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Abstract

Quantum mechanics reveals a world that defies classical determinism, where uncertainty,
superposition, and fluctuations are fundamental aspects. Engineering devices that harness
these quantum features requires not only precision, but also a deep understanding of how
they interact with their surrounding environment. Superconducting circuits, which exploit
macroscopic quantum coherence in low-loss superconducting materials, provide a scalable
platform for implementing such systems. Among the critical elements in these circuits,
superinductors—high-impedance, dissipation-free inductive components—play a central role
by suppressing charge fluctuations. They allow quantum states to be delocalized in phase
space, protect qubits from environmental noise, and facilitate access to phenomena such as
dual Josephson physics and ultra-strong coupling regimes.

This thesis explores two complementary implementations of high-impedance circuits: geometric
superinductors, demonstrating that high impedance can be achieved beyond kinetic inductance,
and Josephson junction chains, used to investigate both microwave mode properties and DC
transport across the superconductor-to-insulator transition.

Part | addresses geometric superinductors. Contrary to the common belief that high-impedance
superconducting circuits require kinetic inductance, we demonstrate that purely geometric
designs can achieve characteristic impedance exceeding the resistance quantum. By exploiting
mutual coupling between adjacent turns, coil-based inductors achieve enhanced self-inductance,
creating a reliable platform for qubits and resonators. Modeling, simulation, fabrication, and
characterization confirm that these elements behave as superinductor. With low loss, high
linearity, and minimal stray capacitance, these elements are reproducible, free of uncontrolled
tunneling events, and capable of strong magnetic coupling. This establishes geometric
superinductors as robust, single-wave-function superconducting devices suitable for hardware-
protected qubits and hybrid systems.

Part Il presents classical numerical simulations of a Quantum Phase Slip circuit to study dual
Shapiro steps. The circuit consists of an ideal Quantum Phase Slip element embedded in a
resistive-inductive environment with a parasitic capacitance.

Part |l extends the investigation of high characteristic-impedance circuit elements to one-
dimensional Josephson junction chains, which act as a quantum simulator for many-body
physics and the superconductor—insulator transition. Different devices are realized on both
sides of the DC phase transition, showing either a supercurrent branch or Coulomb blockade
at zero bias. The effect of the crossover on microwave modes, however, remains insufficiently
investigated. Studying these modes provides insight into the interplay between disorder
and phase-slip events. Small differences in circuit component sizes determine which side
of the transition a device falls on, making these results relevant not only for fundamental
understanding but also for the design of quantum devices, emphasizing the crucial role of the
electromagnetic environment in stabilizing and controlling fragile quantum states.
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Together, these results illustrate how carefully engineered high characteristic-impedance
elements provide a link between macroscopic circuits and the inherently uncertain quantum
world, enabling experiments that probe, control, and ultimately exploit quantum fluctuations
for applications in quantum information, metrology, solid state physics and beyond.
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CHAPTER

Introduction

6
For me, quantum processes are a philosophical event. Meaning, they break with

some of the most basic forms of experiencing and understanding reality that have
defined the modern period. Things were either natural or technical; either alive or
non-living; either human or machine; either being or thing. The beauty of quantum
processes is that they are discontinuous with these binaries. They introduce us to the
possibility of a world where these distinctions have no meaning. Quantum literally

releases us from how we understood the world. ’y

— Tobias Reest

1.1 A World that defies determination

Unstable. Fragile. Elusive. Interconnected and, at times, unpredictable. A world vibrating
at the threshold of what we can currently understand. At the smallest scales, where matter
no longer follows the determinism of classical physics, a different language emerges, one
that speaks in probabilities instead of certainties, in superpositions rather than predetermined
states.

Beginning in the early 20th century, a series of experimental anomalies and theoretical
breakthroughs gradually challenged Newtonian predictability. By the time Heisenberg [Hei25],
Schrédinger [Sch26], and others shaped the mathematical formalism of quantum mechanics
in the 1920s, it had become undeniable: reality, in its most elemental form, is not fixed but
fluctuating. At the smallest scales, nature reveals a texture that is not smooth but granular.
Particles do not follow predictable paths, but unfold in probabilities. They exist in multiple
states at once, collapse under observation, influence each other across space with no apparent
connection, leaping through barriers without warning. Presence and absence blur. These
behaviors are not just mathematical oddities, they are foundational. They are how the world
works, even if it resists our grasp.

WWE FELT A STAR DYING is an artistic installation by Laure Prouvost, born from her conversations
with philosopher Tobias Rees and scientist Hartmut Neven, exploring the connection between quantum noise,
quantum technologies, and the universe. Section 1.1 is inspired by this.

Laure Prouvost, WE FELT A STAR DYING, 21 February - 4 May 2025, Kraftwerk Berlin. Commissioned by
LAS Art Foundation and co-commissioned by OGR Torino.
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Particles don't just behave unpredictably, they emerge from and interact with a constantly
fluctuating quantum field. What was once thought to be empty space is now understood as a
dynamic field of quantum fluctuations, small, spontaneous, and omnipresent disturbances in
energy. At our macroscopic scale, these fluctuations are usually masked by thermal noise and
classical interactions, making them invisible in daily experience. But when we miniaturize our
experiments, cool our systems to millikelvin temperature, and shield them from environmental
noise, a threshold is crossed. The whispers of the quantum begin to surface.

At this threshold, superconducting Josephson circuits offer a platform for exploring the
quantum—classical boundary. Built from macroscopic components, like wires, capacitors and
loops, they resemble classical electrical circuits. Yet electricity flows without resistance, phase
becomes quantized, and information can be encoded in fragile superpositions. Here, the
quantum speaks. Loud.

However, the opportunity to access and manipulate these quantum states comes with significant
challenges. Quantum systems are not robust in the way classical ones are. They are highly
sensitive to external noise, with even minimal disturbances affecting their operation. Among
these, charge noise is especially problematic. Random fluctuations in background charge can
disrupt quantum coherence, corrupt stored information, and reduce system fidelity. These
fluctuations do not only represent a technical detail; they are reflections of the deeper,
stochastic nature of the quantum world. To suppress them is not just about refining hardware.
It is to enter into a dialogue with nature's uncertainty. Designing quantum systems is an
exercise in precision, but also in constraint: systems that work with, not against, the logic
of indeterminacy. To engineer clarity in the presence of intrinsic noise is not an attempt to
eliminate the quantum; it is an effort to stick together with it. We are no longer just observing
the quantum world: we are building technologies that rely on it.

Quantum computing, in particular, has shifted this conversation from the abstract to the
tangible. Devices based on superposition and entanglement promise to tackle problems that
lie beyond classical reach. Yet, the same principles that give them their power also render
them precariously unstable. This fragility is intrinsic to their operation: even at millikelvin
temperatures, quantum fluctuations continue to play a role. In this sense, superconducting
quantum circuits are more than just components, they are an interface between human-made
systems and the quantum environment, a place where our designs must accommodate a world
that, by its very nature, resists full control. Engineering them means dealing directly with the
realities of quantum physics.

1.2 Macroscopic quantum phenomena and circuit QED

At first glance, it may seem counterintuitive that quantum mechanics, typically associated with
atomic and subatomic scales, can influence the behavior of systems visible to the naked eye.
There is no hard boundary separating the microscopic from the macroscopic; superconductivity,
in particular, provides a clear demonstration of quantum effects manifesting in macroscopic
systems. The remainder of the Chapter focuses on superconducting Josephson circuits, directly
building on the discussion of superconductivity as a manifestation of quantum behavior in
such systems.



1.2. Macroscopic quantum phenomena and circuit QED

1.2.1 Superconductivity

Discovered by Onnes in 1911 through experiments on mercury [Onnl11], superconductivity is
more than a low-temperature anomaly. It represents the emergence of a coherent quantum
state, a condensate of paired electrons, the Cooper pairs, that move collectively without
resistance.

Before the development of the microscopic BCS theory in 1957 by Bardeen, Cooper, and
Schrieffer [BCS57a; BCS57b], a phenomenological framework had been introduced by Ginzburg
and Landau [GL50]. Building on Landau’s general theory of second-order phase transitions
[Lan37], a pseudo-wavefunction W(r,?) was introduced as an order parameter to describe the
superconducting state. This order parameter captures the macroscopic quantum nature of the
condensate without the need for a detailed microscopic description.

The amplitude of ¥ corresponds to the local density of Cooper pairs n(r,t) (number per unit
volume), while its phase ¢(r,t) governs the long-range coherence responsible for supercurrent
flow. Instead of tracking individual electrons, the system is characterized by a collective
wavefunction:

U(r,t) = \/n(r,t) e?®D. (1.1)

The later BCS theory confirmed this phenomenological picture by showing that electron
pairing at low temperatures gives rise to a coherent quantum state well described by the
Ginzburg—Landau formalism. Furthermore Gor'kov [Gor59] rigorously connected the two by
deriving the Ginzburg-Landau theory as a limiting case of BCS.

Phase coherence across the material leads to the characteristic phenomena of superconduc-
tivity, which follow from the expression for the supercurrent density J(r,¢). Within the
Ginzburg-Landau framework, the supercurrent density is obtained by minimizing the Helmholtz
free energy functional with respect to the vector potential A(r,¢) which accounts for the
coupling of the superconducting charges to the electromagnetic field. This results in the
expression [Tin04]?:

A 2
Jo(r,t) = = (W V() = U OV () — DU OPArY),  (12)

2m m
where ¢ = —2e is the effective charge and m = 2m,. the effective mass of a Cooper pair, with

e being the elementary charge and m. the mass of a single electron. The vector potential
A(r,t) is related to the magnetic field via B(r,t) = V x A(r,1).

London Equations. By substituting the expression for the macroscopic wave function
(Eq. 1.1) into Eq. 1.2, a simplified formula for the supercurrent density is obtained®:

J,(r,t) = hq”m(”) (ws(r,t) _ %A(r,t)) , (1.3)

where the term inside the parentheses corresponds to the gauge-invariant phase gradient
and n. = 2n the superconducting electron density. When the phase is assumed uniform

2[Tin04] reports the expression for the supercurrent with the speed of light ¢ appearing explicitly; this
comes from the use of Gaussian (CGS) units rather than S| units. See also Ref. [Ann10]. Other references
define W with ,/p (charge density) instead of \/n (pair density), which results in one fewer explicit factor of ¢
in the supercurrent expression (Eq. 1.2).

3U*(r,t)VU(r,t) — U(r,t)VU*(r,t) = in.(r,t)Vo(r,t).
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(Vo(r,t) = 0), the expression reduces further to:

A(r,t). (1.4)

This relationship is known as the first London equation. Differentiating both sides with respect
to time yields a relation between the time derivative of the supercurrent and the electric field
E(r,t) = —0A(r,t)/0t:

A (r,t)  nee

T LD (1.5)

This implies that a persistent supercurrent can flow without an applied electric field, meaning
charge can move without resistance.

Taking the curl of the supercurrent density in Eq. 1.4 leads to the second London equation:

Nee

V x Jg(r,t) = —

B(r,t). (1.6)

Me

This equation explains the phenomenon of perfect diamagnetism manifesting in the Meiss-
ner—Ochsenfeld effect [MO33] where magnetic fields are expelled from the material once cooled
below its critical temperature. Consequently, the magnetic field inside the superconductor
decays exponentially with distance r from the surface at r = 0:

B(r,t) = B(0,t) e 7/t (1.7)

m
A= | —5 1.8
PV ponee?’ (1.8)

where Ay, is the London penetration depth.

In practical applications, zero resistance allows for persistent currents and low-loss operations,
while perfect diamagnetism ensures tight confinement of magnetic flux within superconducting
loops.

Flux Quantization. Because the superconducting wavefunction ¥ must be single-valued, its
phase ¢(r) must change by an integer multiple of 27 around any closed loop. This condition
leads to the quantization of the fluxoid:

@:®+m&fhuya, (1.9)

where

@:%A@ym (1.10)

is the magnetic flux through the loop, J4(r) is the supercurrent density, and Ay, is the London
penetration depth. When the integration path lies deep inside a superconductor such that
Js(r) = 0, the fluxoid reduces to the magnetic flux ®. In this case, the quantization of the
fluxoid implies that the magnetic flux itself is quantized:

® =m - By, (1.11)

where m is an integer and ) = h/2e = 2.067833848 x 107! Wb is the magnetic flux
quantum.
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Experimental confirmation of flux quantization came from the observation of discrete changes
in trapped magnetic flux [DN61], demonstrating that the total flux in a superconducting loop
is set by screening currents to be an integer multiple of @, even in external fields. In circuit

form
Dol = (I)applied - LI; (112)

where L is the loop's self-inductance and I the persistent supercurrent. This effect is central
to single flux-quantum electronics [LS91; BLZ01] and superconducting devices such as DC-
SQUIDs [MBMO02] and flux qubits [MOL"99; OMT*99; SGJ*13].

Josephson Effects. The quantum phase of the superconducting wavefunction can directly
affect measurable electrical properties, as predicted in Ref. [Jos62]. Two superconductors
separated by a thin insulating barrier form a structure known as a Josephson junction. Each
superconducting electrode is described by a macroscopic quantum wavefunction of the form in
Eqg. 1.1. Due to phase coherence, Cooper pairs can tunnel across the barrier, giving rise to the
Josephson effects®.

The first Josephson relation (or DC Josephson effect) describes the case with no voltage
applied across the junction. If a finite phase difference ¢ = ¢r — ¢ exists between the
two superconductors, left (L) and right (R), a dissipationless supercurrent flows through the

barrier according to
I, = I.sin(yp), (1.13)

where the critical current I, is the maximum dissipationless current the junction can sustain
without developing a voltage. The phase difference ¢ is gauge-invariant and defined as

2e (R
L)
where A(r) is the electromagnetic vector potential within the barrier, and the integral is taken

from one superconductor to the other. Although neither ¢ nor A is directly observable, their
combination produces physically measurable effects.

Y =0¢r— @ A(r) - dr, (1.14)

The second Josephson relation (also known as AC Josephson effect) emerges when a voltage V'
is applied across the junction. In this scenario, the phase difference evolves in time according

to:
dp _ 2V

— 1.15
implying, if V' is constant, a linear growth of ¢(¢) with time. This time-dependent phase
resembles the classical relation from Faraday's law, V' = —d®/dt, where ® is the magnetic

flux. The analogy suggests that the superconducting phase difference plays a role similar to
that of magnetic flux in classical electrodynamics.

Substituting this time-dependent phase (Eq. 1.15) into the DC relation (Eq. 1.13) shows that
the current becomes oscillatory at a frequency f; = w;/(27) = 2eV/h = 483.6 x 10'? V (Hz)
which is directly proportional to the applied voltage, making the Josephson junction a voltage-
controlled oscillator®.

4For completeness, it is worth mentioning that the Josephson effects can be observed in various types of
structures, which can be realized by introducing a "weak link" that interrupts the flow of supercurrent. The
specific implementation determines the resulting current—phase relationship [GKI04]. In this discussion, we
focus on the most common case: the superconductor—insulator—superconductor (SIS) Josephson junction.

5These considerations rely on the assumption that the voltage is independent of the current, i.e., that
no resistive elements are present in the system. Applying a DC voltage of 10 'V results in an oscillation
frequency of roughly 5 GHz.
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1.2.2 Macroscopic quantum nature of electrical circuits

Josephson junctions are essential to superconducting quantum circuits because they combine
extremely low energy loss, preserving quantum coherence, with intrinsic nonlinearity.

In a circuit composed only of linear components such as inductors, capacitors, and resistors,
the energy levels are equally spaced as in a harmonic oscillator, preventing to selectively
address a single transition. Introducing a Josephson junction adds a nonlinearity that breaks
this equal spacing, allowing the circuit’s spectrum to be shaped so that two specific levels
can be isolated and used as a qubit. A qubit is a controllable two-level quantum system that
can exist in a superposition of its logical states, forming the fundamental building block of
quantum computation. In superconducting implementations [KN19], the quantum state can
be described in terms of either the number n of Cooper pairs that have tunneled through the
junction or the phase difference ¢ across it. These satisfy the commutation relation [p, n] = 1,
indicating that they are conjugate variables and that their values cannot be simultaneously
specified with arbitrary precision. Rather than a drawback, this property is a powerful tool
in qubit design: by tailoring the circuit parameters, one variable can be made highly certain,
making the qubit largely insensitive to fluctuations in its conjugate partner. This ability to
suppress noise channels allows to build protected quantum processors.

Given these features, Josephson circuits provide an ideal platform to explore a profound
question posed by Leggett [Leg80] and others: to what extent can the laws of quantum
mechanics, which govern the microscopic world, also describe macroscopic systems? In
particular, they questioned whether observing quantized voltages and currents was enough to
claim the presence of genuinely quantum phenomena, such as coherent superposition. The
answers emerged through two key experiments, each demonstrating the quantum nature of ¢
and n, respectively.

Macroscopic Quantum Tunneling (MQT). A series of experiments in the early 1980s
established the phase difference ¢ across a Josephson junction as a quantum variable. Mea-
surements of current noise in resistively shunted Josephson junctions revealed that the noise
spectrum was limited by quantum fluctuations rather than thermal noise, demonstrating that
macroscopic circuit variables cannot be treated classically [KVHC82].

Direct evidence for MQT came from escape rate measurements in current-biased Josephson
junctions [VW81]. In this regime, the phase ¢ behaves like a quantum particle trapped in
a tilted washboard potential. At low bias currents, ¢ remains confined within a potential
well; as the current increases, the barrier height decreases. At sufficiently low temperatures,
the escape rate saturates instead of following thermally activated behavior, consistent with
tunneling through the barrier.

Further experiments probed the quantum structure of the potential well using resonant
microwave excitation. Spectroscopic measurements revealed discrete energy levels, directly
demonstrating the quantization of the phase degree of freedom [MDC85]. The close agreement
between measured tunneling rates and theoretical models, without adjustable parameters,
provided further validation of the quantum nature of the phenomenon.

Taken together, these results [CCD*88] confirmed that ¢ is a genuine quantum variable,
supporting the broader concept that macroscopic superconducting circuits can exhibit coherent
quantum behavior.
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Cooper Pair Box (CPB). Experimental work in the late 1990s demonstrated that the
excess number of Cooper pairs n on a superconducting island behaves as a quantum variable.
This was achieved using the CPB, a circuit consisting of a small superconducting island
connected to a reservoir via a Josephson junction and coupled to a gate electrode through
a capacitor. The electrostatic potential of the island, and thus the energy associated with
different charge states, can be tuned via the gate voltage V};, which controls the offset charge
Ng.
In the regime where the charging energy dominates, the system's eigenstates correspond to
discrete charge states that differ by one Cooper pair. The Josephson coupling introduces
quantum coherence between these states, resulting in energy-level hybridization. Spectroscopic
measurements revealed avoided level crossings as a function of n,, directly confirming the
coherent tunneling of Cooper pairs and the formation of quantum superpositions of charge

states [NCT97; BVJ*98].

Subsequent time-domain experiments demonstrated Rabi oscillations [NPT99; MNAUO02],
Ramsey fringes, and energy relaxation [VACT02], providing clear evidence that the charge
number n, is a fully quantum degree of freedom in superconducting circuits.

Circuit Quantum Electrodynamics (cQED). cQED extended the principles of cavity
QED [MDO02] by integrating Josephson qubits, which acts as artificial atoms, with quantized
microwave fields confined in high quality coplanar waveguide resonators. This architecture
established a robust and scalable platform enabling strong coupling between qubits and
resonators [WSB"04] as well as coherent light-matter interaction in the microwave regime
[BHW'04; BGGW21].

In this setup, resonators have two principal purposes: they act as quantum buses that mediate
coherent interactions between distant qubits, and they enable dispersive, quantum non-
demolition (QND) readout [BHW™04; SWB™05], where the qubit state induces a measurable
shift in the resonator frequency without destroying the state. This architecture addressed
several limitations of earlier charge-based qubit designs. It allowed for high-fidelity control
via microwave drives, fast and accurate qubit readout [WSB¥04], and the implementation of
entangling gates through photon-mediated interactions [MCG*07].

Beyond computation, cQED provides a versatile framework for microwave quantum optics.
Experiments in this domain have demonstrated nonclassical photon state generation [HWAT08],
quantum-limited amplification [MOH"15], and single-photon generation [HSG*07], key ca-
pabilities for quantum sensing and communication. Applications include QND detection of
itinerant photons and the development of photon detectors for precision measurements and
dark matter searches [DCH"21]. Recent advances include the use of resonators to encode
bosonic logical qubits [JNG21], coupling superconducting circuits to spin systems [CLB20],
and exploring regimes of ultra-strong coupling [FKMDL"19]. In parallel, cCQED has enabled
analog quantum simulations of many-body systems by engineering Hamiltonians with tunable
interactions and dissipation [HTK12].

Overall, superconducting quantum circuits studied within the cQED framework span a broad
spectrum of research, from fundamental physics to practical technologies, leveraging the design
flexibility of circuit-based quantum systems.



1.

INTRODUCTION

1.2.3 Effect of electromagnetic environment

Despite the progress enabled by cQED, decoherence, especially from charge fluctuations,
remains a challenge. By introducing a large shunt capacitor in parallel to the single junction,
the transmon qubit [KYG707] achieves excellent protection against charge noise, though it
remains susceptible to relaxation, ultimately limiting its coherence [GDPK™21]. This highlights
the delicate balance between device design and environmental effects: to understand and
optimize Josephson circuits, it is essential to view them not as isolated parts, but as quantum
systems shaped by the interaction of their intrinsic properties with their electromagnetic
environment.

The Josephson junction is similar to a living organism whose behavior results from the
interaction between its internal structure, its genetic code, and its environment. Intrinsic
properties like junction capacitance and critical current determine its fundamental characteristics
by setting energy scales and quantum degrees of freedom, much like DNA defines an organism's
potential. However, just as an organism's traits depend on its environment, a Josephson
junction’s quantum behavior is strongly influenced by its electromagnetic surroundings and
the boundary conditions of the embedding circuit. In biology, this concept is known as
phenotypic plasticity: the ability of a single genotype to give rise to different observable traits
in response to environmental conditions. Similarly, in superconducting circuits, a fixed set of
intrinsic parameters can lead to different quantum behaviors depending on the electromagnetic
environment.

External influences on superconducting circuits are set by the environment’s characteristic
impedance, which determines how the junction interacts with electromagnetic modes through
electric or magnetic coupling and whether charge or phase is the better-defined quantum
variable. Fluctuations reflect how a quantum variable responds to external parameters, such as
voltage or flux biases, and are closely related to the support of the circuit's wavefunction in that
variable, which determines its sensitivity to environmental noise. Because of the Heisenberg
uncertainty principle, wavefunction support in charge and phase cannot be made arbitrarily
narrow simultaneously: confining it in one variable necessarily broadens it in the conjugate
variable. At low impedance, as in phase qubits or macroscopic quantum tunneling experiments,
the wavefunction is spread in the charge basis, producing a well-defined phase and making
the circuit relatively insensitive to charge noise. By contrast, at high impedance, as in CPB
experiments, the wavefunction is sharply peaked in charge, enhancing charge quantization but
increasing susceptibility to charge fluctuations. Furthermore, the circuit layout, compact or
extended, acts as a boundary condition for quantum fields, much like an organism’s habitat
shapes genetic expression.

These electromagnetic environments are engineered and tunable, allowing selective control
over quantum modes. Thus, a Josephson junction’s observable behavior depends not only on
its intrinsic properties but also on its embedding within a deliberately designed electromagnetic
ecosystem, reflecting the interplay of genetics and environment in biology.

1.3 This thesis: Engineering macroscopic quantum
fluctuations
This thesis addresses how the quantum uncertainty principle between charge and phase

manifests in high-impedance circuits, and the resulting consequences for their macroscopic
behavior.



1.3. This thesis: Engineering macroscopic quantum fluctuations

As introduced in Chapter 1, exploring these effects is particularly fascinating, as it bridges
fundamental physics with practical device engineering challenges, offering valuable insights
into how macroscopic quantum phenomena can be preserved and controlled in real, noisy
environments.

Part I: Superinductor resonators. A key challenge in studying single-charge effects is
realizing a high-impedance electromagnetic environment that suppresses charge fluctuations.
It is commonly believed that the geometric inductance of superconducting circuits cannot
exceed the vacuum impedance Z,,. = 377 ) whereas surpassing the resistance quantum
Rg = h/e* = 6.45 kQ would need to rely on kinetic inductance.

We challenge this assumption by exploring circuits with inductance coming only from their
design geometry.

Chapter 2 provides a brief overview of common superconducting resonators, including their
coupling mechanisms and resonance characteristics.

Chapter 3 is a concise literature review on superinductors, making a case for the purely
geometric approach.

Chapter 4 presents the modeling, simulation, fabrication, and characterization of these spiral
inductors. The successful demonstration of superconducting qubits built with these elements
(Ref. [PHS'21; HPK™*23]) validates this design strategy.

Part 1l: Phase-charge duality of Josephson-junction circuits. A challenge in under-
standing the quantum phase-slip (QPS) phenomenon and the Josephson junction's role as
a self-dual circuit element is determining whether the environmental impedance alone can
induce a quantum phase transition in a single junction. This question is central to advancing
knowledge of circuits with symmetric charge and phase dynamics, the superconductor—insulator
transition (SIT), and quantum current metrology.

We propose [Per21] to realize a high-impedance resistor—inductor circuit to investigate the
dual Josephson physics and explore whether geometric inductance can mitigate some of the
heating issues observed in previous studies besides providing an environment free of offset
charges and phase slips by using a single continuous piece of metal.

Chapter 5 provides a concise review of Josephson junctions and phase-slip elements.

Chapter 6 presents preliminary modeling of the proposed circuit, with the specific goal of
studying whether applying a voltage bias at different locations can enhance the amplitude
of the first dual Shapiro step. However, due to unresolved fabrication and setup issues, the
experimental data obtained so far remain limited and largely inconclusive.

Part Ill: Josephson chains across the superconductor-to-insulator transition. One-
dimensional Josephson chains offer a versatile platform to study many-body physics and simulate
theoretical models that are otherwise challenging to test experimentally. They implement
the physics of the two-dimensional XY model and are expected to exhibit a quantum phase
transition from a superconducting to an insulating state. In practice, however, effects such as
finite size, nonzero temperature, and probing at nonzero frequency lead to deviations from the
ideal theoretical behavior.
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We study the fate of plasmonic microwave modes in a 1D Josephson chain showing insulating
behavior at DC, aiming to understand how these modes evolve across the quantum phase
transition.

Chapter 7 provides a short review of the one-dimensional physics accessible through Josephson
junction chains, with particular emphasis on the Kerr effect and the dispersion relation that
govern their nonlinear and collective behavior.

Chapter 8 presents experimental DC and RF measurements for Josephson chains designed on
different sides of the phase transition. A definitive analysis of the observed phenomena cannot
be provided at this stage, as cross-talk between the two devices makes it difficult to attribute
specific modes unambiguously.

10
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CHAPTER

Fundamentals of superconducting
resonators

Superconducting resonators in circuit quantum electrodynamics (cQED) enable precise control
of electromagnetic fields at microwave frequencies. Unlike transmission lines, which support a
continuum of traveling modes, resonators confine energy in a discrete set of standing-wave
modes. This confinement allows for a strong and coherent exchange between the electric and
magnetic field components at a single frequency. Thus, a resonator offers the advantage of
confining the interaction to a single, or at most a few well-separated and well-defined modes,
whereas coupling to a waveguide inevitably involves a continuum of modes, each of which
interacts only weakly with external elements.

To evaluate and compare resonator designs, several figures of merit are typically introduced.
The resonance frequency determines the fundamental mode and sets the timescale of energy
oscillation. The quality factor quantifies the ratio of stored to dissipated energy per cycle,
determining the lifetime of stored energy and the spectral width of the resonance. The
characteristic impedance sets the voltage-to-current ratio and controls coupling to external
circuitry, while the phase velocity determines the propagation speed of waves and the spacing
of resonant modes. Finally, the coupling strength measures the rate of energy exchange
between the resonator and external elements, be they other resonators, waveguides, or general
quantum or classical circuit elements, thus determining the efficiency of coherent interactions.

Within cQED, resonators play diverse roles. They mediate interactions between qubits and
microwave photons, enabling high-fidelity, nondestructive qubit readout via dispersive coupling
[BHW'04]. They serve as quantum buses for generating entanglement [MCG*07], and
as quantum memories by storing quantum states in long-lived modes [RPAT16]. Beyond
computation, resonators are also used in microwave photonics, to control and route single
photons within circuit networks [GKM™17], in parametric amplifiers to boost weak signals
with minimal added noise [CBL07], and in quantum sensing and metrology to detect minute
shifts in resonance frequency caused by environmental changes [SHST07].

Resonator design is often classified by dimensionality. Structures whose physical dimensions
are much smaller than the wavelength of their fundamental frequency are referred to as
lumped-element resonators; from the perspective of the electromagnetic field, they behave
as if they were zero-dimensional. By contrast, structures with dimensions comparable to
or larger than the wavelength are categorized as distributed resonators, which are typically

13
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a. Series RLC Resonator b. Parallel RLC Resonator
—AANN\—Y Y ¥ — °
R L
(o — R L (@ —
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Figure 2.1: Lumped-element RLC resonators. a. Series configuration. b. Parallel
configuration.

one-dimensional or three-dimensional depending on their geometry and the way the fields are
confined.

This Chapter 2 covers essential aspects of the modeling, measurement theory and figures of
merit of lumped-element and distributed resonators, which form the basis for understanding the
geometric superinductors in Chapter 4 and the Josephson junction transmission line resonators
in Chapter 8.

2.1 Lumped-element resonators

Lumped element resonators composed of discrete resistive R, capacitive C', and inductive L
components have a resonance frequency determined solely by the circuit parameters, rather
than geometric length®. This conceptual separation enables miniaturization, precise control,
and design flexibility, making these resonators highly engineerable, tunable, and well-suited for
integration. By contrast, in a conventional distributed element resonator, the fundamental
frequency is directly linked to the physical length, and the impedance is also solely determined
by the geometry. This makes it more difficult to decouple these aspects from the resonator’s
physical size (further details in Section 2.3).

Zero-dimensional microwave resonators are typically modeled using two canonical circuit
configurations: series and parallel RLC' resonators, as illustrated in Fig. 2.1 and summarized
in Table 2.1 [Poz12].

2.1.1 The quantum LC harmonic oscillator

In the absence of dissipation, the most basic resonator consists of an inductor L and a capacitor
C' connected in a closed loop (Fig. 2.2.a). A current I through the inductor generates a
magnetic flux ® = LI, resulting in a voltage drop V = —LI. This voltage appears across the
capacitor, inducing a charge Q = C'V, with the current given by I = ().

The canonical momentum associated with ®? is (), and together they form the canonical
coordinates of the Hamiltonian ) )
Q d
e S (2.1)
2C 2L
Un reality, all circuit components exhibit parasitic effects. For example, small capacitances between
segments of an inductor slightly alter its behavior. Nevertheless, these deviations are typically minor, so the
lumped-element approximation remains a reliable and practical tool for design and analysis.
20ne node of the circuit is chosen as ground, and the node flux ® is defined at the remaining node.

14
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H Parameters \ Series RLC Parallel RLC H
Input Imped Zi— R+ jul— j— 7 <1+'0 '1>_1
pu pedance s Jw JUJC P R Jw ij
Wo 1 Wo 1
Resonant Frequenc = — = — = = —
aeney | =5 = VIO =5~ Vio
L 1 R
Internal Quality Factor | Q; = % = S RC Q: = oL = woRC

Table 2.1: Comparison of series and parallel lumped-element RLC resonators. Input
impedance, resonant frequency, and internal quality factor are listed for both models.

Hamilton's equations directly reveal the harmonic nature of the circuit:

. 0H Q . OH P
which lead to the standard harmonic oscillator equation
) Q
=—— 2.3
with resonance frequency
Wo 1
- _ - 2.4
fo 2r 27V LC (24)
The circuit’s characteristic impedance is
V L
Zo=—=1/—= 2.5

relating the voltage and current amplitudes®.

The classical Hamiltonian can be naturally extended to describe quantum behavior by pro-
moting* the coordinates to operators that obey the corresponding canonical commutation
relation

QQ ~2

Eq. 2.6 provides the complete Hamiltonian description of the superconducting LC' circuit,
which has the same form as the one-dimensional mechanical quantum harmonic oscillator
Hamiltonian, with the correspondence Z <> @, p +> (), and m + C.

Accordingly, the energy levels of the quantum LC circuit are equally spaced, given by
1
En:hwg<n+2>7 n=0,1,2,... (2.7)

where 7 is the eigenvalue associated with the photon number operator ## = a'd, and @ and &'
are the bosonic annihilation and creation operators, which respectively decrease or increase
the excitation number of a quantum harmonic oscillator eigenstate.

3An inductor produces a voltage proportional to the time derivative of the current, V = L I. Assuming a
sinusoidal current at the resonance frequency, I = Iy cos(wpt), the voltage amplitude is V' = wq LIy, which
defines the characteristic impedance of the LC resonator as Z¢ = V/Iy = woL = /L/C.

#For reviews on circuit quantization, see Refs. [VD17; BHW+O4].
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The charge and flux operators can also be written in terms of raising and lowering operators as

b =Dy (0 +a), Do = D (2.8)

Q= iQur (4" =), Qupr = 2e (2.9)

47TZC.

where Rg = h/(2€)* &~ 6.45 kQ is the superconducting quantum of resistance. The zero-point
fluctuations are defined as the root-mean-square (rms) values of the flux and charge operators
in the ground state |0) of the quantum LC' oscillator

Dt = \(01B710), Q= /(01Q”0). (2.10)

They represent the fundamental quantum uncertainties of the expectation value of the
conjugate variables ® and (), imposed by the Heisenberg uncertainty principle. Physically,
®,,¢ corresponds to the rms magnetic flux value threading the inductor in the quantum ground
state with no external excitations, while (),,s corresponds to the rms charge stored on the
capacitor. These fluctuations are an unavoidable and intrinsic feature of the quantum ground
state of the LC' circuit under consideration.

The dimensionless ratio
(I)zpf/q)() o ZC

Qupt/ (2€) RQ7
shows that the relative magnitude of flux and charge zero-point fluctuations is entirely
determined by the characteristic impedance of the resonator. Low-impedance resonators
(Zc < Rg) makes flux well defined at the expense of large charge uncertainty, whereas
high-impedance resonators (Z¢ > R() suppress charge uncertainty at the cost of greater flux
spreading. In this way, the circuit impedance determines along which conjugate variable the
ground-state wavefunction has its narrower support, and consequently which variable remains
delocalized.

(2.11)

Since the electromagnetic environment of a circuit typically has a low impedance of about
50 €2, modeling it as a noise source implies (Eq. 2.11) that the flux-noise amplitude is nearly
two orders of magnitude smaller than the corresponding charge-noise amplitude®. This means
that encoding quantum information in flux, rather than in charge, provides greater resilience
to environmental noise.

This connection between impedance, noise, and conjugate-variable fluctuations can also be
expressed in terms of the fundamental voltage and current fluctuations of the resonator. In
the quantum regime, the relation Zo = AV/AT remains valid, with the zero-point voltage
and current fluctuations given by

. Q, hZ
AV = Qopf = wp TC (2.12)
. B, h

SInterestingly, this trend is also observed for other types of noise that are not of electromagnetic origin,
such as 1/f noise. The 1/f flux-noise amplitude Ag is reported to lie within the range 1076 — 1075 @,
which is roughly two orders of magnitude lower than the 1/f charge-noise amplitude A, in 107% — 1073 ¢
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Figure 2.2: Quantum fluctuations in an LC oscillator. a. Schematic of an LC' circuit
indicating key variables: charge @, flux ®, voltage V', and current I. b. Flux representation
of two LC' oscillator states with identical resonance frequency but different characteristic
impedance. Solid lines depict the corresponding ground-state wavefunction support, while
dashed lines show the energy potential. Blue corresponds to low-impedance, and orange to
high-impedance oscillators. Higher impedance leads to larger quantum fluctuations of the flux,
resulting in broader wavefunction spreading.

For a fixed resonance frequency of wy = 27 x 5 GHz, a low-impedance circuit with Zo = 50 €2
has quantum voltage and current fluctuations of approximately AV ~ 1 1V and AT =~ 30 nA,
respectively. In contrast, a high-impedance circuit with Zo = 10 k2 exhibits larger voltage
fluctuations AV = 20 1V but smaller current fluctuations Al =~ 2 nA. Low-impedance
resonators enhance inductive coupling, leading to well-defined flux and strong interaction with
systems having small magnetic dipoles, whereas high-impedance resonators favor capacitive
coupling, resulting in well-defined charge and strong interaction with systems possessing small
electric dipoles [DGSO07].

Beyond their role in determining voltage and current noise amplitudes, the impedance-dependent
fluctuations also influence the shape of the quantum ground state. The ground-state wave-
function of the quantum harmonic oscillator is Gaussian in flux,

1 1/4 < <I>22 )

zpf

with its width set by the zero-point flux fluctuations. As the impedance increases, the
wavefunction broadens in flux space, reflecting enhanced flux fluctuations (Fig. 2.2.b).

2.2 Transmission line
Transmission lines allow electromagnetic signals to propagate over distances much greater than

their wavelengths, an important feature at high frequencies where lumped-element models fail
as device dimensions approach the signal wavelength. Common transmission line geometries,
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z+dx
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Figure 2.3: Distributed-element model of a transmission line segment. a. Lumped-
element modeling of a transmission line segment dz. b. A load Z;, is connected to the
transmission line. This allows interaction with the load over a long electrical distance or can
be seen as modifying the line's electrical properties via the input impedance Zj,.

such as coaxial cables and coplanar waveguides, provide efficient ways for routing microwave
signals to and from devices.

General Theory. A classical transmission line can be modeled as a continuous distribution
of infinitesimal circuit elements per unit length: series inductance L, series resistance R,
shunt capacitance C, and shunt conductance G, as illustrated in Fig. 2.3.a. The resistance R
accounts for ohmic losses in the conductors, while the conductance G represents dielectric
leakage through the insulating material.

Applying Kirchhoff's laws to an infinitesimal segment dx of the line yields the telegrapher's
equations [Poz12]:

avégz,t) = —RI(x,t) — Laf(;;, t), (2.15)
oV (x,t) ol (z,1)
T = —GV(Z‘,t) - CT (2'16)

Considering a sinusoidal traveling wave with angular frequency w, Egs. 2.15, 2.16 become:

W) _ (Rt jun)i@) (217)
ag(;) = —(G + jwC)V (). (2.18)

Differentiating these equations and substituting one into the other leads to wave equations for
the voltage and current:

o*V
o vV (), (2.19)
021
o =), (2:20)

where the complex propagation constant v is defined as

v = /(R + jwL)(G + jwC) = a + jB. (2.21)

The real part « is the attenuation constant, which quantifies the exponential decrease in the
amplitude of the wave as it propagates due to losses in the conductors (R) and the dielectric
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(G). The imaginary part /3 is the phase constant, which specifies the rate of phase change
along the line and therefore determines the wavelength and phase velocity of the wave.

The general solution for a traveling wave on the line is a superposition of forward- and
backward-propagating waves:

V(z)=Vie ™ +V_e” (2.22)
Vv, V.
[(z) =t — =@ 2.2
(@) = e e .2

where V., and V_ are the amplitudes of the forward and reflected voltage waves, respectively.
The characteristic impedance Z¢, defined by

R+ jwL
Zo = | —"— 2.24
VG e (2.24)
gives the ratio of voltage to current for traveling waves on the line.

Lossless case. Of particular importance is the lossless case, i.e. R =G = a = 0. This
is useful for modeling ideal systems or when losses are negligible compared to the reactive
components of the line, as is the case for superconducting circuits at microwave frequency.
It leads to a characteristic impedance formula indicating a purely reactive (non-dissipative)
propagation. In a lossless transmission line, the input impedance depends on both the load
impedance Z; (Fig.2.3.b) and the physical length of the line ¢, as well as on the frequency
through 3 = wv/ LC' at which is probed. The phase velocity v, = 1/@ indicates the speed
at which a single-frequency signal component propagates along the line, which is constant in
the ideal lossless case. A summary is reported in Table 2.2.

| Parameter \ General Case Lossless Case ||
jwL L
Characteristic impedance, Z¢ Um ol
Propagation constant, ~y a+jp = \/(R + jwL)(G + jw(C) jB = jwVv.LC
w 1
Phase velocity, v — —
ot B VLC
27 27 )
Wavelength, A — =2
g B wvV LC /
. ZL + ZC tanh(vf) ZL + ZC tan(ﬁf)
Input d Tin(x =1 4
nput impedance, Zin(w = ) “Zc+ 7y tanh (/) “Zo+ 7y tan(/5¢)

Table 2.2: Transmission line parameters: general and lossless case. The lossless case
assumes R = 0 and G = 0, simplifying the expressions for the characteristic parameters.

At specific fractions of the wavelength A, the input impedance Z;, simplifies in useful and
intuitive ways (Table 2.3).

When the transmission line is a quarter wavelength long ¢ = \/4, it inverts the load impedance:
Lin = Z%/ZL. This means that a short circuit load Z;, = 0 appears as an open circuit
Zin — o0, while an open circuit load Z; — oo appears as a short circuit Z;, = 0.
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For a half-wavelength line £ = \/2, the input impedance equals the load impedance Z;, = 7.
At this length, the transmission line is effectively transparent in terms of impedance: it does
not transform the load.

When the load matches the characteristic impedance of the line, i.e. Z; = Zg, the input
impedance is Z;, = Z¢ and in this case there are no reflections, the wave is completely
absorbed by the load, and power transfer is maximized.

| Load \ any £ L=X/4 £=)/2]
Generic Z, c gz j_ 2? :Ziggg g% Zy
Matched Z;, = Z Zco Zco Zc
Short Z;, =0 j tan(B0) — 00 0
Open Z; — —j cot(BL) 0 — 00

Table 2.3: Input impedance for specific load and length conditions. Input impedance
Zi, of a lossless transmission line at specific length ¢ and termination condition Z;.

2.3 Lossless transmission line resonators

A finite segment of a transmission line, when terminated with suitable boundary conditions, can
behave as a one-dimensional resonator. Assuming a lossless transmission line with negligible
attenuation (o < 1)°, and considering frequencies close to resonance (Jw — wy| < wp)
[CPP722], three common types of transmission line resonators can be identified.

These transmission line resonators exhibit behavior analogous to lumped-element circuits. In
particular, the short-circuited A/4 and open-circuited \/2 resonators are mapped to a parallel
RLC circuit, while the short-circuited \/2 resonator behaves like a series RLC' circuit (see
Table 2.4).

In all cases, the internal quality factor @); is given by the same expression:

B 27
Q; = o where [ = 3 (2.25)

When the transmission line is open (or shorted) at both ends, the current (or voltage) must
vanish at those boundaries. This implies a standing wave condition where the phase 5¢ = m,
with m being an integer. In this configuration, the resonator supports modes that span
half-wavelengths, resulting in resonant frequencies given by

Wr2m 1 mm

= —"TVIC, m=1,23,... 2.26
or  2m { P TS (2.26)

6] prefer to explicitly keep the o term here to clearly indicate where the correction is introduced, and also
because omitting it would imply an infinite internal quality factor Q.

f)\/2,m -
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2.3. Lossless transmission line resonators
| Parameter | /4 short /2 open /2 short |
Zo Zo .7T<W - WO)
Zin , , Zo|lal + j——=
al + jr(w —wo)/(2wo)  al + jm(w — wp)wo  C < J Wo
Wo 1 =x 1 x 1 =«
= — - —VLC — - —VLC — - —VLC
Jo=5n or 20 o { o {
s p
@i 20 2a 20
ZC ZC
— — Zoalk
h 1674 ol o
1 1 7TZC
L e o o
wiC wigC 2wy
‘ : : 5
dwo Lo o e wg L

Table 2.4: Lumped element modeling of transmission line resonators. Formulas for
modeling three common types of transmission line resonators as equivalent lumped element
circuits: the quarter-wavelength short-circuited and the half-wavelength open-circuited as
a parallel RLC' circuit, and the half-wavelength short-circuited as a series RLC' circuit.
Ref. [CPP*22].

where £ is the length of the transmission line and L, C' are the inductance and capacitance
per unit length, respectively. These modes correspond to symmetric standing wave patterns
with either voltage nodes (or anti-nodes) at the boundaries.

On the contrary, when one end of the transmission line is shorted and the other is open, the
configuration supports standing waves with a quarter-wavelength mode structure. In this case,
the resonant frequencies are:

Wx/4.m 1 2m+ 1)n
f>\/4,m: M4, :7( ) vV L )

—1.2.3.....
or 21 20 m=12,3,

(2.27)

These modes produce patterns with a node at one end and an anti-node at the other. This
type of resonance is particularly advantageous in practice, as it occupies only half the physical
length of a \/2 resonator. Moreover, the shorted end serves as a voltage node (and a current
antinode), while the open end acts as a voltage antinode (and a current node). As a result,
the resonator can couple capacitively at the open end and inductively at the shorted end,
making it versatile for integration into superconducting circuits and other microwave systems.

Coplanar waveguide resonator. A coplanar waveguide (CPW) [GFB"08] consists of
a narrow superconducting center conductor of width w, separated from two semi-infinite
superconducting ground planes by gaps of width s. This geometry supports transverse
electromagnetic (TEM) wave propagation, functioning similarly to a planar coaxial cable.

Typically, the CPW is fabricated on a dielectric substrate. The effective dielectric constant e.g
experienced by the propagating mode lies between the substrate dielectric constant 4., and
that of air (or vacuum), e,;; = 1, and depends on the CPW geometry, particularly w, s, and
the substrate thickness. Although analytical formulas for e exist [GLK95], their accuracy
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strongly depends on the ratio of substrate layer thicknesses to the CPW cross-section [CC97],
and they often fail to provide reliable predictions [GFB*08].

Using conformal mapping techniques, the per-unit-length inductance L and capacitance C of
the CPW are given by [GFBT08]
K (ko)

Ko K(%)
== C = depeei——~, 2.28
4 K(ko)’ “0¢ ffK(k()) ( )

where K (k) denotes the elliptic integral of the first kind. The arguments are defined as
w
ko= ———, ky=+/1—kg. 2.2
0 W+ 287 0 0 ( 9)

The characteristic impedance Z- can be expressed as

4 L _ 30 K(k)
¢ C et K(ko)

A coplanar waveguide can form a resonator by interrupting its center conductor. Open at both
ends, it acts as a half-wavelength resonator; grounding one end creates a quarter-wavelength
resonator.

(2.30)

2.4 Properties of resonance curves

The frequency response of an ideal resonator can be modeled as a damped harmonic oscillator,
characterized by two fundamental quantities: the resonance frequency fo = wo/(27) and the
quality factor (). Physically, the resonance frequency determines where the system naturally
oscillates, while the quality factor quantifies how sharply the resonator stores energy relative
to its losses.

2.4.1 Lorentzian response

The resonator’s response to an external drive at angular frequency w is described by its complex

susceptibility x(w):
1

(w—wp) +iK/2’

where £ is the total energy decay rate of the resonator in angular frequency units. The power

response is proportional to the magnitude squared of the susceptibility,
1

w—wp)?+ (k/2)%

which forms a Lorentzian line shape centered at wy with full width at half maximum (FWHM)

k. The photon lifetime inside the resonator is

X(w) o (2.31)

X (w)[? o ( (2.32)

1
= -, 2.33
= (2.33)
and the quality factor is defined as
Q= 2r x energy stored _ wolr _ @7 (2.34)
energy lost per cycle P K

where F is the energy stored in the resonator and P is the power loss. Thus, higher @)
corresponds to a narrower linewidth and longer photon lifetime.
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2.4.2 Losses and coupling
The total decay rate x can be decomposed into internal and external contributions:
K=K+ Ke (Or K=K;+ Kel + Keo for two-port systems), (2.35)

with corresponding quality factors
1 1 1

@ == @—f‘@. (236)

Internal losses. The internal quality factor (); captures intrinsic dissipation mechanisms:
1 . 1 N 1 . 1
Qi Qres Qdiel Qrad Qother ‘

The following terms describe the dominant factors contributing to internal losses.

(2.37)

Resistive losses (Q.es) [Sch07; dG14]. While superconductors are commonly associated
with zero electrical resistance at DC, at higher frequencies they still exhibit an impedance
that is not entirely reactive. This can be seen from the two-fluid model that treats the
superconductor as a parallel combination of a lossless inductive channel (Cooper pairs) and a
resistive channel (thermally excited or out of equilibrium quasiparticles). The surface resistance,

proportional to the number of quasiparticles n,,, decreases exponentially with temperature,
Ry(T) o< ngp(T) oc e=2/ksT

Dielectric losses (Qaic1 ). Dielectric substrates are characterized by a complex electric permittivity
e = & +ig”, where the imaginary part ¢” describes energy dissipation. This dissipation is
commonly expressed via the loss tangent

/

€
tand = — (2.38)
which is directly related to the dielectric quality factor of the resonator:
1
iel = . 2.39
Qe tan d ( )

At low temperatures and low drive powers (single-photon regime), the dominant source of
dielectric loss in superconducting resonators comes from parasitic two-level systems (TLSs)
[Mur21; ZRP*23; CMD™23], typically located at interfaces between the dielectric and the
superconducting film. These TLSs can saturate either by raising the temperature or by
increasing the energy stored in the resonator. Saturation reduces their ability to absorb energy,
leading to a lower loss rate. Minimizing the electric field at metal—dielectric interfaces helps
reduce TLS-related dissipation.

Radiative losses (()..q). Radiative loss occurs when energy escapes from the resonator into free
space or coupled to higher-order modes in the surrounding environment instead of remaining
confined within its structure. In coplanar waveguide resonators, this loss is generally very small
due to the geometry: currents in the center conductor are largely canceled by opposing currents
in the ground planes, resulting in a very low effective dipole moment. Consequently, typical
CPW resonators exhibit extremely high radiation-limited quality factors [Maz05]. However,
increasing the distance between the center conductor and the ground planes weakens this
screening, allowing more energy to radiate away. These losses are usually minimized by careful
packaging and design.

Other losses (Qotner). Additional contributions can arise from magnetic vortex motion, seam
losses, imperfect grounding, and other secondary mechanisms.
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a. Reflection-Type c. Transmission-Type
Single-Port Resonator Two-Port Resonator
R Ri
ain(w) Ke JS’ (J/in,l(w) Ke1 JS’ K2 am,g(w)
: <—>( a(w) ) : <—>( a(w) )<—> :
Aout (W) Gout,1 (UJ) Aout,2 (W)
b. Equivalent geometry to a. d. Hanger-Type
used in Ch. 4 Single-Port Resonator
Qin(w) Qin,1 (W) Ain 2 (W)
a:u_t(w) Aout,1 (W) Qout,2 (W)

J e $ e
() ()
\ZLM \%ﬁi

Figure 2.4: Schematic of resonator coupling configurations. a. and b. Reflection-type
(single-port) resonators; c. Transmission-type (two-port), and d. Hanger-type (single-port)
resonators.

External coupling. External losses correspond to energy leakage into measurement lines,
quantified by k. and Q. = wy/k.. The ratio of external to internal decay rates

Ke _ Qi
K Qe

(2.40)
defines the coupling regime:

e Overcoupled (r > 1). Fast readout, high bandwidth, shorter photon lifetime.

e Critically coupled (r = 1). Maximizes power transfer; all incident power is dissipated
internally at resonance.

e Undercoupled (r < 1). Minimizes coupling loss, preserves stored energy; ideal for
quantum memory.

2.4.3 Scattering parameters

The transmitted or reflected power in a circuit network can be determined by analyzing the
voltage amplitude and phase at the relevant ports, which are related through the scattering
matrix that characterizes the interaction between incident and reflected voltage waves in a
multiport network. Defining V" as the incident (forward) wave and V' as the outgoing
(reflected /transmitted) wave, one writes

Vo =8 v, (2.41)

The individual elements are defined as

out

S = {;in with all other Vi =0 (k # 7). (2.42)

J
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In many experiments, such as measurements of superconducting resonators, this reduces to
the case of a two-port network.

In the quantum input—output formalism [GC85], the same description applies but with an-
nihilation operators replacing classical voltage waves. The incoming and outgoing fields are
denoted by a;, and ay; respectively (see Fig. 2.5), and satisfy

Qout = S Qip - (243)
The scattering coefficients are then given by

Sij = Ziout, (2.44)

Qjin

To understand the ideal response, three configurations are of interest. The following paragraphs
are based on Gary Steele's Python notebook titled "Technical note about origins of Fano

lineshapes and difficulty of extracting internal quality factors"’.

Reflection-Type (Single-Port) Resonator. This corresponds to the case where a signal
is applied to a single port, and the reflected response at the same port (.S1;) is measured.
The resonator acts as a mirror whose reflection coefficient depends on frequency [CPF*22]
(Fig. 2.4.a and .b)
/ie

Su(w) =1- i(w—wp) + K/2
Near resonance, the reflection dips due to energy coupling into the resonator. The magnitude
|S11] alone is not sufficient to distinguish undercoupling from overcoupling; the phase response
(or polar representation) has also to be considered. In the complex plane, as the drive
frequency is swept through resonance, Si; traces out a circle beginning at (1,0) and moving
counterclockwise. If the circle does not enclose the origin, the resonator is undercoupled; if it
does, the system is overcoupled. At critical coupling, the trajectory just touches the origin,
and the phase becomes ill-defined. Looking at the real part (S;;) also provides an indication
of the coupling regime: undercoupling corresponds to $(S11) > 0 everywhere; at critical
coupling R(S11) reaches zero at resonance; and in the overcoupled regime it becomes negative
at resonance. On resonance, the reflection coefficient is purely real, Si;(wp) = 1 — 2k, /k and
so k; = k- (1 + S11(wp))/2. The total linewidth ~ can be obtained independently from the
full width at half maximum (FWHM) of either (S1;) or |S11]. In the reflection case, both
fo, ki and k. can be fitted, making the reflection measurement much more insightful than a
transmission one.

(2.45)

Transmission-Type (Two-Port) Resonator. This case corresponds to a resonator placed

between input and output ports. On resonance, the signal is mainly transmitted through the
cavity [CPF"22]® (Fig. 2.4.c)

1 Rel vV Re1Re2

W) — Sii(w) Sie(w)| i(w—wp) + K/2 i(w — wo) + K/2

"https://gitlab.tudelft.nl/steelelab/technical-note-fano/-/tree/7ccee74
ba3c4508587£59068b454c4e019d5e777/
8Referred as "Necklace-type \/2 resonator".

25



2.

FUNDAMENTALS OF SUPERCONDUCTING RESONATORS

where kK = K; + Ke1 + Kea. This matrix captures both reflection at each port (diagonal terms)
and transmission through the resonator (off-diagonal terms). Transmission shows a Lorentzian
peak near resonance of magnitude set by the coupling efficiency x./k. On resonance, the total
distance between the peak maximum and the O dB level is referred to as the insertion loss
Lg. An ideal, uncoupled resonator cannot receive any signal, meaning Ly = —oo dB, while a
resonator with infinitely strong coupling behaves like a transmission line, exhibiting no loss, i.e.
Lo = 0 dB. In the general case [GFBT08]

Ly = —201og,, <7~-T-1) dB, (2.47)

with r the external to internal decay rates ratio in Eq. 2.40.

This configuration is commonly implemented with deliberately asymmetric couplings, i.e. a
weakly coupled input port and a strongly coupled output port, so that most intracavity power
is directed to the amplifier. Nevertheless, the symmetry of the scattering matrix ensures that
Sa1 = S12 even when k.1 # Kez. The only fittable parameters in this formula are wy and k.
Since the numerator is constant, it will be entirely masked by the amplification coefficient.

Hanger-Type (Single-Port) Resonator. This is effectively a side-coupled transmission
resonator’: instead of reflecting everything back to the source, the resonator "hangs" off the

feedline like a shunt element. In this case, the through transmission shows a notch (dip) at
resonance [CPF22]*(Fig. 2.4.d)

Ke/2 Ke/2
W) — Su(w) Sw(w)| _ (W — wo) 4 K/2 i(w — wp) + K/2
S(w) [521(@ SQQ(W)] L Ke/2 R 2 - (248)

i(w—wy) + K/2 i(w—wo) + K/2

Here, k = K; + k., with a single external coupling rate to the bus waveguide. In this
configuration the magnitude |Ss;| shows a dip similar to the reflection case, but with an
important difference: the polar plot of S5; never encloses the origin. The transmission only
vanishes in the limit of infinitely strong coupling. On resonance, Sy (wp) = 1 — k./k so that
Ki = S91(wo) - k. Also in this case, as for the reflection configuration, wy, x; and k. can be
fitted.

2.4.4 Photon number

The average photon number (n) stored in a resonator mode is proportional to the energy
stored divided by the photon energy hw.

For a single-port resonator with input power P, (in W) at frequency w/2m, the average
intracavity photon number is given by

Py, 4k, ,
hw (ke + Ki)? + 4(w — wp)?’

(n(w)) = (2.49)

for a double-port resonator driven on one port and with symmetric s,

9This is a single port resonator, but probed in a two port configuration.
10Referred as "Hanger-type \/4 resonators"; the above relations also hold for a hanger-type \/2 resonator.
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Figure 2.5: S-parameter responses of microwave resonators. Responses are shown for
different resonator configurations and coupling regimes. Columns correspond to: Reflection
resonator (.S11), Transmission resonator (.Ss1), and Hanger resonator (S21). Reflection signals
for the resonators in Transmission and Hanger configurations are simply 1 — Sy;. Rows show
Amplitude, Phase, Real and Imaginary part plots. Three coupling regimes are illustrated:
undercoupled (k./k = 0.2, blue), critically coupled (k./xk = 0.5, orange), and overcoupled
(ke/k = 0.9, gray), with normalized frequency det2u7ning (w — wp)/k on the horizontal axis.
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P Ke

(n(w)) hw  (Ke+ £:/2)? + (w — wp)?’ (2:50)
and for a single-port resonator in hanger configuration
P Ke

= . . 2.51

2.4.5 Impact of measurement setup on ideal lineshapes

Even when working with the symmetric resonance responses described above, experimental
realities in cryogenic setups complicate the interpretation of measured data. Three common
sources of deviation from the ideal case are discussed below.

Running phase. The resonator is never connected directly to the vector network analyzer
(VNA), but instead through long coaxial cables. These cables introduce a frequency-dependent
phase shift of the form ¢ = wt, where ¢ is the signal propagation delay. For a dispersionless
cable, this delay can be approximated by t = ¢/v,, with ¢ the physical cable length and v, the
group velocity of the electromagnetic mode in the cable. In the simplest case, the additional
phase therefore increases linearly with frequency.

Unitary transmission. A more challenging issue arises from the often poorly known gain
and loss in the microwave chain between the VNA and the device. Signal attenuation occurs
at multiple stages: all coaxial cables introduce a few dB of loss, cryogenic cables can add
temperature-dependent attenuation, and large amounts of intentional attenuation are placed
on the input line to suppress room-temperature noise. On the return path, the signal passes
through further elements such as cryogenic circulators, isolators, and one or more high-gain
low-noise amplifiers. The microwave wiring is also interrupted repeatedly for thermalization,
each break introducing connectors or fixed attenuators.

Because impedance matching is never perfect, these components produce weak standing waves
along the line, causing frequency-dependent ripples in the measured transmission, around
1 —4 dB. As a result, the measured transmission baseline can fluctuate significantly, making
it impossible to assign a precise value of "unity transmission".

In practice, the reference level is determined experimentally: for reflection and side-coupled
configurations, the S-parameter measured far from resonance defines the normalization point.
This method assumes that zero transmission is unaffected by the measurement chain, which is
generally true if the setup introduces only loss and phase.

Crosstalk. In addition to overall gain and phase distortions, microwave setups often exhibit
crosstalk between the input and output, which can mimic or distort the resonator response.
In this case, part of the drive signal bypasses the resonator entirely and recombines with the
cavity output, producing interference effects analogous to the classic Fano resonance [Fan61].

There are several physical origins for such unwanted signal leakage [RGS723]:

e Reflections within the shared cable segment of a reflection measurement, i.e. between
the device and the first circulator or directional coupler.
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e Finite isolation of circulators, or limited directivity of directional couplers.

e Parallel electromagnetic pathways between input and output ports in side-coupled or
end-coupled devices, e.g. slotline modes on-chip, box modes of the sample enclosure.

The general effect is that a small fraction of the input signal, of amplitude ¢ relative to the
cavity path, is added to the cavity output with an additional phase shift ¢. If the device
response is S(w), then the measured signal takes the form [RGS23]

Simeas(w) = A (b + (1 = b)S(w)) , (2.52)

where A is a normalization constant chosen such that |Syeas| = 1 far from resonance.

This coherent interference between the direct path and the resonator output is the origin of
the asymmetric, Fano-like lineshapes often observed in practice. It also explains why simple
normalizations are insufficient when crosstalk is significant: both the apparent unity level and
the zero reference can be altered by parasitic paths.

Python libraryes to fit complex resonator scattering data are available, for instance, at
Refs. [Prol5; Reg23].
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CHAPTER

Superinductance

3.1 Introduction

The fine-structure constant is defined as o = €?/(4mephcy) = Zvae/(8Rg) &~ 1/137, with
Zvac the impedance of free space, and R the superconducting resistance quantum and it is a
dimensionless measure of the strength of the electromagnetic interaction. It quantifies how
strongly charged particles couple to the electromagnetic field'. Because « is small, electro-
magnetic interactions are comparatively weak, which in superconducting circuits translates
to a limit on the response of charge carriers to electric fields. Specifically, the small value of
« restricts how rapidly current can change in response to voltage, setting a bound on the
maximum geometric inductance L . Since the characteristic impedance of a circuit is given by

Zc =4/L/C, a bound on L, implies that the Z¢ coming purely from the circuit geometry is
limited as well, and in practice Z¢ < Z,.. (see Section 4.1 for a discussion of the subtleties
and limitations of this statement).

Consequently, quantum circuits are typically found in a regime where the characteristic
impedance is too small to suppress charge fluctuations. This means that charge is highly
delocalized, while the conjugate variable, the superconducting phase, remains relatively well
defined. Thus, the smallness of o underpins why superconducting circuits naturally tend to
exhibit large charge fluctuations rather than phase fluctuations.

This imbalance poses a central challenge in quantum electronics: creating circuit environments
that suppress charge fluctuations to stabilize quantum states, which requires specially engineered
high-impedance elements. In practice, this means achieving a characteristic impedance much
higher than the superconducting resistance quantum Rg,.

Early attempts to create high-impedance environments used on-chip resistors [KH91; LBZN03]
and Josephson junction arrays operated in dissipative regimes [CGHHO06b; CGHHO06a], intro-
ducing dissipation and not effectively screening offset charges. The idea of a superinductance?,
i.e. a purely reactive component with high characteristic impedance, was practically real-
ized only with the development of the fluxonium qubit in the group of M. Devoret in Yale

[MKGDO09; Man12; MPK"12], using a chain of Josephson junctions.

1The original physical interpretation of « is that it represents the ratio of the speed of an electron in the
first Bohr orbit of a hydrogen atom to the speed of light in vacuum: "Das Verhaltnis v1 /c nennen wir a" (the
ratio v1 /c we call ) [Som21].

2The term was originally introduced in an unpublished work by A. Kitaev [Man12].
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Definition. A superinductor is a passive, two-terminal electrical component that combines
zero DC resistance with a characteristic impedance, at the frequency of interest, much larger
than the resistance quantum:

R=0, |Z0’ > Rg. (31)

The impedance is purely reactive and given by Zo = iX = i\/Liot/Cstray, Where X is the
system'’s reactance. The resistance quantum is defined as (see Section 2.1.1)

D, h

Rop = — = —— ~6.45 k. 3.2

©7 2% (2e)? (32)

In the context of quantum circuits, R¢ represents the natural resistance scale, determined

by the ratio of the flux quantum ®, to the Cooper pair charge 2e. Notably, this quantum

resistance is much larger than the vacuum impedance Z,.. = \/uo/co = 377 ), which is
defined by the ratio of the vacuum's magnetic permeability to its electric permittivity.

For practical applications, a superinductor must have a self-resonance frequency in the GHz
range® to ensure the system stays in its ground state at millikelvin temperatures, which are
typical operating conditions for quantum devices. It should have low loss and behave as a
near-ideal, lumped, linear inductor throughout its operational bandwidth, even under strong
driving to guarantee stable and predictable circuit performance. Additional desirable features
include ease of fabrication and reliable operation under diverse conditions, such as strong
magnetic fields applied in hybrid systems to control two-level systems.

Applications. The two main characteristics of a superinductor for practical applications are
its ability to suppress charge fluctuations and to produce large voltage fluctuations. At first
glance, these two requirements might seem contradictory, since suppressing charge fluctuations
usually implies stabilizing the voltage, whereas producing large voltage fluctuations suggests
the opposite. The key to resolving this apparent contradiction lies in the capacitance: in
most relevant implementations, the capacitance associated with the superinductor is extremely
small. Because the capacitance is so small, the relation V' = @Q/C implies that even tiny
charge fluctuations @) result in significant voltage fluctuations. Thus, while the inductive
response of the superinductor suppresses the magnitude of charge fluctuations, the small
capacitance converts those residual fluctuations into appreciable voltage variations. This is
not a contradiction, but rather a direct consequence of operating in the regime of very low
capacitance.

Hardware-protected qubits. To achieve high coherence in superconducting qubits, a successful
strategy relies on sacrificing qubit anharmonicity by shunting the junction with a large
capacitance, as in the transmon [KYGT07] and C-shunt flux qubit [YGK™16]. In these
systems, dynamics are dominated by multi-Cooper-pair tunneling (Q),s is large), resulting in
weak anharmonicity and suppressed sensitivity to charge noise. In contrast, the fluxonium
qubit preserves strong anharmonicity by leveraging single-Cooper-pair charging effects, made
possible through a different design strategy: shunting the junction with a large inductance
rather than a large capacitance [KMDGO09].

Because flux-based qubits couple to the environment through the phase operator, high
coherence requires their quantum states to be delocalized in phase space, minimizing their

3This constraint provides insight into the typical inductance and capacitance values involved. Since the
capacitance of a millimeter-long wire is on the order of picofarads, the required inductance falls within a few
microhenries.
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overlap with localized environmental noise. A large inductor allows this delocalization by
raising the impedance of the circuit, reducing sensitivity to both phase noise and environmental
coupling. At the same time, the inductive shunt suppresses charge sensitivity, providing a
dual-protection mechanism for qubit coherence without compromising anharmonicity.

Hardware-protected qubits, such as fluxonium [GMDP*21], the O—m qubit [GDPK*21], bi-
fluxon [KHZ*20; MLC24; ALK'24], cos(2¢) [SKXT20], and cos(u¢) elements [SVMT22],
quasicharge qubits [PMN*20; PHS*21], and inductively shunted transmons [HPK*23], as
well as emerging error-correction protocols [KBDG24; SSL*25], exploit symmetry and high

impedance for intrinsic error suppression. These circuit implementations enable access to the
dual Josephson physics regime [MH05; AIK™12; PCvHK25].

Dual Josephson physics. The behavior of Josephson junctions depends strongly on the
surrounding electromagnetic circuit. In a low-impedance environment, fluctuations of the
superconducting phase difference are small, and the system behaves in a mostly semi-classical
way. When the impedance is high, these phase fluctuations grow, and the system starts to
deviate from the semi-classical picture, opening the way to observing quantum effects that are
dual to the standard Josephson effects [MNO06].

In this situation, the low-energy spectrum of a Josephson junction can be modeled as a nonlinear
capacitance that is periodic in charge; such a system is referred to as a quantum phase-slip
element. Observing this behavior requires suppression of charge fluctuations, which is achieved
by incorporating a superinductor in the circuit connected to the Josephsn junction. The large
inductive reactance enables flux tunneling events that give rise to phase slips. At low enough
bias frequencies, such as in DC measurements, quantum phase slips suppress charge transport,
leading to insulating behavior in superconducting circuits [Sch83; Bul84; HKDC91; PPH"99]
while at higher frequencies they can induce phase locking of Bloch oscillations to an external
AC drive [AZL85; KHI1]. Measuring the DC current—voltage characteristic in presence of an
external frequency drive reveals quantized current values at integer multiples of the driving
frequency, known as dual Shapiro steps [KH91; SKD*22; CCG*23; KKG'24; SKD"24]. This
establishes a direct, quantized relationship between current and frequency, contributing to the
closure of the metrology triangle [GS19]: in principle, all three electrical quantities, voltage,
current, and frequency, can be defined through quantum effects, enabling consistency tests of
their interrelations [SAK™24].

Coupling to hybrid systems [XAYN13; BGMP20; CLB"20]. Incorporating a superinductor into
a resonator allows the design of compact, high-impedance microwave modes that exhibit large
vacuum voltage fluctuations per photon V¢ o< /Z¢ (Eq. 2.12). These fluctuations enhance
the coupling strength to systems with intrinsically small electric dipole moments or weak field
overlap, such as polar molecules® [RDD"06; ADD"06], quantum dots [VDCK15; SBS*16;
SSK*17; MBP*18; JRBE"25], electron on superfluid helium [SFD"10; KYS19; KGB*25], and
mechanical degrees of freedom [AAWP*18; AWB™20]. Building on the general principle that
high-impedance resonators enhance vacuum voltage fluctuations and thus coupling to hybrid
systems, the focus now shifts to more specific applications. In particular, increased impedance
can be exploited to enhance the direct coupling strength g in parametric interactions, the
dispersive interaction x in the off-resonant regime, and the cooperativity C governing quantum
transduction efficiency.

“*In Ref. [DM04] the energy splitting between the two quantum states in an RF-SQUID qubit is described
as bearing a close resemblance to the dynamics of the ammonia molecule, where a similar tunnel splitting
effect occurs.
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Parametric interactions, used to create time-dependent and tunable couplings, can benefit from
increased impedance. In these schemes, a circuit parameter such as inductance or capacitance
is modulated by a secondary system or external drive. For example, in a capacitor C' with
a mechanically movable electrode, mechanical displacement can shift a cavity’s frequency
wo(x), creating a coupling of the form go(a + a')(b + BT), where go = (Owy/0)x,p¢ is the
frequency shift resulting from a displacement associated with half a photon [FKP"16]. Here,
Owg/0x x wy/C', which is maximized. fixed the frequency, by increasing the inductance, and
consequently the characteristic impedance. Higher impedance allows even minute physical
displacements (or flux modulations [XHF19]) to induce significant interactions.

When the detuning between a system and an electromagnetic field greatly exceeds their
coupling strength, the interaction is described by the dispersive regime: two quantum systems
interact without exchanging real excitations, instead influencing each other through virtual

processes. This interaction is captured by the term Xd*dlA)TlA), where x represents the dispersive
coupling strength. The magnitude of x scales as x o ¢*/A [BGGW21], with g the coupling
rate and A the detuning between system frequencies. Since g o< \/Zc°, high impedance
directly enhances x. This is critical for enabling quantum non-demolition measurements
and frequency-based readout mechanisms in hybrid systems, particularly where bringing the
subsystems into resonance is not possible due to coherence constraints or thermal population
issues.

Also in the context of quantum transduction, i.e. the coherent transfer of quantum states
between different frequency domains, an important requirement is to achieve strong coupling
between subsystems that often have mismatched characteristics. The efficiency of transduction
is governed by the cooperativity C = ¢g?/(k7), where x and v are the decay rates of the
resonator and the hybrid element, respectively. In many cases, C < 1 due to inherently weak
g. High-impedance resonators can increase g, thus enhancing C and improving transduction
efficiency [SHR™22]. Additionally, maintaining resonator linearity is important when applying
strong pump fields, as it allows a large number of photons to drive the system without shifting
the resonance or introducing nonlinear effects.

Ultra-strong coupling physics. The interaction strength between a qubit and a resonator is a
critical parameter that determines the speed of gate operations and the fidelity of readout.
In the ultrastrong coupling regime (typically g/wy 2 0.1 [BGS*17a; BGS*17b; FDLR'19;
FKMDL™19; Red22]), standard Jaynes-Cummings approximations no longer hold, enabling
processes that violate excitation number conservation. As a result, the ground state of the
system can contain virtual excitations. This opens the possibility to study rapid and robust
quantum information processing, enhanced nonlinear optical effects, and various new quantum
phenomena hardly achievable with other platforms [JXGRR16; FKMDL"19; TCCGdPM™*25].

3.2 Implementation

To achieve a high characteristic impedance, a circuit must combine large inductance with
minimal parasitic capacitance. Superinductors, to meet these requirements, can be realized
through various approaches, each enhancing inductance beyond that of a standard electrical
circuit. Examples include arrays of Josephson junctions connected in series, superconducting

5The interaction is of the dipole type, where V,,,+ represents the electric field amplitude associated with
a single photon. The coupling strength g is proportional to V¢, which in turn scales with the resonator
impedance as Vs < /Z¢ (see Eq. 2.12).
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materials with high kinetic inductance, and miniaturized aluminum spirals suspended on
a silicon membrane. Complementary techniques for reducing parasitic capacitance further
improve performance, enabling the full realization of high-impedance behavior.

3.2.1 Ways to increase the inductance

Most traditional inductors rely on magnetic self-inductance (geometric inductance, L,), which
originates from Faraday's law and is related to the magnetic energy generated by the current
flow. For a straight conductor, L, scales linearly with length ¢ and only logarithmically with

wire radius r [Ros08]°:
20
L, = ;‘7‘;5 [m <T> - 0.75] , (3.3)

with typical values being on the order of ~ 1 pH/um [Ann10].

An alternative is to use kinetic inductance L, which arises from the kinetic energy of charge
carriers. In nanoscale wires, L scales with length ¢ and inversely with cross-section area A,
besides depending on the material properties.

In a normal metal, electrons do not respond instantaneously to an applied electric field.
When the field oscillates at a frequency f, the electrons need time to accelerate and change
direction. If the frequency becomes high enough, specifically when f > 1/7, where 7 is the
momentum relaxation time (how long an electron typically moves before scattering), this lag
becomes significant. In typical metals at room temperatures, 7 ~ 10~ s [KZA*20], so the
corresponding frequency threshold is in the THz range [Ann10], meaning kinetic inductance
only matters at very high frequencies. In superconductors, scattering is negligible, and as a
result resistance vanishes and the kinetic inductance becomes significant at any frequencies
[Mes69], making it a crucial effect for superconducting circuits. This lag effectively stores
energy in the motion of charge carriers, analogous to how energy is stored in a moving mass.

Typical values for L depend on the material and can go up to ~ 1 nH/um.

The next paragraphs will explore various strategies to enhance inductance, including leveraging
the Josephson inductance, employing kinetic inductance in disordered materials, and using the
geometric inductance of planar spiral structures.

Josephson junction chains. Given their fundamental role in superconducting qubits,
Josephson junctions are often arranged in a series of large junctions to form superinductors.
The Josephson inductance L is a nonlinear inductance coming from the voltage—current
relation intrinsic to the Josephson effects and it is given by

L) = 27 (J, i{:lo) cos(yp)’ (3.4)

where @ is the flux quantum, I. = J. - A is the critical current and ¢ is the superconducting
phase difference across the junction. L; can be seen as a lumped inductance due to Cooper
pair tunneling across a junction whose value depends on junction parameters such as the
critical current density J. and the junction area A.

When designing an array of N identical junctions with total inductance Lj cpain = N - Ly,
the goal is to have the highest inductance per junction, within the linear inductive regime

®For very high frequencies, skin effects causes the factor 0.75 to approach 1.
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Figure 3.1: Strategies for increasing characteristic impedance in resonant circuits.
Characteristic impedance scales as Z¢ o< y/L/C, highlighting the need to maximize inductance
L and minimize capacitance C'. Panel a. illustrates increasing inductance through Josephson
inductance Ly o< N, E;, where N is the number of junctions and E; the Josephson energy,
kinetic inductance Ly, which depends on carrier inertia and conductor geometry, and geometric
inductance L, o n®, with n being the number of spiral turns. Panel b. shows capacitance
reduction by miniaturizing circuit dimensions to lower geometric capacitance and substrate
engineering that replaces high-permittivity materials (¢) with air or vacuum (£ &~ 1) to reduce
stray capacitance.

and with the fundamental mode of the chain far from the operating frequencies [Ear19].
Increase L; comes at the cost of stronger nonlinear behavior, which is influenced by the
junction’s physical dimensions: smaller junctions restrict supercurrent flow more, amplifying
this effect. Optimizing junction size therefore involves a trade-off between inductance and
linearity. Alternatively, one can increase the number N of junctions in a chain, though this
lowers the fundamental resonance frequency and limits the range over which the device acts
as an ideal inductor.

A way to estimate the nonlinearity is by evaluating the expected phase-slip rate [RHDP*24],
which provides an upper bound on how frequently quantum phase slips may occur across a
junction. For a chain, in the limit E; > E¢ this rate is given by [MLGO02]:

FE
Cors = 1NV7 (B3Ec) " oxo -8/ 2 ) (35)

where E; o< A and E¢ o 1/A are the Josephson and single electron charging energies of
an individual junction, respectively. Fig. 3.2 shows I'gpg as a function of E; and E¢. To
preserve a linear inductive response, the junction area is chosen large enough to suppress phase
slips; a common rule of thumb is E;/FE¢c > 20, the transmon regime. Moreover, linearity
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Figure 3.2: Quantum phase-slip rate as a function of Josephson and charging energies.
The phase-slip rate is plotted as a function of Josephson energy E; and charging energy E¢,
with isolines indicating constant rates.

can also be compromised when a Josephson junction is embedded in a superconducting loop,
with a geometric inductance comparable to the junction’s Josephson inductance. In this case,
the screening currents in the loop strongly affect the junction phase, making the flux—phase
relation multivalued. This results in undesirable hysteresis, where the state of the circuit
depends on its history rather than only on the applied flux. Another measure of nonlinearity is
given by the Kerr coefficients. These parameters characterize the frequency shift of a resonator
mode due to photon occupation, either within the same mode (self-Kerr) or in a different
mode (cross-Kerr). They are particularly useful for understanding nonlinear phenomena such
as bistability in Josephson junction arrays [MGM™18].

In early fluxonium implementations [MKGDQ9], the Josephson junction chain was short enough
to be treated as a lumped-element inductor. However, increasing the inductance by lengthening
the chain shifts its modes to lower frequencies, making their influence non-negligible: this can
have deleterious effect on fluxonium readout [SRCR25] and coherence [VC15].

The main results in the literature on Josephson junction chains as low-loss high inductance
elements are Refs. [MPK™12; BSIT12; PMN*20; JCN*25; M*25].

Using arrays of DC-SQUIDs [ELJ"13] or a DC-SQUID composed of Josephson junction chains
[Wes20], both relying on the idea of achieving a diverging inductance for specific external flux
values, does not work in practice because of phase slips. In the former case, this is explained
by the fact that £,/ E¢ effectively becomes small with increasing flux, leading to a higher
phase-slip rate and thus jeopardizing the whole approach. similar reasoning applies to the
latter case as well.

Ref. [NB17] presents a theoretical analysis of the low-frequency impedance of a Josephson
junction chain with spatially varying parameters. When junction areas are varied, the optimal
configuration, meaning the one that maximizes the total inductance of the chain without
reducing the low-frequency window where the chain behaves as an inductor, remains a spatially
uniform chain. However, using DC-SQUIDs with differing loop areas, which allows inductance
tuning via an applied magnetic field, shows some improvement, although this advantage
decreases as the chain length increases.
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High kinetic inductance material. The kinetic inductance of a superconducting nanowire
can be determined by equating the kinetic energy of all Cooper pairs in the wire to the
magnetic energy stored in an equivalent inductor [ASF*10]

1 1
n - lwt - imv2 = §Lk127 (3.6)

leading to the expression for the kinetic inductance as:

m l
L = ( ) (=), 3.7
F 2e’n <wt> (37)
where m, is the electron mass, ¢ is the electron charge, and n represents the Cooper pair

density. The second term is a geometric factor that depends on the wire's length ¢, width w,
and thickness t.

A convenient way to express the kinetic inductance is in terms of inductance per square [Tin04]

hRo

YO (3.8)

where Ry is the sheet resistance in the normal state, A(0) = 1.76 kg T the superconducting
energy gap at zero temperature and the number of squares is represented by the factor ¢/w.

The two terms in brackets in Eq. 3.7 are the two independent knobs to boost the impedance.

Increasing the length ¢, while reducing the width w and thickness ¢ of the nanowire, raises
its inductance. However, a longer wire also increases capacitance (even if not as much
as the kinetic inductance), and thinner, narrower films are more susceptible to material
inhomogeneities.

Charge carrier density n is an intrinsic property of the material of choice. Increasing disorder, n
reduces the superfluid stiffness near the disorder-driven superconductor-to-insulator transition
(SIT) and can lead to the appearance of subgap delocalized modes and increased microwave-
frequency dissipation [FI18; SPG*25]. Several material commonly used for such applications
include: niobium nitride (NbN)7, titanium nitride (TiN), niobium-titanium nitride (NbTiN)
and granular aluminium (grAl). Additionally, materials known as dirty superconductors,
characterized by high impurity content and belonging to the type-ll class, typically exhibit
reduced n and thus higher kinetic inductance [SPG725].

Kinetic inductance is also sensitive to temperature. At low temperatures, where n is maximal,
L, reaches its minimum value. As the temperature approaches the critical temperature T,
the Cooper-pair density vanishes and L, diverges. Physically, this reflects the fact that with
fewer charge carriers available, each carrier must move faster to sustain a given current, and
since the kinetic energy grows with the square of velocity, the effective inductance increases
sharply. The kinetic inductance is modeled within the BCS framework [ASF710] as

_{ Rph A(T)
Ly = w 7AT) coth <2kBT> : (3.9)
= Lk(o)ﬁ((?) coth (if}) . (3.10)

"Special mention for the atomic layer deposited NbN thin films [LZAT17; KZL*21], that allowed the
observation of dual Shapiro steps for the first time.
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To obtain the temperature dependence of the superconducting gap A(7'), one must solve
the BCS gap equation numerically [Tin04], but various approximations can be found, such as

[She66]
A(T) = A(0) - \lcos (;T (;;) ) (3.11)

or [KCBT24]

A(T) = A(0) - |1 — (;{;)4 (3.12)

with A(0) = 1.76 kg T

In addition to temperature, the Cooper pair density also depends on the applied current. This
nonlinearity is often described by a power series expansion [ASB89; Ann10; SKET21; GPK™22]:

2
Lu(l) = Li(0) - [1+ ([]) +] (3.13)
The geometry and intrinsic properties of the superconductor determine the value of I*. At
currents approaching the nonlinear current I*, there is a marked decrease in n [APE03],
resulting in a corresponding increase in L;. This current-induced nonlinearity causes a
downshift in the resonant frequency of superconducting resonators and can lead to resonance
bifurcation. Interestingly, this effect enables parametric amplification, allowing weak signals to
be amplified with high gain and minimal added noise [VEK"16].

Mechanical strain, tensile or compressive, can significantly alter superconducting nanowire
properties by modifying lattice parameters and electron—phonon coupling. Experiments on Al,
NbN, and hybrid semiconductor—superconductor nanowires report strain-induced shifts in T
[AGLT19], I and phase-slip rates, effects amplified by the high surface-to-volume ratio and
mechanical compliance of nanowires.

Superconducting nanowires are widely used in Kinetic Inductance Detectors (KIDs) for as-
tronomy [d'A14] and quantum information [FSM™24], where their sensitivity to quasiparticles
allows monitoring the purity of the microwave environment and protecting qubit coherence.
This high sensitivity arises from the fact that current in nanowires is carried by Cooper pairs
(superfluid) and thermally excited quasiparticles (normal fluid). At low temperatures, Cooper
pairs dominate, giving near-zero resistance, but increasing temperature breaks pairs, reducing
the superfluid density and increasing quasiparticle contributions, which in turn affects L and
the nanowire's response. Materials used for KIDs, including WSi [MVS*13; L*25], are being
actively considered for optimizing performance.

The phase-slip rate in a kinetic-inductance material with moderate disorder is approximately
given by [AGZ08; AIK*12]:

, (3.14)

where A(T') denotes the superconducting energy gap, R is the resistance of a wire segment
of length &,  is the total wire length, R represents the quantum of resistance, and A is a
dimensionless numerical factor. It increases linearly with the wire length, but it is exponentially
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sensitive to the resistance R¢. Utilizing this property, it is possible to engineer a highly
inductive wire with minimal phase slips by making the wire sufficiently long, which is beneficial
for realizing large kinetic inductance in a fluxonium circuit. However, this strategy requires
consideration of the inductor’s chain modes.

In very strongly disordered superconductors, electrons form localized pairs even without global
superconducting coherence, and superconductivity emerges only through Cooper pair hopping
between these localized states [AIKT12].

L, from self-coupling of adjacent turns. Another method to increase the inductance is
to exploit the coil geometry: it offers a distinct advantage over a straight wire or meander: it
exploits the mutual inductance between adjacent turns to enhance the total inductance, thereby
increasing the impedance without increasing the physical length of the wire. In contrast, a
straight wire or simple meander relies solely on the geometric inductance of its length, which
is typically much smaller. More details in Subsections 4.2.3 and 4.6.3.

3.2.2 Ways to decrease the capacitance

While increasing the inductance is the standard approach to raise a circuit's characteristic
impedance, an alternative is to reduce its capacitance. For a straight wire of length ¢, the

capacitance (' is given by
TEeff

C~ Wﬁ. (3.15)

It scales linearly with length and inversely with the logarithm of the distance to ground
d, and also depends on the effective dielectric permittivity e.4; 7 is the wire radius. The
two approaches considered are modifying the geometry, to ultimately decrease ¢ and d, and
engineering the substrate, to reduce c.g.

Decrease circuit footprint. Capacitance is influenced by both materials and geometry,
as it depends on how electric fields are distributed between conductors. When the size is
reduced, the surface area and field spread decrease, reducing the stored energy and thus
lowering capacitance. To minimize stray capacitance, both between parts of the superinductor
and between the superinductor and ground, wires should be kept short and positioned away
from the ground.

The main results reported in the literature on reducing capacitance and optimizing superinductor
design are summarized in Refs. [Ear19; KLK™20; PTH20; KSP*25; M*25].

Ref. [KLK™20] optimizes grAl meander inductors by varying the period Ab and aspect ratio
b/h, where b and h are the lateral and longitudinal dimensions of the meander, respectively.
The longitudinal dimension h corresponds to the orientation of the longer strips. Interestingly,
square-shaped meanders do not maximize the resonance frequency f,. While a square shape
minimizes capacitance to ground for a given area, increasing the strip length h increases
inter-strip capacitance. This trade-off leads to minimal stray capacitance when b > h. For
the parameters simulated in Ref. [KLK"20], the optimized meander achieves a self-resonance
frequency approximately twice that of a straight nanowire with the same total length and
inductance.

Ref. [KSP*25] studies ring resonators made from grAl meanders, where capacitance is reduced
by shrinking the outer radius. Approximating the ring as a coplanar capacitor, the capacitance
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scales with the plate width and thus also with the inner radius: minimizing it therefore lowers
the capacitance. Using the smallest possible meander pitch also contributes to reducing the
overall capacitance of the resonator.

Ref. [PTH"20] shows that the capacitance of planar spiral inductors with filling factor
approaching one scales as the external radius when the ground is far away. More details in
Subsection 4.6.4.

In Refs. [Earl9; M*25], arranging the junctions into a compact vertical chain rather than a
horizontal one significantly reduces the device footprint. This vertical stacking offers a more
scalable alternative to other methods, such as suspending Josephson junction chains several
micrometers above the substrate to replace the dielectric environment with vacuum.

Decrease electrical permittivity of the substrate. Even with careful design, inductance
and capacitance typically scale together with wire length. Suspending the device from the
dielectric substrate can reduce the capacitance without significantly affecting the inductance.

This strategy is fundamentally limited by the dielectric constant of vacuum, ¢, = 1. Typically,
circuits are fabricated on a silicon substrate with €, = 12, and assuming that half of the electric
field resides in air and half in the substrate, the effective dielectric constant is approximately
et = 6.5. The resulting improvement in impedance scales as /ecs, which yields a maximum
gain of only about 2.5.

Refs. [PTH20; PMN*20; JCN*25] explore this approach.

Ref. [PMN*20] implemented suspended Josephson junction chains lifting off several microm-
eters above the substrate, but with one end still attached to it. By replacing the dielectric
environment with vacuum, this configuration reduces the parasitic capacitance by a factor of
~ €,./2, where €, denotes the substrate's relative permittivity. It requires a fabrication process
that is mechanically delicate and technically demanding, making the approach difficult to scale
and integrate.

As highlighted in Ref. [JCN"25], the fabrication process used in Ref. [PMN*20] can lead to
additional loss mechanisms or inadvertently damage surrounding components. Conventional
etching techniques, such as XeF, etching, lack selectivity, suspending all aluminum structures,
and are incompatible with widely used superconducting materials like Nb, Ta, TiN, and NbN.
In contrast, selective substrate etching enables the suspension of specific components in
aluminum-based planar superconducting circuits. A key advantage of this approach is its
precision: individual regions can be etched while the majority of the silicon surface remains
unetched and pristine. By analyzing the device's frequency spectrum, a mean reduction of
approximately 74% in capacitance to ground is observed as a result of the etching process.

A process similar to that described in Ref. [JCN'25] was tested by me in 2022 to evaluate
the feasibility of fabricating SQUID chains with a small single junction at the center, as
studied in Ref. [WHO3], on a SOI substrate. The motivation for this approach was to decrease
the capacitance to ground of the chain by suspending it. The release test was successful,
although no further optimization was carried out beyond the initial attempt. Fig. 3.3.a shows
an optical image of a device suspended on a silicon membrane pierced with holes to allow
the removal of the underlying silicon dioxide. Fig.s 3.3.b-.f present SEM images of similar
devices, in which nearly the entire membrane has been etched away, leaving only the minimal
area surrounding the SQUID chain intact. Devices with 15, 65, and 105 DC-SQUIDs were
fabricated, incorporating either one or twenty single junctions at the center. The yield of the
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Figure 3.3: Suspended DC-SQUID arrays. a. Optical image of a DC-SQUID array on a
silicon membrane. The dots correspond to holes in the Si membrane that allow HF vapor
to penetrate and remove the underlying 3 um of SiO,. b.,c. SEM images of a suspended
DC-SQUID array with 25 DC-SQUIDs per arm and 20 single junctions. d. SEM image of
a suspended DC-SQUID array with 105 DC-SQUIDs per arm and 20 single junctions. e.,f.
Zoomed-in SEM images of the suspended Si membrane.

suspended membranes was 100%, although other fabrication issues were present in the devices.
The nanofabrication process is basically the same described in Section 4.4.3 and Appendix D
and E for the membrane.

Ref. [PTH'20], using an SOI substrate, is able to decrease the . by a factor of 3, removing
the silicon dioxide with vap-HF and the Si substrate with Bosh etching process. Details in
Appendix D and E.

3.3 Conclusion

Returning to one of the original motivation behind the development of superinductors, the
fluxonium qubit was proposed as a circuit in which a Josephson junction is shunted by a large
inductance. This design relies on the property that a continuous piece of superconducting
metal maintains a uniform voltage in the presence of static electric fields. In contrast to flux
qubits composed of multiple superconducting islands, the fluxonium architecture proposed
a single metallic loop interrupted by a single Josephson junction. The large inductance of
the loop would serve as the shunt, and the single-piece structure would naturally suppress
sensitivity to low-frequency charge noise.

In practice, the geometric inductance of a simple superconducting loop was thought to be
insufficient for achieving the desired circuit parameters. To realize the necessary inductive
energy scale, early fluxonium implementations introduced a superinductor formed from a
long chain of Josephson junctions. Although this introduces many discrete islands into the
circuit, the strong coupling between them allows the chain to behave collectively as a single
superconducting element. This maintains the essential charge-noise protection originally
anticipated, while enabling the large inductance required for fluxonium operation [MY20].

This chapter has reviewed the various superinductor designs developed to meet these require-
ments. A list of superinductors used in fluxonium experiments is available on this online
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repository https://github.com/probvar/FluxoniumDB by Paul Varosy.

Chapter 4 revisits the initial premise that a purely geometric inductor could suffice as the
fluxonium shunt. Although initially set aside due to limitations in achievable inductance,
recent approaches based on geometric spiral inductors (developed in the groups of Oskar
Painter [FKP"16], Gary Steele [GKD™19], Fabien Portier [MPP*22] and others) suggest that
this route is indeed feasible.
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CHAPTER

Geometric superinductance resonators

7]
Die Spirale ist das Symbol des Lebens und des Todes. Die Spirale liegt genau dort,

wo die leblose Materie sich in Leben umwandelt. Es ist meine Uberzeugung, und ich
glaube, es ist auch religios verankert, und auch Wissenschaftler konnen es bestatigen,
daB das Leben irgendwie einmal beginnen muB und man sich aus der leblosen Masse
entwickelt hat, und das geschieht in Form einer Spirale.

The spiral is the symbol of life and death. The spiral lies at that very point where
inanimate matter is transformed into life. It is my conviction that this has a religious
basis, and the scientists confirm it too, that life must begin somewhere and that

development from a lifeless matter has taken the form of a spiral.
1]

— Friedensreich Hundertwasser'

Contributions and acknowledgments. [ acknowledge the support from the NFF at ISTA,
in particular Salvatore Bagiante, Juan Aguilera Servin, Lubuna Shafeek, and Philipp Taus for
their assistance in setting up the fabrication, a large part of this result. Staff scientist lvan
Prieto Gonzalez contributed to the development of the Bosch etching recipe. Matilda Peruzzo
implemented the measurement setup and performed part of the data analysis. Farid Hassani
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It is widely believed that high-impedance circuits cannot be achieved with geometric inductance
alone. This belief is rooted in a misunderstanding of fundamental electromagnetic constraints.
In standard circuits, inductance and capacitance originate from magnetic and electric fields
stored in the surrounding space, within the turns of inductors and between plates of capacitors.
When such fields reside in vacuum, the circuit’s characteristic impedance is ultimately limited by
the electromagnetic properties of free space, the vacuum electric permittivity £y and magnetic

permeability s, which fix the impedance near the vacuum impedance Zy,. = 1/10/€0 =~ 377 €.

This is true for straight wires, for which the capacitance and inductance scale in the same way
with wire length. However, by changing the geometry, particularly by coiling the conductor,

'Hundertwasser, Friedensreich. "Die Spirale." Hundertwasser, 1974, https://hundertwasser.com/
texte/the_spiral.
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the scaling between inductance and capacitance can be altered, allowing a substantial increase
in impedance.

4.1 The common misconception about geometric
inductance

Typical electrical circuits are conductive paths that carry signals relative to a common reference
point, the ground. At first approximation, these paths can be seen as a simple network of
straight wires. To analyze signal behavior at high frequencies or over long distances, these
interconnections are modeled as transmission lines.

Two parallel straight wires of radius r, separated by a distance d < A much smaller than
the wavelength of the probing signal, behave as a transmission line when shorted at one end
and open at the other. They can be modeled as a series of infinitesimal LC' segments. The
per-unit-length inductance [ and capacitance c¢ in vacuum are given by [Poz12]*:

[ ~ @log <d> : (4.1)

(e r

- e
~ 710g (g)

The characteristic impedance of the system is then:

1
Ze = \ﬁ = Zne - — log (d> . (4.3)
C s T

Ref. [Man12] discusses both the low-frequency and resonant regimes to highlight a key point:
electromagnetic circuits are fundamentally constrained by the vacuum'’s properties, regardless
of operating frequency or circuit design.

c (4.2)

As derived in Section 2.2, the input impedance for a lossless transmission line of length
corresponding to a fundamental resonant frequency fy/s = wy/a/2m

Zin(t = M4, w) = iZu tan ( w) , (4.4)

Wi/4

l 1 d
Zoo = f = Zyac - — log () . (4.5)
c T r

When a transmission line is driven at frequencies much lower than its fundamental resonance
w < wy, it acts like a lumped-element inductor, with the energy stored mainly in the magnetic

with the wave impedance®

2The exact expression for the unit-length inductance ! capacitance c are given in Appendix C.

3Wave impedance generally depends on frequency and also varies along the length of the transmission line
where it is measured. When probed at the end of a wire of length \/4, the wave impedance matches the
characteristic impedance, given by Z¢ = +/l/c.
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field between the wires. Even in this quasi-static limit, the inductance is not arbitrary; it is
determined by the geometry and the vacuum permeability jio. The effective inductance of a
A/4 open-circuited transmission line at low frequency is

T Lo
Lgg=—— 4.6
=0 (4.6)
where Z,, = /l/c, with | o pg and ¢ o< g9. Thus, Leg is ultimately limited by the
electromagnetic properties of vacuum.

As the frequency approaches resonance (w & wy), standing waves form along the line. The
system now behaves as a distributed electromagnetic structure. The input impedance becomes
very large (ideally infinite for a lossless line). The behavior mimics a parallel LC' resonator.
The impedance at resonance is given by

Zoo=—Zy 4.7
¢=- (4.7)

Again, the wave impedance Z.,, which is tied to 1 and gy, sets the scale. Both low-frequency
and resonant behavior reflect the fundamental limits imposed by vacuum. In reality this is
even worse because electrical circuits do not exsiste in free space but resides on dielectric and
as a consequence the effective permettivity ¢ = ¢¢e,.. Also magnetic materials are not suitable
with superconducting linear circuits, and as a consequence 1 = L.

To increase impedance, increasing d or decreasing r would help. Decreasing r has some
technological limitations, so it is common to think about increasing wire separation. Once
the spacing between the wires becomes comparable to the wavelength, the system begins to
radiate energy into free space. This radiation effectively introduces a real component to the
input impedance, often referred to as the radiation resistance, R;.q = R[Z(w)], which arises
from classical electric dipole radiation theory. It can be approximated by

4
Rmd ~ Zvac (WO) . (48)
w

At low frequencies, radiation is negligible, but as the operating frequency approaches resonance,
the system becomes increasingly coupled to free space, effectively behaving as if it were
terminated by the vacuum impedance.

The conclusion of these didactic examples is that Nature hates superinductance [Man12], that
is, with minimal effort, the impedance of a typical circuit remains far below the superinductive
regime. This conclusion is correct. However, the subsequent claim that purely geometric

methods cannot produce superinductors and that kinetic inductance is the only viable path
[MKGDO09; Man12; MPK*12; WO19; KLK™20], is unjustified.

The apparent inadequacy of geometric inductance is not fundamental, but rather a misinter-
pretation of standard transmission-line theory. The rest of the chapter challenges this common
belief by demonstrating that superinductive behavior can, in fact, be achieved through purely
geometric design. This not only provides new perspective on the physical nature of inductance
but also suggests new opportunities for realizing superinductive elements with less sensitivity
to charge disorder and potentially improved coherence.

The key lies in the mutual inductance between adjacent turns of a miniaturized 2D solenoid.
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4.2 Modeling

This analysis is based on the distributed electrodynamics and resonance modeling of planar
spiral resonators described in Refs. [MFK™14; MAAT15]. The inductance is determined using
the empirical expression of Ref. [Moh99], with the more recent analytical formulation of
Ref. [HW?21] included for completeness.

Definition. The spiral geometry is described in polar coordinates {r, 6} by

r(0) = aR.0, (4.9)

where r is the radius, 6 is the polar angle, and R, is the external radius of the spiral. The
radius increases linearly from the center (r = 0) at § = 0 to the outer edge (r = R.) at
0 = 27n, where n is the number of turns. The parameter « is defined as

P 1
o = = —
2rR.,  2mn’
with p denoting the spacing between adjacent turns. Thus, « represents the radial advance of

the spiral per unit angle. Smaller a corresponds to more turns and denser packing (large n,
small p); while larger v corresponds to fewer turns or looser spacing.

(4.10)

4.2.1 Resonant frequency

In a simplified description, a spiral can be modeled as a straight transmission line of effective
length ¢, wound into a spiral geometry. For open boundary conditions at both ends, the
resonance frequencies f,, satisfy the standard transmission-line relation (Eq. 2.26)

fm:m'fba m:1a2737"' (411)
with the fundamental frequency
c
= . 4.12
fo= 1 (+12)

Here, ¢ = cy/+\/€0€ is the speed of light in the medium, and the effective length is approximated
by
RQ
0 T (4.13)
p
where R, is the outer radius of the spiral and p is the pitch, i.e., the spacing between adjacent

turns. The exact formula for the length can be found in the Appendix A.

Assuming a uniform transmission line, the standing-wave current distribution as a function of
arc length s can be written as
L, (s) = Iy sin(m?) . (4.14)
Expressing the distribution in terms of the radial coordinate r gives
) 7r?
In(r) = Iysin (mm . (4.15)

This simplified formulation provides an intuitive and analytically convenient description; however,
it does not account for the geometry of the spiral and the electromagnetic coupling between
adjacent turns, which can be essential for accurately capturing the full resonator behavior.
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Ring-shaped Spiral Resonator b. Archimedean Spiral Resonator

\»

Nl

Figure 4.1: Spiral resonator geometries. Sketch of a. a ring-shaped spiral resonator, where
the internal radius R; is comparable to the external radius R., and b. an Archimedean spiral
resonator, where R, > R,.

R.=R;,+np~=np

Ring-shaped spiral resonator. The following is based on Ref. [MFK"14]. As already
said, a conventional one-dimensional transmission line with two open ends exhibits resonance
frequencies that form a harmonic series, f,, = m - fo for m = 1,2,3,.... In contrast,
planar ring-shaped spiral resonators (Fig. 4.1.a), where the inner radius is comparable to the
outer radius, display a different spectrum. Their resonance frequencies follow an odd-integer
sequence, f,, = (2m—1)- fo, yielding modes such as f1, f3, f5, and so on. This odd-harmonic
pattern is typically observed in resonators that are open at one end and short-circuited at the
other.

The expression for the current distribution along the unwrapped spiral can be found in
Ref. [MFK"14].

The spiral spectral behavior can be attributed to strong electromagnetic coupling between
adjacent turns, which effectively reduces the phase velocity and lowers the fundamental
frequency to approximately fo & ¢/(4¢). This makes the spiral operate as a compact quarter-
wavelength resonator, supporting only odd harmonics (f1, f3, f5,...). At higher frequencies,
the coupling weakens, and the resonator transitions back to the behavior of a straight conductor,
with harmonics approaching a regular integer series. Moreover, the model provides physical
insight into the spatial structure of the resonant modes. It explains the non-uniform spacing
between standing wave maxima as a result of spatially varying phase velocity along the spiral.
Similarly, the variation in the amplitude of these maxima is attributed to the non-uniform
characteristic impedance, both consequences of the spiral geometry.

Archimedean spiral resonator. The following is based on Ref. [MAAT15]. Compared to a
ring-shaped spiral, the Archimedean spiral has a much smaller internal radius, allowing the
turns to occupy almost the entire available area, which results in a filling factor close to one
(Fig. 4.1.b).

The resonant frequencies of an Archimedeal spiral resonator are the solutions of the following
transcendent equation
S(a) —m=0 (4.16)
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where
S(a) = Z_l <_1_)m;n f a(m) (4.17)
with
w'RZ
a= T2l (4.18)
B(m) = /01 zgzgvﬁ sin(mmw) dv (4.19)

K(v) = R /OOO Ji <\/5 x) Ji(z) dx (4.20)

g1(v) = Re\/z/\: du /OOO Ji(ux) Ji(z) de. (4.21)

In Eq. 4.18, w/2m is the frequency, R, is the external radius of the spiral, ¢ = CO/@ is the
speed of light in the medium, and « = p/(27R.) = 1/(27nn) < 1 a parameter with p the
distance between adjacent turns and n the number of turns. In Eq.s 4.20 and 4.21 J; is the
Bessel function of the first kind.

Eq 4.17 is solved numerically using a root finding method. The Mathematica code is shown in
Appendix. B. Given the solution a*, the fundamental frequency is

1 |a*c?a?
fo=5\ "p (4.22)
leading to
Co 2p
= 4.23
To 5@%(2& + 2np)?’ (4.23)

where £ = v/a* = 0.81° is a shape-dependent factor, n the number of turns, p the pitch (wire
width plus spacing), R; the internal radius (assumed to be R; < R.), €.g is the effective
relative permittivity, and cg is the speed of light in vacuum.

4.2.2 Inductance

The geometric inductance of a spiral can be approximated using the current-sheet model
[Moh99]

2.
L, = pion*day, [ln <5> + O.2p2] , (4.24)
p

*| believe that the expression for a in Ref. [MAA™T15] is incorrect, with a factor of (27)? missing, whereas
it is correct in the preprint [MAAT14].

5The value of ¢ = 0.81 is close, but not exactly the same as the one reported in the .html code in
view—-source:https://smm.misis.ru/spiral/, where £ = 0.81876 for the fundamental mode and
2.0357,2.90048, 4.03697,4.92102, 6.03659, 6.93143, 8.03592, 8.93801, 10.0352 for the modes up to the tenth.
The discrepancy likely arises because the code | used truncates the summation in Eq. 4.17 at 1000, rather
than summing to infinity.
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where 1 is the vacuum permeability, n is the number of turns, d,, = (din + dout)/2 is the
average diameter (with di, = 2R; and dow = 2R.), and p = (dout — din)/(dout + din) is the
fill factor of the coil. For the geometries considered here, p =~ 1, and since dy,; x n, the

inductance scales approximately as L, ~ n®.

Ref. [HW21] presents an alternative method for calculating the self-inductance of an Archimedean
spiral coil. This method is derived analytically by solving Neumann's integral formula, unlike

many conventional methods that are empirical, like Eq. 4.24. The modeling approach involves

calculating the mutual inductance between the spiral coil and a duplicate of itself, shifted by a

distance equal to the wire's diameter. The resulting formula is a double integral that is solved

numerically:

Am Jamn \ J(R; + af1)2 + (R; + af)? — 2k + w?’

where k = (R; + aby)(R; + aby) cos(f2 — 01), n the number of turns, R; the internal radius,
w the wire width, a = p/(27) the pitch factor and 6y, 65 the polar angle of the spiral and its
duplicate.

(4.25)

This was published after our work on the geometric superinductor and should be carefully
tested to check its consistency with both simulations and the empirical formula. It is reported
here for completeness.

4.2.3 The proof of principle

Using the relationships for the fundamental frequency (Eq. 4.23) and geometric inductance
(Eq. 4.24) of a planar spiral resonator, it can be shown that such a structure can outperform
a straight wire and surpass the quantum resistance limit, while maintaining operation in the
gigahertz frequency range.

In the regime where the number of turns is large (n > 1) and the spiral is fully wound
(p &~ 1), the fundamental resonance frequency scales as f, ~ n~?p~! ~ (!, consistent with
the behavior expected from distributed-element systems. An approximate expression for the
length of a circular spiral, ¢, modeled as a series of concentric circles, is:

n n n 1
(> 2 =) 2mip=2np» i=2mp- n(n;—) ~ n’p (4.26)
i=1 i=1 i=1
where r; =i -p with ¢ = 1,2,3,... is the radius of each turn. The complete expression of £ is

reported in Appendix A.

When modeled as an LC' resonator, the spiral’s characteristic impedance Z¢ = /L,/C =
2w foLg, indicating a linear scaling of characteristic impedance with the number of turns
(Z¢ ~ n). The parasitic capacitance follows C' ~ np, scaling in first approximation with the
coil’'s overall radius.

These scaling trends are illustrated in Fig. 4.2.a, which compares the impedance and resonance
characteristics of straight wires and spiral coils. Although both configurations show a similar
inverse dependence of resonance frequency on total length (fo = ¢o/2¢), the coil exhibits an
impedance that increases with length as Zo ~ \/%6. This enables the coil to exceed the

impedance cap of a straight wire, supporting the realization of superinductors that function in
the GHz regime.

®Ref. [PTH*20] contains a typographical error, stating that Z¢ = 27 f,L, ~ Vi/p.
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Figure 4.2: Coils modeling. a. Characteristic impedance Z- (blue) and first resonance
frequency fy (yellow) are compared for a straight wire (d/w = 10, dashed) and a planar coil
(p =1 pum, p=1, solid) in vacuum (e = 1). The blue dashed curve corresponds to the wire
impedance, while the blue solid curve represents the coil impedance (Z¢ = 27 f,L,, with f,
and L, from Egs. 4.23 and 4.24). For coil lengths ¢ > 4.78 mm, Z- exceeds Rg ~ 6.45 k2,
while the resonance frequency (yellow solid line) falls slightly below 25.4 GHz. Both the coil
frequency (Eq. 4.23) and the \/2 wire resonator frequency fo = c¢y/2¢ scale with length,
the coil case including a multiplicative factor due to enhanced inductance. b. Normalized
current distribution for a coil with p = 1 ym, n = 60, and d;, = 6 pm. Simulated data
points (yellow, line as a guide to the eye) align closely with the analytical A/2 resonator model
(blue). The inset illustrates current amplitude, with red corresponding to maxima and blue
to minima. To first order, the spiral resonator behaves as a distributed \/2 resonator. c.
Admittance spectrum of the same coil in vacuum. Simulated points are shown in yellow. The
first resonance frequency corresponds to the zero crossing (black dot). The blue curve is the
LC model admittance, using L, from Eq. 4.24, which matches the simulated response at low
frequencies (dark yellow region). At higher frequencies, additional resonances appear and can
be modeled by the equivalent circuits sketched in the insets. Around f; the coil acts as an
ideal LC' resonator, while at lower frequencies it approximates a pure inductor.

4.3 Simulations

Round archimedean spirals were studied in this thesis. The choice of this geometry, instead of
square coils, which are regularly used at Caltech [FKP*16] and in other works [GKD"19], was
motivated by the possibility of having an analytical model for the fundamental frequency, as
well as the fact that the circle can achieve higher impedance for the same length compared to
any other geometry. The drawback is a longer simulation time compared to the square coils’,
which is why it was not used in subsequent devices [PHS21; HPK™*23].

A total of one hundred and four spiral resonators were successfully measured, each with distinct
resonant frequencies. Simulations were essential to determine the number of turns needed to
keep all coils within the measurable frequency range of the current setup. Due to the high
computational demand, a simplified model of the real device and coupling geometry was used,
as can be seen in Fig. 4.3.a.

The main goal was to extract the resonance frequency. Additional parameters that can be
obtained include the external quality factor ()., capacitance, and inductance for each coil. The
latter two parameters require a slightly different type of simulation performed, as noted in
Subsection 4.3.2.

"The reason is that the finite element method discretizes the geometry using square mesh cells, which do
not conform naturally to curved edges. As a result, accurately representing the round Archimedean spiral
requires a finer mesh, increasing the number of elements and, consequently, the computational time.
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T T A, e T

T T Y

b. | .

Figure 4.3: Sonnet simulations of spiral resonators. a. Single-port setup with a 50 €2-
matched port and minimal ground metal. b. Example phase response of S;;. c. Silicon
substrate (¢, = 11.9, 500 pm thick) with vacuum above. d. SOI stack: 220 nm Si / 3 um
vacuum / 725 pm Si. e. BE-SOI stack: 220 nm Si / 728 pm vacuum.

The electromagnetic behavior of each resonator was simulated using the commercial software
Sonnet https://www.sonnetsoftware.com/, specialized for high-frequency planar
circuits. Additional simulations performed with Ansys are reported in Ref.[HB24] by Farid
Hassani, and simulations using Comsol are detailed in an internal QuantumIDS report by Maria
Zelenayova and Martin Zemlicka.

4.3.1 Resonance frequency and coupling

Each spiral geometry was simulated within a single-port setup (Fig. 4.3.a). Due to memory
and time constraints, the ground metal was minimal. The feedline width was set to 1 um,
and the excitation port defined as 50 {2-matched to minimize reflections at the port.

The simulations assumed a silicon substrate with relative permittivity £, = 11.9 and vacuum
above (¢, = 1). The dielectric layer below thickness was chosen to be 500 pm for the Si
substrate (Fig. 4.3.c), 220 nm Si/3 pm vacuum/725 um Si for the SOI (Fig. 4.3.d) and
220 nm Si/728 pm vacuum for the BE-SOI (Fig. 4.3.e). All metal layers were treated as
perfect conductors, and dielectric losses were neglected. The dielectric layer above is set to
vacuum, 500 pm.
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Resonance frequencies were identified from the jump in the phase of Si; (Fig. 4.3.b) while
(). values were extracted using standard fitting techniques. The cell size division was set to
0.25/0.15/0.1/0.075 pm for 1/0.5/0.3/0.2 pm pitch coils respectively. For the lowest pitch,
this is at the border of a continuous layer of metal but it was necessary to have results in
reasonable time (for the lowest pitch, constantly above 10 hours per resonance). The filling
type was set to "Conformal".

In Ref. [Kis13], similar simulations were performed for single and double-spiral coils. Double-
spiral coils, with same frequency and coupling geometry, were found to exhibit higher resonance
frequencies and larger coupling quality factors ). than single Archimedean spirals of the same
outer radius and coupling geometry. This behavior is explained by inductance effects: in a
double-wound spiral, current flows inward and then outward, leading to partial cancellation of
magnetic fields, a reduced net inductance, and thus a higher resonance frequency. The spatial
voltage distribution further contributes. For an open-ended \/2 transmission line resonator,
voltage peaks at both ends and minimizes at the center. In a double-wound design, both spiral
ends are equidistant from the feedline, giving a smaller voltage gradient and weaker coupling.
In contrast, a simple spiral has one end much closer to the feedline, creating a larger voltage
gradient and stronger electromagnetic coupling, which lowers @)..

In Ref. [Kis13] were employed a faster approach [WMRG14] based on introducing an internal
(virtual) port in the Sonnet model and determining fo and @ from the input impedance at
that port, and a technique for visualizing current distributions using a high-reactance “sense
metal plane” above the resonator, where the simulated current is proportional to the local
field strength.

4.3.2 Inductance and capacitance

To verify the analytical formulas introduced earlier, the inductance and capacitance were also
extracted directly from simulation. This serves as an independent check to ensure agreement
between the analytical model and the simulated response The inductance and capacitance
were extracted by adding an ideal capacitor in parallel to the coil in the simulation. Sweeping
the value of this capacitor shifts the resonant frequency; using just two values of the parallel
capacitor and the corresponding simulated resonance frequencies allows solving a system of
equations to extract the unknowns, L, and C'. More details in Ref. [Per21].

4.3.3 Ansys simulations and black-box quantization

In Fig. 4.2.c, the simulated frequency-dependent admittance of a spiral coil shunted by a single
lumped port is compared with that of an ideal LC circuit, Y (f) = 27 fC + 1/(i2nfL). The
first zero crossing corresponds to the coil's fundamental resonance. The capacitance can be
extracted [NPV"12; HB24] from the derivative of the imaginary part of the admittance at
the resonance frequency: C' = (1/4w) d Im[Y'(f)]/df|,_;,. Using this method, we find an
inductance of approximately L, = 1/(C'(27 fo)?) ~ 163 nH, in good agreement with Eq. 4.24,
which predicts L, ~ 173 nH. Consistent results are also obtained by extracting f, and its
slope with respect to capacitance, dfy/dC, from the simulated S;; parameter of a weakly
coupled wave port, as mentioned in Subsection 4.3.2. This approach yields L, ~ 180 nH.

The two admittance curves in Fig. 4.2.c align well within the dark shaded region, beyond
which additional LC' branches improve the model accuracy across a broader frequency range.
This validates the use of an ideal LC' oscillator model for the coil up to and beyond its
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first resonance. Furthermore, below its fundamental frequency, the coil exhibits a negative
imaginary admittance, confirming its role as an ideal inductor. All subsequent discussions in
this work refer to the frequency regime in which this LC approximation holds.

This is a reassuring outcome, since conclusions about the high impedance of the devices are
based on the inductance calculated using Eq. 4.24, which cannot be measured directly. This
assumption was later independently confirmed by fitting the inductive energy E, extracted
from qubit spectroscopy measurements [PHS™21; HPK*23].

4.3.4 Current and field distributions

Fig. 4.2.b illustrates the distributed-resonator nature of the spiral coil through its radial current
profile, obtained via finite-element-method (Sonnet) simulations. This is compared to the
current distribution of a straight \/2 open-ended transmission line, I(r) = Iy sin[7(2r/dyu)?],
which does not include mutual inductance between turns. At the fundamental mode, the current
density peaks at the center (¢/2) and vanishes at the ends, consistent with the FEM results.
Closed-form expressions are provided in Refs. [MFK"14; MAAT15]. Also Ref. [TSHT25]
reports a current distribution.

4.4 Device nanofabrication

Most of the following fabrication process are based on knowledge Johannes Fink acquired
during his time at Caltech in the Painter Lab®. These methods were later adapted and
re-established in the newly opened nanofabrication facility at ISTA in 2017, where | was
among the first users. While many of the parameters set are based in the underlying physics,
chemistry, and engineering principles of the tools and processes, others have proven effective
through experience. Nevertheless, the so-called “black magic” that takes place inside the
ISO 7 cleanroom works reliably and has become an essential part of the scientific workflow,
particularly in the context of this project. Even without full control over every parameter, the
process shows high yield and repeatability. The successful fabrication of a hundred and four
devices stands as proof.

The devices presented in this section are fabricated on three different substrates: high-resistivity
silicon (Si), silicon-on-insulator (SOI), and back-etched silicon-on-insulator (SOI-BE). Each
substrate requires a specific sequence of nanofabrication steps, adapted to realize the desired
geometry, suit the application, and fulfill design constraints. A summary of the main fabrication
steps together with an SEM picture of the coil resonators are presented in Fig. 4.4.a and
Fig. 4.4.b-.c, respectively.

4.4.1 Basic toolkit

Working in a cleanroom requires a highly systematic and disciplined approach. Precision,
consistency, and attention to detail are essential, not just to improve the chances of success,
but to prevent small oversights from turning into costly failures. Even with careful procedures,
things can go wrong, but a methodical process makes it easier to identify issues, trace errors,
and refine techniques over time. It's an exercise in patient. Even if the machines perform
most tasks automatically, constant vigilance is necessary to act promptly if something deviates

8Good reference, especially for the etching of Silicon, is [Hil13]. The rest of the section follows some
methodologies therein.
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from expectations: this can save days of work. Many aspects remain like black boxes, which
can be frustrating. However, if a device with a correct design is fabricated carefully, it will
significantly simplify the later characterization.

Other basic tools needed before starting any process include stainless steel ESD (Electrostatic
Discharge) tweezers with interchangeable tips. These tips should be replaced when they start
scratching or showing signs of wear due to exposure to chemicals and high temperatures. |
had two pairs: one “clean” pair reserved for processes not involving metals, and one “dirty”
pair used during liftoff. Additionally, | had a pair made of Teflon specifically for HF-related
processes.

| used different sets of Pyrex glass graduated beakers for nearly every step in the fabrication
process. These were designated for clean ACE and IPA (where “clean” means no liftoff metal
was involved immediately before), developer, liftoff, dirty ACE and IPA (rinsing after liftoff),
and water. Teflon beakers were reserved for processes involving MF319 developer and buffered
HF. The glass beakers were rinsed with IPA before and after each process, making sure to
clean all internal walls and the upper rim; the beaker for ACE rinsed only with ACE. They
were also cleaned regularly, approximately every six months, in the cleanroom dishwasher. If
not used for a long time, it is recommended to clean them thoroughly before reuse. Glassware
is often cleaned by solvent washing, followed by a rinse in deionized (DI) water, a mild acid
clean, another DI rinse, and finally nitrogen blow-drying. Although | never performed this
cleaning procedure myself, | was told it makes a difference, particularly if the smallest particles
can cause problems in the process. If any beaker comes into contact with gold particles, it
must be cleaned separately from all other equipment to prevent contamination.

A diamond scriber is a useful tool for pre-scratching chips intended for cleaving. To cleave,
place a wedge underneath the chip and press down with the tweezers after making the incision.
This can cause the chip to break into many pieces and damage the tips of the tweezers. Take
special care and wear goggles.

4.4.2 High-resistivity silicon substrate

The table below lists the fabrication steps for the devices on a silicon substrate, which represents
the most straightforward process among those used. Important processes are discussed in more
detail in the paragraphs following the table. Gray text indicates optional cleaning steps. The
values provided serve as a useful starting point but should be adjusted based on the current
condition and calibration of the tools.

| Process | Steps | Notes |
Wafer preparation Ta.\pe See Wafer preparation.
Dice
ACE, 21°C, uc power 9, 5 min See Substrate cleaning.
IPA, 21°C, uc power 9, 5 min
N2 blow dry
Substrate cleaning
Spin and bake Prebake, 120°C, 1 min See.Spm coating and
. baking of e-beam
e-beam resist .
resist.
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Spin, CSAR AR-P 6200.13, 6 krpm, 1 min
(acceleration 1.5 krpm/s)

Bake, 160°C, 2 min

CAD file preparation See E-beam flow file
Beamer flow file preparation preparation.

Coils, 0.8 or 1 nm beam, dose 300-330
pC/cm? with PEC

Couplers, 10 nm beam, dose 250-270
pC/em? with PEC

CPW and Ground plane, 100-250 nm
beam, dose 250-270 pC/cm? with PEC
AR 600-549, 21°C, 1 min See Development.
Development IPA, 21°C, 30 sec
N2 blow dry

E-Beam flow prep

See E-beam patterning.
E-beam patterning

See Metal evaporation.
Evaporation
Al evaporation, 100 nm, 1 nm/s

NMP, in a beaker immersed in a water
bath on a hot plate at 145°C, 1 h

See Metal liftoff.

Liftoff

ACE, 21°C, 30 sec
IPA, 21°C, 30 sec
N2 blow dry

Wafer preparation. The process starts with a polished 525 pm thick, high resistivity
(> 20 k- cm), Si <100> wafer, purchased from the company TopSil. We covered both sides
with a tape and dice the wafer in 10 mm x 10 mm chips.

Substrate cleaning. This step prepares the substrate chip for resist application. After
wafer dicing, chips often retain traces of protective materials such as adhesive films or residual
photoresist. To ensure good resist adhesion, the substrate is first cleaned using a standard
solvent procedure (ACE and IPA with mechanical agitation in an ultrasonic bath), followed,
if necessary, by plasma ashing (Table 4.2). A subsequent dip in buffered oxide etch (BOE),
followed by a DI water rinse, removes the native silicon oxide. This also produces a hydrogen-
terminated surface, which is hydrophobic and temporarily passivated against oxidation in
air. This surface condition improves the quality of both substrate—air and substrate—metal
interfaces. Teflon tweezers and beakers should be used for all steps involving HF.

Spin coating and baking of e-beam resist. CSAR? is used as the electron-beam resist
due to its high resolution, good selectivity against silicon plasma etching and lower required
exposure dose, which enables faster patterning. Before applying the resist, the substrate is
placed on a hot plate to evaporate any residual moisture and to bring it to a uniform starting
temperature. The resist is applied using a vacuum chuck spinner'®, with the chip centered

Shttps://www.allresist.com/wp-content/uploads/sites/2/2016/12/allresist
_produktinfos_ar-p6200_englisch.pdf

10Before starting, test the spin coater to ensure the vacuum pump is functioning, as dried resist can clog
the chuck and reduce suction. If needed, clean the chuck with acetone and a needle.
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| Process | Time (s) Power (W) Pressure (mBar) Flow (sccm) ||
for Cleaning 300 240 0.5 125
after Development 15 45 0.5 8

Table 4.2: Process parameters for O, plasma ashing.

to ensure symmetric spinning and uniform resist distribution. Using a clean, nitrogen-dried
glass pipette, three to four drops of CSAR resist are deposited at the center of a 10 x 10 mm
chip in one continuous flow, avoiding air bubbles. Never double-dip the pipette into the resist
bottle to prevent contamination. Avoid contact with the bottle rim and sidewalls.

Spinning CSAR at 6000 rpm yields a layer approximately 330 nm thick. After spinning, the
chip is baked on a hot plate (placed on an Si wafer, uncovered) to harden the resist. Once
removed, the chip should cool for a few minutes in a clean, covered container before proceeding.
CSAR is a positive-tone resist. Resist uniformity can be inspected with an optical microscope
using both bright-field and dark-field illumination. It is important to check for trapped air
bubbles, surface scratches, or irregularities at the resist edge, as these defects can affect
subsequent steps like exposure or etching.

E-beam flow file preparation. The layout of the device was initially scripted in Matlab to
automatically generate all coils and launchers, using code adapted from earlier work at Caltech.
A more flexible approach uses the Python library gdspy?!! to script the layout using a hierarchy
of Cell objects containing geometric primitives like polygons and paths, organized by layer.
Shapes can be transformed via translation, rotation, or mirroring. The library supports Boolean
operations, layout visualization via gdspy.LayoutViewer, and direct export to GDSII.
An example is given in Ref. [Red22]. To compensate for overdosing and development effects,
the coil layout uses a width-to-spacing ratio of 30% : 70%, which shifts to approximately
50% : 50% after processing. This is the most stable configuration: a larger width can cause
collapse of the "negative coil" resist during development, while excessive spacing increases
the risk of breaks in the resulting narrow wire. The final layout is exported and opened in
AutoCAD, where layer names are manually assigned. The file is saved in a .dxf format with
encoding compatible with subsequent processing and imported into BEAMER.

BEAMER is a software developed by GenlSys that converts layout files into exposure data
(.gpf) for electron-beam lithography. It performs fracturing, the process of breaking down
complex shapes into basic geometries compatible with the electron-beam writer, and applies
corrections for tool artifacts, proximity effects, and process variations. The sequence of
processing steps in BEAMER s called "flow".

Import Module. The .dxf file with the layout is loaded in the import module, where the
dimensional tolerances are set to very fine values (by default 1 nm), well below the EBPG's
resolution, to ensure that software settings do not limit the layout feature size.

Heal Module. A healing operation removes overlapping geometry that would otherwise cause
double exposure. The Heal module automatically eliminates redundant regions using default
settings.

Export Module.The final stage of the workflow exports the fractured layout into a format
compatible with the EBPG system (.gds). A predefined tool configuration must be selected,

Uhttps://github.com/heitzmann/gdspy by Lucas H. Gabrielli.
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| Parameters | GND, CPW | Coupling line | Coils |
PEC Yes No Yes
Max number of dose classes 256 - 256
Min dose factor 0.1 - 0.1
Resolution (= Beam step size) 0.050 pm 0.010 um 0.001 pm
Fracture mode LRFT LRFT LRFT
Field ordering Fixed Floating Floating
Feature order No Compaction | No Compaction | No Compaction
Beam Current 250 nA 10 nA 0.8-1 nA
Dose 250-270 C/cm? | 250-270 uC/cm? | 300-330 C/cm?

Table 4.3: E-beam parameters for coils on Si substrate.

here "5200/5000+ 20bit HS 100kV", which includes all relevant hardware parameters. The
writing resolution is set based on the smallest feature size and desired dose; it also defines the
beam step size accordingly.

This resolution setting determines the maximum field size writable without stage movement,
limited to 1040 pum x 1040 pm. Since individual coils fit within this range, we constrain each
pattern to a single field to avoid stitching, using the "floating" field option. Larger structures
like the ground plane require "fixed" field placement.

The fracture mode controls how the layout is decomposed into shapes the EBPG can interpret.
Available modes include "large rectangle fine trapezoid" (LRFT), "conventional", and "curved".
Most configurations yield comparable results.

The resulting . gpf folder is synchronized with the e-beam workstation, where . cjob files
are generated for exposure.

E-beam patterning. The electron beam pattern generator (EBPG) utilizes the . gpf file
to expose the resist-coated chip by delivering a controlled electron dose, i.e. a specific charge
per unit area, to chemically modify the resist. The optimal dose depends on multiple factors,
including the resist type and thickness, substrate material, feature size, and overall pattern
geometry.

To calibrate and refine this value, a dose test is routinely written right before starting the
fabrication of the sample. This involves patterning identical structures multiple times across
the chip, each with a slightly different dose. Dose test steps and number of replicas depends
on requirements, but at least 10 steps, with 10 C increment for CSAR. Insufficient dosing
results in incomplete development, where some resist remains. Conversely, excessive exposure
causes overdevelopment, enlarging and rounding out sharp features beyond their intended
dimensions.

The choice of electron beam current is influenced by both the required feature resolution and
the pattern density defined in the . gpf file. Higher resolution patterns necessitate smaller
beam currents to prevent beam deflection from exceeding the system’s speed limits and causing
dose errors. Writing at up to 100 MHz is technically possible, even if not recommended.

Larger beam currents enable faster writing, making them suitable for patterning large open
areas. However, smaller beam currents offer finer resolution and smaller spot sizes, which are
essential for high-precision features with step sizes as small as 2.5 nm. In practice, a 300 pA
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beam, yielding a spot size of roughly 4 nm, is commonly used, as it provides a good balance
between speed and resolution and represents the performance limit of the current tool.

Development. We use AR600-549, a proprietary developer from "Allresist", to process the
exposed resist. The chip is gently agitated in the developer, held by tweezers at the edges.
Fresh developer is replaced after processing approximately 4 chips. Following development,
the chip is rinsed for 30 seconds using ACE and then IPA. After rinsing, the chip is dried with
nitrogen.

The resist is sensitive to environmental moisture, which can cause it to swell and alter its
properties over time, potentially damaging fine features and degrading pattern fidelity. To
minimize this risk, it is a good thing to develop chips after exposure and proceed to BOE
etching within a few days and immediately before the metal evaporation.

Metal evaporation. Metal evaporation is performed immediately after development to
minimize oxide growth on the substrate surface. To enhance this step, a descumming step at
the plasma asher (Table 4.2) or an ICP-RIE directional oxygen clean can be applied beforehand
(parameters provided in Table 4.6), followed by a buffered HF (BHF) dip.

The sample is then mounted into an ultra-high vacuum (UHV) evaporator system from Plassys.
The system consists of three interconnected chambers. The first is a load lock chamber,
used for rapid sample insertion and evacuation. It is connected via a mechanical arm to the
oxidation chamber, where gas inlets (oxygen and argon) are available. In this chamber, the
sample can be rotated and tilted in all directions, and a shutter is used to shield the sample
from unwanted metal deposition. The oxidation chamber is connected by a valve to the
evaporation chamber, which houses multiple crucibles mounted on a rotating stage. The user
can select the desired crucible, and a laser beam can be focused and precisely positioned on
the target.

Before aluminum deposition, a thin titanium layer is first evaporated while the sample is
protected by vertically tilting the substrate holder. This process coats the chamber walls
with titanium, which acts to trap residual oxygen. As a result, the vacuum improves by
approximately an order of magnitude, reaching down to the 10~® Torr range.

Metal liftoff. For each sample, the metal liftoff process involves two beakers filled with
NMP (N-Methyl-2-pyrrolidone), followed by rinsing in acetone and IPA. The NMP is preheated
in a water bath. After soaking the sample for about one hour in the first beaker, aggressive
pipetting is used to break and remove the metal film.

The sample is then transferred to a second NMP beaker to dissolve any remaining resist. If
pipetting alone is not sufficient, it typically indicates suboptimal pattern design, exposure dose,
or development quality. A mild sonication step can be introduced if necessary, but this may
degrade the device's quality factor due to rough sidewalls or dislodged metal flakes caused
by poor adhesion. Shallow beakers are preferable for strong pipetting, as they allow access
from multiple angles. Before drying, the sample can be stored in a shallow layer of IPA and
inspected under an optical microscope. Once dried, any remaining metal residues that were
not lifted off and have redeposited onto the substrate will likely be impossible to remove by
re-immersion in solvent. Therefore, care must be taken during the liftoff process. Use the
appropriate tweezers dedicated for this step, and process the sample in a designated "dirty"
beaker to avoid contamination of clean tools and materials.
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4.4.3 Silicon-on-insulator (SOI) substrate

| Process | Steps | Notes |
| Wafer preparation | Outsourced | See SOI wafer prep. ||
Layer 1: Markers and Holes
ACE, 21°C, uc power 9, 5 min Cleaning same as for Si
Substrate cleaning | IPA, 21°C, uc power 9, 5 min substrate.
N2 blow dry

Prebake, 21°C, 1 min

Spin, CSAR AR-P 6200.13, 6 krpm, 1 min
(acceleration 1.5 krpm/s)

Bake, 160°C, 1 min

CAD file preparation

Beamer flow file preparation

Markers and holes, 0.8 or 1 nm beam,
dose 300-330 pC/cm? with PEC

AR 600-549, 21°C, 1 min

Development IPA, 21°C, 30 sec

N2 blow dry

Cleaning: Oxygen plasma, 5 min See SOI RIE.
Conditioning: Mixed-nano, 15 min
Etching: Mixed-nano, 110 sec

Cleaning: Oxygen plasma, 15 min

NMP, in a beaker immersed in a water
bath on a hot plate at 145°C, 1 h

Resist stripping ACE, 21°C, uc power 9, 5 min

IPA, 21°C, uc power 9, 5 min

Spin and bake
e-beam resist

E-beam flow prep

E-beam patterning

Silicon etching

N2 blow dry
Layer 2: Circuit
See Si recipe
Baking, 120°C, 1 min See Membrane release.
Membrane release
vapor HF

Wafer preparation. The process starts with a silicon-on-insulator (SOI) wafer from Soitec,
with a device layer Si thickness 220 nm, buried oxide (BOX) layer 3 pm, handle Si thickness
725 pm, crystal orientation < 1,0,0 >, resistivity p = 5 — 15 k{2 - cm, diced into die of
10 mm x 10 mm. Silicon-on-insulator (SOI) allows for the fabrication of suspended nanoscale
structures by removing or undercutting the buried oxide beneath the silicon device layer. Its
processing methods are well established in both industry and research, making it a practical
choice of substrate.

E-beam patterning. For details about the parameters for the markers and holes on SOI
substrate, see Table 4.5.

Silicon RIE. Etching is a process used to selectively remove material in a controlled manner,
leaving behind a desired pattern defined by an etch mask. The system used in this work is an
inductively coupled plasma reactive ion etching (ICP-RIE) tool from Oxford Instruments.
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| Parameters | Markers, Holes |
PEC No
Max number of dose classes -
Min dose factor -
Resolution (= Beam step size) 0.005 pm
Fracture mode LRFT
Field ordering Floating
Feature order Array Compaction
Beam Current 0.8-1 nA
Dose 300-330 pC/cm?

Table 4.5: E-beam parameters for etched markers and holes on SOl substrate.

| Parameters | O, Descumming Mixed Nano ||

Chiller Temperature (°C) 20 20
Backside He Pressure (Torr) 8 10
O, Flow (sccm) 20 0

SFe Flow (sccm) 0 10
C4Fg Flow (sccm) 0 12
LPS - low pressure setpoint (mTorr) 30 5

RF Power (W) 50 30
ICP Power (W) 0 400

Table 4.6: Process parameters for ICP RIE. O, Descumming is an ICP process to remove
resist residues before the coil evaporation, while Mixed Nano is for Si etching.

In this system, an etch gas is introduced and ionized, producing reactive ions that either
chemically react with the sample surface or are accelerated toward it to physically sputter
material or both. One of the key features of the ICP-RIE tool is the decoupling between
plasma generation and ion acceleration. This allows for independent control of the ion density
and the ion energy. The ion density is controlled by the ICP power, while the energy with
which the ions bombard the sample is set by the RF forward power.

The process is governed by three main parameters. First, the ICP power determines the
amount of gas ionized into plasma, thereby setting the plasma density. Second, the RF forward
power accelerates the ions toward the sample surface and contributes to the energy transferred
during the etch. Third, the gas chemistry determines etch selectivity, material compatibility,
and sidewall passivation.

The DC bias, defined as the voltage drop between the plasma and the substrate stage, is a
critical parameter because it directly reflects the energy with which ions strike the sample.
Etch recipes often aim for a target DC bias, and the RF forward power is adjusted accordingly
to reach this value.

The gas flow rate and chamber pressure together set the total amount of gas available in the
etch environment. In this process, the chamber pressure is maintained at 15 mTorr, providing
a balance between mean free path, plasma stability, and etch directionality.

To ensure effective thermal management during the etch, helium is supplied as a backside
cooling gas. Helium backing provides good thermal contact between the sample and the carrier
wafer, allowing for stable and repeatable etching conditions. Plasma generation consumes
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a significant amount of electrical power, much of which ends up as heat. Maintaining the
correct helium backing pressure and flow rate is therefore essential to prevent overheating and
preserve etch fidelity.

The chips are mounted onto a carrier wafer using thermal paste. A small amount of paste,
typically a dab in the center and one on each corner, is sufficient to secure the chips while also
improving thermal conduction to the helium-cooled wafer chuck. Care must be taken to avoid
overflow of the paste, which could affect the etch uniformity or contaminate the chamber.

Because high-frequency electrical power is used to generate and maintain the plasma, impedance
matching between the power source and the plasma load is critical. A mismatch can cause
reflected power, which not only reduces efficiency but could also damage the equipment. An
automatic matching unit (AMU) is used to dynamically adjust internal capacitors to minimize
reflection by matching the impedance.

Once the plasma is ignited, it emits a visible glow which can be observed through a viewport.
This glow provides a visual confirmation of plasma ignition and is useful as a diagnostic to
identify potential issues in the early stages of the etch.

The etch process used here follows a pseudo-Bosch strategy, alternating between etching and
passivation phases to achieve more vertical profiles.

For silicon etching, sulfur hexafluoride (SFg) is the primary etchant. When ionized, SFg
dissociates into reactive species such as SF, and fluorine ions (F~). Fluorine chemically reacts
with silicon to form volatile byproducts such as SiFy, which are removed from the chamber
via pumping. Without directional ion bombardment, fluorine leads to isotropic etching due to
its high diffusivity and reactivity. However, by accelerating heavier ions like SF7 toward the
substrate, the process also includes physical milling, introducing a degree of anisotropy.

To further enhance directionality and minimize lateral etching, an inhibitor gas such as
octafluorocyclobutane (C4Fg) is introduced. Upon ionization, this gas produces fragments like
CF5, which deposit a polymer-like layer on all surfaces, providing sidewall passivation. The
ion bombardment preferentially removes this layer from horizontal surfaces, allowing vertical
etching to proceed while protecting the sidewalls. However, the addition of C,Fg typically
reduces the overall etch rate, as fluorine and carbon can recombine into stable compounds like
CF4, lowering the concentration of free reactive species.

Membrane release. The HF (hydrofluoric acid) etch mechanism is a critical process in
nanofabrication, primarily used to remove silicon dioxide (SiO3) layers. In this reaction,
hydrofluoric acid reacts with SiO, in the presence of a catalyst to form volatile byproducts
such as silicon tetrafluoride (SiF,) or hexafluorosilicic acid (H,SiF) along with water (HO).
The reactions are

A catalyst is required to dissociate HF' and initiate etching. Fluorine substitutes into the
silicon dioxide network, breaking Si — O bonds and forming SiF,. Water generated from the
reaction also acts as a catalyst. Although the chemical reaction itself is independent of the
etch chamber configuration, the overall etch mechanism and etch rate are highly dependent
on the chamber setup.
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4.4.4 Back-etched Silicon-on-insulator (SOI-BE) substrate

| Process

| Steps

| Notes |

H Wafer preparation

‘ Outsourced

‘ See SOI-BE wafer prep. H

Layer 1: Markers and Holes

See SOl recipe.

Layer 2: Circuit

See Si recipe until liftoff, no vapor HF release yet.

Layer 3: Back etching

Spin and bake
protective layer

Spin, LOR 5B, 4 krpm, 1 min (accelera-
tion 1.5 krpm/s)

Bake, 160°C, 1 min

Repeat 3 times

Spin and bake
bottom

Flip chip

Spin, PMMA 950k 4%, 4 krpm, 1 min
(acceleration 1.5 krpm/s)

Bake, 170°C, 3 min

E-beam flow prep

CAD file preparation
Beamer flow file preparation

E-beam patterning

All chip except cutouts, 250 nm beam,
dose 700 1C/cm? without PEC

Development

water:IPA ratio 1:3, 2 min
IPA, 10 sec

Evaporation

Cr, 50 nm, 1 nm/s

Liftoff

ACE, in waterbath, 40°C, 1 h

Bosch etching

Cleaning: Oxygen plasma, 5 min
Conditioning

Etching

Cleaning: Oxygen plasma, 15 min

See Si Bosch etching.

Resist stripping

NMP, in a beaker immersed in a water
bath on a hot plate at 145°C, 1 h

ACE, 21°C, uc power 9, 5 min

IPA, 21°C, uc power 9, 5 min

N2 blow dry

Membrane release

No Baking

vapor HF

See Membrane release.

Wafer preparation.

The thickenss of the SOI wafer used for this process is 200 nm.

Bosch Si etching. The Bosch DRIE method, originally tailored for micro-electromechanical
systems (MEMS), operates through a cyclic two-step process: alternating isotropic etching
of silicon using sulfur hexafluoride (SF¢) and conformal passivation using a fluorocarbon gas
such as octafluorocyclobutane (C,Fg). The etching cycle anisotropically removes silicon due
to directional ion bombardment, while the deposition cycle forms a protective polymer layer
on the sidewalls. This results in vertically etched trenches with high aspect ratios.

A hallmark of the Bosch DRIE process is the scalloped morphology that emerges on etched
sidewalls, arising from the repeated alternation between etching and passivation. This scalloping
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Figure 4.4: Nanofabrication and measurement setup. a. Key nanofabrication steps for
the different substrates. b. SEM image of coil resonators inductively coupled to a shorted
coplanar waveguide feedline. c. Magnified SEM view of an aluminum coil resonator with
300 nm pitch on SOI-BE. d. Schematic of the measurement setup: the sample is wire-bonded
to a printed circuit board, enclosed in a copper package, and cooled to 10 mK in a dilution
refrigerator. Magnetic and radiation shields surround the box. The input from the vector
network analyzer (VNA) is attenuated by about 82 dB (including cable losses and attenuators),
filtered by a low-pass filter (LPF), and routed through a circulator. ECCOSORB filters are
placed at the input and output of the circulator. The transmitted signal passes through an
additional circulator for isolation, then a band-pass filter (BPF), before being amplified by a
cryogenic HEMT amplifier followed by room-temperature amplifiers.

becomes a significant issue at the nanoscale due to its pronounced surface roughness. However,
this nano-scalloping can be systematically controlled by tuning process parameters such as
chamber pressure, radio frequency (RF) power, gas flow composition, and most critically, the
timing balance between etch (SFs) and passivation (C4Fg) phases. By optimizing the ratio
and duration of these cycles, it becomes possible to engineer smooth profiles with precise
reproducibility.

Using the patterned resist as a mask, the subsequent Bosch DRIE step allows for the etching
of high-aspect-ratio structures. For details see Appendix E.

Membrane Release. For details see Appendix D.

4.5 Experimental methods

4.5.1 Cryo setup

Superconducting devices are designed to have their fundamental frequency fj in the microwave
range, typically between 4 — 12 GHz. To control the quantum phenomena and suppress
thermal excitation, they need to be cooled below 1.2 K, the critical temperature of aluminum,
the material from which all these circuits are made. Additionally, lower temperatures also
ensure a low thermal population, so that T < hfy/kp ~ 480 mK at 10 GHz. This requires
all devices to be operated in a dilution refrigerator.
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To achieve millikelvin temperatures, immersing the device into a bath of liquid helium is not
enough: it boils at 4 K, and by pumping to lower its vapor pressure, temperatures around
1.2 K can be reached. To go lower, more advanced cryogenic systems are required. The
BlueFors LD-250 dilution refrigerator is an example. This dry cryostat uses a mechanical
pulse-tube cooler to establish the 4 K stage. From there, a closed-cycle mixture of *He and
“He allows dilution cooling down to approximately 10 mK. The cryostat is composed of several
subsequent plates at different temperatures, nominally 295 K (RT), 50 K, 4 K, 0.8 K (still),
0.1 K (cold plate, CP) and 10 mK (mixing chamber, MXC). The cryostat used is nicknamed
"Fermi".

4.5.2 Measurement setup

Apart from low temperatures, cCQED experiments require control over microwave signals:
to reach the single-photon regime necessitates to minimize thermal and electronic noise, so
special attention needs to be placed for thermal anchoring, magnetic shielding, high-frequencies
filtering, low-noise amplification. A sketch of the setup is shown in Fig. 4.4.d.

Input line. The devices are mounted on the MXC plate at 10 mK, and are connected
through coaxial microwave lines to the room temperature elctronics. These coaxial lines
enter the fridge via hermetic vacuum feedthroughs and are anchored at each temperature
stage using attenuators and mounting blocks to minimize heat transfer and prevent thermal
radiation from reaching the qubit stage. Since all signals originate at room temperature,
they carry significant Johnson-Nyquist noise. Attenuators are placed at multiple stages rather
than concentrating them at the 10 mK stage, since they dissipate power and could cause
local heating: the location of the attenuators need to take into account the cooling power
at each stage. Proper attenuation at the coldest stage is necessary to prevent thermal noise
from warmer stages reaching the sample. Each attenuator introduces noise corresponding
to its temperature, so the final attenuation stage at 10 mK is critical. 50 dB attenuators
were located as 20 dB — 10 dB — 20 dB at 4 K — 800 mK — 10 mK, respectively. Including
cryostat (~ 20 dB) and room temperature cables (~ 13 dB), for a total of ~ 83 dB+5 dB
attenuation at 8 GHz.

In addition to attenuation, all input lines are filtered to reject noise coming from frequencies
outside the measurement band. Two input lines are implemented, with identical attenuator and
filter configurations, low-pass filter with 12 GHz cutoff from K&L Microwave. Eccosorb-filters
are in-house made and detailed in Ref. [Red22] and take care to filter frequencies above 50 GHz
where the commercially available filters don't operate anymore. For a similar reason, the
inner side of the MXC copper shield is painted with Stycast shielding, following the approach
described in Ref. [HGW(C86].

After the filters, the signal passes through one of circulators, to allow the reflection measurement,
allowing to isolate the sample from amplifier noise. The signal then enters a 6-port coaxial
switch (Radiall), which allows for the selection among six different samples during a single
cooldown.

Output line. On the output side, the reflected signals, often on the order of a few single-
photon events, must be amplified by factors up to 10® to be detectable. This is achieved
through a cryogenic and room-temperature amplifiers.
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Before reachign the HEMT at the 4 K stage the signal the signal passes through 2 isolators
Memstar for the 4 — 8 GHz range and LNF for the 8 — 12 GHz and a bandpass filter together
with an Eccosorb filter to prevent amplifier noise from entering through the output.

A High Electron Mobility Transistor (HEMT) amplifier is located at the 4 K stage. it contributes
noise equivalent to 7-10 photons and 40 dB gain.

Inter-stage connections use stainless steel, which has low thermal conductivity. The output
cable from the 50 K stage to room temperature is made from a combination of stainless
steel and beryllium copper. Within the 10 mK stage, where high thermal conductivity and
low signal loss are both required, copper cables are used. Components such as attenuators,
circulators, and filters are thermally anchored to the mixing chamber plate to ensure they are
well thermalized and do not introduce heat to the stage.

4.5.3 Chip layout and packaging

These resonators were distributed across several samples and measured over different cooldowns,
with each chip containing sixteen resonators of varying numbers of turns and pitch. All
resonators were coupled, grouped in pairs, to eight feedlines, which taper and split in the
middle into two parts (See Fig. 4.4.b). For each coupler, the two resonators were intentionally
designed to have significantly different resonance frequencies. The distance from the outermost
turn of each coil to the feedline was kept constant. Simulations in Ref. [Per21].

The sample is mounted in a box made of oxygen-free high-conductivity copper, featuring a
cutout beneath the chip to suppress parasitic box modes and shift them above 12 GHz. The
box is sealed with a lid, made out of the same material, to shield the device from external RF
radiation. The boxes are made at the ISTA Machine Shop.

To interface the sample with the rest of the experimental setup, a printed circuit board (PCB)
is mounted with screws on the bottom half of the box. The PCB hosts four 50 €2 coplanar
waveguides and is fabricated on AD1000 Rogers laminate by an external manufacturer. It
includes a central cutout to accommodate the chip. Surface-mounted MMPX connectors are
soldered at the outer edge of the PCB.

The chip is glued to the rim of the cutout using four small drops of silver paste at the corners.
Excess paste should be avoided, as it may spread into the gap between the chip and PCB,
potentially overflowing and causing shorts. Once the paste has dried, wire bonds are made
between the on-chip coplanar transmission lines and ground planes and the corresponding
PCB pads, using aluminum wires.

To suppress slot-line modes, on-chip bonds are added across the launcher. These have a
triangular shape. Three aluminum wires are used to connect the launcher to the PCB CPW,
and as many as possible are used to bridge the ground planes. The bonds should be low
inductance and form low arcs, not too tall, so as to avoid contact with the lid and minimize
coupling to flux noise.

Once the sample is mounted, connected, and the box closed with screws, care is taken to
ensure the lid presses securely on the MMPX connectors and that all components are properly
aligned, without any strain applied: this could rip off the connector. Electrical connection
is then verified by checking that there is a finite (non-zero) resistance between the central
conductor and ground, confirming that there are no shorts.
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In all of the samples the waveguide is shorted to ground near the device for inductive coupling.
Resistance measurements between the PCB conenctor and ground will result in a resistance of
50 — 100 €.

Finally the box hosts threads on the side and on the bottom so that can be mounted on a
cold finger at the MXC plate of the dilution refrigerator.

4.6 Measurement results

One hundred and four resonators were measured using a Vector Network Analyzer (VNA).
The single-port coupling reflection coefficient Sy;, which includes both the real (in-phase)
and imaginary (quadrature) components of the reflected signal, was recorded as a function of
frequency and input power.

The collected data were fitted using an analytical model introduced in Ref. [Gao08], which
extends the standard Lorentzian response to account for imperfections commonly encountered
in experimental setups. The fitting function is given by:

_ —i(p42mf7) . 2Qz - QZQZQE 5f/f0 >
Su(f) = Aoe (1 O 00~ 20G.f—inih)  *F)

where the A is an amplitude that captures the overall gain and attenuation in the measurement
chain (dimensionless measurement baseline), ¢ accounts for a static phase offset, while 7
introduces a frequency-dependent phase correcting for signal delay accumulated in the coaxial
cables. ). and @); represent the external and internal quality factors, respectively, with Q).
related to losses due to coupling to the environment and @); to intrinsic dissipation within
the resonator. The resonance frequency is denoted by fy, and df is an asymmetry parameter
introduced to fit resonance features that deviate from a purely symmetric (Lorentzian) shape.
Such distortions are often due to circuit imperfections or reflections in the measurement setup
(see Subsection 2.4.5) [Fan61; RGS*23].

4.6.1 Resonant frequencies

This subsection presents a detailed summary of the resonance frequencies measured for all
coils. Fig. 4.5 shows the fundamental resonance frequencies fj
wWo 1
== - 4.28
fO 2T 27'('\/ LtotC ( )
as a function of the number of coil turns n for each pitch p and substrate. The solid lines
correspond to fits based on the Eq. (4.23) for f,, the purely geometric resonance frequency,
adjusted to include a correction accounting for the kinetic inductance L. This leads to a
modified expression for the resonance frequency

Lg(napa Rz)
Lg(n7p7 RZ) + Lk’

fo=f4(n,p, Ri, eesr) - \J (4.29)

where R; is the internal radius'?. The only fitting parameter in this model is the effective dielec-
tric permittivity s, which enters through f,: its fitted values are reported in Table 4.8 for the

LRSU = 5 ym (p = 1 pm); 2.5 ym (p = 0.5 ym) and 1.5 pm (p = 0.3 pm). RF°! = 3 um.

7
RSOL-BE — 3 i,
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Figure 4.5: Resonance frequency scaling of coil resonators. Fundamental resonance
frequency fj as a function of the number of coil turns n for each substrate. Solid lines represent
fits to the modified resonance frequency model given by Eq. (4.29), which incorporates a
correction for the kinetic inductance.

three different substrate. L, is calculated using the analytical expression in Eq. (4.24), while Ly,
is determined from temperature-dependent measurements analyzed using the Mattis—Bardeen
formalism (see Subsection 4.6.3).

Most of the measured resonance frequencies lie within the setup'’s readout ranges of 4 —8 GHz
and 8 — 12 GHz. Some frequencies extend slightly beyond these bands, but the signal-to-noise
ratio remained sufficient for reliable detection.

The fundamental frequency scales as fy oc 1/n?.

Linearity vs power. To analyze the resonator nonlinearity, the system can be modeled as a
simple nonlinear oscillator with a self-Kerr interaction term:

|
th-?ﬂfo-&Ta—ih-QwKH-(dT&)Q, (4.30)

where f; is the fundamental resonance frequency, @ and &' are the bosonic annihilation and
creation operators, and K7 is the self-Kerr nonlinearity coefficient in Hz.

Fig. 4.6.b shows the resonance frequency shift Af = fo((npn)) — fo(Mphmin), With nph min =
14.4, as a function of the average photon number (n,y,) in a resonator on SOI-BE substrate
with n = 155, p = 0.3 pm and outer diameter 2 - R, = 105 pm. The photon number
is swept by varying the input power from —40 dBm to +10 dBm. Taking into account
an input line attenuation of —81.232 dB (plus an additional —20 dB attenuation at room
temperature), the corresponding photon population measured spans from approximately 14 to
2 x 105. The resonance frequency remains nearly unchanged up to approximately 1.5 x 10*
photons. At higher photon numbers, it begins to drift and the resonance profile deviates from
a Lorentzian shape (curves in Fig. 4.6.a), indicating the onset of nonlinear effects and possible
local suppression of superconductivity. In this regime of large photon numbers, the effect of
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Figure 4.6: Coil resonator linearity. a. Resonance line shapes measured at various input
powers, showing increasing distortion at high photon numbers. For powers of —15 dBm and
+10 dBm, the response deviates from a Lorentzian profile. b. Resonance frequency shift
Af = fo({npn)) — fo(npnmin) as a function of average photon number (n,;), extracted from
the same device, a coil resonator with n = 155 turns, pitch p = 0.3 um, and outer diameter
2- R, =105 pum , fabricated on an SOI-BE substrate. The frequency remains stable up to
about 10* photons, beyond which it begins to shift linearly. A linear fit yields a frequency shift
of 9.46 mHz per photon.

the nonlinearity becomes comparable to the resonator linewidth. Also, the baseline drops,
indicating saturation of the output amplifier.

The average photon number at resonance is calculated using Eq. 2.49

_ Pu(W) L
o) = = e o

(4.31)

where P, is the input power, in W, at the resonator, f, is the resonance frequency, and
Ke = 21 fo/Qe, ki = 27 fo/Q; are the external and internal decay rates in rad/s, respectively.

The nonlinearity is quantified by the resonance frequency shift per photon, Af/(nyn). A linear
fit to the data yields

Af = fo(npn) — fo(Nphmin) = 9.46 mHz/photon, (4.32)
corresponding to a self-Kerr coefficient of

The shift varies slightly between different coils and is difficult to measure accurately, as the
large photon numbers required to resolve it can induce superconducting breakdown.

The extremely low self-Kerr nonlinearity measured in these planar coils is unmatched by
other reported superinductors, supporting their classification as highly linear components. By
comparison, higher values of K, have been reported in other high impedance platforms: grAl
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Figure 4.7: Internal quality factor vs. intraresonator photon number. a. Measured
Q; of a representative overcoupled coil (pitch p = 300 nm, n = 155 turns, Q. = 6 x 10%
on SOI-BE) as a function of the mean intraresonator photon number np. Blue dots are
values extracted from Lorentzian fits, and the shaded band represents the 90% confidence
interval. The yellow line is a fit to a TLS model. b. Close-up of the internal quality factor
near saturation.

resonators exhibit K, values ranging from 7 to 95 Hz [KSP*25], and from 1072 to 10° Hz
per photon [MGK™18] depending on film thickness and resistivity. NbN and TiN resonators
show self-Kerr nonlinearities in the range of 10 to 10° Hz per photon [FAdP"23]. However,
impedance values are not always specified, making direct comparison less straightforward. For
the Josephson junction chain in Ref. [MPK*12], the expected value was Kj; = 10 MHz,
while for the suspended Josephson junction chains in Ref. [JCN"25], it was measured to be
K1 = 9-17.5 kHz.

4.6.2 Quality factor

A characterization of the linewidth was performed on the same reference coil resonator
fabricated on SOI-BE substrate as in Subsection 4.6.1-linearity vs power. As a reminder, the
device has a pitch of 300 nm and consists of 155 turns, resulting in a fundamental resonance
frequency at 4.55 GHz and a calculated geometric inductance of 933.9 nH (Eq. 4.24). This
resonator is a representative example among SOI-BE coils and was measured inside two
radiation shields (most of the resonators were not). It was also fabricated with an optimized
vapor-phase hydrofluoric acid release process (Test 13 in Appendix D), which is crucial to
avoid fluorination of aluminum and a clean undercut to reduce dielectric losses from the SiOs
residues on the membrane interface.

The complete power- and temperature-dependent behavior of a resonator mode can be
accurately captured by a model that includes three loss mechanisms [CMD*23]: two-level
systems (Qr1s), equilibrium quasiparticles (Qqp), and a power- and temperature-independent
loss channel (Q.) that sets the limit for @; at high microwave powers,

L ! P S (4.34)
Qi B QTLS (nph7 T) QQP(T) Qsat . .
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Power dependent behavior. Fig. 4.7 presents the internal quality factor (); as a function
of the average intraresonator photon number (n.,). The high-power saturation is consistent
with losses caused by TLSs, which typically arise from surface defects or dangling bonds. As
the mean intraresonator photon number increases, the TLS bath saturates, reducing dielectric
loss and thus increasing the internal quality factor @);.

The data is fitted using the TLS loss model present in Ref. [Gao08]:

1 _ F 0% 4 - tanh (%) 1

3
Qrrs(Mph) (1 I Zﬂ)ﬂ T Quat’ (4.35)

where F' is the filling factor of the TLS material, i.e. the fraction of the electric field in
the lossy material, 03,4 is the intrinsic TLS loss tangent 6% ¢ = 1/Qtrs0, nc is the critical
photon number required to saturate TLS, [ is a phenomenological exponent describing the
saturation behavior, and Q. represents the loss floor due to residual mechanisms such as
quasiparticles'® or radiation.

For the device under study, 5 = 0.4 and deviates from the canonical 5 = 0.5, suggesting weak
TLS correlations [BSK*17]. The fit also yields an effective TLS loss tangent of

F-drs=13-107° (4.36)

and a saturation quality factor
Qsat ~ 1.1-10°, (4.37)

The device with the best performances has a tighter pitch of 200 nm, on SOI-BE, and shows
an order of magnitude lower TLS loss, comparable to state-of-the-art millimeter-sized coplanar
waveguide resonators fabricated on high-quality sapphire substrates [MNB*12].

Additionally, stronger capacitive coupling to the feedline (corresponding to smaller external
quality factors ().) was noticed to have a correlation with reduced internal quality factor ;.
However, when (). exceeds approximately 5 x 10, the high-power @; consistently surpasses
105. A detailed overview of the measured quality factors across devices is in Table 4.9.

In a comparative study [TSH"25] of superconducting resonator geometries, it was demon-
strated that Archimedean spiral resonators fabricated from titanium nitride (TiN), significantly
outperform conventional coplanar waveguide resonators. The spiral resonators exhibited intrin-
sic quality factors approaching 107 at the single-photon level, representing a two- to fourfold
enhancement over their CPW counterparts. This improvement is primarily attributed to the
spiral geometry, which, as confirmed through COMSOL simulations, promotes a more uniform
distribution of the electromagnetic field. Such field homogeneity reduces participation of lossy
interfaces and minimizes dielectric loss from TLSs.

Despite these advantages, the outer regions of the spiral present more complex field distributions
that warrant further detailed modeling. To support performance analysis, the study also
introduces an analytical expression for the voltage distribution along the spiral. This model
enables efficient and accurate computation of the electric field profile, essential for participation
ratio evaluations and loss predictions. The spiral resonators employed in the study featured
larger physical dimensions and pitch than those typically explored here, yet still maintained
high characteristic impedance values near 1 k().
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Figure 4.8: Temperature dependence of complex conductivity. a. Calculated real
component of the complex conductivity, oy, following Eq. 4.38. b. Calculated imaginary
component of the complex conductivity, o, following Eq. 4.39. Both plots are calculated for
the coil on SOI-BE with fy = 4.55 GHz, made out of aluminum To = 1.2 K.
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Figure 4.9: Temperature dependence of resonator properties. Measured values for a
representative overcoupled coil resonator (p = 300 nm, n = 155, Q. = 6 x 10%) on an SOI-BE
substrate. a. Resonance frequency shift as a function of temperature, with dots representing
measured data and the line showing a fit to the BCS model, yielding a kinetic inductance
Ly = 58.0 nH. b. Internal quality factor (); versus temperature for the same device; the line
is the BCS fit.
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Temperature dependence. Measurements performed as a function of temperature show
that increasing the fridge temperature results in a decrease of both resonance frequency and
internal quality factor (see Fig. 4.9). This behavior arises from the temperature-dependent
surface resistance and reactance of the superconductor, as expected from the complex con-
ductivity o(T') = 01(T) — ioo(T) introduced in Ref. [GT57]. In the limit of hf < A(0) and
kT < A(0), that is, the microwaves and thermal excitations are low energy compared to the
superconducting gap, the superconductor behaves as if it is in its ground state, with negligible
quasiparticle excitations. The temperature dependence of the conductivity is expressed by the
Mattis-Bardeen relations [GZV'08; Gao08|

o1(T) _4A(0) 20 hf hf

o Ty e sinh <2kBT> Ky <2kBT> , (4.38)
o2(T)  mwA(0) R hf

o TS [1 — 2e e Iy <2kBT>] : (4.39)

where o and o, are the real and imaginary part of the conductivity, o, is the normal-state
conductivity, A the superconducting energy gap, and Iy and K| are the zeroth-order modified
Bessel functions of the first and second kind, respectively.

The real component o,(T") corresponds to losses from quasiparticles, which lead to energy
dissipation in the resonator, while the imaginary component o5(7") reflects the inductive
response of the superconducting Cooper pairs. This inductive contribution determines the
superconductor’s ability to store and transfer energy without dissipation and is directly linked
to its kinetic inductance Lj.

Fig. 4.8 presents the calculated real and imaginary components of the complex conductivity as
functions of temperature. At low temperatures, the available thermal energy is insufficient to
break a significant number of Cooper pairs, resulting in only a small population of quasiparticles.
Since 01 o ngp o< e~ 2/F8T its value remains extremely small as 7 — 0, where A(T') — A(0).
This behavior arises because A(0) is much larger than kT, suppressing quasiparticle generation.
As the temperature increases, more quasiparticles are excited, leading to a corresponding rise
in oy. In contrast, Fig. 4.8.b shows a decreasing trend for o5. This can be understood from
the relation Lj o< 1/05: with increasing temperature, the higher quasiparticle density enhances
the kinetic inductance, which in turn reduces 0.

The surface complex conductance governs the frequency and quality factor shifts, expressed
by the Mattis-Bardeen formulas [GZV*08], where the relative resonance frequency shift J f
and inverse internal quality factor ); are given by:

of(T) _ aydoy(T,A)

) 2 a(TA) (440
Q7 HT) = OW(ZO;((TT’AA))' (4.41)

The parameter a = Ly /(L, + Ly) represents the kinetic inductance fraction and v = —1 for
thin-film aluminum. The superconducting gap A(0) is taken as the bulk value, appropriate for
the 100 nm film thickness used here [CEP69].

13Comparing Eq. 4.35 to the more general Eq. 4.34, the Qqp term is included in Q. one because not
power dependent.
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Figure 4.10: Inductance scaling of coil resonators. Total inductance L as a function of
the number of coil turns n for each substrate. Solid lines represent the sum of the geometric
contribution L, (Eq. 4.24) and the kinetic contribution L (Eq. 4.42).

4.6.3 Inductance

The geometric inductance, obtained from Eq. 4.24, is shown in Fig. 4.10.From the temperature
dependence analysis, the kinetic inductance was determined to be L, = 58.0 nH, corresponding
to 5.9 % of the total inductance. Using the relation

14

Ly, = poAf(0) oh

(4.42)

where fi is the vacuum permeability, and ¢, w, and h are the length, width, and thickness of the
superconducting wire, respectively, we infer a London penetration depth of A (0) = 147 nm.
This value is substantially higher than the bulk value for aluminum (~ 15 nm), which is
attributed to the thin-film geometry (100 nm thickness) of the metal [Gao08]. This effective
penetration depth is subsequently used to calculate kinetic inductance corrections across all
devices in this study.

The total inductance L., = Ly + Ly, spans from approximately 35 nH to 992 nH.

4.6.4 Effective permittivity and capacitance

Fitting the measured resonance frequencies with Eq. 4.29 it is possible to extract the values of
cef for the different substrates as reported in Table 4.8.

For the Silicon substrate, the effective permittivity can be approximated by the simplified
conformal mapping expression cqq & (£si + €air) /2 = 6.5, which is remarkably close to the
value obtained from fitting. In contrast, the SOI-BE substrate exhibits an ¢ close to unity,
indicating an environment dominated by vacuum and very low-permittivity material beneath
the coil, i.e. just the 200 nm thick Si membrane.

The coil capacitance C ranges between 0.88 fF and 7.71 {F (Table 4.9). The values of the
capacitance are obtained from substituting the equation of the total inductance (Lot = Ly+Ly)
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Figure 4.11: Capacitance scaling of coil resonators. Effective capacitance C' as a
function of the number of coil turns n for each substrate. Data points are obtained from
the measured resonance frequency fy, using fo = 1/(2m/(Ly + Li)C) with L, and Ly given
by Egs. 4.24 and (4.42), respectively. Solid lines correspond to capacitances extracted from
f=1/ (27r (Ly + Lk)C'), where [ is taken from Eq. 4.29.

| Substrate | Eoff |
Silicon 6.89 £+ 0.09
SOl 2.04 4+ 0.93

SOI-BE | 1.25+0.19

Table 4.8: Effective permittivity of different substrates. Extracted values of effective
permittivity (cer) for various substrates.

into Eq. 4.28 of the fundamental resonance frequency and knowing the geometry of the coil
and the measured resonant frequency. The values are reported in Fig. 4.11 for the three
substrates.

Fig. 4.12.a provides a comparison illustrating the effects of reducing the effective permittivity
o ON the coil capacitance C'. As expected, decreasing . reduces the capacitance, while
the inductance remains constant because all substrates have relative permeability p, = 1.
We observe a linear scaling of C' with the coil radius r =~ np, consistent with the previously
derived proportionality C' ~ np. Although the majority of coils in this study has a fixed inner
radius of approximately 3 um, in the regime of large filling factor p and large turn number
n > 1, the approximation r = np becomes accurate. Consequently, a coil’s self-capacitance
can be estimated simply from its outer radius, which highlight the advantages of device
miniaturization.

To quantify the suppression of capacitance due to substrate effects, we extract the slope
dC'/dr for each combination of pitch p and substrate type, resulting in nine gradient values.
These gradients are found to be largely independent of pitch and are therefore averaged to
yield a single value per substrate, as reported in Fig. 4.12.a. An exception is observed for the
SOl substrate, which exhibits a pronounced pitch dependence (see inset of Fig. 4.12.a). This
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Figure 4.12: Substrate-dependent capacitance and impedance trends. a. Extracted
capacitance per unit radius for three substrates. Dots indicate the average capacitance added
by increasing the coil radius by 1 um, with the larger error bar for SOI reflecting pitch
dependence shown in the inset. b. Characteristic impedance as a function of coil pitch at
fo &~ 10.7 GHz. Dashed lines show impedance scaling for each substrate (silicon in yellow,
SOl in green, SOI-BE in blue) using the average c.¢ from Fig. 4 fits. Bands reflect permittivity
uncertainty; for SOI, strong pitch dependence is included via quadratic interpolation.

behavior arises because coils with larger pitch have increased physical size and thus a broader
electric field distribution. Given that the SOI substrate is not electrically homogeneous, a larger
coil pitch leads to a greater fraction of the electric field penetrating into the high-permittivity
silicon handle wafer, thereby increasing c.¢. This spatial field distribution is the primary source
of the larger uncertainty (90% confidence interval) in e reported earlier.

The spatial extent and vertical decay of the electric field also explain why changing the
substrate from bulk silicon to SOI provides a larger capacitance suppression compared to
transitioning from SOI to SOI-BE, as seen in Figs. 4.12.a and 4.12.b. This is because the
electric field is most concentrated near the coil and decays rapidly with vertical distance. By
removing the 3 um silicon layer directly beneath the coil (as in SOI-BE), the strongest part of
the electric field resides in vacuum, resulting in significant capacitance reduction. Simulations
indicate that this suppression effect saturates for vacuum gaps around 20 pum, depending on
coil geometry.

4.6.5 Characteristic impedance

Fig. 4.13 illustrates the characteristic impedance Z., calculated using the relation
Ze = 2mfo(Ly + Ly), (4.43)

where L, and L, are determined from Eqs. 4.24 and 4.42, respectively, and f, corresponds to
the measured resonance frequencies (Fig. 4.5). These are represented as data points along
with their respective fits (lines) from the first panel. The fits show excellent agreement with
the experimental data across all substrates.
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Figure 4.13: Characteristic impedance scaling of coil resonators. Characteristic
impedance Z¢ as a function of the number of coil turns n for each substrate. Data points
(dots) are obtained from Eq. 4.43. The solid lines, calculated using Eq. 4.43, are not direct
fits to Z¢ but are derived from the fitted models of f, (Eq. 4.29) and L; (Eq. 4.42) and the
expression of L, (Eq. 4.24).

It is important to note that the model for f, proposed in Ref. [MAAT15] has an estimated
uncertainty of up to 10%, which likely contributes to the observed variation in €.¢. Furthermore,
our model does not explicitly include parasitic capacitances or mutual inductances arising
from the coupling wire or the surrounding ground planes, which can induce minor shifts in
the resonant frequency, typically negative for parasitic capacitances and positive for mutual
inductances [HRA'16]. Nonetheless, finite-element method (FEM) simulations suggest that
such coupling-related frequency shifts remain below 1%, validating the robustness of our model.
We also confirm that the measured resonances correspond to the fundamental mode, since
wave-port coupled FEM simulations predict f; values within 20% of the measured data, an
agreement that improves further when the kinetic inductance contribution is included.

The data presented in Fig. 4.12.b show the characteristic impedance Z¢ of coils with similar
fundamental frequencies fo = (10.7£0.3) GHz. The observed increase in Z¢ with decreasing
pitch (Zc oc p~'/2) arises because fixing the resonance frequency effectively fixes the wire
length. For a fixed length, coils with smaller pitch accommodate more turns, yielding higher
inductance and reduced coil radii, which in turn lowers parasitic capacitance. Both effects
contribute to an enhanced characteristic impedance. The dashed lines correspond to analytical
predictions derived from Eqs. 4.24, 4.42, and 4.29, with shaded bands representing uncertainties
in eo¢. For the SOI substrate, €. was interpolated across pitches, leading to a slightly modified
curve shape and narrower error bands. For the other substrates, curves are plotted using
average ¢ values.

Overall, these findings highlight the critical role of substrate engineering and coil geometry in
optimizing the microwave properties of on-chip superconducting resonators.
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[ Substrate [ p [um] [ diameter [um] | fo (GHz) [  Ly[nH] [ Le[Hl | CHF | Zc k] | Vaer V] [ QP (x10%) [ Q% (x10)
Silicon 1 72-90 10.94-7.00 | 32.04-6290 | 271-427 |6.09-7.71| 230-205 |2439-17.34] 0.70-1.70 | 1.03- 154
05 47 - 60 12.05-7.73 | 35.85-7477 | 4.66-7.62 | 430-515| 2.89-381 |30.46-2230 | 0.26-1.44 | 3.04-175
03 36.6-63 | 12.12- 417 | 47.15-240.68 | 7.88-23.46 | 3.13-553 | 4.19-6.91 | 35.80-15.80 | 0.36-6.06 | 0.71 - 50.0
SOl 1 86- 118 | 1247-6.48 | 55.08- 142.34 | 3.92-7.40 | 2.76-4.03 | 4.62-6.09 | 38.67-23.08 | 0.05- 1.08 | 0.33-30.2
05 63 - 82 13.57-7.76 | 86.47 - 190.97 | 8.39 - 14.26 | 1.45-2.05 | 8.09- 10.01 |55.69-35.43 | 0.12- 1.15 | 0.18 - 5.51
03 492-66 | 14.52-7.80 | 113.97 - 276.27 | 14.13- 2559 | 0.94 - 1.38 | 11.68 - 14.80 | 71.59 - 43.31 | 0.02-0.37 | 0.22- 0.82
SOI-BE 1 102-130 | 11.71-731| 91.93-190.32 | 553-8.99 | 1.90-238 | 7.17-9.15 | 4522-31.88 | 0.16- 0.51 | 0.20- 0.02
05 74 - 88 11.53-8.36 | 140.29 - 236.08 | 11.60 - 16.44 | 1.25- 1.43 | 11.00 - 13.27 | 55.17 - 43.95 | 0.08-0.71 | 0.27 - 1.73
03 50.4-99 | 11.39- 4.55 | 201.19 - 933.91 | 20.69 - 57.85 | 0.88 - 1.23 | 15.88 - 28.38 | 65.40 - 35.01 | 0.04- 0.17 | 0.10- 0.35
024-166 1.11-109
0.2 62- 72 7.09-5.61 | 515.00 - 807.51 | 50.76 - 68.62 | 0.89 - 0.92 | 25.22 - 30.89 | 51.41 - 44.99 157-751 4.67-2L4

Table 4.9: Parameter summary of measured geometric superinductor resonators. f
are from measurements. L, and L; from Eqs. 4.24 and 4.42 respectively. C' and Z¢ are
calculated assuming the LC-behavior. Q" and Q?igh are from the fundamental resonance fit
at low and high intra-resonator photon numbers. The grayed values refer to devices measured
with additional radiation shielding, weaker coupling strengths (high @.) and optimized VHF
release.
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Figure 4.14: Summary of coil resonators: Zc vs. fo. Characteristic impedance Z¢o
plotted against the fundamental resonance frequency f; for all coils across all substrates. The
gray area at the bottom marks the low-impedance regime, below the resistance quantum
Rg =~ 6.45 k2. Data points lying above this area demonstrate that the devices satisfy the
superinductor criterion (Z¢ > Rg) while maintaining fundamental frequencies in the GHz
range.

4.7 OQOutlook

4.7.1 Summary of findings

The results of this chapter demonstrate that planar aluminum coils suspended on a silicon
membrane can operate as linear, high-impedance, low-loss superinductors, with resonance
frequency above 4 GHz and with 95 % of the inductance coming from the geometry of the
circuit. In particular, the fact that the calculated characteristic impedance of these devices can
reach Zc = 30.89 k{2 ~ 5 - R demonstrates that the common misconception, that geometric
inductors are fundamentally limited by the vacuum impedance Z,,. = 377 €2, is incorrect.
This result shows that Zo can in fact exceed Z,,. by nearly two orders of magnitude. Such a
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finding is exceptional both from a fundamental perspective and for practical applications.

An intriguing perspective is provided by the fact that geometric superinductors, unlike devices
based on kinetic inductance, being made from a single uninterrupted aluminum wire, are
based on a single superconducting wavefunction. This is usually what theorists wish to realize
because it provides a clean, well-defined circuit element from the modeling point of view, thus
ruling out the possibility of uncontrolled phase and charge tunneling events. Moreover, the
fact that these resonators maintain linear behavior at high photon numbers allows them to be
treated as linear inductors when operated below their self-resonance frequency.

The demonstrated quality factors of QQ; ~ 8- 10° at the single-photon level makes these devices
suitable for quantum information processing. This is remarkable considering the small gap
dimension between adjacent turns, down to 100 nm. Additionally, because of their compact
size, an advantage in terms of integration, these resonators produce significant zero-point
voltage fluctuations in the range Vzprp ~ 15 — 70 uV.

Complementing the experimental results, analytical formulas are provided for nearly all electrical
characteristics, enabling straightforward and rapid modeling of these devices. An estimate of
the effective dielectric constant is also obtained from a fit to the measurement data.

A complete summary of the results is presented in Table 4.9.

4.7.2 Limitations and improvements

The devices presented here represent both a proof of principle and the first implementation of
geometric superinductors. Only minimal optimization was performed, as the primary goal was
to demonstrate feasibility rather than maximize performance. As illustrated by the devices
measured with double magnetic shielding, optimized vapor HF recipe, and reduced coupling
strength (gray in Table 4.9), the quality factor can already be improved. This highlights the
considerable room for further optimization and the possible directions to explore. Although
the results are promising, several challenges remain.

One issue is the high susceptibility to flux noise due to the coil’s long wire [PHS"21]. This
is particular detrimental for qubit performances. Ref. [BDV*20] studied more than 50 flux
qubits with different SQUID geometry parameters and observed a linear dependence of the
flux noise power on the SQUID perimeter (rather than its area), inverse wire width and inverse
film thickness. These results are consistent with a 1/f flux noise model involving magnetic
two-level system defects located at the interfaces of the SQUIDs loop.

The origin of the 1/f noise is not fully understood. Ref. [KSB*16] shows that adsorbed
molecular O is a dominant contribution. As suggested there, one possible direction is to apply
appropriate surface treatments or improve the sample vacuum environment. Complementarily,
another approach would be to prevent oxide formation by encapsulating with noble metals
that do not form a native oxide [CSM™25].

Replacing lift-off techniques with dry etching has been shown to improve the circuit quality
factor by an order of magnitude [HB24]. The main reason is that lift-off leaves metal residues
and particles between the turns of the coil, degrading the quality factor, whereas coils fabricated
with dry etching yield much cleaner devices. Replacing lift-off techniques with dry etching
also makes it possible to further increase the characteristic impedance, enabling tighter coil
pitches and higher inductance for a given length. An additional advantage of etching over
lift-off lies in the fabrication yield: whereas lift-off can lead to complete device failure due
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to broken wires, etching typically results only in shorted adjacent turns, reducing the total
number of turns but still yielding a functional device.

An alternative way to increase the impedance is to raise the fundamental frequency for the
same geometry by grounding one end of the coil, typically the outer end, to avoid the need for
a connection at the center. This effectively changes the resonator from a A/2 to a \/4 mode.
For the same inductance, this modification doubles both the fundamental frequency and the
characteristic impedance. A potential drawback, however, is that the wire must be extended
to reach a remote ground, which is necessary to keep the parasitic capacitance low and thus
prevent a reduction in impedance.

Another approach is to replace aluminum with materials with significant kinetic inductance,
which can greatly increase the impedance. The trade-off is a reduction of the fundamental
resonance frequency and a diminished benefit of tight coil packing when aiming to remain in
the GHz regime.

A further complication arises when these devices are incorporated into loops, since the central
part of the coil must remain accessible. This requires additional fabrication steps to implement
aluminum bridges, beneath which the wire can exit from the coil center [PHS™21; HPK"23].
Such bridges, however, increase the circuit capacitance and thereby reduce the impedance.
An alternative to aluminum bridges is to evaporate the wire emerging from the center in a
separate layer directly on top of the underlying coil, as demonstrated by Farid Hassani in
our group. In this approach, the natural oxidation of the bottom aluminum prevents shorts
simplifying the fabrication step, but the parasitic capacitance increases even more than with
air bridges, because the spacing between the two wires is few nanometers, compared to few
microns for air bridges.

4.7.3 Applications

An overview of applications of the superinductors can be found in the paragraph "Application"
in Section 3.1. Further details on the intended applications of the coils are provided in the
paragraphs below.

Protected qubits. The first obvious application of a new superinductor is to make qubits,
in particular high-impedance ones like fluxonium. The ideal inductively shunted qubit gains
protection from the fact that a single piece of superconductor, the inductor, avoids voltage
drops in the presence of an external static electric field. A geometric superinductor qubit
realized by a single junction embedded in a high-impedance loop (the coil) should therefore be
insensitive to low-frequency charge noise. Until now, the common idea was that achieving
high impedance necessarily required moving away from geometric implementations; instead,
kinetic inductance materials or Josephson-junction arrays were employed. This approach, even
if it seems counterproductive to incorporate a large number of islands, still approximates a
unique piece of metal as long as the islands are coupled together sufficiently strongly.

This approach naturally avoids the problem of charge offsets, which can lead to unwanted phase
or charge tunneling in multiterminal qubits. Furthermore, the coils enable strong coupling to
other resonators or qubits without significantly increasing parasitic capacitance, with values on
the order of tens to hundreds of MHz achieved using capacitances as small as 1 — 2 fF. This is
made possible by the compact size and high impedance of both the qubit and the resonator, a
feature that supports large capacitive coupling in the light-fluxonium and quasi-charge regimes,
and is crucial for error-protected readout and control architectures.
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The first generation of geometric superinductor qubits was demonstrated in Ref. [PHS21]. An
alternative approach, making use of inductive shunting and a careful choice of qubit energies
without requiring high impedance, is presented in Ref. [HPK*23].

Finally, because of their reproducibility, these inductors are excellent candidates for realizing
O0—m qubits, which require strict symmetry among circuit components to reach the deeply
protected regime. Exploratory directions are presented in Ref. [HB24].

Dual Shapiro steps. Another typical application of a superinductor is its use in circuits
designed to study single-charge phenomena. A common configuration is a weak link (either a
nanowire or a single Josephson junction) embedded in a linear high-impedance environment to
probe dual Josephson physics. A specific focus in this context is the observation of Coulomb
blockade of current in DC and dual Shapiro steps when an AC signal is additionally applied.
These dual steps, i.e., the flat regions appearing in the device's -V curve, have positions
determined solely by fundamental quantum constants and the frequency of the applied drive.
Achieving steps with high flatness could provide a platform to define the Ampere directly,
without relying on the Volt. Early attempts in this direction are reported in Ref. [Per21]: the
coils offer a promising path to explore these phenomena because they avoid charge disorder that
can localize on different superconducting grains or islands in disordered or Josephson-junction
materials.

Coupling to spin qubits. In circuit QED, a quantum device like a quantum dot can be
coupled to a microwave resonator, often a finite-length transmission line. This setup enables
non-demolition qubit readout when the qubit is far detuned from the cavity, and qubit control
via photons when near resonance. Fast operation requires strong coupling, achievable through
high-impedance cavities using metamaterials (e.g., SQUID arrays) or LC' resonators. The large
voltage fluctuations achievable with coil resonators, due to their intrinsic low stray capacitance,
make them promising components in hybrid quantum implementations.

During my research rotation in the Nanoelectronics Lab at ISTA under the supervision of Prof.
Georgios Katsaros, we explored this direction by designing a geometry to couple spin qubits
via a spiral resonator (Fig. 4.15). The goal was to access the midpoint of the coiled wire,
where a voltage antinode forms, without disturbing the fundamental resonator mode or voltage
distribution, in order to couple to a spin qubit. Niobium was chosen as the superconducting
material because it is more resilient to magnetic fields than aluminum, which are required
for the manipulation of the quantum dot. The coils were fabricated on silicon using a lift-off
process, which is relatively uncommon for niobium.

Splitting a single n-turn coil into two n/2-turn coils significantly reduced the inductance and,
consequently, the achievable impedance, although values on the order of a few kiloohms were
still attainable.

Due to time constraints, the resilience of these resonators to magnetic fields was not tested,
and this research direction was not further pursued within the Nanoelectronics group after my
rotation.

A similar effort is being currently pursued by the group of M. Blok at the University of
Rochester, whose first publication characterizes the magnetic field resilience of niobium-based
devices [MKM™25]. This approach uses high-impedance etched niobium spiral resonators to
couple with quantum dot spin qubits, with the goal to enable strong spin—photon interactions
for long-range spin coupling and hybrid quantum operations.
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Figure 4.15: Double spiral-coil resonators for hybrid quantum architectures. a. SEM
image of a double-coil resonator coupled to a feedline. A narrow wire between the coils
represents a gate connected to the resonator center, allowing access to the voltage antinode
without disturbing the fundamental mode. b. Air bridges and aluminum patch connecting
different aluminum layers. c. Gate electrodes patterned to mimic the geometry of a future
spin—qubit device (no quantum dot is present). d. SEM overview of the complete circuit.

Other applications. The strategies developed to achieve high impedance in planar alu-
minum coils, namely, miniaturization, mutual coupling between adjacent turns, and substrate
engineering, can also be applied to enhance the impedance of other types of superinductors,
for instance the one in Ref. [KSPT25]. These techniques offer a versatile toolkit for tailoring
inductive elements across a range of quantum circuits.

High-impedance microwave resonators have found applications in optics-to-microwave trans-
duction [FKP716; Kal] due to their combination of high impedance and linearity under a
driven pump. Their ability to slow down light can also be exploited in metamaterial designs,
enabling engineered dispersion and enhanced light-matter interactions [MKF*18].

Similar coils were used to image the anisotropic nonlinear Meissner effect in a cuprate
superconductor [ZGK"13], and the coil design is also well suited for related studies, such as
Andreev bound states, as demonstrated in Ref. [ZBS™18].

A recent collaboration (Fig. 4.16) with the group of Prof. Mikko Méttonen at Aalto University,
within the framework of the Quantum-Circuit Refrigerator (QCR) project, has demonstrated
that the requirements on noise power can be significantly relaxed by driving a resonator coupled
to the QCR, compared to off-resonant driving at the QCR input. Further reductions in required
noise power could be achieved by increasing the resonator impedance and mode frequency,
which enhances multiphoton-assisted tunneling in the QCR [KVMM24].

The operation of the QCR relies on photon-assisted electron tunneling, traditionally activated
by a bias voltage across the NIS junctions. An alternative approach uses a radio-frequency
drive applied to a supporting mode, enabling multiphoton tunneling that absorbs photons
from both the primary and supporting modes. High-impedance resonators are crucial in this
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Figure 4.16: Resonators for the QCR project. a. SEM image of the full resonator, including
the auxiliary structure used to connect the SIN junction. b. Another tested coupling geometry.

scheme, as they enhance the interaction between the resonator modes and the tunnel junctions,
reducing the required drive power and facilitating efficient multiphoton-assisted tunneling even
in the single-photon regime of the primary mode [VSJ*21; MVV122; VMT24].
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CHAPTER

Josephson junction and QPS element

5.1 Josephson junction overview

Josephson junctions are fundamental elements in superconducting electronics, exhibiting rich
quantum behavior due to coherent tunneling of Cooper pairs. This chapter provides an
overview of their essential properties, associated energy scales, the RCSJ model, and the
influence of thermal fluctuations.

5.1.1 Josephson relations and characteristic energies

In superconductors, the collective quantum state of Cooper pairs is described by a macroscopic
wave function ¥ (x) = |¥(x)|e**®), as introduced in Subsection 1.2.1. When two supercon-
ducting regions, characterized by phases ¢; and ¢,, are weakly linked via a thin insulating
barrier, quantum tunneling of Cooper pairs becomes possible. This structure is known as a
Josephson junction.

Remarkably, even in the absence of an applied voltage, a current can flow through the junction
due to the phase coherence of the superconducting wave functions. This phenomenon is
known as the DC Josephson effect. The supercurrent I, across the junction is given by the
current-phase relation:

I, = I.sin(y) (5.1)
where [ is the critical current, the maximum supercurrent the junction can sustain without

developing a voltage. It depends on temperature T', the normal-state resistance Ry, and the
superconducting gap A(T") as expressed by the Ambegaokar-Baratoff formula [AB63a; AB63b]:

TA(T) A(T)
I = el tanh <2kBT> : (5.2)

The temperature-dependent superconducting energy gap is approximated by:

A(T) ~ A(0) tanh (1.74,/7;’ - 1) , (5.3)

with A(0) =~ 1.76kgTc the zero-temperature gap and Ty the critical temperature, for
aluminum TA! = 1.176 K.

87



5.

JOSEPHSON JUNCTION AND QPS ELEMENT

When a constant voltage V' is applied across the junction, the phase difference ¢ evolves in

time according to:
de  2e 2T

— ==V ==V, 5.4
dt  h ORI (54)
where &g = h/(2e) is the magnetic flux quantum.
Substituting this time-dependent phase (Eq. 5.4) into the current-phase relation (Eq. 5.1)
yields an alternating current with frequency:

wy  2eV V
_ _ - 5.5
Ia 2 h oy’ (5.5)

which typically lies in the microwave regime. The corresponding conversion factor is approxi-
mately 483.6 GHz/mV. This phenomenon is known as the AC Josephson effect.

Taking the time derivative of the supercurrent gives:

dI
dt

d 2
= [.cos(p) - d—f = [.cos(p) - (I:;V (5.6)

This expression resembles the voltage-current relation for an inductor, V' = L(dI/dt), implying
that the Josephson junction behaves as a nonlinear inductor with Josephson inductance

D, 1

L, = Ly - )
cos(p)

~ onl, cos(yp) 5.7

where Lo = ®/(271.) is the minimum linear inductance.

It is important to note that L, diverges as ¢ — /2 + nm, and becomes negative in the
range /2 + 2mn < ¢ < 3w/2+ 2wn. This nonlinearity plays a crucial role in superconducting
quantum circuits and can lead to rich dynamics in systems based on Josephson junctions.

Josephson coupling energy. The potential energy associated with a purely tunneling
element is not stored in a magnetic field, as it is for a geometric inductor, but is instead
associated with the motion of Cooper pairs. The instantaneous power delivered to the junction
is given by P(t) = I,(t)V(t). Substituting the Josephson relations (Eqgs. 7?) into the expression
for energy

o Do do
= I, ) ——— dt, :
Us= | Iesin(o(t) - 5~ (5-8)
and changing the variable of integration from time to phase
. (I)(]Ic LA ~ (I)OIC
Uy = === [“sin(@) dp = S25(1 = cos(i)). (5.9)
leads to the standard form:
Us(p) = E;(1 = cos(p)), (5.10)

where the Josephson energy is defined as:
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hl. ®I. K A0)Rq
2% 27 4e2Lj,  2RNx

B, = (5.11)

Here, &y = h/2e is the magnetic flux quantum, L g is the zero-bias Josephson inductance,
Rg = h/(2e)? is the superconducting resistance quantum, A(0) is the superconducting energy
gap at zero temperature, and Ry is the normal-state resistance of the junction. The final
equivalence uses the Ambegaokar—Baratoff relation. This allows for a quick estimation of the
Josephson energy using a simplified and practical formula:

This energy characterizes the coupling strength between the two superconductors: a larger
E;, i.e. thinner barrier and larger contact area, implies stronger phase locking and a more
robust supercurrent.

Charging energy. The second important energy scale arises from the capacitive charging
of the junction. The electrostatic energy stored due to a net charge () on one side of the
junction is given by:

Q?

Uc = —. 5.13
“7ac (5.13)
Assuming the charge is quantized in units of 2e (due to Cooper pairs), so that Q) = n - 2e, the

expression becomes:

Uc = (712(2;)2 = Ec(2n)?, (5.14)

where the charging energy is defined as:

62

Ep= —.
¢ 9C

(5.15)
This energy quantifies the cost of adding a single electron to the junction and opposes Cooper
pair tunneling by favoring charge localization.

Competing energy scales. The behavior of a Josephson junction is governed by the
competition between E; and Eq: if E; > E¢, phase coherence dominates, and the junction
exhibits superconducting behavior with well-defined phase ¢ and delocalized charge. If
Ec > FEj, charge localization occurs, suppressing tunneling; the junction behaves more like
an insulator due to Coulomb blockade.

In the quantum regime, the phase ¢ and number 7 of Cooper pairs are conjugate variables
obeying:
(6, 7] =1, (5.16)

with the associated uncertainty relation:
Ap-An > (5.17)
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This duality underlies the competition between E; and E¢: a precise number of Cooper pairs
(An — 0) implies an undefined phase (A — o0), corresponding to an insulating state.
Conversely, a well-defined phase allows a delocalized number of pairs, supporting coherent
tunneling and superconductivity.

5.1.2 Josephson junction dynamics: current- and voltage-biased
models

While the basic Josephson relations describe the behavior of an ideal junction, a more
comprehensive model is necessary to accurately represent real junctions. The resistively
and capacitively shunted junction (RCSJ) model, introduced independently by Stewart and
McCumber [Ste68; McC68], incorporates the influence of both quasiparticle tunneling and
capacitive effects. In this model, the physical Josephson junction is represented as an equivalent
circuit consisting of an ideal Josephson element in parallel with a resistor R and a capacitor C'.

The ideal element accounts for the supercurrent following the Josephson current-phase relation
I, = I.sin(p), Eq. 5.1; the resistor models the dissipative quasiparticle current I, = V/R
that appears in the presence of a voltage V', while the capacitor introduces the displacement
current I; = C' dV/dt, originating from the junction's intrinsic capacitance.

The RCSJ model shows that the phase dynamics in a Josephson junction are rich and nonlinear.
The choice between current- or voltage-bias models, along with the damping regime, determines
whether the junction behaves more like a switch (underdamped), a linear resistor (overdamped),
or a microwave oscillator (voltage-biased).

Two common modes of operation are considered: current bias and voltage bias.

Current-biased model. In the current-bias configuration, an external current source is
applied to the junction. Hence, the total current bias [};,s through the junction becomes

| 1%
Inias = I + 1, + 1 = I.sin(p) + BT CE' (5.18)

By applying the AC Josephson relation (Eq. 5.4), the current is expressed in terms of the

phase difference:
h d hC d?
Tyjas = Lesing + =22 + 22572

—_— ) 1
2eR dt 2e dt? (5.19)

Multiplying through by //2e, and recognizing the Josephson coupling energy (Eq. 5.11), we
obtain: ) )
h d*p h\" 1dp d hig
— — — | =——+—|—-F ——p| =0. 2
(26) Cdt2 * (26) R dt * de JERP T ¥ 0 (5:20)

Eq. 5.20 has the same structure of the classical equation of motion for a particle of mass
m = (h/2e)?*C subjected to a potential U(p) and damping:

d*p dp dU
dp AU _ 21
e T e =Y (5:21)

where the damping coefficient is given by n = (1/2¢)*(1/R), and the effective potential is

hI ias I ias
U(p) = —Ejcosp — 22 p=—-FE; (Cosgo + ]} <p) ) (5.22)

C
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This mechanical analogy leads to the concept of the tilted-washboard potential, where the
phase ¢ plays the role of a coordinate for a fictitious particle. When I, = 0, the potential is
symmetric and periodic. The particle rests in a potential well minimum and oscillates around
it with the so-called Josephson plasma frequency:

Wp 1 1 1

fp:27T_27T.\/LJoc’:27T.(hO

2eINY? 1 /2wl N\Y?
6) _ (”) , (5.23)

2 \®,C

where Lo = ®y/271. (Eq. 5.7) is the Josephson inductance.

As the bias current increases, the cosine potential becomes tilted. At I;,s = I., the minima
vanish and the phase particle is free to accelerate down the potential, resulting in a non-zero
time derivative of ¢ and, by Eq. 5.4, a finite voltage appears across the junction.

Upon decreasing the current, the system does not immediately return to the zero-voltage state.
Instead, the particle may retrap into a potential well at a current [, < I., depending on the
competition between its inertia and the damping. A high capacitance corresponds to a large
effective mass and allows the particle to carry significant kinetic energy, thereby reducing the
probability of retrapping. On the contrary, strong damping (low R) reduces kinetic energy,
favoring retrapping at higher currents.

To describe the damping regime quantitatively, Stewart and McCumber introduced the
dimensionless Stewart—-McCumber parameter f3.:

2, R*C
= et 5.24
p.= 2 (5:24)
This parameter contains the relative influence of inertia (via C') and damping (via R). The
junction is said to be overdamped when 8. < 1, and underdamped when 3. > 1.

Fig. 5.1 shows the IV characteristics for the two damping regimes. In the overdamped regime,
the transition from zero to finite voltage occurs smoothly at I = I.., and the voltage returns to
zero at the same current as it is reduced. There is no hysteresis. In contrast, the underdamped
regime exhibits hysteresis: the system switches to the resistive state at I., but retrapping
occurs only when the current is significantly reduced, sometimes down to zero.

The retrapping current in the underdamped limit can be estimated as

(5.25)

where the quality factor () is defined by

Q= \/ﬁ> (5.26)

This expression can be derived by equating the energy dissipated by the particle between two
maxima of the potential with the energy it gains from the tilt [Tin04].

Voltage-biased model. In the voltage-bias configuration, an external voltage is applied
across the junction. According to the AC Josephson relation (Eq. 1.15), the phase increases
linearly in time: @(t) = @o + wst, where w; = 2eVi,as/h is the Josephson angular frequency
(Eq. 5.5).
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a. Overdamped (8¢ = 0.1) b Underdamped (G = 10)
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Figure 5.1: I-V response of current-biased Josephson junctions. Current-voltage
characteristics for a, an overdamped (. < 1) and b. underdamped (. > 1) current-biased
Josephson junction. Hysteresis is evident in the latter case.

The supercurrent then oscillates as:

I(t) = I.sin(w st + ¢p). (5.27)
This leads to an AC current at frequency w;/(27), which can couple to external circuits and
produce measurable microwave radiation.

To model the fact that quasiparticle conduction is negligible for sub-gap voltages and rises
for V> A/e, a smooth step (sigmoid®) function s(V') which transitions from 0 to 1 near a
threshold voltage V; ~ 2A /e is introduced [CCGT23]:

1

s(V) = 5
") 1+exp{—(V—Vs)/5}

(5.28)

where ¢ is a small smoothing parameter (on the order of sub-gap broadening or thermal
energy). s(V') varies continuously from 0 for |[V| < 2A to 1 for |V'| > 2A, practically gradually
suppressing the Josephson supercurrent I while activating the resistive part I,,.

The quasiparticle current is then modelled as

ITV) = — s(V), (5.29)

replacing the simple linear term V/Ry.

A physically meaningful DC voltage bias must include the source/environment impedance. For
a bias voltage V.5 in series with a source resistance R the node equation is

Vi)ias - V(t) 0 90
Rs 27TRN
1As long as the transition is sufficiently sharp, the specific shape of the function s has no influence on the
I-V response [CCGT23].

= Isinp(t) + (t) s(V(t) + C;I’;@(t) +IR(D). (5.30)
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Substituting V(t) = (®/27)¢(t) and collecting terms gives the second-order ODE for ¢(t):

(I)OC . CDO . 1 . 1 . o ‘/bias
(27T> ©+ (27r> SO(RNS(SO) + Rs) + I .sinp = R + Ir(1). (5.31)

Two limiting and instructive cases are important:

(i) Ideal (zero-impedance) voltage source, R, — 0. Formally V(t) = Vs is enforced,

hence i
. T
Pt) =g Vous =ws, @) = o +wit. (5.32)
0

The instantaneous supercurrent oscillates as
I4(t) = I.sin(pg + wyt), (5.33)

with Josephson frequency w; = 27Vias/Po = 2eVias/h. The time-average of the pure
supercurrent vanishes, (I;)r = 0 for any long averaging time T, unless phase locking or
rectification occurs. Thus the DC (time-averaged) current reduces to the quasiparticle
contribution:

(1) = (1) + 2= (), (5.34)

for R; — 0 and in the absence of fluctuations or locking phenomena. Physically this means
negligible DC current below the gap and quasiparticle current above it.

(ii) Finite source impedance (practical voltage bias). When R; is finite the junction
sees a drive term Vj,,s/ R and additional damping through 1/R,. The equation above then
admits nontrivial phase dynamics: the phase is not strictly linear in time, the supercurrent can
develop a nonzero time-average through rectification and partial locking with the environment,
and displacement currents may contribute transiently. Numerical integration of the ODE is
required to obtain () and the time-averaged current (7).

Over-coupled / overdamped: total damping is large (small Stewart—-McCumber parameter
Po or effectively low quality factor Q). The phase velocity ¢ quickly relaxes toward the
value set by the bias; Josephson oscillations are heavily damped and have small amplitude.
Under voltage bias with a finite R, the junction shows a stable, nearly linear averaged I-V:
for Vias < Vi the averaged current is suppressed (sub-gap), and for Vi.s = Vi the averaged
current follows the gp law Vi,.s/ Ry (modulated smoothly by s). Any rectified supercurrent or
Shapiro-like locking is weak because dissipation suppresses coherent oscillations.

Under-coupled / underdamped: damping is weak (large 5¢, high Q). The phase has significant
inertia and the Josephson oscillations can have large amplitude. Under voltage bias this leads
to strong AC supercurrents at w, significant higher harmonics, and an increased tendency
to exchange power with the environment. Consequences for the averaged |-V include: (i)
suppression of the averaged qp-like current at some voltages due to nonlinear averaging
of the large oscillations, (ii) the possibility of self-rectification and generation of a nonzero
(Is) (producing features that deviate from the simple gp step), and (iii) sensitivity to small
environmental resonances that can produce steps, kinks or instability. In extreme cases, an
underdamped junction driven by a DC voltage with negligible series impedance may show
runaway currents unless the external circuit provides load or dissipation.
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5.1.3 Thermal fluctuations in the RCSJ model

Thermal fluctuations have so far been neglected, an assumption valid when kT < 2E; [Tin04].
For a realistic description of Josephson junction dynamics at finite temperatures, however,
such fluctuations must be included.

Within the RCSJ framework, noise sources are incorporated via an additional fluctuating
current I¢(t), modifying the bias relation to

Ioas = I+ I + I+ I, (5.35)

so that the effective potential becomes

Ulp)=—FE; (cosgo + [biasj_[fgo) . (5.36)
C

This additional fluctuating term introduces a random tilt to the tilted-washboard potential.

The consequence of this stochastic tilt is that the phase particle can occasionally escape over

the nearest potential maximum, resulting in a phase slip of +27. When no external current is

applied, and the potential is strictly horizontal, these thermal fluctuations cause the particle to

escape left or right with equal probability. As a result, the time-averaged voltage remains zero.

In underdamped junctions, the presence of thermal noise reduces the observed critical current.
The reason is that the phase particle may escape from the potential well and gain momentum
even before reaching I.., causing the junction to switch prematurely into the resistive state.
Addittionally, thermal fluctuations can also assist in retrapping the particle, leading to an
increased retrapping current I,.

In the overdamped regime, the behavior differs significantly. Here, thermal fluctuations can
still drive the phase particle over the potential barrier, resulting in a 27 phase slip. However,
due to strong damping, the particle rapidly loses kinetic energy and settles into the next well
rather than continuing to accelerate, as it would in the underdamped case. This behavior gives
rise to a diffusive motion across the potential landscape, characterized by a finite average
velocity. Consequently, a small but nonzero average voltage appears across the junction, even
below the nominal critical current I.. The I-V curve under these conditions becomes rounded
at low voltages, and the critical current is suppressed.

This thermally activated behavior was studied theoretically by Yu. M. lvanchenko and
L. A. Zil'berman [IZ69] and, independently by V. Ambegaokar and B. |. Halperin [AH69] who
analyzed the dynamics of small Josephson junctions subjected to strong damping and thermal
noise. odeling I;(t) as a Markovian process and applying the Fokker—Planck formalism, they
obtained an analytic expression for the thermally averaged Cooper-pair current,

I _ighvis/2ers (BET)
1361y /205 (BES)

](VBIZ) = I() R s (537)
where I,,(z) denotes the modified Bessel function of the first kind with complex order v,
f = 1/kgT is the inverse temperature, Rp is a series resistance, and Vg7 represents the total
bias voltage across the junction plus resistor. The intrinsic current I, is not the measurable
critical current but rather the theoretical maximum for the Josephson coupling. The junction
voltage is

Viz = Veiz — Rpl. (5.38)

The resulting 1=V curves exhibit a supercurrent peak near zero voltage that replaces the
noiseless supercurrent branch. This prediction was later confirmed experimentally [SJCT01].
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Figure 5.2: I-V characteristics of a current-biased Josephson junction showing
Shapiro steps under AC drive.

5.1.4 DC and AC biased Josephson junctions

This Subsection follows the notes https://physics.umd.edu/courses/Phys798S
/AnlageSpringlé6/Lecture%2024%20Summary.pdf by Prof. Steven Anlage.

We now consider a Josephson junction subjected to both a DC and an AC bias.

Shapiro steps in a current-biased junction. In the current bias configuration,

Dy dy Cq)odzj

—[C Iac i acl :Ic 3 5, a_ .
de F Lac sin(wact) 51n<p—|—27TRN o o di2

(5.39)

The AC current has two main effects on the junction

The oscillating AC component effectively shakes the "washboard" potential, causing the phase
particle to escape over the potential barrier slightly earlier than it would under purely DC bias.
This reduces the apparent critical current.

Consider the junction in the running state, where dp/dt # 0. The phase particle moves
along the tilted washboard, periodically speeding up and slowing down due to the AC drive.
Although the motion is not strictly sinusoidal, it is periodic. The average angular velocity of
the phase particle is (dy/dt) = 27 /T, where T is the period of the motion. Resonance occurs
when the AC drive frequency w,. matches this periodicity. In this condition, the AC source
can "phase-lock" to the junction motion, leading to energy absorption at discrete voltages,
known as Shapiro steps (Fig. 5.2). The steps appear at

(Vo) =n n=12,... (5.40)
and correspond to the phase particle traversing multiple 27 periods per AC cycle.
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Shapiro steps in a voltage-biased junction. While voltage biasing a junction is experi-
mentally challenging, it simplifies theoretical analysis. Consider a voltage bias

V(t) = Vae + Vac cos(wact). (5.41)

Integrating the AC Josephson relation

de 2e
— ==Vt 42
= =2y (5.42)

gives the gauge-invariant phase

2 2 ac .
p(t) = ¢(0) + g%ct + hj/ ) sin(wact). (5.43)
Define the Josephson frequency as
2eVqc
wy = 67‘:1 . (5.44)

In the resistively shunted junction (RSJ) model, neglecting the capacitor, the total current is

V(¢ 2eVae .
I(t) = }(%) + I.sin [30(0) + wyt + ‘ sin(waet)| - (5.45)
and can rewritten as®
Vit © 2eVae\ .
I(t) = f(i) +1. > (-1, < hew > sin [7(0) + (wy — nwae)t] . (5.46)

Taking the time average of I(t), one finds that the average current (I) is nonzero only when
the resonance condition w; = nw,. is satisfied. These resonances produce the voltage steps
(Shapiro steps) in the IV characteristic:

(5.47)

The width of these steps depends on the amplitude of the AC voltage V,. through Bessel
functions J,,, and their appearance follows a non-monotonic pattern as V. is increased. The
metrological voltage standard are based on this physical phenomena.

5.2 QPS element overview

One of the defining features of superconductivity is its ability to carry electrical current without
resistance. This property arises from the macroscopic quantum nature of the superconducting
state, which is described by the Ginzburg-Landau theory through a complex-valued order
parameter U(z) = |¥(z)|e*®) interpreted as a macroscopic wavefunction (Subsection 1.2.1).
Because this phase ¢(x) is coherent across the entire sample, currents can flow without
dissipation.

2Using the Jacobi-Anger expansion sin(a + bsinf) = >.°7 __ (—1)"J,(b) sin(a — nd).

n=—oo
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However, this ideal dissipationless state is not entirely immune to disturbances. Even well
below the critical temperature, critical current or critical magnetic field, fluctuations can
locally disrupt the superconducting phase. These fluctuations may arise from two fundamental
sources: thermal fluctuations, due to finite temperature, and quantum fluctuations, due to
zero-point motion at absolute zero.

The effect of such fluctuations is the occurrence of phase slips. A phase slip is a topological
event in which the phase of the order parameter changes by 27

To visualize this, consider the polar representation of W(x) in the complex plane. As the phase
¢(x) varies smoothly along space, the tip of W(z) traces out a continuous spiral, a helical
trajectory, around the origin. Coherence corresponds to an unbroken, uniform helix of constant
amplitude. A strong enough fluctuation can distort this trajectory, introducing a discontinuity
that breaks the smooth winding. To restore a well-defined, continuous order parameter, the
system undergoes a phase slip: the trajectory reconnects after passing through the origin, with
the phase shifted by 2. The temporary suppression of W(x) at the core of the slip is essential
to preserve the single value and continuity of the complex order parameter throughout the
process. Each 27 phase winding corresponds to a quantized unit of current, so a change in
winding number alters the supercurrent.

According to the second Josephson relation, a time-dependent phase change implies a voltage
pulse. Thus, each phase slip generates a brief voltage spike. If such events occur repeatedly,
they manifest as a finite resistance, In equilibrium positive and negative phase slips occur
with equal probability, leading to zero net voltage. However, under a bias current, the energy
landscape becomes tilted, favoring phase slips in one direction. This results in a net phase
drift over time and hence a measurable voltage drop, introducing resistance into the system.

TAPS: thermally activated phase slips. Thermally activated phase slips describe transi-
tions between metastable current-carrying states in a superconducting wire due to thermal
fluctuations. When the thermal energy kg1 exceeds the energy barrier AF' separating these
states, the system can overcome the barrier, resulting in a sudden 27 phase jump and a
transient suppression of the superconducting order parameter. These events introduce a
measurable resistance below the critical temperature T, even though the medium is otherwise
superconducting.

Different approaches have been developed to estimate the resistance due to thermally activated
phase slips. Little [Lit67] introduced a phenomenological model based on temporary normal
regions, which reproduces the expected Arrhenius behavior but lacks microscopic justification.
Langer and Ambegaokar [LAG7], later extended by McCumber and Halperin [MH70] (LAHM
theory), applied time-dependent Ginzburg—Landau theory to derive the free-energy barrier and
nucleation rate, providing a more systematic framework but predicting an unphysical vanishing
resistance as 7' — T¢. Golubev and Zaikin [GZ08] addressed this issue with a field-theoretical
approach, modifying the prefactor to remain finite near T and thereby achieving better
agreement with experimental data.

QPS: quantum phase slips. At low temperatures, thermal fluctuations become negligible,
and yet, in very narrow superconducting wires, phase slips can still occur. These are known
as quantum phase slips (QPS), where the superconducting phase tunnels through the energy
barrier separating metastable states instead of being thermally activated. QPS are inherently
quantum in nature and remain active even as T' — 0, leading to finite resistance or even
insulating behavior in superconducting nanowires well below 7.
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The origin of QPS lies in the conjugate relationship between phase d and charge ¢, which
satisfy the commutation relation [§, ®] = —i. Because of this, any localization of charge
within the wire results in quantum fluctuations of the superconducting phase. This duality
allows for quantum tunneling of the phase across the potential barrier, enabling QPS even in
the absence of thermal energy.

The first phenomenological model of quantum phase slips was introduced by Giordano [Gio88],
inspired by macroscopic quantum tunneling in Josephson junctions. By replacing the thermal
energy scale kT with a zero-point energy £/7,., he obtained a tunneling rate of the Arrhenius
form with fitting parameters. While this captured the qualitative idea of quantum tunneling of
the phase, it underestimated experimental rates by several orders of magnitude.

A more systematic framework was developed by Golubev and Zaikin [ZGvOZ97] using an
effective action approach for dirty superconductors. The total QPS action was separated into
a core part, associated with the local suppression of the order parameter, and a hydrodynamic
part, describing long-range phase fluctuations. They derived a tunneling rate of the form

R, L, R,L,
[qps o R—Z? exp(—a}%ng) : (5.48)

where R, = h/462 is the quantum resistance, R,, the normal-state resistance, L,, the wire
length, and & the coherence length. The parameter «v is a dimensionless constant of order
unity that collects model-dependent numerical factors and is often treated as a weak, sample-
dependent fitting parameter.

This theory predicts a strong exponential sensitivity to R,, and L, in line with experiments
on superconducting nanowires. Extensions including capacitive effects and finite-temperature
corrections further improve agreement with data and are widely used to model QPS-driven
superconductor—insulator transitions.

5.2.1 QPS element as dual of Josephson junction

In previous sections, phase slips were discussed as isolated, random events characterized
by a tunneling rate. However, when these events occur coherently, the system enters a
fundamentally different regime. This concept of coherent quantum phase slips was introduced
by Biichler et al. [BGB04]. Shortly after, Mooij and Nazarov [MNO06] proposed a duality
between the well-known Josephson junctions and these so-called QPS junctions. The idea is
based on the fact that charge and phase are quantum conjugate variables. This symmetry
allows the dynamics of one system to be directly mapped to the other by interchanging phase
with charge, and vice versa.

A Josephson junction typically consists of two superconductors separated by a thin insulating
barrier. Cooper pairs can tunnel through this barrier, with a coupling energy given by the
Josephson energy E;. Associated with this setup is a charging energy Ec = (2¢)?/2C, where
C' is the junction capacitance. The ratio £,/ Ec determines whether the system behaves more
like an inductor (large E;) or a capacitor (large E¢).

In contrast, a QPS junction is formed by a narrow superconducting wire, thin enough that
phase slips can occur. Each phase slip corresponds to the tunneling of a flux quantum @,
through the wire, characterized by a phase slip energy Es. The dual to the charging energy in
the Josephson case is the inductive energy E;, = ®2/2L, where L is the wire inductance.
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In the regime E; > FE(, the phase across a Josephson junction is well-defined, allowing a
supercurrent to flow up to a critical current I, = 27 E;/®q. This is mirrored in a QPS junction
when Eg > FEp: the charge becomes well-defined, and a critical voltage Vo = 27 FEs/2e
emerges, beyond which coherent charge transport is suppressed. In the opposite limit (£, <
Ec or Eg < Ep), the roles reverse, with charge quantization leading to Coulomb blockade in
Josephson junctions, and phase coherence enabling supercurrents in QPS junctions.

The Josephson current-phase relation is

I = I.sin(yp), (5.49)
which leads to a nonlinear inductance
0%
Ly =——F——. 5.50
77 271, cos(yp) (5.50)

In the QPS case, the dual relation is a voltage-charge dependence:
V = Ve sin(2mq), (5.51)

with the corresponding nonlinear kinetic capacitance given by

2e
27V cos(2mq)

Ckin - (552)

This duality extends to entire circuits. For example, the Cooper pair box dominated by F¢,
exhibits charge quantization on a superconducting island. lts Hamiltonian is

Hepp = Ec(N —n,)* — 2‘] > (IN +1)(N|+h.c.), (5.53)

with n, = C'V/2e being the gate-induced charge.

The dual circuit, the phase slip box, consists of a superconducting loop with inductance L
interrupted by a QPS junction. The number of flux quanta N in the loop is quantized, and
the energy depends on the deviation from the external flux ®:

E
Haps = BL(N = )P = 2 3 (IN + (N + hc), (5.54)
N
where [ = ®/® is the reduced flux. The roles of E¢, E;, and ny are replaced by F;, Eg,

and f respectively, showing the direct duality:

Ec EL, E; & Es, Ng < f (555)

This mapping can be extended further. Mooij and Nazarov showed that any Josephson-based
circuit can be transformed into a QPS-based one by exchanging parameters:

E;—Es, Ec—EL, Ry'V< 1, RZ(w) < Y(w), (5.56)
where g is the quantum resistance, Z the impedance, and Y the admittance.

For instance, the familiar RCSJ model of a current-biased Josephson junction involves a parallel
resistor and capacitor. Its dual is a voltage-biased QPS junction with a series resistor and

99



5.

JOSEPHSON JUNCTION AND QPS ELEMENT

inductance. The dynamics of both systems can be described by differential equations. For the
Josephson case:

) b >0 1dp
I(t)=1.s — —_— =, 57
(t) sin(p) + o (C’ I + 7l (5.57)
and for the QPS case:
. d*q  dg
V(t) = Ve sin(2mq) + 2e (Ldtz + Rdt) : (5.58)

Introducing normalized time ¢’ = w,t and defining plasma frequencies

2L B, 2EgE
J _ J=C QPS __ S&L
wp =\ T W =T (5.59)

along with the dimensionless damping parameters (McCumber parameters)

2 R2C1 2n LV,

J _ c QPS _ c
B o, Be 5ol (5.60)

the equations become:

It d*p 1 dy

[c = SlIl((,D) + W + \/ﬁﬁ, (561)
V() . d*q 1 dg

A sin(2mq) + 72 + s o (5.62)

These equations describe particles moving in tilted periodic potentials. For the Josephson
case, the phase particle moves in

I
U)(¢) = —E, <]g0 + cos go) , (5.63)

while in the QPS case, the charge particle experiences

Uqgrs(q) = —Es (‘227rq + cos(27rq)> : (5.64)

The dynamics in these washboard potentials capture the essence of both systems: below
threshold, oscillations occur with the plasma frequency; above threshold, the system enters a
running state, producing voltage (for Josephson) or current (for QPS). The damping parameters
B. control the transition between these regimes.

Dual Shapiro steps in QPS junctions. Dual Shapiro steps arise in the charge-dominated
regime of ultrasmall Josephson junctions, where the charging energy E¢ is comparable to or
larger than the Josephson energy E ;.

In the conventional regime (Subsection 5.1.4), where E; > E, the phase can be treated as
a classical variable, and the system is described by a tilted washboard potential periodic in ¢:

U(6) = ~ By cos(d) — rs, (5.65)
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Applying a microwave drive of frequency f modulates this potential, producing phase-locked
transport of flux quanta. This gives rise to quantized voltage steps in the I-V characteristic,
known as Shapiro steps:

hf

Vo=nzl, nel 5.66
ngoy (5.66)

In the charge-dominated regime, where E;/FEq < 1, strong phase fluctuations localize the
charge, and the system is described by a potential periodic in charge @):

U(Q) ~ —E¢ cos (Wf) -VQ. (5.67)

A DC current bias induces Bloch oscillations, which are voltage oscillations dual to the AC

Josephson effect:

27r]t>

V(t) = Vo sin (26 (5.68)

where Vo = wE¢ /e is the critical voltage. When a microwave drive of frequency f is applied,
these Bloch oscillations synchronize with the drive, producing quantized current steps:

I, =n2ef, nelZk. (5.69)

More on this in Chapter 6.
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CHAPTER

Classical numerical simulations of
quantum phase-slip circuits

Contributions and acknowledgments. [ thank the summer interns Uri Sharell and Alinda
Gergek for their contributions in developing the code for the numerical simulations.

6.1 Josephson circuit duality

Duality in physics describes a situation where two different systems, or two different regimes of
the same system, are related by interchanging key variables, such as position and its conjugate
momentum. When the relevant parameters have a proper mapping, one can infer the behavior
of one system by analyzing its dual. In special cases, this transformation maps a system onto
itself, a property known as self-duality: the harmonic oscillator is an example, with exact
self-duality due to the symmetry between position and momentum. More often, duality relates
asymptotic behaviors in distinct parameter regimes, becoming a tool to study one regime when
the other is analytically or experimentally more accessible.

Josephson junction circuits can be a playground for the study of the charge and phase
duality [GH10]. In particular, the resistively and capacitively shunted junction (RCSJ) model
(Fig. 6.1.a) describes a current-biased Josephson junction with Josephson energy E; shunted
by a capacitor C' and a resistor R. Its dual description (Fig. 6.1.b) is given by the capacitively
shunted junction® in series with a resistor and an inductor, where the junction is voltage biased,
shunted by the same capacitor C', and connected in series with R and L. In this sense, the
two circuits are dual: current bias is exchanged with voltage bias, and capacitive elements are
mapped to inductive ones.

This approximate self-duality [YNHM19; Bun21; GC24] establishes a correspondence between
the small-junction limit (E; < E¢) and the large-junction limit (E; > E¢), i.e. the regime
where Cooper-pair tunneling in charge-space dominates can be related to the complementary
regime governed by flux-tunneling, or equivalently, phase slips. In this scenario it is possible to
infer the dynamcs of charge studying that of phase and viceversa.

This is an approximate self-duality because only at low energies the two circuits exhibit an
exact duality; moreover the role of the shunting circuit, and as a consequence of the boundary

LA Josephson junction is always unavoidably shunted by a capacitance due to its physical construction.
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Ibias Vbias

® I e Xo O o X

Figure 6.1: Josephson dual circuits. a. A current-biased Josephson junction (indicated by
a cross) with bias current I,. The junction, defined by the Josephson energy E, is shunted
by a capacitor C' and a resistor R. b. A voltage-biased Josephson junction with applied bias
voltage V;,. The junction is shunted by a capacitor C' and connected in series with an inductor
L and a resistor R. In the dual regime the Josephson junction approximates the phase slip
element, in gray.

conditions on the quantum variables, has a primary role. The treatment of variables as
either compact or extended in Josephson junctions remains a long-debated issue [PRE25] and
continues to cause inconsistencies between theoretical models and experimental findings.

In fluxonium-like superconducting qubits, the low energy spectrum of a quantum phase slip
box [AIK*12] is approximated in the limit of high shunting inductances and dominating
charging energies (E, < E¢,E; < E¢) [ALKT24; MLC*24]. Similarly, in circuits with
high-impedance in DC (so at low energy), in the presence of dissipation as a resistor or as
an infinitely long transmission line, a Josephson junction and a phase-slip junction become
effectively indistinguishable [GC24]. However the latter is still an open topic in the field.

Dissipative phase transition. In quantum circuits, dissipation plays a central role and
must be carefully modeled. A common strategy is to represent the environment (such as
resistors or transmission lines) as a bath of harmonic oscillators, which can often be mapped
onto noninteracting bosons. The most used theoretical framework to describe dissipation
in Josephson circuits is the Caldeira-Leggett model [CL81]. Here, a Josephson junction is
coupled to an infinite set of harmonic oscillators, each representing an harmonic mode of a
resistive environment.

A central prediction of the Caldeira-Leggett model is that such a system undergoes a quantum
phase transition between a superconducting and insulating state, known as the Schmid-
Bulgadaev transition [Sch83; Bul84]. This occurs when the effective resistance of the envi-
ronment reaches a critical value R = R, where Ry, is the resistance quantum for Cooper
pairs. For R < Ry, the junction exhibits superconducting behavior (phase localized), while
for R > Rg, it becomes insulating (charge localized).

An important consequence of charge quantization is the compactness of the superconducting
phase. The number of Cooper pairs on an island, n, can only take integer values. Since n
and the superconducting phase ¢ are conjugate observables with the commutation relation
[n, @] = i, discreteness of n enforces that the phase is defined modulo 27. In other words, the
operator €% acts as a ladder operator that changes n — n + 1, so shifting ¢ — ¢ + 27 leaves
the physical state unchanged. Thus, charge quantization implies that the superconducting
phase is a compact variable, restricted to the interval ¢ € [0, 27).
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In many approximate models, for example when adding a large linear inductive shunt, charge
quantization is neglected and n is treated as continuous. In this case, ¢ effectively loses its
compactness and behaves as a non-compact variable taking values on the real line. Although
this approximation can simplify calculations, it also removes important physical effects, such
as the role of the gate charge n,4, which becomes physically relevant again once charge
quantization is restored [KR24].

This shows how articulated this problem is and there is still not an ultimate clear way to
address it, neither experimentally nor theoretically. Although the Schmid-Bulgadaev transition
is supported by numerous theoretical works, both experimental confirmation and aspects of
its theoretical interpretation remain subjects of ongoing debate [MBIS*20; HS21; MBIS™21;
MSOA22; SFS23; MSOA23; KR24].

Circuits duality. In this section, the focus is not on a detailed analysis, but rather on
presenting a simplified and intuitive overview. The main goal is to numerically study the
dual circuit of the Josephson junction (Fig. 6.1.b), with the long-term goal of modeling and
eventually realizing an experiment consisting of a single junction in series with a large inductor
(ideally a geometric superinductor), operating in regimes that display the corresponding dual
physics. First experimental attempts reported in Ref. [Per21] were were unable to provide
clear evidence, motivating a step back to the simplified numerical study presented here.

The time evolution of superconducting quantum circuits, including both current-biased Joseph-
son junctions and their dual counterparts, voltage-biased phase-slip junctions, can be described
by the same differential equation:

v = yn + yysin(2mn) + 7. (6.1)

This unified form captures the core dynamics of both systems when expressed in terms of
appropriately normalized variables. The dynamics of the current-biased Josephson circuit can
be modeled as a fictitious phase particle moving in a potential landscape, with an effective
mass given by the capacitance C'. The dual system, based on a voltage-biased phase-slip
junction, involves a charge particle, whose dynamics are similarly governed by an inductive mass
L. The definitions of these variables, which differ between the flux-based and charge-based
circuits, are summarized in Table 6.1.

By choosing the correct substitutions, we recover familiar circuit models for each case. For the
Josephson junction, using the normalized flux variables leads to the well-known resistively and
capacitively shunted junction (RCSJ) model, as detailed in Table 6.2. In the dual case of the
coherent quantum phase-slip (CQPS) junction, the same equation describes the voltage-biased
system when charge-based variables are used, as shown in Table 6.3.

The full mapping between the two systems, the key parameters, governing equations, and energy
scales, is summarized in Table 6.4, highlighting the deep duality between these superconducting
elements.

6.2 Motivation of classical numerical simulations

The classical simulations of the phase-slip junction circuit presented here are based on the
report "On optimal circuit for CQPS current standard" by Oleg Astafiev.

’https://cordis.europa.eu/project/id/862660/results
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H Symbol  Josephson junction

Phase-slip junction

Unit

|

n
v
Y
-
Vo

® /Dy (normalized flux)
I/Qo (normalized current)

R/R¢ (normalized resistance)

RQC (RC time)

Q/Qo (normalized charge)
V/®q (normalized voltage)

L/Ro (L/R time)

Rg/R (normalized admittance)

dimensionless
Hz
dimensionless
s

Hz

Ic/Qo Vs /®o
Table 6.1: Normalized variable definitions for Josephson and CQPS junctions.
H Quantity Expression H
Supercurrent I =1Igsing
Josephson energy E; = %
. Qo

Dynamic equation

b 2D )
I =— + Ipsin (”) + 0o

R D

Table 6.2: Relations for the Josephson junction circuit.

H Quantity Expression H
Supervoltage V = Vgsin(2mn)
hV.
Phase-slip energy Eg = il
. Do

Dynamic equation

2m(Q)
G

0

v:9+vssm () +LQ

Table 6.3: Relations for the phase-slip junction circuit.

| Josephson junction

Phase-slip junction

|

Flux ¢

Phase ¢

Current 1
Capacitance C
Resistance R
Flux quantum &

Josephson energy E;

Charge @)

27n (normalized charge)
Voltage V

Inductance L
Conductance G = 1/R
Charge quantum )y = 2e
Phase-slip energy Fg

Table 6.4: Duality mapping between Josephson and CQPS junctions.

The code provided in that work was reproduced and extended to different circuit layouts in
order to create a tool that is both easy to use and intuitive for exploring circuit designs. The
aim is not to determine optimal device parameters, but rather to provide a design aid: a simple
way to test ideas, compare with experimental results reported in the literature, assess how
well these results can be reproduced, and gain a clearer understanding of the constraints and
possibilities of practical circuits.

In particular, the simulations make it possible to test the inductance values achievable with
geometric superinductors, as well as the £/; and E¢ values attainable with Josephson junctions
instead of nanowires, and to estimate the expected size of the dual Shapiro steps.

By running the simulations over a broad range of parameters, it becomes possible to search for
additional parameters correlations and build intuition on how different design choices affect
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the system.

6.2.1 Numerical implementation in Mathematica

The dynamics of the CQPS device are governed by the nonlinear differential equation (Eq. 6.1),
which was implemented and solved numerically in Mathematica. The external voltage applied
to the circuit is modeled as a sum of a DC bias and a microwave drive,

V(t) = Vae + Viae cos(wt), (6.2)

where V. is the static bias and V,. the amplitude of the AC excitation at frequency w/2m = f.
The simulations proceed in three steps:

1. Input: for each set of input values (Vac, Vae, Vo, R, L, C), the dynamics equation is
integrated numerically.

2. Time Evolution: the code computes the normalized current n(t) and voltage V() as
functions of time. Transients are discarded, and only the steady-state oscillatory regime
is used for analysis.

3. Output: the time average (n) is calculated and converted into a physical current using

2e .
= ?<n>7

with 7" = 1/f the microwave period. By sweeping Vi from 0 to Vicmax, the IV
characteristic is reconstructed, reproducing what is experimentally measurable .

1

This simulation reproduces both the blockade at low bias and the quantized current steps in
the presence of microwaves, and provides a versatile tool for analyzing how circuit parameters
influence coherence and observability of quantum phase slips.

e Current blockade and dissipative branch: without microwave excitation (V,. = 0), the
system exhibits a perfect current blockade for V3. < V. Beyond this threshold, the
1-V curve becomes linear, with slope given by the series resistance R. This behavior
directly reflects the duality of coherent phase slips with the Josephson effect.

e Dual Shapiro steps under microwaves: when a microwave drive is applied (V. > 0),
the I-V curve acquires a ladder of quantized current plateaus, the dual Shapiro steps.

These steps occur at
I, =n-2ef, n € Z. (6.3)

Because 2e and f are fundamental and precisely measurable (atomic clocks), these
plateaus provide a route to a quantum current standard.

6.2.2 Key findings: roles of L, R, and C,

The simulations carried out in the report of Astafiev reveal several design rules for QPS circuits:

e Series Inductance (L). The report emphasizes a non-trivial but crucial point: a large
series inductance is essential. Just as a large shunt capacitance in a Josephson junction
suppresses phase fluctuations, here the inductance plays the dual role of suppressing
charge fluctuations.
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Ideal bias circuit
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Figure 6.2: Effect of circuits components on the size of the first dual Shapiro step.
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e Series Resistance (R). The value of R is critical for step visibility. If R is too small, the
first Shapiro step lies within the blockade regime and is thus unobservable. The general
condition for clear step observation is

Ve
R> ) 6.4
2 5. 7 (6.4)
With sufficiently large R, the steps appear on the dissipative branch, accessible to

experiment.

e Shunting Capacitance (C},). Real devices inevitably exhibit parasitic capacitance in
parallel with the CQPS junction. The CQPS element itself has an intrinsic kinetic

capacitance,
2e

T
which for Vo = 5 11V is about 10 fF. Simulations demonstrate that as long as C,, < C¢,
the quantized steps remain intact. However, when C, 2 C¢ (e.g., 20 — 100 fF), the

plateaus become smeared and eventually vanish. The design rule is therefore to minimize
parasitic capacitance such that C), < C¢.

Cc (6.5)

These interdependencies are summarized visually in Fig. 6.2. The presence of a parasitic
capacitor suppresses the amplitude of the first inverse Shapiro step, while a sufficiently large
superinductor can restore quantization, provided that C),, remains below the intrinsic kinetic
capacitance.

6.3 Numerical results and conclusions

A substantial part of the work consisted in reproducing the Mathematica code implemented
by Astafiev and adapting it to circuits of increasing complexity. Starting from the idealized
QPS element biased by a perfect voltage source, successive elements were added to make
the model closer to experimental reality (Fig. 6.2). This progressive refinement allowed to
evaluate how each element modifies the observable I-V/ characteristics and, in particular, the
quantized dual Shapiro steps under microwave irradiation.

One of the most important take home message, already emphasized in Astafiev's report, is
the detrimental role of parasitic capacitance [ARH18]. On the one hand, a large shunting
capacitance can smear out the quantized steps and suppress coherent transport. On the other
hand, a deliberately engineered capacitance can be exploited as a coupling element to feed
the microwave drive into the circuit. This design choice motivated us to test how the -V
characteristics depend on the way the AC component of the bias is coupled it.

In this regard, we compared two cases: (i) driving the system through a capacitor connected in
parallel to the superinductor and QPS junction (Fig. 6.3 left column), and (ii) injecting the drive
through the series resistor and inductor (Fig. 6.3 right column). Interestingly, the simulations
reveal that the amplitude of the first inverse Shapiro step does not scale monotonically with
the drive amplitude V. in both cases, but instead depends strongly on the injection pathway.
As shown in Fig. 6.3, when the drive is applied through the R + L branch, the first plateau
reaches a larger amplitude at a smaller V., but then decreases rapidly in an oscillatory fashion
as the drive is further increased. In contrast, capacitive coupling requires a larger V. to
achieve the same plateau amplitude, but the steps remain more stable as the drive is increased.
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Simulated circuits
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Figure 6.3: Simulated I-V characteristics under different microwave coupling schemes.
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Left column. AC drive (in gray) applied through the R+ L branch. Right column. AC drive
(in gray) applied capacitively. The comparison highlights how the coupling method modifies
the amplitude and robustness of the dual Shapiro steps. The values use in these simulations
are: Vo =16 pV, R =30k, C, =1 {F and L = 500 nH.
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This observation is particularly relevant for experimental implementations. Since microwave
power dissipation is one of the main sources of overheating in low-temperature devices, being
able to reach sizeable current steps with smaller Vs¢ is highly beneficial. On the other hand,
the oscillatory suppression at higher drive amplitudes may pose a challenge for robustness.
Therefore, the choice of microwave injection scheme becomes an important design parameter
alongside R, L, and C,,.

In the literature, different groups have employed different strategies for coupling the microwave
field:

e Refs. [SKD"22; SKD"24] apply the microwave signal through an on-chip capacitor
connected to a split superinductor, with the drive entering through the smaller branch
and thereby coupling to the QPS element.

e Ref. [CCG23] injects the microwave field through through a bias-tee connected to the
superinductor.

o Ref. [KKG24] couples on-chip the drive directly to the QPS junction itself.

Our simulations reproduce the qualitative differences between these approaches and provide a
theoretical framework to understand their impact on step amplitude and stability.

Outlook. The approach followed in this work relied on classical simulations of QPS-based
circuits, progressively including realistic components such as parasitic capacitance and large
inductances. While this provided useful intuition on the role of different circuit parameters
and the way microwave injection affects the /-V characteristics, the perspective has shifted
significantly in light of more recent theoretical advances. In particular, the work in Ref. [BGC24]
has demonstrated that a fully quantum treatment is essential to capture the subtle physics of
the dual Shapiro steps and, as a consequence, to determine the optimal set of parameters for
their observation.

Unlike earlier analyses based on approximate charge-phase duality and classical RCSJ-like
models, Ref. [BGC24] developed a circuit-QED theory where the environment is described as a
finite-size transmission line resonator. This quantum description allowsto account not only for
the discrete multimode structure of the environment, but also for the multi-band dynamics of
the Josephson element itself. Most crucially, it is shown that the synchronization mechanism
responsible for the dual Shapiro steps survives even beyond the single-band approximation.
This result is highly relevant, as it suggests that dual steps can persist in experimentally
realistic regimes where higher bands cannot be ignored.

A central message is also that the optimal parameter regime for observing dual steps differs
from naive duality-based expectations. In particular, while the transmon regime (E; > FE¢)
is theoretically simplest, it leads to exponentially small current steps. Instead, it is found that
a moderate ratio F;/Ec ~ 5-10 offers the best compromise, producing larger, experimentally
accessible steps. Another key finding is the absolute necessity of very high environmental
impedance (Z 2 10R) in order to suppress charge fluctuations: unlike the direct Shapiro
steps, which are robust against noise, the dual steps are extremely sensitive to both quantum
and thermal fluctuations. The truncated Wigner approximation analysis further highlights that
even vacuum fluctuations at zero temperature can wash out the steps unless the impedance is
sufficiently large. Finally, because the relevant energy scale is the inductive energy Ej, which
is typically very small, the dual steps require ultra-low temperatures for stability.
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Taken together, these results provide a more realistic picture of the experimental challenges
and possibilities. They also suggest why the classical simulations carried out here were not
pushed further: while they offer useful first-order intuition, they cannot fully address the
quantum noise and multi-band effects that ultimately determine the existence and robustness
of the dual Shapiro steps.

6.4 Insights from the first experimental observations of
quantized current steps

The observation and practical use of quantized current steps are limited by a range of
experimental challenges. The goal of this section is to summarize what understood from the
literature in terms of limitations and proposed improvements.

Broadening and smearing out of steps. Landau—Zener tunneling (LZT) between Bloch bands,
which becomes relevant when E; ~ E¢, can induce switching between superconducting
and resistive states, thereby washing out the quantized plateaus [CCG23]. Thermal noise
from resistors, enhanced by both bias currents and microwave drive, further introduces
finite slopes in the current-voltage characteristics and destroys quantization at elevated
temperatures [CCG"23]. Heating effects are particularly detrimental: for instance, microwave
drives can raise the electron temperature from ~ 40 mK to nearly ~ 250 mK [KKG"24].

Device and environmental constraints. Resistive environments contribute strong Johnson—
Nyquist noise and additional heating, which destabilize the plateaus [KKG"24]. Stray capac-
itances between the junction and surrounding circuit elements lower the effective charging
energy [SKD*22; SKD"24], while higher-order steps are often absent because LZT destroys the
coherence of Bloch oscillations [CCG™23]. Current quantization has been observed only within
narrow Josephson-junction parameter ranges, specifically E;/Ex 2 2, V4 € [0.5,5] pV, and
It 2 10 nA [SKD"22; SKD*24]. Moreover, nanowire devices suffer from low fabrication yield
and strong variability in parameters compared to junction-based devices [SKD22; SKD*24].

Accuracy and metrological challenges. Even when steps are visible, current plateaus are
generally not flat, and in noise-dominated regimes their amplitudes follow squared Bessel
functions rather than first-order predictions [CCG™23]. The accuracy of quantized currents
in nanowires or JJ remains significantly below that of single-electron pumps, which currently
reach uncertainties on the order of ~ 0.2 ppm [KKG"24]. Despite steady progress, no robust
metrological demonstration of dual Shapiro steps has yet been achieved [KKG™24].
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CHAPTER

Models for Josephson junction chains
physics

Contributions and acknowledgments. [ thank Lucia Vigliotti for clarifying the derivation
of the expressions in Section 7.2.

Depending on the energy scale, the behavior of a Josephson junction chain (also referred to as
a one-dimensional Josephson junction array) is more accurately described by different effective
models. At high frequencies or high energies, the discrete circuit description, also known
as Macroscopic Quantum Model, is required, where each junction’s charging and Josephson
energies set the characteristic modes and their dispersion. In contrast, at low frequencies or
long wavelengths (compared to the chain lattice spacing), the system can be described by
an effective Luttinger liquid Hamiltonian: its collective plasmon modes behave like gapless
bosonic excitations with interaction strength set by the ratio between Josephson and charging
energies.

A one-dimensional Josephson junction array acts as a versatile quantum simulator, reproducing
canonical many-body models such as the two-dimensional classical XY model and the Bose-
Hubbard model, and enabling experimental access to phenomena such as superfluid-insulator
transitions.

In Section 7.2, the Hamiltonian of a Josephson junction chain is reviewed using the discrete
formalism, with an emphasis on how the distance of the ground plane, whether close to or
far from the chain, influences both the dispersion relation and the Kerr nonlinearity. The
formulas refer to a Josephson junction chain that is galvanically coupled to a transmission line
in a through-line configuration. In Section 7.3, the continuum case is briefly introduced in
the form of a Luttinger liquid. Finally, in Section 7.4, analogies to two classical models, the
two-dimensional XY model and the Bose-Hubbard model, are discussed, along with the types
of physics that can be explored.

All these models are well established in the literature, and presenting them side by side
highlights the connections between approaches, especially since different references often adopt
different conventions.
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7.1 1D systems

The following section is based on Ref. [Gia03].

Interacting one-dimensional (1D) systems exhibit unique quantum phenomena that cannot be
described using traditional methods developed for higher dimensions. In two or three dimensions,
Landau’s Fermi-liquid theory [Lan56] provides a successful framework for understanding
interacting fermionic systems. It treats interactions perturbatively, mapping a complex
many-body problem into a gas of weakly interacting quasiparticles, essentially electrons with
renormalized effective parameters.

This approach fails in one dimension. In higher dimensions, single-particle excitations can
propagate relatively freely, with mean free paths much larger than the interparticle spacing
or even the system size. In contrast, in 1D systems, particles are constrained to move along
a single line, making collisions with neighbors unavoidable. Consequently, a single-particle
excitation inevitably disturbs the surrounding particles, transferring energy and momentum
through the entire system. Well-defined single-particle excitations therefore do not exist, and
the dynamics are governed entirely by collective modes.

In a Fermi gas, the simplest excitations are particle—hole pairs. A particle-hole pair is formed
when an occupied state below the Fermi surface becomes unoccupied, leaving behind a hole,
while a previously unoccupied state above the Fermi surface becomes occupied, representing the
particle. This construction conserves both energy and momentum, and defines the fundamental
building blocks of low-energy excitations. The set of all such possible excitations for a given
momentum transfer ¢ defines the particle—hole spectrum.

In two and three dimensions, the Fermi surface is a continuous curve or surface. This continuity
implies that, for almost any momentum transfer ¢, there exist occupied and unoccupied states
with arbitrarily small energy separation. Hence, the particle-hole spectrum reaches zero energy
for a continuous range of ¢. This results in a dense set of low-energy excitations, which in turn
provides many scattering channels and reduces quasiparticle lifetimes. Although quasiparticles
in higher-dimensional systems remain well defined near the Fermi surface, they generally
possess finite lifetimes.

The situation in one dimension is qualitatively different. The Fermi surface consists of only
two discrete points at +kp and —kp. Zero-energy particle-hole excitations are possible
only when the momentum transfer is exactly ¢ = 2kr. Thus, the particle-hole spectrum
touches zero energy at a single momentum value, in contrast to the extended range present in
higher dimensions. The restricted phase space for scattering leads to exceptionally long-lived
excitations. Moreover, these excitations exhibit an effective bosonic character, despite being
composed of fermions.

The bosonic nature of long-lived particle-hole excitations gives rise to coherent collective
phenomena such as charge-density and spin-density waves. This forms the basis of the Luttinger
liquid [Tom50; Lut63; ML65] description, which replaces the Fermi liquid paradigm in one
dimension. In this framework, bosonization [Gia03] provides the appropriate language for
expressing the low-energy physics in terms of collective bosonic modes, capturing the essential
properties of 1D interacting systems.
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Figure 7.1: Schematic of a Josephson junction chain. Each junction has Josephson
inductance L; and capacitance C';, while each superconducting island is coupled to ground
through a capacitance C,. Adapted from Ref. [YGH21].

7.2 Discrete 1D Josephson junction array model:
Macroscopic Quantum Model

The following section closely follows the approach described in Refs. [KNW'18; KNW*23].

A one-dimensional chain composed of N superconducting islands connected via Josephson
junctions is considered, with both ends coupled to a transmission line. Each island is assumed to
be sufficiently small compared to the superconducting coherence length, allowing its quantum
state to be described by a single superconducting phase variable 6,,.

Coupling between neighboring islands occurs through both Cooper-pair tunneling and electro-
static interactions. The tunneling is mediated by the Josephson effect, with energy scale set
by the Josephson energy E;, which is related to the inductance L (previously labeled L ¢ in

Eq. 5.7) of each junction by
A
Ey=—) - —. 7.1
J <2€> LJ ( )

This term introduces a nonlinear coupling that depends on the phase difference between
adjacent islands.

Electrostatic interactions are described by a capacitance matrix C,,;m that incorporates both
the junction capacitance C'; between neighboring islands and the self-capacitance C|, of each
island to the ground. The charge @),, on each island is canonically conjugate to the phase 6,
with commutation relations given by [60,,, Q.] = i2€6,, ,, with &, ,, being the Kronecker delta.

A schematic representation of the system, including the superconducting islands, Josephson
junctions, and capacitances, is shown in Fig. 7.1.

7.2.1 Linear Hamiltonian

The total Hamiltonian describing the system is [KNW' 18]

1 N—-1 N-2
H = 3 Z Q.C'mQ,, — E; Z cos(0p41 — 6,) — Ejcos(0y) — Ejcos(On-1), (7.2)
n,m=1 n=1

where the first term represents the electrostatic (charging) energy stored in the capacitive
network, and the cosine terms account for Josephson tunneling between adjacent islands and
between the endpoints and the external circuit. To impose open boundary conditions, the
phases at the endpoints are fixed to 6y = 6 = 0. These conditions define the ends of the
physical chain and ensure the correct treatment of the edge junctions.
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Capacitive term. The structure of the capacitance matrix C changes depending on how
strongly the island charges are screened [KNW18]. Its exact form is set by the electrostatic
environment of the chain, mainly how close the ground plane is, including nearby dielectrics,
gates, and the chosen boundary conditions. The two relevant cases, where the chains are
either close or far from the ground plain, are now considered.

When the Josephson chain is placed near a ground plane, each superconducting island is
capacitively coupled to the ground through a gate capacitance Cy, which helps to locally
screen excess charge. With this screening mechanism in place, the capacitance matrix of the
chain takes a simple form [KNW"18]:

°0,+C,  —Cy 0
—C; 20,40, —Cy ...
Cclose ground — 0 _CJ 2CJ + Cg K (73)

This is a tridiagonal matrix of size (N — 1) x (N — 1), where the diagonal elements are all
equal to 2C; + C,, and the only non-zero off-diagonal entries are —C';, appearing just above
and below the diagonal. This structure reflects the fact that, in this approximation, each
island interacts electrostatically only with its nearest neighbors. A derivation for this case can
also be found in Ref. [WKD"15].

In contrast to the locally screened case, significant differences arise when the ground plane is
positioned far from the superconducting chain, far meaning at a distance comparable to, or
even larger than, the electromagnetic mode wavelengths supported by the system [KNW'18].
Under these conditions, the screening of the island charges @),, by the ground plane becomes
non-local. A single island’s electric field can extend over many neighboring sites before being
effectively screened. As a result, the Coulomb interaction develops a long-range character.

To account for these effects, the capacitance matrix must be extended beyond the tridiagonal
form used in the local screening case. The resulting matrix takes the form [KNW18]:

20 + Cg711 —Cr+ 09712 Cg,lg
C B —Cy+ 09721 2C; + 09722 —C5+ 09,23
distant ground — Cym —Cy+Cys 205+ Cgss —Cy+Cyar Cyss

(7.4)

This matrix includes not only the usual nearest-neighbor coupling terms (the coefficients along
the diagonal) but also additional contributions C' ,,,,, that represents long-range interactions
mediated by the distant ground plane. The matrix is no longer tridiagonal, and many entries
away from the diagonal are non-zero. Consequently, its inverse Cgl. . around, Tequired for
computing the system’s charging energy, cannot be obtained analytically and has to be
evaluated numerically.

Although the model appears more complex, the number of adjustable parameters remains the
same as in the local screening case, since the overall ground capacitance Cy is often used as a
fitting parameter. The increased chain—ground distance just acts as a short-distance cutoff in
the Coulomb potential, while the remaining interaction is determined by the chain's geometry.
As reported in Ref. [KNW' 18], when the ground plane is far from the chain this model yields
significantly better agreement with experimental observations than the simpler local screening
model, particularly for the low-frequency modes.
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Inductive term. When the Josephson energy is much larger than the characteristic charging
energy, the phase differences between neighboring islands, 6,1 — 6,,, remain small and the
nonlinear Josephson potential can be expanded as a power series in these small phase differences

cos(0, — O,,) ~ ;(9n 0,2 (7.5)

Replacing the nonlinear cosine potential with a quadratic term each Josephson junction can
be approximated as a harmonic element. This makes the analysis of collective modes and
circuit quantization more tractable: the total Hamiltonian becomes quadratic H® in both
charge and phase variables, and is given by

1 N-1 B N-2 E E
H® = 2 3 QuChQu+ 5 2 O =0’ + S+ TR (76)
n,m=1 n=1

7.2.2 Dispersion relation

To determine the eigenfrequencies of the chain, the phase and charge operators are expressed
in terms of a complete set of normal modes:

X_: n)0, Z V(1) Qr (7.7)

where the mode functions (1) form an orthonormal basis of sinusoidal waves that satisfy open
boundary conditions at the ends of the chain. These mode functions are used to diagonalize
the spatial dependence of the system, allowing the decoupling of collective excitations into
independent harmonic modes.

Substituting this expansion into the quadratic Hamiltonian (Eq. 7.6) leads to a fully diagonal

form:
N— 2 92

where each mode k behaves as a harmonlc oscillator characterized by an effective capacitance
(% and inductance L.

Within this harmonic approximation, the phase operator acts analogously to a position variable,
while the charge corresponds to its conjugate momentum. The spectrum of allowed oscillation
frequencies (the normal modes), is then given by

1 — cos (”k>
g + 1 — cos (’]rvk)

(7.9)

W = Wp

where the plasma frequency w,(rad/s) = \/2E;E¢/h sets the characteristic energy scale of
the chain, with the charging energy defined as Ec = (2¢)?/(2C;) and E, = (2¢)?/(2C,).
Wave vectors usually have dimension [length] ™!, but they are dimensionless in this notation
(k = wk/N, k positive integer), since lengths are expressed in units of the lattice spacing
a = {/N, with ¢ the length of the chain.

This linearized description is valid when the Josephson energy E; dominates over the charging
energy Fo, ensuring that phase fluctuations between neighboring islands remain small and
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justifying the expansion of the cosine potential to quadratic order (Eq. 7.5). In this regime,
the chain behaves like a set of coupled harmonic oscillators, and the dispersion relation Eq. 7.9
captures the frequency dependence of the collective modes. In the limit where & < N, cosine
can be linearized as

k 1 (7k\?
cos (7]TV> ~1— 5 (%) +... (7.10)
leading to
1 (nk 2 1 (nk 2
e |2 (%) lemEe $(%) «k [2EE, 1
k ~ P 2 2 I .
E. k K2 E rk N h? By (k)2
i 3 (%) it +3 (%) (12 (%))
(7.11)
Introducing the velocity v(rad/s) = \/2E;E,/h,
mk
~ k
Wy = N - L (7.12)
2
\/(1+wi(§\’;) ) <1+§§k2>
Restoring proper lengths via a gives
k ~
= k
o - - (7.13)

ke 242 2 -2\
¢(1+"w§ (1;)) <1+;j%k)

where © = va, and k = 7k//. This matches the notations used, for example, in Ref. [HG19],
where lengths are not rescaled by a from the beginning. When extracting velocity from fits
versus mode numbers (k and not k), the appropriate equation must be used.

From the dispersion relation, three regimes can be identified:

e Fork < /Ec/E,, the dispersion relation is linear, and the quantity v corresponds to
the phase velocity of the electromagnetic modes propagating along the transmission line.

e When k ~ /E¢/E,, the influence of the in-line capacitance causes the dispersion

relation to deviate from linearity. This identifies \/Ec/E, as the characteristic length
scale over which Coulomb interactions between sites become effectively screened.

e For k > /Ec/E,, the wave frequency approaches its maximum value, the plasma
frequency w,. This frequency corresponds to the natural resonance of the junctions
forming the transmission line. At w,, all junctions oscillate collectively, and wave
propagation is no longer supported.

7.2.3 Second quantization

To transition from the classical description of the chain's collective modes to a fully quantum
mechanical framework, the harmonic oscillator analogy is once again employed. Each normal
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mode of the system can be quantized by promoting the classical phase and charge variables to
operators that satisfy canonical commutation relations. Specifically, the phase operator for
mode k can be expressed in terms of bosonic creation and annihilation operators as [KNW 18]

1
_ A AT
O = 26\/ 2hCuw (2 + i) (7:14)

where &L and ay are the raising and lowering operators, respectively, for the harmonic oscillator
associated with mode k. The prefactor ensures the correct normalization consistent with the
canonical commutation relations between phase and charge operators.

Using the expansion of the local phase operators in the normal mode basis,

Z U1 (1), (7.15)

the spatially resolved phase operators can be written as

V) (a5 + al
— 9% Z U(n ShCroon (ak + ak) : (7.16)

This quantization procedure naturally leads to the second-quantized form of the Hamiltonian
H®  which describes a set of independent quantum harmonic oscillators:

N-1 1
¥ (s 1) o
k=1 2

Here, each mode k behaves as a quantum harmonic oscillator with energy quanta hwy, and
the operators &}; and @, create and annihilate these excitations, respectively. This formalism
provides a convenient starting point for analyzing quantum properties such as photon number
states, coherent states, and the effects of nonlinearities beyond the harmonic approximation.

7.2.4 Kerr coefficients

To account for interactions between different electromagnetic modes in the chain, it is necessary
to move beyond the linear approximation and include the leading nonlinear correction to the
Josephson potential. Expanding the cosine potential to fourth order in the phase difference
yields a quartic term of the form

N
H® = Z ol — , (7.18)

which captures the first anharmonic contribution responsible for mode—mode interactions.
This term gives rise to important physical effects such as frequency shifts that depend on
occupation number, commonly referred to as self-Kerr and cross-Kerr interactions.

Including this quartic correction, the second-quantized Hamiltonian can be written as

RS ita afa L At A ata
H? + gW = ;wza,tak ~3 ;Kk,ka,taka,tak =Y IChpa,Tcaka;ap. (7.19)
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Here, the first term describes the harmonic modes with renormalized frequencies wj,, which
include frequency shifts arising from vacuum fluctuations (i.e., the zero-photon limit of the
quartic term) [KNW™18]. The second term corresponds to the self-Kerr interaction, in which
the frequency of a mode shifts depending on its own photon occupation. The third term
describes the cross-Kerr interaction, which introduces mutual frequency shifts between different
modes as a function of their respective photon numbers.

The strength of these nonlinear couplings is captured by the Kerr coefficients Ky ,, which take
the form [KNW18; KNW*23]:

1 5kp WrWp
S 5 ) 2
Ko (2 8 ) ONE, (7.20)

This expression shows that both self-Kerr (k = p) and cross-Kerr (k # p) terms scale
inversely with the Josephson energy E; and linearly with the product of the corresponding
mode frequencies. Notably, the self-Kerr coefficient is slightly reduced due to the additional
numerical factor ¢y ,,/8, reflecting the enhanced symmetry in that case.

7.3 Continuous 1D Josephson junction array model:
Luttinger liquid
The discussion in this section follows Ref. [HG19].

The low-energy physics of one-dimensional Josephson junction chains is captured by the
Luttinger liquid framework. Instead of particle-like excitations, the system supports collective
density and phase fluctuations, which can be described by bosonic fields.

As derived in Eq. 7.13, in Josephson junction chains, the plasmon modes have dispersion

vk
1+ (@f{/wp)z’

with ¥ the plasmon velocity and w, the cutoff frequency in rad/s. For angular frequencies
wi < wy, i.e. at low energies where the dispersion is approximately linear, the system reduces
to a harmonic string Hamiltonian®

WE =

Hy = / dx r;f I + ZZ((&EW] : (7.21)

where K is the Luttinger parameter that encodes the interaction strength, ¢ is the coarse-
grained phase field and II = —(h/7)0,0 is its conjugate momentum. These fields connect
directly to physical observables: the particle density along the chain is expressed as p(z) =
—(1/m)0,é(x), while the particle current density is related to II.

The Luttinger interaction parameter K, also known as superfluid stiffness, is set by circuit
parameters. In Josephson chains it can be written as

1To maintain consistency with the variables used in Sec. 7.2 following Ref. [BPG*17], the Hamiltonian in
Eq. 7.21 adopts a different notation compared to Ref. [HG19]: ¢ — ¥, ¢ — 6, and 8 — ¢.
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EJ Th
K=m/|—L  K=-—___ 7.22
"\ 2E,’ 1e27¢ (7.22)

where E; is the Josephson coupling, E, is the effective ground capacitance energy, and Z¢ is
the (low-frequency) characteristic impedance of the chain. The value of K determines the
balance between charge localization and phase coherence: K < 1 corresponds to effectively
repulsive interactions and insulating tendencies, while K > 1 favors superconducting coherence.

Thus, the Luttinger liquid model provides the natural effective description of Josephson junction
chains at low energies, where the Hamiltonian Eq. 7.21 encodes how quantum fluctuations,
interactions, and impedance shape transport and phase transitions in one dimension.

The mapping between the low-frequency behavior of Josephson junction chains and the
Luttinger liquid model was experimentally demonstrated in Ref. [CAK"17] (a nice summary
can be found in Ref. [BCD"25]). To account for phase-slip rates, finite-temperature effects,

and charge disorder, new theoretical frameworks and predictions have been developed in
Refs. [BPGT17; HG19].

7.4 2D-XY and Bose-Hubbard models

The study of one-dimensional Josephson junction arrays is driven by their ability to host a
variety of quantum phases and to allow controlled exploration of the transitions between
them using fully engineerable devices. Two key theoretical models, which can be implemented
and tested using these arrays, are introduced in Subsection 7.4.1, the 2D-XY model, and
Subsection 7.4.2, the Bose—Hubbard model.

Although these models describe the same physical system and can be mapped onto each other,
they are often presented using different languages, making distinctions between them mostly a
matter of convention. For example, XY-like models are commonly used to discuss Berezinskii-
Kosterlitz-Thouless (BKT) physics, whereas Bose-Hubbard-type models are typically associated
with Mott lobes and quantum phase transitions. Despite these differences in terminology, both
frameworks capture the same underlying physics.

In conclusion, these models provide a general framework for understanding the phase diagrams
of one-dimensional Josephson junction arrays. However, real systems may exhibit richer
behavior due to effects such as disorder, long-range interactions, dissipation, or deliberately
engineered circuit geometries and topologies.

This section follows Ref. [Wil19].

7.4.1 2D-XY model in 1D Josephson junction arrays

A Josephson junction array with negligible charging energy can be mapped to the classical
two-dimensional XY model with Hamiltonian

H=—E;> cos(¢; — ¢;). (7.23)
(i,5)

Since the Hamiltonian depends only on phase differences, a global shift ¢; — ¢; + d¢ leaves
the system invariant, indicating a continuous symmetry.
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The correlations behave differently in the high- and low-temperature regimes. At high
temperature, i.e. in the disordered case, the correlation decays exponentially,

1
- ~ e "/¢ ithé ~ ——— 7.24
<COS(¢T QSO)) € Y wi 5 ln(Z/J)’ ( )
with J = E;/(kgT), indicating short-range order. At low temperature, J — 0o as 7' — 0, so
strong fluctuations in ¢ are penalized and global coherence is favored; the correlation then
decays algebraically,

1/(27J)
a) : (7.25)

(cos(d, — u)) ~ (°
indicating quasi-long-range order.

Although the Mermin-Wagner theorem forbids spontaneous breaking of continuous symmetry
and true long-range order in systems of dimension two or lower, the XY model still supports
a topological phase transition with no symmetry breaking, in which the high- and low-
temperature phases are distinguished by differences in topology. This is an example of a
Berezinskii—Kosterlitz—Thouless (BKT) transition.

The phase at each position in a system is a single-valued quantity but is defined modulo 27.
This means that while the phase itself is well-defined, it can wind by an integer multiple of 27,
i.e., the phase at a point can be written as ¢ + 27n with n € Z.

A phase configuration with n = 0 everywhere corresponds to the uniformly ordered state, where
the phase is coherent across the system. In contrast, a configuration where the phase winds
around a certain position corresponds to a topological defect, known as a vortex. Vortices
are discrete objects; one cannot continuously transform a configuration with a vortex into
the uniform state without a discontinuous change. This is because the winding number n
is topologically protected: it is an integer that counts the number of times the phase wraps
around 27 along a closed loop, and integers cannot change continuously.

The behavior of vortices depends strongly on temperature. At low temperature, creating vortices
is energetically costly. The system favors n = 0 configurations, which are phase-coherent
and uniformly ordered, supporting superconductivity. In this regime, quantum fluctuations of
charge are significant due to the uncertainty principle, allowing for supercurrent flow without
dissipation.

At high temperature, thermal fluctuations can favor vortex creation, leading to phase disorder.
Vortices interact through a logarithmic potential, reminiscent of Coulomb interactions in two
dimensions. This is analogous to the energy of a Josephson junction array in the limit where
the charging energy dominates. In this case, the inverse of the capacitance matrix, which
determines the interaction between charges, also behaves logarithmically at large distances,
giving rise to similar long-range interactions between topological excitations.

The interaction between vortices is logarithmic, so the model maps onto a two-dimensional
Coulomb gas and can also be described by the sine—Gordon theory. In fact, in two dimen-
sions, the XY model, the sine-Gordon model, and the Coulomb plasma provide equivalent
descriptions of the same underlying physics, highlighting the duality between phase and charge
representations and the topological nature of vortices.

In Josephson chains, this picture emerges naturally: when E;/Eqc < 1, the system is charge
dominated and can be described as a Coulomb plasma of localized Cooper pairs, whereas
for E;/Ec > 1, phase coherence dominates and the system maps onto a Coulomb gas
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of vortices. At a formal level, the one-dimensional quantum Josephson junction array at
zero temperature maps onto the two-dimensional classical XY model, where the additional
dimension corresponds to imaginary time. In this mapping, the spatial coupling is controlled
by E;, while the temporal coupling is set by the charging energy E-. Consequently, the
superconductor-insulator transition in a one-dimensional array falls into the universality class
of the BKT transition, with the ratio £;/E¢c at T' = 0 K determining whether the system
exhibits phase coherence or charge localization. At higher temperatures, the phase diagram
becomes more intricate (see Ref. [BPGT17; MSSM™23]).

For further details see Ref. [FvO1].

7.4.2 Bose-Hubbard model

In addition to the XY model, one-dimensional Josephson junction arrays can also be described
by the Bose—Hubbard model, which captures the physics of interacting bosons on a lattice.
The Hamiltonian is

i i (4,3)

AT 2 . e N A
where b, and b; are boson creation and annihilation operators, n; = b,b; is the number operator,
U is the on-site interaction energy, p is the chemical potential, and ¢ is the hopping amplitude
between neighboring sites.

In this version of the Bose-Hubbard model, interactions are restricted to on-site terms but in
one-dimensional Josephson arrays, th electrostatic interactions between islands can remain
significant for distances » < A, decaying as e /A, with A being the interaction length
depending on the circuit parameters.

The Hamiltonian in Eq. 7.26 provides a good approximation for a Josephson chain in the limit
C;/Cqg — 0, where the capacitance matrix becomes diagonal and only on-site interactions
contribute to the Hamiltonian, and the mapping is U = 2E¢, t = E;/2, and p = Ec(1+2f),
with f being the offset charge.

More generally, to include interactions with arbitrary range A, an additional term must be

added
1#£]

which makes the effective chemical potential site-dependent. This reflects the influence of the
full capacitance matrix. In practice, Josephson junction arrays are not perfectly homogeneous,
so U and p can vary from site to site.

The phase diagram of the Bose-Hubbard model at zero temperature is When tunneling is
absent (¢ = 0), the ground state is insulating with a fixed integer number of bosons per site.
As 1 is varied, one finds successive insulating states with different fillings. At finite ¢, these
insulating regions expand into "Mott lobes", separated by a superfluid phase where bosons
delocalize and phase coherence develops.

In two or more dimensions, mean-field theory gives the correct qualitative picture of these
Mott lobes. In one dimension, mean-field theory is not accurate, but the same overall structure
survives: alternating Mott insulators and superfluids, controlled by the balance of U and t.
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The transition between these phases is a quantum phase transition, driven not by temperature
but by the competition between charging energy and tunneling. Because charge and phase are
conjugate variables, strong charge localization (U >> t) leads to large phase fluctuations and
an insulating state, while strong tunneling (¢ > U) delocalizes charge and stabilizes long-range
phase coherence in the superfluid. The interplay of discreteness and coherence produces the
characteristic lobe-shaped phase diagram.

Thus, Josephson arrays realize the Bose—Hubbard physics in a natural way: charging energy
corresponds to on-site repulsion, Josephson energy corresponds to hopping, and offset charges
shift the chemical potential.
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CHAPTER

Josephson chains measurements results

Disclaimer. The results and conclusions presented here are preliminary, as data analysis
and interpretation were still ongoing at the time of writing. In particular, for the microwave
measurements, a spurious coupling between two devices was identified during the analysis,
which limits the extent of the conclusions that can be drawn at this stage. Further work is
required to acquire additional data, refine the analysis and develop a more comprehensive
understanding of the observed phenomena.

Contribution and acknowledgments. [/ would like to thank Andrew P. Higginbotham
for his support as an external supervisor. His guidance was especially valuable while getting
the new DC measurement setup up and running. | also appreciate his suggestions regarding
relevant literature and his insightful contributions during discussions of the results. Thanks to
Georgios Kastaros for the low noise electronics IVVI* used in preliminary DC measurements
on this setup [Per21]. | am grateful to Manuel Houzet and Leonid Glazman for taking the
time to brainstorm about our results in the picture of their paper (Ref. [HG19]), which helped
clarify several aspects relevant to this work. | would also like to thank Matilda Peruzzo for her
work on installing the RF and DC lines in the dilution refrigerator "Fermi". Finally, | thank
Areg Avtandilyan for his help with measurements, discussions and preliminary data analysis
during his rotation in the group from April to June 2025.

8.1 Overview and Motivation

One-dimensional Josephson junction arrays exhibit a rich variety of phenomena in both their
DC transport [ELJT13; VSR"15; CAK"17] and RF response [MPK™12; MGM*18; BVSH25],
as well as under simultaneous DC and RF driving [CCG"23], determined by the interplay
between the Josephson coupling energy E; and the charging energies Ec and .

DC behaviour. When the Josephson energy dominates, these arrays behave as highly
conductive system. On the contrary, when the Josephson energy is comparable to or smaller
than the charging energy, the arrays enter an insulating regime characterized by Coulomb
blockade and thermally activated processes [VSR™15; CAK™17].

"https://gtwork.tudelft.nl/~schouten/ivvi/index-ivvi.htm

127



8.

JOSEPHSON CHAINS MEASUREMENTS RESULTS

In the insulating regime, current remains suppressed at zero temperature until the bias voltage
exceeds a threshold: early works attributed this switching to the nucleation and propagation
of charge solitons [HD96], but later experiments showed that the threshold scales linearly
with array length and depends on the Josephson energy [HAO; AAHO1], pointing instead
to depinning of collective charge configurations in the presence of strong charge disorder
[VSR*15].

RF behaviour. Josephson junction arrays sustain plasma modes, collective electromagnetic
excitations corresponding to small oscillations of the superconducting phase, which can be
viewed as quantized electromagnetic waves confined to the array. Their properties are set
by the interplay between the Josephson coupling energy E;, the charging energy E¢, and
the ground capacitance energy £, the latter controlling the Coulomb screening length and
thereby shaping the mode dispersion (see Section 7.2).

When E; > E¢, the plasma modes are well-defined, weakly damped, and propagate along the
chain with a phase velocity set by the array inductance L; and the total capacitance per site.
On the contrary, when E; < E¢, quantum phase fluctuations become strong and the mode
spectrum can be renormalized or even gapped due to phase-slip processes. In this regime, the
chain behaves as a high-impedance medium, and the plasma modes may experience substantial
damping or localization [KMG™19; HG19; WS19], due to inelstic scatteing from phase-slip
events or charge-disorder induced localization.

This view parallels the "depinning" picture from DC transport: instead of charge configurations
being pinned, here the plasma modes themselves can become pinned or fragmented by
inhomogeneities in the capacitance network, leading to a suppression of transmission at certain
frequencies [YGH21] and mode-dependent quality factors [HG19].

DC+RF bahaviour. When a Josephson junction chain is driven simultaneously by a DC
bias and an RF signal, the two drives interact through the nonlinear Josephson current-phase
relation, producing transport signatures that reflect both slow charge motion and fast plasma
dynamics. One of the most iconic manifestations of this interplay is phase locking between
the DC-driven dynamics and the RF excitation.

In the superconducting regime, where F; > F, I/, this phase locking leads to the appearance
of Shapiro steps in the [-V characteristics: plateaus at quantized voltages V,, = n(hfrr/2¢),
with frr the RF frequency [Sha63]. Shapiro steps are of great importance in metrology, as
they provide a direct link between frequency and voltage, enabling primary voltage standards
[BHO04; BBK™25].

In the opposite, insulating regime, where E; < E¢, E,, the dual Shapiro steps are expected:
quantized current plateaus I,, = n(2efrr) arising from coherent tunneling of single Cooper
pairs under RF drive. These dual steps are of metrological interest for the realization
of a current standard complementary to the Josephson voltage standard [SAK"24]. First
experimental oberservations of dual Shapiro steps have been reported [SKD"22; CCG'23;
SKD*24; KKG"24], but a comprehensive understanding of the optimal parameter regimes,
coherence requirements, and limitations is still lacking [ARH18; BGC24] (see also Chapter 6).

Motivation for the experiments in this chapter. The measurements in this chapter
were motivated by previous results [MSSM*23] in Andrew Higginbotham's group, which
investigated how temperature affects coherence in a one-dimensional Josephson junction array.
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Figure 8.1: Proposed phase diagram E; vs. T. Reproduced from Ref. [MSSM™23].
The diagram illustrates superconducting and insulating phases as functions of the Josephson
energy E; and temperature T'. The dashed line represents the threshold temperature i,
that separates regimes of long-range (Superconductor) and short-range behavior (Local
Superconductor). For T' < Tj,, the system is described by the long-range superfluid stiffness
K, with the superconductor-insulator transition occurring when 7K, ~ 3/2. For T' > T,
the short-range superfluid stiffness K governs the behavior, and the transition appears at
mKe ~ 1. The solid black curve indicates the crossover from a superconductor to insulator.
The orange arrow indicate the parameters spaced studied in Ref. [MSSM™23], the blue dashed
line two of the possible direction motivation of the measurements in this chapter. The gray
dashed box at the bottom the simple SIT phase diagram at 7' = 0 K highlighted as a
comparison to the more rich at higher temperature.

In their study, the array expected to show an increasing resistance decreasing the temperature
instead exhibited a drop reminiscent of superconductivity, saturating at low temperatures
(temperature sweep measurement indicated by the orange arrow pointing down in Fig. 8.1).
The most probable reason was that the transition temperature T},s was below the minimum
temperature reachable in the setup. Applying a strong enough magnetic field, so changing
the Josephson energy of the array, allowed to crossover to another region of the insulating
state (orange arrow pointing left in Fig. 8.1), now showing an increasing resistance decreasing
temperature. This can be understood in the new proposed phase diagram E; vs. T"in Fig. 8.1
where a new region "Superinductor" (E, > E; > E¢) with local superconducting behavior
appears at finite temperature. This can be understood as thermal fluctuations melting the
insulating phase, giving rise to the superconducting behavior. Or in other words non monotonic
renormalization of the phase slips rate with temperature [BPG*17]. The new phase diagram
that takes in consideration finite temperature consequences would so solve the incosistency
problem posed by the superinductor: a regime that based on the SIT theory at 7= 0 K and
probed in DC was supposed to lay on the insulating side of the transition but that is regularly
used in superconducting qubits [MKGD09; PMN*20], so showing a superconducting behavior.

Building on these results, two main research directions emerge. The first is to explore
the insulating—superconducting transition (SIT) in a regime below the crossover insulating
temperature T}, (also proposed in the S| of Ref. [MSSM*23]). In Fig. 8.1 it is indicated by
the blue dashed arrow pointing right. The second direction is to study the SIT as a function
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of temperature by fabricating devices in the insulating regime with a moderate Ti,s, such
that it does not mask or broaden the superconducting response, vertical dashed blue arrow
in Fig. 8.1. This approach allows probing both DC and RF behavior and understanding how
superconducting modes evolve in a device insulating in DC.

Another option would be to study what happens at the high frequency behaviur of a Josephson
chain moving accross the SIT. In particular, the fate of RF modes in the insulating regime
remains unclear: earlier studies on high-impedance chains [KMG™19] report a constant internal
quality factor as a function of mode frequency but lacked a demonstration of DC insulating
behavior (no Coulomb blockade observed in DC). Theoretical proposals [HG19] suggest that in
a superinductor, the system could show a frequency-dependent SIT: no modes at low frequency,
gradually giving way to regularly spaced modes at higher frequencies. Experimentally testing
this prediction could provide direct insight into the dynamics of insulating Josephson arrays.

Finally, studying DC and RF response on the same device offers a unique opportunity to
investigate dual Shapiro physics (introduced in Chapter 6, connecting nontrivial superconducting
behavior with microwave response. Overall, the interplay of SIT, RF modes in insulators, and
dual Shapiro physics were the central motivation for the experiments, guiding the exploration
toward the most promising regimes.

8.2 Experimental Methods

8.2.1 Device Design

Each Josephson junction chain is 1.0576 mm long, measured from the end of the taper on
the coplanar waveguide (Fig. 8.2.a). The CAD layout is designed with 500 Dolan bridges,
each 0.25 pum long (Fig. 8.2.b), with an additional 20 nm gap on either side. The segments
between the bridges, which define the island lengths, are 1.816 pum long (Fig. 8.2.b). The
segments at the two ends of the chain form large junctions that are not considered part of
the array. Therefore, for N = 500 Dolan bridges, the total number of junctions in the array
is Njy = (2-N+1)—2=999. These parameters are the same for all devices; the only
differences are the width and spacing to ground.

No DC-SQUID chains were used, and no magnetic field was applied in order to allow for a
clean interpretation of the results. This choice was particularly motivated by prior observations,
such as in Ref. [CAK"17] where DC-SQUID arrays exhibited a blockade threshold voltage
significantly different from that predicted and observed in standard JJ chains. This discrepancy
was attributed to flux trapping in the SQUID loops, which complicates interpretation.

Sample A (Fig. 8.2.c) consists of three devices: an insulator (Device 6), a superconducting
wire (Device 4) and a superinductor (Device 5, Fig. 8.2.d) with dimensions closely matching
those of the superinductor in Ref. [MSSM™23], but with approximately 20% fewer junctions.
Additionally, all the device was galvanically connected (in contrast to the original capacitive
coupling), and a shorter version was realized for DC transport measurements. Sample B
(Fig. 8.2.f) includes five devices of which three connected to the measurements setup: a
transmission line used as a baseline (Device 1), an insulator (Device 2, Fig. 8.2.¢), and a
Josephson chain (Device 3) similar to Device 2 but made by larger junctions. Device 7 and 8
are not connected. A summary of the relevant geometric parameters and characterstic energies
are provided in Table 8.1 and Table 8.4 respectively.
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C. Sample A
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[ I
b.
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Figure 8.2: CAD layout and SEM images of Josephson chains devices. a. Each
Josephson junction chain has a length of 1.0576 mm, measured from the end of the taper on
the coplanar waveguide. b. Enlarged CAD layout of the array, designed with N = 500 Dolan
bridges of length 0.25 pm; the island segments are 1.816 um long. c¢. CAD layout of Sample
A, consisting of three devices. d. SEM image of the superinductor (Device 5) of Sample A. e.
SEM image of the Josephson junction chain of Sample B (Device 2), designed as an insulator
in DC. f. CAD layout of Sample B, which contains five devices, three of which (Devices 1-3)
are connected to the measurement setup.

H Sample ‘ Width (pm) ‘ Spacing to GND (pm) ‘ Island size (pm) ‘ JJ size (pm) ‘ Device spacing (mm) H

Sample A - CAD file: SIT006.dxf

Device 6 (Ins) 0.1 (0.06) 0.5 (0.57) (1.67x0.1) | (0.64x0.1) | D6—D5=4 mm

Device 5 (superl) | 0.5 (0.46) ~ 3000 (1.67x 0.5)  (0.64 x 0.5) -

Device 4 (SuperC) 1 (0.96) 0.28 (0.32) (1.67 x 1) ‘ (0.64 x 1) D4 —D5 =4 mm
Sample B - CAD file: SITO07.dxf

Device 2 0.16 (0.12) 0.52 (0.54) (1.67 x 0.16) _ (0.64 x 0.16) | D2— D7 = 1.6 mm

Device 7 0.28 (0.24) 0.46 (0.48) (1.67 x 0.28) | (0.64 x 0.28) | D7 —DI1 = 1.7 mm

Device 1 (Short) 10 6 - - D1 —-D8 = 1.7 mm

Device 8 0.22 (0.18) 0.55 (0.58) (1.67 x 0.22) | (0.64 x 0.22) | D8 — D3 = 1.6 mm

Device 3 0.34 (0.3) 0.55 (0.58) (1.67 x 0.34)  (0.64 x 0.34) -

Table 8.1: Dimensions of the Josephson chains. Values in brackets correspond to the
design parameters from the CAD file; values outside the brackets are the expected dimensions
based on dose tests. No SEM images of the measured devices are available, and due to e-beam
lithography instabilities during fabrication, these values may differ from the actual ones. The
last column shows the distance between devices, included to assess possible crosstalk effects
in the data. The rows highlighted in gray represent the devices measured and presented in
this chapter.

No SEM images of the measured devices were taken before to measurement, in order to avoid
electron beam-induced damage that can break the oxide and short some junctions. However,
SEM images of similarly fabricated test structures are available and provide representative
dimensions and geometries. To minimize slotline modes there are few on-chip bonds over the
transmission line connecting bond pads to Josephson devices; each bond pad was connected
using three parallel wire bonds for impedance matching and the sample GND is connected to
PCB GND with many other wires.
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8.2.2 Device fabrication

Steps highlighted in gray indicate optional cleaning processes.

| Process | Steps | Notes |
Wafer preparation -I[;?(I:)ee

Substrate cleaning

ACE, 21 °C, uc power 9, 5 min
IPA, 21 °C, uc power 9, 5 min
N2 blow dry

Spin and bake
e-beam resist

Prebake, 120°C, 1min

Spin, MMA EL13, 3.5 krpm, 1 min (ac-
celeration 1 krpm/s)

Bake, 170 °C, 3 min

Spin, PMMA 950k 4%, 4 krpm, 1 min
(acceleration 1 krpm/s)

Bake, 170 °C, 3 min

E-Beam Flow Prep

CAD file preparation
Beamer flow file preparation

E-Beam Patterning

JJ, 0.8 or 1 nm beam, dose 4 x 90-
110 uC/cm? with 3D PEC (base dose
of 1 and 0.4 for undercut box).
Coplanar-waveguide and Ground plane,
100 - 250 nm beam, dose 330-
350 11C/cm? with 3D PEC

Development

water:IPA (1:3), 21 °C, 2 min
IPA, 21 °C, 10 sec
N2 blow dry

Evaporation

Al evaporation, 40 nm, 1 nm/s, tilted
between 15 and 35 deg

Static oxidation 5 min, 5 mbar

Al evaporation, 80 nm, 1 nm/s, tilted after
a 180 deg rotation of the holder between
15 and 35 deg

Static oxidation 2 min, 10 mbar

Liftoff

DMSO, in a becker immersed in a water
bath on a hot plate at 145 °C, 1 h

ACE, 21 °C, 30 sec
IPA, 21 °C, 30 sec
N2 blow dry
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Figure 8.3: Measurement setup.

8.2.3 Measurement setup

DC transport measurement setup. All DC transport measurements employ a voltage-
bias configuration, schematically illustrated in Fig. 8.3. The bias voltage originates from
a Yokogawa GS2000 source. For differential resistance measurements, a lock-in amplifier
(Stanford Research Instruments) provides the AC excitation. Combination of the lock-in output
with the Yokogawa output occurs through a resistor network with Ry; = 10 k€ in the lock-in
path and Ry, = 100 €2 in the Yokogawa path. Both resistors are inside Pomona boxes to
ensure mechanical protection and shielding.

Measurement DC lines. The measurement lines consist of Thermocoax NC AC RT-MXC
cables with twisted-pair center conductors. These lines provide both signal transmission and
distributed low-pass filtering for suppression of high-frequency noise. Nominal specifications
are: length 3 + 5% m, outer diameter 0.5 & 5% mm, resistance R = 155 + 5% €2, and
capacitance C' = 562 £ 5% pF. No additional filtering elements precede the Thermocoax
cables.

Series resistor and low-pass cutoff. At the mixing chamber (MXC) end of the Thermocoax
lines, a 2 k2 resistor in series with the signal path is mounted on a PCB thermally anchored
to the MXC, approximately 1 m from the sample. This arrangement improves thermalization
and sets a lower cutoff frequency for the input path. The low-pass filter results from the
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combined resistance of the Thermocoax and the series resistor together with the cable
capacitance, yielding a total resistance Riyia1 = 2.15 k2. The —3 dB cutoff frequency is then
fcutoﬁ“,73 dB = (27TRC)_1 ~ 131.7 kHz.

Johnson-Nyquist noise. The RMS voltage noise of a resistor over bandwidth A f follows
Varms = VAkpT RAf. At T'= 10 mK, the Johnson—Nyquist noise corresponds to V} ;s =

34.45 pV /v Hz.

RF and DC signal combination. Combination of RF and DC signals occurs via a bias-tee
(Anritsu) feeding a 1 to 6 mechanical switch (Radiall). Each switch output routes to an
individual device connected through PCB enclosed within a two-part copper cavity. The lower
half contains a shallow milled recess without through-penetration, increasing the fundamental
resonance frequency of the cavity modes and reducing interference with device-related modes.
The upper lid provides mechanical support and preserves a stable electromagnetic environment.

For Sample A, the superinductor design requires a ground plane 3 mm away while the top lid
is only 0.5 mm above. To accommodate this requirement, a full through-cutout matching
the chip size (= 10 mm x 10 mm) is present. The copper cavity attaches to a cold finger
connected to the MXC and resides inside a mu-metal shield to reduce magnetic noise.

Current measurement. Current readout employs a current-to-voltage converter (Basel
Instruments) with transimpedance gain 107 V/A. While higher gains up to 10° V/A are
technically possible, the present configuration consistently uses 10” V/A. The signal then
passes through a low-pass filter with either 100 Hz or 300 Hz cutoff before further amplification.
A digital multimeter (Keysight) records the voltage with averaging over 10 power-line cycles
(NPLC), corresponding to an integration time of approximately 0.2 ms.

Microwave signal path. Microwave excitation travels from room temperature to the sample
via dedicated coaxial lines and combines with the DC bias at the bias-tees. Total attenuation
in the cryostat amounts to 70 dB (50 dB from attenuators + 20 dB from the side port of
the directional coupler). Eccosorb filters are present on both input and output lines (input:
in-house made [Red22]; output: commercial model). The usual 12 GHz low-pass filter (K&L)
in the input is omitted to allow measurements up to 20 GHz. No circulators are present; a
directional coupler is used instead.

Output 1 contains three isolators (Memstar, 8-12 GHz), a band-pass filter (BPF), and a LNF
HEMT amplifier. Output 2 contains two isolators (LNF, 4-8 GHz), a BPF, and a LNF HEMT
amplifier. A room-temperature amplifier, common to both outputs, is swapped between them
depending on the active measurement channel.

RF spectroscopy. RF spectroscopy employs a vector network analyzer (VNA), either a
Keysight PNA or a R&S ZNB1, and an RF source from R&S.

DC grounding. Several grounding configurations are evaluated to interface the lock-in
amplifier with the rest of the measurement chain. The adopted scheme uses star grounding,
with the refrigerator frame as the sole ground reference and all instruments floating relative
to earth, connected only to this point. Instruments unable to float from the main ground,
particularly the lock-in amplifier, operate via an isolation power generator to prevent ground
loops.
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Figure 8.4: Input-line attenuation. Input-line 1 baseline: attenuation from the room-
temperature cable and the 70 dB (50 dB attenuator + 20 dB side port of the directional
coupler) inside the cryostat. The downturn below 3 GHz corresponds to the contribution
of the side port of the directional coupler inside the refrigerator. Beyond this range, the
fit is linear (in log scale) to account for the cable's frequency-dependent loss. Input-line 2
baseline: same specs as Input-line 1. The unexpected behavior above 10 GHz needs further
investigation.

8.2.4 Baselines characterization

RF inputlines attenuation. The baselines of the two microwave (RF) input lines in the
experimental setup were characterized to account for frequency-dependent attenuation. These
lines transmit the signal from the vector network analyzer (VNA) to the SMA connectors
immediately following the mechanical RF switch. Attenuation was measured at room tem-
perature across the frequency range from 300 kHz to 14 GHz, covering the VNA operating
range.

Between 300 kHz and 3 GHz, the data exhibit a downturn caused by the directional coupler’s
coupling port. For frequencies above 14 GHz, attenuation was extrapolated, assuming a
steady trend at higher frequencies where direct measurements were not available. This extends
the baseline estimate up to 20 GHz.

Fig. 8.4 shows the measured attenuation along with the interpolation and linear extrapolation.
These baselines are important for the photon number calculation and comparison of reflection
and transmission measurements among devices. Inputline 2 exhibits a feature around 12 GHz,
absent in previous cooldowns. Further investigation is required to confirm its origin.

RF baselines. The four RF baselines (Fig. 8.5) characterize the transmission and reflection
paths within the measurement setup. Measurements were performed at low temperature (MXC
temperature 10 mK, one day after reaching base temperature) using a VNA. The dataset
includes reflection (S71, So2) and transmission (Ss1, Sia) scattering parameters, allowing
quantification of frequency-dependent attenuation and gain along the signal paths, as well as
identification of asymmetries or component-induced variations. The measurement ranges are
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Figure 8.5: Room-temperature RF baselines. S;; and S5 are measured with the RF
switch in the "reset" state (all signal reflected). Si, and Sy; are measured with the switch
connected to Device 1 on-chip, a 50 {2 matched coplanar waveguide. The measurements
characterize the frequency-dependent attenuation and gain of the four measurements paths in
the setup. The gray area marks the frequency range in which all four S-parameters can be
extracted for a resonance mode present in this region. The directional coupler adds a constant
20 dB attenuation. In one-tone measurements, the room-temperature directional coupler is
not used, so the blue baselines serve as the reference. In two-tone spectroscopy, the VNA is
connected to the side port, making the orange curve the reference attenuation for the signal,
while the pump passes through the through-port of the directional coupler, making the blue
baseline the reference.

set by the output line bandpass filters and isolators: Outputline 1 spans 8 — 12 GHz, while
Outputline 2 spans 4 — 8 GHz.

The reflection coefficient S;;, measured with the RF switch in the "reset" position (input
disconnected from any output), corresponds to the Inputline 1 — Outputline 1 path. Similarly,
Soo under the same "reset" condition corresponds to the Inputline 2 — Outputline 2 path.
Differences between these reflection measurements arise from slight variations in nominally
identical components, such as connectors, attenuators, and cables in the input lines, and from
different isolators and cryogenic High Electron Mobility Transistor (HEMT) amplifiers in the
output lines. Each output line has a different cryogenic HEMT, introducing unique gain and
noise characteristics, while the room-temperature amplifier following the cryostat is identical
for both lines.

The forward transmission coefficient .S, measured through a 50 €2 matched coplanar waveguide
(Device 1) on the chip, captures the baseline for the Inputline 1 — Outputline 2 path. The
reverse transmission coefficient Sy; corresponds to the Inputline 2 — Outputline 1 path, also
measured through Device 1. Both Si5 and Sy, exhibit small resonances with a free spectral
range of approximately 1 GHz. These transmission baselines provide essential information for
identifying potential non-reciprocities or direction-dependent losses introduced by the setup,
including the switch and amplifiers.

Together, the reflection and transmission baselines serve as critical references for future device

136



8.2. Experimental Methods

*]1 --- 10Hz 11fA/VHz
4 10.0 Hz: 10 fA/v/Hz
] 50.0 Hz: 76480 fA/+/Hz
1 ==~ 1000.0 Hz: 15 fA/VHz

1 --- 1.0Hz 25 fA/VEHzZ
10—10 4 10.0 Hz: 202 fA/v/Hz

] 50.0 Hz: 110929 fA/v/Hz
1 ==~ 1000.0 Hz: 64 fA/VHz

1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1
1 1
1
1 1
1 1
1 1
1 1
T T
0 0

g I

1
1
10~1 100 10! 102 103 1071 100 10! 102 103

f (Hz) f (Hz)

Figure 8.6: Low-frequency noise. Low-frequency noise spectral density measured from
Device 2 under insulating conditions. The data were averaged using Welch's method from
more than 10 independent time traces. Peaks at 50 Hz and harmonics indicate residual
electromagnetic interference from the environment. a. Measurement configuration: DC
cable connected to Yokogawa ON, output OFF, HEMTs OFF; b. DC cable not connected to
Yokogawa, HEMTs OFF.

characterization, enabling accurate de-embedding of setup-related attenuation and gain, and
providing insight into the performance and symmetry of individual RF components in the
measurement chain.

Electronic Noise. This paragraph presents the characterization of the DC response and
low-frequency noise performance of the measurement setup. These quantities are critical for
assessing the effective thermalization, grounding, and shielding quality of the wiring from room
temperature to the sample.

DC Baseline. Device 1, a 50 {2-matched coplanar waveguide on chip, was measured under
voltage bias at low temperature to serve as a calibration reference for determining the series
resistance in the DC lines. The current-voltage characteristic exhibits a linear (in log scale)
slope corresponding to the total resistance between the DC source and the sample. The
extracted resistance is consistent with the expected contribution from the mixing-chamber
resistors, twisted-pair wiring, and filtering elements. This measured baseline agrees well with
the expected value and provides a reference for interpreting transport measurements on other
devices.

Low-Frequency Noise. Figure 8.6 presents the low-frequency noise spectral density measured
from Device 2, a sample exhibiting an insulating behavior at DC. In this configuration, both
RF switches are connected to Device 2, ensuring isolation from external circuit paths and
amplifiers.

The voltage fluctuations were recorded using a high-resolution digital multimeter (DMM),
configured for high-speed time-domain acquisition. For accurate noise characterization, multiple
time traces (N > 10) were acquired sequentially and processed using Welch's method for
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H Parameter Notation Formula H

Junction capacitance Cy (2¢)?/(2E¢)

Junction capacitance to ground Cy (2¢)?/(2E,)

Junction inductance Ly (h/2e)?/E;

Impedance Zc \/Li/Cqy

Local superfluid phase stiffness Ko E;/(2E¢)

Global superfluid phase stiffness K, \VEr/(2Ey)

Plasma frequency fr V2E;Ec/h

Charge screening length A \/Eq/Ec

Bloch bandwidth (also Phase slip rate) W (or I') 16\/E ;Ec/x (2E;/Ec)'/* e~ V32Es1/Ec

Table 8.3: Formulas for relevant parameters. Formulas used to extract and calculate
relevant parameters from the measurements. The formulas used for the Josephson charging
energy and the charging energy to ground are a factor of 4 larger than those commonly adopted
in the superconducting qubit community.

power spectral density (PSD) estimation. This approach averages over several independent
realizations of the noise signal to reduce variance in the estimated spectrum. The data
acquisition code is based on a code kindly provided by Anton Bubis.

Key DMM settings for optimal time resolution included:

e autozero = OFF and autorange = OFF, to avoid delays introduced by auto-
matic calibration and range switching,

e NPLC = 0.02, reducing integration time and increasing bandwidth,
e timetrace_npts = 50000, to acquire long time-domain sequences,

e Sampling interval set to the hardware-limited minimum.

The maximum sampling rate achieved corresponds to a Nyquist frequency of approximately
~ 25kHz, and the frequency resolution in the FFT was better than 1 Hz, enabling fine spectral
features to be resolved.

From this analysis, prominent peaks at 50 Hz and its harmonics are still visible in the spectra,
indicating coupling to the power-line environment. Compared to state-of-the-art noise mea-
surement setups, this level of interference is relatively high and highlights the need for further
improvements in filtering, shielding, and ground isolation within the setup.

8.3 DC transport characterization

8.3.1 IVC large bias: ohmic behavior

The Josephson energy and critical current of the junctions were extracted from their normal-
state resistance measured under high voltage bias. For these calculations, a superconducting gap
of aluminum A(0) = 0.4 mV was assumed. Junction capacitance to ground was determined
using two complementary approaches. First, a fit to the dispersion relation obtained via
microwave spectroscopy provided one estimate. Second, SEM imaging of the junctions
enabled a geometrical estimate using a standard specific capacitance of 45-48 fF /um? [Weil4]
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Figure 8.7: IVC - Large bias. The solid curves show the measured I-V traces, while the
dashed lines are linear fits to the high-bias resistive branches (black: lower branch, blue: upper
branch). At sufficiently high bias voltages (V' > N - 2A), the aluminum islands forming
the Josephson junctions enter the normal state, where the /-V response becomes linear and
dominated by quasiparticle transport. In this regime, the slope reflects the normal-state
resistance Ry, which is related to the Josephson energy through the Ambegaokar—Baratoff
relation. Reliable determination of Ry requires sampling well above the transition threshold,
ensuring an accurate estimate of E£;. The extracted resistances and voltage offsets, obtained
by extrapolating the fits to zero current, are reported in the legend.

[MSSM™*23]. As a consistency check, the voltage offset observed in the high-voltage regime
was also used to estimate the capacitance.

The current-voltage (1V) characteristics of the three devices measured under a voltage bias
configuration are presented in Fig.8.7. These curves have been corrected for the voltage drop
across the series resistance in the measurement circuit, which includes inline resistors, cable
resistance, and the input impedance of the measurement instruments. The total estimated
resistance of the setup is approximately Ricuit = 4.3 k€2, as determined from measurements
on Device 1, which is a short transmission line used as a reference.

V= Vbias -1 Rcircuit (81)

At large bias voltages, when V' > N - 2A, the aluminum islands forming the Josephson
junctions transition into the normal state. In this regime, the -V characteristics become linear
and reflect the resistive behavior of the chain, dominated by quasiparticle transport. The slope
of the I-V curve in this high-bias regime is described by the Ambegaokar-Baratoff relation:

_RA@) . (A()
I.Ry = 5 tanh <2kBT> (8.2)

To accurately determine the normal-state resistance and thereby extract the Josephson energy,
it is essential to sample the I-V curve at sufficiently high bias voltages where the slope has
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Figure 8.8: Vgap hysteresis. Zoom-in of the I-V' characteristics around the switching point,
where the superconducting and resistive branches meet. The switching voltages observed allow
us to estimate the average superconducting energy gap A of the aluminum electrodes. The
observed device-to-device variations are attributed to heating effects, as supported by the
spacing of supercurrent peaks (Fig. 8.9.b) that indicate A(0) ~ 0.4 mV, largely independent
of the measured V.

fully saturated. Sampling too close to the transition threshold may result in an overestimated
slope and therefore an underestimated E£;.

From the switching voltages observed in the IV sweeps, we can estimate the average super-
conducting energy gap A of the aluminum electrodes. This value is averaged because the
two aluminum layers (formed via double-angle evaporation) have slightly different thicknesses,
leading to different gap values. The dependence of the superconducting gap on film thickness
is given by [MAC22]:

145 GHz

[nm]

A(t) = 43.5 GHz + (8.3)

From the high-bias regime of the up-sweep IV traces, we extract the effective normal-state
voltage corresponding to 2A for each device. Additionally, Fig.8.7 shows the raw IV character-
istics for all three devices in the high-bias regime, while Fig.8.8 provides a zoomed-in view to
highlight the hysteresis around the switching point.

The large difference observed in extracted parameters between devices can be attributed
to heating: the voltage spacing between supercurrent peaks (Fig. 8.9 inset) indicate a
A(0) =~ 0.4 mV for all devices. The Vg, scaling doesn’'t match with the Joule heating from
the resistances. The temperature of the three devices (from the expressions of A(T'), Egs. 3.11,
3.12), at these voltage bias would be around Theyicez = 104 mK, Theyices =~ 164 mK and
Thevices = 254 mK.

Vo is obtained by measuring the I-V curve at V' > e/(2C%), fitting the linear high-bias
region, and extrapolating the tangent back to the I = 0 axis. From Vg ~ ¢/(2Cy), the
charging energy follows as Ec = e V,g. Physically, the offset arises because the total current
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Figure 8.9: IVC - Itermediate bias. a. [-V characteristic of the three devices under
study, focused on the subgap region features. Device 3 showing a change in slope around
+200 mV, approximately half of the superconducting gap. b. Sequence of peaks appearing
on the low-voltage branch of the I-V curve for Devices 2, 3, and 5. Devices 3 and 5 display
peaks at the same voltage locations, while Device 2 shows a shift of about 50 V. The
peak spacing and width are consistent across devices, while their amplitude depends on the
superconducting/insulating character of the chain. The inset shows the spacing between the
peaks reported in panel b..

includes both the tunneling current and the displacement current that charges the junction
capacitance. At low bias, this capacitive charging must first supply the electrostatic energy
E¢ needed to add an electron to the island, shifting the entire /-V curve by V,¢. Values of
E¢ are reported in Table 8.3.
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Figure 8.10: Sub-gap peaks in a Josephson superconducting chain. The observed
sub-gap peaks in the -V characteristics arise from a chain of junctions, where voltage drops
localize across individual junctions. At zero bias (a.), aligned energy levels enable coherent
Cooper-pair tunneling, producing a supercurrent peak. As the bias increases, quasi-particle
tunneling becomes allowed at successive junctions, generating peaks at V' = 2A/e (c.), 4A/e
(e.), etc., which can be seen as replicas of the zero-bias supercurrent peak. Adapted from
Ref. [Weil4].

8.3.2 IVC intermediate bias: subgap region

A sequence of peaks is observed on the low-voltage branch of the I-V" characteristic (Fig. 8.9.b).
Similar features have been reported in Refs. [Popll; CCG23; MSSM™23], where the peaks
appear in the sub-gap region, although the underlying mechanism remains unclear.

Device 3 and 5 show peaks at the same voltage location, while Device 2 shows them roughly
50 uV shifted (Fig. 8.11). The peak spacing and width remain the same, while the amplitude
varies, being larger in the more superconducting regime and becoming shallower in the insulating
regime under DC bias.

Around +200 mV, roughly half of the superconducting gap, Device 3 exhibits a noticeable
change in slope of the I-V curve (Fig. 8.9.a).

The emergence of these peaks in the low-current regime can be understood by considering a
system composed of some tunnel junctions, four in the sketch in Fig. 8.10. The density of
states of both the leads and the superconducting islands includes electron-like quasi-particle
states (orange) and hole-like quasi-particle states (blue), separated by an energy gap of 2A.

Applying a voltage across a junction introduces an energy difference between its two sides. At
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zero applied voltage, the energy levels of all junctions are aligned, allowing coherent Cooper-pair
tunneling through the entire chain and resulting in a peak in the current-voltage characteristic
(Fig. 8.10.a).

For voltages below 2A /e, the voltage drop localizes across a single junction. The position
of this drop can occur at any junction in the chain. Under these conditions, Cooper-pair
tunneling is suppressed and no supercurrent flows. Quasi-particle tunneling is also blocked due
to the absence of available states in the lead at the junction with the voltage drop, producing
a current minimum in the -V curve (Fig. 8.10.b).

When the applied voltage exceeds 2A /e, quasi-particle tunneling becomes energetically allowed
across the junction with the voltage drop. This enables a supercurrent to flow through the
remaining three junctions, while a normal tunneling current passes through the biased junction.
As a result, a peak appears in the I-V characteristic at V' = 2A /e (Fig. 8.10.c).

As the voltage further increases and the critical current of the three-junction chain is exceeded,
another junction acquires the voltage drop, temporarily suppressing the supercurrent. At
V = 4A/e, an additional peak emerges (Fig. 8.10.€). This process repeats, with each
successive peak corresponding to one more junction entering the tunneling regime.

In summary, the observed peaks in the sub-gap region of the [-V characteristics can be
interpreted as successive replicas of the supercurrent peak near zero bias, reflecting the interplay
between Cooper-pair tunneling and quasi-particle tunneling across individual junctions. The
origin of the change in slope around +200 mV, roughly half of the gap, remains an open
question, consistent with observations in Refs. [Pop11; CCG23; MSSM*23].

8.3.3 IVC zero bias: Coulomb blockade and supercurrent

At low bias voltages near zero, the Devices 3 and 5 exhibit a superconducting branch while
Device 2 a Coulomb blockade of Cooper pairs, visible as a gap around zero voltage in the I-V
characteristics (Fig. 8.11).

Supercurrent. The finite supercurrent peak at zero voltage for Devices 3 and 5 indicates of
coherent Cooper pair tunneling through the entire chain. The height of the supercurrent peak .
The residual resistance is of 3.41 2/junction for Device 3 and of 1.65 §2/junction for Device 5.
The shoulder appearing around 125 1V is also observed in Ref. [KSHT24], where the authors
also provide a circuit model to fit this feature. The origin is a resonance in the circuit. For
Device 2 the residual resistance of the first peak after the blockade is 8 €2/junction.

Coulomb blockade. The Coulomb blockade observed in Device 2 originates from the
interplay between the Josephson coupling energy and the charging energy. In chains of
Josephson junctions, the effective threshold voltage for Cooper-pair transport depends on
the full capacitance matrix of the junction array, including screening effects from neighboring
junctions and the electromagnetic environment.

Figure 8.12(b) shows the statistics of the switching voltage, together with the extraction
method from the -V curve shown in Fig. 8.12(a) for Device 2 at three different temperatures.
Each histogram contains 500 switching events, recorded while sweeping the bias voltage
upwards. With increasing temperature, the mean value of the histogram shifts toward lower
voltages, while the distribution narrows, in qualitative agreement with the behavior reported in
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Figure 8.11: IVC - low bias. a. Low-voltage [-V characteristics of Devices 2, 3, and 5.
Devices 3 and 5 display a superconducting branch with a finite supercurrent peak at zero bias,
consistent with coherent Cooper-pair tunneling through the entire chain. Device 2, in contrast,
exhibits a Coulomb blockade of Cooper pairs, visible as a gap around zero voltage. A shoulder
feature around 125 pV is observed in Devices 3 and 5, consistent with a resonance reported in
Ref. [KSHT24]. b. Linear fits to the resistive part of the low-bias features. The extracted
residual resistances are reported in the legend.
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Figure 8.12: Switching voltage statistics of Device 2. a. Current-voltage characteristics
of Device 2 at different temperatures. The red crosses indicate the extracted blockade voltage
values used for the statistical analysis. b. Histograms of the switching voltage obtained from
500 upward sweeps of the bias for three representative temperatures. As the temperature
increases, the average switching voltage shifts toward lower values and the distribution becomes
narrower, in qualitative agreement with Ref. [AHO3].

Ref. [AHO3]. These observations also suggest that the switching statistics follow a Poissonian
distribution.

The zero-bias resistance Ry as a function of temperature for Device 2 is obtained from the
differential conductance measured via a lock-in technique. The lock-in parameters for this
measurement are fi; = 17.3333 Hz, A = 1 pV, sensitivity = 100 pV, 7 = 1 s, filter slope
= 18 dB/oct.

Figure 8.13.a shows Ry(T") for Device 2. Panels .b to .e illustrate the measurement procedure
at four different temperatures: 9 mK, 52 mK, 98 mK, and 152 mK. For each temperature
point up to 200 mK, 16 /-V curves are recorded (reduced to 8 curves above 200 mK). The
subpanels labeled #1 show the raw -V curves. The subpanels labeled #2 present the X and
Y quadratures measured by the lock-in amplifier. From these, both the differential resistance
obtained from the in-phase quadrature and the absolute magnitude of the impedance are
extracted; the in-phase quadrature generally exhibits lower noise. Finally, the subpanels labeled
#3 show the measured lock-in phase. In an ideal lock-in measurement, the phase remains
constant; however, in cases (c) and (d), it becomes unstable near zero bias, most likely because
the measurement frequency exceeds the RC' cutoff of the setup and device. For the insulating
state of this device, the RC' time constant corresponds to a frequency of about 0.3 Hz. The
extracted resistance values are consistent with those obtained from the slope of the /-1
curves, as shown in Fig. 8.11(b).

The saturation of Ry(T") at low temperatures suggests that the device does not fully thermalize
below approximately 50 mK. The evolution from the normal state at high temperature to the
insulating state at low temperature, indicated by the resistance increasing as the temperature
decreases, exhibits an initial drop in resistance before rising again below 150 mK. This behavior
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Figure 8.13: Zero bias resistance vs temperature Device 2.
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Figure 8.14: Probe tone of Device 2.

can be qualitatively? understood as a consequence of the renormalization of phase-slip events
with temperature, as predicted in Ref. [BPGT17]. It also indicates that Device 2 lies within the
proposed phase diagram between the vertical boundaries defined by 7K ~ 1 and 7K, ~ 3/2,
corresponding to the region where it was originally designed to be.

8.4 Microwave spectroscopy

8.4.1 Single Tone

The response of Device 2 was measured in both reflection and transmission over the frequency
range 4-12 GHz. Power-dependent features were observed only in reflection, between 10 and
12 GHz. In particular, the mode at ~ 11.492 GHz (Fig. 8.14) was selected as the probe tone
for the two-tone spectroscopy.

8.4.2 Two Tone

Two-tone spectroscopy is a measurement method used to detect electromagnetic modes that lie
outside the frequency range accessible by single-tone measurements. In this setup, single-tone
spectroscopy is limited by the bandwidth of the circulators and band-pass filters (BPF), which
restricts the measurable range to approximately 4 GHz—12 GHz. By introducing a second
probe tone while monitoring the system response at a fixed readout frequency within this band,
two-tone spectroscopy reveals resonances at frequencies far below or above the single-tone
range, allowing characterization of modes that would otherwise remain inaccessible.

2While the upturn of Ro(T) at low temperatures is predicted by theory [LG11; BPG'17], these models
are limited to the perturbative treatment of quantum phase slips and are therefore not directly applicable to
the present regime.
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Figure 8.15: Pump input 1.Two-tone spectroscopy versus pump power for the three devices.
The probe tone frequency is indicated in each subplot by a black arrow. Dashed isolines
represent lines of constant applied power, accounting for attenuation in the input line. For
Devices 2 and 5, the probe tone is applied from Input 1 (position = = 0 on the device), while
for Device 3 it is applied from Input 2 (position x = ). The pump is applied through Input
Line 1 for all devices. Individual traces are clipped between the 1st and 99th percentiles to
remove pump-induced resonance effects on the probe that could distort the colormap scale.
Following this, the baseline is subtracted so that the plotted data represent only the depths of
dips or peaks.
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Figure 8.16: Pump input 2.Two-tone spectroscopy versus pump power for the three devices.
The probe tone frequency is indicated in each subplot by a black arrow. Dashed isolines
represent lines of constant applied power, accounting for attenuation in the input line. For
Devices 2 and 5, the probe tone is applied from Input 1 (position = = 0 on the device), while
for Device 3 it is applied from Input 2 (position = = ¢). The pump is applied through Input
Line 2 for all devices. Individual traces are clipped between the 1st and 99th percentiles to
remove pump-induced resonance effects on the probe that could distort the colormap scale.
Following this, the baseline is subtracted so that the plotted data represent only the depths of
dips or peaks.
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Figure 8.17: Two-tone microwave spectroscopy showing probe-tone reflection power
|S11]? as a function of pump-tone frequency f. The probe tone is fixed at the resonant
frequency, which differs for each device (see Fig. 8.15). Each plasma-mode resonance is plotted
at a different power level because the baseline and nonlinear coupling effects appear at widely
varying powers (see Fig. 8.15). Device 2 (panel a.) exhibits clear modes distinguishable from
high-power multi photon modes only between 9 and 15 GHz. These modes coincide with
those of Device 3 (panel b.), suggesting possible crosstalk between the two devices.
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In Josephson-junction chains, this technique takes advantage of the weak nonlinearity of the
junctions. The quartic term in the Josephson potential produces a cross-Kerr interaction
between different standing-wave modes. This interaction shifts the resonant frequency of a
monitored mode in proportion to the photon number in another pumped mode. The frequency
shift can be estimated as

fprobe fpump : (84)

NE;

where npumyp is the photon number in the pumped mode, f,.obe and foump are the probe and
pump frequencies, N is the number of junctions, and E; is the Josephson energy.

Afprobe ~ Npump *

Experimentally, a readout tone is fixed on the slope of a chosen resonance, where the
transmission changes most rapidly with frequency, and a second probe tone is swept over a
wide frequency range. When the probe tone excites a collective mode, the cross-Kerr effect
induces a measurable shift in the readout resonance, seen as a dip or peak in the readout
transmission magnitude.

This method also enables RF power calibration: by comparing the measured frequency shift
with the known Kerr coefficient, the photon number in the mode can be extracted. In
these measurements, the pump tone power was varied from —30 dBm to +20 dBm at
the cryostat input. The actual power delivered to each mode depends on the frequency-
dependent attenuation in the input line and on the coupling to that mode. Using this approach,
standing-wave modes were probed across a wide frequency range, from 500 MHz to 20 GHz.

Figs. 8.15 and 8.16 show the two-tone spectroscopy spectra versus pump power for the three
devices, when pumping from input 1 (position x = 0) or from input 2 (position x = /).
The VNA is applied through input 1 for Devices 2 and 5, and through input 2 for Device 3.
This choice depends on the probe mode used and the type of measurement performed; all
measurements are in reflection.

Devices 3 and 5 display a regular spectrum from low to high frequency, consistent with the
expected behavior of a superconducting transmission line. In contrast, Device 2 exhibits a
richer and more complex spectrum: no modes are observed below 3 GHz; between 3 and
9 GHz modes appear at irregular pump powers and are accompanied by several side peaks;
above 9 GHz up to 15 GHz the modes become more regularly spaced. At first glance, this
behavior strongly resembles the signature of charge density waves (CDWs) pinned by disorder,
as predicted in Ref. [HG19]: resonances with w < w, are suppressed; for w, < w <K w,
disorder effects dominate; and for w >> w,, the system recovers the regular mode structure of
a clean superconducting transmission line.

When pumping from opposite ends of the chain (Fig. 8.15.a and Fig. 8.16.a), slight differences
appear in the low-frequency spectrum, consistent with the possibility that certain modes are
localized predominantly on one side of the junction chain.

A closer comparison between Device 2 and Device 3, obtained by plotting the single modes of
Device 2 irrespective of the pump power at which they appear, revealed that these modes
have exactly the same resonant frequencies as those observed in Device 3 (Fig. 8.17). This
observation motivated the cross-coupling test described in Section 8.5.

8.4.3 Dispersion relation

To determine the parameters of the chain, namely the capacitances C';, Cy, and the inductance
Ly, the fit of the dispersion relation via two-tone spectroscopy. The measured data as a
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Figure 8.18: Dispersion relations. The Josephson energy E; is extracted from the dissipative
branch of the -V curve using the Ambegaokar—Baratoff relation. The charging energies E¢x
and E, are obtained by fitting the measured dispersion data using the analytical expression
from Krupko. The dots indicate the data points used in the fitting procedure. For Device 5, a
more accurate fit could be achieved using the model from Ref. [WKD™"15], which accounts
for the absence of ground-plane screening so long range interactions. In the case of Device 2,
the fundamental mode is not visible; the mode indices were inferred based on the approximate
spacing between adjacent modes. For Device 3, all modes except the fundamental are observed.
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Figure 8.19: Phase diagram of measured devices. Based on the extracted parameters in
Table 8.4 the three devices are placed on the proposed phase diagram (Ref. [MSSM*23]). a.
Device 2; b. Device 3 and c. Device 5.
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8.5. Investigation of cross-coupling between Device 2 and 3
H Device 2 Device 3 Device 5 H
Njj 999 999 999
Expected Areaj;(um?) 0.1024 0.2176 0.32
Rx/Njy (kQ) 9.26 3.87 1.98
Ro/Nj; (Q) 5.18 x 103 3.41 1.65
Ic/Areay;y (nA/um?) 301.5 339.5 451
Ly (nH) 10.66 4.455 2.279
E; (GHz) 15.334 36.691 71.714
E; (K) 0.736 1.761 3.442
Ec (GHz) Geometry | 15.3762 — 16.814 7.418 —7.913 5.044 — 5.381
Ec (GHz) V offset 23.42 8.617 10.611
Ec (GHz) Fit 16.180 4+ 0.169 6.386 + 0.212 3.716 + 0.138
E, (GHz) Fit 1494.740 £+ 7.760 | 655.025 4+ 12.734 | 1395.848 + 24.844
E;/Ec 0.948 5.746 19.299
Cy (fF) 4.789 12.133 20.851
Cy (aF) 51.836 118.287 55.508
Ze (kQ) 14.340 6.136 6.408
wy/21 (GHz) 22.276 21.648 23.086
Ke 0.688 1.695 3.106
K, 0.072 0.167 0.160
A 9.61 10.128 19.381
W(or T') (Hz) 6.770 - 108 3.287 - 10° 5.922

Table 8.4: Extracted parameters. Parameters obtained from the measurements are reported.
By definition, the values for the Josephson charging energy and the charging energy to ground
are a factor of 4 larger than those commonly adopted in the superconducting qubit community.
The charging energy E was independently verified using two additional methods. The values
of Ec used to calculate Cy, f,, K¢, and W are those obtained from fitting the dispersion
relation. The value of E extracted from the junction geometry uses capacitance densities
of 45 fF/um? and 48 fF/um?, as reported in Refs. [WKD"15]. The device area corresponds
to the expected value from a dose test run with the same geometry and parameters as the
measured devices. Due to e-beam instabilities during fabrication, these values may vary.

function of mode number is presented in Fig. 8.18. For small wavevectors (k < 1), the system
exhibits a linear dispersion described by wy, = k//L,C,. In contrast, for k > /C,/C, the

dispersion flattens and approaches the plasma frequency, given by w, = ]./\/LJ(CJ +C,/4).
These limiting behaviors provide a means to extract Cy and C, once L is known.

The results are summarized in Table 8.4 using the definitions in Table 8.3.

8.5 Investigation of cross-coupling between Device 2

and 3

During the analysis of the data, the overlap between the plasmon frequencies of Device 2 and
Device 3 appeared suspicious, motivating an investigation of possible cross-coupling between
these two devices. Both devices are located on the same chip, separated by approximately
6 mm. They are the only two connected devices on this chip, while two additional devices
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Figure 8.20: Test Il: cross-driving Device 3 via Device 2. a. Simplified sketch of the
measurements. b. Mode at 11.492 GHz response with no pump (blue), pump applied directly
to Device 3 (orange), and pump applied to Device 2 (gray). Pumping Device 2 requires roughly
20 dB more power to achieve the same self-Kerr shift as direct pumping of Device 3. c. Similar
measurement for another mode at 9.23 GHz, highlighting cross-Kerr effects, confirming the
behavior observed in panel b..

are unconnected and were never measured. The energies Ec and E, for Device 2 have been
independently confirmed, as reported in Table 8.3, and are not solely derived from fits to the
two-tone spectroscopy dispersion relation. Alternative approaches, such as extracting these
parameters from HFSS simulation (£,) or from the device's geometric capacitance and IVC
resistive branches offset (E¢), provide consistent results. The apparent coincidence in resonance
frequencies requires further investigation; current evidence so far confirms cross-coupling,
although it may not fully exclude that Device 2 doesn't show microwave modes.

Three tests were conducted to check RF switch integrity and the effects of pumping on device
modes.

Test I: Switch integrity. All switch ports were set to "reset", physically disconnecting the
devices on one side. A power sweep of the pump was performed at the frequency of the mode
while monitoring the same mode with the VNA in reflection (Input 1 — Output 1). The
switch was observed to operate correctly, without leakage, with no obvious shift or distortion
of the mode.

Test II: Driving Device 3 mode via Device 2. The mode of Device 3 at 11.492 GHz was
monitored in reflection on Input 1 — Output 1 while the pump was applied either directly to
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Figure 8.21: Test Ill: Cross-driving Device 2 via Device 3. a. Simplified sketch of the
measurements. b. Mode at 11.492 GHz response with no pump (blue), pump applied directly
to Device 3 (orange), and pump applied to Device 2 (gray). Pumping Device 2 requires roughly
20 dB more power to achieve the same self-Kerr shift as direct pumping of Device 3. c. Similar
measurement for another mode at 9.23 GHz, highlighting cross-Kerr effects, confirming the
behavior observed in panel b. and Fig. 8.20.

Device 3 or to Device 2, as in Fig. 8.20.b . Both configurations allowed driving the mode, but
pumping Device 2 required approximately 20 dB more power to achieve the same self-Kerr shift
as pumping Device 3 directly. Similar measurement pumping on another mode at 9.223 GHz,
probing cross-Kerr effects, showed consistent results, as in Fig. 8.20.c.

Test Ill: Reciprocal test. The same mode in Device 2 at 11.492 GHz was monitored while
pumping either Device 3 or Device 2. Pumping Device 3 at the same frequency produced a
comparable mode shift, whereas driving from Device 2 required approximately 20 dB more
power to achieve the same effect, the same as Test I/, as reported in Fig. 8.21.b. The same
trend was observed pumping on another mode at 9.223 GHz, as in Fig. 8.21.c.

In conclusion, all the modes initially attributed to the insulating device (Device 2) highly likely
correspond to Device 3. However, further investigation is required to determine whether any
spectroscopic features are uniquely associated with Device 2.

155



8.

JOSEPHSON CHAINS MEASUREMENTS RESULTS

8.6 Conclusion and Outlook

Chapter 8 presented the DC and RF characterization of three Josephson junction (JJ) chains
having the same total length, number of junctions, and island length, but differing in island
width and spacing to ground. These design variations place them in three distinct regimes:
superinducting (Device 5), slightly more insulating (Device 3), and even deeper into the
insulating state (Device 2). Fig. 8.19 shows the three devices in the proposed phase diagram,
assuming a temperature of 50 mK

Because this chapter was written while both the data analysis and the measurements were
still ongoing, the conclusions presented here are not final.

The DC characterization revealed that Devices 3 and 5 exhibit a superconducting peak at
zero bias, followed by additional superconducting peaks spaced by A ~ 0.4 mV. Device 2, in
contrast, showed a Coulomb blockade at zero bias, followed by a few smeared superconducting
peaks. This behavior places Device 2 at an interesting boundary of the superconductor—insulator
transition (SIT). To my knowledge, no other device consisting solely of a chain of single
Josephson junctions has shown the simultaneous presence of current blockade at zero bias and
superconducting peaks at finite voltage; in the literature, only one device based on DC-SQUIDs,
when properly tuned, has exhibited similar behavior. That device was fabricated in the group
of David Haviland and measured at KIT within the group of Alexey Ustinov; the result,
unpublished to my knowledge, appears only as Fig. 5 in the report https://www.cfn.ki
t.edu/downloads/research_b_nano_electronics/B306-Report.pdf.

The measurement of RF modes in a device showing Coulomb blockade has, to my knowledge,
never been reported before. Devices studied in Ref. [KMG™19] with high impedance do not
show a blockade. However, due to crosstalk between Devices 3 and 2, no clear conclusion
can be drawn at this stage. The fact that these two devices couple to each other means that
Device 2 can probably host superconducting modes, but no stronger statement can be made
without further study. Any conclusion requires additional investigation.

In the near future, the priority is to eliminate this crosstalk, possibly by cleaving Sample B. This
would allow us to test whether the RF modes can be directly observed in Device 2. Sample B
also contains other devices with slightly different geometries that may be less insulating but
still display Coulomb blockade in their =V curves. The goal would be to identify a device
slightly more superconducting while retaining current blockade at DC.

The observation of RF modes in a DC-insulating device is an active research topic, also
explored in other group that characterize disordered material. Groups such as N. Roch (Institut
Néel CNRS), B. Sacépé (Institut Néel CNRS), and C. Strunk (University of Regensburg) are
working in this direction, but have not found conclusive evidence so far. Josephson junction
arrays provide an attractive alternative for this line of research because their three relevant
energy scales can be independently tuned and engineered.

In addition, as already mentioned in the introductory Chapter 8.1, Josephson junction transmis-
sion lines offer an interesting platform to study the infrared (IR) SIT and the SIT as a function
of temperature. For the IR SIT, the design requires the Ti,; to be high enough so that a
superconducting device below that threshold can be tuned to the insulating regime by applying
a perpendicular magnetic field, as demonstrated in Ref. [MSSM™23]. To observe the SIT as
a function of temperature, the opposite condition is required: T},s must be sufficiently low
so that increasing the temperature does not excessively broaden the modes through thermal
population.
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Another promising direction for these devices is to study the effects of simultaneous DC and
RF biasing. This raises questions such as: What is the effect on RF modes of operating at zero
bias (blockade) versus at a superconducting peak? Conversely, how does an RF bias affect
DC transport, particularly from the perspective of dual-Shapiro physics? Which operating
regime offers the best conditions for observing such effects? If pumping at one of the modes
is required, how effectively can the RF signal couple into the device?
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APPENDIX

Archimedean spiral length

An Archimedean spiral is described in polar coordinates by
r(6) = a + b, (A.1)

where a is the initial radius and b determines the spacing between turns. The infinitesimal arc
length is given by

dr 2
ds = — 2d8. A2
s $<d9> +7(0)2do (A.2)
Since g
r
@—b, (A.3)

the total length between angles 6; and 6, is
02 5
e:/ V02 + (a+ b0)? db. (A.4)
01

The integral
/ 02 + (a + b0)2 do (A.5)
can be solved analytically to yield
02

1
(=5 [(a—l—b&) (a+69)2+b2+b21n<a+60+ (a+b9)2+b2)] : (A.6)
01

For a spiral with pitch p (distance between successive turns), the radial equation can be written
as

p
0)=R;, +—40, A7
’(0) = Ri+ (A7)
where R; is the inner radius. In this case:
p
=R;, b=—. A.8
a=R o (A.8)

The angular limits corresponding to the inner and outer radii are

2 R; 21 R,
g, — 2y _ 2mhe (A.9)
p p
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Substituting into the general solution and simplifying gives
_ P |l fp 1( /92 )_ei/z 1 < 2 )
£_2w[2 96+1—|—2ln 0.+ /0% +1 5 0: +1 2ln 0;+07+1)|. (A.10)

If the spiral is specified by its pitch p, number of turns n, and inner diameter d;:

d;

RZ' = 5, Re = RZ + np, (All)
and the angular limits become
d; d,
01' = T R 06 = L, do = dZ -+ ZTLp (A12)
p p

The length ¢ in this case is obtained from Eq. A.10 with these definitions of 6; and 6..
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APPENDIX

Solution of Eq. 4.17

Mathematica implementation of the numerical root-finding procedure used to solve Eq. 4.17
for the eigenfrequencies of an Archimedean spiral resonator, following Ref. [MAAT15].

Simplified expression of 3

p = pitch * 1075;

c= c0 .
V eeff’ .
__ dox10—
Ro = 719 5
o= 27rR0;

J 75 BesselJ[1, uz] du

B0 if Refu] > 0&kelm[v] == 0&AeRela] > 0&kelmz] == 0

I 7Besseug£0’ﬁw] BesselJ[1, z|dx

20EllipticE[ 1] —2(—14v)EllipticK [ 1]
T/

Jo° BesselJ [1, \/vx] BesselJ[1, z|dx

if Re[v] > 1&&Im[v] == 0

—EllipticE[v]+EllipticK[v]) -
2EpucEl THERRIEKIE if 0 < Re[v] < 1&&lIm(v] ==

2(vEllipticE| L | - (—14v)EllipticK | L
ellv_Ji=Roy Ll ),
KO[V_] —Row 2(7EII|pt|CE7[rv\]/J%EII|pt|cK[U]) ;
B[n_]:=NIntegrate [:f—[[z]]v*QSin[ﬁnv], {v,0, 1}} ;

Initial Value

xmin=0.000001; xmax=1; step=0.02;
S[a_]:=Sum [%ﬁﬂ”ﬂ, {m,1, 10}] —

Sdiscrete = Table[S[i], {7, xmin, xmax, step }];
arange = Range[xmin, xmax, step];
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Stable = Flatten[Sdiscrete];

alldata = {arange, Stable}T;

initialvalue0 = alldata[[Position[Re[Stable], Min[Re[Stable]]][[1]][[1]]]];
initialvalue = initialvalueO][[1]];

ListLinePlot[Relalldata], Frame — True, FrameLabel — {a, "Re[S]"}]

— ——
8 [ -
6 [ —
o A ]
2. L
2 L
2 [ -
0 ; ‘—-—_—/
2 2
0.0 0.2 04 0.6 0.8 1.0

Solution of the Equation 18
S[a_]:=Sum [7(—1)mm,3[m]7 {m,1, 103}] — T

—m2+a
equation = FindRoot[S[a] == 0, {a, initialvalue}];
solution = a/.equation[[1]]

0.655029 — 0.1393597¢
Re[solution]

0.809338
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APPENDIX

Inductance and capacitance between
two parallel straight wires

For two straight parallel cylindrical conductors of length ¢, radius @, and center-to-center
spacing d, the inductance is given by

L= po € arccosh <2d) , (C.1)

™ a

where i is the permeability of free space. Using the identity

arccosh(z) = 1n($ + Va2 — 1) : (C.2)

ol | d d\’
L="""1n|— — ) —1]. .
T n(2a+ <2a> (C3)

In the limit d > a, the inductance can be approximated by

L~ bt n<d> | (C.a)

this can be rewritten as

™ a

For two parallel cylindrical conductors of radius a, center-to-center distance d, and length /7,

the capacitance is given by
el

C=——7-—, (C.5)
arccosh(%)
where ¢ is the permittivity of the medium between the conductors. Using the identity

arccosh(z) = 1n<x + Va2 — 1) : (C.6)

this can be rewritten as
el

C= 1n<g WoE 1) . (C.7)

In the limit of large separation, d > a, the capacitance reduces to

O~ Tl (C.8)

()
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APPENDIX

Vapor HF Etch

This section details the extensive testing of vapor HF (vHF) etching, performed to determine
the optimal process for releasing silicon membranes with low-pitch aluminum coils, with pitches
down to 0.3 pm. The main challenge was to fully remove silicon dioxide (SiO;,) without
affecting the aluminum.

Initially, a recipe using the conditions listed in Table D.1 successfully etched SiO,, but it also
chemically attacked the 0.3 pm-pitch coils, while leaving the 0.5 pm-pitch coils unaffected.
These devices were on SOI-BE. Interestingly, a similar recipe applied to a not-backetched
0.4 pm pitch fluxonium sample with holes on the membrane appeared to preserve coils, yet
it failed to fully remove SiO,. The residues observed post-vHF were identified as inorganic,
suggesting they were a by-product of the vHF process itself rather than incomplete resist
removal.

The subsequent systematic tests, mainly conducted at 21°C with an HF flow of 40 scc, aimed
to explore the complex interplay of pressure, time, and water content on etching efficacy and
coil integrity. Decisions on the next steps were guided by qualitative insights into parameter
effects, as summarized in Table D.2, while Table D.3 provides an overview of the recipes tested
and their main outcomes. Test 13, highlighted in gray, is the recipe used for the release of the
coil resonators in Ref. [PTH*20], as well as other devices in Ref. [PHS21].

| Temperature (°C) | H,0 (mg) | Time (s) | Pressure (Torr) | HF Flow (scc) |
[ 15 \ 2 | 10,000 | 12 \ 40 |

Table D.1: Initial vapor HF recipe.

| Action | Etch Rate | Uniformity ||
Increasing HF' Flow Decrease Increase
Increasing HoO Flow | Increase Decrease
Increase Pressure Increase Decrease

Table D.2: The effect of changing process parameters on etch rate and uniformity.
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Figure D.1: SEM images showing the results of some of the tests performed.

| Test | Pressure (Torr) | Time (s)

| H,0 (mg) |

Observation H

1

20 + 22

4,000 + 2,500

2

Very clean, but coils (p=1 pm)
affected. Too aggressive. Reduce
the pressure of both steps but
increase the time.

18 + 21

7,500 + 2,500

Very clean, but coils (p=0.5 pm)
affected.

3a

18

7,500

Leftover SiO, remained, coils
(p=0.5 pm) were OK. No visible
Al affected.

3b

3a + 20

3a + 1,000

Test 3a continued, adding a sec-
ond step at higher pressure to
remove the oxide. Oxide fully re-
moved, but nanobeam and coils
(p=0.5 pm) slightly damaged.

18 + 20

7,500 + 500

Since after Test 3a the coils were
good, we decide to shorten the
second step. Shadows on coils
(p=1 pm), some SiO, on wafer;
membrane backside clean.

18 + 19

7,500 + 2,500

We saw some shadows on the
coils (beginning of the fluorina-
tion maybe). We decide to re-
duce the pressure and increase
the time of the second step
in order to remove more SiO,
(longer time) and preserve the
coils (lower pressure). More SiO,
removed, but Al was significantly
affected. Time seems to play a
very important role.
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18 + 19

7,500 + 1,500

Since time seems to play an im-
portant role in the Al fluorination
we reduce the length of the sec-
ond step. Coils (p=1 pm) slightly
affected, some SiO, residues re-
mained. Membrane clean.

18

500 to 4,000

Since 18 Torr step with what-
ever second step doesn't fully re-
move the SiO, without affecting
the coils, we change the amount
of water and checked after ev-
ery 500 s. SiO; removed after
4,000 s, but Al affected; mem-
brane had spots also distant from
Al structures.

16

1,000 to
10,000

Now we are shorter in time, but
still the coils are affected. We try
to change the pressure, lowering
it. Checked every 1,000 s. SiO,
removed after 9,000 s — 10,000 s;
coils (p=1 pm) showed shadows;
surface had spots; SiO, remained
on the backside of the membrane
under the coils.

16

10,000

Similar to Test 8 but with-
out stopping and checking every
1,000 s: same result, showing
that moving sample had no ef-
fect.

10a

16

3,600

We repeat the recipe given us by
the company in 2017. No coils,
just a membrane with holes, holes
dose 330, development 1 min,
ICP F 1 min 55 s; SiO, etched
without residues or shadows.

10b

16

3,000

With coils (p=0.4 and 0.3 pm)
on a membrane with holes; SiO,
residues, coils were slightly af-
fected.
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11

16

10,000
22,000

to

Reduce the water and increase
the time until the SiO, is re-
moved and hopefully the coils not
affected: checked after 10,000,
14,000, 18,000, 22,000 s. Coils
not affected, but some shadows
over them. SiO, residues on the
wafer but only underneath the
coil.

12

16

24,000

Coils intact, membrane and wafer
clean; shadows appeared across
sample.

13

16

24,000

Since Test 12 is promising, we
now test it on a back-etched sam-
ple with coils. There are around
2.5 pm SiO;, and holes on top
to release the CPW. Coils, mem-
brane and wafer clean.

Table D.3: Vapor HF etching tests.
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APPENDIX

Bosch Si etching

This section compares and evaluates different Bosch recipes for etching 200 pum of silicon
using a Cr mask. Test Il was found to be successful, achieving the desired etch depth and
profile while maintaining good sidewall quality and surface cleanness.

Standard Bosch process. The Standard process from Oxford was carried out using Arka-
diusz’'s recipe, adapted to my design. With 280 steps, we achieved an etch depth of approxi-
mately 101.7 pm, which closely aligns with the target of 100 pm. Despite this success in depth,
the etched surface exhibited significant micrograss and surface contamination. Interestingly,
the sidewalls showed minimal undercutting, indicating good anisotropy in the etch profile.
While the depth and vertical profile were satisfactory, surface cleanliness remains a concern
(Fig. E.1).

[ Step | Time (s) [ P (mTorr) | C4Fg (sccm) [ SFg (sccm) | T (°C) [ RF Power (W) [ ICP Power (W) |
Gas on 20 25 100 5 5 0 0
Strike 5 25 100 5 5 50 1000
Deposition 4 30 100 5 5 0 1250
Etch 1 4 25 10 100 5 25 1250
Etch 2 3 50 10 100 5 0 1250

Table E.1: Standard Bosch Recipe from Oxford. The steps shown in gray are repeated in
a loop.

Test I.  The Test | (by lvan Prieto) required over 700 steps to achieve a shallow etch of 3 pm,
suggesting a significantly slower etch rate. This version of the process used 25% shorter loop
steps, likely in an effort to produce smoother sidewalls. One modification involved operating
Etch 2 with lower pressure and ICP power, which appears to reduce isotropic etching, though
the reasoning behind this requires further investigation. An additional step was introduced
to remove micrograss (Fig. E.2); however, it was ineffective against dirt particles bonded to
the grass. Moreover, this step may induce unwanted isotropy, potentially leaving dangling Cr
mask remnants that could affect further processing—though this side effect might not always
be critical.

Test Il. In the Test Il process (tested by me), | modified the deposition step duration, aiming
to reduce the thickness of the protective layer and thus increase etch exposure. As a result,
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[ Step | Time (s) [ P (mTorr) [ C4Fg (sccm) | SFg (sccm) [ T (°C) | RF Power (W) | ICP Power (W) |
Gas On 20 25 100 5 5 0 0
Strike 5 25 100 5 5 50 1000
Deposition 3 30 100 5 5 0 1000
Etch 1 3 25 10 100 5 25 1000
Etch 2 2 30 10 100 5 0 1000
Step 10’ (20) 30 10 100 5 0 1000

Table E.2: Test | Bosch recipe. The steps shown in gray are repeated in a loop.

we achieved a depth of 88 pm before the ICP was halted due to an error at around 120 steps.
This change successfully reduced micrograss formation, almost eliminating it entirely, though
some surface dirt persisted (Fig. E.2). The findings suggest that adjusting deposition time
can be an effective strategy to balance etch depth and cleanliness, though further refinement

is needed to address remaining contamination.

[ Step | Time (s) [ P (mTorr) [ C4Fg (sccm) | SFg (sccm) [ T (°C) | RF Power (W) | ICP Power (W) |
Gas On 20 25 100 5 5 0 0
Strike 5 25 100 5 5 50 1000
Deposition 3 30 100 5 5 0 1250
Etch 1 4 25 10 100 5 25 1250
Etch 2 3 50 10 100 5 0 1250

Table E.3: Test Il Bosch recipe. The steps shown in gray are repeated in a loop.
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Figure E.1: EDX analysis of the residues after the standard Bosch process.
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Figure E.2: Bosch process Test | and Il. a., b. Micrograss formation during Test I; c.
successful removal with Test Il and d. clean membrane release.
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