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Abstract
An eight-partition of a finite set of points (respectively, of a continuous mass distri-
bution) in R

3 consists of three planes that divide the space into 8 octants, such that
each open octant contains at most 1/8 of the points (respectively, of the mass). In
1966, Hadwiger showed that any mass distribution in R

3 admits an eight-partition;
moreover, one can prescribe the normal direction of one of the three planes. The anal-
ogous result for finite point sets follows by a standard limit argument. We prove the
following variant of this result: any mass distribution (or point set) in R

3 admits an
eight-partition for which the intersection of two of the planes is a line with a prescribed
direction.Moreover, we present an efficient algorithm for calculating an eight-partition
of a set of n points in R

3 (with prescribed normal direction of one of the planes) in
time O(n7/3). A preliminary version of this work appeared in SoCG’24 (Aronov et
al., 40th International Symposium on Computational Geometry, 2024).
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1 Introduction

Geometric methods for partitioning space, point sets, or other geometric objects are a
central topic in discrete and computational geometry [3]. Partitioning results are often
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proved using topological methods and also play an important role in topological com-
binatorics [8, 19, 21, 25]. A classical example is the famousHam-Sandwich Theorem,
which goes back to the work of Steinhaus, Banach, Stone, and Tukey (see [21, Sec. 1]
for more background and references). A “discrete” version of this theorem asserts that,
given any d finite point sets P1, . . . , Pd in R

d , there is an (affine) hyperplane H that
simultaneously bisects all Pi , i.e., each of the two open half-spaces determined by H
contains at most |Pi |/2 points, 1 ≤ i ≤ d. This follows (by a standard limit argu-
ment, see [19, Sec. 3.1]) from the following “continuous” version: Let μ1, . . . , μd be
mass distributions in R

d , i.e., finite measures such that every open set is measurable
and every hyperplane has measure zero. Then there exists a hyperplane H such that
μi (H+) = μi (H−) = 1

2μi (R
d) for 1 ≤ i ≤ d, where H+ and H− are the two open

half-spaces bounded by H .
In this paper, we are interested in another classical equipartitioning problem, first

posed by Grünbaum [12] in 1960: Given a mass distribution (respectively, a finite
point set) in R

d , can one find d hyperplanes that subdivide Rd into 2d open orthants,
each of which contains exactly 1/2d of the mass (respectively, at most 1/2d of the
points)? We call such a d-tuple of hyperplanes a 2d -partition of the mass distribution
(respectively, of the point set).

For d = 2, it is an easy consequence of the planar Ham-Sandwich theorem that
any mass distribution (or point set) in R

2 admits a four-partition; moreover, the four-
partition can be chosen such that one of the lines has a prescribed direction (indeed,
start by choosing a first line in the prescribed direction that bisects the given mass
distribution; by the Ham-Sandwich Theorem, there exists a second line that simulta-
neously bisects the two parts of the mass on either side of the first line). Alternatively,
one can also show that there is always a four-partition such that the two lines are
orthogonal. Intuitively, the reason that we can impose such additional conditions is
that the four-partitioning problem in the plane is underconstrained: A line in the
plane can be described by two independent parameters, so a pair of lines have four
degrees of freedom, while the condition that the four quadrants have the same mass
can be expressed by three equations, leaving one degree of freedom; either one of the
additional constraints uses this extra degree of freedom.

In 1966, Hadwiger [13] gave an affirmative answer to Grünbaum’s question for
d = 3 and showed that anymass distribution inR3 admits an eight-partition;moreover,
the normal vector of one of the planes can be prescribed arbitrarily. This result was
later re-discovered by Yao, Dobkin, Edelsbrunner, and Paterson [24].

Theorem 1.1 ([13, 24]) Letμ be a mass distribution onR3, and let v ∈ S
2. Then there

exists a triple of planes (H1, H2, H3) that form an eight-partition for μ and such that
the normal vector of H1 is v.

More recently, Blagojević and Karasev [6] gave a different proof for the existence
of eight-partitions and showed the following variant:

Theorem 1.2 ([6]) Let μ be a mass distribution on R
3. Then there exists an eight-

partition (H1, H2, H3) of μ such that the plane H1 is perpendicular to both H2 and
H3.
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Our first result is the following alternative version of eight-partitioning, which to
the best of our knowledge is new:

Theorem 1.3 Given a mass distribution μ in R
3 and a vector v ∈ S

2, there exists an
eight-partition (H1, H2, H3) of μ such that the intersection of the two planes H1 and
H2 is a line in the direction of v.

As in the case of the Ham-Sandwich Theorem, each of the three theorems above
also implies the existence of the corresponding type of eight-partition for finite point
sets, again by a standard limit argument (see Lemma A.1).

We remark that, in general, d hyperplanes in R
d are described by d2 independent

parameters, while the condition that 2d orthants have equal mass can be expressed
by 2d − 1 equations. For d = 3, this leaves 9 − 7 = 2 degrees of freedom, which
allows for any one of the additional conditions imposed in Theorems 1.1, 1.2, and 1.3,
respectively. On the other hand, for d ≥ 5, we have d2 < 2d − 1, so intuitively Grün-
baum’s problem is overconstrained. Avis [4]made this precise and constructed explicit
counterexamples using the well-known moment curve γ = {(t, t2, . . . , td) : t ∈ R}
in R

d . The crucial fact is that any hyperplane intersects the moment curve γ in at
most d points ([19, Lemma 1.6.4]). Thus, for d ≥ 5, a mass distribution supported
on γ admits no 2d -partition because any d hyperplanes intersect γ in at most d2

points, which subdivide γ into at most d2 + 1 intervals, hence there are always at
least 2d − d2 − 1 > 0 orthants that do not intersect γ and hence contain no mass.
The last remaining case d = 4 of Grünbaum’s problem, i.e., the question whether any
mass distribution inR4 admits a 16-partition by four hyperplanes, remains stubbornly
open (see [5], [8, Conjecture 7.2], [19, pp. 50–51], and [21, Problem 2.1.4] for more
background and related open problems).

We now turn to the algorithmic question of computing eight-partitions in R3.

Problem 1 Given a set P of n points in R
3, in sufficiently general position, compute

three planes H1, H2, H3 that form an eight-partition of the points.

As noted above, the corresponding problem of computing a four-partition of a
planar point set can be reduced to finding a Ham-Sandwich cut of two planar point
sets that are separated by a line. Megiddo [20] showed that this can be done in linear
time.

To characterize the complexity of Problem 1, we introduce the following concept.
A halving line (resp., halving plane) for an n-point set in R

2 (resp., R3) in general
position is a line (resp., plane) that passes through two (resp., three) of the points
and divides the remaining ones as equally as possible. Let h2(n) (resp., h3(n)) denote
the maximum number of halving lines (resp., planes) for an n-point set in R

2 (resp.,
R
3). The best known upper and lower bounds for h2(n) are O(n4/3), due to Dey [9],

and �(ne
√
log n), due to Tóth [23], respectively. For h3(n), the best known bounds are

O(n5/2), due to Sharir, Smorodinsky, and Tardos [22], and �(n2e
√
log n), due to Tóth

[23].
By a result of Lo, Matoušek, and Steiger [18, Proposition 2], a Ham-Sandwich cut

of n points in R
3 can be computed in time O∗(h2(n)) = O∗(n4/3) (see also [14]),

where the O∗(·)-notation suppresses polylogarithmic factors. However, computing
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eight-partitions in R
3 appears to be significantly more difficult. Unlike the planar

four-partition problem, there is no known way of reducing it to the computation of
a Ham-Sandwich cut. In particular, given two planes H1 and H2 that four-partition
a finite point set P in R

3 (in the sense that every one of the four open quadrants
determined by H1 and H2 contains at most |P|/4 points), there generally need not
exist a third plane H3 such that H1, H2, H3 form an eight-partition.

We note that, for fixed dimension d ≥ 3, the best known algorithm for computing
Ham-Sandwich cuts in R

d runs in time O(nd−1−αd ) where αd > 0 is a constant
depending only on d [18]. When the dimension is part of the input, a decision variant
of the problem becomes computationally hard, see, e.g., [16].

A brute-force algorithm that checks every triple of halving planes solves Problem 1
in time comparable to O(h3(n)3) = O(n15/2). Yao et al. [24] and Edelsbrunner [10]
gave a O(n6)-time algorithm that computes an eight-partition (with a prescribed nor-
mal direction for one of the planes, as in Theorem 1.1) by an exhaustive search, using
the fact that only two planes need to be identified. Fixing one plane and performing
a brute-force search for the remaining two would yield an algorithm with a running
time comparable to O(h3(n)2) = O(n5).

Here, we present, to our knowledge, the fastest known algorithm for Problem 1.
Roughly speaking, our algorithm runs in time near-linear in h3(n) rather than quadratic
in it. Slightly more precisely, our algorithm runs in time near-linear in nh2(n), which
is not known to be o(h3(n)), but for which the best known upper bound is strictly
stronger; see Theorem 4.2 and Fact 3.2:

Theorem 1.4 (Algorithm) An eight-partition of n points in general position inR3, with
a prescribed normal vector for one of the planes, can be computed in time O∗(nh2(n)),
hence O∗(n7/3); here, the O∗(·)-notation suppresses polylogarithmic factors.

Our algorithm can be seen as a constructive version of Hadwiger’s proof [13]. We start
by bisecting the point set by a plane with a fixed normal direction, which partitions
the initial point set into two subsets of “red” and “blue” points, respectively, of equal
size. After that, our algorithm finds twomore planes that simultaneously four-partition
both the red and the blue points.

It remains an open question whether Theorem 1.2 or our own Theorem 1.3 can also
be used to obtain an efficient algorithm for Problem 1. It would also be interesting to
decide whether there is an algorithm for Problem 1 with running time o(nh2(n)).

2 The Topological Result

2.1 Notation and Preliminaries

In what follows, it will often be convenient to assume that the mass distributions we
work with have connected support, where the support of a mass distribution μ is
Supp(μ) := {x ∈ R

3 : μ(Br (x)) > 0 for every r > 0} and Br (x) denotes the ball of
radius r > 0 centered at x .

By a standard limit argument (see Lemma A.3), the existence of eight-partitions
for mass distributions with connected support implies the existence of eight-partitions
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for the general case. Hereafter, unless stated otherwise, we assume, without loss of
generality, that every mass distribution has connected support.

We denote the scalar product of two vectors x, y ∈ R
3 by x · y := ∑3

i=1 xi yi . A
vector v ∈ R

3\{0} and a scalar a ∈ R determine an (affine) plane

H = Hv(a) := {x ∈ R
3 : x · v = a},

together with an orientation of H (given by the direction of the normal vector v). We
denote by −H := H−v(−a) the affine plane with the same equation as H but with
opposite orientation. The oriented plane H determines two open half-spaces, denoted
by

H+ := {x ∈ R
3 : x · v > a} and H− := {x ∈ R

3 : x · v < a}.

More generally, letH = (H1, . . . , Hk) be an ordered k-tuple of (oriented) planes inR3,
k ≤ 3. In what follows, it will be convenient to identify the set {+,−} with the group
Z2 (where the group operation is multiplication of signs). Elements of {+,−}k = Z

k
2

are strings of signs of length k, andwewill denote by+ = + · · · + the identity element
of Zk

2.
For α = (α1, . . . , αk) ∈ Z

k
2 = {+,−}k , we define the open orthant determined by

H and α asOH
α := Hα1

1 ∩· · ·∩Hαk
k . Given a mass distributionμ inR3, we say that an

ordered k-tupleH = (H1, . . . , Hk) of planes (k ≤ 3) forms a 2k-partition ofμ if every
orthant contains 1/2k of the mass, i.e., μ(OH

α ) = μ(R3)/2k for every α ∈ {+,−}k .
For k = 1, 2, 3, this corresponds to the notions of bisecting, four-partitioning, and
eight-partitioning μ as mentioned in the introduction. Analogously, we say that H
forms a 2k-partition of a finite point set P in R3 if |P ∩ OH

α | ≤ |P|
2k

for all α.

We will parameterize oriented planes in R
3 by S

3, where the north pole e4 and
the south pole −e4 map to the plane at infinity with opposite orientations. For this
we embed R

3 into R
4 via the map (x1, x2, x3) �→ (x1, x2, x3, 1). An oriented plane

in R
3 is mapped to an oriented affine 2-dimensional subspace of R4 and is extended

(uniquely) to an oriented linear hyperplane. The unit normal vector on the positive side
of the linear hyperplane defines a point on the sphere S3. Hence, there is a one-to-one
correspondence between points v in S

3 \ {e4,−e4} and oriented affine planes Hv in
R
3. The positive side of the plane at infinity is R3 for v = e4 and ∅ for v = −e4.

Hence H+−v = H−
v for every v. Note that planes at infinity cannot arise as solutions to

the measure partitioning problem, since they produce empty orthants. Therefore we
do not need to worry about the fact that the sphere includes these.

We parameterize triples of planes (called plane configurations) inR3 by (S3)3, and
denote by Hv the triple corresponding to v ∈ (S3)3. Given a mass distribution μ on
R
3, for each v ∈ (S3)3 and α ∈ Z

3
2 \ {+}, we set

Fα(v, μ) =
∑

β∈Z3
2

(−1)p(α,β)μ(OHv

β ).
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where p(α, β) is the number of coordinates where both α and β are −. The functions
Fα were also utilized in the proof of Theorem 1.1 in [24].

As an example, with H := Hv = (H1, H2, H3) and α = − − + ∈ Z
3
2\{+}, we

obtain

F−−+(H, μ) =
∑

β∈Z3
2

(−1)p(α,β)μ(OH
β ) =

∑

β∈Z3
2: p(α,β)=0

μ(OH
β ) −

∑

β∈Z3
2: p(α,β)=1

μ(OH
β )

=
(
μ(OH+++) + μ(OH++−) + μ(OH−−+) + μ(OH−−−)

)

−
(
μ(OH−++) + μ(OH−+−) + μ(OH+−+) + μ(OH+−−)

)

= μ(H+
1 ∩ H+

2 ) + μ(H−
1 ∩ H−

2 ) − μ(H−
1 ∩ H+

2 ) − μ(H+
1 ∩ H−

2 ).

When μ is clear from context, we write Fα(H) instead of Fα(H, μ). The definitions
of alternating sums for a pair of planes or a single plane are analogous.

The alternating sums have the following properties which will play an important
role in the proof below.

Observation 2.1 Let μ be a mass distribution and fix k = 2, 3.

(i) Let α ∈ Z
k−1
2 \{+} and let H = (H1, . . . , Hk) be a k-tuple of planes. Then

F+α(H) = Fα((H2, . . . , Hk)) (the equivalent statement holds for any other entry
of a k-tuple (α1, · · · , αk) instead of just for α1).

(ii) A k-tupleH of planes 2k-partitions if and only if Fα(H) = 0 for everyα ∈ Z
k
2\{+}.

Proof (i) Since every hyperplane has null measure it follows that, for any β ∈ Z
k−1
2

μ(O(H2,...,Hk )
β ) = μ(OH+β) + μ(OH−β).

If α̃ = +α then, from the definition of Fα̃ , for any β ∈ Z
k−1
2 the two orthantsOH+β

and OH−β are counted with the same sign in the sum, therefore

Fα̃(H) =
∑

β∈Zk−1
2

p(α,β)=0

(
μ(OH+β) + μ(OH−β)

)
−

∑

β∈Zk−1
2

p(α,β)=1

(
μ(OH+β) + μ(OH−β)

)

= Fα((H2, . . . , Hk)).

(ii) It is clear that, if H is a 2k-partition, then all the alternating sums are 0. We will
prove the other implication.

Suppose first that k = 1 and that H = H . The only alternating sum is F−(H) =
μ(H+) − μ(H−) and F−(H) = 0 implies that H bisects μ.

Suppose now that k = 2 and that H = (H1, H2). By (i) and the statement for
a single plane, F+−(H) = 0 and F−+(H) = 0 imply that both H1 and H2 bisect.
Therefore, if λ := μ(OH++), we have that

0 = F−−(H) = μ(OH++) + μ(OH−−) − μ(OH−+) − μ(OH+−)
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= λ + λ − (
1

2
− λ) − (

1

2
− λ)

= 4λ − 1;

hence λ = 1
4 as desired.

Finally, suppose that k = 3 and that H = (H1, H2, H3). By (i) and the statement
for single planes and for pairs of planes, we have that all planes Hi bisect and all pairs
(Hi , Hj ) four-partition. Therefore, if λ := μ(OH+++), we have that

0 = F−−−(H) = μ(OH+++) + μ(OH+−−) + μ(OH−+−) + μ(OH−−+)

− μ(OH−++) − μ(OH+−+) − μ(OH++−) − μ(OH−−−)

= λ + λ + λ + λ − (
1

4
− λ) − (

1

4
− λ) − (

1

4
− λ) − (

1

4
− λ)

= 8λ − 1;

hence λ = 1
8 as claimed. ��

2.2 TheMain Topological Result

Our goal is to prove the following result, which is a more precise statement of
Theorem 1.3:

Theorem 2.2 Given a mass distribution μ and a direction u ∈ S
2, there exists a

tripleH = (H1, H2, H3) of oriented planes that eight-partition μ so that the oriented
direction of the intersection H1 ∩ H2 is u.

By Lemma A.3, it is sufficient to prove Theorem 2.2 for mass distributions with
connected support. We require the following technical lemma about partitioning a
mass distribution on R

2, due to Blagojević and Karasev [6]. For completeness, the
proof is given in Appendix B.

Lemma 2.3 (Four-partitioning a mass distribution in R2 [6]) Let μ# be a mass distri-
bution (with connected support) on R

2 and v ∈ S
1. Then there exists a pair (�1, �2)

of lines in R
2 that four-partitions μ# and such that v bisects the angle between �1

and �2.
Moreover, if we orient �1 and �2 so that �1 is in the first direction clockwise from

v, and �2 is in the first direction counterclockwise, the oriented pair is unique and the
lines depend continuously on v.

Proof of Theorem 2.2 Without loss of generality, let u = (0, 0, 1). Our proof proceeds
in two steps. In the first step, we construct a map � : S1 × S

3 → R
4 whose zeros

codify eight-partitions of μ; then we prove that � is equivariant with respect to a
suitable choice of actions of G := Z4 × Z2 on the two spaces. In the second step we
show that any continuous G-equivariant map 	 : S1 × S

3 → R
4 has to have a zero.

Step 1: The key step in constructing the map � is to show that we can parameterize
pairs of planes that have intersection direction u and four-partition μ, by a vector in
S
1.
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Fig. 1 Example of the action of g1

We project μ onto u⊥, the plane orthogonal to u, to obtain a mass distribution μ#

on R2. Specifically, identifying the plane with R2, let A ⊆ R
2 and set A×R to be the

cylinder over A in the u-direction. Then μ#(A) = μ(A × R).
Let v ∈ S

1 ⊆ R
2. By Lemma 2.3, there are two oriented lines �1(v) and �2(v)

(that we can interpret as points (�i1, �
i
2, a

i ) ∈ S
2) in the plane u⊥ such that v bisects

the angle between the two and �1, �2 four-partition the projected measure μ#. Define
Hi (v) := (�i1(v), �i2(v), 0, ai (v)) ∈ S

3 to be �i (v) × R the (oriented) span of �i (v)

and u; the two planes now four-partition μ and have the desired intersection direction.
Now let g1 be a generator of Z4 × {+} ⊆ G and define its action on S

1 by a
counterclockwise rotation by π

2 . We use g1 · v to denote the action of g1 on v. Then,
by the uniqueness in Lemma 2.3, we have that (see Fig. 1):

��1(g1 · v) = ��2(v) and ��2(g1 · v) = −��1(v). (1)

Using this construction, we can define a function S
1 → S

3 × S
3 by v �→

(H1(v), H2(v)). It follows from eq. (1) that g1 · v is mapped to (H2(v),−H1(v)).
Therefore, if we fix the corresponding action1 of Z4 on S

3 × S
3, the map is

Z4-equivariant.
The group {e}×Z2 acts by antipodality on S3; therefore, ifG acts on

(
S
3 × S

3
)×S

3

component-wise, the map � : S1 × S
3 → (

S
3 × S

3
) × S

3 defined as �(v,w) :=
(H1(v), H2(v), Hw) is G-equivariant.

By construction, the first two planes are always a four-partition of the mass distri-
bution, therefore by Observation 2.1, a configuration �(v,w) is an eight-partition if
and only if the four alternating sums with α3 = − (i.e., α = + + −, − + −, + − −
and − − −) are 0.

1 Formally, for any (x, y) ∈ S
3 × S

3 the generator g1 of Z4 × {+} ⊆ G acts by g1 · (x, y) = (y, −x).
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To compute the action of G on the alternating sums, it is enough to specify what
happens on g1 (a generator of Z4 × {e}) and g2 (the generator of {e} ×Z2). Recalling
that g1 ·�(v,w) = (H2(v),−H1(v), Hw) and applying Observation 2.1(i), we obtain

F+−−(g1 · �(v, w)) = F+−−((H2(v),−H1(v), Hw))

= F−−((−H1(v), Hw))

= μ(−H1(v)+ ∩ H+
w ) + μ(−H1(v)− ∩ H−

w )

− μ(−H1(v)− ∩ H+
w ) − μ(−H1(v)+ ∩ H−

w )

= μ(H1(v)− ∩ H+
w ) + μ(H1(v)+ ∩ H−

w )

− μ(H1(v)+ ∩ H+
w ) − μ(H1(v)− ∩ H−

w )

= −F−+−(�(v,w))

Similar computations imply that, if we act with g1, we obtain

F++−(g1 · �(v,w)) = F++−(�(v,w)),

F−+−(g1 · �(v,w)) = F+−−(�(v,w)), and

F−−−(g1 · �(v,w)) = −F−−−(�(v,w)),

while acting with g2 produces

F++−(g2 · �(v,w)) = −F++−(�(v,w)),

F+−−(g2 · �(v,w)) = −F−+−(�(v,w)),

F−+−(g2 · �(v,w)) = −F+−−(�(v,w)), and

F−−−(g2 · �(v,w)) = −F−−−(�(v,w)),

for every (v,w) ∈ S
1 × S

3.
Finally, we can choose a linear G-action on R4 that is consistent with the previous

equations. In particular, if we define

g1 · (x, y, z, u) = (x,−z, y,−u) and g2 · (x, y, z, u) = (−x,−y,−z,−u),

then the map 	 : S1 × S
3 → R

4, given by

(v,w) �→ (F++−(v,w), F+−−(v,w), F−+−(v,w), F−−−(v,w))

is G-equivariant, i.e., 	(g1 · v,w) = g1 · 	(v,w) and 	(v,−w) = −	(v,w). By
Observation 2.1, the zeros of 	 are exactly the configurations of planes that eight-
partition the measure and have the desired intersection property.
Step 2: Suppose now, for a contradiction, that	 does not have a zero. This means that
it is possible to define aG-equivariantmap	 : S1×S

3 → S
3 by	(v,w) := 	(v,w)

‖	(v,w)‖ .

Denote by	a , for a ∈ S
1, the map	a : S3 → S

3,	a(w) = 	(a, w); this function
has two key properties:
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(i) for any a ∈ S
1, 	a is antipodal;

(ii) for any a, b ∈ S
1, let γ : [0, 1] → S

1 be a parametrization of the arc between
γ (0) = a andγ (1) = b. Then	a and	b are homotopic viaH : S3×[0, 1] → S

3

with H(t, x) = 	γ(t)(x).

For any n ≥ 1, the group of orthogonal matrices O(n) contains exactly two
connected components, distinguished by the sign of the determinant. Since the map
g1 : S3 → S3 is induced by a matrix with determinant −1, it is homotopic to any
other orthogonal linear map with determinant −1. In particular, it is homotopic to the
reflection r along the last coordinate and, thus, deg(g1) = deg(r) = −1. Combining
everything together we have:

deg(	a) = deg(	g1·a) = deg(g1 · 	a) = deg(g1) deg(	a) = − deg(	a).

Hence deg(	a) = 0, contradicting the Borsuk-Ulam theorem (see [19, Theorem
2.1.1]). ��

Theorem 2.2, along with Lemma A.1, immediately implies the following.

Theorem 2.4 Let P ⊆ R
3 be a finite set of points and p ∈ S

2 a fixed direction. Then
there exists a triple H = (H1, H2, H3) of oriented planes that eight-partitions P, so
that the oriented direction of the intersection H1 ∩ H2 is p.

3 Levels in Arrangements of Planes

Let P ⊆ R
3 be a set of n points in general position. Specifically, we assume that the

points in P satisfy the following: no four in a plane, no three in a vertical plane, and no
two in a horizontal plane. Recall that a halving plane for a point set in R

3 in general
position is a plane that passes through three of the points and divides the remaining
points as equally as possible; h3(n) is the maximum number of halving planes for an
n-point set in R3.

The duality transformmaps points inR3 to planes inR3 and vice versa. Specifically,
the point p = (p1, p2, p3) ∈ R

3 is mapped to the non-vertical plane p∗ : z = p1x +
p2y − p3 in R3, and vice versa. See [15, Chapter 25.2] for standard properties of the
duality transform.

Let H be a set of planes in R3 in general position. Specifically, we assume that the
planes are non-vertical, every triple of planes in H meets in a unique point, and no
point inR3 is incident with more than three of the planes. The planes in H partitionR3

into a complex of convex cells, called the arrangement of H and denoted by A(H).
The k-level in A(H) is defined as the closure of the set of all points which lie on a
unique plane of the arrangement and have exactly k − 1 planes below it. Note that the
k-level is a piecewise linear surface in R

3 whose faces are contained in planes of H .
The complexity of a level is the total number of vertices, edges and faces contained
in the level. When k = �(|H | + 1)/2�, the k-level is called the median level of the
arrangement.

Duality, k-levels, and complexity of levels are defined analogously inR2. Let g2(n)

(resp., g3(n)) be themaximum complexity of any k-level in an arrangement of n planes
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inR2 (resp.,R3). It is well-known that h2(n) = �(g2(n)) and that h3(n) = �(g3(n))

(see [2, Theorem 3], [11, Theorem 3.3]).
The main object of interest in bounding the complexity of our algorithm is the

intersection of median levels of two arrangements of disjoint sets of planes. We first
show that the complexity of this is proportional to h3(n), in the worst case.

Fact 3.1 Let �(n) be the maximum complexity of the intersection of a level in the
arrangement A(R) and a level in the arrangement A(B) of disjoint sets R and B
of planes in R

3, with H := A ∪ B in general position and n := |H |. Then �(n) =
�(h3(n)).

Proof Let L be the intersection of level k ofA(R) and level k′ ofA(B). As the planes
of H are in general position, L is (a disjoint union of) a collection of (open) edges and
vertices in A(R ∪ B). In fact, L is a collection of cycles and bi-infinite curves so its
complexity is asymptotically determined by the number of its edges.

A point on an edge of L has the property that it lies on one plane of R and one plane
of B, and has exactly k + k′ − 2 planes of R ∪ B below it. Hence L is contained in the
(k + k′ − 1)-level ofA(R ∪ B). It follows that the complexity of L is bounded above
by the complexity of a level in an arrangement of n planes, implying �(n) ≤ g3(n) =
O(h3(n)). This proves the upper bound.

For the lower bound, suppose first that n is of the form 4k + 6 and let P ⊆ R
3

be a set n/2 = 2k + 3 points in general position achieving the maximum number
h3(2k + 3) of halving planes. Let P ′ be a copy of P translated by a sufficiently small
distance ε > 0 in a generic direction. We then slightly perturb the points of P ∪ P ′
to ensure general position. For a point p ∈ P , we denote by p′ its copy (or twin) in
P ′. Consider the sets R∗ (red) and B∗ (blue) of k points each obtained as follows:
for each pair (p, p′), we assign one point to R∗ and the other to B∗ uniformly and
independently at random.

Recall that a halving plane is defined by a triple of points and divides the remaining
points as evenly as possible. Let π1 be a halving plane of P defined by a triple
(a, b, c), so that π1 has exactly k points of P on each side. Consider the set S :=
{a, b, c, a′, b′, c′}. We claim that, with constant probability, there exists a plane π2
that passes through a red point and a blue point of S that are not twins, and has
precisely one red and one blue point of S on each side.

As our perturbation ε is arbitrarily small, π2 partitions the remaining points of
R∗ ∪ B∗ in the same manner as π1 partitions P . Let R and B be the sets of planes dual
to points in R∗ and B∗, respectively. In the dual, the plane π2 corresponds to a point
π∗
2 on an edge of the arrangementA(R∪ B) that lies on level k ofA(R) and ofA(B).

Therefore it lies on the curve L of intersection of two k-levels and this curve contains
all the points π∗

2 (as we range over halving planes π1 of P).
Since different halving planes correspond to partitioning P in different ways, the

planesπ2 partition P∪P ′ in differentways and, hence, pointsπ∗
2 arising fromdifferent

halving planes of P lie on different edges of A(R ∪ B). By construction, the number
of edges of L is �(h3(n)) in expectation, completing the lower bound proof for
n = 4k + 6.

Finally, for a general n, we write n = 4k + 6 + c, for 0 ≤ c ≤ 5, we apply the
above construction to n − c and, at the end, add c planes in general position to the set
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R lying above all vertices ofA(R ∪ B). It is easily checked that this addition does not
reduce the size of L . ��

Note, however, that in our application, the sets of points R∗ and B∗ are strictly
separated, which is not the case in the above lower-bound construction. We show that,
with this additional constraint, the complexity of L is O(nh2(n)) and that there exist
pairs of separated point sets R∗ and B∗ that achieve this bound.

Fact 3.2 Let �∗(n) be the maximum complexity of the intersection of two levels in
A(R) and A(B) as in Fact 3.1, with the additional constraint that the dual sets R∗
and B∗ are strictly separated by a plane. Then �∗(n) = �(nh2(n)).

Proof Upper bound: Let L be the intersection of level k inA(R) and level k′ inA(B).
Without loss of generality, we consider vertices of L that are the intersection of one
plane in R and two planes in B. Such a vertex has k − 1 planes of R and either k − 1
or k − 2 planes of B below it.

We work with the dual point sets R∗ (red) and B∗ (blue), strictly separated by the
plane π . Here, a vertex as above corresponds to a plane passing through one red point
and two blue points, with k − 1 red points and k − 1 or k − 2 blue points above it. We
count all such planes σa passing through a fixed red point a ∈ R∗.

Let B ′ be a set of points obtained by radially projecting points of B∗ onto π with
center a. Let �a be the line π ∩ σa . Since R∗ and B∗ are separated by π , �a has k − 1
or k − 2 points of B ′ on one side of it. Hence, the dual of �a is a vertex on level k (or
its complement) in the planar arrangement of the dual of B ′ in π . Therefore, there are
at most 2g2(|B ′|) choices for the plane σa , and at most |R| · 2g2(|B|) = O(nh2(n))

such planes overall.
Planes passing through exactly one blue point and two red points are handled

symmetrically, completing the proof of the upper bound.
Lower bound: Once again, it is sufficient to make the argument for n of the form 4k+3
for a positive integer k; the general case is handled as in the lower bound proof of
Fact 3.1. Consider a set R∗ of 2k+2 points realizing h2(2k+2) lying in the xy-plane,
scaled to fit in the rectangle (0, 1) × (0, ε), for a sufficiently small ε > 0.

Let B∗ be a set of 2k + 1 points equally spaced on a unit circle in the plane x = 0,
centered at the origin, so that no point lies in the xy-plane. Note that R∗ and B∗ are
separated by the plane x = δ, for a sufficiently small δ > 0.

By making ε small enough, we can ensure that any halving line of R∗ passes
arbitrarily close to the origin. In particular, any pair of a halving line of R∗ and a point
of B∗ define a halving plane that passes through two points of R∗ and one of B∗, and
has exactly 2k points of R∗ ∪ B∗ on each side. The number of such halving planes is
(2k + 1)h2(2k + 2) = �(nh2(n)). Finally, the points of R∗ ∪ B∗ can be perturbed to
satisfy the general position assumption without reducing this number.

Sowehave constructed two separated sets of points R∗ and B∗ with the property that
there are�(nh2(n)) halving planes spanned by three of the points that simultaneously
bisect both sets. The lower bound follows by considering the dual sets R and B. ��
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4 The Algorithm

We can deduce the existence of eight-partitions of a finite point set P ⊂ R
3 of a certain

advantageous form from Theorem 1.1.

Observation 4.1 Let k > 0 be an integer and P ⊆ R
3 be a set of n = 8k + 7 points in

general position. Then, there exists a triple of planes (H1, H2, H3) that eight-partitions
P with the following properties:

(i) H1 is horizontal (i.e., parallel to the xy-plane) and passes through the z-median
point of P. From here on, we refer to the 4k+3 points that lie below (resp., above)
H1 as red (resp., blue) points and denote the sets R (resp. B).

(ii) H2 and H3 each contain exactly three points, and each open octant contains exactly
k points.

(iii) H2, H3 each bisect R and B, and the pair (H2, H3) four-partitions both R and B.
Furthermore, H2 and H3 contain at least one point of each color.

Proof Since the set X := {(H1, H2, H3) : H1 is horizontal} ⊂ (S3)3 is compact,
by Theorem 1.1 and Lemma A.1, there exists a configuration H∞ = (H1, H2, H3)

that eight-partitions the point set with H1 horizontal. Along with the general position
assumption, this implies that H1 contains only the z-median point. This proves (i).

To see (ii), note that any eight-partition has at most k points of P in each of the
eight open octants, one point in H1, and at most three points in each of H2 and H3,
by general position, for a total of at most 8k + 1 + 2 · 3 = 8k + 7 = n points. So,
in fact, all the inequalities are equalities: there must be exactly k points in each open
quadrant and exactly three points of R ∪ B in each of H2 and H3.

It remains to show (iii). By the preceding paragraph, it is straightforward to see
that (H2, H3) four-partitions both R and B. By Corollary A.2, we have that any pair
(Hi , Hj ) four-partitions P . Since (H1, H2) four-partitions P , each quadrant formed
by (H1, H2) has at most �(8k + 7)/4� = 2k + 1 points. H1 has 4k + 3 points on each
side. Hence, we obtain that H2 bisects R and B, and, in particular, contains at least
one point of each color. A symmetric argument shows that H3 bisects both R and B,
and contains at least one point of each color. This completes the proof. ��
Theorem 4.2 (Computation of an eight-partition) Let P ⊆ R

3 be a set of n > 0 points
in general position and v ∈ S

2. An eight-partition (H1, H2, H3) of P, with v being
the normal vector of H1, can be computed in time O∗(n + �∗(n)).

Remark 1 Since �∗(n) = �(nh2(n)) = O(n7/3) by Fact 3.2, we can compute an
eight-partition in time O∗(n7/3).

The rest of this section is devoted to the proof of Theorem 4.2. We assume, without
loss of generality, that v = e3 = (0, 0, 1) is the vertical vector, so H1 is required to
be horizontal. If n ≤ 7, the statement holds trivially — set H1 to be the horizontal
plane containing any point of P , and H2, H3 to contain at most three distinct points
each, so that the octants do not contain any points. From here on, we will assume that
n = 8k + 7, for an integer k > 0. If n is not of this form, we may add dummy points
to P (in general position) until the number of points is of the required form and run
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the algorithm. Once the algorithm terminates, we discard the dummy points, resulting
in an eight-partition with at most k points in each octant.

We now describe the algorithm to construct an eight-partition of P satisfying the
properties in Observation 4.1. Let H1 be the horizontal plane containing the z-median
point of P , and,without loss of generality, identify H1 with the xy-plane.Nowconsider
the sets R and B of 4k + 3 points each lying below and above, respectively, H1. We
further assume, without loss of generality, that B is contained in the half-space x < 0
and R is contained in the half-space x > 0. Otherwise, since no point in R ∪ B has
z = 0 by the general position assumption, there exists a plane H containing the y-axis
and with sufficiently small negative slope in the x direction such that all red points are
below H and all blue points are above H . Applying a generic sheer transformation
(so as not to violate the general position assumption) that fixes the xy-plane and maps
H to the plane x = 0, we obtain point sets with the required properties.

Let R∗ = {p∗ : p ∈ R} be the set of red planes dual to points in R and set
A(R) := A(R∗) to be the arrangement formed by the set R∗. The set of blue planes B∗
and the blue arrangementA(B) are defined analogously.Wewill writeA := A(R∪B)

for the arrangement formed by the planes in R∗∪B∗. For a (dual) point p ∈ R
3, we set

R+
p , R−

p ⊆ R∗ to be the set of red planes lying strictly above and below p, respectively.
For a pair p, q of (dual) points, put

X(p, q) := |R+
p ∩ R+

q | − |R+
p ∩ R−

q | − |R−
p ∩ R+

q | + |R−
p ∩ R−

q |.

The sets B+
p , B−

p ⊆ B∗ and the function Y (p, q) are defined analogously for B∗.
Let L be the intersection of the median levels of A(B) and A(R). Let m be the

complexity, i.e., the number of vertices and edges, of L . By the following lemma, we
have that L is a connected y-monotone polygonal curve and is an alternating sequence
of edges and vertices of A terminated by half-lines.

Lemma 4.3 L is a connected y-monotone curve.

Proof Recall that B lies in the quadrant x < 0, z < 0 and R lies in the quadrant
x > 0, z > 0. Hence, the dual planes in B∗ and R∗ have equations of the form
z = ax + by + c with a < 0 and a > 0, respectively.

Consider the intersection of R∗ ∪ B∗ with the plane �d : y = d. The intersection
of the plane z = ax +by+c is the line z = ax + (bd+c), so planes in B∗ correspond
to lines with negative slope and planes in R∗ correspond to lines with positive slope.
In particular, the median levels of lines corresponding to B∗ and R∗ are graphs of
piecewise-linear total functions that are decreasing and increasing, respectively. It
follows that the two curves intersect exactly once. This intersection point corresponds
to the intersection of L with the plane �d .

By general position, L is a union of vertex-disjoint cycles and bi-infinite paths
composed of edges and vertices ofA, since incident to every vertex of A contained in
L are precisely two edges belonging to L . By monotonicity in y, L must be a single
bi-infinite chain. ��

In fact, L can be computed efficiently using standard tools [1, 7], which we outline
now.
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Lemma 4.4 (Computing the intersection of two levels [1, 7]) The intersection curve L
of themedian level ofA(B) and themedian level ofA(R) can computed in time O∗(n+
m), where m is the complexity of the curve and O∗(·) notation hides polylogarithmic
factors.

Proof We use the standard dynamic data structure for ray-shooting queries in the
intersection of half-spaces; the currently fastest algorithm is due to Chan [7], see also
earlier work of Agarwal and Matoušek [1].

A starting ray of L can be computed by computing the intersection of the median
levels in the vertical plane �d : y = d for a small enough d, defined as in the proof of
Lemma 4.3, in linear time, using an algorithm of Megiddo [20].

Consider a point p on the initial edge of L (infinite in the −y-direction). It lies on
one plane ofπ ∈ B and one planeπ ′ ∈ R. Let � be the intersection line ofπ andπ ′, and
consider the half line ρ of � starting at p and infinite in the+y-direction. The planes of
B∪ R (besides π and π ′) are classified into those lying above p and those lying below
it. Call the first set U and the second D. We preprocess the intersection of the set of
lower half-spaces defined by the planes of U and the intersection of the set of upper
half-spaces defined by the planes of D for dynamic ray shooting and shoot with ρ.
The earlier of the two intersections identifies the first plane π2 of (B∪ R)\{π, π ′} that
ρ meets. This is the next vertex of A(B ∪ R) on L; L turns here. If π2 belongs to B,
L now follows the intersection line of π2 and π ′. Otherwise it follows the intersection
line of π and π2. Past the intersection, the sets U and D need to be updated and we
continue, following the next ray, until we trace all of L .

The only cost besides the initial computation of p are identifyingU and D in O(n)

time, initializing the dynamic structure, in O∗(n) time, and performing two ray shots
and O(1) updates on U and D per vertex of L , each at a cost of O∗(1). ��
Note As we construct L , we can store it as a sequence of vertices and edges. Each
edge is associated with the red-blue pair of planes containing it. An endpoint of an
edge is contained in an additional plane. For each consecutive edge/vertex pair (e, v),
in either direction, we record which new plane contains v together with its color.

We now return to the computation of the eight-partition (H1, H2, H3). By the gen-
eral position assumption, H2 and H3 cannot be vertical, so H2 and H3 correspond
to vertices in A, by Observation 4.1. With the above setup, we can reformulate the
problem of computing H2 and H3 as follows.

Claim 4.5 (The dual alternating sign functions) Computing H2 and H3 is equivalent
to identifying a pair of vertices p, q ∈ L such that Y (p, q) = X(p, q) = 0.

Proof By Observation 4.1(ii), the eight-partition (H1, H2, H3) has exactly k points
in each of the eight open octants. Setting p := H∗

2 and q := H∗
3 , we obtain that

|R±
p ∩ R±

q | = |B±
p ∩ B±

q | = k for all combinations of signs. Therefore Y (p, q) =
X(p, q) = 0, as claimed.

We now argue the other direction. Let p, q ∈ L be vertices such that X(p, q) =
Y (p, q) = 0. Since p and q lie on L , H2 := p∗ and H3 := q∗ bisect both R and B and
contain exactly three points each, at least one of each color. Hence, it suffices to show
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that (H2, H3) is a four-partition of both R and B, i.e., |R±
p ∩R±

q |, |B±
p ∩B±

q | ≤ k for all
combinations of signs. Indeed, this implies that each octant formed by (H1, H2, H3)

contains exactly k points, completing the proof.
Let ar := |R+

p ∩ R+
q |, br := |R+

p ∩ R−
q |, cr := |R−

p ∩ R+
q |, and dr := |R−

p ∩ R−
q |.

Define ab, bb, cb, db analogously for the blue planes. Without loss of generality, for a
contradiction, suppose ar > k.

We first consider the case ar ≥ k + 2. Since p lies on the median level of A(R),
we have ar + br ≤ |R+

p | = 2k + 1, implying br ≤ k − 1. Similarly, since q lies on the
median level ofA(R), we have cr ≤ k−1. Recall that, by assumption, X(p, q) = ar +
dr−br−cr = 0, implying dr = br+cr −ar ≤ k−4. Hence, ar +br+cr +dr ≤ 4k−4,
so p and q together are contained in 4k + 3 − (ar + br + cr + dr ) ≥ 7 red planes,
contradicting the general position assumption.

We may now assume ar = k + 1. Following the same reasoning we obtain br ≤ k,
cr ≤ k, and dr = br + cr − ar ≤ k − 1. This implies ar + br + cr + dr ≤ 4k, and, in
particular, that p and q together are contained in at least 3 red planes. Now consider
the blue planes and note that ab + bb + cb + db ≤ 4k — this is clear if each of sets
B±
p ∩ B±

q contains at most k blue planes, otherwise it follows by the same argument
as above. Hence, p and q together are contained in 4k + 3− (ab + bb + cb + db) ≥ 3
blue planes.

By Observation 4.1(ii), p and q are contained in at most 6 planes of R∗ ∪ B∗.
Combined with the argument above, this implies p and q together are contained in
exactly 3 planes of each color. It follows that ar+br+cr+dr = ab+bb+cb+db = 4k,
which, by the assumption ar = k + 1, implies br = cr = k and dr = k − 1. Since
|R−

p | = 2k + 1 and br + dr = 2k − 1, there are exactly 2 red planes containing q
below p. Similarly, since |R−

q | = 2k + 1 and br + dr = 2k − 1, there are exactly 2
red planes containing p below q. But then p and q are contained in a total of 4 red
planes, a contradiction.

This exhausts all possibilities and, hence, |R±
p ∩ R±

q |, |B±
p ∩ B±

q | ≤ k for all
combinations of signs, completing the proof. ��

To summarize, once we construct L in time O∗(n + m), to compute an eight-
partition, it is sufficient, by Claim 4.5, to find two vertices p, q ∈ L satisfying
X(p, q) = Y (p, q) = 0. In particular, it is possible to construct an eight-partition
by enumerating all the �(m2) pairs of vertices in L; the exact running time depends
on how efficiently one can check candidate pairs. Below, we describe how to reduce
the amount of remaining work to O((m + n) logm).

Speed up
For simplicity of later calculations, we orient L in the y-direction (which is possible

byLemma4.3) and view it as an alternating sequence of edges and vertices, starting and
ending with a half-line. We denote these elements by x1, x2, . . . , xm . Recall that the
goal is to identify i, j ∈ [m] so that xi , x j are vertices and X(xi , x j ) = Y (xi , x j ) = 0.

We extend the definition of X ,Y as follows. If xi , x j are both edges, we
pick arbitrary points p and q in the open edges xi and x j , respectively, and set
X(xi , x j ):=X(p, q) and Y (xi , x j ):=Y (p, q); the cases where xi is an edge or x j
is an edge, but not both, are handled analogously. Note that specifying the (open)
edges containing p and q is sufficient to determine X and Y , hence the definition is
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unambiguous. Define π : [m]2 → Z
2 by

π(i, j):=(X(xi , x j ),Y (xi , x j )).

With this setup, our goal is to identify a point (i, j) ∈ [m]2 (corresponding to a pair
of vertices on L) such that π(i, j) = 0.

We define a grid curve C to be a sequence of points (i1, j1), . . . , (it , jt ) in Z2 such
that (i�+1, j�+1) ∈ {(i�, j�), (i�±1, j�), (i�, j�±1)} for each � ∈ [t−1]. In words, a grid
curve is a walk in Z

2 which, at each step, does not move at all or moves by exactly
one unit up/down/left/right. A curve is closed if (i1, j1) = (it , jt ). A grid curve is
simple if non-consecutive points are distinct (we think of the start and end points as
consecutive)— so the curve does not revisit a point after it moves away from the point.

To each grid curve C , we associate a piecewise linear curve C in R
2, consisting

of line segments connecting consecutive points (i�, j�), (i�+1, j�+1) of C for each
� ∈ [t −1]. For a curve C not passing through the origin 0, the winding number w(C)

about0 is defined in the standardway. Slightly abusingnotation,we setw(C) := w(C).
In particular, provided C misses the origin,

w(C) = w(C) =

⎧
⎪⎨

⎪⎩

0 if C does not wind around 0,
n > 0 if C winds n times counterclockwise, around 0,
n < 0 if C winds − n times clockwise around 0.

We omit the rigorous definition of w(C) as a contour integral in the complex plane
since it does not add to the discussion and, instead, refer the reader to [17, Chapter
4.4.4].

Our algorithm proceeds as follows:

Step 1 Set C :=T (see Definition 4.6). If π(C) meets 0, then stop — we have found
a point that maps to 0 (see Lemma 4.8). Otherwise π(C) has odd winding
number, by Lemma 4.9.

Step 2 Construct two simple closed curves C1, C2 so that (a) C = C1 + C2, (b) at
least one of π(C1), π(C2) has odd winding number (unless they meet 0),
(c) the regions enclosed by C1 and C2 partition the region enclosed by C , and
(d) the area enclosed by each of C1,C2 is a fraction of that enclosed by C (see
Lemma 4.11).

Step 3 If π(C1) or π(C2) meets 0, then stop — we found a point that maps to 0, by
Lemma 4.8.

Step 4 Compute w(π(C1)) and w(π(C2)), and replace C with the one with the odd
winding number. Goto Step 2.

We now proceed to fill in the details, starting with the definition of the initial curve
T .

Definition 4.6 (The triangular grid curve T ) The simple closed grid curve T traverses
a triangular path defined as follows:
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– Starting with the bottom horizontal side of the grid [m]2, T traverses the points

(x1, x1), (x2, x1), . . . , (xm, x1),

– Continuing along the right vertical side of the grid [m]2 along the points

(xm, x1), (xm, x2), . . . , (xm, xm),

– Finally, traversing back diagonally along

(xm, xm), (xm−1, xm), (xm−1, xm−1), (xm−2, xm−1), . . . , (x1, x2), (x1, x1).

Along the diagonal side of T , we are really only interested in points of the form
(x�, x�) with � ∈ [m]. However, since this doesn’t give a grid curve, we “patch” it
up by introducing intermediate points. Fortunately, this does not change the desired
properties of T .

Lemma 4.7 If C is a grid curve, then π(C) is a grid curve. Moreover, if L has already
been computed, π(C) can be computed in time O(n + |C |).
Proof Consider a step in C from (xi , x j ) to (xi+1, x j ), where xi is an edge of L
and xi+1 is a vertex. Then xi+1 is contained in the planes that contain xi and one
additional plane H . Suppose, without loss of generality, that H is red. This means
that the cardinality of one of the sets R±

p changes by one. Hence, the cardinality of
R±
p ∩ R±

q , for each combination of signs, changes by at most one — if H contains
q, nothing changes. It follows that the function X changes by at most one, and the
function Y remains unchanged.

Note that, up to symmetry, only one such transition or its reverse occurs in a single
step of C . We’ve shown that each step causes either X or Y (but not both) to change
by at most one, and, hence, π(C) is a grid curve.

The computation can be carried out in constant time per incident edge-vertex pair of
C , since L has been already computed, after a O(n)-time initialization that computes
X ,Y at an arbitrary starting point of C by brute force. ��

Lemma 4.7 immediately implies the following.

Lemma 4.8 If π(C) meets 0, then some point of C is mapped to 0.

A key property of the triangular grid curve T is the following.

Lemma 4.9 If 0 /∈ π(T ), then w(T ) is odd.

Proof Let N := 4k + 2, and let H , V , D be the images (under π ) of the horizontal,
vertical, diagonal sides of T , respectively. Note that π(T ) is the concatenation of
H , V , and D in that order.

Observe that if p = q = xi with i ∈ [m], then |R+
p ∩ R−

q | = |R−
p ∩ R+

q | =
0. Hence, X(xi , xi ) ∈ {4k + 1, 4k + 2} depending on whether xi is contained in
one or two red planes. Similarly, Y (xi , xi ) ∈ {4k + 1, 4k + 2}. Hence π(xi , xi ) ∈
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Fig. 2 Up to symmetries, the different possibilities for the image under π of a grid square S, which is
always a grid curve in Z2, by Lemma 4.7. Note that the image cannot have odd winding number around 0.

{(N , N ), (N − 1, N − 1)} and, in particular, π(xi , xi ) = (N , N ) if xi is an edge.
Along with Lemma 4.7, this implies that the grid curve D is a closed walk on the
points in {N − 2, N − 1, N , N + 1}2\{0} starting and ending at the point (N , N ).

Noting that x1 and xm are half-lines contained in the same red plane, and that every
red plane that lies above x1 lies below xm and vice versa, we obtain π(xm, x1) =
(−N ,−N ). Hence, H is a grid curve from the point (N , N ) to (−N ,−N ) and V is
a grid curve from the point (−N ,−N ) to (N , N ).

The discussion above implies that w(T ) is equal to the winding number of the
concatenation of V and H . We argue below that V is the image of H under a rotation
by 180° around the origin, i.e., the map (x, y) �→ (−x,−y). Since, by assumption,
neither H nor V contain 0, the concatenation of H and V has odd winding number as
claimed.

Specifically, we need to show that π(xi , x1) = −π(xm, xi ). Since π is symmetric
in the two arguments, it suffices to show that π(x1, xi ) = −π(xm, xi ). As mentioned
before, every plane that lies above x1 lies below xm and vice versa. That is, R+

x1 = R−
xm

and R−
x1 = R+

xm , and similarly B+
x1 = B−

xm and B−
x1 = B+

xm . The claim is now obvious
from the definition of the functions X and Y . ��

Lemma 4.10 If w(π(C)) is odd, then there is a point (i, j) ∈ Z
2 enclosed by C with

π(i, j) = 0.

Proof A grid square S is a simple closed grid curve of the form

(i, j), (i + 1, j), (i + 1, j + 1), (i, j + 1), (i, j)

with (i, j) ∈ Z
2. A square is S for some grid square S. If there is a grid square S

enclosed by C such that π(S) meets 0, then we are done by Lemma 4.8. Otherwise,
note that π(C) is the sum of the images of the corresponding squares. Hence, there is a
grid square S withw(π(S)) odd. By Lemma 4.7, π(S) is a grid curve. By enumerating
all possibilities (see Fig. 2), we conclude that w(π(S)) cannot be odd. ��
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Fig. 3 Curve C ; the blue region is bounded by C1, and the red by C2, with the horizontal dividing chord
drawn dashed

Next, we show how to decompose a curve C . We restrict our attention to “trape-
zoidal” curves: Such a curve is the boundary of the intersection of the region bounded
by the initial triangle T with a grid-aligned rectangle. This property is maintained
inductively.

Lemma 4.11 Given a trapezoidal curve C whose image misses 0, with w(π(C)) odd,
we can construct two trapezoidal curves C1 and C2 so that

(i) The region R surrounded by C is partitioned into region R1 surrounded by C1 and
region R2 surrounded by C2.

(ii) area(R1), area(R2) ≤ c · area(R), for an absolute constant c < 1.
(iii) Either 0 is in the image of C1 and C2 or w(π(C)) = w(π(C1)) + w(π(C2)).

Proof We already noted that the image of a grid square cannot have odd winding
number, therefore R is not a grid square. As long as R is at least two units high, divide
it by a horizontal grid chord into two near-equal-height pieces (that is, the two parts
have equal height, or the lower one is one smaller) producing two regions R1 and R2.
The curves C1 and C2 are the boundaries of the regions (refer to Fig. 3). If the height
of R is one, perform a similar partition by a vertical chord into to near-equal-width
pieces.

Property (i) is satisfied by construction. If the image of the new chordmisses 0, then
both C1 and C2 avoid 0 and property (iii) follows from the properties of the winding
number on the plane. Finally, an easy calculation shows that, if the split height/width
is even, then each part contains at most 3/4 of the original area; this fraction can rise
to 5/6 if R has odd width or length (the extreme case is achieved at width/length of
three), which proves property (ii). ��
Lemma 4.12 Given a simple closed grid curve C in [m]2 we can determine whether
π(C) contains a zero. If not, we can compute w(π(C)), all in time O(|C | + n).
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Proof By Lemma 4.7, we can trace π(C) step by step and, in particular, detect whether
0 ∈ π(C). So suppose this is not the case.

Consider the (open) ray ρ from the origin directed to the right in Z2. To determine
the winding number of the curve π(C) not passing through the origin, it’s sufficient
to count how many times the curve crosses the ray ρ. We can compute the number of
times π(C) crosses ρ by computing π for every vertex of C in order and counting the
number of times (X , 0) occurs along it, with X > 0.

As π(C) may partially overlap ρ, we need to check whether π(C) arrives at (X , 0)
with X > 0 from below the X -axis and (possibly after staying on the axis for a
while) departs into the region above X -axis, or vice versa. That would count as a
signed crossing. Arriving from below and returning below, or arriving from above and
returning above, does not count as a crossing.

All of the above calculations can be done in time O(1) per step of π(C), after
proper initialization, by Lemma 4.7. ��

Running time
We now analyze the running time of the algorithm we described. We can traverse

a length-O(m) closed grid curve C , compute its image π(C), and check whether it
passes through the origin in time O(m + n) by Lemma 4.7. One can check whether
π(C) winds around the origin an odd number of times by Lemma 4.12, also in time
O(m + n).

The number of rounds of the main loop of the algorithm is O(logm), as the starting
curve cannot enclose an area larger than O(m2) and areas shrink by a constant factor
in every iteration, by Lemma 4.11. Combining everything together, we conclude that
L can be computed in O∗(n + m) time, and the algorithm can then identify the pair
of vertices of L corresponding to an eight-partition in at most O(logm) rounds, each
costing at most O(m + n). This concludes the proof of Theorem 4.2.

A Limit Arguments

We prove some standard facts using limit arguments.

Lemma A.1 (Limit argument for finite point sets) Let X ⊆ (
S
3
)3

be a compact subset
such that, for all μ mass distributions (with connected support) onR3 there is a plane
configurationH ∈ X that eight-partitions μ; then for any set P of points in R3, there
is a configuration H∞ ∈ X that eight-partitions the point set.

Proof Let n be the number of points in P . Let μi be the measure defined as follows.
At every point in P , place a ball of radius εi = 1

2i
with uniform density and total mass

(1−εi )/n; finally, add a normal Gaussian distribution “on the background,” with total
mass εi/n. Note that the total measure μi of the complement of the union of balls is
less than εi .

By choosing i large enough, we can assume that a plane can intersect a collection
of balls only if their centers are coplanar; hence, without loss of generality, we can
assume that this happens for i = 1.
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By assumption, there is a plane configuration Hi that eight-partitions the mass μi

for each i ; by compactness of X , there is a subsequence Hi j that converges to some
limit H∞; up to reindexing we can assume that the original sequence Hi does. The
obtained limit point eight-partitions the original point set P: in fact, there is a i0 big
enough such that for every orthant α ∈ Z

3
2 and anym ≥ i0, every point p ∈ P ∩OH∞

α

is “far away” (e.g., at least 1/2i0 ) from the planes in the configuration Hm ; hence

1 − εm

n
|P ∩ OH∞

α | ≤ μm(OHm
α ) = 1

8
.

Taking the limit in m we obtain the desired result. ��
Corollary A.2 Let X and P as above. If H∞ = (H1, H2, H3) is the configuration
constructed in the proof of Lemma A.1, then any plane Hi in H∞ bisects P and any
pair (Hi , Hj ) four-partitions the points.

Proof For simplicity we show the result for the first plane H1 and the pair (H1, H2), all
the other cases are identical. First, constructμi andHi = (Hi,1, Hi,2, Hi,3) converging
to the limitH∞ as in the proof of Lemma A.1.

Again, by choosing i0 big enough we obtain that, for any m ≥ i0 and any sign
α ∈ Z2 every point p ∈ P ∩ Hα

1 is sufficiently far from Hm,1 hence

1 − εm

n
|P ∩ Hα

1 | ≤ μm(Hα
m,1) = 1

2
.

Similarly, for any pair of signs (α1, α2) ∈ Z
2
2, any point p ∈ P ∩ Hα1

1 ∩ Hα2
2 is

sufficiently far from both Hm,1 and Hm,2, therefore

1 − εm

n
|P ∩ Hα1

1 ∩ Hα2
2 | ≤ μm(Hα1

m,1 ∩ Hα2
m,2) = 1

4
.

By taking the limit we obtain the desired result. ��
Lemma A.3 (Limit argument for mass distributions with possibly disconnected sup-

port) Let X be a compact set in
(
S
3
)3

such that, for any mass distribution with
connected support there is a configuration H ∈ X that eight-partitions the measure.
Let μ be a “general” mass distribution. Then there is a plane arrangement H∞ ∈ X
that eight-partitions μ.

Proof Define εi := 1
2i

and let μi the measure defined, on a measurable set A ⊆ R
3, as

μi (A) := (1 − εi ) μ(A) + εiN (A),

where N is a normal Gaussian distribution on R
3. Then, μi is a mass distribution

with connected support hence there is a configuration Hi that eight-partitions μi . By
compactness, up to taking a subsequence, Hi converges to a configuration H∞.
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Now, for any α ∈ Z
3
2, we have that

(1 − εi ) μ(OHi
α ) ≤ μi (OHi

α ) = 1

8
.

For any fixed measure μ̃, the mapH → μ̃(OH
α ) is continuous; hence by taking the

limit in i we obtain that, for all α ∈ Z
3
2,

μ(OH∞
α ) ≤ 1

8
.

However, since

∑

α∈Z3
2

μ(OH∞
α ) = μ(R3) = 1,

it follows that all the previous inequalities are equalities. ��

B Four-Partitioning in the Plane with a Prescribed Bisector

This section is devoted to the proof of Lemma 2.3. For convenience, we restate the
lemma here. Both the lemma and proof are due to [6].

Lemma 2.3 (Four-partitioning a mass distribution in R2 [6]) Let μ# be a mass distri-
bution (with connected support) on R

2 and v ∈ S
1. Then there exists a pair (�1, �2)

of lines in R
2 that four-partitions μ# and such that v bisects the angle between �1

and �2.
Moreover, if we orient �1 and �2 so that �1 is in the first direction clockwise from

v, and �2 is in the first direction counterclockwise, the oriented pair is unique and the
lines depend continuously on v.

Proof Suppose, without loss of generality, that v = (0, 1). We first prove existence.
Let α ∈ [0, π/2], and rotate v counterclockwise and clockwise by angle α to obtain
uα and wα , respectively. Then, since the measure has connected support, there exist
unique lines �α and mα that are perpendicular to uα and wα , respectively, and bisect
μ. Note that v bisects the angle between �α and mα .

The (oriented) lines �α andmα partition the plane into four octants, which we label
PN , PE , PS, PW (north, east, south, west) in the obvious manner. Since both lines are
bisecting, we have

μ(PN ) = μ(PS) = x, μ(PW ) = μ(PE ) = μ(R2)/2 − x = y.

Whenα tends to 0, PW and PE tend to empty sets and evidently x > y forα sufficiently
close to 0. When α tends to π/2, PN and PS tend to empty sets and then x < y for
α sufficiently close to π/2. Since x depends continuously on α, we must have x = y
somewhere in between, by the intermediate value theorem. Thus, we have existence.
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We now show uniqueness. Assume we have a partition PN , PE , PS, PW with angle
α and another partition QN , QE , QS, QW with angle α′. Assume without loss of
generality that α′ ≤ α. Moreover, since for α′ = α the partition is defined uniquely,
we may assume α′ < α. Let p = �α ∩ mα and consider the following cases:

1. p ∈ QN : In this case PN ⊂ QN and both sets have the same measure. This
contradicts connectivity of the set where the density is positive, since the density
is positive in QS and in PN , it must be positive somewhere in QN \ PN , implying
μ(QN ) > μ(PN ).

2. p ∈ QE : In this case PW ⊂ QW and we obtain a similar contradiction.
3. p ∈ QS and p ∈ QW are similar to considered cases.

Since the lines �α,mα, �α′ , and mα′ are distinct, this covers all cases. In each case, we
obtain a contradiction, hence, we have uniqueness.

As for continuity, it follows from the standard fact that a map with compact
codomain and closed graph must in fact be continuous. The codomain is compact
since we are only interested in directions of the halving lines that afterwards produce
halving lines continuously, thus working with S1 × S

1 as the space of parameters. ��
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