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A Overview of homogenization theory

In this section, we will give a quick review of homogenization theory relevant to our work. We closely follows
the work of de Souza Neto et al. [2015], and interested readers are also encouraged to read that paper.

A.1 Notations

Let Q) and Q closed subsets of R® be our microscopic representative volume element (RVE) in material and world
space respectively. For the remainder of the section, the bold capital and bold lowercase letters denote quantities
in Qp and in Q respectively. We assume that they define triply-periodic boundary conditions i.e. 3A, B, C € R*\{0}
such that the functions f : Qq — R™ we are interested in satisfy Vi, j,k € Z,VX € Qq : f(X) = f(X+iA+jB+kC).
This naturally defines "negative" and "positive" boundaries 9Q; and 0Q; of the RVE as 0Q;, 9Q; C 9Q, and
0Qy = 0Qy +iA+ jB+kCfori,j,k € N.

A.2 Displacement and deformation

The core idea behind homogenization is an assumption of multiple scales, a macroscale and a microscale.
Displacements in the microscale are infinitesimally smaller than those at the macroscale, whereas the macroscale
represents some “average” of properties at the microscale.

Let the two closed subsets of R* Q and Q be our microscopic representative volume element (RVE) in material
space (i) and world space (u) respectively within a macroscopic continuum. At the macroscopic level, the RVE is
then represented by its centroid X in material space. That is,

1
X=— Y)Y dV 1
3 Jo, P (1
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where po(Y) denotes the density at Y and Mg = /Qo po(Y) dV is the total mass of the RVE. The two equations
then results in

[ 0 =x)av =o )

Given a deformation, each position Y of the RVE then maps to a different position in world space y = Y + u(Y),
with u(Y) denoting the displacement of Y. A first-order Taylor expansion then gives

y=x+F(Y -X) +ua(Y) (3)

where Fy denotes the deformation gradient at X, and u(Y) denotes the fluctuation field in material space.
Taking the spatial derivative of Eq. 3 w.r.t. Y gives us the micro-scale deformation gradient at Y

Fu, (Y) = % =F+V,u(Y) (4)

It is sometimes also convenient to consider the Eulerian view of displacement, especially when dealing with
measurements solely defined in world space, such as Cauchy stresses. Let u* and u* be the displacement and
fluctuation fields in world coordinates, respectively. Then similarly, a Taylor expansion yields

Yy =x+Gy(y —x) +0°(y) = G,(y) = V,u'(y) =Gy + V0" (y) (5)
where G4 = %

A.3  Kinematic admissibility

The core idea of multi-scale homogenization is that the displacement and deformation of X represents an average
of all points Y in the RVE in some sense. Specifically, we postulate the following two properties: first that the
displacement at the macroscopic level is a weighted average of the micro-displacements:

1
w0 = 1 /Q oD av ©)

In some literature, the following alternative form is used instead by substituting Eq. 3 into Eq, 6 and using the
relation in Eq. 2:

u(X) = MLQ /Q po(Y) (u(X) + X = Y+ F (Y = X) +1(Y)) dV (7)
1 ~
= (/Q po(Y)u(X) dV + /QO(FX ~I)(Y-X)dV + /Q a(Y) dV) (8)
=u(X)+0+ MLQ /Q po(Y)u(Y) dV (9)
= / po(Y)a(Y) dV =0 (10)
Qo

Secondly, we assume the homogenized deformation gradient to be the average over the RVE. That is,
Fy= — / F, (y) dV (1)
=Ton y
ol Jo, *°
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Substituting Eq. 4 into the above then gives

1 . 1 ~
Fo= o, Pt Va0 @V =Bt o [ Sa(0 av =
0 0
= [ V,i(Y)dv=0 (13)

Qo

Using Corollary B.2 from Sec. B, we have the following relation:

/ vV, u(Y) dV=/ u(Y) ®ndA = (YY) ®ndA=0
Qo Q Qg

The two assumptions above do not necessarily hold for any arbitrary representative volume. Therefore, one
needs to be careful in designing the representative volume such that the two assumptions are guaranteed. In
other words a fluctuation field is kinematically admissible if the two conditions hold:

{ Jo, PO(DR(Y) AV =0

o Vid(¥)dV =0 (or [, G(Y)®ndA=0) (14)

A.3.1 Rigid-body simulations in triply periodic boundaries are kinematically permissible. Assuming no external
forces, since contact forces are equal and opposite for each pair of rigid bodies, the momentum of the RVE should
be preserved, and u(X) = 0. We further have

¢ ¢
‘/QO po(Y)v(Y)dV =0= L ‘/QO po(Y)v(Y) dV dt = ./QO po(Y)/t; v(Y) dt dV = /QU po(Y)u(Y)dV =0

where v(Y) denotes the velocity at point Y, the first condition is thus fulfilled. Additionally, any fluctuation on
the boundary has an identical fluctuation on a corresponding periodic boundary by definition, while both points
have opposite-facing normals. We then have

/aQOﬁ(Y)®ndA=LQ+ﬁ(Y)®ndA+/ 7ﬁ(Y)®ndA

0 aQU
:/ ﬁ(Y)®ndA+/ 1(Y)® -ndA=0
Q¢ oQy

fulfilling the second condition. This shows that rigid-body simulations on periodic boundary conditions are
kinematically admissible.

A4 Homogenized stress and the principle of multi-scale virtual power

The principle of multi-scale virtual power, also known as the Hill-Mandel Principle [Hill 1963, 1972; Mandel 1972],
states that a usable homogenization of stress induces the same amount of work at both the macroscopic level and
the microscopic one. That is, for any infinitesimal deformation field F, we have

190l (P : 6F) = / P:6F, dV (15)

0

where P and P are the macroscopic and microscopic first Piola-Kirchhoff stress tensors, respectively.
For any kinematically admissible fluctuation field, this implies that

2| (P 5F) :/Q P: (6F+V,,50) dV (16)

m
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Since 81, = 0 is kinematically permissible, applying it to the above equation gives

2| (P 5F) =/ P dV : 6F (17)
Qﬂ
for all OF, so
_ 1
P=_— / PdV (18)
12| Je,
Similarly, setting SF = 0 results in
/ P,:V,i,dV=0 (19)
Q

"
for all kinematically permissible fluctuations.

In world space, a similar argument from virtual work can be constructed with an infinitesimal displacement

gradient field 6G:

12| (6:5G)=/a:6G,, do (20)
Q

= / o:(6G+V,u'(y)) do (21)
Q
-1

o= _||Q|| /Qa dou (22)

B Divergence theorem corollaries

The divergence theorem, which holds for higher-order tensors, is given as

THEOREM B.1. (Divergence theorem) For any smooth vector field v,

/divvdV:/ vn dA
v v

This generalizes to any higher order tensor field in Cartesian coordinates as the following for any tensor and normal

components
905, iy, i
15125---1d
/ _— dV = cril,iz,__.idnik dA
v o v

The following corollaries are used in this text, with summation implied over indices in the proofs.

/ v®ndA=/VvdV
v v

Proor. We have v ® n = v;n;ej; = w;jxn;ej, where w;jr = §;1v;. Therefore,
ow; ik dv;
/ V®I’ldA:/ wijknjeij dA=/ el eij dV:/6jk—leij dV:/VV dv
A% oV 74 an % 3xj v
CoROLLARY B.3. For any smooth tensor field o,

/Vodefav(on)®di—/V(V-cr)®de
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Proor.

(on) ® X = ojnix;e;)

:>/ (on)®x=/ oikXjniesj dA
av av

IO X
:/ ik ]eij dv
v OxXk

d90; ox;j
= —lkx-ef + oy —2ej; dV
j€ij T Gi j
v OXk Iy

a(fik
= / — jeij+aik5jkeij dv
v OXk

ok
= / —lxjeij + 0 j€ij dv
v Oxk

:/(V~a)®x+odV
v

Andsofvadefav(an)@)di—fV(V-a)@de
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C Closed-form solution of second mass moment for closed triangle meshes

Let V be a volume enclosed by a manifold triangle mesh M with a center of mass x*. We want to evaluate the
second mass moment of M. That is, evaluate

[ot=xie av
v
assuming the density p is uniform in V.
Let T; be the i-th triangle in M, and V; = conv(T};, x*) be the convex hull of the vertices of T; and x*, i.e. the
tetrahedron formed by the four vertices. We can observe that the integral can be decomposed into the sum

[ ptx=x av=p Y sign (o -x) m) [ Ix=x* av (23)

where x] denotes the center of mass of the triangle T;, and n; its outward-pointing normal.
To evaluate the intergral on the right hand side of Eq. 23, assume that the integral fT lx — x*||* dA is known,

and that (x — x*) - n; > 0. We now consider the integral of a new triangle T;(a), where any point x € T; is scaled
to a new point on T;(a) as X’ = x* + a(x — x*) for some scale a > 0. Then

/ lIx - x*||? dA:/ Ix* +a(x —x") = x*|* a’dA=a* | |Ix-x"|* dA
Ti(a) T i

The integral over the tetrahedron can then be thought of as an integral over these scaled triangles:

(%} —x*)n;
[-xipav= [ / I — [ dA dy
¥ 0 T (y/(x—x*)my)
1
=[xl da e - x) s
0 JT;(z)

1
=/ 24/ Ix — x*||* dA (x{ —x") - nidz
0 T;

xi —x") -y
= Q Ix — x*||I° dA
3 T

We denote H; := (x{ — x*) -n;. Notice that since H; accounts for the sign() function in Eq. 23, it can be simplified

to
H.
Ix = x*||* dV = —’/ Ix — x*||* dA (24)
/Vp pZ‘ > Jr;

We then simplify the integral on the right hand side with
* * * PN
/ Ix — x*||* dA = / (x—x) + (x; —x")||” dA
T; T;
= / ||X—Xﬂ|2+2(x—x;‘) . (x;‘—x*)+|
T

= [ he=xilf aa+ [ |
T; T;

= [ x=-x|" daa+ 1zl =i - x|’ (25)
T.

xi - X*H2 dA

*_ *
X; —X

2 dA+2(xf—x*)-/(x—xf) dA
T

with the third term vanishing since fT xdA= fT x; dA by definition.
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: 2 dA: we split up T; into three triangles T' = conv(x?, %}, x}),

We now use a similar trick to evaluate fT

1

Tl.z = conv(xil,x?,x;‘), Ti3 = conv(xil,xiz,x;k), and denote the bases of each triangle with Ll.1 = conv(xiz,x?),
j

i 1Tl

L/

1

. We now have

2 _ 3 L1 3 _ 1,2 : J _ _ 2
L = conv(x;,x;), L; = conv(x;,x;), as well as the heights H; = 2 =3

j:
3 1gJ
H:
_y e / Jx-x|f (26)
=4
By letting m denote the midpoint of Lj we have

/Anx—xrnz dL:/, (x— ) + (md
L L
2

+”m§—x” +2(x - Hl) (m—X)dL
:/ X—Il'l']:2
r '

Again, the last term vanishes since fLJ xdL = /L, JdL.

The remaining integral now has a closed-form solut10n

dL

a5

113

L .7
/ N dL=2 / v d = (28)

Ll’ 0 0 12

which we can substitute back into Eq. 27:
5 112 AT 2
et [ e oo
L L
=0 || :

= 1|5 i @)

ACM Trans. Graph., Vol. 44, No. 6, Article 220. Publication date: December 2025.



220:8 Chen et al.

Substituting Eq. 29 into Eq. 26 gives

3

H
|12
-x;||” dA = E T‘
j=1

s H
L L B
:il ||T|I|| )| HL“ -
Gh HL’H
1T < 2
R N - (30
=1
We now deﬁneyl;zxj;—x;k . Now Eq. 30 can be simplified with
(=l H et
2 - ZZH )
Jj=1 J=1 k=j+1
1 1\ (-1 1o ©
=2 (g i) S+ (T 3) 5 2 Aok
j=1 J=1 k=j+1
23 1 S )
SEM S
Jj=1 jlk:j+1
= Z ZYJ yr - Z Z v vk
J=1 k=j+ J=1 k=j+1
2 .
=§HY11+Y12+Y13||2‘Z Z vy
J=1 k=j+1
=—Hx +x +x; —3x|| —ZZyJ yl
J=1 k=j+1
2 3
IR 4
J=1 k=j+1
2 3
= [ il aa= =g 3 37 ot o1
J=1 k=j+
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which when substituted into Eq. 25 gives

2
x x|

2
dA+|Til |

/||x—x*||2 dA:/”x—x;‘
T; T;

TA 2 3 .
=i - T D ot o
J=1 k=j+1

and so, by noting that the signed volume of tetrahedron i is |V;|| = %Hi || T;|| we arrive at

* *

H.
- x> dV = —l/ - x> dA
/Vpnx < pZS [1xx1
H T, I &
I [FR D

i J=1 k=j+1

T

SIWill [v 2wz 1 &

I L DI
i j=1 k=j+1

oo Wil e e e Y

=p ) o ol =xTF =2 > viw (33)
i J=1 k=j+1

We can further simplify the expression and remove y; by noting that for each tetrahedron, its center of mass

lies on %x* + %xf , and we have the relation

1, 3, ; ; .
2. Vil (Z" + in) =IVIx = ) IVillx; = (VI x
i i
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hence
[ ottt av=p 3 ’”( Zzylyl)
J=1 k=j+1
[[Vil| R
Z 6lx; x| =0 > Gd=x) - (=)
J=1 k=j+1
Vil 203
=250 (S (I 10 =2 x) =35 D5 = =)
J=1 k=j+1
Vil 2 o3 , 3
=02 (S (I I =)= 35 D o= - )
J=1 k=j+1 Jj=1
[[Vil| 203
=2 o (Il I I =250 x) = 3 B wext =3+ o il
J=1 k=j+1
Vil 3
=r 2 g |0l sl - 12 T
J=1 k=j+1
op 12p , .
=10 2 Vil +—Z||V|| I - —Fx .Z”Vi”xi__Z”V”;kZlf &
' =J
— 9_p . «||2 6_10 2
= 36 5 Vil Il - 3 Wi e van;];”}a <t
p : v S
=[S afolel - 30 3 |- omw ||x*||2)
i J=1 k=j+1
P 2 W v
= | il b+ +x 7= D0 >0 - xk oIV
i J=1 k=j+1
= 5| 2wl N R SN L x)—snvunx ||)
i Jj=1 J=1 k=j+1 J=1 k=j+1
=% Zuv,-n ZZXJ x)—suvuuxn)
i J=1 k=j+1
p 3 3 .
= L1300 DL il - xk - vl I
i j=1 k=j
Finally, in the special case where x* = 0, ||V;|| = 1 (X Xx3) and

ACM Trans. Graph., Vol. 44, No. 6, Article 220. Publication date: December 2025.
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D Dissipation under plastic deformation
Under multiplicative plasticity, a deformation tensor is decomposed into F = FgFp. Assuming a hyperelastic solid,

the first Piola—Kirchhoff stress tensor P can be calculated via chain rule:

po WEs) _ 3y(Fe) Fp _ oy (Fr) OFF,Y) oy (Fr) - (36)
oF oFg  oF oFg oF oFg T
In terms of the Kirchhoff stress tensor 7, this can be rewritten as:
oY (Fg) _ oY(Fg) 3y (Fg)
=PF" = ——F,"F' = ——=F,"F F. = ——F] 37
’ oFp T oFp P PET Top, E (37)

The following time derivatives of deformation gradients can then be derived with the product rule:

F = FEFP + FEFP
Fg = FF,' — FgFpFp!
Fp = F;'F — F;'FpFp

We further decompose the velocity gradient in world space into two parts Vv = Vvg + Vvp, such that
Fr = VvgFg. Assuming Fg is not degenerate, such a tensor can always be found with Ig = FEF;.

Let E be the time derivative of the total elastic potential. We have:

pee avi= [ 20k ay,

Eg
o, OIFE

= E o,
where Q is the elastic body in material space. Using Eq. 36, we further have:
W . Y -TET) . ¥ -1

— :Fgp=— (F, Fp) : Fg (F;°'F

oFg E aFE(P P) E(E E)

d .
- (Z5;7) (r7rp) « Firy!
JFg

=PF' : FgF;'

=T:VVE

Finally, let W = fQ pa - v dV be the time derivative of work exerted on the elastic body, Q be the elastic body
in world space, and p, a, v be the density, acceleration, and velocity of a point in the elastic body, respectively. W

ACM Trans. Graph., Vol. 44, No. 6, Article 220. Publication date: December 2025.
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can then be rewritten with respect to the Cauchy stress o via integration by parts:
W=/pa-vdV=/(V-U)~VdV=/V-(av)—a:VvdV
Q Q Q

= (an)-vdA—/cr:VvdV
0 Q

=/ t-vdA—/a:Vvde/ t-vdA—/ 7:VvdV,
0 Q Q Q
:/ t~VdA—/T:VVEdVO—/T:VVpdVO

aQ Qg Qo

The time derivative of total energy E is then

. oU(F
E:W+EE:/ t~vdA—/r:VvEdVo—/r:VdeVo+/ Y (Fe)
Q Qo Qo Q JFg

: Fg dV,

=/ t'VdA—/T:VVEdVO—/T:VVpdV()+/T:VVEdVO
aQ Q() Q() QO

=/ t~vdA—/ 7:Vvp dV
Ele) Q

Therefore /Qo 7 : Vvp dV} describes the rate of dissipation.
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E Detailed measured stresses and yield surfaces
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220:13

Fig. 1. Measured stresses and fitted linear Mohr—Coulomb and nonlinear Mohr-Coulomb F - Impact of the friction y on

monodisperse Spheres
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e Stresses ® Stresses
e Upper bound 10 e Upper bound 10
= Linear MC, ® = 21.8° | Linear MC, & = 27.8° |
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0.8 N 0.8
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Fig. 2. Measured stresses and fitted linear Mohr—Coulomb and nonlinear Mohr-Coulomb F - Impact of the friction yu on

monodisperse Spheres (linear spring).
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d, (MPa)

Fig. 3. Measured stresses and fitted linear Mohr-Coulomb and nonlinear Mohr-Coulomb F - Nonconvex geometries
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F Fitted elasticity parameters

[ay
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=S

—0.03 —0.02 —0.01 O.
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Fig. 4. Fitted bulk modulus B(V) and shear modulus pg,(D) for Spheres, p1 = 0.6.
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Fig. 5. Fitted bulk modulus B(V) and shear modulus p (D) for Dolosse, 1 = 0.6.
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Fig. 6. Fitted bulk modulus B(V) and shear modulus p1,(D) for Hexapods, p = 0.8.
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e
>

e
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e
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Fig. 7. Fitted bulk modulus B(V) and shear modulus pg,(D) for Dodecafangs, 1 = 0.8.
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G Detailed DEM results
G.1 Fitting slopes angles

For the inclined slopes and rotating drums examples, we numerically compute a slope angle as follows. For each
timestep, we first project the spheres centers c; in the xz-plane (camera plane in the renders). Then we optimize
the line parameters (a, b) of the line z = ax + b by minimizing

L2 ifx<o0

r{llibn Z D(ax; — z; + b) with D(x) = { 2 (38)

) exp(wx) — (1+wx) otherwise

(x1,21)=c;
The function D (w = 100 in practice) acts as an asymmetric norm, encouraging the line to be close to the points
but from above. For the slope angle, we report the first angle ¢ = 180 arctan(a)/x that differs with the container
inclination angle by more than ®} = 1°. As described in the main paper, the drum consists in a cylinder of radius
~ 2m and depth ~ 1m. With 10543 spheres of radius 4cm, this results in & 55 X 15 spheres at the free surface. The

drum rotates at 90°/min and the friction between the spheres and the drum is set to z = 0.6.
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Fig. 8. Rotating drum setup.
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G.2 Rotating drums angles for Spheres

) Jp— Drum rotation
=== Surface angle, p = 0.1
40 Surface angle, p = 0.2
=== Surface angle, u© = 0.3
35 Surface angle, p = 0.4
Surface angle, p = 0.5
31.5=—p
=== Surface angle, u = 0.6
30
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2T.T— > \__
~ 7
< 25 25.5—}] -
2 21.3—p
< 20
18.3 ===
15
10
5
0
0 5 10 15 20 25 30 35
Time (s)

Fig. 9. Spheres example - Comparing the fitted surface angle from the DEM simulation to the container angle for varying
grain friction yi. The crosses mark the computed avalanche angles @4 for @4 = 1°.
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Fig. 10. Spheres example - Evolution of the detected avalanche angles ®4 in function of the threshold @ .
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G.3 Rotating drums angles for Spheres (linear spring)

90
85 =™ Drum rotation

80 Surface angle, p = 0.2
75 Surface angle, p = 0.4

0] T Surface angle, u = 0.6

65
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20 20.7——=>
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0 5 10 15 20 25 30 35 40 45 50 55 60 65
Time (s)

Fig. 11. Spheres (linear spring) example - Comparing the fitted surface angle from the DEM simulation to the container
angle for varying grain friction y. The crosses mark the computed avalanche angles @4 for @4 = 1°.
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Fig. 12. Spheres (linear spring) example - Evolution of the detected avalanche angles @4 as a function of the threshold @7
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H Rendering

All results are rendered using Blender. For the rendering of our MPM simulations, each MPM particle is instantiated
by a mesh of the corresponding grain shape. Each mesh follows a rigid body motion dictated by the particle
properties, computed during the simulation and exported to a NumPy format used in Blender’s Python scripting
interface for rendering.

The position of the mesh is simply that of the MPM particle. The orientation R is extracted at each timestep
from a polar decomposition of the particle’s deformation gradient F = QR. That rotation matrix is composed
with a random initial orientation Ry to give a more natural look to the whole sand pile.

Note that this technique works well for giving to the bulk the appearance of a sand made of the selected grain
shape, but can produce visual artefacts visible under scrutiny of close-ups shots. Indeed, this technique yields
visually intersecting grains or grains seemingly interacting although not in contact, as there is no real rigid body
dynamic between the particles. The size of the mesh to use for instantiation is manually tuned to give the best
appearance, but cannot totally remove these artefacts.

References

E.A. de Souza Neto, P.J. Blanco, P.J. Sanchez, and R.A. Feijoo. 2015. An RVE-based multiscale theory of solids with micro-scale inertia and
body force effects. Mechanics of Materials 80 (2015), 136-144. doi:10.1016/j.mechmat.2014.10.007

R. Hill. 1963. Elastic properties of reinforced solids: Some theoretical principles. Journal of the Mechanics and Physics of Solids 11, 5 (1963),
357-372. doi:10.1016/0022-5096(63)90036-X

R. Hill. 1972. On Constitutive Macro-Variables for Heterogeneous Solids at Finite Strain. Proceedings of the Royal Society of London. Series A,
Mathematical and Physical Sciences 326, 1565 (1972), 131-147. http://www.jstor.org/stable/78044

Jean Mandel. 1972. Plasticité classique et viscoplasticité. https://api.semanticscholar.org/CorpusID:118220241

accepted 25 September 2025

ACM Trans. Graph., Vol. 44, No. 6, Article 220. Publication date: December 2025.


https://doi.org/10.1016/j.mechmat.2014.10.007
https://doi.org/10.1016/0022-5096(63)90036-X
http://www.jstor.org/stable/78044
https://api.semanticscholar.org/CorpusID:118220241

	A Overview of homogenization theory
	A.1 Notations
	A.2 Displacement and deformation
	A.3 Kinematic admissibility
	A.4 Homogenized stress and the principle of multi-scale virtual power

	B Divergence theorem corollaries
	C Closed-form solution of second mass moment for closed triangle meshes
	D Dissipation under plastic deformation
	E Detailed measured stresses and yield surfaces
	F Fitted elasticity parameters
	G Detailed DEM results
	G.1 Fitting slopes angles
	G.2 Rotating drums angles for 
	G.3 Rotating drums angles for 

	H Rendering
	References

