ(x) =

⎧⎪⎨⎪⎩
Oi−j

0|p Sj−ix, if x ∈ Ei ∩ Ayj |p;

x, if x ∈ Xn̂ \
(

Np−1⋃
j=0

Ej

)
defines an automorphism from SNr

⊂ Aut0(Xn̂, νn̂). A direct calculation shows
that Θ2x = x for all x ∈ Xn̂.

Denote by [S]E the subgroup of Aut0(Xn̂), consisting of the automorphisms αr ∈
Sn̂(q, r), acting as follows:

(8.10) αr(x) =

⎧⎪⎨⎪⎩
Ski(x), if x ∈ Ei;

x, if x ∈ Xn̂ \
(

Np−1⋃
j=0

Ej

)
,

where
(
k0, k1, . . . , kNp−1

)
is a collection of integers which belong to the set

{0, 1, . . . , Np − 1}. Then, using (8.9), we obtain

(8.11) σr(x) = Θ−1αrΘ(x) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
Oki

0|p(x), if x ∈ Ayi|p ∩
(

Np−1⋃
j=0

Ej

)
,

x, if x ∈ Xn̂ \
(

Np−1⋃
j=0

Ej

)
.

Now take an arbitrary automorphism σ ∈ SNp
. By Lemma 2.2, for every σ ∈

SNp
there exists a collection of non-negative integers {ki(σ)}Np−1

i=0 , where ki(σ) ∈
{0, 1, . . . , Np − 1}, such that σ(x) = O

ki(σ)
0|p (x) if x ∈ Ayi|p. Since q > p, the cylin-

der sets Ayi|q,r are invariant under the action of the group SNp
, i.e. s

(
Ayi|q,r

)
=

Ayi|q,r for all s ∈ SNp
and i = 0, 1, . . . , Nq,r − 1. Therefore, the automorphism

σr ∈ SNp
· Sn̂(q, r) from (8.11), where we put ki = ki(σ), is well defined. If ρ is

the metric introduced in (2.3), then, using (8.2), (8.5) and (8.11), we get

(8.12) ρ (σ, σr) ≤
rem

mNp + rem
≤ 1

m
, where mNp = Nq,r − rem, rem < Np.

Thus, we obtain the following statement.

Proposition 8.1. Let p, q, r be positive integers satisfying the inequality 1 < p <
q < r and the condition (8.2). There exists an injective homomorphism I : SNp

→
Sn̂(q, r) and an automorphism Θ ∈ SNp

·Sn̂(q, r) such that

(8.13) ρ
(
ΘσΘ−1, I(σ)

)
≤ 1

m
for all σ ∈ SNp

.

Corollary 8.2. For a fixed p > 1 take two sequences of positive integers {qn}∞n=1

and {rn}∞n=1 such that p ≤ qn < rn and lim
n→∞

qn = lim
n→∞

(rn − qn) = ∞. Let

Nqn,rn = Np mn + (rem)n, where mn > 1 and (rem)n < Np. Then for each n there
exists an injective homomorphism In : SNp

→ Sn̂(qn, rn) and an automorphism
Θn ∈ SNp

· Sn̂(qn, rn) such that

(8.14) ρ
(
ΘnσΘ

−1
n , In(σ)

)
≤ 1

mn
for all σ ∈ SNp

.
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Moreover, since lim
n→∞

(rn − qn) = ∞, we have lim
n→∞

ρ
(
ΘnσΘ

−1
n , In(σ)

)
= 0.
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