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Abstract

We prove upper and lower bounds on the number of pairs of commuting n X n matrices
with integer entries in [T, T'],as T — oo. Our work uses Fourier analysis and leads
to an analysis of exponential sums involving matrices over finite fields. These are
bounded by combining a stratification result of Fouvry and Katz with a new result
about the flatness of the commutator Lie bracket.

Mathematics Subject Classification 11D45 - 11T23 - 15B33 - 15B36

1 Introduction

Let M,, denote the scheme of n x n matrices, for an integern > 2. LetV,, C M,, denote
the closed subscheme tr = 0. Concretely, if R is a ring, then M, (R) denotes the set
of n x n matrices A with entries in R, and V,,(R) denotes the set of such matrices for
which tr(A) = 0. The aim of this note is to count integral points of height < T, as
T — oo, on the commuting variety

¢, ={(X,Y) e My(C)?: XY =YX},

. C ~ 2 . . .
viewed as an affine variety in M,, (C)? = C2"°, Thus we are interested in the behaviour
of the counting function

N(T):=#{(X,Y) e My(Z)% : |X|,|Y| < T, XY =YX},
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as T — oo, where | X| denotes the maximum modulus of any of the entries in a
matrix X € M, (Z). It was shown by Motzkin and Taussky in the paragraph after
[16, Thm. 6] that &€, is irreducible and it follows from work of Basili [1, Thm. 1.2]
that dim €,, = n? + n. Furthermore, €, cannot be linear, since it contains (X, 0) and
(0,Y), forany X, Y € M,,(C), but it does not include the point (X, ¥) if X and Y are
non-commuting. In fact, a recursive formula for the degree of €, has been provided
by Knutson and Zinn-Justin [13].

Since €, is defined by a system of homogeneous quadratic equations with coeffi-
cients in Q, we can view €, as an affine cone over a non-linear irreducible variety in
P27*=1 of dimension n2 +n — 1, which is definable over Q. Appealing to the resolution
of the dimension growth conjecture by Salberger [19], it therefore follows that

N(T) &p,e T H11 (1.1)

for any € > 0, where the implied constant depends at most on n and &. Moreover, the
€ can be removed if the variety has degree > 5 by [5], which is likely to be the case
for n > 3 by the work in [13]. On the other hand, we have the lower bound

N(T) > #{(X.Y) € My(Z) x ZI, : |X|, [Y| < T} > T (1.2)

coming from the special subvariety of scalar matrices Y, where I, denotes the n x n
identity matrix. The following is our main result.

Theorem 1.1 Let T > 1. Then
N(T) <, T2,

Note that Theorem 1.1 improves on (1.1) for n > 3. In fact our exponent is always
within 1 of that occurring in the lower bound (1.2), which we expect to be the truth.
Our approach uses matrix identities and ideas from harmonic analysis, which will lead
us to analyse the fibres of the commutator map

[-1: M2 >V, (X,Y)— XY —YX, (1.3)

where we recall that V,, C M,, denotes the closed subscheme tr = 0. In this way we
have been led to prove the following result, the analogue of which was proved by
Larsen and Lu [14] in the multiplicative setting.

Theorem 1.2 The map
[, ](C): M, (C)> > V,(C), (X,Y)r> XY —YX (1.4)

is flat over the open set V,,(C) \ {0}.

As explained below in Proposition 2.1, Theorem 1.2 is equivalent to the pointwise
bound
dim{(U,V)eM,,((C)z:UV—VUzM}<n2+1 (1.5)
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on the dimensions of the fibres of the commutator map over matrices M € V,,(C)\ {0}.!
For comparison, earlier work has examined the dimensions of the fibres on average
over certain small families of matrices in V, (C) \ {0}, such as diagonal matrices
(Knutson [12]) or rank-one matrices (Neubauer [17]). Moreover, Young [25] proved a
finer conjecture of Knutson [12] concerning the irreducible components of the diagonal
commutator scheme. Our new methods may be capable of re-proving, and generalising
to other families, some of these earlier results.

2 Background on flatness

Before proceeding, we recall some classical criteria for flatness, which are useful both
for interpreting Theorem 1.2 and for proving it. Throughout this paper, a variety will
be a locally closed subset of a projective space PV over a field k (which is often
called a quasi-projective variety). If k is algebraically closed, then varieties V over
k may be completely understood in terms of their k-points V (k) by [10, Chapter II,
Proposition 2.6], and we will take this classical viewpoint whenever possible.

Proposition 2.1 Let f: Ey — E» be a morphism of smooth, irreducible varieties over
a field k. Let k' be a field containing k. Then the following are equivalent:

(1) The morphism f is flat.

(2) The morphism f @ k': E; @ k' — E» Q k' is flat.

(3) Foreverypointy € Ey(k), thefibre f~\(y) is either empty or of dimension exactly
dim E| — dim E».

(4) For every point y € E»(k), we have dim(f~'(y)) < dim E; — dim E».

Proof (1)<>(2): Flatness is preserved by base change from k to k. (See [23, Tag 047C]
or [23, Tag 02JZ].) The key point is that the inclusion homomorphism k — &’ is flat.
(1)=(3): This follows from [15, Theorem 15.1 (or paragraph 1 of § 23)].
(3)=(1): This follows from miracle flatness [ 15, Corollary to Theorem 23.1], which
applies since E] and E; are smooth, irreducible varieties over k.
(3)=(4): This is trivial.
(4)=(3): Any non-empty fibre f~!(y) has dimension at least dim E; — dim E,,
and thus exactly dim E; — dim E; if (4) holds. m]

While a direct proof of Theorem 1.2 is possible by induction on n (via algebraic
geometry, Grassmannians, symmetry, and dimension counting), we shall find it more
convenient to prove instead a characteristic p version. We will prove the following
result in § 5 by induction on n for p > n, using symmetry and point counting.

Theorem 2.2 For all primes p >, 1, and for all points M € V,, (F,,) \ {0}, we have

dim {(U, V) € M,(F,)? 1 UV = VU = M} <n?+ 1.

! In fact, equality must hold in (1.5), since the map (1.4) is surjective by work of Shoda [20].
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We shall prove that this result is equivalent to Theorem 1.2. In fact Theorem 1.2
and this equivalence are not needed for the Diophantine results in this paper, but are
included purely for the relevance of Theorem 1.2 to algebraic geometry. The key point
is that miracle flatness, such as the equivalence (1) < (3) in Proposition 2.1, converts
flatness statements like Theorem 1.2 into dimension statements like Theorem 2.2. To
deal with the fact that one statement occurs in characteristic zero and one statement
occurs in characteristic p, we use standard “spreading out” arguments,” to convert
between characteristics 0 and p. This consists of setting everything up over Spec Z
and applying general results that natural properties (in this case, flatness) define open
subsets of varieties over Spec Z. At the heart of this lies the observation that an open
subset of Spec Z contains the characteristic O point Spec Q if and only if it contains
the characteristic p point SpecF,, for all but finitely many primes p.

Proof of the equivalence of Theorems 1.2 and 2.2 'We broadly follow the argument of
[14, § 5]. Let V,, — O be the open subscheme of V,, with zero section removed, over
Z. Thus (V, — 0)(k) =V, (k) \ {0}, for every field k. Let C,, € M,zz be the commuting
scheme XY = Y X, over Z. Let f: M,% — C, — V, — 0 be the commutator map in
(1.3), restricted to M% —C,.Let O C M% — G, be the flat locus of f;i.e. the set of
points x € M% — C,, at which the morphism f is flat. Then O is open by [23, Tag 0399].
Theorem 1.2 is the statement that the base change f ® C: (Nl,% —C)c — (V, = 0)¢
is flat. By the equivalence (1)<>(2) in Proposition 2.1, this is equivalent to the flatness
of f®Q: (Mﬁ —C)o — (Vi — 0)g, which is equivalent to O containing the entire
characteristic 0 fibre, (M2 — C,)g. An open set of a scheme of finite type over Z
contains the entire characteristic O fibre if and only if it contains all but finitely many
characteristic p fibres,? so Theorem 1.2 is equivalent to O containing (Mﬁ - GoF,
for all but finitely many p. We call this equivalence ().

If O contains (Mﬁ — Cu)r,, then since the base change of a flat morphism is flat
(by part (1) of [23, Tag 047C]), the base change of f along (V,, — O)Fp — (V, —0)z

is flat. This base change is f ® FP: (M% — Cn)ﬁp — (V, — O)Fp' From this (and the
implication (1)=>(4) in Proposition 2.1) the statement of Theorem 2.2 follows, since

dim M, (F)? — dimV, (F,) = 2n* — (n* — 1) = n* + 1.

Thus Theorem 1.2 implies Theorem 2.2.

For the reverse implication, we appeal to miracle flatness, which for the generality
we need is established in [23, Tag O0R4] or [15, Theorem 23.1]. This states that
a morphism between regular Noetherian schemes is flat in a neighbourhood of any
point where the dimension of the fibre plus the dimension of the target equals the
dimension of the source. But then Theorem 2.2 implies that for all p >, 1, the set
O contains the entire characteristic p fibre of M,Z, — C,, which by the equivalence (x)
described above implies Theorem 1.2. O

2 A general reference for such arguments is [18, Theorem 3.2.1(iv)] but we don’t really need this particular
form of the theorem.

3 The analytically minded reader may think of this as a consequence of the Lang—Weil estimate for the
complement of the open set in question.
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3 Matrix exponential sums

Over any field k, we will often make the identification M,, (k) = k™. The usual dot
producton X, Y € M, (k) isthen givenby tr(X'Y) = 3, >_; XjiYji.For the purposes
of harmonic analysis to come, however, it will be more convenient to work with the
pairing M, (k) x M, (k) — k given by (X, Y) — tr(XY) = ) ; Zj X;;Y;;, which
can be viewed as the usual dot product after an invertible linear change of variables
X — X'. (Abstractly, the key point is that this pairing is non-degenerate, in the sense
that for any non-zero X € M, (k), the linear form Y + tr(XY) is non-zero.)
Given A, B € M, (Z), our work will lead us to analyse the complete exponential
sum
S(A, B; p):= Z ep(tr(AU + BV)), (3.1
(U, V)eM, (F,)?
Uv-vu=0

for a sufficiently large prime p. It follows from the point count of Feit—Fine [6] that

2
5(0,0; p) <, p" . (3.2)
We seek to find conditions on A, B under which we can show that cancellation occurs

in S(A, B; p).
We begin by recording the observation that

1
S(A, B; p) = YR Z e,(tr(Z(UV —VU) + AU + BV)). (3.3)
n(Fp) U,V,ZeM, (Fp)

The cyclic property of the trace ensures that tr(AB) = tr(BA) and tr(ABC) =

tr(CAB) = tr(BCA), forany A, B, C € M, (IF,). Hence r(Z(UV — VU) + AU) =
tr(U(VZ — ZV + A)), so that we can average over U to conclude that

S(A,Bip)= Y ep(tr(BV)).
V,ZeM, (Fp)
VZ—-ZV+A=0

In particular, it is clear that
IS(A, B; p)| < S(A,0; p) =# H(V, Z) e M,l(]l‘?p)2 VZ-ZV+A= O} , 34)

for any B € M, (Z). We are now ready to prove the following result.

Lemma3.1 If pt Aorp{ B, then

2
S(A, B; p) <n P" T piecayLpjucs)-
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Proof We may assume that p is sufficiently large in terms of n, else the result is trivial.
If p 1 A, then it follows from applying Theorem 2.2 and the Lang—Weil bound in (3.4)
that

2
S(A, B; p) <n P" T piuay.-

Similarly, if p 1 B, then averaging over V in (3.3) gives
S(A, B; p) < # {(U, Z)eM,(F,)?: ZU —UZ + B = 0} <n P ecn).

Combining these bounds, we arrive at the statement of the lemma. O

4 Fourier analysis and proof of the main result

In this section we prove Theorem 1.1 via harmonic analysis, by combining work of
Fouvry and Katz [7] with our discussion in the previous section on exponential sums
over finite fields. We shall assume throughout this section that n > 2.

Let p be an auxiliary prime in the interval [T, 27°%] whose size will be optimised
later. Then

N(T) <#{(X,Y) e My(2)* - |X|,IY| < T, p| XY —YX}.

Consider the function

sin 7t X;; 2

I<i,j<n

for any X € M, (R). Identifying M,,(R) with R"z, this has Fourier transform

@(A):/ w(Xe(tr(AX)dX = [] max{l—|A;.05, @1
M, (R)

I<i,j<n

where dX = [T; ; dX;;. Moreover it is clear that (%)n2 <w(GX) <lif|X| < LIt
now follows that

YERID DA My

(X,Y)eM, (Z)?

pIXY-YX
U+ pX' vV +pY’
= Y Y () X ow(—=)
2T 2T
(U,V)EM, (F )% X €My (Z) Y'eM,(Z)
UvV—vU=0
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An application of Poisson summation reveals that

3 w(U;—TpX/)z 3 /Mn(R)w(U—;—Tpx>e(tr(AX/))dX/

X'eM, (Z) AeM, (Z)
2T\" (2T
=== E e,(—tr(AU)Yw [ —A |,
p b p
AeM,,(Z)

on making an obvious change of variables. We have a similar identity for the sum over
Y’, all of which leads to the expression

T\ (2T \ (2T
N(T) <, [ — > @W(=A)B(=B)SA, B:p).
p (A,B)eM,,(Z)2 p p

in the notation of (3.1).
Appealing to (4.1), we finally deduce that

T 2n?
N(T) <n (;> Y. IS4 B;p)l.

(A,B)eM, (2)?
|ALIBI<3p/T

If p| (A, B) then only A = B = 0 contribute to the sum. Thus it follows from (3.2)
that

T 2n? 2
N(T) <y (;) (P +ue. D), (42)
where
Up.Ty= Y, IS4 B;p)l.
(A,B)eM,(Z)?
|ALIBISSp/T
Pi(A,B)

We now appeal to a stratification result by Fouvry and Katz [7, Thm. 1.1] to estimate
U(p, T). This produces subschemes V,,2 C V,,2_; C---C Vo C V] C A%"z, with
dim(V; ® C) < m? — jforl <j< 212, such that

n2 j—1

+n , j—1
S(A,B;p) < p 2t T,

whenever the reduction modulo p of (A, B) corresponds to vector in A2? Fp) \

V;(Fp), under the isomorphism Mﬁ =~ A2” Tt is convenient to put Vo = A%”z and
V,,241 = ¥. Combining this with Lemma 3.1, we therefore deduce that

2n2+1 2, - 5
. n“+n  J—
U(p, T) <n E E mm{p 2 T2 ,p"“},
j=1 (A,B)ER,
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where R; denotes the set of (A, B) € M, (Z)?* with |Al, |B| < %p/T for which the
reduction of (A, B) mod p is non-zero and belongs to the set V;_1(F,) \ V;(F)).
We have R; C R}, where R; is the set of (A, B) € M, (Z)? with |A|, |B| < %p/T
for which the reduction of (A, B) mod p belongs to V;_1(IF,). We now recall the
statement of [4, Lemma 4] with r = 1. Given a subscheme W C Ag and an affine
variety V C ANP, with dim(W ® C) < £ and dim V < k, this states that

#{tewnzV it < H, tmod p e VE,| <o H P + HE,

forany H > 1, where D = max{deg(W ® C), deg V}. Note that Hzpk_e < Hkif
k <¢and H < p. Weapply thiswith W = M2,V = V;_1,€ = 2n% k = 2n> — j+1,
and H = p/T. Noting that p > T, it now follows that

p>2n2—j+1

#R; < #R <, (7

But then we may conclude that

2 . 2 .
m2al n“—n+3 T j i 2n°+1 T Jj
Up.T) <n (%) 3 <_) P (_) e
j=1 ﬁ j=n?—n+4 p

Since p € [T, 2T2] we see that the first term is maximised at the largest value of j,
while the second term is maximised when j is least. This leads to the expression

2n2+1 ) s
Ulp, T) < (%) (Tn —n+3pn—2 LT _n+4pn_3)

2n? )
< (?) LT —n+2pn—l,

since p > T.
Returning to (4.2), we have now established that

2n?

N(T) <<n + Tn2fn+2pn71.

2
ne—n
P

This is optimised at p”z’] = T”2+”’2, which leads to the final bound for N(T)
recorded in Theorem 1.1.

The idea of choosing an auxiliary modulus p and using harmonic analysis has been
applied to other varieties in the past, such as by Fujiwara [8, 9], and by Shparlinski and
Skorobogatov [21, 22]. Moreover, using finer geometric information, Heath-Brown
[11]has given stronger results in many cases by working with a composite modulus pq.
Once combined with Fouvry—Katz stratification [7], the simplest version of Fujiwara’s
method gives the following general result.

@ Springer



Pairs of commuting integer matrices 1871

Theorem 4.1 LetV C Ag be a subscheme with dim(V ® C) = D. Assume that there
is a positive density set P of primes such that for all p € P, and for all non-zero
vectors ¢ € Fg , we have

> eplerxi+ o +enay) v pPE, (4.3)
xeV(Fp)

for some L such that 2L € 7. Then for T > 1, we have

2
#x e V(Z) N[-T, TN} <y TP~L+vpt. 4.4)

This bound improves on the dimension growth bound O.y (TP~1+€) of Salberger
[19] and Vermeulen [24] (when it applies), provided only that N—D > 4and L > % in
(4.3). Note that (4.4) recovers the bound in Theorem 1.1 when N = 2n2, D =n%+n
and L = n — 1. Moreover, if V lies in an algebraic family* F in the sense of Bonolis—
Kowalski—Woo [2], then one could hope for (4.3) and (4.4) to be made fairly uniform
over V, perhaps with a polylogarithmic dependence on the coefficients as in work of
Bonolis—Pierce-Woo [3].

5 Flatness of the commutator map

In this section we shall prove Theorem 2.2. We shall often find it notationally conve-
nient to adopt the expectation notation Eges = % > ges» for any non-empty subset
S € GL,(FF,). Let p be any prime. (Eventually, we will assume p > n.) Fix anon-zero
M eV, (Fp) and note that

dim{(U, V) € M,(F,)? : UV — VU = M} = —1 +dim &,

where B _
X:={(U,V,2) e My(F,)? x Gy(F,) : UV — VU = AM}.

We shall bound dim X via point counting on X. We take ¢ = p™ — oo, withm € N
sufficiently large so that M € V,,(F,) and the variety X has an irreducible component
that is invariant under Gal(F , /F,). It will suffice to estimate the quantity

(M) = ! Z Z lyyv_vu=im,

U,VeM,([Fy) 1eGy, (Fy)
since then

; T 2. —
E(M) 2 (1 + 0,1(6]71/2)) qdlm{(U,V)EMn(]Fp) .UV*VU—M} (51)

4 That is, V is the fibre over a Z-point of a dominant morphism A: W — M, where W is a subscheme of
an affine space and M is a closed subscheme of an affine space. For example, if V' is a complete intersection,
then one could simply ask for the sum of the degrees and number of variables of the defining equations to
be bounded.
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by the Lang—Weil estimate for the variety X.
Let ¢ (-):=e)p (trFq/Fp (-)) on IF,. We proceed by noting that

1
(M) = PRV N > > Y@(ZUV - VU - AM))
U,V,ZeM,(Fy) LGy, (Fy)
1 _
=@y 2 VEEEV VD) Gezin=o —g ™)

U,V,ZeM, (F,)

= Z (Luwczan=0 — g~ ),
V.ZeM, (F,)
VZ—ZV=0

where in the last step we average over U using the cyclic property of the trace function.
We now exploit the linearity of the equations VZ — ZV = 0 and tr(ZM) = 0 in the
coordinates of Z. Since the hyperplane tr(ZM) = 0 has codimension either O or 1 in
the linear space C(V):={Z € Mn(Fq) :VZ — ZV = 0}, we find that

(M) = Z "™V g "ewygms +lewyemt — a7
VeM, (F,)

= Z g™ M1 =g Newyemr
VeM, (Fy)

where ML:={A e M, (Fq) : tr(AM) = 0}. Then, since dim C (V') depends only on
the conjugacy class of V, we find on averaging over conjugates of V that

M= Y ¢V —g LV, M), (5.2)
VeM, F,)
where
LV, M):=EsecL,r,)Acgve-tyemt) < 1. (5.3)

The orbit of V under the conjugation action of GL, () has cardinality

#GL,(F,)

o) = #GL,(F,) NC(V))’

by the orbit-stabiliser theorem. Observe that # GL, (F,) < #M,(F,) = q"z. More-
over, the variety GL,, (Fq )NC (V), which contains the identity matrix I, is anon-empty
open subset of the linear space C (V). Thus #(GL,, (IF,) N C(V)) >, qdim cw) by the
Lang—Weil estimate, whence

OV) < qnz—dim cw).
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Therefore, if K,(F;) € M,(F,;) denotes a complete set of representatives for the
conjugation action, then breaking (5.2) into orbits gives

SMy= Y 0wV —g LV, M)
VeK,[Fy)

2
<n g™ ) LV, M).
VeK,([Fy)

(5.4)

Lemma 5.4 will non-trivially bound L(V, M). The proof inducts on n and uses an
auxiliary averaging result, Lemma 5.3. First, we define some useful projection maps.
Given integers 1 < k < n — 1 and a matrix M € M, (F,), define block matrices
pij(M) so that

_ | puM) pia(M)
M= [le(M) Pzz(M)] ’

where p;;(M) has k1;—; + (n — k)1;— rows and k1;—; + (n — k)1;—2 columns.
Lemma 5.3 concerns some averages over GL,, (). First we study averages over a
certain subgroup. Let

E:={N € M,(Fy) : p(N) =0, p1(N) =0, pn(N) =0} = Fy*"h,
Then E is a vector space such that Ny N, = 0 for all Ny, N € E. In particular,
I+ E:={1+N:N¢ekE}

is an abelian subgroup of GL,, (F,), where (1 + N)'=1—-Nforall N € E.

Lemma5.1 Let M € M, (F,), with M # 0. Let 1 < k < n — 1. Then the following
hold:

(1) We have

—k .
Enet£Mpyyor-taam=0) S + M Ly, pyy 1 iy=0)-

(2) We have

—(n—1 .
Eret5 Loy, pyt-taam=0) 4"+ 00 (A oy oy -1 iy=0)-

(3) We have
—(n—1
IEh€1‘f“5(1(1711,l712,l722)(h_1Mh)=0) <4q b,
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Proof First we record a general calculation: for N € E we have

(I1—N)M(1+N)
=(1—-N)M+ MN)
=M+MN—-NM—-NMN

=M+ | 0PuMpnN) | [PIZ(N)PZI(M) mz(N)Pzz(M)] _ [0 P12(N)P21(M)p12(1\’)]
0 p21(M) p12(N) 0 0 0 0 :
(5.5)

(1): Both sides of (1) are invariant under conjugation of M by any element of 1 + E.
Moreover, if p1; (h~'Mh) is never zero, then (1) is trivial. Thus, after conjugating M
if necessary, we may assume that pj; (M) = 0. Then, writing 2 = 1 + N, we get

pri(h™"MR) = —p1o(N) p21 (M), (5.6)
pa1(h~"Mh) = pa1(M), (5.7)

by (5.5). In particular, by (5.6),

Erei+£Mp,, -1 mmy=0) = Enek(Lp1y(N) par (M)=0)-

Given a matrix N € E, the condition p12(N)p>21(M) = 0 holds if and only if each
row of p12(N) lies in the left kernel .& C IFZ_]‘ of the (n — k) x k matrix py1(M). If
p21(M) # 0, then .Z is orthogonal to a non-zero column of p;(M). Hence, one of
the coordinates of % is a linear function of the others. Thus, one of the columns of
p12(N) is uniquely determined by others. Since each column of p>(/N) has k entries,
it follows that

Ehel-’rE(lp”(h_th):O) < q_k-
On the other hand, if py; (M) = 0, then

EhelJrE(lp“(hfth):()) =1

and (p11, pz])(h_th) =O0forallh € 1 4+ E, by (5.6) and (5.7). Now (1) follows.
(2): As in the proof of (1), we may assume that (p11, p22)(M) = 0. Then

pa(h™'Mh) = pa1 (M) p12(N) (5.8)
forh =14 N, by (5.5). The map
®: F0 > Me(Fy) x My (Fy). A > (Apai(M), pyi(M)A)  (5.9)
is linear in the entries of A. By (5.6) and (5.8), we have

Ene1+e (1(1)11,[)22)(}171Mh):0) = ENEE(lplz(N)Eker @),

If A € ker @, then the rows of A lie in the left kernel of py1 (M), and the columns of
A lie in the right kernel of po;(M). If pa1(M) # 0 and A € ker @, then it follows
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that there exist a column C and row R of A such that the entries of A are uniquely
determined by the entriesin A\ (CU R). Since #(CUR) =k+(n—k)—1=n—1,
it follows that

Enet+E Ay, poyn-1am=0) < g~ "7V (5.10)

if p21 (M) # 0. On the other hand, if p>; (M) = 0, then

Bhet+EA(pyy oy a1 mm=0) = 1

and (p11, p21, p22)(h~'Mh) =0 forall h € 1+ E, by (5.6), (5.7), and (5.8). Hence
(2) follows.
(3): As in the proof of (1), we may assume that (p11, p12, p22)(M) = 0. Then

p12(h'Mh) = —p12(N) p21 (M) p12(N) (5.11)

forh =14 N, by (5.5). By (5.6), (5.11), and (5.8), we have

Enet+£ )1, p1a, pr)hi-1my=0) = EneE(pjy(N)eker @),

where @ is defined as in (5.9). However, since M # 0, we must have py1 (M) # 0.
Therefore, (3) follows from (5.10). O

Henceforth, assume p > n, so that the following simple combinatorial lemma
holds.

Lemma5.2 Let 1 < k < n— 1. Suppose x € Fg is non-zero. Then ) ;; x; # 0 for
some k-element subset I C {1,2, ...,n}.

Proof If x,_; # xp, say, then either x| 4+ -+ - 4+ xp—1 + X1 Or X1 + - - - + X1 + X5
must be non-zero. By symmetry, it remains to consider the case x; = --- = x,. Then
x1 # 0, since x # 0. Thus x; + - - - + x = kx1 # 0, because p > n > k. O

Lemma5.3 Let M € M, (F,), with M # 0. Let 1 < k < n — 1. Then the following
hold:

(1) EgeGLn(Fq)(l(Pl|,p21)(g*'Mg)=0) <n q_k'
(2) Egeor, )y, (a1 Mg)=0) Kn g *.

(3) EgEGLn(Fq)(1(1711,plz,pzz)(g_'Mg)=0) <Ln g
(4) Egecr, @) ipyypar.pa) (e~ Mg)=0) Kn g~ 0.
(5) EgeL,®y) Apyy. pra g1 Mg1=0) Kn g~ "7,
(6) Egear, )y o-1 Mg)=0) Kn g~ R,

(7) BgeGL, ) Mir(pyy (=1 Mgy=0) <n g~

~(n-1),

Proof Although (2) is stronger than (1), and (5) is stronger than both (3) and (4), it
turns out that proving (1) first will help in proving (2), and likewise for (3) and (4).

(1): Let eg,...,e, € Fg be the usual coordinate basis vectors. The condition
(p11, p21)(M) = 0 holds if and only if Me; = O forall 1 < j < k. Thus

EeeaL, ) Aipyy.pany (g1 Mg)=0) = BgeaL,®) Dg—1arge; = =g~1 Mg, =0)-
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Note that (gey, ..., gex) is equally likely to be any list of k linearly independent
vectors. Since the right kernel of M has dimension at most n — 1, and the number of
lists of k linearly independent vectors in Fg is V(d) = [ <i< (g% —q'h < (gHk,
it follows that

Y(in—1) —k
IEgeGLn(Fq)(l(Pl1,1721)(g*11"1g):0) S — ¥ (n) < 1_[ : n _ i1 Lng "
1<1<k

(2): We have
EgeoL, ) Apy (g1 mg=0) = Egear, @) Enet+£p (gn-tmgm=0)-  (5.12)
Applying Lemma 5.1(1) with g~! Mg in place of M, we get

—k
EgecL, ) (p (g1mg)=0) S 4 + EgeGL, ) A(p)), pri)g—' Me)=0)

<nq7k,

by ().
(3): Mimicking (5.12), we have

EgeGL,,(]I*‘q) (l(pl1,P12,P22)(g*1Mg)=0) = EgeGLn(Fq)Ehel+E (l(m17P127P22)((gh)*1Mgh)=0)‘

Applying Lemma 5.1(3) with g~ Mg in place of M, we get (3).
(4): Immediate from (3) with (M, g) in place of (M, g).
(5): Mimicking (5.12), we have

EgecLu@®) ipi1.pi) (s~ me)=0) = EgeGL, @) Ener+£A ey pr) ey =1 mgn=0)-
Applying Lemma 5.1(2) with g~! Mg in place of M, we get

—(n—1)
EgeaL, @) Lpyy, pm) s~ Me)=0) < 4 + EgeLy F) A pyy por. pan) (g~ Mg)=0)

Ln g~ "D,

by (4).

(6): This follows from (2) after replacing k with n — k, and conjugating M by a
suitable permutation matrix.

(7): Assume g >, 1. By the k = 1 case of (2), we may conjugate M to assume that
its top left entry is non-zero. Then by Lemma 5.2, there exist k diagonal entries of M
whose total is non-zero. By a further conjugation, we may assume tr(py;(M)) # O.
Therefore, the subvariety tr( pll(g_lM g)) = 0 of GL, (Fq) is either empty or of
codimension one, since GL, (Fq) is irreducible. The Lang—Weil bound now implies
). O

We are finally ready to bound the quantity L(V, M) from (5.3).
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Lemma5.4 LetV, M € M, (IFy). Let fy(t) € F,[t] be the radical of the characteristic
polynomial of V. Then

L(V, M) <y ¢" 7%V 154120 + 1y=o. (5.13)

Proof We use strong induction on n > 1. Since 1 € C(gVg™") for all g, we may
assume tr(M) = 0, or else L(V, M) = 0. Moreover, if deg fy = 1 or M = 0, then
the trivial bound L(V, M) < 1 suffices. Therefore, we may assume from now on that
tr(M) =0, M # 0, and deg fy > 2.

By definition, a constructible set is a finite union of locally closed sets. By the
inclusion—exclusion principle, the usual Lang—Weil estimate (for varieties) extends to
constructible sets. By the Lang—Weil estimate applied to the constructible set

{g € GL,(F,) : C(gVg™") € M*)
= |J (g eGL.(F,) : dim(C(gVe™) =dim(C(gVe~H N M) =d},

0<d<n?

it suffices to prove the desired inequality (5.13) under the assumption that fy splits
completely in F,. By conjugation, we may assume that V is in rational canonical
form, which coincides with Jordan normal form because fy splits completely. Since
deg fy > 2, the matrix V has at least 2 distinct eigenvalues. After permuting Jordan
blocks if necessary, we may assume that

Vi 0
Vz[olvz]’

where Vi € My (FF,) and V; € M, (), with 1 < k < n — 1, such that V; and V,
share no eigenvalues. Then, in particular,

con =[] (5.14)

Let p1:=p11 and pr:=p7;. Let

. | GLx(Fy) 0
H':[ o' GLnfkan)] S GL, (Fy). (5.15)

Since C(ghVh~ g™y = gC(hVh~YHg™!, and g7'M+g = (g7'Mg)" by the
conjugation-invariance of tr(-), we have

L(V,M) = EgeGL,,(F,,)EheH(IC(ghV(gh)—l)gMi)
= Egear, @) Enea Aegqvn-cg—me)t) (5.16)
= EgecL, @, L(V1, P&~ M) L(Va, pa(g~'Mg)),

where the last step uses (5.14), (5.15), and the block matrix identity
([ § 3] M) = w(Ap1(M)) + tr(Bpa(M))
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for (A, B) € M(Fy) x M,_(F,). By the inductive hypothesis applied to the two
factors of L in (5.16), we get

1—d g
L(V. M) <o Egear, @ [ @7 L0tagn=0 + 1pi e 1 mg)=0)
1<i<2

< grleefvpy 4 gl-deefvip, 4 gl-degfip, 4 Py
where
Po:=EgeaL, ) (i (-1 me)=0Lur(pa(s~1 Me)=0)-
Pri=EeecL, @) i (-1 Mg)=01 pa(g=1m)=0):
Pr:=Egear, @) Qu(pyg—1 Mg)=01pi (s~ Mg)=0)>
Py:=EgecrL, ) (1, (g1 mg)=01 pr(s~1 Mg)=0)-

We now wish to bound the probabilities P;. Since

0=t(M)=tr(g"'Mg) = tr(p1 (g~ ' Mg)) + tr(p2 (g~ Myg)),

the probabilities P; for 0 < i < 2 simplify as follows:

Po = EgeaL, @) (i (-1 Mg))=0)-
Pl = EgEGLn(]Fq)(lpz(g*IMg):O)s

Py = IEgeGLn(ll?q)(l,;1 (g*IMg):(])'

By parts (7), (6), (2), and (5) of Lemma 5.3, respectively, we have Py <, ¢, P1 <»
g~ "R <qTE Py & g F < g and Py < ' < 'RV, Thus
LV, M) &5 q' 798IV gl fvigmdeeln o glmdeefng=defn  gl-dee v

— 4q17deg fv’

since fv, fi, = fv. O
Plugging Lemma 5.4 into (5.4), we get

2 _
SM) < g™ Y (@ Lean=0 + Lu=0).-
VekK,(Fy)

But K, (IF) is in bijection with the set of rational canonical forms on M,, (F,), where
we recall that the rational canonical form of M € M, (F,;) consists of a partition
Ap = (Ap,1 = Ag2 = --- = 0) for each monic irreducible polynomial ¢ € F,[¢],
such that the action of M on Iy is isomorphic to multiplication by 7 on the vector space
@¢ P, T, [t]/qb)“?’viIFq []), where Z¢ deg(¢)|Ap| = n. Thus, by the prime number
theorem in ', [#] and the fact that n has only finitely many partitions, we deduce that

#MV € K,(F,) : deg fv = d} < q°
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for 1 < d < n. Summing over 1 < d < n, we get

2 2
E(M) < ¢" T =0 + ¢ " Iy=o.

Finally, we conclude from (5.1) that Theorem 2.2 holds.
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