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Abstract

We use the circle method to prove that a density 1 of elements in [, [¢] are representable as a
sum of three cubes of essentially minimal degree from F [¢], assuming the Ratios Conjecture
and that char(FF;) > 3. Roughly speaking, to do so, we upgrade an order of magnitude result
to a full asymptotic formula that was conjectured by Hooley in the number field setting.
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1 Introduction

As in our previous paper [2], we are interested in solving the equations x> + y3 +z° = k
in IF,[¢] as efficiently as possible, for given k € IF,[¢]. As observed by Serre and Vaserstein
[9], this Diophantine equation is always soluble when char(F;) # 3 and g ¢ {2, 4, 16}, but
the degrees of x, y, z € O solving x> 4+ y* + z> = k are at least deg k, whereas one might
hope for solutions of smaller degree. Let O = F,[¢]. For each A € R, we define the set
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(1.1)

Sy = {ke(’): x3 +y3 + 23 = kis soluble in O with }

degk
max{deg x, deg y, degz} < 5~ + A

In [2], we proved that S4 has positive lower density for A > 0, assuming (R2) from the
Ratios Conjecture (which is Conjecture 6.3 in the present paper). At the expense of assuming
a further instance of the Ratios Conjecture, our main result is as follows.

Theorem 1.1 Assume that Conjectures 6.2 and 6.3 hold, and suppose char(F;) > 3. Then
the lower density of Sx approaches 1 as A — o0.

Conjecture 6.2 (RA1) concerns mean values of 1/L(s, ¢) over adelic boxes of vectors
¢. We defer the details to Sect. 6. In Theorem 1.1, one could simply assume a common
generalisation of (RA1) and (R2), but this would obfuscate the paper.

Taking A — oo is necessary for the conclusion of Theorem 1.1 to hold. By adapting
local density arguments of Diaconu [4, Sect. 1] from Z to I, [], we will prove the following
unconditional result.

Theorem 1.2 Suppose char(F,) # 3 and fix A € R. Then Sy has upper density < 1.

The proof of Theorem 1.1 builds heavily on our work in [2], using the full force of the
function field circle method. This will allow us to prove the following asymptotic formula,
in the spirit of the Manin—Peyre conjecture.

Theorem 1.3 Suppose char(IF;) > 3. Let w: Kgo — R be the weight function defined in
Definition 3.1 and let F (x) = x13 + -+ xé’. Assuming Conjectures 6.2 and 6.3, for P = t¢
we have

D w@/P)=0xBIPP+ > Y wx/P)+o0u(PP)
xeO® LeT xeOONL
F(x)=0
as |P| — 0o, where 0o and & are the singular integral and singular series defined in (4.4)
and (4.2), respectively. Moreover, Y denotes the set of 3-dimensional F(t)-vector spaces
defined over Fy on which F vanishes identically.

In some key ranges, we rely on Conjecture 6.2 to improve a certain O(IP)?) bound to
o(|P|3), in the argument of [2]. Moreover, the scaling-invariant weight functions required
for our counting argument are subtler than those in [2], which already required care. The
precise weights we use are specified in Definition 3.1.

An analogue over Z of the main results in the present paper is available in [11]. However,
the paper [11] requires additional hypotheses (automorphy, GRH, and the Square-Free Sieve
Conjecture) in addition to the Ratios Conjecture.

Notation

Asin 2], welet K =T, (1), Koo = IE‘q((t_‘)), and O = F[r]. We let OT denote the set of
monic elements in ©. For M € R we write M = gM. We define anorm | - | : Koo — Rxo
via |0] = 0 and |a| = ¢%°&% for any & € KX, where dega = deg, « € Z is the degree of
the leading term in the base ¢ expansion of . We also let T = {«¢ € K : |¢| < 1}, and
normalise the Haar measure da on K, so that fT da = 1. Fora = (a1, ...,a,) € KZ,
we let |o| = maxigign ;| and dae = day - - - der,. We let 1 Koo — C* be the standard
additive character defined in [2, Sect. 2]. A key property of this character is the equality

N7l oif N,
/ ¥ (ax)da = if Ix} < (12)
la|<N-1 0 otherwise,
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for any N € Z3(. Other notation from [2] will be recalled when needed.

2 Upper density of S,

Suppose char([F;) # 3. In this section we prove Theorem 1.2. We recall the notation B = qB ,
for any B € R, that was adopted in our previous investigation [2]. Define

I

E,(T;S):7#{keS:|k| <T, r|k},
for any subset S C O, any T > 0 and any r € O™. For a given choice of A > 0 we need to

prove that

limsupE{(T; S4) < 1.

T—o00

To begin with, given r € O such that deg(r) < %, we have

r ~
EA(T;Sa) < = Y Falk),
T
keO_
|k|<T
rlk

where

Breaking into residue classes modulo r, we obtain

D Fall) < > Sw)S®)S(w),

keO_ (u,v,w)e(O/ro)3

‘kr||<kT w3 +v34+w3=0 mod r

where S(n) is the number x € O such thatdegx < %T +Aandx =n mod r,foranyn € O.
Clearly S(n) <4 T'/3/|r|, where the implied constant is allowed to depend on A. But then
it follows that there exists a constant C4 > 0 depending only on A such that

Ap(r)
Ir)?’

E(T;S4) <C
where
p(r) =#{(u,v,w) € (0O/rO)* :u’ + v’ + w =0mod r}. @1

It now follows that

Ey(T; O\ S) > |r| ™ EA(T; O\ Sa) > [r|™! (1 - CA%),
r

whence

Ey(T; Sa) < 1—|r|™! (1 - CA%).
.
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The proof of Theorem 1.2 therefore reduces to finding an element » € O, depending only
on A, such that

For any finite field IF,, of characteristic p, we introduce the cubic Gauss sum

g0 = Y xwep(Tr,r, W),

uelk,,

where x is any non-trivial multiplicative cubic character of IF,;, and where TF,, JE, Fpn — Fp
is the trace map. This has absolute value »/m and we define the normalised cubic Gauss sum
g(x) = g(x)//m, over F,.

Let @ € O be a prime such that |or| = 1 mod 3 and let [F, be the finite field that is
isomorphic to O /@ O, with cardinality |z |. On taking (m, n) = (3, 2) in Theorem 2 of [7,
Sect. 10.3] and passing to the affine cone, it follows that

w) —1
PO o1+

o — 1 o — 1 (JoXw» Xaws Xoo) + Jo(Xw s Xew> X)) s

where Jy is a Jacobi sum and x4, X are the two non-trivial cubic characters of F,. But
Eq. (2) in Theorem 2 of [7, Sect. 10.3] yields

JO(XHT!XZU’ XZH) 1 3
— = —2(Xw)"»
lo|—1 ||
so that
w)— 1
PO =L 41 1 200 Reg ().
|| — 1
But then
p(@) Cor Cor
= — = —, 2.2)
| |? | o

where ¢y = 2| | 'Reg (x> € Z.
The normalised cubic Gauss sum 2(x») = g(Xw)/|@|
absolute value 1 and we may write

172 is a complex number with

¢ = 2|lo | 'Reg(xw)® = 2| |"*ReZ (xr)*,

sothat |cy | < 2|z |!/2. We would like to prove that there are infinitely many primes @ € OF
with |eo| = 1 mod 3 for which ¢, < 0. This would follow from a function field version
of the result by Heath-Brown and Patterson [6, Theorem 2], but such a result has yet to be
worked out in the literature. Fortunately, since we work with characters over the constant
field, an elementary approach is available to us.

Pick an integer d > 1. The prime number theorem for function fields implies that there
are (2d )_lqzd + O(qd ) primes w € OV such that deg(w') = 2d. Moreover, any such prime
will satisfy || = 1 mod 3, since 2d is even. For any such prime @, we may assume that
our cubic character y, on Fy, C ?q takes the shape x o Ny, [F s where yx is a fixed cubic

character on F 2 C F, and N, ot Fop — F,2 is the norm map. It then follows from the
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Hasse—Davenport relation that 3(x») = —(—2(x))¢, where g(x) is the normalised Gauss
sum on qu, whence

~ d
o = —2lw|'*Re (-500%)" . 2.3)
We proceed to prove the following result.

Lemma 2.1 There exist infinitely many integers d > 0 such that
~ d
2 <Re(-2())" <1

Proof Leta € [—%, %] be such that —g(x)> = e(x). Suppose first that « = a/b € Q. Then
any integer d > 0 that is divisible by b satisfies e(do) = 1 and thus suffices for the statement
of the lemma.

Suppose next that « ¢ Q. The upper bound is trivial for any d € Z>( and so we focus on
the lower bound. It follows from Kronecker’ s approximation theorem that there exist infinitely
many integers M € N such that [|[M«a| < 99, where ||n]| denotes the distance to the nearest
integer from any 17 € R. For any such M, takingd = M gives cos(2m -da) = cos(2my), for
some y € [— 99 99] But then it follows that cos(2ry) > ] 5> meaning that the statement of
the lemma holds withd = M. O

Choose d in Lemma 2.1 such that d is large enough in terms of ¢. Then we can find
m > qzd/(4d) primes @y, ..., @, € OF satisfying |;| = 1 mod 3 and deg(w;) = 2d,
for 1 < i < m, and for which

1 1 < 9 1 1
Co; —— s — =5
" \l@i|  |oil? 5\lwil'2 |32

9 1
10 ¢4’

in the light of (2.3). Put ry = @y --- @, € OT. But then it follows from (2.2) and the
Chinese remainder theorem that

plra) p(@ 9 1 91
el U |2 < I1 (1_10'qd>< [1 ‘”‘"( 10 qd)’

1<i<m 1<i<m 1<i<m

since 1 — & < exp(—£) for any £ € R. On recalling that m > q%?/(4d), we deduce that

pra) exp [ — 9 ﬂ

ra? S\ 710 4a)

This is strictly less than C;l on taking d to be sufficiently large in terms of A, which thereby
completes the proof of Theorem 1.2.

3 Local densities

Suppose char(IF,;) # 3. In Sect. 4, we will study a suitable arithmetic variance of the global
counting function

By =k,
rak):=#13 (x,y,2) € o3 degx =degy < + A,
degy—lgdegz<degy

degk
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over g-adic intervals |k| = BasB — o0, for fixed A > 0. Write B = 3d + «, where d € Z
and o € {0, 1, 2}, and define A = la/3+ AJ. Letusalso set P = 4. To prove Theorem 1.1
we may take A as large as we wish, and we shall therefore assume A > 2 in all that follows.

Before proceeding to the variance analysis, we will need to introduce the relevant local
densities and show that they are not too small on average. We begin by defining the key
weight function in our analysis.

Definition 3.1 Let A > 0 and « € {0, 1, 2} be given. Over Ko, we define

Vaa (s ¥, 2) 1= L ya g —ge higpe=iyi<qei+4 Ly -1 <pzi<ivy
WA,a(X1, ..., X6) i= VA (X1, X2, X3)VA o (X4, X5, X6).
We will typically write v = v4 4 and w = w4 4.

Remark 3.2 A few comments are needed to explain our choice of weight function. Firstly, it
is not strictly necessary to state 1 < |x/|, |y|, as this follows from Ix3 + y3 +73 = q“ and
|z] < |y| = |x| already. Secondly, it is crucial for our argument that x, y, z are of roughly
the same size. This guarantees that there are not too many points lying on linear subspaces
on the Fermat hypersurface Z?zl xi3 = 0, as seen in Lemma 4.3. Thirdly, we cannot simply
take |x| = |y| = |z|, but need to allow for one variable to be smaller than the others. Indeed,
if |k| = ¢34+ with a # 0, then x3 4+ y? + z3 = k can only hold if the leading coefficient
of x3 + y3 + 23 cancels. When |x| = |y| = |z|, then this is only possible if there exists a
solution (xg, Yo, z0) € (IF;)3 such that x8 + yS + 1(3) = 0. But such solutions do not exist for
qg =2,4,7,13, 16, as was implicitly observed by Serre and Vaserstein [9, p. 350].

If |k] = §, as above, with B = 3d + «, then we may write

Xy z
r k = V(*,*,*),
(k) > = 55
(x,y,2)€0?
By3+i=k

where we recall that P = <. It is now time to introduce the relevant local densities.
The analogue of the real density is given by

Oooa (k) = / Y (—0kP7?) / v(x, ¥, DV (O3 + y2 +2°))dxdydzds. (3.1)
161<g* K3,
Next, let M > 0 be a parameter to be chosen in due course and define

N = ]_[ oM/ degm ] (3.2)

@ eO7 prime
degmo <M

The relevant local densities at the finite places are conveniently bundled together in the
expression

PN, k) = [N|7*#{(x,y,2) € (O/NO)*: x> +y3 + 23 = k mod N}. (3.3)
Then, in Sect. 4 we shall compare r4 (k) on average over k with the local counting function
Latk; M):=000,4(k)p(N, k). (3.4

In the remainder of this section we prove some preliminary bounds on the typical sizes
of 000, 4(k) and p(N, k). Given k € Koo, it will be convenient to introduce the notation
Fr(x,y,2) = 2+ y3 + 7% — k and to set F(x) = Fy(x1, x2, x3) + Fy(xg, x5, x¢6) for
x=(x1,...,x¢) € K go. We begin by relating the real density to a point count.
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Lemma3.3 Given k € O such that |k| = |PP3q® with a € {0,1,2}, let m = P~3t734L.
Writing s = t~1 we have

TA42

1 F 3 Fy(x) =m mod s
qls] ) 5

00, (k) = CIVTH# X e iy ) v (1) = v5(x2) < A,
vs(x2) < vs(x3) < vs(x2) + 1

Proof Interchanging the order of integration and using (1.2) to execute the integral over 6 in
the definition of o 4 (k), we obtain

0o, a (k) = g** 1 vol{(x, y, z) € suppv: |[Fo(x, y,2) —kP 3| < ¢~*471). (3.5)

Suppose that y € Kgo satisfies |y| < q_GA_1 and let t4x € supp v. Let us define
(x,y,z) =t4 + y. Then using Taylor expansion, and recalling that A > « one sees that
|Fo(x, y,2) — kP3| < g~*4~1 holds if and only if

|Fo(x) — 139734k < g7 7471, (3.6)
In addition, if this holds, then |Fy(x, y,z)| = ¢% is automatically satisfied and hence
(x,y,z) € supp v if and only if

-A

¢ <Ixil=Ix2l and |xalg”!

< xs] < x| (3.7)

for x = (x1, x2, x3). It follows that the set on the right hand side of (3.5) is invariant under
translation by elements of #~6A=1T3 50 that the volume in the right hand side of (3.5) factors
through the quotient group (tA+1T/t_6A_1T)3.

Let s = ¢~'. Then for any [ € Z>o we have a natural identification sTIT/S'T ~
Fylsl/ (s't1) in the category of rings. Under this identification, for any x € s~ !T/s'T we

have |x| = ¢ %), so that (3.6) and (3.7) hold if and only
Fo(x) = s3(d+,&)k mod S7A+2
and
ve(x) = vs(02) < A, vy(x2) < v5(x3) < v5(x2) + 1.

Note that this makes sense as s3(d+’a)k € Fy[s]. The desired result now follows, since

vol(y € K31 |y| < g 0471} = g—3064+D), O

Proposition 3.4 Uniformly over k € O, we have o 4 (k) > A.

Proof For any integers 1 < b+ 1 < ¢ < 7A + 2 with ¢ > 1, let
np(c) = #{x € (Fq[s]/sc)3: Fo(x) = m mod s¢, vg(x1) = vg(x2) = b, vs(x3) = b+ 1}.
It is then clear from Lemma 3.3 that

A—1

os0a(k) = A2 (74 +2). (3.8)
b=0

Let us begin with the contribution from b = 0. We have vy (m) = v; (s3d+3/;k) =3A > 0.
In particular, Fp(x) = m mod s holds for x such that vs(x1) = vg(x2) = 0 and vs(x3) = 1
if and only if xf + xg = 0 mod s. One such solution a is provided by taking a; = 1 and
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ay = —1. As 3 { char(F,), this solution is smooth and a Hensel lifting argument shows that
there exists a solution x € Fy[s]/ (sz) with x = @ mod s and x3 # 0 mod s2. Using Hensel

14A

lifting again shows that any such x lifts to ¢'*4 solutions modulo 5742, so that

no(1A+2) > ¢4, (3.9)
Now let us assume that b > 1. Then any x counted by ny(7A + 2) can be written as
x = sPx/, where x’ € Fq[s]/(sm"'z_b) is such that vy (x]) = vs(x5) = 0 and vs(x3) = 1.
Let mp = ms—3? and note that vy (mp) = 3A — 3b > 3. We thus see that x is counted by

np(7A + 2) if and only if Fy(x’) = myp mod §7A+2-3b This only depends on x’ modulo

5744230 and hence

np(TA+2) > q%ny (1A + 2 — 3b),

where n6 is defined as ng with m replaced by mj. As vs(mp) > 1, the argument leading to
(3.9) also applies to 1 and yields

np(TA +2) > ¢%nj(TA +2 — 3b) > g4, (3.10)

Inserting (3.10) into (3.8) gives

. A1 B A“
Ooak) =g A2y "M =
b=0 q
Since A > A—1> A, and q is fixed, the proposition follows. O

Finally, for the local densities (3.3) at the finite places we require the following result,
showing that on average they are not too small.

Proposition 3.5 Let N € OT. Then

NN

[k|<IN|

. <1
P(N, k)

Proof The quantity o(N, k) is a multiplicative function of N by the Chinese remainder
theorem, so that

_ 1 B 1
NP D s =N 2 T e

[kl<IN| [k|<IN|@¢|N

Since the value of p(z ¢, k) only depends on k modulo @ ¢, we may further write

1
INI~! _ = A(@®), (3.11)
\kgm P(N, k) wll,_”[N
where
1
A= 15 p@ k)
k<l PL

We need to get a sufficiently sharp upper bound for A(w ).
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Let p* (@, k) be defined as for p(w ¢, k), but with the extra constraint that (x, y, z) should
be coprime to . Then clearly

@ k) = p* (@’ k) = p*(w, k),

by Hensel’s lemma and the fact that the characteristic is not 3. Thus it follows that

1 1
A< — > ———
| | Pt p*(w, k)

1 1 1 1
‘ﬁ*(w,k)’

(3.12)

= 7~*7 —
@l 5% @, 0) e =

In the light of the definitions (2.1) and (3.3), it is clear that

1 _p(w)—l
w2 o)

p*(@,0) = p(w,0) —

Hence it follows from (2.2) that

1
P 0 =14 2 T
@l ol

where ¢, € 7Z satisfies ¢4 | < 24/|@|. Thus there exists an absolute constant C; > 0 such
that
1 Cy

= <1+ .
o*(@,0) ||

We proceed to an analysis of 5*(w, k) when @ 1 k. Identifying k with the image of its
reduction modulo @, it is clear that

5% — 5 _i 3..3 3 3 _
P (wak)—p(ka)_rz#{(x=y7z)€]Fr'x +y +Z _k}’

where r = || and F, = O/w O. Let us write v(r) = #{(x, y,2) € F? : x3 +y3 + 73 = k).
We may now appeal to the formulae in [7, Chap. 8] to calculate this quantity. If r = 2 mod 3
then v(r) = r2. If r = 1 mod 3, we let x : ¥ — C be a non-trivial character of order 3.
Then one may check that

v(r) =1+ 3 (x (k) + x (k) r —2ReJ (x. X).
where J(x, x) is a Jacobi sum and satisfies |J (), x)| = /7. We deduce that

I 3G&®+x®) G
P, k) || |l |3/2°

for a suitable absolute constant C, > 0.
Bringing these estimates together in (3.12), we obtain

1 Ci 1
A(wf)sf(w )+—
] =) Pl 2

O<|k|<|a|

<1+ G
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if || = 2 mod 3. On the other hand, if || = 1 mod 3, then

RN W+ R0 . G
A(w)gmﬂ(1+ >+|w| 2 (1 El +|w|3/2>

=] 0<lk|<|w|

3 _ Ci+C
- Y xR+ R +
|lU| O<|k|<|a| |ZD'| /

But the sum over k vanishes, since x, x are non-trivial characters modulo & and the image
of k runs over all of IF on reduction modulo .
Returning to (3.11), we conclude that

- 1 Ci+QC
NI < 1+ ——2) <1,
. |k§N|5(N’k) ﬂ/( MCTRE ><<

as required. O

4 Variance analysis for density 1

For the rest of the paper, assume char (F;) > 3. Having carried out our study of local densities,
in this section we turn to a variance analysis of r4 (k) and provide a proof of Theorem 1.1,
assuming Theorem 1.3, whose proof will be completed in Sect. 7.

Recall the definition (3.4) of 4 (k; M). We are interested in the arithmetic variance

Vara(B; M) = Y (ra(k) — La(k; M),

keO_
|k|=B

ranging over all k € O with degk = B. We will analyse this roughly as in [10, Chapter 2],
which is in turn based on arguments of [4]. A crucial role in our analysis is played by the
counting function

Nu(P):= Y w(x/P), (4.1)

xeO°
F(x)=0

where w is the weight function constructed in Definition 3.1.
As before, we let F(x) = ?:1 xi3 forx = (x1,...,x¢) € Kgo. We then define
&= IrI7®s.®), (4.2)
reOt
to be the singular series associated to our counting function N, (P), where

S0 = > Zw(@), (4.3)

lal<|r]  lx|<]r|
ged(a,r)=1

where x runs over elements of O°® with absolute value less than |r|. (We follow the usual
convention that summation variables in K, should lie in O unless specified otherwise.)
Moreover, the singular integral is defined to be

Oo0 =/ / w@) Y (0 F(x))dxdo. (4.4)
lo1<q*t JKS,
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We have
Vara(B; M) = Y ra()> =2 ) rattlatk; M)+ Y La(k; M)
|k|=B [k|=B k|=B
=X — 2% + X3,

say. We will analyse each term X; individually, fori = 1, 2, 3, with the main bulk of our work
being concerned with producing an asymptotic for . Before commencing our analysis, we
will need two auxiliary results.

Lemma4.1 Let N € O, B = 3d + « > 0 and suppose that |N| < |P|3q’4A. Then for any
a € O with |a| < |N|, we have

|P?
Q= Y owalk)= TR
|k|=B
k=a mod N

where 0o, 4 (k) is given by (3.1).

Proof After writing k = Nb + a, with |b| = §/|N| and |a| < |N|, it follows that
Q= ) / w(x) Y (01 Fo(x1) + 62 F(x2) — a(®r +6:)P)
1011,1621<q* J K

XY Y(=(O +62)bN P~)dx dxd6;d6,.
b|=B/IN|

The assumption |N| < |P3g~*4 implies
@ +6:) P73 < INIg*A P17 < 1

sothat Y (a(01+6>) P —3) = 1. Moreover, it follows from orthogonality of additive characters
that

B
-3
Z V=61 T6)PNPT) = IN| (‘1 IO+ NP3 <A _ll\(91+92)NP*3H<‘%J>’
lbl=B/IN|

where ||«||:=]| Zi<71 a;t'|, for any element o = ZigN ait’ € Ko. We again have
|61 + 6:)N P3| < 1, so that [|(; + 62)NP 3| = |(61 + 62)N P~3|. After making the
change of variables 6, = —6; + y and 8 = 6y, it follows that

B
o= m /Kﬁ /9‘ 1<t wx)Y(OF(x) — yFo(x2)) (qlh,|<q—a—1 — lh,|<q—a) dydfdx,

where we applied the change of varial?les x = (x1, —x2).~If w(x) # 0, then | Fy(x3)| = g%.
Moreover, if |y| < ¢~* and |0] < q4A, then |y — 0| < q4A holds automatically. This implies

/ V(—y Fo(x2))dy = ¢ *1jFy(x)|<q« = 0.
lyl<q=®

In addition, if |y| < ¢~'~%, then ¥ (—y Fo(x»)) = 1 since |Fy(x2)| = ¢ for x» € supp v.
We therefore obtain
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-4 /K6 /9I< WO FE)dodx volly| <~
q

_pP
~ NI

OO
since B = |P3g. O

Lety € KSO be such that |y| < qA and z € T3. If weset x = y + t"’ZAz, then a
straightforward computation shows that | F(x)| = ¢* if and only if |F(y)| = ¢%. Similarly
v(x) # 0 holds if and only if v(y) # 0. In particular, v is invariant under translation by

1%=2AT3 1f we define

~ ~ [Fo(y)l = q“, )
R =1y € ("' 4D 1 <yl = Il <P ¢ 4.5)
Iv2lg™! < ly3l < Iyl
we thus have the well-defined identity
v = D L (4.6)

YERA o

Lemma4.2 Let N € O, B = 3d + a > 0 and suppose that |[N| < |P|q_6’§. Ifb e Ois
such that |b| < |N|, then

|PP?

D v/ P)ooalFo(y) = NP

y=bmod N

Proof We begin with an application of the Poisson summation formula, in the form [8,
Theorem 7.7], and its obvious generalisation to multi-dimensional sums. This yields

> v(y/P)oco.a(Fo(y))

y=b mod N
|P|3/ / < b~v)
F —— )1
NE Joegin e V(xX) Y (6 o(x))v§3l/f ) 10, v)dxde,

where we have temporarily written
Py-v
1(0,v) = vy | 0Fo(y) + —— | dy.
K3, N

The contribution from v = 0 is clearly

PP

3
Pl / / v(x)Y (@ Fo(x))I(0,0)dxdd = LS
101<q*4 JK3, IN|

INP

Using (4.6) to decompose the weight function v into smaller boxes and applying a change
of variables, we obtain

i Py-v i P1a—24z .y
10.v) =g« Yy ( > ) /TS v <9Fo(y R L
yERA,m
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We can now use [2, Lemma 5.1] to deduce that the inner integral vanishes forany y € R4 4,
and hence /(6, v) = 0 unless |P|q°‘_2A|N|_1 |v| < max{l, |#|Hg}, where

G(2) = Fo(y + 1%~ 7).

Since |Fo(y)| = ¢“, one readily checks that H; = g“. Consequently, if v 7 0 then 7 (6, v)
can only be non-zero if

|Plg* 24 < [N |max{1, ¢[61]} < [N|g“ 44,
which is impossible by our assumption on |N|. O
For any r € O, define
p(r) = |r| 7 #{x € (0/r©)®: F(x) =0 mod r}.

Recalling the definition (3.4) of [4 (k; M), itis now easy to call upon the previous two lemmas
to evaluate ¥, and ¥3. Firstly, by the definition of v we have

Ta= Y v(x/P)a(Fox); M)

xeO3
= Y AN, F®) Y v(x/P)oa(Fox).
b mod N x=b mod N

—6A

On assuming that |[N| < |P|g and appealing to Lemma 4.2, it now follows that

Ty =0wlPP Y INITp(N, Fo(b)),
b mod N

where p(N, k):=|N|>5(N,k) = #{(x,y,2) € (O/NO)}: x3 + y3 + 23 = k mod N}. It
readily follows that

¥ = 00p(N)| PP, 4.7)

Similarly, Lemma 4.1 gives

3= ) AWNBY Y osak)’

b mod N lk|=B
k=b mod N
_ 4.8
= owclPP Y INISp(N. b)? @8
b mod N
= 00p(N)| PP,
providing only that |N| < | P|3g—*A.
Finally, assuming Conjectures 6.2 and 6.3, it follows from Theorem 1.3 that
Si= ) ratk?
|k|=B
= Ny (P) 4.9
=0xBIPP+ > Y wx/P)+o0u(IPP),

LeY xeLnO®

as |P| — oo. Before completing the proof of Theorem 1.1, we need two more auxiliary
results.
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Lemma4.3 Forany L € Y, we have

> w(x/P) < AIPP.

xeLNO®

Proof By applying a suitable FF,-linear change of variables we may reduce to the case where
L is given by

(1) x1+x4 =x24+x5 =x34+x6=0,0r
2) x1+x2=x3+x4 =x5+x6 =0.

We begin with (1). Since x1, x2, x3 deterrr)ine X4, X5, Xg uniquely, it suffices to count x € o3
for which v(x/P) # 0. Let 1 < b < A and suppose that |[x{| = |x3| = quPI. Writing
N = x? + xg, we must then have |x1| = |x2| < |x3]|g and

IN +x3| = ¢°|PP, (4.10)

if v(x/P) # 0.1f N = 0, then there are O (¢”| P|) choices for (x{, x2), while |x§| =q*|P)?
implies |x3| = q"‘/3|P|, which in turn implies that x| = |x3] < q“/3+1|P|, whence
b < /3 + 1. Thus the total contribution from this case is O(| P?).

Now let us assume that N # 0 and fix pairwise distinct solutions 1, 82, B3 € K5 of the
equation x3 + N = 0. The absolute value | - | extends uniquely to K*°P, so that (4.10) gives

I(x3 — B1)(x3 — B2) (x3 — B3)| = q%| PP.

As|Bi — Bjl > 1fori # j, wehave |x3 — B;| > |x3] > ¢®~!|P]| for at least two indices
i €{1,2,3}. Without loss of generality, assume that it holds for i = 2, 3. We then get

lxs — Bil < ¢“T272| Py,

for which there are 0(q"‘+2’2h|P|) possible x3 € O. As there are 0(q2h|P|2) choices for
X1, X2 € O, this yields after summing over b an overall contribution of O (A|P|?), which
completes case (1).

For (2), observe that if v(x/P) # 0 and x; + x5 = 0, then we must have |x3| = q"‘/3|P|
and |x1| = |x2] < ¢¥/3+1|P|. In particular, once x3 is fixed there are O(¢®/3|P|) choices
for x1, x5. In addition, x3 determines x4 uniquely and by the symmetry at hand there are
O(q“/ 3| P)) available x4, x5 € O. Therefore, the total contribution is O(q*|P 1), which is
more than sufficient. O

Lemma4.4 Let N beasin(3.2). Then p(N) = &+ O(M_z/3+5), where G is given by (4.2).

Proof Using orthogonality of characters and collecting terms according to their greatest
common divisor, for any prime power @* we have

F
CSEIEI D DD w(“w(f))

a mod @k x mod wk

k
= Z || —6k—D) Sk-1(0),
=0

in the notation of (4.3). Thus the Chinese remainder theorem yields

AN) = 1r|705,(0).

r|N
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It follows from the definition of N that any r € O with degr < M divides N. Therefore

BN) =& < D Irl 7018, < M2 @.11)
|r|>/\7
by Lemma 9.2 of [2], noting that S?(0) = |r|~7/25,(0) in this result. O

Proof of Theorem 1.1 Recall the definition (1.1) of S4. Our goal is to show that
. (#k € Sa: k| < X)
lim inf = — 1,
X—00 qgX
as A — oo. Fix A > 0 to be sufficiently large and suppose 0 < § < 1/2.Let B € N be such

that X/2 < B < X and put B = 3d + « for o € {0, 1, 2}. Throughout this argument we

may take d to be sufficiently large. Let P = ¢ and choose M > 1 such that |[N| < |P|q_6’&
in the notation of (3.2). Then

#{ke@\sA:|k|=1§}<#{ke0\SA-'kl:B’ }

Cratk) —latk, M)| = |la(k, M)|/2

where 4 (k, M) is given by (3.4), since k € Sy if ry (k)A> 0. Now it follows from Pro/Eosi-
tion 3.5 that 5(N, k) > A~1/213 for all but O (A~ /218 B) elements k € O with k| = B. As
0s0,4 (k) > A always holds, by Proposition 3.4, we thus have

Var4(B; M)

#lk € O\ Sa: k| = B) < A™'PPB + —2 o,

Writing Var4 (B; M) = X1 — 2%, + X3, as previously, we may combine (4.7), (4.8) and
(4.9) with Lemma 4.4 to get

Varg(B; M) =Y Y w(x/P)+0u(IPP) + 00w PP M237%),
LeY xeLNO®
But Lemma 4.3 implies that Y, v >, nos w(x/P) < A|P[]>. We trivially have
0co = 04(1) in (4.4). Taking M to satisfy UOOA?_Z/HE = 04(1) as |P| — oo (which is
allowed as M can be chosen to tend to infinity as | P| — oo) and recalling that B= | P |3q°‘,
we are led to the bound

#lk e O\ Sa: k| =B} <« A™V*YB 4+ BA™% 40, A(IP]®)

as |P| — oo. Choosing § = 1/6, summing over X/2 < B < X and estimating the
contribution from |k| < X!/2 trivially, we conclude that

(#{k € Sa: k| < X}
X

as A — oo. O

lim inf
X—00

) > 1404713,

5 Integral results

As before, we let F(x) = Z?:l x? forx € Kgo. Given y € K and w € Kgo, this section
will be mainly concerned with the integrals

JFrw(y, w) =/6 XY (yF(x)+w-x)dx

[e]
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and

JE ) = / Jr oy, wy,
lyl<l

for I' € Z and suitable weight functions w: K& — C.

Fix A and o, and let w = w4 4 as in Definition 3.1. All implied constants in this section
will be allowed to depend on A and «. First, we prove some continuity properties that enhance
[2, Lemma 5.6].

Lemma 5.1 Suppose L1, Ay € K3 are such that 11 /A2 € 1 + T. Then
JhwMw) = JE , (haw) forany w € K.
Moreover, if wy, wy € Kgo satisfy lw; — wo| < q_l(maxxesupp(w) lx)~L, then
ThwWp) = Jf , (w). G.1)

Proof The first part of the lemma is proven just like [2, Lemma 5.6], using the fact that
WA« (A~'y) depends only on A mod 1+ T by Definition 3.1. For the second statement of
the lemma, we simply observe that |{w; — wz| < q‘l (Mmaxy esupp(w) |x|)‘1 implies that

Y(wy - x) =Y (wr-x)
for all x € supp(w), so that the claim follows from the definition of J; (W) O

We now extend [2, Lemmas 5.5 and 5.8] to the weights w = wy4 o. We first place w into
the framework of [2, Sect. 5]. By (4.6), we have

A
w(ttx) = Z l\t'&x—y\<q”—2f:‘ = Z 1|x—t—f‘iy|<q‘>‘—3f‘i'

y=(@.v)eR;, yeRy,

Moreover, it follows from (4.5) that |I_Ay| < 1 for all y € Ri,a. Let

wy (x):=1|x7[,f;y|<qa,3f;. Then

T w(y, w) = /6 wtA )Y (y Fthx) +w - 1hx) 1A 0dx
KOO

=% Y Jrw, @y ttw).

yeRfm

(5.2)

Lemma5.2 For each y € Ri’a, the weight function wy satisfies [2, Hypothesis 5.3] with

parameters Xy = t”ay and L = 3A — a.
Proof This is clear by the definition (4.5) of R4 4. m]
Before proceeding, we recall a general form of stationary phase [2, Lemma 5.2]:
Lemma5.3 Letn €N,y € Koo, r € K2, and G € Kolx1, ..., xp]. Let
Qi={x € T" : |yVG(x) + r| < Hg max{1, |y|'/?}},

where Hg is the maximum of the absolute values of the coefficients of G. Then

/ W(yG(x)+r-x)dx:/ Y(yG(x)+r-x)dx.
T Q
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For the next two lemmas, let ' € Z and w € K&,. Let
Freo) =[]+ £ £c*) € Olel (5.3)
be the dual form associated to F, as in [2, Sect. 2].

Lemma 5.4 We have J}; »w) < 1+ |lw|)~2. Moreover, if |lw| is sufficiently large, then
Jr.w(y, w) =0 unless |y| < |w|.

Proof Immediate from (5.2), Lemma 5.2, and [2, Lemma 5.5]. O

We note that [2, Lemma 5.5] was proven for arbitrary L > 0, whereas [2, Lemma 5.8]
was only proven for L = (. Therefore, the following lemma requires a bit more work.

Lemma 5.5 We have J}. , (w) = 0 unless |F*(w)| < 1+ |w|%e "1,

Proof We roughly follow [2, proof of Lemma 5.8]. As there we may assume |w| > 1, with
an implied constant as large as we wish. Then by Lemma 5.4, we have J };w (w) = 0 unless

1 < |w| < T, in which case
Tp (W) = / Jrw(y, w)dy.
Iy I=Iwl

As noted in the proof of Lemma 5.1, we have w(x) = w(ix) for all A € 1 + T. The
change of variables x — A~!/2x preserves the Haar measure dx on K go, whence

Jrw(y, w) = Jp w2y 372wy = Jp o, 072y /0, 07 ).

Letting S € K be a complete set of representatives for the quotient group K5 /(1 + T),
and writing y = yo) with yp € Sand A € 1 + T, we deduce that

o= 3l / T Oy, A7 Pw) dp, (5.4)
EN T
[vol=<lw|

where A:=1 4+ u.
By the n = 6 case of Lemma 5.3, applied to each weight w), in (5.2) after a linear change
of variables with bounded coefficients, we have

Trw O Py, a7 2wy = g% 3" Jp o, (PAAT Py, 14071 )

yeRi.a

(5.5
= /Q w@ YD) dx,
where ®(x):=yoF (x) + w - x, and where 2 C Kgo is a region such that
Q C {x € supp(w) : [V ()| < max{l, Iyl}'/?).
Since |yp| =< |w| > 1, this means
Q C {x € supp(w) : [V )| < Iyl (5.6)

The function ® depends on yg, but not on A. Moreover, W12 (x)) depends only on the
first D:= max{0, logq |®(x)|} terms of the power series expansion 22 = Zk>0 (7 }{/2) uk.
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The coefficients of this power series in w all have absolute value < 1, so by the
n,y,r,G(n) = (1, d(x),0, ZO<k<D (7L/Z)Mk) case of Lemma 5.3, we get

/ Y20 (x)du =0, (5.7)
T

unless | P (x)| < 1. Here D may be unbounded as w varies, which is fine because the statement
of Lemma 5.3 depends on the height Hs but not on the degree deg G.

Combining (5.4), (5.5), and (5.7), we conclude that J ; (w) = 0, unless there exist an
element 3y € S, and a point x € €2, such that |yp| < |w| and |®(x)] < 1. Arguing via (5.6)
and [2, Lemma 5.7] as in the final two paragraphs of [2, proof of Lemma 5.8], it follows that
|F*(w)| < 1+ |w|%eF 1 ag desired. O

6 Ratios analysis

Letn = 6. As before, we let F(x) = Zl 1 x3 In this section we start proving Theorem 1.3
and collect together some of the estimates coming from the Ratios Conjecture that will be
useful in this endeavour. Recall the definition (4.1) of the counting function N,,(P), where
w is the weight function defined in Definition 3.1. Let Q € Z be a parameter with

B 3deg(P)
T2

a specific choice of Q will be made in Sect. 7. Applying [2, Eq. (2.9)], the circle method
leads to the expression

+ Ow(1);

NuP)=[P" D" 1™ ) S (@)l (o),
reOt ceO"
IrI<Q
for suitable exponential sums S, (c¢) and oscillatory integrals I, (c). In fact, in the notation of
Sect. 5,if welet I' = —deg(r) — Q + 3deg(P), then

I.(¢c) = / Jrw@P3, Pe/r)dd = |P| 2 JL , (Pe/r).
o P3|<T

Next, informed by the dual form F* from (5.3), we make the decomposition
Ny(P) = M(P)+ E(P) + E2(P), (6.1

where M (P) is the contribution from ¢ = 0, E{(P) is the contribution from ¢ for which
F*(c) # 0, and finally, E»(P) is the contribution from ¢ for which F*(c¢) = 0.

For the remainder of this section our goal will be to harness the Ratios Conjecture to
ensure that £1(P) makes a negligible contribution to N, (P).

Let V and V, be the K-varieties in IP’?( defined by F(x) = 0and F(x) =c-x =0,
respectively. Following [2, Sect. 3], let L(s, V) = L(s, H;}(V)/H}(P?)) and let L(s, ¢) =
L(s, H;(VC)), forc € S; = {c € O" : F*(c¢) # 0}. Asin our previous work, we write . ()
for the rth coefficient of the Euler product L (s, o)l = I—[w Lo (s, ¢)~!. The following is a
minor variant of [2, Proposition 3.5].

Proposition 6.1 Lera € O% and d,r € OF. Let ]Eg’eds[f] be the average of f over the set
{c € S : ¢ =a mod d} (assuming this set is nonempty). The limit

a,d

- ’d . .
pE (= lim BUSC s le(]
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exists. Moreover, ﬁ‘;ﬁ (r),[L‘fp’f'l1 ) = ﬁ‘}’ﬁ (rr’) if ged(r, r’) = 1.
Now let w € OF be a prime, and let | > 0 be an integer. Then

w5 (@) < o] 6.2)
Furthermore, if w t d, then ﬂ‘;’ﬁ (@' = fipa2(@!, 1), where
mF2(r,r2)= lim Eocg . o<zlte(r)me(r2)]
Z—00 =
is defined as in [2, Proposition 3.5].

Proof The final sentence is obvious. Everything else, up to and including (6.2), is proven just
as in the proof of [2, Proposition 3.5], using [2, Lemma 3.4], the bound . (r) <. |r|?, and
the Chinese remainder theorem. O

Asin [2],let tx (8):=[[, (1 = [ ™) = 3 co+ 1717 = (1 — ¢! =)7L, Informally,
Proposition 6.1, combined with [2, Eq. (3.5)], tells us

DA A A+ av@) [ |72 + o |72 ~ Lis + 5, V)t (2s).

reO+

In fact, just as the Euler product (from [2, Sect. 3])

Ck (51 +52)7! Z wF2(ry, r2)

Afp2(s1,82):= : 7
[li<j<2@k@spL(sj+ 5, V)) O 71 %" |ra |2

converges absolutely for Re(s1), Re(s2) > % by [2, Proposition 3.5], the Euler product
AG @)=t )T L + 5V Y A eI (6.3)
reOt

converges absolutely for Re(s) > % + ¢, for any ¢ > 0, and satisfies the inequality

O(w™) o 08<|w|8)>

a,d
‘AF.I(S)’ S H(l +0(wia) + 735, o 232 o 143
w

||

<L |dI*, 6.4)
by Proposition 6.1 and [2, Eq. (3.5)]. The expression A‘;’ﬁ appears as the “leading constant”
in the Ratios Conjecture 6.2 (RA1). The Ratios Recipe [3, Sect. 5.1], directly adapted to
function fields as in [1], produces (RA1), even with a power-saving error term 0(Z~%)

independent of 8 for 8 < §, say.
Let A‘;dl (s) be defined as in (6.3), in terms of certain local averages /l‘l'p’dl (r). Moreover,

following [2, Sect. 3], let 0(Z):=% + +, let &1 (s):=¢x 25)'L(s + 5. V)" 'L(s,0) 7!,
and let a., 1 (r) be the rth coefficient of the Euler product & L(s).

Conjecture 6.2 (RA1) Fixareal M > 0. Let a € O%andd € OF with |a|, |d| < M. Let
be Kgo with |b| < 1. There exists B = By (Z) € [0, 1] such that if

s=B+0(2)+ir,

then uniformly over Z € N and T € R, we have

Yoo el = Y 1+ 0EZ7) AL ).

ceS) ceS|
c=amodd __ c=amodd __
le—t2b|<Z/M le—t2b|<Z/M
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for some function g = gy (Z) — Oas Z — oo.

For comparison, we recall the statement of (R2) from [2, Conjecture 3.6].
Conjecture 6.3 (R2) There exists a constant B € [0, 1] such that if

sj = B+o(2) +i‘Ej,
then uniformly over Z € N and t1, 12 € R, we have
Yo el snet ) = Y Gkl +52) + OZ %)) Ap (st sa).
ceSlz\clgf ceSl:lclgf

As in the case of (R2), it is expected that 8 in (RA1) can be taken to be any small constant,

including 0. When M = 0, (RA1) follows easily from (R2), with g = Z73f if g > 0. Tt

would be interesting to determine whether there is a similar implication for general M > 0.
‘We now build on (RA1). Let Ez‘}"{ (r) be the rth coefficient of A‘;’dl (s).

Proposition 6.4 Assume (RAI). Let M > 0, |a|, |d| < M, and |b| < 1. Let Z, R € Z with
R < 3Z. Then

Yoo D 1k @) —ag o) < Migm(z) Y. RVA

ceS) reOt ceS
c=amodd _ c=amodd
|e—t?b|<Z/M le=t?b|<Z/M

Proof Simply plug in the identity 1\r|=§ = IERe(s):ﬂJr(,(z)[(ﬁ/ [r])*1, the bound (6.4), and
the inequality RFH7(DZ 38 < RI/ZR1/2 L ¢3RV/2. O

In fact, the contribution from Ez;’ﬁ (r) is small, in terms of the square root R1/2,
Proposition 6.5 Letd € O and R € 7. Then
- ’d fagy
D 1 _papio) < |dfF RV
reO+
Proof On writing 1|r|:§ = IERe(S):%+S[(§/ [r))*], we get
—a,d S5 4a.d 5
D L—r-ari) = Ere(s)= L4: (R AT ()] < [d|* RYHe,
reOt

where the first step is justified by the absolute convergence of A‘;’ﬁ (s) and the second step
is justified by (6.4). O

The next step is an analogue of [11, Conjecture 7.14]. As in [2], let
Si©)=1rI""* V2 S, () = Ir| 777 5, ().

Proposition 6.6 Assume (R2) and (RA1). Let Z, R € Z with R < 3Z. Let M € [0, R] and
|d| < M. Partition the box {c € O" : |¢| < Z} into sets

{ce O :c=amodd, |c—1°b < ’Z\/ﬁ},
indexed by some set & = P (Z,d, M) of pairs (a, b) with |a| < |d| and |b| < 1. Then

> > 2 Nk S

(a.b)e? ceS) rerRS
c=amodd
le—tZb|<Z/M

< (fo(M) + f1,m(2)) Z°R'?,

for some functions fo(A) and fi,pm(A) tending to 0 as A — oo.
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Proof By the ¢ = 1 case of [2, Conjecture 4.5], the quantity to be bounded is certainly
O(Z°R'%). We go further, obtaining cancellation over ¢, by introducing (RA1) and [2,
Lemma 3.4] as additional inputs. Let My > 0 be an auxiliary parameter. In the notation of
the proof of [2, Conjecture 4.5], with 8 = 1, we have

2 lperSi@= > ] =R

rer§ Ri+Ra+R3=R 1<j<3
and Y5, 101<2 Ti<j<s | S99 (R)| < ZORV2R, ™Ry *", thanks to (R2). The total
contribution from Ry + R3 > My is therefore <« M -2/ ISZ6R1/ 2,

On the other hand, if R — R; < My, then by [2, Lemma 3.4], there exist a modu-
lus f(Mg) € OF, and an exceptional set &(My) < 00 of density 0(Mo) = opmy—oo(l)
defined by congruence conditions modulo f(Mp), such that for all ¢ ¢ &(My), the quantity
D RotRs=r—r, | 2<j<3 ¥¢J(R;) depends at most on the residue class

¢ mod f(Mp).

Since £¢J (R i) <K R\JH'S trivially, we conclude by Propositions 6.4 and 6.5, applied with
parameters “(M, d):=(M + deg f(My), f(Mo)d)”, that

Z Z 1—[ ST (R)) < M(;-h‘?T Z R2,

ceSI\E(Mo) Ri+Ry+R3=R1<j<3 ceSI\E (M)
c=amodd  RatR3i<Mp c=amodd _
le—t?b|<Z/M |e—t?b|<Z/M

where
T:=M° | f(M0)I° gm-rdea fMo)(Z) + | f (Mo)d|¢ RE~1/6.

Here, the first term comes from the right-hand side of Proposition 6.4, whereas the second
term of 7 comes from the right-hand side of Proposition 6.5.
Summing over (a, b) € &2, then adding in the Ry + R3 > M contribution, we get

2| 2 >, T =@, )’<<T26R”2

(a,b)e? cESl\("(Mo) Ri+Ry+R3=R 1<j<3
c=a mod d
le—12b|<Z/M

where T':= 2/ 15 + M, 1J“ET Yet by [2, Conjecture 4.5, proven under (R2)], and Holder’s
inequality in the form 1 = 3—= + ﬁ, we have

S Y 1, SHO)| < oMV (Z 4 | £ (Mo) O RV,

ceSINE (Mo) reRS
le|<Z

Therefore, if T":=T" + 0(Mo) '8/ @~ (1 + | f (My)| /Z)®, then

> > 2 e S©

(a,b)e? ceS) rerRS

&« TU26§1/2.

le—1Zb|<Z/M
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Letting Mo:=max{A € [0, M/12] : | f(A)| < M}, and recalling that M < R, we get
T" < My P 4 M 2000 (2) + RV 4 2(Mo) OO0+ | £ (Mo)* / Z°)
=o0pm—oo(l) + 0M;Z—>oo(1) + O0Rso00(1) +0oM—00(1) + 0M;Z—>oo(1),
because My — oo whenever M — oo, and 0(Mp) — 0 whenever My — oo. This suffices,

since 0R 0o (1) < 0o (). o

By the local constancy result (5.1), and our dyadic bounds in [2, Sect. 8], we can now
prove an analogue of [11, Theorem 10.7], going beyond [2, Proposition 8.1].

Theorem 6.7 Assume (R2) and (RA1). Then E|(P) = 0y, (| P)?), as | P| = oc.

Proof The idea is to recycle our work from [2, Sect. 8] as much as possible, and only then to
use (5.1) and Proposition 6.6 in the remaining ranges.
First, we claim that for 0 < Y1 + Y2 = Y < Q, we have

| 3

SV, Ya=IP Y @Y N st Y S ()<< 6.5)
lel<| P|'/? reRg neRE
lr11=" Ir2|=Y>

for some small constant w > 0, where
- |P |3/2 3/2
D:=max T < |P| (6.6)
Indeed, given the integral estimates Lemmas 5.4 and 5.5 (replacing [2, Lemmas 5.5 and 5.8]),
our work in [2, Sect. 8] leads to the following bounds.
(1) By [2, Sect. 8.1], the contribution to X (Y, Y>) from |¢| K |P|Y/23 s
< |P|’%n/4 3/24+e—8(14+n/2+€)/2 _ |P|3+8 8(4+¢)/2 & |P| /Dw

unconditionally, provided ¢, w < 8.
(2) In the notation of [2, Sect. 8.2], if ¥, Y2+e < W2 then the contribution to X(Y;, Y2)
from |c| > |P|'/?7¢ is, by [2, final dlsplay before The case Y"“ we/2],

& |P|3Vl/4 3/2 (Y*”/Z(Y/ |P|?/2)a/2 + Y7”/2 |P|—Ot(1+€)/4) < |P|3 /b\a),

under (R2), provided o < «.
(3) In the notation of [2, Sect. 8.2], if ¥, yrte o W"‘/ 2 then the contribution to (Y1, V)
from |c| > |P|'/?78 is, by [2, antepenultlmate and penultimate displays of Sect. 8],

< [PPSR (@)1 PRRY 4 PPED2) « PP /D,
under (R2), provided @ < min{n’, B}. Here B:=n'a/(4(n + ¢)).

These three cases complete the proof of (6.5).
On the other hand, we may bound X (Y1, Y>) by first fixing r3, then fixing I,v (¢) using
(5.1), and finally summing over ¢ and r; using Proposition 6.6, with Z = |P|'/2. This gives

|P|C 1-n/2
(Y1, Y2) < |PI" 3(1+ o ) yu=m2y R (o) + fim(2)) 207,

@ Springer



Optimal sums of three cubes in [Fg[t] Page 23 of 25 65

provided M € [0, Y1] and M > D witha sufficiently large implied constant. The conditions
on M ensure, in particular, that I,y (¢) is constant on the box |c - th| < Z/M for any
given b Wlth |b| < 1.

Since Y1 Y2 =Y > |P|3/2 /D and Y2 D the last display is

< P73 (PP2 DY TEDE2 (fo(M) + fim(2)) PP,

which simplifies to |P|3 D" (fo(M) + fl,M(Z)). Let Do be a parameter with M > 50.
Then

Y B, V) < Z + > IPP D" (fo(M) + fi.m(2))

Y,Y» Y,V Y.,
D>Dy D< Dy

I
< Dw/z + D§|PP Dy (fo(M) + f1.m(2)).
We conclude that |E{(P)| < (2D*w/2 n+st(M)) \PP3 for all |P| > poy 1. Taking

M >p, 1, we then have |E1(P)| < 3D, |P|3 for all |P| > p, 1. Taking Dy — oo, we
are finally done. O

—w/2

7 Centre and dual variety
We refine [2, Proposition ? 1] to an asymptotic for M (P). It will be convenient to make the
explicit choice Q = |—2A + 3 deg(P)/2], where A = |a/3 + A] is as in Sect. 3.
Proposition 7.1 If w = wy g, then

M(P) = 06| P> + 0(000| PP Q37),

where & and o, are the singular series and singular integral defined in (4.2) and (4.4)
respectively.

Proof Recall, from (6.1), that
M(P)=|PI° Y IrI7°L(0)S,(0).
reOf.
Ir<Q
Inserting (4.6) into the definition of the weight function w and making the change of variables
x =y 41924z with y € Ry 4, it follows that
2

1,(0):/ g > / V(OP3Fo(y + 1% 2Az)dz | de.
1ol<lri=1Qo-!

YERA o

By the n = 3 case of Lemma 5.3, we may replace T° in the integral by
Q={zeT: " 0PV F(y + 1 242)| < ¢* max{l, |9 P3|'/}},

where we used the fact that Hg < g% for G(z) = F(y + t""ZAz). As 'y € R4, in the
notation of (4.5), we have 1 < |y1], so that

IVEo(y + 1274 2)| > | + 1274 z2)% > 1
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In particular, if Q # ¢, then we must have
101 < g*A 1P|~ max(1, |0 P?|'/?),

o~

which is only possible if |#| < q4A|P|_3. As|r| < @, we always have Ir|~t @‘1 >0?%>
q4A|P|_3. Therefore,

1,(0):/ ) / w(x)Y (O P3F(x))dxdo
101<q*4 P13 JKS,

=PI /\e|< y /KG wx)Y (O F (x))dxdd
\q o0

= 000l P77,

on recalling the definition (4.4). Turning to the singular series defined in (4.2), we have

‘Z |r|—6sr(0>—6‘ < YIS @)

reOt reOt
HNY Ir|>0
« D3+
by (4.11). O

We proceed by proving an analogue of [2, Proposition 10.1], for our weight function.

Proposition 7.2 If w = wa, and F = xf’ + -+ xg, then

Ex(P)=Y" Y wx/P)+ 0a (PP 14,

LeY xeLNO®

Proof Every step of the proof of [2, Proposition 10.1] directly generalises to the weight
function w = w4 o, the details of which will not be repeated here. (In fact the proof works
for any w € S(Kgo) with 0 ¢ supp(w), where S(K7,) is defined as in [2, Sect. 2]. Indeed,
the integral estimate [2, Eq. (10.13)] holds for all such w, by the arguments of [5, Sect. 3],
whereas all other ingredients in [2, Sect. 10] are valid for arbitrary w € S(K go).) O

We now have all the ingredients at hand to complete our proof of Theorem 1.3.

Proof of Theorem 1.3 On recalling the decomposition of Ny, (P) in (6.1), the proof is an
immediate consequence of Theorem 6.7 and Propositions 7.1 and 7.2. O
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