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Paucity of rational points
on fibrations with multiple fibres

Tim Browning, Julian Lyczak and Arne Smeets

Given a family of varieties over the projective line, we study the density of fibres that are everywhere
locally soluble in the case that components of higher multiplicity are allowed. We use log geometry to
formulate a new sparsity criterion for the existence of everywhere locally soluble fibres and formulate new
conjectures that generalise previous work of Loughran and Smeets. These conjectures involve geometric
invariants of the associated multiplicity orbifolds on the base of the fibration in the spirit of Campana. We
give evidence for the conjectures by providing an assortment of bounds using Chebotarev’s theorem and
sieve methods, with most of the evidence involving upper bounds.
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1. Introduction

Let X be a smooth, proper, geometrically irreducible variety over Q, which is equipped with a dominant
morphism 7 : X — P! with geometrically integral generic fibre. We shall refer to such fibrations as
standard. The focus of this article is on situations where multiple fibres are present. Work of Colliot-
Thélene, Skorobogatov and Swinnerton-Dyer [Colliot-Thélene et al. 1997] shows that the set X (Q) of
(Q-rational points on X is not Zariski dense when there are at least 5 geometric double fibres. Our goal is
to put this kind of result on a quantitative footing by analysing the simpler question of solubility over the
ring of adeles Ag. Let

Nioe(, H, B) =#{x e P/ (Q) N7(X(Ag)) : H(x) < B}, (1-1)
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where H is a height function on P'(Q). In general, we will need to allow the height H to be any adelic
height on a line bundle &'(d). However, most of the time we shall use an ¢'(1)-height. In this case we will

simply write Nioc(r, H, B) = Nioc(7r, B). Usually we will take the naive height H (x) = max{|xo|, |x1|}

2

if x € P1(Q) is represented by a vector x = (xg, x) € Zprim,

in which case it is easy to prove that

2
#HxeP'(Q):Hx)<B}~——B? asB— oo.

£(2)
Loughran and Smeets [2016] have shown that
2
Nioe (7, B) K W (1-2)

for a certain exponent A () > 0 that is defined in terms of the data of the fibration. (Here, as throughout
our work, all implied constants are allowed to depend on the fibration 7.) Roughly speaking, the size
of A(rr) is determined by the number of nonsplit fibres of , thereby lending credence to a philosophy
put forward by Serre [1990] and further developed by Loughran [2018]. In [Loughran and Smeets 2016,
Conjecture 1.6] it is conjectured that the upper bound (1-2) is sharp provided that the fibre of & over
every closed point of P! has an irreducible component of multiplicity 1. (In fact, [Loughran and Smeets
2016] works over arbitrary number fields k£ and concerns fibrations X — P over projective space of
arbitrary dimension, but we shall restrict to k = Q and n = 1 in our work.) Our goal is to explore what
happens to N, (;r, B) when the assumption about components of multiplicity 1 is violated.

There are relatively few examples in the number theory literature that feature standard fibrations with
multiple fibres. When the generic fibre of 7 is rationally connected, it follows from work of Graber,
Harris and Starr [Graber et al. 2003] that every fibre contains a geometrically integral component of
multiplicity 1. In particular, when dim X = 2, we must look to fibrations over P! into curves of positive
genus to find examples with multiple fibres. Let c, d, f € Q[¢] be nonzero polynomials such that f is
square-free of even degree and such that f and ¢ — d are coprime. Let  : X — P! be a smooth, proper
model of the affine variety cut out by the pair of equations

XF—ct)y=f@)y: x*—dt)= f)% (1-3)

Then it follows from [Colliot-Thélene et al. 1997, Proposition 4.1] that all the fibres of = over the zeros
of f are double fibres and that the generic fibre is a geometrically integral curve whose projective model
is isomorphic to a curve of genus 1. When deg( f) > 6, as pointed out in [Loughran and Matthiesen 2024,
Theorem 1.4], the argument of [Colliot-Thélene et al. 1997, Corollary 2.2] implies that Ny (7r, B) = O(1).
Further examples involving genus-2 fibrations over P! have been worked out in [Stoppino 2011].

In the spirit of [Campana 2005], our approach to this problem comes from relating the arithmetic of
7 : X — P! to the arithmetic of the orbifold base (P!, 3,,) for a certain Q-divisor 9y, in the sense of
Definition 4.6. For each closed point D € (P')("), we let mp > 1 denote the minimum multiplicity of the
irreducible components of 77 ! (D). We will call the fibre over D multiple if mp > 1. We emphasise that
we have not defined the multiplicity of a fibre as the greatest common divisor of the multiplicities of its
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components, as is common in some applications, but rather as the minimum. Then we may define

o= Y (1—mLD)[D]. (1-4)

De(PhH®D
With this notation, we make the following conjecture.

Conjecture 1.1. Let 7 : X — P! be a standard fibration such that the Q-divisor —(Kpi + 9;) is ample.
Then
Nige(m, B) = 0€(B2_d5g3n+£)

for any ¢ > 0.

Note that —deg(Kpi + d;) =2 —deg d;. Hence —(Kp1 4 9,) is ample if and only if deg 9, < 2. The
main feature of Conjecture 1.1 is that we expect Njoc(7r, B) to be much smaller in the presence of multiple
fibres. Our remaining results give evidence towards this, as well as a proposal about the replacement
of B? by an explicit nonpositive power of log B.

In the case that deg 9, > 2, the Mordell orbifold conjecture shows that the rational points of X can only
lie in finitely many fibres of 7. This conjecture follows from the abc-conjecture, as shown by Smeets
[2017]. Examples where the conclusion can be proven unconditionally are found in [Colliot-Théléne et al.
1997]. It remains unclear what can be said generally about the number of everywhere locally soluble
fibres in this situation. In the intermediate case deg 0, = 2, very little is known about the number of
soluble or everywhere locally soluble fibres.

1.1. Upper bounds. For each closed point D € (P1)(V| let S, be the set of geometrically irreducible
components of 7 ~! (D) of multiplicity m p, and let k (D) be the residue field. For any number field N/Q,

we write ) )
#{o € I'p,ny : o acts with a fixed point on Sp}

#I'p N

Sp.n () = , 1-5)

where I'p  is a finite group through which the action of Gal(N /N) on Sp factors. (We take 6p y(7) =0
when no such components exist.) Note that

0<épn(m) <1 (1-6)

Moreover, we shall write 6p (1) = ép «(p)(7). When 7~1(D) has components of multiplicity 1, this
agrees with the definition given in [Loughran and Smeets 2016, (1.4)]. A natural analogue of the exponent
appearing in [Loughran and Smeets 2016, Theorem 1.2] is then

A(r) = Z (1 =ép(m)), -7
De(®H®D
which agrees with the exponent appearing in (1-2) whenever 7 ~! (D) contains a multiplicity-1 component
for every D € (PH(,
The following upper bound treats the case of one multiple fibre above a degree-1 point of P! and is
consistent with Conjecture 1.1.
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Theorem 1.2. Let v : X — P! be a standard fibration with a unique multiple fibre at 0. Then
2—deg 0,

Nioc(m, B) K W,

where A(r) is given by (1-7).

It is tempting to suppose that the same estimate continues to hold when there is more than one closed
point of P! above which multiple fibres exist. However, in Theorem 7.1, we shall illustrate that a smaller
exponent than A(;r) is sometimes necessary.

Let 7w : X — P! be a standard fibration, and let D € (P')(", which we suppose is defined by an irreducible
binary form g € Q[x, y]. Assume first that g(1, 0) = 0. Then the residue field is « (D) = Q[x]/(g(x, 1)).
Moreover, for any d € N and any v € @, let h(x) = KD (x)¢ ... hP)(x)® be the factorisation of
h(x) = g(x?, v) into distinct irreducible polynomial 2)(x). We define Ng3 00 = QLx1/(h D (x)) and

1
Npaw=Np)y % x N3 . (1-8)

For typical v this forms a number field of degree deg(g) + d, but in general an étale algebra of possibly

lower degree is formed since & need not be irreducible nor separable. It still remains to deal with the case

g(1,0) = 0. But then D = oo and we apply the same construction to the polynomial g(1, vy?) € Q[y].
We may now define

SD
O = Y Y (1=5,yn (1) (1-9)
De®HM k=l o

in the notation of (1-5). Our main upper bound is as follows.

Theorem 1.3. Let 7 : X — P! be a standard fibration with multiple fibres at 0 and oo and nowhere else.

Let d = ged(mg, mo). Then
BQ—deg Or

Nioe (T, B) K (log B)minue@X/QX‘d Ou(m)

It will be convenient to put

O@r)= min O,(w). (1-10)
ve@x/@x.d

Let us first note that ® (1) > 0 by (1-6). Secondly, A(r) and ® () can be different; in Theorem 7.1 we
will see an example with ®(;7) =0 but A(;r) = 1. However, we will see that

O(m)=A@r) if ged(mgy, mso) = 1. (1-11)
The following result shows that there are only finitely many values that ®,(;r) can take.

Proposition 1.4. Let 7 : X — P! be a standard fibration, and let D € (P1)(V. Let E be the field of
definition of the elements of Sp, and let N /Q be a number field. Then §p n(7t) = 8 ynpgnoma (), where

Ero™al i the normal closure of E.
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As we have seen, our understanding of Njo. (7, B) is inexorably linked to the arithmetic of the orbifold
base (P!, 3;). The study of rational points on orbifolds is the focus of work by Pieropan, Smeets, Tanimoto
and Vdrilly-Alvarado [Pieropan et al. 2021], which offers a far-reaching conjectural asymptotic formula
for any orbifold (Y, ) with Q-ample divisor —(Ky + d). Pieropan and Schindler [2024] have verified
many cases of the conjecture when Y is a split toric variety over Q. Their work covers the orbifolds that
arise in the proof of Theorems 1.2 and 1.3 and would yield the upper bound Njo (7, B) = O (B>~%€0),
In order to achieve the desired nonpositive powers of log B, we need to incorporate extra Chebotarev-type
conditions that arise when counting locally soluble fibres.

The proofs of Theorems 1.2 and 1.3 are based on the large sieve and will be carried out in Section 6. A
crucial ingredient will be a sparsity criterion, which gives explicit control over which fibres are everywhere
locally soluble. This criterion will be proved in Section 5 using log geometry and may be of independent
interest.

The condition deg 3, < 2 restricts us to only considering fibrations over P! with at most three multiple
fibres, and the multiplicities of these fibres cannot be too large. Extending Theorem 1.3 to three multiple
fibres represents a formidable challenge. The easiest such case corresponds to the (D-divisor

0r = 5101+ 311+ 3[o0].

Conjecture 1.1 would predict that Ny (7w, B) = Oy (BY/ 2+e) for any ¢ > 0. However, the best upper bound
we have is due to [Browning and Van Valckenborgh 2012], which only yields the exponent % + .

1.2. A new conjecture. We are now ready to reveal a new conjecture for the density of locally soluble
fibres for standard fibrations in which multiple fibres are allowed. Let 77 : X — P! be a standard fibration,
and let 0 : P! — (P!, ,) be a finite étale orbifold morphism, as defined in Definition 4.2.

We assume that (P!, 3,) does not admit a finite étale orbifold morphism which factors through 6,
and 6 is a G-torsor under a finite étale group scheme G. Let 6, : C, — P! denote the twist of 6 by
any v € H!(Gal(Q/Q), G), which is a torsor under the inner twist G,, of G [Skorobogatov 2001, p. 20].
Finally, let 7, : X, — C, denote the normalisation of the pullback of 7 along 8,. We will only consider v
for which C,(Q) # @, in which case we identify C, = P!.

Conjecture 1.5. Let 7 : X — P! be a standard fibration such that the Q-divisor —(Kp1 + 05) is ample
and X (Aq) # &. Then there exists a constant c; > 0 such that

BZ—deg Ox
Nioe (7, B) ~ ¢y

(log B)minveHl (Gal@/2),6) A0Tv)’

where A(my) is given by (1-7).

Note that it follows from Proposition 1.4 that A(sr,) takes only finitely many values. In the special
case that the orbifold base is simply connected as an orbifold, which in the setting of Theorem 1.3 covers
the case gcd(mg, moo) = 1, the exponent will simply equal A(sr). Thus Conjecture 1.5 implies that

2—deg 9,

Nioc(, B) ~ an
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in this case, which is consistent with the upper bound in Theorem 1.2. In Corollary 4.9 we take G = gy
and prove that ®,(;r) = A(wr,) in (1-9). Hence the upper bound in Theorem 7.1 is also consistent with
Conjecture 1.5. In Section 7 we provide further evidence for the conjecture by establishing a range of
estimates for the variant Ny s(7, B) of N (7w, B), in which local solubility is only required away from
a finite set S of primes. In Theorem 7.2, for example, we establish a precise lower bound for N, s(7, B)
in the case that 7 : X — P! is a standard fibration for which the only nonsplit fibres lie over 0 and oo.

One further source of examples that can be used to illustrate our conjectures is the class of Halphen
surfaces. These were introduced by Halphen [1882] and correspond to standard fibrations admitting
a unique multiple fibre. In Theorems 7.3-7.8 we provide several estimates for Ny, s(7, B) that are
consistent with Conjecture 1.5 for appropriate surfaces of Halphen type. In the proof of Theorem 7.8
we are led to a concrete problem in analytic number theory that was solved by Friedlander and Iwaniec
[2010, Theorem 11.31]. Indeed, we need matching upper and lower bounds for the number of positive
integers a, b satisfying a® +b? < x, as x — oo, such that the only prime divisors of a® 4 b? are those that
split in a given cubic Galois extension K /Q. It would be useful to have a similar result for non-Galois
extensions, but this appears to be difficult.

Remark 1.6. Returning to the example (1-3), we see that the associated Q-divisor d,; has degree % deg(f).
Since f is assumed to have even degree, it follows that —(Kp1 + d;) is ample only when deg(f) = 2.
When f is a quadratic polynomial, Conjecture 1.1 implies that Niyc (7, B) = 0. (B'*%) for any ¢ > 0.
The orbifold base (P!, 8,) admits u»-covers, and it is possible to apply Conjecture 1.5 to predict an
explicit power of log B. The outcome will depend on the Galois action on the geometric components of
the fibres.

1.3. Further questions. We expect similar conjectures to hold when looking at fibrations 7 : X — Y
over other bases for which —(Ky + 95 ) is @-ample. However, when dim(Y) > 1 the sparsity criterion
we work out in Section 5 will be significantly more complicated. Moreover, care also needs to be taken
around the effect of thin subsets of ¥ (Q) on the counting problem. A counter-example to the most naive
expectation has recently been provided [Browning et al. 2023] in the case that Y is a split quadric in P3.
In a different direction, when ¥ = P!, we can extend the definition (1-1) by defining Ny (7T, B; Z) to
be the number of x € (P1(@) \ Z) N7 (X (Ag)) for which H(x) < B for any thin subset Z C P'(Q). It
is then very natural to ask whether or not we should expect a bound of the shape
Bl /mo+1/meg

where A () is given by (1-7), if we have the freedom to remove any thin set Z. Of course, as pointed out

Nige(m, B; Z) K

by the anonymous referee, it is not completely clear whether anything is left if we are able to remove
arbitrary thin sets from PL(Q).

1.4. Summary of the paper. The main sparsity criterion for locally soluble fibres is Theorem 5.5. It
is proved using log geometry in Section 5 and leads to Chebotarev-type conditions about the splitting
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behaviour of primes. In Section 2 we shall collect together some basic group-theoretic results that allow
us to interpret the output from Chebotarev’s theorem. Section 3 uses recent work of Arango-Pifieros,
Keliher and Keyes [Arango-Pifieros et al. 2022] to count pairs of power-full integers which lie in the
multiplicative span of Frobenian sets of primes. In Section 4 we shall introduce the necessary background
on orbifolds that is required to interpret the exponent of log B in Conjecture 1.5. Section 6 contains
the proof of Theorems 1.2 and 1.3 and is based on an application of the large sieve. Finally, Section 7
builds on the work in Section 3 and contains new evidence for Conjecture 1.5, including estimates for
Nioe,s(r, B) in the case of Halphen surfaces and other families admitting multiple fibres.

2. Group-theoretic results

We will need some preliminary results on the density of primes with a prescribed splitting behaviour.
Using Chebotarev’s theorem, we will be able to translate it into statements about groups and group actions.
We begin by proving some results in elementary group theory.

2.1. Group theory lemmas. Let G be a finite group, and let H C G be a subgroup. For an element g € G,
we will write Fix,(G/H) for the set of fixed points of g under the natural action of G on G/H.

Lemma 2.1. Let C C G be a conjugacy class. Then we have

#G
#Fix,(G/H) = —#(CNH).
> #Fixg(G/H) = _—#(CNH)
geC
Proof. First note that, for conjugate elements g, y € C, there is an element u € G such that u™'yu = g.
Hence

(xeG:ixlgx=yl={xeG:x) 'ylux) =y} =u"" Stab,,,

whose cardinality is #G /#C by the orbit-stabiliser theorem since C is the orbit of y under conjugation.
We now see that
Z#Fixg(G/H) =#{(g,xH) e Cx G/H : gxH = xH}

geC
=#{(g,xH) e Cx G/H :x 'gx € H}.

Hence .
Y #Fix,(G/H) = a8 €CxG xlgxe HNC}
geC 1
= 7@ x, ) eCxGxHNO) xlgx =1y}
1 #G
=—#C.-— -#(CNH),
#H #C
which proves the lemma. (I

Lemma 2.2. Let S and T be subgroups of G. Then

#SHT = #(SNT)#(ST).



2056 Tim Browning, Julian Lyczak and Arne Smeets

Proof. Consider the action S x T on G by (s, t)g = sgt~!. The stabiliser of e equals the image of
diagonal map SN T < § x T, and the set ST is the orbit of e;. The result now follows from the
orbit-stabiliser formula. 0

2.2. Density of primes. Let F/Q be a number field with ring of integers &'r. Define 42 ,, to be the set
of rational primes p unramified in F which are divisible by exactly m primes p; C OF of degree 1. Let

Zr = Zrm.
m>1
We define
d
56, Ky=1->"m dens(@,{,m nlJ %)
m=1 Ee&

for a finite set & of number fields and any number field K € Q with d = [K : Q). If & = {E} consists of
a single number field E C Q, we will write §(E, K) = (&, K). The main result of this section is the
following result.

Theorem 2.3. Let & be a finite set of number fields and K € Q a number field with d = [K : Q]. Define

d
56, K)=1->"m dens(gzK,m nJ 325)
m=1

Ee&
Let L € Q be a Galois extension of Q which contains both K and all E € &. Then

#{o € Gal(L/K) : o fixes a conjugate of some E € &}

§(&, K)=1—
#Gal(L/K)

The quantity §(&, K) generalises a quantity that is implicit in [Loughran and Smeets 2016, (1.4)]. Let
7 : X — P! be a standard fibration, and let D be a closed point of P! with residue field « (D). Let Ip ()
be the set of geometrically irreducible components of 7~ (D) of multiplicity 1, and let &p be the set of
number fields obtained from taking the algebraic closure of Q in the function field of each irreducible
component of 7~ (D), i.e., the minimal finite extensions of @ over which the irreducible components of
7~1(D) split into their geometrically irreducible components. Then

ép(m) =1-68(¢p, k(D))

in [Loughran and Smeets 2016, (1.4)]. Moreover, if we take Sp to be the set of geometrically irreducible
components of 77 ! (D) of minimal multiplicity m p and we let & be the set of fields of definition of the
elements of Sp, then we also have

Sp,N(m)=1—48(ép, N) (2-D
in (1-5) for any number field N /Q.

Proof of Theorem 2.3. Write G = Gal(L/Q), and let K be the fixed field of the subgroup H; of G.
Similarly, let E € & be the fixed fields of the subgroups H € 7# of G. Let 3”}( , denote the set of primes
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in Pk, that are unramified in L, and similarly for each 92 Then we have

@k m = {primes p € Z unramified in L for which # Fixgrob, (G / H1) = m}
and
@% = {primes p € Z unramified in L for which #FiXFmbp (G/H) > 1}.
Note that

Cp = {g € G : #Fixy(G/Hy) =m, Z #Fix,(G/H) > 1}
Hewxw

is closed under conjugation, since conjugate elements have the same number of fixed points. By Cheb-
otarev’s theorem, in the form presented in [Serre 2012, Theorem 3.4], for example, we therefore obtain

#C
dens<<@1<,m N U 3%) = dens(@}(,m N U 322) = #—(';"
Eec& Ee&

Let T =U,c.nen tHt~!, which we note is closed under conjugation. Since g € G has at least a
fixed point on one of the G/H if and only if g € T, we arrive at

d d
1 1 .
> mdens,(gzk,m nlJ %—) = > m#C, = e > #Fix,(G/Hy).
m=1 Ee& m=1 geT
We may now conclude from Lemma 2.1 that
#TNH

Z m dens (92’1< w0 %) ( ), (2-2)
m=1 Ee# Hi

The statement of the theorem follows on noting that H; = Gal(L/K) and
= {0 € G : o fixes a conjugate of some E € &}. (]

Note that we could not have applied the Chebotarev theorem to #(7 N H;), since T N H; is not
necessarily fixed under conjugation in G. It is however closed under conjugation in Hj.

2.3. Computation of § in specific cases. Theorem 2.3 allows us to compute the density §(&’, K) in the
common Galois closure L of both K and each E € &. The following theorem says that this can be reduced
to a computation in a Galois closure of the fields E € &.

Proposition 2.4. Let E™™ pe the normal closure of the compositum of the E € & in Q. Then
8(&, K) =8(&, E™®™I NK).

Proof. We adopt the notation from the proof of Theorem 2.3. Let A/} be the subgroups of G indexed by
a set J, which are of the form tHt ! fort € G and H € 5. For aset I C J, we write Al = ﬂie] Al
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The field E"™3 N K corresponds to the subgroup (H;, A’) C G generated by H; and A”’. (Since A’ is
normal, one can actually show that (H, A’ ) = H A7) 1t follows from Lemma 2.2 that

#(SNHy)  #(SN(H, A7)

#H, #(H,, A7)
when S is equal to A’ for any I C J. Since both sides are additive in S, the statement extends to
S=T=U jel AU} by the principle of inclusion and exclusion. ([l
Proof of Proposition 1.4. Combine Proposition 2.4 with (2-1). (Il

Our remaining results summarise some special situations in which we can use Theorem 2.3 and
Proposition 2.4 to calculate the densities §(&’, K) easily.

Lemma 2.5. If E C K for some E € &, then §(&, K) =0.

Proof. Since K, E are the fixed fields of the subgroups H;, H' C Gal(L/Q), we have E C K if and only
if H D Hy. Butthen HH C H' C T = UteG,He%th_l, whence #(T N Hy)/#H, = 1 in (2-2). O

Let us now consider some cases in which & contains a single element.
Lemma 2.6. If E/Q is Galois, then $(E, K) =1 —deg(ENK)/deg E.

Proof. Since E /Q is Galois, E is also Galois over E"™ N K = E N K. Thus we conclude §(E, K) =
S(E,ENK)=1—1/[E: ENK]. O

Lemma 2.7. If K /Q is Galois and KE = E™™ then §(E, K) =1 —deg(ENK)/deg E.

Proof. Since K E = E™™? and K /Q is Galois, we have H; N AV} = A7 for all j € J. Thus

#(TNH) #A7  degK  degk
#H,  #H, degEnomil  degKFE
in (2-2). Since K is Galois, we have [KE : K] =[E : EN K], from which the lemma follows. |

3. Pairs of integers with Frobenian conditions

We say that a set &2 of rational primes is Frobenian if there is a finite Galois extension K /() and a union
of conjugacy classes H in Gal(K /Q) such that & is equal to the set of primes p that are unramified in K
and for which the Frobenius conjugacy class of p in Gal(K/Q) lies in H. In this section we produce an
asymptotic formula for the density of coprime integers ag, a; which are both power-full and lie in the
multiplicative span of a Frobenian set of primes.

It will be convenient to introduce the notation

cs(@) = ]‘[(1-%) 3-1)
peS

for any o > 0 and any finite set of primes S. We shall prove the following result.
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Proposition 3.1. Fori € {0, 1}, let m; € N and let &; be a Frobenian set of rational primes of density 9;.
Then, for any finite set of primes S, we have
Bl/lﬂo+1/m1

#{(aop, a1) € 22 laj| < B, p¢& S=[m;|vy(a;)and (p|la; = p € Z)]} ~ Cmi,,@,-,S(IOgB)T()_al

prim

as B — oo, where

¢ —_ 1 1
Cmy, S_4m(1) dom% " CS(m_0+m_1) l_[ (1—L)
mi, %;,§S — ’
' (@)I"(91) CS(mLO)CS(mL]) pePoN 2, r?
PES
(=) 05 ")
X —_— _—— —_—
p pr s p 3 p
peFPoNS peZy PEPo
1 1\~ 1+a 1\
< [T (=) T10=5) " T10-)"
peZiNS peP pEP

There are only O (1) elements with apa; = 0 that contribute to the counting function. Let M (B) =
M(m;, &;, B, S) denote the overall contribution with apa; # 0. Hence, on accounting for signs, we have

pES=[m;lv,(a)and (pla; = p € )]
For (ap, a;) appearing in the counting function, we may clearly write
ap=bouy® and a; =bul",

where p | boby = p € S, gcd(uoul, HpES p) =1,and p |u; = p € &;. Moreover, we have gcd(bg, b)) =
gcd(ug, uy) = 1. Let 2 = 2y N 2.
We proceed by introducing the counting functions

Mi(x)=#v<x:plv=pe Fs}

fori = 0,1, where ;s = 2 \ (SN Z%). On using the Mobius function to detect the condition

gcd(ug, 1) = 1, we may now write

MBY=4 > > ulMok (B/bo) /™) Mk (B/by)™),
bo,b1eN keN
gcd(bo,by)=1 plk=>pe2s
plbob1=peS

where 25 = 2\ (SN 2). The treatment of M;(x) is handled by the following result.

Lemma 3.2. Leti € {0, 1}. Then
K,‘,S X

T'(9) (logx)!=4

cs= [] (1 — i) I1 (1 — %)_Hai I1 (1 - %)Bi. (3-2)

pE,/’}iﬂS pe”/,- pg;@,‘

M;(x) ~

as x — 0o, where



2060 Tim Browning, Julian Lyczak and Arne Smeets

Proof. Let i € {0, 1}. There are several approaches to estimating M; (x), but the one we shall adopt is via a
general result of [Wirsing 1967] on mean values of multiplicative arithmetic functions g : N — [0, 1]. (In
fact, this result applies to general nonnegative multiplicative arithmetic functions under further assumptions
on the behaviour of g at prime powers.) Suppose that

> g(p)logp ~tx

PSX
for some 7 > 0. Then it follows that

et L8P p?)
2 F(r)long( P2 +)

n<x

where y is Euler’s constant.

In our case we take
1 ifpln=pe P,
gn) = .
0 otherwise.
Then, since &; is a Frobenian set of primes of density 9;, it follows from the Chebotarev density theorem
that
> gp)logp= Y logp~d logx
pPsx p<x
PeZis
as x — 0o. Hence t = 0; and we obtain

M~ S (1= 1y
['(0;) logx < p

PEPis

as x — oo. It remains to study

—1 —1
I1 (1_1) - 11 (1_1)1—[(1_1) :
psX p pEXNS p p<x p
peZis pEZ;

However, on appealing to [Arango-Pifieros et al. 2022, Theorem A], we quickly arrive at the expression

-1~ (ke

PSX
pPEY;
as x — 0o, where
_ 1\!
S /(I (DN
I "ot
pEP; PEZi
It now follows that |
I1 (1 - l) ~ ki.s(log x)¥ eV
p
PSX
PEZis

in the notation of lemma. Inserting this into our previous asymptotic formula for M; (x), we finally arrive
at the statement of the lemma. [l
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We clearly have

A log kb;
(log(k™ (B/b)"/")) =19 = !~ 1og B) =~ <1 " 0( o B>>
0og

for i =0, 1. Hence, on substituting Lemma 3.2 into our previous expression for M (B), we thereby obtain

Bl/m0+1/m1 )

M(B)=4 Z Z Apo.by k(B )+O((1 B)2—%—0

bo,b1eN keN

ged(bo,by)=1 plk=peZs
plbobi=peS
with A
A (B)— Ko,5K1,S . (k)m 'm 1_ 1(k_l(B/bO)l/mO)(k_](B/bl)l/ml)
bo,b1,k - I'(09)I"(01) (lOg B)z_ao_al
K0,5K1,5 1=y 1-0) B1/mo+1/my (k) 1

TT@)N@) 0 T og By R pimlim

and where k¢ s, k1,5 are given by (3-2)

Next, on recalling the notation of (3-1), a simple calculation furnishes the identities

1 1
1 e\ + - k
Z bl/mobl/ml = c ((136 é"i)) and Z Mk(z) = 1_[ (1 - #)
bo,bieN Do 1 S\ )¢S\, keN PPN,
ged(bo,br)=1 plk=pe2s peEs
plbob1=peS

Hence it follows that the asymptotic formula in Proposition 3.1 holds with the leading constant

1 1

Ko,5K1,5 1-30 1—3, CS(m_o"_E) 1)
R L TR L DAmo | om 7 | | 1— =),
FGor@ 0 ™ es(L)es(L) 2

mo my

Cmi, 2,8 =
peEFPoNZ
PES

where kg s, k1, s are given by (3-2). This therefore completes the proof of Proposition 3.1.

4. Orbifolds and étale orbifold morphisms

Campana [2004] related the study of fibrations w : X — Y of varieties over a fixed field & to orbifolds on
the base. He studied multiplicity orbifolds, but since these are the only orbifolds in this paper we will
simply call them orbifolds. In this section we summarise the construction of the most important invariant
of orbifolds.

4.1. Orbifold pairs. Throughout this section, let k be an arbitrary field of characteristic 0.

Definition 4.1. An orbifold is a pair (B, A), where B is a normal, proper k-scheme and A is a Q-divisor
A= Z(l = —)

for positive integers m p associated to prime divisors D on B. We call m p the multiplicity of the orbifold
over D.
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Definition 4.2. Let (B, A) be an orbifold on a normal and proper k-variety B. A finite étale (orbifold)
morphism is a morphism 6 : C — B, with C normal, which is

(i) finite,
(i1) étale away from A,

(iii) has the property e(D’/D) | mp for any prime divisor D’ | D (meaning any prime divisor D’ C C
above D C B), where e(D’/D) is the ramification index.

Let us explain the use of the word étale. Consider a finite dominant morphism 6 : C — B between
integral, normal, proper k-varieties. Then we can always endow B with an orbifold structure such that 6
becomes a finite étale orbifold morphism by assigning mp = lcm{e(D’/D) : D' | D}. If B has an orbifold
divisor A under which 6 is a finite étale orbifold morphism, then we can endow C with the Q-divisor
mp

mpy e(D'/D)’

Ac = Z(l — L)[D'], where mp =
D/

This is the unique orbifold structure on C such that the orbifold morphism (C, A¢) — (B, A) is étale in
codimension 1, in the sense of [Campana 2011, Definition 2.21]. In the latter case, the Riemann—-Hurwitz

formula yields

Kc.ae. =0"Kp A,

where Kp o = Kp + A is the canonical divisor class on an orbifold (B, A). (This statement can be
proven along similar lines to the proof of Proposition 4.7 (¢).)

Proposition 4.3. Let C1, C; — C be morphisms of normal k-varieties. Let V = C| x¢ C; be the
normalisation of the product C; x ¢ C:

Vv

\
C1 ch2 C1

C—C

Let Dy C 'V be a prime divisor lying above prime divisors D; C C; and D C C. Then
(Dv/Dp) = —>
e(Dy/D1) = ————,
ged(eq, e2)

where e; = e(D; /D) fori =1, 2.
Proof. Replacing the prime divisors with their generic points we can compute the normalisation étale

locally over D. Hence we assume k is algebraically closed and consider the normalisation of the
tensor product of the two homomorphisms o; : k[[t] — k[[#;]] given by ¢ + ;. The tensor product is
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R = k[, tz]]/(t1 — t2 ?) generated by the images of the 7;. Let us define d = gcd(ey, e2), and let ¢ € k
be a primitive d-th root of unity. We can write R as the product

R= Hk[[n,rzﬂ/a”/d ¢,

All factors are principal ideal domains, since polynomials X¢ — AY? with A € k* and ged(a, b) = 1 are
irreducible over an algebraically closed field. We will compute the integral closure of each component
separately. Let us write aje; +azep =d foro; € Z. Then T = tf‘ tg is integral in each factor since
T = 1y (¢ 762/ and T/ = 1 (52 /1074)*1 . Tt follows that

ki, 61/ = &' — kT
is the integral closure. Finally, to compute e(Dy /D;), we look at the image of #; under the map

kD — k071,

which has valuation e, /d. [

Remark 4.4. Campana [2011, Definition 11.1] defines the orbifold fundamental group (X |A) for a
complex orbifold (X|A) and relates it to covers unramified away from A. Likewise, we can define the
(algebraic) orbifold fundamental group and relate it to the structure of all finite étale orbifold morphisms
over a fixed base (B, A) of dimension 1. (Note that we could do this in arbitrary dimension if we allow
finite étale morphisms to be defined away from a codimension-2 locus.) Consider the category FEtp a)
of all finite étale orbifold morphisms to (B, A), where the morphisms are given by B-morphisms. Given
a point x € B(k) \ supp(A), we have the fibre functor

F: FEt(B’A) — Sets

given by C +— Cj, and one can show that (FEt g a), F) is a Galois category. The only nontrivial part
is to show that FEt g ) has products, but this follows from Proposition 4.3. In particular, this implies
that, for any two finite étale covers of (C, d), there is another cover mapping to both. We define the
(algebraic) orbifold fundamental group nfrb(B, A) to be the automorphism group of the fibre functor F.
Many relations between the topological and algebraic fundamental group can be directly translated to
fundamental groups of orbifolds. For example, if £ € C then

(B, A) = 71 (B(O)[A).

Campana [2011, Sections 11 and 12] studied the complex orbifold fundamental group and provided
several results and conjectures about their structure.

For our application we will need the following definition.

Definition 4.5. Let G/k be a finite étale group and (B, A) an orbifold. Let 6 : C — B be a finite étale
orbifold morphism endowed with a G-action on C, which is compatible with 6. We say that 6 is a
G-torsor (of orbifolds) if the restriction of 6 away from the support of A is a G-torsor.
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Since we are dealing with curves, it makes sense to talk about torsors. The natural morphism G x C —
C x g C is not necessarily an isomorphism over B, but it is so over B \ A by definition. Since G x C is
a smooth curve over k, this morphism factors through the normalisation G x C — C x5 C — C x5 C.
Now G x C — C x g C is a morphism between normal curves, which is an isomorphism on a dense open
subset. Note that this agrees with the observation that C x g3 C — C is unramified by Proposition 4.3;
C x 3 C is just a union of copies of C.

4.2. Orbifold base of a fibration. As we saw in Section 1, we can associate a natural orbifold to any
fibration. In this section we discuss this further before passing to our reasoning behind Conjecture 1.5.

Definition 4.6. Consider a fibration 7 : X — Y, which we assume is a morphism between integral,
normal, proper k-schemes such that the generic fibre is geometrically irreducible. For a prime divisor
D C 'Y with generic point np, we define m p as the minimum multiplicity of the components of X, as a
divisor on X. The orbifold base of « is (Y, 0, ), where

9, = Z(l — m—1D>[D].
D

Possibly up to thin sets, we expect the geometry of the base orbifold (Y, d,) to govern the arithmetic
properties of the fibration. We henceforth focus our attention on standard fibrations 77 : X — P! defined
over QQ, with the aim of interpreting the growth of the counting function N (7, B) that was defined
in (1-1). Occasionally we will write Ny (7, B) for the same counting function but excluding the finitely
many points in the orbifold divisors 9.

Let us begin by discussing the conjectured power of B in Conjecture 1.5, which is equal to

2 —degd; = —deg(Kp1 5_), 4-1)
where Kp1 3 = Kpi+0;. The following result relates the geometry of 7 to the geometry of a normalisation
of the fibre product of = with a finite cover.

Proposition 4.7. Let = : X — P! be a standard fibration, and let
0:P' - P!

be a (possibly ramified) finite cover of degree d. We define mg : X9 — P! to be the normalisation of the
fibre product of 6 and . Then we have the following properties.

(a) 7o : X9 — P is a standard fibration.

(b) The orbifold multiplicities m p: for my satisfy
mp

mpr 2 ——-——-
e(P'/P)

for any prime divisor P’ of P!, where P = 0(P’). We have equality precisely when condition (iii) in
Definition 4.2 is satisfied at P’.
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(c) We have
deg(Kp1 5, ) > d deg(Kpi 5,),

with equality precisely when 0 is a finite étale orbifold morphism.

Proof. (a) This is clear from the definition.

(b) Consider a component Z’ of the fibre of 7y over a prime divisor P’ of P!. Suppose that Z’ lies over
Z C X and P’ lies over P. Let mp/(Z’) and m p(Z) denote the multiplicities of these components in their
respective fibres. We wish to apply Proposition 4.3 with C; — C being the morphism 6 : P! — P! and
C, — C being the morphism 7 : X — P'. Then V — C; is the morphism my : Xy — P!. It follows that

e(Z/P)
ged(e(Z/P), e(P'/P))’

e(Z//P/) =

Hence, since the ramification indices over a codimension-1 point are precisely the multiplicities of the
different components of the fibre, we obtain

mp(Z)

(ZN = .
M Z) = (), (P P))

Since mp(Z) > mp and gcd(mp(Z), e(P’'/P)) < e(P’/P), we conclude
mp(Z') > mp/e(P'/P)

for all components Z’ in the fibre over P’.

Clearly, if mp: = mp/e(P’/P), we have e(P’/P) | mp. Now suppose that e(P’/P) |mp. To prove
the statement we must show that there is a component Z" over P’ with mp(Z') =mp/e(P’/P). By the
definition of m p, there exists a component Z over P with mp =mp(Z). Now let Z’ be any component
over P’ which lies over P. Then

mp(Z) mp mp

mp(Z') = ___ = _____BF
ged(mp(Z), e(P'/P))  ged(mp,e(P'/P))  e(P'/P)

This concludes the proof of part (b).
(c) We will prove the result for orbifolds equipped with a degree-d morphism (C’, 3") — (C, 9) for

general smooth curves C and C’, in order to distinguish between the two copies of P'. The statement is
invariant under base change, so we can assume we are working over an algebraically closed field k = k.
We begin by noting that
deg K¢y =2g(C) —2 (1 . L)
gKcy=28(C) =2+ PEXC;” o~
and

_ n_ _
deg Koy =28(C) =2+ (1 mP,).
Prec'®
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The Riemann—-Hurwitz formula yields

2¢(C") —2=d(2g(C) —2) + Z (e(P'/P)—1),
Prec®
where P =0 (P’). Hence

1
deg Koy =dg(C) =2+ ) (e(P'/P)= -5,
PreCc')
It now follows that

degKcr g —ddeg Ky = Z (e(P /P)——) d Z (1__)

PreC'® pec
, d 1
- S [(Zerrm-a)+ (-2 0]
mp mps
PeCc® P'|P P’|P

Using }_p/ p e(P'/P) =d, we see that the first terms all vanish and so

e(P'/P) 1
deg K¢y —ddegKcy = Z Z(m—_m_ )
P P’

Pec® P'|P

This is clearly nonnegative by (b), and we have equality if and only if condition (iii) of Definition 4.2 is
satisfied at all P’. O

In the setting of this result, it follows that the points in Nioc (77, B) that are counted by Nioc (79, Hy, B)
are expected to contribute at most to the same order of B, where Hy is the pullback height along 6. Indeed,
in Conjecture 1.1, we have

Nioc (79, Hg, B) = 08((3l/d)deg(—K[p].a”e)—Fe)

for any & > 0, where we use B!/ since Hy is an ¢(d)-height on P!. Hence, in the light of Proposition 4.7 (c),
we should expect no higher-order contribution from N (77, Hy, B) to Nioc (7w, B). Moreover, we should
obtain the same exponent of B when 0 is a finite étale orbifold morphism.

We are now ready to address the possible power of log B. Let 7 : X — P! be a standard fibration, and
suppose that 6 : P! — P! is a G-torsor of orbifolds under a finite étale group scheme G of degree d, as
presented in Definition 4.5. We write 8, : C, — P! for the twists of 6 by v e Hl(Gal(@/ @), G). Finally,
we shall write , : X, — C, for the normalisation of the pullback of & along 6,, which is a torsor under
the inner twists G, of G [Skorobogatov 2001, p. 20]. We usually restrict to the v for which C,(Q) # @
and identify C, = P!. For our applications, G will be abelian and we will have G, = G.

We are now ready to compare the counting function N° (;r, B) with the counting functions

loc

N]c())c(nvv Hv, B)

for various v € H'(Gal(Q/Q), G), where H, is the pullback height along 6,. (Note that this is an
0 (d)-height on the domain C, = P! of 6, when C,(Q) # @.)
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Proposition 4.8. In the setting above we have the following:

(a) A point x € P1(Q) is counted by Ny .(w, B) if and only if there exists v € Hl(Gal(@/@), G) and
y € Cy(Q) such that 0,(y) = x and such that y is counted by Ny, (7,, Hy, B).

(b) We have

o 1 o
NIOC(T[’ B) = Z MNIOC(HU’ Hv, B)
veH' (Gal(@/Q),G)  ©

(c) Let6, (D)= Ulgig sp El()i) be a decomposition into irreducible components, and write Nv(i) = K(Eéi))
for their function fields. Then

A(my) = Z Z(l—SD’Ng?v(ﬂ)),

De(PHD i=1
where SD’Ng?U is given by (1-5).

(d) The expression A(ry) only assumes finitely many values.

Proof. (a) Let U C P! be the image of the étale locus of 6. The restrictions 6, : U, — U are G,-torsors,
and so we have a partition

v@= || 6@,

veH! (Gal(Q/Q),G)

Furthermore, the fibre of , over y € U, (Q) is isomorphic to the fibre of = over x = 6,(y). Hence one of
these fibres is locally soluble precisely when the other is. Finally, since 6 : P! — P! has degree d, the
pullback of the ¢'(1)-height pulls back to an £'(d)-height.

(b) This follows from the partition in (a) and the fact that each fibre has #G, (Q) points.
(c) This directly follows from the definition of §p n and m,.

(d) This follows from Proposition 1.4. O

In the setting of Theorem 1.3, we consider p1g-covers parametrised by @* /Q*-¢. The following result
therefore follows from part (c) of Proposition 4.8.

Corollary 4.9. We have A(mr,) = O, () in (1-9).

In principle there might be infinitely many twists m, for which A(sm,) differs from the expected
exponent A(rr) defined in (1-7). The following example illustrates an instance where the points counted
by the covers for which A(m,) = A() can form a nontrivial cothin set in P!(Q).

Example 4.10. Consider the fibration 7 : X — P! with three double fibres over 0, —1 and oo, together
with precisely one other nonsplit fibre over 1 which has multiplicity 1 and is split by a quadratic extension
K /Q. Let C, be the conic

lelz + vzxz2 = xg
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in P2 defined by v = (vy, v2) € @*/Q*? x @*/Q**2. We apply the partition in part (b) of Proposition 4.8
with the full family of twists

. 1 . . 2. 2
Oy :Cy— P, [x0:x1:x2] = [vixg : vaxy]

This is the finest partition in the sense of Remark 4.4 since we have n{’rb([lj)l, 0r) =2/27 x Z/27Z and any
6, is geometrically a universal orbifold cover. Consider the fibres 671 (1) as v varies, which on algebras
are biquadratic étale Q-algebras [[, N 1(’3) Infinitely many of these contain the splitting field K of the
fibre, and for such v we have

1—51,@ <l=1 —51’N{av)(71) < Z(l _SI,NI([) (71)),
i WU

where « is such that K € N l(“v) However, each of these infinitely many (Z/2Z x Z/27)-covers factors
through only two Z/27Z-covers. Hence the set of points counted through the v for which

1= # ) (1=8, yo (M)

is a thin set. In the case of a nontrivial Galois action on the components of the multiple fibres, we will
need to deal with them in a similar manner to conclude that the points counted in the covers 6, for
A(my,) # A(r) form a thin set.

5. A sparsity criterion

In this section we derive a sparsity condition for the fibres of a morphism f : X — Y to have a Q,-point
under geometric conditions on X, Y and f. After fixing a model f : 2" — % over Zg away from finitely
many primes S, and after possibly enlarging S for p ¢ S and 7 € % (F,), we will give an exact criterion
for which lifts ¢ € #/(Z,)) of t we can lift an F,-point on the F,-scheme 27 to a Z,-point on 2;.

The exact criterion, Theorem 5.5, is based on a version of Hensel’s lemma which takes into account
the intersection multiplicities of a component of a fibre of f with the point in 2;(Z,), and the lifting
is done in such a way that these required relations are preserved at each step. In order to include this
information naturally, we use a logarithmic structure. For a basic introduction to log geometry with a
view towards arithmetic applications, the reader is referred to [Loughran et al. 2020, §5].

5.1. Logarithmic lifting in families. Let k be a number field. Let X and Y be smooth, proper varieties
over k, and let D and E be strict normal crossing divisors on X and Y, respectively, where f -Y(E)yC D.
Assume that the induced morphism f : (X, D) — (Y, E) is a toroidal morphism, i.e., a toroidal morphism
between toroidal embeddings, or equivalently, a log smooth morphism of (Zariski) log regular schemes.
Fix Q € Y (k). We want to understand when f “1(Q)is everywhere locally soluble.

Let S be a finite set of places including all places of bad reduction for f. This means that we have a
good model f_: (2, 2)— (¥, &) for f over Oy s with the property that f‘l (&) € 2 such that (2, 2)
and (%, &) are still log regular, and such that £ is still log smooth with respect to the divisorial log
structures induced by & and &.
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Let v ¢ S be a finite place of k. Let 2, € %' (&,) be the unique lift of Q € Y (k) to an &,-point. We will
give necessary and sufficient conditions for the existence of an &,-point &, on 2 such that f (%), = 2,
for v > 0.

If 2, £ &, then the &),-point 2, can be seen as a morphism

2,: (Spec ) — (7, &)

of log schemes, where (Spec ¢,) is the scheme Spec &, equipped with the divisorial log structure induced
by the closed point. This morphism induces a morphism of associated Kato fans

F(2,) : SpecN = F((Spec 0,)") — F(#, &).

In other words, we get an N-valued point F(2,) € F(#/, &)(N).
If 2, is the image of &, € Z°(0),), then clearly F(2,) cannot lie anywhere in F' (%, &)(N); it needs
to be an element of the potentially smaller set

image(F (2, 2)(N) = F(#, &)(N)).

This means that if F(2,) does not lie in the image of F (2", 2)(N), then surely 2, cannot lift to an
Oy-point on Z". This is a sparsity criterion in the sense of [Loughran and Smeets 2016, §2] but still a
rather naive one, since it does not take important arithmetic information into account.

Definition 5.1. Let 2, be an p-point on .2". With the notation above, we define F (2, 9)([\1)% as the
subset of F (2", 2)(N) with the property that 2, lies in the logarithmic stratum associated to the image
of the closed point N. ¢ of Spec N.

Proposition 5.2. With notation as above, let 2, be an F p-point on X, , and assume that F(2,) does
not lie in

image(F (2", 2)(N)5 — F(#,&)(N)).
Then 2, € Z,(F,) does not lift to 2, € X5,(0,).

Proof. Assume that 2, lifts; i.e., 2, = f(2,) for some 2, € 2 (0,) with 2, = 2, mod v (which
is the image of SpecF, under &2,). Therefore the image of F(22,) € F(Z, 2)(N) under the map
F(Z,2)(N) - F(#, &)(N) comes from F (2, '@)(N)%’ as desired. O

Remark 5.3. In fact, the above sparsity condition can often be phrased in a more classical way. Let
7 : X — P! be a standard fibration, and suppose we have a projective model 7 : 2" — [I:Dgs with 2~
smooth over Os. Let h € Os[x, y] be an irreducible binary form; in practice we will only need to consider
the finitely many % for which the fibre of 7 over V (i) € P! is nonsplit. After possibly enlarging S, we
may argue as follows. Suppose that we have a point 2, in the fibre 22», over a point 2, € P!(&,) for
v ¢ S. Let 2; be the geometrically irreducible components of 2y ;) which contain 2, € 2" 7, Then we
may conclude that v(h(2,)) lies in the positive linear span of the multiplicities m; of Z;. Indeed, in the
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local ring of 2,, we have the factorisation 7*h =[], h;". Hence
v(h(2y)) = v(T*h(2y)) = Y miv(hi(2,)).

Moreover, since we are only considering the components containing 2,, we clearly have v(h;(2,)) > 0
for each i. In this way one can use Proposition 5.2 to give a sparsity criterion for general fibrations that
generalises [Loughran and Smeets 2016, Theorem 2.8] after excluding a subscheme of codimension at
least 2 on the base.

We are considering the log smooth setting since then we can provide a converse result to Proposition 5.2

using the logarithmic Hensel lemma [Loughran et al. 2020, Proposition 5.13].
Proposition 5.4. If 2, is an F-point on X, , the following are equivalent:

(a) 2, lifts to an O,-point on Z. 2,5

(b) F(2y) € image(F(2, 2)(N)z, — F(#,&)(N)).
Proof. Since we have already shown that (a) implies (b), it remains to prove the reverse implication. This
is an application of [Loughran et al. 2020, Proposition 5.13]. Indeed, let s* = Spec F,, with the standard
log structure of rank 1, and S™ = Spec @,. Let j : sT — ST be the canonical closed immersion.

By assumption there is an element p, € F(2", 2)(N)z which maps to F(2,) € F(#, &)(N), and
there is an [,-point u : Spec [, — X on the associated stratum of (2", 2). We can uniquely make u into
a morphism of log schemes st > (2, 2) such that F(u) = po under the identification F(N) = F s,
similar to the proof of Proposition 6.1 in [Loughran et al. 2020].

Since F(f) maps F(u) to F(Z,), we have a commutative diagram

st —— (2, 2)

i| |7

s
S 2, (#, &)

Now [Loughran et al. 2020, Proposition 5.13] provides a lift ST — (2", 2) of 2,. The morphism of
schemes which underlies this lift is the &, -point &2, we are looking for. ]

5.2. Sparsity criteria. Using Proposition 5.4, we can give precise conditions for locally solubility. We
allow ourselves to work over a general number field k/Q and so define a standard fibration to be a
dominant morphism 77 : X — P! with geometrically integral generic fibre such that X is a smooth, proper,
geometrically irreducible k-variety.

Let E be the reduced divisor of P! of the nonsplit fibres of 7. Let D be the reduced divisor underlying
7~ 1(E). By embedded resolutions of singularities, there exists a birational morphism X’ — X such that
the pullback D’ of D has strict normal crossings. Since X \ D = X'\ D’ over P!, we see that Nj,.(r/, B)
differs by a constant from Njo (7, B), where 7" : X’ — X — Y is the composition. Thus, for the purposes
of upper and lower bounds, we can assume without loss of generality that the reduced subschemes of the
nonsplit fibres of 7 have strict normal crossings.
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Theorem 5.5. Let X — P! be a standard fibration whose nonsplit fibres in their reduced subscheme
structure are sncd. There exists a finite set of primes S and a model %" — Plﬁs such that the following
holds for v ¢ S. Fix a point 2 € P'(0) for which the fibre X is split. Then any [,-point Py e XZo(Fy)
lifts to a point &, € X 9(0),) precisely if, for every closed point V (h) € PHD | we have that v(h(2))
lies in the positive linear span of the multiplicities m; of the components of 2 ) that contain 2,

From now on, when we have fixed a place v ¢ S, we will assume that a closed point V (h) € (P1)( is
given by an 0, -primitive irreducible form & € &)[x, y].

Note that the last condition in Theorem 5.5 is trivially satisfied for all closed points V (&) for which
v(h(2)) = 0 and also for those for which Xy, is split. By restricting S further, we can assume that
there is at most one nonsplit fibre Xy ;) for which we have to check this condition.

Proof of Theorem 5.5. By the definition of D on X and E on P!, we see that (X, D) — ([P’l, E)islog
smooth. For a suitable finite set of primes §, this extends to &’s-schemes and divisors such that ¥ € .2~
and & C [P’lﬁs still have strict normal crossings and (2", Z) — (P! &) is also log smooth. We will check
that this model satisfies the condition.

Consider #, € 25(F,), and let V(h) C IP},,S be the unique nonsplit fibre containing 2, = 7 (%,).
Suppose that we can write v(h(2)) = ) _; a;m;, with a; > 0 integers and m; the multiplicities of the r
components of X, ;) which contain 2,. Around 2, and 2, the Kato fans have affine charts N” and N.
Under this identification, we have F(2,) = v(h(2)) e N, and F(Z", 2)(N) — F(I]:D}ﬁs, &)(N) is given
by (u;) — Y_m;u;. Hence the result follows from Proposition 5.4. O

Remark 5.6. In [Loughran and Smeets 2016, §2] the following was proven: if v(h(2)) =1, then 2 is
a regular scheme. This implies that any [, -point on 2’ which lies on the intersection of at least two
components of the reduction £, does not lift to a Q,-point on Z. This last statement directly follows
from our criterion above since then the valuation v(2(2)) = 1 cannot possibly lie in the positive linear
span of two positive integers.

The above conditions make it easy to check if an F,-point lifts. However, one cannot deduce the
existence of [F,-points purely from valuations and multiplicities, as explained by Loughran and Matthiesen
[2024, Lemma 6.2]. In general, this only allows us to give necessary conditions for local solubility.

Corollary 5.7. Let X — P! be a standard fibration, and let Q € P' (k). There exists a finite set of places S
such that, for each v ¢ S with X g (k) # 9, the following condition is satisfied: for every closed point
D =V (h) € (PHD, we have either v(h(Q)) > mp, or v(h(Q)) = mp and v belongs to

Tp ={v ¢ S : Frob, fixes an element of Sp}.

(Recall that Sp is the set of geometric components of X p of minimum multiplicity mp.)

In the special case that the nonsplit fibres all lie above k-rational points in P!, we can (after possibly
extending the set S again) make this even more precise, as follows.
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Corollary 5.8. Let X — P! be a standard fibration, and let Q € P (k). Assume that the nonsplit fibres
of X — P! all lie above k-rational points. Then X o(ky) # @ precisely if, for every V(h) € PHD | the
fibre Xy ) has a stratum fixed by Frob, which lies on the intersection of components of multiplicity m;
such that v(h(Q)) lies in the positive linear span of the m;.

Proof. We will start with S and 2" — [I:Df]")s as above. By the results above we have that P, € Xo(k,)
reduces to an F,-point on 2. Since this [,-points lifts we get the result.

For the inverse implication we will need to enlarge S, as follows. Firstly we do so to assume that all
fibres of 2"\ ¥ — P}ﬁs \ & are geometrically integral. Consider an [F,-point on [P’lefs \& forv ¢ S. Its
fibre in 2" lies in the open stratum 2"\ & and contains a smooth [F,-point by Lang—Weil. Now let W be
a geometric component of a nonopen stratum of (X, D), which is defined over k’/k. The closure # of
W will have geometrically irreducible fibres over all but finitely many places of k’. Hence after enlarging
S we see that # has an [F,/-point for all v’ | v for v € S. Since there are only finitely many strata and each
has again finitely many geometric components, we can enlarge S to make this true for all possible W.

Suppose now that Frob, fixes a geometric component W of a stratum which has k’/k as its field of
definition. Consider the multiplicities m; of the components that contain W. Since Frob, fixes W, we
conclude that there is a place v’ | v of k' of residue degree 1. For this v’, we see that W contains an
F, = F,-point. We can lift this point under the conditions in Theorem 5.5. ]

6. Multiple fibres via the large sieve

We place ourselves in the setting of Theorems 1.2 and 1.3. Let w : X — P! be a standard fibration with

orbifold divisor
1

b= (1- )01+ (1 - ) oo,
mo Moo
in the notation of (1-4) for mg, m, € N. Note that 2—deg 0, =1/mo+1/m. We define d = gcd(mg, m).
We shall apply the theory from Section 4 to the family of p4-torsors
{1

’

0, : P' — [P’], [x0:x1] — [voxg TULX

which are parametrised by v = v; /vy € Q*/Q*¢ = H' (Gal(Q/Q), juy). Let , : X, — P! be the
normalisation of the pullback of 7 along 6,,.

The main result of this section is the following, which pertains to the density of locally soluble fibres
on the standard fibration 7, : X, — P! relative to the pullback height H, along #,. We denote by
rad(n) =[] pin P the square-free radical of any n € N.

Proposition 6.1. Let ¢ > 0, and let v = v /vy € Q% /Q*4. Then

Nioe (1, Hy, B) K¢ Cv’gBl/mo-H/moo’

where
[vovy |

s = rad(vg)|vo| /™0 rad(vy) vy |1/ ™M

(6-1)

Cy



Paucity of rational points on fibrations with multiple fibres 2073

Furthermore, if |vgvy| < B, then
Bl/m0+l/moo

Nige(my, Hy, B) K¢ CU’SW’

where ©, (1) is given by (1-9).

We shall begin the proof of this result in Section 6.2. Our argument is based on the large sieve, which
is recalled in Section 6.1. Taking the result on faith for the moment, we proceed to show how it can be
used to establish Theorems 1.2 and 1.3.

Remark 6.2. Proposition 6.1 is consistent with Conjecture 1.5 for a fixed choice of v € Q@* /Q*-?. Indeed,
we have H,(x) = H(x)¢, where H(x) is an O (1)-height on P!. It follows that

4 Bd/m()-i-d/moo

Nioc(7y, B) = Nioc (v, H, B) = Nioc (v, Hy, BY) <Ky W-
The orbifold base of 7, is (X, dx,), with

= (1- mio)[O] +(1- %)[oo]

by part (b) of Proposition 4.7. It follows from (4-1) and part (c) of Proposition 4.7 that

4 4 4 degKyy, =2 —degdy,.

mo Meo

Moreover, ©,() = A(m,) by part (c) of Proposition 4.8.

Proof of Theorem 1.2. In this case there is only one multiple fibre above 0, and so my =1 and d = 1.

Thus H! (Gal(@ /@), rgq) is the trivial group, and it follows directly from Proposition 6.1 that
Bl/mo+1
Nioe (7, B) K W

We have already seen that 1/mg + 1 =2 — deg d,. Moreover, we saw that ® () = A(r) in (1-11). O

Proof of Theorem 1.3. We appeal to the decomposition in part (b) of Proposition 4.8. This gives

Nie(m, BYK > Nie(my, Hy, B).
v=U1/U0€@X/@X’d
For any § > 0, we clearly have

2. L i WP i [T(1+ i e
rad(n)n® rad(n)n® pltké/2
n>x n=1 p k=1

Lsx 2

Let ¢ > 0. In the light of the latter bound, it follows from the first part of Proposition 6.1 that there
exists 8(¢) > 0 such that the terms with |vov;| > B make an overall contribution O, (B!/"o+1/mec=d(e))
to Nioc (7, B). For the terms with |vgv;| < B?, we apply the second part of Proposition 6.1.
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This easily leads to the conclusion that
Bl/m()+1/moc Bl/m()—i-l/moc
C b
"% (log B)©v(™ < (log B)©(

Nioc(m, B) <5 Bl/mot1/mec—d(e) + Z

[vovy [<B®
where © (i) is given by (1-10). The statement of the theorem follows, since we have already remarked

that 1/mo+ 1/me =2 —degdy. ([l

6.1. The large sieve. We begin by stating the version of the large sieve that we shall use in this paper.

Lemma 6.3. Let m € N, let By, By > 1 and let Q@ C 7?. For each prime p, assume that there exists
@(p) € [0, 1) such that the reduction modulo p™ of Q has cardinality at most (1 — &(p)) p>". Then

(Bo+ 0*")(Bi + 0*")
L(Q)

LQ) =) (g )H _(p)

q<Q rlq

#{xeSZ:Ix,-|<Bl~ fori:0,1}<<

for any Q > 1, where

Proof. When m = 1, this is a straightforward rephrasing of the multidimensional large sieve worked out
in [Kowalski 2008, Theorem 4.1]. The extension to m > 1 is routine and will not be explained here. [J

6.2. Preliminary steps. Recall that d = gcd(mg, m~ ). Henceforth, we usually write v = (vg, v1) € Zﬁnm
for the point v = v; /vy € @*/Q*“. We may clearly proceed under the assumption that vy and v; are
both free of d-th powers.

Let S be a large enough finite set of primes, as required for the arguments in Section 5 to go through.
Suppose that Eq, ..., E, € (PHD are the closed points distinct from 0 and oo, where 7, is not smooth.
For each 1 < j < r, assume that E; = V (h;) for a square-free binary form h; € Zg[xo, x;]. We may
further assume that h; is irreducible over Q and coprime to the monomial xx1, and that the coefficients
of h; are relatively coprime.

We proceed by defining the sets

={p ¢ S : Frob, fixes an element of Sy},
Too ={p ¢ S : Frob, fixes an element of S},
Uj={p ¢ S : Frob,, fixes an element of Sg;}

for 1 < j <r. The fibre X,y of the fibration 7, : X, — P! has a Q,,-point precisely if X, (y) does, and thus
we can apply the sparsity conditions in Corollary 5.7. This yields the upper bound Njoc (77, B) < My(B),
where M, (B) is defined to be the number of y = (yg, y1) € 72 such that gcd(vgyg, v1y1) = 1 and
max({|voy§ |, lviy{|} < B, with
[vy(x0) =mg and p € Tp] or v, (xo) > mo,
PE€S= {[v,(x1) =ms and p € To] 01 v, (X1) > Moo,
plhj(x)=peUj,
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where (xg, x1) = (voy(‘)’ , vlyfl). We write vy = a0w6 and yg = bgzp, where w610 is coprime to all the
primes in S and p |aghg = p € S. Let p ¢ S. Then vp(w(’)zg) = my if and only if v,(w;) = 0 and
v,(20) = mo/d, since w(’) is free of d-th powers. Similarly, if vp(wézg) > my, then either v,(z0) > mo/d,
or v,(z0) =mo/d and p | w6. This suggests that we may write

mo/d mo/d
vo = aowo, Yo =bhosy "ty " uog

’

where
e plaghp = p € S;
e plsowoug = p €S;
* 50 and f( are square-free;

e plwo= plso;

plto= p e Tp; and
e ug is (mo/d + 1)-full.

Similarly, we have a factorisation

’

d d
v =ajwi, ylzblsqn“’/ t{n“/ u

where
. p|a1b1:>peS;
e plsiwiu; = p ¢S;

51 and ¢#; are square-free;

plwy = plsi;

plti = p e Ty; and
e uy is (Mo /d + 1)-full.

There are O, (|vgv1|®) choices for a;, s;, w; € Z for i =0, 1 by the standard estimate for the divisor

function. We fix a choice of by, by, ug, 11 and write
Ag = aobgs(')"ougwo and A= alb‘lis;"”u’fwl. (6-2)

Note that we have gcd(Ag, A1) = 1. Moreover, let

B 1/mg B 1/moo
RO: T b Rl = T 9
| Aol |A1]

gi(t) =h,;(AtM™, Ajt"™) for1<j<r. (6-3)

and
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The binary form g; (o, #1) is square-free and coprime to the monomial #o#; since & (fo, t1) satisfies these
properties. For a (possibly infinite) set 7' of primes, let

1 ifpln=>peT,

0 otherwise.

17(n) = {

In what follows, we will also write T¢ to denote the complement of T in the full set of primes.
Then, with all this notation in mind, we have

MyB)< > > Y > L(Ro.Ry).

vo=apwo V1 =ajwj bo,b1 ug,u1€Z
plbob1=peS
where
-
LRy, RY= Y o)y (i) lr, () [ [ 15, (0, 1) (6-4)

(t(),l‘l)EZ2 j=1

[to] <Ro, 11 |<R;
and where

1 if pllg;(®) = p € Uj,

1, (to. 1)) =
Ui (f0. 11) {O otherwise.

The trivial bound for L(Ry, R;) is
Bl/mo+1/ma Bl/mo+1/ma

Ao 7m0 Ay |7 Tsol [ool 1701 [ [or| /7 [bouol 470 by ey |4/

L(Ro, R)) €

by (6-2). Clearly
|s;| > rad(v;) fori=0,1 (6-5)

for a suitable implied constant depending only on S. Note that

Yo Ibol™ <

lbo|>J
plbo=peS

Jd/m()

for any J > 1. Similarly,

1
—d/mg -
> ol S @ momrady”

luol>J
ug is (mg/d+1)-full

Let ¢ > 0. In what follows it will be convenient to recall the notation (6-1) for ¢, . in the statement
of Proposition 6.1. It now follows that the overall contribution to M, (B) from parameters by, ug in the
range min(|by|, |ug|) > B® or parameters by, u; in the range min(|b|, |u1|) > B? is clearly

e Cy €Bl/m0+1/moo—8/(m%m§o)

since we have seen that there are O, (|vgv;|?) choices for a;, s;, w; € Z associated to a particular choice
of v. Thus we deduce that

MyB)Y<e > > Y. 3" L(Ro, Ry) +cy Bt/ mee/tnims) —(6.6)

vo=apwo vi=aowi |bo|,|b1|<B® |uol,|ui|<BE
plbobi=peS
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6.3. Application of the large sieve. We shall now apply Lemma 6.3 to estimate (6-4), which we shall
apply with m = 2. Let Q C 72 be the set of vectors ¢ € N? such that 17,(to)17, (1) = 1 and for which
p € U; whenever there exists an index j such that p| g;(¢). For any prime p ¢ S, let

Ao(p) ={t € (Z/p*Z)*: p 1o and p ¢ Ty}

and

Aso(p)={t €(Z/p°Z)*: p| 1) and p ¢ Too}.
Similarly, let

Bi(p)={t € (Z/p*2)*: plig;(t) and p ¢ U;}
for 1 < j <r. Then #Q mod p?> < (1 — @(p)) p*, where
#(Ao(p) UAs(p)UBi(p)U---UB,(p))

p* '

In particular, we have w(p) € [0, 1). The following result is concerned with estimating this quantity.

w(p) =

Lemma 6.4. Let p € S, and let d = gcd(mg, m). Then

| 17¢ " 1ye(p)v;(p; v) d(p, AgA
(p) = TO(P)+ Tm(p)+z Us 2/ +0(g0 (Pszo 1)>’
P P P P

j=1
where

vi(p:v) =#{t € F> : hj(votf, vitf) =0}.

Proof. Recall that gcd(Ag, A1) = 1, that g; (1, t1) is defined in (6-3), and that g; (7, f1) is square-free
and coprime to the monomial #p#;. If p| AgA|, we take the trivial upper bound

#(Ao(P) U Aco(p) UBI(p)U---UB.(p)) = O(p°),

whence w(p) = O(1/p), which is satisfactory.
Suppose henceforth that ptAgA;. We proceed by noting that the intersection of any two sets in the
union Ag(p) U As(p) U B1(p)U---U B,(p) contains O(p?) elements of (Z/p>Z)?. Thus

r

_ 1r¢(p)  17¢(p) #B;(p) < 1 )
= ) +0o(=)
“n== p p* p?

j=l1
Turning to #B;(p) for j € {1,...,r}, we writtu =x + py forx, y € I]:?U. Thus
#t e @/p’D): p*lgjy= Y #yecF,:y.Vg;(x)=—g;x)/p}.

xe[Ff7
gj(x)=0

On enlarging S, we can assume that Vg;(x) # 0 for any x in the sum. Thus each of the O(p) values

of x produces O(p) choices of y, giving

#t € Z/p*D)*: p*lg;() = O(p?).
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Hence

#Bj(p) = 1ue(p)p*#{t € F 1 g;(6) = 0} + O (p?).
Putting this together, we have shown that

17¢(p)  17c " Aye(p)r(p; Ao, Ay) 1
1e(p n TO;(P)_i_ f Jp2 +0<_2)’

w(p) =
j=1
where

Aj(p: Ao, A) =#{t € F3 1 hj(Aoty, Ayt]"™) = 0}
for 1 < j < r. In order to complete the proof of the lemma, it will suffice to prove that
Aj(p; Ao, A1) =v;(p;v) + 0(1) (6-7)

for 1 < j < r, in the notation of the lemma.
To see this, let e be the least common multiple of my and m., so that e = mgme./d. We pick a
generator o € [ of F7, /(7). Then it is easily confirmed that

(@d/moy = (FE)T/(F5)™  and  (@/™>) = (F3)! /(F5)"=

on noting that (P;,)’"0 and ([Fj;,)moo are subgroups of (P;)d . (Indeed, to check the first equality, for
example, it suffices to confirm that ¢/ has order mg/d in I]:}';.) The group (I]:;)d / (I]:;)’"O has order
No = ged(mg, p— 1) and, likewise, ([F"[‘,)d/([F"[;)’"OO has order No, = gcd(m o, p — 1). It follows from this
that any nonzero d-th power in [, can be represented as ugedk/mo for some k € Z/NyZ, and such a
representation is unique up to multiplication of u by one of the m-th roots of unity in [, of which there
are Ny.

Similarly, we can represent any nonzero d-th power in [, as uqedt/m for some £ € Z/NooZ in
exactly Ny, ways.

We will use this to partition the counting function v; and remember to divide by NoN, when collecting
the parts. Define

hj(p; Ao, Ak, €) =#{t € B hj(Agty “a™/™M0, A" a M=) = 0}

for any k € Z/NoZ and £ € Z/NoZ. Let B = a~¢4k/mo=edt/me On multiplying through by g9, and
recalling that /; is homogeneous, we obtain

Aj(p: Ao, Ars k. £) =#{t € 2 hj(Agty ™/ ™ B, At/ B) = 0}

=#{t € F7 : hj(Agty e/, A" a~e%/"0) =0},
But ed/ms, = mg and ed /my = m~. Hence a simple change of variables yields

Aj(p; Ao, A1 k, €) = A;(p; Ao, A1; 0, 0). (6-8)
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Let v;’f(p; Ao, Ay) denote the contribution to v;(p; Ag, Ay) from 7oty # 0, and also similarly for
Ajf(p; Ag, Ay k, £). Then we may write
vi(p; Ao, Ay) = v*(p; Ag, A+ O(1)

YooY KA Ak O+0(0)

Z/NoZ LeZ/NooZ

by (6-8). Noting that )J; (p; Ag, A1;0,0) =4 (p; Ag, A1) + O(1), we have therefore shown that

Aj(p; Ag, A1) = v;(p; Ao, Ap) + O(1).

NONoo re

At this point we recall the factorisation (6-2) together with the fact that v; = a@;s;w; for i =0, 1. Hence,
since pfApAj, a simple change of variables shows that

v;(ps Ao, Ap) = #{t € 2 hj(vo(bosg ™ 10)?, vi(b1s]'™""11)%) = 0} = v; (p; ),
from which the claim (6-7) follows. O

We will need to study the average size of w(p) as p varies. We break this into the following results.

Lemma 6.5. We have

> L (1= 80.000)) loglogx + O(1)
PSX p

p¢To
and

Y = (1= b0m) loglogx + 0(1)
psx

. . PET
in the notation of (1-5).

Proof. This is a straightforward consequence of the Chebotarev density theorem in the form presented in
[Serre 2012, Theorem 3.4], for example. O

Our next result concerns the average behaviour of the function v;(p; v) in Lemma 6.4, as we average
over primes p ¢ U;. This is more difficult and requires the use of notation introduced at the start of
Section 2.2, which we recall here. For a number field F/Q, let ZF denote the set of primes p € Z that
are unramified in F and for which there exists a prime ideal p | por of residue degree 1. For any positive
integer m < [F : (O], we write &f ,, for the subset of p € £ for which there are precisely m prime
ideals above p of residue degree 1.

For each j € {1, ..., r}, define the étale algebra

NE; d.w vy = Qlx]/(r; (X)),
where r;(x) =h; (x4, v /vg). As in (1-8), this has a factorisation into number fields
NEj,d,U]/'U() =ND 5 ... x N(S)’

where N® = Ng (k) , for 1 <k <s, where the dependency of s on j is suppressed for legibility.
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Lemma 6.6. Foreach j € {1, ...,r}, we have

Z Vj(Pz; v) _ Z(l —8p nw () loglog x + O(1 + w(vovy))

pP<x p k=1

peU;

in the notation of (1-5), where w(n) denotes the number of distinct prime factors of n € Z.

Proof. We have

 SEGLIE SRGUINS SSL)

PSX p PSX p PSX p
P&U; peU;j P&U;
ptuovy Pluovy

Since ged(vg, v1) = 1, the second term is seen to be

1
< Y~ K ou).
p
PSX
Plvovi
Next, we see that

Z vi(p;v) _ Z #{tel]:p:hj(td,vl/vo)zo}

5 + 0(1).
PSX p PSX p
peU; P&U;
Pivovi ptvov

Write r;(t) = h; (t v1/vp), and let r; (1) = r(l)(t) (s)(t) be its factorisation into irreducible factors
over Q. Then N (k) is the number field Q[z]/ (r(k)) for 1 <k <s. We have

#rel,: r(k)(t)— 0}

s e g5 + o).

PSX r? k=1 p<x
peU; 14:2%;
piuovy pivovy

To begin with, it follows from the prime ideal theorem that

#tel,:r =0
> p = loglogx 4+ O (1 4+ w(vovy)).

p<x
Next, we note that p € U; if and only if Frob, fixes a component of Sg,. Let .7; denote the set of
fields of definition of the elements of Sg;. Then, for any p ¢ S, the condition p € U, is equivalent to
the condition p € Pz, : =U FeZ Pr. Likewise, for any positive integer m < [N ®) - Q], we will have
#rel,: r;k) (t) =0} =m if and only if p € Zyw ,,. Hence

s (N®:Q]
> —v](p, v _ Z(loglogx— Z m > %) + O (1 +w(vovy)).

PSX p PSX
pgU; pez@N(k),mﬂfﬂgj

The remaining sum over primes is susceptible to a further application of the Chebotarev density theorem.
Once coupled with Theorem 2.3 and (2-1), this leads to the statement of the lemma. U
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We may combine the previous two results to produce a lower bound for the quantity L(Q) in Lemma 6.3,
with the choice of w(p) from Lemma 6.4.

Lemma 6.7. For any ¢ > 0, we have the lower bound

(log 0)®v™
L(Q) >, ———
© o |AgA ¢

where ©, (1) is given by (1-9).
Proof. Since 1 — w(p) < 1, we have
L) =) @) [[em.
q9<Q rlg
There are many results in the literature concerning mean values of nonnegative arithmetic functions.
However, we can get by with the relatively crude lower bound found in [Friedlander and Iwaniec 2010,

Theorem A.3], which is based on an application of Rankin’s trick. Let y : N — R3¢ be a multiplicative
arithmetic function that is supported on square-free integers and which satisfies

> v(p)logp <alog(x/y)+b (6-9)
y<p<x

for any x > y > 2 for appropriate constants a, b > 0. Then it follows from [Friedlander and Iwaniec 2010,
Theorem A.3] that

Yy > []a+yp. (6-10)

n<x p<x
where the implied constant is allowed to depend on a and b. We seek to apply this with
y(n)=p>m) [ [op).
pln

It is clear from Lemma 6.4 that w(p) = O(1/p). Hence

lo
Z y(p)logp <1+ Z ﬂ<<1+1og(x/y)

Y<pSX y<psx
uniformly in vg and v;. Hence (6-9) holds for a, b = O(1), and it follows from (6-10) that
L) [ +ap)
p<@

for an absolute implied constant. On appealing once more to Lemma 6.4, we find that

.
_ 1 1 v;(p; v)
10g<]_[(1+w(p))) =Y >+ > ;+Z Y 4 01+ w(AgA)).
p<0 <o’ p<o? e P
p¢To PET p¢U;

These sums are estimated using Lemmas 6.5 and 6.6, leading to the conclusion that

log( [Ta +ca(p))) = O(x, vi/vo) loglog Q + O (1 + w(AgA)),
p<Q
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where

O, v1/v0) =2~ 80.0(m) =bxc.0(m) + ) Y (1 =8, yw (7))

J—] 1 Ej,d,ul/vo

in the notation of (1-5). Clearly (:5(71, v1/v9) = O, (), the latter being defined in (1-9). Hence the
statement of the lemma follows on exponentiating and using the fact that w(n) < log |n|/loglog |n| for
any nonzero n € Z. (I

6.4. Completion of the proof of Proposition 6.1. We begin by focussing on the estimation of the quantity
L(Rp, R;) that was defined in (6-4). In view of (6-2), we see that

A() = Uo(bos(r)no/duo)d and A1 =V (blsinoo/du])d.

Recall that s; | v; for i =0, 1. Taking Q = B¢, we note that

Rmo _ B > B > B17(1+3m0)s > Q4m0’

0o = = =
[Aol = |vo(soboup)™|

provided that & < 1/(1+7my). Similarly, we can assume that Ry > Q* if ¢ > 0 is chosen to be sufficiently
small. Hence, with these choices, we have
Bl/mi+1/mo

| Ag|V/mo Ay |/mee”

(Ro+ OY (R + 01 < RoR <

We may now apply Lemma 6.7 in Lemma 6.3 to deduce that

Bl/m()—i-l/mC>O |A0A1|8
[Aol/m0] A 17~ (log B)®+)

L(Ro, Ry) <,

Substituting into (6-6), recalling (6-5) and summing over by, by, ug, uj, the statement of Proposition 6.1
easily follows.

7. Examples: lower bounds and asymptotics

Let 7 : X — P! be a standard fibration. It is clear from the constructions in Section 5 that we are only
able to interpret local solubility conditions outside a finite set of places of S which depends on . This
set S should contain a set of places for which Corollary 5.8 holds, and such a set can be determined
explicitly. With more work one might be able to incorporate local solubility at places in S, but this should
not change the order of growth, which is the main interest in this paper. Accordingly, for any finite set S
of primes, we introduce the counting function

Nioe,s(, B) = #{x € PL(Q) N7 (X (AJ)) : H(x) < B},

where H is the usual height function on P!'(Q) and Aép is the set of adeles away from S. We clearly
have Nioc s(, B) 2 Nioc (1, B), and we expect these two counting functions to have the same order of
magnitude.
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We shall prove several results about Halphen surfaces. Let m > 1 be an integer. A Halphen pencil is a
geometrically irreducible pencil of plane curves of degree 3m with multiplicity m at nine base points
Pi, ..., Py. We let X be the Halphen surface of order m obtained by blowing up [P? at these nine points,
as introduced in [Halphen 1882]. We shall assume that Py, ..., Py are globally defined over (D, so that X
is a smooth, proper, geometrically integral surface defined over Q. In fact, X is a rational elliptic surface
and we obtain a standard morphism 7 : X — P! such that there exists a unique fibre of multiplicity 7. In
particular, 7 does not admit a section.

7.1. Lower bounds. In this section we establish an array of lower bounds for Njo s(, B). The following
result demonstrates that Conjecture 1.5 would be false with the exponent A(;r) and that it is indeed
sometimes necessary to take a smaller exponent.

Theorem 7.1. Let w : X — P! be a standard fibration. Assume it only has nonsplit fibres above 0,
1 and oo, comprising geometrically irreducible double fibres over O and oo, and a nonsplit fibre of
multiplicity 1 above 1 that is split by a quadratic extension. Then there is a finite set of places S such that

B < Nige,s(m, B) < B.

Proof. Suppose that F = Q(+/d) is the quadratic extension that splits the fibre above 1 for square-free
d € Z. Then it is clear that

0<O()= min (1-=68 @) <1=38 r(r)=0.
K /@ quadratic ’ ’

Hence the upper bound is a direct consequence of Theorem 1.3.
For the lower bound, we compose the exact counting problem using Corollary 5.8. Thus there exists a
finite set of places S, containing the prime divisors of 2d, such that

, |b] < B, S 2 d2 b)],
Niee s (7, B):l#{(a,b)ezzrim: lal, |b] p¢S=I[2|vp(a)and 2|v,(b)] }
2 P [p¢Sand pla—bl= pe Pr

The lower bound is provided by taking pairs (a, b) of the form (12, dv?). U

In this result we have 2 — deg 9, = 1, so that the exponent of B matches the predicted exponent of B
in Conjectures 1.1 and 1.5. We also have

80,0(m) =8x,0(m) =1 and & o(r) =73,

so that A(r) = % However, we saw in the proof that ® (;7) = 0. Thus Theorem 7.1 is in agreement with
Conjecture 1.5.

Let us describe what is going on geometrically. Consider the finite étale orbifold j1,-cover 8, : P! — P!
given by (x : y) — (x2 : vy?) and the pullback fibrations 7, : X, — P! obtained from normalisation of the
pullback of 7 along 6,. By Proposition 4.7, we see that the two double fibres of 7 pull back to components
of multiplicity 1 on m,. Also, all fibres which do not lie over 1 in the composition X, n, pl &y pl are
split. We proceed by studying the fibres over 1.
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First we study the fibre of 1 in 6,. For v € @*/Q**2, we have 6~ (1) = Spec A, where A is the
degree-2 étale algebra Q(4/v) if v ¢ @< and Q x Q for v € @**2. This gives

0 ifv=d,
Am)= Y (=dpm)={s+3=1 ifv=1,
b'|b % otherwise,

where the sum ranges over all points D’ lying above D = 1 € (P')(1). In the first case, the fibre over 1
(which is split by F') pulls back to an F-point and becomes split. In the second case, the fibre pulls back
to two (Q-points. In the last case, the fibre is irreducible and its residue field is linearly disjoint from the
splitting field, and we obtain A(w,) = A(r), in general.

Theorem 7.1 indicates that the main contribution to the point count comes from the single cover ;.
If we were to exclude the thin set of points coming from this cover, we are left with infinitely many
covers 1, with A(mr,) = A(mr) for v # 1. Proposition 4.7 (b) implies that the covers have no multiple

fibres, since it gives
mp 2

= wcd(mp. e(P//P) ~ ged2.2)

for each P’ |0, co. Hence, in the light of the original Loughran—Smeets conjecture [2016, Conjecture 1.6],

np/

we expect the remaining covers to contribute order B/,/log B to the counting function, apart from the
cover corresponding to 1, which should contribute order B/ log B.

Our second lower bound deals with the case of precisely two nonsplit fibres and is consistent with
Conjecture 1.5 since degd; =2 — 1/mg— 1/meo.
Theorem 7.2. Let 7 : X — P! be a standard fibration for which the only nonsplit fibres lie over 0 and oo.
Then there is a finite set of places S such that
Bl/mo—i-l/moo
(log B)A(™ *

Proof. We begin by using Corollary 5.8 to give explicit conditions for local solubility away from S after

NIoc,S(n7 B) >

passing to an sncd model X’ — P!. This leads to the conclusion that Nige,s (7, B) is equal to the number
of x = (xo : x1) € P1(Q) with H(x) < B such that, for each i € {0, 1} and every p & S, Frob,, fixes a
collection of intersecting components Z; of X ;J,- such that v, (x;) € (m(Z;))n, where D; = V (x;). The
following is clearly a sufficient condition for the fibre over x to have a @ ,-point: for all 7, the Frobenius
Frob,, fixes a component of Z of minimal multiplicity in X /Di and m(Z) | v, (x;). The density 9; of rational
primes p for which Frob,, fixes an element of Sp, is equal to 8 p, (m) = p, «(p;) (7r) in the notation of (1-5).
Hence the statement of the theorem now follows from Proposition 3.1 and (1-7). [l

7.2. Halphen surfaces with one nonsplit fibre. Generically, a Halphen surface has no other nonsplit
fibres apart from the multiple one. Even in these cases the counting problem still depends on the Galois
action on the components of the multiple fibres and how these components intersect. We record some
results which illustrate this phenomenon; it will be convenient to keep in mind the notation (3-1).
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We begin with the following result, which agrees with Conjecture 1.5 since degd, =1—1/m and
A(m)=0.

Theorem 7.3. Let X — P! be a Halphen surface with a single nonsplit fibre over 0, that is the fibre of
multiplicity m. Suppose that this fibre has a geometric component fixed by Gal(Q/Q). Then there exists a
finite set S such that

Nioe.s(7t, B) ~ ¢z s B T1/™,

where

2eg(1+ L -1
cﬂ,s—Ml‘[(Hl) ,

@es(z) s P
Proof. By Corollary 5.8, we see that there is a finite set of places S such that

Nioe,s(m, B) = #{(a, b) € Z%;, : lal, |l < B, p ¢ S = m|v,(a)}.

prim °

We may apply Proposition 3.1 with mg = m and m; = 1, and with &y = & equal to the full set of
rational primes. In particular 3y = d; = 1, and it follows that Njo s(7, B) ~ ¢ sB'T!/™ as B — oo,

2cs(14 L
Cr,§ = —c:(sl()c:(;i;; 1_[(1 — #) g(l . %)2

pgs

where

in the notation of (3-1). The statement easily follows on simplifying the expression for the constant. []

The following two results agree with Conjecture 1.5 since in both cases we have degd, =1—1/m and
A(m) = % Moreover, in these two examples, we have multiple fibres which do not have a geometrically
integral component. This demonstrates the need to define (1-5) in terms of Sp for each divisor D, which
allows us to work with the Galois action on the components of a fibre of minimum multiplicity.

Theorem 7.4. Let X — P! be a Halphen surface with a single nonsplit fibre over 0, that is the fibre of
multiplicity m. Suppose that this fibre consists of three conjugate lines split by a cubic Galois extension
K /Q that do not all meet in a point. Then there exists a finite set S such that

Bl-‘rl/m

Nloc,S(Tfa B) ~ Cﬂ,SWa

where

2m2/3cs(1)1/3cs(1+%) 1 1\1/3 1\1/3

Cr.s = ST H(HE)(l_E) ]_[(1—;) .
(3)c5(m) peEPk PEPk
pes PES

Proof. Suppose that the three conjugate lines are split by the cubic Galois extension K /Q. By Corollary 5.8,
we see that there is a finite set of places S such that Ny, s(r, B) is equal to

I#{(a,b) € Z%;,, tlal, |b| < B, [p ¢ S and p |a]l = [m|v,(a) and p € Pk]},

prim
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where Yk is the set of rational primes p that are unramified in K and split completely. We may apply
Proposition 3.1 with mg = m and m; = 1, and with £y = P and & equal to the full set of rational
primes. In particular, 9y = % and d; = 1. It follows that

Bl+1/m
Nioc,s(, B) ~ Cn,SW,

where

2m?3 es(1+ 1 1 1\=2/3 1)'/3

s =2 W) - L) T (-5 T2 [T -4
F(ﬁ) CS(E) pePx peEPKNS p peEPy p pePx p
PES

The statement of the proposition follows on simplifying this expression. U

The next result agrees with Conjecture 1.5 since
1 2
deg 0, ZI_E and A(n)zg.

Theorem 7.5. Let X — P! be a Halphen surface with a single nonsplit fibre over 0, that is the fibre of
multiplicity m. Suppose that this fibre consists of three conjugate lines split by a cubic Galois extension
K /Q) that do meet in a point. Then there exists a finite set S such that

Bl+l/m Bl+l/m
——= <N w, B _—
(IOg B)2/3 < loc,S( ) < (IOg B)2/3

Proof. The upper bound follows from Theorem 1.2. The lower bound was proven in Theorem 7.2. [J

Theorem 7.5 illustrates the need for the nonsplit fibres to be sncd; the counting problem for this setting
will be

[p¢ Sand pla]l= [(Bm|v,(a)) or (m|v,(a)and p € Fk)].

The condition 3m | v,(a) comes from a Galois fixed component of multiplicity 3m on the multiple fibre
of the sncd-model of X. However, no such component exists on the multiple fibre of X itself.

7.3. Halphen surfaces with two nonsplit fibres. In practice, it can be difficult to construct Halphen
surfaces with more than one nonsplit fibre. We present two such examples, both of which verify
Conjecture 1.5.

Theorem 7.6. There exists a Halphen surface X — P! of degree 2 with two nonsplit fibres: the multiple
fibre is geometrically irreducible and has multiplicity 2, and the other is an sncd divisor of Kodaira
classification I split by a cubic Galois extension K /Q. Moreover, there exists a finite set of places S, and
an explicit constant ¢, s > 0 such that

pl+1/2

Nioc,s(w, B) ~ Cn,SW-
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Proof. Let us first fix the cyclic cubic number field K /Q. Now choose two sets of three conjugate points
P;, Q; € P2(K), indexed by i € Z/3Z. We let R; be the intersecting point of the lines P;,|P; > and
Qi+10Q;+2. For generic choices of P; and Q;, the R; are well-defined and there is a unique smooth cubic
through the nine points P;, Q; and R;.

We will consider X = Blp, g, r, P?. The two nonsplit fibres of X come from the double cubic passing
through these nine points, and the sextic curve which is geometrically the union of the six lines P;4 P;42
and Q;+1Q;i+2. Under blowup the first curve turns into a geometrically integral fibre of multiplicity 2,
and the other into six lines meeting in a cycle. The three lines P, P», P, P; and P; P; are permuted by
Gal(K /Q) and no longer meet on X. For a generic choice of P; and Q;, there will be no other nonsplit
fibres.

Let us assume the multiple fibre lies above 0 and the other nonsplit fibre over co. The fibres of X — P!
are all sncd, so we can directly compose the counting problem to find that

Nioe,s(, B) = 3#{(a. b) € Zy :lal. bl < B, p ¢ S=>2|v,(a). [p ¢ Sand p|b] = p € Zx}.
Such a counting problem is dealt with by Proposition 3.1. U

Theorem 7.7. There exists a Halphen surface X — P! of degree 3 with two nonsplit fibres: the multiple
fibre is geometrically irreducible and has multiplicity 3, and the other is a non-sncd divisor of Kodaira
classification 15 split by a cubic Galois extension K /Q. Moreover, there exists a finite set of places S such

that
Bl+1/3 Bl+1/3

— = <N 7, B —_—.
(log B2 &L Nige,s(, B) K (log B2
We will return to this surface in Section 7.4 to create another interesting example. There we will
assume that the multiple fibre lies over 0 and the remaining nonsplit fibre lies over oco.

Proof of Theorem 7.7. Let E /Q be an elliptic curve with E(Q)ys = Z/97. Let K/Q be a cyclic cubic
number field K /Q such that rank E(Q) < rank E(K). We will fix

(i) a generator o € Gal(K /Q),

(ii) a generator A € E(Q)ors,
(iii) B € E(K)\ E(Q) such that B +0(B)+0%(B) = O € E(Q), and any
(iv) C € E(K)\ E(Q).

With this notation in mind, consider the nine points

Pi=o'(0),
0; =0 (=2C+ B+ A),
R; =o' (C —3A).

For general choices, we find that Blp, o, &, P? is a Halphen surface of degree 3. In particular, there is
a smooth cubic through the nine points, which becomes the geometrically irreducible triple fibre on X.
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Moreover, we have
Z(Pi+Qi+Ri)_Pj+Rj:Os
i
so that there is a cubic curve which passes through all nine points except P; and has a singularity at R;.
The union of these three curves becomes the nonsplit /3-fibre split by K.
For the lower bound we may apply Theorem 7.2, and the upper bound follows from Theorem 1.2. [J

7.4. A nonsplit fibre over a point of higher degree. Our final result concerns a surface of Halphen type
with a fibration over P! that has one multiple fibre and a nonsplit fibre over a degree-2 point. Our local
solubility criteria do not apply to this case in general, but we are nonetheless able to deduce explicit
criteria.

Consider the Halphen surface 7 : X — P! from Theorem 7.7 with m = 3, with a multiple fibre over 0
and a nonsplit fibre over oo split by a Galois cubic extension K /Q. Let 7’ : X’ — P! be the normalisation
of the pullback of 7 along the morphism 6 : P! — P! given by [u : v] > [1? : u> 4+ v*]. We claim that the
surface X’ has a unique multiple fibre over u = 0, whose multiplicity is 3, and that the only other nonsplit
fibre lies over the degree-2 point u? 4+ v? = 0 and is split by K. To see this we note that the fibres of the
pullback of X are precisely the fibres of X', and normalisation only changes the fibres over 0 and oo.
The multiplicities of the new fibres can then be computed using Proposition 4.3. Note that d,,» = %[O] and
A()y=1=8,2(7") = % We shall now prove the following result, which is easily seen to agree with
the prediction in Conjecture 1.5.

Theorem 7.8. For the surface ' : X' — P! as above, there exists a finite set S such that

B4/3 ) B4/3
———— &N B K ———.
Tog B)73 L Nige,s(', B) K (log B)

Proof. The upper bound follows directly from Theorem 1.2. To prove the lower bound, we note that,
for all but finitely many points x € P!(Q), the fibre of X’ — P! is isomorphic to the fibre of X — P!
over A(x) € P!(@). Hence we can apply the criterion in Corollary 5.8 to determine local solubility for X.
Noting that v, (u?) is divisible by 3 precisely if this is true for v, (), we find that Nic s(7’, B) is

1

) ng S 3 )
E#{(M,U)GZZ . lul, vl pES=3vpu)

- +0q).
prim [p¢Sandp|u2+v2]:>p€@K} M

On restricting to positive coprime « and v and demanding that u is a cube, we arrive at the lower bound

Nioe,s(r, B) = sM(B) + O(1),
where
M(B) =#{(u,v) € Zpy, : 0<u’, v < B, plu®+v> = p e Py},

Note that u3, v < B whenever u® + v? < B2. Hence

M(B) > #{(u,v) € Z2y: ged(u, v) = 1, u® +v* < B?, plu®+v> = p e Zx}.
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The right-hand side is exactly the quantity estimated via the B-sieve in [Friedlander and Iwaniec 2010,
Theorem 11.31], with the outcome that

Bz 2/3
0> (i)

The statement of the theorem now follows. |
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