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Abstract

In this paper, we review recent results on stability and instability in logarithmic
Sobolev inequalities, with a particular emphasis on strong norms. We consider sev-
eral versions of these inequalities on the Euclidean space, for the Lebesgue and the
Gaussian measures, and discuss their differences in terms of moments and stability.
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1 Introduction

Letd > 1, and let dy = y(z) dz, with v(z) = (27)~%2e~12*/2, be the normalized
Gaussian probability measure. The Gaussian logarithmic Sobolev inequality on R?
reads as

1
a5 [ o og o an M)

for any function v € H' (R, d) such that [vlly2(ge,4) = 1. Moreover, by Jensen’s

inequality, we know that the right-hand side of (1) is non-negative. Throughout the
paper, we will consider only real-valued functions.
If vis a smooth and compactly supported function such that [[v[|; 2 ga 4,y = 1, then

an elementary computation shows that (1) written for v is equivalent for u = v /7y to
the Euclidean logarithmic Sobolev inequality on R?,

1 d
/Rd |Vul|? de > 3 /Rd |u|? log |u|* dz + 1 log (27 e?) )

which, by density, holds for any function u € H'(R% dx) such that
|ull2(rey = 1. However, even if u is smooth and compactly supported, it does

not mean that [y, |ul? log|u|?dz is uniformly bounded from below, whatever

llullfr (re,da) 1s-

On (RY, dx), one can take advantage of scalings. For any A > 0, let us consider
uy(z) = )\d/4u(ﬁx) Vz € RY.
Inequality (2) applied to u) becomes
/ |Vul|? de > i/ lu|? log |u|? dz + A log (27e* A) 3)
Rd 2 Jpa 4\

for any function u € H!(R?, dx) such that [[ul[1,2(gay = 1. After optimizingon A > 0,

we obtain the Euclidean logarithmic Sobolev inequality in scale invariant form;

d 2
/ |Vu|? de > 7T2 € exp (d/ [u|? log |u|? dm) 4)
R R4

for any function u € H'(R?, dz) such that [|ul| 2 gay = 1.

Logarithmic Sobolev inequalities have a long history. The Gaussian logarithmic
Sobolev inequality (1) is due to L. Gross in [1] and its equivalence with (2) is well-
known (see for instance [2, Identity (3)]), while its scale invariant form (4) appeared
in [3, Inequality (2.3)] in dimension d = 1 and in [4, Theorem 2] for any d > 1.
Among carlier related results, one has to quote [5]. We refer to [6, Section 1.3.2]
and also to [7-9] for further background references in information theory and to [2]
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for the equality case, as well as an early stability result. See [10—14] and references
therein for more recent results and [15—18] for related books.

A function achieving equality in a given functional inequality, e.g., (1), is called an
optimal function or an optimiser. We indicate with M the manifold of all optimisers.
Optimality in (1), which can also be deduced from [19], is characterised as follows in
[2]: v is optimal if and only if

veEM:= {vmb =ae’® i qaeR, be Rd}.

The goal of this paper is to review some stability properties of Inequalities (1), (2), (3)
and (4), mostly in strong norms. In the case of (1), the Gaussian deficit is defined by

1 2
5[] ::/ |Vol? dy — 5/ |v|? log <2|U|> dry (35)
Rd R4 ”v”L?(Rd,d'y)

and we aim either at an improved inequality showing that §[v] is bounded from below
by a functional evaluated on v under a constraint (otherwise (1) would not be opti-
mal), or by a distance to the manifold of optimal functions (see Theorem 10).

For Sobolev’s inequality, the issue was raised by H. Brezis and E. Lieb in [20].
Slightly earlier, in [21], P.-L. Lions proved a sequential stability property: a nor-
malized sequence of optimizing functions (w, )nen converges in H' (R?, dz) to an
Aubin-Talenti function via the concentration-compactness method, up to the extrac-
tion of a subsequence (relative compactness) and after taking advantage of the invari-
ances. Soon after [20], G. Bianchi and H. Egnell proved in [22] that for some constant
kq > 0, the deficit associated with Sobolev’s inequality is bounded from below by
rqd(v, M)? where d is the distance induced by H' (R?, dz) and M is the manifold
of the Aubin-Talenti functions. A lower bound on x4 is known from the recent work
[23].

For the logarithmic Sobolev inequality, it is thus natural to ask whether there is a
quantitative stability property for (1), that is, whether there is some x > 0 such that

6[v] > kd(v, M)? Vv e H'(RY dy),

where M is now the manifold of optimal functions for (1) and investigate for which
distance d this stability inequality holds true. Going back to [10, 24], results are know
when d is a Wasserstein distance. A conditional stability result in L2 was obtained in
[25, Proposition 4.7]. The stability inequality is true if d is induced by L?(R%, dv)
according to [23] but it is not true without additional assumptions if d is based on
H' (R, dv) as shown for instance in [14, 26, 27]. We shall give details on known sta-
bility results in Sect. 3 and elaborate on examples of instabilities based on [26, 27] in
Sect. 4, while in Sect. 2 we collect relevant facts on H* spaces, second-order moments,
and entropy functionals. We also emphasize a few differences between (1), (2), (3),
and (4). Second moment estimates play a crucial role in many partial results. We
would like to draw the attention of the reader to a logarithmic uncertainty principle
and its stability (see Sect. 2.3) which seems remarkable.
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2 H! Spaces and Logarithmic Sobolev Inequalities

Let us start by collecting some observations on the differences between the H' spaces
with respect to Lebesgue and Gaussian measures and the consequences for the corre-
sponding forms of the logarithmic Sobolev inequalities on R?. The space H! (R?, dy) is
obtained by the completion of smooth and compactly supported functions with respect

. 2 2
to the norm v — ||v|[1 (g 4y With HUH%p(Rd,dW = Vvllt2ma,gy) + 10llL2 e a5

and it is classical in the study of the logarithmic Sobolev inequality, see, e.g., [17,
Def. 3.1.11].

2.1 Integrability and Averages in the Euclidean Case

The Euclidean logarithmic Sobolev inequality (2) on R% can be written for any
function u € H'(R?, dz) such that [|ul|;2gay = 1. This is not enough to prove that

Jga [u]? log [u]? dz is uniformly bounded from below as shown by the following
examples.

Example 1 Assume that d = 1 and let u be a smooth function on R with compact
support in (0, 1). Let

1
.

u(x + k) (6)
0

Uy 1=

sl-
i

so that [[up |y 2g) = [[ull 2R and [[Vunlp2g) = [Vully 2 g, for any n > 1, while

/]R|un|2 log |un|* do = /R lu|? log |u|? dx — ||u\|iQ(lR) logn - —c0 as n— 4oo.
Example 2 On R?, let us consider the function
_d _a
u(z) = (1+[z*) * (log 2+ [z]?)) * Vaze R
for some a € (1,2). This function is smooth and such that as |z| — 400
2 2 d2 2 —d —a
fof? [Vu(@)? ~ G [u(@)? = 0 (o]~ (log )~ .

[u(@)[? tog [u(@)[* = O (||~ (log )" ) .

One can check that u € H'(R?, dz) is such that
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lim lul? log |ul? dx = — c0.
R—+o0 |I‘<R

It is a natural question to ask under which additional condition on u € H! (R, dz)
one can guarantee that |u|? log |u|? € L*(R?). If this is the case, let us observe that
we can choose A > 0 such that [, [ux|? log |ux|? dz = 0 where uy := A2 u(\') as

/ a2 log [un|? dz = / [uf? log [uf? dz + d log A ]2 g
Rd Rd
uniquely determines . Interestingly, we have a reciprocal result that goes as follows.
Let us consider the Gagliardo-Nirenberg-Sobolev inequality

IVl 2y Nullizteny = Cons(d,p) lullpmsy Vu€ H'(RY dz)  (7)
where 0 = d (p — 2)/(2p) and Cons(d,p) > 0 is the optimal constant. The expo-
nent p is larger than 2, with the additional restriction that p < 2d/(d — 2) if d > 3.

Ifd>3andp =2d/(d — 2), then # = 1 and (7) is the classical Sobolev inequality.

Proposition 1 With this notation and p as above, if u is a smooth and compactly sup-
ported function such that [, |u|? log|u|® dz = 0, then

p
(Il aqaa lulliz )
(p — 2)eCans(d,p)?

/Rd |l log |uf?| d < 4

By density, the result of Proposition 1 also holds in H' (R, dx).

Proof A simple optimization shows that

t2 log t? 2
sup =
t>1 P (p—2)e

for any p > 2. As a consequence with ¢ = |u|, we have

l[ullfp g
- |uf? log [u|? dz = |uf? log |uf? do < 2——22ED
-2
lul<1 Jul>1 (p )e

which completes the proof by using [, | |ul® log [ul?| dz = 2flﬂ|>1 |u|? log |u|? dx
and (7). (Il

We can deduce a criterion of integrability from Proposition 1.

Corollary 2 Ifu € H' (R%, dx) \ {0}, then

(i) either for any sequence (un)nen of smooth and compactly supported functions
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on R such that lim,,_, o (|[Vu — Vun||i2(Rd) + |lu— un\|i2(Rd) ) =0, we

have

n—-+oo

lim / [tn|? log [un|? dz = — oo,
R

(i) or the function u is such that |u|? log |u|* € L*(RY).

Proof 1f (i) does not hold, then one can find a sequence (u,,)nen such that

1 Joa [un]? log|u,|? dz
An = €xp 3 5
||Un||L2(Rd)

converges to some A > 0. It is then clear that u,, = )\;i/ 2 un(m . ) satisfies the
conditions of Proposition 1: [, [tn|? log|t,|* dz =0, while we notice that
Jza |V, |> dz ~ \, Jza |V, |?dz — 0 as n — +oo if A = 0. This contradicts (2)
applied to u,,. As a consequence, we have that ) is a positive real number such that
() nen converges tou = \%/2 u(ﬁ -)inH'(R¢, dz). By Proposition 1 and Fatou’s
lemma, |u|? log |u|? € L(R?) and, as a consequence, |u|? log |u|? € L}(RY). O

2.2 Integrability and Moments. Gaussian and Euclidean Cases

It turns out that a second moment condition is a sufficient condition to guarantee that
|u|? log |u|? € L*(R?). Here is a statement and a proof of this classical result that
apparently goes back to [28, Sec. 7] and [29, 30]. Similar estimates can be found,
e.g., in [31] or [32]. Notice that such bounds are often (see for instance [33, 34], and
earlier references therein: [35-37]) referred to as Shannon s inequality, i.e.,

d 27me |z — 2|2 f(z) dx
—Ad [log fdx < 3 ||fHL1(]Rd) log d fRd 1+2/d ®)

1AL

as stated in [33, Lemma 2.3], where z := [, @ f(2) dz/ || f|l11(gay is the center of
mass. A classical reference is [38], which is (for the concerned part) a reprint of [29, 30].
However, this work is written in the language of the early days of information theory
and it is not easy to rephrase it as above. Notice that the (convex) mathematical entropy
has to be understood as a neg-entropy (i.e, the physical entropy up to a sign). Ineq. (8)
follows from Jensen’s inequality [, f log(f/g)dx > ||f|. ®4) 108 [ fllp maey
applied with

fRd |z — z|? f(x) dx

z—xz|2 1
@) = (Vam)~rdem TmE | A2 = =
d 11l ey
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Proposition 3 If u <€ L?(RY) is smooth, compactly supported with
ullpe gay = 1 such that [y, |u|® log |u|® dv and [y, |o|* |ul?® dx are finite, then
|u|? log|ul? € L (R?) and

d+1
/\W log [ul? |dm</ luf? log [uf? dz + & log( /m lu(z |2dx)+%.

Proof Let f = |ul? if [u| < 1, f = 0 otherwise. Since || || ga) < {2 = 1.
d .
we have — || f[|11 ga) log ||f Hiffﬂéd> < (d+2)/(de). Applying (8) to

/||u|2 log|u|2|dx:/ |u)? 10g|u|2d:cf/ f log f dx
R4 R4 R4

completes the proof using [p. |z — Z|? f(z) do <[5, |@]? f(z) da. O

If v is a smooth and compactly supported function, we already observed in Sect. 1
that (1) written for v is equivalent to (2) written for u = /7 v. However, using an
integration by parts, we can notice that

1 d 2
Vol iy = [ [Fut 5 o] do = IVuluey + 7 [ 1o 1 do = § Tulleey 9)

involves a second moment in x of |u|2. It follows that, for a function v in H*(R%, dv),
the second moment of |v|? is always finite:

d 1
V0l sy + 5 [0y = [ o ol (10)

This fact was already observed in [39, Ineq. (4)]: combined with the Gaussian Poin-
caré inequality, it shows for instance that

/ |z|? jv]2 dy < 2(d+ 1)/ |Vol?dy VveHY(R%dy) such that / vdy =0.
R R R

Inequality (10) cannot hold for an arbitrary function v € H*(R?, dx), as the example
of u,, given by (6) shows: in that case, we have

1
/R 2|2 |un |? dz > = Zk \u||L2(Rd) — 400 as n — 4oo.

By taking (2) into account, we deduce that

d 2 d+1
/ | [ul® log [uf?| dz < 2 ||quiQ(Rd) +3 log <;/ |lz)? |u(z)|? dg;) +21=
R4 R4 €
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for any u € H'(R?, dx) such that [, |#|? |u|? dx is finite and Hu||L2(Rd) =1.

In the Gaussian framework, we have a similar result as in Proposition 3 using fas
in the proof and [, f log f dy > 1fller ®e,ay) 108 1 fllnr ma,ay) = —1/e

Corollary 4 Ifv € H'(R?, dy) is such that ||v| 12 ga. 4y = 1, then [v|* log |v|? is in
L1 (RY, dv) and we have

2

2 2 2
v|“ log |v|*| dy <2 ||Vv + —.
/Rd|| ? log [v]*| dy < 2 [[VVl2 g 4y .

2.3 Improved Inequalities Under Second Moment Conditions

Here we aim at a logarithmic uncertainty principle introduced in [13, Lemma 2] and
recently considered in [40, Proposition 1.1], and related stability results with explicit
constants. Based on ideas of [10, Th. 1.1], [12, 41] and [13, Proposition 1], the fol-
lowing result holds.

Lemma5 Let d > 1. With ¢ defined by

p(t) == % (exp (%j) —1- i;) Vit eR, (11)

we have
2 1 2 2 2 2 d 1 2 2
Lvetar=g [P togtl = ([ Rl e+ -5 [ P lPar)a2)
Rd 2 Rd Rd 2 2 Rd
for any v € H! (RY, dvy) such that vll2 e a0y = 1-
Proof of Lemma 5 Let us give a short proof based on [13]. By (10), we know that

Jpa [2? [0]? dy < 00 If w = v /7 is such that ||| 2gay = [0 2(ga gq) = 1, the
deficit associated to (1) is such that

1
Volrdy— 5 [ 1o log oy
1 2 ]Rd

1 d
:/ |Vu\2d:17+1/ of? uf? dz — &
R R
1 2 2 d 1 2,12
- = ul® log |ul” dz + - log (27) + = ||® |ul|® dx
2 \ e 2 2 S
mde

2 1 d
> exp f/ lu|? log |u|*dz | — f/ lu|® log [u* dz — — log (27 €?)
2 d R4 2 Rd 4

using (9),
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d 1
/ |v]? log |v]? dvy :/ |ul® log |u|* dz +  log (27) + f/ |z|? [u|? dz,
Rd Rd 2 2 Rd
and (4). With

d 1
t::/ of? log [of2 dy + & —/ 2 [of? .,
Rd 2 2 Rd

we have
2 2 d
|ul* log |u|* dz =t — ~ log (2me)
Rd 2

which concludes the proof of (12). O
Lemma 5 can be rewritten in the Euclidean space via the change of variables

)\d/4

v(r) = S—u(VAz) VzeR?
~(2) ( )
as
/ |Vu|? de — 1 lul? log |u|? dx — A log (27e* \)
R 2 A
1 9 9 d
> —p |u|® log |u|* dz 4+ = log (2me ) | .
A R 2
With the choice

1
A= 7/ |z|? |ul? da,
d Jya

if ||uHL2(Rd) = 1, we obtain a stability result for the logarithmic uncertainty principle

d d? 2me?
/ |Vu|2dx/ 2|2 u|? dz — 7/ |u|? log |u|? dz — — log e / |z|? [ul? dz
R4 Rd 2 Rd 4 d R4

d 2
>dy </ lu)? log |u|? dz + = log< ﬂ-e/ |x\2|u\2dm)>
Rd 2 d Rd

which can be found in [40, Proposition 1.1]. This inequality is invariant under scal-
ing. The uncertainty principle, i.e., the fact that the left-hand side is non-negative, is
remarkable as it can be seen as an improvement of the standard Heisenberg uncer-
tainty principle, whose stability has been studied in [42]. The right-hand side deserves
further attention.

For any function v € L2(R%, dz), let us define the relative entropy with respect to
the positive function g € L' (R?) by
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|uf? 2
elulgli= [l 1og (15 o = ey + oo e

and consider the set of all positive Gaussian functions

M |z

My = {g e LYRY) : g(z) == We_

2
Ers Ve Rd}

parametrized by (M, y, \) € (0, +00) x R? x (0, +00). The best matching Gauss-
ian function in M is the function that minimizes g — £[u|g] for a given function u
and it is determined by the following elementary observation.

Lemma 6 For any function u€L®(R? (1+ |z]?)dz) such that
|u|? log|u|? € L1 (R%), we have

oin. Elulg] = Elulgu]

where g, is the Gaussian function with parameters (M, y, \) such that

! z|u(z)|?de  and )\:L/‘ |z — y|? [u(z)]?* dz(13)
Rd

P 2 P gp—
M= ||u||L2(Rd)7 Y= e aM

and, if [0l 2 ey = 1,
d 2
Efulga) = [ 1ol tog uf? dr + 5 log <” [P |u2d:c) .
Rd 2 d  Jra

Proof By convexity, £(u|g) is non-negative and E[u|g] = 0 if and only if |u|? = g.
If g is a Gaussian function with parameters (M, y, \), then

Elulg] = / Jul? Yog fuf? d = [l oy + M = [l log M
+ L 10g @A) NulPagge + = [z — ol Ju(@)?d
5 log(2m ullte ey + 5 Rd:v y|* |u(z)|® dz

and an optimization with respect to (M, y, \) shows the result because the above
right-hand side diverges if M — 04, M — +00, A = 04, A\ = 400, or |y| = +o0.
O

From Lemma 5 and Lemma 6, we recover the result of [40, Proposition 1.1], with
the additional property that the choice (13) of the parameters of the Gaussian g,
minimizes the distance to M, measured in terms of the relative entropy, as follows

1 .
[ovepay=3 [ JoP logloPdy > min ¢ (lulg)) = Elulga)
Rd Rd geEM L
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forany u = v /7 € H'(R?, dx) such that [[ul|2ga) = 1 and [p,  [u]* dz = 0.

Coming back to Inequality (12), we have the following result on the deficit (5),
which was already known from [14, Theorem 1, 1.] with a different proof.

Corollary7 Letd > 1. Letus consider asequence (vy,)nen of functions in H* (R?, d~)
such that ||vp||1 2 (ga 4y = 1 for any n € N. Iflimsup,,_, , o Jga 217 [vg]? dy < d,
thenlim,,_, | o, 0[v,] = Oisequivalenttotheconvergenceof(v,)nentolinH! (R?, dr),
and then we have lim,,_, | o, fRd |z|? v |? dry = d.

With minimal effort, as a consequence of (12), we can also recover the full state-
ment of [14, Theorem 1] which asserts that, for any sequence (v, )nen, such that
lim,,—, 4 0[v,] = 0, the two following properties are equivalent:

(i) v, — 1in HY(R?, dvy) as n — +o0,

(i) limy s 400 [ 2] [vn|* dy = d.

With ¢ defined by (11), we may notice that ¢©”(¢) = (1/d) exp(2t/d) for any
t € R and, as a consequence, ¢ (t) > 1/d if t > 0. Thus,

1 S| 2
> 2 2 e _ 2 2 14
5[v]f2d (/WIUI log [v] dv) +8d(d /Rdlxl |v] dv) (14)

foranyv € H'(R?, dy)suchthat|[v]| 2 (ga 4,y = 1and 3 [2]? [0]* dy < d.Corollary7
is a consequence of (14) under the condition that lim sup,, _, | o, [z [2]? [vn]* dy < d.
Indeed, by using the Csiszar-Kullback-Pinsker inequality

1 2
[ e roglo = 3 ([ 1B -1]an)
R4 R4

for any v € H* (R, dy) such that [v]l1,2(ra,q4) = 1. see [43—45], and the Brezis-Lieb

lemma, see [46, Theorem 2], one can then prove that the above sequence (v, )nen
converges to 1 in HY(R?, dv). See [14] for further details. In fact, one can directly
obtain an explicit stability estimate from (14), which goes as follows.

Corollary 8 Let d > 1. For any v € H! (R?, dv) such that 10llL2 (R, gyy = 1 and

Je

z|? [v|? dy < d, we have

1 d 4
/|WVm2/hﬁmwﬁmz4x@/’wfm)
R4 R4 Rd

with x(s) =1+ s—+1+ 2s.

Proof Withe := [p,|v]? log|v|*dyandi:= [, |Vo|*dv, from (14) we obtain

e2+de—2di<0
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which can be inverted as e < (/d (d + 8i) — d) /2 and shows that

(4i+d—\/m).

| S
i——e
2

N

This completes the proof of Corollary 8. O
In fact, under the assumptions of Corollary 8, instead of using (14), we can
rewrite (12) as

where the last equality defines the concave increasing function ) such that
d 4
P(s) = B log <1+ ;) Vs>0

and obtain

1
Lvepar=5 [k osar ¢ ([ wiran)
R R Rd

for any v € H*(R?, d) such that [vlly2(ga,4y) = 1 and Jga lz|? |v|? dy < d. This is
an improvement of Corollary 8 because

1 d 4s
=5— = > x| — v 0
(o) =5 50 = §x () e (15)
so that & ([pa |Vv|* dy) = 0 if and only if v is constant. Notice that £ is convex and
positive.

As a consequence, in Euclidean variables, we also obtain a stability result for the

logarithmic uncertainty principle in the strongest possible norm, that goes as follows.
If we define the relative Fisher information with respect to the positive function

g € L'(RY) by
i L (3)

and, with y and A given by (13), rewrite Lemma 5 in the Euclidean space via the
change of variables

2
gdx

then we have
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AZlulgu] — 5 Elulga] > o(Elulgn)

Corollary 9 Let d > 1. For any u€ H'(RY) such that lullye ey =1 and
Jga 217 |ul® dz is finite, with y and X given by (13), we have

d d?

/ |Vul? dm/ |z —y|? [u]® dz — = / |u|? log |u|® dz — — log (2me*A) =: 6[u]

Rd Rd 2 R4 4
where §[u] > d o(E[ulgu]) and 5[u] > d &(Zu|g.]) with ¢ and & given respec-
tively by (11) and (15).
The proof is a simple rewriting of the previous computations. In Corollary 9, the
inequalities provide upper estimates of the distances to M using, for instance, the
Csiszar-Kullback-Pinsker inequality.
3 Stability

3.1 Optimal Constants and Optimal Functions

Inequalities (1), (2), (3) and (4) can be rewritten for functions u € H!(R?, dz) and
v € HY(R?, dry) respectively as

2
Jaa \V01P dy 2 5 fou 0] log | optt— ) dv, (16a)
1012 gd an)
u 2
Jua IVl do > & [ Jul® log (ﬂ') do 4§ log (27¢?) [ulits e -
12D (16b)
Jga IVul? dz > 55 [oa lul? log <7||uu32 - ) dz + % log (2m e \) |[ull?sge) »
FE (16¢c)

fRd |Vu|2 dx > ﬂéie HUHiQ(Rd) exp (% fRd Hu‘l‘?l log (Huu‘gl ) di’) s
(16d)

L2(rd) L2(rd)

without any normalization in either L2(R%, dz) nor L?(R%, dv). These inequalities
are written with optimal constants as can be checked using v (x) = 1 + ez - v in the
limit as € — 0 for any given v € S?1 in case of (1), u = /7 in case of (2) and (4),
and v = A4 ~1/2(./\/)) in case of (3). The next issue is to identify all optimal func-
tions. The first explicit result for (1) is due to E. Carlen in [2], although the carré du
champ method of D. Bakry and M. Emery in [19] applies: we refer to [47] for more
detailed explanations. Since (16a), (16b), (16¢) and (16d) are equivalent for smooth
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and sufficiently decreasing functions as explained in Sect. 1, cases of equality can be
reduced to optimality for any of these inequalities.

Theorem 10

(1) A function v is optimal in (16a) if and only if v(x) = v () = ae?, for any
a € Randb € RY

(2) A function u is optimal in (16b) if and only if u(x) = uqp() == a e~ lz=b*/2)
forany a € R and b € R<.

(3) Forany fixed A > 0, a function u is optimal in (16¢) if and only if
w(z) = ugpa(x) := ae 1=V /@N foranya € R and b € RY

(4) A function u is optimal in (16d) if and only if
w(z) = ugpa(x) = ae~lz=bl*/(2 N, forany a € R, b € R, and \ > 0.

Cases 1) and 2) were explicitly established by E. Carlen in [2, Theorem 4]. Alter-
natively, we give a proof based on the carré du champ method of [19], which directly
shows Case 4) and has been used in this context only in [7]. Here we use the pressure
variable in the computations, as for instance in [47].

Proof Let us give a sketch of a proof based on the Rényi entropy power computation.
Here we work at formal level and refer to [7] for the origin of this method. Assume
that p = |u|? = eF solves the heat equation

Op

9t =Ap=V-(pVP) 17

so that the pressure variable P = log p and u > 0 respectively solve

oP

ou Vul?
ot '

= AP+ |VP*> and i Au +

Further assuming that the function u is smooth and rapidly decaying as |z| — 400, a
straightforward computation shows that the entropy decays according to

d
— plogpdx:f/ p|VP|2dx:f4/ |Vul|? de
dt Jga R4 R

while the Fisher information obeys to

2
/ \Vu\de—fQ/ Au<A +‘VU|>

2
= — 2/ (|Hessu||2 —2Hessu : Vu© Vu + [Vu® Vul )d
R4

u u?
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where A : B = Z;i j—1 @iz bij denotes the standard contraction of matrices 4 and B

and ||A|?> = A: A. Using P = 2 logu, u VP = 2V,

Vu® Vu
2

_l9povr and Hessu— Y <HessP+ 1VP®VP> ,
U 4 2 2

we conclude that

d 1
— [ |Vu]*dx = — 7/ p || Hess P2 d.
dt Rd 2 Rd
By conservation of mass, we can assume that [|p(t, )|/ ga) = ||“||i2(Rd) =1 for

any t > 0 if p solves (17), so that

2 d 2
exp (d /]de logpdx) 7 (/Rd |Vul? dz exp <_d/de logpdx)>

2
1 1
== Hess P||? da + — P|?d
;[ pmesspPass oo ([ poppac)
1 1 ) 2
=—— [ p|HessP—= [ p|VP|*dx1d| duz.
2 Rd d Rd

These computations can be justified using approximations based on smooth and com-
pactly supported initial data p(0, -), for which p(t, -) is uniformly-log-concave, thus
fast-decaying at infinity as well as its derivatives (as they are also solving the heat
equation with smooth and compactly-supported initial data). Now let us consider an
optimizer u, which can be taken positive without loss of generality, and take it as an
initial datum in the above computations. We obtain that

1
/pHHeSSP—/ p|VP|? dz1d
Rd d Rd

ie, P=2logu=al|r—x9|>+ 3 for some constants o and 3 and for some
zo € RY. Since (16a), (16b), (16¢) and (16d) share the same optimizers up to obvious
transformations, this completes the sketch of the proof of Theorem 10. O

2
der =0,

3.2 Stability Results in the Gaussian Setting

3.2.1 Improved Inequalities

A first improvement of (1) has been formulated in [2] by E. Carlen, in terms of
the Wiener transform W and the Beckner-Hirschman inequality (see [48, 49, Sec-

tion IV.3], with sharp constant due to I. Biatynicki-Birula and J. Mycielski in [50],
and Beckner in [49]), which is also known as the entropic uncertainty principle,
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1
3[v] > §/Rd Wl log Wol? dy,  [[vllp2qga.ar = 1.

Under a non-negativity assumption, E. Carlen proved that the right-hand side in the
above inequality is non-negative and vanishes if and only if v € M. According to
Theorem 10, the set M of optimisers is made of the functions v, () := ae’® for
any a € R and b € R? (recall that we are considering real valued functions only).
The method relies first on Cramér’s convolution result in [51], proving the result for
non-negative functions. Then, in [2, p. 198], the technique is extended to signed func-
tions. It points in the direction of the entropic uncertainty principle, complex-valued
functions and the Fourier transform. See for instance the results of [52] and the L2
conditional stability result of [25, Corollary 4.7].

Another direct improvement of (1) can be obtained using the carré du champ
method of [19], which we sketch briefly. With respect to ~, let us define the relative

Fisher information and the relative entropy functionals by Z[v] = HV’UHig(Rd’ i) and
EW] = [ga [v]? log [v]* dv, for v € H'(RY, dv) such that [|v]|y2(pa 4,y = 1. Next,

assume that |w|? solves the Ornstein-Uhlenbeck equation so that w = w(t, x) is the
solution of

2
dw _ +%_JC.W, w(t =0,) = v. (18)

W _A
ot v

According, for instance, to [47, Section 2.2], it holds true that

%5[10(@.)} = —4T[w(t, ")), %z[w(t,ﬂ +27w(t, )] = 72/Rd |[Hess P||* [w|? dv,(19)

where P = 2 log w is the pressure variable as in Sect. 3.1. Integrating on (0, 00), (19)
implies

ofv] > /000 Rlw(t,-)]dt where Rw]:= 2/]1@ HHessPH2 |w|2 dvy, (20)

where R vanishes if and only if v is an optimiser of (1). Additional information can
be extracted from R, for some classes of functions v as we shall see next.

3.2.2 Functions with asymptotic exponential or Gaussian behaviour

If the measure |v|? dv satisfies the Poincaré inequality

/\V¢|2|v\2d7201>/ ‘¢>—/ o0 dy
]Rd ]Rd Rd,

for some positive constant C'p and if w solves (18) with initial datum w(t = 0, ) = v,
the same holds true for the measure |w(t, -)|? dy for all t > 0, with Cp(0) = Cp and

2
v?dy V¢e CPRY) (1)
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Cp
Cp+(1-Cp)e2t

Cp(t) =
In addition, if v is centered, i.e., fRd x|v]?dy =0, then P(t,-) = 2 log w(t, -) is such

that [, VP(t,-) |w(t,-)|* dy = 0, and by the above Poincaré inequality with con-
stant Cp(t) applied to OP/Jx; for each i = 1, 2,...d, we obtain

Rl )] = Cr(t) || [VP( ho(t. )P dy = Cr() Tlul

n [11], this argument allows M. Fathi, E. Indrei, and M. Ledoux to prove that

C% —-Cp—CplogC
ole) > /RJW'QC”

for all centered functions v satisfying (21).

The result of [11] can be generalised as follows. Let us call V the space of centered
functions v such that v admits (21) for some positive constant C'p. The flow (18) pre-
serves V. In addition, assume that for some T € (0, c0), the solution w(t, -) to (18)
with initial datum v belongs to V att = T, hence, for any ¢ > T'. Then we obtain

o7 C% —Cp—CplogC
Sfv] > e 2T =L (1P_ C}SQ P /Rd |Vo|? dy

using the backwards-in-time estimate of [47] and the result of [11]. The existence of
such a finite T'is granted if v is a compactly supported function. In [53], Chen, Chewi,
and Niles-Weed provide a more general sufficient condition: if for some ¢ > 0 and
C>0,

// 2)? Jo(y) 2 el y(z) da y(y) dy < C, (22)
Rded

then the solution w(t, -) to (18) has the property for an explicit 7' > 0 depending on &
and C but not on the dimension d. Note that the Gaussian-tail condition (22) cannot
be created along the flow (18), see [54], without additional assumptions. As a result,
proved in [47], there is an explicit constant ¢ = ¢(e, C) such that

ov] > c/ |Vo|? dy
Rd

under Condition (22).
It is currently an open question to decide whether 7T is finite for a function
v € H'(R?, dv) under the more natural assumption [y, |v|? e’ 2l 4y < oo for some

6 > 0, which is weaker than Condition (22). For functions with a finite exponential
moment, there are stability results based on a weaker notion of distance. See [10, 24]
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and [55, ineq. (33)]. If |v|? can be written in the form |v|?> = e =" dry for & such that
—1+4¢e < Hessh < M for some ¢ > 0, then

0[v] > B(e, M) W3 (Jv|? dz, )

where Wy is the 2-Wasserstein distance, see [24, Theorem 1.1]. For a more recent
insight upon the relation between log-Hessian bounds, the Ornstein—Uhlenbeck flow,
and the stability of (1), we refer to [56].

Finally, we notice that all results in this section are optimal with respect to the
exponent of the distance, which is sometimes referred in the literature as sharp quali-
tative stability.

3.2.3 Functions with Finite Second Moment

Another possible way to exploit the improvement (20) is described below, for func-
tions v such that [, x [v[*dy =0 and [, |z|* |v|? dy < d. The resulting estimate
has been written in [ 13] using the comparison of (1) and (4), when the second moment
is exactly [p. |z|? [v|*> dy = d. Otherwise, we attribute the result and the correspond-
ing proof to [10], even though the key-estimate appears in [7] as well.

Going back to (20), using the Cauchy—Schwarz and the arithmetic—geometric
inequalities as in [47, proof of Lemma 3], we can write

Ru(t, )= 5 [ () |w|2d7>2 =2 (] w%)z,

where the last estimate is achieved using the condition on the second moment. By
solving the differential inequality obtained from (19) for t € R, we find

Sv] > ¢ (/Rd |V112d7> ,  where &(s):=s-— g log <1+ 28) Vs>0

is defined as in (15). This provides an alternative proof to the results of Sect. 2.3.
For s — 0, we notice that £(s) = 2 s?/d + o(s?), which means that the extra term
we found is of the order of \|Vv\|i2(Rd7d,y) for [[V|[12(ra, 4,y small, as in Corol-
lary 8. In Sect. 3.2.2, we found a remainder term of order 2. Identifying the minimal
conditions for the existence of a positive constant 3 such that 6[v] > 3 [o. [Vo|* dv,
for centered functions v with [, ||* [v]? dy < d, is however still an open question.
As discussed in Sect. 2.3, the condition [, || [v|? dy < d is sufficient for local

stability results for (1) around constant functions. This is also true in weaker dis-
tances such as as Wy. On the other hand, an improvement of (1) for functions |v|?
with arbitrarily large but finite second order moment holds in two known cases. As
found out by E. Indrei:

e In[14, Theorem 1(2)], it is shown that, for all b > 0, there exists a constant 5 > 0,
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such that, for all centered functions v € L2(R¢, dv) such that [, |z[* [v|* dy < b,

o] = 11 g < B (3T0] + 8T0]2)

e Stability in W1 (R, dv) is proved in [57, Theorem 1.1], in dimension d = 1. For
all a > 0, there exist > 0 such that for all non-negative, normalized and cen-
tered functions v € H' (R, dv) with [,, |z|* |v]* dy < a, it holds

10 = 1l gy < @ (872[0] + 64701

Whether the exponents in these last two results are optimal and how they can be
extended to d > 1 in the second case, according to [57], are open questions.

3.2.4 Stability in L2 Without Moment Bounds

We refer to [27, 58] for a review on stability results in L”-norms, which still leaves
some open questions like, for instance, the question of optimal exponents in the sta-
bility estimates. Stability in L2-norm was an open problem until recently. In [23, 59],
J. Dolbeault, M. Esteban, A. Figalli, R. Frank, and M. Loss construct an explicit,
positive, dimension-free constant 3 such that

Vo e H'(RYdy), O] 2 8 inf v —vaplliemeay) )

where M and v, are defined in Sect. 3.2.1. The exponent in the right-hand side
of (23) is optimal (see for instance [14, Theorem 2]) for homogeneity reasons. In [14,
Theorem 1], the author also studies the stability in H* (R, dv) along sequences of
functions, depending on their moments.

Even though (23) can be proved directly (see [59]), an interesting feature of this
estimate is that is can be recovered as a large-dimensional limit of the constructive
stability estimate of Sobolev’s inequality on the sphere, according to [23]. The strik-
ing optimality of the constant 1/2 in (1), regardless of the topological dimension d
of the space, means that (1) can be interpreted as an infinite-dimensional inequality
in terms of the modern theory of metric measure spaces and synthetic curvature-
dimension conditions: we refer to the work of L. Ambrosio, N. Gigli, and G. Savaré
[60] for further details. However, the heuristics that the Gaussian measure behaves
similarly to the unitary measure on a very large-dimensional sphere is present in
mathematics since the XIXth century, at least, and we refer to [61] for a complete
historical account. For completeness, let us review next a few recent results of stabil-
ity of functional inequalities on the sphere, that are related with (1).

3.2.5 Interpolation Inequalities on the Sphere

One feature of (1) is the criticality, a concept related to maximal embeddings of
Orlicz spaces studied for instance by A. Cianchi and L. Pick in [62]. We specialise
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this notion to the particular case, of Beckner’s Gaussian interpolation inequalities
introduced in [63]. For all p € [1,2) and all v € H!(R%, d), the following inequal-
ity holds

1

2 2 2
IVolltea gy — 57— (IvllL2®a,dy) = IVITe®e,dy) ) = 0- (24)
2—-p

Inequality (1) represents the critical upper endpoint as p T 2. Note that forp = 1, we
recover the Gaussian Poincaré inequality.

On the n-dimensional unit sphere S”, we have a similar family of interpo-
lation inequalities, due to [64, 65], and obtained independently later in [66].
Those are a family of Gagliardo—Nirenberg—Sobolev inequalities, defined by a
parameter p € [1,2) U (2,2*], where 2* =2n/(n —2), for n >3, and for any
p € [1,2) U(2,400)if n = 1 or 2, which interpolates between the Poincaré inequal-
ity (p = 1), and the critical Sobolev inequality (p = 2*) if n > 3. Under these condi-
tions, for all F € H'(S™, du,, ), where dp,, denotes the uniform probability measure
on S™, we have

d .
A IVE dpy, — P (HFHiP(S",dpn) - ||F“i2(8",dpn)) >0 if  p#2(25)

and for the limit case p = 2, the (subcritical) logarithmic Sobolev inequality

2 F|?
/ \VF|? dp, — = / |F|? log (") dpin, > 0. (26)
sn d Jsn 1F L2 (s dpun)

Inequality (25) can be proved via the entropy method, using nonlinear diffusion
flows. The interested reader may refer to [67—70], and [71-73], where further com-
putations for the heat equation and the Fisher information on Riemannian manifolds
are also carried out.

It turns out that for all v € H'(R?, dv), the sequence of functions (F},),cn of
functions of H*(S™, dp,,) such that

Fn(w17w27"'wd7wd+l ...OJn+1) =v ((AH/\/’E,WQ/\/’E,...,Wd/\/ﬁ)

satisfies

n—oo

. d
lim ( o ‘VFn|2 dﬂn - P — 2 (HFTIH%,Pn(S",d;Ln) - ||Fn||%,2(S",du")>>
2 1 2 2
= IVl g0y ~ 5= (00wt~ Wl o)
if (pn)nen 1is a sequence of exponents in [1,2)U(2,2*) such that

lim, 0o prn = p € [1,2), see [74]. The case p, =2* =2n/(n—2) > p=2 as
n — +oo is covered in [23, 59]. Heuristically, the function v has to be seen as the
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stereographic projection of a d-marginal of F;, for any n > d, large enough, if we
assume for instance that v is compactly supported. See [74] for a detailed statement.

e Forp = 2*,(25)isthecritical SobolevinequalityonS™andtheoptimisersaregivenby
the Aubin—Talenti manifold M madeofthe functions G'(z) = ¢ (1 + b - )~ (7=2)/2
such that ¢ € R and b € R with |b| < 1. There is a well known stability result
which follows from [22] using an inverse stereographic projection and shows
that the deficit in (25) if p = 2* is bounded from below, up to a constant, by
d*(F,G) := infaem (IVF = VGlEagn ap) + 75 IIF = GllE2 (0 gp,)- The
main result of [59] is the fact that the stability constant is bounded from below by
B/n, with § as in (23), and that the dimensional dependence is sharp. In fact (23)
is obtained in [59] by taking the limit as n — +o00, after a rescaling by /n.

e For p € (1,2%) the stability issue for the subcritical family of inequalities (25)
and (26) has been completely solved in [75, 76], with the caveat that the stabil-
ity term degenerates on a n-dimensional subspace. Analogous stability estimates
have been established for the subcritical family (24) in [74].

3.2.6 The Euclidean Case

Let us briefly observe that (1) and (2) are equivalent, up to the issue that the two
inequalities are formulated in two different spaces (and there is a cancellation of
the second moments in proving the Euclidean form from the Gaussian form of the
inequality, as already remarked in [2]). However, by density, the stability result (23)
translates into an analogous estimate for (2): see for instance [23, Corollary 4.4].

4 Examples of Instability

In this last section we collect some observations on counter-examples in various
norms.

4.1 Known Counter-Examples

The first observation of instability of §[v] with respect to the Wasserstein distance W
appears in [24]. The authors note that if such a stability estimate held for all functions,
it would imply an improvement of the optimal constant in the logarithmic Sobolev
inequality in the form (1), a contradiction. The first explicit counter-example was
later constructed in [26] (and later in [58]): there is a sequence (vy, ), en for which

. o . 2 2 .. _ 2
nh—>Holo 0[vn] =0, hnrr_lgoréfWQ(\vn\ dz,dy) >0 and hnrrigéfﬂvn 1HL2(Rd) > 0.

The results presented in [58] and the simplified version in [77] are primarily based
on the observation that one can construct minimizing sequences for (1), for which the
second moment becomes arbitrarily large. Crucially, the deficit §[v] is insensitive to
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the second moment, an insight made precise through a computation by E. Carlen in
[2], whereas the W distance is highly sensitive to it.

The H! instability of (1) was pointed out by E. Indrei in [14]. The author also
clarified the role of moments (see Corollary 7) by constructing a sequence (v, )nen
such that

. o 2
nh_)rr;o 0[vp]) =0 and hnIr_l)loréf ”VUHHL?(W,d»y) = +o0.

4.2 A Counter-Example to H! Stability

Here we prove that the examples constructed in [27, 58] also provide an example of
instability in the H' (R¢, dx)-distance. We recall that M denotes the set of optimisers
of (1) defined in Sect. 3.2.1.

Proposition 11 Let d > 1. For all a > 0, there exists a sequence (v,)nen of func-
tions in HY (R%, d) such that ||v,||12(r,dy) = 1 and

/ zlv,|*dy =0, lim / |z|? |vn|? dy = d+a, (27a)
R4 n—00 Rd
1
lim 6[v,] = lim (/ |V, |2 dy — f/ |vn|? log (|vn|2) dfy) =0,
n—00 n—oo \ Jga 2 Jpa (27b)

lim inf

. 2 a
1 111 wlél./f\‘/t ||Vw — vvn”Lz(Rd_’d,y) 2 Z > 0 . (270)

Proof of Proposition 11 We notice that it is sufficient to find such a sequence in dimen-
sion d = 1, as in higher dimensions one can consider a sum of functions depending
only on one coordinate. We use a construction inspired by [58, Lemma 1.7]. Let us
consider (g, )nen defined for any = € R by

1 if |z < 5 - 55,
en 1 n
gn(2) = wn(|x\3m o TS 2] < 3, (28)
Ene 2 a4 iffz[ > 3§,

where (g, )nen is a sequence such that lim,, ,o, 2&,n% = a, and 1, is a cut-
off function such that t, (% —5-)=1 and ¢, (%)= \E,. We finally set

2n
Vn,a = 9n/llgnllL2(R,dv). By construction, we have that f]Rd |vn|?dy =1, and

Jga 2 |vn]? dy = 0 since vy, () = v, (—x). By symmetry we also have that

n

12

1 3o 2 > n
5 ||gn\|iQ<R’dw) :/o ~(z) dx+/ [ ()2 y(z) dz + &, ﬁ ena—1- v(z) dz(29)

n

-
27 2n 2
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and

n_ 1 0
27 2n 9 9 1 n 1
" dx = . dr = = —® [ —— + —
/0 |gn|” () dz / N |gn|® v (x) dz 5 ( 5 5,

_ny 1
27T 32n

where ® is the normal cumulative function ®(x) := [*_ ~(z)dz. By completing
the square, we find that

/Ooe"w—#d —/Ooe—i"’z"ﬁ dz —/Ooe—% ds —1—@(_9) 30
z 7 z V2m -2 V2m 2 30)

By combining (29) and (30), we find

HgnH%Q(R,d'y) =1+2¢, +o(e}).

This relies on

using |¢,| < 1, and

5-an 0 1 n 1 1
dr = dp == —® | ——1+ — ) =2 2y,
[T @ [ a@a=goe (G = red

A similar computation also shows that

/‘37|2|Un|2d7=1+2€nn2+28n+0(5n)—>1+a as  n — 0o,
R

which completes the proof of (27a). From the definition (28) we find that

192 g ) = T ( [ @ a1 (—3))>

2
||g7l||L2(R,d’y) 2 " %n

and E[vn] = [ga [vn|? log |vn|? dy is estimated by

2 5
Elon) = T —— ( / [n ()] log [1on (x)]* dy
lon g \Jy o
1
+ en <10g€n + §n2> (1 - (—%)) —nepy (,g))
- 2571 + 0(671) s
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so that

1

Slvn] = (en|logen| + o(en)) + en + o(en),

ll9n Hi’z(]}g,dy)

which yields (27b). To prove (27¢), let us establish that

2

EnMN n a
inf |jv], — w'|}2 2n7<1—¢>(—7))—>7>0 as n — oo.
wer 10n L2(R,d~) 9 ||g”||i2(]R,d'y) 2 4
s 2
Let we M: there exists b and c€R such that w=ce= 5. Then
x 2 . . .
w'(z) =cb 'z~ T, and we distinguish three cases:
eIfbc=0,thenw’ =0, so
0o 2
9 9 EnN n
o= ageay = [ ooy = S (1= (=5)).
3 InllLe ®,dv)
e Assume now that b ¢ < 0. For x > n/2 we have that
nE nx ’VL2 €T 2 €T 2
vl (z) —w'(x) n B _pee T :1)7’1(:E)—|—|bc|ebT*bT7

=———¢
2|gnllvz®,ay)

that is, for # > n/2, the functions v/, and |bc| ez

both positive. As a consequence, we have

b2 .
7 have the same sign and are

0o 2
En N n
It = 0 oy = [ W@y = 52— (1- 2 (-3)).
L2(R,dy) 2 2 ||gn||i2(R7d7) 2

This lower bound is uniform in 5 and c. We take the infimum in ||v;, — w’'|| 2(R,dy)
and obtain the sought inequality.

e The case bc > 0 can be dealt similarly to the case b¢ < 0 but in the interval
(=00, —n/2). O
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