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Persistent revivals recently observed in Rydberg atom simulators have challenged our understanding of
thermalization and attracted much interest to the concept of quantum many-body scars (QMBSs). QMBSs
are non-thermal highly excited eigenstates that coexist with typical eigenstates in the spectrum of many-
body Hamiltonians, and have since been reported in multiple theoretical models, including the so-called
PXP model, approximately realized by Rydberg simulators. At the same time, questions of how common
QMBSs are and in what models they are physically realized remain open. In this Letter, we demonstrate
that QMBSs exist in a broader family of models that includes and generalizes PXP to longer-range
constraints and states with different periodicity. We show that in each model, multiple QMBS families can
be found. Each of them relies on a different approximate suð2Þ algebra, leading to oscillatory dynamics in
all cases. However, in contrast to the PXP model, their observation requires launching dynamics from
weakly entangled initial states rather than from a product state. QMBSs reported here may be
experimentally probed using Rydberg atom simulator in the regime of longer-range Rydberg blockades.
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Introduction—Many-body quantum systems generically
exhibit fast thermalization, where the system quickly loses
memory of initial observables and equilibrates to the state
determined only by conserved quantities such as energy.
Such behavior can be understood [1] by assuming that
eigenstates obey the eigenstate thermalization hypothesis
(ETH) [2,3]. The ETH conjectures that the eigenstates
themselves behave like thermal states and naturally explains
thermalization observed in unitary dynamics. In the exam-
ples where interacting quantum systems do not reach a
simple thermal state, such as in so-called integrable [4] and
many-body localized models [5,6], one typically observes
that ETH is alsoviolated by all eigenstates of the system.The
strong breakdown of ETH is attributed to the emergence of
an extensive number of conserved quantities that constrain
the dynamics and impact properties of eigenstates.
More recently, the phenomenon of quantum many-body

scars (QMBSs) [7–9] demonstrated a weak breakdown of
ETH. QMBSs are defined as eigenstates of interacting
quantum systems that violate ETH, while coexisting with
other ETH-complying eigenstates at finite energy density.

Although such isolated nonthermal eigenstates were pre-
viously found in several models [10–12], the experimental
observation of persistent revivals in a Rydberg atom
quantum simulator [13] and its theoretical understanding
through scars [14,15] attracted significant attention.
One of the most emblematic models featuring QMBSs is

the so-called PXP model [16,17], that approximately
describes the Rydberg atom experiment [13] in the nearest-
neighbor blockade regimewhere scarringoccurs. In this limit,
each Rydberg atom—viewed as a two-level system—per-
forms Rabi oscillations under a driving field, subject
to a blockade condition that prevents adjacent atoms from
simultaneously being in the excited state. Theoretically,
QMBSs oscillations in the PXP model were linked to an
approximate hiddensuð2Þ algebra [15,18] or, alternatively, to
periodic trajectories in a variational description [19–21].
However, despite a vast amount of research on the PXP
model [22–27], its properties are still not fully understood.
Inparticular, recentworkshint at the existence of numerous

other approximate QMBSs eigenstates [28,29] in the PXP
model. Nevertheless, a simple criterion to determine which
states in the PXP model evade thermalization remains
missing. Another mystery is the relation between scarring
and the nearest-neighbor blockade condition: while general-
izations of the PXP model with higher spins [19,30,31]
have been numerically shown to host the same type of
QMBSs, this was not reported in generalizations of PXP
that describe Rydberg arrays in regimes beyond nearest-
neighbor blockade [32].
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In this Letter, we demonstrate the existence of QMBSs in
generalizations of the PXP model to arbitrary blockade
range. Constructing QMBSs in such generalized models
and probing them experimentally relies on initial short-
range entangled states playing the role of the Néel product
state used in the PXP model [13–15]. For the PXP model
and its generalizations, we construct three short-range
parent states with different periodicity that can be exper-
imentally prepared, and lead to periodic revivals. Thus we
broaden the class of physically realizable models, with each
of them hosting at least three different families of QMBSs.
As an implication of our results, we show that QMBSs-
related dynamics can be used to efficiently prepare
entangled W states with a size of the order of the blockade
range, and conjecture the existence of QMBS in the
continuum limit.
Models and properties—The PXP model [16,17],

HPXP ¼
P

N
j¼1 Pj−1σ

x
jPjþ1, is an approximate description

of a N-atom Rydberg chain performing Rabi oscillations in
the regime of nearest-neighbor blockade. Each Rydberg
atom is viewed as an effective spin-1=2 either in the ground
(j↓i) or excited Rydberg (j↑i) state, and the Pauli matrix σxi
generates Rabi oscillations. Since atoms interact only in
their Rydberg (j↑i) states, tuning the interatom distance can
prevent nearest-neighbor excitations via the Rydberg
blockade. In the PXP Hamiltonian, this condition is
implemented using the projector P ¼ j↓ih↓j.
While the PXP Hamiltonian is nonintegrable [14,34–36],

it features a family of QMBSs related to the Néel state
jZ2i ¼ j↓↑↓↑…↓↑i [37]. QMBSs are approximately
contained in the subspace that can be generated by the
action of a simple raising operator onto the Néel state—a
manifestation of an approximate suð2Þ algebra [18,38].
Consequently, unitary dynamics launched from the Néel
state leads to coherent oscillations between jZ2i and
jZ0

2i ¼ j↑↓↑↓…↑↓i. Revivals can also be seen from the
period-3 state jZ3i ¼ j↓↓↑↓↓↑…↓↓↑i. However, jZni
states with n > 3 equilibrate quickly despite their similar
structure.
We generalize the PXP model to blockade radius α as

follows:

Hα ¼
XN
j¼1

Pj−α…Pj−1σ
x
jPjþ1…Pjþα ¼

XN
j¼1

σ̃xj ; ð1Þ

which can be approximately realized experimentally; see
End Matter. This model is the focus of this work and
reduces to HPXP when α ¼ 1. Here and in the rest of this
Letter, we use σ̃xj as a shorthand notation for σxj dressed
with α projectors on each side. We also assume periodic
boundary conditions (PBC) unless stated otherwise. For
brevity, we generally suppress α except in Hα.
The Hamiltonian (1) is chaotic for generic α and a few

isolated exact scars are known [36,39]. However, these

scarred eigenstates do not admit an algebraic description
and no simple reviving state was reported for α > 1. Even
jZαþ1i, the natural generalization of jZ2i to α > 1, displays
fast thermalization under dynamics generated by Hα.
Intuitively, this absence of revivals can be attributed to
frustration. For α ¼ 1 the Néel state jZ2i has a unique
partner jZ0

2i under translation, leading to oscillations
between these two states. However, for α ≥ 2, jZαþ1i
has α translated partners. A superposition of these states
cannot serve as the unique partner state for jZαþ1i since
finite-time dynamics is incapable of transforming a given
product state into a catlike superposition of macroscopi-
cally different states, resulting in frustration. Below, we
argue that introducing short-range entanglement in the
initial state lifts this frustration [40–42] as it allows to
create new pairs of states between which scarred dynamics
is possible.
Lifting frustration by entanglement—We propose a

different way of generalizing the Néel state for an even
unit-cell size K (we discuss the odd case below). We define
the state jKi with M repeating unit cells of size K as

jKi ¼ ⊗
M

j¼1
½j0iK=2 ⊗ jWiK=2�; ð2Þ

which is built from the product state j0iK=2 ¼ j↓…↓i, in
the first half of the unit cell, and the entangled W state,
jWiK=2¼

ffiffiffiffiffiffiffiffiffi
2=K

p ðj↑↓ � � �↓iþj↓↑↓� � �↓iþ���þj↓ � ��↓↑iÞ,
where one ↑-spin is uniformly distributed in the second half
of the unit cell. This short-range entangled state can be
written as a matrix product state (MPS) with bond
dimension χ ¼ 2 for K > 2 and reduces to the Néel state
for K ¼ 2. Below we demonstrate that this state lifts
frustration, such that it is approximately transformed into
its reflected version jK0i ¼ IjKi (with I the spatial reflec-
tion operator) with unit cell jWiK=2 ⊗ j0iK=2 under the
unitary dynamics generated by Hα.
Figure 1(a) shows that for a period K ¼ 6 unit cell, the

jKi state has strong revivals in models with α ¼ 2 and
α ¼ 3. These revivals are indicative of the presence of
QMBSs [43]. QMBSs become apparent in Figs. 1(b)–1(e),
which show the overlap of eigenstates of Hα¼2;3 with the
jKi state as well as their entanglement entropy. A set of
approximately equally spaced eigenstates is clearly visible
with enhanced overlap and low entanglement.
For a chain of length N, QMBSs appear at 2N=K þ 1

special energies, i.e., twice the number of unit cells plus
one. However, there are more scarred eigenstates as some
of them are degenerate, see SM [44]. This number of
scarred energies can be understood by considering every
cell as an effective two-level system oscillating between
j0iK=2 ⊗ jWiK=2 ≡ j⇓⇑i and jWiK=2 ⊗ j0iK=2 ≡ j⇑⇓i,
providing an approximate mapping to the PXP jZ2i case
with j0i⇌j⇓i and jWi⇌j⇑i. For such a mapping to work,
the Rydberg blockade must be effective within the range of
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K=2: the application of Hα to the state jWiK=2 should yield
the j0iK=2 state and not be able to create additional j↑i-
excitations. This leads to an upper bound on the unit cell
size, K=2 ≤ αþ 1. In addition, we obtain the lower bound
K ≥ 2α, since values of K below 2α cause excitations in
adjacent jWiK=2 states to violate the blockade condition.
This leaves only three possible values of the unit cell size K
for a given α, K ¼ 2α, K ¼ 2αþ 1, and K ¼ 2αþ 2. We
first consider even K and later generalize to K ¼ 2αþ 1.
Algebraic description—To devise the suð2Þ algebra, we

generalize the forward scattering approximation (FSA)
introduced for the PXP model [14]. We set the global
raising operator Jþ such that Jþ þ J− ¼ Hα and
J−jKi ¼ 0, where J− ≔ ðJþÞ†. This implies that Jþ acts
with σ̃þ on sites within j0iK=2 in Eq. (2) and as σ̃− on sites
within jWiK=2. These operators are related by inversion,
J− ¼ IJþI. They allow us to define the rest of the algebra,
with Jx ¼ ðJþ þ J−Þ=2 ¼ Hα=2 and

Jy ¼ 1

2i
ðJþ − J−Þ ¼ 1

2

XN
j¼1

fðjÞσ̃yj ð3Þ

being the sum of σ̃y operators with positive (negative)
fðjÞ ¼ �1 signs on the first (last) K=2 sites of each
unit cell.

We obtain the z component of the collective spin as
Jz ¼ ½Jx; Jy�=i. It has σ̃z terms with the same fðjÞ sign
structure as in Jy. This favors j↓i in the first half of each
cell and j↑i in the second half. Unlike in the PXP Z2 case,
Jz also has XY-type terms fðjÞðσ̃þj σ̃−k þ σ̃þk σ̃

−
j Þ. Crucially,

for K ¼ 2α or 2αþ 2 these terms act between all sites in
the second half of the cell, favoring jWi over any other
combination of states with a single j↑i. As a consequence,
the ground state jGSzi of Jz is approximately equal to jKi
(≈0.98 overlap for the cases of α and N shown in Fig. 1),
thus providing a self-consistent check of this algebra.
Meanwhile, for other (even) values of K, the XY terms
have a different structure and the overlap between jGSzi
and jKi drops quickly.
From the algebraic picture, we can understand the

revivals as the precession of a collective spin of size
N=K. Starting from jKi ≈ jGSzi, the Hamiltonian—which
is proportional to Jx—will lead to a rotation in the yz plane
along the Bloch sphere. We then expect the wave function
to pass close to the ceiling state jCSyi of Jy, the ceiling state
jCSzi ¼ IjGSzi ≈ jK0i of Jz, the ground state jGSyi ¼
IjCSyi of Jy, before coming back to jGSzi, as indicated in
Fig. 2(a).
Our ansatz for the algebra can be extended to odd values

of K by acting with σ̃x=2 (instead of σ̃�) on the middle site
of each unit cell in Jþ. This preserves the property
IJþI ¼ J− ≔ ðJþÞ†. The remaining operators of the
approximate suð2Þ algebra are constructed as for even
K above. We leave the details to End Matter and focus on
the ground state of Jz, which is approximately

jKi ¼ ⊗
M

j¼1
½j0iα ⊗ jW̃βiαþ1�; ð4Þ

for K ¼ 2αþ 1. The deformed W-state jW̃βiαþ1 ¼
½βj↑ij0iα þ

ffiffiffi
α

p j↓ijWiα�=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jβj2 þ α

p
(with a numerically

determined optimal value of β ≈ 0.65), also contains super-
positions of all possible one-spin excitations within the
block of αþ 1 sites, but the weight of excitation on the first

(a)

(b)

(c)

(d)

(e)

FIG. 1. QMBSs with longer-range blockade α ¼ 2 and 3
obtained from the jK ¼ 6i state. (a) Time evolution after a
quench shows good revivals for the jK ¼ 6i state and no revivals
for the product state jZ6i. Overlap of eigenstates with jK ¼ 6i in
(b) and (d) as well as half-chain von Neumann entanglement
entropy S of the eigenstates in (c) and (e) show QMBSs as
outliers, that are highlighted in red and coincide in plots (b),(c)
and (d),(e). Data shown is for system sizesN ¼ 24, 30 (for α ¼ 2,
3 respectively) and all relevant momentum sectors.

(a) (b)

FIG. 2. (a) Collective-spin picture of the dynamics. Starting
from jKi ≈ jGSzi, we expect the Hamiltonian (proportional to Jx)
to generate precession in the yz plane, passing through the ground
and ceiling states of Jy and Jz. This dynamics is illustrated by
plotting fidelities for α ¼ 4, K ¼ 9, and N ¼ 36 in panel (b).
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spin is now suppressed. Figure 2(b) shows that a quench
from state (4) leads to strong oscillatory dynamics, as was
the case for K ¼ 2α and K ¼ 2αþ 2. Furthermore, the
overlap with the ground and ceiling states of Jy and Jz

demonstrates that the picture of precession of a large spin
offered by the approximate suð2Þ algebra holds well.
Inspired by this description, we develop an MPS

variational manifold akin to spin coherent states projected
in the constrained Hilbert space [19,20]. In End Matter, we
present evidence of the existence of periodic trajectories in
this semiclassical limit for α ¼ 1 and α ¼ 2, with a period
K ¼ 4 unit cell using MPS with bond dimension χ ¼ 2 and
χ ¼ 3 respectively. We conjecture that such trajectories
exist for any blockade range.
Implications for scars in PXP—The jKi states con-

structed in Eqs. (2) and (4) also have nontrivial implications
for QMBSs in the PXP model, α ¼ 1. In that model, a
weakly entangled period-3 initial state was known to have
revivals better than jZ3i [20]. Our approach elucidates its
origin, aswe find that it corresponds to theground state of Jy.
In contrast, revivals from period-4 states in the PXP model
were not reported previously. This is explained by the small
overlap of jZ4i on the proper reviving state built from the
size-4 unit cell j↓↓i½j↑↓i þ j↑↓i�= ffiffiffi

2
p

[cf. with Eq. (2) for
α ¼ 1 and K ¼ 4]. For instance, for N ¼ 24 the overlap of
jZ4i with the period-4 state Eq. (2) is very small
0.841N ≈ 0.0156, whereas jZ3i has considerable overlap
with the best reviving period-3 state at 0.956N ≈ 0.336 [44].
Revivals across different blockade ranges—We compare

dynamics for the reviving states found above across differ-
ent α. Figure 3 shows clear fidelity revivals after quenches
from the jKi state for α ¼ 1;…; 6 and the three special unit
cell sizes discussed above. Importantly, the revival period
scales approximately as 1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K=2þ C

p
. This can be under-

stood from the approximate mapping to the PXP jZ2i case
using an effective two-level system. Mapping jWiK=2 to
j⇑i and j0iK=2 to j⇓i gives the jZ2i state of effective spins,
but the matrix element of the Hamiltonian is now
h⇑jHαj⇓i ¼ ffiffiffiffiffiffiffiffiffi

K=2
p

. This implies a scaling of the revival
period as

ffiffiffiffiffiffiffiffiffi
2=K

p
without any corrections. However, this

mapping is only approximate, and numerically we find that
C ≈ −0.15 for K ¼ 2α and 2αþ 1, and C ≈ 0.75 for
K ¼ 2αþ 2.
Next, we compare revivals across a much broader range

of unit cell sizes, αþ 1 ≤ K ≤ 2αþ 4 for different α.
Note that the initial state jKi violates the blockade con-
dition for K < 2α, hence we project it back onto the
constrained subspace. Revivals can be quantified in a
system-size independent way using the fidelity density
f1 as this quantity quickly converges with N [44]. Fidelity
density is defined as f1 ¼ − lnðF 1Þ=N, where F 1 ¼
jhKje−iTHα jKij2 is the fidelity at the time of the first
revival. However, we also have to account for the varying
constraint as α is changed, which is achieved by using a

normalized inverse fidelity density, lnðdÞ=f1, with d the
effective local Hilbert space dimension (such that the
Hilbert size is ∼dN [44]). The quantity lnðdÞ=f1 is expected
to be of order one for a thermalizing state, and much larger
than one in the case of strong revivals, indicating ergodicity
breaking. For large α, Fig. 3(b) shows revivals not only for
the three special values of K, but also for K < 2α. In
contrast, for K > 2αþ 2 the revivals disappear rapidly. We
conjecture that the revivals for K < 2α can be understood
in a similar fashion, but with initial states presenting longer-
range correlations.
Figure 3(b) also shows that initial product states do not

have clear revivals except for jZ2i in the PXP model,
whereas the initial jGSyi state obtained from suð2Þ algebra
has revivals that are stronger compared to the jKi initial
state (in particular forK ¼ 2αþ 1, see SM [44]). Below we
use the good revivals of jGSyi to devise an experimental
protocol for probing QMBSs.
Experimental implementation—We focus on the

Hamiltonian H2 from Eq. (1) that can be approximately
implemented using a triangular ladder of Rydberg atoms,
see inset in Fig. 4(a). Next, we propose to prepare the
ground state of the Jy operator in Eq. (3), jGSyi, instead of
jKi from Eq. (2). This state is also a point on the trajectory
of the dynamics launched from the jKi state, see Fig. 2(b),
and it can be naturally prepared from the ground state ofH2

(obtainable via annealing [13,45]) by single-site unitary
rotations (�π=2 pulses in the z direction).
The time evolution with H2 from the jGSyi state is

expected to give long-time coherent oscillations,

(b)

(a)

FIG. 3. (a) Fidelity after quenches from the jKi state for
2α ≤ K ≤ 2αþ 2. Time is rescaled by ω ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

K=2þ C
p

, with
C ¼ −0.15 for K ≤ 2αþ 1 and C ¼ 0.75 for K ¼ 2αþ 2.
(b) Inverse fidelity density f1 times the logarithm of the quantum
dimension d for three different initial states. A large value
indicates clear revivals. The red dashed lines denote the range
between K ¼ 2α and K ¼ 2αþ 2. In the domain they delimit,
good revivals can be seen for all α for jKi and jGSyi, but not for
jZKi. The system sizes used and the data for fidelity can be found
in SM [44].
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approximately passing different points on the collective
spin orbit in Fig. 2(b). After a quarter period, the unitary
dynamics will approximately lead to the jKi state, which in
this case consists of W states of range two interlaced by
product states. Figure 4(a) confirms these expectations by
showing the expectation value of the projector onto a
two-site W-state, PW ¼ ðj↑↓i þ j↓↑iÞðh↑↓j þ h↓↑jÞ=2
that reaches a value close to one after a quarter
period. The dynamics of the average local imbalance
I ¼ ð4=NÞPN=4−1

j¼0 ½hn4jþ3i þ hn4jþ4i − hn4jþ1i − hn4jþ2i�
shown in Fig. 4(b) also features coherent oscillations.
Notably, the dynamics generated by the approximate H2

Hamiltonian and by the Ising Hamiltonian for Rydberg
atoms arranged into a triangular ladder, where the range-
two Rydberg blockade effectively emerges, are similar.
Conclusion and outlook—We demonstrated the exist-

ence of new families of QMBSs in longer-range general-
izations of the PXP model up to a blockade radius of six.
This leads to a natural conjecture that this phenomenon
persists for an arbitrary blockade radius. We constructed an
effective description of the dynamics in terms of a
collective suð2Þ spin, and argued that in order to lift
frustration, the QMBSs and nonergodic dynamics must
originate from weakly entangled initial states. We also
confirmed the existence of “semiclassical” periodic trajec-
tories in variational dynamics over MPS [19,20], thus
contributing to the ongoing discussion on the similarities
between QMBSs in PXP-type models and scars in models
with a more physical classical limit, both in single-[46] and
many-body [47–51] quantum systems.
Our work opens the door to the study of QMBSs and

weak ergodicity breaking in Rydberg models with longer-
range blockades, and of potential stabilization via defor-
mations [18,34,38,52] or driving [53,54]. Although ground
state properties were studied for these models [45,55–58],
excited state dynamics received little attention. More
importantly, our results suggest that QMBSs may be more
commonly related to initial weakly entangled states, in

agreement with the understanding of QMBSs as originating
from periodic trajectories that generally do not pass through
product states [19,20]. Moreover, our generalization of
QMBSs to a family of models with an arbitrary blockade
range suggests a possible extension to continuous
(nonlattice) model with QMBSs.
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End Matter

Experimental setup—The experimental Hamiltonian
we consider is

1

ℏ
Hexp ¼

Ω
2

XN
j¼1

σxj − Δ
XN
j¼1

nj þ V1

XN
j;k¼1
j<k

njnk
d6j;k

; ðA1Þ

where dj;k ¼ jjr⃗j − r⃗kjj2=a is the distance between atoms
j and k in units of the lattice spacing a. The Rydberg
blockade prevents excitation within the blockade distance
Rb, defined by Ω ¼ V1ða=RbÞ6 [13]. Choosing the lattice
spacing Rb=ðαþ 1Þ < a < Rb=α then approximates the
Hamiltonian in Eq. (1). However, for large α, maintaining
a strong blockade while suppressing long-range inter-
actions becomes increasingly challenging. For the case
α ¼ 2, these problems can be mitigated. Instead of a
linear chain, we consider a triangular ladder such that
each atom (away from the boundaries) has exactly 4
nearest neighbors with d ¼ 1. This allows us to more
efficiently implement the PPXPP model (α ¼ 2). We set
Ω=2π ¼ 2 MHz and use V1=Ω ¼ 9. We also use Δ=Ω ¼
0.213 instead of 0 to further suppress long-range
interactions, see SM of Ref. [53]. The Hamiltonian in
Eq. (A1) was used to produce the data in Fig. 4 using
sparse Krylov methods.

Algebraic structure—For even values of K and for
any α, we define the FSA raising operator Jþ as

Jþ ¼
XN=K−1

j¼0

�XK=2
l¼1

σ̃þKjþl þ
XK

l¼K=2þ1

σ̃−Kjþl

�
: ðB1Þ

This operator takes j0iK=2 to jWiK=2 in the first half of
the cell and does the opposite in the second half. The
lowering operator is J− ¼ ðJþÞ†. We can use these two

operators to define Jx ¼ ðJþ þ J−Þ=2 ¼ Hα=2. We can
also define Jy as in Eq. (3) of the main text. We
compute the Jz operator as ½Jx; Jy�=i. Due to the form of
Jx and Jy, Jz will only have diagonal terms of the form
σ̃z as well as off-diagonal terms σ̃þl σ̃

−
m þ σ̃−l σ̃

þ
m. In

general, these terms go from range-1, σ̃þl σ̃
−
lþ1 þ σ̃−l σ̃

þ
lþ1,

to range-α, σ̃þl σ̃
−
lþα þ σ̃−l σ̃

þ
lþα. However, there can be

cancellations between them for specific values of K.
Indeed, if K ¼ 2α or K ¼ 2αþ 2, the two halves of the
cells are essentially disconnected and Jz simplifies to

Jz¼1

2

XN=K−1

j¼0

��XK=2
l¼1

−
XK
l¼kþ1

�
σ̃zKjþl

þ
�XK=2

l;m¼1
l<m

−
XK

l;m¼K=2þ1
l<m

�
ðσ̃þKjþlσ̃

−
Kjþmþ σ̃þKjþmσ̃

−
KjþlÞ

�
: ðB2Þ

The XY-type terms act between all possible pairs of
sites in the first half of the cell (with a þ1 prefactor)
and between all possibles pairs of sites in the second
half of the cell (with a −1 prefactor). In SM [44] we
show details for a few values of α and K, including
cases where K is not between 2α and 2αþ 2.
For K odd, the Jþ operator has a similar structure, with

σ̃þ in the first half of the cell [first ðK − 1Þ=2 spins] and σ̃−
in the second half, but the middle site now has an σ̃x=2
operator. This preserves the fact that J− can be obtained by
applying spatial inversion to Jþ, and that Jþ and J− still
sum to H. This implies that the Jy operator is as in the even
K case (with σ̃y in the first half of the cell and −σ̃y in the
second half) but without any operators acting on the middle
site of the cell.
In the special case where K ¼ 2αþ 1, the Jz operator

has a similar structure as for K ¼ 2α and K ¼ 2αþ 2.
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The same XY terms act in the first half of each cell (sites 1
to α) as in the second half (sites αþ 2 to 2αþ 1). In
addition, there are also XY terms between both halves of
the cell and the middle site αþ 1. These additional terms in
Jz are formally written as

1

4

�Xα
l¼1

−
XK
l¼αþ2

�
ðσ̃þKjþlσ̃

−
Kjþαþ1 þ σ̃þKjþαþ1σ̃

−
KjþlÞ; ðB3Þ

where we omitted the sum over unit cells j ¼ 0
to N=K − 1.

Periodic MPS trajectories—A low dimensional
manifold which can capture the scarring from the jZ2i
and jZ3i states has previously been proposed for the
PXP model [19,20]. It is based on parameterizing the
wavefunction using a bond dimension χ ¼ 2 matrix-
product state (MPS) ansatz

Aj ¼
�
cosðθjÞj↓i eiϕj sinðθjÞj↑i

j↓i 0

�
: ðC1Þ

This ansatz can be thought of as a product of single-spin
states on the Bloch sphere cosðθÞj↓i þ eiϕ sinðθÞj↑i,
which is then projected into the constrained PXP space
that allows no j…↑↑…i configurations. We can extend
this ansatz to larger blockade radii α, with the bond
dimension scaling as αþ 1. This extended ansatz reads

Aα¼2
j ¼

0
B@

cosðθjÞj↓i 0 eiϕj sinðθjÞj↑i
j↓i 0 0

0 j↓i 0

1
CA; ðC2Þ

and analogously for longer-range blockades. For all α and
K satisfying 2α ≤ K ≤ 2αþ 2, we find states in the
manifold that have an overlap of over 97.8% with jGSyi
and over 94.2% with jGSzi [for the system sizes used in
Fig. 3(b), see SM [44] for details]. This last number rises
to over 98.3% if we exclude the case K ¼ 2αþ 1,
highlighting the fact that the Jz operator we constructed
for odd K is less accurate (see SM [44] for more details).
Crucially, we can always exactly represent the jKi states

for 2α ≤ K ≤ 2αþ 2 from Eqs. (2) and (4) as MPS states
using the above ansatz for Aα

j with K different tensors Aα
j

forming the unit cell. These tensors are completely speci-
fied by the values of the two angles ðθj;ϕjÞ. For K ¼ 2α or
K ¼ 2αþ 2, the θ angles read,

θj¼
�
0 if j≤K=2;

aKþ1−j if j>K=2;
with

a1¼π=2;
ak¼ arctanðsinðak−1ÞÞ:

Meanwhile, all ϕj can be set to 0 as there is no phase
difference depending on where the j↑i are placed. The state
jK ¼ 2αþ 1i ¼⊗M

j¼1 ½j0iα ⊗ jW̃βiαþ1� is also contained in

the MPS manifold. The first α angles and the last α
angles have the same value as for the case K ¼ 2α. For
the middle site of the unit cell, the angle θαþ1 is set to
arctanðβ sinðθαþ2ÞÞ, with the corresponding ϕαþ1 angle
being set to zero as well (assuming β is positive). We note
however that the jKi state can also be compressed to bond
dimension χ ¼ 2 for K ≥ 2 and χ ¼ 1 for K ¼ 2.
The projection of the unitary dynamics generated by Hα

onto the MPS variational manifold yields first order differ-
ential equations. Following the scheme in Ref. [20],
equations of motion (EOMs) for the θ angles can be
obtained from

P
j 2 Imh∂θjψ j∂ϕk

ψiθ̇j ¼ ∂ϕk
hψ jHαjψi for

all k∈ ½1; K�, where jψi is the MPS state with a unit cell of
size K, depending on K variational θ and ϕ angles. The
values of the ϕ angles are set to ϕj ¼ π=2 after differ-
entiation is performed, since the plane with ϕj ¼ π=2 forms
a flow-invariant subspace where ϕ̇j ¼ 0 ∀ j.
Such EOMs were previously obtained in the PXP model

for K ¼ 2 [19] and K ¼ 3 [20] unit cells, and we obtain
them for K ¼ 4 (see SM [44]). We focus on the jKi state
from Eq. (2) with α ¼ 1, K ¼ 4 parameterized by angles
θj ¼ ð0; 0; π=4; π=2Þ and its trajectory in the classical
phase space. We find that this point is located exactly
on a periodic trajectory, as shown by the solid red line in
Fig. 5(a). In addition, when perturbing the initial angles
slightly, the resulting trajectory stays close to the periodic
one at all times, indicating regular dynamics. A stability
analysis of the periodic orbit confirms that it is stable with
Lyapunov exponents being strictly zero up to numerical
precision. Finally, the classical dynamics also allows us to

(a)

(b)

FIG. 5. (a) Dynamics in the space of the four angles para-
metrizing the MPS state after a quench from the K state shows a
closed periodic trajectory (red). Dynamics initialized from a
perturbed initial point near the periodic trajectory stays close to
the original trajectory, suggesting its stability (gray). (b) The
dynamics of entanglement entropy across different cuts on the
periodic trajectory shows clear oscillations.
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compute various properties of the physical system, such as
entanglement entropy, which is shown in Fig. 5(b) for all
nonequivalent bipartite cuts. The maximum entanglement
entropy is ln(2), which occurs when the cut goes through
theW part of a jKi state. This is in contrast with the PXPZ2

case, where the entanglement maximum occurs at the
jGSyi state.
Beyond the PXP model, we also find EOMs for the

α ¼ 2 and K ¼ 4 case (see SM [44]), which also feature a
periodic trajectory passing through the same initial point,
θj ¼ ð0; 0; π=4; π=2Þ. Figure 6(a) shows the entanglement
dynamics on this trajectory. The exact entanglement dynam-
ics in a long chain obtained with the time-evolving block
decimation (TEBD) method shown in Fig. 6(b) show oscil-
lations with the same period but with an added slow linear
growth.This highlights that the projection onto thevariational
manifold is not exact, as it only captures the periodic behavior
but not its gradual decay. After subtracting the linear growth,
the entanglement oscillations in Fig. 6(c) agree well with
entanglement on thevariational trajectory, Fig. 6(a).As for the
PXP K ¼ 4 case, the maximum entanglement also occurs
when a jKi state is cut in itsW part.We expect this behavior to
be identical for all α as long as K > 2.

(a)

(b)

(c)

FIG. 6. Entanglement dynamics after a quench from jKi with
α ¼ 2 and K ¼ 4. (a) The periodic trajectory in the projected
dynamics predicts infinite oscillations of the entanglement en-
tropy. (b) Exact dynamics obtained using TEBD [59,60] for N ¼
120 sites, showing a linear ramp with oscillations on top. The
growth of entanglement entropy is highly suppressed compared
to the jZ4i case. (c) The entanglement entropy oscillations in the
exact dynamics after subtracting the linear ramp show good
agreement with the results in (a).
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