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Evolutionary games provide a flexible mathematical framework for many problems in
biology and social evolution. Prisoners’ dilemma, and in particular, the important
special case of donation games, represents social dilemmas where cooperation is
mutually beneficial, yet defection is preferred by selfish agents. In evolutionary games on
networks, the agents interact over a population structure. The existence of population
structures that promote cooperative behavior is a fascinating and active research
topic. Previous research establishes structures promoting cooperation in the limit of
weak selection where the benefit-to-cost ratio � exceeds 1.5. The existence of such
structures for medium and strong selection for 1 < � < 2 and for weak selection
for 1 < � < 1.5 has been a long-standing open question. First, we answer the open
questions in the affirmative: For every selection strength and every � > 1, we construct
networks promoting cooperation. Second, we present a robustness result with respect
to � and selection strength: Our structures promote cooperation for a range of these
parameter values rather than specific parameter values. Finally, we supplement our
theoretical results with simulation results on small population structures that show the
effectiveness of our construction over well-studied population structures.

cooperation | game theory | evolutionary dynamics | prisoners’ dilemma

Evolutionary games provide a broad and flexible mathematical framework for a wide
range of problems in biology, e.g., in ecology and evolution (1, 2), frequency-dependent
selection (3), and social dynamics (4, 5) as well as in the social evolution (6, 7). In
evolutionary games, agents adopt simple strategies, the payoff from pairwise interactions
of strategies is given by the payoff matrix. Payoffs translate to fitness, depending on the
selection strength, and fitness determines reproductive success. This simple yet elegant
and powerful mathematical framework models applications from diverse disciplines.

The most studied class of payoff matrices for social dilemmas is Prisoners’ dilemma,
where there are two actions, namely, cooperation and defection (8). In Prisoners’
dilemma, the cooperative behavior produces the highest average payoff, but a selfish
individual can obtain a higher payoff by significantly lowering the payoff of the
cooperative player. Donation games represent an important subclass of Prisoners’
dilemma where a cooperator (C) pays cost c for the other player to receive benefit
b, and a defector (D) does not pay any cost nor provide any benefit. For such games,
the key parameter is � = b/c the benefit-to-cost ratio, and this single parameter quite
elegantly captures the essence of donation games. While mathematically, cooperation is
never favored, in the nature we observe collaborative behavior across various domains
(9–15). There are several directions of research to explain the collaborative behavior (6),
e.g., repeated interaction as studied under direct reciprocity (16, 17); the notion of
reputation in indirect reciprocity (18, 19); and the role of population structure (20–22).
In this work, we focus on the last item.

In evolutionary games on graphs, see refs. 2 and 3, the population structure is
represented by a graph. Every vertex is occupied by a single individual that follows a
simple strategy in donation games, C or D. The edges represent the interactions. The
process evolves over multiple rounds. In one round, every individual plays a donation
game with all neighbors and collects a payoff from the games. The payoff Px of individual
x is then translated to fitness by an exponential function esPx , where s is the parameter for
the strength of selection. One individual is randomly chosen to update its strategy, the
new strategy is selected among the neighbors proportionally to the fitness. Eventually,
one strategy replaces the other, this event is called fixation and we are interested in the
fixation probability of cooperators.

Evolutionary games on graphs have been widely studied from many perspectives.
Ohtsuki et al. (22) examine which parameters and graphs influence the spread of
cooperation. Traulsen et al. (4) show that human behavior in the real world can be
modeled by evolutionary games. Many works (21, 23, 24) empirically examine natural
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graphs that approximate the social networks (scale-free graphs).
Despite the sustained efforts, the existence of graphs that promote
cooperative behavior for a wide range of parameters is unknown.
Allen et al. (25) show structures promoting cooperation for
� > 1 in weighted graphs and the limit of weak selection (s
tends to 0). Fotouhi et al. (26) present structures promoting
cooperation for � ≥ 3/2 and the limit of weak selection.
Svoboda and Chatterjee (27) present structures promoting
cooperation for spatial games (representing the limit of
strong selection).

A lot of theoretical works are interested in weak selec-
tion (25, 26, 28) where the fitness is equal to 1 + sPx for
payoff Px and small s. Besides the relevance of weak selection, a
technique developed in ref. 22 allows the efficient computation
of the fixation probabilities, which is not known for general
selection strength. In our setting, weak selection is the limit of
s→ 0, in that case, esPx ≈ 1 + sPx . However, the fitness esPx for
individual x with payoff Px is the only function that satisfies all
natural axioms for the fitness and generalizes to higher selection
strengths, see ref. 29. The focus on the weak selection also means
that the fixation probability of one randomly placed cooperator
in the graph full of defectors (or the other way around) is always
close to 1

n , where n is the size of the network. Hence, in the regime
of weak selection, a graph promotes cooperation if the fixation
probability of a randomly placed cooperator into the graph of
defectors exceeds 1

n .
While for weak selection, previous works compare the ability

of the network to promote cooperation against the neutral case,
in general, the comparison is between the ratio of fixation prob-
abilities of cooperators vs. defectors. We define ratio promoters,
these are graphs on which one randomly placed cooperator fixates
with significantly higher probability than one defector placed
among cooperators. While the basic definition of promoters
of cooperation is with respect to parameter values of s and �,
in addition, we consider the robustness property that requires
promotion of cooperation for a range of parameter values. We
say that a promoter is (", 
)-robust if it is a promoter for all
� ≥ 1 + " and all s ≥ 
 . In other words, we consider robustness
with respect to the parameters of selection strength s and benefit-
to-cost ratio �.

Given the previous results in the literature, there are several
long-standing open questions: (a) do promoters of cooperation
exist for medium and strong selection for 1 < � < 2 (for � > 2
the cycle graph is a promoter); and (b) do unweighted promoters
of cooperation exist for weak selection and for 1 < � < 1.5?
Moreover, since the existence of promoters has been open with
respect to the selection strength, in particular, the notion of
robust promoters of cooperation have not even been considered
in the literature, though this is a desirable property of promoters
of cooperation.

In this work, we present a graph family C(n, d) parameterized
by the number of vertices n and the maximum degree d .
First, for all � > 1 and s > 0, we show that there exists
d such that C(n, d) are promoters of cooperation. Thus, we
answer questions (a) and (b) above in the affirmative. Second,
we show that for all " > 0 and 
 > 0, there exists d
such that C(n, d) are (", 
)-robust promoters of cooperation.
In addition, we show that C(n, d) guarantees high fixation
probability if cooperators start as a small randomly distributed
fraction of the population. Finally, we empirically evaluate the
behavior of C(n, d) for small population size n and compare
it to the behavior of many well-known graphs from the
literature.

Results

Model. Games on graphs model the spread of strategies over
networks. Every vertex (or node) of the network represents an
individual and the edges of the network represent interactions
between individuals. We examine the spread of cooperation
in donation games, a well-studied instance of a Prisoner’s
dilemma. In these games, there are two strategies: cooperation
and defection. In every pairwise interaction, the cooperator pays
a cost of 1 for a neighbor to gain �, where � > 1 represents the
benefit-to-cost ratio. The defector pays nothing and provides no
benefit. Hence, for a defector, the payoff is � times the number
of neighboring cooperators, and for a cooperator, the payoff is �
times the number of neighboring cooperators minus the number
of neighbors.

The process consists of four repeating steps: First, every
individual x plays the donation game with all neighbors and
collects payoff Px . Second, the payoff is transformed to fitness,
which is equal esPx , where s is a parameter that denotes the strength
of selection. Third, one of the vertices, x, is randomly selected
for a strategy update (or death). Finally, among all neighbors of
x, vertex u is selected randomly proportionally to the fitness (it is
esPu ) and x adopts the strategy of u (or u reproduces to replace x).
This corresponds to death–Birth (dB) updating (22) with a
payoff-to-fitness function that generalizes the weak selection (29).
The model is illustrated in Fig. 1.

Eventually, one of the strategies spreads over the whole net-
work, we call this event fixation. For graph G and donation game
parameterized by benefit-to-cost ratio � and selection strength s,
we denote �C (G, �, s) the probability that one cooperator placed
uniformly at random in the network G full of defectors spreads
over the whole network. We call this quantity fixation probability
of cooperators. Similarly, we denote �D(G, �, s), the probability

A

B

D E

C

Fig. 1. The description of the evolutionary games on graphs. (A) The payoff
matrix of the donation game, cooperators are denoted by blue C and
defectors by red D. (B) The graph with blue vertices denoting cooperators
and red vertices denoting defectors. (C) Explicit payoff computation of all
individuals is shown. The small directed edges show the payoff from one
interaction. (D) The gray vertex in the Middle of the graph is selected for a
strategy update. Next to the updated vertex, we highlight the fitness of every
neighbor. (E) One defector was selected to replace the vertex, the update
probability is explicitly stated.
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that one defector placed in the network G full of cooperators
spreads over the whole network, we refer to this quantity as the
fixation probability of defectors. Moreover, we consider density
fixation probability, �C (G, �, s, p), which is the probability that
cooperators fixate on G when initially every vertex is a cooperator
with probability p and a defector otherwise.
Promoters of cooperation. A graph family G = (Gn)n≥1 consists
of a graph Gn with n vertices for all positive integers n. Given
donation game parameters � > 1 and s > 0, for a graph family
G, we consider the ratio �C (Gn,�,s)

�D(Gn,�,s)
for Gn ∈ G. This comparison

describes how easily a graph full of defectors can be invaded by a
cooperator, as compared to how the graph of cooperators can be
invaded by a defector. The family G is

Ratio promoter if the ratio between the fixation probability of
cooperators and the fixation probability of defectors goes to
infinity in the limit of large population size.

Ratio suppressor if the ratio between the fixation probability of
cooperators and the fixation probability of defectors goes to
zero in the limit of large population size.

While ratio promoters consider the ratio of fixation probability
for a single mutant, we consider two other variants: a) instead
of comparing ratio of fixation probability we compare against
the neutral case as baseline (corresponding to �C (G, �, 0) in our
notation); and b) instead of a single mutant we examine a small
fraction of initial mutant population. These variants give rise
to the following notions of promoters. Neutral case promoter
is a graph family where the fixation probability of cooperators
divided by 1

n goes to infinity in the limit of large population size.
Density promoter is a graph family where for every constant p,
density fixation probability (�C (G, �, s, p)) approaches 1 in the
limit of large population size. To summarize, the ratio promoter
ensures that one cooperator fixates with higher probability than
one defector. Neutral case promoter ensures that one cooperator
fixates with higher probability than 1

n and is used mainly in weak
selection. Density promoter ensures that if a small fraction of
the population consists of cooperators, then cooperators fixate
almost surely.
Robustnesswith respect to � and s. The above notion of promoter
requires the promotion of cooperation for specific values of the
parameters � and s. We also consider the notion of robustness,
which requires that the promotion of cooperation happens for
a range of parameter values � and s. Formally, given constants
" > 0 and 
 > 0, a graph family G is an (", 
)-robust with
respect to a property if G satisfies the property for all � ≥ 1 + "
and all s ≥ 
 . In particular, we are interested in the existence
of (", 
)-robust ratio promoters, neutral promoters, and density
promoters.

The notion of robustness is with respect to the parameters of
the Prisoners’ dilemma. In our model, we focus on the death–
Birth updating, where the death is followed by a reproduction.
The Birth–death updating explored mainly in the context
of constant selection usually changes the mutant promotion
properties of graphs (in constant selection), see refs. 30–32 and
seems to be impossible for frequency-dependent selection (22).
There are different ways to treat the degree heterogeneity with
respect to payoffs: Payoffs can be either accumulated or averaged
by the degree. For the averaged payoffs, the promotion of
cooperation is harder to achieve (21, 29, 33, 34), and we do
not attempt it here. Finally, we note that our construction is
robust toward the initial placement of the mutant. Since the
process is death–Birth, every individual is replaced with the same

rate, if the parent migrates, then it is even more likely that the
mutant arises in a big vertex, which we show is the ideal starting
position for a lone cooperator. For details, see ref. 35.

We comment on three aspects related to previous results of the
literature: First, previous works (22, 25, 26) consider promotion
of cooperation in the setting of weak selection. In weak selection,
the notion of promoter of cooperation coincides with our notion
of neutral case promoter, i.e., the small influence of the payoff
for reproductive success can change the fixation probability only
slightly above 1

n . Second, previous works (22, 25, 26) for weak
selection also considers the least benefit-to-cost ratio, referred to
as �∗, such that promotion of cooperation is guaranteed for all �
above �∗. While this was done in the setting of weak selection,
our notion of (", 
) robustness extends it to all selection strength,
in particular, for weak selection, setting �∗ = 1 + " coincides
with the previous notions of the literature. Third, McAvoy and
Allen (36) show that in the weak selection, the notion of �∗might
not paint the full picture regarding the fixation probability. Our
definition of ratio promoters also requires the ratio between the
fixation probability of cooperators and the fixation probability of
defectors to grow with increasing size of the population. There
might be better graphs that promote the cooperation more but
have higher �∗.

Promoter Graph Family. In this work, our main contribution is
to present cooperation promoters, a graph family that provably
promotes cooperation. We present the graph structure below.

For a given n and d , promoter of cooperation C(n, d) consists
of two types of vertices, namely, path vertices and support vertices.
The path vertices are further classified into big vertices and bridge
vertices. First, the path vertices form a line (or a path) that starts
with a bridge vertex, followed by two big vertices, then a bridge
vertex, then two big vertices, and the pattern repeats. Every vertex
in the path has an edge to the vertex before and after it. The bridge
vertices have no other neighbors. Every support vertex is a leaf: It
is only connected to one big vertex and has no other neighbors.
Every big vertex has d − 2 support vertices as neighbors. We
call pair neighborhood the pair of two big vertices and all of
their neighbors. The structure of the promoter, together with the
sketch of the spread of cooperation is described in Fig. 2.

We intuitively describe the spread of cooperation, and from
this, we derive the bound for d , the maximal degree. When a new
cooperator is placed into a big vertex in an otherwise empty pair
neighborhood, the spread of cooperation has two components:
combinatorial and payoff-based. First, the combinatorial spread
ensures that all d − 2 support vertices are converted into
cooperation without the big vertex being replaced by a defector.
This happens with probability proportional to 1

d and the payoff of
the cooperator does not play any role, since the replaced defectors
do not have any other neighbors. Second, the payoff-based
spread describes how the big vertex, now with d − 2 cooperating
neighbors, converts the rest of the pair neighborhood. The payoff
from donation game of this big vertex is (d − 2)(� − 1) − 2,
which means the fitness is

es((d−2)(�−1)−2) .

In the case that the neighboring big vertex updates its strategy,
the cooperator in the big vertex competes with d − 1 defectors
with payoff 0 (and fitness 1). To have a high chance of spreading,
the fitness of a cooperator, es((d−2)(�−1)−2), needs to be at least
of order d , we select e3d6, which translates to

s((d − 2)(� − 1)− 2) ≥ 3 + 6 log d . [1]
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A

B

C

D

E

Fig. 2. Schematic description of the graph C(n, d). (A) This panel shows
the graph construction and important components. Namely, the path
vertices forming a path, a big vertex with many neighbors, the support
vertices connected to the big vertex, and a bridge vertex connecting two
consecutive big vertices. The initial cooperator needs to appear in a big vertex;
otherwise, the cooperation dies out with high probability. (B) This panel
shows the cooperator in the big vertex converting all its support neighbors
to cooperation. This event happens with significant probability. (C) When the
cooperator in the big vertex has many cooperating neighbors, it can spread
to the neighboring big and bridge vertex. (D) Afterward, the cooperators have
a high chance of spreading over the whole pair neighborhood, which consists
of two connected big vertices and all their neighbors. (E) The cooperators in
one pair neighborhood are more likely to claim one more pair neighborhood
than to lose one, which means the spread of cooperation is favored.

We choose the minimal d to satisfy the equation. Note that for
any given constants � > 1 and s > 0, there exists a constant d
to satisfy Eq. 1. After all the neighbors of a cooperator in a big
vertex are cooperators, the whole pair neighborhood is claimed
with high probability.

When at least one pair neighborhood belongs to cooperators,
the ratio between claiming another pair neighborhood and losing
a pair neighborhood is higher than 1, which means the spread
of cooperators over pair neighborhoods can be modeled by a
biased Markov chain. The claim that the pair neighborhoods are
more likely to be claimed by cooperators uses the following facts:
First, the defector claims a big vertex in a pair neighborhood held
by cooperators with probability at most e−3d−6 (from Eq. 1),
since the neighboring cooperator in the big vertex has at least
d − 1 cooperating neighbors, and the bridge vertex can have at
most 2 cooperating neighbors. Second, the cooperation spreads
to the neighboring big vertex with probability proportional to
1
d e
−s, since bridge vertex with fitness es(�−2) competes with

d − 1 defectors with fitness 1. Third, the lone cooperator in
a big vertex spreads over the pair neighborhood with probability
roughly 1

d2 . Fourth, if this spread over the pair neighborhood
fails, the abandoned cooperators in support vertices help the
defectors to resit or to spread against cooperators. However, the
defectors replace these misplaced cooperators quickly, relative to

the probability of adverse spread. Finally, carefully bounding all
the facts gives the desired inequality for the ratio.

Analytical Results. In this section, we present our main results
related to the graph family C(n, d). We establish the following
properties for the promoters of cooperation: First, we show
that the fixation probability of a randomly placed cooperator
is constant, as it depends on d that is independent of the size
of the graph (see Lemma 1 in SI Appendix). Second, we show
that the fixation probability of defectors is exponentially small
in the size of the graph (see Lemma 2 in SI Appendix). For the
above two results, the key is to show that: a) one cooperator
spreads over a pair neighborhood with high probability (see
Lemma 4, Lemma 5, and Lemma 7 in SI Appendix); and b) if
cooperators occupy at least one pair neighborhood, then they
are more likely to claim another pair neighborhood than to lose
one (see Lemma 6 in SI Appendix). With these properties, we
establish the following main results.

We state our results for the promotion of cooperation.
First, we show that for all � > 1 and s > 0, for d that
satisfies Eq. 1, the graph family C(n, d) is a ratio (resp., neutral
case) promoter. Second, we show that for all � > 1 and s > 0,
for d that satisfies Eq. 1, the graph family C(n, d) is a density
promoter.

We state our results related to robustness: First, we show that
for all " > 0 and 
 > 0, we can obtain a d depending on " and 

such that the graph family C(n, d) is an (", 
)-robust ratio (resp.,
neutral case) promoter. Second, we show that for all " > 0 and

 > 0, we can obtain a d depending on " and 
 such that the
graph family C(n, d) is an (", 
)-robust density promoter.
Significance of our results. We highlight the significance of our
results:

(1) If we consider well-known graph families from the liter-
ature (22, 26) they show promotion of cooperation for a
weak selection and high �, see Table 1 for details. However,
the existence of graphs that promote cooperation for all
strengths of selection and small � has been a long-standing
open question and we answer it in the affirmative.

(2) Density promotion: While the existence of ratio promoters
is the main question, the notion of density promoter
ensures that once there is some fraction of cooperators,
they are guaranteed to fixate. Note that clusters of co-
operators fixate with higher probability than randomly
initialized cooperators. This means, for density promoters,
considering the uniformly distributed cooperators represents
a worse case compared to clustered cooperators, which
are more typical during evolutionary processes. Thus,
density promotion ensures that during the evolutionary
processes (where cooperators are more clustered than uni-
formly distributed) once the fraction of cooperators ex-
ceeds p, then fixation of cooperators happens with high
probability.

(3) Robustness is desirable, contrary to specific parameter values,
as it ensures promotion of cooperation for a range of
parameter values, and moreover, it generalizes previous
concepts from weak selection to all selection strengths. The
existence of ratio promoters was an open question, which
means that the robustness was not considered in general
and was only captured by �∗ for weak selection. We not
only answer the open question of the existence of promoters
of cooperation, but we also show that our construction is
robust with respect to the selection strength and benefit-to-
cost ratio.

4 of 8 https://doi.org/10.1073/pnas.2524109122 pnas.org
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Table 1. We present the well-studied graph families
and their promotion properties

Weak selection Strong selection
Graph �∗ �C limn→∞ �C/�D �C limn→∞ �C/�D

Complete graph ∞ 2−c1n 0 2−c2n 0
Star ∞ c3/n c4 c5/n2 0
k-regular graph k c6/n c7 2−c8n 0
Ring of stars 3

2 c9/n c10 ? ?
C(n, d) 1 + " 3/10d3

∞ 1/10d3
∞

The term �∗ for weak selection denotes the least � above which promotion of cooperation
is guaranteed. The terms ci (e.g., c1 , c2 , and so on) represent constants independent of
the population size, they are function of � and s, for simple graphs (complete and star) the
exact ci can be computed exactly by solving the underlying Markov Chain. The terms �C and
�D denote the fixation probability of cooperators and defectors, respectively. In the case
of ring of stars, the fixation probability bounds for strong selection is not known. However,
empirically ring of stars promotes cooperation less for stronger selection strength. We see
that for weak selection, all the studied graphs other than C(n, d) have the ratio of �C /�D
at most a constant, whereas C(n, d) ensures that the ratio goes to∞. For strong selection,
all the studied graphs other than C(n, d) have the ratio of �C /�D goes to 0 whereas C(n, d)
ensures that the ratio goes to∞.

Analytical results for time and mutation. We present two impor-
tant results related to promoters of cooperation (see SI Appendix
for more details).

First, in many cases of evolutionary processes and evolutionary
games, the time to fixation can be large, e.g., exponential in the
size of the population (37, 38) or proportional to the weights
of edges (25). However, fast fixation time, which is polynomial
in the population structure, is desirable. We show that for our
graph family the fixation time, i.e., the expected number of
steps until fixation, for cooperators, is at most quadratic (a low-
degree polynomial) in the size of the population. This result has
important implications for the effective rate of evolution (39) (SI
Appendix).

Second, we examine the spread of cooperation in C(n, d) in
the presence of mutation. Our main result shows that the ratio
�C
�D is high and also the time to fixation is fast. The above two
facts are the main reasons that our structure for a low mutation
rate quickly reaches and maintains high cooperator density. We
explore this aspect in more detail in the simulation results.

Simulation Results. Our analytical results provide guarantees for
large population limits and require a condition on d that grows
quickly, especially for small selection strengths. In simulation
results, we evaluate our approach for a fixed population size

with a small degree and compare against well-studied graphs
from the literature. We compare four graphs: C(104, 15); Ring
of Stars, a graph with �∗ = 3/2 for weak selection from
ref. 26; star graph; and Deterministic density amplifier, a
graph that promotes cooperation for spatial games (the limit
of strong selection) (27), see SI Appendix for the description
and the structure of the graphs, and more examined graphs.
https://zenodo.org/records/15373258 (40).

Fig. 3 examines the fixation probability of a single cooperator
in three settings of different selection strengths s ∈ (0.1, 1, 10).
Despite the fact that for the degree d = 15 the analytical results
guarantee promotion of cooperation for: s = 1 and � ≥ 2.64,
and for s = 10 and � ≥ 1.31, we see high fixation probability
for C(104, 15) in all settings for even low �. For very small �, the
fixation probability is small, but after � grows enough such that
cooperators in one pair neighborhood are more likely to spread
to other pair neighborhoods than to lose the current one, the
fixation probability significantly increases compared to all other
graphs. The fixation probability decreases with increasing s for all
graphs, which means that the strong selection is less facilitative
to cooperation.

Fig. 4 examines the process with mutation for three values
of mutation rate � ∈ ( 1

n ,
1

10n ,
1

100n ) for n = 104. It shows
the relationship between the number of steps and the density
of cooperators in the whole graph. We see that the Ring of
stars reaches high cooperation faster than C(104, 15) for a
high mutation regime, this is due to the fact that a successful
cooperator spreads faster over the whole graph even if it spreads
with a smaller probability than in promoters of cooperation. A
similar effect happens in a star, however, the fixation probability
of defectors is also high, which means the star alternates between
cooperation and defection. For a low mutation regime, we see
that C(104, 15) builds the cooperation the fastest. During the
spread of cooperation in the Deterministic density amplifier,
high mutation interferes with the spread of the cooperation.
This means the cooperation reaches only 60%. However, in a
lower mutation regime, the graph can sustain higher rates of
cooperation.

Discussion

Our work presents an important advancement in the area of
evolutionary games on graphs by presenting population structures
that promote cooperation for any selection strength and benefit-

Fig. 3. Fixation probability of four well-known graphs for different values of � and selection strengths. All graphs have n = 104 vertices and the results are
averaged over 105 runs. In C(104 ,15), we see that after � increases enough such that the ratio between claiming and losing a pair neighborhood for cooperators
is high, the fixation probability grows steeply. Ring of stars (from ref. 26) and Deterministic density amplifier (from ref. 27) achieve moderate levels of fixation
probability whereas the fixation probability on a star is proportional to 1

n .
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Fig. 4. The density of cooperators in the presence of mutation rate � ∈ ( 1
n ,

1
10n ,

1
100n ) in donation games with benefit-to-cost ratio � = 1.5 and selection

strength s = 1. Four examined graphs have 104 vertices, and the results are averaged over 103 runs. C(104 ,15) reliably achieves a high density of cooperation.
A cooperator in a Ring of stars spreads or dies very quickly. We can see a fast increase in the density of cooperation in the high mutation regime, even though
one cooperator spreads with lower probability than in C(104 ,15). Deterministic density amplifiers and stars do not achieve such high density, since the newly
mutated defectors can also spread and convert the graph back to defection.

to-cost ratio exceeding 1. Moreover, the structures enjoy many
desirable properties, such as robustness with respect to the
parameter values and they ensure a fast spread of cooperation
within the quadratic number of steps in the size of the network.
We discuss several related lines of research and possible extensions
of our work.

First, in the area of evolutionary processes on graphs, the most
basic case is the constant (or frequency-independent) fitness. This
direction has been widely explored in the context of the Moran
process (20). The most important research results establish the
existence of promoters for advantageous mutants (41, 42) (called
amplifiers). Another important aspect is the time to fixation (39),
previous research shows an interesting tradeoff between fixation
probability and fixation time (43). Amplifiers with fast fixation
time have also been established in ref. 44. However, the
mathematical techniques for these works do not extend to the
more general model of evolutionary games, which represent
frequency-dependent selection.

Second, the study of evolutionary games on graphs where
the fitness depends on the composition of the population is
referred to as frequency-dependent selection. This topic has
also been extensively studied (22, 45). From the perspective of
computational efficiency, hardness results (or impossibility of
efficient computational methods) have been established for strong
selection in refs. 37 and 38. In the weak selection regime, efficient
computational methods exist (22, 25). The existence of promot-
ers or cooperation for weak selection and � ≥ 3/2 has been shown
in ref. 25, and (26) present natural graphs and empirical results
in this regime. These results do not extend to medium or strong
selection to the best of our knowledge. There are also promoters
of cooperation for spatial games (27), however, this represents
a deterministic case which is the limit of strong selection, and
this result does not apply to the stochastic evolutionary games on
graphs. On one hand, the existence of promoters of cooperation
for medium and strong selection has been open; on the other
hand, the absence of efficient computational methods implies
that an exhaustive search to find desirable population structures
is not a feasible method. Hence mathematical and analytical
techniques were developed to establish the existence of graphs
that promote cooperation which our work achieves.

Finally, there are several extensions to evolutionary games,
such as direct reciprocity (8, 16) with crosstalks (46), indi-
rect reciprocity (18) in the presence of noise and imperfect

information (47, 48). Our model does not capture these
scenarios. Extending our results to more general models is an
important direction for future work. There are also extensions
of evolutionary games on graphs where every individual interacts
with a subset of neighbors, this area represents Network Exchange
Theory (49). The extensions of our results to such scenarios are
also another possible direction for future work. Finally, there is a
wide simulation-based research in the area of evolutionary games
on graphs, see refs. 50–52. While these works present impressive
numerical results, they do not provide analytical guarantees. In
contrast, our work presents an analytical guarantee for promotion
of cooperation. Exploring our structures, or networks inspired
by our structures with mathematical guarantees, in thorough
simulation-based studies is a practical direction of future work.

Materials and Methods

Here, we sketch the main ideas behind the proofs of the main theorems.
Complete proofs are in SI Appendix.

Randomly Placed Cooperator. In SI Appendix, we show that one randomly
placed cooperator in C(n, d) has a constant fixation probability (that depends
on d). Concretely, we show that for all n, s > 0, � > 1, and all d that satisfies
Eq. 1, we have

�C(C(n, d), � , s) ≥
3

10d3
. [2]

The proof of Eq. 2 requires two statements. The first is that one randomly
placed cooperator spreads over one pair neighborhood (two neighboring big
vertices and all their neighbors) with probability at least

3

5d3
. [3]

The second is that the cooperators that occupy at least one pair neighborhood
are twice as likely to spread to another pair neighborhood than to lose one pair
neighborhood. These two statements prove Eq.2, since when cooperators occupy
at least one pair neighborhood, we can model the number of pair neighborhoods
occupied by cooperators as a Markov Chain with positive bias.

To prove the first statement, we have that the initial cooperator appears in a
big vertex with probability at least

1
d
, [4]
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which is the density of big vertices in the whole graph. Then, with probability at
least

2

d2
, [5]

we have that the big cooperator vertex survives longer than all of itsd−2 support
neighbors. Moreover, the cooperation does not spread to the other big vertex in
the pair neighborhood. The proof of Eq.5 uses the fact that the replacements are
independent events. Looking at a sequence given by the first deaths of support
neighbors of the cooperator and the two big vertices in the pair neighborhood,
we have a permutation of these vertices. All of the permutations have the same
likelihood, which means the permutations where the two big vertices are the
last to die have probability at least 2

d2 .
When the cooperator in the big vertex has at least d− 2 cooperating support

neighbors, with probability at least

3
10

, [6]

the cooperators spread over the whole pair neighborhood.
To prove Eq. 6, we first observe that since the cooperator in the big vertex

has many cooperating neighbors, from Eq. 1, we know that the fitness of this
cooperator is at least e3d6 times higher than of a defector with no cooperating
neighbors. This means the cooperator is able to convert any neighbor to
cooperation with a high probability. Then we construct a Markov Chain, where
the states are configurations of cooperators in the pair neighborhood. We ask
what is the probability that the cooperator in the big vertex spreads over all
neighbors before it is replaced itself. Finally, we compute the probability of
cooperation spreading over the rest of the vertices of the pair neighborhood.

From Eqs.4 to6, we have that one randomly placed cooperator into the graph
C(n, d) full of defectors spreads over one pair neighborhood with probability at
least 3

5d3 (Eq. 3).
Now we show that if h ≥ 1 is the number of pair neighborhoods in C(n, d)

occupied by cooperators and h changes, then it increases with probability at
least

2
3

. [7]

To show Eq. 7, we examine the spread of cooperation between two pair
neighborhoods. One pair neighborhood, denoted A, is occupied by cooperators
and B is initially occupied by defectors. We construct a Markov Chain that shows
the lower bound on the probability that the cooperators claim B. There are five
states in the Markov Chain. State neutral represents the configuration where
cooperators occupy A and defectors B. States success and fail denote that the
cooperators claimed B or lost a big vertex from A (from this, the defectors are
very likely to spread over the whole A). State try denotes a configuration where
in B, there is a big vertex that is a cooperator. State dirty means that both big
vertices in B are defectors, but they have some cooperator neighbors.

From the state neutral, the state can change only when the cooperator in the
bridge is replaced or the big vertex in B is replaced by an opposite type. When
the bridge dies, it is replaced with a high probability with the cooperator from
the neighboring big vertex. When the big vertex in B dies, it has nonnegligible
probability of being replaced by a cooperator from the bridge vertex. The ratio
between these two probabilities is

1
2

esb

esb+esd(b−c)

1
2

esb
esb+esd(b−c)

+ 1
2

es(b−2c)

es(b−2c)+(d−1)e0

≤
1

1 + es(d−1)(b−c)−c
≤

1

e3d6
.

[8]
This means from neutral, we reach try with probability at least 1− 1

e3d6 and fail

with probability at most 1
e3d6 .

From the other states, we compute the probability of reaching fail differently.
We suppose that the bridge vertex between A and B is a defector at every step,
if a cooperator in the big vertex in A is replaced, there is a small probability (at
most 1

e3d3 ) that the defector spreads there.
We compute the probability of reaching fail when we wait until all vertices

die at least once. In the pair neighborhood, there are 2d vertices, the probability

that at least one vertex does not die in the next 8d2 steps is at most

2d ·
(

1−
1

2d

)8d2

≤ 2de−4d . [9]

Within these 8d2 steps, the expected number of deaths of the big vertex in A
is 4d. From the Chernoff bound, the probability that there are more than 4d2

deaths is at most e−2d2
. Within these 4d2 deaths, the probability of the big

vertex being replaced by a defector is at most

2d ·
(

1−
1

2d

)8d2

≤ 2de−4d .4d2
·

1

e3d6
≤

4

e3d4
. [10]

Summing Eqs. 9 and 10, and the failure probability from the Chernoff bound
gives us the upper bound on the probability that the process reaches fail when
every vertex in B is replaced at least once.

4

e3d4
+ 2de−4d + e−2d2

≤
6

e3d4
, [11]

since d ≥ 3.
From try, we have the probability at least

3

5d2
[12]

to reach success. Moreover, after every vertex was replaced at least three times,
the state changes to dirty if it does not reach fail. That means, the probability to
reach fail is three times Eq. 11 and the rest of the probability goes to dirty.

Finally, from dirty, we know that after every vertex is replaced at least once,
the state changes. Either the defectors spread over all support neighbors in B,
or a cooperator occupies a big vertex in B, or fail is reached. From Eq. 11, we
have that fail is reached with probability 6

e3d4 . Even when state try should be
reached we suppose the worst case, that means the remaining probability goes
to neutral.

Now, we compute the probability of reaching fail vs. success from dirty.
We compute the probability for dirty because when cooperators lose a pair
neighborhood, the next state is dirty for the previous pair neighborhood. So
even if we start sometimes from neutral, this is a lower bound. We use Eqs. 8,
11 (multiple times), and 12. Let f be the failure probability

f =
e3d4
− 6

e3d4

(
1

e3d6
+

e3d6
− 1

e3d6

(
18

e3d4
+

(
1−

3

5d2
−

18

e3d4

)
f
))

+
6

e3d4

f ≤
6

e3d4
+

1

e3d6
+

18

e3d4
+

(
1−

3

5d2

)
f

f ≤
10

e3d2
+

5

3e3d3
+

30

e3d2

f ≤
1
3

.

That means if the process leaves to configuration fail or success, it is with
probability 1

3 to fail and with probability 2
3 to success, which proves Eq. 7.

Proof Sketch of Other Results. The probability that one randomly placed
defector on C(n, d) spreads over the whole network is at most

2−
n

2d+2
. [13]

To prove Eq. 13, we know that the defectors can make at most two pair
neighborhoods to reach state dirty as in the proof of Eq. 7. Then, we use
Eq. 7 to bound the probability that defectors claim all pair neighborhoods.
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For all d that satisfies Eq. 1, we have

�C(C(n, d), � , s, p) ≥ 1− 2−
1
5 pn/d

5
. [14]

To prove Eq.14, we show that with probability at leastp, one of the big vertices in
the pair neighborhood is a cooperator at the beginning. This cooperator spreads
over the whole pair neighborhood with probability at least 1

d4 . That means

with high probability, cooperators claim at least 1
4pn/d

5 pair neighborhoods

from the start. Then, we use Eq. 7 to argue about the spread of the cooperators
between pair neighborhoods, which proves Eq. 14.

Data, Materials, and Software Availability. Code for simulations has been
deposited in Zenodo (DOI: https://zenodo.org/records/15373258) (40).
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