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Abstract
We show a local rigidity result for the integrability of symplectic billiards. We prove
that any domain which is close to an ellipse, and for which the symplectic billiard map
is rationally integrable must be an ellipse as well. This is in spirit of the result of [2]
for Birkhoff billiards.
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1 Introduction and theMain Result

Symplectic billiardswere introduced byAlbers andTabachnikov in [1] as an analogous
model for the billiard dynamics, where the area is used for the variational principle,
instead of the length (see Subsection 2.1 for a more precise definition). While the two
systems might behave somewhat differently, the similarity between the definitions
of the Birkhoff billiards system and the symplectic one has recently attracted some
attention to try and address the classical questions for the billiard system about inte-
grability and rigidity in this new setting. For example, in [4], Baracco and Bernardi
showed a total integrability rigidity result for symplectic billiards. In [6], an analogous
result of the integrability reuslt of Bialy and Mironov [7] was shown for symplectic
billiards. A symplectic billiard version of the result of [8] on spectral rigidity was done
independently in [5] and in [9].

In this work, we address the question of local rigidity of integrability, and show
that near ellipses, the only rationally integrable domains (see Definition 2.1 below)
are ellipses. This is in spirit of the results of [2]. We prove the following result (for
the definition of a domain being close to an ellipse see (3.1) below):
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Theorem 1 Let E be an ellipse in R
2. Then, for any K > 0, there exists ε > 0 such

that for any domain � ⊆ R
2 that is C127 K-close to E and C1 ε-close to E , if the

symplectic billiard dynamics in � is rationally integrable, then � is an ellipse.

Remark It is not known if symplectic billiards has an analogue of ellipses for Birkhoff
billiards. That is, domains in which symplectic billiards are integrable, but do not
admit a total foliation of the phase space by invariant curves. The theorem implies that
such domains, if they exist, either cannot be used to approximate ellipses, or do not
have an invariant curve of some rational rotation number (similar to how billiard in an
ellipses do not have an invariant curve of rotation number 1

2 ).

The affine nature of this system means that all ellipses behave the same way. For
this reason, it seems that looking for improvements of the result in the spirit of [13, 15,
16] might be challenging. These results rely on metric properties of ellipses which are
not circles. These properties cause the Birkhoff billiard dynamics in an ellipse to be
different than the dynamics in a circle, and this difference is exploited in their proofs.
From the point of view of symplectic billiards, all ellipses are the same, and so we
cannot adapt the same method that is used for Birkhoff billiards.

Structure of the paper: in Section 2 we give some background about symplectic
billiards, and set some notations. In Section 3 we give the proof of the theorem.
Section 3 starts with a general overview of the idea of the proof.

2 Background

In this section, we recall briefly the notions discussed in this paper. We recall the
definition of symplectic billiards. We explain which parametrization we are going to
use for the curves in our discussion. We recall the definition of rational integrability.
Finally, we set the notation for the norms we use.

2.1 Symplectic Billiards

Symplectic billiards were introduced by Albers and Tabachnikov in [1]. In the plane
(which is the only case which is of interest for us in this work), it is defined as
follows. Given a smooth convex curve γ (t), three points γ (t1), γ (t2), and γ (t3) are
consecutive points of a symplectic billiard orbit if and only if the tangent at γ (t2) is
positively parallel to the vector γ (t3) − γ (t1), see Figure 1.

Similarly to Birkhoff billiards, this system is also an example of a twist map of a
cylinder (see, e.g., [3, 11, 12]), where the generating function is the area form on the
plane H(t, t ′) = ω(γ (t), γ (t ′)), with ω denoting the area form (with respect to an
arbitrary origin). Namely, if we fix an arbitrary origin on the plane, and denote by ω

the standard area form on R2, then one can check that the geometric definition above
coincides with the following rule: t2 is determined as the unique critical point of the
function

f (t) = H(t1, t) + H(t, t3),
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Fig. 1 The symplectic billiard
collision law

for which the ordering of γ (t1), γ (t2), γ (t3) is consistent with the curve’s orientation.
Indeed,

f ′(t) = 0 ⇐⇒ ω(γ (t3) − γ (t1), γ̇ (t)) = 0, (2.1)

so the vectors are parallel. Observe that the mixed partial derivative of H is
ω(γ̇ (t), γ̇ (t ′)). The symplectic billiard map is defined on the part of the phase space
where the vectors γ (t), γ (t ′) are positively oriented (see [1, Lemma 2.1]), and hence,
their tangents are also positively oriented, so the mixed partial derivative is positive
and the symplectic billiards map is a negative twist map. Hence, by the theory of
twist maps (see e.g., [11, Theorem 35.2]), all orbits on invariant curves are locally
maximizing.

2.2 Affine Arc-Length Parametrization

It was shown in [1, Theorem 3] that the affine arc-length parametrization (see, e.g.,
[19]) is suitable for the study of symplectic billiards. The billiard map in these coordi-
nates has a good asymptotic form, which resembles the asymptotic form of Birkhoff
billiards in Lazutkin coordinates (see, e.g., [18, Section 14]). For ellipses, the affine
arc-length parametirzation coincides with the usual trigonometric parametrization: if
an ellipse with axes parallel to x and y axes has semiaxes lengths a, b, then its affine
arc-length parametrization is

γ :
[
0, 2π(ab)

1
3

]
→ R

2

γ (t) =
(
a cos

t

(ab)
1
3

, b sin
t

(ab)
1
3

)
.

The domains we consider are perturbations of ellipses. Therefore we parametrize them
using the affine arc-length parametrization of the ellipses they approximate (see (3.1)
for the precise parametrization).
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2.3 Rational Integrability

The notion of integrability that we use in this work is rational integrability. More
precisely, we use the following definition.

Definition 2.1 Let T be the symplectic billiardmap inside someplanar convex domain,
viewed as a self map of the phase cylinder. We say that T is rationally integrable if
for all 3 ≤ q ∈ N, there exists an invariant curve for T the rotation number of which
is 1

q , and this curve consists entirely of q -periodic orbits.

If an open set in the cylinder is C1 foliated by invariant curves, then each of those
curves inherits an absolutely continuous invariant measure. If, in addition, the rotation
number of the curve is rational, then all points on it must be periodic. Therefore, the
assumption that we use in this work is weaker than the assumption about the existence
of a foliation by invariant curves.

Observe that we consider invariant curves of rotation number 1
q only for q ≥ 3. By

definition, for any t , if we denote by t∗ the parameter for which γ̇ (t), γ̇ (t∗) are parallel,
we have a 2-periodic orbit between γ (t) and γ (t∗). Hence, in the phase cylinder, we
always have an invariant curve of two-periodic orbits. For this reason, in what follows,
assumptions on the invariant curve of two-periodic orbits are superfluous.

2.4 Choices of Norms

In this subsection we fix notation and write explicitly what are the various norms that
we use.

• L2 norm on the space of functions defined on the interval [0, L]:

‖ f ‖2L2 = 1

L

∫ L

0
| f (x)|2dx .

• Ck norm on Ck functions on an interval I :

‖ f ‖Ck =
k∑
j=0

max
x∈I | f ( j)(x)|.

• For an affine map T : Rn → R
n , T x = Ax + b, the norm is

‖T ‖ = ‖A‖ + ‖b‖ ,

where ‖A‖ denotes the operator norm of the matrix.

3 Proof of Theorem 1

The proof mimics very closely the idea of the proof in [2]. We begin by giving the
general plan of the proof:
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1. Estimate how much the action of a q- periodic orbit deviates from the action of a
q- periodic orbit for an ellipse (Lemma 3.1).

2. Use this estimate to derive a bound on the Fourier coefficients of the deformation
function (Lemma 3.3).

3. Given a rationally integrable perturbation of an ellipse, we use our estimates
to find another ellipse. This ellipse should be even closer than the given one
(Lemma 3.6).

4. This allows us to finish the proof in Subsection 3.4, by considering the “closest”
ellipse.

We first start with the following notation.

Definition 3.1 For an ellipse E , we call the quantity α(E) = 3
√

1
π
area(E) the normal-

ized area of E .

Note that if an ellipse E has semiaxes a,b (with respect to any Euclidean metric)

then α(E) = (ab)
1
3 . This quantity is not really consequential for us. It is needed for

technical reasons: during the proof we consider several ellipses, and thus we need to
understand how our estimates vary with the ellipse. Since all of our ellipses will be
close to each other, their normalized areas will be close to each other, and we will
conclude that the upper bounds we use are uniform for this family of ellipses.

Given such an ellipse, we parametrize it by affine arc-length parametrization:

ea,b(t) =
(
a cos

t

A
, b sin

t

A

)
,

where A = α(E) , and t ∈ [0, 2π A]. We consider a deformation of this ellipse
into a domain along the affine normal vector, A−2ea,b(t) (see [19]), but it is more
convenient to consider a rescaling, N (t) = ea,b(t). This way, given a function n(t),
we get a deformed domain � the boundary of which is given by

∂� = {γ (t) = ea,b(t) + n(t)N (t) | t ∈ [0, 2π A]} . (3.1)

As long as the function n is small enough, the curve γ (t) is a convex curve.We express
this in a similar way to [2], and write

∂� = E + n.

The notion of being “close to an ellipse" is understood in terms of this function n.
Our integrability assumption means that for all q > 2 there are invariant curves of q-
periodic orbits for the symplectic billiardmap. The action of orbits on a given invariant
curve is constant. In our case, this action is twice the area enclosed by the orbit. Hence,
our first goal would be to understand the deviation of the area of this q-gon from the
elliptic case.
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3.1 Second Order Error Term for Areas

Our goal in this subsection is to prove the following lemma.

Lemma 3.1 Suppose � is a domain of the form (3.1), where A = α(E). Then there
exist ε,C, N > 0 such that for all functions n with C1 norm smaller than ε, and for
each 2 < q ∈ N, if ‖n‖C1 < N min

{
1, A−4

}
q−8 and if the symplectic billiard map

in � has a q periodic orbit starting from γ (t0), for some t0 ∈ [0, 2π A], then
∣∣∣∣∣∣
Aq,� − A3q sin

2π

q
− 2A3 sin

2π

q

q−1∑
j=0

n

(
t0 + 2π Aj

q

)∣∣∣∣∣∣
≤ C max

{
A3, A9

}
q31(1 + ‖n‖C1)8 ‖n‖2C1 . (3.2)

Here Aq,� denotes the action of the q-periodic symplectic billiard orbit starting at
γ (t0).

Proof From the definition of symplectic billiards, if a q-periodic symplectic billiard
orbit passes through the points γ (t j ), for j = 0, ..., q (and t0 = tq ), then its action is

Aq,� =
q−1∑
j=0

ω(γ (t j ), γ (t j+1)).

Using the fact that γ (t) = (1 + n(t))ea,b(t), we get:

Aq,� =
q−1∑
j=0

(1 + n(t j+1))(1 + n(t j ))A
3 sin

(
t j+1 − t j

A

)

= A3
q−1∑
j=0

sin

(
t j+1 − t j

A

)

+(n(t j+1) + n(t j )) sin

(
t j+1 − t j

A

)
+ n(t j+1)n(t j ) sin

(
t j+1 − t j

A

)
.

When n is the zero function, then t j = t0 + 2π j A
q , j = 0, ..., q − 1, so for small n, the

values of t j should be close to equidistributed. This is made precise by the following
lemma that we prove later.

Lemma 3.2 Given an ellipse E with A = α(E), there exist C,C ′, N > 0 with the
following property: for all functions n, if � is given by (3.1), and γ (t0), ..., γ (tq−1)

is a q-periodic symplectic billiard orbit in �, if ‖n‖C1 ≤ N min
{
1, A−4

}
q−8, then

there exist X0, ..., Xq−1 for which for all j = 0, ..., q − 1:

∣∣∣∣t j −
(
t0 + 2π j A

q

)∣∣∣∣ ≤ C max
{
A, A2

}
q4 ‖n‖C1 (1 + ‖n‖C1 ), (3.3)
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∣∣∣∣sin
(
t j+1 − t j

A

)
− sin

2π

q
− 1

A
X j cos

2π

q

∣∣∣∣ ≤ Cq30 max
{
1, A6

}
‖n‖2

C1 (1 + ‖n‖C1)
8.

(3.4)

The numbers X j satisfies moreover, |X j | ≤ C ′ max
{
A, A4

}
q15 ‖n‖C1 (1+ ‖n‖C1)4,

and
∑q−1

j=0 X j = 0.

Now take an N as in Lemma 3.2, and suppose that ‖n‖C1 ≤ N min
{
1, A−4

}
q−8.

We estimate the difference

∣∣∣∣∣∣
Aq,� − A3q sin

2π

q
− 2A3 sin

2π

q

q−1∑
j=0

n

(
t0 + 2π Aj

q

)∣∣∣∣∣∣

≤ A3

∣∣∣∣∣∣

q−1∑
j=0

[
sin

(
t j+1 − t j

A

)
− sin

2π

q

]∣∣∣∣∣∣

+A3

∣∣∣∣∣∣

q−1∑
j=0

[
(n(t j+1) + n(t j )) sin

(
t j+1 − t j

A

)
− 2 sin

2π

q
n

(
t0 + 2π j

q

)]∣∣∣∣∣∣

+A3
q−1∑
j=0

∣∣∣∣n(t j )n(t j+1) sin

(
t j+1 − t j

A

)∣∣∣∣ , (3.5)

and deal with each row separately. For the first row of (3.5), using (3.4), and the fact
that
∑q−1

j=0 X j = 0 we can write

A3

∣∣∣∣∣∣

q−1∑
j=0

sin

(
t j+1 − t j

A

)
− sin

2π

q

∣∣∣∣∣∣
= A3

∣∣∣∣∣∣

q−1∑
j=0

[
sin

(
t j+1 − t j

A

)
− sin

2π

q
− 1

A
X j cos

2π

q

]∣∣∣∣∣∣

≤ C max
{
A3, A9

}
q31 ‖n‖2

C1 (1 + ‖n‖C1 )
8.

For the last line of (3.5), we can bound it by

A3
q−1∑
j=0

∣∣∣∣n(t j )n(t j+1) sin

(
t j+1 − t j

A

)∣∣∣∣ ≤ A3q ‖n‖2C1 .

For the middle row of (3.5), first we write

A3
q−1∑
j=0

(n(t j+1) + n(t j )) sin

(
t j+1 − t j

A

)
= A3

q−1∑
j=0

(n(t j+1) + n(t j ))

[
sin

(
t j+1 − t j

A

)

− sin
2π

q
− 1

A
cos

2π

q
X j + sin

2π

q
+ 1

A
cos

2π

q
X j

]
= A3 sin

2π

q

q−1∑
j=0

(n(t j+1) + n(t j ))
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+A3
q−1∑
j=0

(n(t j+1) + n(t j ))

(
sin

(
t j+1 − t j

A

)
− sin

2π

q
− 1

A
cos

2π

q
X j

)

+A2 cos
2π

q

q−1∑
j=0

(n(t j ) + n(t j+1))X j = 2A3 sin
2π

q

q−1∑
j=0

n(t j )

+A3
q−1∑
j=0

(n(t j+1) + n(t j ))

(
sin

(
t j+1 − t j

A

)
− sin

2π

q
− 1

A
cos

2π

q
X j

)

+A2 cos
2π

q

q−1∑
j=0

(n(t j+1) + n(t j ))X j . (3.6)

Now, when we consider the difference in the middle row of (3.5), then we can subtract
from the first summand in (3.6) the term with n(t0 + 2π j

q ), and estimate the other
summands separately. This way we get, using (3.4), and the bound on X j ,

∣∣∣∣∣∣
A3

q−1∑
j=0

[
(n(t j+1) + n(t j )) sin

(
t j+1 − t j

A

)
− 2 sin

2π

q
n

(
t0 + 2π j

q

)]∣∣∣∣∣∣

≤ 2A3 sin
2π

q

q−1∑
j=0

∣∣∣∣n(t j ) − n

(
t0 + 2π Aj

q

)∣∣∣∣

+CA3q ‖n‖C1 · q30 max
{
1, A6

}
‖n‖2C1 (1 + ‖n‖C1)8

+CA2q ‖n‖C1 · q15 max
{
A, A4

}
‖n‖C1 (1 + ‖n‖C1)4. (3.7)

Using (3.3) we can bound |n(t j ) − n(t0 + 2π Aj
q )| with

C max
{
A, A2

}
q4 ‖n‖2C1 (1 + ‖n‖C1).

so the first sum is bounded (using sin 2π
q ≤ 2π

q ) by a quantity of the same order. In
total, the middle row of (3.5) is bounded by

C max
{
A4, A5

}
q4 ‖n‖2

C1 (1 + ‖n‖C1 ) + C max
{
A3, A9

}
q31 ‖n‖3

C1 (1 + ‖n‖C1 )
8

+C max
{
A3, A6

}
q16 ‖n‖2

C1 (1 + ‖n‖C1 )
4 ≤ C max

{
A3, A9

}
q31 ‖n‖2

C1 (1 + ‖n‖C1 )
8,

for ‖n‖C1 small enough (for example for ‖n‖C1 < 1). So we see that the first and
second row of (3.5) are the largest, and they give us the error term required in (3.2). �


NowweproveLemma3.2. The idea is that for n = 0we should have t j = t0+ 2π Aj
q .

So for small n we can estimate the deviation from this configuration using the implicit
function theorem.
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Proof of Lemma 3.2 First we write the condition that the sequence t0, ..., tq−1 corre-
sponds to a symplectic billiard orbit. From the definition of symplectic billiards (2.1),
we must have for all j = 1, ..., q − 1,

ω(γ (t j+1) − γ (t j−1), γ̇ (t j )) = 0.

Note that we also have an equation for j = 0:

ω(γ (t1) − γ (tq−1), γ̇ (t0)) = 0,

However, in what follows we do not use it. Using (3.1), we can expand it (we also add
an extra minus for convenience),

0 = −ω(γ (t j+1) − γ (t j−1), γ̇ (t j )) = −ω((1 + n(t j+1))ea,b(t j+1)

−(1 + n(t j−1))ea,b(t j−1), n
′(t j )ea,b(t j ) + (1 + n(t j ))ėa,b(t j ))

= A3(1 + n(t j+1))n
′(t j ) sin

(
t j+1 − t j

A

)
+ A3(1 + n(t j−1))n

′(t j ) sin
(
t j − t j−1

A

)

−A2(1 + n(t j+1))(1 + n(t j )) cos

(
t j+1 − t j

A

)

+A2(1 + n(t j ))(1 + n(t j−1)) cos

(
t j − t j−1

A

)
. (3.8)

Let us define now a function F : Rq−1 × R
q−1 × R

q−1 → R
q−1 by:

F = (F1, ..., Fq−1),

where,

Fj (a1, ..., aq−1, b1, ..., bq−1, t1, ..., tq−1) = A3(1 + a j+1)b j sin

(
t j+1 − t j

A

)

+A3(1 + a j−1)b j sin

(
t j − t j−1

A

)
− A2(1 + a j+1)(1 + a j ) cos

(
t j+1 − t j

A

)

+A2(1 + a j )(1 + a j−1) cos

(
t j − t j−1

A

)
.

Here, the terms a0 = aq should be understood as the constant n(t0). Then (3.8) holds
if and only if

F(n(t1), ..., n(tq−1), n
′(t1), ..., n′(tq−1), t1, ..., tq−1) = 0.

In particular, it holds that F(0, 0, t0) = 0, where t0 = (t0 + 2π A
q , ..., t0 + 2π A(q−1)

q ) ∈
R
q−1. We show that the equation F = 0 defines t = (t1, ..., tq−1) as a function of
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(a, b) = (a1, ..., aq−1, b1, ..., bq−1) in a neighborhood of (0, 0, t0). For that we need
to check that ∂F

∂t (0, 0, t0) is non-degenerate. One computes that

∂Fj

∂tk
=

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

0, | j − k| > 1

−A2b j (1 + a j−1) cos
( t j−t j−1

A

)
+ A(1 + a j−1)(1 + a j ) sin

( t j−t j−1
A

)
, k = j − 1

A2b j (1 + a j+1) cos
( t j+1−t j

A

)
+ A(1 + a j )(1 + a j+1) sin

( t j+1−t j
A

)
, k = j + 1

−b j A
2(1 + a j+1) cos

( t j+1−t j
A

)
− A(1 + a j )(1 + a j+1) sin

( t j+1−t j
A

)
+

+A2b j (1 + a j−1) cos
( t j−t j−1

A

)
− A(1 + a j−1)(1 + a j ) sin

( t j−t j−1
A

)
, k = j .

When a = 0, b = 0, t = t0, we get:

∂F

∂t
= A sin

2π

q

⎛
⎜⎜⎜⎜⎜⎜⎝

−2 1 0 . . . 0
1 −2 1

0 1 −2
...

...
. . . 1

0 ... 1 −2

⎞
⎟⎟⎟⎟⎟⎟⎠

The eigenvalues of this matrix are well known (see, e.g., [17]), and the one that has
the smallest absolute value is A sin 2π

q (−2+2 cos 2π
q ). Therefore in a neighborhood of

(0, 0, t0) the equation F = 0 indeed defines t as a function of a, b. However, we need
an explicit neighborhood where it exists, since we wish to use this argument for many
values of q (see (3.31)). Therefore we find explicit rx , ry such that if |a j |, |b j | < rx ,
and |t j − (t0 + 2π j

q )| < ry then ∂F
∂t (a, b, t) is non-degenerate, and the operator norm

of the inverse is bounded by

∥∥∥∥
(∂F

∂t
(a, b, t)

)−1
∥∥∥∥ ≤ C

(
A sin

2π

q

(
1 − cos

2π

q

))−1 ≤ CA−1q3. (3.9)

We used here the inequalities sin x ≥ 2
π
x and 1 − cos x ≥ 1

π
x2, and C is some

universal constant. The derivation of those rx , ry is technical, and hence it is done at
the end of the proof (see (3.16), (3.17) below for the definitions of rx and ry).

Thus, we have an explicit neighborhood where F = 0 implicitly defines t j =
G j (a, b), and (3.9) holds in this neighborhood. It is also convenient to define G0,Gq

as the constant functions t0 and t0+2π A respectively, and write G = (G0, ...,Gq−1).
Hence, if t0, ..., tq−1 form a symplectic billiard orbit for γ , then

(t0, ..., tq−1) = G
(
n(t1), ..., n(tq−1), n

′(t1), ..., n′(tq−1)
)
,

provided that the norm ‖n‖C1 is small enough. To obtain (3.3), we use a first order
approximation,

|G(a, b) − t0| ≤
∥∥∥∥
∂G

∂a

∥∥∥∥ ‖a‖ +
∥∥∥∥
∂G

∂b

∥∥∥∥ ‖b‖ . (3.10)
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Here, the first order derivatives are evaluated at some unknown points in the domain
‖a‖∞ , ‖b‖∞ ≤ rx . We use the implicit function theorem to compute the derivatives.

∂G

∂a
= −
(∂F

∂t

)−1 ∂F

∂a
,

and similarly for b. Thus we need to estimate the operator norm of ∂F
∂a and ∂F

∂b . It holds
that

∂Fj

∂ak
=

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

0, | j − k| > 1

A3b j sin
(
t j−t j−1

A

)
+ A2(1 + a j ) cos

(
t j−t j−1

A

)
, k = j − 1

A3b j sin
(
t j+1−t j

A

)
− A2(1 + a j ) cos

(
t j+1−t j

A

)
, k = j + 1

−A2(1 + a j+1) cos
(
t j+1−t j

A

)
+ A2(1 + a j−1) cos

(
t j−t j−1

A

)
, k = j .

This means that | ∂Fj
∂ak

| ≤ 2max
{
A2, A3

}
(1+‖n‖C1), so its operator norm is bounded

by 2max
{
A2, A3

}√
q(1 + ‖n‖C1). Here we used the fact that this matrix is sparse:

in every row, at most three entries are non-zero. Next, ∂F
∂b is diagonal and its diagonal

entries are

A3(1 + a j+1) sin

(
t j+1 − t j

A

)
+ A3(1 + a j−1) sin

(
t j − t j−1

A

)
,

so its operator norm is bounded by 2A3(1+‖n‖C1). Using (3.9), we get the estimates

∥∥∥∥
∂G

∂a

∥∥∥∥ ≤ Cq3.5 max
{
A, A2

}
(1+ ‖n‖C1),

∥∥∥∥
∂G

∂b

∥∥∥∥ ≤ Cq3A2(1+ ‖n‖C1). (3.11)

Using (3.10) (with a j = n(t j ), b j = n′(t j )), we get

|t j −
(
t0 + 2π j

q

)
| ≤ Cq3.5 max

{
A, A2

}
(1 + ‖n‖C1) · √

q ‖n‖C1 .

This gives us (3.3).
To obtain (3.4) we repeat the same idea, however now we use a quadratic approxi-

mation:

G j (a, b) −
(
t0 + 2Aπ j

q

)
= ∂G j

∂a
a + ∂G j

∂b
b

+1

2

(∂2G j

∂a2
(a, a) + ∂2G j

∂a∂b
(a, b) + ∂2G j

∂b∂a
(b, a) + ∂2G j

∂b2
(b, b)

)
.

Here thefirst order derivatives are evaluated at (0, 0),while the secondorder derivatives
are evaluated at some unknown point for which |a j |, |b j | ≤ rx . Denote the second
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306 Page 12 of 26 D. Tsodikovich

order term by Z j . Note that the above also holds for j = 0, q, in which case Z0 =
Zq = 0. Then

G j+1(a, b)−G j (a, b)− 2π A

q
= ∂(G j+1 − G j )

∂a
a+ ∂(G j+1 − G j )

∂b
b+ Z j+1− Z j .

(3.12)
Denote by X j the right hand side in (3.12). Then it holds that

∑q−1
j=0 X j = 0, since G0

and Gq are constant (and all first order derivatives are evaluated at the same point),
and
∑

(Z j+1 − Z j ) = Zq − Z0 = 0. Now we can use a first order estimate for the
sine:

sin

(
t j+1 − t j

A

)
− sin

2π

q
= 1

A
X j cos

2π

q
+ 1

2A2 X
2
j sin(ξ),

where ξ is some unknown point. To get the desired estimate, it is then enough to show
that

1

2A2 X
2
j sin(ξ) (3.13)

can be bounded by the right hand side of (3.4). The second derivatives of an implicit
function can be found using the following formula:

∂2Gm

∂ak∂as
= −

q−1∑
j=1

((∂F

∂t

)−1)
m, j

( ∂2Fj

∂ak∂as
+

q−1∑
p=1

[ ∂2Fj

∂tp∂as

∂Gp

∂ak
+ ∂2Fj

∂tp∂ak

∂Gp

∂as

]

+
q−1∑
p,r=1

∂2Fj

∂tp∂tr

∂Gp

∂ak

∂Gr

∂as

)
. (3.14)

Similarly for derivatives with respect to bk, bs and similarly,

∂2Gm

∂ak∂bs
= −

q−1∑
j=1

((∂F

∂t

)−1)
m, j

( ∂2Fj

∂ak∂bs
+

q−1∑
p=1

[ ∂2Fj

∂tp∂bs

∂Gp

∂ak
+ ∂2Fj

∂tp∂as

∂Gp

∂bs

]

+
q−1∑
p,r=1

∂2Fj

∂tp∂ts

∂Gp

∂ak

∂Gr

∂bs

)
. (3.15)

Using (3.11), the sum of all first order derivatives appearing in X j can be bounded by

C max
{
A, A2

}
q4 ‖n‖C1 (1 + ‖n‖C1).

If M is an upper bound on all of the second order partial derivatives of G j , then we
have

|X j | ≤ C max
{
A, A2

}
q4 ‖n‖C1 (1 + ‖n‖C1) + 4M ‖n‖2C1 q

2.
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The second order partial derivatives of Fj that do not involve t are bounded by
2max

{
A2, A3

}
, those that involve t with a or b are bounded by 2max

{
A, A2

}
(1 +

‖n‖C1), and those that only involve t are bounded by 2max {1, A} (1+‖n‖C1)2. Thus,

M ≤ q

∥∥∥∥
( ∂F

∂t

)−1
∥∥∥∥
(
2max

{
A2, A3

}
+ 4max

{
A, A2

}
q(1 + ‖n‖C1 )

∥∥∥∥
∂G j

∂a

∥∥∥∥

+q2 max {1, A} (1 + ‖n‖C1 )
2
∥∥∥∥

∂G j

∂a

∥∥∥∥
2)

= q max {1, A}
∥∥∥∥
( ∂F

∂t

)−1
∥∥∥∥
(
2A2 + 4Aq(1 + ‖n‖C1 )

∥∥∥∥
∂G j

∂a

∥∥∥∥+ q2(1 + ‖n‖C1 )
2
∥∥∥∥

∂G j

∂a

∥∥∥∥
2)

.

Using the estimates (3.9) and (3.11) we obtain the bound

M ≤ Cq13 max
{
A, A4

}
(1 + ‖n‖C1)4 �⇒

|X j | ≤ Cq15 max
{
A, A4

}
‖n‖C1 (1 + ‖n‖C1)4.

Therefore we see that (3.13) is bounded by C max
{
1, A6

}
q30 ‖n‖2

C1 (1 + ‖n‖C1)8,
as required.

To finish the proof, we also want to claim that the implicit function G that we used
in our proof exists in a not too small neighborhood (it is defined for all ‖n‖C1 ≤
N min

{
1, A−4

}
q−8.5, hence for |a j |, |b j | ≤ N min

{
1, A−4

}
q−8.5). Moreover, we

still need to explain why the estimate (3.9) holds in this neighborhood. For that we
use the result of [14, Theorem 3.3] which gives an explicit estimate for the size of
the neighborhood where the implicit function is defined. Note that to use this result
it is enough to work with upper bounds on all the norms of the derivatives, and not
necessarily with the actual suprema. We already found an upper bound for all the
derivatives above. We therefore have, using the notation of [14],

⎧
⎪⎨
⎪⎩

Lx = 2max
{
A2, A3

}√
q,

My = 100A−1q3,

Kxx = Kxy = Kyy = 2q max
{
1, A3

}
(1 + ‖n‖C1)2.

Therefore, radii rx , ry for which the solutions exist satisfy the following two inequal-
ities:

{
1
2Kxx (rx + ry)2 ≤ ry

My
− rx Lx ,

Kxx (rx + ry) ≤ 1
My

.

It is enough to find rx and ry for which there is equality in both inequalities. In this
case we can use the second equation with the first one to reduce the problem to two
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linear equations:

⎧
⎨
⎩

−Lxrx + 1
My

ry = 1
2M2

y Kxx
,

rx + ry = 1
MyKxx

.

We can solve it,

rx =
1

2M2
y Kxx

1
My

+ Lx
= 1

2KxxMy(LxMy + 1)
, (3.16)

ry =
2Lx My+1
2M2

y Kxx

1
My

+ Lx
= 2LxMy + 1

2KxxMy(LxMy + 1)
. (3.17)

The deonminator is of the magnitude of q7.5(1 + ‖n‖C1)3 max
{
A4, 1

}
. Thus, we

can find a universal constant N such that if ‖n‖C1 ≤ N min
{
1, A−4

}
q−8, then in

the computations above, all coordinates of the vectors a and b we use are bounded by
the same constant, and hence the norm of (a, b) is smaller than rx , and the implicit
functions we use will, in fact, exist. Moreover, the numerator for ry is of the order
max
{
A, A2

}
q3.5(1 + ‖n‖C1), so ry is of the magnitude

ry ≤ N (1 + ‖n‖C1)−2q−4 min
{
A−1, A−2

}
.

To show (3.9) holds for ‖a‖∞ , ‖b‖∞ ≤ rx , ‖t − t0‖∞ ≤ ry , we write the following:

∂F

∂t
(a, b, t) = ∂F

∂t
(0, 0, t0) + ∂2F

∂a∂t
a + ∂2F

∂b∂t
b + ∂2F

∂t2
(t − t0). (3.18)

Here the second order derivatives are evaluated at some arbitrary points. Denote by
V the sum of all second order derivatives, and by W := ∂F

∂t (0, 0, t0). We claim that
‖V ‖ = o(q−3), and that this is enough to get (3.9). Indeed, we know that for a, b, t
for which ‖a‖∞ , ‖b‖∞ ≤ rx and ‖t − t0‖∞ < ry the matrix ∂F

∂t (a, b, t) is invertible,
and we can compute its inverse using the following standard method,

(
∂F

∂t
(a, b, t)

)−1

= (W + V )−1 = (I + W−1V )−1W−1

=
∞∑
k=0

(−W−1V )kW−1.
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We used here the fact that ‖V ‖ = o(q−3) and that
∥∥W−1

∥∥ ≤ 100A−1q3, so for q
large enough W−1V has norm less than 1. As a result,

∥∥∥(W + V )−1
∥∥∥ =
∥∥∥∥∥

∞∑
k=0

(−W−1V )kW−1

∥∥∥∥∥ ≤
∥∥∥W−1

∥∥∥
∞∑
k=0

∥∥∥W−1V
∥∥∥
k =

∥∥W−1
∥∥

1 − ∥∥W−1V
∥∥ .

Since
∥∥W−1

∥∥ = O(q3) and if indeed ‖V ‖ = o(q−3) then the denominator is bounded
by a universal constant, sowe indeed recover (3.9) in the neighborhood ‖a‖ , ‖b‖ < rx ,
‖t − t0‖ < ry .

Thus, to finish the proof it is enough to show required estimate on ‖V ‖. Indeed, our
earlier computations of the second order derivatives of F show that the L∞ norms of
three second order derivatives in (3.18) are bounded by

2max
{
1, A2

}
(‖b‖ + (1 + ‖a‖)(3 + ‖b‖ + ‖a‖)).

But all of these matrices are sparse, so the operator norm is bounded by

2
√
q max

{
1, A2

}
(‖b‖ + (1 + ‖a‖)(3 + ‖b‖ + ‖a‖)).

For q larger than some absolute number, rx < 1 so the operator norms are bounded
by

22max
{
1, A2

}√
q,

and finally we can estimate, using (3.16) , and (3.17):

‖V ‖ ≤ 22max
{
1, A2

}√
q(rx + ry) ≤ 44N (1 + ‖n‖C1)−2 min

{
1, A−2

}
q−3.5,

which is of the desired magnitude. �


3.2 Fourier Estimates for Deformation Function

Our next goal would be to analyze the Fourier coefficients of a function n, which is
C1-small, and for which the domain (3.1) has integrable symplectic billiards. Just like
in [2], the idea is that Fourier coefficients of high harmonics will be small because of
the smoothness of n, while coefficients of smaller harmonics will be small because of
the existence of the invariant curve of q -periodic orbits. The former fact is shown in
equation (3.20), and the latter is proved in the next lemma.

Lemma 3.3 Let � be a domain as in (3.1), where n is C1 smooth, ‖n‖C1 < 1, and
A = α(E). Then there exists C = C(‖n‖C1) , monotone in ‖n‖C1 , and a constant N
such that for any q > 2, if the symplectic billiards in � admit an invariant curve of q
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periodic orbits, and ‖n‖C1 ≤ N min
{
1, A−4

}
q−8 , then

∣∣∣
∫ 2π A

0
n(t)e± iqt

A dt
∣∣∣ ≤ C max

{
A, A7

}
q31 ‖n‖2C1 . (3.19)

Proof Since we have an invariant curve of q-periodic orbits, the action of these orbits
is constant. This means that for any t0, if we denote by t1(t0), ..., tq−1(t0) the points
of the q-periodic orbit determined by t0, then the function

Aq(t0) =
q−1∑
j=0

ω(γ (t j (t0)), γ (t j+1(t0)))

is constant. According to Lemma 3.1, the assumption on ‖n‖C1 and q implies that

∣∣∣Aq(t0) − A3q sin
2π

q
− 2A3 sin

2π

q

q−1∑
j=0

n
(
t0 + 2π Aj

q

)∣∣∣

≤ C max
{
A3, A9

}
q31 ‖n‖2C1 (1 + ‖n‖C1)8.

Hencewe canwrite, when remembering that non-zero Fourier coefficients of constants
are zero,

∣∣∣
∫ 2π A

0
2A3 sin

2π

q

q−1∑
j=0

n
(
t + 2π Aj

q

)
e
iqt
A dt
∣∣∣ =
∣∣∣
∫ 2π A

0

(
2A3 sin

2π

q

q−1∑
j=0

n
(
t + 2π Aj

q

)

+A3q sin
2π

q
− Aq (t)

)
e
iqt
A dt
∣∣∣ ≤
∫ 2π A

0

∣∣∣2A3 sin 2π

q

q−1∑
j=0

n
(
t + 2π Aj

q

)

+A3q sin
2π

q
− Aq (t)

∣∣∣dt ≤ C max
{
A4, A10

}
q31 ‖n‖2

C1 (1 + ‖n‖C1)
8.

Next, we observe that

∫ 2π A

0

q−1∑
j=0

n

(
t + 2π Aj

q

)
e
iqt
A dt =

q−1∑
j=0

∫ 2π A

0
n

(
t + 2π Aj

q

)
e
iqt
A dt

=
q−1∑
j=0

∫ 2π A

0
n(t)e

iq
(
t− 2π Aj

q

)

A dt =
q−1∑
j=0

∫ 2π A

0
n(t)e

iqt
A dt

= q
∫ 2π A

0
n(t)e

iqt
A dt .
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So, in total, we get:

2q A3 sin
2π

q

∣∣∣
∫ 2π A

0
n(t)e

iqt
A dt
∣∣∣ ≤ C max

{
A4, A10

}
q31 ‖n‖2C1 (1 + ‖n‖C1)8.

Since q sin 2π
q is bounded away from 0 for q ∈ N, and the dependence on ‖n‖C1 is

clearly monotone, we get the desired inequality. The proof for −q is identical. �


3.3 Approximation Argument

The next goal would be to estimate various norms of the “non-elliptic" part of the
function n. Because the function n is smooth enough, there exists a universal constant
C > 0 such that for all q �= 0:

∣∣∣
∫ 2π A

0
n(t)e

iqt
A dt
∣∣∣ ≤ CA2 ‖n‖C1

|q| . (3.20)

Note that we can use Lemmas 16-19 of [2] as they are, by the following reasoning:
using an appropriate linear map, we can assume that the initial ellipse is the circle
of perimeter 1. Linear change of coordinates preserves the affine normal vector, and
hence the affine normal after change of coordinates will be the affine normal to the
circle. In the case of the circle, the affine normal coincides with the usual normal.
Hence, this linear map transforms � into a radial deformation of the circle, with
the same radial deformation function n. Now we can apply the results of Lemmas
16-19 to get estimates on n. Note that the functions in [2] are given in Lazutkin
coordinates. Nevertheless, we use the lemmas for a circle, in which case the Lazutkin
parametrization and the usual trigonometric parametrization coincide. Finally, we do
need to make sure to rescale the parameter to be in [0, 1], as it is in [2], and not in
[0, 2π A], which we used so far. This only has effect on the norms of the derivatives
of the functions we consider. The result is the following.

Lemma 3.4 Let E be an ellipse, and n ∈ span
{
e
iqt
A | |q| ≤ 2

}
, with sufficiently small

coefficients. Then there exists C > 0, and an ellipse Ē , such that if Ē = E + nĒ , then

∥∥n − nĒ
∥∥
C1 ≤ C max

{
A2, A−1

}
‖n‖2C1 ,

where as before, A = α(E).

As can be seen from the proof, there is also an affine map T for which T (E) = Ē .
and moreover ‖T − I‖ is comparable to ‖n‖C1 .

Next, we derive an analogue of Lemma 7 of [2]. The idea is to compare the defor-
mation functions n that correspond to the same domain with respect to two nearby
ellipses. The proof follows the same ideas of Lemma 7 in [2].
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Fig. 2 Same domain (�, in red)
seen as a deformation of two
different ellipses, E (in black)
and Ē (in blue). Here X =
(1 + n)et = v0 + (1 + ν)r(t̄)et̄
(equation (3.22)). The vectors
pointing downwards
demonstrate the definition of t̄�

Lemma 3.5 Suppose that a domain � is given by a deformation of an ellipse E as
in (3.1), and that Ē is an ellipse close to E . Namely, if T is an affine map for which
T (Ē) = E , then ‖T − I‖ ≤ 1

100 . Let nĒ be the function for which

Ē = E + nĒ ,

and n̄ be the function for which

� = Ē + n̄.

Then if
∥∥nĒ
∥∥
C1 is small enough, then there exists a universal constant C for which

‖n̄‖C1 ≤ C
∥∥n − nĒ

∥∥
C1 . (3.21)

Proof Let T be an affine map for which T (Ē) = E . We can write T (x) = v0 + Ax
for some vector v0 and a linear map A. The assumption that ‖T − I‖ ≤ 1

100 implies
that A is close to the identity, and v0 is close to zero. Now, fix an inner product on
R
2 according to which E is the unit circle. Then, the ellipse Ē can also be described

as {v0 + r(t)et | t ∈ [0, 2π ]} for some function r which is close in C1 norm to the
constant function 1 (and in fact, ‖r − 1‖C1 is comparable with ‖T − I‖), and et =
(cos t, sin t). Given a point X close enough to E and to Ē , there are unique t, n, t̄, ν
for which

X = (1 + n)et = v0 + (1 + ν)r(t̄)et̄ , (3.22)

see Figure 2.
This gives rise to a diffeomorphism ψ(t, n) = (t̄(t, n), ν(t, n)). Observe that

ψ(t, nĒ (t)) = (t̄(t, nĒ (t)), 0), or equivalently, that

(1 + nĒ (t))et = v0 + r(t̄(t, nĒ (t)))et̄(t,nĒ ). (3.23)
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We also get a function t̄�(t) which is defined by (see again Figure 2)

ψ(t, n(t)) = (t̄�(t), n̄(t̄�(t))),

for all t , and it holds that
ν(t, n(t)) = n̄(t̄�(t)). (3.24)

We can also isolate from (3.22) and (3.23),

ν(t, n) = 1

r(t̄(t, n))

∥∥∥(n − nĒ (t))et + r(t̄(t, nĒ (t)))et̄(t,nĒ (t)))

∥∥∥− 1.

This means that

ν(t, n) = 1

r(t̄(t, n))
(n − nĒ (t))(1 + ρ(t, n)),

where ρ is a function whose norm is comparable to
∥∥nĒ
∥∥
C1 . Pick a number t0 for

which v0 is a positive multiple of et0 . Then it holds that t̄(t0, n) = t0 for all n, and in
particular t̄�(t0) = t0. Moreover, equations (3.22), (3.23) imply that for all n,

r(t0)ν(t0, n) = n − nĒ (t0). (3.25)

Now, for any t̄ we can write, using (3.24)

n̄(t̄) = n̄(t̄�(t0)) +
∫ t̄

t̄�(t0)
n̄′(ξ)dξ = n̄(t̄�(t0)) +

∫ t̄−1
�

(t̄)

t0
n̄′(t̄�(η))t̄ ′�(η)dη

=
(3.24)

n̄(t̄�(t0)) +
∫ t̄−1

�
(t)

t0

d

dη
ν(η, n(η))dη = n̄(t̄�(t0))

+
∫ t̄−1

�
(t)

t0
[ d

dη

1

r(t̄(η, n(η)))
(n(η) − nĒ (η))](1 + ρ) + 1

r
(n − nĒ )

(
∂ρ

∂t
+ ∂ρ

∂n
n′(η)

)
dη

= n̄(t̄�(t0)) + 1

r(t̄(t̄−1
� (t̄), n(t̄−1

� (t̄)))
(n(t̄−1

� (t̄)) − nĒ (t̄−1
� (t̄)))

− 1

r(t̄�(t0))
(n(t0) − nĒ (t0)) +

∫ t̄−1
�

(t)

t0

1

r(t̄(η, n(η)))
(n(η) − nĒ (η))

(
∂ρ

∂t
+ ∂ρ

∂n
n′(η)

)
dη

+
∫ t̄−1

�
(t)

t0
ρ · d

dη

1

r(t̄(η, n(η)))
(n(η) − nĒ (η))dη (3.26)

The integrals in (3.26) are of the order of
∥∥n − nĒ

∥∥
C1

∥∥nĒ
∥∥
C1 . The terms that involve

t0 cancel using (3.25). So we can simplify (3.26):

n̄(t̄) = 1

r(t̄(t̄−1
� (t̄), n(t̄−1

� (t̄)))
(n(t̄−1

� (t̄)) − nĒ (t̄−1
� (t̄))) + O(

∥∥n − nĒ
∥∥
C1

∥∥nĒ
∥∥
C1),

which gives us the estimate we want. �
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In what follows, the main idea is the same idea as in [2], and was mentioned in
item 3 at the start of the section: if we have a rationally integrable domain close enough
to an ellipse, then there is another ellipse that is much closer to our domain. This is
made percise in the following lemma.

Lemma 3.6 Let� be a rationally integrable domain, given by the formula (3.1), where
we assume that the function n is C127 smooth, and its C1 norm is sufficiently small
(so, e.g., (3.31) holds). Then there exists an ellipse Ē , such that if

∂� = Ē + n̄

then
‖n̄‖C1 ≤ C(‖n‖C127)max

{
A−129, A132

}
‖n‖7875/7874

C1 . (3.27)

Here C(‖n‖C127) denotes some monotone function of ‖n‖C127 , and A = α(E).

Proof First, we decompose,

n = nell + n⊥,

where nell ∈ span
{
e
iqt
A | |q| ≤ 2

}
, and n⊥ ∈ span

{
e
iqt
A | |q| > 2

}
.We can alsowrite

nell(t) =∑2
k=−2 ake

ikt
A . By orthogonality,

‖nell‖2L2 ≤ ‖nell‖2L2 +
∥∥∥n⊥
∥∥∥
2

L2
= ‖n‖2L2 ≤ C ‖n‖2C1 .

For any m ∈ N, we can find a constant Lm for which

‖nell‖Cm ≤ Lm A−(m+1) ‖n‖C1 . (3.28)

Indeed,

|n(m)
ell (t)| =

∣∣∣∣∣
2∑

k=−2

(
ik

A

)m
ake

ikt
A

∣∣∣∣∣ ≤
(
2

A

)m 2∑
k=−2

|ak |,

and thus

‖nell‖Cm ≤
(
2

A

)m+1 2∑
k=−2

|ak | ≤ √
5

(
2

A

)m+1
√√√√

2∑
k=−2

|ak |2

≤ Lm A−(m+1) ‖n‖L2 ≤ Lm A−(m+1) ‖n‖C1 .

Let Ē the ellipse the corresponds to nell , using Lemma 3.4. Then, there exists a function
n̄ such that ∂� = Ē + n̄, and there exists a function ñ such that Ē = E + ñ. Then,
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Lemma 3.4 gives a universal constant for which

‖nell − ñ‖C1 ≤ C max
{
A−1, A2

}
‖nell‖2C1 ≤ C max

{
A−3, 1

}
‖n‖2C1 . (3.29)

Lemma 19 of [2] also implies that Ē is a linear image of E which is ‖nell‖C1 close to
identity. Using (3.28) and (3.29), for n small enough, we get ‖ñ‖C1 ≤ 1

10 . Thus, we
can use Lemma 3.5 to get

‖n̄‖C1 ≤ C ‖n − ñ‖C1 .

Therefore, we can estimate

‖n̄‖C1 ≤ C ‖n − ñ‖C1 =
∥∥∥nell + n⊥ − ñ

∥∥∥
C1

≤ C max
{
1, A−3

} (∥∥∥n⊥
∥∥∥
C1

+ ‖nell − ñ‖C1

)
. (3.30)

Consequently, our next goal is to estimate
∥∥n⊥∥∥

C1 . Using Parseval’s identity,

∥∥∥n⊥
∥∥∥
2

L2
=
∑
|q|≥3

|aq |2,

where aq = 1
2π A

∫ 2π A
0 n(t)e− iqt

A dt are the Fourier coefficients of n. Take α = 1
31 , and

q0 = �‖n‖−α

C1 �. Then, by (3.19), we have, for a constant depending on ‖n‖C1 ,

|aq | ≤ C(‖n‖C1)max
{
1, A6

}
|q|31 ‖n‖2C1 ≤ C(‖n‖C1)max

{
1, A6

}
‖n‖2−31α

C1 ,

for all 3 ≤ |q| ≤ q0. Here, C(‖n‖C1) is a monotone function of ‖n‖C1 . To use
(3.19) for all of these values of q, we must make sure that the assumption ‖n‖C1 ≤
N min

{
1, A−4

} |q|−8 is satisfied. The strictest requirement is for q = q0 , in which
case we get the inequality

‖n‖C1 ≤ N min
{
1, A−4

}
‖n‖8αC1 ⇐⇒ ‖n‖1−8α

C1 ≤ N min
{
1, A−4

}
. (3.31)

For our choice of α, the power of ‖n‖C1 is positive, hence, the inequality holds for
‖n‖C1 small enough. Now, we can sum these inequalities and get

∑
3≤|q|≤q0

|aq |2 ≤ C(‖n‖C1)max
{
1, A12

}
‖n‖4−63α

C1 . (3.32)

In addition, for |q| > q0, using (3.20), we have

∑
|q|>q0

|aq |2 ≤ CA2 ‖n‖2+α

C1 . (3.33)
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Our choice of α guarantees that 4− 63α = 2+ α = 63/31, so we can use (3.32) and
(3.33) to get

∥∥∥n⊥
∥∥∥
2

L2
≤ C(‖n‖C1)max

{
1, A12

}
‖n‖63/31

C1 �⇒
∥∥∥n⊥
∥∥∥
L2

≤ C(‖n‖C1)max
{
1, A6

}
‖n‖63/62

C1 . (3.34)

Now, we use the Sobolev interpolation inequalities (see, e.g., [10, Theorem 7.28]).
We slightly modify the inequality by rescaling to account for our functions having
domain, the length of which depends on A. There exists an absolute constant C > 0,
such that for all ε > 0 and C127 functions (like n⊥), for j = 1, 2 we have

∥∥∥(n⊥)( j)
∥∥∥
L2

≤ C max
{
A− j , A127− j

}(
ε

∥∥∥n⊥
∥∥∥
C127

+ ε
j

j−127

∥∥∥n⊥
∥∥∥
L2

)
. (3.35)

In particular, for ε = ∥∥n⊥∥∥7875/7874
C1 , using (3.34) in (3.35) for j = 2 (which gives us

the stricter inequality) we get

∥∥∥(n⊥)′′
∥∥∥
L2

≤ C(‖n‖C1)max
{
A131, A−2

}
‖n‖7875/7874

C1

(
1 +
∥∥∥n⊥
∥∥∥
C127

)
.

And the same right-hand side also bounds
∥∥(n⊥)′

∥∥
L2 . With this we can conclude that

∥∥∥n⊥
∥∥∥
C1

≤ 2π A
(∥∥∥(n⊥)′

∥∥∥
L2

+
∥∥∥(n⊥)′′

∥∥∥
L2

)

≤ C(‖n‖C1)max
{
A−1, A132

} (
1 +
∥∥∥n⊥
∥∥∥
C127

)
‖n‖7875/7874

C1 .

Using (3.28), we can bound the above with a constant that depends only on ‖n‖C127 .
Indeed,

∥∥∥n⊥
∥∥∥
C127

= ‖n − nell‖C127 ≤ ‖n‖C127 + ‖nell‖C127 ≤ ‖n‖C127 + CA−128 ‖n‖C1 ,

and ‖n‖C1 is small, so this can be bounded by max
{
1, A−128

}
(B + ‖n‖C127), for

some universal constant B. Also, since ‖n‖C1 ≤ ‖n‖C127 , then the constant of (3.32)
which was monotone in ‖n‖C1 can be replaced with a monotone function of ‖n‖C127 .
Now, we can use this inequality in (3.30) to see that

‖n̄‖C1 ≤ C(‖n‖C127)max
{
A−129, A132

}
‖n‖7875/7874

C1 .

This is exactly (3.27). �
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3.4 Finishing the Proof of Theorem 1

Let E be any ellipse inR2, and write A = α(E).We first consider the family of ellipses

P =
{
E | d�(E, E ′) ≤ 1

10
A3
}

,

where d� denotes the symmetric difference metric on compact sets in R
2:

∀X ,Y ⊆ R
2, d�(X ,Y ) = area(X�Y ).

Since all ellipses can be described using five real parameters, we can see this subset
as a compact subset of R5. Then, we can find ε > 0 with the following property: for
any function n which is C1 ε-small and C127 K -small (where K is the constant in the
formulation of the theorem), for any ellipse E ′ ∈ P , if n̄ is the function for which

E + n = E ′ + n̄,

then ‖n̄‖C127 ≤ 2K . By shrinking ε further, we may also assume that

1. C(2K )max
{
A−129, A132

}
ε7875/7874 < 1

200ε,
2. ε < 1

100 ,

3. ε1− 8
31 ≤ N min

{
1, A−4

}
.

Here,C is themonotone function of (3.27), and N is the universal constant that appears
in Lemma 3.1 (see also (3.31)). Now consider the collection of ellipses

E =
{
E ′ | d�(E, E ′) ≤ 10A3ε

}
,

We first establish a relation between the symmetric difference distance and the norm
of the deformation n.

Lemma 3.7 Suppose a domain� is a deformation of an ellipse E , given by (3.1). Then
d�(E,�) ≤ α(E)3 ‖n‖C1 (1 + ‖n‖C1).

Proof Write A = α(E), and assume that E is parametrized by ea,b(t) =
(a cos t

A , b sin t
A ). Then the symmetric difference E�� can be parametrized with

E�� = {ea,b(t)(1 + λn(t)) | t ∈ [0, 2π A], λ ∈ [0, 1]} .

In terms of t, λ, the area form is given by A2n(t)(1 + λn(t))dt ∧ dλ. As a result,

area(E��) =
∫

[0,2π A]×[0,1]
A2|n(t)(1 + λn(t))|dλdt .

Thus, we immediately get the bound

area(E��) ≤ 2π A · A2 ‖n‖C1 (1 + ‖n‖C1) = 2π A3 ‖n‖C1 (1 + ‖n‖C1).

123



306 Page 24 of 26 D. Tsodikovich

�

Consider a domain� of the form (3.1) with n as per the assumptions of the theorem.

The set of ellipses can be parametrized by five real parameters, and the condition
d�(E, E ′) ≤ 10A3ε determines a compact set in the set of parameters. For each a in
the parameter set, denote by Ea the corresponding ellipse, and write na for the radial
deformation function for which

� = Ea + na .

By compactness, we can choose a parameter a∗ such that
∥∥na∗
∥∥
C1 is minimal, and we

simplify notation by writing n∗ = na∗ . From the minimality, it follows that ‖n∗‖C1 ≤
‖n‖C1 < ε, and the choice of ε guarantees ‖n∗‖C127 ≤ 2K . For small enough ε, for
ellipses E ′ ∈ E we have α(E ′) ∈ [ 34 A, 5

4 A]. Now we use Lemma 3.6 (which we can
use thanks to the requirement 3 on ε), from which we get an ellipse Ē∗ and a function
n̄∗ such that

� = Ē∗ + n̄∗,

and

‖n̄∗‖C1 ≤ C(‖n∗‖C127)max
{
A−129, A132

}
‖n∗‖7875/7874C1 .

We used here the fact that the ratio α(E∗)/A is bounded by constants from above and
from below. Our choices of constants guarantee that (see requirement 1 on ε)

‖n̄∗‖C1 ≤ 1

200
‖n∗‖C1 . (3.36)

Now Lemma 3.7 gives us d�(Ē∗,�) ≤ 2πα(Ē∗)3 ‖n̄∗‖C1 (1 + ‖n̄∗‖C1). Note that
πα(Ē∗)3 = area(Ē∗). Let ñ denote the function for which Ē∗ = E + ñ. A similar
computation to that of Lemma 3.7 gives

area(Ē∗) ≤ π A3(1 + ‖ñ‖C1)2.

It follows from the proof of Lemma 3.6 and Lemma 3.4,

‖ñ − nell‖C1 ≤ max
{
A2, A−1

}
‖n∗‖2C1 ,

where nell is the projection of n∗ into the subspace span
{
e
iqt
A | |q| ≤ 2

}
. Moreover,

from (3.28) ‖nell‖C1 ≤ CA−2 ‖n∗‖C1 , so overall

‖ñ‖C1 ≤ C max
{
A2, A−2

}
‖n∗‖C1 ≤ C max

{
A2, A−2

}
‖n‖C1 .
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Overall, we get

d�(Ē∗,�) ≤ 2π A3(1 + ‖ñ‖C1)2
1

200
‖n∗‖C1 (1 + ‖n̄∗‖C1).

Using the estimates above, we get

d�(Ē∗,�) ≤ 1

2
A3ε.

In addition, again using Lemma 3.7,

d�(E,�) ≤ A3 ‖n‖C1 (1 + ‖n‖C1) ≤ 2A3ε.

Then, the triangle inequality gives

d�(E, Ē∗) ≤ 10A3ε,

which means that Ē∗ ∈ E . Then, the minimality of n∗ in E means that ‖n∗‖C1 ≤
‖n̄∗‖C1 , but together with (3.36), we must have n∗ = 0, which means that � is an
ellipse.
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