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—— Abstract

We consider multiple-environment Markov decision processes (MEMDP), which consist of a finite
set of MDPs over the same state space, representing different scenarios of transition structure and
probability. The value of a strategy is the probability to satisfy the objective, here a parity objective,
in the worst-case scenario, and the value of an MEMDP is the supremum of the values achievable by
a strategy.

We show that deciding whether the value is 1 is a PSPACE-complete problem, and even in P
when the number of environments is fixed, along with new insights to the almost-sure winning
problem, which is to decide if there exists a strategy with value 1. Pure strategies are sufficient for
theses problems, whereas randomization is necessary in general when the value is smaller than 1. We
present an algorithm to approximate the value, running in double exponential space. Our results are
in contrast to the related model of partially-observable MDPs where all these problems are known
to be undecidable.
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1 Introduction

We consider Markov decision processes (MDP), a well-established state-transition model
for decision making in a stochastic environment. The decisions involve choosing an action
from a finite set, which together with the current state determine a probability distribution
over the successor state. The question of constructing a strategy that maximizes the
probability to satisfy a logical specification is a classical synthesis problem with a wide range
of applications [20, 12, 3, 21].
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Figure 1 Multiple-environment MDP for the missing card (over 3-card deck). Each M]e;]
represents the behavior of the MEMDP under environment e; where card ¢ has been removed. The
environment can be identified almost-surely (with probability 1).

The stochastic transitions in MDPs capture the uncertainty in the effect of an action.
Another form of uncertainty arises when the states are (partially) hidden to the decision-
maker, as in the classical model of partially-observable MDPs (POMDP) [16, 19]. Recently,
an alternative model of MDPs with partial information has attracted attention, the multiple-
environment MDPs (MEMDP) [22], which consists of a finite set of MDPs over the same
state space. Each MDP represents a possible environment, but the decision-maker does not
know in which environment they are operating. The synthesis problem is then to construct a
single strategy that can be executed in all environments to ensure the objective be satisfied
independently of the environment. This model is natural in applications where the structure
of the transitions and their probability are uncertain such as in robust planning or population
models with individual variability [4, 6, 1, 24, 23].

In contrast to what previous work suggest, the two models of POMDP and MEMDP
are (syntactically) incomparable: the choice of the environment in MEMDP is adversarial,
which cannot be expressed in a POMDP, and the partial observability of POMDP can occur
throughout the execution, whereas the uncertainty in MEMDP is only initial. In particular,
MEMDP are not a subclass of POMDP since pure strategies are sufficient in POMDPs [18, 7]
while randomization is necessary in general in MEMDPs [22, Lemma 3].

The synthesis problem has been considered for traditional w-regular objectives, defined
as parity [22] or Rabin [23] condition, in three variants: the almost-sure problem is to decide
whether there exists a strategy that is winning with probability 1 in all environments, the
limit-sure problem is to decide whether, for every € > 0, there exists a strategy that is
winning with probability at least 1 — ¢ in all environments, and the gap problem, which is
an approximate version of the quantitative problem to decide, given a threshold 0 < A <1,
whether there exists a strategy that is winning with probability at least A in all environments.
The limit-sure problem is also called the value-1 problem, where the value of an MEMDP is
defined as the supremum of the values achievable by a strategy. The value is 1 if and only if
the answer to the limit-sure problem is Yes.

A classical example to illustrate the difference between almost-sure and limit-sure winning
is to consider an environment consisting of 51 cards, obtained by removing one card from a
standard 52-card deck (see Figure 1). The decision-maker has two possible actions: the action
sample reveals the top card of the deck and then shuffles the cards (including the top card,
which remains in the deck); the action guess(z), where 1 < x < 52 is a card, stops the game
with a win if x is the missing card, and a lose otherwise. If no guess is ever made, the game
is also losing. An almost-sure winning strategy is to sample until each of the 51 cards has
been revealed at least once, then to make a correct guess. It is easy to see that the strategy
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Figure 2 Multiple-environment MDP for the duplicate card (over 3-card deck). Each M]e]

represents the behavior of the MEMDP under environment e; where card ¢ has been duplicated.

The environment can be identified limit-surely (with probability arbitrarily close to 1).

wins with probability 1, even if there exist scenarios (though with probability 0) where some
of the 51 cards are never revealed and no correct guess is made. Hence the MEMDP is
almost-sure winning, and we say that it is not sure winning because a losing scenario exists
in every strategy. Consider now an environment consisting of 53 cards, obtained by adding
one duplicate card c to the standard deck, and the same action set and rules of the game,
except that a correct guess is now the duplicate card = ¢ (see Figure 2). The strategy
that samples for a long time and then makes a guess based on the most frequent card wins
with probability close to 1 — and closer to 1 as the sampling time is longer — but not equal
to 1, since no matter how long is the sampling phase there is always a nonzero probability
that the duplicate card does not have the highest frequency at the time of the guess. In
this case, the MEMDP is limit-sure winning, but not almost-sure winning. Intuitively, the
solution of almost-sure winning relies on the analysis of revealing transitions, which give a
sure information allowing to exclude some environment (seeing card c is a guarantee that we
are not in the environment where c is missing); the solution of limit-sure winning involves
learning by sampling, which also allows to exclude some environment, but possibly with a
nonzero probability to be mistaken.

For MEMDPs with two environments, it is known that the almost-sure and limit-sure
problem for parity objectives are solvable in polynomial time [22, Theorem 33, Theorem 40],
while the gap problem is decidable in 2-fold exponential space [22, Theorem 30] and is
NP-hard, even for acyclic MEMDPs with two environments [22, Theorem 26]. With an
arbitrary number of environments, the almost-sure problem becomes PSPACE-complete [23,
Theorem 41], even for reachability objectives [24, Lemma 11]. For comparison, in the close
model of POMDP, the decidability frontier lies between limit-sure winning and almost-sure
winning: with reachability objectives, the almost-sure problem is decidable (and EXPTIME-
complete [2]), whereas the limit-sure problem is undecidable [13]. The gap problem is also
undecidable [17].

In this paper, we consider the limit-sure problem and the gap problem for parity objectives
in MEMDPs with an arbitrary number of environments. Our main result is to show that
(a) the limit-sure problem is PSPACE-complete and can be solved in polynomial time for a
fixed number of environments, and (b) the gap problem can be solved in double exponential
space. Correspondingly, our algorithms significantly extend the solutions that are known for
two environments, relying on a non-trivial recursive (inductive) analysis.

The PSPACE upper bound is obtained by a characterization of limit-sure winning for
a subclass of MEMDPs, in terms of almost-sure winning conditions (Lemma 12). A pre-
processing phase transforms general MEMDPs into the subclass. We present a PSPACE
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algorithm to compute the pre-processing and verify the characterization. Since our algorithm
relies on almost-sure winning, we also give a new characterization of almost-sure winning
for parity objectives in MEMDPs (Lemma 3), which gives a conceptually simple alternative
algorithm to the known solution [23]. The PSPACE lower bound straightforwardly follows
from the same reduction as for almost-sure winning [23, Theorem 7]. A corollary of our
characterizations is a refined strategy complexity: pure (non-randomized) strategies are
sufficient for both limit-sure and almost-sure winning, which was known only for acyclic
MEMDPs and almost-sure reachability objectives [24, Lemma 12], and exponential memory
is sufficient. In the last part of the paper, we present an algorithm running in double
exponential space for solving the gap problem, by computing an approximation of the value
of the MEMDP. To win with probability at least A in all environments, randomized strategies
are more powerful [22, Lemma 3], and thus need to be considered for solving the gap problem.

In conclusion, the model of MEMDP is a valuable alternative to POMDPs, from a
theoretical perspective since the limit-sure problem and gap problem are undecidable for
POMDPs whereas our results establish decidability for MEMDPs, and from a practical
perspective since many applications of POMDPs can be expressed by MEMDPs, as was
observed previously [1, 24].

Omitted proofs and material are provided in the extended version [8].

2 Definitions

A probability distribution on a finite set @ is a function d : Q — [0, 1] such that 3 5 d(q) = 1.
The support of d is Supp(d) = {q € Q | d(¢) > 0}. A Dirac distribution assigns probability 1
to some g € Q. We denote by D(Q) the set of all probability distributions on Q.

2.1 Markov Decision Processes

A Markov decision process (MDP) over a finite set A of actions is a tuple M = (Q, (44)qeq,9)
consisting of a finite set ) of states, a nonempty set A, C A of actions for each state ¢ € @,
and a partial probabilistic transition function § : Q@ x A — D(Q). We say that (¢,a,q’) is a
transition if §(q,a)(¢’) > 0. A state ¢ € Q is a sink if (g, a)(¢) =1 for all a € A,.

A run of M from an initial state ¢y € @ is an infinite sequence m = qgagqiay ... of
interleaved states and actions such that a; € Ay, and (g;, a;)(gi+1) > 0 for all ¢ > 0. Finite
prefixes p = qpag . ..q, of runs ending in a state are called histories and we denote by
last(p) = ¢, the last state of p. We denote by Hist¥ (M) (resp., Hist(M)) the set of all runs
(resp., histories) of M, and by Inf() the set of states that occur infinitely often along the
run 7.

A sub-MDP of M is an MDP M’ = (Q’, (A} )qeq, ) such that Q" € @ and Supp(d(q,a)) C
Q' for all states ¢ € Q" and actions a € A (recall the requirement that A; # @). Consider a
set Q' C @ such that for all g € @), there exists a € A, with Supp(d(g,a)) C Q'. We define
the sub-MDP of M induced by Q’, denoted by M\Q,, as the sub-MDP M’ = (Q', (Af,)4eq’, 6)

where Aj = {a € A, | Supp(d(g,a)) € Q'} for all g € Q.

End-components. An end-component of M = (Q,(Ay)qeq,d) is a pair (Q', (A})qeq)
such that (Q’, (A})qeq,0") is a sub-MDP of M, where ¢’ denotes the restriction of ¢ to
{(¢a) | ¢ € Q',a € A}}, and where the graph (Q', E') with E' = {(¢,¢') € Q' x Q" | Ja €
Al 2 6(q,a)(q") > 0} is strongly connected [10, 3]. We often identify an end-component as
the set Q' U{(q,a) | ¢ € Q',a € A,} of states and state-action pairs, and we say that it is
supported by the set @ of states. The (componentwise) union of two end-components with
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nonempty intersection is an end-component, thus one can define maximal end-components.

We denote by MEC(M) the set of maximal end-components of M, which is computable in
polynomial time [10], and by EC(M) the set of all end-components of M.

Histories and Strategies. A strategy is a function o : Hist(M) — D(A) such that
Supp(o(p)) C A, for all histories p € Hist(M) ending in last(p) = ¢. A strategy is pure if
all histories are mapped to Dirac distributions. A strategy o is memoryless if o(p) = o(p’)
for all histories p, p’ such that last(p) = last(p’). We sometimes view memoryless strategies
as functions o : Q@ — D(A). A strategy o uses finite memory (of size k) if there exists a
right congruence = over Hist(M) (i.e., such that if p = p/, then p-a-q= p' - a - q for all
p,p" € Hist(M) and (a,q) € A x Q) of finite index k such that o(p) = o(p’) for all histories
p ~ p' with last(p) = last(p’).

Objectives. An objective ¢ is a Borel set of runs. We denote by Pg (M, ) the standard
probability measure on the sigma-algebra over the set of (infinite) runs of M with initial state g,
generated by the cylinder sets spanned by the histories [3]. Given a history p = goaoqs - - - gk,
the cylinder set Cyl(p) = p(AQ)“ has probability P7 (M, Cyl(p)) = Hf;ol o(qoaoqs - - - qi)(a;)-
0(qi, ai)(gi+1) if go = ¢, and probability 0 otherwise. We say that a run p is compatible with
strategy o if P (M, Cyl(p)) > 0.

We consider the following standard objectives for an MDP M:

safety objective: given a set T C @ of states, let Safe(T) = {qoaoqras ... € Hist* (M) |

Vi>0:q; €T}

reachability objective: given a set T C @ of states, let Reach(T) = {qaoq1a;1... €

Hist¥(M) |3 > 0: ¢, € T};

parity objective: given a priority function p : Q@ — N, let Parity(p) = {m € Hist*(M) |

min{p(q) | ¢ € Inf(7)} is even}.
It is standard to cast safety and reachability objectives as special cases of parity objectives,
using sink states. Given an objective ¢, we denote by —¢ = Hist* (M) \ ¢ the complement of
. We say that a run m € Hist¥(M) satisfies ¢ if m € @, and that it violates ¢ otherwise.

It is known that under arbitrary strategies, with probability 1 the set Inf(7) of states
occurring infinitely often along a run = is the support of an end-component [9, 10].

» Lemma 1 ([9, 10]). Given an MDP M, for all states ¢ € Q and all strategies o, we have
Pg (M, {7 | Inf(m) is the support of an end-component}) = 1.

An end-component D € EC(M) is positive under strategy o from g if P7 (M, {7 | Inf(r) =
D}) > 0. By Lemma 1, we have }pcec(ar) Pg (M, {7 | Inf(7) = D}) = 1.

Value and qualitative satisfaction. A strategy o is winning for objective ¢ from ¢ with
probability (at least) « if P7(M,¢) > a. We denote by Val; (M, ¢) = sup, Pg(M, ) the
value of objective ¢ from state q. A strategy o is optimal if P7(M, ) = Val (M, ¢).

We consider the following classical qualitative modes of winning. Given an objective ¢, a
state q is:

almost-sure winning if there exists a strategy ¢ such that is winning with probability 1,

that is P7(M, ) = 1.

limit-sure winning if Valy (M, ) = 1, or equivalently for all € > 0 there exists a strategy o

such that P7(M,p) > 1 —e¢.
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We denote by AS(M,¢) and LS(M, ¢) the set of almost-sure and limit-sure winning
states, respectively. In MDPs; it is known that AS(M, p) = LS(M, ) and pure memoryless
optimal strategies exist for parity objectives ¢ [20, 9].

We recall that the value of a parity objective ¢ = Parity(p) from every state of an
end-component D is the same, and is either 0 or 1, which does not depend on the precise
value of the (non-zero) transition probabilities, but only on the supports Supp(d(g,a)) of the
transition function at the state-action pairs (¢, a) in D [10]. When the value 1, there exists a
pure memoryless strategy o such that ]P’Z(M ,) =1 for all states ¢ € D. If such a strategy
exists, then D is said to be p-winning, and otherwise y-losing.

2.2 Multiple-Environment MDP

A multiple-environment MDP (MEMDP) over a finite set E of environments is a tuple
M = (Q,(Aq)qeq, (0c)ecE), where Mle] = (Q, (Aq)qeq,de) is an MDP that models the
behaviour of the system in the environment e € E. The state space is identical in all M|e]
(e € E), only the transition probabilities may differ. We sometimes refer to the environments
of M as the MDPs {M|e] | e € E} rather than the set E itself. For E' C E, let M[E'] be
the MEMDP M over set E’ of environments. We denote by M[—e] the MEMDP M over
environments E \ {e}, and by Uee g M|e] the MDP (Q, (44)q4e0, 0u) such that dy(g,a) is the
uniform distribution over |J . Supp(de(q,a)) for all ¢ € Q and a € A.

A transition t = (q,a,q’) is revealing in M if K; = {e € E | ¢ € Supp(d.(q,a))} is
a strict subset of E (K; C E). We say that K, which is the set of environments where
the transition ¢t = (q,a,q’) is possible, is the knowledge after observing transition ¢. An
MEMDP is in revealed form if for all revealing transitions t = (g, a,q’), the state ¢’ is a sink
in all environments, that is Supp(de(¢’, a)) = {¢'} for all environments e € E and all actions
a € Ay. By extension, we call knowledge after a history p the set of environments in which
all transitions of p are possible.

Decision Problems. We are interested in synthesizing a single strategy ¢ with guarantees
in all environments, without knowing in which environment o is executing. We consider
reachability, safety, and parity objectives.

A state q is almost-sure winning in M for objective ¢ if there exists a strategy o such
that in all environments e € E, we have P7(M][e],¢) = 1, and we call such a strategy o
almost-sure winning. A state ¢ is limit-sure winning in M for objective ¢ if for all € > 0,
there exists a strategy o such that in all environments e € E' we have P7(Mle],p) > 1 —¢,
and we say that such a strategy o is (1 — €)-winning.

We denote by AS(M, ¢) (resp., LS(M, ¢)) the set of all almost-sure (resp., limit-sure)
winning states in M for objective ¢. We consider the membership problem for almost-sure
(resp., limit-sure) winning, which asks whether a given state ¢ is almost-sure (resp., limit-sure)
winning in M for objective ¢. We refer to these membership problems as qualitative problems.

We are also interested in the quantitative problems. Given MEMDP M a parity objective
©, and probability threshold o > 0, we are interested in the existence of a strategy o satisfying
P7(Mle],p) > o for all e € E. We present an approximation algorithm for the quantitative
problem, solving the gap problem consisting, given MEMDP M, state ¢, parity objective ¢,
and thresholds 0 < aw < 1 and € > 0, in answering

Yes if there exists a strategy o such that for all e € E, we have P7(M[e], p) > a,

No if for all strategies o, there exists e € E with P7(Mle], ) < a —¢,

and arbitrarily otherwise.
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The gap problem is an instance of promise problems which guarantee a correct answer in
two disjoint sets of inputs, namely positive and negative instances — which do not necessarily
cover all inputs, while giving no guarantees in the rest of the input [11, 14].

Results. We solve the membership problem for limit-sure winning with parity objectives ¢
(i.e., deciding whether a given state ¢ is limit-sure winning, that is ¢ € LS(M, ¢)), providing a
PSPACE algorithm with a matching complexity lower bound, and showing that the problem
is solvable in polynomial time when the number of environments is fixed. Our solution
relies on the solution of almost-sure winning, which is known to be PSPACE-complete for
reachability [24] and Rabin objectives [23]. We revisit the solution of almost-sure winning
and give a simple characterization for safety objectives (which is also PSPACE-complete),
that can easily be extended to parity objectives. A corollary of our characterization is that
pure (non-randomized) strategies are sufficient for both limit-sure and almost-sure winning,
which was known only for acyclic MEMDPs and reachability objectives [24, Lemma 12].

For the gap problem, we present an double exponential-space procedure to approximate
the value « that can be achieved in all environments, up to an arbitrary precision €.

3 Almost-Sure Winning

It is known that the membership problem for almost-sure winning in MEMDPs is PSPACE-
complete with reachability objectives [24] as well as with Rabin objectives [23], an expressively
equivalent of the parity objectives. We revisit the membership problem for almost-sure
winning with parity objectives, as it will be instrumental to the solution of limit-sure winning.
We present a conceptually simple characterization of the winning region for almost-sure
winning, from which we derive a PSPACE algorithm, thus matching the known complexity
for almost-sure Rabin objectives. A corollary of our characterization is that pure (non-
randomized) strategies are sufficient for both limit-sure and almost-sure winning, which was
known only for acyclic MEMDPs and reachability objectives [24, Lemma 12].

» Theorem 2 ([24],[23]). The membership problem for almost-sure winning in MEMDPs
with a reachability, safety, or Rabin objective is PSPACE-complete.

To solve the membership problem for a parity objective ¢, we first convert M into an
MEMDP M’ in revealed form with state space Q W {quin, Giose } and each revealing transition
t = (g,a,¢") in M is redirected in M’ to quin if ¢ € AS(M[K}], ) is almost-sure winning
when the set of environments is the knowledge K; after observing transition ¢, and to gese
otherwise. In order to decide if ¢’ € AS(M[K,], ), we need to solve the membership problem
for an MEMDP with strictly fewer environments than in M as K; C E, which will lead to a
recursive algorithm. The base case of the solution is MEMDPs with one environment, which
is equivalent to plain MDPs.

It is easy to see that AS(M, ©)U{qwin} = AS(M’, pUReach(gwin)) for all prefix-independent
objectives ¢, and we can transform the objective ¢ U Reach(gwin) into an objective of the
same type as ¢ (for example, if ¢ is a parity objective then assigning the smallest even
priority to gwin turns the objective ¢ U Reach(gwin) into a pure parity objective).

Hence, the main difficulty is to solve the membership problem for MEMDP in revealed
form.

By definition, the almost-sure winning region W = AS(M, Parity(p)) for a parity objective
in an MEMDP M is such that there exists a strategy o that is almost-sure winning for the
parity objective from every state ¢ € W in every MDP M|e] (where e is an environment of
M). In contrast, we show the following characterization (note the order of the quantifiers).
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Figure 3 An end-component {q1, g2} with different transition probabilities in environments ey
and es.

» Lemma 3. Given an MEMDP M in revealed form with state space Q, if W C Q is such
that in every environment e, from every state ¢ € W, there exists a strateqy o. that is almost-
sure winning for the parity objective Parity(p) in M|y, [e] from q, then W C AS(M, Parity(p)).
Moreover, for all ¢ € W, there exists a pure (|Q| - |E|)-memory strategy ensuring Parity(p)
from q in M.

The characterization in the first part of Lemma 3 holds simply because parity objectives
are prefix-independent (runs that differ by a finite prefix are either both winning or both
losing), and thus the characterization holds for all prefix-independent objectives.

Following the characterization in Lemma 3, we can construct an algorithm that computes
the revealed form (using recursive calls to determine the winning region of MEMDPs with
smaller sets of environments), and then computes the winning region by a fixpoint iteration
computable in polynomial time for a fixed set of environments. The depth of the recursive calls
is bounded by the number of environments, giving a PSPACE algorithm. Correspondingly,
we show that pure strategies with exponential memory O(|Q| - |E| - 21¥!) are sufficient. It
is easy to show that exponential memory is necessary using the construction establishing
PSPACE lower bound of the problem [23, Theorem 7].

» Theorem 4. The membership problem for almost-sure parity in MEMDPs is PSPACE-
complete. Pure exponential-memory strategies are sufficient for almost-sure winning in
MEMDPs with parity (thus also reachability and safety) objectives. When the number of
environments is fixed, the problem is solvable in polynomial time.

4 Limit-Sure Winning

We refer to the examples of the duplicate card and the missing card in Section 1 to illustrate
the difference between limit-sure and almost-sure winning. We present in Section 4.1 two
other scenarios where limit-sure winning and almost-sure winning do not coincide, which will
be useful to illustrate the key ideas in the algorithmic solution.

4.1 Examples

In the example of Figure 3, the set D = {q1,¢2} is an end-component in both environments
e1 and ey (the actions are shown in the figures only when relevant, that is in ¢3). However,
the transition probabilities from ¢; are different in the two environments e; and es, and
intuitively we can learn (with high probability) in which environment we are by playing ¢
for a long enough (but finite) time and collecting the frequency of the visits to ¢; and go.
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Mes] .

Figure 4 The set {qi1,¢2} is an end-component in ez, not in e;.

Then, in order to reach the target g3, if there are more ¢;’s than g»’s in the history we play
a in qo, otherwise b. The intuition is that the histories with more ¢;’s than g»’s have a high
probability (more than 1 — ) in M[e;] and a small probability (less than ¢) in M|es], where
€ can be made arbitrarily small (however not 0) by playing ¢ for sufficiently long. Hence ¢;
is limit-sure winning, but not almost-sure winning.

In the second scenario (Figure 4), the transition probabilities do not matter. The objective
is to visit some state in {gs3, q4, g5} infinitely often (those states have priority 0, the other
states have priority 1). The state ¢; is limit-sure winning, but not almost-sure winning. To
win with probability 1 — ¢, a strategy can play a (in ¢o) for a sufficiently long time, then
switch to playing b (unless g5 was reached before that). The crux is that playing a does
not harm, as it does not leave the limit-sure winning region, but ensures in at least one
environment (namely, e;) that the objective is satisfied with probability 1 (by reaching gs).
This allows to “discard” the environment e; if g5 was not reached, and to switch to a strategy
that is winning with probability at least 1 — ¢ in e, namely by playing b. With an arbitrary
number of environments, the difficulty is to determine in which order the environments can
be “discarded”.

Note that the transition (g2, a, ¢1) is not revealing, since it is present in both environments.
However, after crossing this transition a large number of times, we can still learn that the
environment is ep (and be mistaken with arbitrarily small probability). In contrast, the
transition (g, a, ¢s) is revealing and the environment is e; with certainty upon crossing that
transition.

To solve the membership problem for limit-sure parity, we first convert M into a revealed-
form MEMDP M’, similar to the case of almost-sure winning, with the obvious difference that
revealing transitions ¢t = (¢, a,q’) of M|e] are redirected in M’[e] to quin if ¢ € LS(M[K¢], ¢)
is limit-sure winning when the set of environments is the knowledge K; after observing
transition ¢. Thus, we aim for a recursive algorithm, where the base case is limit-sure winning
in MEMDPs with one environment, which are equivalent to plain MDPs, for which limit-sure
and almost-sure parity coincide. Note that the examples of Figure 3 and Figure 4 are in
revealed form.
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4.2 Common End-Components and Learning

A common end-component (CEC) of an MEMDP M = (Q, (A4)4eq; (0c)eck) is a pair (Q', A")
that is an end-component in Mle] for all environments e € E. A CEC D is trivial if it
contains a single state. D is said winning for a parity condition Parity(p), if for all e € E,
there is a strategy in M[e] which, when started inside D, ensures Parity(p) with probability 1.
Notice that since D is a common end-component, such a strategy ensures Parity(p) with
probability 1 in M|e] iff it does in M|[e’].

We note that the common end-components of an MEMDP are the end-components of the
MDP U.cgM]|e] assuming M is in revealed form, and thus can be computed using standard
algorithm for end-components [10].

» Lemma 5. Consider an MEMDP M in revealed form. The common end-components of M
are ezactly the end-components of Uec g M|e].

A CEC may have different transition probabilities in different environments. We call a
CEC distinguishing if it contains a transition (g, a,q’) (called a distinguishing transition)
such that 6.(g,a)(q") # d¢(q,a)(¢") for some environments e, f € E. Given a distinguishing
transition (¢, a,q’) and environment e, define K1 = {f € E| d7(¢,a)(¢') = dc(q,a)(¢’)} and
Ky = E\ Ky. We say that (K1, K») is a distinguishing partition of D that is induced by the
distinguishing transition (g, a,¢’) and environment e.

Distinguishing transitions can be used to learn the partition (K, K3), that is to guess
(correctly with high probability) whether the current environment is in K7 or K», as in the
example of Figure 3, where the set D = {¢1,¢2} is a distinguishing end-component with
distinguishing transition (q1,-,¢2) and partition ({e1},{ez}). A distinguishing CEC may
have several distinguishing transitions and induced partitions.

We formalize how a strategy can distinguish between K7 and K with high probability
inside a distinguishing CEC. First let us recall Hoeffding’s inequality.

» Theorem 6 (Hoeffding's Inequality [15]). Let X1, Xs,..., X, be a sequence of independent
and identical Bernoulli variables with P[X;] = p, and write S, = X1+...+ X,,. Forallt >0,
P[S, — E[S,] > 1] < e 2/" and P[E[S,] — S, > t] < e=2t"/n.

Given a distinguishing CEC with distinguishing partition (K7, K3) induced by a transition
(g,a,q'), a strategy can sample the distribution é.(q, a) by repeating the following two phases:
first, use a pure memoryless strategy to almost-surely visit ¢, then play action a; by repeating
this long enough (the precise bound depends on a given € and is derived from Theorem 6)
while storing the frequency of visits to ¢’ in the second phase, we can learn and guess in
which block K; belongs the environment, with sufficiently small probability of mistake to
ensure winning with probability 1 — e.

» Lemma 7. Given an MEMDP M containing a distinguishing common end-component D
with partition (K1, Ks) induced by a distinguishing transition, and parity objective o, for all
states qo in D, all pairs of strategies 01,049, and all € > 0, there exists a strateqy o such that:

Y

Py (Mle], ) > (1 — )Pl (Mle], ) for all e € Ky,

P (Mle], ) > (1 — e)Pg2(Mlel, ) for all e € K.
Moreover, the strategy o is pure if both o; are pure; and if each strategy o; uses

° 2
log(1/e) ]

a memory of size m;, then o uses finite memory of size m1 + ms + [8 where

n = min ({[dc(q,a)(q") = 0s(q,a)(d)| [ e, f € E,q,q" € Q,a € A} \{0}).
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It follows that the membership problem for limit-sure winning can be decomposed into
subproblems where the set of environments is one of the blocks K; in the partition.

» Lemma 8. Given an MEMDP M containing a distinguishing common end-component
D with a partition (K1, Ks) induced by a distinguishing transition, and a parity objective
@ the following equivalence holds: D C LS(M, ) if and only if D C LS(M[K1],¢) and
D C LS(M[K2], ).

4.3 Characterization and Algorithm

Here, we assume that MEMDPs are in revealed form with sink states gwin and gjose-

We show that the winning region W = LS(M, ) for limit-sure parity is a closed set: from
every state ¢ € W, there exists an action a ensuring in all environments that all successors
of q are in W. We call such actions limit-sure safe for q. We show in Lemma 9 that a
limit-sure safe action always exists in limit-sure winning states. Note that playing actions
that are not limit-sure safe may be useful for limit-sure winning, as in the example of Figure 3
where action a is limit-sure safe, but action b is not (from g2).

By definition of limit-sure winning, if a state ¢ is not limit-sure winning, there exists ¢, > 0
such that for all strategies o, there exists an environment e € E such that Pg(M[e], p) < 1—¢,.
We denote by g9 = min{e, | ¢ € Q \ LS(M, ¢)} a uniform bound.

» Lemma 9. Given an MEMDP M (in revealed form) over environments E, a parity
objective v, and a state q, if ¢ € LS(M,p) is limit-sure winning, then there exists an
action a such that for all environments e € E, all successors of q are limit-sure winning, i.e
Supp(de(q, a)) € LS(M, ).

Given an MEMDP M, consider the limit-sure winning region W = LS(M, ¢) for ¢ =
Parity(p). For the purpose of the analysis, consider the (memoryless) randomized strategy
oLs that plays uniformly at random all limit-sure safe actions in every state ¢ € W, which is
well-defined by Lemma 9.

Consider an arbitrary environment e, and an end-component D in M |e] that is positive
under o s (recall Lemma 1 and the definition afterward). There are three possibilities:

1. D is not a common end-component (as in the example of Figure 4, for D = {q1,¢2}
in M[es]), that is, D is not an end-component in some environment €’ (in the example
e/ = e1), then we can learn (and be mistaken with arbitrarily small probability) that we
are not in €', reducing the problem to an MEMDP with fewer environments (namely,
M=)

2. D is a common end-component and is distinguishing (as in the example of Figure 3, for
D ={q1,q2}), then we can also learn a distinguishing partition (K7, K3) and reduce the
problem to MEMDPs with fewer environments (namely, M[K;] and M[K5));

3. D is a common end-component and is non-distinguishing, then we show in Lemma 10
below that D is almost-sure winning (D C AS(M, ¢)), obviously in all environments.

» Lemma 10. Given an MEMDP M over environments E (in revealed form), a parity objec-
tive p, and a state q, if ¢ € LS(M, ), then all non-distinguishing common end-components
D that are positive under strategy ois from q in Mle] (for some e € E) are almost-sure
winning for ¢ (that is D C AS(M, ) ).

Our approach to compute the limit-sure winning states is to first identify the distinguishing
CECs that are limit-sure winning. We can compute the maximal CECs using Lemma 5, and
note that a maximal CEC containing a distinguishing CEC is itself distinguishing, so it is
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Algorithm 1 LS Parity(M, p).
Input : M =(Q,(44)¢eq, (de)ecr) an MEMDP, p : Q — N a priority function.
Output : The winning region LS(M, Parity(p)) for limit-sure parity.
begin
1 if |E| = 1 then return AS(M, Parity(p))

/* pre-processing */
put M in revealed form (defined in Section 3)
MEC « maximal end-components of the MDP U.c g M’ [e]
for D € MEC do
if D is distinguishing in M then
Let (K1, K2) be a distinguishing partition in D
if D C LS_ Parity(M[K1],p) NLS_ Parity(M[K>],p) then
L replace D by sink gyin in M with p(guwin) =0

o N o s wN

/* M is in revealed form and Lemma 12 applies */
9 for e € E do
10 L T. = LS_ Parity(M|[—e], p)

11 Q + AS (M, Reach ( U.cp AS(Me], Parity(p) N Safe(Te))>>
12 return Q \ {qwin}

sufficient to consider maximal CECs. By Lemma 8, we can decide if a given distinguishing
CEC is limit-sure winning using a recursive procedure on MEMDPs with fewer environments.
We show in Lemma 11 below that we can replace the limit-sure CECs by a sink state qyin-

» Lemma 11. Given an MEMDP M with parity objective ¢ and a set T C LS(M, ¢) of
limit-sure winning states, we have LS(M, ¢) = LS(M, ¢ U Reach(T)).

We can now assume that MEMDPs contain no limit-sure winning distinguishing CEC,
and present a characterization for the remaining possibility, illustrated by the scenario of
Figure 4, where playing the action a (in gs, forever) ensures, in some environment (namely,
e1), almost-sure satisfaction of the parity objective while remaining inside the limit-sure
winning region in all other environments.

» Lemma 12. Consider an MEMDP M (in revealed form) over environments E with
|E| > 2, that contains no limit-sure winning distinguishing common end-component, and
a parity objective . Writing T, = LS(M|[-e], @), we have the following: LS(M,¢) =
AS (M7 Reach ( Use s AS(M[e], o N Safe(Te))))

Algorithm Overview. Given a MEMDP M = (Q, (A4)qeq; (0c)eck), the algorithm proceeds
by recursion on the size of the environment set E (Algorithm 1). The base case is that of a
singleton set E where LS(M, p) = AS(M, ¢) and this can be computed in polynomial time.

Assume |E| > 2. We first convert M into an MEMDP M’ in revealed form with state space
Q W {qwin, Qlose } and each revealing transition ¢ = (g,a,¢’) in M is redirected in M’ to quin if
q' € LS(M[K4], ¢) is limit-sure winning when the set of environments is the knowledge K;
after observing transition ¢, and to gese Otherwise. Notice that each query ¢’ € LS(M[Ky], ¢)
uses a set Ky that is strictly smaller than FE.

We now assume that M is in revealed form and we compute the maximal end-components
of the MDP U.c g M][e]; these are maximal common end-components of M by Lemma 5. For
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each distinguishing maximal CEC D, we determine whether it is limit-sure winning using
the condition of Lemma 8, namely that D C LS(M[K;], ) (for ¢ = 1,2) where (K3, K>2)
is a partition of E induced by a distinguishing transition of D, which is computed by a
recursive calls to the algorithm. We replace D by qin if it is limit-sure winning, which
yields an MEMDP without limit-sure winning distinguishing CECs, and we can apply
Lemma 12: for each environment e € E, we compute T, = LS(M|[—e], ¢) which is done by
|E| separate recursive calls, and we compute the sets AS(M|e], ¢ N Safe(T,)) using standard
MDP algorithms (we restrict the state space to T, and compute the almost-sure winning
states for ¢). We then solve the almost-sure reachability problem in M for the target set
Uecr AS(Me], p N Safe(T)).

Thus each recursive step takes polynomial time (besides the recursive calls), and because
each recursive call decreases the size of E, the depth of the recursion is bounded by |E|. It
follows that the procedure runs in polynomial space. The PSPACE lower bound follows
from the same reduction as for almost-sure winning [23, Theorem 7], since the MEMDP
constructed in the reduction is acyclic, thus almost-sure and limit-sure winning coincide.

Note that Lemma 12 constructs a pure strategy that achieves the objective with probability
at least 1 — ¢ from the limit-sure winning states, and that the strategies constructed in
Lemmas 8 and 11 to witness limit-sure winning are also pure (in Lemma 8, the construction
assumes that pure strategies are sufficient for fewer environments, which allows a proof by
induction since pure strategies are sufficient in MDPs, i.e. in a single environment).

» Theorem 13. The membership problem for limit-sure parity objectives in MEMDPs is
PSPACE-complete and pure exponential-memory strategies are sufficient, i.e., if a state q is
limit-sure winning, then for all € > 0 there exists a pure exponential-memory strategy that
ensures the objective is satisfied with probability at least 1 — € from q. When the number of
environments is fixed, the problem is solvable in polynomial time.

The time complexity of Algorithm 1 is established as follows. Let us consider a single
recursive call. The maximal end-components of U.c g M'[e] can be computed in O(|Q)] - |d])
where |0| denotes the number of transitions. Then, determining whether each MEC is
distinguishing, and replacing them with sink states can be done in time O(|d| - | F|) since
one needs to go over each transition and check whether their probability differs in two
environments. The last step requires solving almost-sure parity and safety for MDPs defined
for each e € E, which can be done in time O(|E| - |@] - |d]) (similarly as in the discussion
following Theorem 4). The most costly operation is almost-sure reachability for the MEMDP
M, which by Theorem 4 takes O(|Q|* - |E| - |A] - 2/F!). There are 2/”! recursive calls (the
algorithm can be run once for each subset of F using memoization), so overall we get

o(1QI* - |B] - |A] - 22171).

5 The Gap Problem

The goal of this section is to give a procedure to solve the gap problem for parity objectives.
For this, we show that an arbitrary strategy in M can be imitated by a finite-memory one
(with a computable bound on the memory size) while achieving the same probability of
winning up to € in all environments. Once this is established, we show how to guess a
finite-memory strategy of appropriate size, and check that it is a solution to the gap problem.

To establish the memory bound for such an e-approximation, we need a few intermediate
lemmas. First, we define a transformation on MEMDPs consisting in collapsing non-
distinguishing maximal CECs (MCECs) of the MEMDP M; the resulting MEMDP is denoted
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purge(M). We show that M and purge(M) have the same probabilities of satisfaction of the
considered parity objective under all environments.

Intuitively, removing non-distinguishing MCECs ensures that in purge(M ), under all
strategies, with high probability, within a fixed number of steps, either a maximal CEC
is reached (which is either distinguishing, or non-distinguishing but trivial — recall that a
trivial CEC contains a single absorbing state) or enough samples are gathered to improve
the knowledge about the current environment. This observation will help us constructing
the finite-memory strategy inductively since in each case the knowledge can be improved
correctly with high probability: in trivial MCECs, the strategy is extended arbitrarily; inside
distinguishing MCECs, the strategy can be extended so that it stays inside the MCEC while
sampling distinguishing transitions with any desired precision as in Lemma 7; last, if no
MCECs are reached but enough samples are gathered along the way, we prove that the
knowledge can also be improved with high probability. The final strategy is obtained by
combining finite-memory strategies constructed inductively for smaller sets of environments.

Purge: Removing Non-Distinguishing MCECs. We present key properties of the trans-
formation purge(M) in Lemma 14 below, showing that strategies of M can be imitated in
purge(M), and vice versa. Hence the value of parity objectives in M and purge(M) coincide.

» Lemma 14. Consider an MEMDP M = (Q, A, (c)cck), and objective ¢ = Parity(p).
There exists an MEMDP purge(M), with a map f : Q — Q' relating states of M and those
of purge(M) = (Q', A’, (6.)ecck), with the following properties:
The only non-distinguishing MCECs of purge(M) are the trivial quin and giose-
For all states ¢ € Q and strategies o for M, there exists o' with P7(M,p) <
P7,, (purge(M), ).
For all states ¢ € Q' and strategies o’ for purge(M), and all q € f~1(q'), there exists a
strategy o with Py (M, p) = ]P’g,/(purge(M)7 ). Furthermore, if o’ is a m-memory strategy,
then o can be chosen to be a (m + |Q| - |A|)-memory strategy.
Note that while purge(M) is computable in polynomial time, our results only need

that purge(M) can be constructed to establish the existence of finite-memory strategies
(Lemma 16).

Learning While Playing. We now show that after collapsing non-distinguishing MCECs,
within n steps (for n large enough), with high probability, we either reach a MCEC (which
is either distinguishing or trivial) or collect a large number of samples of distinguishing
transitions whose empirical average is close to their mean. Intuitively, this means that either
the knowledge can be improved after n steps using the collected samples while bounding the
probability of error, or a MCEC is reached.

For a history h, let |h|q, denote the number of occurrences of the state-action pair (g, a),
and |h|qq,¢ the number of times these are followed by ¢’, where ¢’ € Supp(d(g,a)). For a
distinguishing transition ¢t = (q, a,q’), we say that a history h is a bad (t,n)-classification in

MDP M]e] if P e (q, a)(q’)‘ > 1/2, that is the measured and theoretical frequency of

[h]q,a

t are too far apart. It is a good (t,n)-classification otherwise. Intuitively, over long histories,

good classifications have high probability.

Given MEMDP M, let Ths be a set obtained by selecting one distinguishing transition
(¢,a,q") for each state-action pair (g,a) for which such transitions exist (i.e., such that
de(g,a) # 67(q,a) for some environments e, f). Let |hlr, = >, . ety [Plaa, and fix n

such that 7 < 5 min ({|de(q,a)(q") = 05(q,a)(d)| | e, f € E,q,¢' € Q,a € A}\ {0}).
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Let us define the set of good histories with no samples, denoted by Good,,,, as the set of
histories h satisfying:
1. |h|1,, = no,
2. for all t = (q,a,-) € Ty satisfying |hlq,o=max g o )ery, [Pler,ar, the history h is a good
(t,n)-classification.

» Lemma 15. Consider an MEMDP M whose only non-distinguishing MCECs are trivial,
and fiz € > 0, Let ng = fww, and n > 2p~ 2@l max (log(%),ng) where p is the smallest
nonzero probability that appears in M. Then, from any starting state, and under any strategy,
with probability at least 1 — e, within n steps, the history either visits a MCEC (distinguishing

or trivial), or belongs to Good,, .

Lemma 15 shows that long histories that do not enter MCECs have high probability of
being good classifications, which means that the frequency of the distinguishing transitions
is close to their actual probability. Technically, this result is nontrivial to prove. In fact,
successive visits of distinguishing transitions are not independent trials so classical reasoning
based, for instance, on Hoeffding’s inequality cannot be applied. It turns out that although
these trials can be dependent, their covariances are 0. We exploit this fact to prove Lemma 15
by carefully modeling the successive trials, and relying on Chebyshev’s inequality.

Constructing Approximate Finite-Memory Strategies. We are now ready to construct
a finite-memory strategy that approximates an arbitrary strategy o. We first construct
a finite-memory strategy for purge(M) and then transfer it to M using Lemma 14. The
finite-memory strategy imitates o for n steps, where n is defined in Lemma 15. By this
lemma, because all nontrivial MCECs of purge(M) are distinguishing, when we play for n
steps, with high probability, we either visit a trivial MCEC (which is either winning for all
environments or losing for all environments), or reach a distinguishing MCEC, or observe
enough samples of distinguishing transitions. The strategy is extended arbitrarily in trivial
MCECs. Inside distinguishing MCECs, it gathers samples of distinguishing transitions as in
Lemma 7, which improves the knowledge (with an arbitrarily small probability of error). The
knowledge is also correctly improved with high probability if enough samples are gathered
outside of MCECs. In both cases, the strategy switches to a finite-memory strategy for the
improved knowledge constructed recursively for smaller sets of environments.

Lemma 16 formalizes this reasoning and gives a bound N on the memory of the resulting

2
strategy. In the memory bound, the term f810g7(7$ | comes from the application of Lemma 7

for distinguishing MCECs for each subset of E; and the term (2|Q|)"(ZI+1) corresponds to
the recursive analysis, since the strategy is defined inductively for each subset of E. Notice
that n is exponential, and that NV is doubly-exponential in the size of the input.

» Lemma 16. Consider an MEMDP M = (Q, A, (6c)ecr), state ¢ € Q, parity ob-

jective w. For all strategies o, and € > 0, there exists a strategy o' wusing at most
9 )

N = (2|Q\)”(|E|+1)|A|[8bgf7# 1 memory where n = [21)’2'@'max(w,log(lﬁ/s))—‘,

with p the smallest nonzero probability in M, and that satisfies IP";(M, @) > P7(M,p) —e.

Approximation Algorithm. We now sketch a procedure for solving the gap problem with
threshold « for parity objectives in MEMDPs. Informally, when the memory size is fixed,
one can define a system of polynomial equations of linear size that describe the reachability
probabilities for a target set in MDPs [3]; and this can be extended easily to MEMDPs.
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Here, given any ¢ > 0, we consider the bound N of Lemma 16, and solve the polynomial
equation system whose solutions correspond to finite-memory strategies with N memory
states. Solving such equations can be done in polynomial space [5] in the size of the equations,
which means a double exponential-space procedure here because N is double exponential.

More precisely, the equation system is written so that any solution corresponds to a
strategy achieving the probability threshold a — . If some strategy achieves the threshold «,
by Lemma 16, we know that there is one with a memory size IV, and the equation system
has a solution. Conversely, if no strategy achieves the threshold « — ¢, then, in particular,
no finite-memory strategy achieves this threshold and the equation system has no solution.

The case of parity objectives is solved by enumerating the supports of the strategies that
are being guessed since the supports determine bottom strongly connected components, and
the problem can then be reduced to reachability.

» Theorem 17. The gap problem can be solved in double exponential space for MEMDPs
with parity objectives.

Note that the double exponential complexity remains even if |E| is fixed. Whether the
complexity can be improved when |FE| is fixed, and the decidability of the value problem
(and not just the e-gap problem) are interesting directions for future research.
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