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Confinement is a prominent phenomenon in condensed-matter and high-energy physics that has recently
become the focus of quantum-simulation experiments of lattice gauge theories (LGTs). As such, a theoretical
understanding of the effect of confinement on LGT dynamics is not only of fundamental importance but also
can lend itself to upcoming experiments. Here we show how confinement in a Z, LGT can be locally avoided
by proximity to a resonance between the fermion mass and the electric field strength. Furthermore, we show that
this local deconfinement can become global for certain initial conditions, where information transport occurs
over the entire chain. In addition, we show how this can lead to strong quantum many-body scarring starting in
different initial states. Our findings provide deeper insights into the nature of confinement in Z, LGTs and can

be tested on current and near-term quantum devices.
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I. INTRODUCTION AND MODEL

Lattice gauge theories (LGTs) were originally devised to
probe the physics of quark confinement [1] but have since
proven to be a useful tool in probing various phenomena in
high-energy physics (HEP) [2]. With the advent of quantum
simulators of HEP [3-13], it is now possible to directly ob-
serve a plethora of HEP features in the laboratory [14-26].
Confinement in LGTs has recently spurred great interest in the
quantum-simulation community, with theoretical proposals
[27,28] that have led to direct experimental realization [23].

Another prominent phenomenon seemingly intimately
connected to LGTs is quantum many-body scarring (QMBS)
[29-36]. Of great interest to studies of ergodicity breaking in
interacting models, QMBS relies on the existence of special
nonthermal eigenstates equally spaced in energy across the
entire spectrum, which is otherwise ergodic [30,37,38]. These
scarred eigenstates have anomalously low bipartite entangle-
ment entropy [37,39]. Initializing the system in a state having
large overlap with these scarred eigenstates leads to long-
lived oscillations in the dynamics of local observables, a slow
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growth in the entanglement entropy, and persistent revivals in
the wave-function fidelity [29,34]. QMBS has been the subject
of various recent experiments [29,40-44], and its connection
to LGTs has been established in various models [45-58].

Z, LGTs have been the subject of substantial interest when
it comes to confinement [59-61], including in higher spatial
dimensions [62,63] and at finite temperature [64,65], and also
when it comes to QMBS [46,52,66].

The model we consider in this work is the one+one-
dimensional (1+1D) Z, LGT with Hamiltonian [59]
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J
where 6; /¢ i creates/annihilates a fermion on site j, 71; = Ej‘é ;
is the fermion density, J is the fermionic hopping strength, u
is the fermionic mass, and 4 is the electric field strength. The
Pauli operators T .and 7,y represent the. local gauge anq
electric fields at the link between the two neighboring sites j

and j + 1. The generator of the Z, gauge symmetry is
Gj= (=D 8 )

which has eigenvalues g; = %1 called background charges.
Note that the fermion mass term takes the form of a staggered
chemical potential with opposite signs on even and odd sites.
This is the standard fermion mass term in the Kogut-Susskind
formulation of LGT [67], where the two sublattices with
positive/negative chemical potential map onto the particle-/
holelike degrees of freedom of a conventional Dirac spinor
in the continuum limit.
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In 1D and within the gauge-invariant sector {|W)} satisfy-
ing Gj|\l/) = |W), Vj, Eq. (1) can be expressed as a spin 1/2
Ising Hamiltonian [59]. The Z, gauge variables are % i =
X jand T/, = 7 i» while the gauge-invariant fermion density
isa;j=(1-— Z,Zj+1)/2, where X, ¥, and Z denote the Pauli
operators. Thus, fermions are not explicitly represented but
correspond to domain walls between up and down spins, and
fermion number conservation is manifested as conservation
of the domain wall number Npw = » ; f;j. For clarity, we
will use | and 1 when describing the state of the Ising spins
and o (empty) and e (filled) when describing the state of the
fermions of the original LGT.

Using this mapping, we get the spin-1/2 Hamiltonian

L
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For simplicity, we will focus on this formulation and use
periodic boundary conditions (PBC) in the rest of this
work. Without loss of generality, we also set J =1 and
express u and A in units of J. In Appendix A, we re-
view the symmetries and properties of this model. We note
that the dynamical term X;—Z;_1X;Z;;; can also be writ-
ten as 2Qj,1Xjﬁj+1+2ﬁj,1Xij+1 with pj = (1—21)/2 =
1-0 ;. This means that a spin can be flipped only if its two
nearest neighbors are in different states. Such flips cannot
create new Ising domain walls, only move them. This makes
the conservation of the number of domain walls Npw more
apparent.

The massless case u = 0 of Egs. (1) and (3) was consid-
ered in Refs. [59,68], where it was shown that, in the limit
h > J, the system becomes strongly confined such that the
only allowed motion is the hopping of mesons (particle-
antiparticle pairs). In fact, this process only happens at second
order and so is suppressed by a factor of J?/h; as such, in the
limit &~ — oo the system is completely frozen. The addition
of a fermion mass p, while physically well motivated, may
appear inconsequential at first, and indeed the physics above
persists in the limit 2 > u, J.

However, in this work, we show that adding a large mass
1~ h counterintuitively leads to deconfinement. While this
deconfinement is generally only local, from certain initial
states information can propagate throughout the chain, ex-
hibiting global deconfinement. We also show that the effective
dynamics at u = h leads to perfect revivals from several
states. Importantly, due to the special interplay of higher-order
perturbative corrections, this leads to QMBS in the full model
already for u = h ~ J.

II. MASS RESONANCE AND DECONFINEMENT

To understand the effective dynamics at the resonance, we
set h = p in Eq. (3) and split it as H = pu(Hp+AV) with
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and A =J/pu. Taking the limit u — oo, we perform a
Schrieffer-Wolff (SW) [69] transformation to obtain an effec-
tive Hamiltonian with an emergent conservation of Hy. The
leading-order contribution is O(1) and obtained by projecting
V into a degenerate eigenspace of Hy:

Heyr =7 Z 0,1 X;Pii+J Z P X041 (6)
Jj odd Jj even

This Hamiltonian can be understood as only keeping pro-
cesses where the change of energy due to h is exactly
compensated by that due to the mass term w. It is worth
noting that ﬁeﬁ‘ can be turned into a translation-invariant
Hamiltonian using the unitary transformation [ | X ;. We
then have simply He = > ; PHX jQ ji+1. This is reminiscent
of the rule-156 classical cellular automaton [70]. This ki-
netically constrained model was recently also considered in
Refs. [71,72], where a few of its properties were discussed.
We will address these in the language of our spin model and
in the context of LGTs, as well as show additional ones.

By construction, H. conserves Ho and the number of
domain walls. However, it exhibits further Hilbert space frag-
mentation [73,74] within each of these symmetry sectors. This
can be understood by the emergence of an extensive number
of local conserved quantities O ; defined as

J even

N 00,1, for jodd
0, =127 , . (7
PiP;.y, for jeven

To prove that these operators commute with H.g, let us us
first focus on an odd site j for which O; = 0;Q;+1. Then
the two operators in ﬁeff that can change the value of spins
jorj+ 1are Qj 1X i1 andP +1Qj+2. When computing
the product of the former with O , we find that it contains
the term P;;1Q;41 = 0. The same annihilation happens for
the product of O; and P;X;,1Q;2 which contains Q;P; = 0.
An analogous calculation can be done with even sites for
which Oj = 13j13j+1. As a result, Heﬁéj =0 for all j. The
Hermiticity of both operators implies 19) jﬁeff =0 and thus
[He, 01 = 0.

As each O, is a product of disjoint—and so commuting—
single-site projectors, these operators are themselves projec-
tors and have eigenvalues 0 and 1. The O ; are also diagonal in
the computational basis, and for each basis state 1) we can de-
fine O; = (n|OAA,~|n) € {0, 1}. Almost all disconnected sectors
can be uniquely identified by grouping together basis states
with the same values of O; for all j. The only exception are the
two Néel states |- - - 141 - --) which are both frozen—and so
in their own sector—despite having the same values O; =0
for all j.

This classification according to the O; also allows us to
compute the number of fragments in the Hilbert space. It is
straightforward to see that if O; is 1, then sites j and j + 1
must be up (for ] odd) and so both O;_1 and Oj;; must be 0
as they contain P and P/+1 , respectively. Thus the number of
possible conﬁgurations of the O is equivalent to the number
of states in the PXP model [75] with L sites. In order to
translate that to the number of fragments one needs to add
one to this quantity to account for the two Néel states being
disconnected despite having the same O;. Using the analytical
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FIG. 1. (a) Example of the possible configurations in a part of
the chain between two frozen domains. Frozen sites are highlighted
in red, while the blue dashed line indicates the boundary between
two inequivalent Néel domains. This boundary can move, and the
effective dynamics in that part of the chain is that of a tight-binding
chain with a single particle. (b) Matter configurations corresponding
to the gauge configurations in (a), making apparent the nature of the
particle hopping in the tight-binding chain. It corresponds to a hole
on top of a fully packed background of matter.

formula from Ref. [30] we arrive at atotal of f;_| + fr+1 + 1
sectors, where f,, is the nth Fibonacci number.

Beyond this fragmentation, one can prove that A is in
fact integrable. Dynamics only arise when a few consecutive
O; = 0. This is because O; =1 (for j odd) implies 11 while
O; = 0 allows for some freedom as it is satisfied by 1, | 1, or
4 (and similarly for j even). If we consider Oy = Oy, = 1
but O; =0 for k < j < k + r, then we have r — 2 sites that
can change. These states are not free, as they must respect
O; = 0. So between the two frozen blocks, the state must
locally resemble a Néel state with no 11 or | |. However,
as we can still have | | on odd-even sites and 11 on even-odd
sites, we can have two different Néel domains and move the
boundary between them. As such, we have an effective tight-
binding chain with hopping rate J and with » — 1 sites, which
can be mapped to free fermions, making it integrable. As the
full dynamics is simply composed of all disconnected parts
evolving on their own, this means that ﬁeff itself is integrable.
This picture also allows us to compute the number of states in
each O; sector by simply multiplying the number of states in
each tight-binding chain.

We now look at this tight-binding chain from the vantage
point of the LGT. Between two frozen blocks, there is a
single mobile quasiparticle corresponding to the absence of
a domain wall. In LGT language, this quasiparticle is simply
a hole in a fully packed matter background. While this is
not very intuitive, we can provide an illustrative example.
Let us consider the state |11 4141411 - - +). We can check
that O = O9 =1 and that all the O; in between are equal
to 0. All possible configurations respecting these constraints
are shown in Fig. 1(a), and it is straightforward to count that
there are 7 = 8 — 1 of them and that they form an effective
tight-binding chain. In Fig. 1(b), we also show the matter con-
figurations corresponding to the same states. It immediately
becomes apparent that the effective particle hopping in the

(1)
0.0 0.2 0.4 0.6 0.8 1.0

1 (b) [(c) |

p=0.0§ h=0.25)u=0.0 | h=3.0 |u=3.0 | h=3.0

0
-20 0 20 =20 0 20 =20 0 20
J J J

FIG. 2. Dynamics of [(a)-(c)] holes and [(d)-(f)] particles in
various parameter regimes for L = 60. Panels (a) and (d) are for
h =0.25 and £ = 0 in the ergodic regime. Panels (b) and (e) are
for h = 3 and u = 0, where both holes and particles are confined as
expected in the large-/ limit. Panels (c) and (f) are at the resonance
h = pu = 3. While particles are still confined, one of the two holes
propagates freely. The data in this figure and all subsequent ones are
obtained using exact diagonalization with all symmetries explicitly
resolved.

tight-binding chain is a hole on top of a fully packed matter
background.

If we focus on the sector with only O; = 1, then the hole
can travel along the entirety of the chain, even for h = u —
oo. This is surprising, as in the limit 7 — oo the system is
completely frozen due to confinement [59]. Thus, adding a
very large mass actually favors the mobility of holes, despite
intuition suggesting the opposite. We show the dynamics of
holes and fermions in Fig. 2 for different parameter regimes,
illustrating the deconfining effect that mass has on holes. We
briefly note that in Fig. 2(c), the left hole remains frozen due
to being part of an O; =1 and prevents the right hole from
propagating to the left. This is not indicative of chirality of
hole propagation in that regime.

The difference between the mobility of holes and fermions
upon the addition of resonant mass can be understood in
the following way: When p = 0, hopping a hole in a fully
packed matter background changes the energy by an amount
och. However, for a sequence of hops, the sign of the energy
change alternates with each hop. Suppose for example that
hopping a hole from an even to an odd fermion site entails
flipping a spin from up to down. The next hop will then
require a spin flip from down to up, producing an energy
shift of the opposite sign. Adding a mass term with u = h
exactly compensates for this alternating energy change, since
the energy cost of having a fermion on an even vs an odd site

014301-3



DESAULES, IADECOLA, AND HALIMEH

PHYSICAL REVIEW B 112, 014301 (2025)

also has an alternating sign. Meanwhile, hopping a fermion
in a background of holes always requires the same type of
spin flip, i.e., always from up to down or always from down
to up. So the addition of resonant mass can allow at most one
consecutive move and only leads to local deconfinement of
fermions.

We note that the emergent integrability is relatively robust
as it is not destroyed by detuning between w and 4, as long
as the detuning is small compared to these two parameters.
Indeed, the effect of the detuning on the mobile holes is that
of a staggered Z field; see Appendix B for the derivation. This
means that it does not kill the mapping to free fermions, and
thus preserves the integrabiltiy of the effective model.

We emphasize that this mass-assisted deconfinement is not
a generic feature. For example, in the spin-1/2 U(1) quantum
link model [76,77], a similar resonance between mass and
confining potential arises. While it also locally unfreezes the
system, the resulting dynamics is strictly local and informa-
tion cannot propagate [78].

III. QMBS AWAY FROM INTEGRABILITY

Thanks to the solvability of the model, it is straightforward
to engineer states that exhibit periodic dynamics in the limit
of h = u—o0. For that, we restrict to sectors where all
eigenvalues are equally spaced. This implies that they need
to be equally spaced in each disconnected part of the chain.
However, for a tight-binding chain with equal couplings the
eigenvalues are only equidistant for one, two, or three sites
[79]. For a chain with 1 site, everything is trivial as there is no
dynamics and we avoid such cases. As the hopping strength
is J, in the two-site case the eigenvalues are +J while in the
three-site case they are ++/2.J and 0. The energy spacings are
not commensurate between these two cases, so we expect pe-
riodic dynamics in the full system only if we have a single type
of chains. In that case, we can map every frozen domain with
two or three states to a spin-1/2 and a spin-1, respectively. We
can then identify three simple initial states that correspond
to charge density waves (CDWs) for the matter sites.
These states are |W;) = |/t II M l---)=|eceo---),
(W3) = L4114 L4t -) =|cecoeo---), and

W) = [LIt LIty =]|oceecoceeo---), where red
denotes that a site is frozen. The state |\W3) lives in a sector

with N/3 effective spins-1/2, as each unfrozen site can
freely flip between O and 1. Meanwhile, both |W,) and |Wy)
live in the same sector with N/4 effective spins-1. In each
unfrozen part of the chain, only the three states [1]) = |—1),
[11) =10), and || 1) = |[+1) are allowed. Thus |W;) is akin
to 10, 0,0, ...) in the spin-1 language while |W,) is akin to
|+1,+1,+1,...). This means that |¥;) will lead to state
transfer to the entangled state where each spin-1 is in a
superposition of |+1) and |—1), meaning that each cell is
(1414 L)+14 41 1))/+/2. This state will also be important in
the dynamics and we denote it by | D).

Figure 3 shows the fidelity F(t) = |(¥/(0)|y(¢))|? after a
quench from these four states at different values of u = h.
For values as small as u = h = 3, clear oscillations stemming
from the integrable limit are visible for all initial states consid-
ered. As we further lower u and &, we expect the oscillations
to disappear as ergodicity sets in for © = h = 1. However,

FIG. 3. Quenches from different initial states for (a) u = h = 3,
(b) u =h=1.5,and (c) u = h = 0.8. The system size used is L =
20 for all states except for |W;) where we use L = 18 instead. While
all states show good revivals for large values of u = A, this is no
longer true when these two parameters are close to 1.

this is not what we observe. Instead, while |W,) thermalizes
as expected, |®P) and |W;) show oscillations even at © = h =
0.8. This is surprising, as for these values of the parameters
the system is not separated into sectors of Hy and is chaotic
as demonstrated by the entanglement entropy of eigenstates
and mean energy spacing in Fig. 4(a). Nonetheless, Fig. 4(b)
demonstrates that the overlap of these eigenstates with |®)
still shows regular structures consistent with the spin-1 map-
ping valid for large © = h. This becomes clearer as yu = & is
increased to 1.5, along with the different sectors starting to
separate. Meanwhile, for the |\W,) state while these structures
in the overlap are visible for larger values of u = h, they
disappear as these parameters get smaller.

We briefly mention that the addition of the mass term does
not destroy the exact QMBS that were found in Ref. [46];
see Appendix C for more details. But while the model in
Eq. (3) still has these scars, they cannot be responsible for the
nonergodicity we witness here. Indeed, as we are restricting
to a single sector of Npw, there is only one of the exact
scars present, which means it cannot be causing the oscillatory
dynamics we observe. We also note that detuning between i
and h does not destroy the scarring but allows us to tune its
period, as discussed in more detail in Appendix B.

Similarly to the case of |W,), the regular structure in the
overlap with eigenstates stemming from the spin-1/2 picture
disappear as p = h when considering the |W3) state. This
is shown in Fig. 5 and stems from the various sectors of
H, merging with each other. This is the generic behavior
expected and explains why revivals from the |\W3) taper off
as the parameters are taken towards the ergodic regime. One
of the reasons this does not happen for the Hy sector of |®)
is relatively simple. While the H, sector of |W3) is centered
around the average Hy value, the sector of the other states
is at the lowest Hy value. This implies that there is no other
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FIG. 4. Properties of eigenstates for L =20 and 10 domain
walls. The color indicates the expectation value of Hy/ . (a) Bipartite
entanglement entropy for © = h = 0.8 in the fully symmetric sector.
The entanglement entropy profile and the mean energy-level spacing
[80,81] are typical of chaotic systems. (b) Overlap with [(1)—(iii)]| D)
and [(iv)—(vi)] |Wy4). The parameters are [(i) and (iv)] u = h = 3.0,
[Gi) and (v)] w =h = 1.5, and [(iii) and (vi)] u = h =0.8. The
red dashed lines denote the exact energies at which the scarred
eigenstates are expected according to the spin-1 picture. Although
the scarred towers of state persist in panel (iii) for |®), this is not the
case for |W,) in panel (vi).

~15 —10 -5 0 5 10 15

FIG. 5. Overlap of |W3;) with the eigenstates of the Hamiltonian
for L=18 and u = h = 0.8, 1.5, and 3. The color indicates the
expectation value of Hy/u with respect to each eigenstate. The black
dashed lines denote the exact energies at which the scarred eigen-
states are expected according to the spin-1/2 picture. As u = h is
decreased, the various H, sectors rapidly merge together.

1.0
—P1,|®) —P1,|Vs) ~=-Ph,,|P) —=Phy,|Va)
,: - s A AN N
—~ SR NN\ T NN X T A
<Q 0.5‘ /| \\\/I \\-'/ \\_,'I X \II \ %/ \\//
~ %/
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FIG. 6. Expectation value of projectors after quenches for L =
16 and w = h = 1. For both |W,) and |®), the amount of the wave
function remaining in the “correct” sector of H, is similar, but this
is not at all true for the spin-1 sector. This means that the main
difference is to be found in the effective dynamics in the H, sector.

sector at a lower energy to merge with, protecting the spin-1
structure in part of the sector. However, the same should be
true for |\Wy), so this does not elucidate the reason why |®)
and |\W4) behave so unalike as u = & is lowered.

Indeed, since both states live in the same H, sector (and
even in the same spin-1 subsector), we expect the influence
of other Hy sectors to be similar. While this is already visible
in Fig. 4, we can test it during the dynamics. We define the
operator 75;10, which projects onto all states with the same
expectation value of Hy as |®) (or, correspondingly, as |W,) or
|W,)). We also define P, as the projector onto the spin-1 sector
in which these states live. We recall that the relevant spin-1
sector is a subset of the states with the same expectation value
of Hy and that it corresponds to the set of states connected
to the initial states of interest by H.¢ in Eq. (6). Figure 6
clearly shows that 75;10 is similar for both |®) and |¥4) but
that 7, is not. This implies that the difference between these
states does not result from connection to other sectors of Hy
but rather stems from the intrasector dynamics generated by
higher-order terms of the Schrieffer-Wolff transformation.

A. Beyond first order

While H.¢ provides an exact description of the dynamics
for infinite ;& = h, higher-order terms in the SW transforma-
tion are needed for finite values of these two parameters. The
term at second order reads

J2 A A
@ At A— P
Hg = n |: E Qj,l(aj o 1+aj Uj+1)Qj+2

J even

_ b At A— A— At p.
E Pj,l(aj G +0; Jj+1)PJ+2
j odd

DO UNCLAN) SR TON T
J even j odd

While the third-order term is nonzero (see Appendix D), its

prefactor is J3/(32u?); thus, even if J/u = 1, it is already

highly suppressed. As such, our analysis will concentrate on

the second-order term. We define a new Hamiltonian A’ =

Her + ﬂéé) which captures the first two leading orders.

I-?e(fzf) does not commute with the Oj operators. It can

for example take the state || J1])|) to |[L! 1] ]), thus
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FIG. 7. Properties of H' = Huz + A forp =h=0.5and L =
20 in the (Npw, Ho) sector containing |W,), |¥,), and |®). The entan-
glement entropy and mean level spacing value in panel (a) are for the
symmetry sector with zero momentum and symmetric under spatial
reflection. The inset shows the level spacing value for a wider range
of values of = h and for various system sizes. The entanglement
entropy of eigenstates is seemingly thermal while the spectrum still
holds some nontrivial structure as indicated in the overlap with the
|®) state in panel (b). The approximately equal peaks lead to the
revivals observed in panel (c).

changing the value of 0, = 132163 and Oy = P4135. So we ex-
pect the resulting model to be fully ergodic, but this depends
on the filling factor.

Indeed, we find that A e(fo) has surprisingly no effect on |W3).
Due to the frozen blocks alternating between 11 and | |, the
dynamical terms are always annihilated and ﬁéi) does not
create leakage out of the spin-1/2 subspace. So the Hilbert
space still admits three isolated spin-1/2 sectors of dimension
2L/3 which contain |W3) and its translated counterparts. In
addition, while the diagonal term of I-?e(fzf) is not constant in
the spin-1/2 subspace, it is always equal to zero along the
dynamical trajectory of |W3) [82]. Thus I-?éé) has absolutely no
impact on the revivals of the |\W3) state, which explains why
the revivals are still visible for values of u = h ~ 1, despite
the influence of the other Hy sectors.

For the (NDW, ﬁo) sector containing |\W3), |Wy), and | D),
the picture is radically different. We find that the Hamiltonian
is instead fully connected in the computational basis. The level
statistics also match Wigner-Dyson predictions for u > 0.5,
demonstrating that I-?e(fzf) completely destroys any apparent
structure of H.g. This is shown in the inset of Fig. 7(a).
We also check that A’ captures the scarring by checking the
overlap with the states of interest and the dynamics. This is
shown in Figs. 7(b) and 7(c) and we find clear signatures of
QMBS in both.

Now that we have shown that A’ is chaotic, scarred, and
behaves similarly to the full Hamiltonian, we can start look-
ing into the origin of the robust scarring of |®). While the

0.001
0

I '['
th 15

[ %

FIG. 8. Dynamics after a quench from H’ for L = 20 and u =
h = 1. (a) For |®) the wave function escaping the spin-1 sector is
almost entirely going to the “neighbor states.” Meanwhile, for |W,)
it spreads into the entire A, sector. (b) Overlap of the wave function
with all 135 (after resolution of symmetries) neighbor states after
a quench from |®). The wave function is concentrated on a single
state. We denote the symmetric superposition of that state and its
equivalents under symmetries by |8).

off-diagonal terms of I—?e(fzf) do not connect any pair of states
within the spin-1 sector, they lead to leakage out of it. This
is reminiscent of QMBS observed in Refs. [43,83]. In these
works, there is also an effective spin-1 or spin-1/2 sector with
additional terms creating leakage. In both cases, there are only
revivals from the states that do not directly leak out of the
regular sector. The dynamics is then state transfer between
these two special states. In our model, there is a single state
with no leakage caused by ﬁe(z), which is |W;). However, it
leads to state transfer to the state |®), which has maximum
leakage in the spin-1 sector. The fact that this does not prevent
|W,) from reviving and that |®) has even better revivals means
that this simple picture of leakage is not enough to understand
the dynamics.

We cannot simply consider the rest of the Hilbert space as
a kind of “reservoir” from which no information comes back.
Instead, we have to look at where I-?éfzf) takes it. Importantly,
for u > 0.5, we find that instead of spreading into the full
Hilbert space, the wave function remains close to the spin-1
subsector. Let us denote by “neighbor states” all computa-
tional basis states in the Krylov subspaces of H.ir that can be
reached from the spin-1 subsector with a single application
of I-?éfzf) We find that when evolving |®) with H’, even if
the wave function leaves the spin-1 subsector, it essentially
entirely remains within the “neighbor states.” To show this, we
can define the projector P, onto “neighbor states” and states
in the spin-1 subsector. Figure 8(a) shows that the expectation
value of this projector essentially remains at 1 for |®), even as
751 itself oscillates. In fact, we find that within the “neighbor
states” the wave function concentrates into a small subset of
states. These take the form of || 11 |-- - ™ML LI NI )
and its equivalents under all possible translations (by an even
number of sites) and spatial inversion. This is shown very
clearly in Fig. 8(b). We will denote by |B) the symmetric
superposition of these L/2 states. An important property of
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FIG. 9. Graph of the Hilbert space (symmetrized under trans-
lation and spatial inversion) for L =8 in the Krylov subspace
generated by H.; and by a single application of ﬂe(fzf) The orange
vertex is |W,), the superposition of the red vertices is |®) and the
green vertex |B). Since it is not fully symmetric, the |W,) state itself
does not correspond to a full vertex but has overlap with the rightmost
red vertex. Full edges represent transitions allowed by H.; while
dashed edges are transitions enabled by I-?e(fzf) Transition amplitudes
are shown in panel (a). The regular structure of the graph allows
atypical eigenstates which are mostly localized in the upper part of
the graph. An example of such an exact eigenstate is shown in panel
(b), with only four states with nonzero weight (whose unnormalized
values are printed next to the corresponding vertices).

|B) (and of all states it is a superposition of) is that applying
I?e(fzf) to it only leads to the spin-1 subsector and does not lead
to leakage further away from it.

We can now ask why the wave function does not spread
further into the “neighbor states.” For that, we focus on the
simpler case L = 8. This is also representative of larger sys-
tem sizes, as ﬁéfzf) only affects two neighboring cells while
the others stay as effective spins-1. In Fig. 9(a), we plot the
graph representing the Hamiltonian action in the Hilbert space
limited to the Krylov subspaces of interest. For simplicity, we
only consider the off-diagonal parts of ﬁe(fzf)

As the graph has a very regular structure, destructive inter-
ference of transition amplitudes can lead to eigenstates with
zero overlap on certain Fock states. For example, for all values
of u there is a zero mode (i.e., a state annihilated by the oft-
diagonal part of H' = H. + He(ff)) composed only of the |8)
state and states in the original Krylov subspace. The (unnor-
malized) amplitudes of this state are shown in Fig. 9(c). That
this state is annihilated by A’ can be seen using the transition
amplitudes shown in Fig. 9(a). In presence of the diagonal
terms of ﬁe(?f) , the eigenstates generally do not have exactly
zero overlap with the other “neighbor states.” Nonetheless,
these other states still have very low participation in many
eigenstates when p is >0.5.

Of course, this destructive interference occurs only for
states that occupy the graph symmetrically. This is true for the
|®) state, as well as when evolving the |W,) state, but it is not
the case for |Wy), as in one cell we only have || | 1 /) but not

0.0

1.0 15 2.0 2.5
"

FIG. 10. Deformation of the |®) trajectory. (a) Overlap of the
wave function on several states after evolving |®) with H' for L = 20
and i = h = 0.8. The |¥}) state with o = 0.408 captures the wave
function after a half-period with very high accuracy. (b) Average
fidelity of the first three revivals for different values of @ and u = h
after evolving |\W)) with H for L = 16. The blue crosses show the
optimal value of « for each u while the black dashed line is the fit to
it 1/(0.46 +2.58u).

its symmetric partner || 1 ). | W) then has a strong overlap
with the eigenstates of Fig. 9 that are spread evenly over
the whole graph. This leads to leakage beyond the “neighbor
states” and to thermalization.

These results help us understand the effect of ﬂe(fzf) as de-
forming the scarred trajectory from |®) instead of destroying
it as for |W,). Indeed, in the limit u = h — oo the |P) tra-
jectory has no overlap with |g)—as it is not in the spin-1
sector—while this overlap is non-negligible for u = h ~ 1,
as shown in Fig. 10(a). We can characterize this deformation
using the state at half the period. This state goes from |W;)
(at w = h=o00) to |W}) = (|¥2)—«|B))/v14+a?, with « a
smooth function of w. Figure 10(a) shows that this new state
captures the deformation almost perfectly when evolving the
|®) state with H’. Using the full Hamiltonian in Eq. (3),
we also find an increased revival fidelity when quenching
from |W}) instead of |W,), with an optimal o of o*(u) ~
1/(0.46 + 2.58) as shown in Fig. 10(b). This type of scaling
is expected, as the matrix elements of ﬁeff connecting the
spin-1 sector and |B) are of order 1/.

B. Matter dynamics

Finally, we briefly discuss the scarred dynamics from the
point of view of the fermions of the original LGT. As a
reminder, the fermion density simply corresponds to the do-
main wall density in the spin model as 71; = (1 — Z;Zj41)/2.
In Fig. 11, we show the dynamics of the fermions after
quenches from the states |\V;), [W3), and |Wy). As expected,
for 4 = h =2 as shown in Figs. 11(a)-11(c) the dynamics
is essentially that of multiple independent cells separated by
frozen holes. However, for |W,) we already see the effects
of interactions between cells at later times. We also show
the same dynamics at © = h = 0.8 in Figs. 11(d)-11(f). The
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FIG. 11. Dynamics of the fermion density after a quench from
[(@) and (d)] [W5), [(b) and (e)] |W¥3), and [(c) and (f)] |W4). Panels
(a)—(c) are for u = h = 2 while panels (d)—(f) are for u = h = 0.8.
Panels (a), (c), (d), and (f) are for L = 16 while panels (b) and (e) are
for L = 18.

empty sites between active cells are no longer fully frozen but
show oscillations for |W,) and |W3). This is a sign that the cells
are no longer isolated but instead interact. Importantly, these
oscillations of the previously frozen sites show no clear damp-
ing which would be indicative of equilibration. On the other
hand, for |W,) we see that the sites between cells gradually fill
up and that the dynamics leads to thermalization.

Nonetheless, the equilibrated expectation value seemingly
still shows imbalance between the occupation of odd- and
even-matter sites. However, this does not denote ergodicity
breaking as the Hamiltonian itself is only invariant under
translations by two sites. To test if this state indeed thermal-
izes, we look at the fermion imbalance defined as

PRI DRI )

Jj odd J even

Atmb = —

In Fig. 12, we show the dynamics of this quantity after
quenches from the |W,) and |W,) states. We do not show it for
|W3) as it is always zero for symmetry reasons. As expected,
we see that |\W,) exhibits oscillations in the imbalance that are
much more pronounced and long lived than for |W,). Perhaps
more surprisingly, we see that the center of the oscillations
and the late-time values also differ between the two states.
For |W,), both of them agree well with the prediction of the
canonical ensemble. Meanwhile, for |\W;) this is only the case
when u = his very small. Even for u = h = 0.5, there is still
a noticeable difference between the equilibration value of the
imbalance and the canonical ensemble prediction. This further
highlights the clear difference between |W,) and |W4). While

————— Canonical ensemble

m

0 20 40 60 80 100
[

OO .
p=2.0

| t
LR A MM LA

FIG. 12. Dynamics of the fermion imbalance after a quench from
|W,) and |W,) for various values of © = h and L = 16. Despite being
at the same energy, both states show very different thermalization
patterns.

the latter only shows nonthermal dynamics at shorter time due
to the integrability of H¢, the former shows actual many-body
scarring because of the interplay of H.g with the higher-order
terms.

IV. SUMMARY AND OUTLOOK

In this work, we have explored adding a resonant mass
term to a strongly confined Z, LGT. The mass term has the
counterintuitive effect of inducing /ocal deconfinement such
that a single hole within a fully packed matter background
becomes mobile. In the extreme limit where only a single hole
is present, information can propagate across the system; oth-
erwise, the holes remain spatially confined to local regions of
varying sizes, each of which constitutes an independent tight-
binding chain. For certain CDW matter configurations where
these tight-binding chains have commensurate spectra, this
structure induces periodic fidelity revivals. These features are
sharp in the limit © = h = oo, where the model becomes inte-
grable. Remarkably, when integrability breaking perturbative
corrections are included that weaken these effects, a particular
period-2 CDW state continues to exhibit robust revivals even
for modest u ~ h ~ J. We trace these revivals back to de-
structive interferences along the Hilbert space trajectory of the
initial state, made possible by the intricate interplay between
the first and second terms of the effective Hamiltonian. This
leads to the periodic trajectory of the integrable limit being
smoothly deformed instead of breaking down as pu/J = h/J
is decreased. This is unlike previous examples of QMBS sur-
viving from an integrable regime, where the regular dynamics
relied simply on the trajectory being mostly annihilated by
higher-order corrections. This provides a new mechanism for
QMBS in the Z, LGT and in models with an integrable limit.

Signatures of these QMBS, including oscillations of the
matter imbalance, are readily observable in present-day quan-
tum simulators. The model in Eq. (3), including the mass
term, can be realized as a limit of the mixed-field Ising model
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[52,84], making trapped-ion and Rydberg-atom platforms par-
ticularly well suited. Furthermore, it is interesting to ask
whether the local deconfinement mechanism explored in this
paper is generic to Z, LGTs in higher dimensions or whether
it arises for other gauge groups. Indeed, the absence of this
mechanism in the U(1) quantum link model [78] begs the
question of what are the necessary and sufficient conditions
for this behavior to occur. Understanding this will shed light
on the nature of confinement and on mechanisms to avoid it.
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APPENDIX A: MODEL AND SYMMETRIES

In this section we briefly review the properties of the
Hamiltonian in Eq. (3). It conserves the number of domain
walls Npw = Zj(l — ZjZHI)/Z. This splits the system into
L/2 sectors for L even with PBC. In addition, for even L the
system is also invariant under spatial reflection and translation
by two sites. We observe that applying a translation by a single
site maps to the same model but with © — —pu. In a similar
way, performing a particle-hole exchange > ; X ; only changes
h to —h while leaving the other parameters invariant. This
means that we can focus solely on the case where wu, h > 0,
as the other three sectors are identical up to a unitary transfor-
mation.

To verify that the Hamiltonian is chaotic, we check the
energy level statistics, and in particular the mean energy
spacing ratio [80]. This is plotted in Fig. 13(a) and shows
(r) ~ 0.53 in a relatively broad range of parameters. This is
the value expected from the Wigner-Dyson distribution which
is relevant for a real-valued random matrix [81]. For u = 0 the
model has additional symmetries (translation by one instead
of two sites) while for 2z = 0 the model is integrable via a
mapping to free fermions [46,86]. Along the resonant regime
@ = h that we explore in the main text, the level spacing
statistics indicate that the model is chaotic until u = h ~ J

2.0
(a)
0.50
1.5
0.45
1.0 =
0.40
0.5
0.35
0.0
(b) ...0....0...0......
0.51 oo
—~ °® o
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0.4
L .
2.0
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4

FIG. 13. Level spacing statistics in the sector with 2|L/4] do-
main walls, zero momentum, and eigenvalue 41 under spatial
reflection. (a) Mean level spacing ratio [80] for a wide range of
values of p and & for L = 20. In a broad range of values, we have
(r) &~ 0.53, as expected for a chaotic system [81]. The dashed line
indicates p = h, for which the data are plotted in panel (b). The black
star indicates the parameter used in panel (c). (b) Mean level spac-
ing ratio for u = h for L = 20. The system is chaotic until around
u = h = 1. (c) Full distribution of level spacings after unfolding for
L =22 with u = +/3/5 ~ 0.346 and h = /8/11 ~ 0.257. There is
clear agreement with the Wigner-Dyson distribution for the Gaussian
orthogonal ensemble, indicating that the model is chaotic.

for L = 20, as shown in Fig. 13(b). Additionally, we check the
full distribution of level spacings for incommensurate values
of h and p in Fig. 13(c), once again finding good agreement
with the Wigner-Dyson distribution.

APPENDIX B: DETUNING

In this section, we consider the case where 4 and u are
not exactly equal. In particular, we will set h = p + § where
4 is the detuning. As long as § is small compared to /& and pu,
we can perform the Schrieffer-Wolff transformation with the
same Hy where i = u but with an additional term § ) ; Z;in
V. This additional term will directly appear in A at order 1.
It will not influence the terms at second order but will have an
effect at third order. Indeed, there will be new terms appearing
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(a) 1.0

0 2 4 6
tV2J2+ 6%/

FIG. 14. Fidelity after a quench from the states |W,) (top) and
|W,) (bottom) with L = 16 and u = 5. Each curve corresponds to
a different detuning % For |W,), only the period and fidelity
minimum changes with detuning. Meanwhile, for |W,) the period is
directly affected by detuning.

at third order with a prefactor of J28/u>. These new terms
8

can actually be simply described as —z—ﬂﬁe(ff), as they corre-
spond to inserting the diagonal field § in the process described
by A2,

If we only look at the first-order term, since the detuning
term is a simple Z field, then it will not change the connec-
tivity. So the Hilbert space fragmentation is not affected. In
each disconnected part of the chain, moving the hole is done
by flipping a spin up or down depending on the parity of the
site. This means that the effective particle will feel a staggered
Z field. Since this just adds local Z terms, it does not kill the
mapping to free fermions and each part of the chain remains
integrable.

We can also focus on the effective spin-1 sector. Let us
ignore the action of the higher-order Schrieffer-Wolff terms
for the moment. In that case, the Z field will change the
effective Hamiltonian of each spin 1 as

0 J 0 25 J 0
J o Jl=>1J o J |, (B1)
0 J 0 0 J =25

so that the eigenvalues then go from —+/21J], 0, and ~/2|J|
to —8 — /2J2 + 82, =26, and —§ + +/2J2 + 2. This has im-
portant consequences. If we quench from |\W,), then only the
highest and lowest eigenvalues are involved. This means that
there is a single energy spacing of 24/2J2 + §2 so that revivals
still occur but with a renormalized period of 7 /+/2J% + §2.
Meanwhile, if we quench from |W,), then all three eigenvalues
are involved and we get two different energy spacings. We can
only get perfect revivals if these are commensurate, mean-
ing if § + v/2J2 + 82 = n(v/2J% + 82 — §), with n a rational

number. We can turn that expression into § = i(”_—\%”. For n

integer, the revival then has a period of (n + 1)1 /+/2J% + §2.
The case with no detuning corresponds to n = 1 and we re-
cover that |\W,) revives with twice the period of |\W;). This
dependence on detuning is shown in Fig. 14 for various
integer n.

0.0 25

FIG. 15. Fidelity after a quench from |W¥4) with L = 16 close to
the resonant point i = h. Each color corresponds to a different value
of w. Solid curves are with no detuning while dashed lines are with
8= 1 While the effect is small, the latter consistently

8u 1+1/(16p%)
shows better revivals.

We can also ask if there is any interesting interaction
between the higher-order Schrieffer-Wolff terms and the de-
tuning. Interestingly, in each spin-1 cell the effect of the
detuning is the opposite of that of the diagonal part of Héfzf)
Indeed, the action of the latter in the spin-1 sector is

0 J 0 —1/(4p) J 0
J 0 J|—> J —1/2w) J
0 J 0 0 J —1/(4p)

(B2)

Looking at both (B2) and Eq. (B1), if we combine their action,
then we get that the diagonal term becomes —26 — 1/(4u),
—1/(2u), and —26 — 1/(4u). Choosing 6 = 1/(8u) makes
all these terms equal to —1/(2u) and so restores the equal
spacing of the three energy levels. For added accuracy, we can
also consider the effect of the third-order term. With detuning,
its diagonal contribution is equal to —% times that of ﬂe(fzf .

This means we can just multiply the diagonal term of I-Aléé) by
a factor of 1 —&/(2u). This changes the optimal é from #

to i m While adding this detuning has little effect on
revivals from |W;), it actually improves revivals from |\Wy).
This is shown in Fig. 15. The effect is visible but small, as
most of the revival decay is caused by leakage which is not
corrected by the detuning.

APPENDIX C: EXACT QUANTUM MANY-BODY SCARS

In this section, we discuss the presence of exact QMBSs
in the model. If we consider the same model as in the main
text but without the staggering in the ZZ term, then it has
been shown to hosts two families of exact QMBS [46]. When
the ZZ term is staggered, the same states are still present,
as shown in Fig. 16. However, their energy now only de-
pends on the field ~ and not on w, as E, = h(—L + 2n) with
n =0 to L+ 1. Indeed, scarred eigenstates of the first kind
are symmetric superpositions of all Fock states with a fixed
number of up-spins but none of them next to each other. These
isolated up-spins do not change the energy of the mass term,
as they create two domain walls but on even-odd and odd-even
sites. Thus their contribution will cancel each other due to the
staggering. The second family of scarred states is the same
up to a global spin flip. This means that they are symmetric
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FIG. 16. Entanglement entropy of eigenstates for L = 16 with
h=0.3 and p = 0.74. The blue dots are eigenstates in the sector
with 8 domain walls, 0 momentum, and eigenvalue +1 under spatial
inversion. Black and red markers indicates the two families of exact
scars found in Ref. [46], which have an energy spacing of 2A. The
arrows show which states among them live in the same symmetry
sector as the rest of the data.

superpositions of all Fock states with a fixed number of down-
spins but none of them next to each other. The same argument
holds as to why their energy only depends on /.

Importantly, these N + 1 scarred states are all eigenstates
of Hy. This means that they will not get split up into different
eigenstates as u = h is increased. Instead, they will be ex-
act eigenstates of all the higher-order Schrieffer-Wolff terms
independently. Nonetheless, we emphasize that they do not
contribute at all to the scarring we observe from the |®) and
|\W,) states. First, as both of these states have a definite number
of up-spins they could have overlap with at most one of the
exact scarred states. Thus, the equal spacing with the other
QMBSs would be irrelevant for the dynamics. On top of that,
we can show that these QMBSs have exactly zero overlap with
|W,) and |®). For the former this is easy to see, as |\V,) has

both consecutive down-spins and consecutive up-spins. For
the latter, we need to take into the account the phases in the
states composing the exact QMBSs. Having an up-spin on
an odd site leads to a phase factor of —1 while it is +1 if
the up-spin is on an even site. So we can write the relevant
part of the scarred state as a tensor product of four-site cells
where each cell is (|[L144) — [L414))/~/2. As for the |®)
state, each cell is in the state (|{14) 4+ [{414))/+/2, and
we immediately see that they are orthogonal.

APPENDIX D: THIRD-ORDER SW TERM

We can go beyond second order and look at the third-order
SW term:

(3)
Hy' = 202 |:Z(QJ 10 UJ+IU]+2QJ+3+HC

Jj odd
+Pj 10’ O' +2 ]+3—|—HC)
+ Z(P! 107 04107,Pj3 + He.
J even

=+ Qj_|O'J+O]:_]O'j;2Qj+3 =+ HC)
— D (B1X0110502+ P 2P 1 X0,00)

Jj even

- Z(Qj—lYjpjﬂﬁj+2+Qj—2Q;‘—1Xjﬁj+1)j|- (D1
j odd

The terms on the two last lines are the same as in the effec-
tive Hamiltonian A but with additional projectors on sites
j+2or j—2, and so do not cause any leakage out of the
integrable subspaces. However, the terms in the first four
lines do. For example, they act on |W;) = || 1MLl 11 ),
taking it to [NJLLATL), AT LLL), WLttt L)
and {1 10111 71). We note that A f3f) has a prefactor of
J3/(32u?), so for u =~ J its contribution will be small com-
pared to that of H.g and I—?e(fzf) .
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