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We introduce a class of interacting fermionic quantum models in d dimensions with nodal interactions
that exhibit superdiffusive transport. We establish nonperturbatively that the nodal structure of the
interactions gives rise to long-lived quasiparticle excitations that result in a diverging diffusion constant,
even though the system is fully chaotic. Using a Boltzmann equation approach, we find that the charge
mode acquires an anomalous dispersion relation at long wavelength ωðqÞ ∼ qz with dynamical exponent
z ¼ min½ð2nþ dÞ=2n; 2�, where n is the order of the nodal point in momentum space. We verify our
predictions in one-dimensional systems using tensor-network techniques.
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Introduction—The study of the emergence of hydro-
dynamic behavior and of the transport of conserved
quantities such as charge, spin, or energy in many-body
quantum systems has attracted significant interest in recent
years [1–9]. Generic interacting lattice systems with short-
range interactions exhibit diffusive transport at finite
temperature, as expected from general hydrodynamic
principles, see, e.g., Refs. [7,10–17], and finding generic
deviations from diffusion is an important challenge.
Slower than diffusive (subdiffusive) transport can naturally
occur as a result of disorder and localization phenomena
[13,18–23], or because of kinetic constraints [24–32]. On
the other end of the spectrum, integrable systems support
stable quasiparticle excitations and generically show bal-
listic transport.
Superdiffusive transport—between diffusive and

ballistic—is, however, particularly elusive. In systems with
long-range interactions, superdiffusion can naturally occur
in the form of Lévy flights [6,33–38]. Momentum-
conserving systems can also exhibit superdiffusion in one
dimension [39–43]. However, in short-range lattice models,
superdiffusion seems to require integrability: In noninter-
acting systems, superdiffusion has been shown to emerge
for specific types of disorder [44–53] or dephasing [54,55].

In interacting systems, superdiffusion, along with Kardar-
Parisi-Zhang–like scaling functions, has been observed
in integrable models with non-Abelian symmetries
[16,56–62]. This superdiffusive behavior appears to be
remarkably stable to symmetry-preserving integrability-
breaking perturbations [63–65], but the ultimate fate of
transport is believed to be diffusive away from integrable
points. To our knowledge, the only potential example of a
nonintegrable lattice model exhibiting superdiffusion came
from a recent numerical study [66] that indicates super-
diffusive energy transport in the PXP and related models
up to long timescales: a theoretical explanation for this
phenomenon is still lacking.
In this Letter, we introduce a systematic method for

constructing chaotic (nonintegrable) lattice models with
superdiffusive charge transport. Motivated by the anomalous
properties of noninteracting systems with a nodal structure
[52,54], we construct “interacting,” chaotic superdiffusive
models from two key elements. The first ingredient is a free
fermion Hamiltonian Ĥ0 ¼

P
k ϵðkÞn̂k, that supports stable

quasiparticle excitations and ballistic transport. The second
ingredient is a nodal interaction V̂ ¼ P

i V̂i, where all local
interaction terms V̂i satisfy ½V̂i; n̂k0 � ¼ 0 for a specific
momentum k0. The interaction couples quasiparticles with
different momenta, and generically leads to thermalization
and chaotic behavior. However, due to the nodal structure
½V̂i; n̂k0 � ¼ 0, the quasiparticle lifetime diverges asymptoti-
cally nearmomentum k0, leading to anomalous transport. For
such interacting systems, n̂k is approximately conserved as
k → k0 up tovery long times.Using a time-dependentMazur-
like bound [67], we obtain a divergent lower bound for the
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diffusion constant, thereby establishing superdiffusion
nonperturbatively. We also characterize transport using a
Boltzmann equation approach, and find that the charge
mode is governed by a universal dynamical exponent
z ¼ ð2nþ 1Þ=2n, where n is the order of the node.We verify
our results numerically using tensor-network techniques.
Models with nodal interactions—We consider fermionic

systems in d dimensions subject to interactions with a nodal
structure. More precisely, we construct local operators V̂i
that do not affect quasiparticles with a specific momentum
k0, i.e., ½V̂i; n̂k0 � ¼ 0, with n̂k ¼ ĉ†kĉk. An important obser-
vation is that ½Pa ϕaĉmþa; n̂k� ¼ eikmĉk

P
a ϕaeika, which

implies that the operator d̂m ≡P
a ϕaĉmþa commutes with

n̂k0 for all sites m, provided the Fourier transform of its
coefficient, ϕ̃k ≡P

a ϕaeika, has a node at k0, i.e., ϕ̃k0 ¼ 0.
Building on this observation, we can construct interaction
terms V̂i from the operators d̂is and d̂†i s, so modes with
momenta k0 are unaffected by this interaction. As we will
demonstrate in this Letter, this structure is sufficient to
enforce superdiffusive transport.
A similar nodal structure was employed to construct

noninteracting noisy [54,55] and disordered systems
[52,53] with anomalous properties. In this Letter, we
generalize this construction to interacting systems, enabling
the construction of chaotic (nonintegrable) superdiffusive
systems. Our approach is very general and can be used in
any dimension, but for the sake of simplicity we will focus
on the following nodal one-dimensional spinless fermionic
system:

H ¼
X
k

ϵðkÞĉ†kĉk þ
X
i

Wiðd̂†i d̂id̂†iþ1d̂iþ1 þ H:c:Þ: ð1Þ

We will also set Wi ¼ W, although we note that since the
interaction strength Wi does not influence the nodal
structure ½V̂i; n̂k0 � ¼ 0, our conclusions will also generalize
to inhomogeneous interaction strength Wi. This model is
generically nonintegrable (chaotic), and its level statistics
follows a Wigner-Dyson distribution [Fig. 1(a)].
Before establishing superdiffusion in this model, we

provide an intuitive understanding of its origin. Consider a
system initially prepared as a Slater determinant of N
quasiparticles with distinct momenta: jk1;…; kNi. When
interactions are turned on, those states are obviously not
eigenstates of the Hamiltonian anymore and thermalize.
However, since ½n̂k0 ; V̂i� ¼ 0, the lifetime of quasiparticles
with momenta near k0 diverges asymptotically. In the long-
time limit, transport is dominated by the surviving quasi-
particles, which carry charge ballistically. This hierarchy of
long-lived quasiparticle excitations is responsible for super-
diffusive behavior.
Divergent diffusion constant—To make this argument

more precise, we first establish the divergence of
the diffusion constant, corresponding to superdiffusive
transport. The diffusion constant at infinite tempera-
ture can be calculated from the current-current corre-
lation function from the Kubo formula as D ¼
4limt→∞limL→∞ð1=LÞ

R
t
0 dτhĴðτÞĴð0Þi [16,69,70], where

h� � �i ¼ 2−LTrð� � �Þ, and ĴðtÞ is a sum of local currents
over all lattice sites ĴðtÞ ¼ P

r ĵrðtÞ. We aim to show that
the diffusion constant diverges in fermionic systems with
nodal interactions.
The main idea is that since nk is conserved at the node k0,

we can treat nk as approximately conserved for momenta in
the neighborhoodK ¼ ðk0 − δk; k0 þ δkÞ, where δkwill be

(a) (b) (c)

FIG. 1. Superdiffusion in chaotic nodal chains. (a) Distribution of many-body level spacing s in the middle half of the spectrum of
nodal interaction model with ϕ̃k ¼ 1þ eiðkþπ=2Þ. In this figure, we choose momentum k ¼ 0, particle number N ¼ ðLþ 1Þ=2, and
interaction strength W ¼ 4. The r ratio [68] is consistent with Wigner-Dyson Gaussian orthogonal ensemble. There is clear level
repulsion in this model, ruling out integrability. (b) Low-energy spectrum (real part) of normal modes of the linearized Boltzmann
equation for nodal interactions with ϕ̃k ¼ 1þ eiðkþπ=2Þ, exhibiting a node of order n ¼ 1 at k0 ¼ π=2. We choose the interactions to be
noisy in time [γðkÞ ¼ βðk; k0Þ ¼ 1] to break energy conservation and focus on charge transport. We find two gapless modes: a ballistic
mode corresponding to nk0 (which is exactly conserved by the interactions), and a hydrodynamic charge mode with dispersion relation
ω ∼ q3=2 with q the momentum, indicating superdiffusive transport with dynamical exponent z ¼ 3=2. (c) Structure factor Cðx; tÞ≡
hnðx; tÞnð0; 0Þi in same setup as (b), obtained from the Boltzmann equation. The main component of the structure factor follows the
scaling relation Cðx; tÞ ¼ t−2=3fðxt−2=3Þ, consistent with the dynamical exponent z ¼ 3=2. The decreasing ballistic component
originates from modes near the node k0.
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time-dependent. To determine the size of the subset K, we
use the following bound [71] on the infinite-temperature
autocorrelation of an arbitrary operator,

�ðÔðtÞ − Ôð0ÞÞÔð0Þ� ≤ �½Ĥ; Ô�½Ĥ; Ô�†�t2=2: ð2Þ

We apply this bound (2) to the operator n̂k. We show by
explicit calculation that h½Ĥ; n̂k�½Ĥ; n̂k�†i ≤ c2jϕ̃kj2 for
some Oð1Þ constant c [72]. We consider n̂k to be approx-
imately conserved during this time interval ð0; tÞ if the
right-hand side of Eq. (2) is small throughout the interval.
Given a node of order n, i.e., ϕ̃k ∼ jk − k0jn, for arbitrarily
large t, as long as momenta are chosen such that
jk − k0jnt < Oð ffiffiffi

ϵ
p Þ, nk is approximately conserved up to

accuracy ϵ. This leads to the scaling δkðtÞ ∼ t−1=n: for an
arbitrary long time t, occupation numbers with momenta
within δkðtÞ of a node are approximately conserved.
We can then decompose the current into a slow compo-

nent, Ĵs, that remains conserved up to time t, and a fast
component, ĴfðtÞ ¼ ĴðtÞ − Ĵs, that decays quickly and
contributes to a finite conductivity. The slow part is given
by the (hydrodynamic) projection of the current onto
the occupation numbers n̂k with k∈KðtÞ ¼ ½k0 − δkðtÞ;
k0 þ δkðtÞ�. We have Ĵs ¼

P
k∈KðtÞ gðkÞn̂k, where the

coefficients gðkÞ are the overlaps of the current onto the
occupation numbers—for weak interactions, we have
gðkÞ ¼ vðkÞ þOðWÞ with vðkÞ ¼ ∂kϵðkÞ. By definition,
the slow part of the current is conserved up to times t:
JsðτÞ ≈ Jsð0Þ for τ ≤ t (up to accuracy ϵ). Since the fast and
slow components are orthogonal, we can derive a Mazur-
like lower bound for the diffusion constant [72]

D ≥ 4 lim
t→∞

lim
L→∞

1

L

Z
t

0

dτhĴ2si≡Ds: ð3Þ

Our goal is to then show that this lower bound diverges.
Using the explicit form of the slow part of the current, we
have limL→∞ð1=LÞhĴ2si¼

R
k∈KðtÞðdk=2πÞgðkÞ2nkð1−nkÞ,

which plays the role of a time-dependent Drude weight
(note that this quantity does not depend on τ). For
sufficiently long time t, δkðtÞ becomes very small, so we
have limL→∞ð1=LÞhĴ2si ∼

t→∞
δkðtÞð1=2πÞgðk0Þ2nk0ð1 − nk0Þ.

This gives

Ds ∼ gðk0Þ2 lim
t→∞

tδkðtÞ; ð4Þ

with δkðtÞ ∼ t−1=n. This shows that the lower bound Ds
diverges for any n > 1 as long as the overlap of the current
with the node occupation does not vanish: gðk0Þ ¼ vðk0Þ≠ 0
[see Boltzmann approach below, this is satisfied unless
the velocity vðk0Þ vanishes at the node]. Therefore, the
diffusion constant diverges in the nodal interaction model,
and transport must be superdiffusive, at least for n > 1.

Boltzmann equation—Although the argument above
establishes superdiffusion in our model in a nonperturba-
tive way, it does not predict the dynamical exponent z
associated with charge transport. More precisely, the argu-
ment above can be turned into a lower bound
for an effective time-dependent diffusion constant
t1−1=n ≲DðtÞ, but the actual diffusion constant diverges
faster with time (corresponding to a smaller expo-
nent z): the Oðϕ̃kÞ corrections to the commutator
add up incoherently, not constructively. To estimate
the true transport exponents we turn to a Boltzmann
equation approach. First, we write the Hamiltonian
[Eq. (1)] in momentum space H ¼ R ðdk=2πÞϵðkÞĉ†kĉk þR ½dk4=ð2πÞ3�δ2πðkÞUk1;k2;k3;k4 ĉ

†
k1
ĉk3 ĉ

†
k2
ĉk4 , where

Uk1;k2;k3;k4 ¼ Wϕ̃�
k1 ϕ̃

�
k2ϕ̃k3 ϕ̃k4 cosðk2 − k4Þ and δ2πðkÞ ¼

δðk1 þ k2 − k3 − k4 mod 2πÞ. The corresponding Boltz-
mann equation has the general form ∂tnðx; k; tÞ þ
vðkÞ∂xnðx; k; tÞ ¼ fcolk ½n�, where nðx; k; tÞ represents the
coarse-grained particle density at position x with momen-
tum k, vðkÞ ¼ ∂kϵðkÞ and fcolk ½nðx; k; tÞ� denotes the colli-
sion integral term due to the interactions.
Crucially, the nodal structure ∂tn̂k0 ¼ 0 implies that the

collision integral fcolk0
¼ 0. In turn, the nodal form of the

interactions gives rise to diverging lifetimes for modes with
momenta near k0. Linearizing the Boltzmann equation
around a thermal equilibrium state, and expanding the
distribution function as nðx; k; tÞ ¼ neq þ δnðx; k; tÞ, the
general form of the Boltzmann equation for m-particle
scattering is

fcolk ½δn� ¼ −γðkÞjϕ̃kj2δnðx; k; tÞ

þ γðkÞjϕ̃kj2
Z

dk0 βðk; k0Þδnðx; k0; tÞ; ð5Þ

where γðkÞ, βðk; k0Þ are non-negative, andR
dk0βðk; k0Þ ¼ 1. The specific form of γðkÞ and βðk; k0Þ

are unimportant. The crucial point is that the matrix
element involving momentum k for the scattering processes
in the nodal problem all go as ∼jϕ̃kj. Therefore, the
collision integral (decay rate) goes as ∼jϕ̃kj2. Examples
of specific collision integrals are discussed in Supplemental
Material [72].
Long-lived normal modes—The general structure of the

linearized Boltzmann equation is similar to the case of free
fermions with dephasing noise with a nodal structure,
studied in Refs. [54,73]. The linearized Boltzmann equa-
tion has a natural interpretation as a Markov process in
momentum space: when ϕ̃k ≠ 0 for all momenta k, the
mean-free path lk ¼ vðkÞ=½γðkÞjϕ̃kj2� is finite for all
momentum k. In this case, the charge transport is diffusive.
However, when ϕ̃k0þq ∼ qn for certain nodes k0, the mean-
free path diverges near these nodes, resulting in a fat-tailed
distribution for the mean-free path pðlÞ ∼ l−2−1=ð2nÞ.
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This is the hallmark of a Lévy walk, so charge transport
becomes superdiffusive, with the corresponding dynamical
exponent given by z ¼ ð1þ 2nÞ=2n. This anomalous
scaling can be observed directly in the spectrum of normal
modes of the linearized Boltzmann equation. In addition to
the exactly ballistic conserved modes nk0 , we find a normal
mode corresponding to

P
k≠k0 nk with dispersion relation

ωðqÞ ∼ qð1þ2nÞ=2n; ð6Þ

see Figs. 1(b) and 1(c) for the corresponding dynamical
structure factor. Although we focus on charge transport,
energy transport is also superdiffusive following the same
reasoning.
This argument can be easily generalized to higher

dimensions. For the nodal interaction model in higher dim-
ensions, the Hamiltonian is given by H ¼ P

k ϵðkÞĉ†kĉkþ
W

P
hi;ji d̂

†
i d̂id̂

†
j d̂j. An example can be found in Supple-

mental Material [72]. The corresponding Boltzmann equa-
tion is analogous to the one-dimensional case, with the
one-dimensional variables v, ∂x, x, and k replaced by
their higher-dimensional counterparts: the velocity vector
v ¼ ∇kϵðkÞ, the gradient ∇r, the position vector r, and
the momentum vector k. In d dimensions, assuming the
velocity at the nodes is nonzero, an m-dimensional nodal
surface of order n yields a dynamical exponent
z ¼ ð2nþ d −mÞ=2n, which only holds true for z < 2.
For example, nodal lines of order n in two-dimensional sys-
tems results in z ¼ ð2nþ 1Þ=2n, and nodal points of order
n in two-dimensional systems results in z¼ðnþ1Þ=n [54].
Numerics—To check our results numerically for one-

dimensional fermionic chains, we use tensor-network
(matrix-product operator) techniques [74]. We first con-
sider a system with boundary driving, and analyze the

scaling of the current in the nonequilibrium steady state
(NESS), a method frequently employed to study transport
properties [56,75–77]. In this setup, the first and last sites of
the system are coupled to external baths, modeled phe-
nomenologically by four Lindblad operators,

L1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Γð1þ μÞ

p
ĉ†1; L2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Γð1 − μÞ

p
ĉ1;

L3 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Γð1 − μÞ

p
ĉ†L; L4 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Γð1þ μÞ

p
ĉL; ð7Þ

where ρ is density matrix and LðbathÞðρÞ ¼P
4
k¼1 2LkρL

†
k − ρL†

kLk − L†
kLkρ. The evolution of the

density matrix is then governed by the Lindblad master
equation ðdρ=dtÞ ¼ i½ρ; Ĥ� þ LðbathÞðρÞ. The NESS cur-
rent scales with system size as j ∼ L−ðz−1Þ; see e.g.,
Refs. [75,77].
We employ the time-evolving block decimation algo-

rithm [76,78–80] to obtain the NESS of the Lindblad
master equation [72]. The interaction strength in the
Hamiltonian [Eq. (1)] is set to a uniform value, Wi ¼ 4.
For simplicity in simulations, we choose ϵðkÞ ¼ − cos k,
d̂i ¼ ðĉi þ iaĉiþ1Þ=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ jaj2

p
, and correspondingly ϕ̃k ¼

1þ aeiðkþπ=2Þ. When a ¼ 1, ϕ̃k exhibits a node at k0 ¼ π=2
with order n ¼ 1. We present numerical results for this
model [Fig. 2(a)]. In the large L limit, the scaling of the
NESS current with system size follows j ∼ L−1=2 at large L
limit, indicating superdiffusive transport with a dynamical
exponent z ¼ 3=2, in agreement with the predictions of the
Boltzmann equation. In contrast, when a ¼ 0.5, ϕ̃k ≠ 0 for
all k, and the scaling of the NESS current satisfies j ∼ L−1

in the large L limit, corresponding to diffusive transport. In
our simulation, the coupling strength Γ is set to Γ ¼ 1 and
the driving parameter μ is set to be small μ ¼ 0.02 to ensure

(a) (b) (c)

FIG. 2. Tensor-network simulations. (a) NESS current under boundary driving. When the Hamiltonian possesses node (a ¼ 1), the
scaling of NESS current and system size satisfies j ∼ L−1=2 at large L limit. In the case a ¼ 0.5, the interactions do not exhibit a node,
and the scaling of NESS current and system size satisfies j ∼ L−1 at large L limit consistent with diffusive transport. (b) Time
dependence of the charge transfer Δs starting from a domain wall initial state. (c) The time-dependent exponent αðtÞ calculated as the
numerical logarithmic derivative d logΔs=d log t. (b) and (c) demonstrate that in the model with nodal interaction, Δs ∝ t2=3,
corresponding to a dynamical exponent z ¼ 3=2. In contrast, with non-nodal interaction, Δs ∝ t1=2, indicating a dynamical exponent
z ¼ 2. For the NESS current simulations (a), we chose Γ ¼ 1, μ ¼ 0.02, and a maximum bond dimension χ ¼ 180. In the charge transfer
simulations (b) and (c), we chose ν ¼ 0.01 and a maximum bond dimension χ ¼ 200.
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we are in a linear response regime where all observables
relevant for magnetization transport are proportional to μ.
To complement these results, we also use the density

matrix truncation method [81] to study transport after a
quantum quench from a domain wall initial state. The initial
state is a domain wall state given by

ρðt ¼ 0Þ ∼ ð1þ νσzÞ⊗L
2 ⊗ ð1 − νσzÞ⊗L

2 ; ð8Þ

where σ̂z ¼ 2n̂ − 1 is a Pauli matrix in the spin language,
using a standard Jordan-Wigner transformation. We inves-
tigate the cumulative charge flow (charge transfer) from left
half to right halfΔsðtÞ≡ R

t
0 j½x ¼ ðL=2Þ; t0�dt0. In the long-

time limit, the asymptotic scaling of the cumulative charge
Δs is governed by the dynamical exponent, ΔsðtÞ ∼ t1=z;
see e.g., Ref. [57]. To illustrate the generality of our results
and to achieve better convergence of the dynamical
exponent, we choose the interaction strengths Wi to be
random, sampled uniformly from ½−4; 4�. Again, we
use small ν ¼ 0.01 to ensure we are in a linear response
regime. The numerical results are presented in Figs. 2(b)
and 2(c). For the nodal interaction case (a ¼ 1), we find
Δs ∝ t2=3, corresponding to a dynamical exponent z¼ 3=2.
Conversely, in the non-nodal interaction case (a ¼ 0.5),
Δs ∝ t1=2, indicating a dynamical exponent z ¼ 2.
Discussion—In this Letter, we constructed interacting,

chaotic superdiffusive models using two key elements:
(1) a free-fermion Hamiltonian that possesses ballistic
eigenmodes and (2) nodal interactions, where each local
term commutes with the particle number operator n̂k0 with
a specific momentum k0. These two elements lead to a
asymptotically divergent lifetime for quasiparticles near
momentum k0. Quasiparticles with momenta near k0 are
responsible for the superdiffusive transport. The dynamical
exponent z is determined by the order n of the node, and is
given by z ¼ ð2nþ 1Þ=2n in one dimension.
Our Letter provides a counterexample to the conven-

tional wisdom that chaotic lattice models exhibit diffusive
behavior, offering a clear analytic explanation for the origin
of superdiffusion. Although superdiffusion in these models
relies on some degree of fine-tuning, our construction
remains very general, and could provide an explanation
for the observed superdiffusion in the PXP and related
models, where isolated ballistic modes were also observed
[66]. We established superdiffusion in a nonperturbative
way, and the interaction strength does not affect the
dynamical exponent. Superdiffusion can even occur for
inhomogeneous (random) interaction strengths. Further-
more, our construction is not limited to one dimension—it
is also possible to construct superdiffusive models in two
and three dimensions.
It would be very interesting to extend our results to

perturbed interacting integrable systems. Integrable sys-
tems generically possess stable, ballistic quasiparticle
excitations. A key challenge would be to identify local

operators in such modes that commute with the quasipar-
ticle number operator at specific momenta. Using these
operators as integrability-breaking perturbations would
naturally lead to superdiffusive behavior. We leave this
extension for future work.
The numerical simulations based on tensor networks use

the ITensor package [82].
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